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A representation theorem for bounded distributive

hyperlattices
Abdelaziz Amroune and Ali OQumhani

Abstract. A representation theorem for bounded distributive hyperlattices is given. The equiva-
lence between the category of Priestley spaces and the dual of the category of bounded distributive

hyperlattices is established.

1. Introduction

The notion of hyperstructures was introduced 80 years ago [6], it has been studied
by several authors see for example [1, 4, 5, 10, 11, 12], this bibliography and the
references therein is not exhaustive.

Later, Koguep et al. [4], Konstantinidou [5] introduced respectively the notion
of hyperlattices and studied ideals and filters in these structures. Prime ideals and
prime filters in hyperlattices have been examined by R. Ameri et al. [1]. Rasouli
and Davvaz defined a fundamental relation on a hyperlattice to get a lattice from
a hyperlattice. Moreover, they defined a topology on the set of prime ideals of a
distributive hyperlattice [11, 12].

The Stone’s representation theorems [13, 14] proved that every Boolean algebra
is isomorphic to a set of {I, : a € A} (where I, denotes the set of prime ideals of
A not containing a). Since then, representation theorems for distributive lattices
has known a vast development.

H. A. Priestley developed another kind of duality for bounded distributive
lattices [8, 9]. Such representation theorems enable a deep and a concrete compre-
hension of the lattices as well as their structures. Our motivation finds its place
in the following opinion:

"Stone’s duality and its variants are central in making the link between syn-
tactical and semantic approaches to logic. Also in theoretical computer science,
this link is central as the two sides correspond to specification languages and the
space of computational states. This ability to translate faithfully between alge-
braic specification and spatial dynamics has often proved itself to be a powerful
theoretical tool as well as a handle for making practical problems decidable" see

[3]-
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In this paper, we extend some results of [8, 9], where a representation theorem
of bounded distributive hyperlattices is presented. In other words, the category of
Priestley spaces is equivalent to the dual of the category of bounded distributive
hyperlattices.

2. Preliminaries

Let X be a nonempty set and P*(X) denotes the set of all nonempty subsets of
X. Maps f: X x X — P*(X), are called hyperoperations [6].

Definition 2.1. Let L be a nonempty set, A be a binary operation and LI be a
hyperoperation on L. L is called a hyperlattice if for all a,b,c € L the following
conditions hold:

(i) a €ala,and a A a = a;
(i) ab=bUa,and aAb=DbAa;

)

)
(iii) a € faA(aUb)]Nal (aAD)];
(iv) aU(bUec) = (alb)Uc,and a A (DA c) = (aAD)Ac
)

(v) a€alb=anb=b.
A hyperlattice L with the property
aN(bUc)=(aAnb)U(aNc)

is called distributive, where for all nonempty subsets A and B of L we define
AUB=U{aUblac Ajbe B} and AANB={aAb|lac Abe< B}.

The converse of condition (v) in Definition 2.1 is true. Indeed using (iii) in
Definition 2.1, we obtain a € a LI b by taking b = a A b.
Hence, we can define a partial order on L by:

a<b&sbealbsanb=a.

A hyperlattice L is called bounded if there exist 0,1 € L such that for all a € L,
0<a<l.

Consider a lattice (L,A,V). We define the Nakano hyperoperation U on L
by Uy ={2€L/zVe=2zVy=xVy}, for all z,y € L. To the best of our
knowledge, the LI hyperoperation was first introduced by Nakano in [7], which is
an investigation of hyperrings.

Lemma 2.2. If (L,A,V) is a distributive lattice, then (L,A,U) is a distributive
hyperlattice where aUb={x € L|aVb=aVz=0bVa} for all a,b € L.
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Proof. Straightforward. O

Lemma 2.3. Let L = {0,1}. Then, ({0,1},A,U) is a bounded distributive hyper-
lattice, where

ATOT1 Ul o 1
000 and 0 | {0} | {1}
101 1| {1} [ {0,1}

Definition 2.4. [10] A nonempty subset I of a hyperlattice L is called an ideal if
the following conditions hold

(i) If a,be I, then aUb C I;
(i) fael,b<a,and b€ L, then b€ I.
A proper ideal I is called primeif aAb € I impliesa € I or b e I for all a,b € L.

Definition 2.5. [10] A nonempty subset F' of a hyperlattice L is called a filter if
the following conditions hold

(i) If a,b € F, then a A b € F;
(i) faeF,a<b,andbe L,thenbe F.

A proper filter F is called prime if for all a,b € L (aUb) N F # () implies a € F or
beF.

Theorem 2.6. [1] If P is a prime ideal of a hyperlattice L, then L — P is a prime
filter of L. Similarly, if F' is a prime filter of L, then L — F' is a prime ideal of L.

Proposition 2.7. If § is a nonempty subset of a hyperlattice L, then the smallest
filter containing § has the form

Oy ={zx e L|lai N... Na, <z, for some ay,..,a, €}.

Proof. First, we prove that (0) is nonempty. Let a € J, since a < a, then a € (J),
hence () # 0. To proof that (§) is a filter let x € (d), y € X such that x <y, then
ANqja; <z <y, soyeF.

On the other hand, for z,y € (0), there exist a1, as,...,an, by,ba, ..., by such
that Aj_ja; < and AJLb; <y. Then, (Af_;a;) A (AJL1b;) < x Ay. Therefore,
z ANy € ().

Next, let a € d, since a < a, we have a € (). Then 6 C (J).

Finally, suppose that F is a filter with 6 C F. Then for any « € (§), then there
exist a1, as,..,a, € 0 such that A?_,a; < x, then x € F. Therefore (§) C F. O

If § = {a}, we write (§) =ta={x € L|a <z}

Proposition 2.8. [10] Let (L,A,U) be a distributive hyperlattice. If a € L then
la={z e L|z<a} is an ideal.
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Theorem 2.9. Let X be a distributive hyperlattice, F be a filter and I an ideal
of X. If FNI =0, then there is a prime filter P such that F C P and PNI = ().

Proof. Let G be the family of those filters F’ which satisfy F* C F’ and F' NI = (.
It follows from the Zorn’s lemma that G has a maximal element P. Since P € G it
remains to prove that the filter P is prime. Since PN I = ), P is proper. Suppose
P is not prime. Then there exist a,b € X such that (aUb)NP # 0, and a ¢ P
and b ¢ P. Let ap € (alUb)N P and let 6 = PU{a}. Then (§) NI # (), otherwise
P C (§) € G contradicting the maximality of P. Take xz € (6) N I. This implies
easily there exists p € P that p A a < z, it follows that ag A p A a < x and since
x € I, it follows that ag ApAa € I. Similarly ag AgAb € I. Then, apAmAa el
and ag AmAb € I such that m = pAg, it follows that (ag AmAa)U(agAmAb) C I,
which implies ag Am € (ag Am)A(aUb) C I, and agAm € P, therefore INP # 0,
which is a contradiction. O

Corollary 2.10. Let L be a distributive hyperlattice. If I is an ideal anda € L—1,
then there exists a prime filter P such that a € P and PN 1 = ().

Proof. Let I be an ideal, a € L — I and take F' = (a), it follows FF NI = . By
Theorem 2.9, there is a prime filter P such that FF C P and PN 1T = (). O

Definition 2.11. Let L and L’ be two hyperlattices and f : L — L’ be a mapping.

1. f is said to be a hyperlattices homomorphism if f(z Ay) = f(x) A f(y) and
flzUy) C f(z)U f(y), for all z,y € L.

2. f is said to be a strong homomorphism of a hyperlattices, if f(x Ay) =
f@)A f(y) and f(xUy) = f(x)U f(y), for all z,y € L. If f is a bijection,
then f is said to be a hyperlattices isomorphism (strong isomorphism).

Proposition 2.12. Let (L, A,U) be a hyperlattice, ({0,1}, A, L) be the hyperlattice
in Lemma 2.3 and F be a subset of L. If F is a prime filter, then there is a
surjective hyperlattices homomorphism f : L — {0,1}, such that F = f=1({1}).

Proof. Set f(X)=1if X C F, and f(X) = 0 otherwise. Since (zUy)NF # 0 &
(xeForyeF), then fzUy)=1=2UyCF= (aUy)NF#0=z€For
yeF = f(z) = 1or f(y) = 1. Hence, f(xUy) C f() U f(y).

If flxUy) =0, we have z Uy ¢ F, it follows that (z Uy) N F = 0, which
implies ¢ ¢ F and y ¢ F, it follows that f(z) = 0 and f(y) = 0, which implies
f(z)U f(y) = 0. Therefore, f(zUy) C f(z)U f(y).

For the second homomorphism axiom, we have f (z Ay) =0 2Ay C L-F &
(reL—ForyeL-—F)& (f(z)=00r f(y)=0) < f(z) A f(y) =0. Hence,
f@ny)=f@)nf(y) O

Corollary 2.13. Let L be a distributive hyperlattice. If a,b € X are such that
a £ b there is a prime filter F such that a € F and b ¢ F.

Proof. Take I =] b in Corollary 2.10. O
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3. Priestley duality

Definition 3.1. Let (L, <) be a poset. A subset E C L is said to be increasing
(decreasing) if Ve,y € L, x € E and x <y (y < x) implies y € E.

Definition 3.2. An ordered topological space is a triple (X, 7, <) such that (X, 7)
is a topological space and (X, <) is a poset. A clopen set in a topological space is
a set which is both open and closed. The ordered topological space is said to be
totally disconnected if for every z,y € X such that z £ y there exists an increasing
7-clopen U and a decreasing 7-clopen V such that UNV = () with € U and
yeV.

Definition 3.3. A Priestley space is a compact totally disconnected ordered topo-
logical space.

If A is a bounded distributive hyperlattice, then its dual space is defined to be
T(A) = (X, 7,<), where X is the set of homomorphisms from A onto ({0, 1}, A, L),
preserving 0 and 1, 7 is the product topology induced from {0,1}4, and < is the
partial order defined by f < g in X if and only if f(a) < g(a) for all a € A. T (A)
is compact, and it is also totally order disconnected, i.e., a Priestley space.

Definition 3.4. [2] Let (X, 7, <), and (X', 7', <) be two Priestley spaces. Then
f: X — X' is called

1. increasing if for all z,y € X, 2 <y = f(z) < f (y)-

2. a Priestley spaces homomorphism if is increasing and continuous. If it is a
bijection, then it is a Priestley spaces isomorphism.

Lemma 3.5. If 0 = (X, 7,<) is a Priestley space, then there ezists a hyperoper-
ation U such that (L (0),N,U,0,X) is a bounded distributive hyperlattice, where
L(6) ={Y C X|Y is increasing and 7-clopen} and U is defined by

AUB={Xe€eL(§)|AUB=AUX =BUX}
for all A, B € L (9).
Proof. By Lemma 2.2. 0

Lemma 3.6. Let A be a bounded distributive hyperlattice. Then Fy: A — L(T(A))
defined by Fa (a) = {f € X | f(a) =1} is a hyperlattices isomorphism.

Proof. For all a,b € A we have
Fa(anb) ={f e X|flanb) =1} ={f € X|f(a) =1} N{f € X|f(b) =1}
:FA(a)FIFA(b),
and
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Fa(aUb) ={Fa(t)[tcaUb} ={{f € X[flaUb)=1}}
C{feX|fla)=1}U{f e X[f(b) =1}} ={Fa(a)UFa(b)}
CFEy(a)UFa(D).

Suppose that a # b. If a £ b, there exist a prime filter F' such that a € F
and b ¢ F (Corollary 2.13). Thus, by Proposition 2.12, there is a hyperlattices
homomorphism f: A — {0,1} such that a € f~1({1}) and b ¢ f~! ({1}), hence
f(a)=1and f(b) =0, ie., Fa(a) £ Fa(b).

Similarly, b £ a gives F4 (b) £ Fa (a). Hence, a # b implies F4 (a) # Fa (b)
i.e., F4 is injective.

To prove that F4 is surjective, let U € L(T (A)). Then, for all f € U and
g € L(T(A)) — U, since U is increasing, we have g < f. Thus, f (ay,) = 1 and
g (apy) =0 for some ayq € A. Hence, f € Fa(asq) and g € L(T (A)) — Fa (aysg).

For fixed f € U we have g € L(T (A)) — U C igl (L(T (A)) — Fa (as4)) =
L(T (A))—FA(Z\lafgi) (because L (T' (A))—U is compact). Foray = izlafgi =, we
have i (ay) = FA(Zlafgi) C U. On the other hand, f (a;) = 1, thus f € Fa (ay).
Therefore, U = UscyFa (ay). We find again a finite covering U = jQIFA (af;).
Hence, {U} D jglFA (af;) 2 F,L;(jglafj)7 (since B C B’ = F;'(B) c F;'(B)
and F)y injective). Consequently, F;l(FA(jgllafj)) = jglafj))'

We have IZ ap; C FyH(U), since 'Cllafj € P*(A), ie., 0 # .Ifllafj C A, e,
j=i j= j=
F4 is surjective. Since Flu is injective, there exists a € A such that U = F4 (a).

Therefore, F4 is a hyperlattices isomorphism. O

Lemma 3.7. If f: Ay — Ay is a hyperlattices homomorphism, then the map
T(f): T(A1) = T(As) defined by T(f)(g) = go f is a homomorphism of Priestley
spaces.
Proof. For all g1,g0 € T (A1), from g1 < go it follows g1 o f < go o f. Hence T (f)
is increasing. The continuity of T (f) follows from the fact that for every a € Ay,
T(f)"" (Fa, (@) ={g € T (A2) /T () (g) € Fa, (a)}
={g €T (A2)/go f(a) =1} ={g € T (A2) /g (f (a)) =1}
= Fa, (f (a)).
This completes the proof. O
Lemma 3.8. If 6 = (X, 7,r) is a Priestley space, then the map Gs: 6 — T(L(9))

defined by ’
1 ifx ey,

Gty ={ g FrEy

for all Y € L(6), is an isomorphism of Priestley spaces.
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Proof. To prove the surjectivity, for each f € T(L(J)) we consider the sets U =
(Y eLE) |f() =1}, V = {Z€ L) |f(Z)=0}, A = NyeyY and B —
UzevZ. Suppose that A — B = (). Then (NycpY) N(Uzey Z)¢ = B, consequently

(NyerY) N (Nzey Z¢) = (. Since X is compact, we have (iiYi) N (;rjlzjc) = 0.

Thus, ﬁlYi - er_Janj and f(j@le) = 1, a contradiction because f(j@le) =
‘7\7/1‘f (Z;) = 0. Hence A — B # (. Then, there exists € A — B such that
Jj=i

Gs (z) = f. Therefore G5 (2) (Y) =1 rzecY oY eU<« f(Y)=1.So, Gs is
surjective.

Let 1,29 € 8, 1 # x2. If z1 £ x2, then there exists Yy € L (§) such that
z1 € Yy and z2 ¢ Yy, hence Gs(21)(Yo) # Gs(w2)(Yo). If zo & a1, then there
exists Y1 € L (9) such that x5 € Y7 and x; ¢ Y7, hence Gs(x2)(Y1) # Gs(z1)(Y1).
Thus z1 # x5 implies G5(x1)(Y) # Gs(x2)(Y), so Gs is injective.

To prove that G is continuous, let Z be a 7-clopen subset of T' (L (§)) . Then,
there exists y € L (0) such that Y = Fp(s) (y). Thus

G5 ' (Y) =Gy (Fres) (v) = {2 € X/Gs(x) € Frs) (y)}
— (o€ X/Gs(a)(y) =1} = {z e X/zcy) = XNy =y.
Hence, G5 is continuous.

Note that, since Y € L(9) are increasing, x < y implies G5(x)(Y) < G5(y)(Y).
O

Lemma 3.9. If h: 61 — 02 is a homomorphism of Priestley spaces, then the
map L(h): L(62) — L(61) defined by L(h)(y) = h=*(y) for every y € L(d2) is a
hyperlattices homomorphism.

Proof. For all y € L(d3) we have L(h)(y) € L(61). For all y,z € L(d2) since h™!
commutes with set-theoretical operations we have,
L(h)(yUz) C {hfl (x) |[hY(yuz)=h"t(yux)=h"t(zU 1:)}
={n" (@) R () UL () =h " (y) UL (z) =" (z) UL (2)}
€ L(h)(y) U L(R)(2).
and L(h)(yNz)=h""(yNz)=h"1(y) Nh~!(2) = L(h)(y) N L(h)(2).
Hence, L(h) is a hyperlattices homomorphism. O

Theorem 3.10. L (T(f)) o Fa, = Fa, o f for any hyperlattices homomorphism
fi A1 — AQ.
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Proof. For all a € Ay,
(L(T(f)) o Fa,)(a) = L(T(f)) (Fa, (a)) =T~ (f) (Fa, (a))
={9 €T (A2) |T(f)(9) € Fa, (a)}
={9€T(Az) |gof € Fa, (a)}
={9€T(A2) |g(f(a)) =1}
= Fa, (f(a)) = (Fa, © f) (a),
which completes the proof. O

Theorem 3.11. For any homomprphism h: §1 — 6o of Priestley spaces, we have
T (L (h)) o G61 = G52 oh.
h

51 — > 62

Géll lcéz

L(T(41)) L(T(62))

L(T(h))

Proof. (T (L (h)) e Gs,) (f) = T (L (h)) (Gs, (f)) = Gs, (f) o L (h) for all f € .
Hence for all y € L (d2) we have

(T (L(h))oGs,) (f)(y) = (Gs, (f) o L(R) (y) = Gs, (f) (M ()
{11ffeh—1(y) {1ifh(

~oif fEhT(y) h(

)

= Gs, (h(f)) (y) = (Gs, o 1) (f) (y) -
This completes the proof. O

Theorem 3.12. The dual of the category of Priestley spaces is equivalent to the
category of distributive hyperlattices.

Proof. By Lemma 3.6, Lemma 3.8, Theorem 3.10 and Theorem 3.11. O

4. Examples

Example 4.1. Let A ={0,a,b,1}. Consider the following Cayley tables

| 0 a b 1
{0} {a} {b} {1}
{a}  {0,a} {1}  {b,1}
oy {1} {0} {a,1}
{1}  {p,1} {a,1} A

Then (A, A,U,0,1) is a bounded distributive hyperlattice. T (A) is the set
of homomorphisms from A onto {0,1} = {fi, fo} and its bidual is: L(T'(A4)) =

{0, {f1},{f2}. {f1, f2}}, where

[l ew i el en) Han)
SRS NN ES
- oo o|C

1
0
a
b
1

- o o>
Q O Ol
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| 0 b 1
10 1 0
f210 0 1
U ‘ 0 {f1} {f2} {f1, f2}
0 0 {f1} {f2} {f1, f2}
{f1} {f1} {0,{f1}} {f1, f2} {f23 {1, f2}}
{f2} {f2} {f1, f2} {0,{f2}} {A A, f23}

{f17f2} {flva} {{fZ}v{fth}} {{fl}v{fth}} {wa{f1}7{f2}7{f17f2}}

Then (L(T(A)),N,U,0, X) is a bounded distributive hyperlattice with X =
{f1, fo}. Fa: A — L(T(A)) is given by F4(0) =0, Fa(a) = {f1}, Fa(d) = {f2},
Fa(l) ={f1, f2}-

Example 4.2. Let D(30) = {1,2,3,5,6,10,15,30} be the set of positive divisors
of 30 and (D(30), A, V) the lattice where aAb and a Vb are respectively the greatest
common divisor and the least common multiplier of a and b. Define on D (30) the
hyperoperation by: a Ub = {x € D(30)lavVb=aVa=>bVa}, for all a,b € L.
Then (D (30), A, U, 1,30) is a bounded distributive hyperlattice. T (D (30)) is the
set of homomorphisms from D(30) onto {0,1} = {f1, fa2, f3}

D (30) ‘ 1 2 3 5 6 10 15 30
f 0 1 0 0 1 0 1
fa 00 1 0 1 11
f3 00 0 1 0 1 1 1

Its bidual is: L(T(D (30))) = {0,{fi}, {fo}, {fs}, {1, o}, {1, f}, {f, f}, X},
where X = {f1, fo, f3}

U 0 {f1} {f2} {fs}
1] [ {f1} {f2} {fs}
{f1} {f1} {0,{f1}} {f1, fo} {f1, fs}
{f2} {f2} {f1, f2} {0,{f2}} {f2, f3}
{fs} {f3} {f1, f3} {fe, f3} {0,{f3}}
{fu, 23 | {f, f2} e} A 2}y A {h f2}) {x
{fi, fs} | {fufsy s {f, f3}} X {fih A S fs3}
{fa; fs} | {fa, fs} {X} {fsh Afas £}y {{f2} S f3})
X X {{f2, f3}, X} S, fs3, X} {f1, f2}, X}
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U {f1, f2} {f1, f3}
@ {fl,fQ} {f17f3}
{f1} {2} {1, f2}} {fs}, {f1, fs}}
{f2} {1} {1, 23} X
{fs} X {f1},{f1, fs}}
{f1, f2} 10, {1}, {fo}: A f1, 21} Hfes £}, X}
{f1, fs} S, f3}, X} 10, {f1},{fs}  {f1, f3}}
{fa; fs} S, f3}, X} S, f2}, X}
X sk {fu fshAfe, £33, XY {2} A f1, fo} { S, f3}, X}
U {f2, f3} X
0 {f2, f3} X
{f1} X {{f2, f3}, X}
{f2} ULt A f2s f3}} {{f1, fs}, X}
{fs} Hre} A f2, 33} {{f1, f2}, X}
{f1, f2} Hfr, f3}, X} {3}, {f1, fs}, {fe, f3}, X}
{f1, f3} {{f1, f2}, X} {2}, {f1, f2}, { f2, 3}, X}
{f2; f3} {0, {f2} ,{fs} {f2, f3}} {1} {f, fo} {1, f3), X}
X {1}, {f1, f2} {1, f3}, X} L(T(A))

Then (L(T(A)),N,U,0, X) is a bounded distributive hyperlattice. F4(1) = 0,
Fa(2) = {f1}, Fa(3) = {fo}, Fa(5) = {f3}, Fa(6) = {f1, fo}, Fa(10) = {f1, f3},

Fa(15) = {f2, f3},

Fa(30) = X.

Example 4.3. Let (X, 7, <) be a Priestley space, where X = {a,b,c} and < is

given by

and L(X)={0,{c},{a,c},{b,c}, X}, where

b
0
1

o =2

a
1
0
0 O

— = =0

U 0 {c} {a,c} {b,c} X
0 0 {c} {a,c} {b,c} X
feb | {er {0.{c}} {a,c} {b, ¢} X
{a,c} | {a,c}  A{a, ¢} {0,{c},{a,c}} X {{b,c}, X}
{b.c} | {b,c}  {bc} X {0, {ct, {b,c}}  {{a,c}, X}
X X X {{o,c}, X} {{a,c}, X} L(X)
< |0 {et {acp {bep X
0 11 1 1 1
{(c o 1 1 11
{a,c} |0 O 1 0 1
{b,c} |0 0 0 11
X 0 0 0 0 1
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and T(L(X)) = {fl, f2, f3} such that

LX) | fr fo f3
0 0 0 0
{c} 0 0 1
{a,c} | 1 0 1
{be}y | 0 1 1
X 1 1 1

The isomorphism Gx : X — T(L(X)) is defined by Gx(a) = f1, Gx(b) = fa,
GX (C) = f3.

Conclusion

In this paper, we propose a new way to represent distributive hyperlattices. It is
shown that the dual of the category of Priestley spaces is equivalent to the category
of bounded distributive hyperlattices.

For further investigations, we give the following open question.

Question. Is there a relation between the category of bounded distributive hyper-
lattices and the category of bounded distributive lattices?
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Implication zroupoids and identities

of associative type
Juan M. Cornejo and Hanamantagouda P. Sankappanavar

Abstract. An algebra A = (A, —,0), where — is binary and 0 is a constant, is called an Z-
zroupoid if A satisfies the identities: (z — y) = z = [(' = z) = (y — 2)’]’ and 0" =~ 0, where
2’ :== x — 0, and Z denotes the variety of all Z-zroupoids. An Z-zroupoid is symmetric if it
satisfies z// ~ z and (z — y’)’ = (y — z’)’. The variety of symmetric Z-zroupoids is denoted by
S. An identity p = ¢, in the groupoid language (—), is called an identity of associative type of
length 3 if p and ¢ have exactly 3 (distinct) variables, say x,y, z, and are grouped according to one
of the two ways of grouping: (1) *x — (x — %) and (2) (x — x) — *, where * is a place holder for
a variable. A subvariety of Z is said to be of associative type of length 3, if it is defined, relative
to Z, by a single identity of associative type of length 3. In this paper we give a complete analysis
of the mutual relationships of all subvarieties of Z of associative type of length 3. We prove, in
our main theorem, that there are exactly 8 such subvarieties of Z that are distinct from each
other and describe explicitly the poset formed by them under inclusion. As an application of the
main theorem, we derive that there are three distinct subvarieties of the variety S of associative
type, each defined relative to S, by a single identity of associative type of length 3.

1. Introduction

In 1934, Bernstein gave a system of axioms for Boolean algebras in [3] using
implication alone. Even though his system was not equational, it is not hard to
see that one could easily convert it into an equational one by using an additional
constant. In 2012, the second author extended this “modified Bernstein’s theorem”
to De Morgan algebras in [24] by showing that the variety of De Morgan algebras,
is term-equivalent to the variety DM (defined below) whose defining axioms use
only an implication — and a constant 0.

The primary role played by the identity (I): (z — y) = z = [(¢/ — z) —
(y = 2)")’, where 2’ := x — 0, in the axiomatization of each of those new varieties
motivated the second author to study the identity (I) in its own right and led him

2010 Mathematics Subject Classification: 06D30, 08B15, 20N02, 03G10

Keywords: implication zroupoid, variety, identity of associative type
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to introduce a new equational class of algebras called implication zroupoids in [24]
(also called implicator groupoids in [7]).

An algebra A = (A, —,0), where — is binary and 0 is a constant, is called
a zroupoid. A zroupoid A = (A, —,0) is an implication zroupoid (Z-zroupoid, for
short) if A satisfies:

O =y —z=[2—2z)— (y—2)], where 2’ .=z — 0,
(Ip) 0" =0.
7T denotes the variety of implication zroupoids. The varieties DM and SL are

defined relative to Z, respectively, by the following identities:

(DM) (z —=y) —>xz~z (De Morgan Algebras);
(SL) a'=zandx — y~y—x (semilattices with the least element 0).

The variety BA of Boolean algebras is defined relative to DM by the following
identity:

(BA) z—oaz=0.

The variety Z exhibits (see [24]) several interesting properties; for example,
the identity '/ — y =~ 2’ — y holds in Z; in particular, Z satisfies """
Two of the subvarieties of 7 that are of interest in this paper are: Z,, and MC
which are defined relative to Z, respectively, by the following identities, where
zAy:=(x—=y):

~ .

(In,0) 2" = a;
(MC) zAy=yAwz.

The (still largely unexplored) lattice of subvarieties of Z seems to be fairly
complex. In fact, Problem 6 of [24] calls for an investigation of the structure of
the lattice of subvarieties of Z.

The papers [5], [6], [7], [8], [9], [10] and [11] have addressed further the above-
mentioned problem, but still partially, by introducing several new subvarieties of
7 and investigating relationships among them. The (currently known) size of the
poset of subvarieties of Z is at least 30; but it is still unknown whether the lattice
of subvarieties is finite or infinite. We conjecture that its cardinality is 2.

Motivated by the fact that not all algebras in 7 are associative with respect to
the operation —, the quest for finding more new subvarieties of Z led us naturally
to consider the question as to whether generalizations of the associative law would
yield some new subvarieties of Z and thereby reveal further insight into the struc-
ture of the lattice of subvarieties of Z. This quest led to the results in [9], [10] and
this paper, which will show that this is indeed the case.

The poset of the (then) known varieties that appears in [8] is given below for
the reader’s convenience (for the definitions of the varieties in the picture, see [8]).
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WCP = MC RD
[24, 8.10]
[7, 6.2] [24, 8.3] [8, 5.2]
[24, 8.19]
[8, 5.5]

[24, 8.5] [11]
SCP A

[24, 4.3] [11]
DM CLD
[24] [8, 5.5]
KA C
[24]
BA

A look at the associative law would reveal the following characteristics:
(1) Length of the left side term — length of the right side term = 3,

(2) The number of distinct variables on the left = the number of distinct variables
on right = the number of occurrences of variables on either side,

(3) The order of the variables on the left side is the same as the order of the
variables on the right side,

(4) The bracketings used in the left side term and in the right side term are
different from each other.
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One way to generalize the associative law is to relax somewhat the restrictions
(1) and (2) by choosing m distinct variables and setting the length of the left
term = that of right term = n, with n > m, and keeping (3) and (4). But
then, for n > 4, there will be more than two possible bracketings. So, we order
all possible bracketings and assign a number to each, called bracketing number.
Such identities are called “weak associative identities of length n”. For a precise
definition and notation of weak associative identities, we refer the reader to [10]
and the references therein.

A second way to generalize the associative law is to relax (3) and to keep
(2), (4) and the first half of (1). So, we consider the laws of the form p ~ ¢ of
length n such that (a) each of p and ¢ contains the n (an integer > 3) distinct
variables, say, x1, %2, ..., Zn, (b) p and ¢ are terms obtained by distinct bracketings
of permutations of the n variables. Let us call such laws as “identities of associative
type of length n”.

A third way to generalize the associative law is to relax all of four features
mentioned above by allowing number of occurrences of variables on one side be
different from the number on the other side. Let us refer to these as “identities of
mixed type”.

Specific instances of all such generalizations of the associative law have already
occurred in the literature at least since late 19th century. We mention below a few
such instances.

Weak associative identities of length 4 with 3 distinct variables, called “identi-
ties of Bol-Moufang type”, have been investigated in the literature quite extensively
for the varieties of quasigroups and loops. In fact, the first systematic analysis of
the relationships among the identities of Bol-Moufang type appears to be in [12]
in the context of loops. For more information about these identities in the context
of quasigroups and loops, see [12], [15], [19], [20]) and the references therein.

More recently, in [9] and [10], we have made a complete analysis of relation-
ships among weak associative identities of length < 4, relative to the variety S of
symmetric I-zroupoids (i.e., satisfying z”’/ ~ z and (z — ¢/) = (y — 2’)’). We
have shown that 6 of the 155 subvarieties of S, each being defined by a single weak
associative law of length m < 4 (including the Bol-Moufang type), are distinct.
Furthermore, we describe explicitly by a Hasse diagram the poset formed by them,
together with the varieties BA and SL.

We should mention here that such an analysis of weak associative laws of length
< 4 relative to the variety Z is still open.

The identities of associative type have also appeared in the literature. We
mention several examples below, using - for the binary operation instead of —.

e The identity x - (y - 2) = (z - z) - y was considered in [28] by Suschkewitsch
(see also [27, Theorem 11.5]).

e Abbott [1] uses the identity z - (y - z) = y - (z - z) as one of the defining
identities in his definition of implication algebras.
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e The identities - (y-2) = z-(y-z), z-(y-2) =~ y-(x-2),and z- (y-2) = (z-2) -y
were investigated for quasigroups by Hosszud in [13].

e The identity « - (z - y) = (z - y) - z is investigated by Pushkashu in |22].

e The identities x - (z-y) ~ (x-y)-zand z- (y- 2) = z - (y - ©) have appeared
in [14] of Kazim and Naseeruddin.

The identities of mixed type have also been considered in the literature. A few
are listed below:

o left distributivity: z-(y-z) =~ (x-y)-(z-2), appears, according to [18], already
in the late 19th century publications of logicians Peirce and Schroeder (see
[17] and [25], respectively),

e right distributive: (z-y) -z~ (z-z)- (y-z) (see [26]),

o distributive if it is both left and right distributive (see [26]),
e medial: (z-y)  (u-v) =~ (z-u)-(y-v) (see [26]),

e idempotent: x - x &~ x (see [26]),

o left involutory (or left symmetric): = - (z - y) = y (see [26]).

Several identities of associative type have appeared in the literatiure on groupoids
as well. For instance,

o (z-y) -z~ (z-y)-z: Abel-Grassmann’s groupoid (AG-groupoid) (see [21]),

e (z-y) zrm(z-y)-zandx-(y-2) =y (z-2) (AG**-groupoid),
e x-(z-y) =~ (x-y) - z: Hosszt-Tarski identity (see [22]),
o (x-y)-z=(z-y)- x: Left almost semigroup (LA-semigroup) (see [22]),

e z-(y-2)~z-(y-x): Right almost semigroup (RA-semigroup) (see [22]).

Similar to the problem mentioned in [10] for weak associative identities, the
following general problem presents itself naturally if we restrict our attention to
identities of associative type.

Problem. Let V be a given variety of algebras (whose language includes a binary
operation symbol, say, * —'). Investigate the mutual relationships among the sub-
varieties of V, each of which is defined by a single identity of associative type of
length n, for small values of the positive integer n.

We will now consider the above problem for the variety Z. We begin a system-
atic analysis of the relationships among the identities of associative type of length
3 relative to the variety Z.
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Definition 1.1. An identity p ~ ¢, in the groupoid language (—), is called an
identity of associative type of length 3 if p and ¢ have exactly 3 (distinct) variables,
say x,y, z, and these variables are grouped according to one of the following two
ways of grouping:

(a) o= (0—0), (b) (0—=0)—o.

In the rest of the paper, we refer to an “identity of associative type of length
3” as simply an “identity of associative type”.

We wish to determine the mutual relationships of all the subvarieties of Z de-
fined by the identities of associative type, which will be referred to as “subvarieties
of associative type”.

Our main theorem says that there are 8 of such subvarieties of Z that are
distinct from each other and describes explicitly, by a Hasse diagram, the poset
formed by them, together with the varieties S£ and BA. As an application, we
show that there are 3 distinct subvarieties of S of associative type.

We would like to acknowledge that the software “Prover 9/Mace 4” developed
by McCune [16] has been useful to us in some of our findings presented in this
paper. We have used it to find examples and to check some conjectures.

2. Preliminaries

We refer the reader to the standard references [2], [4] and [23] for concepts and
results used, but not explained, in this paper.

Recall from [24] that SL is the variety of semilattices with a least element 0.
It was shown in [7] that SL = C NZ; o, where Z; o is defined by 2’ =~ z, and C is
defined by z — y ~ y — x, to relative to Z.

The two-element algebras 2,, 25, 2, were introduced in [24]. Their operations
— are respectively as follows:

- 10 1 — 10 1 — |0 1
010 O 010 1 0|1 1
1/0 O 111 1 1[0 1

Recall that V(2y,) = BA. Recall also from |7, Corollary 10.4| that V(25) = SL.

The following lemmas will be useful in the sequel.
Lemma 2.1. [24, 7.16] Let A be an Z-zroupoid. Then A Ez"" — y~a' —y.
Lemma 2.2. [7, 3.4] Let A be an I-zroupoid. Then A satisfies:
(@) (z—=y)=2z=[—=y =27

(b) (z—y) = (=" —y).
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Lemma 2.3. [24, 8.15] Let A be an Z-zroupoid. Then the following are equivalent:
1. 0 5 z=~uzx,
2. 2’ ~ux,
3. (z—12) =uz,
4. 2 s r~uwx.
Recall that 75 g and MC are the subvarieties of Z, defined, respectively, by the

equations

1‘” =T (IQ’O)

TANYyRyAx. (MC)
Lemma 2.4. [24] Let A € Iy . Then
1. 22 =0=0— =z,
2. 02’ =az—0.

Lemma 2.5. Let A € T, y. Then A satisfies:

(@) (@=0)=y~@—oy) oy,
(b) (y—z)—2y=(0—-2) >y,

() 022z=0—=(0—x),

(d) 0=2)=> 0=y =z (0-=y),
(€ v—=yma—(r—y),

() 0=(@—=y)~z—(0-=y),

() 0= (z—=y)~0—= (" —y),
(h) z—=(y—a)~y—a.

Proof. For the proofs of items (a), (b), (c), (f), (g), and (h) we refer the reader to
[7]. The proofs of items (d) and (e) are in [5]. O

Theorem 2.6. [8] Let t;(T),i =1,...,6 be terms and V a subvariety of T. If
VNl ): [tl (E) — tg(f)} — tg(f) ~ [t4(f) — t5(f)] — tﬁ(f),

then
V E [t1(Z) = t2(T)] = t3(T) = [t4(T) — t5(T)] — t6(T).



20 J. M. Cornejo and H. P. Sankappanavar

2.1. Identities of associative type

We now turn our attention to identities of associative type of length 3. Recall that
such an identity will contain three distinct variables that occur in any order and
that are grouped in one of the two (obvious) ways. The following identities play a
crucial role in the sequel.

Let X denote the set consisting of the following 14 identities of associative type
(of length 3 in the binary language (—)):

Az = (y—=2)=(z—y) — 2 (A8) z = (y—2)=(z—z)—>y
(Associative law)
(A9) 2 > (y—=2)=z— (y—x)

(A2) 2 = (y = 2) =2 = (2 > y)

(A10) 2= (y— 2)=(z = y) oz
(A3) s = (y—2)=(x—2) =y
(A5) 2 > (y—=2)=(y—2x) = 2 (A12) (x —y) w2z~ (y = z) = 2
(A6) 2 — (y = 2) =y = (z = z) (A13) (x> y) w2z (y—2) oz

We will denote by A; the subvariety of Z defined by the identity (A7), for
1 < 7 < 14. Such varieties will be referred to as subvarieties of Z of associative

type.
The following proposition is crucial for the rest of the paper.

Proposition 2.7. Let G be the variety of all groupoids of type {—} and Let V
denote the subvariety of G defined by a single identity of associative type. Then
V = A;, for some i€ {1,2,...,14}.

Proof. In an identity p = ¢ of associative type of length 3, p and ¢ have exactly 3
(distinct) variables, say x,y,z, and these variables are grouped according to one of
the two ways of bracketing mentioned above. Thus, there are six permuatations
of 3 variables which give rise to the following 12 terms:

la: v — (y — 2 1b: (z —>y) — 2

2a: x z—=y 2b: (z — z) —

3a: y T —z 3b: (y > x) — 2

da: z T =y 5b: (z > x) =y

6a: z Yy =T 6b: (z > y) ==z

( ) ( )

= ) ( )

= ( ) ( )
da: y — (z = x) db: (y — 2) > x

= ( ) ( )

= ( ) ( )
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It is clear that these 12 terms, in turn, will lead to 66 identities in view of the
symmetric property of equality. It is routine to verify that each of the 66 identities
is equivalent to one of the 14 identities of X in the variety of groupoids. Then the
proposition follows. O

Our goal, in this paper, is to determine the distinct subvarieties of Z and to
describe the poset of subvarieties of Z of associative type. It suffices to concentrate
on the varieties defined by identities (A1)-(A14), in view of the above proposition.

3. Properties of subvarieties of 7 of associative type

In this section we present properties of several subvarieties of Z which will play a
crucial role in our analysis of the identities of associative type relative to Z.

Lemma 3.1. Let A € T such that Al=2' - y~az =y, then A= (v —>y) —

y~zr—y.
Proof. Let a,b € A. Then (a — b) = 2o(a)fe26 (a—=0)=V hep (¢/ = 0) =0
—a" SV " b Ed "L a . O

Lemma 3.2, Let A € Iy such that A = (z — y) =z — (0 = y), then
AEz—y~z2z— (0-y).
2.3(1)

Proof. Let a,b € A. Thena — bV "="a — (0 — b) " 0" = (0 = b))
2.3(

:1)a~>(0%b). O
Lemma 3.3. Let A € T such that A= (v = y) =~z — (0 = y). Then
AEz—=y—2)]=z— (y— (0 2).

Proof. Let a,b,c € A. We have that [a — (b — ¢)] " 0= (b—¢))

0 0=) a0 050) Paspo 0
oy]. 0

Lemma 3.4. Let A € T such that A satisfies:
1) (z—=y)=z—=(0-=y),
(2) ' symax—y.

