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A note on M-hypersystems and N-hypersystems

in I'-semihypergroups
Saleem Abdullah, Muhammad Aslam and Tarig Anwar

Abstract. In this paper, we have introduced the notions of M-hypersystem and N-
hypersystem in I'-semihypergroups, and some related properties are investigated. We
have also proved that left I'-hyperideal P of a I'-semihypergroup S is quasi-prime if and
only if S\ P is an M-hypersystem.

1. Introduction

In 1986, Sen and Saha |3| defined the notion of a I'-semigroup as a general-
ization of a semigroup. Recently, Davvaz, Hila and et. al. [1, 2] introduced
the notion of I'-semihypergroup as a generalization of a semigroup, a gener-
alization of a semihypergroup and a generalization of a I'-semigroup. The
notion of a I'-hyperideal of a I'-semihypergroup was introduced in [1].

Let S and I' be two non-empty sets. Then S is called a I'-semihypergroup
if every v € I' is a hyperoperation on S, i.e., xyy C S for every z,y € S, and
for every a,, 8 € I' and z,y, z € S we have za(yfz) = (zay)Bz. Let S be a
I'-semihypergroup and v € I'. A non-empty subset A of S is called a sub-
I'-semihypergroup of S if xyy C A for every z,y € A. A I'-semihypergroup
S is called commutative if for all x,y € S and v € I', we have xyy = yyzx.

Example 1.1. Let S = [0,1] and I' = N. For every z,y € S and v € T,
we define v : S — P*(S) by zyy = [0, %} Then + is hyperoperation.

For every x,y,z € S and «, f € I', we have (zay)Bz = {0, %] = za(ypz).

Thus S is a I'-semihypergroup. O

Example 1.2. Let (5, o) be a semihypergroup and I" be a non-empty subset
of S. We define zyy = x oy for every z,y € S and v € I'. Thus S is a I'-
semihypergroup. g

2010 Mathematics Subject Classification: 20N20, 20M17
Keywords: I'-semihypergroups, quasi-semiprime, M-hypersystem, N-hypersystem.



170 S. Abdullah, M. Aslam and T. Anwar

Example 1.3. Let S = (0,1), I' = {7y, |n € N} and for every n € N we
define hyperoperation 7, on S as follows

:L‘%y:{%wgk‘gn}.

Then zv,y C S and for every m,n € Nand z,y,z € S

TYz

(YY) Ymz = {27 |0<k<n+ m} = 2% (Yym2) -

So, S is a ['-semihypergroup. O

A T-semihypergroup S is called regular if for all « € S and o, 3 € T
there exists € .S such that a € aazfa.

A non-empty subset A of S is a left (right) T'-hyperideal of S if ATS C A
(STA C A). A T'-hyperideal is both a left and right I'-hyperideal.

A left I'-hyperideal P is quasi-prime if for any left I’-hyperideals A and
B such that AT'B C P it follows A C P or B C P.

A left I'-hyperideal P is quasi-prime P is quasi-semiprime if any left
I-hyperideal A from AI'A C P it follows A C P.

2. M-hypersystem and N-hypersystem

A T-semihypergroup S is called fully I'-hyperidempotent if every I'-hyperideal
is idempotent.

Proposition 2.1. If S is I'-semihypergroup and A, B are T'-hyperideal of
S, then the following are equivalent:
(a) S is fully T-hyperidempotent,
(b) AnNB = (AI'B),
(c) the set of all T'-hyperideals of S form a semilattice (Lg, \), where
ANB = (AT'B).

Proof. (a) = (b) Always hold AT'B C AN B, for any I'-hyperideals A and
B of S. Hence (AT'B) C AN B.

Converse let z € AN B. If (z) denote the principle left I'-hyperideal
generated by z, then xz € (z) = (x)I'(x) C (AI'B). Thus x € (AI'B).
Therefore AN B C (AT'B), which proves (b).

(b)=(c) ANB=(A'B)=ANB=BNA=(Bl'A)=BAMA.

(¢c) = (b) Let (Lg,A) be a semilattice. Then A = AN A = (AT A) =
AT'A. Hence S is fully I'-hyperidempotent. O
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Corollary 2.2. If T'-semihypergroup S is reqular, then S = ST'S. U

A subset M of I'-semihypergroup S is called an M-hypersystem if for
all a,b € M, there exist x € S and «, 8 € I" such that acx8b C M.

A subset N of I'-semihypergroup S is called an N-hypersystem if for all
a € N, there exist x € S and «, 3 € I' such that acxfa C N.

Obviously, each M-hypersystem is an N-hypersystem.

Example 2.3. The set S; = (0, 2*"), where ¢ € N, is an M-hypersystem of
a I'-semihypergroup S defined in Example 1.3. The set T; = (O, 4_i), where
1 € N, is its an N-hypersystem of S. O

Example 2.4. The set T = [0,¢t], where ¢t € [0, 1], is an M-hypersystem
and an N-hypersystem of a I'-semihypergroup defined in Example 1.1. [

Theorem 2.5. Let P be a left I'-hyperideal of I'-semihypergroup S. Then
the following are equivalent:

(1) P is a quasi-prime,
(2) A'B=(AI'B) C P= AC P or BC P for all left T'-hyperideals,
(38) AZPorBE P = ATB ¢ P for all left T'-hyperideals,
(4) a¢ Porb¢ P=al'b L P foralla,be S,
(5) al'bCP=a€cPorbeP foralla,beS.

Proof. (1) & (2) < (3) is straightforward.

(1) & (4) Let (a)I'(b) C P. Then by (1) either (a) C P or (b) C P,
which implies that either a € P or b € P.

(4) = (2) Let ATBC P. If a € A and b € B, then (a)I'(b) C P, now
by (4) either a € P or b € P, which implies that either A C P or B C P.

(1) = (5) Let P be a left I-hyperideal of I'-semihypergroup S and
al’STb C P. Then, by (2),(3) and (1), we get ST'(aI'STb) C STP C P,
that is, ST'(aI'STb) = (ST'a)I’(STb). Thus, (STa)I'(STH) C P implies either
ST'a C P or ST'b C P.

Since ST'a and ST'b are left I'-hyperideals, for L(a) = (aUSTa) we have

L(a)TL(a)TL(a)=(aUSTa)T (aU STa)T (aU STa)
CallaUal’STa U STal'au C ST'al'STal'a U STa
CSTa CP.

Hence L(a)T'L(a)T'L(a) = (L(a)T'L(a))T'L(a) C P. Since P is quasi-
prime and L (a) 'L (a) is a left I-hyperideal of S we have L (a)I'L (a) C P
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or L(a) CP.If L(a) C P, thena€ L(a) CP. Let L(a)T'L (a) C P. Since
P is quasi-prime, L (a) C P. Thus, a € L(a) C P,i.e.,a € P.

(5) = (1) Assume that AI'B C P, wher A and B are left I'-hyperideals
of S such that A ¢ P. Then there exist 2 € A such that ¢ P. Hence
2T'STy C ATSTB C ATB C P for all y € B. Then, by (5), y € P. 0

Proposition 2.6. A left I'-hyperideal P of I'-semihypergroup S is quasi-
prime if and only if S\P 1is an M-hypersystem.

Proof. Let S\ P be an M-hypersystem and aI'STb C P for some a,b € S\P.
Then there exist z € S and «, § € T such that aaxzb C S\ P. This implies
that aazb € P, which is a contradiction. Hence either a € P or b € P.
Conversely, if P is quasi-prime and z,y € S\P, then for z € S and
a, € T such that zazBy ¢ S\P we haven zazfy C P, i.e., either x € P
or y € P. So, S\P is an M-hypersystem. O

Proposition 2.7. A left I'-hyperideal P of I'-semihypergroup S is quasi-
semiprime if and only if S\P is an N-hypersystem.

Proof. Let S\P be an N-hypersystem and aI'ST'a C P with a ¢ P. Then
aazfb C S\P for some z € S and o, € I'. Thus aazfBa ¢ P, which is a
contradiction. Hence a € P. The converse statement is obvious. O

Theorem 2.8. Let S be I'-semihypergroup and P a proper left I'-hyperideal
of S. Then the following are equivalent:
(1) P is quasi-prime,
(2) aI'MTb C P implies a € P or b € P,
(3) S\P is an M-system,
(4) S\P is an N-system. O
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One relator quotients of the Hecke group H(v/3)
Muhammad Aslam, Abid Ali and Rehan Ahmad

Abstract. One relator quotients of the modular group I' and of the groups H(\/i) and

H(lJrQ\/g)7 have been discussed in [3], [5], [9], [10] and [11]. In this paper we obtain one

relator quotients of H(+/3), by adding an extra relation to the existing ones.

1. Introduction

E. Hecke introduced Hecke groups denoted by H()\;). These are finitely
generated discrete subgroups of PSL(2,R), generated by transformations
R(z) = —1/zand T'(2) = —1/(2+ Ay), of order 2 and ¢, respectively, where
Ay = 2cos(m/q), ¢ € N, ¢ > 3. The modular group H(A3) = H(1) =
PSL(2,Z) is the most interesting, important and a well discussed Hecke
group from many aspects as in [3], [5], [6] and [10]. The group for ¢ = 5,
H(\s) = H(1+27\/5) has been discussed in [4] and [9]. And many similarities
to the modular group have been observed. Other two interesting groups of
this class are obtained for ¢ = 4 and ¢ = 6. These are denoted by H(v/2)
and H(v/3) corresponding to ¢ = 4 and ¢ = 6, respectively. The group
H(+/3) has been discussed from some aspects in [1] and [11]. One reason
for H(v/2) and H(+/3) to be the next most important Hecke groups is that
these are the only, whose elements can be described completely [11]. One
relator quotients of the Hecke groups have been an important aspect of
study of Hecke groups for many mathematicians. For example one can refer
to [3], [5], [9] and [10]. In [11] one relator quotients of H(1/2) have been a
part of discussion.

In this paper we obtain one relator quotients of the Hecke group H(v/3).
We have mostly used the same notations as were used in [3], [9] and [10].
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2. One relator quotients of H(1/3)

H(+/3) has a presentation (a,b: a? = b5 = 1). The effect of adding a new
relation to this, is the formation of a new group which is quotient group of
H(V3).

By adding another relation w = R(a,b) = 1 in terms of a and b for
a cyclically reduced word w = ab*'ab*2ab®3...ab*", where 1 < ¢; < 5, we
obtain one relator quotient of H(v/3).

Throughout this paper we denote by k the sum of exponents of a in w
and by [ the sum of exponents of b in w.

Theorem 2.1. If k=0 then 1 <1 <5 and if k =n then n <1 < 5n.
Proof. Immediately follows from the table given at the end. O

As in [9], a word w’ is equivalent to w if it can be obtained by cutting
some part of w from the beginning and pasting it to the end in the same
order and vice versa. Let N ; be total number of non equivalent cyclically
reduced words w with k and [ as defined above. Then we have the following
theorem.

Theorem 2.2. Nn,n = Npn+l = Nn,5n = Npsn—1 = 1.
Proof. Immediately follows from the table given at the end. O

To obtain cyclically reduced words for a given pair of integers k and I,
we have followed the procedure as followed in [9] and [10]. We illustrate it
with an example.

Example 2.3. For £ = 4 and [ = 11, we obtain the following non equivalent
cyclically reduced words.
ababab*ab®, ababab®ab®, abab*abab®, abab®abab®, abab*abab?,
abab*ab?ab®, ababPab3ab?®, abablab*ab®, abab*ab®ab®, ab’ab®abiab?,
ab®ab®abalb®, ab’abPab’ab?, ab®ab3abdab?. O

Let us consider the first word ababab*ab®, other words ab®ababab*, ab*ab®abab
and abab*ab®ab are omitted since these are equivalent to it. We add a re-
lation ababab*ab® = 1 to the group (a,b : a®> = % = 1). Using all these
relations we simplify as

a = babab*al®, a = babab*ab®, b= ab’a
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and equivalently we have abab = 1. Thus we get (a,b : a®> = b5 = (ab)? = 1)
which is finite presentation of the triangle group A(2, 6,2) and is isomorphic
to Dg, of order 12. The following table gives the information for different

pairs of values for k and [.

k|1 words quotient group abstract structure

0] 1 b {a,b:a?=0=b=1) Cy

0] 2 b? {a,b:a?=10°=0%=1) infinite group

0] 3 b3 {a,b:a?=0°=0%=1) infinite group

0| 4 b (a,b:a?=15=0b*=1) infinite group

05 b {(a,b:a?=10°=0>=1) Cy

1|0 a (a,b:a®> =0 =a=1) Cs

111 ab (a,b:a®> =V =ab=1) Cy

112 ab? {a,b:a®=1°=ab®>=1) Cs

113 ab® {a,b:a®=1°=ab®=1) Cs

11| 4 ab* (a,b:a?>=1°=ab* =1) Cy

115 ab® (a,b:a?=1%=ab® =1) Cy

2| 2 abab {a,b:a®=1%= (ab)? =1) Dy

2| 3 | abab® | {(a,b:a®=10b° = abab® = 1) Cs

2| 4 | abab® | {(a,b:a®=1°=abab® = 1) Vy
ab*ab® | {(a,b:a®=1° = ab®ab® = 1) | infinite group

2| 5 | abab® | {(a,b:a®=1°=abab* =1) Ss
ab’ab® | {(a,b:a?=10% = ab?ab® = 1) Cy

2| 6 | abab® | (a,b:a®=1°=abab® =1) VixCs
ab*ab* | {(a,b:a®=1% = ab®ab* = 1) infinite group
ablab® | {(a,b:a®=0% = ab3ab® = 1) infinite group

2| 7 | ab®ab® | {a,b:a®=1°=ab’ab® =1) S
abdab | {(a,b:a?=0% = ab3ab* = 1) Cy

2| 8 | abdab® | (a,b:a® =b° = ab®ab® =1) Vi
abt*ab* | (a,b:a® =% = ab*ab* = 1) infinite group

9 | ab*ab® | (a,b:a® = b5 = ab*ab® = 1) Cs
10 | ab®ab® | (a,b:a® = b5 = ab®ab® = 1) Dy
3| 3 | ababab | {(a,b:a® =bS = ababab = 1) infinite group
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words quotient group abstract structure

ababab? {a,b: a? = b° = ababab® = 1) Cy
ababab® {a,b:a® = b5 = ababab® = 1) Ss
abab?ab® | (a,b:a® =1b° = abab®ab® = 1) Cs

3| 6 | ababab® {a,b: a® = b° = ababab* = 1) Ay x Cy
abab?ab’® | (a,b:a® = b = abab?*ab’® = 1) Cs
ababab?® | {(a,b:a® = b5 = abab3ab?® = 1) Cs
ab®ab®ab® | (a,b:a® = b5 = ab’ab?ab® = 1) infinite group

3| 7 | ababab® {a,b:a® =1b° = ababab® = 1) Ss
abab?ab* | (a,b:a® =% = abab®ab* = 1) Cy
abab*ab® | (a,b:a® =1b° = abab*ab® = 1) Cs
ababab’® | (a,b:a?® = b5 = ababab’® = 1) S3
ab*ab®ab® | (a,b:a® = b5 = ab*ab®ab® = 1) Cy

3| 8 | abab?ab® | (a,b:a® =b5 = abab?ab® = 1) Cy
abab®ab?® | {(a,b:a® = b5 = abab®ab?® = 1) Cy
abab*ab* | (a,b:a® =% = abab®ab* = 1) Cy
abab*ab® | (a,b:a® =% = abab*ab® = 1) Cy
ab’*ab?ab* | (a,b:a® = b = ab?ab®ab® = 1) Cs
ab*ab3ab® | (a,b: a® = b% = ab*ab3ab® = 1) Cs

3| 9 | ababdab® | (a,b:a® =b5 = abab3ab® = 1) Cy ~ Cs
abab®ab® | (a,b:a® = b5 = abab®ab’® = 1) Cy ~ Cg
ab*ab?ab® | (a,b:a® =% = ab*ab®ab® = 1) Ay x Cy
abab*ab* | (a,b:a® = b = abab*ab* = 1) Ay x Oy
ab*ab3ab* | (a,b: a® = b5 = ab*ab3ab* = 1) Cr ~ Cg
ab*ab*ab® | (a,b: a® = b% = ab*ab*ab® = 1) C7 ~ Cg
ablab3ab® | (a,b:a® = b% = ab3ab3ab® = 1) infinite group

3| 10 | ababab® | (a,b:a® =b5 = ababab® = 1) Cy
abab®ab* | (a,b:a? = b5 = abab®ab* = 1) Cy
ab*ab3ab® | (a,b:a® =% = ab*ab3ab® = 1) Cy
ab?ab®ab® | (a,b:a? = b = ab?ab®ab® = 1) Cs
ab*ab*ab* | (a,b:a® = b = ab?abtab* = 1) Cs
ablab3ab* | (a,b:a® = b8 = ab3ab3ab* = 1) Cy
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k|l words quotient group structure
311 abab®ab® {a,b: a? = b° = ababab® = 1) Ss3

ab’ab*ab® {a,b:a? =b° = ab?ab*ab® = 1) Cy
ab3ab3ab® {a,b:a? =b° = abdabiab® = 1) Ss
ab*ab®ab* {a,b:a? =b° = ab’abPab® = 1) Cs
abdab*ab* {a,b:a®=1° = ab3ab*ab® = 1) Cy
3112 ab®ab’ab® {a,b:a?=1° = ab®ab®ab® = 1) Ay x Cy
ab3abab® {a,b:a®=1° = ab3ab*ab® = 1) Cs
ab®ab®ab* {a,b:a? =b° = ablablab® = 1) Cs
2 ab*ab*ab* {a,b:a® =1b° = ab*ab*ab* = 1) infinite group
3|13 ab*ab®ab® {a,b:a? =b° = abdabPab® = 1) Ss
ab*ab*ab® {a,b:a® =1b° = ab*ab*ab® = 1) Cy
3|14 | ab*ab®ab® {a,b:a® =1° = ab*ab®ab® = 1) Cy
3|15 ab®ab®ab® {a,b:a®=1° = abSab®ab® = 1) A(2,6,3)
4| 4 abababab {a,b: a® = b° = abababab = 1) A(2,6,4)
415 abababab® {a,b: a® = b° = abababab® = 1) Cy
41 6 abababab? {a,b: a® = b® = abababab® = 1) Dy x Cs
ababab®ab? {a,b:a® = b° = ababab®ab® = 1) Cs x S5
abab®abab? {a,b:a? = b° = abab®abab® = 1) | infinite group
4|7 abababab* {a,b: a® = b° = abababab* = 1) GL(2,3)
ababab®ab? {a,b: a® = b° = ababab®ab® = 1) Cy
ababab®ab? {a,b: a® = b° = ababab®ab? = 1) Cy
abab®abab? {a,b:a? = b° = abab?abab® = 1) Ss
abab®*ab®ab® | (a,b:a* = b = abab®ab®ab® = 1) Cs
41| 8 abababab® {a,b: a® = b® = abababab® = 1) D,
ababab?ab* {a,b: a® = b° = ababab®ab® = 1) D,
ababab*ab? {a,b:a? = b° = ababab*ab® = 1) | infinite group
abab®abab* {a,b: a? = V% = abab®abab* = 1) | infinite group
ababab®ab? {a,b: a® = b° = ababab®ab® = 1) GAP4(24,8)
abab?abab? {a,b:a? = b° = abab®abab® = 1) | infinite group
abab*ab®ab® | (a,b:a? =b% = abab®ab®ab® = 1) Dy
abab?ab3ab? {a,b:a® = 1b° = abab®ab®ab® = 1) | infinite group
ababdab®ab® | (a,b:a? =b% = abab3ab®ab® = 1) D,
ab*ab?ab®ab?® | {(a,b: a® = b° = ab®ab®ab?ab® = 1) | infinite group
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words quotient group structure

9 | ababab®ab® {a,b: a® = b% = ababab®ab® = 1) S3 x Cs
ababab®ab? {a,b:a?® = b° = ababab®ab® = 1) S3 x Cs
abab®abab® {a,b: a® = b° = abab®abab® = 1) GAP4(48,33)
ababab®ab* {a,b: a® = b° = ababab®ab* = 1) Cs
ababab*ab? {a,b: a® = b° = ababab*ab® = 1) Cs
abab®abab* {a,b:a? = b° = abablabab* = 1) Cs
abab®ab®ab* | (a,b:a® = b = abab®ab®ab* = 1) S3 x Cs
abab®ab*ab® | (a,b:a® = b5 = abab®ab*ab® = 1) | GAPA(48,33)
abab*ab®ab® | (a,b:a® =b® = abab*ab®ab® = 1) S3 x Cs
abab*ab3ab® | (a,b:a? =b% = abab®ab®ab® = 1) Cs
ababab®ab® | (a,b:a? =% = abab3ab®ab® = 1) | infinite group
abab3ab®ab?® | {a,b:a?® = b® = ababab3ab® = 1) Cs

ab*ab?ab®ab® | {(a,b: a® = b° = ab®ab®ab?ab® = 1) Cs
4|10 | ababab®ab® {a,b:a? = b° = ababab®ab® = 1) Dy
ababab®ab? {a,b: a® = b% = ababab®ab® = 1) Dy
abab’abab® {a,b: a® = b° = abab®abab® = 1) GAPA4(24,38)
( )
( )

ababab*ab? a,b: a® = b% = ababab*ab* = 1 GAP4(96,190)
abab*abab* a,b: a® = b8 = abab*abab* =1 infinite group
ababab®ab* a,b:a® = 1% = abab®ab®ab* =1 infinite group

abab?ab*ab® a,b:a? =18 = abab?ab*ab® =1 Dg

( )

( )
abablab®ab* | (a,b:a? =% = abab3ab®ab* = 1) D,

( )

( )

(

abab3ab*ab? a,b:a? =108 = abab®ab*ab® =1 Dyg
abab*ab®ab? a,b:a? =8 = abab*ab®ab® =1 Doy
abab*ab>ab? a,b: a? =% = abab*ab®ab® = 1) | infinite group

ab®ab?ab®ab® | {a,b: a? = b5 = ab?ab®ab®ab* = 1) | infinite group

abab3ab®ab’® | {a,b:a?® = b® = ababab3ab® = 1) Dy

ab®ab®ab®ab® | {a,b: a® = b° = ab®ab®abab® = 1) Dg
ab®ab3ab®ab® | {a,b: a® = b° = ab®ab®ab’ab’® = 1) | infinite group

4 | 11 | ababab*ab® {a,b: a® = b° = ababab*ab® = 1) Cy

ababab®ab* {a,b: a® = b° = ababab®ab* = 1) Cy

abab*abab® {a,b: a? = b° = abab*abab® = 1) Cy

abab?ab3ab® a,b:a® = b8 = abab?ab®ab® = 1 S3

abab®ab®ab® a,b:a® =% = ababab®ab® =1 Cs

( )
abab?ab®ab® {a,b:a? =b° = abab*ab®ab® = 1) Oy

( )

( )

abab3ab®ab? a,b:a’® =18 = abab?ab®ab® = 1 Cy
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words quotient group structure
abab®ab?ab’® | {a,b:a?® = b® = abab®ab®ab® = 1) Cy
abab®ab®ab? {a,b:a? = b° = abab’abiab® = 1) Ss
ab’*ab?ab?ab® | (a,b: a® = b5 = ab*ab®ab®ab® = 1) GL(2,3)
abab®ab*ab* | (a,b:a* =% = abab®ab*ab* = 1) Cy
ababab®ab* | (a,b:a? =% = abab*ab®ab® = 1) Cy
ababab*ab® | (a,b:a? =% = abab*ab*ab? = 1) Cy
abab3abdab* | (a,b:a?® = b° = abab3ab3ab* = 1) Ss3
abab*ab*ab® | (a,b:a? =% = abab®ab*ab® = 1) Cy
abab*ab®ab® | (a,b:a® =% = abab*ab®ab® = 1) Ss
ab%ababiab* | (a,b: a? = b = ab?ab’ab3ab =1 Cy

ab®ab®ab*ab® | (a,b: a® = b% = ab?ab?ab*al® =1 Cy

{ )

{ )
ab*ab3ab®ab* | (a,b: a? = b% = ab?ab®ab®ab® = 1) Ss

( )

ab®ab®ab3ab® | (a,b: a® = b® = ab?abiab®ab® =1 Cy

ababab®ab® (a,b: a® = b° = ababab®ab® = 1) GAP4(72,20)

abab® abab® {a,b: a? = b° = abab’abab® = 1) infinite group

abab?ab*ab® a,b:a’® = b8 = abab’ab*ab® =1 infinite group

abab?ab’®ab* a,b:a’® =108 = abab’ab®ab? = 1 infinite group

)
)
abab*abab® a,b:a® = b° = abab*ab?ab® = 1) | GAP4(252,26)
)
)

abab®ab?ab* a,b:a? = b° = abab®ab’ab? = 1 GAP4(252,26)

(
(
(
abab*ab®ab? {a,b: a® = 1b° = abab*ab®ab® = 1 infinite group
(
(

abab®ab*ab? a,b:a® = b8 = abab®ab*ab® = 1) | infinite group

ab’ab®ab3ab® | (a,b:a® =% = ab®ab®ab®ab® = 1) | (C7 ~ Cg) x Cy

ab*ab®abab® | (a,b:a? =% = ab?ab®ab®ab® = 1) | (C7 ~ Cg) x Cy

ab*ab3ab®ab® | (a,b:a? = b% = ab?ab®ab®ab® = 1) | infinite group

abab?*abab® | (a,b:a® =% = abab®ab®ab® = 1) Cs
ab*ababab® | (a,b:a? =% = ab®abab®ab® = 1) Cs
abab’ab®ab® | (a,b:a? =% = abab’ab®ab® = 1) Cy
ab%ab’ab*ab® | (a,b: a? = b = ab?ab’ab*ab® =1 Cy

ab%abab®ab* | (a,b: a? = b = ab?ab®abab =1 Cy

abab®ab?ab® | (a,b: a® =b% = abdabiab?al® =1 S3

abdab®ab®ab® | (a,b: a® = b% = abdabiab®ab® =1 S3

( )

( )
ab’ab*ab?ab® | (a,b: a® = b5 = ab*ab*ab®ab® = 1) Cs

( )

( )

( )

ablab?abdab® a,b:a? =08 = abdababiab® =1 Cy
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k| word quotient group structure
4 | 14 | ababab®ab® | (a,b:a®=1° = abab3ab®ab® = 1) D,
ablabab®ab® | (a,b:a® =% = ab3abab®ab® = 1) Dy

abab®ab®ab® | (a,b:a® =% = abab®ab®ab® = 1) GAPA4(24,38)

ab’*ab?ab®ab® | (a,b: a® = b5 = ab®ab®ab®ab® = 1) | GAP4(96,190)

ab’ab®ab®ab® | {(a,b:a? =% = ab?ab®ab®ab® = 1) | infinite group

ab*ab*abab® | (a,b:a? =% = ab*ab*abab® = 1) Dy

ab*ab*ab®ab | (a,b:a® =0 = ab*ab*ab®ab = 1) Dy

ab*abab*ab® | (a,b:a®=0b% = ab*abab*ab® = 1) | infinite group

ab%ablab*ab® | (a,b:a® = b8 = ab?ab3ab*ab® = 1) | infinite group
ab’ab®ab®ab* | (a,b: a® = b% = ab?abPab®ab* =1 Dg
ab®ab*ab®ab® | (a,b: a?® = b% = ab?ab*ab®al® =1 Do
ab®ab*ab®ab® | (a,b: a® = b% = ab?ab*ab®ab’® =1 Dg
ab%abbab*ab® | (a,b:a® = b5 = ab?ab®ab*ab® = 1) | infinite group
ab®ab®ab®ab* a,b:a’® =10 = ab?ab’abiab® =1 Dy
ab3ab3ab*ab* ,

in finite group

4| 15 | ab*ab?ab®ab® | (a,b:a® = b® = ab3ab’ab®ad® =1 Cs
ab®ab®ab®ab® | (a,b: a® = b% = ab?abPab®al® =1 Cs
ab®ab®ab®ab® | (a,b: a?® = b% = ab?ab®ab®ab® =1 Cs

ab3ab®ab*ab® | (a,b: a® = b® = abdabiab*ab® =1 Cs

abdab3abdab* a,b:a? =10 = ababiabdad* = 1 Cs

( )
( )
( )
( )
( )
( )
{a,b:a® = b° = ab®ab®ab*ab* = 1) Dg
abab*ab3ab* | (a,b:a® = b% = ab3ab*ab®ab® = 1)
( )
( )
( )
( )
( )
( )

ab3abtabiab® | (a,b:a® = b8 = abPab*abdab® = 1) | infinite group

4|16 | abab®ab®ab® | {(a,b:a® =b° = abab®ab®ab® = 1) D,

ab®ab*ab®ab® | (a,b: a?® = b% = ab?ab*ab®al® =1 Do

ab*ab?ab®ab® | (a,b: a® = b% = ab*ab’ab®ab® =1 Do

ab%abbab*ab® | (a,b:a® = b5 = ab?ab®ab*ab® = 1) | infinite group

abdab3ab®ab® | (a,b:a? =% = ab3ab®ab®ab® = 1 GAPA4(24,38)

ab*ab*ab®ab® | (a,b: a?® = b% = ab*ab*ab®al® =1 D,

ab*ab*ab®ab® | (a,b: a?® = b% = ab*ab*ab®al® =1 Do

abtablab*ab® | (a,b:a® = b8 = ab*ab3ab*ab® = 1) | infinite group

( )
( )
( )
( )
ab3ab®ab3ab® | {a,b:a? = b° = abdab®ab3ab® = 1) | infinite group
( )
( )
( )
( )

ab*abab*ad* | (a,b:a® = b5 = ab*ab*ab*ab® = 1) | infinite group
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k|l word quotient group structure
4 | 17 | ab?ab®ab®ab® | {(a,b:a? =% = ab®ab®ab®ab® = 1) GL(2,3)
abdab*ab®ab® | (a,b:a? =% = ab*ab*ab®ab® = 1) Cy
abt*abdab®ab® | (a,b:a® =% = ab*ab®ab®ab® = 1) Cy
abt*ab®ab®ab® | (a,b:a® =% = ab*ab®ab®ab® = 1) S3
ab*ab*ab*ab® | {(a,b: a® = b° = ab*ab*ab*ab® = 1) Cy
4 | 18 | abdabab®ab® | {(a,b:a? =% = ab3abSab®ab® = 1) Dy x C4
ab*ab*ab’ab® | (a,b: a? = b5 = ab*ab*ab®ab® = 1) Cg x S3
ab*abSab*ab® | {a,b:a® = b° = ab*ab®ab*ab® = 1) | infinite group
19 | ab*ab®ab®ab® | (a,b: a® = b5 = ab*ab®ab®ab® = 1) Cs
20 | abbabbab®ab® | (a,b:a? =b° = abPabPabPab® = 1) A(2,6,4)
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Parametrization of actions of (u,v:u®=v%=1)
Muhammad Aslam and Qaiser Mushtagq

Abstract. Graham Higman proposed the problem of parametrization of actions of
the extended modular group PGL(2, Z) on the projective line over Fy. The problem was
solved by Q. Mushtaq. In this paper, we take up the problem and parametrize the actions
of (u,v,t : u® = 0% = t* = (ut)?> = (vt)?> = 1) on the projective line over finite Galois
fields.

1. Introduction

Graham Higman proposed the problem of parametrization of actions of the
extended modular group PGL(2,Z) on the projective line over Fj. The
problem was solved by Q. Mushtaq. In this paper, we take up the problem
and parametrize the actions of (u,v,t : u8 = 0% = 2 = (ut)? = (vt)? = 1)
on the projective line over finite Galois fields.

It is worthwhile to consider linear fractional transformations x,y satis-
fying the relations 22 = y™ = 1, with a view to study actions of the group
(z,y) on real quadratic fields. If 3 : z — %% is to act on all real quadratic

cz+d
fields, then a, b, ¢, d must be rational numbers and can be taken to be inte-

that {92 g rational. But if y : 2 — %£ is of ord ¢

gers, so that “ 7=~ is rational. But if y : z — =7 is of order m one mus
2

have (Z;r_dgc = w? + w242, where w is a primitive mth root of unity. Now

w + w™! is rational, for a primitive mth root w, only if m = 1,2,3,4, or 6.
So these are the only possible orders of y. The group (x,y) is cyclic of order
two when m = 1. When m = 2, it is an infinite dihedral group and does
not give inspiring information while studying its action on the quadratic
numbers. For m = 3, the group (z,y) is the modular group PSL(2, Z) and
its action on real quadratic numbers has been discussed in detail in [2] and
[3].

It is well known [1, 5] that the group G26(2, Z), where Z is the ring of

2010 Mathematics Subject Classification: 20G40, 20B35
Keywords: Linear-fractional transformation, non-degenerate homomorphism, conju—
gacy classe, parametrization and projective line.



184 M. Aslam and Q. Mushtaq

integers, is generated by the linear-fractional transformations z : z — =+

3z
and y: 2z — 3(%1) which satisfy the relations
=90 =1. (1)
Let v = zyx, and v = y. Then (z)v = 3%;1 and
ub =10 =1 (2)

So the group Geg(2,Z) = (u,v) is a proper subgroup of the group
Ga6(2,2).