Then, AEO—= [z — (y—2)]=0—=[(z = y) — 2]

Proof. Let a,b,c € A. Then, 0 — [(a — b) — (] Do (¢ = a)— (b—0)]
(I:)O—>{[(b—>c)”—>c']—>[a—)(b—>c)']}”2ﬁ60—>{[(b—>c)—>c’]—>[a—>(b—>

N 20 b ] = [a— (b — )]y PELEP g b (0 ¢)] -
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o= 62 )" E0 s (0 0 0) o b (0 L

0—>{a—>[b—>(0—>c)]} ( 0—-{a—=1[b— ]”}”2 0—{a—[b—d}
(34) )

p'—‘
g

O =faapbodl o sfaspodi=0{asb—dh O

Lemma 3.5. Let A € T such that A= (v — y) ~ (y — x)’. Then
AE@x—y) —zry—z) -2

Proof. Let a,b,c € A. Then, (a — b) — ¢ 20 (a = b)" —>c¢c hep b—a) —c
2':6(b—>a)—>c. O

Definition 3.6. Let A € 7. We say that A is of type 1 if the following identities
hold in A:

(B1) (z—=y) ~z—(0-y),

(F2) o/ my=ax— 1y,

(E3) 0= (z—=y)~=0—(y— ),
(B4) «

= (y = 2) = (p(z) = p(y)) — p(z), where p is some permutation of
{z,y,2}.
Theorem 3.7. If A € T is of type 1 then A |= (Aj) for all 1 < j < 14.

Proof. Let A € T be of type 1, and a,b,c € A. In view of equations (E1), (E2)
and Lemma 3.4 we have that

AE0-o[z—o(y—=2))=0- [z —y) — 2] (3.1)
Then we can consider the following cases.

e Assume that j = 1. Thena — (b — c) (24) (p(a) = p(b)) = p(c) z2 [(p(a) —

p(5)) = p()]” ff)&@(a) = p(b) = (0 — p<2 o) &(’l& 0 = [(pla) —
?éli%p(c)n'( PEED 10 5 (@ = b) = o) P2 @ b) = [0 - )

=" [(a = b) — ]’ i2(a—>b)—>c
The cases j = 3,5,7,8,10 are similar.

e Assume that j = 2. Then, in the same way as in the case of j = 1 we have

that
AEz—(y—z2)=[0-[(p@)—py) = k)" (3.2)
Then, a — (b — ¢) (?;2) [ S [(pla) = pb) = pO) (23) & (3.1) 0
&2.6 (1)

[((a) = p(e) = p®B] L [(p(a) = p(e)) = [0 — pB)) E
[(p(a) = p(c)) = p®)]" *E (p(a) = p(c) = p(B) B (@ = ¢) — b.
The cases 7 = 4,6,9 are similar.
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2.2(a)

e Assume that j = 11. (¢ = b) = ¢ [(a = b) = " (2D [(a = b) —
£)&2.6

0 = ) 2L 0 5@ = b) = ) FPECY 05 (0= o) o)

2.5(f) & 2.6 s (ED) [(

L% (a—¢) = [0 b)) a—e) b E(a—c)>b

The cases j = 12,13, 14 are similar. O

To prove that the variety A; is of type 1, with j € {3,5,7,8,10}, we need the
following lemmas.

Lemma 3.8. If A € A5 then A satisfies
(a) 2/ syma—y,

(b) (z—=y) =0=(z—y),

() 2= 0—-y)=0— (z—y).

Proof. Let a,b € A. Then

@asb=as0b-0"20boa)00oa)50=0-( —0)—

0 (&) [(a’—)b)—)O]—>0=(a’—>b)”2i6a’—>b.

(b) Observe that (a = b) =(a —=b) 0 b5 (a=0) =b-sda Ly 54
(45)

=0b—=0)—a 0— (b—a).

(c¢) Notice that 0 — (a — b) (42 (a—0)—b £ (a" —=0)—=b 58 (¢ = 0)—

p 2226 (0—a)—b @45 (0—b).

Lemma 3.9. If A € Ag then A satisfies:
(@) =y ~a' =y,
(b) z—=y =0—(y — x).

(A8)

Proof. Let a,b € A. Thena — b =a — (b — 0) (0—a) —b @O (b —

0) = (@ = b)) = [0 =0) = (a—b)] =02 (asb) = (0= —0)
(A8) , , , , n 2:3(1) &2.6 , ,
=" (a—=b) = (0—=0)—>V)=(a—=0b = (0 =>10) = (a—=b) =0
(@a—=b) =0 > o @ s@a) @ o (=) a
200 - (" = ?b) = a) 226 () — a), implying that A satisfies the

identity (b). Next, 0 — (b’ — a) (4

no

) (a = 0) =V =da — b, thus A satisfies the
identity (a). O
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Lemma 3.10. If A € Ayq then A satisfies:

@) 0= (z=yl =z—y,

b) (y=a)'~z =y,

© (g maoy.

Proof. Let a,b € A.

(a) We have that A= [0 — (z = y)]' =z — ¢/, since

a—=b = a—(b—0)
= (0—=0b)—a by (A10)
= [(@=0)=(b—=a)) by (1)
= [((a—=0)—=0)—(B—=a)T]
= [(0=(0—=a)—(b—a)T] by (A10)
= [(0=a)—= (b—=a)T by 2.5 (c¢) and 2.6
= [(0—=a)=[(b—=a)—= 0]
= [(0—=a)—[0— (a— b)) by (A10)
= [(0—=a)=[(0—=a)— (0—=0b)]) by2.5(f) and (d) and by 2.6
— (0= a) = (0 D) by 2.5 (¢) and 2.6
= 0= (d b)) by 2.5 (d), (f) and by 2.6.
(b) Observe that a — 5“2 [0 = (a = )] "2V [0 = a) = 0] = (b — a)".
Hence, A = (b).
3.10(a) 2.5(c) &2.6 , (AL0)

(c) Since a =V 0= (a—=0b)) 0= (0= (a—1D))
b) = 0) = 0] = (a = b)"” = (a — b)’, we conclude that A = (c).

[((a

Lemma 3.11. If A € A3 U A5 U A7 U Ag U Ay then A satisfies
1) =y =z—(0-y),

(2) 2/ —>y~z—y and

3) 0=(x—y) =0—(y—x).

Proof. Let a,b € A.

e Suppose A € A3. Then (a = b) =(a—b) =0 ‘@, 5 (0 — b), implying

A |=(1). Observe that @’ — b= (a = 0) = b2 4 =5 (b= 0)=a — ¥'. So,
(2) holdsin A. Also,0 — (a = b) = (4 ( [(a—=0)—= (b—=a)T
= P R L P S e

a) 2IOLE26 g (b — a) LB gy (b—a) =0— (b — a), proving
that (3) holds in A.

0—>b)—>a(—)

(3.11)
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e Assume that A € As. Then (a — b)’ G b—=a)=0" = (b—a)

38(a) s _, (b = a) 2.3(1) & 2.6 b—=a) =(b—a) =0 45 = (b — 0)

3.8(a) J = b 2.3(1) & 2.6 3.8(a) 0 = a") = b
(A_)

=a =V
2.6

(0 = d) =0
— (0 — b), proving that (1) is true in A. (2)

X (@ by

0—=a) =D
is immediate from Lemma 3.8 (a). Next, 0 — (a — b)
(A5) , 3.8(a) ,, 2.6 /4, , 3.8(a)
=(a=b)—-20=b=>(a—>0=b—>d ="V-=2a=l—=a" =
= e I () S R (1 G |

230826 (b—a) G (b — a), proving (3) holds in A.

Assume that A € A;. Then (a — b)’ 20 (a = b)" =l[(a = b) = 0" (47)

0 (a—0)" "L a5 00 058 5 a E O —a
(47 a — (0 — b), proving that A satisfies (1).

, (A7) 2.6

Next, @' — b 2% [ - 8" = [(d — b) — 0] 0 — (a — b =

0 =+ (@ = o) FTEE 0 o (a5 0)] =0 (@ ) O
D00 (@) L0 @) =0 (ast)) =0
D la=t)=0=0=(=)"=(a—b-0) T (b0 —a
£ b—0) —a LA (b - 0) = a — ¥, proving that (2) is true in A.
Finally, observe that 0 — (a — b) 4 (a—>0b) —0 £ (a” —b) - 0=
[(a’—>0)—>b]—>0(A)
(A7)

b—(d 0] —=0=[b—d ]—)0 = [b—>a]—>0
— (b — a), proving that (3) holds in A.

Let A € Ag. First, we will prove (2) hold in A. Now, a — V' 3-30)

0 @0 ) 0o ) @ (@
L@ —0)=b=a"—b% d — b, proving (2).

()(

a’ — 0) = bV

b%a)%O:(b%a)’éG(b%a)

23026 0 = b —=a)]—-0=
0 5 boa) 50 =0=0=sa =020 505050
(48)

D lasb) 5050 =@ 50 Z @b =0 =(@=b) =0
= (a — b)’, proving (1) holds in A.

The identity

Notice that a — (0 — b)

:(b—>a)”—>0(3)(b—>a)’—>0’

/—\
v

0= @y ~@—y) (3.3)

©) 2.3(1) &2.6

holds in A, since 0 — (a — b) = 0" — (a — b)
(a —b).

0 — (a — b)
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Then 0 — (a — b) @3 (a — b)
(3:3)

=(a—=b)—0

@

(A:s)b—>(0—>a): (b —a)

="0— (b — a), proving (3) is true in A.

e Assume that A € A;9. Hence

a—=b = d =V by 2.6

= (a =) by 3.10 (c)

= (d—=¥V)=0

= 0> —d) by (A10)

= 0= —(a—=0)

= 0= ((0—=a)—¥) by (A10)

= /= (0~a) =0 by (Al0)

= ('~ (0 a))

= ((b—=0)—(0—a))

= [(0—=a)—= (0—=0)] by (A10)

= 0= (a—=0b)) by 2.5 (f) & (d) and by 2.6

= [(b—=a)—0 by (A10)

= (b—=a)

= as ¥ by 3.10 (b),
proving (2) holds in A.
Consider a — (0 = 5) 22 b 5 0) = a L [(@ = ) = (0 = )] *2
(@ —=b) = (0= a) 2 —=0b) = O =a) L[« =) = af
Dla—v)>a L2 050) 5 a EVas @ =0 =[a— b
8 (a — b)’, proving (1).
To finish off the proof, 0 — (a — b) (419 (b—a)—>0 Uy

(2)b’%af(bﬁ0)ea('4:m)

A9 (b — a).

Theorem 3.12. A3 = A = A; = Ag

a— (0 —b)

= Alo.

—
[

Y@= b) =(a—b) =0

Proof. Let A € A3 U A5 U A7 U Ag U Ajg. By Lemma 3.11 we have that A is of
type 1. Then, using Theorem 3.7, A € A; for all j € {3,5,7,8,10}. O

Lemma 3.13. If A € A;3 then A satisfies
(@) (z—=y)=(0—=2) >y,
(b) (—y) ~a" =y,

() (—=y) =0—y) —a
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d) =y ==y,
(€ (=) ~(@y—uz)
Proof. Let us consider a,b € A.

(@) (a0 =(@—=b)—=0"2 650 =a@ (0= a) = b Hence A = (a).

(A13)

(b) Observe that (a — b) 2 0/ = (a — b) = (0 = 0) = (a — b’ 0 —

(a — by] — 0 12026 [0 Sla s b)Y =0 PR (@ S v) 0
W i@ =) =005 0=(a = V) Ea -V

(c) Observe (a — b) @ (0 —a) = b 28 0—=a)" =>0b @ 0 = d) —b
26 gy p Y (0—=10) —d.

(d) Note that (@ = 0 € (0 =) = o L@ =0) = (b)) = [ =
boad 2@ =0boa) Y= =)= ¢ - a)
20026 gy Y 0 S a) = by B (0= b) = 0) = (a — b)".

(€) We have (b > a) 2 (0 = a) = & 22 [0 = a) — 07" € [0 = a) — v

D9iosa) 507210 =a) =0 L0 =a) 5020 5a) =b
@ (4 by
O
Theorem 3.14. A;; = Ajp = Aqs.
2.3(1) & 2.6

Proof. Let us consider A € Aj; and a,b,c € A. Hence (a — b) —

(0" = a) —» b) = ¢ (A:11) (0 > b) = a) = c 2.3(1):&2.6.

A € Ay, implying Ay C Ao

(b = a) — c. Hence,

Now assume that A € Aj3 and a,b,c € A. Then (a — b) — ¢ @ [(¢ = a) =

b =) L= =] = [a—>(b—>c)]}”26{[(b—>c)—>c’] — Ja —
e e (R ) e O 1 AN e { (It I
a— (b — o} = {fla = ®—=0) = (0=} ={lla— 0]~
0 sbol o oslasbod] = 0oy L 050
[a (b N C) H ( A)ll/, 2.5(h):&246 {[ (b N Cgl : &<2 6 C)}// 2.5((1):&2.6
E{[?zj 0] = (b — )}” {[0" = a] = (b= )}’ L {a = (=)}

{(b—¢) > a}" 22 (b — ¢) — a, which implies that Ay C Ays.

If A € Aj3 and a,b,c € A, then (a — b) — ¢ (29
3.13(c)

b—c¢)—a (1%) (¢ —

a) = b £ (c—=a)’ = b (a—=¢) —=b £ (a = ¢) = b, concluding that
A1z C Aqr. O
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4. Main theorem
In this section we will prove our main theorem. But first we need one more lemma.
Lemma 4.1. If A € Ao U Ag U Ag then A € Ay;.
Proof. We will see that A = (z = y) = (y — z)".
Let a,b € A.
3(1) & 2.6 (A2)

OIfAG.AQ,(a%b)HOZ. = (0 —=(a—=b)—=0=(0—0b—a)—

0 2.3(1) & 2.6 (b a) = 0.

o IfA € A, (a—b) = 0L 0 5 (e b)) =0

0 (b= (0 = a)) = 0L (L a) S0,

L (0= (b= 0)) =

o If A € Ay, then

(a—=b) = (a—b)—0

a— (00 —=b) -0 by23(1) and 2.6
b— (00 —a)) >0 by (A9)
b

—a)—0 by 2.3 (1) and 2.6

Il
AN NN N

Now, apply Lemma 3.5, to get A € Aj5. Therefore, using Theorem 3.14, we
conclude A € Aq;. O

We are now ready to present the main theorem of this paper.
Theorem 4.2. We have

(a) The following are the 8 subvarieties of T of associative type that are distinct
from each other.

A17A27 A37A47A67V49a~f411 and A14~

(b) They satisfy the following relationships:

SLC A3 C Ay,

BAC Ay CZ,

As C Ay C 7,

A3 C Ay C Aqq, A3 C Ag C A1q and A3 C Ag C Ay,
A C A CZ.

A
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Proof. Observe that, in view of Theorem 3.12 and Theorem 3.14 we can conclude
that each of the 14 subvarieties of associative type of Z is equal to one of the
following varieties:

Ai, A, Az, Ag, Agy Ag, A, Ara.

We first wish to prove (b). Notice that by Lemma 3.11 we have that A € A3 is of
type 1. Then, using Theorem 3.7, A € A; for all 1 < j < 14. Hence

A3 C A forall 1 <j< 14 (4.4)

1. Recall that SC =CN1I; . Then, we get C C A; and Z; 9 C A; by [7, Theorem
8.2] and [7, Theorem 9.3], respectively, implying SL C A3, and A3 C A, by
(4.4).

The algebras 2, and 2 show that SL # Az and A3 # Ay, respectively.
2. In view of [10] we have that BA C S. By [9, Lemma 3.1, S Ez — (y — 2) ~
y — (x = 2). Thus, BA C Aj,.

The algebra 25 shows that BA # A; and the following algebra shows that
Ay # T, respectively.

3. The algebra 2y, shows that A; # Z and the following algebra witnesses that
Az # A

4. Using (4.4) and Lemma 4.1 we can conclude that A3 C Ay C Ay, A3 € Ag C
Aip and A3 C Ag C Aps.

The following algebras show that Az # Ay and Az # Aj1, respectively.

- |0 1 2 - |0 1 2

0[O0 0 O 0(0 0 O

112 0 2 1(2 0 O

210 0 O 210 0 O

The following algebras show that Az # Ag and Ag # Aj1, respectively.

-0 1 2 3
00 0 0 O
110 2 3 0
210 0 0 O
310 0 0 O

The following algebras show that As # Ag and Ag # Aj1, respectively.
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WI\DP—‘O\L
o O O oo
O O N O
O O W o
O O O oOolw

5. Let A € A;; and a,b,c € A. By Theorem 3.14, A;; = A2 = A;3. Hence
(a—=b)—=c (L9 (b—c)—a (22 (¢ = b) — a. Therefore A1 C Ayy.

The algebra 2y, shows that A;4 # Z and the following algebra shows that
A # Aia.

-0 1 2 3

o(o0 1 2 3

112 3 2 3

211 1 3 3

313 3 3 3
The proof of the theorem is now complete since (a) is an immediate consequence
of (b). O

The Hasse diagram of the poset of subvarieties of Z of associative type, together
with S£ and BA, is:
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5. Identities in symmetric implication zroupoids

Let A € Z. A is involutive if A € I . A is meet-commutative if A € MC.
A is symmetric if A is both involutive and meet-commutative. Let S denote the
variety of symmetric Z-zroupoids. In other words, S = Zy o N MC. The variety S
was investigated in [7], [9] and [10] and has some interesting properties.

In this section we give an application of the main theorem, Theorem 4.2, to
describe the poset of the subvarieties of the variety S.

Lemma 5.1. [9, Lemma 3.1 (a)] Let A € S. Then A satisfies x — (y — z) ~
y— (x—2).

Lemma 5.2. [9, Lemma 2.1] MCNZ, o CCNZio=SL.

Lemma 5.3. [9, Lemma 3.2] Let A € S such that A =z — = ~ x. Then
AEd =z

Lemma 5.4. 4;; NS =SL.
Proof. Let A € 413 NS and a € A. Since S C 7y o, we have

a = d —a by Lemma 2.3 (4)
= (0 - d')—a by Lemma 2.3 (1)
= (00 = a)—d by (All)
= a—d by Lemma 2.3 (1)
= d—=d
= d by Lemma 2.3 (4).
Therefore, A = x = 2’. Then, by Lemma 5.2, A € SL. O

Lemma 5.5. A;NS C SL.
Proof. Let A € A;NS and a € A. Then

a = 0 —a by Lemma 2.3 (1)
= (0—-0)—a
= 0—(0—a) by (Al)
= 0—a by Lemma 2.5 (c).
Consequently,
AEFxz~0— . (5.5)
Therefore,
a = d—a by Lemma 2.3 (4)

(a—=0)—a
a— (0—a) by (Al)
= a—a by equation (5.5)

Thus, by Lemma 5.3, A = 2/ ~ z. Using Lemma 5.2 we can conclude the
proof. O
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We will denote by S; the variety A; NS with 1 <7 < 14.

Proposition 5.6. Fach of the 14 subvarieties of associative type of S is equal to
one of the following varieties:
SL, S14, S.

Proof. From Theorem 3.12 and Theorem 3.14 we know that each of the 14 subva-
rieties of associative type of Z is equal to one of the following varieties:

Ar, Az, A3, Ag, Ag, Agy Arr, Arg.
Using Theorem 4.2, Lemma 5.4 and Lemma 5.5 we have that
SLCS3C 85 C 811 €S8,
SLC S C 81 CSEL,
SLC Sy C &1 CSLC

and
SLC S CSL

By Lemma 5.1, A4y = S, So, S, = S. O
We are now ready to present the main theorem of this section.
Theorem 5.7. We have

(a) The following are the 3 subvarieties of S of associative type that are distinct
from each other.

SL, 814, S.
(b) They satisfy the following relationships

1. SKCSMCS,
2. BA¢ Sus.

Proof. We first prove (b).

1. By Theorem 4.2, SL C S14.
The following algebras show that SL # S14 and S14 # S, respectively.

-0 1 2 3
ojo 1 2 3 =0 1
112 3 2 3 01 1
21 1 3 3 10 1
3/3 3 3 3

2. Since 2, = (S14), it follows that BA Z Sy4.
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The proof of the theorem is now complete since (a) is an immediate consequence
of Proposition 5.6 and (b). O

The Hasse diagram of the poset of subvarieties of S of associative type, together
with BA, is:

S

BA
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A characterization of almost simple groups
related to L3(37)

Ashraf Daneshkhah and Younes Jalilian

Abstract. Let G be a finite group, and let I'(G) be its prime graph. The degree pattern of G
is denoted by D(G) = (deg(p1),...,deg(py)), where |G| = p{* ---py* and deg(p;) is the degree
of vertex p; in I'(G). The group G is called k-fold OD-characterizable if there exist exactly k
non-isomorphic groups H satisfying |G| = |H| and D(G) = D(H). In this paper, we characterize
all finite groups with the same order and degree pattern as almost simple groups related to the

projective special linear group L3(37).

1. Introduction

Let G be a finite group. We denote by w(G) the set of orders of elements of G and
by 7(G) the set of prime divisors of the order of G. The spectrum u(G) of G is
the set of elements of w(G) that are maximal with respect to divisibility relation.
Let 7(G) = {p1,...,pr}. The prime graph I'(G) of a group G is the graph whose
vertex set is 7(G) and two distinct primes p and ¢ are adjacent (we write p ~ q)
if and only if G contains an element of order pq, that is to say, pg € w(G). For
p € m(G), the degree deg(p) of p is the degree of the vertex p in T'(G), that is to
say, the number of vertices ¢ € 7(G) which are adjacent to p. If |G| = p{* - - - pp*,
then we denote D(G) := (deg(p1),deg(p2), ..., deg(pk)), where p; < p2 < ... < pg.
This k-tuple is called the degree pattern of G. A group G is called k-fold OD-
characterizable if there exist exactly & non-isomorphic finite groups having the
same order and degree pattern as G. In particular, a 1-fold OD-characterizable
group is simply called OD-characterizable. A group G is said to be an almost
simple group related to L if and only if L < G < Aut(L) for some non-abelian
simple group L.

The notion of degree patterns of prime graphs and related topics has been
introduced in [9]. There are natural questions mentioned in [9] about the structure
of finite groups with the same degree patterns and the same orders:

Let G and M be finite groups satisfying the conditions (1) |G| = |M| and (2)
D(G) = D(M).

(i) How far do these conditions affect the structure of G ¢

2010 Mathematics Subject Classification: 20D05, 20D06
Keywords: Projective special linear groups, almost simple groups, k-fold OD-characterization,
prime graph
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(i) Is the number of non-isomorphic groups satisfying (1) and (2) finite?

It is therefore important to investigate the number of non-isomorphic groups
satisfying conditions (1) and (2) for important families of groups M. In a series
of articles, it has been proved that some finite almost simple groups are OD-
characterizable or k-fold OD-characterizable for k > 2, for example see [5, 11, 15].
Note in passing that a few classes of finite simple groups have been in general
characterized by their degree patterns and orders, see for example [9, 13, 16]. To
our knowledge, the lack of information on the spectra of almost simple groups
is the main reason which makes this characterization somehow difficult in general
argument but the situation for some simple groups is rather different as the spectra
of these groups are known, see for example [2, 3, §].

Motivated by [4], in this paper, we focus on groups related to L3(37) and
show that L3(37) and L3(37) : Zy are OD-characterizable while L3(37) : Z3 and
L3(37) : S3 are 3-fold and 5-fold OD-characterizable, respectively. Indeed, we
prove that

Theorem 1.1. Let H be an almost simple group related to L := L3(37). If G is
a finite group such that D(G) = D(H) and |G| = |H|, then the following hold:

(o) If H=1L, then G = H.

(b) If H=L :7Zs, then G = H.

(¢) If H=L: Zs, then G is isomorphic to H, Zs x L or Zs - L (non-split).
)

(d) If H =L : Ss, then G is isomorphic to H, Zz x (L : Zs), Zs - (L : Zs3)
(non-split), (Zs x L) -Zo or (Zs : L) - Zo.

Throughout this article, all groups under consideration are finite. For p € n(G),
we denote by G, and Syl,(G) a Sylow p-subgroup of G and the set of all Sylow
p-subgroups of G, respectively. All further definitions and notation are standard
and can be found in [1, 7].

2. Preliminaries

In this section, we mention some useful results to be used in proof of Theorem 1.1.
Here the independence number «(T") of a graph T" is the maximum cardinality of
an independent set among all independent sets of I'. Let now G be a finite group,
and let I'(G) be its prime graph. Then we set a(G) := a(I'(G)). Moreover, for a
vertex r € m(G), let a(r, G) denote the maximal number of vertices in independent
sets of I'(G) containing r.

Lemma 2.1. [12, Theorem 1] Let G be a finite group with a(G) = 3 and a(2,G) >
2, and let K be the maximal normal solvable subgroup of G. Then the quotient
group G/K is an almost simple group, that is, there exists a finite non-abelian
simple group S such that S < G/K < Aut(S5).
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Lemma 2.2. [10, Theorem 1] Let S be a finite non-abelian simple group, and let
p be the largest prime divisor of |S| with |S|, =p. Then p{|Out(S)|.

Lemma 2.3. The orders, spectra and degree patterns of the almost simple groups
related to L3(37) are as in Table 1.

Proof. Note that Aut(L3(37)) = L3(37) : S3. So if G is an almost simple group
related to L3(37), then G is isomorphic to one of the groups L3(37), L3(37) : Zs,
L3(37) : Zs, L3(37) : S3. The result for H = L3(37) can be obtained by |8,
Theorem 9] and for the remaining groups we use GAP [6]. O

Table 1: The orders, spectra and degree patterns of H, where H is an almost
simple group related to L3(37).

H |H| u(H) D(H)

L3(37) 2°.3%.7.19-37%-67 {7-67,2%.3-19,27.37,27.3.37}  (3,3,1,2,2,1)
L3(37):Zo 26-3%.7.19.37%.67 {7-67,2%.3-19,2%.32,22.3.37} (3,3,1,2,2,1)
L3(37):Zs 2°-3°-7-19-37%.67 {3-7-67,2%-32.19,2%-32.37} (3,5,2,2,2,2)
L3(37):83 26.-3°.7-19-37.67 {3.7-67,2%-32.19,2%.32.37} (3,5,2,2,2,2)

3. Proof of the main result

In this section, we prove Theorem 1.1 through a series of Lemmas and propositions.
Observe that Theorem 1.1(a) follows from [4, Proposition 3.4]. Therefore in what
follows we deal with the remaining cases.

Proposition 3.1. Let H := L : Zy where L := L3(37). If |G| = |H| and D(G) =
D(H), then G = H.

Proof. Note by Table 1 that |G| = 25-3%.7-19-373.67 and D(G) = (3,3,1,2,2,1).
Since deg(7) = 1, there exists the unique prime ps € 7(G) such that 7 is adjacent to
p2. Since also |7(G)| = 6, there are four more primes which are not adjacent to 7. If
these four vertices, say ps, p4, ps and pg, are pairwise adjacent, then the degrees of
the vertices ps, p4, ps and pg are at least 3, which is impossible. Hence there exist at
least two non-adjacent vertices p3 and py. Let A = {7,p3,p4} be an independent
set in I'(G). Then «(G) > 3. Furthermore, «(2,G) > 2 since deg(2) = 3 and
|7(G)| = 6. By Lemma 2.1, there is a non-abelian finite simple group S such that
S < G/K < Aut(S), where K is a maximal normal solvable subgroup of G. We
show that 67 ¢ m(K). Assume to the contrary, that is, 67 € 7(K). We prove
that p would be adjacent to 67, where p € {7,19}. If p € n(K), then K contains
a cyclic Hall subgroup of order p - 67, and so p is adjacent to 67. If p & w(K),
then it follows from Frattini argument that G = KNg(P), where P is a Sylow
67-subgroup of K, and so N¢g(P) has an element x of order p. Thus P(zx) is a
cyclic subgroup of G of order p - 67. Therefore both 7 and 19 are adjacent to 67
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which contradicts the fact that the degree of 67 is 1. Therefore, 67 ¢ w(K), and
hence 7(K) C {2,3,7,19,37}.

Now we prove that S is isomorphic to L. By Lemma 2.2, 67 ¢ w(Out(S5)),
then 67 ¢ 7(K) U m(Out(S)), and so 67 € 7(S). Therefore by [14, Table 1], S is
isomorphic to L as claimed. Moreover, since |G| = |L : Zs| = 2|L|, we deduce that
K is isomorphic to 1 or Z,.

If K is isomorphic to Zy, then G = Cg(K) as G/Cqg(K) isomorphic to a
subgroup of Aut(K) = 1. Therefore K < Z(G) which implies that deg(2) = 5,
which is a contradiction. Thus K =1, and so G = L : Zs. O

Proposition 3.2. Let H := L : Z3 where L := L3(37). If |G| = |H| and D(G) =
D(H), then G is isomorphic to one of the groups H, Zs x L and Z3 - L (non-split).

Proof. Note by Table 1 that |G| = 25-3°.7-19-373.67 and D(G) = (3,5,2,2,2,2).
Therefore, I'(G) must be the graph as in Figure 1 in which {a, b, ¢, d} = {7,19,37,67}.

Figure 1: The prime graph I'(G) of G in Propositions 3.2 and 3.3.

We observe by Figure 1 that {a,b,c} is an independent set in I'(G), and so
a(G) > 3. Furthermore, a(2,G) > 2 since deg(2) = 3 and |7(G)| = 6. By Lemma
2.1, there is a finite non-abelian simple group S such that S < G/K < Aut(S),
where K is a maximal normal solvable subgroup of G. By the same argument as
in Proposition 3.1, we can show that 67 ¢ 7(K), and so n(K) C {2,3,7,19,37}.
It follows from Lemma 2.2, 67 ¢ 7(Out(S)), then 67 € n(S). Therefore by [14,
Table 1|, S is isomorphic to L. Thus L < G/K < Aut(L), and so |K| =1 or 3,
which implies that K is isomorphic to 1 or Zs.

If K =1, then since L < G/K < Aut(L) and |G| = |L : Z3|, we conclude that
G is isomorphic to L : Zs.

If K isisomorphic to Zs, then G/K = L. In this case, we have that G/Cg(K) <
Aut(K) = Zy. Thus |G/Cq(K)| is 1 or 2. If |G/Cqg(K)| = 2, then K is a
proper subgroup of Cg(K), and so 1 # Cg(K)/K 4 G/K = L. This implies
that G = Cg(K), which is a contradiction. Therefore, |G/Cq(K)| = 1. Then
K < Z(G), that is to say, G is a central extension of Zs by L. If G splits over K,
then G is isomorphic to Z3 X L, otherwise, G is isomorphic to Zs- L (non-split). [

Proposition 3.3. Let H := L : S35 where L := L3(37). If |G| = |H| and D(G) =

D(H), then G is isomorphic to one of the groups H, Zs x (L : Z2), Zs - (L : Zs)
(non-split), (Zs x L) - Zs and (Zs : L) - Zs.
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Proof. According to Table 1, we have that |G| = 2¢.3%.7.19 .37 .67 and
D(G) = (3,5,2,2,2,2). Therefore, the prime graph I'(G) is the graph as in Figure
1, where {a,b, ¢} forms an independent set in I'(G), and so «(G) > 3. Moreover,
a(2,G) > 2 as deg(2) = 3 and |7(G)| = 6. Now we apply Lemma 2.1 and conclude
that there is a finite non-abelian simple group S such that S < G/K < Aut(S),
where K is a maximal normal solvable subgroup of G. Again, by the same manner
as in Proposition 3.1, we have that 67 ¢ 7(K), and hence n(K) C {2,3,7,19,37}.
By Lemma 2.2, 67 ¢ w(Out(S)), and since 67 ¢ 7(K) Um(Out(S5)), it follows that
67 € 7(S), and so by |14, Table 1|, S is isomorphic to L. Thus L < G/K < Aut(L)
implying that |K| € {1,2,3,6}. Hence K is isomorphic to one of the groups 1, Zs,
Zg, Z(; and 53.

If K =1, then since L < G/K < Aut(L) and |G| = 6|L|, we conclude that G
is isomorphic to L : S3.

If K is isomorphic to Zsg, then K is central in G, and so deg(2) = 5 in I'(G),
which is a contradiction.

If K is isomorphic to Zsz, then K < Cg(K) and G/K = L : Zy, and so
G /Cg(K) is isomorphic to a subgroup of Aut(K) = Zy. Thus, |G/Cg(K)| =1 or
2. If |G/Cq(K)| = 1, then K < Z(G), that is to say, G is a central extension of
Zs by L : Zy. This implies that G is isomorphic to Zg X (L : Zz) or Zs - (L : Zs)
(non-split). If |G/Cq(K)| = 2, then K is a proper subgroup of Cg(K), and so
Cq(K)/K is a nontrivial normal subgroup of G/K = L : Zy. Thus Cg(K)/K =
L. Since K < Z(Cg(K)), it follows that C(K) is a central extension of K by
L, and hence Cg(K) is isomorphic to Zs x L or Zg - L (non-split). Therefore G is
isomorphic to (Zs x L) - Zy or (Z3 - L) - Zs.

If K is isomorphic to Zg, then K < Cg(K) and G/K = L. Since G/C¢(K)
is isomorphic to a subgroup of Zo, it follows that |G/Cg(K)| = 1 or 2. If
|G/Cq(K)| = 1, then K < Z(G), and so deg(2) = 5, which is a contradic-
tion. Thus |G/Cg(K)| = 2. Since K is a proper subgroup of Cg(K), the group
C¢e(K)/K is a nontrivial normal subgroup of G/K = L, which is a contradiction.

If K is isomorphic to S3, then K N Cg(K) = 1 and G/K = L. Note that
G/Cq(K) is isomorphic to a subgroup of Aut(K) = Ss;. Then Cg(K) # 1.
Since Cg(K) = Ce(K)K/K is a non-identity normal subgroup of G/K = L, we
conclude that G = Cg(K)K, where Cg(K) = L and K N Cg(K) = 1. This
implies that G is isomorphic to K x Cg(K) = S3 x L, however this case can be
ruled out as deg(2) = 3. O

Proof of Theorem 1.1. The proof of Theorem 1.1 follows immediately from Propo-
sition 3.4 in [4] and Propositions 3.1-3.3.
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Pseudoisomorphisms of quasigroups
Ivan I. Deriyenko

Abstract. A simple method of construction of autotopies of quasigroups is presented.

1. In this short note all considered quasigroups are defined on a finite set @,
a, B, are permutations of the set Q. The composition of permutations is defined
as af(x) = a(B(x)). Let (Q,-) and (Q, o) be two quasigroups. Their permutations
Lo(z) =a- -z, Ro(z) =2 -a, My(x) : x- My(z) =a and LS (z) = aocx, RS (z) =
xoa, M(x) : xo M2(x) = a are called left, right and middle translations of the
corresponding quasigroup. Quasigroups A = (Q,-) and B = (Q, o) are isotopic if
there exists triplet T = (a, §,7), called an isotopism, such that

v(z - y) = a(z) o B(y), (1)

or equivalently
7 Hzoy) =a"l(z)- BT H(y), (2)

for all z,y € Q. In this case, we will write A ~ B. Obviously A ~ A. In this case
we say that T' = («, §8,7) is an autotopism.

Left, right and middle translations play an important role in the investigation of
isotopies of quasigroups (see for example [2], [3] and [4]). They also are used in the
construction of prolongations and contractions of Latin squares (see [5] and [6]).
Below we present a simple method of construction of autotopies of quasigroups
based on such translations.

2. An isotopy of the form T} = («,f,«) is called a left pseudoisornorphism.
An isotopy T, = (o, 3,) is called a right pseudoisomorphism, and an isotopy
T = (a,a,7) is called a middle pseudoisomorphism.

As a simple consequence of (1) we obtain

Lemma 1. Two quasigroups (Q,-) and (Q,0) are isotopic if and only if at least
one of the following identities

Li=~"'L )ﬁ; R; :771R2(i)a, M; zﬁilMS(i)a

a(i

is satisfied for some permutations o, 3,7 of Q.

2010 Mathematics Subject Classification: 20N05
Keywords: Quasigroup, autotopism, pseudoisomorphism.
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Corollary 1. The triplet T = (o, 8,7) is an autotopism of a quasigroup (Q,-) if
and only if at least one of the following identities

Li=7v""LawB, Ri=v""Rpuma, M;=p""M,ua
is satisfied for some permutations «, 3,7y of Q.

By a left b-adjoint quasigroup of a quasigroup (Q,-) we mean a quasigroup
(@, *) with the operation xxy = Lb’l(wy), where b € Q is fixed. A right b-adjoint
quasigroup is defined analogously. A a middle b-adjoint quasigroup of a quasigroup
(Q,) is defined as a quasigroup (Q, *) with the operation
zx M (y) =z y.

Theorem 1. Two quasigroups are isotopic if and only if its left b-adjoint quasi-
groups are right pseudoisomorphic.

Proof. Let quasigroups (@, -) and (Q, o) be isotopic and let this isotopism has the
form (1). If (Q,*) and (@, ) are left b-adjoint quasigroups of quasigroups (@, -)
and (Q, o), respectively, then zxy = L, ' (2 -y) and x oy = (L)' (z o y). Thus,
LS = (Lg)~'L2. This, by Lemma 1, gives

Ly =Ly Lo = (v 'Ly B) ' Loy B = B~ (L4) ' Loy = B L) B-

Hence B(z * y) = a(z) o B(y).
The converse statement is obvious. O

Corollary 2. If quasigroups (Q,-) and (Q,0) are isotopic, then, for every b € Q,
its left b-adjoint quasigroups are right pseudoisomorphic. Conversely, if for some
b € Q left b-adjoint quasigroups of quasigroups (Q,-) and (Q, o) are pseudoisomor-
phic, then (Q,-) and (Q,0) are isotopic.

In a similar way we can prove the following two theorems.

Theorem 2. Two quasigroups are isotopic if and only if its right b-adjoint quasi-
groups are left pseudoisomorphic.

Theorem 3. Two quasigroups are isotopic if and only if its middle b-adjoint
quasigroups are middle pseudoisomorphic.

3. As it is well known, any permutation ¢ of the set {1,2,...,n} can be decom-
posed into r < n cycles of the length ki, ko, ... k. with k1 +ko+...+ k. =n. We
denote this fact by C(p) = {k1,ka,...,k-}. C(y) is called a cyclic type of .
Two permutations ¢, ¥ € S, are conjugate if there exists a permutation p € S,
such that ppp~! = 1. Two permutations are conjugate if and only if they have
the same cyclic type (cf. [7]).
Let (Q,0), where @ = {1,2,...,n} be a quasigroup and let

C(L%) ={C(L),C(L3), ..., C(Ly)},



Pseudoisomorphisms of quasigroups

43

C(R°) ={C(R7),C(R3),...,C(Ry)},
C(M°) = {C(My),C(Mg), ..., C(M)}-

Then as a consequence of the above results we obtain

Theorem 4. If quasigroups (Q,-) and (Q,0) are isotopic, then C(L*) = C(L°),
C(R*) = C(R®), C(M*) = C(M?) for all its left (right, middle) b-adjoint quasi-

groups (Q,*) and (Q, ).

The converse statement is not true.

Example 1. Consider two loops defined by the following tables.

1123456
11123456
21234561
31345612
41456123
5561234
6|6 12345

o otk wn o

DU W ==

TGO Wk~ NN

N — OOtk W|Ww

=N OO W&

Wk N = O OOt

B W RNt | O

The first loop is a group isomorphic to the cyclic group Ze; the second is not a group
because (504) 03 # 50 (403). So, by the Albert’s theorem, they are not isotopic, but,
as it is not difficult to see, C(L*) = C(L®), C(R*) = C(R®), C(M*) = C(M?) for all its

b-adjoint quasigroups (@, *) and (Q,©).

4. Basing on the above results we can find autotopies of quasigroups for which
left, right or middle translations have different cyclic types.
For simplicity permutations will be written in the form of cycles and cycles will

be separated by points, e.g.

123456
@(S Lo 54 6)(132.45.6.).

Example 2. Let (Q,-) be a quasigroup defined by the following table:

)
w
t

6

-3

8

0O ~J O Ui W N =
0 O U W
o W Oy U 00N
= = N 0o O W
W T DN 00— U |
N O = 00 W N R Ot
o Ul W B O
W N 0O CL—

ot
[«

This quasigroup has the following left and right translations:

N~ 0 Woo
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left translations cyclic type right translations cyclic type
Ly| (1.2345.6.78) |[{1,1,1,1,1,1,1,1} Ri| (1.2345.678) |{L,1,1,1,1,1,11}
Lo| (128367.45.) {2,6} Ra (128.37456.) {3,5}
Ls| (13864.275.) {3,5} R3 (13857.264.) {3,5}
Ly| (14876.253.) {3,5} Ry (148673.25.) {2,6}
Ls| (158.26374.) {3,5} Rs (15876.243.) {3,5}
Le| (165.23478.) {3,5} Rs (16534.278.) {3,5}
L7z| (17243.568.) {3,5} Ry (172.35468.) {3,5}
Lg| (18462.357.) {3,5} Rs (18475.236.) {3,5}

If this quasigroup has an autotopy of the form S(z - y) = a(x) - 5(y), then
by Corollary 2 we have L; = ﬁflLa(i)ﬂ for every i € Q. Since L; and L),
as a conjugate permutations, have the same cyclic type, in the case i = 2 must
be Ly = Ly2), 50 «(2) = 2. Thus Ly = 7Ly, ie.,, BLy = L. The last
equation is satisfied by § = (128367.5.4.). Now, using BL; = Lo (;)3, we see that
a = (1.2.354786.). This shows that our quasigroups has an autotopy (a, S, ).
Since autotopies form a group (cf. [1]), (aF, ¥, %) also are autotopies for each
natural k.

An autotopy of the form (o, p,0) is induced by right translations. Indeed,
from the fact that R; = U_lRp(Z-)U have the same cyclic type we obtain Ry =
R, So, p(4) = 4. Hence, analogously, as in the previous part, we calculate
o = (137684.2.5.) and p = (1.4.257863.). Obviously (¢*, p*, ") also is an autotopy
for each natural . Moreover, composition of (o, 8%, %) and (ot, p,ct) is an
autotopy too. For example, composition of («, 3, 8) and (o, p, o) gives an autotopy
(a1, B1,7) with ap = ao = (154.387.2.6.), 51 = fp = (125.387.4.6.), 71 = fo =
(163.284.5.7.).
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Menger algebras of associative and self-distributive

n-ary operations
Wieslaw A. Dudek and Valentin S. Trokhimenko

Abstract. The necessary and sufficient conditions under which a Menger algebra of rank n can
be isomorphically represented by associative or (i, j)-associative n-ary operations are given. Also
the conditions under which a Menger algebra of rank n can be homomorphically represented by

self-distributive n-ary operations are found.

1. Multiplace functions are known to have various applications not only in math-
ematical analysis, but are also widely used in the theory of many-valued log-
ics, cybernetics and general systems theory. Algebras of such functions (called
Menger algebras) are studied in various directions [4]. In particular, many authors
studied algebras of functions with some additional properties, see for example
[4,6,7,8,9, 10, 11, 12]. Menger algebras of n-place functions closed with respect
to certain additional operations and allow fixed exchange of some variables are
described in [4].

As it is known semigroups and groups can be isomorphically represented by
functions of one variable. Similar results are obtained for (n + 1)-ary Menger
algebras of some types. Namely, it is proved (see for example [4]) that some types
of (n 4 1)-ary Menger algebras can be represented by n-place functions.

In this short paper we give necessary and sufficient conditions under which
a Menger algebra of rank n can be isomorphically represented by associative or
(4, j)-associative n-ary operations defined on some set. We also find conditions
under which a Menger algebra of rank n can be homomorphically represented by
self-distributive n-ary operations and prove that in the case when this algebra is
also reductive then it can be isomorphically represented by these functions.

2. In the whole article, we assume that n > 2 and A is a nonempty set. Any
function f: A" — A defined for each element of the set A™ is called an n-ary
operation on A. The set of all such operations, for fixed A and n > 2, is denoted
by 2,,(A). On the set Q,(A) we can consider the Menger superposition O defined
by:

O(f?.gl)' -'agn)(alv" -7an) - f(gl(ala"'aan)a"'agn(aly"' )a7l))7
where f,g1,...,9n € Qn(A), a1,...,a, € A.

2010 Mathematics Subject Classification: 20N05, 08 A05
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Any subset & C Q,(A) closed with respect to this superposition is called a
Menger algebra of n-ary operations and is denoted by (@, O).

This superposition satisfies (cf. [4]) the following superassociative law:

OO(f, g1y, 9n)s b1y hy) =
O(fvo(gla hla c '7hn)a .. '7O(gna hla < '7hn))a

where f,g1,...,9n, h1,-.., hn € Qu(A).
According to general convention used in theory of n-ary operations, the above
superassociative law can be written in the shorted form as:

0(0(f,97), hi') = O(f,O(g1, hY), - .., O(gn, ). (1)

In the case when g; = go = ... = g;, = g instead of g} we will write S

Any nonempty set G with an (n + 1)-ary superassociative operation o is called
an (n + 1)-ary Menger algebra or a Menger algebra of rank n and is denoted by
(G,0). If in a Menger algebra (G,o0) of rank n from the fact that the equation
o(g1,2}) = o(gz,x7) is valid for all xy,...,z, € G it follows g; = g2, then this
Menger algebra is called reductive [4]. An element e € G is called a left (right)
diagonal unit of a Menger algebra (G, o) of rank n if o(e,g) = 1z (respectively
o(x,€) = x) holds for all # € G. If e is both left and right diagonal unit, then it is
called a diagonal unit. If a Menger algebra has an element that is a left diagonal
unit and an element that is a right diagonal unit, then these elements are equal
and no other elements which are left or right diagonal units. A left (right) diagonal
unit of (G,0) is a left (right) neutral element of a diagonal semigroup of (G, o),
i.e., a semigroup (G, -) with the operation z -y = o(z, Z) It is clear that a Menger
algebra with right diagonal unit is reductive. Also a Menger algebra (G, o) of rank
n in which there are z1,...,z, such that o(g,z}) = ¢ for all g € G is reductive.

3. We say that an n-ary operation f € Q,(A) is

e (i,7)-associative, where 1 < i < j < n, if it satisfies the identity
i—1 i+n—1y 2n—1 j—1 i+n—1y 2n—1
f@ flai™ ) ai ) = flal ™ fla]™ ) a3t (2)
e associative, if it is (4, j)-associative for all 1 < i < j < n,

e superassociative, if it satisfies the identity

f(f(a7 b?_l)’ C?_l) = f(av f(blv 071L_1)7 R f(bn—hc?_l))' (3)

self-distributive or autodistributive, if for all 1 < ¢ < n, it satisfies the identity

f(aliia f(b’il)ﬂl;zrl) = f(f(aiil7b17a?+1)7 e f(aiilﬂ bm a?+1))' (4)
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It is clear that the operation f € ,(A) is associative if and only if it is
(1, 7)-associative for all j =2,3,...,n.

Unfortunately, the set of all associative ((i, j)-associative, superassociative) n-
ary operations defined on the set A may not be closed with respect to the Menger
superposition. Indeed, ternary operations f(z,y,2) = z Ay Az and g(z,y,2) =
x V yV z defined on a lattice L are associative and superassociative, but their
Menger superposition h = O(f, g, g, g) is neither associative nor superassociative.

We will say that an (n + 1)-ary operation o € Q,,41(A) is

e quasi-(i, j)-associative, where 1 < i < j < n, if it satisfies the identity

o(a, b’ o(a, bﬁ‘*'"_l)7 b?ﬁ;l) = o(a, b{_l, o(a, b§+"_1), b?i;l), (5)

e quasi-associative, if it is quasi-(7, j)-associative for all 1 <i < j < n,
o quasi-superassociative, if it satisfies the identity

o(a,o(a,b, c?_l), d?_l) = o(a, b, o(a,c, d?_l), ..,0(a,cno1, d’f_l)), (6)

e quasi-self-distributive or quasi-autodistributive, if for all 1 < i < n it satisfies
the identity

o(a, b’i_l, o(a,ct),bi 1) = o(a,o(a, bi_l, c1, b 1), .-, 0(a, b’i_l, Cny i) (7)

Note that an (n+ 1)-ary operation o € £,,11(A) is quasi-associative if and only
if all n-ary operations f, € Q,,(A) defined by

fa(@¥) = o(a, z7) (8)

are associative in the above sense. Thus any algebra (A,0) with one (n + 1)-
ary quasi-associative operation o can be characterized by the algebra (A,F) with
the family F = {f,|a € A} of n-ary associative operations defined by (8), i.e.,
by the class of n-ary semigroups (A4, f,), where a € A. Analogously a quasi-
superassociative (quasi-self-distributive) algebra (A4,0) can be characterized by
the class of n-ary superassociative (self-distributive) algebras (A, f,). A group-
like Menger algebra (A, o) of rank n (cf. [2] or [4]) which is simultaneously quasi-
associative and quasi-self-distributive can be characterized by self-distributive n-
ary groups (A, fa), i.e., by self-distributive associative n-ary quasigroups (cf. [1]).
This means that these Menger algebras can be described by commutative groups
and one of their automorphisms (cf. [3, Theorem 3]).

Example 1. On a commutative semigroup (G, +) with the property nz = x for
each = € G and fixed n > 2 we define the (n + 1)-ary operation

o(zg,27) = p(zo) + 21 + 22+ + 25 + b,
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where b € G is fixed and ¢ is an idempotent endomorphism of (G,-) such that
©(b) = b. Direct computations show that (G,0) is a quasi-associative Menger
algebra of rank n. If ¢ is not the identity map, then this Menger algebra is not
associative. So, the class of quasi-associative Menger algebras contains non-trivial
non-associative algebras.

Example 2. Let (G,+) be a commutative semigroup in which na = z for all
z € G and fixed n > 2. Then for every a € G the set G with the operation

fa(x07x?):$0+z1+x2+...+xn+a

is a Menger algebra of rank n that is both associative, quasi-associative and self-
distributive. Moreover, the set & = {f,|a € G} is closed with respect to the
Menger superposition O. Thus, (Pg, Q) is a Menger algebra of associative, quasi-
associative, quasi-superassociative and self-distributive (n + 1)-ary operations.

4. Now we present a characterization of quasi-associative Menger algebras by
algebras of associative n-place functions.
First, we characterize quasi-(¢, j)-associative Menger algebras.

Theorem 1. A Menger algebra (G, o) of rank n is isomorphically represented by
(i, j)-associative n-ary operations if and only if it is quasi-(i, j)-associative.

Proof. NECESSITY. Let (®,0) be a Menger algebra of (i, j)-associative n-ary
operations defined on the set A. Then, for all f,g1,...,g2,—1 € ® and all elements
ai,...,a, € A, we have

O(f.gi7 " O(f, g 1), g7 1) (af) =

flgi(ad), .. gio1(ad), O(f, 07" ) (@), gin(al), - ., gan—1(al)) =
flgr(at), ..., gi-1(a}), (gz(ﬂh) s Girn—1(ay))(a?), gitn(al), ..., gan—1(al)) =
flgi(at), ... gi—1(al), f(g;(al), ..., gj+n-1(al))(al), gj+n(al), ..., g2n-1(a})) =
Flgr(a), - gi-1(at), O(f, g7 ") (), gjn(al), -, g2n-1(a})) =

O(f.g1 " 0(f.9]™" >gfin1><a?).
Thus, O(f, g1~ O(f, 97" 1), g2} ) (af) = O(f, 61 O(f. ], 672, ah),
i.e., a Menger algebra (P, (’)) is quasi-(4, j)-associative.

SUFFICIENCY. Let (G,0) be a quasi-(i, j)-associative Menger algebra of rank
n. For every g € G we define on the set Go = G U {e,c}, where e # c and e ¢ G,
¢ ¢ G, the n-ary operation w, by putting:
o(g,xt), ifxy,...,x, €G,
wg(xl) = g, ifxi=...=2,=e¢,

c, otherwise.
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To prove that this operation is associative, we must consider a few cases.
First, we consider the case when x1,...,22,_1 € GG. In this case

wg(xi_l,wg(xﬁn_l) 2n—1 i+n—1) 2n—1):

i » Litn ) = o(g,x’i_l,o(g,xi y Litnm

jn=1y 20—l j—1

j—1 _ j+n—1 2n—1

O(gvml ,0(g,$] ?J"j+n ) _wg(xl 7wg('rj )axj+n )

If 1y =...=ux9,_1 = e, then, according to the definition, we have
i—1 n, n—i i—1 n—i

we(e,wg(e), e)=wy(e,g, e)=c

and . 4
J— n, n—j
wg( e awg(e)a e ):wg( €,9, € ):C'

Thus,
1—1 n, n—i
we( e wyle), ) =wy("e ,wy(e), €).
In all other cases

P =c

Il
&
Q
8
—
&
Q
—
8
<
~
8
RN )
+3
3 |
—
~—

Jwe(x

So, in any case the operation wy is (%, j)-associative.

Now we show that P: g — w, is an isomorphism between (G, 0) and (®¢, O),
where ®¢ = {wy| g € G}. To prove this fact we also must consider a few cases.
Let g,91,...,9, € G.

1) If 21,...,2, € G, then

wo(g,g{‘)(x?> = 0(0(97 g{L>7 '75711) = 0(9’ 0(917 xil), s O(Qm w?))
= wy(wg, (#7), - - -, wg, (21)) = Owg, wy, , - - -, wg, ) (x7).
2) If x4 =29 = ...z, = e, then, according to the definition of w,, we obtain

O(wg, wgy 5 - - awgn)(g) = wy(wg, (2)7 ceey Wy (2)) = wy(g1') = o(g, 91)

n

e).

and wo(g,gn)(€) = 0(g, g7')- Thus, wy(g gn)(€) = Olwg, g, , - - - g, )(
3) In other cases we have w,(g ¢n)(27) = ¢ and

O(wg,Wgy 5 - - -, Wy, ) (7)) = wy(wy, (1), - - -, wg,, (z7)) = Wg(g) =c.

Thus, in any case wy(g,gny = O(wy, Wy, , - - -,w,, ) This means that P(o(g,97)) =
O(P(g), P(g1),---,P(gn))- Hence, P is a homomorphism.
Obviously P is onto (@, D). Moreover, if P(g1) = P(g2), for some g1, g2 € G,

then also wg, (27) = wg, (z7) for z1,...2, € Go. In particular, wg, (e) = Wy, (e),

which gives g1 = g2. So, P is an isomorphism. O
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In the same way, using the same construction of the operations w,, we can
prove the following two theorems.

Theorem 2. A Menger algebra (G,0) of rank n is isomorphically represented by
associative n-ary operations if and only if it is quasi-associative.

Theorem 3. Any quasi-superassociative Menger algebra (G,0) of rank n can be
isomorphically represented by suprassociative n-ary opertations defined on some
set.

From the above results we can deduce the following corollary.

Corollary 1. If a Menger algebra of rank n is at the same time quasi-(i,7)-
associative and quasi-superassociative, then it can be isomorphically represented by
n-ary operations which are at the same time (i, j)-associative and superassociative.

Analogous result is valid for Menger algebras which are at the same time quasi-
associative and quasi-superassociative.

Problem A. Find necessary and sufficient conditions under which a Menger alge-
bra of rank n can be isomorphically represented by superassociative n-ary operations
defined on some set.

5. We will now consider a Menger algebra of self-distributive n-ary operations.

Theorem 4. A Menger algebra (G, 0) of rank n is homomorphically represented
by self-distributive n-ary operations if and only if it is quasi-self-distributive.

Proof. NECESSITY. Let (®,O) be a Menger algebra of self-distributive n-ary ope-
rations defined on the set A. Then for all f,g;,h; € &, i = 1,2,...,n, and all
ai,...,an, € A we have

O(f7 giila O(f7 h?)a g;n-&-l)(a?) =

f(gl(al)a s 7gi—1(a1)a f(hl(al)a R h"(al ))7gi+1(a1 )7 .. 'gn(al )) =

f(f(gl(a?ll)a s 7gi71(a?)a hl(a;’ll)a gi+1(a’? g ~gn(a’?’ll))v ceey

f(gl (a?)7 s 7gi71(a7ll)ﬂ hn(a?% gi+1(a7ll)7 .- gn(a?)))
O(f7 O(fa giila hla g?—‘,—l)) Tty O(f) giil, hnag?+1)>(a?)

Thus, (®, ) is a quasi-self-distributive Menger algebra.

SUFFICIENCY. Let (G, 0) be a quasi-self-distributive Menger algebra of rank n.
For every g € G we define on G the n-ary operation w, by putting

wy(z7) = o(g, 7).
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Then for all z;,y; € G and ¢ = 1,...,n, we obtain:
g (25w (1), aly) = olg, 21 0lg, 1), w7y) ©
o(g,0(g, 2y, Y1, 2741)s -, 0(9, 21 Yn, 274y)) =
wg(wg(xli_l’ Y1,201)s - - vwg(xiflv Yn, Ti41))-

So, the operation wy is self-distributive.
Now we show that P: g — wy is a homomorphism between (G, 0) and (¢, O),
where ®¢ = {wy| g € G}. Indeed, for all g, g1,...,Gn,21,...,2, € G we have:

wO(g,g{l)(m?) = 0(0(979?)7 SU?) = 0(9’ 0(917 ‘ZJIL)’ sy 0(gn’ x?ll))
=0(g,wq, (1), -+ -, Wy, (21)) = wy(wg, (27), . . ., wy, (7))

= O(wgawgu s 7wgn)<x?),

which means that

P(o(g,97)) = O(P(9), P(91), -, P(gn))-

This completes the proof. O

Note that the homomorphism P: g — w, may not be one-to-one, but if a
Menger algebra (G, o) is reductive, then it is one-to-one, and consequently, it is an
isomorphism. Thus the following result is valid.

Corollary 2. If a quasi-self-distributive Menger algebra of rank n is reductive,
then it can be isomorphically represented by self-distributive n-ary operations de-
fined on some set.

In a similar way we can prove

Theorem 5. Any quasi-associative (quasi-(i,j)-associative, quasi-superassocia-
tive) Menger algebra (G, 0) of rank n satisfying (7) can be homomorphically repre-
sented by self-distributive associative (respectively, (i,j)-associative, superassocia-
tive) n-ary operations defined on some set.

Problem B. Find necessary and sufficient conditions under which a Menger alge-
bra of rank n can be isomorphically represented by self-distributive n-ary operations
defined on some set.

Problem C. Find necessary and sufficient conditions under which a quasi-(i,j)-
associative (quasi-associative, quasi-superassociative) Menger algebra of rank n
satisfying (7) can be isomorphically represented by self-distributive (i, j)-associative
(associative, superassociative) n-ary operations defined on some set.
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Retractions of cyclic finitely supported Ch-sets

Mohammad M. Ebrahimi, Khadijeh Keshvardoost and Mojgan Mahmoudi

Abstract. The monoid Cb of name substitutions originated by Pitts in name abstraction, and
the notion of a finitely supported Cb-set appeared in the study of models of homotopy type theory
in the works of Gabbay and Pitts. On the other hand, retracts and retractions play a crucial
role in most branches of mathematics as well as in computer science where partial morphisms
need to be completed. Retracts are the subobjects whose related inclusion morphism have a left
inverse, called retraction.

In this paper, we study the retracts and retractions of cyclic finitely supported Cb-sets. We
find the general definition of retractions from a cyclic Cb-set, and give necessary conditions under
which retractions exist. Also, fix-simple retracts of a cyclic Cb-set are characterized. Further,
the cyclic finitely supported Cb-sets all whose subobjects are retract, are studied. In particular,
we give a necessary condition for a cyclic finitely supported Cb-set to be retractable.

1. Introduction and preliminaries

The notion of a nominal set was originated by Fraenkel in 1922 and developed by
Mostowski in the 1930s under the name of legal sets. The legal sets were applied
to prove the independence of the axiom of choice with the other axioms (in the
classical Zermelo-Fraenkel (ZF) set theory).

In 2001, Gabbay and Pitts rediscovered those sets in the context of name
abstraction. They called them nominal sets, and applied this notion to properly
model the syntax of formal systems involving variable binding operations (see [5]).

In [10], Pitts generalized the notion of nominal sets, by first adding two ele-
ments 0, 1 to D, then generalizing the notion of a finitary permutation to finite
substitution, and considering the monoid Cb instead of the group G. Then he
defined the notion of a support for C'b-sets, sets with an action of Cb on them, and
invented the notion of finitely supported Cb-sets, a generalization of nominal sets.
He has shown that the category of finitely supported Cb-sets is in fact isomorphic
to the category of nominal sets equipped with two families of unary operations
which substitute names (elements of D) by the constants 0 or 1; and the cate-
gory of finitely supported Cb-sets is a coreflective subcategory of the category of
Cb-sets.

The notion of retractions appears when one can find a left inverse (reflection) for
a morphism. This notion plays a crucial role in many areas of mathematics, such
as homological algebra, topology, ordered algebraic structures, etc. The retracts

2010 Mathematics Subject Classification: 08A30, 18 A20, 20B30, 20M30, 20M50, 68Q70.
Keywords: Cb-set, finitely supported, retract, retractable.
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are also known as complete or partial objects in recursion theory by computer
scientists (see [7]).

On the other hand, we recall from [6] that every Cb-set is a disjoint union of all
its indecomposable sub Cb-sets, where an indecomposable Cb-set is a Cb-set which
can not be written as a disjoint union of non-empty sub Cb-sets. Therefore, to find
retractions of a Cb-set, it is sufficient to obtain retractions of its indecomposable
sub Cb-sets. Also, it is known that cyclic finitely supported Cb-sets are indecom-
posable (see Proposition 1.5.8 of [6]). These facts provided our motivation to study
the retracts of cyclic finitely supported Cb-sets in this paper. First, applying the
characterization of cyclic finitely supported Cb-sets from [3], and assuming the
existence of retractions from a cyclic Cb-set to its proper sub Cb-sets, we find the
possible definition of them.

Moreover, using the characterization of cyclic fix-simple finitely supported Cb-
sets given in [3], we find a characterization of retracts of cyclic finitely supported
Cb-sets. Also, we prove that simple finitely supported Cb-sets which are fix-simple
with one zero element are retracts of cyclic finitely supported Cb-sets.

Finally, retractable (the ones all whose subobjects are retract) finitely sup-
ported Cb-sets are studied; and a necessary condition for cyclic finitely supported
C'b-sets to be retractable is obtained.

1.1. M-sets

In the following, we recall some notions and facts about M-sets, for a general
monoid M. For more information, see (|2, 6]).

A (left) M-set for a monoid M with identity e is a set X equipped with a
map M x X — X, (m,x) ~ muz, called an action of M on X, such that ex = z
and m(m'z) = (mm/)z, for all x € X and m,m’ € M. An equivariant map from
an M-set X to an M-set Y is amap f : X — Y with f(ma) = mf(z), for all
reX,meM.

An element z of an M-set X is called a zero (or a fized) element if ma = z, for
all m € M. We denote the set of all zero elements of an M-set X by Fix X. The
M-set X all of whose elements are zero is called a discrete M-set, or an M-set
with identity action.

An equivalence relation p on an M-set X is called a congruence on X if xpx’
implies mz pma’, for x,2" € X, m € M. We denote the set of all congruences
on X by Con(X). Also, for z,2’ € X, the smallest congruence on X containing
(z,2") is denoted by p(z,z’). It is in fact, the equivalence relation generated by
{(mz,ma’) | m e M}.

A subset Y of an M-set X is a sub M-set (or M-subset) of Y if for all m € M
and y € Y we have my € Y. The subset Fix X of X is in fact a sub M-set.
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1.2. Cb-sets

Now, we give some basic notions about the monoid Cb, and Cb-sets. For more
information one can see [9, 10].

Let D be an infinite countable set, whose elements are sometimes called di-
rections (atomic names or data values) and PermD be the group of all permuta-
tions (bijection maps) on D. A permutation m € PermD is said to be finite if
{d € D | w(d) # d} is finite. Clearly the set Perm;DD of all finitary permutations is
a subgroup of PermDD.

Also, we take 2 = {0,1} with 0,1 ¢ D.

Definition 1.1. (a) A finite substitution is a function o : D — D U 2 for which
Dom¢o = {d € D | o(d) # d} is finite.

(b) If d € D and b € 2, we write (b/d) for the finite substitution which maps
d to b, and maps identically on other elements of D. Each (b/d) is called a basic
substitution.

(¢) If d,d’ € D then we write (dd’) for the finite substitution that transposes
d and d', and keeps fixed all other elements. Each (dd') is called a transposition
substitution.

Definition 1.2. (a) Let Sb be the monoid whose elements are finite substitutions,
with the monoid operation given by o - ¢’ = 6o’, where 6 : DU2 — D U2 maps 0
to 0, 1 to 1, and on D is defined the same as 0. The identity element of Sb is the
inclusion ¢ : D — D U 2.

(b) Let Cb be the submonoid of Sb satisfying the following injectivity condition:

(Vd,d €D), o(d) =o(d)¢2=>d=d.

(c) Take S to be the subsemigroup of Cb generated by basic substitutions. The
members of S are of the form § = (by/dy) - (bg/dg) € S for some d; € D and
b; € 2, and we denote the set {d;,...,d;} by D,.

Remark 1.3. (1) Notice that each finite permutation 7 on D, can be considered
as a finite substitution t o7 : D — D U 2. Doing so, throughout this paper, we
consider the group Perm¢D as a submonoid of Cb, and denote ¢ o 7w with the same
notation 7.

(2) Let d € D and b € 2. Then, for a finite permutation 7 and a basic
substitution (b/d), one can compute that in Cb, w(b/d) = (b/7(d))r and (b/d)7m =
7(b/7~1(d)). Then, by induction, we also have:

m(by/dy) -+ (br/dy) = (by/mdy) - - - (bp/mdy),
and
(b1/dy)- - (bi/di)m = mw(by /7 dy) - - (b /7 dy),
for m € Perm¢(D), dy, -+ ,dp € D, and b; € 2, for i = 1,... k.

(3) Let d # d € D and b, € 2. Then (b/d)(¥'/d') = (V//d')(b/d). But,
we see that (1/d)(0/d) = (0/d) and (0/d)(1/d) = (1/d), and hence (1/d)(0/d) #
(0/d)(1/d).
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Theorem 1.4. [3] For the monoid Cb, we have:

Cb = Perm; (D) U Permg(D)S, Permg(D) N Permg(D)S = 0.

1.3. Finitely supported Cb-sets

In this subsection, we give some basic notions of finitely supported Cb-sets needed
in the sequel, some of which are given in [10].

The following definition introduces the notion of a, so called, support, which is
the central notion to define finitely supported Cb-sets.

Definition 1.5. (a) Suppose X is a Cb-set. A subset C,; C D supports an element
z of X if, for every 0,0’ € Cb,

(o(c)=0'(c),(Vc € Cy)) = ox =0'x

If there is a finite (possibly empty) support C, then we say that x is finitely
supported.

(b) A Cb-set X all of whose elements has a finite support, is called a finitely
supported Cb-set.

We denote the category of all Cb-sets with equivariant maps between them by
Set®?, and its full subcategory of all finitely supported Cb-sets by Setgb.

Remark 1.6. [3] Suppose that X is a non-empty finitely supported Cb-set and
z € X\ Fix X.
(1) By Remark 1.3(3), it is clear that

{deD|(0/d)z £} ={deD|1/d)z # ).

This set is in fact the least finite support of . First notice that, by Lemma 2.4 of
[10], this set is a finite support for x. Now, let C be a finite support for z. Then
for any d € D with (0/d) z # «, by taking o = (0/d) and ¢’ = ¢ in the Definition
1.5(a), we get (0/d)d’ # d', for some d’ € C. So, by the definition of (0/d), we
have d = d’, and therefore d € C.

From now on, we call the least finite support for x the support for x, and denote
it by supp z.

(2) Let 6 € S. Then, by (1),

dx =z if and only if D, Nsuppz = 0.
(3) Let {d1,...,dx} C suppzx. Then,
supp (b1/dy) -+ (bg/dr) x C suppa \ {di,...,dx},

forany b; €2 andi=1,--- k.
(4) Let 6 € S. Then,

dx =2 if and only if |suppd x| = |supp z|.
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(5) By (3) and (4), we have
0x #x if and only if |suppd x| < |supp z|.

(6) Let m € Perm¢(D). Then, supp 7 = msupp x, and so |[supp x| = |7wsupp z| =
|supp x|.
(7) X has a zero element.

Remark 1.7. [3] Let X be a finitely supported Cb-set and = € X. Then,

(1) Sy ={d € S| dx ==z} is a subsemigroup of S;

(2) S, =S\ S, ={d €S|z +# =z} is also a subsemigroup of S;

(3) If 6 € S, then ¢ x = 6; =, for some &, € S} with D, C supp x;

(4) If § € S!, then 7z # 7'dx, for some m, 7' € Perms(D). Since otherwise, if
ma = 7'dx then by Remark 1.6(5,6),

|supp z| = |supp 7z| = |supp 7’'dx| = |supp dz| < |[supp z|
which is impossible.

Definition 1.8. A cyclic finitely supported Cb-set X is said to be cyclic, if it is
generated by only one element, that is X = Cbx, for some z € X.

Lemma 1.9. [3] Let Cbzx be a cyclic finitely supported Cb-set. Then,

Cbz = Perm(D)S,, x UPerm¢(D) z, Perm¢(D)S, x N Perme(D) z = (.

2. Retractions of cyclic finitely supported Cb-sets

In this section, we study retracts and retractions of cyclic finitely supported Cb-
sets. We find the general definition of a retraction, and give some necessary and
sufficient conditions for a sub Cb-set of a cyclic finitely supported Cb-set to be a
retract.

First, we give the definition of a retraction.

Let X be an object of a category €. A subobject J of X is called a retract of
X if there exists a morphism g : X — J, called a retraction, such that g|, = id,.

Notice that, for a proper sub Cb-set Cbx’ of Cbx, Cbx’ is a retract of Cbx if
and only if Cbdgx is a retract of Cbx, where &’ = wdopx, for some m € Permg(D)
and dg € S..

Lemma 2.1. Suppose wopx is a non-zero element in Cbx, where m € Perm¢(D)
and 09 € S'. If there exists a retraction o from Cbx to Cbdox then

(i) ¢(x) € Perm¢(D)dox;

(i) ¢(x) = doz.
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Proof. (i) We have p(z) € Cbdpzx. So by Lemma 1.9, ¢(x) € Permf(D)S(’soméOx or
p(z) € Permg(D)dpx. We show p(z) € Permg(D)dpz. On the contrary, let ¢(x) €
Perm¢(D)S; dox. Then, ¢(z) = 7'6'dpx where 6" € S —and 7' € Permg(D).
Since ¢ is a retraction and dpx € Cbdgx, we get

dox = p(Sox) = dop(x) = Som’'d' S0
Now, by Remark 1.6(5,6),
|[supp dox| = |supp do7’§'dpx| < |supp doz|,
which is impossible.

(i) By (i), we get p(z) € Perms(D)dpx. So there exists 7’ € Perms(D) such
that ¢(x) = m'dpz. Since ¢ is a retraction and dpx € Cbdpx, we get

(501’ = (p((som) = (SQQD(’JZ) = (;071'/50:7} = 71'/56501’,

where the last equality is true by Remark 1.3(2). Now, d; € S, ., since otherwise,
if &) € S;Oz then by Remark 1.6(5,6),

|supp dox| = |supp 7’600 | = |supp djdox| < |supp doz|,

which is impossible. Thus, d; € S; . and so doz = 7'0ydox = 7'doz. Therefore,
p(x) = dox. O

Corollary 2.2. Suppose mé,x is a non-zero element of Cbx, for some m € Perm; (D)
and 6y € S.,. Let ¢ : Cbx — Cbdgx be a retraction. Then,

(i) If 0x € Cbdpx then 00, v = dx;
(ii) If mopx = ') x then d,x = 0! x.

Proof. (i) Since ¢ is a retraction, by Lemma 2.1, we get
o0z = p(0x) = dp(x) = dd, .

(ii) Let méox = 7’0/ x. Then 0!z € Cbdpx and [suppd!z| = [suppd,z|. Since
0l € Cbdox, by (i) 6\ x = 6 d,x. So suppd,x C supp d,z. Now, since [supp 0! z| =
|supp 6, | and supp doz is finite, we get supp 6/ x = supp d, . Thus for all d € D

510
we have d ¢ supp d,z and so 0/ x = § dpx = do. 0

Remark 2.3. Let Cbdpx be a proper sub Cb-set of Cbx. Then,

(1) B = {wéx € Perm¢(D)S.z | D, Nsupp dpz # O} is a proper sub Cbh-set of
Chbz.

(2) If @ € B then a = wéz, for some m € Perm¢(D) and § € Sgom. This
is because, since dx € B, we get D, Nsuppdoxz # @. So by Remark 1.6(2),
000z # dgx. Therefore, § € S:som'

(3) If @ € Cbx \ B then a = mz, for some 7w € Perm¢(D) or a = wdz, for some
7 € Permy(D) and 6 € S, ,. Notice that, if 6z ¢ B then D, Nsuppx = (), and so
by Remark 1.6(2), ddox = dpxz. Thus d € S, ..
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Theorem 2.4. Let Cbdgx be a proper sub Cb-set of Cbx. Then, Cbdgx is a retract
of Cbx if and only if the assignment ¢ : Cbx — Cbégx defined by

(a) = wodox, if a=mndx € B
pla) = whox, if a=mx or wéx ¢ B

is a map retraction, where B is considered as in Remark 2.3.

Proof. To prove the non-trivial part, let Cbdpx be a retract of Cbx and ¢ : Cbx —
Cbéox be a retraction. Then, by Lemma 2.1, )(x) = dpz. Let a = a’. Then, we
show p(a) = ¢(a’).

CASE (1): Suppose a = a’ € B. By Remark 2.3(2), méx = a = a’ = 7'z, for
some 7, 7" € Perm¢(D) and ¢,d’ € S’g”. Now, ¥(a) = ¥(a’) and so

o(a) = mddox = wop(x) = Y(ndx) = Y(a) = P(a’) = P(7'd'x)
=7'8Y(x) = 7§ Sox = p(d’).

CASE (2): Suppose a = o' ¢ B. By Remark 2.3(3), a = 7wz, for some 7 €
Perm¢(D) or a = mdz, for some 7 € Perm¢(D) and 6 € S, .. Then, by Remark
1.7(4), we have the following subcases;

SUBCASE (2A): If 7z = a = o’ = 7’z then

pla) = mépz = m(x) = Y(rz) = P(a) = P(d’) = Y(7'x) = 7'¢(z)
= n'dox = p(a’).

SUBCASE (2B): If méx = a = o/ = 7’é’x then §dgx = dpx and so

p(a) = moox = wdox = wop(x) = Y(wox) = Y(a) = Y(a') = Y(n'd'x)
=7'8"Y(x) = 7'd dox = 7'dox = @(a’).

Now, we show ¢ is equivariant and ¢ |, .= id |Cb50m. Suppose a € Cbz and
01 € Cb. We have the following cases:

CASE (A): Let a € B. Then, o1a € B and by Remark 2.3(2), a = ndz, where
7 € Permg(D) and 6 € 5] . Now,

o1p(a) = o1wédox = p(o1mox) = p(o1a).

CASE (B): Let a ¢ B. Then, by Remark 2.3(3), a = 7z, for some 7 € Perm;(ID)
or a = wdz, for some m € Perm;(D) and 6 € S, , and by Remark 1.7(4), we have
the following subcases;

SUBCASE (B1): Let a = wmx and o1 = 1. Then,

Spx

o1p(a) = mp(rx) = mrdox = p(mmz) = p(ma) = ¢(o1a).
SUBCASE (B2): Let a = wéx and o1 = m;. Then,

o1p(a) = mp(réx) = mymdox = p(mmdz) = p(ma) = p(o1a).
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SuBCASE (B3): If a = wx and 01 = m1 61 or a = 7wz and o1 = mJ; then
o1p(a) = moip(a) = mémdor = T I
Now, if o1a € B then
o1a = méymx = mwdyx or oya = Mo woéx = w0,

and so ]D)é,1 Nsupp dox # 0. Thus ¢(o1a) = M dox = o10(a).
Also, if o1a ¢ B then

mdia = mdmr = mwdyx or md1a = w6 wéx = mwh o,

and so ]D)é,1 N supp dpxz = (). Thus 6}dpx = dpx, and so

p(o1a) = mmdox = mwd0ex = o1p(a).

It remains to show ¢ |, .= id,; .- Let a € Cbdox. Then, a = 7'd'dpx, for
some 7’ € Perm¢(D) and ¢’ € S(';OI or a = w'dpx, for some 7’ € Permy(D). Now, if
a = 7'0'dpx then a € B and so ¢(a) = 7'd’dpx = a. Also, if a = 7'dpx then a ¢ B,
and so p(a) = 7'dpz = a. O

Now, we recall the following definition and theorem from [3].

Definition 2.5. We call a finitely supported Cb-set X, fiaz-simple if its only non-
trivial sub Cb-sets are of the form (J,.;{0;}, for a set I, and 6; € Fix X.

If X is a fix-simple Cb-set and Fix X = {6,...,0;}, then we simply call X,
{61,...,0;}-simple. A {0}-simple Cb-set is said to be f-simple or 0-simple.

Theorem 2.6. If X is a non-discrete fixz-simple finitely supported Cb-set, then X
is cyclic and of one of the forms

Perm; (D) z U {6} or Perm;(D)xz U {0,602}
where 0,01,05 € Fix X, and |Fix X| < 2.

Recall that simple algebras are the one whose only congruences are A and V.
Now, using the above theorem, we have:

Lemma 2.7. Let Cbx be a cyclic finitely supported Cb-set. Then, each simple sub
Cb-set of Cbx is a retract of Cbx.

Proof. Let A be a simple sub Cb-set and 6 € Fix Cbx. Then, by Theorem 6.3 of
[3], A is 6-simple and so by Theorem 2.6, A = Perm;(D)z’ U {0}, where 2’ € Cbz.
Take 2’ = wégz, for some m € Perms(D) and §y € S.,. Now, applying Theorem 2.4,
it is sufficient to show that the assignment ¢ mentioned there, is a map. Notice
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that, if w6z € B then D, Nsupp dpz # @ and since A is Perms(D) 2’ U {0}, we get
66px = 6. Thus, we have

(a) = 0, if aeB
U= ndor, if a=nz or mox ¢ B

To see that it is well-defined, assume a = a’. If a = o/ € B, then p(a) = 6 = p(d’).
Let a ¢ B. Then, by Remark 2.3(3), a,a’ € {nz, 7'z, ndx,7n'd'x}, for some m, 7" €
Perm¢(D) and 6,6" € S ,. So by Remark 1.7(4), we have the following cases:

CaseE (1): mz =a=d =7'z.

CASE (2): wox =n'd'x.

In each case, we must show mdpx = ’dpz. To show this, by Theorem 6.4 of [3],
it is sufficient to show supp mdgz = supp 7’'dpx. Notice that, supp dpx C supp oz,
for all § € S, ,. This is because, if there exists some d € supp oz \ supp dzx then
(0/d)éx = Oz, and so éx € B, which is impossible. We prove case (2). The
other case is proved similarly. Suppose wdx = 7’é’x. Let d’ € supp wdxy. Then,
7~1d’ € supp dpz, and so

70/ d Yoz = (0/d\wéx = (0/d)7'8'x = 7' (07"~ d') 6 .

Now, since 7~ 1d’ € supp doz, we get (0/7~1d')dx € B, and so (0/7'~td")é'x € B.
Therefore, 7'~ 'd’ € supp dpz. Similarly supp 7’6oz C supp 7oz, and so the result
holds. O

Remark 2.8. Let Cbxg be a non-discrete fix-simple sub Cb-set of Cbx with two
zero elements 01,05 € Fix Cbxy. Then, by Theorem 2.6,

Cbl?o = Permf(ID))(So:z: U {91,02}.

Take supp dox = {d}, (0/d)dox = 01, and (1/d)dpz = 05. Then,
(1) the sets

By = {mdz | §(d) = 0,6 € S.,, m € Perm;(D)}

and
By ={mbéz | §(d) = 1,6 € S, 7w € Perm;(D)}

are non-empty sub Cb-sets of Cbzx.