The linear-fractional transformation ¢ : z — é inverts u and v, that is,
2 = (ut)? = (vt)? = 1 and so extends the group Gg6(2, Z) to

G2, 2) = (ub =08 = 12 = (ut)? = (vt)® = 1). (3)

As u and v have the same orders, there exists an automorphism which
interchanges u and v yielding the split extension G¢§ (2, Z).

Let PL(F;) denote the projective line over the Galois field F,, , where
q is a prime, that is, PL(Fy) = F, U {oo}. The group Gg4(2,¢) is then
the group of linear-fractional transformations of the form z — Zjig, where
a,b,c,d € F, and ad — be # 0, while G¢ (2, q) is its subgroup consisting
of all those linear-fractional transformations of the form z — gjifl, where
a,b,c,d € F; and ad — bc is a non-zero square in Fj,.

Graham Higman proposed the problem of parametrization of actions of
PGL(2,2) on PL(Fy). The problem was solved by Q. Mushtaq in [4]. In this
paper, we take up the problem and parametrize the actions of Gf (2, Z)
on PL(Fy), except for a few uninteresting ones, by the elements of Fj,.
We have shown that any non-degenerate homomorphism «a from G (2, 2)
into Gg,6(2, q) can be extended to a non-degenerate homomorphism «a from

66(2,Z) into G§(2,9). It has been shown also that every element in

6.6(2,q), not of order 1,2, or 6, is the image of uv under a. It is also
proved that the conjugacy classes of o : G§ (2, Z) — G (2, q) are in one-
to-one correspondence with the conjugacy classes of non-trivial elements of
G§76(2, q), under a correspondence which assigns to the homomorphism «
the class containing (uv)a. Of course, this will mean that we can actually
parametrize the actions of Gg4(2,q) on PL(Fy), except for a few uninter-
esting ones, by the elements of F.
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2. Conjugacy classes

; . -1 . 3z—1 . 1
The transformations w : z — e ViE T Tas and ¢ : 2 — 5 generate

¢6(2,7), subject to defining relations ub =08 =12 = (ut)? = (vt)? = 1.
Thus to choose a homomorphism « : G§4(2,Z) — G§ (2, ¢) amounts to
choosing & = ua, v = va and ¢ = ta, in G 6(2,q) such that

W =00 =7 = (@)?= () =1. (4)

We call a to be a non-degenerate homomorphism if neither of the gen-
erators u,v of G§4(2,Z) lies in the kernel of a. Two homomorphisms «
and B from G§g(2,7) to Gg4(2,q) are called conjugate if there exists an
inner automorphism p of G§4(2,¢) such that 3 = pa. Let § be the auto-
morphism on G 4(2, Z) defined by ud = tut,vé = v, and t§ = ¢. Then the
homomorphism o/ = Ja is called the dual homomorphism of «. This, of
course, means that if o maps u,v,t to uw,v,t, then o maps w,v,t to tut, v, t
respectively. Since the elements u,v,t as well as tut, v, t satisfy the relations
(4), therefore the solutions of these relations occur in dual pairs. Of course,
if o is conjugate to 8 then o/ is conjugate to .

2.1. Parametrization

If the natural mapping GL(2,q) — G§g(2,q) maps a matrix M to the

element of g of G§(2,q), then 6 = (tr(M))?* / det(M) is an invariant of
the conjugacy class of g. We refer to it as the parameter of g or of the
conjugacy class. Of course, every element in Fj is the parameter of some
conjugacy class in G§76(2, q). For instance, the class represented by a matrix
with characteristic polynomial 22 — 0z + 0 if  # 0 or 22 — 1 if § = 0.

If ¢ is odd, there are two classes with parameter 0. Of course a matrix
M in GL(2, q) represents an involution in Gg (2, ¢) if and only if its trace is
zero. This means that the two classes with parameter 0 contain involutions.
One of the classes is contained in G¢ (2, ¢) and the other not. In any case,
there are two classes with parameter 4; the class containing the identity
element and the class containing the element z — z + 1. Thus apart from
these two exceptions, the correspondence between classes and parameters
is one-to-one.

If ¢ is odd and g is not an involution, then g belongs to Ggg(2,q) if
and only if 6 is a square in Fj,. On the other hand ¢ : z — azth

cz+d?
a,b,c,d € Fy, has a fixed point k in the natural representation of GZ76(2, q)

where
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on PL(F,) if and only if the discriminant, a?+d? —2ad+4bc, of the quadratic
equation k%c + k(d — a) — b = 0 is a square in F,. Since the determinant
ad — bc is 1 and the trace a + d is r, the discriminant is (0 — 4). Thus, g
has fixed point in the natural representation of G¢ (2, q) on PL(F) if and
only if (f —4) is a square in Fj.

If U and V are two non-singular 2 x 2 matrices corresponding to the
generators u and U of G (2,q) with det(UV) = 1 and trace r, then for a
positive integer k

(UV)F = {(k 8 1) rk=t (k I 2) T R Y7

_{<k82>rk—2 - <k13>r’f—4+...}1. (5)

Furthermore, suppose

f(r) = (’“ N 1) pEt (’“ N 2) S (6)

The replacement of @ for 72 in f(r) yields a polynomial f(0) = f,(0)
in 6. Thus, one can find a minimal polynomial g, (#), which is equal to
[.(0) if k is a prime number, otherwise for any positive integer k such that
g = £1(mod k) by the equation:

_ fx(0)
9., (0)g,,0)...g,, (0)

where dy,ds,...,d,, are the divisors of k£ such that 1 < d; < k, i =
1,2,...,n and f(0) is obtained by the equation (3.2).
The degree of the minimal polynomial is obtained as:

deg[g, (8)] = deg[f,(8)] — Y _ deglg,, (0], (8)

I (0)

(7)

k=1 e
where deg[fk(g)] _ { 2 if k£ is odd,

0 if k£ is even

}. Also, deg[g . (0)] = E -,

where p is a prime.

Thus:
k Minimal equation satisfied by 6
1 0—4=0

2 0=0
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3 f—-1=0

4 6—-2=0

5 02 —-30+1=0

6 0—-3=0

7 63 —502+60—-1=0

8 02 -40+2=0

9 0 —6602+90—-1=0

10 02 —-50+5=0

11 0° — 90* + 2802 — 3502 4+ 150 — 1 =0

12 02 —-40+1=0

13 6% — 116° + 450* — 840% +706% — 216 +1 =0

14 6% — 1200° 4 550* — 1200° + 1260% — 560 +7 =0

15 07 — 1365 4 6660° — 1650* + 21060° — 1266% +280 —1 =0

16 6% — 12605 + 546* — 11262 + 1066% — 400 +4 =0

17 68 — 1507 4 916 — 2866° + 4950* — 46263 + 2100 — 360 +1 =0

18 6% — 12605 4 5460* — 11262 + 1056% — 360 +3 =0

19 69— 1768 +12007— 4556 +100160°— 12876* +9246° — 33002 +450 — 1 =0

20 68 — 1607 4 1046% — 3520° + 6610* — 6800> + 35602 — 800 + 5 = 0,
and so on.

Let U = [ Ccl Z } be an element of GL(2,q) corresponding to w. Then,
since u® = 1, U% is a scalar matrix, and hence det(U) is a square in F,

where ¢ = +1(mod 12). Thus, replacing U by a suitable scalar multiple, we
assume that det(U) = 1.

Since, for any matrix M, such that M? and M? are not scalar matri-
ces, M® = XI if and only if (tr(M))?> = 3det(M), we may assume that

a b o
tr(U) = a+d = /3 and det(U) = 1. Thus U = {c _a+\/§:|.81m1—

larly, V = [ ; —e4f— V3 ] . Since @® = 1 also implies that the tr(7) = v/3,
every element of GL(2,q) of trace equal to v/3 has upto scalar multiplica-
-1
tion, a conjugate of the form { (1) V3 } . Therefore U will be of the form

0 -1
1 V3]
Now let ¢ be represented by T = [ ?lz T;L } . Since 72 = 1, the trace of

T is zero. So, upto scalar multiplication, the matrix representing ¢ will be
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of the form [ (1) _Ok ] . Because (ut)? = (0t)? = 1, the tr(ut) = tr(vt) =0

and so b = kc and f = gk.
Thus the matrices corresponding to generators @, v and ¢ of G§76(2, q)
will be:

_|a ke _le gk 10 =k
U= [ _Hﬁ},v_ [g _Hﬁ},anw_ [1 ) }
respectively, where a,c, e, g,k € F,. Then,

14+a?+ke2—V3a=0 9)

and
14 e+ kg? — V3e =0, (10)

because the determinants of U and V are 1.

This certainly evolves elements satisfying the relations US = A\ I, V6 =
Xol, where A1 and A9 are non-zero scalars and [ is the identity matrix. The
non-degenerate homomorphism « is determined by @, 7 because one-to-one
correspondence assigns to « the class containing @ ©. So it is sufficient to
check on the conjugacy class of w v. The matrix UV has the trace

r = 2(ae + kecg) + 3 — V3(a + e). (11)
If tr(UVT) = ks, then
s = 2ag — c¢(2e — V/3) — V3. (12)
So the relationship between (3.7) and (3.8) is
r? + ks® = 3r — 2. (13)

We set
0 =12 (14)
Lemma 1. Either wv is of order 3 or there exists an involution t in G§ 4(2, q)

such that T° = (ut)? = (vt)? = 1.

Proof. Let U be an element of GL(2,q) which yields the element u of
G§6(2,q). Since (@)% = 1, therefore we can assume that U has the form

v i)
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a b I m
LetV—[C —a—\/g]andT_[n 4
Now suppose that there exists a transformation ¢ in G§ 4(2, Z) such that

7 = (wl)? = (vf)% = 1. Let r be the trace of UV. Then r = 3+b—c— /3a.
Now

] where 1+a%2+bc—+v/3a = 0.

UT — 0o -1 I m | -n l
11 =3 n =1 | | 1=v3n m-—+3l
giveus—n+m—\/51200rm:n+\/§l.
Also

-t sl AL i ]

¢c —a++3 n -l c—an++v3n cm+al — /3l

yields 2al +bn+cm — /3l =0 or 2al+bn+c(n+\/§l)f\/§l20 or
2al + bn + cn + V/3cl — /31l = 0. Hence

(2a + V3¢ — V3)l + (b+ c)n = 0. (15)

Now for T" to be a non-singular matrix, we have det(T") # 0, that is,
—2—mn#0or 24+mn#0 or ®+n(n+v31)#0 or >+n24+3nl #0

) <i>2 +1+V3 <i> 0. (16)

Thus the necessary and sufficient conditions for the existence of ¢ in
G§6(2,q) are the equations (15) and (16). Hence ¢ exists in G 4(2, ¢) unless

ORROR

Of course, if both 2a + v/3c — v/3 and b + ¢ are equal to zero, then the

. - . .. 1 _ —(b+c) :
existence of ¢ is trivial. If not, then - = SBT3 and so equation (16)

is equivalent to (b4 ¢)2+ (2a+ V3¢ — v/3)*+ (2a + V3¢ — V3)(b+¢) # 0.
Thus there exists t in Gf (2, ¢) such that i = (uf)? = (v7)2 = 1 unless

(b+¢)® + (2a + V3c — V3)* = V3(2a + V3¢ — V3) (b + ¢).

This yields (b — ¢)?+ 4bc+ 4a® + 3¢+ 3+ 4v/3ac — 4v/3a — 6¢ = /3(2ab +
V3be — \/3b + 2ac + /3¢ — V/3c¢).
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After simplification we get 72 — 3r +2 = 0. So, 2 = 3r — 2 and after
squaring both sides, we get #? — 50 + 4 = 0. This implies that § = 1 or
0 =4.

By the preceding table, 8 = 1 implies that the order of wv is 3 and 0 = 4
gives the order of wv is 1, so neglecting it because (uv) # 1, the parameter
of wv is 1 and the order of wv is 3. O

Lemma 2. One and only one of the following holds:
(i) The pair (u,v) is invertible.
(¢4) uv has order 3 and WU # Vu. O

In what follows we shall find a relationship between the parameters of
the dual homomorphisms. We first prove the following.

Lemma 3. Any non trivial element g of G§76(2, q) whose order is not equal
to 2 or 6 is the image of uv under some non-degenerate homomorphism o
of G’é76(2, , Z) into G§76(2, q).

Proof. Using Lemma 1, we show that every non-trivial element of G§ (2, q)
is a product of two elements of orders 3. So we find elements w,v and, ¢ of
6.6(2, q) satisfying the relations (4) with w% in a given conjugacy class.

The class to which we want & ¥ to belong do not consist of involutions
because g = uv is not of order 2. Thus the traces of the matrices UV and
UV'T are not equal to zero. Hence r # 0, and s # 0, so that we have
0 = r? # 0; and it is sufficient to show that we can choose «, ¢, e, g, k, in F,
so that 72 is indeed equal to 6. The solution of @ is therefore arbitrarily in F,.
We can choose 7 to satisfy § = 2, equation (13), yields ks? = 3r —2 —r2.
If 72 # 3r — 2, we select k as above.

Any quadratic polynomial \z? + pz + v, with coefficients in F, takes
at least (¢ + 1)/2 distinct values, as z runs through Fj; since the equation
Az? + pz+v = k has at most two roots for fixed k; and there are g elements
in F,, where ¢ is odd. In particular, a®? — V/3a and —kc? — 1 each taking at
least (g+1)/2 distinct values as a and ¢ run through F,. Similarly, e? —+/3e
and —kg? — 1 each takes at least (¢ + 1)/2 distinct values as e and g run
through Fj,. Hence we can find a and c so that a?—+/3a = —kc® —1 and e,
g so that e — /3e = —kg? — 1.

Finally, by substituting the values of r, s, a, ¢, e, g, k in equations (11) and
(12) we obtain the values of e and g. These equations are linear equations
for e and g with determinant (2a — v/3)? + 4kc® = 4a® + 3 — 4v/34kc?
= 4(a® + ke — V3a) +3 = —4+ 3 = —1. It is non-zero, so that we can
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find e and g satisfying equation (10). It is obvious from (13) and (14) that
0 =0 when r =0 and # = 1 or 4 when s = 0. By the preceding table,
the possibility that 8 = 0 gives rise to the situation where w.v is of order 2.
Similarly, the possibility § = 1 leads to the situation where wv is of order 3
and 8 =4 yields wv of order 1. O

Theorem 1. The conjugacy classes of non-degenerate homomorphisms of

66(2,2) into Gg(2,q) are in one-to-one correspondence with the non-
trivial conjugacy classes of elements of G§76(2,q) under a correspondence
which assigns to any non-degenerate homomorphism o the class containing
(uv)o.

Proof. Let o : Ggg(2,Z) — Ggg(2,q9) be a non-degenerate homomor-
phism such that it maps u,v to w,v. Let € be the parameter of the class
represented by wv. Now « is determined by w,v and each 6 evolves a
pair w,v, so that o is associated with #. We shall call the parameter 6
of the class containing uv, the parameter of the non-degenerate homo-

. " . " ck —ak
morphism of G§4(2,7) into G§4(2,q). Now UT = [ a3 —ck }
implies that det(UT) = —k(a® — V3a+ kc®) = k (equation 9). Also,

kec — akg k%gc 4 ak(e — v/3)
—ae +eV3 — kge —akg + kg3 + ck(e — v/3)
Tr((UT)V) = 2kec—2akg++/3kg—/3kc = —k(—2ce+2ag—/3g++/3¢c) =
—ks. If w,v,t satisfy the relations (4), then so do tut,v,¢. So that the so-
lution of relations (4) occur in dual pairs. Hence replacing the solutions in

- 2
Lemma 3 by tut,v,t, we have 6 = W = % = ks?. We then find a

relationship between the parameters of the dual non-degenerate homomor-
phisms. O

(UT)v = ] implies that

There is an interesting relationship between the parameters of the dual
non-degenerate homomorphisms.

Corollary 1. If a : G§4(2,2) — G§6(2,q) is a non-degenerate homo-
morphism, o' is its dual and 6, ¢ are their respective parameters then
0+ ¢ =3r—2.

Proof. Let a: G§ (2, Z) — Gy 4(2,q) be a non-degenerate homomorphism
satisfying the relations ua = u, va = v and ta = t. Let o’ be the dual of «.

. | a ck _le gk
AswechoosethematrlcesU—[c —a—i—\/g]’ V—[g —e—l—\/g}
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0 —k
1 0
satisfy the equations from (9) to (13). Now (u®)? = 1, implies that
Tr(UV) = 0. Also, we have {Tr(UVT)}/k = s = 0 if and only if (uvt)? =
1. Then det(UV) = 1, thus giving the parameter of % ¥ equal to % = 6. Also
since Tr(UVT) = ks and det(UVT) = k (since det(U) = 1, det(V) =1
and det(T') = k), we obtain the parameter of wot equal to ks2, which we
denote by . Thus 6+ ¢ = r? + ks?. Substituting the values from equation
(13), we therefore obtain 6 + ¢ = 3r — 2. Hence if 0 is the parameter of the
non-degenerate homomorphism «, then ¢ = 3r — 2 — @ is the parameter of
the dual o/ of a. O

and T = [ ], representing u, v and ¢, respectively such that they

Theorem 1, of course, means that we can actually parametrize the non-
degenerate homomorphisms of G§ (2, Z) to G§ (2, q) except for a few un-
interesting ones, by the elements of Fy. Since Gf (2, ¢) has a natural per-
mutation representation on PL(Fy), any homomorphism o : G§4(2,Z) —

6.6(2,q) gives rise to an action of G§4(2,Z) on PL(Fy).

References
[1] M. Aslam and Q. Mushtaq, Closed paths in the coset diagrams for (y,t :
Y% =5 = 1) acting on real quadratic fields, Ars Comb. 71 (2004), 267 — 288.

[2] Q. Mushtaq, Coset diagrams for the modular group, Ph.D. thesis, University
of Oxford, 1983.

[3] Q. Mushtaq, Modular group acting on real quadratic fields, Bull. Austral.
Math. Soc. 37 (1988), 303 — 306.

[4] Q. Mushtaq, Parametrization of all homomorphisms from PGL(2,Z) into
PGL(2,q), Comm. Algebra 20 (1992), 1023 — 1040.

[5] Q. Mushtaq and M. Aslam, Group generated by two elements of orders two
and siz acting on R and Q(y/n), Disc. Math. 179 (1998), 145 — 154.
Received January 03, 2011

Department of Mathematics Quaid-i-Azam University, Islamabad, Pakistan
E-emails: draslamgau@yahoo.com (M.Aslam), gmushtag@apollo.net.pk (Q.Mushtaq)



Quasigroups and Related Systems 19 (2011), 193 — 206

Classification of loops of generalized

Bol-Moufang type

B. Coté, B. Harvill, M. Huhn and A. Kirchman

Abstract. A loop identity o = [ is of Bol-Moufang type if the same 3 variables
appear on both sides of the equal sign in the same order, one of the variables appears
twice on both sides and the remaining two variables appear once on both sides. One
can generalize this definition by allowing different variable orders on either side of the
identity, e.g. ((zz)y)z = x(y(zz)). There are 1215 nontrivial identities of this type. Loop
varieties axiomatized by a single identity of this type are said to be of generalized Bol-
Moufang type. We show that there are 48 such varieties: the 14 varieties of Bol-Moufang

type [13], the 6 varieties of commutative Bol-Moufang type, and 28 new varieties.

1. Introduction

The aim of this paper is to find and classify all loops that are a generalization
of loops of Bol-Moufang type (3], [4], [8], [13], and [17].

A quasigroup is a set () with a binary operation * such that the equation
a * b = ¢ has a unique solution in ) whenever two of a, b, and ¢ are fixed
elements of Q.

A loop is a quasigroup with a two-sided neutral element, which we will
denote as 1. Standard references for loop theory are [1] and [15].

An identity a = 3 is of Bol — Moufang type if it satisfies the following:

1. the only operation in o and 3 is x,

2. the same 3 variables appear in « and S,

3. one of the variables appears twice in « and [,
4

the remaining two variables appear once in « and (3,
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Keywords: quasigroup, loop, Bol-Moufang type.
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5. the variables appear in the same order in « and 3.
We generalize this by dropping the fifth condition, above. An identity
o = [ is of generalized Bol — Moufang type if it satisfies the following:

1. the only operation in o and 3 is *,

2. the same 3 variables appear in « and S,

3. one of the variables appears twice in « and [,
4.

the remaining two variables appear once in « and (.

This paper presents the classification of all varieties of loops of gener-
alized Bol-Moufang type. Given the classification of loops of Bol-Moufang
type [13], we examine those identities in which the variables do not appear
in the same order in o and 3. We show that these identities are one of
48 varieties: the 14 varieties of Bol-Moufang type [13], the 6 varieties of
commutative Bol-Moufang type, and 28 new varieties. As 28 is a perfect
number, we name the new varieties Per fect.

For our convenience, we let x be the double variable and y and z be
the remaining two variables in this classification. Also, we omit * when
multiplying two elements together (e.g. z *x y = xy).

Throughout the course of this research, Prover9, an automated theo-
rem prover, and Mace4, a finite model builder, were used [11]. For ease
of reading, only several distinguishing proofs and several important coun-
terexamples are found in this paper. Untranslated proofs from Prover9 are
not included.

2. Notation and definitions

The following scheme is used to label each identity. This is an extension of
the labeling scheme used by Phillips and Vojtéchovsky [14].

Variable Order Multiplication Order

A | xxyz | G | xxzy T a(b(cd)
B | xyxz | H | xzxy 2 | a((be)e)
Clyxxz | I | zxxy 3 | (ab)(cd)
D | xyzx | J | xzyx 4 | (a(be))d
E | yxzx | K | zxyx 5 | ((ab)e)d
F | yzxx | L | zyxx

For example, the identity (z(yz))z = z((zy)z) is called B4K2.
The following terminology is used to describe the generalized Bol-Moufang
identities. The variable order of « is mormal if y appears before z, i.e., a of
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variable order A — F'. The remaining variable orders are created by flipping
y and z and are thus called flip where G is the flip of A, and so on. An
identity oo = 3 is normal — normal if o and 3 are normal. We define normal
— flip, flip — flip, and flip — normal similarly. The dual of an identity is the
identity created when reading an identity from right to left. For example,
the dual of A1B2, z(z(yz)) = z((yx)z), is (2(zy))z = ((zy)x)x, or E4F5.

3. Identities of generalized Bol-Moufang type

In order to classify all varieties of loops of generalized Bol-Moufang type,
we first count all possible identities of generalized Bol-Moufang type. We
then find equivalencies among these identities, systematically examining
and eliminating first equivalent commutative identities and then equivalent
non-commutative identities. The remainder is the list of unique varieties,
the loops of Perfect type.

Theorem 3.1. There are 1215 non-trivial identities of generalized Bol-
Moufang type.

Proof. Note that each normal-flip identity has an equivalent flip-normal
identity. For example, A1H2 is equivalent to H2A1. Likewise, each normal-
normal identity has an equivalent flip-flip identity when the substitution
y = z is made. It is thus sufficient to count the normal-flip identities
and normal-normal identities, i.e. identities where a has the variable order
A,B,C,D,E, or F.

Note that o and 3 can be 1 of 5 possible multiplication orders; each
identity of variable order o = 3 thus has 25 possible multiplication orders.

Consider first the normal-flip identities in which ( is the flip of «; for
example, A1G3. There are 25 such identities for A, B,C, D, E, and F.
However, for each variable order, ten of the normal-flip identities are equiv-
alent to one of the remaining 15 when the substitution y = z is made. For
example, A1G2 is equivalent to A2G1. Thus, there are 15 identities for the
normal-flip identities in which ( is the flip of a.

Consider the remaining normal-flip identities and the normal-normal
identities. Let A be the variable order for . Note that AA is Bol-Moufang
and has thus been classified [13], and that AG has already been accounted
for. There are 10 remaining possible variable pairings with A: AB, AC,
AD, AE, AF, AH, AI, AJ, AK, and AL. Likewise, the following are
possible variable pairings with B: BA, BC, BD, BE, BF, BG, BI, BJ,
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BK, and BL. Note that BA is equivalent to AB and has thus already been
counted. Therefore, B has 9 possible variable pairings. Similarly, C has 8
possible variable pairings, D has 7, E has 6, and F' has 5.

Multiplying the normal-flip and normal-normal variable orders with the
possible 25 multiplication orders and adding the specific case of the normal-
flip identities in which § is the flip of « gives the total number of identities:
(I0+94+84+T74+6+5)%x25+ (6) « 15 = 1215 O

4. Commutative identities

First we examine the identities which imply commutativity. Any identity
in which letting z, y, or z = 1 yields zy = yz, ry = yx, or xz = zz will be
commutative.

Theorem 4.1. There are 1092 commutative identities of the generalized
Bol-Moufang type.

Proof. The 840 normal - flip identities are commutative because when x = 1,
they become yz = zy.

In addition, 90 normal-normal identities were found to be commutative
by letting x, y, or z = 1: A1B1, A1B2, A1B4, A1D1, A1D2, A1D3, A1F1,
A1E3, A2B1, A2B2, A2B4, A2D1, A2D2, A2D3, A2E1, A2E3, AAB1, AAB2,
A4B4, AAD1, AAD2, B1D1, B1D2, B1D3, B1E1, B1E3, B2D1, B2D2, B2D3,
B2E1, B2E3, B3C3, B3C5, B3D1, B3D2, B3D3, B3E1, B3E3, B3E4, B3ES,
B3F4, B3F5, B5C3, B5C5, B5E3, B5E4, BS5E5, B5F4, B5F5, C1D1, C1D2,
C1D3, C1E1, C1E3, C3D1, C3D2, C3D3, C3D4, C3D5, C3E1, C3E3, C5D3,
C5D4, C5D5, D3E3, D3E4, D3E5, D3FA, D3F5, DAE3, DAEA, DAES, DAF?2,
DAF4, DAF5, D5E3, D5E4, D5E5, D5F2, D5F4, D5F5, E2F2, E2F4, E2F5,
EAF2, FAFA, EAF5, E5F2, E5F4, E5F5.

Example 4.2. For the equation A4B2, (z(xy))z = z((yx)z) when setting
the variable z as the identity the equation yields z(xy) = x(yx), which is
left cancelative. The resulting equation is xy = yx, which is commutative.

162 remaining commutative identities were found using Prover9 [11]:
A1B3, A1B5, A1D4, A1D5, A1E2, A1F4, A1E5, A2B3, A2B5, A2D4, A2D5,
A2F2, A2EA, A2E5, A3B1, A3B2, A3B3, A3D1, A3D3, A3D5, A3E3, A3EA,
A3E5, AAB3, AABS5, AAD3, AAD4, AADS5, AAE1, AAE2, AAE3, AAF4, AAES,
A5B1, A5B2, A5B3, A5D1, A5D3, A5D5, ASE3, A5EA, ASE5, B1C1, B1C2,
B1C3, B1C4, B1C5, B1D4, B1D5, B1E2, B1EA, B1E5, B1F1, B1F2, B1F3,
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B1F4, BIF5, B2C1, B2C2, B2C3, B2C4, B2C5, B2D4, B2D5, B2E2, B2EA,
B2ES5, B2F1, B2F2, B2F3, B2F4, B2F5, B3C1, B3C2, B3C4, B3DA4, B3D5,
B3E?2, B3F1, B3F2, B3F3, BAC1, BAC3, BAC5, BAD1, BAD3, BAD5, BAE3,
BAEA, BAES, BAF2, BAF4A, BAF5, B5C1, B5D1, B5D3, B5D5, B5F2, C1D4,
C1D5, C1E2, C1E4, C1E5, C2D1, C2D3, C2D5, C2E3, C2E4, C2E5, C3E2,
C3E4, C3E5, CAD1, C4D3, CADS5, CAE3, CAF4, CAES, C5D1, C5D2, C5EL,
C5E2, O5E3, C5E4, C5E5, D1E1, D1E2, D1E3, D1E4, D1E5, D1F1, D1F2,
DI1F3, D1F4, D1F5, D2E3, D2F4, D2E5, D2F2, D2F4, D2F5, D3E1, D3E2,
D3F1, D3F2, D3F3, D5E1, D5E2, D5F1, D5F3, E1F2, E1F4, E1F5, E3F1,
E3F2, E3F3, E3F4, E3F5, EAF1, E4AF3, E5F1, ESF3.

Thus, since 8404904162 = 1092, there are 1092 commutative identities
of Bol-Moufang type. O

Theorem 4.3. Any commutative identity of the generalized Bol-Moufang
type can either be commuted to be of the Bol-Moufang type (i.e. the variables
appear in the same order in « and () or is of the commutative Moufang
variety.

Proof. Many commutative identities of the generalized Bol-Moufang type
can be commuted to be of the Bol-Moufang type and have thus been classi-
fied [13]. Using the following table, we generated a list of the only commuta-
tive identities that cannot be commuted to the Bol-Moufang type. Letting
« have the variable order of the left-most column and the multiplication
order of the top-most row, all possible commutations of « are listed, such
that o commutes to some multiplication order of the listed variable orders.

Table 1: Possible Commutations

1 2 3 4 5

A D,F,G,J,L B,D,E,H,J,K,L F,G,L B,C,LK,L C,LL

B | D.EF,GHJK | ADEHJKL | C,D,EHIIK ACLKL A,CLK,L

C E,F,G,H]I, F,GI B,D,E,HI,JK AL ADEHILK,L
D | BEF,G,HJK AF,GJL B,C,E,H,I,J,K AF,G,IL A,B,E,H,J,K,L
E C,F,G,II C,F,G,H]I B,CD,HILJK | BD,F,GHJK | A,BDHIKL
F C,G,l C,E,G,H,I AGLL B,D,E,G,H,J,K A,D,G,J L

G ADTF,JL B,D,E,F,I,J,K AFL C,EFH]I CF,I

H | ABD,EJKL | BD,EFGJK | BCD,EIJK C,EF,G,l C,BF,G,l

I AB,CK,L ACL B,C,D,E,H,J,K CJF,G C,EF,GH
J | AB,D,EHK,L A,DF,G,L B,C,D,E,H,IK A,D,F,G,L B,D,E,F,G,H,K
K A,B,C,IL A,B,C,I,L B,C,D,EH,LJ | ABD,EJHL | BDEFGHJ
L A, A,B,CILK AF.G A,B,D,E,J.H,K ADJF,G,J

Example 4.4. A3 = (zz)(yz), can be commuted into the variable order
F, G, or L, namely (yz)(zx), (zz)(zy), or (zy)(zx).
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Using this table, we found all generalized Bol-Moufang identities which
could not be commuted into the Bol-Moufang type and eliminated any
which did not axiomatize a commutative variety. The following identi-
ties are commutative but cannot be commuted into the Bol-Moufang type:
A2G5, A2I4, A3H3, A3I3, A3J3, A3K3, ASH2, A5J5, ASK5, B1I2, B1L1,
B2G5, B2I4, B3G3, C2H1, C2J1, C2K4, C2L4, C3G3, C3L3, C4G2, CAG?2,
C4J5, CAKS5, D1L1, D3G3, D3L3, D5G5, D514, E3G3, E3L3, EAI2, FALL,
E5G5, B5I4, F1H1, F1J1, F1K4, F1L4, F3H3, F3I3, F3J3, F3K3, and
F4r12. 0

Using Prover9, we found these identities to be equivalent to the commu-
tative Moufang identity, (zx)(yz) = (zy)(xz), and have thus been classified
[11]. An example of one of these proofs follows.

Theorem 4.5. A214 is of the commutative Moufang variety.

Proof. Letting x = 1 in A274, z((zy)z) = (z(zx))y, gives communtativity,
yz = zy. Similarly, by setting y = 1, we have x(zz) = z(xx). Using these,

z(z(zy)) =z((xy)z) (by commutativity)
y (assumption)

xz)x)y (by commutativity)

Thus, A274 is commutative Moufang variety. O

Similarly, it can be shown that all commutative identities that do not
commute to be of the Bol-Moufang type are of the commutative Moufang
variety. Thus, all commutative identities of the generalized Bol-Moufang
type have already been classified [13].

5. Non-commutative identities

With 1092 identities that have already been classified, there are 123 re-
maining non-commutative identities of the generalized Bol-Moufang type.
Using the automated theorem prover, Prover9, and the finite model builder,
Mace4, we eliminated any identity that was equivalent to another, finding
the following 28 Perfect varieties. The first identity listed is used in fu-
ture structural analysis and was chosen such that its dual is also in the
list of 28 varieties. The equivalencies are as follows, with several notable
counterexamples and proofs:
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Theorem 5.1. A4F2 is not equivalent to any identity.

Example 5.2. This is a loop that is of the A4F'2 variety but is not of the
A2C3 variety.

*10 1 2 3 4 5 6 7
0j0 1.2 3 4 5 6 7
111 2 4 5 0 6 7 3
212 3 01 6 7 4 5
313 0 6 7 2 4 5 1
414 5 1 2 7 3 0 6
515 6 7 4 3 0 1 2
66 7 3 0 5 1 2 4
7|7 4 5 6 1 2 3 0

Theorem 5.3. The following identities are not equivalent to any other
identities; A2C3, A2F4, A4C2, C3F4, C4F2.

Theorem 5.4. A4F5 and A1CS are equivalent.

Proof. A1C5 — A4F5

Letting z = 1 in A1A4, z(x(yz)) = z(x(yz)) gives z(zxy) = z(xy).
By contradiction, we assume Al # A4. Then, x(zy) # xz(zy) which is a
contradiction so A1 = A4. It remains to show F'5 = A4. Letting z = 1 in

((zy)y)z = y)(y(z=z)) gives (zy)y = y(yz).
z(z(yz)) = ((yz)z)z
((zy)y)z) = y(y(zz)) (let x =y)
(zy)y = y(y=) (by assumption)

Similarly, letting z = 1 in ((z2)y)y = (y(yx))z gives (zy)y = y(yx). By
contradiction, assume F5 # A4.

((y2)z)z # (z(zy))=
((z2)y)y # (y(yz))z  (let z =y)
(zy)y # y(yz) (by assumption)

But this is a contradiction so F'5 = A4. So A4 = F'5 = Al and A1 = C5
by assumption. Therefore A1C5 — A4F5

A4F5 — A1CH

Letting z = 1 in A4A1, (z(zy))z = x(z(yz)) gives z(zy) = z(zy).
By contradiction, we assume A4 # Al. Then, x(zy) # z(zy) which is a
contradiction so A4 = Al. Since A4 = Al, it remains to show that C5 =
Al. Letting y = 1 in A4F5, (z(zy))z = ((y2)x)z, gives (xx)z = (zx)x.
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(z(zy))z = ((yz)r)x

z(z2))y = ((zy)x)z  (let y = 2)
z(xz) = (22)x (let y =1)
(xx)z = x(x2 (by assumption)

Similarly, in C5 = Al,((yx)x)z = z(x(yz)), letting y = 1 gives (zz)z =

x(xz).

By contradiction, we assume C5 # Al. Then (zz)z # x(zz), which

is a contradiction. Therefore, C5 = Al. So C5 = Al = A4 and A4 = F5
by assumption. Therefore A4F'5 — A1C5.

Therefore, because A4F5 — Al1CH5 and A1C5 — A4F5, A4F5 and
A1C5 are equivalent. O

Theorem 5.5. The following sets of loop varieties are equivalent;

1.
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)
e

CAF5 and C5F3 are equivalent.

A1F2 and C1F5 are equivalent.

A1C2 and A3C1 are equivalent.

A3F1, A3C2, and C2F3 are equivalent.

A5F'1, A5C2, and C4F1 are equivalent.

A5F3, A3C4, and C4F3 are equivalent.

ABF5, A3C5, and C5F5 are equivalent.

BAC4, D2F3, and E1F1 are equivalent.

B5C4, DAF3, and E2F'1 are equivalent.
C1F1, A4C4, and A1F3 are equivalent.

. A1F5, C1F2, and A4C5 are equivalent.
. AlF1, C1F3, and A1C1 are equivalent.
. C2E1, A5B4, and A3D2 are equivalent.

C2E2, A5B5, and A3D4 are equivalent.

. A3F3, A5C4, and C2F1 are equivalent.
. A5C5, A3F5, and C2F2 are equivalent.

A3F2, ASF2, C2F5, C5F1, and C5F2 are equivalent.

A4F1, A5C1, A1C4, A4C1 and A4F3 are equivalent.

A4F4, A201, A202, A3C3, A1C3, A2F1, A2F2, A5F4, C3F3,
C3F5, CAF4, and C5F4 are equivalent.

A4C3, A2C4, A2C5, ASC3, A1F4, A2F3, A2F5, A3F4, C1F4,
C2F4, C3F1, and C3F2 are equivalent.
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21. A5D4, A5FE1, A3E2, A5D2, A5E2, A3E1, A3B4, A3B5, B4C?2,
B5C2, BAD2, BAD4, B5D2, B5D4, BAFE1, BAE2, B5FE1, B5E?2,
BAF'1, BAF3, B5F1, B5F3, C2D2, C2D4, C4D2, C4D4, C4FE1,
C4E2, D2FE1, D2E2, DAE1, DAE2, D2F1, DAF1, E1F3, and
E2F3 are equivalent.

Example 5.6. This is a loop that is of the A4F'5 variety but is not of the
A4F4 variety.

0~ O Uik N = O %

0O~ O U W= OO
DT 0O R TN WO H|

GO 00O = O W NN
T 00O~ O N W W
0 WO WK — O -1 Ut x|

OO O O 0 Ot ot
=W UlO ~T N OO
N~ O UTO W © 0 ~I|~]
B O =W N OO Ot~ |00

9
9
6
7
)
8
3
1
2
4
0

NeJ
NeJ
-
w

This loop is not of the A4F4 variety since (1-(1-2))-4# (2-(4-1))-1

This demonstrates that there are 28 varieties of the Perfect type which
axiomatize the 123 non-commutative identities. It should be noted that 28
is a perfect number. It should also be noted that 6 (also a perfect num-
ber) of these identities are not equivalent to any identity of generalized
Bol-Moufang type. Three of these 6, A2C3, A2F4 and C3F4, have already
been classified as Cheban I, Cheban II and the dual of Cheban I respectively

[2].

6. Varieties of loops of Bol-Moufang, commutative
and perfect type

The following are the 14 varieties of loops of Bol-Moufang type, the 6 com-
mutative varieties, and the 28 varieties of the Perfect type.



202

B. Coté, B. Harvill, M. Huhn and A. Kirchman

Varieties of Bol-Moufang type

variety abbrev. defining identity its name | ref.
Groups GR z(yz) = (zy)z A1A2 | [14]
Extra EL z(y(zx)) = ((xy)z)xz | D1D5 | [14]
Moufang ML (z )( x) = (z(yz))x | D3D4 | [14]
Left Bol LB x(y(zz)) = (x(yx))z | B1B4 | [14]
Right Bol RB y((x2)x) = ((yx)z)x | E2E5 | [14]
C-loops CL y(z(zz)) = ((yx)x)z | C1C5 | [14]
LC-loops LC (zx)(yz) = (z(xy))z | A3A4 | [14]
RC-loops RC y((zz)z) = (y2)(xx F2F3 | [14]
Left Alternative LA z(zy) = (xx)y A4A5 | [14]
Right Alternative RA y(zz) = (yz)x c4C5 | [14]
Flexible Loops FL z(yx) = (xy)x B4B5 | |14]
Middle Nuclear Square | MN | y((zz)z) = (y(zx))z | C2C4 | [14]
Right Nuclear Square RN y(z(zx)) = (yz)(zx) | F1F3 | [14]
Left Nuclear Square LN ((zx)y)z = (zz)(yz) | ABA3 | [14]
Varieties of commutative Bol-Moufang type
variety abbrev. defining identity its name
Comm. Moufang CM (xy)(xz) = (zx)(zy) | B3G3
Abelian Group AG z(yz) = (yz)z Al1B2
Comm. C-loop CcC (y(zy))z = x(y(yz)) | B4C1
Comm. Alternative CA ((zz)y)z = z(z(yx)) | ABK1
Comm. Nuclear square CN ((zx)y)z = (zx)(2y) | ADBG3
Comm. loops CP ((yx)x)z = z(x(yz)) | CHK1

New varieties (presented below) are primarily named according to the
number of Perfect identities that axiomatize them; i.e. Lonely for a single
identity, Mate for two, and Triad for three. The six cancellative identities
are named 2can as they are cancellative and leave two variables. The Frute
variety is an acronym of the structural properties of A4F4, discussed later.
A4C3 is named because it implies all of the Bol-Moufang varieties, which
some may consider crazy. There are historical references to the name as well.
Moldova is known for both Valentin Danilovitsch Belousov, who introduced
quasigroup and loop theory to much of Eastern Europe, and a musical
artist who goes by “Crazy Loop" [16]. A5D4 is named Krypton because the
variety is axiomatized by 36 identities of the Perfect type and the atomic
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number of Krypton is 36.

Varieties of Perfect type

variety abbrev. defining identity its name
Cheban 1 C1 z((zy)z) = (yx)(zz) | A2C3
Cheban 2 C2 z((zy)z) = (y(zz))x | A2F4
Lonely I L1 (x(zy))z = y((zz)x) | A4F2
Cheban I Dual CD (yz)(zz) = (y(zzx))z | C3F4
Lonely II L2 (x(zy))z = y((zx)z) | A4C2
Lonely III L3 (y(zx))z = y((2x)z) | C4F2
Mate I M1 (x(zy))z = ((yz)x)xr | A4F5
Mate II M2 (y(zx))z = ((yz)z)xr | C4F5
Mate III M3 z(z(yz)) = y((zzx)x) | ALF2
Mate IV M4 z(z(yz)) = y((zx)z) | AlC2
Triad I T1 (zx)(yz) = y(z(zz)) | A3F1
Triad II T2 ((zz)y)z = y(2(zx)) | ASF1
Triad III T3 ((zx)y)z = (yz)(zz) | ADF3
Triad TV T4 ((zx)y)z = ((yz)z)x | ASF5
Triad V T5 z(z(yz)) = y(z(zx)) | AlF1
Triad VI T6 (xx)(yz) = (yz)(zz) | A3F3
Triad VII T7 ((xzx)y)z = ((yz)x)z | ADCH
Triad VIII T8 (zx)(yz) = y((zx)x) | A3F2
Triad IX T9 (x(zy))z = y(2(zz)) | A4F1
2can I 2C1 z(yx) = y(zx) B4C4
2can II 202 (xy)z = y(zz) B5C4
2can III 2C3 z(zz) = z(xx) C1F1
2can IV 2C4 x(zz) = (z2)x C1F2
2can V 2C5 (xx)z = z(zx) C2E1
2can VI 2C6 (xx)z = (x2)x C2E2
Frute FR (x(zy))z = (y(2zx))x | A4F4
Crazy Loop CR (x(zy))z = (yz)(zz A4C3
Krypton KL ((xx)y)z = (x(yz))xr | ABD4

7. Structure of the 28 non-commutative perfect
identities

Six Perfect varieties are axiomatized by an identity which is left or right
cancellative:
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Cancellative identities axiomatizing Perfect varieties

BAC4 | (x(yzr))z = (y(vx))z | x(yz) = y(zz)
B5C4 | ((xy)z)z = (y(zx))z | (zy)r = y(zz)
C1F1 | y(z(z2)) = y(z(zx)) | x(zz) = z(xx)
C1F2 | y(z(z2)) = y((z2)x) | z(zz) = (22)2
C2E1 | y((zx)z) = y(z(zx)) | (z2)z = x(2x)
C2E2 | y((zx)z) = y((z2)x) | (z2)2z = (z2)z

For the purpose of this paper, the structures of the six cancellative
varieties have not been examined, as they are structurally less interesting.

Cheban I, Cheban II, and the dual of Cheban I, C3F4, have not been
examined, as they have been already classified [2].

The following chart demonstrates which Perfect varieties imply which
Bol-Moufang varieties. None of the Bol-Moufang varieties implied the Per-

fect varieties.
Bol-Moufang varieties implied by Perfect varieties

Groups (<) A4C3
Extra (<) A4C3
Moufang (<) A4C3, A4F4
Left Bol | (<) A4C3, A4F4
Right Bol | (<) A4C3, A4F4
C-loops (<) A4C3
LC-loops (<) A4C3, A4F1, A4F5
RC-loops (<) A4C3, A1F2, A3F2
L. Alt. (<) A4C3, A3C1, A4F1, A4F4, A4F5
R. Alt. (<) A4C3, A1F2, A3F2, A4F4, CAF5
Flexible (<) A4C3, A4F4, A5D4
L. Nuclear | (<) A4C3, A3F2, A4F1, A4F5, A5D4, A5F3, A5F5, CAF5
M. Nuclear | (<) A4C3, A3F2, A4C2, AAF1, A4F2, AAF5, A5D4, A5F1, CAF2
R. Nuclear | (<) A4C3, A1F2, A3C1, A3F1, A3F2, A4F1, A5D4, C1F3
3-Power (<) A4C3, A1F2, A3C1, A3F1, A3F2, ASF3, A4F1,
A4F4, AAF5, A5D4, A5F1, A5F3, B5C4, C1F2, C2E1, C4F5

Theorem 7.1. A4C3 implies groups.

Proof. Letting y = y/x and z = 1 in A4C3 gives z(z(y/z)) = ((y/z))z)x.
Since y = (y/z)z, z(x(y/z)) = yx. Furthermore, letting z = y and z = 1
in A4C3 gives (zy)y = y(yx). We prove by contradiction, assuming group,
(xy)z = z(yz), is not true.

(2)7 # 2(y2)

(y2)z # y(22)

(((y/x)x)x)z # ((y/x)x)(22)

(let y = x)
(let y = (y/x)x)
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let ¢ = (y/2))
by assumption)

let ¢ = (y/x))
by assumption)

w(w(y/z)) # yo (let = = 1)
This is a contradiction. Thus, A4C3 implies (zy)z = x(yz), all groups. O

= 8
I
~—

Y~ S S S

Example 7.2. This is a loop that is of the C4F2 variety but is not an

extra loop because 1-(2-(3-1)) #((1-2)-3) - 1.
*Io 1 2 3 4 5
0j0o 1 2 3 4 5
111 0 3 4 5 2
212 4 0 5 3 1
313 5 1 0 2 4
414 2 5 1 0 3
515 3 4 2 1 O

In addition to the implications, some Perfect varieties satisfied other
structural properties. Recall the following definitions:

A loop is right conjugacy closed (RCC-loop) if it satisfies z(yx) =
((zy)/z)(zx). A loop is left conjugacy closed (LCC-loop) if it satisfies
(xy)z = (xz2)(2\(yz)). A loop is conjugacy closed if it is both RCC and
LCC. A loop is Osborn if it satisfies z((yz)z) = (x\y)(zx). The center of a
loop L, Z(L), is the set such that y € Z(L) implies xy = yx for all z € L.
A loop L is nilpotent of class 2 if L/Z (L) is abelian.

Using Prover9, we found that these are the only Perfect varieties to
satisfy such conditions:

Theorem 7.3. A4C3 is conjugacy closed and Osborn, A4F4 is Osborn,
A4C3 s nilpotent of class 2.

A4F4 contains the most interesting structural properties of any variety
of Perfect type. We call A4F4 the Frute variety since A4F4 is Flexible,
Right bol and left bol, Unity of R. Alt and L. Alt, Three-power associative
and FEntails both Osborn and Moufang properties. Loops of the Frute
variety will be examined further by the authors of this paper and our advisor
Dr. J.D. Phillips in a future paper.

Historical Remarks. The classification of varieties of loops of the Bol-
Moufang type was initiated by Fenyves and continued by Phillips and Vo-
jtéchovsky [6], [7], [13], [14]. In classifying loops of generalized Bol-Moufang
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type, we partially respond to Drapal and Jedlicka’s call to classify all vari-
eties of loops that include all quasigroup binary operations, *, /, and \ of
generalized Bol-Moufang type [5].

We would especially like to thank our advisor, Dr. J.D. Phillips, for his
invaluable assistance and guidance in our research.
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A characterization of binary invertible

algebras linear over a group

Sergey S. Davidov

Abstract. In this paper we define linear over a group and an abelian group binary
invertible algebras and characterize the class of such algebras by second-order formulae,
namely the V3(V)-identities.

1. Introduction
A quasigroup, (Q;-), of the form,
xy = pxr + a + Yy,

where (Q;+) is a group, ¢, ¥ are automorphisms (antiautomorphisms) of
(Q;+), and a is a fixed element of @, is called linear (alinear) quasigroup
over the group, (Q;+), [2, 6].

All primitive linear (alinear) quasigroups form a variety |[6].

A linear quasigroup over an abelian group is called a T-quasigroup [10].
An important subclass of the T-quasigroups is the class of medial quasi-
groups. A quasigroup (Q);-) is called medial, if the following identity holds:
xy - uv = xu - yv. Any medial quasigroup is a T-quasigroup by Toyoda
theorem, [3] — [8], with the condition, @i = V.

Medial quasigroups have been studied by many authors, namely R.H.
Bruck [8], T. Kepka, P. Nemec and J. Jezek [9]-[11], D.S. Murdoch [16],
A.B. Romanowska and J.D.H. Smith [17], K. Toyoda [21] and others and
this class plays a special role in the theory of quasigroups. T-quasigroups
were introduced by T. Kepka and P. Nemec [10, 11]. Later G.B. Belyavskaya
characterized the class of T-quasigroups by a system of two identities [5, 7].

A binary algebra (Q;3) is called invertible, if (Q; A) is a quasigroup
for any operation, A € ¥. The invertible algebras first were considered by

2010 Mathematics Subject Classification: 20N05
Keywords: quasigroup, invertible algebra, linear algebra, second-order formula, inver-
tible T-algebra, hyperidentity.



208 S. S. Davidov

R. Schauffler in touch with coding theory [19, 20]. Later such algebras were
investigated by J. Aczel [1], V.D. Belousov |2, 3], Yu.M. Movsisyan [12] -
[15], A. Sade [18] and others.

By analogy with linear (alinear) quasigroups we introduce the notion of
a linear (alinear) invertible algebra.

Definition 1.1. An invertible algebra (Q;X) is called linear (alinear) over
the group (Q;+) if every operation A € ¥ has the form:

A(z,y) = pax +ta + Yay, (1)

where ¢4, 14 are automorphisms (antiautomorphisms) of (Q;+) for all
A €Y, and t4 are fixed elements of Q.

A linear invertible algebra over an abelian group is called an invertible
T-algebra.
Let us recall, that the following absolutely closed second-order formulae:

VX1, X Ve, ooz, (w1 = w2),
VXl,...,Xkan+1...,XmVl'l,...,a?n (W1:UJ2),

where wy, wy are words (terms) written in the functional variables X7, ..., X,
and in the objective variables, x1, ..., z,, are called V(V)-identity or hyper-
identity and V3(V)-identity. The satisfiability (truth) of these second or-
der formulae in the algebra (Q;X) is understood in the sense of functional
quantifiers, (VX;) and (3X;), meaning: "for every value X; = A € ¥ of
the corresponding arity" and "there exists a value X; = A € ¥ of the cor-
responding arity". It is assumed that such a replacement is possible, that
is:

where | S| is the arity of S. Generally, hyperidentities are written without a
quantifier prefix: w; = wo. For details about such formulae see [12] - [15].

The binary algebra, (Q;X), is called medial (abelian) if the following
hyperidentity holds:

X(Y(SC, y)? Y(u7v)) = Y(X(:c,u), X(ya U))

Yu.M. Movsisyan proved that medial invertible algebras are a special class
of invertible T-algebras, namely all automorphisms of the group (Q;+),
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which correspond the operations from ¥ are permutable:

DA PB=PB PA, Ya-YB=1vp Ya, pa-Yp =1y forall A,BeX.

In the present paper we characterize the class of invertible linear (alin-
ear) algebras and the class of invertible T-algebras by second-order formulae,
namely, V3(V)-identities. For proofs of these results we use the methods of
the papers, [6, 5.

2. Linear and alinear invertible algebras

We denote by Ly, and R4, the left and right translations of the binary
algebra (Q;X): Lag : o — A(a,x), Rag @ ¢ — A(z,a). If the algebra
(Q;X) is an invertible algebra, then the translations, L4, and R4, are
bijections for all a € @) and all A € X.

The unique solution of the equality B(a,z) = a (B(z,a) = a) is denoted
by eZ (fB), ie., eB (fB) is the right (left) local identity of the element a
with respect to the operation B.

It is well known [3] that with each quasigroup A the next five quasigroups
are connected:

14—17 _IA, —1(14—1)7 (_IA)_I, A*,

where A*(z,y) = A(y,x). These quasigroups are called inverse quasigroups
or parastrophies. Like this, with each invertible algebra (Q;X) the next five
invertible algebras are connected:

(@7, (@7'D), (@ E), (@), (@),
where
yl={A"YAecx},
“ln={t4lA e},
ET)={TATh)4es),
')t ={"A) A ez,
Yr={A%A e}
Each of these invertible algebras are called parastrophies of (Q;X).

Lemma 2.1. If an invertible algebra (Q; %) satisfies the following equality:

A(B(z,y), B(u,v)) = A(B(z, u), B(ay, v)), (2)
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where « is a mapping from @ into QQ and A, B are some operations from
Y, then a depends on u, A, B and on their inverse operations and has the
form:

oy = By ==1 B(A™ Y (u, A(B("'B(u,u),y),u)), B~ (u,u)) . (3)
Proof. If in (2) x = fB and v = B, we obtain:
A(B(f,9), B(u,e))) = A(B(f,u), Blay, ef))
A(B(ff,y),u) = A(u,B(ay,ef)) ,
A(LBJuBy,u) = A(u, RByegay) ,
RauLp gpy = LauRp pay,
ay = R;egLZ,IuRAuLB,ffy'
We have
ay = R5' p L3 RauB (1Y) = R\ p La, A(B(f7,y),u) =
Ry A (u, A(B(f ) w)) =
7lB(A*1 (u, A(B(_IB(U, u), y) , u)) .~ B(u, u)),

since e = B~ Y(u,u), fB ="' B(u,u), R;yx =—1 B(xz,y), Lg}yx =

B~ (y, x). O
Lemma 2.2. If an invertible algebra (Q; %) satisfies the following equality:
A(B(z,y), B(u,v)) = A(B(Bv,y), B(u,z)), (4)

where 3 1s a mapping from Q into QQ and A, B are some operations from
Y, then B depends on x, A, B and on their inverse operations and has the
form:

Bv = ﬂf’Bv ="1 B(flA(A(a:,B( B(x,x),v)),x),Bil(x,a:)) . (5)

Proof. If in (4) y = €2 and u = f2, then we obtain as in Lemma 2.1. [

-1

Theorem 2.1. The binary algebra (Q;X) is an invertible linear algebra iff
the following second order formula:

XY (z,y),Y(u,v)) = X(Y(m, u), Y(aff’yy, v)), (6)
where

XYy =1 Y(X_l(u, X(Y(_lY(u, u), y),u)),Y_l(u, u)) (7)

u

is valid in the algebra (Q; X UL L UL Y) for all X,Y € 3.
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Proof. Let (Q;X) be an invertible linear algebra, then for every X € ¥ we
have:

X(z,y) = pxa +cx +Pxy,
where px, 1x are automorphisms of the group (Q;+) and cx € Q. We

prove that equality (6) is valid in the algebra (Q;X U X! U™ %) for all

X,Y € 3, when

XY XY
aff’yy:—ao utaoay” y+tu,

where ozg(’yy = go;li,b;(lic_ylﬁc)(goxwyy, icyx =cy+z, Ry = 2+ cx.

Indeed,

XY (z,y),Y(u,v))=px(pyz + cy +¥yy) + cx +Ux(oyu +cy +Yyv)=
= pxpyr + oxcy + ox¥yy +cx +Uxoyu +xcy +Yxiyv,

on the other hand, using the expressions for a())(’y, we obtain

X (Y (z,u), Y(auX’Yy, v)) = px(pyz + ey +Yyu) + cx+
+x (pyay Yy + oy +1yv) = oxeyT + oxcy + oxtyu+ ex+
+xpy (—ag u+agy +u) +Pxey +vxyo = pxoya + pxey+
+oxyu+cx — ¢X<PY<P;71¢;(1£E;RcX oxyu+
+Uxpy ey U Lot Reyox vy + Yxovu + dxey + Yxidyv =
= QOxPyT + pxcy +oxPyu +cx — I:C_YIRCX pxvyu+ ic_ylfzcx oxyy+
Foxpyu+ vxcy + Uxihyv = pxpyr + pxcy + oxyu+cex—
—(—cy +pxtyu+ex) —cy + oxt¥yy + cx +Pxpyu+ xey+
+YxPyv = oxpyT + oxcy + oxtyy +cx —cx — pxPyu + cy —
—¢y + ox¥yy +cx +Yxpyu+xey +Pxyv =
=oxpyx +pxcy + exhyy +ex +Yxoyu+ xey + pxipyv.
Thus, the right and left sides of equality (6) are equal. According to
Lemma 2.1 we obtain that aj® has the form of (7).
Conversely, let formula (6) be valid in the algebra (Q; X U X1 U™l %)
for all X,Y € ¥. We prove that the algebra (@Q;X) is an invertible linear

algebra. Let us fix (in (6)) the element v = a and the operations X = A,
Y = B, where A, B € X, then we obtain:

A(B(z,y), B(a,v)) = A(B(z,a), B(aiPy,v)),
A(B(z,y), Lpqv) = A(RB@a:, B(af’By,v)),
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or
A1(Az(z,y),v) = As(x, Aa(y,v)),
where Ay (z,y) = A(xﬂLB,ay)7 As(z,y) = B(z,y), As(z,y) = A(RB,am)y)a
AB
A4($7 y) = B(aa z, y)

From the last equality, according to Belousov’s theorem about four
quasigroups which are connected through the associative law [18], all the
operations A; (i = 1,2, 3,4) are isotopic to the same group. Hence, the op-
erations, A and B, are isotopic to the same group, and since the operations
A and B are arbitrary we obtain that all the operations from X are isotopic
to the same group (Q;*).

For every X € X, let us define the operations:

Ty = X(Ry,o L), (8)

where a, b are some elements from (). These operations are loops with the
identity element Ox = X (b, a) 3], and they are isotopic to the group (Q; *).
Hence, by Albert’s theorem [3], they are groups for every X € ¥.

Let us rewrite equality (6) (where X = A, Y = B), (in terms of the

operations + and +) in the following way:
A B

Rao(Rpox JBr Lpyy) ﬂ; Lap(Rpau g Lpyv) =
Ra.o(RB,av ; Lpyu) ﬂz LA,b(RB,aOéf’By ﬂg Lppv),
Raa(z+y) + Lap(u+v) =
B A B
_ A _
Ryq (:c —g LB,bRB,laU) j;_ Lay (RB,GO‘R;aLB,lby E v).
If we take u = 0p and v = L;‘lbOA in the last equality, then we have:
-1
Raa(w+y) + Lap(0n + L}1304) =
- A,B - _
Raa(z E LB7bRB,1aOB) j Lap (RB,aO‘R;laoBLB,lby ‘g LA,lbOA)>

Ra(z 1 y) = aa B " BA,BY, (9)
where
QA BT = RAﬂ (.%' —g LB,bRé}aOB)a

AB _ -
Ba,BY = LA,b(RB,aOéR’ LB,lby JBF LA,lbOA)'

-1
B,aOB
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Since the operations A and B are arbitrary, we can take A = B in (9),
then we obtain:

Raa(x " Y) = aa Az " Ba,AY- (10)
From (9) and (10), we have:
vy = Raa(ogaw + 834y),
T4y = Raa(0spr + Balpy),

—1 —1 —1 —1
Qg AT j“ Baay=a,pe E BaBY

thus, we obtain:
T4y =748+ 0A,BY; (11)

where y4 B = oy BaAA and 04,8 = B4 BﬂAA are the permutations of the
set (. Hence, from (9), according to (11) we get:

Raa(z JBr Y) = YA,BOA,BT JBr 04,B84,BY,

i.e., Raq is a quasiautomorphism of the group (Q + ) and since the op-
eratlon A is arbitrary, we have that R4, is the quasfhiutomorphism of the

group (Q, + ) for all operations A from Y. We fix the operation + and
B B

further will be denote it by +.
According to (8), for the operations A € ¥ we have:

A(z,y) = Rao ji Lapy.

According to (11), from the last equality, we get:
Az,y) = 0P + 058y, (12)

where 0’4 =4 BRA}?% and 0 = 04,8L 4 are the permutations of Q.

We prove that 0 and 9 ’B are quasiautomorphisms of the group
(Q;4). To do it we take v = a, u = fP, X = A, Y = B in equality

a
(6) and rewrite this equality in terms of the operation +:

AB
A(B(w,y),0) = A(B(s,£7), B(a4y,0)).
Qf’B(RB,aJ) + Lppy) + Of’Ba = Qf’BRB’ffas + 054’3 (RB,aa%By + Lppa),

017 (Rp at + L) = 03 "Ry gpx + 05" (Rp iy + Lipa) — 65"
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07"% (@ +y) = 0{"" Ry ;s Ryl o + 057 (RB,aa;‘fBL;}by + Lppa) — 05",

A
0;°%(x +y) = 04T + pa,BY

where
A,B — A,B A,Br— A,B
oa,Br=0]" RB,ffRB,la‘T and pa py=0;" (RB,aO[faé LB}by-FLB,bG) —0,"a

are the permutations of () and therefore 0{1’3 is a quasiautomorphism of the
group (Q;+).
Now, we take 2 = fZ, u=1b, X = A, Y = B in (6) and rewrite this
equality in terms of the operation +:
A,B
A(B(£y,y), B(b,v)) = A(b, B(ay "y, v)),
01 F Ly ppy + 05" Lpyv = 6,770+ 6577 (Rp 0y "y + L po),

A,B AB A,B A,B AB

05" (Rpacy, "y + Lpyv) = —07""b+ 607" Lppy+ 07" L pv,
A,B

057 (y +v) = 0y gy + 1a g,

/ _ pAB A,B AB\—1 -1 ’ _ pAB
where OuBY = —0777b+0; LBJbB (ab ) Rp .Yy and WGl 05" v are

the permutations of the set ) and therefore 6’54 Plis a quasiautomorphism
of the group (Q;+).
According to [3, lemma 2.5] we have:

07"z = paz + sa,
AB
927 $:tA+wAy7
where 4, 14 are automorphisms of the group (Q;+) and t4, s4 are some
elements of the set (). Hence, from (12), it follows that

A(z,y) = paz +ca +Yay, (13)

where cq = s4 + t4.
Since the operation A is arbitrary, we obtain that all the operations
from ¥ can be presented in the form of (13) through the operation +. [

Theorem 2.2. The binary algebra (Q;X) is an invertible alinear algebra
iff the following second order formula:

X(Y(2,9), Y (u,0) = X (Y (XY 0,9),Y (u, 2), (14)

where

B0 =Y (X (X (2,Y ('Y (2,2),0)),2), Y T (w,2)) (1)

is valid in the algebra (Q; X UL L UL Y) for all X,V € 3.
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Proof. Let (Q;X) be an invertible alinear algebra, then for every X € 3

X(may):(pr+cX+¢Xy7

where px, ¥ x are antiautomorphisms of the group (Q;+) and cx € Q. We
prove that equality (14) is valid in the algebra (Q; X U X~ U™l X) for all
XY €3, if:

XY XY XY
Brlv=ax+06y v—-0" x,

where ﬁé(’yv = go;lc,o;(léc_)}f@x¢x@byv, Rcyx = x + cy, f/CXsc =cx + x.
Indeed,

X(Y(x,y),Y (u,v))=¢x(pyx +cy +yy) + cx + Ux(pyu+ cy +hyv)=
= oxYPyy +pxcy +oxpyr +cx +YxPyv +Pxey +vxpyu,

on the other hand, using the expressions for ﬁ()f ’Y, and taking into account
that @ x ¢y is an automorphism of the group (Q;+) we obtain:

X(Y (85 0,9), Y (u, 7)) = ox(oy B v+ ey +hyy) +ex+
+Yx (pyu—+ ey +¥ya) = extyy + oxey + oxey B v+ ex+
+xyyx +xey +Yxpyu = pxPyy + oxcy+
toxoy (x4 85 v — BT @) + ex + Uxbyar +dxey + dxpyu =
= oxyy + pxcy + pxevT + exey By v — oxey T @+ ex+
+xtyr +bxey +Pxoyu = pxtbyy + oxcy + pxpyr+
+<PX90Y¢§190}1RZ;£CX Yxyv — cpxsow;lsz?}lé;}icx Yxpyr+
+ex +Yxvyx +Pxey +Yxpyu = oxyy + pxcy + pxpyr +cex+
+Yxpyv—cy—(cx +Yxthyr—cy) + ex + Pxyx + Pxcy + Pxpyu=
= pxVPyy +oxcy + oxpyT +cx +YxPyv —cy + oy — Yxyr—
—cx +ex HYxyr +Yxey +Yxpoyu =
= oxPyy +pxcy + oxpyr +cx + YxPyv +dxey +Pxpyu.

Thus, the right and left sides of equality (14) are equal. According to
Lemma 2.2, we get that 357 has the form of (15).