(2) 6z € By U By if and only if d € D, if and only if D, N supp doz # 0.

(3) If §x € FixCbx then éx € By U By. This is because, suppdz = @ and
so d ¢ suppdx. Thus (b/d)dx = dx. Now, since (b/d)éx € By U By, we get
dx € By U By.

(4) Let a ¢ By U By. Then, a = wdz, for some ¢ € S, , and 7 € Perm¢(D) or
a = mx, for some 7w € Permy (D).
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Theorem 2.9. Let Cbxg = Perm¢(D)dox U {61,602} be a non-discrete fiz-simple
sub Cb-set of Cbx with two zero elements 01,05 € Fix Cbxg, and supp dpx = {d},
(O/d)(s()ér = 91, (1/d)(5()$ = 92. Then,

Cbipx is a retract of Cbx if and only if for all § € Cb, dx € Fix Cbx implies
d e D.

Proof. Let ¢ : Cbx — Cbdpx be a retraction. Then, by Lemma 2.1, ¢(ox) = odpz,
for 0 € Cb. Suppose dz € FixCbz. We show d € D,. On the contrary, if
d ¢ D, then D, Nsuppdpz = @, and so by Remark 1.6(2), ddpx = dox. Also,
notice that since dz € Fix Cbz, we get suppdx = @, and so d ¢ suppdz. Thus
oz = (0/d)éx = (1/d)éx € B. Now,

0y = (0/d)dox = (0/d)ddoz = ¢((0/d)dx) = @(6x) = ((1/d)dx)
= (1/d)550$ = (1/d)50$ = 02,

which is impossible.

To prove the converse, we show that the assignment ¢ mentiones in Theorem
2.4, is a map. Notice that, if a ¢ By U By, then by Remark 2.8(4), a = nx or
a = méz, for some m € Perm¢(D) and 6 € S, . Thus, we have

6‘17 if a€ By
ola) =4 04, if a€ B
woox, if a¢ ByU By

To show that ¢ is well-defined, let a = a’. Then, suppa = 0 or suppa # 0.
If suppa = 0 then by Remark 2.8, a € By U By, and so a = 7’8z, for some
7' € Permg(D) and ¢’ € S, ,. Now, by the assumption, d € D,. Thus, if §'(d) =0
then o’ = a € By, and so ¢(a) = ¢(a’) = ;. Also, if §'(d) =1 then o’ = a € By,
and so ¢(a) = ¢(a’) = 0.

In the case that suppa # 0 and a = @’ € By U By, it is clear that the result
holds.

Let a ¢ By U B;. Then, by Remark 2.8, a,a’ € {wx, 7'z, mdx,n'6'x}, for some
m, " € Perm¢(D) and 6,0" € S, .. So by Remark 1.7(4), we have two following
cases:

Case (1): mz =a=d =7'z;

CASE (2): wox =n'd'x.

In each case, we must show wdpx = 7'dgx. To show this, it is sufficient to prove
that supp mdpx = supp7'doz. Notice that, suppdox C suppdz, for all 6 € S; .
This is because, if d ¢ supp dx then (0/d)dx = dx and so dz € By U By, which
is impossible. We prove case (2). The other case is proved similarly. Suppose
wox = 7'8'x. Let d € supp méxg. Then, 7~ 1d’ € supp oz, and so

7(0/m td)ox = 7' (0/7'~1d') o x.

Now, since 7~ 1d’ € supp dox, we have (0/7~1d’)dz € BoUB1, and so (0/7'~1d')é'x €
By U By. Therefore, 7'~1d’ € supp dpz. Similarly supp 7’dox C supp mdpz, and the
proof is complete. O
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Theorem 2.10. Let Cbdgx be a non-zero and proper sub Cb-set of Cbx. Also, let
the following conditions hold:

(i) if d € supp dpz then (b/d)x € Chdyx,

(11) Zf Permf(]D))(bl/dl)(Sox N Permf(D)(bg/dg)(S()Jf 7& @, then d; = d>.

Then, Cbdpx is a retract of Cbx if and only if for all 6x € Cbdpx we have dx =
55021?.

Proof. If Cbégx is a retract of Cbx then applying Corollary 2.2, for all z € Cbdpx
we have dx = ddpx. To prove the converse, let dz = ddgz, for all dx € Cbiyz.
Then to get the result, using Theorem 2.4, we show that ¢ is a map. First, we
prove

a € B=acChixr ().

Since a € B, a = wdz, for some 7 € Perm¢(D) and § € Sgom. So D, Nsupp doz # 0.
Thus there exists some d € D with d € D, Nsupp dpz, and so by (i), dz € Cbdyx.

Let a = o/ € B. Then, néx = a = o’ = 7'z, for some 7,7’ € Perms(D) and
0,0 € S(’sow. So by (x), a,a’ € Cbdpx. Thus a = w6100z and a’ = wed2dpx, for
some 7y, Ty € Permf(ID)) and 41,9, € S;oﬂ" Now,

QD(’/T(&L’) = <p(7r15150x) = 7T1515050{E = ’/T151($0£E =a= a’ = 7T2(52(50£L’
T20200007 = @(m202007) = p(a’).

¢(a)

Let a = @’ ¢ B. Then, we have the following cases:

CASE (1): mz =a=d =7'z.

CASE (2): méx =a =a' = 'z, for some 7,7’ € Perm¢(D) and 6,8’ € S%,.
In each case, we show mdpx = 7'dpx. We prove case (1). The other case is
proved similarly. Let d € suppdox. Then (b/wd)rz = (b/wd)n’x. So w(b/d)x =
7' (b/7'~17d)z. Since d € supp doz, by (i), we get (b/d)x € Cbdpx. So (b/n'~tnd)x €
Cbdgz, and we have

m(b/d)éox = w(b/d)x (by the assumption)
=7/(b/m"trd)z
= 7/(b/7'"tmwd)Sox (by the assumption).

Now, if 7'~1md ¢ supp oz then 7(b/d)dpz = 7'dpz, which is impossible, since in
this case, by Lemma 3.4 of [3], |supp (b/d)dox| < |supp doz|. Therefore 7'~1md €
supp dox, and so by (ii), 7' ~17d = d. Thus for all d € supp dpx, we have 7'~ tnd = d
which implies that 7'~ 7wdpz = dpx. O

Theorem 2.11. Let Cbx be a cyclic finitely supported Cb-set and Cbdpx be a
proper sub Cb-set such that for all z,z' € Cbdpx, supp z = supp 2’ implies z = z’.
Also, suppose for all §,6' € S, with Perm;(D)§ x N Perme(D)d' x # ) we have
|D, N suppdoz| = |D,, Nsuppdoz|. Then, there exists a retraction from Cbx to
Cb(S()ZL'
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Proof. Applying Theorem 2.4, we show that ¢ is a map. If a = o’ ¢ B then by
Remark 2.8, we have the following cases:

Case (1) mz =a=d =7'z.

Case (2) mdx = a =da' = n'd'x, for some 7,7’ € Perm¢(D) and §,¢" € S..

In each case, we must show wdyz = 7'dgx. By the assumption, it is sufficient
to show that suppwdpxr = suppn’'dpz. We prove case (1). The other case is
proved similarly. Let d € supp mdpz. Then (b/d)mz = (b/d)n’z. So w(b/7m " d)x =
7' (b/7'~1d)x. Since 7~ 1d € supp dox, by the assumption, 7'~*d € supp dox, and so
d € spp'dpx. Similarly, supp 7’'dpz C supp wdox. Thus supp wdpz = supp 7’dpz,
and so by the assumption, mdgz = 7'px.

Now, suppose a = a’ € B. Then, a = wéx and o’ = 7’6z, for some m, 7' €
Perm;(D) and 46,0’ € S(’som. We show that supp wddgxr = suppn’'d’'dpx, and so
by the assumption, mddgxr = 7'8’'dpx. First, notice that suppddgr C suppd z.
To show this, suppose d € suppdd, z. So d € suppd, z. If d ¢ suppdz, then
(b/d)d x = éx, which is impossible. Let d € suppmédox. Then, d € suppwdz.
Now, (0/7 *d)éz = (0/d)mdz = (0/d)7'8'z = 7'(0/7'~1d)§’x. Thus by the
assumption, 7'~1d € supp dpx. Now, if d ¢ supp7'd’dpz then 7/ (0/7'~1d)§ dpz =
(0/d)n’d'dpx = 7’6’ dpr, which is a contradiction. O

Theorem 2.12. Let Z be a finitely supported Cb-set, and Y = Cbx U Z, where
CbaxnNZ =10 or CobxNZ = {0} for 0 € FixCbx NFixZ. Then, there ezists a
retraction from'Y to Cbx.

Proof. Let i : Cbx — Y be the inclusion map and 6 € Cbzx, which exists by
Remark 1.6(7). Then, g : Y — Cbz which is defined by

{z if zeCbx

92 =39 if 2ez

is a retraction. O

Here, to have a better scenery, we summarize the results of this section. In
Lemma 2.1, assuming the existence of a retraction from Cbx to a sub Cb-set, we
found some necessary conditions to have a retraction. We gave a characterization
of retracts of cyclic finitely supported Cb-sets in Theorem 2.4. In Lemma 2.7,
we showed that all simple sub Cb-sets of a cyclic finitely supported Cb-sets are
retracts. Further, in Theorem 2.9, a sufficient and necessary condition for a fix-
simple finitely supported Cb-set with two zero elements is stated to make it into
a retract of a cyclic Cb-set.

3. Retractable finitely supported Cb-sets

In this section, we consider retractable cyclic finitely supported Cb-set.

Definition 3.1. A finitely supported Cb-set X is called retractable if for every
non-empty sub Cb-set Y of X, there exists a retraction from X to Y.
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Example 3.2. (1) Discrete Cb-sets are retractable. The converse is not correct.
(2) Each fix-simple Cb-set with a unique zero is retractable.

Remark 3.3. Every sub Cb-set of a retractable Cb-set is retractable.
Lemma 3.4. A retractable cyclic finitely supported Cb-set has a unique zero.

Proof. Take X = Cbux, for some x € X. If suppz = () then X is a singleton, and
so the result holds. Suppose supp z # (). By Remark 1.6(7), X has a zero element.
We show X has a uniuge zero element. On the contrary, suppose 61 # 05 € Fix X.
Since X is retractable, there exists an equivariant map f : X — {61,602} with fi =
id, where i : {01,602} — X is an inclusion arrow. Now, f(z) € {61,62}. If f(z) =
01 then f(Cbx) C {61}. In particular, f = f(02) = 61, which is impossible.
Similarly, f(x) = 65 is impossible. Thus X has a unique zero element. O

Lemma 3.5. FEvery non-trivial cyclic sub Cb-set of a non-discrete retractable
Cb-set X has a unique infinite 0-simple sub Cb-set.

Proof. Let Cbx be a non-trivial sub Cb-set of X. Then, by Remark 3.3, Cbz is
retractable, and so by Lemma 3.4, Cbz has a unique zero 6. Also, by Lemma 7.6
of [3], Cbx has a f-simple sub Cb-set, say B. Now, if B, B’ are two #-simple sub
Cb-sets of Cbx then BN B’ = {6} or B = B’. Suppose BN B’ = {#}. Since Cbz
is retractable, there exists a retraction f : Cbx — B U B’, which is impossible,
because f(x) € B or f(z) € B’, and so f(Cbxz) C B or f(Cbx) C B’. Now, since
f is a retraction, we get f(BUB’) = BUB’, and so BUB’ C B. Thus B’ C B,
which is impossible. 0

Theorem 3.6. Let Cbax = Perms(D)xz U A, where A = Perm¢(D)dgz U {0} is a
simple sub Cb-set of X, FixCbx = {0} and &y € S,,. Then,

(i) the non-empty sub Cb-sets of Cbx are {0}, A, and Cbx;

(ii) Cbx is retractable;

(iii) (b/d)x =0, for all d € supp dpx.
Proof. (i) Let C be a non-empty non-trivial proper sub Cb-set of Cbx. Then
x ¢ C, and so C C A. Now, since dpz € C, A C C, and so C = A.

(ii) It is sufficient to show that A is a retract of Cbz. Applying Theorem 2.4,
we show that ¢ : Cbx — A is a map. First, we show ¢ = ¢, where

| a, if a € Chipx
vla) = { nbor, if a ¢ Chéyr

Let a € A. Then, a = § = (0/d)dpx, where d € supp dpx or a = wdypz, for some
7 € Permg(D). If a = 6 = (0/d)dpx then 6 € B, and so ¢(6) = 6 = ¥(0). Also, if

a = mopx then a ¢ B, and so

p(moox) = woox = (7).
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Let a ¢ A. Then, a = 7wz, for some m € Perm¢(D), and so a ¢ B. Thus ¢(a) =
moox = P(a).

Now, we show that ¢ is well-defined. Let a = o’ ¢ A = Cbdpx. Then mx =
a=a = 7'z, for some 7,7 € Perm;(D). Take 7’7 = 7;. We must show that
m0pr = dgx. First, notice that, since A is simple, it is sufficient to show that
supp m10px = supp dgx. To prove this, let d € supp m1dpx, then d € supp w12, and
so (0/d)x = (0/d)mz = 71(0/7; *d)z. Now, since 7, 'd € supp dox, (0/7'd)x €
B, and so (0/d)x € B. Thus d € supp dpx. Similarly, supp dpx C supp mdpx, and
SO supp 710 = supp dox.

Now, since 1 is a map, we get that ¢ is a retraction.

(iii) Let d € suppdoz. Then, Cb(b/d)x is a proper sub Cb-set of Cbx, for
b € 2. Since otherwise, if Cbx = Cb(b/d)x then = = o(b/d)z, and so by Remark
2.4(4) of [3], |suppz| = |suppo(b/d)z| < |supp (b/d)z| < |supp (b/d)x|, which is
impossible. Therefore, Cb(b/d)z = A or Cb(b/d)x = {6}, and so (b/d)x € A.
Since Chz is retractable, there exists a retraction ¢ : Cbz — A. Applying Lemma
2.1(ii), p(z) = dox, (b/d)x = ¢((b/d)x) = (b/d)dpx = 6. O
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The Cayley graph of commutative ring

on triangular subsets
Kazem Hamidizadeh and Gholamreza Aghababaei

Abstract. Let R be a commutative ring with nonzero identity, and 7" be a triangular subset of
R™. We investigate the structure of the Cayley graph TCay(R"™,T*), where T* = T \ {0} is the

triangular subset of R™.

1. Introduction

The investigation of algebraic structures of graphs is a very large and growing
area of research. In particular, Cayley graphs and their generalizations have been
a main topic in algebraic graph theory (see [1], [2], [3], [4]). Several other classes
of graphs associated with algebraic structures, such as power graph, total graph
and zero divisor graph, have been investigated in [5] and [6].

Let R be a commutative ring with nonzero identity, L, (R) be the set of all
lower triangular n x n matrices, and U be a subset of R", where n is a positive
integer. We say that U is a triangular subset of R™ if the following condition holds:

for all (u,...,u,) €U, A€ L,(R) and (wy,...,w,) € R",
if Al(u,...,un)]t = [wr,...,w,]T, then (wy,...,w,) € U.

If T be a triangular subset of R™, then for every (z1,...,2,) € T, we have
Rry x ... x Rx, CT. Hence T' = | J,q M}_11ij, where I;; C ... C Iy, for every
i€ Q.

Let R be an arbitary commutative ring and 7" be a triangular subset of R".
In this paper, we study the Cayley graph T'Cay(R™,T*), which is an undirected
graph with vertex set R™, and two distinct vertices (z1,...,z,) and (y1,...,y,) are
adjacent if and only if (z1 — y1,...,2n — yn) € T*. For simplicity our notations,
we denote the graph TCay(R™,T*) by TCay(R"™). We study the structure of
TCay(R™), in the cases that T is closed under addition and 7" is not closed under
addition. In sections 2 and 3, we investigate the diameter and the girth of the
TCay(R"™), where the proofs of the results in these two sections are similar to that
in [7]. In section 4, we investigate the planarity of graph T'Cay(R").

Now, we recall some definitions and notations on graphs. We use the standard
terminology of graphs in [9]. Let G be a simple graph. We say that G is connected if

2010 Mathematics Subject Classification: 05C10, 13A15.
Keywords: Cayley graph, commutative ring, triangular subset.
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there is a path between any two distinct vertices of G, otherwise G is disconnected.
Also, we say that G is totally disconnected if no two vertices of G are adjacent. For
vertices x and y of G, we use the notation x ~ y to denote that x and y are adjacent.
Also, the length of a shortest path from z to y is denoted by d(z, y) if a path from z
to y exists. Also we define d(x,y) = 0, and d(x, y) = oo if there is no path between
x and y. The diameter of G is diam(G) = sup{d(z,y) : z,y € V(G)}. The girth
of G, denoted by gr(G), is length of a smallest cycle in G (if G contains no cycles,
then gr(G) = 00). A graph G is said to be complete bipartite if the vertices of G
can be partitioned into two disjoint sets V7, V5 such that no two vertices in any V3
or V5 are adjacent, but for every u € V;,v € V,, the vertices u and v are adjacent.
Then we use the symbol K, ,, for the complete bipartite graph where the cardinal
numbers of V; and V5 are m,n, respectively. A graph with n vertices in which
each pair of distinct vertices is joined by an edge is called a complete graph, and it
is denoted by K,. A graph G is said to be planar if it can be drawn in the plane
so that its edges intersect only at their ends. A subdivision of a graph is any graph
that can be obtained from the original graph by replacing edges by paths.

We investigate this graph in case that n > 2. First, assume that T is closed
under addition.

2. The case that T is closed under addition

The proofs of the following theorems are similar to that in [7], and hence we omit
the proofs.

Theorem 2.1. Let R be a commutative ring and T be a triangular subst of R™.
Then TCay(T) is disjoint from TCay(R"\ T).

Proof. This is clear according to the definitions. O

Theorem 2.2. Let R be a commutative ring, T be a triangular subset of R™,
which is closed under addition, |T| = « and |R"/T| = 8. Then TCay(T) is a
complete graph K, and TCay(R™\ T) is the union of 8 — 1 disjoint K,,.

Theorem 2.3. Let R be a commutative ring, T be a triangular subset of R™ that
closed under addition, then the following statements hold.

(1) TCay(R™\T) is complete if and only if R"/T = 7.
(2) TCay(R™\T) is connected if and only if R, /T = Z,.
The following corollary follows from Theorems 2.1 and 2.2.

Corollary 2.4. Let R be a commutative ring, T be a triangular subset of R™ that
closed under addition, then the following statements hold.

(1) diam(TCay(R™\T)) =1 if and only if R"/T = Zy and | T |> 2. Otherwise
diam(TCay(R™"\ T)) = 0.
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(2) gr(TCay(R™*\T)) = 3 if and only if |T| > 3. Otherwise gr(TCay(R™\T))

= 0.
(3) gr(TCay(T)) = 3 if and only if |T| > 3. Otherwise gr(T'Cay(T)) = occ.

(4) diam(TCay(R)) = oo, and gr(T'Cay(R)) = 3 if and only if |T| > 3, other-
wise gr(T'Cay(R)) = oc.

3. The case that T is closed under addition

The following results and their proofs are analogous to some of the results in [7].

Theorem 3.1. Let R be a commutative ring and T be a triangular subset of R"
which is not closed under addition. Then the following statements hold.

(1) TCay(T) is connected and diamTCay(T) = 2.
(2) The graphs TCay(T) and TCay(R™\ T) are not disjoint.
(3) If TCay(R™\T) is connected, then so is TCay(R").

Proof. (1). Let (z1,...,z,) € T. Then (x1,...,2,) is adjacent to (0,...,0).
Thus (z1,...,25) ~ (0,...,0) ~ (y1,...,yn) is a path in TCay(T) of length two
between any two distinct vertices (x1,...,%n), (Y1,...,yn) € T*. Moreover there
are nonzero distinct vertices (x1,...,2n), (Y1,...,yn) € T that are not adjacent,
because U is not closed under addition. Therefore diamT'Cay(T) = 2.

(2). Since U is not closed under addition, there are nonzero distinct vertices
(z1,...,2n), (Y1, -,yn) € T such that (z1,...,2,) + (y1,...,yn) € R*\T. We
have (x1,...,2,) € T is adjacent to (x1,...,2n) + (Y1, .-, Yn) € R" \ T because

(($17-~-a$n)+(y17~-~7yn)) - (yla'“ayn) = (mla"'axn) ET
(3). This follows from (1) and (2). O

Theorem 3.2. Let R be a commutative ring and T be a triangular subset of
R"™ that is not closed under addition. Then TCay(R) is connected if and only if
(T)=R".

Proof. Suppose that TCay(R™) is connected. Hence there is a path
0,...,0) ~(T11,.. -, T1n) ~ -~ (Tha, - Thm) ~ (1,...,1)
from (0,...,0) to (1,...,1) in TCay(R™) . Now clearly we have
(115, %10), (21 — T115-+ -y T2 — T1n)se-os (L — 21,y 1 —apn) €T

Hence (1,...,1) belongs to the set

(11, z10) (21 — X115+, T2 + X1n)s (L= 2p 1, 1 — 2pn)) C(T).
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Conversly, suppose that (T')=R™. We show that for each (zi,...,z,) € T,
there exists a path in TCay(R"™) from (0,...,0) to (z1,...,z,). By assump-
tion, there are elements (z11,...,210),(%21,---s%2n)s - »(Tr 1, Zpm) € T
such that

(@1, xn) = (T115- -, T1n)+ - F( @k, s Thon)-

Let ¢ = (0,...,0) and ¢; = (1,1,...,Z1,n) + -+ (@11,...,21,)) for every
integer | with 1 <1 < k. Thus ¢; —¢—1 = (%11, ..,%1,,) for each integer | with
1 <! < k and thus

(0,...,0)=co~cy~-~cp=(x1,...,2n)

is a path from (0, ...,0) to (x1,...,2,) in TCay(R"™) of length at most k. Now, let
(z1,...,2zn) and (y1,...,yn) bein R™. Then, by the preceding argument, there are
paths from (z1,...,2,) to (0,...,0) and (0,...,0) to (y1,...,yn) in TCay(R™).
Hence there is a path from (z1,...,2,) to (y1,...,yn) in TCay(R™). Therefore
TCay(R™) is connected. O

Theorem 3.3. Let R be a commutative ring, T be a triangular subset of R"
which is not closed under addition such that (I'Y=R™. Let k > 2 be the least
integer that R = ((1,1,---,%1,n)s-- s (Th,1,s- -+ Thon)), for some distinct elements
(115, Z1n)s -5 (Th,1s- - s o) € U. Then diam(TCay(R")) = k.

Proof. First, we show that any path from (0,...,0) to (1,...,1) has length at least
l. Suppose that

0,...,0) ~ (Y115 y1n) ~ -~ Y—115- - Yi—1,0) ~ (1,...,1)
is a path from (0,...,0) to (1,...,1) in TCay(R"™) of length I. Thus
(Y115 Y1n) (Y21 — Y115 Y2 —Yin)y (L —y—115- s 1 —ym10) €T
Therefore (1,...,1) belongs to

(1,1, yin)s (W21 — Y115 Y2 — Y1), (L=y—11,-- s L—=y—10)) € T

Hence | > k. Now let (a1,...,a,) and (b1,...,b,) be distinct elements in R™.
We show that there is a path from (a1,...,a,) to (b1,...,b,) in TCay(R™) with
length at most k. Let (1,...,1) = (z11,...,%1,n) + -+ (Tk1,-- -, Tkn), fOr some
(115, %1n)s -5 (Th,1s- -y Tpn) € T. Define zp = (aq,...,a,) and

=01 —a1,....bp—an) (X115, T10) + -+ (@01, Tin)) (A1, -0y an)
for every integer [ with 1 <! < k. Then
Zht1 — 2k = (b1 —a1,...,bp —an)(big1,1, - biran) €T
for every integer | with 0 <! < n — 1. Thus

(al,...,an)wzl~z2~--~~zk,1N(bl,...,bn)
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is a path from (a1,...,a,) to (b1,...,b,) in TCay(R™) with length at most n.
Specially, a shortest path between (0,...,0) and (1,...,1) in TCay(R") has length
at most k, and thus diam(T'Cay(R)) = k. O

Corollary 3.4. Let R be a commutative ring and T be a triangular subset of R™
which is not closed under addition and TCay(R™) is connected. Then the following
statements hold.

(1) diam(TCay(R™)) = d((0,...,0),(1,...,1)).
(2) If diam(TCay(R"™)) = k, then diam(TCay(R*\T)) > m — 2.

Proof. (1). This follows from Theorem 2.6.
(2). diam(TCay(R"™)) = d((0,...,0),(1,...,1)), by (1). So, let

(07,0) ~ (C]_J,...,C]_’n)fv eV (Ck,1’17...,ck,1)n) ~ (1,,1)

be the shortest path from (0,...,0) to (1,...,1) in TCay(R").
Clearly (c1,1,...,¢c10) € T*. If (¢i1,...,¢in) € T*, for 2 <i < k—1, then we
can construct the path

(0, cee 70) ~ (Ci,la cee >ci,n) N Y (Ck—l,h .. '7Ck—1,n) ~ (17 P 1)

from (0,...,0) to (1,...,1) in TCay(R™) which has length less than k, which is a
contradication. Thus (¢;1,...,¢.n) € R"\ T, for 2 <i < k— 1. Hence

(Cotse s am) ~ v~ (it bmtn) ~ (1., 1)

is the shortest path from (c21,...,¢c2,) to (1,...,1) in R™\ T and it has length
k — 2. Thus diam(TCay(R™"\T)) > m — 2. O

Now, for each X € T, let ix be a positive integer that the first nonzero com-
ponent of X is in the ix-th place. Also let

m:=min{ix | X € U}.

Lemma 3.5. Let R be a commutative ring and T be a triangular subset of R"
which is not closed under addition. If m > 2, then

gr(TCay(R"\T)) = gr(T'Cay(T)) = 3.
Proof. If n > 3, since m > 2, then exist (0,...,0,a,0) € T such that a # 0. Hence
0,...,0,a,0),(0,...,0,a),(0,...,0)
are adjacent in 7. Also
(1,...,1,a,0),(1,...,1,0,0),(1,...,1,0,a)

are adjacent in R™\ T.
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If n = 2, since m = 2 and R" # T, then exist (a,0) in T and (x,y) in
R™\ T such that a,z # 0. Hence (a,0), (a,a),(0,0) € T that are adjacent. Also
(2,0), (z,a),(x+a,0) € R*\ T that are adjacent. Therefore gr(TCay(R"\T)) =
gr(TCay(T)) = 3. O

Theorem 3.6. Let R be a commutative ring and T be a triangular subset of R"
which is not closed under addition. If m = 1, then gr(TCay(R"\ T)) < 4 and
gr(TCay(T)) € {3,4,00}.

Proof. Since T is traingular subset of R™, then T = Uie'y Ii1 X ... x I;;,, where
Iy C ... C I, and I;; are ideals of R, for 1 < j < n and ¢ € v. Also T is not
closed under addition and m = 1, therefore i > 2 and T = |J,, {0} x ... {0} X Ln,
which I, # {0}.

CASE 1: If |Iy| > 3 for some k € «, then gr(TCay(R™\T))= gr(T'Cay(T))= 3.

CasE 2: If |I;,| < 2 for every @ € v, then ¢ > 2, since T is not closed under
addition. So, we have two subcases.

CASE 2A: If exist nonzero element (0,...,0,a),(0,...,0,b),(0,...,0,¢) € T
such that a,b,c # 0 and a + b = ¢, then

(0,...,0),(0,...,0,a),(0,...,0,a+b),(0,...,0,b),(0,...,0)
is a cycle of length 4 in TCay(T). Also
1,...,1,(1,...,1,a),(1,...,1,a+0b),(1,...,1,0),(1,...,1)

is a cycle of length 4 in TCay(R\T). Thus gr(TCay(T)) = gr(TCay(R\T)) = 3.

Case 2B: If for every nonzero element (0,...,0,z),(0,...,0,y) € T, then
(0,...,0,z4+y) ¢ T. Since i > 2, then exist (0,...,0,a),(0,...,0,b) € T, such
that a,b # 0 and a # b. Now

(1,...,1,0)~(1,...,1,a) ~ (1,...,1,a+b) ~ (1,...,1,b) ~ (1,...,1,0)

is a cycle of length 4 in TCay(R \ T), then gr(TCay(R\ T)) < 4. The graph
TCay(T) is isomorphic to K7 ;. Hence gr(TCay(T)) = cc. O

4. Planarity

The graph G is said to be planar if it can be drawn in the plane so that its
edges intersect only at their ends. A subdivision of a graph is any graph that can
be obtained from the original graph by replacing edges by paths. A remarkable
simple characterization of the planar graphs was given by Kuratowski in 1930.
Kuratowski’s Theorem says that a graph is planar if and only if it contains no
subdivision of K5 or K3 3.

Theorem 4.1. Let R be a commutative ring and T be a triangular subset of R"
which is closed under addition, then TCay(R"™) is planar if and only if |T| < 4.
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Proof. Let |T| = a and |R"/T| = B. Since T is closed under addition, then T is
an ideal and by Theorem 2.2, TCay(T) is a complete graph K, and T'Cay(R"\T)
is the union of g — 1 disjoint K,. Therefore TCay(R™) is planar if and only if
|T| < 4. O

Theorem 4.2. Let R be a commutative ring and T be a triangular subset of R"
which is not closed under addition and m < n — 1, then TCay(R™) is not planar.

Proof. Since T is not an ideal and m < n—1, then exist (0,...,0,qa,0),(0,...,0,b)
in T where a # b and a,b # 0. Then the vertices

(0,...,0),(0,...,0,a,0),(0,...,0,a),(0,...,0,a,a),

(0,...,0,a+1b,0),(0,...,0,b),(0,...,0,a+b),(0,...,0,a + b,a)
forms a subdivision of K5, hence TCay(R™) is not planar. O
Now, the only remaining case for investigating the planarity of TCay(R"), is
the case that m = n. If T is not closed under addition, since T is a triangular
subset of R™, then T' = UiE’y Iy x ... x I;,, where I;; C...C I;, and ¢ > 2.
Theorem 4.3. Let R be a commutative ring and T be a triangular subset of R™

which is not closed under addition and m = n and i > 4, then TCay(R"™) is not
planar.

Proof. Since i > 4, there exist ideals of R™ such that {0} x ... x {0} x {1},
{0} x ... x {0} x {z2}, {0} x...x {0} x {z3} and {0} x ... x {0} x {z4} where
T1,T2,T3,Tq 75 0.

Case 1: If ¢, + 2, = x4, for 1 < 7,p,q¢ < 4, then we may assume that
r1 + xo = x3. Hence

0,...,0),(0,...,0,21),(0,...,0,25), (0,...,0,23),(0,...,0,24),

(07“';07551 +£L'4),(0,...70,£E2+.’E4),(0,...,0,(E3—|—(E4)

forms a subdivision of K5, and so TCay(R™) is not planar.
CasE 2: If z, 4+ x, # x4 for every 1 < 7,p,q < 4, then

(0,...70),(0,...,0,!171),(07...,071'2),(0,...,0,$3),(0,...,0,$2+{E3),
(0,...,0,331+$3),(0,...,0,$1 +x2),(0,...,0,x1 —|—JZ4),(O,...,O,Z‘3—|—1‘4)
(O,--.,O,SEQ+$3+I4),(0,-..,0,1‘1+1‘2+I4),(O,...,O,I1 +9324“563)
forms a subdivision of K33, and so TCay(R™) is not planar. O

Theorem 4.4. Let R be a commutative ring and T be a triangular subset of R™
which is not closed under addition and m = n and i = 3, then TCay(R"™) is planar
if and only if |T| = 4.
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Proof. Since ¢ = 3, then
T=({0}x...x {0} xI;)U({0} x...x {0} x ) U ({0} x ...x {0} x I3)

where |I1],|I3| and |I3| are at least 2.

Case 1: If |T| > 4, then there exists |I;] > 3, for 1 < i < 3. Hence, the
elements (0,...,0,a),(0,...,0,2a),(0,...,0,b),(0,...,0,¢) are belong T, where
a,2a,b,c # 0. Therefore

(0,...,0),(0,...,0,a),(0,...,0,2a),(0,...,0,b),(0,...,0,b),(0,...,0,a+b),

(0,...,0,2a+1b),(0,...,0,2a+c), (0, ...,0,b+¢),(0,...,0,a+b+¢), (0, ...,0,2a+b+c)

forms a subdivision of K33, and so TCay(R™) is not planar.
Cask 2: If |T| =4, then |I1| = |I2] = |I3]| = 2. Since

T = ({0} x ... x {0} x {a}) U ({0} x ... x {0} x {b}) U ({0} x ... x {0} x {c}).

Hence the graph T'Cay(R™) is the union of some copies of graph as Figure 1.

1 2
5 6
8 7
4 3
Figure 1.
The converse statement is clear. O

The proof of following lemma is similar to the proof of Lemma 4.1 in [3] and
hence we omit it.

Lemma 4.5. Let R be a commutative ring and T be a triangular subset of R™
which is not closed under addition, m =n and i = 2. Then

(1) if T contains ideals Py and Py with |P1| > 4, |P2| > 2 and |P, U Py| > 5,
then TCay(R"™) is not planar;

(2) If T contains ideals Py and Py with |Py|,|Pz| > 3 and |Py U Py| > 5, then
TCay(R™) is not planar.

Theorem 4.6. Let R be a commutative ring and T be a triangular subset of R"
which is not closed under addition, m = n and i = 2, then TCay(R"™) is planar if
and only if |T| < 4.
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Proof. Let |T| < 4.

CaAstE 1: |T| = 4, then T contains ideals P; and Py with |P| = 3, |Py| =
2. We may assume that P, = {(0,...,0),(0,...,0,a),(0,...,0,2a)} and P, =
{(0,...,0),(0,...,0,b)}, where a,b # 0 and a # b. then TCay(R™) is the union

of some copies of grpah as Figure 2. For everv (z1,...,xz,) € R"™, we have
1 5
3 4
2 6
Figure 2.
x1 = (21,...,2, + a), xo = (x1,..., 2, + 2a),
x3 = (T1,...,Tp), x4 = (T1,...,2n + D),
x5 = (z1,...,2, +a+0), 6 = (1,...,Zn + 2a +b).

Therefore TCay(R™) is planar.

CASE 2: If |T| = 4, then T contains ideals P, and P, with |P;| = |Py| = 2 and
hence the graph T'Cay(R™) is the union of some copies of Cy. Therefore |T| = 4
is planar.

The converse statement is a consequence of Theorem 4.5. O

Now we have the following corollary.

Corollary 4.7. Let R be a commutative ring and T be a triangular subset of R,
then TCay(R"™) is planar if and only if following statment is hod:

(1) T is closed under addition and |T| < 4.
(2) T not closed under addition, i = 3 and |T| = 4.

(3) T not closed under addition, i =2 and |T| < 4.
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There exist semigroups which have bi-bases

with different cardinalities

Dariush Heidari

Abstract. Kummoon and Changphas in Quasigroups and Related Systems 25(2017), 87 — 94
state the following question: "Is it true that for any two bi-bases of a semigroup have the same
cardinality?"

In this paper, we provide a semigroup of order n for every n > 5 which has two bi-bases with
different cardinalities that is shown the answer of question is negative.

1. Introduction

Let S be a semigroup, and A, B non-empty subsets of S. The set product AB of
A and B is defined to be the set of all elements ab with a in A and b in B. That is

AB ={ab|a€ A,be B}.
Kummoon and Changphas in [1] introduced the concept which is called bi-base of
semigroups and proved some properties.

Definition. Let S be a semigroup. A subset B of S is called a bi-base of S if it
satisfies the following two conditions:

(i) S=BUBBUBSB;

(#4) if A is a subset of B such that S = AU AAU ASA, then A = B.

2. Main results

In [1] the authors asked the following question:
Is it true that for any two bi-bases of a semigroup have the same cardinality?

We would like to answer the question by providing a semigroup of order n > 5
which has two bi-bases with different cardinalities.
Answer. Let S, = {1,2,...,n} for every n > 5 and consider the following binary
operation on S,,:

1, ifx¢{n—2,n}andy¢{n—1,n},

) n—1, ifzé¢{n—2,n}andye{n—1n},
Y=Y n-2, ifre{n—2,n}andy¢{n—1,n},
n, ifxe{n—-2,n}andye{n-1n}

2010 Mathematics Subject Classification: 20M20
Keywords: Semigroup, bi-base.
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(S
AA

To verify the associativity condition let z,y, z € S,,. Then there are four cases:
Case 1. If x ¢ {n—2,n}and 2 ¢ {n—1,n} thenz-(y-2)=1=(z-y) - 2.
Case 2. Ifx ¢ {n—2,n}and z€ {n—1,n} thenz-(y-2) =n—-1=(x-y) -2
Case 3. fxe{n—2,ntandz¢ {n—1,n}thenz-(y-2)=n—-2=(x-y)- =
Case 4. Ifx e {n—2,n}tand z€ {n—1,n} thenz-(y-2)=n=(z-y) - 2.
In each case x - (y-2) = (x - y) - 2 s0 (Sp,-) is a semigroup.

Now, let A C {2,3,...,n—3,n— 1} then AA = ASA = A so every bi-base of
,+) contains {2,3,...,n—3,n—1}. Also, if A = {2,n} or A = {n—2,n—1} then
= ASA ={1,n—2,n — 1,n}. Therefore, the subsets B = {2,3,...,n — 3,n}

and B’ = {2,3,...,n — 1} are two bi-bases of (S, ) with cardinality » — 3 and
n — 2, respectively.

Example. Consider n = 5. Then the Cayley table of (Ss,-) is as follows

|1 2 3 45
1[1 1 1 4 4
211 1 1 4 4
313 3355
411 1 1 4 4
5/3 3355

Also, the subsets B = {2,5} and B’ = {2, 3,4} are two bi-bases of (S5, -).
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A note on hyperideals

in ordered hypersemigroups
Niovi Kehayopulu

Abstract. For an ordered hypersemigroup H, we denote by AN'the semilattice congruence on H
defined by Ny if and only if the hyperfilters of H generated by the elements = and y coincide.
We first prove that this is a complete semilattice congruence on H. Moreover, if H is an ordered
hypersemigroup, T a hyperfilter of H and, for a class (z)ar of H there is an element in the
intersection T' N (2)ar, then the class (z)n is a subset of T. From these two statements, the
following two important results can be obtained: (1) If H is an ordered hypersemigroup, then
each hyperideal of some (z)r-class of H does not contain proper hyperfilters. As a consequence,
(2) every prime hyperideal of an ordered hypersemigroup is decomposable into its N -classes.