Conversely, let the formula (14) be valid in the algebra (Q; SUX~1U~1Y)
for all X, Y € X. We prove that the algebra (Q;3) is an invertible alinear
algebra. Fixing the element x = p and the operations X = A, Y = B,
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where A, B € ¥ in (14), we obtain:

A(B(p,y), B(u,v)) = A(B(8;"5v,y), B(u,p)),
A(Lpyy, B(u,v)) = A(B(8;""v,y), R pu),
A (B(ua ’U), LB,py) = A" (RB,pu’ B(/B;:LB’LU y))
or
AI(A2(U7 ’U), y) = A3(ua A4(1}, y))a
where Al(l‘, y) = A*(IL‘, LB,py)a A2($7 y) = B(.fL', y)7 Ag(l’, y) = A*(RB,pmv y):
A,B
A4<x7y) = B(/Bp ' x7y)

From the last equality, according to Belousov’s theorem about four
quasigroups which are connected with the associative law [18], all the oper-
ations A; (i = 1,2,3,4) are isotopic to the same group. Since the operation
B is arbitrary, we obtain that all the operations from 3 are isotopic to the

same group (Q; *).
For every X € ¥ let us define the operations:

x ; y = X(R;(}ax, L;(}by), (16)

where a, b are some elements from (). These operations are loops with the
identity element Ox = X (b, a) 3], and they are isotopic to the group (Q; *).
Hence by Albert’s theorem [3] they are groups for every X € 3.
Let us rewrite the equality (14) (where X = A, Y = B) in terms of the
operations + and +
A B
Ra(Rpax JBr Lpyy) ﬂ; Lap(RBqu g Lppv) =

RA,a(RB,aﬂf’Bv vg L) jx_ Lay(Rpau }; Lppx).
If we take y = a and x = R;lab = d in the last equality, we have:
Raa(RpaRgl,b + Lppa) + Lay(RBau + Lpyw) =
Raa(Rpafy v + L) + Lap(Rpau + Lpyd),
RA,a(b + 03) + LAJ,(RB,au + LBJ,U) =
B A B
Raa(Rpafy "0 + 0p) + LayB(u,d),

A
Raab+ Lap(Rpau -BF Lpyv) = RaoRpafy Py j{ LapRpau,
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Lay(Rpau ﬂg Lpyv) = RA,aRB,aﬂdA’BU j LapRpqu,

or
LA,b(u—gv) :aA,BUj;ﬁA,BU (17)

where
A,B r— -1
QA B = RA aRB a,B L and BA,B = LAbeB,dRB,a

are permutations of the set Q.
Since the operations A and B are arbitrary, we can take A = B in (17),
and get:
LA,b(U‘J;U) :aAAvjﬁA,Au. (18)

From (17) and (18) we have:
v j;— u=1Layp (ﬁX}Bu —g aZ}Bv),
v —: u=Layp (ﬁ;‘}Au 4A; aZ}Av),
Bapt 4 aalpy = Byau 4 ayyw,
and thus, we obtain:

U+ v = 7y4,BU + 04 BV, (19)
A B

where y4 5 = @ZlgﬂA,A and 04 B = a;llBaA’A are the permutations of the

set Q.
According to (16), for the operations A € ¥, we have:

A(z,y) = Rgo + Lapy.

According to (19), from the last equality, we get:
Al y) = 0,z + 0,7y, (20)

where Of’B = v4,BR4,, and the 6’;"3 = 04,8L Ay are the permutations of
the set Q). Thus, we can represent every operations from X by the operation
—|— We fix the operation —|— and further denote it by + .

We shall prove that HAB and 9 are antiquasiautomorphisms of the
group (Q;+). To do it we take z = a, u = fB, X = A, Y = B, in equality
(14) and rewrite this equality in terms of the operation, +:
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A(B(a,y), B(f7v)) = A(B( 2 Pu.y),a),

0% (Rpaa + L py) + 0575 Ly JBU = 0;"" (Rp.oB2Pv + Lpy) + 65 a
aA B(RB BBu+ Lpyy) = 017 (Rpaa+ Lppy) + 03" L v — 03P a
Plo+y) =00 (Rpaa+y) + 67§4’BLB,faB (ﬁf’B)ilREe,lav —03"Pa,

P+ y) = oapy + papo,

where
O‘A7By:9fl’B (RBea+y) and ,uABv:%"BLB’ff (ﬁf’B)_le}av - GQA’Ba are
the permutations of the set () and therefore, HIA’B is an antiquasiautomor-
phism of the group (Q;+).
If we take = = a, y =eB X = A, Y = B in the equality (14), we can
similarly prove that 9 B is an antiquasiautomorphism of the group (Q;+).
Thus, we have |2]

0P = paz + 524,
AB
92’ ',B:tA—i_wAya

where ¢4, 14 are antiautomorphisms of the group (Q;+) and t4, s4 are
some elements of the set (). Hence, from (20) we get that:

A(z,y) = paz +ca+ay, (21)
where cq = s4 + t4.
Since the operation A is arbitrary, we obtain that all the operations
from ¥ can be presented in the form of (21). O
3. Invertible T-algebras

It is known [10, 11| that T-quasigroups are invariant under parastrophies.
We have the same result for parastrophies of invertible T-algebras.

Proposition 3.1. Let (Q;X) be an invertible T-algebra. Then all parastro-
phies of the algebra, (Q;X), are invertible T-algebras.

Also, as in the case of quasigroups [6], we have the following result:

Proposition 3.2. If an invertible algebra is linear and alinear then it is
T-algebra.
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Lemma 3.1. If the algebra (Q; UL 1UTIY), where (Q; X) is an invertible
T-algebra, satisfies equality (6) for all X,Y € X, then this equality is also
valid in the algebra (Q;X U™ S US U (TIE)tuTt (ST UEY) for all
X yexulzuzstuiy)tut(zhuzn

Proof. We must check equalities for all A, B € YU !X uy-tu(-ty)-tut
(X71). For example, let us check the following equality:

A(_lB(l‘, y),_1 B(u, v)) = A(_lB(x, u),_1 B(ozA’_lBy, v))

In this case, we have:
ot Py = B(A™ (w, AT B(B(u,u),y),w), (' B) (u,w)).
It follows from (1):

ANz, y) = ¢y (—ca — paz +y),

“'B(x,y) = ¢5 (x — Yy — cB),

(T'B)Mx,y) = v5' (—cB — pBY + ).
Let us calculate af’ilBy:

ATYB -1 -1 -1
o Ty =ty (paps vBu — 0apn ¥BY + Yau) +u— ppu—cp +cp

= B PaPE VBU — BV AP By + PBu +u — ppu
= oYl eary (Vpu — YpY) + u.

Therefore
A(_lB(az, u), ! B(af}’ilBy, v))
= A(¢p'(z — Ypu—cp), 05" (af’_lBy —¢pv —cp))

-1
= papp (@ — Ypu—cp) +Yapp (ol Py — v —cp) +ca

= 0APE'T — AP VU — appies + Yapg opY i vars (Veu — YY)
e u — Yaps vy — Yapptcs +ca

= APE T —pAas cB— AP UBY+aE u— Yaps vBv— Yaps'cptea

On the other hand

A(_lB(:E, u),_lB(u,v)) = cpAgpgl(x—v/)By—cB) + wAcpgl(u—va—cB)—l—cA

= PAPR T PAP R VBY— APy et A u— YA v —Yapg catca.

Thus, the right and left sides are equal. Similarly, we can check the
other cases. O
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Lemma 3.2. Let (Q;X) be an invertible T-algebra. If the algebra, (Q; % U
YL Ut Y), satisfies equality (14) for all X,Y € X, then this equality is
valid in the algebra (Q;X U™ S UL U (TIE)tuTt (ST UEY) for all
Xyexulzustuiy)tut(zhuzsn

Proof. Similarly as Lemma 3.1. O

Theorem 3.1. (Q;X) is an invertible T-algebra iff (6) and (14) are valid
in the algebra (Q;XUTISUNT U (TIE)TTUTH(ETHUSH) forall XY €
suttzuzTtu i) tutt(zThu s

Proof. As in the proof of Theorems 2.1 and 2.2, the invertible T-algebra
satisfies formulae (6) and (14). The rest follows from Lemmas 3.1 and 3.2.
The converse statement is a consequence of Proposition 3.2. 0

Corollary 3.1. Let (Q;X) be an invertible T-algebra. If (Q;X) satisfies
the following second-order formula:

VX1, Xo Ve, w9, w3 14
(Xl (XQ(xlv x2)7 X2($47 1‘3)) =Xy (XQ(:UI? .%'4), X2(x27 .’Bg))), (22)

then in (Q;X) the following hyperidentity is valid:

X1 (Xg(l‘l, .’L‘Q), XQ(SL’4, 1'3)) = X1 (XQ(SL’l, l’4), Xg(l‘g, 133))

Proof. Let (Q;X) be an invertible T-algebra. Then it satisfies (6). If we
rewrite (6), in terms of the operation +, then after cancellations we obtain

Yxeyu+oxtyy = pxtyu+ Pxeye "y, (23)
which for u = 0 gives px 9y = ¢ chyozéf’y. This together with (23) implies

U+ ag(’yy = aé(’yu + auX’Yy , (24)

where ag( Y is the permutation which corresponds to the identity element

of the group, (Q;+).
If (22) is valid in (Q;X), then for every X, Y € 3 and every z,y,v € Q
there exists an element h € @ such that the following equality is valid:

XY (x,y,Y(h,v)) = X(Y(z,h),Y(y,v)).
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Therefore, aff’y is the identity permutation of the set Q).
From the proof of Theorem 2.1, it follows that the loops =z + y =
X

X (R)_(lax, L)_(lby) are groups for all a,b € @ and all operations X € 3 and
also, we can take any of the groups, + (X € X) as a group +.
X

Let us choose the elements a, b such that h = Y (b,a) is an identity

element of the group (Q;+), then aff’y is the identity permutation of the

set Q. Therefore, from (24), we have auX’Yy = y since aé(’y = af’y is the

identity permutation. Hence oY is the identity permutation for all u € @)
and all X, Y € X, ]

Corollary 3.2. The quasigroup, (Q;-), is a T-quasigroup iff formulae (6)
and (14) are valid in the quasigroup, (Q;-, /,\), for all X, Y € {-)\,/}.
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Indicators of quasigroups
Ivan I. Deriyenko

Abstract. We present some useful conditions which are necessary for isotopy of two
quasigroups of the same finite order.

Let Q ={1,2,3,...,n} be a finite set, S,, — the set of all permutations
of @. The multiplication (composition) of permutations ¢ and ¢ of @ is
defined as py(z) = ¢(¢(x)). All permutations will be written in the form
of cycles and cycles will be separated by points, e.g.

_<123456

51954 6) = (132.45.6.)

By a cyclic type of a permutation ¢ € S, we mean the sequence Iy, (2, ..., I,
where [; denotes the number of cycles of the length ¢. In this case we will
write

C((p) = {ll, 12, PN ln}

n
Obviously, > i-l; = n.

i=1
Definition 1. By the indicator of a permutation ¢ of type C(¢) = {l1, 12, ..., I}
we mean the polynomial

wlp) = b ol ol
For example, for ¢ = (123.45.6.) we have C(¢) = {1,1,1,0,0,0} and
w(yp) = x1z023; for ¥ = (1.2536.47.80.9.), C(v) = {2,2,0,1,0,0,0,0,0,0}
and w(v) = z3w3x,.
As it is well-known, two permutations ¢, € S, are conjugate if there
exists a permutation p € S, such that

pop~ ! = 1.

2010 Mathematics Subject Classification: 20N20, 05B15
Keywords: quasigroup, isotopy, autotopy.
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Theorem 1. (Theorem 5.1.3 in [4]) Two permutations are conjugate if and
only if they have the same cyclic type. O

As a consequence we obtain
Corollary 1. Conjugated permutations have the same indicators. O

As it is well-known, two quasigroups Q(o) and Q(+) are isotopic if there
are three permutations «, 3,7 of @ such that

Y(zoy)=a(z) By). (1)

In the case a = 8 = v we say that quasigroups are autotopic.
A track (or a right middle translation) of a quasigroup Q(-) is a permu-
tation ; of @ satisfying the identity

where i € Q). Each quasigroup can be identified with the set {¢1, 2,...,¢n}
of all its tracks (cf. [2]).

Tracks of Q(-) will be denoted by ¢;, track of Q(o) by 1. Similarly, left
and right translations of @Q(-) will be denoted by L, and R,, left and right
translations of Q(o) by L and Rj.

Proposition 1. (cf. [2]) Tracks of isotopic quasigroups satisfying (1) are
connected by the formula

Pri) = Bpia ™. (2)
Similar results hold for left and right translations.

Theorem 2. Left and right translations of isotopic quasigroups satisfying
(1) are connected by the conditions

La(a) = VLZB_I’ Rﬁ(b) = /VRIC))O‘_I' (3)
Proof. Indeed, putting x = a we obtain vLg(y) = Loq)B(y) for every y € Q,
which implies yLS3~1 = Lo(q)- Similarly, putting in (1) y = b we obtain
Rﬂ(b) = ngofl. O

Corollary 2. For autotopic quasigroups we have

Pali) = aiat, Loy = OéLZOz_l, Row) = aRgoz_l. (4)
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Consider the following three matrices:
O =[piy], L=I[Ly], R=[Rl,

where @ij = @ip; !, Lij = LiL; ', Rij = R;R; " for all i, j € Q. Obviously,
wii(z) = Lii(r) = Ry(r) = x and @ij(2) # z, Lij(z) # z, Rij(x) # x for
all i, 4,z € Q and 7 # j.

Theorem 3. For isotopic quasigroups Q(o) and Q(-) with the isotopy of
the form (1) we have

—1 o _—1 o —1
OriyyG) = BB~ Lawa) = 7L Reusg) = 1Ry

Proof. Indeed, using (2) we obtain
o)) = <P7(¢)60;(1j) = (Bia ") (B ) = By 1B = By T
In a similar way, using (3), we obtain the other two equations. O

Definition 2. By the indicator of the matriz ® we mean the polynomial

w(®) = > w(®,),

i=1

where (I)i = {(pz‘l, D52y - -+ (pm} and w(@l) = z w(goz-j).
J=1,j#

i
Indicators of the matrices L and M are defined analogously.

Example 1. Consider two quasigroups defined by the following tables:

123456 0/123456
11416253 11123456
21532641 21215643
3|26 5314 31354261
41351462 446 2315
5|6 24135 5|546132
61143526 616 31524
For the quasigroup Q(-) we have:

o1 = (126.354.) ¢y = (146523.) 3 = (1634.2.5.)
o1 = (1.2536.4.) @5 = (15642.3.) g = (13245.6.).

Thus,

o11 = (1.2.34.5.6) @10 =(15.24.36.) 13 = (13.26.45.)
o114 = (12.34.56.) 015 = (164.235.) 16 = (146.253.).
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Consequently,

w(pn) = 2§, w(piz) = w(piz) = wlprs) = 3, (p15) = wpre) = 3.

Hence w(®) = 323 + 223.

By analogous computations we can see that for this quasigroup

w(®) = w(L) = w(R) = 6(3z3 + 232).

For the second quasigroup we obtain:
w(®) = (2w0w4+6x5+216)+ (2342034 226) +2(vox s +254-316)+2(223 4+ 326),

w(L) = w(R) = 2(wawy + 476) + 2(22974 + 23 + 21256) . O

As a consequence of our Theorem 3 and Corollary 1 we obtain

Theorem 4. Isotopic quasigroups have the same indicators of the matrices

®, L and R. Ul
This theorem shows that quasigroups from the above example are not

isotopic.

Corollary 3. For quasigroups of order m isotopic to a group we have

w(P) = nw(Py).

Proof. In |2] it is proved that for a quasigroup isotopic to a group all its ®;

are groups isomorphic to ®;. Hence w(®;) = w(Pq) for every i € Q. O

There are examples proving that the contrary is not true.
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On ordered fuzzy I'-groupoids

Niovi Kehayopulu

Abstract. This paper serves as an example to show the way we pass from fuzzy ordered
groupoids (semigroups) to fuzzy ordered I'-groupoids (semigroups). All the results on
fuzzy ordered groupoids (semigroups) can be transferred to fuzzy ordered I'-groupoids

(semigroups) in the way indicated in the present paper.

1. Introduction and prerequisites

The notion of a I'-ring, a generalization of the notion of associative rings,
has been introduced and studied by N. Nobusawa in [10]. T'-rings have been
also studied by W. E. Barnes in [1|. J. Luh studied many properties of
simple I'-rings and primitive I-rings in [9]. The concept of a I’-semigroup
has been introduced by M. K. Sen in 1981 as follows: Given a nonempty set
I', a nonempty set M is called a I'-semigroup if the following assertions are
satisfied: (1) aab € M and aaf € I" and (2) (aad)Bc = a(abf)c = aa(bfc)
for all a,b,c € M and all a, 3 € T [12]. In 1986, M. K. Sen and N. K.
Saha changed that definition as follows: Given two nonempty sets M and
I', M is called a I'-semigroup if (1) aab € M and (2) (aab)Bec = aa(bfc)
for all a,b,c € M and all o, € T [13]. One can find that definition
of I'-semigroups in [16]|, where the notion of radical in I'-semigroups and
the notion of I'S-act over a I'-semigroup have been introduced, in [14] and
[15], where the notions of regular and orthodox I'-semigroups have been
introduced and studied. With that second definition, a semigroup (.5,.)
can be viewed as a particular case of a I-semigroup, considering I' = {~}
(v € S) and defining ayb := a.b. Moreover, let M be a I'-semigroup, take
a (fixed) v € I, and define a.b := a~b, then (M,.) is a semigroup. Later,
in [11], Saha calls a nonempty set M a I'-semigroup (I" # ) if there is a
mapping M x I' x M — M | (a,v,b) — ayb such that (aab)Bc = aa(bfc)

2010 Mathematics Subject Classification: 06F99.

Keywords: Fuzzy I'-groupoid (semigroup), ordered I'-groupoid (semigroup), fuzzy
subset, fuzzy right (left) ideal, fuzzy ideal, fuzzy quasi-ideal, fuzzy bi-ideal, regular,
intra-regular ordered fuzzy I'-semigroup.
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for all a,b,c € M and all o, € I', and remarks that the most usual
semigroup concepts, in particular regular and inverse I'-semigroups have
their analogous in I'-semigroups. The uniqueness condition was missing
from the definition of a I'-semigroup given in [12], [13]. If we add the
uniqueness condition in the definition of a I'-semigroup given by Sen and
Saha in [13] (that is, considering I' as a set of binary relations on M) we do
not need to define it via mapping. So the definition of a I'-semigroup given
by Sen and Saha in 1986 can be formulated as follows:

For two nonempty sets M and I', define MT'M as the set of all elements
of the form myvyms, where my,mo € M and v € I'. That is,
MTM = {myymgy | mi,mg € M, v € T'}.

Definition 1. (cf. [2]-[5]) Let M and I" be two nonempty sets. The set M
is called a I'-groupoid if the following assertions are satisfied:
(1) MTM C M.
(2) If my,mg,m3,my € M, v1,72 € I such that m; = ms, 1 = 72 and
mgo = My, then mivy1me = mgyomy.

M is called a I'-semigroup if, in addition, the following assertion holds:

(3) (miyima)yams = miyi(may2ms)

for all my, mo,ms € M and all 1,72 € I'. In other words, I' is a set of
binary operations on M satisfying (3).

According to that "associativity", each of the elements (mqy1msz)y2ms,
and mivy1(mayams) is denoted as miyimayams.

Using conditions (1) — (3) one can prove that for an element with more
than 5 words, for example of the form mjy;moyamsysmy, one can put a
parenthesis in any expression beginning with some m; and ending in some
m;j.

There are several examples of I'-semigroups in the bibliography. How-
ever, the example below based on Definition 1 above, shows clearly what a
I'-semigroup is.

Example 2. (cf. [3]) Consider the set M = {a,b,c,d}, and let I" = {v, u}
be the set of two binary operations on M defined in the tables below:

'y‘abcd ,u‘abcd
ala b ¢ d alb ¢ d a
blb ¢ d a blec d a b
cle d a b cld a b c
dld a b c dla b ¢ d
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Since (zpy)wz = xp(ywz) for all z,y,z € M and all p,w € T, M is a
I'-semigroup.

An ordered T'-groupoid (shortly po-I'-groupoid) is a I'-groupoid M to-
gether with an order relation < on M such that a < b implies aye < byc
and cya < cyb for all ¢ € M and all v € T' (cf. also Sen and Seth [17]).

We have already seen in [2]-[5] that all the results on ordered groupoids
or ordered semigroups based on ideals or ideal elements can be transferred
to ordered I'-groupoids or ordered I'-semigroups. In the same way all the
results on groupoids or semigroups (without order) based on ideals can
be transferred to I'-groupoids or I'-semigroups. In the present paper we
show that all the results on fuzzy ordered groupoids or semigroups can be
transferred to fuzzy ordered I'-groupoids or semigroups, respectively. The
present paper serves as an example to show the way we pass from fuzzy
ordered groupoids or fuzzy ordered semigroups to fuzzy ordered I'-groupoids
or fuzzy ordered I'-semigroups.

There are two equivalent definitions of fuzzy left ideals, fuzzy right ide-
als, fuzzy quasi-ideals and fuzzy bi-ideals in ordered semigroups. The first
one is in term of the fuzzy subset f itself, the second is based on the mul-
tiplication of fuzzy sets. The second one shows how similar is the theory of
ordered semigroups based on fuzzy ideals with the theory of ordered semi-
groups based on ideals or ideal elements and it is very useful for applications.
Using that second definition the results on fuzzy ordered semigroups or on
fuzzy semigroups (without order) can be drastically simplified (cf. also
[2]). In the present paper we examine these equivalent definitions in case
of ordered fuzzy I'-groupoids and ordered fuzzy I'-semigroups. Character-
izations of regular and intra-regular ordered semigroups in terms of fuzzy
sets have been given in [7|. In the present paper we also characterize the
regular and intra-regular ordered I'-semigroups in terms of fuzzy sets. In
a similar way one can prove that the characterizations of w-regular and in-
tra m-regular ordered semigroups considered in [7] have their analogue for
ordered I'-semigroups.

2. Main results

Following the terminology given by L.A. Zadeh [18], if (M, ., <) is an ordered
I-groupoid, we say that f is a fuzzy subset of M (or a fuzzy set in M) if f
is a mapping of M into the real closed interval |0,1]. For a subset A of M,
the fuzzy subset f4 is defined as follows:



230 N. Kehayopulu

) 1 difxecA
fA.M—>[O,1]|$—>fA($).—{O if 2 A
For an element a of M, we clearly have

oM = 0] 2= g ={ g LI

For an element a of M, denote by A, the relation on M defined by
Ay = {(y, 2) | a < yyz for some v € T'}.

For two fuzzy subsets f and g of M, we define the multiplication of f and
g as follows:

{ sup {min f(y),g(z)} if A, #0
fog:M—>[0,1] \a—> (y,2)EA,
0 if A, =0

and in the set of all fuzzy subsets of M we define the order relation as
follows:
f =X gifand only if f(z) < g(z) for all z € M.

For two fuzzy subsets f and g of M, let f A g be the fuzzy subset of M
defined by:
fAg:M—[0,1] |z — min{f(z),g(z)}.

Denote by 1 the fuzzy subset of M defined by
1:M—10,1] |z — 1(z) := 1.

Denote by f2 the composition f o f. If F(M) is the set of fuzzy subsets of
M, it is clear that the fuzzy subset 1 of M is the greatest element of the
ordered set (F'(M),=<). In a similar way as in [6] (using the methodology of
the present paper) one can prove that if M is an ordered I'-semigroup and

f, g, h fuzzy subsets of M, then (fog)oh = fo(goh).

Definition 3. Let M be an ordered I'-groupoid. A fuzzy subset f of M is
called a fuzzy right ideal of M if

(1) f(zyy) = f(z) for all z,y € M and all y € T,
(2) if z <y, then f(z) > f(y).
A fuzzy subset f of M is called a fuzzy left ideal of M if



On ordered fuzzy I'-groupoids 231

(1) f(zyy) = f(y) for all x,y € M and all v € T,
(2) if x <y, then f(x) > f(y).

Definition 4. Let M be an ordered I'-groupoid. A fuzzy subset f of M is
called a fuzzy quasi-ideal of M if

(1) (fel)A@of) =,

(2) if z <y, then f(z) > f(y).
Definition 5. Let M be an ordered I'-semigroup. A fuzzy subset f of M
is called a fuzzy bi-ideal of M if

(1) flzyypz) = min{f(z), f(2)} for all z,y,z € M and all v, p € T,

(2) if 2 <y, then f(x) > f(y).
Theorem 6. Let M be an ordered I'-groupoid. A fuzzy subset f of M is a
fuzzy right ideal of M if and only if

(1) fol=f,

(2) ifz <y, then f(z) = f(y).
Proof. (=) Let a € M. Then (fo1)(a) < f(a). In fact: If A, =0, then
(fol)(a) :==0< f(a). Let Ay # 0. Then

(fol)(a):= sup {min{f(y),1(z2)}} = sup {f(y)}-

(y,2)€EAq (y,2)EAa

On the other hand, f(y) < f(a) for every (y,z) € A,. Indeed: If (y, z) € A,,
then y,z € M and a < yvyz for some v € I'. Since f is a fuzzy right ideal of
M, we have f(a) > f(yyz) = f(y). Therefore we have

(fel)(a)= sup {f(y)} < f(a).

(y,2)EAa

(<) Let z,y € M and v € I". By hypothesis, we have (f o 1)(xyy) <
f(xzyy). On the other hand, since (z,y) € Azyy, we have

(fol)(zyy):= sup {min{f(u),1(v)}} = min{f(z), 1(y)} = f(x).

(u,v)EAzy

Hence we obtain f(zyy) > f(x), and f is a fuzzy right ideal of M. O
In a similar way we prove the following theorem

Theorem 7. Let M be an ordered I'-groupoid. A fuzzy subset f of M is a
fuzzy left ideal of M if and only if
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(1) 1of =/,
(2) iz <y, then f(x) > f(y). -

Theorem 8. Let M be an ordered I'-groupoid. A fuzzy subset f of M is a
fuzzy quasi-ideal of M if and only if the following conditions are satisfied:

(1) if x < bys and x < tuc for some x,b,s,t,c € M and v,u € T', then
f(z) Z min{f(b), f(c)},

(2) if <y, then f(z) = f(y)

Proof. (=) Let z,b,s,t,c € M and 7,u € T such that z < bys and
x < tpce. Since f is a fuzzy quasi-ideal of M, we have

f(@) = ((fe) A (Lo f))(x) := min{(f o 1)(x), (1o f)(x)}.

Since z < bys, we have (b, s) € A,, then

(fol)(x) := sup {min{f(u),1(v)}} > min{f(b),1(s)} = f(b).

(u,v)€A,

Similarly from x < tuc, we get (1o f)(z) > f(c). Hence we have

f(@) = min{(f o 1)(x), (1o f)(x)} = min{f(b), f(c)}-
(<) Let z € M. Then ((fol)A (10 f))(x) < f(x). In fact: We have

(fo) A (Lo f))(x) :=min{(f o 1)(z), (Lo f)(2)}.
1. If A, = 0, then (f o1)(z) := 0 and (1o f)(x) := 0. Moreover
min{(f o 1)(z), (1o f)(z)} = 0, and ((f o 1) A (Lo f))(z) = 0 < f(x).
2. Let A, # (. Then

(fel)(x):= sup {min{f(y),1(s)}} (%)

(y,8)€Az

(Lo f)(z) := sup {min{l(?), f(2)}}.

(t,2)EAL
2.1. If f(z) = (f o1)(x), then
f(@) = (f o 1)(2) = min{(f o 1)(x), (1o f)(x)}
= ((fe)A (Lo f)) ().



On ordered fuzzy I'-groupoids 233

2.2. Let f(z) < (fol)(x). By (%), there exists (y, s) € A, such that
) (

min{ f(y),1(s)} > f(z) (otherwise (f o 1)(x) < f(x) which is
impossible). Since min{f(y), 1(s)} = f(y), we have

fy) > f(=). (%)

On the other hand, f(x) = min{1(¢), f(2)} for every (¢, z2) € A,.
Indeed: Let (t,2) € A,. Since (y,s) € A;, we have y, s € M and
x < yys for some v € I'. Since (t,z) € A,, we have t,z € M
and x < tpz for some p € I'. Since x,y,s,t,z2 € M and v, u € T
such that z < yys and = < tuz, by hypothesis, we have f(z) >

min{ f(y), f(2)}. If min{f(y), f(2)} = f(y), then f(x) > f(y)
which is impossible by (xx). Thus we have min{f(y), f(2)} =

f(2), and f(z) = f(2) = min{1(¢), f(z)}. Therefore we have

f(x) = sup {min{1(¢), f(2)} = (Lo f)(z)

(t,2)€As

z min{(f o 1)(z), (1o f)(z)} = ((fo 1) A (Lo f))(z),
and the proof is complete. ]

By Theorem 8, in a similar way as in [8], one can prove the following
theorem.

Theorem 9. Let M be an ordered I'-groupoid. A fuzzy subset f of M is a
fuzzy quasi-ideal of M if and only if the following conditions are satisfied:

(1) if x < bys and x < tuc for some x,b,s,t,c € M and v,u € T, then
f(z) 2 max{min{f(b), f(c)}, min{f (), f(s)}},

(2) if x <y, then f(x) = f(y). m

Theorem 10. Let M be an ordered I'-semigroup. A fuzzy subset f of M is
a fuzzy bi-ideal of M if and only if the following assertions are satisfied:

(1) folof =,

(2) if x <y, then f(z) = f(y)-
Proof. (=) Let a € S. Then (folo f)(a) < f(a). In fact: If A, = () then
(folof)(a)=((fol)o f)(a):=0< f(a). Let Ag # 0. Then

(folof)(a):= sup {min{(fo1)(y),f(2)}}

(va)EAa
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It is enough to prove that

min{( o 1)(y), ()} < f(a) for every (4.2) € A (%)
Let now (y,z) € Aq. If Ay =0, then (f o1)(y) := 0, and

min{(f o 1)(y), f(2)} =0 < f(a).
Let A, # (). Then

(fol)(y) :== sup {min{f(s),1(t)}} (%)

(s,t)€Ay

We consider the following two cases:

1. Let f(a) = (f o1)(y). Then

fla) = (f o 1)(y) 2 min{(f o 1)(y), f(2)},

and condition (x) is satisfied.

2. Let f(a) < (fo1)(y). Then, by (xx), there exists (z,w) € Ay such that
f(a) < min{f(x),1(w)} (otherwise, f(a) > (f o1)(y) which is impossible).
Since min{ f(z), 1(w)} = f(z), we have

fla) < f(x).

Since (y,z) € A,, we have y,z € M and a < ypz for some p € I'. Since
(x,w) € Ay, we have z,w € M and y < zyw for some v € I'. Since
a < ypz < zywpz and fis a fuzzy bi-ideal of S, by the definition of fuzzy
bi-ideal, we have

fa) = f(azywpz) = min{f(z), f(2)}.
It f(z) < f(2), then min{f(z), f(2)} = f(z), and f(a) > f(z

)
impossible. Hence we have f(x) > f(z). Then min{f(z), f(2)} =
and f(a) > f(z). Since (z,w) € Ay, by (*x), we have

min{f(), w)} < sup {min{f(s), 1()}} = (f o )(y).

(s,t)EAy

which is
(2

Then we have (f o 1)(y) > min{f(z),1(w)} = f(z) > f(z). Consequently
min{(f o 1)(y), f(2)} = f(2) < f(a), and condition (x) is satisfied.
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(<) Let z,y,z € M and v, € T. Then f(xyyuz) > min{f(x), f(z)}.
Indeed: Since folo f < f and zyyuz € M, we have (folo f)(xyyuz) <

fzyyuz). Since zyyuz < (zyy)uz, p € ', we have (27y,2) € Apyype.
Then

(folof)(zyypz):=  sup  {min{(fo1)(u),f(v)}}

(u,0)EAcyypz

> min{(f o 1)(zvy), f(2)}.

Since (z,y) € Agyy, we have

(fol)(zyy) == sup  {min{(f(z), l(w)}} > min{f(z), 1(y)} = f().

(z,w)EAz~y
Thus f(zyypz) = min{(f o 1)(xyy), f(2)} = min{f(x), f(2)}. O

Definition 11. An ordered I'-semigroup M is called regular if for every
a € M there exist x € M and ~, u € I such that a < ayzpua.

In a similar way as in [8] we prove the following lemma and the two
corollaries below:

Lemma 12. Let M be an ordered I'-groupoid, f, g fuzzy subsets of M and
a € M. The following are equivalent:

(1) (fog)a)#0.
(2) There exists (x,y) € Aq such that f(x) # 0 and g(y) # 0. O

Corollary 13. Let M be an ordered I'-groupoid, f a fuzzy subset of M and
a € M. The following are equivalent:

(1) (fol)(a) #0.
(2) There exists (z,y) € Aq such that f(z) # 0. O

Corollary 14. Let M be an ordered I'-groupoid, g a fuzzy subset of M and
a € M. The following are equivalent:

(1) (1og)(a) #0.
(2) There exists (z,y) € Aq such that g(y) # 0. O

Theorem 15. An ordered I'-semigroup M is reqular if and only if for every
fuzzy subset f of M we have f <X folo f.

Proof. (=) Let f be a fuzzy subset of M and a € M. Since M is regular,
there exist x € M and ~,pu € T such that a < ayzpa. Since a < (ayz)pa,
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where pu € T, we have (ayx,a) € A,. Then we have

(folof)(a):= sup {min{(fo1)(y),f(z)}} = min{(f o 1)(ayz), f(a)}.

(y,2)€Aq

Since (a,x) € Agye, we have

(fol)(ayz):= sup {min{f(u),1(v)}} = min{f(a), 1(z)} = f(a).

(u,v) eAa'yz

Hence we have (folo f)(a) = min{(fo1)(avyx), f(a)} = f(a).

(<=) Let a € M. Since f, is a fuzzy subset of M, by hypothesis, we have
1= fola) < (faolofy)(a). Since fyolo f, is a fuzzy subset of M, we have
(fao 10 fa)(@) < 1. Then ((fa01)o fu)(@) = (faolo fu)(a) = 1. By Lemma
12, there exists (z,y) € A, such that (fgol)(x) # 0 and f,(y) # 0. If y # a,
then f,(y) = 0 which is impossible. Thus we have y = a, (z,a) € A,, and
a < zpa for some p € T If A, = 0, then (f,01)(x) := 0 which is impossible.
Thus we have A, # ), and

(fao)(z) := sup {min{fa(b), 1(c)}} = sup {fa(b)}.
(b,c)EA, (b,c)EAL
If b # a for every (b,c) € Ay, then f,(b) = 0 for every (b,c) € A;, then
(fa o 1)(z) = 0 which is impossible. Hence there exists (b,c¢) € A, such
that b = a. Then (a,c) € A, so x < aye for some v € I'. Then we obtain
a < xpa < aycpua, where c € M and v, € I', and M is regular. O

Definition 16. An ordered I'-semigroup M is called intra-reqular if for
every a € M there exist x,y € M and ~, u, p € I such that a < zyapapy.

Proposition 17. Let M be an ordered I'-groupoid and a,b € M. Then we
have b < aya for some v € T if and only if f2(b) # 0.

Proof. (=) Let b < a~ya for some € I'. Since (a,a) € Ay, we have

(fao fa)(b) := sup {min{fy(x), fa(y)}} = min{fa(a), fa(a)} = 1.

($,y)€Ab

(<=) Since f2(b) # 0, by Lemma 12, there exists (z,y) € A, such that

fa(a) # 0 and f,(y) # 0. Since f,(z) # 0, we have x = a. Since f,(y) # 0,
we have y = a. Since b < zyy for some v € ', we have b < avya, where

a€el. O
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Theorem 18. An ordered I'-semigroup M is intra-reqular if and only if for
every fuzzy subset f of M we have f <10 f2o1l.

Proof. (=) Let f be a fuzzy subset of M and a € M. Since M is intra-
regular we have a < xvyapapy for some z,y € M and v,u,p € I'. Since
(zyapa,y) € A,, we have

(1o f*o1)(a) := ( Sl)lgA {min{(1 0 f*)(u),1(v)}}
> min{(1 o f?)(zyapa), 1(y)} = (1 o f*)(zyapa).

Since (z,apa) € Azyaua, We have
(1o f2)(x7aua) = sup  {min{1(s), f2(t)}}
(s,t)EAa~yaua

> min{1(z), f*(aua)} = f*(apa).

Since (a,a) € Agua, we have

f*(apa) = (f o f)(apa) == sup {min{f(w), f(2)}}

(wvz)eAaua

> {f(a), f(a)} = f(a).

Hence we have

fla) < f*(apa) < (Lo f*)(zyapa) < (Lo f2 o 1)(a).
Since f(a) < (1o f?01)(a) for every a € M, we have f <10 f201.

(<=) Let a € M. Since f, is a fuzzy subset of M, by hypothesis, we have
fo=1of201. Then 1 = fu(a) < (1o f2o01)(a). Since 1o f2o01lis a
fuzzy subset of M, we have (1o f201)(a) <1,s0 (1o f201)(a) # 0. Then,
by Corollary 13, there exists (w,y) € A, such that (10 f2)(w) # 0. By
Corollary 14, there exists (z,t) € A, such that f2(t) # 0. By Proposition
17, we have t < apa, for some p € I'. Since (z,t) € Ay, w < zvt for
some vy € I". Since (w,y) € Ay, a < wpy for some p € T'. Then we obtain
a < wpy < zytpy < xyapapy, where v, u, p € I', and M is intra-regular. [
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Right product quasigroups and loops

Michael K. Kinyon, Aleksandar Krapez and J. D. Phillips

Abstract. Right groups are direct products of right zero semigroups and groups and they
play a significant role in the semilattice decomposition theory of semigroups. Right groups
can be characterized as associative right quasigroups (magmas in which left translations
are bijective). If we do not assume associativity we get right quasigroups which are not
necessarily representable as direct products of right zero semigroups and quasigroups. To
obtain such a representation, we need stronger assumptions which lead us to the notion
of right product quasigroup. If the quasigroup component is a (one-sided) loop, then we
have a right product (left, right) loop.

We find a system of identities which axiomatizes right product quasigroups, and use
this to find axiom systems for right product (left, right) loops; in fact, we can obtain each
of the latter by adjoining just one appropriate axiom to the right product quasigroup
axiom system.

We derive other properties of right product quasigroups and loops, and conclude by

showing that the axioms for right product quasigroups are independent.

1. Introduction

In the semigroup literature (e.g., [1]), the most commonly used definition
of right group is a semigroup (.S; -) which is right simple (i.e., has no proper
right ideals) and left cancellative (i.e., xy = xz = y = z). The struc-
ture of right groups is clarified by the following well-known representation
theorem (see [1]):

Theorem 1.1. A semigroup (S;-) is a right group if and only if it is iso-
morphic to a direct product of a group and a right zero semigroup. O

There are several equivalent ways of characterizing right groups. One
of particular interest is the following: a right group is a semigroup (.5;-)
which is also a right quasigroup, that is, for each a,b € S, there exists a
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Keywords: right quasigroup, right product quasigroup, right product loop, axiomati-
zation, axiom independence, word problem, reproductive equation
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unique z € S such that az = b. In a right quasigroup (.S;-), one can define
an additional operation \ : S x S — S as follows: z = z\y is the unique
solution of the equation zz = y. Then the following equations hold.

Ny =y  (Ql) z(z\y) =y  (Q2)

Conversely, if we now think of S as an algebra with two binary operations
then we have an equational definition.

Definition 1.2. An algebra (S;-,\) is a right quasigroup if it satisfies (Q1)
and (Q2). An algebra (S;-,/) is a left quasigroup if it satisfies

ry/ly=x  (Q3) (z/y)y=z  (Q4)

An algebra (S;-,\,/) is a quasigroup if it is both a right quasigroup and a
left quasigroup.

(We are following the usual convention that juxtaposition binds more
tightly than the division operations, which in turn bind more tightly than
an explicit use of -. This helps avoid excessive parentheses.)

From this point of view, a group is an associative quasigroup with z\y =
vty and z/y = zy~ L. If (S;-,\) is a right group viewed as an associative
right quasigroup, then its group component has a natural right division
operation /. This operation can be extended to all of S as follows. We easily
show that z\z = y\y for all z,y € S, and then define e = x\z, 27! = 2\e,
and z/y = xy~'. Note that in the right zero semigroup component of S,
we have zy = z\y = x/y = y.

If one tries to think of a right quasigroup as a “nonassociative right
group”, one might ask if there is a representation theorem like Theorem 1.1
which expresses a right quasigroup as a direct product of a quasigroup and
a right zero semigroup. This is clearly not the case.

Example 1.3. On the set S = {0,1}, define operations -,\ : S x S — S
by x-0=2z\0=1and z-1=2\1=0. Then (S5;-,\) is a right quasigroup
which is neither a quasigroup nor a right zero semigroup, and since |S| = 2,
(S;-,\) is also not a product of a quasigroup and right zero semigroup. [

For another obstruction to a representation theorem, note that if an
algebra which is a direct product of a quasigroup and a right zero semigroup
possesses a right neutral element, then the right zero semigroup component
is trivial and the algebra is, in fact, a right loop (see below). However, there
are right quasigroups with neutral elements which are not right loops.
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Example 1.4. Let N be the set of natural numbers and define

ooy =a\y = Y ifex<y
r—y ifz>y

Then (N;-,\) is a right quasigroup, 0 is a neutral element, and 0-1 =1 =
2 - 1. Since - is not a quasigroup operation, it follows from the preceding
discussion that (N;-,\) is not a direct product of a quasigroup and a right
7€ro semigroup. O

Simply adjoining a right division operation / to a right quasigroup does
not fix the problem; for instance, in either Example 1.3 or 1.4, define z/y = 0
for all =, y.

In this paper, we will investigate varieties of right quasigroups such that
there is indeed a direct product decomposition.

Definition 1.5. A quasigroup (S;-,\,/) is a {left loop, right loop, loop} if
it satisfies the identity { z/z = y/y, 2\z =y\y, z\z =y/y }.

An algebra (S;-,\,/,e) is a pointed quasigroup if (S;-,\,/) is a quasi-
group. A pointed quasigroup is a {quasigroup with an idempotent, left loop,
right loop, loop} if the distinguished element e is {an idempotent (ee = e),
left neutral (ex = x), right neutral (ze = z), neutral (ex = ze = x)}.

Definition 1.6. Let 7' = {-,\,/} be the language of quasigroups and M
a further (possibly empty) set of operation symbols disjoint from 7. The
language T =TUM is an extended language of quasigroups.

The language Ty = {-,\,/, e}, obtained from T by the addition of a

single constant, is the language of loops.

Note that we have two different algebras under the name “loop". They
are equivalent and easily transformed one into the other. When we need to
distinguish between them we call the algebra (S;-,\, /) satisfying z\x = y/y
“the loop in the language of quasigroups" while the algebra (S;-,\,/,€e)
satisfying identities ex = xe = x is called “the loop in the language of
loops”. Analogously we do for left and right loops.

Definition 1.7. Let V be a class of quasigroups. An algebra is a right
product V—quasigroup if it is isomorphic to @ x R, where @) € V and R is a
right zero semigroup.

In particular, when V is the class {Q, LA, RA, A} of all {quasigroups,
left loops, right loops, loops} (in the language of quasigroups) then {RPQ,
RPLA,RPRA,RPA} denote the class of all right product V—quasigroups.
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If Vis the class {pQ, Qi, eQ, Qe, Q1} of all {pointed quasigroups, quasi-
groups with an idempotent, left loops, right loops, loops} (in the language
of loops), then {RPpQ, RPQi, RPeQ, RPQe, RPQ1} denote the class
of all right product V—quasigroups.

We wish to view these classes as varieties of algebras. In order to make
sense of this, we need to adjust the type of right zero semigroups to match
that of (equational) quasigroups. We adopt the convention suggested above.

Convention 1.8. A right zero semigroup is considered to be an algebra in
T satisfying z\y = z/y = zy = y for all z,y.

This convention agrees with the one used in [7, 8]. Different definitions
of \ and / in right zero semigroups would affect the form of the axioms for
right product quasigroups.

We also denote the class of all (pointed) right zero semigroups by R (pR).
Then, in the language of universal algebra, the variety of all right product
V-quasigroups is a product V® R of independent varieties V and R (see
[20]).

Definition 1.9. If ¢ is a term, then {head(t),tail(¢)} is the {first, last}
variable of t.

The following is an immediate consequence of Definition 1.7 and Con-
vention 1.8.

Theorem 1.10. Let u,v be terms in a language extending {-,\,/}. Then
the equality uw = v is true in all right product V—quasigroups if and only if
tail(u) = tail(v) and w = v is true in all V—quasigroups. O

In particular:

Corollary 1.11. Let s,t,u be terms in a language extending {-,\,/}. If
s =t is true in all V-quasigroups then sou =tou (o € {-,\,/}) is true in
all right product V—quasigroups. ]

We conclude this introduction with a brief discussion of the sequel and
some notation conventions. In §2, we will consider the problem of axiomatiz-
ing the varieties introduced by the Definition 1.7. In §3 we consider various
properties of right product (pointed) quasigroups and loops. Finally, in §4,
we verify the independence of the axioms.

We should mention some related work by Tamura et al and others.
[18, 19, 4, 21]. An “M-groupoid”, defined by certain axioms, turns out to
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be a direct product of a right zero semigroup and a magma with a neutral
element. The axiomatic characterization of these in [18, 19] is of a somewhat
different character than ours; besides the fact that they did not need to
adjust signatures since they did not consider quasigroups, their axioms are
also not entirely equational.

2. Axioms

We now consider the problem of axiomatizing RPQ, the class of all right
product quasigroups. Omne approach to axiomatization is the standard
method of Knoebel [6], which was used in [7, 8]. It turns out that the
resulting axiom system consists of 14 identities, most of which are far from
elegant. Another way is via independence of Q and R. Using the term
a(z,y) = zy/y (see [20, Proposition 0.9]), we get these axioms:

xx/r =1
(zy/y)(wo/v)/(wv/v) = zv/v (zy - wv) /uv = (zu/u)(yv/v)
(@\y)(u\v)/(u\v) = (zu/uw)\(yv/v) (z/y)(u/v)/(u/v) = (zu/u)/(yv/v)

which we also find to be somewhat complicated. Instead, we propose a
different scheme, which we call system (A):

\ry =y (A1)
z-z\y=y (A2)
z/y-y=xyly (A3)
(x/y-y)/z=z/z (A4)
(A5)

vy/z -z =a(y/z-2)

We now prove that system (A) axiomatizes the variety of right product
quasigroups. It is not difficult to use the results of [5] to prove this, but
instead we give a somewhat more enlightening self-contained proof. We
start with an easy observation.

Lemma 2.1. Every right product quasigroup satisfies system (A).

Proof. The quasigroup axioms (Q3) and (Q4) trivially imply (A3)-(A5),
and so quasigroups satisfy (A). For each (Ai), the tails of both sides of the
equation coincide. By Theorem 1.10, we have the desired result. ]
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In an algebra (S;-,\,/) satisfying system (A), define a new term oper-
ation x: S x S — S by

rxy=xyly=x/y-y (%)

for all z,y € S. Here the second equality follows from (A3), and we will
use it freely without reference in what follows.

Lemma 2.2. Let (S;-,\,/) be an algebra satisfying system (A). Then for
all x,y,z € S,

(zy)xz = x(y x 2) (1)
(2\y) * 2 = 2\(y * 2) (2)
(z/y)*z=x2/(y* 2) (3)

Proof. Equation (1) is just (A5) rewritten. Replacing y with z\y and using
(A1), we get (2). Finally, for (3), we have

r/(yxz) = (xxy*2)/(yxz)=[(x/y-y)*2]/(y*z)
=[(z/y)(yx2)|/(yxz) = (x/y) xy* 2z = (z/y) x 2,

using (A4) in the first equality, (1) in the third, and the rectangular property
of x in the fifth. O

Lemma 2.3. Let (S;-,\,/) be an algebra satisfying system (A). Then (S;*)
1s a rectangular band.

Proof. Firstly,
(xxy)xz=(z/y-y))z 2=x/2-2=2 %2, (4)
using (A4). Replacing @ with 2/(y x z) in (1), we get
[(z/(y*2))yl*z=a/(yx2) - (yxz) =z*x(y*2). (5)
Thus,
axz = (wx(y*z))xz = ([(z/(yx2) ylez)xz = [(x/(yx2))ylez = zx(yxz) , (6)

using (4), (5), (4) again and (5) once more. Together, (4) and (6) show that
(S;*) is a semigroup satisfying x x y x z = x * z.
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What remains is to show the idempotence of x. Replace z with z/x in
(1) and set y = z = x, we have

(z/x)(x*x)=(z/z - x)*xT=(x*T)*T =T *T,
using (4), and so

wrw=(z/r)\(xxr) = (z/z)\(r/x-v) =,

using (A1) in the first and third equalities. O

Let (S;-,\,/) be an algebra satisfying system (A). By Lemma 2.3, (S; *)
is a rectangular band, and so (S;*) is isomorphic to the direct product of a
left zero semigroup and a right zero semigroup [1]. It will be useful to make
this explicit. Introduce translation maps in the semigroup (S;) as follows

lo(y) =z xy = (T)ry,

so that the left translations ¢, : S — S act on the left and the right
translations 7, : S — S act on the right. Let L = ({;|]x € S) and R =
(rz|z € S). Then L is a left zero transformation semigroup, that is, £,¢, =
¢, while R is a right zero transformation semigroup, that is, ryr, = ry.
Since ly = lyuy and 1y = 14y for all z,y € S, it follows easily that the map
S — L x Ryx +— (£, ;) is an isomorphism of semigroups.

Now we define operations -, \ and / on R and L. Firstly, we define
+\,/: Rx R— R by

Ty Ty 1= Typ\Ty =1y /Ty =1y .
For later reference, we formally record the obvious.

Lemma 2.4. Let (S;-,\,/) be an algebra satisfying system (A). With the
definitions above, (R;-,\,/) is a right zero semigroup. O

It follows from Lemma 2.1 that (R;-,\, /) is an algebra satisfying system
(A).
Lemma 2.5. Let (S;-,\,/) be an algebra satisfying system (A). The map-
ping S — R;x — ry is a surjective homomorphism of such algebras.
Proof. Firstly,
()ryz =x*(yz) =axx[y(zx2) =xx(yz)xz2=axz=ar, = ()(ry - 72),

using (1) in the third equality and (S;*) being a rectangular band in the
fourth equality. Similar arguments using (2) and (3) give 7y, = ry\r, and
Ty/z =Ty /72, respectively. The surjectivity is clear. O
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Next, we define -,\,/: L x L — L by

for all x,y,z € S.

Lemma 2.6. Let (S;-,\,/) be an algebra satisfying system (A). With the
definitions above, (L;-,\, /) is a quasigroup.

Proof. Equations (Q1) and (Q2) follow immediately from the definitions
together with (A1) and (A2). By (A3), it remains to prove, say, (Q3). For
all x,y,z € 5,

(b - £)/4y)(2) = (a(2) - £, (2)) /by (2) = (2K 2) % (y % 2) = wx 2 = Lo(2),

where we have used the fact that (S;*) is a rectangular band in the third
equality. O

Lemma 2.7. Let (S;-,\,/) be an algebra satisfying system (A). The map-
ping S — L;x — £, is a surjective homomorphism of such algebras.

Proof. For all z,y,z € S, we compute

lo(2) - by(2) = (zx2)(y*2) = (ry*2)(y*2) = [(@(y*2))/(y*2)](y * 2)

=
=(z(y*2))xy*z=x(y*z*xy*z) =x[y*z| = (zy) * 2
:gxy(z 5

where we use rectangularity of x in the second equality, (1) in the fifth,
idempotence of * in the sixth and (1) in the seventh. Next, if we replace y
with x\y and use (A1), we get £y, (2) = £z(2)\ly(2). Finally,

C(2) /0y (2) = (% 2)[(y*2) = (xx2)[y) x 2 = (x/y) * 2 = Ly, (2)
using (3) in the second equality and (A5) in the third. O
We now turn to the main result of this section.

Theorem 2.8. An algebra (S;-,\,/) is a right product quasigroup if and
only if it satisfies (A).
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Proof. The necessity is shown by Lemma 2.1. Conversely, if (S;-,\, /) satis-
fies (A), then by Lemmas 2.5 and 2.7, the mapping S — L X R;x +— ({y,75)
is a surjective homomorphism. This map is, in fact, bijective, since as al-
ready noted, it is an isomorphism of rectangular bands. By Lemmas 2.4
and 2.6, L x R is a right product quasigroup, and thus so is S. O

Remark 2.9. There are other choices of axioms for right product quasi-
groups. For instance, another system equivalent to (A) consists of (Al),
(A2), (A3) and the equations

refz =z (BL) (2y - (2/w)/(2u) = a(yufu) (B2).

Call this system (B). We omit the proof of the equivalence of systems (A)
and (B). One can use the results of [5] to prove the system (B) variant of
Theorem 2.8 as follows: (A1) and (A2) trivially imply the equations

z(z\y) =2\zy (A3

v\ex =z (Bl)  (2\y\((=\y) - 2u) = (2\zz)u (B2).

By [5], (A3), (A3'), (B1), (B1’), (B2') and (B2') axiomatize the variety
of rectangular quasigroups, each of which is a direct product of a left zero
semigroup, a quasigroup and a right zero semigroup. By (Al) and (A2),
the left zero semigroup factor must be trivial, and so a system satisfying
system (B) must be a right product quasigroup. O

We conclude this section by considering other varieties of right product
quasigroups. Utilizing [9] we get:

Theorem 2.10. Let V be a variety of quasigroups axiomatized by additional
identities:

8; = 1 (Vi)

(1 € I) in an extended language T and let z be a variable which does not
occur in any S;,t;. Then the variety RPY of right product V—-quasigroups
can be aziomatized by system (A) together with (for all i € I):

5,2 = tiz. (V)

Proof. Both V-quasigroups and right zero semigroups satisfy system (A)
and all (V;), ¢ € I, and thus so do their direct products i.e., right product
V—quasigroups.
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Conversely, if an algebra satisfies system (A), it is a right product quasi-
group by Theorem 2.8. Since all (V;) are satisfied, the quasigroup factor has
to satisfy them, too. But in quasigroups, the identities (V;) are equivalent
to the identities (V;) and these define the variety V. O

Theorem 2.11. Theorem 2.10 remains valid if we replace (Vl) by any of
the following families of identities:

si\z =t;\z
si/z=1t;/z
z/(si\2) = (2/t:)\z
s; = (t; - tail(s;))/ tail(s;)
s; = (t;/ tail(s;)) - tail(s;)
si =t; (if tail(s;) = tail(¢;)). O

Example 2.12. Adding associativity x-yz = xy-z to system (A) gives yet
another axiomatization of right groups. O

Example 2.13. Right product commutative quasigroups are right product
quasigroups satisfying xy - z = yx - z. However, commutative right product
quasigroups are just commutative quasigroups. ]

Obviously:

Corollary 2.14. If the variety V of quasigroups is defined by the identities
s; =t; (i € I) such that tail(s;) = tail(t;) for all i € I, then the class of all
right product quasigroups satisfying identities s; = t;(i € I) is the class of
all right product V—quasigroups.

If tail(s;) # tail(t;) for some i € I, then the class of all right product
quasigroups satisfying identities s; = t; (i € I) is just the class of all V-
quasigroups. O

Example 2.15. The variety RPpQ is defined by adding a constant to the
language of quasigroups, not by any extra axioms. O

Example 2.16. The variety RPQi of all right product quasigroups with
an idempotent may be axiomatized by system (A) and ee = e. O
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Corollary 2.17. A right product quasigroup is a right product left loop iff
it satisfies any (and hence all) of the following azioms:

(x/x)y =y (LL1)
(z/m)z = (y/y)2 (LL2)
(zoy)/(xoy)=y/y (LL3)

where o is any of the operations -, \, /.

Proof. In a quasigroup, identities (LL1), (LL2) and (LL3) are equivalent to
each other and to z/x = y/y, and so a quasigroup satisfying either axiom
is a left loop. Conversely, in a left loop with left neutral element e, we have
e = z/x, and so (LL1), (LL2) and (LL3) hold. Thus a quasigroup satisfies
either (and hence all) of (LL1), (LL2), (LL3) if and only if it is a left loop.

On the other hand, (LL1), (LL2) and (LL3) trivially hold in right zero
semigroups by Convention 1.8. Putting this together, we have the desired
result. O

In the language of loops we have:

Corollary 2.18. A right product quasigroup is a right product left loop if
and only if it satisfies the identity ex = x. O

Similarly:

Corollary 2.19. A right product quasigroup is a right product right loop if
and only if it satisfies any (and hence all) of the following azioms:

z(y\y) - z = xz
(z\2)z = (y\y)z
(zoy)\(zoy) =y\y

where o is any of the operations -, \, /. O

Corollary 2.20. A right product quasigroup is a right product right loop
(in the language of loops) iff it satisfies the identity xe -y = zy. O
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Corollary 2.21. A right product quasigroup is a right product loop if and
only if it satisfies any (and hence all) of the following azioms:

(z\z)y =y (L)
z(y/y) = zy/y
z(y/y) = (x/y)y
(z\z)z = (y/y)z
(zoy\(zoy)=y/y
(zoy)/(xoy)=y\y

where o is any of the operations -, \, /. O
Corollary 2.22. A right product quasigroup is a right product loop (in the
language of loops) iff it satisfies both ex = x and xe -y = xy. Ol
3. Properties of right product (pointed) quasigroups

Calling upon the tools of universal algebra, we now examine some properties
of right product quasigroups. We will use the following standard notation.

Definition 3.1.

Eg — the subset of all idempotents of S.
Sub(S) — the lattice of all subalgebras of S.
Sub?(9) — the lattice of all subalgebras of S with the empty set

adjoined as the smallest element (used when two sub-
algebras have an empty intersection).

Con(S) — the lattice of all congruences of S.

Eq(95) — the lattice of all equivalences of S.

Hom(S,T) — the set of all homomorphisms from S to 7.
End(S) — the monoid of all endomorphisms of S.

Aut(S) ~  the group of all automorphisms of S.

Free(V,n) — the free algebra with n generators in the variety V.

Var(V) the lattice of all varieties of a class V of algebras.

In addition, R,, will denote the unique n-element right zero semigroup —
which also happens to be free. However, note that in the language of loops,
the free right zero semigroup generated by n elements is R,41.
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3.1. The word problem

Using a well-known result of Evans [3] we have the following corollary of
Theorem 1.10:

Corollary 3.2. The word problem for right product V—-quasigroups is solv-
able if and only if it is solvable for V-quasigroups. O

In particular:

Corollary 3.3. The word problem for {RPQ, RPLA, RPRA, RPA} is
solvable. O

Likewise:

Corollary 3.4. The word problem for { RPpQ, RPQi, RPeQ, RPQe,
RPQ1} is solvable. O

3.2. Properties of right product quasigroups and loops

The following corollaries are special cases of results in universal algebra (see

[20]).
Corollary 3.5. For all Q,Q' € Q and R,N € R:

1. EQXR = EQ X R,
in particular:

- @ X R have idempotents if and only if Q have them.
— Egxr is subalgebra of Q x R if and only if Eg is subalgebra of Q).
- @ X R is a groupoid of idempotents if and only if Q is.

2. Sub’(Q x R) = (Sub(Q) x (2% ~ {0})) U {0}.
3. Con(Q x R) = Con(Q) x Eq(R).

4. Hom(Q x R, Q' x N) = Hom(Q, Q') x NE,
5. End(Q x R) = End(Q) x RE.

6. Aut(@ x R) = Aut(Q) x S|R\ O
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Having a distinguished element changes the properties of a variety rad-
ically. For example, if e = (7,7) is a distinguished element of the right
product pointed quasigroup () x R then there is always the smallest sub-
algebra < ¢ > x{j}. So, in case of right product pointed quasigroups,
the results analogous to Corollary 3.5 are actually somewhat different in
character.

Corollary 3.6. For all Q,Q" € pQ and R,N € R with a distinguished
element j:

1. EQXR = EQ X R,
wn particular:

- @ X R has idempotents if and only if Q has them.
— Egxr 15 subalgebra of Q x R if and only if Eq is subalgebra of Q.
- @ X R is a groupoid of idempotents if and only if Q is.

2. Sub(Q x R) =Sub(Q) x {Y CR|j €Y} ~Sub(Q) x 2817},

3. Con(Q x R) = Con(Q) x Eq(R).

4. Hom(Q x R, @' x N) = Hom(Q, Q') x {f : R — N | f(j) = j} ~
Hom(Q, Q') x NI~}

5. End(Q x R) = End(Q) x {f : R — R| f(j) = j} ~ End(Q) x RFMJ},

6. Aut(Q x R) = Aut(Q) x {f € Sr | f(j) = j} = Aut(Q) x Sjg_;. O

Corollary 3.7. IfV is one of Q, LA, RA, A, then
Free(RPV,n) ~ Free(V,n) x R,. O

Corollary 3.8. IfV is one of pQ, Q1,eQ, Qe, Q1, then
Free(RPV,n) ~ Free(V,n) X Ry41. O

Corollary 3.9. IfV is one of the above varieties of (pointed) quasigroups,
then Var(RPV) ~ Var(V) x 2. O

All cases suggested by Corollary 3.5(1) can actually occur. In the ex-
amples below, right product quasigroups are in fact quasigroups and thus
we display the Cayley tables of the multiplication only.

Example 3.10. Tables 1 give a right product quasigroup with no idem-
potents (on the left) and an idempotent right product quasigroup (on the
right).
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01 2 <10 1 2
01 0 2 0j0 2 1
110 2 1 112 1 0
212 10 21 0 2

Table 1: A right product quasigroup with no idempotents and an idempo-
tent right product quasigroup.

Example 3.11. Tables 2 give a right product quasigroup in which FEg is
not a subalgebra (on the left) and a right product quasigroup in which Eg
is a nontrivial subalgebra (on the right).

e[0 1 23 45
|0 1 2 3 0/0 2 1 3 5 4
0/0 2 1 3 12 105 43
113120 2(1 02 4 35
211 3 0 2 313540 21
3/2 0 31 415 4 3 2 10

5(4 3510 2

Table 2: FEg is not closed, Eg is a nontrivial subalgebra.

Moreover, we have the following. These are immediate consequences of
well understood properties of quasigroups and semigroups.

Theorem 3.12. Let S = Q) X R be a right product quasigroup. Then:

1. If Qm (m € M) is the (possibly empty) family of all mazimal sub-
quasigroups of Q then Qn,, x R (m € M), Q x (R\{r}) (r € R) is
the family of all maximal right product subquasigroups of S.

2. There are |R| mazimal subquasigroups of S. They are all mutually
isomorphic and of the form Q x {r} (r € R).

From now on we assume Es # 0 (i.e., Eg # 0).

3. If Eg is subalgebra then it is the largest subalgebra of idempotents of
S.

4. There are |Eg| mazimal left zero subsemigroups of S. They are all
singletons {e} (e € Eg).
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From

There are |Eq| mazimal right zero subsemigroups of S. They are all
mutually isomorphic and of the form {i} x R (i € Eg).

now on we assume Eg = {i}.

Eg = {i} x R is the unique largest subband of S, which happens to be
a right zero semigroup.

If the quasigroup @ is a left loop then the left neutral i of Q) is the
only idempotent of QQ and:
- Es={a/a|aecS}.
— The element e € S is a left neutral if and only if it is an idempotent.
— The mazimal subquasigroups
Qx{r}=8Se={zxeS|z/r=e} (e€ Eg,e=(i,r))
are mazimal left subloops of S.
— Foralle € Eg S ~ Se x Eg and the isomorphism is given by
f(x) = (zefe,x/x).
If the quasigroup Q is a right loop then the right neutral © of Q) is the
only idempotent of QQ and:
- Eg={a\a|a€S}.
— S has a right neutral if and only if |R| = 1 and then the right neutral
1s unique. In this case S is a right loop.
— The mazimal subquasigroups
Qx{r}=Se={zeS|z\v=e} (e€ Eg,e=(i,r))
are mazimal right subloops of S.
— Foralle € Eg S ~ Se x Eg and the isomorphism is given by
f(z) = (ze,x\x).
If the quasigroup Q s a loop then:
— The element e € S s a left neutral if and only if it is an idempotent.
- S has a right neutral if and only if |R| = 1 and then the right neutral
1s unique. In this case S is a loop.

— The mazimal subquasigroups
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Qx{r}=8Se={zreS|z\c=x/x=¢€} (e€ Eg,e=(i,7))
are maximal subloops of S.
— Foralle € Eg S ~ Se x Eg and the isomorphism is given by
f(x) = (ze,x/x). O

Theorem 3.13. Let S = Q X R be a right product pointed quasigroup with
a distinguished element e = (i,7). Then:

1. If Qm (m € M) is the (possibly empty) family of all mazimal pointed
subquasigroups of Q then Qn, X R, Q x (R\ {r}), where r € R\ {j},
15 the family of all mazimal right product pointed subquasigroups of S.
2. Se=Q x {j} is the largest pointed subquasigroup of S.
From now on we assume Es # 0 (i.e., Eqg # 0).

3. If Eg is subalgebra then it is the largest subalgebra of idempotents of
S.

4. SeNEg = {e} is the largest pointed left zero subsemigroup of S if and
only if e € Eg.

5. Eg = {i} X R is the largest pointed right zero subsemigroup of S if
and only if i € Eg.
6. S~ Se x Eg and the isomorphism is given by f(z) = (ve/e,ex/x).
From now on we assume Eg = {i}.

7. Eg = {i} X R is the unique largest pointed subband of S, which happens
to be a pointed right zero semigroup.

8. If the element i is the left neutral of Q, it is the only idempotent of @
and:
- Eg={aja|a€S}.
— The element a € S is a left neutral if and only if it is an idempotent.
- Se={x €S |x/x=-e} is the largest left subloop of S.
— The isomorphism S ~ Se x Eg is given by f(x) = (ve/e,x/x).
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9. If the element i is the right neutral of Q, it is the only idempotent of
Q and:

- Es={a\a|a€S}.
— S has a right neutral if and only if |R| = 1 and then the right neutral
1s e. In this case S is a right loop.
- Se={x € S|x\z=e} is the largest right subloop of S.
— The isomorphism S ~ Se x Eg is given by f(x) = (ve,x\x).
10. If the element i is the two—sided neutral of Q, it is the only idempotent
of Q and:

— The element a € S is a left neutral if and only if it is an idempotent.

— S has a right neutral if and only if |R| = 1 and then the right neutral
1s e. In this case S is a loop.

- Se={z e S|a\z=uz/x=e} is the largest subloop of S.

— The isomorphism S ~ Se x Eg is given by f(x) = (ve,x/x). O

3.3. The equation xa=b

Since a right product quasigroup is a right quasigroup the equation ax = b
has the unique solution = = a\b. For the equation xa = b, the situation is
not so clear.