1. Introduction

The concept of the hypergroup introduced by the French Mathematician F. Marty
at the 8th Congress of Scandinavian Mathematicians in 1933 is as follows: A
hypergroup is a nonempty set H endowed with a multiplication zy such that the
following assertions are satisfied: (i) zy C H; (ii) z(yz) = (ay)z; (ili) zH =
Hx = H for every z,y,z € H (see [10]). The first researchers who investigate
hypergroups using the definition given by Marty were Mittas and Corsini. The
concept of the hypersemigroup follows at the usual way and in the recent years
many groups in the world investigate these two subjects, related subjects as well,
in research programs and hundreds of papers on hypergroups and hypersemigroups
appeared using the definition introduced by Marty. As it is no possible to refer
to all of them, we will mention only some, related to the present paper, in the
references such as the [1-5, 7-10, 12]. If H is a hypergroupoid, a relation o on
H is called congruence if (a,b) € o and ¢ € H implies (coa,cob) € o and
(aoc,boc) € o; in the sense that for every u € coa and every v € co b we
have (u,v) € o and for every u € a o c and every v € bo ¢ we have (u,v) € o.
A congruence o on H is called semilattice congruence if, for any a,b € H, we
have (a,a0a) € 0 and (aob,boa) € o; in the sense that for every a € H and
every u € aoa we have (a,u) € o and for every a,b € H, every u € a o b and
every v € bo a, we have (u,v) € o. An ordered hypergroupoid is an ordered set

2010 Mathematics Subject Classification: 06F99.

Keywords: Ordered hypersemigroup, complete semilattice congruence, hyperfilter,
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(H, <) at the same time a hypergroupoid such that a < b implies zoa < xob
and aox < box for all x € H, in the sense that for every x € H and every
u € x o a there exists v € x o b such that v < v and for every u € a o x there exists
v € box such that u < v [5]. A nonempty subset I of an ordered hypergroupoid
is called a hyperideal of H if the following hold: (1) HolI C I and o H C |
and (2) if a € I and b € H such that b < a, then b € I. A hyperideal I of H is
called prime if (1) a,b € H such that aobd C I implies a € I or b € I and (2)
for every a,b € H, either aob C I or (aob) NI = . A hyperideal (hyperfilter)
T of H is called proper if H is the only hyperideal (hyperfilter) of H. If I is
an ideal of an N-class of a semigroup, then I has no completely prime ideals.
As a consequence every complete prime ideal of a semigroup is a union of N/-
classes [11]. In ordered semigroups, we always use the terms prime, weakly prime
instead of completely prime, prime given by Petrich and we will keep the same for
hypersemigroups as well. For an ordered hypersemigroup H, we denote by N the
semilattice congruence on H defined by zAy if and only if N(z) = N(y), where
N(a) is the hyperfilter of H generated by the element a of H. The present paper
deals with the decomposition of prime hyperideals of an ordered hypersemigroup
into its A/-classes. First of all, the class N is a complete semilattice congruence on
H. If now H is an ordered hypersemigroup, T a hyperfilter of H and z an element
of H that belongs to T'N (z) s, then the class (z) is a subset of T, that yields to
the following two important results: Firstly, if H is an ordered hypersemigroup,
z € H and I a hyperideal of (2), then I does not contain proper hyperfilters, as
so does not contain proper prime hyperideals as well. Secondly, if H is an ordered
hypersemigroup and I a prime hyperideal of H, then I is decomposable into its
N-classes. The corresponding results on hypersemigroup (or semigroups) (without
order) can be also obtained as application of the results of the present paper as
each hypersemigroup (semigroup) endowed with the equality relation “=" is an
ordered hypersemigroup (ordered semigroup).

2. Main results

Definition 2.1. Let (H,o, <) be an ordered hypergroupoid. A nonempty subset
F of H is called a hyperfilter of H if the following assertions are satisfied:

1) if z,y € F, then zoy C F,

2) if x,y € H such that xoy C F, then z € F and y € F,
3) for any x,y € H, we have zoy C F or (zoy)NF =0,
4) if x € F and y € H such that y > x, then y € F'.

That is, it is a hypersubgroupoid of H satisfying the relations 2—4.

Definition 2.2. Let H be a hypergroupoid. A nonempty subset T of H is called
a prime subset of H if the following assertions are satisfied:
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1) if a,b € H such that aob C T, then a € T or b € T and
2) for every a,b € H, we have aob C T or (aob)NT = 0.

Definition 2.3. Let (H,o,<) be an ordered hypergroupoid. A semilattice con-
gruence o on H is called complete if a < b implies (a,a 0b) € o, in the sense that
if u € aob, then (a,u) € o.

Proposition 2.4. Let (H, o, <) be an ordered hypergroupoid. Then the semilattice
congruence N is a complete semilattice congruence on H.

Proof. Let a <b. Then (a,aob) € N. In fact: Let u € aob. Then (a,u) € N, that
is N(a) = N(u). Indeed: Since N(a) 3 a < b, we have b € N(a). Since a,b € N(a),
we have a o b C N(a). Since u € a o b, we have u € N(a), then N(u) C N(a). On
the other hand, since v € aob and u € N(u), we have u € (a0 b) N N(u). Since
(aob) N N(u) # 0, we have aob C N(u). Then a € N(u), and N(a) C N(u).
Hence we obtain N(u) = N(a) and the proof is complete. O

In a similar way as in the Lemma in [6] we can prove the following:

Proposition 2.5. Let H be an ordered hypergroupoid and F a nonempty subset of
H. The following are equivalent:

(1) Fis a hyperfilter of H.
(2) H\F =0 or H\F is a prime hyperideal of H.

Proposition 2.6. An ordered hypergroupoid H does not contain proper hyperfilters
if and only if H does not contain proper prime hyperideals.

Proof. (=). Let I be a prime hyperideal of H and I C H. Then ) #H\IC H and
H\(H\I)(=I) is a prime hyperideal of H (H\I is the complement of I to H).
By Proposition 2.5, H\I is a hyperfilter of H. Then H\I = H and I = () which is
impossible.

(<). Let F be a hyperfilter of H and F C H. Since H\F # (}, by Proposition
2.5, H\F is a prime hyperideal of H. Then H\F = H and F = () which is
impossible. O

Remark 2.7. Let H be an ordered hypergroupoid, T a hyperfilter of H, z € H and
a € TN (z)n. Then we have (z)pr C T

Proof. Let y € (2)a. Then (y)n = (2)x = (a)n, 50 (y,a) € N and N(y) = N(a).
Since T is a hyperfilter of H containing the element a, we have N(a) C T. Thus
we have y € N(y) = N(a) CT andsoy € T. O

Theorem 2.8. Let H be an ordered hypersemigroup and z € H. If I is a hyperideal
of (2)n, then I does not contain proper hyperfilters.
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Proof. Let F be a hyperfilter of I. Then F = I. In fact: Take an element a € F'
(such an element exists as F' is a nonempty set) and consider the set

T:={xcH|a*ox CF}.

Then the following assertions are satisfied:

(1). F=TnN1I. Indeed: Let y € F. Since a? C F, we have a? oy C F and so
y €T. Besides, F CI,so F CTnNI. Let now y € TN 1. Since y € T, we have
a’? oy C F. Then, since a®> C F C I, we have y € I and, since F hyperfilter of I,
we have y € F.

(2). T is a hyperfilter of H. In fact: This is a nonempty subset of H because
a® CFanda€T. Let 2,y € T. Then xoy C T. In fact: The following properties
are satisfied:

(A). yoa? C F. Indeed: Since a®? oy C F and a? C F, we have
F D (a?oy)oa®=a’o(yoa?), where a® C I (%)
Moreover, we have y o a® C I. Indeed: Since a? oy C F C I C (2)x, we have
() = (@ oy)n = (a®) o (y)v = (a)n o (Y)w
= Wnola)n =(yoal,
so yoa C (2)a- Then, since a € F C I and I is a hyperideal of (2)ar, we have
yoa®=(yoa)oaC (2)yol C1,

thus y o a? C I. Since a®> C I and yoa? C I, by (*), we have yoa® C F.
(B). a? oz oy C I. In fact: Clearly, a?oz oy =ao (aoxoy). On the other
hand, aox oy C (2)a. Indeed: Since a?ox C F C I C (2)xr, we have

(2)n = (a*oz)ny = (@®) o (2)y = (a)x o (2)x = (a0 z)n

We have seen in (A) that (2)n = (yoa)n (= (aoy)n). Thus we have

(v = () = (D)o (2)v = (aox)nv o (aoy)n
(@ o (@ o (@) o )x = (@l o (@l o (@) © (W)

(@®)nr o (z)nr

== [¢]

= o(yn=(a)yo(@oyy =(acxzoy)y

and so aoz oy C (2)a. Then, since I is a hyperideal of (z)r, we have
ao(aowoy) Clo(z)wC1,

and so a?ozxoy C I.
Since z € T, we have a? oz C F. Then, by (A), (a0 )0 (yoa?) C F, and

then we have

F2(@oz)o(yod®) = (@ ozoy)od?,
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where a? C I and a®? oz oy C I (by (B)). Since F is a hyperfilter of I, we have

a?ozoyC Fandsozoy CT.

If x,y € H such that xoy C H, then z € T and y € T. In fact, since zoy C T,
we have a? oz oy C F. We remark first that

F2(a®oxoy)od® = (a®oa)o(yod?) (+)

In addition, the following properties are satisfied:

(A). a®? oz C I. In fact: We have a? ox = a o (a o x), where a € I. Moreover,
aox C (2)n. Indeed, since a2 oz oy C F C (2)pr, we have (a®? oz oy) = (2)n-
Since a € F C I C (2)a, we have (2)x = (a)n. Thus we get (a?oxoy)y = (a)n-

On the other hand,

(aoz)y = (a)xo(x)y = (a®ozoy)yo(z)y

= (a®)x o (@)x o (yno () = (a®)n o (z)n o (@)x o (Y)ur
= (@®)w o (#*)x o (Y = (a®)x o (2 o (Y)w
=(a®ozoy)n = (2)n,

thus a o x C (2)ar. Since I is a hyperideal of (z)xr, we have ao (aox) CTo(2)p
and so a2ox C I.

(B). yoa? C I. In fact: First of all, yoa? = (yoa)oa and a € I. Besides,
yoa C (a)n, Indeed, since

(yoa)xw = (y)no(a)y = @ro(a®czoy)y = (a®oxzoy)no (yn
= (@®ox)yo (Yo Wy = (a®oz)xo (¥)n
=(a*oz)no(yn = (a®oxoy)y = (2)n,

yoais a subset of (2)a. Since a € I and I a hyperideal of (2)r, we get (yoa)oa C
(2)y oI CTandsoyoa®CI.

Since a?ox C I, yoa? C I and F is a hyperfilter of I, by (*), we have a?ocx C F
and yoa? C F. Finally, yoa? C F implies a?oy C F. In fact: Since a?,yoa? C F,
we have a? o (y 0 a?) C F, then (a®? oy)oa? C F. On the other hand, a2 oy C I.
Indeed: Since aoy C (aoy)y = () and a € I (F C I), we have

a2oy:ao(aoy)gfo(z)/\/§[,

soa’?oy C 1. Since (a’?o0y)oa? C F,a?oy C I, a? C I and F is a hyperfilter of
I, we have a0y C F.

For any z,y € T it is clear that either aob C T or (aob) NT = (. Finally, let
x € T and y € H such that y > 2. Then y € T. In fact: We have a? oy > a?ozx
and a?ox C F. It is enough to prove that a®?oy C I. Then, since F is a hyperfilter
of I, we have a? oy C F and so y € T. On the other site, a?oy = ao (aoy), where
a€ F CIC(z)p. We prove that a oy C (z)a. Then, since I is a hyperideal
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2

of (z)ar, we have ao (aoy) C I o (z)n and so a® oy C I. First of all, since

a?ox CF CIC(2)n, we have

(2)n = (@®z)x = (@®)n(@)n = (a)x(x)n = (a0 x)y.

On the other hand, since x < y, we have aox < aoy then, by Proposition 2.4, we
have (aox,aozoaoy) € N, hence we obtain

=(aozxzoaoy)y:=(a)yo(x)no(a)xo (YN
=(@®)xo@noWn=(@®ocz)yo(yn=(2)no YN
= (a)x o (y)n (since a € (2)n)
= (

aoy)n.

(aox)n

Hence aoy C (aoy)y = (aox)p = (2)a. Since T is a hyperfilter of H, a € T
and a € (2)ar, by Remark 2.7, we have (), C T. Thus we have

ICF=TNID>()naNI=1I,
and then F = I. O

By Proposition 2.5 and Theorem 2.8 we have the following

Corollary 2.9. If H is an ordered hypersemigroup, z € H and I a hyperideal of
(2)nr, then I does not contain proper prime hyperideals (of I).

Theorem 2.10. Let H be an ordered hypersemigroup and I a prime hyperideal of

H. Then we have I = |J {(z), | © € I}.
zel

Proof. Let t € (z)p for some x € I. Since (x)r is a hyperideal of (the hypersemi-
group) (z)ar, by Corollary 2.9, () does not contain proper prime hyperideals.
We prove that (z) NI is a prime hyperideal of (z)x. Then we get (x) NI = (x)ar,
and then ¢t € I. First of all, (z)xr N I is a nonempty subset of (z)n and this is
because x € (z)n and x € I. Moreover we have

(@) o (@) NT)C (@)% N (@)ool = @)y (@)ol
= (@) N (@)ool C(r)yNHol
C(x)pynNI

and ((z)p NI)o (z)n C (2)3 NIo(x)n C (x)yNIoH C (z)x NI. In addition,
ifa € (x)pyNIand b e (x)n such that b < a then, since b < a € I and [ is a
hyperideal of H, we have b € I. Thus we have b € (z)5 N 1.

Let now y, z € (x)a such that yoz C (z)yNI. Since yoz C I and [ is a prime
hyperideal of H, we have y € I or z € I. Hence y € (x)py N1 or z € (z)p NI and
the proof is complete. O
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Symmetry groups and Graovac—Pisanski index

of some linear polymers

Fatemeh Koorepazan-Moftakhar, Ali Reza Ashrafi and Ottorino Ori

Abstract. Suppose G is a graph with vertex set V(G). The Graovac—Pisanski index of G is
defined as GP(G) = 3|V(G)[?6(G), where

1
3(G) = W Z Zd(% g(u)).

ueV(G) gel
This is a type of graph invariant that is combined distance and symmetry of molecules under
consideration. The aim of this paper is to compute the symmetry groups and Graovac—Pisanski

index of some linear polymers.

1. Introduction

Throughout this paper all graphs will be assumed to be simple and undirected.
This means that they don’t have loops, multiple and directed edges. Suppose G
is such a graph with vertex set V(G) and edge set E(G). An edge e € E(G) will
be written as e = xy, where x,y € V(G). A graph G is called r-regular if degrees
of all vertices are equal to r.

The molecular graph of a molecule M is a simple graph in which atoms and
chemical bonds are in one-to-one correspondences with vertices and edges, respec-
tively. A path P, is a sequence x1,Zo, ..., T, of different vertices in which z; and
ZTi+1, 1 < i < n—1, are adjacent. The number of edges in a path is called its
length. A cycle graph C, is a graph constructed from the path P, by adding a
new edge x1x,. The complete graph K, is an n—vertex graph in which all pairs
of different vertices are adjacent. A graph G is connected if for each vertex x,y in
G, there exists a path connecting them.

A permutation on a set X is a one-to-one function from X onto X. The set
of all permutations on a set X is denoted by Sx. It is well-known that Sx is a
group under composition of functions. The order of an element x in a group G
is denoted by O(x). An element 6 € Sy (¢ is said to be an automorphism if the
following condition is satisfied:

Vr,y € V(G) zy € E(G) < 0(x)0(y) € E(G).
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The set of all automorphisms of G is denoted by Aut(G) which is a group under
composition of functions. It is easy to see that Aut(G) is a subgroup of Sy (q).
The graph G is called vertez-transitive if and only if for each z,y € V(G) there
exists an automorphism g € Aut(G) such that g(z) = y. It is easy to see that
vertex-transitive graphs are regular. We refer the interested readers to the famous
book of Biggs [3], for more information on this topic.

Suppose G is a group containing two subgroups H and K in such a way
that H<IG, [HNK| =1and G = HK = {zy | ¢ € H, y € K}. Then
we say that G is a semi-direct product of H by K and write G = H : K.
For an example, we consider the set of all permutations on X = {1,2,3}, ie.,
Sx =10,(1,2,3),(1,3,2),(1,2),(1,3),(2,3)}, where () is the identity permuta-
tion. Then by choosing H = {(),(1,2,3), (1,3,2)} and K = {(),(1,2)}, we can
see that H<Sx, K < Sx, |[HNK|=1and Sx = HK. Hence, Sx can be written
as the semi-direct product H : K of its subgroups.

Suppose G is a graph and z,y € V(G). The length of a minimum path con-
necting « and y is denoted by d(z,y). It is easy to see that (V(G),d) is a metric
space with distance function d(—,—). If G is connected then the Wiener index
W(G) is defined as the sum of distances between all pairs of vertices in G [18].

Graovac and Pisanski [8] in an innovating work applied the symmetry group of
the graph under consideration to generalize the Wiener index and obtain a good
correlation with some physico-chemical properties of molecules. To explain, we
assume that G is a graph, I' < Aut(G) and g € T'. Define the distance number
of g, 6(g), to be the average of d(u,g(u)) overall vertices u € V(G) and 0(G) =
ﬁ > gecdlg) = Wl(G)I 2 uev (@) 2oger A(u, g(u)). The Graovac—Pisanski index
(GP index for short) of G with respect to I', GPr(G), is defined as GPr(G) =

\VQ(‘IC:‘?\Q > ger 0(9). If T'= Aut(G) then we write GP(G) as GPr(G). It is easy to
see that the GP index of G can be computed by GP(G) = |V(G)|*6(G). Ashrafi
and Shabani [2] computed the GP index of graphs that can be represented as some
graph operations and in [12], some upper and lower bounds for this graph invari-
ant are presented. In 2016, Ghorbani and Klavzar [7] computed this topological
index by cut method and Tratnik [17] generalized their method and calculated
the closed formulas for the GP index of zig-zag tubulenes. In [13], the GP index
of the cycle C,, with respect to all subgroups of Aut(C,,) and the GP index of
(3,6)— and (5,6)—fullerene graphs with respect to a subgroup of their symme-
try groups are computed. Finally in [15], the Graovac-Pisanski polynomial of a
graph was presented by which the authors extended some well-known results from
Hosoya polynomial to its symmetry-based version. In the mentioned paper, this
polynomial for some classes of chemical graphs containing linear phenylene and
its hexagonal squeeze, and the ortho-, meta- and para-polyphenylene chains were
calculated.

Phenylenes are polycyclic conjugated molecules possessing both six- and four-
membered rings [9]. Following Dosli¢ and Litz [5], a polymer with phenylene as
the basic building block is called a polyphenylene. In the mentioned paper, some
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exact formulas for the numbers of matchings and independent sets in three types of
uniform chains are given. The authors also presented some results on polypheny-
lene dendrimers. In this paper, the GP index of the molecular graphs presented
in [6, 9] are computed. Our calculations are done with the aid of TopoCluj [4],
HyperChem [11] and GAP [16]. Our group theory notations are standard and can
be taken mainly from [1, 10, 14, 16].

2. Main result

The aim of this section is to compute the symmetry groups, their orbits and
GP index of the para chain of length n, 3—uniform cactus chain, caterpilar
CAT(ny,...,n,), corona product P, o P, an ortho-chain of length n, ladder graph
L,, and the 2—connected linear polymer with triangular faces R,,. These graphs
will be defined later. We start by computing the GP index of a para chain of
length n, Figure 1.

Suppose G is a group and X is a set. An action of G on X is a function
*: G x X — X such that for all g,h € G and z € X, exz = z and (gh) xz =
g * (hxx). The orbit of an element x € X is defined as Gxz = {gxx | g € G}.
We usually write gx as g x x when there is no confusion. The size of an orbit is
called its length.

Let G be a connected graph, AUB C V(G) and Vi, Vs, ..., V. be the orbits of
Aut(G) under its natural action on V(G). Define d(A, B) = >, c4 > e d(u,v).
Then it can easily seen that W(G) = 2d(V, V). Graovac and Pisanski [8], proved
that GP(G) = |V| ¥i_, ", where W(V;) = 1d(V;,V;). We apply this result
to compute the GP index of all polymers presented in this paper.

Theorem 2.1. The Graovac-Pisanski index of a para chain Q, of length n can
be computed as follows:

%n?’—&—%nz—i—%n—i—i n is odd and n # 1,

GP(Qn) = {

%n‘n’ + %nQ +n n 1S even.
a] a a3 an
X1 Xn+1
X2 X3
bl b2 b3 bn

Figure 1: A para chain of length n.
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Proof. The case of n = 1 is clear. Suppose n > 1 is even and consider the
subset X = {x1,29,...,2p+1} C V(Qn), see Figure 1. It is easy to see that
for each automorphism a, a({z1,2,11}) = {x1,2n41}. Hence (a(z1) = 21 and
a(Tpt1) = Tpt1) or (a(x1) = Tp1 and a(zpg1) = x1). If a(x;) = 21 and
a(Zpn41) = Tp41 then by definition of graph automorphism, a|x = (), where a|x
denotes the restriction of o on the set X and () is the identity permutation. If
a(r1) = Tpy1 and a(rpy1) = 71 then alx = (21 Tpp1)(22 20) ... (T2 I’nTM)
Define H = ((ay b2), ..., (ay by)). There are two permutations $; and By induced
by the unique automorphism of order two in the path graph P, ; with vertex set
V(Pnt+1) =1{1,2,...,n+1} and edge set E(P,+1) = {12,23,34,45,...,(n)(n+1)}.
These permutations can be defined as follows:

by ) (b byt .. (by bugz) 2]m,

) (a1 ap)(az an-1)...(az ans2) 2|n.
ﬁl - {( (
(b1 bn)(by b

|

It is now easy to prove v = af102 is an automorphism of order 2 in @,.
Define K = (v). Since all generators of H has order two and they are disjoint
permutations,

HgZQX"'XZQ.
—_——
n times

It is clear |[H N K| = 1 and for each element ¢t € X and each automorphism v € H,
~(t) =t. Thus, H < Aut(Q,,). If an automorphism v € Aut(Q,,) fixes elementwise
each element of X then v € H and in other case v can be written as the product
of an element of H by af;82. This proves that G = H : K 2 (Zy X -+ X Z3) : Zs.
Therefore, the automorphism group of @), can be generated by automorphisms
~ and (a; b;), for 1 < 7 < n. A similar argument shows that, when n is odd,
the group Aut(Q,) can be generated by «f182 and n permutations (a; b;) for
1 < i < n. Therefore,

(Za X -+« X Za) : Zy n is even,
—_———
n times
Aut(Qn) =
ZQX (ZQX"'XZQ):ZQ HiSOdd&l’ldﬂ?él.
—_———

n-1 times
This proves that |Aut(Q,)| = 2", n # 1, and Aut(Q1) = Dg. If n is even,
then the orbits of Aut(Q,) on V(Q,) are Vi = {x1,zp41}, Vo = {a1,b1,an,b,},
Vg = {Ig,l’n}, V4 = {ag,bg,an_l,bn_l}, V5 = {xg,xn_l}, ceey Vn—l = {In/27

xn/2+2}> Vo = {an/27an/2+1abn/2v bn/2+1} and V41 = {xn/2+1}- If n is odd
and n # 1, then the orbits of Aut(Q,) on V(Q,) will be Uy = {z1,2n41},
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Uy = {a1,b1,an,b,}, Us = {x2,2,}, Uy = {az,b2,an-1,bn-1}, ..., Un1
{a(n-1)/2,b(n=1)/2: A(n+3)/2> bnt3)/2}, Un = {%(ns1)/2, T(n43)s2} and Uppg

a(n+1)/2,b(n+1)/2}. To compute the Graovac-Pisanski index of this graph, we

consider the following cases:

1. n is even. In this case, Aut(Q,) has exactly n + 1 orbits under its natural
action on V(Q,). Since |V,41| = 1, W(Viq1) = 0. On the other hand,

n

we have exactly 5 orbits of size 2 and % orbits of size 4. Now a simple

2
calculation shows that W(Vy) = 2n, W(Va) = 8n — 4, ..., W(V,,_3) = 8§,
W(Vy—2) =28, W(V,,—1) =4 and W(V,,) = 4. Therefore,

n+1 -
GP@Q) = VIS Wlévﬂ
i=1 ¢

A+ 8+ +2n 12+28+-- +8n—4
n+1) +

=0 2 4
95 15,
= 4n + 1 n° +n.
. nis odd and n # 1. In this case, again Aut(Q,) has exactly n + 1 orbits
under its natural action on V(@,,). On the other hand, by above calculations
23 orbits have length 2 and other orbits have length 4. For orbits of length
2, we have W(Up41) =2, W(U,) =2, W(U,,—2) =6, ..., W(U1) = 2n, and
for orbits of length 4, W(U,,—1) = 20, W (U, —3) = 36, ..., W(Us) = 8n — 4.
Therefore,

n+1 -
GP@Qu) = IV1Y.
i=1 ¢

2 246+...+2n  20+36+...+8n—4
:(3n+1)<2+ +6+...+2n  20+36+... +8n )

2 4
9 4 n 15 n 7 n 1
=-n"4+—n"+-n+-.
4 4 4 4
This completes the proof. O
a1 1) dp-1  ap
1 2 n
X1 X2 X3 Xn Xn+1

Figure 2: A 3-uniform cactus chain T,.
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Theorem 2.2. The Graovac-Pisanski index of a 3-uniform cactus chain T,,, Fig-
ure 2, can be computed as follows:
GP(T,) %n3+gn2+n+i n is odd and n # 1,
S %n3+%n2+%n+% n 18 even.

Proof. 1If n is odd and n # 1, then the automorphism group of T;, can be generated
by (21 an)(ar @ny1) (22 2n)(@3 Tno1) - (Tops Tugs)(az an-1) - (@1 Gngs),
(21 a1) and (ay, Tp41). Moreover, if n is even, then Aut(T),,) is generated by a =
(71 an)(ar Tpp1)(w2 Tn) - (T2 Tny9)(az ap-1)---(az any1) and B = (21 a1).
Since a8 # Sa and «f has order 4, Aut(T,,) = Ds. Note that two non-commuting
elements § and 7 of order two generate a dihedral group of order 20(§7). Therefore,

S3 n=1
Aut(Tn)%’{ D38 n#1

To compute the GP index of T,,, we first calculate the orbits of Aut(T,,) under
its natural action on V(T,). If n is even, then Aut(T,) has exactly n orbits
containing one orbit of length 1, one orbit of length 4 and n — 2 orbits of length
2. These are Vi = {zn 11}, Vo = {a1, 71, an,Tny1}, Vi = {24, Tp—it2} and V) =
{as, an—iy1}, 2 <i < 5. Our calculations show that W (Vi) =0, W(V,) = 4n + 2
and W(V;) = W(V/) =n —2i +2, 2 <i < §. Therefore,

wW(Vi)
Vil

GP(T,) = VIS
=1

= (2n+1) (4n2_2+;><2><(2+4+--~+(n—2))>

1 4 n 5, n 3 n 1
= —-n°4+-n"+-n+-.
2 4 2 2
We now assume that n is odd. Then we have one orbit of length 1, one

orbit of length 4 and n — 2 orbits of length 2. These are Uy = {a%}, Uy =
{a1,21,an, Tpy1}, Us = {anH,anH}, Uy = {x2,20}, Us = {az,an-1}, Us =
{z3,2n-1}, Ur = {ag,an—2}, ..., Up—1 = {anT—l,anT-f—S} and U,, = {an—l,an%}
By our calculations, W (Uy) = 0, W(Us) = 4n+2, W (Us) = 1, W(Uy) = W(Us) =
n—2, WUs) =W({Uz)=n—4, ..., W(Uy,_-1) = W(U,) = 3. Therefore,

GP(,) = WVIY T
= (2n+1)(4n:2+;+;><2><(3+5+~~+(n—2))>

Ls 5o 1
= —n"+-n"+n+ -
2 4 4’

which completes our proof. O
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The caterpilar CAT(ny,...,n,) is a tree with vertex set

{v1,.. ;0. U{v11, 010, U U0, oo U, b
—_—
A Ay A
in which A is the vertex set for a path vy, vo, ..., v, and A4;, 1 <i < r, is a set of

pendant vertices that all of them are adjacent with v;, see Figure 3.

Vi V2 Vr

Vit 7" Ving Vo m7m Vo Vil 777 Vi,
Figure 3: The caterpilar CAT(nq,...,n;).

Theorem 2.3. The Graovac-Pisanski index of CAT (nq,...,n,) can be computed
as follows:

(1) If for some i and j with i+ j =+ 1, we have n; # n; then

GP(CAT(ni,...,n,)) = <Zn> —r?

(2) If ny =ng =--- =n, =n, then

f(n,r) ris even,
GP(CAT(n,...,n)) =
g(n,r) ris odd,

1 1 1 1 1
where f(n,r) = (Srs + r2> n? + (2r2 + 4r3> n— §r2 + gr?’ and

1 1 3 1 1 5 1
g(n,r) = <8r3 + 72— ST) n? + (—47“ + §r2 + 4r3> n—gre 57“2 + §T3'

Proof. Set L = CAT(ny,...,n,) and P is the induced subgraph of A. It is easy
to see that Sa, < Aut(L), 1 < i <r. Since A;NA; =0,1<i+#j<r, one
can easily seen that Sa,S4,...54, =S4, X Sa, X -+ x Sa, and so Aut(L) has a
subgroup H isomorphic to Sa, X S4, X --- x S4,. Our main proof will consider
two separate cases as follows:
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1. Suppose for some i and j with ¢ + j = r + 1, we have n; # n;. From Figure
3, one can easily seen that H = Aut(£) and H has exactly 2r orbits under
its natural action on V(L£). These orbits are {v1}, {va}, ..., {v,} and Ay,
ooy Ap. Since W(A;) =n2 —ny, |[Ail =n;and [V =r+ >0 n,

2. ng =ng =--- =n, = n. Choose f to be the automorphism of order 2 in
Aut(P) and extend f to an automorphism f of £ by defining f(z) = z, for
each z € |J;_, A;. If ris even then Aut(£) = HUfH and so Aut(L) = (Sa, X
Sa, X o+ x S4,.): Zy. Furthermore, Aut(L) can be generated by (v;1 v;2),
(vi1 viz), -+, (Vi1 Unm) and H(Uz Uj)(vﬂ Uj1)(vz‘2 sz)(vz‘:a Uj3) cee (Umi ani),
where 1 <i< 5, 5 +1<j<nandi+j=r+1 Therefore, Aut(L) has
exactly r orbits such that 3 of them have length 2 and others have length 2n.

These are Vz = {1},‘,1}]'} and Vi/ = {1]1‘1,112'2,’02'3, <oy Uin, V41, V52,053, . . .,an},
where 1 <7 < %, % +1<j<randi+j=r+1 Our calculations show
that, W(V;) € {1,3,5,7,...,r — 1} and W(V/) € {5n? — 2n,5n? — 2n +
2n?, ..., (r + 3)n? — 2n}, where 1 < i < . Therefore,

GP) = VI3

1 -1 2_9 2_9
:(n—l—l)r{ +3+- -+ +5n n+---+(r+3)n n}
2 2n
(13, 2\ 2 1o 13\ 15 153
—(Sr +r)n +(2r +4r)n 2r +8r.

If r is odd then S4,,, will be a characteristic subgroup and

2

%4

Aut(L) = KSAl x Sa, X "-XSA%l xSA# X oo XSAT) :Zz} ><SA%1

1%

(Sn X Sp X+ XSy XSy XX 8Sp):Za| X Sn.

r-1 times
Moreover, Aut(L) can be generated by (v;1 vi2), ..., (Vi1 Vin,) and [[(v; v;)

(Vi1 V1) (Vin; Vjn,), where 1 <i < 251, 22 Cj<nandi+j=r+1.
On the other hand, Aut(L) has exactly r + 1 orbits, one orbit of length 1,
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one orbit of length n, Tgl orbits of length 2, and Tgl orbits of length 2n.

These are Uy = {v%}, Us = {U%l,v%w ,v%n}, U; = {v;,v;} and
/I _ . r—1 r+43 .
Ui - {’Uilavi2)---;Uinavj17vj25"'7vjn}7 where 1 <t < ) < J <r

and ¢ +j = r + 1. By our calculations, W(U;) = 0, W(Usz) = n(n — 1),
W(U;) € {2,4,...,r—1} and W (U}) € {6n*—2n,8n*—2n, ..., (r+3)n>—2n}.
Therefore,

r+1 -
aP() = VI3 WW

il
n(n—1)+2+4+---+r—1

= 1
o+ 1 | :
6n2—2n+~~~+(r+3)n2—2n}
+
2n
(L2 LN (L3 e s), 5, L L
(87" +r 8r>n —|—< 4T—|—27" +4r n 87" 27“ +8r.
This completes our argument. O

Note that our previous theorem covers the case when for some ¢, j with i +j =
r + 1, n; is not equal to n; and another case when all n; are the same. It is
easy to see that Aut(L) = H or H : Zy. For example, we do not cover the
case that CAT(2,3,4,3,2). Our method shows that Aut(CAT(2,3,4,3,2)) =
(Z9 x S5 x Sy x S3 X Zs) : Zy and a simple GAP program shows that in this case
GP(L) = 399.

Suppose G and H are two graphs. The corona product G o H is a graph
constructed from G and |V (G)| copies of H by connecting the i*" vertex of G to
each vertex of the i'" copy of H, 1 <i < |V(G)|.

Vi Vi Vn

ANEVANRRVAN

Vi1 Vi2 Vil Viz Vnl Vi2

Figure 4: The corona product P, o Ps.

Theorem 2.4. The Graovac-Pisanski index of Py, o Py, Figure 4, can be computed
by the following formula:

%n?’ + %nQ n s even,
GP(P,o P) = %nﬁ + 15p2 %n n s odd,
3 n=1.
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Proof. Depending on whether n is an even or odd number, our proof will consider
two cases.

1. niseven. In this case, the generators of Aut(P oPy) are (vk1 vg2), 1 < k < n,
and J](vi v;)(vi1 vj1)(Viz vj2), 1 <i< §, §+1<j<nandi+j=n+1
Our calculations show that the orbits of this action are V; = {v;,v;} and
V! = {vi1,vi2,v;1, vj2}. Furthermore, W (Vi) =n—1, W(V3) =n -3, ...,
W(Vy) =1, W(V/) =4n+6, W(V3) =4n—2, ..., W(Vy) = 14. Therefore,

IVI
1—|—3—|—~~-+n—1 14+224+30+---4+4n+6
=3n +
2 4
. 1
:§n3+z5n2.

2. n is odd. The generators of Aut(P, o ng are (Vg1 vk2), 1 < k < n and
H(UZ‘ vj)(vﬂ vﬂ)(vig ’sz), 1 g 7 g anl e g j g n and Z+] =n-+1. This
group has exactly n + 1 orbits under its natural action. These orbits are
U={vnp}, U = {1y, vnp1,}, 25 orbits U; = {vs,v;} of size 2 and 25+
orbits U’ = {Uzl,UzQ,Ujl7UJQ} of size 4 Moreover, W(U) = 0, W(U’) = 1,
WU) =n—-1, WU) =n-3, ... W(UWT_l) =2, W(U]) = 4n + 6,
W(Uj}) =4n—2, ..., W(U!_,) = 18. Therefore,

2

n+l
GP(P, o P,)
=3n {0+ +2+4+ -1 18426+ +dn+6
2 2 1
93y B2 20,
3 4 g8
This completes the proof. .

Theorem 2.5. The Graovac-Pisanski index of an ortho-chain O,,, Figures 5 — 17,
of length n is computed as follows:

GP(0,) % 3+ 383n2 + 17n +1 n s even,
" I+ 3Bn?2 4+ Ut 2 nis odd.
Proof. There are two possible cases, depending on whether n is even or odd.

1. n is even. It can be proved that the automorphism group Aut(O,,) is gen-
erated by the permutations (1 az2), (n+ 1 b,—1) and (a1 b,)(1 by—1)(az n+
1)(2n) (b an)(as bn—2)(3 n—1) (b2 an—1)(as bn—3)--- (5 §+2)(bz-1 az42)
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(azy1 bz). Moreover, the group has exactly 3 3% orbits. These orbits are

U1 = {n + 1}, U2 = {a"+1,b }, U3 = {2,5 2}, U4 = {ag,b%H},
U5 = 5 — ].,2 +3} U@ = {bn 17an+2} U7 = {CL 1,b%+2}, Ug =
{n — 2, n +4} Ug = {bn 2, a”+3} Uw {ag, n,Q}, U# =
{2,n}, ULZG = {b,an-1}, U¥ = {bl,an}, U3n2—2 = {a1,b,} and Usp =
{1,a2,b,_1,n + 1}. On the other hand, W (Uy) = 0, W(Uz) = W(Us) = 2,
WU = W(Us) = W (Us) = 4, W(Us) = W(Us) = W(Uy) = 6, W (Usamse)
= W(UL;S) = W(UMQ;G) =n-2, W(U%) =n, W(U37L2—2) =n+2 and
W(U:%n) = 4n + 4.

Therefore,
STH
W (V;
GP(On) = VY (Vi)
= vl
[0 242 444+4 6+6+6
= Bn+1)|-
(3n+ )_1+ 2 2 2
n—24n—-24+n—-2 n n+2 4n+4
ot 2 tot 4
3 2
= Bnt1) |0+2+4 5 [446+ - Fn 5 nt
—_——
n—4
L 2
9 5. 33 5
= = — 1.
i + = 3 + n+
a] a a3 ap/2 A14n/2 an
1
1 2—3 n/o—1+n/p—2+n/> —1+n
2 n
p J
b, by bon-1 b b1 by b1 by

Figure 5: An ortho-chain of length n, n is even.

2. nisodd. The generators of Aut(O,) are (1 1+n)(2n)--- (X2 352) (4 a14n)

(a2 an) cee (aurTn (Z#Tn) (b1 bn—l) (b2 bn_g) s (bnT—l b%), (1 (J,Q) and
(14n ay,). Furthermore, the number of orbits of this group under its natural
action is 22=1 and the orbits are Vi={ans,anis}, Vo = {ngd i3 vy =

(b, busn}, Vi = {755,252}, Vs = {an an+s}, Vo = {32, 1}, vr =
{bnT—i?»,bnT-l—B}7 Vg = {anT—s. anT+7} Vg {n 5 n+9} Vl() = {bn 5 bn+5}

s V:mz;n = {ag,an_l}, V¥ = {Z,n}, V3n277 = {bg, n— 2} V¥ =
{b1,bn-1}, V% ={a1,an4+1} and V¥ ={1,a2,1+n,a,}.
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a) ay a A(14n)/2 A3+n)/2 ap A4n
1 2 3 (1+n)/o——(3+n)/2 n 1+n
N
by by ba-nz bmsiye bno bo-1

Figure 6: An ortho-chain of length n, nz1.

aj a a3 A(1+n)2 A(3+n)/2 an Al4n

1 2—38 (1+n)/2—=(3+n)/» n—1+n
m r—l
b L
1 by ba-ny2 by byo  bne

Figure 7: An ortho-chain of length n, n=3.

To compute the Graovac-Pisanski index of this graph, n # 3, we note that
W(Vs) =W(Ve) =W (V7) =5 W(Vs) = W(Vo) = W(Vig) =7, W(Van_n1) =
W(V#) = W(V%) =n—2, W(V%) =n, W(V%) =n+2, W(V%)
= 4n + 4. Finally, if n=1 then W) =W((Vs) =1, W(V3) =W (V) =3,
and if n=3 then W (Va) = W (V3) = 1 and W (V) = W(Vy) = 3.

Therefore,

z W (V;)
P(On) = 1|V| Z
=1 IVl

141 3+3 54+54+5 TH+TH+T

= (3 1
(3n + ){ 2 T3 2 2

n—24n—-24+n—-2 n n+2 4n+4
+ ot 5 ot T }

2
=(3n+1)[1+3+ (B+7+-+n—-2) g ";r }
_ 95,33 5
= 3" + = 3 + +8.
This completes the proof of our theorem. O

In the next theorem the Graovac-Pisanski index of ladder graph L,,, Figures
8 — 9, which is also known as the linear polyomino is computed [6].
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Theorem 2.6. The Graovac-Pisanski index of the ladder graph L, can be com-
puted as follows:

"73—%%—1—371—&—1 n 1S even,
GP(L,) = i )

L4+ g3 s odd.
Proof. We first note that Aut(L,) = Dg and Aut(L,,) = Zy x Zy, forn # 1. If n is
even, then Aut(L,) can be generated by [[iF] (ax by) and [T, (a; aiv1)(bi bit1),
i is odd. If n is odd, then the permutations [[}~; (a; b;) and [T5-1(a; aj41)
(bj bj+1) will generate the group Aut(L, ), where j is odd positive integer.

dn+1
aq as an -1 an aq do

RS ~| |
bi——bs b -1 bn by ——b>
bn+l

Figure 8: The graph L,,, when n is even.