We solve the equation xa = b using the notion of reproductivity. The
related notion of reproductive general solution was defined by E. Schroder
[17] for Boolean equations and studied by L. Léwenheim [10, 11] who also
introduced the term “reproductive". More recently, S. B. Presi¢ made sig-
nificant contributions to the notion of reproductivity {13, 14, 15|. For an
introduction to reproductivity, see S. Rudeanu [16].

Definition 3.14. Let S # () and F : S — S. The equation z = F(x) is
reproductive if for all z € S F(F(z)) = F(z).

The most significant properties of reproductivity are:

Theorem 3.15. A general solution of the reproductive equation x = F(x)
is given by: © = F(p) (p € 5). O

Theorem 3.16 (S. B. Presi¢). Every consistent equation has an equiva-
lent reproductive equation. ]
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We now apply these results to our equation za = b.

Theorem 3.17.

1. In right product quasigroups, the equation xa = b is consistent if and
only if (b/a)a =b.

2. In right product {left, right} loops, the consistency of xa = b is equiv-
alent to {a/a =b/b,a\a = b\b}.

3. If the equation xa = b consistent, then it is equivalent to the repro-
ductive equation x = (b/a)x/x, and thus its general solution is given
by x = (b/a)p/p (p € S). There are exactly |R| distinct solutions.

4. If a right product quasigroup S = @ x R has idempotents, then the
general solution of the consistent equation xa = b may be given in the

form z = (b/a)e/e (e € Eg).

5. If the quasigroup @) has a unique idempotent, then any idempotent
e € Eg defines the unique solution x = (b/a)e/e of xa = b.

6. In a right product right loop, the general solution of xa = b may be
simplified to x = (b/a)e (e € Eg).

Proof. (1) If the equation is consistent then there is at least one solution
x = c. It follows that b = ca and (b/a)a = (ca/a)a = ca = b. If we assume
that (b/a)a = b then x = b/a is one solution of the equation za = b, which
therefore must be consistent.

(2) Assume S is a right product left loop. If xa = b is consistent then
b/b = za/ra = a/a. For the converse assume S = @ x R for some left loop
@ with the left neutral i and a right zero semigroup R. Let a = (a1, az) and
b= (bl,bg). Then (i,ag) = (al/al,ag/ag) = a/a = b/b = (bl/bl,bg/bg) =
(i,b9) i.e., ag = by which is equivalent to the consistency of xa = b.

Now assume S is a right product right loop. If xa = b is consistent
then b\b = za\za = a\a. For the converse assume S = @ x R for some
right loop @ with the right neutral ¢ and a right zero semigroup R. Let
a = (a1,a2) and b = (b1, by). Then (i,a2) = (a1\a1,a2\az2) = a\a = b\b =
(b1\b1,b2\b2) = (i, b2) i.e., ag = be which is equivalent to the consistency of
xa =b.

(3) Let the equation xa = b be consistent. Then (b/a)z/x = (za/a)x/x
= zx/x = z. Conversely, if x = (b/a)z/z then za = ((b/a)x/x)a =
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(b/a)a = b. Therefore, equations za = b and x = (b/a)x/x are equiva-
lent. The form of the later equation is x = F(z) where F(x) = (b/a)x/x.
Also, F(F(z)) = ((b/a) - F(x))/F(z) = ((b/a)((b/a)/x))/((bja)s/x) =
(b/a)x/x = F(x) so equation x = F'(z) is reproductive. Its general solution
is x = F(p) = (b/a)p/p(p € 5).

Without loss of generality we may assume that S is QQ X R for some quasi-
group @ and a right zero semigroup R. Let a = (a1,a2),b = (b1,b2),z =
(x1,22) and p = (p1,p2). The consistency of za = b reduces to (b1, b)) =
(b/a)a = ((b1/a1)a1,az) = (b1, a2) i.e., ag = by. In that case, the solutions
of za = b are x = (b/a)p/p = ((b1/a1)p1/p1, (b2/az)p2/p2) = (b1/a1,p2).
Evidently, the number of different solutions of xa = b is |R)|.

(4) Let S = @ x R and let i be an idempotent of @. For every p =
(p1,p2) there is an idempotent e = (i, p2) of S such that x = (b/a)p/p =
(b1/a1,p2) = ((b1/a1)i/i, (b2/az)p2/p2) = (b/a)e/e.

(5) If the idempotent i € @ is unique then Eg has exactly |Eg| = |R)|
idempotents, just as many as the equation xa = b has solutions.

(6) Let S be a right product right loop and e = (i,7). Then

z = (b/a)e/e = ((b1/a1)i/i, (bz/az)r/r) = (b1/a1,T)
= ((b1/a1)i, (ba/az)r) = (b1/a1,ba/az)(i,r) = (b/a)e.

The proof is complete. O

3.4. Products of sequences of elements including idempotents

We use o(a;,ait1,...,a;) to denote the right product i.e., the product of

a;,...,a; with brackets associated to the right. More formally, o(a;) = a;

(1 <i<n)and o(a;, @iy, ---,a5) = ai - 0(aiy1,-..,a;5) (1 <i<j<n).
Further, we define o(+a,,) = a,, and

o(ai,...,a;5); ifj=n

iy Qid 1y e e, 05, TCp) = o
olai, aiy » £an) {g(ai,...,aj,an); if j <n.

In short, a,, should appear in the product o(a;,...,a;,+a,), but only once.
The following is an analogue of Theorem 2.4 from [7].

Theorem 3.18. Let ai,...,a, (n > 0) be a sequence of elements of the
right product left loop S, such that a,,,...,ap, (1 <p1 < ...<pym <n;
0 < m < n) comprise exactly the idempotents among aq,...,a,. Then
o(ar,...,an) = 0(ap,,...,ap,,tay).



Right product quasigroups and loops 259

Proof. The proof is by induction on n.
(1) n=1.

If m = 0 then g(a1) = a1 = o(£a1).

If m =1 then g(a1) = a1 = o(a1, +ay).

(2) n> 1.

Ifa; € Eg (i.e.,, 1 < p;1) then o(ay,...,a,) = ar-o(ag,...,a,) = o(az, ..., a,)

which is equal to o(ap,, .., ap,,, £a,) by the induction argument.

If a1 ¢ Eg (i.e., 1 = p;1) then, using induction argument again, we get

o(at,...,an) = ar-0(az,...,an) = ap,-0(apy, .., ap,., Ean) = 0(ap,,ap,, .- -,

ap,,, £ap). O
Analogously to of...), we use X(a;, ...,a;—1,a;) to denote the left prod-

uct i.e., the product of a;,...,a; with brackets associated to the left. For-

mally, )\(CLZ) = ay (1 < 7 < n) and )\(ai, PN ,ajfl,aj) = )\(ai, NN ,aj,l) Caj

(1<i<ji<n).
Further, we define A(+a1,+a,) = a1 if n = 1, A(Fa1, £a,) = aja, if
n > 1 and

Aag, . .., a5); ifl=i<j=n
)\ Y 9y fl - < <
XNZEai, a4, ...,a5,%a,) = (@i, @, an); ! isy<mn
Aa, ag,. .., a5); ifl<i<j=n
Aat,ai,...,a5,an); fl<i<j<n

Therefore, both a; and a,, should appear in the product A(+a,as,...,q;,
+ ay), but just once each. If n = 1 then a; = a, should also appear just
once.

Of course, there is an analogue of Theorem 3.18.

Theorem 3.19. Let ai,...,a, (n > 0) be a sequence of elements of the
right product right loop S, such that ap,,...,ap, (1 <p1 <...<ppm <n;
0 < m < n) and only them among ay,...,a, are nonidempotents. Then

Aat, ... an) = NZEai,ap,, ..., ap,,, Eay).

Proof. The proof is by induction on n.

(1) n=1.

If m =0 then Ma1) = a1 = M(£a1, +a1).

If m =1 then A(a1) = a1 = M(%a1, a1, +aq).

(2) n> 1.

(2a) Let 1 = p1,pm—1 =n—1,p,m =n (i.e., a1,an-1,a, ¢ Es). Then, using
induction argument, A(ai,...,an) = Aa1,...,an-1) - an = AM(Fa1,ap,,. ..,
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App—15 +an-1) - Ap, = )‘(a’plﬂ s ’apm—l) C Op,, = )‘(apm cee ?a’pm—l’apm) =
M=Ear, ap,, ..., ap,,, ay).

(2b) Let 1 = p1,pm =n—1 (ie. aj,an—1 ¢ Eg;ay, € Eg). Then, using
induction argument again, we get A(ai,...,a,) = Aai,...,an-1) - ap =
AEar, ap,,s ..., ap,, £an—1)-an = Xap,, ..., 0p,,) an = Nap,,...,ap,.,an)
= NZEai,ap,,...,ap,,xay).

(2¢) Let 1 = p1,pm—1 <n—1,py, =n (i.e,a1,a, ¢ Es;an—1 € Eg). Then,
by the induction argument and (RL), A(a1,...,a,) = Nai,...,ap-1) -
an = Mzar,ap,, .- ap, 1, Ean—1) - an = XNap,, ..., 0p,,_1,0An-1) * p,, =
Mapys -+ app)an—1-Gp, = Mapys -5 Apyy 1) Upy = Mapys -5 Apyy s Gp,y,)
= Nzai,ap,,...,ap,,xay).

(2d) Let 1 = p1,pm—1 < n (i.e., a1 ¢ Es;an_1,a, € Eg). It follows that

Aat,...,an) = Nai,...,an-1) - an = ANFa1,ap,,...,0p,,tapn_1) - ap =
AGpys- s pryy@n—1)-Qp = X Apy s -5 Qp, )On—1 - = Nap, ..., 0p,.) ap =
Map, sy ap,,,an) = NEai,ap,, ..., ap,,, Eay).

The remaining cases of (2) in which p; # 1, i.e., a; € Eg can be proved
analogously. ]

In right product {left, right} loops, Theorems 3.18 and 3.19 give us the
means to reduce {right, left} products. The result is much stronger in right
product loops.

Definition 3.20. Let (S;-,\,/) be a right product quasigroup and 1 ¢ S.
By S! we denote a triple magma with operations extending -, \, / to SU{1}
in the following way: zoy (o € {-,\,/}) remains as before if z,y € S. If
x=1then zoy =y and if y =1 then x oy = x.

Note that the new, extended operations -, \, / are well defined and that
1 is the neutral element for all three.

Lemma 3.21. Let ai,...,a, (n>0) be a sequence of elements of a right
product loop S such that a,, is an idempotent and p(ay, ..., a,) some product
of ai,...,an (in that order) with an arbitrary (albeit fized) distribution of
brackets. Then p(ay,...,an) =plai,...,an—1,1) - an.

Proof. First, note that if e is an idempotent then z - ye = xy - e for all

z,y € S. Namely, if e € Eg then there is a z € S such that e = z/z (for

example z = e is one). The identity = - y(z/z) = zy - (2/2) is true in all

right product loops as it is true in all loops and all right zero semigroups.
The proof of the lemma is by induction on n.

(1) n=1.
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a1 = ay, is an idempotent, so p(a1) =a; =1-a1 = p(1) - a1.
(2) n> 1.

Let p(ai,...,an) = q(ai,...,ax) - r(agt1,--.,an) for some k(1 <k < n).
By the induction hypothesis r(axi1,...,an) = r(ags+1,- - an-1,1) - an. So
pla,...,an) = q(ay,...,ax) - (r(ags1,---an-1,1) - an) = (q(a,...,ax) -
7'<ak+17 <o An—1, 1)) *an = p(Gh o5 On—1, 1) *Qp- 0

The following result is an improvement of Theorems 3.18 and 3.19.

Theorem 3.22. Let ay,...,a, and by, ..., b, (n > 0) be two sequences of
elements of the right product loop S (with some of by possibly being 1) such
that

- 1, ifk<nandag € Eg
b ar; if k=mn ora, ¢ Eg

and let p(ay, ..., an) be as in Lemma 3.21. Then p(ay,...,an) = p(b1,...,by).

Proof. The proof of the Theorem is by induction on n.
(1) n=1.
There is only one product p(a;) = a1 and, irrespectively of whether a; is
idempotent or not, b = a;. Therefore p(a;) = p(by).
(2) n> 1.
Let p(ay,...,an) = q(ai,...,ar) - r(ags1,-..,a,) for some k (1 < k < n).
By the induction hypothesis we have ¢(a1,...,ax) = q(b1,...,bg_1,ax) and
T(aks1y-eeyan) = T(bkt1s .-, 0p).

If a is nonidempotent then ay = by and p(ai,...,an) = q(b1,...,bx) -
T(bk+1, ey bn) = p(bl, ce ,bn)

If aj, is idempotent then by, = 1 and by the Lemma 3.21 p(ay,...,ay)
q(b1, ... bg—1,a) T (bgs1s .-, 0n) = (q(b1,y ... ap—1,1)-ar) r(bgs1,---,bn)
q(bl, ey bk) : T(bk—&-la ce ,bn) = p(bl, ce ,bn)

L

The following corollary is an analogue of ([7], Theorem 2.4).

Corollary 3.23. Let aq,...,a, be a sequence of elements of the right prod-
uct loop S, such that at most two of them are nonidempotents. Then all
products of ai,...,an, in that order, are equal to the following product of at
most three of them: First — nonidempotents of ay,...,an—1 if any (the one
with the smaller index first) and then a,, if it is not used already. O

In right product pointed loops we need not use 1.
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Theorem 3.24. Let ay,...,a, and by, ..., b, (n>0) be two sequences of
elements of the right product pointed loop S with the distinguished element
e such that

b {e; if k <n and ap € Eg

=

ar; ifk=mn ora, ¢ Eg

and let p(ay,...,ay,) be some product of ay,...,a,. Then p(ay,...,an)
p(bi, ..., bn).

cIll

4. Independence of axioms

Finally, we consider the independence of the axioms (A) for right product
quasigroups.

It is well-known that the quasigroup axioms (Q1)—(Q4) are independent.
It follows that axioms (Al) and (A2) are independent. To give just one
concrete example, here is a model in which (Q2) = (A2) fails.

Example 4.1. The model (Z;-,\,/) where z -y =2 +y, x/y = ¢ — y and
z\y = max{y — x,0} is a left quasigroup satisfying (Q1) but not (Q2), and
hence satisfies (A1), (A3), (A4) and (A5), but not (A2). O

As it turns out, the independence of the remaining axioms can be easily
shown by models of size 2. These were found using MACE4 [12].

Example 4.2. Table 3 is a model satisfying (A1), (A2), (A4), (A5), but
not (A3).

o 1 \Jo 1 /|0 1
00 1 00 1 0/1 0
1]0 1 1/0 1 1|10

Table 3: (A1), (A2), (A4), (A5), but not (A3).

Example 4.3. Table 4 is a model satisfying (A1), (A2), (A3), (A5), but
not (A4). O

Example 4.4. Table 5 is a model satisfying (A1), (A2), (A3), (A4), but
not (A5).
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|01 \[0 1 /10 1
00 1 00 1 01 0
1|10 1|10 110 1

Table 4: (A1), (A2), (A3), (A5), but not (Ad).

[0 1 \Jo 1 /|0 1
0/1 0 0/1 0 0/1 0
1|10 1|10 1|10

Table 5: (A1), (A2), (A3), (A4), but not (A5).

Acknowledgment. Our investigations were aided by the automated de-
duction program PROVER9 and the finite model builder MACE4, both de-
veloped by McCune [12]
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Geometry of semiabelian n-ary groups

Yurii . Kulazhenko

Abstract. Semiabelian n-ary groups are characterized by their parallelograms and sym-
metries of points with respect to the vertices of tetragons.

1. Introduction

If the standard (affine) geometry has a fixed point O, then any point P of
this geometry is uniquely determined by the vector p =0 P, and conversely,

the vector OP uniquely determines the point P. Any interval PQ may be

—

interpreted as the vector ¢ — p or as the vector p — ¢. In the second case,
AB=CD < G—-b+d=2¢,

or, in the other words
AB=CD < f(a,b,d) =c,

where any vector v is treated as an element v of a commutative group
(G,+). Then the operation f has the form f(x,y,z) = x —y + z. Groups
(also non-commutative) with a ternary operation defined in this way were
considered by J. Certaine (cf. [3]) as a special case of ternary heaps studied
earlier by H. Priifer (cf. [25]). Ternary heaps have interesting applications
to projective geometry (cf. [1]), affine geometry (cf. [2]), theory of nets
(webs), theory of knots and even to the differential geometry.

On the other hand, affine geometries may be treated as geometries de-
fined by some ternary relations (cf. for example [31]). Such geometries may
be defined also by some n-ary (n > 3) relations (cf. [32]). Basic properties
of affine geometries defined by ternary groups were described by Vakarelov
(cf. |34]). Rusakov extended these results to the case of affine geometries

2010 Mathematics Subject Classification: 20N20,
Keywords: m-ary group, heap, flock, affine geometry, parallelogram, symmetry.
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defined by m-ary groups (cf. [28] and [29]). Later, affine geometries in-
duced by m-ary groups and various properties of n-ary groups connected
with affine geometries were studied by many authors (see for example [7],
[12], [14], [27]).

2. Preliminaries

We will use the following abbreviated notation: the sequence x;,...,x;

will be denoted by x (for j < i it will be the empty symbol). In the case
. k

Titl = ... = T+, = < instead of xsz we will write (x). In this convention

the formula f(x1,..., 2,2, 2,..., %, Tivks1,-.-,2Ty) Will be written in the

(k)
form f(xy, @', 27, )

If m =k(n—1)+1, then the m-ary operation g of the form

k(n— n mn— k(n—
@I = G P @D, 2200, ) 2 o )
k

is denoted by f(1). In certain situations, when the arity of g does not play
a crucial role, or when it will differ depending on additional assumptions,
we write f(), to mean f) for some k=1,2,...

By an n-ary group (G, f) we mean a non-empty set G together with one
n-ary operation f : G"™ — G satisfying for all ¢ = 1,2,...,n the following
two conditions:

19 the associative law:
2n—1 i—1 i—1y . .2n—1
FF@D), 25t = flay fa ™), 20050
20 for all ay,as, ...,an,b € G there exits a unique x; € G such that
F@ iy aly) = b
Such n-ary groups may also be considered as algebras with two or more
operations (see for example [6]). In particular, an n-ary group may be

treated as an algebra with one associative n-ary operation and one unary
operation satisfying some identities.
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Theorem 2.1. An algebra (G, f,”) with one associative n-ary (n > 2)
operation f and one unary operation ~ : x — T iS an n-ary group if and
only if the identities

(i—2) _ (n—i) (n—j) _
fCz" 7, © y) = fly, =7, )=y (1)

are satisfied for some i,j € {2,...,n}. O

(J=2)
x

Theorem 2.2. An algebra (G, f,172)) with one associative n-ary (n > 2)
operation f and one unary operation "2 : z — 252 is an n-ary group if
and only if the identities

(n—2) (n—1) (n—1), (n—2)

f(x[_ﬂ) z 7f( €z 7y)):f(f(ya Z )a T ,x[_2])=y (2)
are satisfied. O

The first theorem is proved in [10], the second in [26]. Useful modifica-
tions of Theorem 2.1 one can find in [4, 6, 9].
An element T satisfying the identities (1) is called skew to z. It is

~1
uniquely determined as a solution of the equation f ((nas ), z) = x. In general
T # x, but there are n-ary groups in which T = x for all or only for some x
(cf. [5] and [8]). In some n-ary groups we have

f(.%'l,$2,---,$n):f(jl,EQ,---,Tn), (3)

which means that in some n-ary groups the operation x — 7 is an endomor-
phism (cf. [8, 11, 13, 30]). This situation take place in semiabelian n-ary
groups, i.e., in n-ary groups satisfying the identity

f(a?) = fla, 257" @), (4)

for example (cf. [13]). The class of all semiabelian n-ary groups coincides
with the class of medial n-ary groups, i.e., n-ary groups in which

FUF @), F@30), - flant) = F(F(@l), f(@13), .., f(ai)  (5)

holds for all z;; € G (cf. |13]). This condition means that the value of the
operation f applied to the matrix [xi;]nxn is the same if we apply it to rows
(from left) or to columns (from top).

As a simple consequence of results proved in [4] we obtain the following
lemma.
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Lemma 2.3. Forn > 3 an n-ary group (G, f) is semiabelian if and only if
there exists a € G such that
_ (n=3) _ (n=3)
f(x’ a/’ a ) y) = f(y7 a7 a ) x) (6)
holds for all x,y € G. O

In the theory of n-ary groups an important role is played by the Post’s
coset theorem which says that any n-ary group (G, f) can be embedded (as
a coset) into some ordinary group G* called the covering group for (G, f)
(cf. |24]). But theory of n-ary groups can not be reduced to the theory of
such groups [9]. A nice construction of a covering group is presented in [22].

Theorem 2.4. (Post’s coset theorem)

For any n-ary group (G, f) there exists a binary group (G*,-) such that
G C G* and

f@})=x1 22 -23-... 2y

or all 1,22, ...,2, € G. In this group T = >~ ". O
f group

3. Geometry of semiabelian n-ary groups

In the affine geometry defined on an n-ary group (G, f) (for details see [27]
or [28]) elements of G are called points. Four points a,b,c,d € G define a
parallelogram if and only if
(n=2)  (n—2)
F(f(a b0 70), b e) = d.
Two points a and ¢ are symmetric if and only if there exists a uniquely
determined point x € G such that

(n—2), (n—2)

f(f(a,x[*z}, x ), x ,c)==x.

Since the operation f is associative identities (2) used in Theorem 2.2
can be written in the form

_o1 (n—=1)_ (n—2) (n=2)  (n—=1) _
FUEEA ), T ) = fly, w2l =y,

which together with Theorem 2.1 implies

£,y = (T2 o) = (7)

where T denotes the element skew to x. Thus for n > 3 the above two
definitions can be presented in the following more useful form (cf. [7]):
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Definition 3.1. Four points a, b, ¢, d of an n-ary group (G, f), where n > 3,

_ (n=3)
define a parallelogram if and only if f(a,b, b ,c)=d.

Definition 3.2. Two elements a and ¢ of an n-ary group (G, f) are sym-
metric if there exists a uniquely determined point z € G such that

a7 "2 0) = a. (8)

Since for symmetric points a and ¢ of G the element z is uniquely deter-
mined we can consider the map S, : G — G with the property S;(a) = c.
This map will be called the symmetry.

Definition 3.3. The point x of an n-ary group (G, f) is self-returning with
respect to the finite sequence of points a,b,c,...,v € G if

Su(.. . Se(Sy(Sa(x)))) = =

From the definition of an n-ary group it follows that in (8) an element ¢
is uniquely determined by elements a and x. Thus, using the same method
as in [4] and [10], we can prove that for n > 3 the symmetry S, has the

form:
Sx((l) = f(x7a7 (nag)ax)

The point

is called symmetrical to the point b with respect to the point a. The sequence
of k arbitrary elements from G is called a k-gon (cf. [29]).

In view of Theorem 2.4 the symmetry of points of an n-ary group can be
considered as an external symmetry in the corresponding covering group.
Namely, two points a and ¢ of an n-ary group (G, f) are symmetric if there
exists a uniquely determined point x € G such that ax~'c = x in the cov-
ering group G* of (G, f). Note that in general =1 is not an element of

G.

In this case, the symmetry S, has the form
Sa(z) = ax™'a. (9)

Moreover, as a consequence of Lemma 2.3 we obtain
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Corollary 3.4. An n-ary group (G, f) is semiabelian if and only if its
covering group we have

ax™'b = bz ta (10)
for all a,b € G and some fized x € G. O
Lemma 3.5. Let ai,a9,as,...,a, be arbitrary points of a semiabelian n-

ary group (G, f). Then the composition S, (...Sa, (Sas(Say(Sa; (2))))...) is

equal to

_ (n=3) _ (n=3) _ (n—3)
f(m)(‘raah ai ,CL%,QE}, as 7a47"'7am—17am—17am)
2 2 2
if m is even, or to
_ (n=3) _ (n=3) _ (n—3)

f(m)(Sal(‘T)?a27 az ,a3,04, Q4 7a57"'7am—17am—17am)
———

2 2 2

if m is odd.

Proof. Indeed, for points a, b,z € G we have

~
=

SpSa(x) = Sp(Sa(z)) = blar™ta)~tb = ba~tza='h 1 ra=tba=1
3)

_f(,,( ba( 3),1)).

Similarly,

Se(SpSa(x)) © c(xa=tba=1b)"te = cb~tab taz e 1) e tableb e
_ (n 3) (n=3) _ (n=3)
_f(3( €, (Ib b va7 b 7C)
_ (n 3)
:f(B)( ( ) b ,¢b b 70)'

Consequently,

Sa(S:(SpSa(z))) = Sy(Sc(xa=tba=1b)) = (xa=tba='b)c tdc1d
(n3) (n3) (n—3) (n—3)

:f(4)($7 bvia abvéa c 7d367 c 7d)
_ (” 3) (n 3)
:f(4)(x7a7 b C, 7d)
2 2

and so on. 0
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Proposition 3.6. In any semiabelian n-ary group (G, f) for all elements
a1,a9,...,am,x € G, where m is odd, we have

Tom (Tap () = (11)
where Tym (x) = Sa,, (- - Saz(Say (Sa, (7))).)-

Proof. According to Lemma 3.5 and (9) for odd m we have

_ B S [ [ [ | -1 -1
Tom () = 17 a1ay azay agay asay as...G, 1 Gpd, " 1 Gm,

which together with (10) implies (11). O

Corollary 3.7. Fach point of a semiabelian n-ary group is self-returning
with respect to double symmetry with respect to the vertex of an arbitrary
its polygon with odd number of vertex. O

These results give the possibility to make new short proofs of the theo-
rems proved in [15 — 21]. Below we give some of them.

Theorem 3.8. An n-ary group (G, f) is semiabelian if and only if
Sp(Sc(5a(Sa(2)))) = = (12)
for any parallelogram {(a,b,c,d) of (G, f) and an arbitrary xz € G.

Proof. From the above results it follows that points a, b, ¢, d form a parallel-
ogram of an n-ary group (G, f) if and only if ab~!'c = d holds in a covering
group of (G, f). This together with (9) reduces (12) to the form

be tab tea = .
1 1, —1y-1 1 _ (n=3) ~
Thus be 'a = (b~ 'ca™)"" = ac™'b. So, f(b,e, ¢ ,a) = f(a,¢, c ',b),
which by Lemma 2.3 means that (G, f) is semiabelian.
The converse statement is obvious. O

Theorem 3.9. An n-ary group (G, f) is semiabelian if and only if
Sa(5e(Sp(Sa(2)))) = =
for any parallelogram {(a,b,c,d) of (G, f) and an arbitrary xz € G.

Proof. The proof is analogous to the proof of Theorem 3.8. O
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Corollary 3.10. An n-ary group is semiabelian if and only if each its point
18 self-returning with respect to the vertex of each its parallelogram. O

Theorem 3.11. An n-ary group (G, f) is semiabelian if and only if for

any three points a,b,c € G the tetragon (a, Sy(a),Sc(a),S4(a)), where d =
_ (n-3)

fla,b, b ,c), is a parallelogram.

Proof. Indeed, in the covering group G* of (G, f) we have Sy(a) = ab~tcb~lc

and a(Sy(a))"1S.(a) = ab~tab~lca=lc. Thus a(Sy(a))~1S.(a) = Sy(a) if

and only if ab~'c = cb~'a. Corollary 3.4 completes the proof. 0

Analogously we can prove the following two theorems.

Theorem 3.12. An n-ary group is semiabelian if and only if for any three
its points a,b,c (at least) one of the following tetragons (a,b, S.(a), Sc(D)),
(Sp(a), Sc(a), Sc(b),b), (Ss.@)(a), Sc(b),b, Sc(a)) is a parallelogram. O

Theorem 3.13. An n-ary group (G, f) is semiabelian if and only if for
each a,b,c € G all points x € G are self-returning with respect to the vertex
of the hezagon (Sy(a), Sc(a), Se(b), Sa(b), Sa(c), Sb(c))- O

4. Vectors of semiabelian n-ary groups

According to [28] an ordered pair (a,b) of points a,b € G is called a directed
segment of an n-ary group (G, f).In the set of all directed segments of an
n-ary group we introduce the binary relation = by putting

(@,8) = {e,d) <= f(a,B, b se) = d.,

ie., (a,b) = (¢,d) if and only if (a,b,c,d) is a parallelogram of G. Such
defined relation is an equivalence and divides the set of all directed seg-
ments into disjoint classes (a,b)—. The class (a,b)= is called a vector and
is denoted by ab. Hence

(n—3)

— — -
ab=cd < f(a,b, b ,¢)=d<=ablc=d (13)

in the covering group of (G, f).

On the set V(G) of all vectors defined on an n-ary group (G, f) one can
define the addition + of vectors (cf. [28]). It is not difficult to verify that
(V(G),+) is a group. It is Abelian if and only if an n-ary group (G, f) is
semiabelian (for details see [28] or [29]).
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Lemma 4.1. In an n-ary group (G, f) for any four points a,b,c,d of G we
have N .
ab+cd=ag=hd,
_ (n—3) — (n=3)
where g = f(b,¢, ¢ ,d) and h = f(e,b, b ,a).

-3
Proof. Since in the covering group g = f(b,¢, (nc ), d) = bc~d, thus

_ (n=3)
fle,b, b ,9)=cb lg=cb  (bc'd) =d.

— — — —
So, {(¢,b,g,d) is a parallelogram. Hence c¢d = bg. Consequently, ab + cd =
— = N
ab+ bg = ag.

The proof of the second identity is analogous. O

Corollary 4.2. In an n-ary group (G, f) we have

-  — —_1>

ab + cd = a(bc™"d) (14)
for all a,b,c,d of G. O
Theorem 4.3. An n-ary group (G, f) is semiabelian if and only if

- = — =

ab + cd = ad + cb (15)
for all a,b,c,d € G.
Proof. Indeed, by Lemma 4.1

ab+cd = agi,  ad+ cb = ags,

n—3 n—3
where g1 = f(b,E,( c ),d), go = f(d,E,( c ),b). Thus agi = ags if and only

-3
if (a,a,g1,92) is a parallelogram, i.e., if and only if f(a,a, (na ),gl) = ¢o.
The last means that g; = go. This, by Lemma 2.3, means that an n-ary
group (G, f) is semiabelian. O

Theorem 4.4. An n-ary group (G, f) is semiabelian if and only if
e —— -
Sp(a)Sq(c) =2bd + ca (16)

for all a,b,c,d € G.



274 Yu. I. Kulazhenko

Proof. Indeed, if an n-ary group (G, f) is semiabelian, then

—

cd 2 (ba + bd) + cd

which proves (16).
Conversely, if (16) holds for all points a, b, ¢, d € G, then

- B ——— — = —
2bd + ca = Sp(a)Sy(c) = ba + bd + cd ,

which, in view of (14), implies

_

b(db~1d) + @@ = b(ab~'d) + cd..

Thus

b(dbtdela) = blabtded).

So, that the tetragon (b, b, (db~tdc™'a), (ab~dc™1d)) is a parallelogram.
Hence bb~!(db~'dc™'a) = ab~'dc='d. From this, for ¢ = d, we obtain

dbta =ab"'d.
This by Lemma 2.3 means that an n-ary group (G, f) is semiabelian. [

Using the above method we can give a short proof of the following two
theorems proved in [21].

Theorem 4.5. An n-ary group (G, f) is semiabelian if and only if for each
its parallelogram {(a,b,c,d) and each point x € G we have

—

Ta+ Sa(z) b+ SpSa(x) ¢+ SeSySa(z)d = 0. (17)

Proof. For any four pints a, b, ¢,d € G we have

Td+ Se(x) b+ SpSa(x) c+ S.S8S,(x) d

—~
=

bPa
= za+ (ar ta)b+ (batza"tb) c + (b lax tablc) d

W (xa=1b) + (ba"tza='b) c + (cb~lax~lab™1c) d
(

x (ab~1c) + (cb~tar—tabte) d W (ra=tbetd).

=
=
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So, according to (13),

—_—
z (za e d) = 0 =72 <> ad b la=2<>d=cbla.

Hence any four points a, b, ¢, d satisfying (17) form a parallelogram if and
only if d = cb~'a = ab~'c. Corollary 3.4 completes the proof. O

Theorem 4.6. An n-ary group (G, f) is semiabelian if and only if

TG+Sa(2) b+SySa(7) c+505,Sa (%) d+S3S0SySa () €+5eS45:5ySa(x) a = 0
(18)

n—3
for all points a,b,c,d,z € G, where e = f(d, E,( c ),b).

Proof. Similarly as in the previous proof

za + Sy () b+ SpSa(x) ¢ + SeSpSa(x) d + S3S:SpSa(x) € + SeS45.9,54() a
-
=z (xa"1bc™1d) + S3S5:5pS. () € + SeS4S.SpSa() a
-
=z (ab~tedte) + S.S84S.SpSu(x) a = x (wa~tbe tdeta) .

Hence

_ _ _ — _ _ _
z(za"tbetde o) =77 <= za " ted b la =z

The last means that a e = (d~'cb~ta)~! = a=lbcd, i.c., e = bc~1d. But
by the assumption e = dc™'b. So, (18) holds if and only if bc~'d = dc™1b
for all a,b,c € G. O

5. Flocks

Flocks are ternary quasigroups with a para-associative operation, i.e., alge-
bras of the form (G, []), where [[z,y, 2], u,v] = [z, [u, 2, y],v] = [z, ¥, [, u, V]|
for all z,y,z,u,v € G, and for all a,b € G there are uniquely determined
x,y,z € G such that [z, a,b] = [a,y,b] = [a,b, 2] = c.

Such flocks are a special case of heaps and semiheaps considered by
Vagner [33]. Similar structures are investigated also by Priifer [25]. Baer
(cf. [1]) has investigated a connection linking Brandt groupoids and mixed
groups with idempotent flocks, i.e., flocks satisfying the identity [z, z, z] = =.

As it was observed in [7] flocks and ternary groups have very similar
properties. Moreover, the affine geometry induced by n-ary groups (n > 3)
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can be described by flocks. Namely, if (G, f) is an n-ary group with n > 3
then G with the operation

_ (n-3)
[aj7 y? Z] = f('I‘? y? y 7Z)

is a flock. Thus, in the covering group of (G, f) we have [z,y,2] = zy~!z.

This means that flocks induced by semiabelian n-ary groups are idempotent
ternary group.

Theorem 5.1. Let (a,b,c,d) be a parallelogram on an n-ary group (G, f).
Then for all p,q,x,y € G
(1) (b,p,q,c) is a parallelogram if and only if (a,p, q,d) is a parallelogram.
(2) (d,c,z,y) is a parallelogram if and only if (a,b,z,y) is a parallelogram.

The geometrical sense of this theorem is illustrated by the picture:

.'q

a b
This theorem is a consequence of Proposition 5.5 proved in |7]. Below

we give the equivalent proof based on the above connections.

Proof. Let (a,b,c,d) and (b,p, q,c) be parallelograms. Then d = [a, b, c] =
ab~'c and ¢ = [b,p,q] = bp~'q. Thus [a,p,q] = (ab~'b)p~tq = ab= (bp~1q)
= d. Hence (a,p, q,d) is a parallelogram.

Conversely, if (a,b,c,d) and {(a, p, q,d) are parallelograms, then ab~!c =
dand ap~tq = d. Thus, [b,p,q] = (ba ta)p~tq =ba(ap~lq) = ba"1d = c,
which completes the proof of (1). The proof of (2) is analogous. O
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Transversals in loops. 2.

Structural theorems

Eugene A. Kuznetsov

Abstract. An investigation of a new notion of a transversal in a loop to its subloop
is continued in the present article. This notion generalized a well-known notion of a
transversal in a group to its subgroup and can be correctly defined only in the case,
when some specific condition (condition A) for a loop and its subloop is fulfilled. The
connections between transversals in some loop to its subloop and transversals in multi-

plicative group of this loop to suitable subgroup are studied in this work.

1. Introduction

In the present work we continue the study of a variant of natural general-
ization of a notion of transversal in a group to its subgroup [1, 5, 6, 11] at
the class of loops, begun in [10]|. As the elements of a left (right) transversal
in a group to its subgroup are the representatives of every left (right) coset
to the subgroup, then a notion of a left (right) transversal in a loop to its
subloop can be well defined only in the case when this loop admits a left
(right) coset decomposition by its subloop (see Condition A, Definition 2.4,
[10).

In the part 2 the different structural theorems are proved. They demon-
strate the correspondence between transversals in a loop to its subloop and
transversals in a multiplicative group of this loop to its suitable subgroup.
Also, we demonstrate the necessity of Condition A when we generalize a
notion of transversal at the class of loops.

Further, we shall use the following notations: (L,-,e) is an initial loop
with the unit e; (R, -, e) is its proper subloop; E is a set of indexes (1 € F)
of the left (right) cosets R; in L to R, where Ry = R.

All necessary definitions and preliminary statements may be found in
[10].

2010 Mathematics Subject Classification: 20N05
Keywords: quasigroup, loop, transversal, coset, representation.
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2. The Condition A and included subgroups

The following lemma is an explanation of the necessity of the Condition A
in the investigation of transversals in loops.

Lemma 2.1. Let G be a group, H be its proper subgroup. Let K be a
subgroup of group G such that H C K C G. If T = {titicr is a left
transversal G to H, then:
1. T1 =T|k = {tj}jer,, where By = {x € E|t, € K}, is a left trans-
versal K to H,

(1) ()

2. < Fq,
T
3. The left Condition A is fulfilled in the left loop < E, (-), 1> to its
T T
left subloop < El,(-), 1> for every a,b €< E,(-), 1> and every

(T) . (1) (T)
ue< Ey, ;1> thereemist ce< E, -",1> and uy €< E1, -',1>

J1I>C< E, -1 >,

such that a (T) (b (T) u) =c (F‘.F) uy.

Proof. 1. Let us denote E; = {z € E|t, € K}. Then the transversal
T1 = {t;}jer, consists of those elements of the transversal 7" which belong to
the subgroup K. Let us take an arbitrary element g € K; since T' = {¢; }icr
is a transversal G to H, then g = t;, - h, t;, € T, h € H. But g € K,
h e H C K , so we obtain that ¢;, € K. Then every element g € K can be
represented in the form g = t, - h, where h € H and

r€FE ={z€FE|t,e KNT}.

This representation is unique for every g € K, because it is the same for
the transversal T in G to H.
2. Let us consider the set Fj introduced in 1. Let t4,t, € K (is equal
ta,ty € T1), then K 5ty -ty = (tch) h € H. As t. € K, then t. € T} and we
T
obtain: ¢ € E1. Thus a( -l)b =c. Buttyty € K C G,and G 3 t, -ty = (tch),

he H,soa @ b = c. Therefore
((T}) (T)

)=()les
(T1) (T)
and finally < Fy, -, 1>C<E, -",1>.

3. Let a,b € E and x € E; (is equal t,,t, € G and t, € K), then
ta, . tb . tw == tat (T) h/ =1 (T), (T) h//,
bz a-'(b-'z
tg tp -t =1 (T)bhltz, hi € H, h/, K e H.
a -
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But K 3 hit, = (t b)), ) € H, u = t,(1 ) h "(1) = hite(1) = hi(z),
hity = <ti}1(a:)h/1> € K, t ) €K, hi(z) € Ey. So, (1) can be rewritten in
the form

Y )h/ =t )ty 1Oy hy.

Hence

T T
Then for the left loop < E,(-), 1 > and its left subloop < El,( ‘1), 1 > the

left Condition A is fulfilled. O

Lemma 2.2. Let H C K C G be groups and let T* = {ty}zcE, be a left
transversal G to K. Then T™* (as a set) can be always supplemented up to
some left transversal T = {t;}zcr of G to H.

Proof. If T* = {ty}+cr, is the left transversal G to K, then
(tK)N(ty,K) =2 Vz,yeEy, x#uy.

Since H C K, we have (t,H) N (t,H) = @ for all z,y € Ey, x # y.

If K = H then everything is proven. Let H C K and we shall consider
a union

So= U (th)
r€Fy
Since
SO .ZGLJEO( * ) < xGLJEO ( v ) G7

then Sp is a subset in G consisting of a collection of left cosets in G to
H. Supplementing Sy up to G by left cosets in G to H, which consists in
(G —Sp), and choosing in every coset an unique representative, we obtain a
required left transversal T'= {t, },cp. Moreover, T* C T and Eg C E. [

Lemma 2.3. Let the assumptions of Lemma 2.2 be satisfied. Let T =
{tz}zecr, be a left transversal G to K, and T = {ty}scr be a such left
transversal G to H, for which T* C T and Eg C E. Then Ty =TNK =
{ts}zecE, is a left transversal K to H and the following statements are true:

1. All elements of the subset Ey form a left transversal the left loop

(T) . (T)
< E, -, 1> toits left subloop < E1, -",1 >.

2. The operations < EO,( ) , 1> and < E(],( 2 ,1 > are isomorphic

(the first operation is a tmnsversal operation that corresponds to the
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left transversal T™ in G to K, the second corresponds to a left transver-

T T
sal Ey in the left loop < E, (-),1 > to its left subloop < El,(~), 1>).

Proof. According to Lemma 2.1 T3 =T N K is a left transversal K to H.
1. Let g be an arbitrary element of G. Then

g=1tzk, t,€T*CT, ke K, z¢ckEy,
and, on the other hand,
g=tyh1, t, €T, hh e H, yek.
Also k=t,hy, t, €Ty CT, z € E1, he € H. Using the above we obtain
tqug:%kzgngﬁgu@ hy € H,

and so .
y:x(-)z. (2)

Since g € G is arbitrary, (2) means that for every y € E there exist z € Ey
(T)

and z € 7 such that y = x -~ z. So, it is sufficient to show the uniqueness
of the representation (2).

Let us assume, that this representation is not unique, then there exists
y € F such that

(T) (T)
y==x1 - 21 =x2 - 22, T1,T2 € Ey, 21,22 € Fy.
Then
ty=t @ =totyh =ty (tsh) €ty K,
A 1 " (3)
@:zmzz%%h:%ﬂMMG%K
2 2

(where A/, h" € H). Since T* = {tz}zep, is the left transversal G to K,
then 21 = x9. Thus (3) may be rewritten in the form

tota b =ty =t t, B, t 0 =1, 0"

Since T} = {t.}.ep, is the left transversal K to H, we have z; = z2. Hence

the representation (2) is unique, and elements of the set Ey form a left
T T
transversal < E,(-), 1> to < Ej, (-),1 >.
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*

2. Let < Ey, - ,1 > be a transversal operation corresponding to a left
transversal 7™ = {t; }zep, the group G to its subgroup K. Then

T*
e " b= =ty =tk tatyto €T CT.a b ce By k€K,

and k=t,h, t, ey CT, z€ E1, h€ H.
From the above we have t,t, = t.k = t.t.h, ie., t (T)bh’ =1t () h'h,
a - c -z
¢ opn (T) (T) . )
h',h" € H Thusa -"b=c - z. Since a,b,c € Ey, z € E1, from 1 we obtain

E T E
a( o b = c, (see also (8) from [10]). Consequently, a( e (Fo) b,
which completes the proof. O

b=c=a

Corollary 2.4. Let H C K C G be groups. Then there exists a one-

to-one correspondence between each left transversal T* = {ty}zer, of G

E
to K and some left transversal Ey the left loop < E,( -O),l > to its left

E
subloop < El,( -0),1 > (where T is a left transversal G to H, T* C T,

and Tv = {t.}.cp, is a left transversal K to H, Ty = T' N K) such that

T* E
corresponding transversal operations ) and (Fo) are isomorphic. O

This correspondence can be converted, as it will be shown further in the
next paragraph.

Analogous results may be proved for the right transversals and two-sided
transversals in loops to its proper subloops.

3. Semidirect products of loops

Let us remind a definition of semidirect product of a left loop L =< F,-;1 >
with two-sided unit 1 and a suitable permutation group H acting on the
set E (H C St1(Sg)) (see [8], [13]).

Definition 3.1. Let the following two conditions be fulfilled for some left
loop L =< E,-,1 > and the permutation group H:

1. Ya,b€ E: 1, = (L, LaLy) € H,
2. Vue EandVh € H: ¢(u,h) = (L h Lyh™") € H, where Lq is a
left translation in < E,-,1 >.
Then the set ¥ x H with the operation

(u? hl) * ('l), h2):(u : hl(v)a lu,h1(v)()0(va hl)hth)
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is a group denoted by L X\ H =< E X H,*,(1,id) > and called a semidirect
product of L and H. The group H is called a transassociant of L.

It is easy to show (see [8, 13]) that for the left multiplicative group
LM(L) and the left inner permutation group LI(L) of L we have

LI(L) = St;(LM(L)) € LM(L) and LM(L) = L x LI(L).

Lemma 3.2. Let L =< E,-;1 > be a loop and R =< E1,-,1 > be its
proper subloop, and the left Condition A be fulfilled. If T = {tz}zcr, 1S @
left transversal L to R and H C St1(SL) is a permutation group such that
LI(L) C H and p(u,h) € H for allw € L and all h € H, then

1. a semidirect product G = L N H can be defined,
2. K={(r,h)|r € R, h € H} is a subgroup of the group G and H C K,
3. T* ={(ty,id) |ty € T, © € Ep} is a left transversal the group G to

its subgroup K,

T T
4. the transversal operations < Ey, (-), 1> and < Eo,( . ), 1> (corres-

ponding to the left transversal T the loop L to its subloop R, and
to the left transversal the group G to its subgroup K, respectively)
coincide.

Proof. 1. If the conditions of the Lemma are satisfied, then we can define
the semidirect product G = LN H = {(a,h)|a € L, h € H}, where
H={(1,h)|he H} C{(a,h)|a€ L, he H} =G.

2. Since R C L, then according to the assumptions of our lemma, we
have lo, € LI(L) C H for all a,b € R. This implies

o(u,h) € {o(u,h)|lue R, he H} C {p(u,h)|lue L, he H} CH
for all w € R and h € H. Thus, we can define a semidirect product
K=RXH={(r,h)|r€R, he H}.

Clearly, H={(1,h)| he H} C K C{(a,h)|a€ L, he H} =G.
3. Let T'= {ts }zcE, be a left transversal L to R and let

T* = {(tg,id) |ty € T, z € Ey} C G.
For an arbitrary element x € Ey we consider the set

Ky = (ty,id) % K = {(ta,id) * (r,h) |7 € R,h € H} € G. (4)
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K, is a left coset in G to K. Indeed, any g € G can be written in the
form g = (ug, ho), where ugp € L, hg € H. Since T = {ty}zer, is a left
transversal L to R, we have ug = tz, - 7o for some t,, € Ty and rg € R.
Thus for h; = (l;;roho) € H we have

(tivoaid) * (T(J’hl) = (two : r07ltzo,7’0h1) = (u07h0) =9,

which gives g € (tg,,id) * K. Since t, - R = {t, - r|r € R} is a left coset in
L to R, in view of (4), for z1 # x2 we obtain t;, - R) N ({5, - R) = . So for
1 # xo we have

Ky, N Kyy = ((tgy,id) x K) N ((tg,,id) * K)
— {(tnrid) % (1) |7 € R h € HY O {(tayid) = (1, ) |7 € R, € H)
={(tey -1, ley, oP) |7 € Ryh € HYN{(tay -1y lt,, oh) |7 € R, W EHY = .

Hence K, = (tz,id) * K, x € Ejy is the left cosets in G to K. So,
T* = {(tg,id) |ty € T, x € Ep} is a left transversal G by K.
T*
4. Let us consider the transversal operation < EO,( . ), 1 > which cor-

*

T
responds to the left transversal T = {(t,9d)}|zcE,- Then z e )y =z

L
HE (1, id) * (ty,id) = (ta,id) % (r,h), (rh € K). Thus (t, -~ tyles,) =

(L) (L) (L)
-1l rh). Hence ty - t, =t, -1, r € R, ty,t,,t. € T. Consequently,

(T) . (T*) (T)
r - y=zie,x - y=x - yforall x,y € Ey. O

Corollary 3.3. If the conditions of Lemma 3.2 are satisfied, then for every
h € H we have h(R) C R.

Proof. The previous lemma shows that for any two elements (r1,h;) and
(rg, ha) from K holds

(R) »

(ri,he) % (e, he) = (r1 - ha(r2), L g, ) @(r2, Ra)haha).

Because K is a subgroup of the group G, for all 1,7 € R and h € H we
R) ~ o
have (7 ) h(rz2)) € R. Hence h(R) C R for all h € H. O

In the case H = LI(R) the inclusion h(R) C R is equivalent to the fact
that [, ,(R) C R for all a,b € L. The last condition is equivalent to the left
Condition A for the loop L and its subloop R (Lemma 2.8 in [10]).
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Central r-naturally fully ordered groupoids

with left identity

Yutaka Matsushita

Abstract. In this paper a generalized version (r-naturally fully ordered groupoid) of a
naturally fully ordered groupoid with left identity in the sense that only right solvabil-
ity is permissible is embedded in a concrete groupoid of all non-negative real numbers.
First, the introduction of centrality makes the r-naturally fully ordered groupoid with
left identity order-isomorphic to the positive cone of a fully ordered central quasigroup.
Second, the left Archimedean property enables this ordered groupoid to be embedded in

the concrete groupoid.

1. Introduction

In this paper we will generalize the classical result of Hélder [6] with the
embedding of a fully ordered (briefly, f.0.) semigroup in the additive semi-
group of all non-negative real numbers in the context of groupoids. The
embedding will be carried out in a concrete groupoid (Example 3.1) con-
sisting of all non-negative real numbers. This approach is similar to that of
Hartman [5], who considered the embedding of a f.o. loop in the additive
group of all real numbers. Our concern lies in an r-naturally f.o. groupoid
with left identity, which is a generalized version of a naturally f.o. groupoid
with left identity in the sense that only right solvability is guaranteed. First,
the analogous concept to centrality [9] for quasigroups is introduced so that
an r-naturally f.o. groupoid can be the positive cone of a f.o. central quasi-
group with left identity. Second, the left Archimedean property makes the
ordered groupoid embeddable in the concrete groupoid.

2010 Mathematics Subject Classification: 06F05, 20N05
Keywords: centrality, naturally ordered, fully ordered groupoid, left Archimedean.
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2. Preliminaries

A quasigroup is an algebra (@, -, /,\) with three binary operations satisfying
the following identities:

(a-b)/b=a=(a/b)-b and a\(a-b)=b=a-(a\b).

These identities imply that, given a, b € @, the equations x - b = a and
b-x = a have unique solutions z = a/b and x = b\a, respectively. A loop is
a quasigroup @ with an identity element e (e-a =a =a-e for all a € Q).
For any a € @, we denote by R, and L, the mappings of @) onto itself
defined by the rules R,(x) = xa and L,(z) = ax, respectively. Moreover,
R;Y(z) = x/a, L;'(z) = a\z. Multiplications expressed implicitly by
juxtaposition are meant to bind more strongly than the divisions so as to
reduce the number of brackets in quasigroup equalities. For example, (a-b)/b
reduces to ab/b.

Every quasigroup (@,-,/,\) is isotopic to a loop. Indeed, if a binary
operation + on () is defined by

a+b= Re_\le(a) -L7Y(b) for all a,b € Q,

then it is seen that (@, +,e), denoted B(Q), is a loop. Assume here that
e is a left identity element for (Q,-) (ea = a for all a € @)). Then e\a = a
holds for all @ € @ but a/e = a does not unless a = e. Hence

a+b=(a/e)b. (1)
Using (1),

a—b=(a/b)e
One outstanding benefit of centering is that it makes the loop B(Q) into
an abelian group. According to Corollary 3.7 in [9], a central quasigroup

(Q,-,/,\,e) with a left identity element e is characterized by the following
identities:

((a/e)b/e)c = (a/e)((b/e)c); (2)
(a/e)b = (b/e)a; (3)
((a/e)b)e = (ae/e)(be). (4)
The first two identities show that B(Q) is an abelian group. Indeed, identi-
ties (2) and (3) specify the associativity and commutativity of B(Q), respec-

tively. Identity (4) means that right multiplication by e is an automorphism
of B(Q), i.e., Re(a+b) = Re(a) + Re(b).
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A quasigroup (@, -, /,\) with a binary relation > is called a f.o. quasi-
group if (Q, >) is a fully ordered set and the following monotony law holds:

M) a>2bsar >br < xa>xb forall a,b,x €Q.
The law (M) implies that (see [3, Lemma 3.1])
D) azbsa/r>b/x, x\a > x2\b, /b > x/a, b\z > a\z.

A fo. central quasigroup with left identity is a f.o. quasigroup with
left identity satisfying (2) to (4). In a f.o. central quasigroup @ with left
identity, it is clear from (M) and (D) that (B(Q), >) is a f.o. abelian group.
Therefore the positive cone of @Q is defined by QT = {a € Q|a > e}. A
groupoid (@, -) with a full order > that satisfies (M) is a f.0. groupoid.

3. r-naturally f.o. groupoid and centrality

We follow the terminology of [4] for ordering. An element a of a f. 0. gro-
upoid P is r-positive or l-positive according as xa > z or ax > «x for all
x € P. A fo. groupoid is called r-positively ordered or I-positively ordered
if all of its elements are r-positive or [-positive, respectively. If a f. o.
groupoid contains a left identity element e, then a is [-positive if and only
if @ > e, whereas a strictly positive element a > e is not always r-positive.
However, it will be shown at the end of this section that the introduction of
centrality makes an r-positively ordered groupoid equivalent to the positive
cone of a f.o. central quasigroup. For this the concept of a naturally ordered
groupoid is generalized in such a way that only the existence of a right
solution is permissible. A f.o. groupoid P is said to be r-naturally ordered
if it is r-positively ordered and

a > b implies that b = a for some x € P.

Note that by (M) the solution x is unique. This condition implies that P has
a right division that is “partially” defined on P in the sense that its domain
is a subset of P: Set x = a/b with a > b. Then (a/b)b = a and ab/b = a
are satisfied. Also, P has a partial left division that is always definable on
a f.o. groupoid. Since x = b is a unique solution to ax = ab by (M), we can
define x = a\ab so that a\ab = b and a(a\ab) = ab. Specifically, e\b = b.
Consequently, P is regarded as a set equipped with three binary operations:
the groupoid multiplication and the partial right and left divisions.
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Example 3.1. We define a binary operation @ on the set R of all non-
negative real numbers by

a®db=aa+b for some o > 1.

The set RT with this operation and the usual order is an r-naturally f.o.
groupoid with a left identity element O. O

Example 3.2. Let @ be a f.o. central quasigroup with a left identity
element e. Assume that xe > z for all z € Q. Then Q7 is an r-naturally
f.o. groupoid with a left identity element e. O

Throughout the paper, unless otherwise specified, we will use the symbol
e to denote a left identity element, and let P be an r-naturally f.o. groupoid
with left identity. The trivial case where P has just a single element e will
always be excluded. Centrality of P is defined in a similar way to centrality
of quasigroups (see [9] for the specific definition of central quasigroups). We
now consider the Cartesian product P? as a partial algebra (P2, -, /,\) with
componentwise groupoid multiplication and componentwise partial right
and left divisions. An equivalence relation W on P is a congruence if it is
a subalgebra of P2. The diagonal P = {(a,a)|a € P} is a subalgebra of
P2, An r-naturally f.o. groupoid P is defined to be central if there exists
a congruence W on P? having Pasa congruence class. In addition we will
call this W a centering congruence. The equivalence class of (a,b) € P?
under W is denoted by (a,b)"V, i.e., (a,0)" = {(z,y) € P?|(z,y)W(a,b)},
and the set of equivalence classes by P?/W.

A partial ternary operation on P is defined by

p(a,b,c) = (a/b)ec provided that a > b.

This definition does not entails the identity p(a,b,b) = a in case of a < b.
Therefore useful methods cannot be used to obtain the following properties
of centering congruences. To solve this problem, we provide a new ternary
operation ps; on P defined by

ps(a,b,c) = (sa/b)c provided that sa > b

Indeed, even for a < b by right solvability and (M) we can take s € P such
that sa > b. Then since ps(a,b,b) = sa, it follows that s\ps(a,b,b) = a.
Also, s\ps(a,a,b) = b. Using the operation ps, we obtain similar results to
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Propositions 3.1, 3.3, and 3.4 in [9]. The result similar to Proposition 3.1
guarantees the existence of a centering congruence on P2. The other results
are listed in the form in which they will be used in what follows.

Proposition 3.3. Let P be a central r-naturally f.o. groupoid with left
identity and let W be a centering congruence on P?. Then

(RR) (a,b) € P?2 = (a,a)W(b,b);

(RS) (a,b)W(d',b) = (b,a)W(V,d);

(RT) (a,b)W(d', V) and (b,c)W (¥, ) = (a,c)W(d, ).

Proof. The proof is much the same as that of [9]. Therefore we prove only
(RT) because the operation pg is necessary in case of a < b, b > ¢, a’ < V,
and b > (. Assume that (a,b)W(da’,b') and (b,c)W(V/,c). Take s € P
such that sa > b and sa’ > V' (which is possible by setting s = max(u,v)
such that ua > b, va’ > b'). Then

(s,s)W(s,s) by (RR),
(a, )W (d',b") is given,
(b, )W (', v) by (RR),
(b,c)W (', c)  is given,
(s,8)W (s, s) by (RR)

= (s\ps(a, b,b),s\ps(b,b, c) )W (s\ps(a’', V', 0'),s\ps(V/, V', ).
Hence we obtain (a,c)W(d', ), as required for (RT). O

Proposition 3.4. Let P be a central r-naturally f.o. groupoid with left
identity and let W be a centering congruence on P?. Then W is uniquely
specified by

a, then (a,b)W(c,d) < d = p(c,a,b). (5)
b, then (a,b)W(c,d) < ¢ = p(a,b,d). (6)
Applying (RS) of W and with the use of (6), we have

if a <b, then (a,b)W(c,d) < d = p(b,a,c). (7)
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Lemma 3.5. If P is an r-naturally f. o. groupoid with left identity, then
aze forall a e P.

Proof. By r-positivity we have aa > a for all o € P, i.e., aa > ea. Hence
by (M) we obtain a > e for all a € P. [

Lemma 3.6. Let P be a central r-naturally f.o. groupoid with left identity.
Then identity (3) is satisfied for all elements of P, and if a > be then

b\a = (a/be)e.

Proof. Let a,b € P be arbitrary positive elements. Both (5) and (7) guar-
antee the existence of ¢ € P such that (e,a)W(b,c). Note here that c is
uniquely determined. Hence p(b,e,a) = p(a,e,b), or (b/e)a = (a/e)b. To
prove the latter part, assume that a > be and let x € P be such that
br = a. Then since a/be € P by right solvability, it follows from (3) that
(be/e)((a/be)e) = (a/be)(be) = a. Hence by (M) = = (a/be)e. O

Theorem 3.7. Let P be a central r-naturally f.o. groupoid with left identity
and let W be a centering congruence on P2, Then the quotient P?/W is
a f.o. central quasigroup with left identity, and P is o-isomorphic (order-
isomorphic) to the positive cone of P%/W.

Proof. Let Py = {(a,b)" |a > b} and Ny = {(a,b)" |a < b} be the sets
of positive and negative elements in P2/W, respectively. The ordering on
Py and Ny is determined by:

(a) > on Py: (a,b)" > (c,d)V if and only if p(a,b,e) = p(c,d,e),
(b) > on Ny: (a,)" > (c,d)V if and only if p(b,a,e) < p(d, c, e).

Rules (a) and (b) are based on (6) and (7), respectively. Since it is the case
that (a,b)" > (c,d)" whenever (a,b)V € Py with a > b, (c,d)"V € Ny
with ¢ < d, (a) and (b) provide a full order on P?/W. Further, multiplica-
tion on P2/W is defined by

(¢) multiplication: (a,b)"V (c,d)" = (ac,bd)"V.

For (c) we may use an element of the form (s,e)V with s = p(a,b,e) > e
or (e,t)V with t = p(b,a,e) > e based on whether each (a,b)"V is positive
or negative. We show that P2/W is right and left solvable. First, the
following is clear from (a) and (b): if a > b, then x = a/b is a solution to
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(z,e)V(b,e)V = (a,e)" and (e,2)" (e, )V = (e,a)V. Second, if a > be,
then by Lemma 3.6 2 = (a/be)e is a solution to (b,e)V (z,e)V = (a,e)V
and (e,b)" (e,7)"V = (e,a)V'. We consider solutions to the other cases of
equations.

Case 1R. (e,2)" (b, )V = (a,e)V with a < b: Since in this case (a,e)"V =
(b,p(b,a,e))"V by (5), we have re = p(b, a,e). Hence x = b/a.

Case 1L. (b,e)" (e, ) = (a,e)V with a < be: Since in this case (a,e)V =
(be, p(be,a,e))V by (5), we have z = p(be, a, e). Hence z = (be/a)e.

Case 2R. (z,¢)" (e,b)V = (a,e)": Since (a,e)V = (p(a,e,b),b)V by (6),
we have xe = p(a, e, b). Hence x = (a/e)b/e.

Case 2L. (e,0)" (x,e)V = (a,e)": Since (a,e)V = (p(a,e,be),be)" by
(6), we have x = p(a, e, be). Hence x = (a/e)(be).

A similar method guarantees the existence of a solution to each of the
above equations into which (e,a)" is substituted for (a,e)"V. Obviously,
(5,8)" (= (e,e)V) is a left identity element for multiplication. Therefore
the right division on P2/W is defined as follows:

(al,ag)W/(bl,bg)W = (sal/bl,sag/bz)w, (8)

where sa; > b1, saz > be. Indeed, setting s = b/a and s = b/e give the
solutions in Cases 1R and 2R, respectively. By making use of Lemma 3.6,
the left division is also defined as

(b1,b2)" \(a1,a2)" = ((sa1/bre)e, (saz/bae)e)"” (9)

where sa; > bie, sas > bae. Setting s = be/a and s = b give the solutions
in Cases 1L and 2L, respectively. (Note here that by (3) ba = (a/e)(be).)

To show that (M) is satisfied for P2/W, assume that (a,e)V > (b,e)V
so that a > b. Since ac > be by (M), (a,e)" (c,e)V = (b,e)"(c,e)V. The
converse is also valid. We next provide three cases to prove (a, )" (e, c)V >
(b,e)"(e,c)V.

Case 1. ae, be > c: Since (ae/c)e = (be/c)e by (M) and (D), the required
inequality follows from (a).

Case 2. ae, be < c¢: Since (c/ae)e < (¢/be)e by (M) and (D), we obtain
from (b) the required inequality.
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Case 3. ae > ¢ > be: By (6) and (7), (ae,c)V = ((ae/c)e,e)V and
(be,c)V = (e, (c/be)e)V. Since ae/c > e and c/be > e by (D), we
obtain (a,e)" (e,c)V = (b,e)" (e, c)W.

The converse is also seen to be valid. Similarly, we obtain (e,a)" >
(e, D)V = (e,a)V (c,e)V = (e,b)" (c,e)V & (e,a)V (e, )V > (e, )W (e, ).
We further show that (a,e)V > (e,0)V < (a,e)V (c,e)V > (e,0)" (c,e)V.
If ¢ > be, then by (6) (c,be)V = ((¢/be)e, ). Since ac > ¢ and be > e by
(M), it follows from (M) and (D) that ac = (ac/e)e > (c¢/be)e, and hence by
(a) (ac,e)V = (c,be)W. If ¢ < be, then by definition (c,be)"V < (e,e)V <
(ac,e)V. The converse is trivial because (a,e)V is always > (e,b)"V. A
similar method gives (a,e)" > (e,0)V < (a,e)V (e, )V > (e,0)" (e,e)V.
Thus P2/W is a f.0. quasigroup with left identity.

We show that P?/W is central. According to the proof of Lemma 3.2
in [9], which addresses the case where P is a quasigroup, a relation  on
P2/W x P?/W is defined by

((aha?)W’( ivbé)W)Q((allvaé)Wﬁ (blvbQ)W) A (a1>a3)W(allvag)7 (10)

where (az, ag)W (b1, be) and (ab, al)W (b)), b5). However, since P is a groupoid,
a problem arises, i.e., no solution ag € P exists to (ag, as3)W (b1, bs), for ex-
ample, when b; > e, bs = e and b1 > as. Therefore the definition of Q2 must
be revised. The following lemma is provided for this purpose.

Lemma 3.8. For any (ay,as), (b1,b2) € P2, there exists (v1,72) € P>
such that (x1,x2)W (a1, as) with x1 = by, x9 = be.

Proof. Let x1 > ai. By (5), x2 = p(z1, a1, a2) satisfies (z1,x2)W (a1, a2).
Take s € P such that sa; > by, sas > bs. Set x1 = sai, so that z1 > b;.
Then x9 = ((sa1)/a1)as = sag = ba. O

With the aid of Lemma 3.8, a relation (2 is introduced on P?/W x
P%/W by setting ((a1,a2)", (b}, 65)")Q((a}, ay)", (b1,b2)") if there exist
(w1, 72), (2, 2h) € P? such that

($1,$2)W(CL1,(ZQ), xg > by and (1:/17$/2)W(a,1aa,2)3 :EIQ > /17 (11)

and such that the relation

((1'1, xQ)Wv ( ,1a bIQ)W)Q((xlla xé)wv (blv bQ)W) (12)
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is satisfied in the sense of (10). The inequalities zo > by and a5, > b} in (11)
are needed only to verify the validity of (12) on the basis of (10). Indeed,
in view of these inequalities, it is seen from (5) that (xo,z3)W (b1, b2) and
(xhy, x4)W (b, by) have solutions x5 = p(x2, b1, bs) and z§ = p(ah, b}, b,). We
will examine whether this definition of € is consistent with (10). Assume
that (10) is satisfied, i.e.,

(a1,a3)W (a1, d3), (az,az)W(b1,b2) and (a5, az) W (b1, by).