If n is even, then this group has 5 + 1 orbits, and the orbits are V; =
{@n+1,bn+1} of length 2 and other orbits which have length 4 are Vo ={a1, b1, az, b2},
V3 = {ag, bg, ayq, b4}, ceey Vg+1 = {an_l, bn—17 Ay, bn} On the other hand, W(Vl)
L W(Vayy) =12, W(Ve) =20, W(Va_y) =28, ..., W(V2) = 4n + 4. Therefore,

2+1

W(Vi)
GP(L) = VI Y- =
i=1 v
1 12+ 2 2 -4+ 4 4
Y +20+28+---+4n+
2 4
n®  5n?
aq as An™ aAn+1 s az
E R
by ba Pr—bn.1 by by

Figure 9: The graph L,,, when n is odd.

If n is odd, then this group has ”7“ orbits of length 4, and the orbits are V; =
{a1,b1,a2,b2}, Vo = {as, bs, a4,b4}, ..., Viss = {an, bn, any1,bnya}. Furthermore,
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W (Vi) =8 W(Vazs) =16, W(Vizs) = 24, .., W(Vi) = 4n + 4. Therefore,
n+1

i=1

w(Vi)
Vil

:(2n+2)(

_nt e T 3
T2 2 2 92

which completes our argument. O

8+16+24+-~-+4n+4)
4

We end this paper by computing the Graovac-Pisanski index of a 2-connected
linear polymer with triangular faces R,,.

Theorem 2.7. The Graovac-Pisanski index of a 2—connected linear polymer with
triangular faces R,,, Figure 10, is computed as

3 2
O 1 S | n is even,
GP(Rn)Z{ 16T 2 4

n 3n® | 1ln | 3 :
E+Y+T6+§ nlsodd.

Bty —anetye——

by . . .

DBr/241

Figure 10: (a) R,, nis odd; (b) R,, n is even.

Proof. 1t is clear that Aut(R;) = Ss, Aut(Rz2) = Zy X Zy and Aut(R,,) = Zs, when
n > 3. To compute the Graovac-Pisanski index, we first assume that n is even.
Then V; = {a;,bi}, 1 <i< 5 +1, W(Vi)) =5 +1, W(la) =3, ..., W(Va) =2
and W(Vz ) = 1. Therefore,

Sww)
GP(R,) =|V] ) |V|l
i=1 v

(n+2)< +243+-- 4+ 2+ )
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If n iS Odd then ‘/J = {aj,bj}, 1 g j S ntl Vn+3 = {C}7 W(Vl) = n+1

2
W) =21 ., W(V%) =2, W(VWTH) =1 and W (Vass) = 0. Therefore,

0 1+2+43+4. 428
1 2

Il
E)
+
=
/™~

n3 3n? 11n §

678 T16 Ty
O
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Retractive nil-extensions of completely simple

semirings
Sunil Kumar Maity, Rumpa Chatterjee and Rituparna Ghosh

Abstract. A semiring S is said to be a quasi completely regular semiring if for any a € S
there exists a positive integer n such that na is completely regular. The study of completely
Archimedean semirings have shown that completely Archimedean semirings are nil-extensions of
completely simple semirings. In this paper we introduce retractive nil-extensions of completely
simple semirings and establish a relation with completely Archimedean semirings.

1. Introduction

In the year 1984, S. Bogdanovic and S. Milic [5] first studied nil-extensions of com-
pletely simple semigroups. Decomposition of completely 7-regular semigroups into
a semilattice of Archimedean semigroups was discussed by S. Bogdanovic in [1].
The study of nil-extensions of completely regular semigroups has been proven of
great importance in semigroup theory. A completely Archimedean semigroup has
been proven to be a nil-extension of a completely simple semigroup and further-
more it is Archimedean and completely 7 - regular. Furthermore, characterization
of retractive nil-extensions of class of regular semigroups, union of groups and band
of groups have been studied in the papers [2], [3] and [4]. Retractive nil-extension
of a completely simple semigroup has been proved to be a rectangular band of
m-groups. Therefore, retractive extension of a semigroup has been an area of great
attraction in recent years of study.

In recent years, semirings have been studied by many authors, for example, by
F. Pastijn, Y. Q. Guo, M. K. Sen, K. P. Shum and others (See [10], [13]). In the
paper [13], completely regular semirings were introduced and it was derived that
a completely regular semiring is a union of skew-rings and also a b-lattice of com-
pletely simple semirings. After this work, many interesting results on completely
regular semigroups and inverse semigroups have been extended to semirings by
M. K. Sen, S. K. Maity and K. P. Shum in ([12], [14]). Furthermore, extension
of completely w-regular semigroups to quasi completely regular semirings in [9]
have further enriched the study of analogous results. It has also been derived
that quasi completely regular semiring can be described as the b-lattice of com-
pletely Archimedean semirings. In the paper [8], we had shown that a semiring

2010 Mathematics Subject Classification: 16A78, 20M10, 20M07.
Keywords: ideal extension, nil-extension, completely Archimedean semiring, completely sim-
ple semiring, retractive nil-extension, b-lattice of skew-rings, quasi skew-ring
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is completely Archimedean if and only if it is nil-extension of a completely simple
semiring if and only if it is Archimedean and quasi completely regular.

In this paper we further study retractive extension of a semiring. We charac-
terize completely Archimedean semirings as retractive nil-extension of completely
simple semirings. Thus we establish a relation between retractive nil-extensions
of completely simple semirings and nil-extensions of completely simple semirings.
The preliminaries and prerequisites for this article are discussed in section 2. In
section 3 we prove some characterization theorems of completely Archimedean
semirings as retractive nil-extensions of completely simple semirings. Further, we
study properties on retractive nil-extension of b-lattice of skew-rings.

2. Preliminaries

A semiring (S, +,-) has both the additive reduct (S,+) and the multiplicative
reduct (5,-) as semigroups and multiplication distributes over addition, that is,
a(b+c¢) = ab+ ac and (b + ¢)a = ba + ca for all a,b,c € S. We do not assume
that the additive reduct (S, +) is commutative. An element a of a semiring S is
said to be infinite [7] if and only if a + 2 = a = z + a for all x € S. Infinite
element in a semiring is unique and is denoted by co. An infinite element oo in a
semiring S having the property that - co = co = oo -z for all z(# 0) € S is called
strongly infinite [7]. A semiring S is additively regular if for every element a € S
there exists an element x € S such that a + z + a = a. A semiring S is said to be
additively quasi reqular if for every element a € S there exists a positive integer n
such that the element na = a + a + - -+ + a is additively regular. A semiring S is
n times
completely regular [13] if for every element a € S, there exists an element z € S
such that a=a+z+a,a+2=2+a and a(a+ ) = a+ z. A semiring (S, +, )
is a quasi completely regular semiring [9] if for every element a € S, there exists a
positive integer n such that na is completely regular, that is, na = na + = + na,
na+x = x+na and na(na+x) = na+ x for a suitable element = € S. A semiring
(S, 4+, ) is called a skew-ring if its additive reduct (S, +) is a group, not necessarily
an abelian group. In [13] we proved that an element a in a semiring S is completely
regular if and only if it is contained in a subskew-ring of S. Let S be a semiring
and R be a subskew-ring of S. If for every a € S there exists a positive integer n
such that na € R, then S is said to be a quasi skew-ring. A semiring S is said to be
a b-lattice [13] if (S, -) is a band and (5, +) is a semilattice. A semiring S is said to
be an idempotent semiring if all the elements of S are additive idempotent as well
as multiplicative idempotent, i.e., a + a = a = a® for all @ € S. An idempotent
semiring satisfying the identity a = a4z +a is called a rectangular band semiring.
Throughout this paper, we let ET(S) be the set of all additive idempotents of
the semiring S. We observe that the set E7(S) is non-empty and it forms an
ideal of the multiplicative reduct (S, -) of the semiring S. If (S,+, ) is a semiring,
we denote the Green’s relations on the semigroup (S,+) by £+, #*, #71, and
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HF. In fact, the relations £+, Z%, #% and 7 are all congruences of the
multiplicative reduct (.S,-). Thus, if any one of these happens to be a congruence
on the additive reduct (S, +), it will be a congruence on the semiring (S, +, ). Let

(S,+,-) be an additively quasi regular semiring. We consider the relations .£**,
Z*+, and _Z** on S defined by: for a,b € S,

a Z*t b if and only if pa £+ gb,
aZ*T b if and only if pa Z+ qb,
a _Z*Tbif and only if pa 7T qb;

where p and g are the smallest positive integers such that pa and ¢b are respectively
additively regular. We also let J#*+ = Z** N %**. A quasi completely regular
semiring (S, +, ) is said to be completely Archimedean if #*t =5 x S.

A nonempty subset I of a semiring (S, +, -) is said to be a bi-ideal of S'if a € T
and x € S imply that a + xz,x + a,ax,za € I. Let I be a bi-ideal of a semiring S.
We define a relation p, on S by ap,b if and only if either a,b € I or a = b where
a,b € S. It is easy to verify that p, is a congruence on S. This congruence is said
to be Rees congruence on S and the quotient semiring S/p, contains a strongly
infinite element, namely I. This quotient semiring S/p, is said to be the Rees
quotient semiring and is denoted by S/I. In this case the semiring S is said to be
an ideal extension of I by the semiring S/I. An ideal extension S of a semiring
is a mil-extension of I if for any a € S there exists a positive integer n such that
na € I.

A subsemiring T of a semiring S is a retract of S if there exists a homomorphism
¢ : S — T such that ¢(¢t) = ¢ for all ¢ € T. Such a homomorphism is called a
retraction. A nil-extension S of 7' is said to be a retractive nil-extension of T if T
is a retract of S.

3. Retractive nil-extension

In this section we characterize completely Archimedean semirings as a retractive
nil-extensions of completely simple semirings. For this first we state the following
two results.

Theorem 3.1 ([6], [9]). The following conditions on a semiring (S,+, ) are equiv-
alent.

(i

S is a quasi completely reqular semiring.

(i1) Every s£**- class is a quasi skew-ring.

S is a b-lattice of completely Archimedean semirings.

)
)
(iii) S is (disjoint) union of quasi skew-rings.
(iv)
)

(v

S is an idempotent semiring of quasi skew-rings.
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Theorem 3.2 ([8]). The following conditions on a semiring are equivalent:
(i) S is a completely Archimedean semiring;
(ii) S is a nil-extension of a completely simple semiring;

(iii) S is Archimedean and quasi completely regular.

Remark. Let a be a quasi completely regular element in a semiring (S, +, -). Then
there exists a positive integer n such that na is completely regular and hence na
lies in a subskew-ring of S. The zero of the subskew-ring containing na is denoted
by a®. Here it is interesting to mention that if S is a quasi completely regular
semiring then S is (disjoint) union of quasi skew-rings. We know that every quasi
skew-ring contains a unique additive idempotent. According to our notation a® is
the unique additive idempotent in the quasi skew-ring containing a.

Theorem 3.3. Let S be a completely Archimedean semiring. Then S is a retrac-
tive nil-extension of a completely simple semiring.

Proof. Since S is a completely Archimedean semiring, hence S is a quasi completely
regular semiring. Therefore, S is an idempotent semiring I of quasi skew-rings S;,
i € 1. Let a,b € S. Then a € S; and b € S; for some 7,5 € I. This implies
a+0b,2a+b,a+2b € S;;. Since S;y; is a quasi skew-ring, we must have a
positive integer n such that n(a +b) € (2a +b) + S + (a + 2b). Hence for any
two elements a,b € S, there exists a positive integer n such that n(a +b) €
(2a+b)+ S+ (a+2b) C 2a+S+2b. Let a € S. Then a € S; for some i € I. Let e
be the unique additive idempotent in the quasi skew-ring S;. Let f € E*(S). We
first prove that a+ f = e4+a+ f and f+a = f+a+e. First we prove that for every
m € N, there exists n € N and u € S such that n(a+ f) = ma+u+ f. Clearly, the
result holds if m = 1. Let us assume that n(a + f) = ma +u + f for some n € N
and v € S. Now for the elements ma and u + f there exists a positive integer k
and v € S such that k(ma+u+ f) =2ma+v+2(u+ f) = (m+1)a+w+ f, where
w=(m—-1Da+v+u+f+uecS. Hence for every m € N, there exists n € N and
u € S such that n(a + f) = ma+u+ f. Let r € N be such that ra is completely
regular and hence ra lies in a subskew-ring R;. Clearly, e is the zero of R;. Then
there exists p € N and = € S such that p(a + f) = ra + z + f. Now since S is a
completely Archimedean semiring, so S is a nil-extension of a completely simple
semiring K. Clearly, f € K and since K is a bi-ideal of S, it follows a + f € K.
Hence (a+ f) # " p(a+ f) and (a+ f) = pla+ f) +y for some y € S. Therefore,
at+f=pla+f)+y=rat+az+f+y—=e+ra+z+ f+y=-e+a+ f. Similarly,
we can prove that f+a = f+ a+ e. We define a mapping ¢ : S — K by
#(a) = a® +a, for all a € S. Let a,b € S. Then ¢(a+b) = (a+b)° +a+b
=(a+b’+a+a®+b=(a+b’+a+a+b+b = (a+b°+a+b+1°
—a+b+b0 =a+0°+b=0a"+a+0+b= ¢(a)+ ¢(b). Again, ¢(a)p(b) =
(a® +a)(B® +b) = a’b° + a®b + ab® + ab = (ab)® + ab = ¢(ab). Therefore, ¢ is a
homomorphism and since ¢(a) = a for all @ € K, then ¢ is a retraction. Hence S
is a retractive nil-extension of a completely simple semiring K. O
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Corollary 3.4. The following conditions on a semiring S are equivalent:
(i) S is a completely Archimedean semiring.
(i4) S is a retractive nil extension of a completely simple semiring.
(#i7) S is a nil-extension of a completely simple semiring.

Theorem 3.5. A semiring S is a completely Archimedean semiring if and only if
S is a rectangular band semiring of quasi skew-rings.

Proof. Let S be a completely Archimedean semiring. Hence S is a quasi completely
regular semiring and hence S is an idempotent semiring I(= S/ #*") of quasi
skew-rings S; (i € I). To show I is a rectangular band semiring, let z = a#* ",
y = bs’*t € I, where a,b € S. Since S is completely Archimedean, we must
have a®° = (a + b+ a)’. Then x = a*" = " = (a + b+ o)’ =
(a+b+a)*t = ad*t + 0 + a*t =z +y+ 2. Thus I is a rectangular
band semiring and consequently, S is a rectangular band semiring of quasi skew-
rings.

Conversely, let S be a rectangular band semiring Y of quasi skew-rings, T;
(i €Y). Then clearly S is a quasi completely regular semiring and Y = S/ 2*F.
To show S is completely Archimedean, we only show that #** = S x S. Let
a,b € S. Then as*t = a*t + b*" + a*t = (a + b+ a)2*" implies
a® = (a+b+a)°. Since #*T is b-lattice congruence, we have a_#*+ =a_g7*+ =
(a+b+a)0 7*F =(a+b+a) 7" =(a+b) 7*" = (b+a+b) 7" = (b+
a+b)° 7t =0 g*t = b g*t. Therefore, #*T = S x S and hence S is a
completely Archimedean semiring. O

Corollary 3.6. A semiring S is a completely simple semiring if and only if S is
a rectangular band semiring of skew-rings.

Theorem 3.7. The following conditions on a semiring S are equivalent:
(1) S is a nil-extension of a b-lattice of skew-rings.
(i) S is a retractive nil-extension of b-lattice of skew-rings.

Proof. (i) = (4i): Let S be a nil-extension of K, where K is a b-lattice ¥ of
skew-rings R, (« € Y). Then (K, +) is a semilattice (Y, +) of groups (R, +) and
hence (K,+) is a Clifford semigroup. Thus for any & € K and e € ET(K) we
must have e + k = k + e. Now we define a mapping ¢ : S — K by: for a € 5,

#(a) = a® + a.

Let a,b € S. Then ¢(a+b) = (a+b)" + (a+b) = (a®+°) + (a +b) =
B +a®)+(a+b) =0+ (a® +a) + b= (a®+a) + (b° + b) = ¢(a) + ¢(b) and
#(a)p(b) = (a® +a) (b +b) = a®b° + a®b + ab® + ab = (ab)® + ab = ¢(ab). Hence ¢
is a homomorphism. Moreover for any x € K, ¢(x) = 2 + x = x. Consequently,
S is a retractive nil-extension of b-lattice of skew-rings K.

(#4) = (i): This part is obvious. O
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Non-commutative finite associative algebras

of 3-dimensional vectors

Dmitriy Moldovyan, Nicolai Moldovyan and Victor Shcherbacov

Abstract. Properties of the non-commutative finite associative algebras of 3-dimensional vectors
are presented. An interesting feature of these algebras is mutual associativity of all modifications
of the defined parameterized multiplication operation and existence of a large set of single-side
unit elements. In the ordinary case one unique two-side unit element is connected with every
element of the algebra, except the elements that are square roots of zero element. It is shown
that the used method suites for defining finite non-commutative associative algebras of arbitrary
dimension m > 2. The considered finite associative algebras are interesting for cryptographic

applications.

1. Introduction

Finite non-commutative associative algebras (FNAAs) are interesting for appli-
cations in design of public-key cryptoschemes characterized in using hidden con-
jugacy search problem (called also discrete logarithm problem in hidden cyclic
group) [2, 3, 6]. In literature there are considered different FNAAs defined over
finite vector spaces with dimensions m = 4,6, and 8. The main attention was
paid to the case m = 4 that provides lower computational difficulty of multiplica-
tion operation in the FNAA while defining vector spaces over the same finite field
GF(p). Recently it has been introduced the 2-dimension FNAA [4].

In the present paper it is shown that the method for defining 2-dimension
FNAA can be generalized and used to define m-dimensional FNAAs for an ar-
bitrary value m > 2. Some properties of the FNAA relating to the case m = 3
are investigated. Other types of 3-dimension non-commutative algebras with as-
sociative multiplication operation are defined as well. All investigated FNAAs
contain only local unit elements, therefore defining the discrete logarithm problem
in a hidden group [2] on the base of such FNAAs has some peculiarities that are
discussed in relation of cryptographic application of the considered finite algebras.

2010 Mathematics Subject Classification: 94A60, 16Z05, 14G50, 11T71, 16550

Keywords: finite associative algebra, difficult problem, homomorphism, non-commutative
group, non-commutative ring, public-key cryptoscheme.
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2. Unit elements in 3-dimensional FNAA

Suppose e, i, and j are some formal basis vectors and a, b, ¢ € GF(p), where prime
p = 3, to be coordinates. Three-dimensional vectors are denoted as ae + bi + ¢j or
as (a,b,c). Terms 7v, where 7 € GF(p) and v € {e,i,j} are called components of
the vector.

Addition of two vectors (a,b,c¢) and (x,y,z) is defined as addition of the
corresponding coordinates, i.e., with the following formula (a,b,¢) + (z,y,2) =
(a+z,b+y,c+ 2).

The multiplication operation in finite 3-dimensional vector space is defined
with the formula

(ae+bi+cj)o(ze+yi+ zj) =
= ax(ece)+bx(ioe)+cx(joe)+ay(eoi)+by(ioi)+cy(joi)+az(eof) +bz(ioj) +cz(joj),
where products of different pairs of formal basis vectors e, i, and j are to be replaced
by some one-component vector in accordance with the basis-vector multiplication
table (BVMT) shown in Table 1. The left basis vector defines the row and the
right one defines the column. At the intersection of the row and column we have
the value of the product of two formal basis vectors.

Table 1 defines non-commutative associative multiplication of the vectors V =
(a,b,¢) = ae+bi+c¢j and X = (x,y,2) = zve + yi + 2j. The BVMT contains
structural coefficients u, 7, A € GF(p) defining different modifications of the mul-
tiplication operation, i.e., the last is parameterized. The defined non-commutative
multiplication operation is characterized in the mutual associativity of all its mod-
ifications, i.e., for the considered FNAA of 3-dimensional vectors the following
statement is valid:

Proposition 1. Suppose o and x are two arbitrary modifications of the vector
multiplication operation, which correspond to different triples of structural coeffi-
cients (11,71, A1) and (2,72, N2) # (u1,71,\1). Then for arbitrary three vectors
A, B, and C the following formula (Ao B)xC = Ao (B*C) holds.

Proof of this statement consists in straightforward using of the definition of
the multiplication operation and Table 1.

Table 1: The BVMT defining associative multiplication in the finite vector space
of the dimension m =3 (1 #0; 7 #0; A #0)

o ‘ e i j

e | ue Te e
il i A
PolwooTN

Structure of Table 1 is similar to structure of the BVMT used for defining the
2-dimension FNAA [4] (see Table 2), i.e., every cell in every fixed row contains the
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same formal basis vector and every cell in every fixed column contains the same
structural coefficient.

Table 2: The basis-vector multiplication table for the case m = 2 [4]

o ‘ e i
e | pe Te
i | pi  Ti

Finding the right-side unit elements in the considered 3-dimension FNAA is
connected with solving the vector equation

(ae + bi+ cj) o (xe + yi+ zj) = ae + bi + ¢j, (1)

where V = ae+bi+ ¢j is an arbitrary vector and X = xe + yi+ zj is the unknown
one.
Equation (1) can be reduced to the following system of three linear equations:

pax + Tay + Aaz = a,
pbz + Tby + \bz = b, (2)
pex + ey + Aez = c.

Solution of the system (2) defines the following set of the local right-side unit
elements

Er = (SL’, Y, Z) = (iC, Y, >‘_1(1 — HT — Ty)) ) (3)

where x and y take on all possible values in GF(p). Every value E, from set (3)
represents a global right-side unit element acting on all 3-dimensional vectors of
the considered FNAA.

The vector equation

(ze + yi+ zj) o (ae + bi+ cj) = ae + bi + cj (4)

that defines the left-side unit elements can be reduced to the following system of
three linear equations:

(pa + 7b+ Ae)x
(na + 70+ Ae)y
(pa 4+ 7b+ Xe)z

a,
b, (5)
C.

Solving the system (5) one gets the following statement.

Proposition 2. To every vector V = (a,b,c), such that ua + 7b + Ac # 0, there
corresponds a unique local left-side unit vector

a b c
B = _ .
1= (2,9, 2) <ua+7b+)\c’ua+rb+)\c’ua—i—7’b+>\0) )
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It is easy to show that the local left-side unit element is contained in the set (3),
i.e., it is equal to the local bi-side unit of the vector V.

Let us consider the sequence V,V?2 ... Vi (for i = 1,2,3,...). If the vector
V is not a zero-divisor relatively some of its power (zero-divisors are considered
below, where it is shown that vectors satisfying the condition au + b7 + ¢\ # 0
are not zero-divisors), then for some two integers h and k > h we have V¥ = V"
and V¥ = VFk=h o Vb = VP o VF=h = YVk=h o VP Thus, the mentioned sequence
is periodic and for some integer w (that can be called order of the vector V)
the equality V¥ = V*=* = E’ holds, where E’ is a bi-side local unit such that
VioE' = E' o Vi = V' holds for all integers i.

Thus, taking into account that the local right-side unit element corresponding
to the vector V' is a unique one, we can conclude the following:

Proposition 3. Suppose V = (a, b, c) is a vector such that ap+ b1 +cA # 0. Then
the vector E, described with the formula (6) acts as a unique bi-side local unit
element E' in the subset {V, V2, . VL. .}, and the value E' can be computed
as some power of V.

Thus, the element E; defined by the vector V = (a,b,c¢) acts on vectors
V,V2,...,V as alocal bi-side unit for an arbitrary integer i > 1.

Example. The last fact can be illustrated by the following computations using
the values
p = 991615146597818046071879, n = 3176589117, 7 =1, A = 8766554, and

N = (a,b,c) = (8654389874321123,35172879913271, 185758463523115).

Computation of the value E’ as E' = N?°~! and using formula (6) from State-
ment 2 gives the same result

E =
(73697875749428423568471, 450511442110889243261952,
501366196117758720690571).

Finding the right-side zero-divisors for the vector V' = (a,b,c) is connected
with consideration of the vector equation

(ae + bi+ cj) o (ze + yi+ zj) = (0,0,0)
that can be reduced to the following system of equations:

(ux 4+ 7Yy + A2)a =0,
(pz + Ty + A2)b =0, (7)
(px + 71y + A2)c = 0.

Solution of system (7) defines the following set of the right-side zero-divisors

D, =(z, y, 2) = (x, Y, AN (—px — Ty)) , (8)
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where x and y take on all values in GF(p). Every value D, from set (8) represents a

global right-side zero-divisor acting on all 3-dimensional vectors of the considered

FNAA. Formula (8) describes the vectors to which no left-side unit corresponds.

Below it is shown that formula (8) describes square roots of zero vector (0, 0,0).
The vector equation

(ze + yi+ zj) o (ae + bi+ ¢j) = (0,0,0)

that defines the left-side zero-divisor can be reduced to the following system of
three linear equations:

(pa + b+ o)z
(pa + b+ Aoy
(ua+ b+ )z

0,
0, (9)
0.

Solving system (9) one gets the following statement.

Proposition 4. To every vector V = (a,b,c) such that pa + 7b 4+ Ac # 0, there
corresponds no left-side zero-divisor, except (0,0,0). Every vector of the considered
FNAA acts on vectors V' = (a/, V', ), such that pa’ + 70" + A’ =0, as a left-side
zero-divisor.

Consideration of the vector equation
Do D =(0,0,0),
where D = (z,y, z) is unknown, leads to solving the system

(px 4+ Ty + A2)z =0,
(nr + 7y + Az)y = 0,
(nx 4+ 7y + A2)z = 0,

that defines the following set of square roots of the zero vector (0,0, 0) :

D= (QT, Yy, — )\_I(N$+Ty))7

where x and y take on all values in GF(p). Thus, vectors V = (a/, V', ¢'), coordinates
of which satisfy condition pa’ + 76" + A¢’ = 0, are square roots of zero.

Taking into account Proposition 4 and finiteness of the considered vector space
it is easy to see that the vector V| such that pa + 7b 4+ Ac # 0, generates periodic
sequence V,V2,..., V'’ where i = 1,2,3,..., and for some value i = w we have
V¥ = E', where E' = Ej is the local bi-side unit determined by coordinates of the
vector V in accordance with the formula (6) from Proposition 2.

Like in the case of FNAA of two-dimensional vectors, non-commutative as-
sociative multiplication of the 3-dimensional vectors can be defined alternatively
with Table 3 that represents transposition of the Table 1. It is easy to see that
Table 3 defines the FNAA having the properties very close to the properties of the
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considered FNAA of 3-dimensional vectors. Indeed, suppose V and W to be arbi-
trary 3-dimensional vectors and o and x to be the vector multiplication operations
defined with Table 1 and Table 3 respectively. Then

VoW=WxV.
The proof of this fact consists in straightforward using of the definition of the

multiplication operation and the indicated two BVMTs.

Table 3: Alternative BVMT defining associative multiplication in the finite vector
space of the dimension m = 3

o ‘ e i j
e | pe piopj
i|7e 71 Tj
jlxe AN

4. Particular variants of 3-dimensional FINA As

Except Tables 1 and 3, other particular BVMTs defining 3-dimension FNAAs
are possible, which can be attributed to the type of unbalanced BVMTs. If the
BVMT is such that while multiplying two input vectors the e-coordinate does not
influence the i- and j-coordinates of the output vector, then the BVMT is called e-
unbalanced. Similar definitions can be formulated for i- and j-unbalanced BVMTs.
In such sense the BVMTs presented by Table 1 and 3 can be called balanced. Four
different unbalanced BVMTs and formulas for describing local unit elements (left-
side Ej, right-side E,, and bi-side E’ ones) for the vector V' = (a, b, ¢) relating to
the FNAAs defined with these BVMTs, are presented bellow.

Table 4: The j-unbalanced BVMT

o ‘ e i ]
e |pue pi O
i|7e 71 O
iluwi om0

Case of Table 4. The set of the left-side local unit elements of the vector
V = (a,b,¢) such that 7 # 0 and pa + 7b # 0, is described as follows:

1—ph
El<ha K ; < )a
T pa + b
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where h =0,1,...,p— 1.
The set of the right-side local units of the vector V is described as follows

(where h =0,1,...,p—1):

a b
E, = , Jh.
<ua—|—7b pua +7b >

For the vector V' there exists only one local bi-side unit:

, a b c
C\pa+7b pa+71b" pa+7b)°

Table 5: The e-unbalanced BVMT

) ‘ e i j
e 0 0 0
i | pe piooTi
ilre w7

Case of Table 5. The set of the left-side local units corresponding to the vector
V = (a,b,c) such that ub+ 7¢ # 0, is described by the following formula (where

h=0,1,...,p—1):
[ AL
ub+71c” ub+ Tc
The set of the right-side local units of the vector V is described by the following
formula (h =0,1,...,p—1):

B, = <“,h,1“h>.
ub+ Tc T T

The single local bi-side unit of the vector V is

o a b c
 \pb+1¢ pb+1¢ ph+7¢ )

Table 6: The i-unbalanced BVMT
J

e e (D o

i

i
0 O
i e

— o 0|e
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Case of Table 6. The set of the left-side local units corresponding to the vector
V = (a,b,¢) such that a + b # 0, is described by the following formula (where
h=0,1,...,p—1):
E, = (1,h,0).

There exists only one local right-side unit E, corresponding to the vector V =
(a,b, c), which is equal to the local bi-side unit E’:

E, =E = <1,b,o>.
a+b

Table 7: Alternative i-unbalanced BVMT

o ‘ e i j

e | pe ui Te
i | pd 0 Ti
ilworio

Case of Table 7. The set of the right-side local units of the vector V = (a, b, ¢),
where 7 # 0 and pa + 7¢ # 0, is described as follows (where h =0,1,...,p —1):

1
E = <h,o,—“h).
T T

There exists only one local left-side unit £ for the vector V', which is equal to
the local bi-side unit E’:

E,=F=—2—0—°
! pa+7e’ T pa+Te)

We note that Tables 1 and 3 define some new unbalanced BMVTs, when one
of structural coefficients is equal to zero. For FNAAs defined with every one of
the considered unbalanced BVMTs (see Tables 4 to 7) Proposition 1 is not valid.
However Proposition 1 is valid for FNA As defined by unbalanced BVMTs obtained
by taking one structural coefficient equal to zero in Tables 1 and 3.

5. Discussion and potential application

One of the interesting properties of the investigated FNAAs is mutual associa-
tivity of all modifications of the parameterized non-commutative multiplication
operation.

In the literature, parameterized commutative multiplication operation for the
cases m = 2 and m = 3 [5] does not possess such property. Like in BVMTs used
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in [4] for defining 2-dimensional FNAAs, each of Tables 1 and 3 represents m
repetitions of the sequence of m basis vectors which are written as strings or as
columns of the table. Every cell of the given column in Table 1 and every cell of
the given row in Table 3 contains the same structural coefficient. In general case
coefficients relating to different columns in Table 1 and different rows in Table 3
are different.

It is easy to check that BVMT with such structure defines associative non-
commutative multiplication in finite vector space having arbitrary dimension m.
We have preliminary considered the properties of the FNAA of the vectors having
dimensions m = 4,5, 6. Properties of such FNAAs resemble the results described
in Sections 2 and 3, including mutual associativity of the modifications of the
multiplication operation parameterized with different sets of structural coefficients.
Detailed consideration of the cases m > 3 represents interest for independent
research. One can expect that for m > 3 there are significantly more variants of
different BVMT defining associative non-commutative multiplication operation.
An example relating to the case m = 4 is presented in [2], though the modifications
of the parameterized multiplication operation of that example are not mutually
associative.

The FNAA considered in [2] represents a finite non-commutative ring with
(global) bi-side unit. One can expect that in the cases m > 4, when designing
different types of BVMTs, it is possible to construct FNAAs having qualitatively
different properties.

During execution of the described research we have performed many different
computational experiments to check practically the results of analytic considera-
tion. Only results of computing local bi-side unit elements as an integer power of
the corresponding vectors have been presented in the paper, since such computa-
tional experiment is more interesting due to its indirect connection with the results
of analytic consideration of the systems of linear equations defining properties of
the multiplication operation.

In the case of FNAA defined with balanced BVMT described by Table 1 one
can remark the following. If some vector V' = (a,b,c) satisfies the condition
pa+T7b-+ e # 0, then for arbitrary integer i the vector V* can not act as the right
zero-divisor relatively all 3-dimensional vectors, except (0,0, 0).

Indeed, assumption DoV? = (0,0, 0) leads to contradiction with Proposition 4.
Therefore the sequence V, V2 ...V ... does not contain the vector (0,0,0) and
is periodic. The last leads to conclusion that such sequence contains local bi-side
unit element E’ corresponding to V, i.e., for some integer w we have V¥ = FE’.
Thus, the subset {V,V?2,...V*} of 3-dimensional vectors represents a cyclic finite
group contained in the FNAA.

Mutual associativity of the multiplication modifications represent interest as
cryptographic primitive for designing secret key cryptoschemes in which operations
are used as key elements.

Regarding the public-key cryptoschemes it is interesting to consider designs
based on computational complexity of the hidden conjugacy search problem (that
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can be called alternatively the discrete logarithm problem in a hidden cyclic sub-
group) in FNAAs of 3-dimensional vectors.

Suppose W to be some vector generating commutative finite multiplicative
group having sufficiently large order w, in which the bi-side local unit element E”
connected with W is the unit of such group.

One can define the following homomorphism ¢y over the subset of elements
{Vg~} of the FNAA which are described as follows Vg =V o E”| where V takes
on all values in the FNAA.

Like standard automorphisms ¢y of some finite non-commutative ring, which
are described by formula (V) = U=t oV oU, where U is an invertible element of
the ring and V' takes on all values in the ring, one can define the homomorphism
pw,t as follows:

owt (Vien) = WY " o Vg o W
To construct public-key cryptoschemes, like that described in [2, 3], one can
select some vector G generating a cyclic group (that is a subset of elements of the
FNAA) having sufficiently large order g, which satisfies the condition G o W #
W o G and use the formula

Y =W“"1o (Go E”)x o W,

where Y is public key and the pair of numbers (¢, z) is private key (the integers
t <w and x < w are to be selected at random).

Suppose Y4 and Yp are public keys of the users A and B respectively. Then
they are able to generate a common secret key

Zap =W "o (Yp)™ o W' = W18 o (Ya)™ o W's,

where (ta,24) and (tp,xp) are private keys of the users A and B respectively.

It should be noted that the used balanced BVMTs for defining 3-dimensional
FNAAs are particular cases of the BVMTs for defining m-dimensional FNAAs,
which are presented as Tables 8 and 9, where u; € GF(p), (i = 1,2,...,m) are
structural coefficients.

Proposition 5. The multiplication of the m-dimensional vectors
V= (v1,v2,...,0i,...,0m) =v1€1 + v2€2 + ... +v;€ + ... + vpep

for an arbitrary integer m > 2, defined by Tables 8 and 9, is an associative opera-
tion.

Table 8: The BVMT for defining m-dimensional FNAA

] ‘ €1 (D) ce €m
€1 Hi€el H2€1 ceo MUme€1
€2 H1€2 H2€2 <o Hme2

€m Hi1€m H2€m N Hm€m
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Table 9: Alternative BVMT for defining m-dimensional FNAA

o ‘ e €2 . en
€1 Hi€ex Hi€2 s 1€,
€2 Ha2€1 H2€2 cee o H2€y,
€m Hme1 Hm€2 oo Hm€em

To prove the last statement it is sufficient to show that for arbitrary ordered
set of three basis vectors e;, e; and e;, the following formula holds:

(e;oej)oe, =e;0(ejoey).
In the case of Table 8 we have
(e;oej)oey = (uje;) oey = pjpre;
j j j

and
e; o (ej ] ek) =e€; 0 (M/cej) = i k€5

In the case of Table 9 we have
(€0 ej) cep = (,Uiej) O €r = [illj€

and
e;o(ejoer) =e;0(uer) = pip;es.

5. Conclusion

In the present paper, the 3-dimensional FNA As are introduced. The used BVMTs
define the parameterized non-commutative multiplication operation in finite space
of 3-dimensional vectors. They have sufficiently simple structure and represent
particular cases of two general-type BVMTs (see Tables 8 and 9) that can be used
for defining FNAAs of arbitrary dimension m > 2.

An interesting feature of the considered FNAAs is existence of different sets
of elements that act (on some other sets of elements) as the single-side unit el-
ements. Except the elements that are square roots of zero, to every element W
of the FNAAs corresponds one two-side unit Ejj,. Usually, to different elements
correspond different two-side units and therefore the lasts are called local.

For the given local unit Ejj, over the subset {V o Ejj,} a homomorphism can
be defined and used for constructing public-key cryptoschemes based on computa-
tional difficulty of the discrete logarithm problem in a hidden cyclic group of the
FNAAs.

Future research in the context of the concerned topic is connected with study
of the m-dimensional FNAAs for the cases m > 4, which are defined by Tables 8
and 9. It is also interesting to consider other variants of BVMTs for defining
3-dimensional FNAAs and to investigate the properties of the lasts.
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Torsion-unitary Cayley graph of an R-module

as a functor

Ali Ramin and Ahmad Abbasi

Abstract. Let R be a commutative ring with 1 # 0 and U(R) be the set of unit elements.
Let M be an R-module and T (M) the set of torsion elements. In this paper, we introduce and
investigate the torsion-unitary Cayley graph of M, denoted by Y r(M). It is a simple graph
with vertex set M X R, and two elements (m,r),(n,s) € M X R are adjacent if and only if
(m,r) — (n,s) € T(M) x U(R). We observe that Tr(—) acts as a functor on the category of
modules. We also introduce the exact sequence of Cayley graphs and determine the properties
of functor T r(—).

1. Introduction

The Cayley graph introduced by Arthur Cayley in 1878 is a useful tool for connec-
tion between group theory and the theory of algebraic graphs. Let G be an abelian
additive group, C be a subset of G. Whenever 0 ¢ C and —C = {—c|ce C} C C,
then the Cayley graph Cay(G,C) is the graph with vertex set G and edge set
{{a,b} |a — b € C}. The Cayley graphs as a subcategory of category of graphs is
denoted by €. We refer the reader to [8] for general properties of Cayley graphs.

In recent years, for a ring R and M as an R-module, Cayley graphs of the
abelian group (R,+) and (M, +) with respect to subsets of R and M have re-
ceived much attention in the literature. Suppose that Z(R), U(R), J(R) and
Nil(R) are the set of zero-divisors, the set of unit elements, the Jacobson radical
of R and the ideal of nilpotent elements, respectively. In [4] and [12], the authors
obtained some basic properties of Cay(R,U(R)), denoted by Gg, which is usu-
ally called the unitary Cayley graph. Also in [11], D. Kiani and M. Molla Haji
Aghaei show that if Gr = Gg, then R/J(R) = S/J(S) where R and S are finite
commutative rings. Moreover, in [13], J. Sato and K. Baba studied the chromatic
number of Cay(R, Z(R) \ {0}). In [14], Shekarriz et al. tried to answer the nat-
urally arising question: Under what conditions on a finite commutative ring R,
do we have 7(R) = Cay(R,Z(R) \ {0})? where 7(R) is the total graph defined
in [5]. Also G. G. Aalipour and S. Akbari continued to investigate the properties
of Cay(R,Z(R) \ {0}) in |1] and [2]. Let M be an R-module where the collec-
tion of prime submodules is non-empty. Let N be an arbitrary union of prime
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submodules and T (M) = {m € M |rm = 0 for some 0 # r € R} be the set of
torsion elements of M. Also, suppose that ¢ € U(R) such that ¢~ = c. In [3], we
define the extended total graph of M as a simple graph TT.(M, Np) with vertex
set M, and two distinct elements x,y € M are adjacent if and only if x 4+ cy € Ny
and study some graph theoretic results of it. Also In [6], the authors show that if
M # T(M), then T(M) is a union of prime submodules of M. Hence in [3], we
investigate some properties of TT'_1 (M, T(M)) = Cay(M,T(M)\ {0}) too. These
provide a motivation to introduce a graph over an R-module as a functor from
category of modules to subcategory of graphs.

In this paper, we introduce the torsion-unitary Cayley graph of M, denoted
by Tr(M). It is a simple graph with vertex set M x R, and two elements
(m,r),(n,s) € M x R are adjacent if and only if (m,r) — (n,s) € T(M) x U(R).
We show that it acts as a functor over an R-module. Also we introduce two func-
tors, unitary Cayley graph and torsion graph and study some category theoretic
properties of them. The motivation is based the fact that any ring homomor-
phism and R-module homomorphism preserves the unit elements and the torsion
elements, respectively. Of course, any ring homomorphism preserves idempotent
and nilpotent elements too. But to make a simple graph (without loop), the set
of unit elements is used in definition.

In Section 2, we determine some basic properties of Yr(M). In section 3, the
graph YT (M) will be studied in finite mode. Also in the end of this section, an ex-
ample will be provided to demonstrate defects of proof given in [14, Theorem 5.2].
It is not counterexample for [14, Theorem 5.2], which is only indicated counting the
number of vertices of a maximal clique of 7(R) is very complicated in this case (a
clique in a graph G is a subset of pairwise adjacent vertices). We also show errors
underlying their proof. In the last section, we define the functor Y : Mpr — €
with Yr(M) = Cay(M x R, T(M) x U(R)) where My is the R-module category.
Let ¢ : M — N be an R-module homomorphism, then Tr(¢) : Tr(M) — YTr(N)
given by Yr(4)((m,r)) = (¢(m),r) is a homomorphism of graphs. Also let R be
the category of ring and let TTgr(M) be Cay(M,T(M) \ {0}) with loop on all
vertices. Then T* : R — € and Y! : Mr — € are functors, with T*(R) = Gr
and T!(M) = TT r(M) respectively. In this section, we investigate the properties
of these functors and introduce an exact sequence of cayley graphs.

Throughout this article, all rings are assumed to be commutative with non-
zero identity. Let R be an Artinian ring, the structure theorem [7, Theorem 8.7]
implies that R = Ry X...Xx R;, where each R; is a local ring with maximal ideal m;;
this decomposition is unique up to permutation of factors. We denote by k; the
residue field R;/m; and f; = |k;|. We also assume (after appropriate permutation
of factors) that fi < fo < ... < fi. Asusual, Z, Q, Z,,, and F, will denote the
integers, rational numbers, integers modulo n, and the finite field with ¢ elements,
respectively. R is reduced if Nil(R) = {0}. For more notations, we refer the reader
to [7].

Let G be a graph with the vertex set V(G). A graph G is totally disconnected
if no two vertices of G are adjacent. The complement of G is denoted by G.
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For vertices = and y of G, the length of a shortest path from x to y is denoted by
da(z,y) (da(z,z) = 0 and dg(x,y) = oo if there is no such path). The diameter of
G is diam(G) = sup{dg(z,y)|r and y are vertices of G}. The girth of G, denoted
by ¢r(G), is the length of a shortest cycle in G (gr(G) = oo if G contains no
cycles). The complete graph on n vertices is denoted by K. A graph G is called
bipartite if its vertex set can be represented as the union of two disjoint sets V7 and
V4, such that every edge of G connects an element of V; with one of V5. We call V7,
Vs a bipartition of V(G). The union of two simple graphs (with loop) G and H is
the graph G U H with the vertex set V(G)UV (H) and the edge set E(G)U E(H).
Also |J!_, G is denoted by tG. Let P = {Vi,..., 4} be a partition of the vertex
set of GG into non-empty classes. The quotient G/P of G by P is the graph whose
vertices are the sets V4, ...,V and whose edges are the pairs [V;, V] such that there
are u; € Vj,u; € V; with [u;,u;] € E(G). The mapping mp : V(G) — V(G/P)
defined by 7p(u) = V; such that u € V;, is the natural map for P. Quotients often
provide a way of deriving the structure of an object from the structure of a larger
one. Observe that mp is a homomorphism and it is automatically faithful. If ¢
is a homomorphism of graph from X to Y, then the preimages ¢ ~'(y) of each
vertex y in Y are called the fibres of ¢. The fibres of ¢ determine a partition K,
of V(X) called the kernel of ¢. If Y has no loops, then the kernel is a partition
into independent sets. Given a graph X together with a partition K, of V(X),
define a graph X /K, with vertex set the cells of I, and with an edge between
two cells if there is an edge of X with an endpoint in each cell (and a loop if there
is an edge within a cell). The set of finite simple graphs, denoted by ©. A graph
with loop on all vertices, denoted by G°. The set of finite simple graphs in which
loops are admitted is denoted by ©°. The categorical product of G and H is the
graph, denoted by G x H, and vertex set V(G) x V(H), such that vertices (g, h)
and (¢’, ') are adjacent precisely if g¢’ € E(G) and hh' € E(H). Other names for
the categorical product that have appeared in the literature are tensor product,
Kronecker product or direct product. We know that the categorical product is
commutative and associative. Let G; and G2 be graphs. Also let G be a subgraph
of G; and V C V(G3) be the set of disjoint vertices, then G x V is denoted by
GV.

2. Torsion-unitary Cayley graph

In this section, we define the torsion-unitary Cayley graph of M and we obtain
some its basic properties and categorical product. Also, the relationship between
the torsion-unitary Cayley graph and the unitary Cayley graph will be expressed.

Definition 2.1. Let R be a commutative ring with nonzero identity and M be an
R-module. The torsion-unitary Cayley graph of M is a simple graph with vertex
set M x R, and two elements (m,r),(n,s) € M x R are adjacent if and only if
(m,r) — (n,s) € T(M) x U(R). This graph is denoted by YT r(M).
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Definition 2.2. Let R be a commutative ring with nonzero identity and M be
an R-module. The torsion graph of M, denoted by TT g(M), is the graph, whose
vertex set is M, and in which {m,n} is an edge if and only if m —n € T(M) (i.e.,
TTr(M) = Cay(M, T(M) \ {0})°).

In what follows, the some properties of categorical product is recalled.

Remark 2.3. Let K7 € O° denote the graph with exactly one vertex, on which
there is a loop. Observe that K7 x G = G for any G € ©°. Therefore, under the
operations x and +, the set ©° is a commutative semiring with unit K7. Also if G
has no loop at g, then H19} is totally disconnected; whereas if G has a loop at g,
then H19} is isomorphic to H. Let G = G4 x Ga X - -+ x G, = Hle G;. By simple
rewording of the definitions, each projection p; : G — G; is a homomorphism.
Furthermore, given a graph H and a collection of homomorphisms ¢; : H — G,
for 1 < i < k, observe that the map ¢ : = — (v1(x),p2(2),...,0k(x)) is a
homomorphism H — G. From the two facts just mentioned, we see that every
homomorphism ¢ : H — G has the form ¢ : z — (p1(2), p2(x),..., pr(x)), for
homomorphisms ¢; : H — G;, where ¢; = p;p. Clearly ¢ is uniquely determined
by the p; and ;.

Proposition 2.4. [9, Proposition 5.7] Suppose (g,h) and (¢', k') are vertices of a
categorical product Gx H, and n is an integer for which G has a g, ¢'-walk of length
n and H has an h, h'-walk of length n. Then G x H has a walk of length n from
(g,h) to (¢',h'). The smallest such n (if it exists) equals dgxm((g,h), (¢, 1')). If
no such n exists, then daxu((g,h), (¢’,h')) = co.

Proposition 2.5. [9, Proposition 5.8] Suppose x and y are vertices of G =
G1 X Gy X +++ X Gg. Then dg(z,y) = min{n € N | each factor G; has a walk of
length n from p;(xz) to p;(y)}, where it is understood that dg(x,y) = oo if no such
n exists.

Theorem 2.6. (Weichsel’s Theorem, [9, Theorem 5.9|) Suppose G and H are
connected nontrivial graphs in ©°. If at least one of G or H has an odd cycle, then
G x H is connected.

In view of the above theorem, we have the following corollary.

Corollary 2.7. A categorical product of connected nontrivial graphs is connected
if and only if at most one of the factors is bipartite.

Remark 2.8. (1). Tr(M) 2 TTr(M) x Ggr. Since every vertex m € TT' (M)

has a loop, every Gg"} is isomorphic to G g, also since every vertex r € G has
no loop, every TT r(M)1"} is totally disconnected.

(2). Let R be an Artinian ring and suppose that f; = 2, then G, is a bipartite
graph. Note that Gr = [[ Gr,-

Theorem 2.9. Gg is a bipartite graph if and only if Yr(M) is a bipartite graph.
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Proof. Suppose that Gg is bipartite. Let V; and Va be bipartition of V(Gg),
then TT g(M)"* and TTr(M)"2 are bipartition of V(Y g(M)). Therefore Y r(M)
is bipartite. Conversely, if Gg is not bipartite, then it has an odd cycle namely
O. Hence O™} is an odd cycle in YT R(M), since m has a loop in TT (M), a
contradiction. Therefore Gy is a bipartite graph. O

Proposition 2.10. Let R be a commutative ring with identity and let T(M) #
{0}, then gr(Yr(M)) < 4. In particular, if T(M) = {0}, then Tr(M) is the
union of |M| disjoint Gr’s, and gr(Yr(M)) = gr(GR).

Proof. Gr is not totally disconnected, also since T'(M) # {0}, Tr(M) is not
totally disconnected too. Since K3 x K» is a cycle of length four, gr(Yr(M)) < 4.
In particular, if T(M) = {0}, then Tr(M) = |J,, K7 x Gr = J,; Gr and it is
clear that gr(Yr(M)) = gr(Gr). O

By Remark 2.3, ng} is isomorphic to Gg for all m € M. Therefore we have
the following corollary in the light of Proposition 2.4.

Corollary 2.11. gr(Yr(M)) < gr(Ggr). In particular, gr(Yr(M)) = 3 if and
only if gr(GRr) = 3. Moreover gr(Yr(M)) =4, if gr(Gr) = 4.

Lemma 2.12. [8, Lemma 3.7.4] Cay(G,C) is connected if and only if C is a
generating set for G.

Remark 2.13. Let Gg = {V1(GR),...,Vk(GRr)} be a partition of the vertex
set of Tr(M) where V;(Gr) = m; x R for m; € M and |[M| = k (k can
be infinite). Since m; has a loop in TTx(M), Grl™} = Gp by Remark 2.3.
Hence the vertices V;(Gr),V;(Gr) € Tr(M)/Gr are adjacent if and only if the
vertices m;,m; € TTr(M) are adjacent since (m;,0) € V;(Ggr) and (m;,1) €
V;(Gr) are adjacent in YTr(M) if and only if m; — m; € T(M). Therefore,
Tr(M)/Gr 2 TTR(M).

As usual, if A C M, then < A > denotes the Z-submodule of M generated by
A.

Theorem 2.14. Let R be a commutative ring and M an R-module. Then YT (M)
is connected if and only if M =<T(M) > and R =< U(R) >.

Proof. Let YT r(M) be connected. By Lemma 2.12, M x R =< T(M)xU(R) > and
so M =< T(M) > and R =< U(R) >. Conversely, suppose that M =< T(M) >
and R =< U(R) >. By Lemma 2.12, G is connected and also TT (M) is
connected with loops. Consider Grl™ for some m; € M, then Grlmit ~ gy
by Remark 2.3. Hence there is a path in Yg(M) from (m;,r) to (my,r") for
r, 7’ € R since G is connected. Also since TT r(M) is connected, there is a path
in Tr(M)/Gr from V;(Gr) to V;(Gr) for every m; € M by the above remark.
Therefore there is a path from (m;,r) to (m;,r’) and YTr(M) is a connected
graph. O
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As an applications of the algebraic graph theory in modules theory, the follow-
ing corollary hold by Lemma 2.12 and the above theorem.

Corollary 2.15. Let M be an R-module, then M x R =< T(M) x U(R) > if and
only if M =< T(M) > and R=<U(R) >.

Theorem 2.16. Let R be a commutative ring and M an R-module. Suppose that
Y r(M) is a connected graph (i.e., M x R =< T(M)xU(R) >). If there is k which
is a greatest integer i such that m = ni; +no + -+ + n; where, m € M x R and
ny,...,n; € T(M) x U(R) with ny +na+---+n; is a shortest representation of m,
then diam(YTr(M)) = k. Otherwise, diam(Y gr(M)) = co. Moreover, if Y r(M) is
a connected graph, then diam(Yr(M)) = dprxr(0,m).

Proof. The proof is similar to the proof of [3, Theorem 14]. O

Remark 2.17. Let w € U(R) and j € J(R), then u+j € U(R). Hence, whenever
x and y are adjacent vertices in G, then every element of = + J(R) is adjacent to
every element of y+J(R). Moreover, z+m is a totally disconnected subgraph of G
where m is a maximal ideal. Therefore |, ,,(z + m){™} is a totally disconnected
subgraph of Tr(M). Also, suppose that M # T(M) and {Ny}rcq is the set of
all prime submodules of M. We know that T'(M) = [J, ., Nx for A C Q as shown
in [6]. Let N = Myeca N, then every element of m + N is adjacent to every
element of n + N* if m and n are adjacent vertices in TT gr(M). Furthermore,
m + Ny is a clique with loop in TT g (M), where A € A.

Lemma 2.18. Let R be a commutative ring and M be an R-module. Then :
(1) Yr(M) is complete graph if and only if M =0 and R is a field,
(1i) Tr(M) is vertex transitive,

(#i1) Yr(M) is a regular graph of degree |T(M)| x |U(R)| with isomorphic com-
ponents.

Proof. Let Tr(M) is complete graph. Then M = 0 since (m,r) and (n,r) are
not adjacent for every m,n € M and r € R. Also R is a field since if there
exists a nonunit  # 0 in R, then (m,0) and (n,x) are not adjacent. Part (i7)
holds for every Cayley graph of a group. To prove the last part, note that under
an automorphism of graph G, any component of G is isomorphically mapped
to another component. Since YTgr(M) is vertex-transitive, we conclude that the
components of Tg(M) are isomorphic and so part (ii¢) is proved. O

3. The case when M and R are finite

In this section, all graphs considered to be finite. It is natural to seek the conditions
under which A x C' = B x C' implies A = B. We call this the cancellation problem
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for the categorical product. In general, cancellation for the categorical product fails
dramatically. If C is any bipartite graph, then there are always non-isomorphic
graphs A and B for which AxC = B x C. Indeed, just take A = Ky and B = 2K?
(two loops), then A x C' = 2C = B x C. But we say that cancellation holds for
the torsion-unitary Cayley graphs in this section. Finally, we examine the validity
of the proof of Theorem 5.2 in [14].

Remark 3.1. Let R be a finite commutative ring, then Tr(R) = Gr x G since
R is an union of zero divisor and unit elements. Therefore if Gg = Gg, then
Tr(R) = Ys(5).

Corollary 3.2. Let R be a finite commutative reduced ring and let S be a com-
mutative ring. Then TT r(R) = TTs(S) if and only if R = S.

Proof. Let R be a finite commutative ring, then GiRO =~ TTr(R). By [11, Corollary
5.4], R = S if and only if TT'r(R) =TT s(S5). O

Theorem 3.3. Suppose that R and S are commutative ring and let M be an R-
S-bimodule. Then Yg(M) = YTr(M) if and only if Gg = Gr where Yg(M) € ©.

Proof. Tt is clear by [9, Proposition 9.6]. O

Corollary 3.4. Suppose that R and S are commutative reduced ring. let M be
an R-S-bimodule such that Yr(M) € ©. Then Ys(M) = Yr(M) if and only if
R=S.

Proof. This follow directly from [11, Corollary 5.4] and the above theorem. O

Theorem 3.5. Suppose that there is a ring homomorphism ¢ : S — R and
Tr(M),Ys(M) € O. Also let M and N be R-modules. If Yr(M) = Y r(N), then
Ts(M) = Tg(N).

Proof. 1t is clear by [9, Proposition 9.9]. O

By Theorem 2.9 and [9, Proposition 9.10], if Yr(M) € © and it has an odd
cycle, then Tr(M) = Tr(N) if and only if TTr(M) =2 TTR(N). Also by Lemma
2.18(4i7), if M is a torsion or torsion-free module, then Y r(M) = Tr(N) if and
only if TTr(M) = TTR(N) since TT'r(M) and TT gr(N) have loop on all ver-
tices and minimum and maximum degree of TT' r(M) and TT r(N) equal two and
|T'(M)|+ 1 respectively (a loop is incident to only one vertex, when measuring the
degree of such a vertex, the loop is counted twice). By the following theorem, the
condition that T g(M) has an odd cycle can be omitted.

Theorem 3.6. Let M and N be R-modules and let Tr(M) € ©, then
YTr(M) 2 YTg(N) if and only if TTr(M) 2 TTr(N).
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Proof. Suppose that Yr(M) = YTr(N). Since Tr(M) = TTr(M) x Gr and
YTr(N)=TTg(N) x Gg, |T(M)| = |T(N)| by Lemma 2.18(4i7). Hence

TFR(M) X GR/gR = TFR(N) X GR/QR,

where Gr is as mentioned in Remark 2.13. Therefore TTr(M) = TTr(N) by
Remark 2.13. O

Also, by the similar proof, the following corollary is obtained in the cancellation
for the categorical product.

Corollary 3.7. Let A, B,C € ©°. Suppose that A and B have loop on all vertices
and C has at least one edge. Then A x C = B x C if and only if A = B.

Shekarriz et al. answered the isomorphic question in [14, Theorem 5.2]: Let
R be a finite commutative ring, then 7(R) = Cay(R, Z(R) \ {0}) if and only if
at least one of the following conditions is true: (a) R = R; @ --- @ Ry, where
k > 1 and each R; is a local ring of an even order; (b) R = Ry & --- @ Ry, where
k > 2 and each R; is a local ring and f; = 2. But, they have errors in its proof
when they conclude 7(R) 2 Cay(R, Z(R)\ {0}), supposed (a) and (b) do not hold
for a finite commutative ring R. In the following, an example will be provided to
demonstrate defects of proof given in [14, Theorem 5.2], and we investigate the
method of proof too. The equivalence class Z(R;) + a;, is denoted by [a;].

Example 3.8. Let R =F, ®F, ® Z3 and (1,1,1),(0,0,—1) € R, denoted by 1
and x, respectively. Then 7(Fy @ F4 @ Zs3) has five maximal cliques, all containing
the edge {1, z}, which are given separately as follows:

(a). Let ¢; = ([1],]0],Z3), ca = (F4,[0],[—1]) and ¢35 = ([1],F4,[1]), then
c1 Uey Ucg forms a maximal clique, where |c1 U ca U cs| = |e1| + |ea| + |es| — Jer N
CQ|—|Clﬂ63|—|62003|+|01002ﬂ03| =34+44+4—-1-1-0+0=09.

By permuting the first two components, a new maximal clique will be gener-
ated: ([0],[1],Z3) U ([0],Fy, [—1]) U (Fy, [1],[1]). Since, |R|/f1 = |R|/f2, these two
cliques will be equal in size. Moreover, in these maximal cliques, vertices 1 and =
are already counted.

(b). Let ¢ = ([1],F4, [1]) and o = ([0], F4, [-1]), then ¢; U cp forms a maximal
clique, where |¢; U co| = |c1| + |ca| — |e1 Nea] =4+ 4 — 0 = 8. By permuting the
first two components, a new maximal clique will be generated:

(Fq, 1], [1]) U (Fy, [0], [-1]).

Since, in this example, |R|/f1 = |R|/f2, these two cliques will be equal in size.
Moreover, in these maximal cliques, vertices 1 and x are already counted.

(¢). Let er = ([1},[0,[0]), 2 = ([0], [1],[0]), es = ([1],[1],[1]) and cs =
([0, [0], [-1]), then ¢; U ca U eg Uy forms a clique of maximal size 4. It should be
noted that, the mutual intersection of every pair of ¢;’s is empty, for 1 = 1,...,4,
and vertices 1 and z are already counted.
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Remark 3.9. Note that this example is not contra example for [14, Theorem
5.2], this is an example which determines the method of counting the number of
vertices of a maximal clique of 7(R) is not true. Let R = Ry @ Ro ® Rs where
R; and Rs are even such that R;/Z(R;) = Fa, for ¢ = 1,2 and ¢ > 2, and R3
is odd. Then the layouts of equivalence classes of maximal cliques containing the
edge {1,x} are as the above example.

Now, let us return to the main subject concerning the flaws in the proof of [14,
Theorem 5.2].

The findings discussed in the proof are well-reasoned until they were going to
show that for i = 1,..., k, the edge {1, 2} does not belong to a maximal (|R|/f;)-
clique in 7(R). In that proof, it is supposed that {ys|s € S} is a set of elements
of R of maximal size which are adjacent to both 1 and x and also to themselves.
It is also cited that if {ys|s € S} U{1,z} forms a clique of maximal size |R|/f;,
then there must be 1 < m; < mg < -+ < my < k; 0 < g < k such that all y’s
belong to

Rl ®D-- '®Rm171 S>) [aml} @Rm1+l &b-- '@qu,1 (S¥) [amq} @qu+1 ©®-- EBRk (1)

Now, according to this direct sum and ambiguity in the assumption, y,’s could
be chosen in three following ways:

(1) ys’s belong to (1) in which a,,, and m; are fixed for all i = 1,...,q. Based on
maximal cliques in the example 3.8(a), 3.8(b) and 3.8(c), {ys|s € S}U{L, z}
is not a maximal clique. It shows that the argument can not be true.

(2) ys’s belong to (1) in which only m; are fixed for all ¢ = 1,...,q. Now,
example 3.8(a) shows that {ys|s € S} U{1,2} is not a maximal clique.

(3) ys’s belong to (1) in such away a,,,, m; and ¢ can vary. Thus ¢ will
be replaced with ¢y in (1), for some A € A such that 1 < ¢\ < k, and
ys, = {ys|s € Sx}’s are contained in the representation (1), where Sy C S
such that for all s € Sy, the elements of yg, in (1) have a fixed representation
(i.e., m;, and gy are fixed). In Example 3.8, ys, is the set of vertices of a
clique ¢;. Based on deduction in [14, Theorem 5.2], gx # 1. If gy > 2, then

R
lys, | = q|A|f’ and the required number is calculated by |Jys,| as in
=1 J ™M
Example ?;.8.

The counting method given in [14, Theorem 5.2] implies that the authors have
considered either conditions (1) or (2). Moreover, in the proof, where it is supposed
that 2 < ¢ <k, if [a,,] = [~1.,] and [a,,,] = [~2pm,] for some v #p, 1 <p < j
and j+1 < v < k, then 1 may belong to {ys|s € S}. Correspondingly, if 1 < v < j
and j + 1 < p < k, then « may belong to {ys|s € S}. Therefore, it is generally
incorrect to add 2 in counting the total number of vertices of maximal cliques.
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4. Torsion-unitary Cayley functor

In this section, we define torsion-unitary Cayley functor and determine some of its
categorical properties.

Definition 4.1. Let R be a commutative ring with nonzero identity and M be an
R-module. The functor T : Mp — Cwith Tr(M) = Cay(M x R, T(M) x U(R))
is a covariant functor. It is easily verified that if ¢ : M — N is an R-module homo-
morphism, then Yr(¢) : Tr(M) — Tr(N) given by Tr(o)((m,r)) = (¢(m),r) is
a homomorphism of graph.

Remark 4.2. In general, let R and S be commutative rings, v» : S — R a
ring homomorphism. Suppose that Mr and Np are R-modules and ¢ : M —
N is an R-module homomorphism. Then Mgz x S and N x S are S-modules,

Tr(9,¢) : Ts(Mgr) — YTr(Ngr) given by Ys(¢,¥)((m,r)) = (¢(m),¥(r)) is a

homomorphism of graph ((¢,idr) replace by (¢,%) in the above definition) and
the following diagram commutes:

Gduwy (O] s
T e AN L
MRXR NRXR
(¢7ZdR)
v (¢,1ds) v
(idat. ) YTs(M) Ts(N)
LN
Tr(M) Tr(N)
(¢,idR)

where, (—) denotes S-module homomorphisms, (=) denotes homomorphisms
of graph and (-->) denotes functors.

By Remark 2.3, if R = M =0, then Gg = TTgr(M) = K7. So the followings
hold:

(a) Let M =0, then M x R R, Yr(M) = Gg, Y_(0) is a functor from cate-
gory of rings to unitary Cayley graphs as a subcategory of graphs category,
denoted by T*(—), and the following diagram commutes:

S R
P
TU(S) TY(R)
v P v
Gs Ggr

(b) Let M be an R-module, then Yo(—) is a functor from My to torsion graphs
as a subcategory of category of graphs, denoted by T?(—). Note that, in this
case, graphs are not simple such that every vertex has a loop.
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We say that a functor F' : C' — D preserves a property 33 of a morphism f
in C if F(f) in D also has the property 8. We say that F' reflects a property
P if f has P in C whenever F(f) has P in D. Analogous definitions can be
made with respect to properties of objects. It is clear that every functor preserves
commutative diagrams. A homomorphism f from G to f(G) C H is called a
retraction if there exists an injective homomorphism ¢ from f(G) to G such that
fg = idsc). In this case f(G) is called a retract of G, and then G is called a
coretract of f(G) while g is called a coretraction. According to the definition of
the functor T, we have the following corollary.

Corollary 4.3. The functor Y preserves and reflects injective mappings and sur-
jective mappings. It preserves retractions and coretractions.

A homomorphism ¢ : G — H is called faithful if ¢(G) is an induced subgraph
of H. It will be called full if {g,¢'} € FE(G) if and only if {¢(g9), p(¢')} € E(H).
Let G be a simple graph and ¢ a full homomorphism, then ¢~!(h) U ¢~1(h')
induces a complete bipartite graph whenever {h,h'} € E(H).

Corollary 4.4. Let S be a commutative ring and M be an R-module. Suppose
that ' : S — S/J(S) and ¢ : M — M/N* are the canonical homomorphism,
where N™ is as mentioned in Remark 2.17. Then Y“(¢') and Y*(¢') are full
homomorphism of graph.

Let m' € T(M), then 0, : Gr — TTg(M) given by o, (r) = rm’ is a
homomorphism since Im(c,,) is a complete graph with loop.

Proposition 4.5. Let m € M \ T(M) such that U(R) = R\ (T'(M) : m), then
¢m : Gr = TTR(M) given by ¢ (r) = rm is a full homomorphism. In partic-
ular, if R is a finite commutative ring, then ¢, is a full homomorphism for all

m e M\ T(M).

Proof. It is clear that ¢, is a homomorphism of graphs. Suppose that {rym,ram}
is an edge in TT'r(M) for some 71,79 € R, then u = r9 — 1 € U(R) since
um € T(M) if and only if u € R\ U(R) = (T(M) : m) for m € M \ T(M).
Therefore ¢y, is full. For the “in particular” statement, suppose that R is finite.

Hence U(R) = R\ (T'(M) : m) for all m € M \ T(M) since every regular element
of a finite commutative ring is a unit. O

Remark 4.6. In Remark 4.2, 9 is a faithful homomorphism if and only if =1 (¢/(s))N
U(S) # @ for all 1(s) € U(R) because if {)(s1),1(s2)} is an edge in G for some
1,80 € S, then (sy + ko) — (s1 + k1) € U(S) for some ki, ky € Ker(¢)). Accord-
ing to the same reason, ¢ is a faithful homomorphism if and only if ¢=1(¢(s)) N
T(M) # @ for all ¢(s) € T(N). Also, 1 is a full homomorphism if and only if
Y= (¢(s)) CU(S) for all ¢(s) € U(R) because if ¢(s) € U(R), then {1(s),(0)}
is a edge in Gr and so s — 0 € U(S) since ¢ is a full homomorphism. According
to the same reason, ¢ is a full homomorphism if and only if ¢~*(¢(m)) C T(M)
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for every ¢(m) € T(N). Moreover, the homomorphism (¢, ) is faithful (full) if
and only if each of ¢ and v is faithful (full).

Proposition 4.7. Let 1 : S — R be a ring homomorphism such that the induced
map Spec(R) — Spec(S) is surjective. Then 1) : Gs — Gpg is a full homomor-
phism.

Proof. Let () is an unit, then ¢ (z) ¢ q for all ¢ € Spec(R). Hence x ¢ 1 ~1(q)
for all g € Spec(R). Since induced map is surjective, z is an unit and ¢ is full
homomorphism by the above remark. O

Theorem 4.8. In Remark 4.2, ¢ is a surjective full homomorphism of graph if
and only if 1 is surjective and Ker(y) C J(S). In particular, if 1 is a surjective
ring homomorphism and S is a local commutative ring, then v is a full surjective
homomorphism. a

Proof. Suppose that ¢ is full. Hence, ¢¥»~1(3(s)) C U(S) for all ¢(s) € U(R) by
Remark 4.6. Let s € Ker(1)). Then ¢)(1+ss') = 1 for all s’ € S, hence 1+ ss’ has
inverse and it follows that s € J(S). Therefore Ker(y) C J(S) and ¢ is a surjec-
tive ring homomorphism by Corollary 4.3. Conversely, let 1(s) € U(R), then there
is ' € S such that (s'+ Ker(v))(s+ Ker(y)) = 1+ Ker(¢) since S/Ker(¢) = R.
Hence ss’ — 1 € Ker(¢) and so (ss’ — 1) € J(S) since Ker(y) C J(S). There-
fore ss’ € U(S) and so s € U(S) since 1 + J(R) C U(R) and U(S) is a sat-
urated multiplicatively closed subset of S. Moreover, if 1 is surjective, then
is surjective too by Corollary 4.3. The “in particular” statement is clear since
Ker(y) C J(S) = mg, where mg is a maximal ideal. O

Corollary 4.9. Let v : S — R be a surjective ring homomorphism. Then
Y :Gs — Gr is a full homomorphism if and only if the map *: Max(R) —
Max(S) is surjective.

Proof. Let ¢ be a surjective full homomorphism. Then Ker(¢)) C J(S) by the
above theorem. Now, ¥* is a surjective map because if Ker(v)) contained in the
every maximal ideal and v is surjective, then 1)(mg) and ¢ ~!(mpg) are maximal
ideals for mg € Maxz(S) and mg € Max(R). Conversely, by the proof of Proposi-
tion 4.7, 1 is a full homomorphism. O

Recall that a ring homomorphism S — R is called flat (faithfully flat) if R is
flat(faithfully flat) as an S-module.

Theorem 4.10. Let v : S — R be a surjective flat homomorphism. Then
Y Gs — Gr is full if and only if ¢ is faithfully flat.

Proof. Let ¢ be a surjective full homomorphism, then Ker(¢) C J(5), by Theo-
rem 4.8. Also, ¢* : Max(R) — Maxz(S) is surjective and so for all m € Maxz(S),
R/4(m) is nonzero by Corollary 4.9. Therefore, by [10, Lemma 10.38.15], ¢ : S —
R is faithfully flat. Conversely, the induced map on Spec is surjective by [10,
Lemma 10.38.16]. Therefore, by Proposition 4.7, 9 is a full homomorphism. [
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Lemma 4.11. If ¢ in Remark 4.2 is an injective homomorphism of modules, then
¢ is a full injective homomorphism of graphs. Moreover, YTr(¢) is a full injective
homomorphism of graphs too.

Proof. 1t is clear by Corollary 4.3 and Remark 4.6. O

Theorem 4.12. Let M and N be R-modules where R is an integral domain and
let ¢ : M — N be an R-module homomorphism. Then Ker(¢) C T(M) if and
only if T'(¢p) = ¢ : TTr(M) — TT(N) is a full homomorphism of graph.

Proof. Suppose ¢(m) € T(N) for some m € M. Then r¢(m) = ¢(rm) = 0
for some r € R. Hence rm € T(M) since Ker(¢) C T(M). Therefore m €
T(M) since R is an integral domain. Conversely, if ¢ is full, then inverse map
of any torsion elements of N is a torsion element in M by Remark 4.6. Hence,
6-1(0) = Ker(@) C T(M). O

Remark 4.13. A homomorphism ¢ of a graph G into H gives rise to an equiv-
alence relation =,. In other words, the kernel of ¢, defined on V by u =, v if
and only if ¢(u) = ¢(v). Therefore, a homomorphism of graphs ¢ : G — H is
surjective and faithful if and only if w : G/K, — H is an isomorphism.

Theorem 4.14. According to the assumptions of Remark 4.2, let ¢ and ¢ be
faithful homomorphisms of graphs. Then

(1) TU(S/Ker(v)) = Gs/Ky,
(2) TH(M/Ker(¢)) =TT r(M)/Ky,
(3) Tr(M/Ker(¢)) = YTr(M)/Kgxid-

Proof. (1). By the above remark, if ¢ : Gg — Gpg is a faithful homomor-
phism, then Gs/Ky = (Gs). Since the diagram commutes in Remark 4.2(a),

P(YH(S)) = T4(1(5)). Therefore Gs/Ky = (Gs) = TH(S/Ker(1))).

(2) The proof is similar to the proof of part (1).

(3) Let ¢ be faithful and ¢xid : Tr(M) — Tgr(N) be the graph homomorphism
induced by ¢. Then ¢ x id is faithful by Remark 4.6. Hence

(¢ x id)(Tr(M)) = Tr(M)/K¢xid,
by the above remark. Since the diagram is commutative in Remark 4.2,
(¢ x id)(Tr(M)) = Tr(6(M)) = Tr(M/Ker(9)).
Therefore Yr(M/Ker(¢)) = Tr(M)/Kgxia- O

Corollary 4.15. Let Z and N be the partitions of ring S and R-module M which
generated by the equivalence relation modulo I as an ideal of S and N as a sub-
module of M, respectively. Let ¢ : Gg — Gg/r and ¢ : TTr(M) — TI'r(M/N)
be faithful. Then
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(1) T(S/I) = Gs/T,
(2) THM/N) =TT r(M)/N,
(3) TR(M/N) = TFR(M)/N X GR.

Proof. Let ¢ : S — S/I and ¢ : M — M/N are ring and module homomorphism,
respectively. Then Z = Ky, and N' = K4. Hence the three parts are clear by the
above theorem. N B O

Example 4.16. (a). Let n > 4 be an integer and ¢ : Z — Z/nZ be a ring
homomorphism. Then ¢~!(m) N U(Z) = @, where —1,1 # m € U(Z,). Hence
Y : Gz — Gz, is not faithful by Remark 4.6.

(b). Let 0 : Z¢ — Zg/3Ze be the canonical homomorphism of rings. Then
6= (m) NU(Zs) # @ and 071 (m) ¢ U(Zg) for m = 1,2. Hence the graph ho-
momorphism 6 : Gz, — Gz, is faithful, but is not full by Remark 4.6. Also,
consider @ as a homomorphism of Zg-modules, then 0= (m) N T(Zs) # @ and
6=*(m) ¢ T(Ze) for m = 0,1,2. Therefore, § : TTz,(Zg) — TTz,(Z3) is faith-
ful, but is not full by Remark 4.6. Moreover, let 0 x idz, : Yz,(Z¢) — Yz,(Zs3).
Since idyz, is a full homomorphism of graph and 6 is faithful, 8 x idz, is a faithful
homomorphism of graph by Remark 4.6. S

(c). Let R be a Noetherian ring and let f = > >° ja,2" € R[[z]], where
an, is nilpotent and Let R be the partition of ring R[[z]] which generated by
the equivalence relation modulo Nil(R) as an ideal of nilpotent elements. Then
{flan € Nil(R)} = Nil(R[[z]]) C J(R[[z]]) = >_nr( bnz™ where by € J(R) by Ex-
ercise 2 in [7, p. 84] and Exercise 5 in [7, p. 11]. Therefore ¥ : Gg[z)] = GRria))/R
is a full homomorphism of graphs by Theorem 4.8 and Corollary 4.15.

Let C and D be categories. A covariant functor ' : C' — D is said to be
faithful if the mapping Homg (A, A') — Homp(F(A), F(A’)) is injective for all
A, A’ € C, and it will be called full if this mapping is surjective.

Example 4.17. Let ¢ : Zs — Zo X Zso be an Zs-module homomorphism and
let ¢: Yy, (Z2) = Yy,(Zo X Z2) be a graph homomorphism with ¢(xg) = ag,
p(x1) = ag and ¢(y;) = aq for i = 1,2 by the following figure:

0 @ Yz,(Zs) — Yz,(Zo x Zs)
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then there is not a module homomorphism such that ¢ x idz, = ¢ since I'm(¢) is
a submodule of Zy X Zs.

Corollary 4.18. The functor Yr : Mr — Cay(G,C) is faithful. But is not full.

Proof. The first part follows directly from the definition. By the above example,
a homomorphism of graph is not a module homomorphism in general. Therefore
the functor Y is not full. O

Let R; be a commutative ring for 1 < ¢ < ¢t. The element (uy,us,...,u;) is a
unit of @ R; if and only if each u; is a unit element in R;. Hence Ggy r, = [[Gr,-

Remark 4.19. (1). Note that unlike in group theory, the inverse of a bijective
homomorphism of graph need not be a homomorphism. For example, any bijec-
tive homomorphism from K, to K,. A faithful bijective homomorphism is an
isomorphism of graphs.

(2). Since T(N@® M) CT(N) x T(M), the map

1:TTrR(N@® M) - TTRr(N) x TTr(M)
is a graph homomorphism.

Proposition 4.20. Let R be an integral domain and let M and N be R-modules.
Then Tr(N @ M) 2 TTg(N) x Tr(M).

Proof. Consider themap ¢ : Tr(NE&M) — TTr(N)x YT r(M) given by ¢(n,m,r) =
(n, (m,r)). Hence by Remark 4.19(2), it is a bijective homomorphism of graph.
Since R is an integral domain, (n,m) € T(N @& M) if and only if n € T(N) and
m € T(M). Therefore ¢ is faithful and Tr(N & M) X TTr(N) x Tr(M). O

Definition 4.21. Suppose that {G;}icz is a family of groups where e; is the
identity element of G;. A sequence of Cayley graphs

e — Cay(Gi_l,C’i_l) E) Cay(Gl,C'l) ﬂ> Ca,y(Gi+1,Ci+1) — e, (2)

is called exact if ¢; '(e;41) = Im(pi—1) and ¢;(Cj) € Cjyq for all 4,5 € Z. In
particular, the short exact sequence of Cayley graph is an exact sequence in the
form

Cay(G1,C1) 25 Cay(Ga, Cz) 22 Cay(Gs, C3),
such that ¢, and @5 are injective and surjective, respectively.

The above definition may be extended to the Cayley graph with loop on all
vertices (i.e., e; € C;).

Remark 4.22. By the above definition and Corollary 4.3, the functors T* and

Yt are exact. Let

"-—>Mi71m—_1>Miﬁ>Mi+1—>"'
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is an exact sequence of R-modules and R-homomorphisms, then

bi— bi
o TR(Misy) == Tr(M;) =5 Yr(Mipq) — -

is not the exact sequence since Ker(¢;) S Im(¢i—1), where ¢ = (¢,id). Also if
(2) is the sequence of Cayley graphs such that Im(p;_1) = ¢; *(giy+1) for some
gi+1 € Giy1 and every ¢ € Z, then it can be turned into an exact sequence
whenever ¢;’s replace with o;41p0;0; 1, where o0; is an automorphism of vertex
transitive graph Cay(G;, C;) with 0;(g;) = e;41, for all ¢ € Z.

Theorem 4.23. Let R be a commutative ring and

0 M, M, M; 0
\ i ‘ 2 \ 3
# b
0 M| —— M} M; 0

a commutative diagram of R-modules and R-module homomorphisms such that
each row is a short exact sequence. Consider the commutative diagram:

(¢1.idr) (¢2.idr)

TUCR(M;) —— TUCR(My) ——— TUCR(Ms)
(n1,idr) \ ‘ (n2,idR) \ (n3,idR)
(¢1,idr) (¢h:idn)

TUCR(M)) TUCR(Mj) TUC (M)

(1) If g1 and n3 are injective then so is (12, idR).
(2) If m and n3 are surjective then so is (12,idR).

(3) If m and n3 are isomorphism of module then (12,idg) is an isomorphism of
graph.

Proof. Parts (1) and (2) follow directly from Corollary 4.3 and Short Five Lemma
(Note that by the above remark, rows of the second diagram in this theorem is
not the short exact sequences of Cayley graphs).

(3). This follows directly from parts above, Lemma 4.11 and Remark 4.6. [

Let R be aring and let 0 — M; ¢—1> Mo ¢—2> M3 — 0 be a short exact sequence
of R-modules. The sequence is said to be split if ¢;(M;7) is a direct summand of
M. Up to isomorphism, one has My = M7 & Ms.
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Theorem 4.24. Let
0— My 25 My 2 My =0 (3)

be a split short exact sequence of R-modules and let T(Ms) be a submodule of M.
Then
TR(MQ) = TFR(Ml) X TR(Mg) = TFR(M:),) X TR(Ml)

Proof. Since (3) is a split short exact sequence of R-module, there are R-module
homomorphisms iy : Ms — M; and 9 : M3 — My such that 1 o ¢1 = idar,
and ¢g 0 9o = idp,. Consider map ¢ : Tr(Ms) — TTgr(M;) x YTr(Ms) given
by @(ma,r) = (Y1(ma2), p2 x idr(me,r)). Since 1 and ¢y X idg are homomor-
phisms of graph, so is ¢. Let p(ma,7) = p(mb, "), then ¢ (my) = 1(mb) and
¢2 % idr(ma,7) = ¢2 x idr(mh,1"). So h1(ma —mbh) = 0, my —mh € Ker(¢)
and r = 7/ since (¢2(ma),r) = (d2(mb),r’). Hence my — ml € Im(¢p;) since (3)
is a short exact sequence of R-modules. So mg = mj since 91 o ¢1 = idys, and
1(mg —mb) = 0. Therefore (msg,r) = (mh,r’) and ¢ is injective. Moreover, ¢ is a
surjective homomorphism of graph because if (mq, (mg,r)) € TT (M) x Tr(Ms),
then (¢1(m1) + 2(m3) — ¢1 0 P10 Ya(ma),r) = (ma, (M3, 7)) since g2 0 ¢1 = 0,
Y1001 = idpr, and ¢oo1hy = idyy,. Also we need to prove that ¢ is faithful for being
an isomorphism of graphs. Suppose that vertices a = (¢1(m2), p2 x idgr(ma, 7))
and b = (1(mh), g2 x idgr(mh,r')) are adjacent in TT (M) x Y r(Ms), then
m) = P1(mg —mh) € T(M;) and mj = ¢o(mg — mf) € T(Ms). Since T'(My) is
a submodule of My, (¢1(m)) + 2(mb) — ¢1 011 0 a(mfp) € T(Ms). Therefore
the vertices ¢! (a) = (¢1 0 ¥1(ma2) + Y2 0 ha(ma) — ¢1 0 Y1 0 Py © Po(m2), r) and
@71 (b) = (d1 0 h1(m) + 12 0 P2(miy) — 1 091 093 0 Pa(m)), 1) are adjacent in
Tr(Ms). O

Corollary 4.25. Let (3) be a split short exact sequence of R-module and T(Ms)
is a submodule of Ms. Then

Tr(Mz) = YR(M & M3) 2 TUr(M1) x TR(Ms) =TT r(Ms) X Tr(Mi).
Proof. By Theorem 4.23 and the above theorem, it is clear. O

Example 4.26. Let T (M) be a proper submodule of R-module M such that
|T(M)| = « and |M/T(M)| = 5. If R is a principal ideal domain, then the short
exact sequence of R-modules

0-TM)—>M— M/T(M)—=0 (4)

splits, so M = T'(M) & M/T(M) as a direct sum of a torsion module and a free
module. Then

T (M) 2 TTR(T(M)) x TDr(M/T(M)) x G = BKS x G

by the above corollary and [3, Theorem 7(1)]. But if ring R is not a domain,
then M/T(M) is torsion by |6, Theorem 2.8|. By |3, Theorem 7(1)], TTr(M) =



138 A. Ramin and A. Abbasi

K¢ x BKy = BK. Hence Y'(M) 2 TTr(T(M)) x TTr(M/T(M)) because if
ring R is not a domain, then TTR(T(M)) x TTr(M/T(M)) = K3 x Kg (let
K, x Kz = K x BK7. By |9, Proposition 9.6, K5 = BK7, so 3 = 1 and
M =T(M)).

As an applications of the algebraic graph theory in modules theory, the follow-
ing corollary hold by the above example.

Corollary 4.27. Suppose that the short exact sequence of R-modules (4) splits,
then R is a domain.
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Action of the group (z,y: 2% =y%=1)

on imaginary quadratic fields

Abdul Razaq

Abstract. Let H =< z,y : 22 = y% = 1 > be acting on Q (v/—n) and denote the subset
{% " a, “2;5”,0 € 7\ {0}} of Q (v=n) by Q* (v/=n). Also d(n) denotes the arithmetic

function which is defined as the number of positive divisors of n which are multiple of 3. In this
paper, we show that the total number of orbits of Q* (v/=n) under the action of H are

4 ifn =3,
d(n) if n =0 (mod3), but n # 3,
2d(n+1) if n=2(mod3).

1. Introduction

Let F be an extension field of degree two over the field Q of rational num-
bers. Then any element x € F\Q is of degree two over Q and is a primi-
tive element of F' (that is F' = Q[z] and {1,z} is a base of F over Q). Let
p(x) = 2% + bx + ¢, where b,c € Q, be the minimal polynomial of such an ele-
ment x € F. Then 2x = —b + /b2 — 4c and so, F = Q(v/b2 — 4c). Since b* — 4c
is a rational number % = Y3 with u,v € Z, we obtain ' = Q(y/uv). In fact
it is possible to write F' = Q(y/n), where n is a square-free integer. If n is a
negative square-free integer, then Q(y/n) is called an imaginary quadratic field
and the elements of Q(4/n) are of the form a + by/n with a,b € Q. The imagi-
nary quadratic fields are usually denoted by Q(v/=n) = {a+by/=n:a, be Q},
where n is a square-free positive integer. Imaginary quadratic fields are the only
type (apart from Q) with a finite unit group. This group has order 4 for Q(y/—1)

(and generator v/—1), order 6 for Q(/—3) (and generator @) , and order
2 (and generator — 1) for all other imaginary quadratic fields. We denote the
subset {‘”'3@ :a, ‘123% € Z and c € Z\ {0}} of Q (\/fn) by Q* (\/fn) . Some
fundamental properties of imaginary quadratic fields have been discussed in [2]
and [3].

Let G be a group generated by the linear fractional transformations z and y

satisfying the relations 22 = y™ = 1. If y : 2 — zjjrrg is to act on all imaginary

2010 Mathematics Subject Classification: 20G40, 05C25
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quadratic fields, then a, b, ¢, d must be rational numbers and can taken to be inte-
(ﬂ+d)2 az+b

ad—bc cz+d
(at+d)?

S = w+w ! + 2, where w is a primitive mth root of unity. Now w + w™!
is rational, for a primitive mth root w, only if m = 1,2,3,4 or 6. So these are the
only possible orders of y. The group < x,y > is cyclic of order 2, when m = 1.
When m = 2, it is an infinite dihedral group and does not give inspiring informa-
tion while studying its action on imaginary quadratic numbers. For m = 3, the
group < x,y > is the modular group PSL (2,7) and its action on real quadratic
numbers has been discussed in detail in [4] and [5].
In this paper, we are interested in the action of the group H =< z,y : 22 =
1 are linear fractional transfor-

¥ =1 >, where (z)z = 3% and (2)y = 3(%1)

mations, on Q* (v/—n) = {% VN g, 040 ¢ 7, and ¢ € 2\ {0}} Note that,
Q* (\/—n) remains invariant under the action of H. We show that the total num-
ber of orbits of Q* (\/—n) under the action of H are

gers, so that is rational. But ify: z — is of order m, one must have

4 itn=3
d(n) if n =0 (mod3), but n # 3
2d(n+1) if n=2(mod3)

2. Coset Diagrams

We use coset diagrams for the group H and study its action on the projective line
over imaginary quadratic fields. The coset diagrams for the group H are defined
as follows. The six cycles of transformation y are represented by six unbroken
edges of a hexagon (may be irregular) permuted counter-clockwise by y. Any two
vertices which are interchanged by involution z, is joined by an edge. The fixed
points of z and y, if they exist, are denoted by heavy dots. This graph can
be interpreted as a coset diagram,with the vertices identified with the cosets of
Stab, (H) , the stabilizer of some vertex v of the graph, or as 1-skeleton of the cover
of the fundamental complex of the presentation which corresponds to the subgroup
Stab, (H) . For more details about coset diagrams, one can refer to [1],[6],[7] and
8]

A general fragment of the coset diagram of the action of H on Q* (\/jn) will
look as follows.
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Definition 2.1. If a = % " € Q* (\/fn) is such that ac < 0 then « is called
a totally negative imaginary quadratic number and it is called a totally positive
imaginary quadratic number if ac > 0.

As d = azg"c'", so dc is always positive. Thus d and ¢ will have the same

sign. Hence an imaginary quadratic number oo = % — e Q* (\/—n) is totally
atv—n c
3c

negative if either a < 0 and d,c > 0 or @ > 0 and d, ¢ < 0. Similarly o =
Q* (v/=n) is totally positive if either a,d,c > 0 or a,d,c < 0.

For a = “J”ﬁ € Q* (v/=n) , norm of a is denoted by || a || and || o [|=| a | .

3. Main results

Theorem 3.1. If a = “‘“ —" € Q* (v/=n), then n does not change its value in
the orbit aH.

a+\/7 a +n _ =1 _ -1 _ —c _
Proof. Let oo = and d = . Since (a)r = 3 = E=a i

= 76(2;:{;7) = —a+f , therefore the new values of a and c for (a)z are —a and

d respectively. The new value of d for (a)x is “35” = 3(’(12%71) = c. Since (a)y =
1 o 1 o 1 _ 736(@“”367\/7”) _ —a—3ctv/—=n
Slatl) T g(etyongn) o s(engrie) 0 (a3 an] o SQetdiEe) )" therefore

the new values of @ and ¢ for (a)y are —a — 3¢ and (2a + d + 3¢) respectively.
(—=a=3c)®4+n _ a®+n+9c2+6ac
3(2a+d+3c)  3(2a+d+3c)

we can calculate the new values of a,d and ¢ for («) 37, where j = 2,3,4,5.

Moreover, the new value of d for (a)y is = ¢. Similarly

o a d 3c

(a)x —a c 3d

()y —a— 3¢ c 3(2a+d+ 3c)
(@)y? —5a —3d—6¢c | 2a+d+ 3c 3 (4a + 3d + 4c)
()y> | —Ta—6d—6¢ | 4a+3d+4c | 3(4a+4d+ 3c)
(a)y? —5a — 6d — 3¢ | 4a+4d + 3¢ 3(2a+3d+¢)
(@)y® —a—3d 2a+3d+c 3d

(v)yz | a+3c (2a + d + 3c) 3c

(a)y®x | ba + 3d + 6¢ da + 3d + 4c 3(2a+d+ 3c) (Table 1)
(@)y’z | Ta+6d+ 6¢ 4a 4+ 4d + 3¢ 3 (4a + 3d + 4c)
(a)y*z | ba+6d+3c | 2a+3d+c 3 (4a + 4d + 3c)
(a)y°z | a+3d d 3(2a+3d+¢)
(v)zy | a—3d d 3(—2a+3d+c)
(a)zy® | ba — 6d — 3¢ —2a+3d+c | 3(—4a+4d+ 3c)
(a)xy® | 7Ta —6d —6¢c | —4a+4d +3c | 3(—4a + 3d + 4c)
(a)zy® | 5a — 3d — 6¢ —4a+3d+4c | 3(—2a+d+ 3c)
(a)zy® | a—3c —2a+d+3c | 3c
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From above information we see that all the elements in aH are of the form % V(_”

Hence non square positive integer n does not change its value in aH. O

Theorem 3.2. The fized points under the action of H on Q* (\/—n) exist only if
n = 3.

Proof. Let g be a linear fractional transformation in H. Therefore (z)g can be

taken as ‘c’jis, where ad—bc = 1 or 3. Let zjjrrdb = 2z which yields quadratic equation

¢z + (d—a)z —b = 0. It has imaginary roots only if (a + d)* — 4 (ad — bc) < 0.
If ad — bc = 1, then (a + d)2 < 4 implies a + d = 0,£1, and if ad — bc = 3, then
(a + d)2 < 12 implies a + d = 0, +1, 42, +3. Hence we have the following cases.

() If a+d =trace(g) = 0, then g is involution and hence it is conjugate to the
linear fractional transformation z or 3.

(ii) If trace(g) = £1 and det (g) = 1, then (trace (¢))* = det (g) implying that
order of g is 3 and hence g is conjugate to 32 or y*.

(iii) If trace(g) = +3 and det (g) = 3, then (trace (g))*> = 3det (g) imply-
ing that order of g will be six and hence it is conjugate to the linear fractional
transformation y or y5.

(iv) If trace(g) = +1, det (g) # 1 or trace(g) = +3, det (g) # 3 or trace(g) =
42, then the order of ¢ is infinite and it is conjugate to the linear fractional
transformation (xy)"

Hence fixed points of g are imaginary if it is conjugate to the linear fractional

transformation z,y,y% y, y* or y°. Since fixed points of z and y are £¥=2 and

%\/TB respectively, and the conjugates of z and y having the same discriminant.
Hence fixed points exist only if n = 3. O

Example 3.3. Let g = zyz € H. Then (2)g = z yields the quadratic equation
322 — 32 4+ 1 = 0, which has roots % which are fixed points of g = zyx.

Example 3.4. Let g = yzy~! € H. Then (2)g = 2 yields the quadratic equation
322 + 62z + 4 = 0. This equation has roots %‘/TP’, which are fixed points of
g=yay "

Theorem 3.5.

(1) = maps a totally negative imaginary quadratic number onto a totally positive
imaginary quadratic number and vice versa.

(ii) If a = % e QF (\/fn) 18 totally positive tmaginary quadratic number,
then (a)y’ is totally negative imaginary quadratic number for j = 1,2,3,4,5.

Proof. (i) Let « be a totally negative imaginary quadratic number, then ac < 0
implies that either ¢ > 0 and ¢,d < 0 or a < 0 and ¢,d > 0. Now we have the
following table.

e a d | 3c
(v)r | —a | ¢ | 3d
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If a <0 and ¢,d > 0, then from above information we can see that new values of
a,d, c for (a)z are all positive. This implies that («)z is totally positive imaginary
quadratic number.

On the other hand, if @ > 0 and ¢,d < 0 then new values of a,d,c are all
negative. So («)z is a totally positive imaginary quadratic number.

Similarly = maps a totally positive imaginary quadratic number to a totally
negative imaginary quadratic number.
(i7) Following table gives the new values of a,d, ¢ for (a)y?, where j = 1,2,3,4,5.

« a d 3c
y | —a—3c c 3(2a+d+ 3c)
71 —5a—3d—6c | 2a+d+3c | 3(4a+3d+ 4c)
y? | =Ta—6d —6c | 4a+3d +4c | 3 (4a + 4d + 3c)
T —5a —6d —3c | 4a +4d+3c | 3(2a+3d +¢)
1 —a—3d 2a+3d+c | 3d

Since « is a totally positive, so either a,d,c > 0 or a,d,c < 0. If a,d,c > 0,
then (a)y’ are all totally negative imaginary quadratic numbers. Now if a, d, ¢ < 0,
then again from above table, we can see (a)y’ are all totally negative imaginary
quadratic numbers. Thus (a)y’ are all totally negative imaginary quadratic num-
bers. O

Theorem 3.6.
(i) If a = 5= € Q* (v=n), then ||a| = ||()z].

() If a = % Y€ Q" (v/=n) is totally positive imaginary quadratic number,
then [lof| < [[(e)y’|| for j =1,2,3,4,5.

Proof. (i) Consider the following table.

o a d | 3c
()x | —a | ¢ | 3d

which implies ||« =] a |= ||(a)z]].
(1) The values of (a)y’ for j = 1,2,3,4,5 are given in the following table.

a a d 3c

(a)y | —a—3c c 3(2a+d+3c)
(@)y? | =5a—3d —6¢c | 2a+d+3c | 3(4a+ 3d + 4c)
(@)y® | —Ta—6d —6¢ | 4a+ 3d+4c | 3 (4a + 4d + 3c)
()y" | =5a—6d —3c | 4a+4d+3c | 3(2a+3d+c)
(a)y” | —a—3d 2a+3d+c | 3d

Since « is a totally positive imaginary quadratic number, so ac > 0. Therefore
either a,d,c > 0 or a,d,c < 0. This implies |[()y| =| a + ¢ |>] a |. Also,
[(@)y?ll =| 5a +3d +2¢ [>| a |, [()y*| =] Ta+6d+2c > al, [(a)y*] =
| ba+6d+c|>|al, |l(a)y5|| =la+3d|>|a].

Thus ||« < ||[(@)y?] for j =1,2,3,4,5. O
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Theorem 3.7. If a = % e QF (\/fn) , then denominator of every element
in aH has the same sign.

Proof. Consider the following table.

« a d 3c
T —a c 3d
y | —a—3c c 3(2a+d+ 3c)

71 —5a—3d—6c | 2a+d+3c | 3(4a+3d+ 4c)
31 —7a —6d — 6¢ | 4da+ 3d+ 4c | 3 (da + 4d + 3c)

y* | —5a —6d — 3¢ | 4a +4d+3c | 3(2a+3d + ¢)
1 —a—3d 2a+3d+c | 3d

If a = ’H'V — e Q* (\/fn) with ¢ > 0, then d is also positive. So it can be
easily observed from the above information that every element in aH has positive

denominator. If o = “J” — e Q* (\/—n) with ¢ < 0, then d is also negative. So
it can be easily observed from the above information that every element in aH
has negative denominator. O

Theorem 3.8. Ifa = a+3“ e (\/fn), then there ezists a sequence of positive

integers |laol[, [larl, [lazll, - - [laml[| such that |lag|| > flaa ][ > flag| > ... > flam],
0.3 ifn=3
where ||an| =< 0 if n=0(mod3), but n # 3

1 if n =2 (mod 3)

Proof. Let a = a; be a totally positive imaginary quadratic number so (a7)x is a
totally negative imaginary quadratic number and || (o) ||=|| aq ||. Since (oq)z
is a totally negative imaginary quadratic number, then by Theorem 3.5 (ii), one
of (a1)zy? for j = 1,2,3,4,5 is a totally positive imaginary quadratic number. If
(a)xy’ = i is a totally positive imaginary quadratic number, then by Theorem 3.6
Il az [[< || (1) ||=]| @1 ||. Similarly, we obtain another totally positive imaginary
quadratic number a3 in the adjacent hexagon to that containing as such that
llaol] > [Jea|| > ||z Ultimately, we get a decreasing sequence of positive integers
lewolls [lecal; [leczl; - - s [Jevm | such that [of = [laoll > llaall > llag|[... > [lewm]].
After a finite number of steps it must terminate.

(¢) If n = 3, then after a ﬁnite number of steps we reach to a,, such that

lam|l = 0 or 3. If ap, = 73iv , then because 3i6V =3 are fixed points of ¥,
therefore, we can not reach at an imaginary quadratic number whose norm is
equal to zero. Otherwise we reach at a,, = —Vi_?)?’

(#) f n = 0(mod 3), but n # 3, then we reach at an imaginary quadratic
number ., such that |ay,| = 0.

X n = 2 (mo , then we reach at an imaginary quadratic number «,,

i) If 2 d3), th h at imagi drati b

such that |lay,| = 1. O

Example 3.9. Let oy = 7+‘3/j2, which is totally positive imaginary quadratic

number. Then (ap)z = _7‘271 V=2 which is totally negative imaginary quadratic
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number. Also in the hexagon containing (o), (ap)zy® = 4+\3/*72

4+v—=2
3

is totally

positive imaginary quadratic number. Take oy =
— 442
18

» 50 [len]l > laz]|.

is totally negative imaginary quadratic number, then in
14+v/—=2
3

Now (ag)z =

the hexagon containing (az)z, (ag)xy® = is totally positive imaginary

1+v-2
3

quadratic number. Take a3 = , implying that ||ao|| > |Jaa|| > [Jas]|-

Theorem 3.10. There are exactly four orbits of Q* (\/73) under the action of
H.

Proof. Since we know that there exists a sequence of positive integers |aol|, |1l
ezl .. ; llaam | such that [laoll > [lasll > [lozl] > [lasl| > [leal| > ... > |lan],
where ||| = 0 or 3. If a,, = :I:@ or 3i6ﬁ then :i:*/: and %‘/3 are
fixed points of z and y respectively. Therefore in this case there are four orbits
of Q* (v/=3). That is, FH FH, %H and 3+_7‘/6T3H. Hence there are
exactly four orbits of Q* (\/j3) under the action of H. O

Theorem 3.11. Let a € Q¥ (\/—n), where n # 3.

() If a = @ where n = 0 (mod 3) then ‘/3_7 and ‘/7 lie in aH.

)

(7)) If = 1+ﬁ, where n = 2 (mod 3) then 1+ﬁ and 1:;\_/17 lie in aH.

(i7) If a = _1%‘/?", where n = 2 (mod 3) then _1+§/j" and H;ﬁ lie in aH.

(iv) If a = Yonwhere n = 0(mod 3) and ¢ # £1,+2 2, n = 3ccy then V= and

S 7 3c
\?{C_T" lie in oM.
(v) If a = 1+there n = 2(mod3) and n + 1 = 3cey , then 1+3\/Cfn and

*1;7\/ lie in oH.
c1

(vi) If a = *1+\/7where n = 2(mod3) and n + 1 = 3ccy , thenil%ﬁ and
% lie in o H.

Proof. (i) If a = ‘/j" , then we have the following information.

o 0 3 3
a)x 0 1 n
(a)
()y | —3 1 n+9
()y® | -6—n oty 3(4+n)
()| —2n—6 | 4+n | 9+4n

1 _ _ 9+4n
(a)y 2n —3 5 3(n+1)
(a)y® | —n n+1|n

Hence from the above table, we see that Y= and ¥ lie in the same orbit.
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(i) f a = @, then we have the following information.

o 1 "T"'l 3
T -1 1 1+n
y —4 1 16 +n
y' [ -12—n [ BB 197430

—10—2n | B 112+ 3n
Y —2—-n 4+n 14+n

2

v | —15—2n | 94n | 25+4n
I
5

Hence from the above table, we see that H'VB_” and _1;;}1_” lie in o H.

(wi) If a = _1%\/?", then we have the following information.
o -1 "TH 3
() |1 1 1+n
()y | -2 1 4+n
@)y | —2—n ian 3(1+n)
(| —1—-2n | 1+n | 1+4n
(a)y™ | —2n LEIn 1 3
(a)y® | —n n n+1

Hence from the above table, we see that _1+3V = and 1‘:1+V T lie in the same orbit.

w) Ifa= @, then we have the following information.
3c g

«@ 0 c1 3c
(Q)CL’ 0 C 3 C1
(v)y | =3¢ c 3(Bc+c1)
(@)y” | —6c—3ci | 3ctci | 3(dc+3c1)
(@)y® | =6c—6c1 | dc+3c1 | 3(3c+4c1)
(@y? | =3c—6¢c1 | 3c+4c1 | 3(c+3c1)
(@)y® | —3c1 c+3a1 3c1

3 3c
(v) If = 14'3@, then we have the following information.

Hence from the above table, we see that ¥ and ¥ _1" lie in the same orbit.

o 1 c1 3c

() | -1 c 3

(v)y | —1—3c c 3(2+3c+c1)
(a)y? | =5—=6c—3c1 | 24+ 3c+ar 3(4+4c+3c1)
(a)y* | =T—6c—6c1 | 4+4c+3c1 | 3(4+3c+4c1)
(@)y”
(@)y”

-5 —3c — 6c1 4+ 3c+4cq 324+ c¢c+3c)
y —1—3¢; 2+ c+ 3¢ 3c1

Hence from the above table, we see that 1+3VC_" and _1;; =" lie in aH.

(vi) If & = 7127;/?", then we have the following information.
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« -1 c1 3c
() |1 c 3ca
()y | 1—3c c 3(2+3c+c1)
(a)y2 5—6¢c— 3c; 24+ 3c+c1 3(4+4c+3c1)
(@)y® [ T—6c—6c1 | 4+4c+3ci | 3(4+3c+4cr)
(a)y* | 5—3c—6¢c1 | 4+3c+4der | 3(2+c+3cr)
(a)y5 1—3¢; 2+ c+ 3c1 3c1
Hence from the above table, we see that _l'g\c/j” and 1‘?6/1?" lie in aH. O

Example 3.12. By using Theorem 9, the orbits of Q* (\/—30) are

(i) ¥ 7330 and VS_OSO lie in Vg?’OH. (i1) ”:g’o and Lj(’)o lie in V:g’OH.
(i1i) Y52 and Y522 lie in Y220 H. (iv) ¥=2% and Y520 lie in Y=2"H.

So, there are four orbits of Q* (v/—30).

Example 3.13. By using Theorem 9, the orbits of Q* (\/—11) are

(4) 1+v3—11 and _1+1V2_11 lie in /=1 VB_HH

(i1) YL and =YL e in LR,
(i1i) == and Y lie in =HY=U

(iv) 71+_V3711 and H_Vl;ll lie in =Hv=11 V3711H.

(v) 1+V6711 and 71+6V711 lie in 11 V(;HH.

(UZ) 1+\7/6—ﬁ and —1+7\é—;11 1+\EH.

lie in
So, there are six orbits of Q* (v/—11).

Definition 3.14. If n is a positive integer, then d(n) denotes the arithmetic
function defined by the number of positive divisors of n which are multiple of 3.

Theorem 3.15. If n # 3 then the total number of orbits of Q* (\/Tn) under the
action of H are
d(n) if n = 0(mod3), but n # 3.
{ 2d(n+1) if n=2(mod3).

Proof. If n = 0(mod3), then the divisors of n which are multiples of 3 are
+3,+mq, £my, £ms,...,£n. Then by Theorem 3.11 (i) there exist two orbits
of Q* (\/—n) corresponding to the divisors +3,+n of n. We therefore left with
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2d (n) — 4 divisors of n. Then by Theorem 3.11 (iv), there exist %;)_4 or-

bits corresponding to the remaining 2d (n) — 4 divisors of n. Hence there are
2+ %2)74 = d(n) orbits of Q* (v/—n).

If n = 2 (mod 3), then the divisors of n+1 which are multiples of 3 are +3, +n,
+ng, +n3,...,+t(n+1). By Theorem 3.11 (%) and (4i7) , there exist four orbits cor-
responding to the divisors 3, +(n+1) of n+1. Thus we are left with 2d (n +1)—4
divisors of n 4+ 1. By Theorem 3.11 (v) and (vi) corresponding to the remaining
2d (n+ 1) — 4 divisors of n + 1, there exist 2d (n 4+ 1) — 4 orbits. Hence there are
4+2d(n+1)—4=2d(n+ 1) orbits of Q* (v/=n). O

Example 3.16. Consider Q* (v/=30) . Then the positive divisors of 30 which are
multiple of 3 are 3,6,15,30. Therefore d (30) = 4, which implies that the total
number of orbits are four.

Example 3.17. In Q* (v/—11) . The number of positive divisors of 12 which are
multiple of three are 3,6,12. Therefore d (12) = 3. Hence the total number of
orbits are 2d (12) =2 x 3 = 6.

Corollary 3.18. The action of H on Q* (\/—n) is intransitive.
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On bi-ideals of ordered semigroups

Ze Gu

Abstract. The concepts of strongly quasi-prime, quasi-prime, quasi-semiprime, strongly irre-
ducible and irreducible bi-ideals of an ordered semigroup are introduced. Moreover, we chara-
cterize regular and intra-regular ordered semigroups using bi-ideals, and investigate the ordered
semigroups in which every bi-ideal is strongly quasi-prime.

1. Introduction and preliminaries

Ideal theory play an important role in characterizations of semigroups and ordered
semigroups. Lajos first introduced the concept of bi-ideals in semigroups (see [7]).
Li and He characterized the semigroups whose all bi-ideals are prime in [8]; the
semigroups whose all bi-ideals are strongly prime were determined by Shabir in
[9]. Kehayopulu did much work on characterizations of regular and intra-regular
ordered semigroups by ideals, quasi-ideals and bi-ideals (see [1, 2, 3, 4, 5, 6]).
The characterizations of regular and intra-regular ordered semigroups in terms of
fuzzy subsets were given by Xie and Tang in [10]. In this paper, we first intro-
duce the notions of strongly quasi-prime, quasi-prime, quasi-semiprime, strongly
irreducible and irreducible bi-ideals in ordered semigroups, and then characterize
regular and intra-regular ordered semigroups by bi-ideals. Finally, we characterize
those ordered semigroups in which all bi-ideals are strongly quasi-prime.

We recall some basic notions in ordered semigroups. An ordered semigroup is
a semigroup (9, -) endowed with an order relation < such that

(Va,b,z € S) a < b= za < zb and azx < bz.
Let (S,-,<) be an ordered semigroup. A non-empty subset B of S is called a
bi-ideal of S if it satisfies the following conditions: (1) BSB C B; (2) a € B and
be S, b <aimplies b € B. For a nonempty subset H of S, we denote

(H]={t€ S|t < hforsomehec H}.
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It is well known that the intersection of any number of bi-ideals of S is either
empty or a bi-ideal of S. For any bi-ideals B;, Bs of S, (B1B>] is a bi-ideal of S.

An ordered semigroup S is called regular ([2, 5]) if for every a € S there exists
x € S such that a < aza. Equivalent definitions: (1) A C (ASA] (VA C S);
(2) a € (aSa] (Va € S). An ordered semigroup S is called intra-regular ([2, 3]) if
for every a € S there exist x,y € S such that a < xza’y. Equivalent definitions:
(1) AC (SA2S] (VAC9); (2) a € (Sa®9] (Va € S).

2. Several classes of bi-ideals

In this section, we mainly introduce and study quasi-prime, strongly quasi-prime,
quasi-semiprime, irreducible and strongly irreducible bi-ideals in ordered semi-
groups.

Definition 2.1. Let S be an ordered semigroup and B a bi-ideal of S. B is called
quasi-prime (strongly quasi-prime) if BBy C B ((B1Bs] N (B2B41] C B) implies
By C B or By C B for any bi-ideals By and Bs of S. B is called quasi-semiprime
if B? C B implies B; C B for any bi-ideal B; of S.

Remark 2.2. From Definition 2.1, we know that every strongly quasi-prime bi-
ideal of an ordered semigroup S is quasi-prime, and every quasi-prime bi-ideal
is quasi-semiprime. However, a quasi-prime bi-ideal is not necessarily strongly
quasi-prime and a quasi-semiprime bi-ideal is not necessarily quasi-prime.

Example 2.3. (See [2]) Consider the ordered semigroup S = {a,b,c,d, e} with

the multiplication “-” and the order “ <” below:
a b ¢ d e
ala a a a a
bla b a d a
cla e ¢ ¢ e
dla b d d b
ela e a ¢ a

<:={(a,a), (a,b), (a,c), (a,d), (a,e), (b,b), (c,c), (d,d), (e, e)}.
We can deduce that the bi-ideals of S are
{a},{a,b},{a,c},{a,d},{a,e},{a,b,d},{a,c,d}, {a,b, e}, {a,c,e},S.

It is easy to see that the bi-ideal {a,b,e} is quasi-prime. But it is not strongly
quasi-prime. Indeed: we have

({a,cH{a,d}] = ({a,c}] = {a, c};
({a,d}Ha, c}] = ({a,d}] = {a, d};
{a,c} N{a,d} ={a} C{a,b,e}.

But neither {a,c} nor {a,d} is contained in {a, b, e}.
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Example 2.4. (See [2]) Cousider the ordered semigroup S = {a,b,c,d, e} with

the multiplication “-” and the order “ <” below:
a b ¢ d e
ala b a a a
bla b a a a
cla b ¢ a a
d|{a b a a d
ela b a a e

<:i={(a,a), (a,b), (b,b), (c,a),(c,b),(c,c)(d,a),(d,b),(d,d), (e, e)}.
We can obtain that the bi-ideals of S are
{a,¢,d},{a,b,c,d}, {a,c,d, e}, S.

It is easy to deduce that the bi-ideal {a,c,d} is quasi-semiprime. But it is not
quasi-prime. Indeed: we have

{a7 b7 C7 d}{a7 C7 d7 e} = {a7 C7 d}'
However, neither {a,b, ¢, d} nor {a,c,d, e} is contained in {a, ¢, d}.

Definition 2.5. A bi-ideal B of an ordered semigroup S is called irreducible
(strongly irreducible) if By N By = B (B; N By C B) implies B; = Bor B, = B
(B1 C B or By C B) for any bi-ideals By and By of S.

Remark 2.6. Clearly, every strongly irreducible bi-ideal of an ordered semigroup
is irreducible. The following example shows that the converse is not true.

Example 2.7. Consider the ordered semigroup S in Example 2.3. The bi-ideal
{a,b,d} is irreducible but not strongly irreducible because

{a,c} N{a,e} = {a} C {a,b,d}.
But neither {a,c} nor {a, e} is contained in {a,b,d}.

Proposition 2.8. The intersection of any family of quasi-prime bi-ideals of an
ordered semigroup is either empty or a quasi-semiprime bi-ideal.

Proof. Let T' be a family of quasi-prime bi-ideals and B a bi-ideal. It is well-
known that (. Bq is either empty or a bi-ideal. Suppose that (. Ba # 0
and B2 C Nacr Ba- Then B? C B, for every a € T'. Since B, is quasi-prime, we

have B C B,. Thus B C (), cp Ba and so [, Ba is quasi-semiprime. O

Proposition 2.9. Let B be a strongly irreducible quasi-semiprime bi-ideal of an
ordered semigroup S. Then B is strongly quasi-prime.

Proof. Let By, Bs be two bi-ideals of S such that (ByBsz] N (B2B1] € B. Since
(Bl N B2)2 Q B1B2 and (Bl N 32)2 g BgBl, we have (Bl n B2)2 Q BlBQ n
ByBy C (B1Bs] N (B2B;] € B. Moreover, since B is a quasi-semiprime bi-ideal,
B; N By C B. In addition, from the strong irreducibility of B, we have B; C B or
By C B. Thus B is a strongly prime bi-ideal of S. O
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3. Regular and intra-regular ordered semigroups

In this section, we mainly characterize regular and intra-regular ordered semi-
groups by bi-ideals, and investigate the ordered semigroups in which all bi-ideals
are strongly quasi-prime.

Theorem 3.1. Let S be an ordered semigroup. Then the following statements are
equivalent:

(i) S is both regular and intra-regqular;

(ii) (B?] = B for every bi-ideal B of S;
(#i1) By N By = (B1Ba] N (B Bi] for all bi-ideals By and By of S;
(iv) Ewvery bi-ideal of S is quasi-semiprime.

Proof. (i) = (ii). Let B be a bi-ideal of S. Then BSB C B. Since S is regular and
intra-regular, B C (BSB] and B C (SB2S]. Thus B C (BSB] C ((BSB|(SB]] =
(BSBSB] C ((BS)(SB2S)(SB]] C (BSSB2SSB] C (BSBBSB] C (B?. Also,
(B? C ((BSB](BSB]] = (BSBBSB] C (BSB] C (B] = B.

(#6) = (i). Let a € S. Then B(a) = (a U aSal. Since B = (B? for every
bi-ideal B of S, we have a € B(a) = (B?*(a)] = ((B*(a)](B(a)]] = (B3*(a)] =
((aUaSa)(aUaSal(aUaSa]] C ((aUaSa)(aUaSa)(aUaSa)] C (aSa]. Hence S
is regular.

Similarly, we have a € B(a) = (B?(a)] = ((B?*(a)](B?(a)]] = (B(a)] = (
aSal(aUaSa)(aUaSa)(aUaSa]] C ((aUaSa)(aUaSa)(aUaSa)(aUaSa)] C (Sa?S].
Thus S is intra-regular.

(#4) = (dit). Let B; and By be two bi-ideals of S. Then B; N By is either
empty or a bi-ideal of S.

CASE 1). Suppose that B; N By = (). Next we prove that (B Bs]N(ByB;] = 0.
Otherwise, (B1Bz2] N (B2B1] is a bi-ideal (Since (ByBs] and (B2 Bj] are bi-ideals).
Thus (By B2]N(B2B1] = (((B1B2]N(B2B1])((B1B2|N(B2B1])] € ((B1B2(B2B1]] €
((B1B2B2B1]] = (B1B2B2Bi| C (B1SBi1] C (Bi] = Bi. Similarly, (B1Bs2] N
(B2B1] C Bsy. Hence (B;Bs] N (BeB1] € By N By = (), which is impossible.

CASE 2). Suppose that By N By # (). By hypothesis, By N By = ((B1 N B2)?| =
((Bl N BQ)(Bl n Bg)] Q (BlBQ] In the same way, we have B1 N B2 g (BQBﬂ
Thus,

BiNBy, C (BiBs)N (B:Bil. (1)

Hence (B1Bs] N (B2Bi] # 0 and so (B1Bs] N (ByBi] is a bi-ideal. Similar to the
proof of Case 1), we have

(BlBQ] n (B2B1] C B; N Bs. (2)
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By (1) and (2), we obtain that

By N By = (B1By) N (ByBy).

(iii) = (iv). Let B; and B be two bi-ideals of S such that B? C B. By
hypothesis, B; = By N By = (B?] N (Bf] = (B?]. Thus, we have B; =
(B] = B. Hence every bi-ideal of S is quasi-semiprime.

(iv) = (ii). Let B be a bi-ideal of S. Then (B?] is a bi-ideal. By hypothesis,
(B?] is quasi-semiprime. Since B? C (B?], we have B C (B?]. Furthermore,
(B? C ((B?(B]] = (B3] € (BSB] C (B] = B. Hence B = (B?]. O

The following result can be directly obtained from Theorem 3.1.

Proposition 3.2. Let S be a reqular and intra-reqular ordered semigroup and B
a bi-ideal of S. Then the following statements are equivalent:

(i) B is strongly irreducible;
(i) B is strongly quasi-prime.

Next we characterize those ordered semigroups in which every bi-ideal is strongly
quasi-prime and also those ordered semigroups in which every bi-ideal is strongly
irreducible.

Lemma 3.3. Let S be an ordered semigroup. Then the following statements are
equivalent:

(i) The set of bi-ideals of S is totally ordered under inclusion;

(i¢) Every bi-ideal of S is strongly irreducible and By N By # 0 for any bi-ideals
By and By of S;

(731) Every bi-ideal of S is irreducible and By N By # 0 for any bi-ideals By and
BQ Of S

Proof. (i) = (ii). By condition (2), it is obvious that By N By # () for any bi-ideals
By and By of S. Let B be a bi-ideal of S and By, Bs; two bi-ideals such that
By N By C B. Since the set of bi-ideals of S is totally ordered, either B; C By or
BQ - B]_. Thus either B]_ mBg = Bl or B]_ DBQ = BQ. Hence Bl ﬂBQ - B implies
that By C B or By C B. This shows that B is strongly irreducible.

(#3) = (7it). The conclusion is obvious.

(#41) = (7). Let By and Bs be two bi-ideals of S. Since By N By # (), By N By is
a bi-ideal. By hypothesis, either By = B1 N By or By = By N By, that is, B; C By
or By C B;. Hence the set of bi-ideals of S is totally ordered. O

Theorem 3.4. Let S be an ordered semigroup. Then every bi-ideal of S is strongly
quasi-prime and By N Bs # () for any bi-ideals By and By of S if and only if S is
reqular, intra-reqular and the set of bi-ideals of S is totally ordered.
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Proof. (=). Let every bi-ideal of S be strongly quasi-prime. Then every bi-ideal
of S is quasi-semiprime. From Theorem 3.1, we have S is regular and intra-
regular. Furthermore, we know that every bi-ideal of S is strongly irreducible
from Proposition 3.2. Thus by Lemma 3.3, the set of bi-ideals of S is totally
ordered under inclusion.

(«<). Since the set of bi-ideals of S is totally ordered under inclusion, we
have By N By # () for any bi-ideals B; and By of S and every bi-ideal of S is
strongly irreducible from Lemma 3.3. Since S is regular and strongly regular, from
Proposition 3.2, we obtain that every bi-ideal of S is strongly quasi-prime. O
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