Let x3, % € P be such that (zg, x3)W (b1, b2) and (ah, 2%5)W (b}, b5). By the
transitivity of W we have (z2,z3)W (az,a3) and (ah, x5)W (a), a). Since
(11) is satisfied, it follows from (RT) for W that (z1,z3)W (a1, as) and
(@), x4)W (a,a}). From the first assumption and transitivity we obtain
(x1,x3)W (2], x%), which implies that (12) is satisfied. Next we examine
whether 2 is a subquasigroup of (P2/W)*. Let (y1,v2), (v}, v5) € P? be
such that (y1,y2)W(e1,c2), y2 = di and (v, y5)W(cd}, ), vh > dy, and
such that
((y1,92)", (d1, )" )Q(w1,95)", (di, d2)™)

is satisfied in the sense of (10), which implies that ((c1,c2)", (d}, d5)")Q
((ch, )W, (d1,d2)V). Accordingly we use the proof of Lemma 3.2 [9] to
obtain
(1, 22)" (y1,92)", (07, 05)" (dy, d)™)

Q ((xlh ) (y17y2) ’(blvbQ)W(dlde)W)'
Since (z1,22)" (y1,92)" = (a1,a2)" (e1,2)" and (27, 25)" (41, 95)" =
(ay, ay)W (e}, ch)V, we have by (11) and (12)
((al,aQ)W(CbCQ)Wv( ,labIQ)W( ll’d,2)W)

Q((al, ap)"W (cl, 5)", (b1, 2) Y (1, da)™V).
It is clearly seen that the definition of (10) does not depend on the choices of
representatives of (by,b2)"V, (b],05)". Hence we may assume that b; > d;,
b, > d} for i = 1,2. Take s € P such that sz; > y;, sx} >y, for i = 1,2, 3.
Since

((s,9)", (e,)")(5,5)", (e,€)™),
it follows that

((S‘Th Sx?)wa ( 117 bIQ)W)Q((lelﬂ SxIQ)Wﬂ (bh bZ)W)

Note here that this is also valid in the context of (10). Hence the proof of
Lemma 3.2 [9] is used again to obtain
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((sa1, s22)™ [ (y1,92)", (b1, 05)" /(dy, do)™)
Q ((lelv S$,2)W/(yi7 yé)Wv (b17 bQ)W/(dlv dQ)W)

Since (lea SxQ)W/(yla?ﬁ)W = (alv GQ)W/(01’02)W’ (lelv Sxé)w/(yi’yé)w =
(ah,a5)" /(ch,¢5)" by (8), we have by (11) and (12)

((ah CLQ)W/(CD CQ)Wv (b/17 b/Z)W/(dllv d/Q)W)
Q ((all? aIQ)W/(clla Cl2)W7 (bla b2)W/(d17 dQ)W)

In view of (9), a similar method gives € being closed under left divi-

sion. Using the operations on € and ps, we can prove that ) satisfies

the properties of a centering congruence. Finally, by considering a mapping

P — P%2/W; a + (a,e)" and by using Lemma 3.5, it is seen that P is

o-isomorphic to the positive cone of P?/W. ]
The following corollary corresponds to Corollary 3.7 in [9].

Corollary 3.9. If P is a central r-naturally f.o. groupoid with left identity,
then it satisfies identities (2), (3), and (4). O

A fo. quasigroup @ with left identity is said to be generated by P if
it is a quasigroup generated by P on which a full order is introduced such
that it is an extension of the full order of P. If, in addition, identities (2)
to (4) are satisfied, then @ is the f.o. central quasigroup with left identity
generated by P. Henceforth B(P) denotes an algebra (P, +, e) where + is a
binary operation defined by (1). Since a > e for all a € P (Lemma 3.5), by
right solvability we have a/e € P, and thus B(P) is actually a subgroupoid

of @, or B(Q).

Proposition 3.10. Let P be an r-naturally f.o. groupoid with left identity
and let Q be the f.o. central quasigroup with left identity generated by P.
Then every element x € Q is written in the form x = (a/b)e where a,b € P.

Proof. Let (A, +,e) be the subgroup of B(Q) generated by B(P). Since
B(Q) is an abelian group, every element z € A can be written in the form
x = a — b, where a,b € B(P). Using the fact that R, is an automorphism
of B(Q), we can write ze = (a —b)e = ae —be. Hence ze € A. Analogously,
x/e € A. Since xy = xze +y, z/y = (r —y)/e, and y\z = = — ye, it follows
that zy, z/y, y\z € A for all ,y € A. Thus A is a subquasigroup of @
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that contains P. This means that A = @ because @Q is generated by P.
Therefore for every x € @ we have z = (a/b)e, where a,b € P. O

In view of Proposition 3.10, it is easy to see that an extended order on
Q@ from the full order on P is uniquely determined.

Proposition 3.11. An r-naturally f.o. groupoid P with left identity is
central if and only if it is the positive cone of the f.o. central quasigroup @
with left identity generated by P.

Proof. Assume that P = Q*. Then it is obvious that P is an r-naturally
f.o. groupoid with left identity for which (2) to (4) are satisfied. According
to [9], define the subtraction mapping F : P2 — Q by

F(a,d')=a—d.

With the aid of (4), F' is a homomorphism with respect to groupoid mul-
tiplication and the two partial divisions. We show only the homomorphic
property with groupoid multiplication. Since ab = Rc(a)+b, it follows that

F((a,a’)(b,V)) = (Re(a) +b) — (Re(d') + V)
=Re(a—d )+ (b-1) (R, is an automorphism)
= (a—d)(b—V) (by (1))
= F(a,d )F(b,b).

Hence ker F' is a congruence, and it must have the diagonal Pasa congru-
ence class. This means that P is central.

Assume that P is central. By Corollary 3.9, P has the same algebraic
properties (i.e., (2) to (4)) as @, and hence P is embedded o-isomorphically
in Q. From Lemma 3.5 we conclude that P is o-isomorphic to Q. ]

Note that the quotient P?/W of Theorem 3.7 is o-isomorphic to this
Q@. Indeed, in view of Proposition 3.10, it can be verified that the mapping
P?2/W — Q; (a,b)" + (a/b)e(= a — b) is an o-isomorphism.

4. Embedding in the non-negative real numbers

Henceforth assume that a central r-naturally f.o. groupoid P with left
identity has no smallest strictly positive element. We will use the fact
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that P is o-isomorphic to the positive cone of the f.o. central quasigroup
generated by P (Proposition 3.11) to prove the lemmas and theorem in this
section.

A relaxed version [7] of the Archimedean property is required for the
embedding of P in the non-negative real numbers. Let a € P be an arbitrary
element. We will define the n-th left multiplication of @ as a™ = a - a”!
for n = 2,3,... and @' = a. An r-naturally f.o. groupoid P is called
left Archimedean if for every strictly positive elements a, b € P there is a
positive integer n such that a™ > 0.

By (3), we may define the n-th addition of a in the left sided manner:
na=a+ (n—1)aforn=23,...and 1-a = a. From (1) it is seen that
na = LZ;el (a) for all n > 1 where Lg/e = L.

Lemma 4.1. Let P be a central r-naturally f.o. groupoid with left identity.
If P is left Archimedean, then B(P) is an Archimedean f.o. monoid.

Proof. As was stated in Section 2, it is clear that B(P) is a (commutative)
monoid. Note that by (M) and (D) of P

r>2ys(x/e)z = (y/e)zand x > y < (z/e)x = (z/e)y.

Hence B(P) is a f.o. monoid. We show that B(P) is Archimedean. Let
a, b € P be strictly positive. Without loss of generality we can assume that
b > a. Since a/e > e if a > e, the left Archimedean property guarantees the
existence of n > 1 such that L™, (a/e) > b. Since the map LZ/_el is order

ale

preserving, it follows from the r-positivity property that LZ/_el((a /e)a) > b,
or (n+ 1)a > b, as required. O

Theorem 4.2. Let P be a left Archimedean, central r-naturally f.o. groupoid
with left identity. Then P s o-isomorphic to a subgroupoid of the groupoid
of all non-negative real numbers of Example 3.1.

Proof. Since B(P) is an Archimedean f.o. monoid by Lemma 4.1, it is seen
from Holder’s [6] theorem that there exists an o-isomorphism f of B(P) to
a submonoid of the additive f. 0. monoid of all non-negative real numbers.
Since ab = ae + b, f(ab) = f(ae) + f(b). To complete the proof, it suffices
to show that f(ae) = af(a) for some a > 1. For this the following lemma
is provided.

Lemma 4.3. Let P. = {ae|la € P}. Then P. is equal to P, and hence
B(P.) = (P.,+,e) is an Archimedean f.o. monoid.
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Proof. Since it is obvious that P. C P, we show only that P C P.. Let
x > e be an arbitrary element of P. Then since x = ae where a = z/e € P
by right solvability, we have z € P.. It is clear from Lemma 4.1 that B(P,)
is an Archimedean f.o. monoid. O

Combining this lemma with Holder’s theorem, we obtain the result that
f(B(FP,)) is a submonoid of the additive f.o. monoid of all non-negative
real numbers. Since f((a + b)e) = f(ae) + f(be) by (4), there is a strictly
positive real number « such that f(ae) = af(a) (e.g. see the proof of
Proposition 2.2.1 in [8]). Moreover, since a < ae for all a € P by r-
positivity, f(a) < f(ae) = af(a). Thus a > 1. O

The hypothesis of the following corollaries is that P is a left Archimedean,
central r-naturally f.o. groupoid with left identity.

Corollary 4.4. If P =R", then ab=aa+b (a« > 1) for all a,b € RT.

Proof. Tt suffices to show that the o-isomorphism f in the proof of Theorem
4.2 is continuous. Indeed, if so, then since f is additive and continuous on
R, it is well known [1] that f(a) = sa for some s € R. Setting s = 1, we
obtain f(ab) = aa + b. To prove continuity, assume that a > b. By right
solvability a = xb for some & € P. Since P has no smallest strictly positive
element, we have a > 2'b > b for 2/ < z, and hence f(a) > f(2'b) > f(b).
This means that f hasno gap in its range. Hence we conclude from Debreu’s
[2] open gap lemma that f is continuous. O

Corollary 4.5. If e is a two-sided identity, then P is o-isomorphic to a
submonoid of the additive f.o. monoid of all non-negative real numbers.

Proof. Since a/e = a, identities (2) and (3) reduce to (ab)c = a(bc) and ab =
ba, respectively. Also it is obvious that P satisfies (M) and the Archimedean
property. [
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On random error correcting codes

based on quasigroups

Aleksandra Popovska-Mitrovikj, Verica Bakeva and Smile Markovski

Abstract. Random error-correcting codes based on quasigroups transformations are
proposed elsewhere. They are similar to convolution codes and the dependence of the
properties of the codes from the used quasigroups are investigated in earlier paper of
ours. In this paper we compare the Random error correcting codes based on quasigroups
with the well know Reed-Muller and Reed-Solomon codes. The obtained experimental
results show that in the case when the bit-error probability of binary symmetric channel
is p > 0.05 (p > 0.06) then the random codes based on quasigroups over perform the
Reed-Muller and Reed-Solomon codes for the packet-error probability (for the bit-error
probability).

1. Introduction

A new class of codes, Random codes based on quasigroups (RCBQ), are
proposed by Gligoroski et al [4]. In RCBQ), similar to recursive convolution
codes, the correlation exists between any two bits of a codeword, and they
can have infinite length, theoretically. However, in contrast to convolution
codes, RCBQ are nonlinear and almost random.

RCBQ have several parameters, and we have investigated the influence
of the code parameters to the code performances [8]. Since RCBQ are
designed using quasigroup string transformations on messages extended by
introduced redundancy, we have investigated how the following parameters
affect the codes: the pattern of redundancy, the chosen quasigroups, the
number of application of quasigroup transformations. The main goal of this
paper is to compare the performances of RCBQ regarding the performances
of the Reed-Muller codes (RMC) and Reed-Solomon codes (RSC). For that
aim we have chosen an RCB(Q with best performances.

2010 Mathematics Subject Classification: 20N05, 68P30, 94B60
Keywords: Quasigroup, quasigroup transformation, error-correcting code, random
code, Reed-Muller code, Reed-Solomon code, packet-error and bit-error probability
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The paper is organized as follows. The Section 2 contains the definition
of quasigroup transformations and the definition of TASC (Totally Asyn-
chronous Stream Ciphers) that is used for code definition. A description
of the code, i.e., the algorithms for coding and for decoding, are given in
Section 3. In Section 4 the definitions of codes RMC and RSC are given.
In Section 5 we show how optimal parameters for RCBQ can be chosen.
The comparison results for the performances of RCBQ regarding RMC and
RSC are presented in Section 6, which is the section with the main results
in this paper. Section 7 contains some conclusions.

2. Quasigroup transformation and TASC

A quasigroup (Q,*) is a groupoid, i.e., a set Q with a binary operation
x : Q? — @, such that for all u,v € Q, there exist unique z,y € Q,
satisfying the equalities u *x © = v and y * v = v. Further on, we assume
that the set @) is a finite set.

Given a quasigroup (Q,*), a new operation “\”, called a parastrophe,
can be derived from the operation x as follows:

rry=2 <= y=u\-z

Then the algebra (Q,=,\) satisfies the identities: x \ (z * y) = y and
xx(z\y) =y, and (Q,)\) is also a quasigroup.

Quasigroup string transformations are defined on a finite set @ (i.e., an
alphabet Q) endowed with a quasigroup operation *, and they are mappings
from Q7 to QT, where Q% is the set of all nonempty words on Q. Note
that Q7 = QU Q> U @3 U... . Here, we use two types of quasigroup
transformations as explained below.

Let [ € @ be a fixed element, called a leader. For every a;,b; € @, e-
and d-transformations are defined as follows.

el(alag R an) = b1b2 . bn ~ bi+1 = bz * A1,

dl(a1a2 R an) =biby... b, & bi+1 = a; \ Aj41,

for each ¢ = 0,1,...,n — 1, where by = a9 = [. By using the identities
z\(xxy) =y and z % (x \ y) = y, we have that dj(e;(araz...a,)) =
ayay...a, and e(di(ajas...ay)) = ajag...a,. This means that ¢; and
d; are permutations on ", mutually inverse. Compositions of e- and d-
transformations are used in the design of RCBQ).
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The concept of TASC was introduced in [3]. That cryptographic concept
is the corner stone for the new algorithm for error correction. Here we use
a way of implementation of TASC by quasigroup string transformations.
We take the alphabet @ = {0,1,...,9,a,b,¢,d, e, f}, whose elements are 4-
bit words, and we choose a quasigroup (@, *) (given in Table 1) with good
properties according to the investigation in [8]. In fact, by using TASC, we
can encrypt and decrypt messages. The TASC algorithm for encryption and
decryption that we use for designing of RCBQ is given in Figure 1. TASC
uses a key k for the encryption and decryption purposes and the length of
the key has influence on the performances of RCBQ (smaller key length
produces faster code with worser decoding results).

Encryption Decryption
Input: Key k = k1ks ...k, and Input: The pair
message L = L1 Lsy ... Ly, (araz...as,k1ks ... ky)
Output: message (codeword) Output: The pair
C:Cng...Cm (0162...CS,K1K2...Kn)
For j=1tom Fori=1ton
X — Ly; K — ky;
T — 0; For j=0tos—1
Fori=1ton X, T — ajq1;
X — ki x X; temp — K,;
T—To X, For i =nto 2
ki — X; X —temp\ X;
kn «— T T—T®oX,
Output: C; — X temp — K;_q;
Kzfl — X7
X — temp\ X;
K, « T,
Cjy1 — X
Output: (cica...cs, K1Ks5.. . K})

Figure 1: TASC algorithm for encryption and decryption

The main characteristic of TASC is that the error propagation is un-
bounded and it propagates until the end of the stream. However, by adding
some redundant information in the stream, the correction of some errors can
be done. That is in fact the main idea behind TASC Error Correction. We
emphasis here that the pseudo random properties of RCBQ are obtained
according to the following theorem.
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Theorem 1. [6] Consider an arbitrary string o = ajaz .. .a, where a; € Q,
and let B be obtained after k applications of an e-transformation. If n is
enough large integer then, for each 1 <t < k, the distribution of substrings
of B of length t is uniform. O

Note that for ¢ > k the distribution of substrings of § of length ¢ is not
uniform (see [1]).

3. Description of RCBQ

The code design uses the alphabet @ = {0, 1, ..., 9, a, b, ¢, d, e, f} of
nibbles and a quasigroup operation x on @, together with its parastrophe \
(as example, see Table 1).

3.1. Description of coding

Let M = mimsg...m, be a block of Ny bits, where m; is a nibble (4-
bit letter); hence, Ny = 4r. We first add redundancy as zero bits and
produce block L = LOL@ L6 = LiLsy... L, of N bits, where L are
4-nibble words, L; are nibbles, so m = 4s, N = 16s. After erasing the redun-
dant zeros from each LY the message L will produce the original message
M. On this way we obtain an (Npjoek, N) code with rate B = Npjoer/N.
The codeword is produced from L after applying the encryption algorithm
in TASC given in Figure 1. For that aim, previously, a key k = kiko ...k,
of length n nibbles should be chosen. The obtained codeword of M is
C = (C10Cy...C,,, where C; are nibbles.

3.2. Description of decoding

After transmitting through a noise channel (for our experiments we use bi-
nary symmetric channel), the codeword C' will be transformed to a received
message D = DWLWDER | D) = DD, .. . D,,, where DU are blocks of 4
nibbles and D; are nibbles. The decoding process consists of four steps:
(1) a procedure for generating the sets with predefined Hamming distance,
(73) an inverse coding algorithm, (ii7) a procedure for generating decoding
candidate sets and (iv) a decoding rule.

Generating sets with predefined Hamming distance: The probability
that < ¢ bits in D@ are not correct is

t
P(p;t)=> (f)pk(l — )"
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where p is probability of bit-error in a binary symmetric channel. Let Bj,qx
be an integer such that 1 — P(p; Byaz) < ¢B, where ¢g (0 < gp < 1) is
given. Consider the set

H; = {alac Q*, H(DY, a)< Bna},

fori=1,2,...,s, where H(D®, ) is the Hamming distance between D)
and «. Then, with probability at least 1 — ¢ the block C'¥) is an element
of the set H;, for i = 1,2,...,s. The cardinality of the sets H; is

Boeoa =1+ () + ("0) s (1O
checks — 1 2 Bmax

and the number B.pecrs determines the complexity of the decoding proce-
dure: for finding the element C (@ in the set H;, less than or equal to Bepecks
checks have to be made. Clearly, for efficient decoding the number of checks
Bepecks has to be reduced as much as possible.

Inverse coding algorithm: The inverse coding algorithm is the decrypting
algorithm of TASC given in Figure 1.

Generating decoding candidate sets: The decoding candidate sets Sp,
Si, Sa,..., Ss are defined iteratively. Let Sy = (ki...kn; ), where X is
the empty sequence. Let S;—; be defined for ¢ > 1. Then S; is the set
of all pairs (0, wjws...wie;) obtained by using the sets S;_; and H; as
follows (Here, w; are bits). For each (8, wiwa...wig;-1)) € Si—1 and
each element a € H, we apply the inverse coding algorithm with input
(a, B). If the output is the pair (7, 6) and if both sequences v = cica. .. c16
and L have the redundant nibbles in the same positions, then the pair
(6, wiws ... W16(i—1)C1C2 - - - c16) = (0, wiws . .. wie;) is an element of S;.

Decoding rule: The decoding of the received codeword D is given by the
following rule: If the set Sy contains only one element (d; ...dp,, w; ... wigs)
then L = wy ... wigs. In this case, we say that we have a successful decoding.

In the case when the set S; contains more than one element, we say
that the decoding of D is unsuccessful (and then we say that error of type
more-candidate-error appears).

In the case when S; = ) for some j € {1,...,s}, the process will be
stopped (and then we say that error of type null-error appears); we conclude
that for some m < j, D™ contains more than Bjaz errors, resulting with
Cp, ¢ H. In this case, whenever it is possible, we may increase the value of
Bpar by 1 and repeat the decoding procedure for the block D(m) again.

Theorem 2. [4]| The packet-error probability of RCBQ is ¢ =1—(1—gp)°.
O
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4. Description of RMC and RSC

RMC are amongst the oldest and most known codes. They were discovered
and proposed by D. E. Muller and I. S. Reed in 1954 ([2], [5]). The rt*
order Reed-Muller code, denoted as RM (r,m), is defined as the set of all
polynomials of degree at most r in the ring Fb[zg, z1,...Zm—1]. There is a
recursive definition of RM (r,m) given as follows.

1. RM(0,m) = {00...0 11...1};

e
2. RM(m,m) =F%";

3. RM(r,m)=A{z||(z@y)|zeRM(r,m-1),y e RM(r—1,m—1)},
for 0 <r <m.
Here, a||b denotes the concatenation of the words a and b.

For decoding, majority logic decoding is applied.

RMC have many interesting properties that are important for examina-
tion. They form an infinite family of codes and larger RMC can be con-
structed from smaller ones. Unfortunately, RMC become weaker as their
length increases. However, they are often used as building blocks in other
codes.

The distance of Reed-Muller RM (r,m) code is 2™~" and this code can
correct 2™~ "~1 — 1 bit errors in the message transmitted through the noise
channel.

The RSC were invented in 1960 by I. S. Reed and G. Solomon (|7]).
The first application of RSC in mass-production was for the compact discs
(1982), where two interleaved RSC are used. Today RSC are used in hard
disk drive, DVD, telecommunication, and digital broadcast protocols. These
codes are defined over the Galois fields GF'(q). The Reed-Solomon code
Crs(n, k) of length n = g — 1 is defined by the set of polynomials A(x) of
degree less than k with coefficients from GF(q). The set of code words for
this code is

C ={(co,c1, -y cn_1)|ci = A(a?), i =0,1,...,n — 1, deg(A(z)) < k}

where « is a primitive element of GF(g). The input message consists of k
symbols from GF(q) and they are the coefficients of the polynomials A(z).
The decoding is usually realized by using Berlekamp-Massey algorithm.

The Reed-Solomon code Crg(n, k) has minimum distance n —k+ 1 and
it can correct ¢t = [(n — k)/2] symbol errors in a code word.
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5. Choosing parameters for optimal RCBQ

RCBQ have several parameters, and we have investigated the influence of
the code parameters to the code performances [8]. Since RCBQ are de-
signed using quasigroup string transformations on messages extended by
introduced redundancy, we have pointed out how 1) the pattern of the re-
dundancy, 2) the length of the key of TASC and 3) the chosen quasigroups,
affect the codes.

We have made experiments in the following way. First, we extend input
message using different patterns for redundant zero nibbles, and after that
we encode the extended message and transmit it through a binary sym-
metric channel with probability p of bit error. For coding and decoding
we use the codes described in Section 3. The outgoing message is decoded
and if the decoding process completed successfully (the last set Ss of candi-
dates for decoding has only one element), the decoded message is compared
with the input message. If they differ at least one bit, then we say that
an uncorrected-error appears. Then we compute the number of incorrectly
decoded bits as Hamming distance between the input and the decoded mes-
sage. Experiments showed that this type of package error occurs rarely.

In our experiments we also calculate the number of incorrectly decoded
bits when the decoding process finish with more-candidate-error or null-
error. Then, that number is calculated as follows.

When null-error appears, ie., S; = (), we take all the elements from
the set S;_1 and we find their maximal common prefix substring. If this
substring has k bits and the length of the sent message is m bits (k < m),
then we compare this substring with the first £ bits of the sent message. If
they differ in s bits, then the number of incorrectly decoded bits is m—k+s.

If a more-candidates-error appears we take all the elements from the
set Ss and we find their maximal common prefix substring. The number of
incorrectly decoded bits is computed as previous.

The total number of incorrectly decoded bits is the sum of all of the
previously mentioned numbers of incorrectly decoded bits.

We compute the probability of packet-error as

PER = #(incorrectly decoded packets)/# (all packets)
and the probability of bit-error as

BER = #(incorrectly decoded bits in all packets) |/ #(bits in all packets).
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Experiments are made for different values of bit-error probability p of binary
symmetric channel and B, = 3 and B, = 4. For B > 4, the
experiments do not terminate in real time.

Redundancy pattern. We made experiments for different 6 patterns
for redundant zero nibbles for (72,288) code with rate R=1/4. In these
experiments we have used the quasigroup given in Fig. 1, the initial key
k = 01234 and the following 6 patterns:

patt.1 patt.2 patt.3 patt.4 patt.5 patt.6

1000 1000 | 1100 1100 | 1100 1100 | 1100 1100 | 1100 1000 | 1100 1100
1000 1000 | 0000 1100 | 1000 0000 | 1100 0000 | 0000 1100 | 1000 0000
1000 1000 | 1100 0000 | 1100 1000 | 0000 1100 | 1000 0000 | 1100 1100
1000 1000 | 1100 1100 | 1000 0000 | 1100 1100 | 1100 1000 | 1000 0000
1000 1000 | 0000 1100 | 1100 1100 | 0000 0000 | 0000 1100 | 1100 1100
1000 1000 | 1100 0000 | 1000 0000 | 1100 1100 | 1000 0000 | 1000 0000
1000 1000 | 1100 0000 | 1100 1000 | 1100 0000 | 1100 1000 | 1000 1000
1000 1000 | 0000 0000 | 1000 0000 | 0000 0000 | 0000 1100 | 1000 0000
1000 1000 | 0000 0000 | 0000 0000 | 0000 0000 | 1000 0000 | 0000 0000

From the experimental results obtained for all six proposed patterns we
conclude that the best results for PER and BER are obtained for the third
pattern patt.3.

Key length. Theoretical probability of packet-error given in Theorem
2 is determined under the assumption that the code is perfectly random
(i.e., the r-tuple are uniformly distributed in each codeword with length
N, r < N). Therefore, in that theorem the more-candidates-errors are not
provided. In Theorem 1 it is proved that if we apply ¢ quasigroup transfor-
mations on a string, we obtain string where n-tuples of letters are uniformly
distributed for n < ¢t. In the design of these codes, the length of the key k
determines how many times quasigroup transformations will be applied in
forming of codeword. Therefore, longer key of the code gives “more random“
code. This means that the results of experimental PER will be closer to
the theoretical values for PER, i.e., the number of more-candidates-errors
will be reduced. So, we made experiments with the third pattern (which
give the best results) with key length 10. From the obtained results we saw
that in some experiments more-candidates-error are not appeared, and if
they appear, their number is very small. We can conclude that when we
use a longer key, we can obtain better results for PER with almost the same
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*/ 0 1 2 3 4 5 6 7 8 9 a b ¢ d e f
0] 3 ¢ 2 5 f 7 6 1 0 b d e 8 4 9 a
110 3 9 4d 8 1. 7 b 6 5 2 a c¢c f e 4
21 0 e ¢ 4 5 f 9 d 3 6 7 a 8 b 2
3/ 6 b f 1 9 4 e a 3 7 8 0 2 ¢ d 5
4/ 4 5 0 7 6 b 9 3 f 2 a 8 d e ¢ 1
5/ f a 1 0 e 2 4 ¢ 7 d 3 b 5 9 8 6
6/ 2 f a 3 ¢ & d 0 b e 9 4 6 1 5 7
7Ve 9 ¢ a 1 d 8 6 5 f b 2 4 0 7 3
8 ¢ 7 6 2 a f b 5 1 0 4 9 e d 3 8
9| b e 4 9 4 3 1 f 8 ¢ 5 6 7 a 2 0
al 9 4 4 8 0 6 5 7 e 1 f 3 b 2 a c
bl 7 8 5 e 2 a 3 4 ¢ 6 0 d f b 1 9
c| 5 2 b 6 7 9 0 e a 8 ¢ f 1 3 4 d
dla 6 8 4 3 e ¢ d 2 9 1 5 0 7 f b
eld 1 3 f b 0 2 8 4 a 7 ¢c 9 5 6 e
f| 8 4d 7 b 5 ¢ a 2 9 4 e 1 3 6 0 f
\]O 1 2 3 4 5 6 7 8 9 a b ¢ d e f
ol 8 7 2 0 d 3 6 5 ¢c e f 9 1 a b 4
110 5 a 1 f 9 8 6 4 2 b 7 ¢ 3 e d
21 0 f 9 4 5 a b d 7 c¢c e 3 8 2 6
3] b 3 ¢ 8 5 f 0 9 a 4 7 1 d e 6 2
412 f 9 7 0 1 4 3 b 6 a 5 e ¢ d 8
5/ 3 2 5 a 6 ¢ f 8 e d 1 b 7 9 4 0
6/ 7 4 0 3 b e ¢ f 5 a 2 8 4 6 9 1
7(7d 4 b f ¢ 8 7 e 6 1 3 a 2 5 0 9
8 9 8 3 e a 7 2 1 f b 4 6 0 d c¢c 5
9| f 6 e 5 2 a b ¢ 8 3 4 0 9 4 1 7
al4 9 4d b 1 6 5 7 3 0 e ¢ f 2 8 a
bla e 4 6 7 2 9 0 1 f 5 d 8 b 3 ¢
c|l]6 ¢ 1 d e 0 3 4 9 5 8 2 a f 7 b
dlf e a 8 4 3 b 1 4 2 9 0 f 6 7 5 e
el 5 1 6 2 8 d e a 7 ¢ 9 4 b 0 f 3
fle b 7 ¢ 9 4 d 2 0 8 6 3 5 1 a f

Table 1: Quasigroup of order 16 and its parastrophe used in the experiments

duration of the decoding process.

Choosing of a quasigroup. Since we work with finite sequences, the
randomness of a sequence obtained by quasigroup transformations depends
on the used quasigroup. So, we did experiments with several quasigroups,
which showed that the choice of the quasigroup does not affect only the
values of PER and BER, but they have an enormous influence on the speed
of decoding.

First we did experiments with the cyclic group of order 16 and the length
of the key 10. Decoding for the third pattern was too slow. So, we did ex-
periment with the first pattern for binary symmetric channel with p = 0.02
and By = 3, and we received PER=0.734087 and BER=0.460359 (that
is much worse then PER=0.1186, BER=0.0089 obtained by the quasigroup
in Table 1). Hence, it is clear that the choice of quasigroup has enormous
influence over the performances of the code.

After that we made experiments with quasigroup of order 16 obtained as
a direct product of a quasigroup of order 2. Experimental results obtained
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with this quasigroup are worse than the results for cyclic group. For the first
pattern, p = 0.02 and B4, = 3 we got PER=0.99424 and BER—=0.80869.

The cyclic group and the direct product of quasigroups of order 2 are
examples of so called fractal quasigroups, they produce biased sequences.
The quasigroup in Table 1 is an example of so called non-fractal quasigroups.
The results obtained by this quasigroup were quite satisfactory.

From the experiments, we can conclude that the best results for a
RCBQ(72,288) were obtained for the third pattern, key length 10, quasi-
group given in the Figure 1 (together with its parastrophe) and By,q, = 4.
We compare that code with RMC and RSC.

6. Experimental results for comparison

We have made several experiments in order to compare the performances
of RCBQ(72,288) of rate 1/4 with Reed-Muller and Reed-Solomon codes of
the same rate. (The experiments were made on ordinary PC, 2.6 GHz and
2 Gb RAM.) Because of the construction of RMC, its rate was chosen to be
130/512 ~ 1/4. We considered transmissions through binary symmetrical
channel for several values of probability p of bit-error. In order to obtain
relevant statistics, we have made experiments with 13888 packets for RSC,
7692 packets for RMC and 3200 packets for RCBQ. (The experiments for
RCBQ are time consuming.) In the experiments we have analyzed the
packet-errors and the bit-errors.

For coding with the Reed-Muller code RM (r,m), an input message is

s
. . m
divided into blocks of k& = ; < ;
code words with length n = 2. In this case, the code rate is R = k/n. We
need to choose appropriate values for the parameters r and m, such that the
code rate will be the closest to R = 1/4. Therefore, we made experiments
with the code RMC(3,9), the length of the messages is k = 130 bits, and
the length of the corresponding code words is n = 512 bits, i.e., the code
rate is R = 130/512 = 0.2539.
In our experiments, we have used a shortened version of the RSC(63,27).
It is the code RSC(48,12) defined over the Galois field GF(2%) with a prim-
itive polynomial p(z) = 1+ X + X% (and it has the same good properties as
general RSC). The shortened RSC has the same length of the code words
(288 bits) and the same rate (1/4) as the considered RCBQ.

) bits, and these blocks are encoded with
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The probability of packet error. The results of the experiments for
the PER are given in Table 2 and presented in Figure 2. We can derive the
following conclusions.

» | RMC(3,9) | RSC(48,12) | RCBQ(72,288)
0.01 0 0 0.001250
0.02 0 0 0.001250
0.03 0 0.000216 0.003125
0.04 | 0.000650 | 0.003312 0.005938
0.05 | 0.010400 | 0.028874 0.015938
0.06 | 0.083073 | 0.107503 0.035938
0.07 | 0.260530 | 0.290251 0.066563
0.08 | 0.533021 | 0.505112 0.113125
0.09 | 0.759750 | 0.713062 0.188750
0.10 | 0.914587 | 0.845694 0.257813
0.11 | 0.971659 | 0.933899 0.350000

Table 2: Experimental results obtained for PER.
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Figure 2: Comparison of PER for all three codes.

The RMC is the best code (with smallest values of PER) for p < 0.05.
For 0.05 < p £ 0.07, RMC is better than RSC, but it is worse than RCBQ.
For p > 0.08, RMC has the worst performances. The RSC has better
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performances than RMC only for p > 0.08. RCBQ is better than RMC
and RSC for p > 0.05 . It is noticeable that RMC and RSC have similar
performances for p > 0.06, while the performances of RCBQ become much
better. Maybe the best characteristic for RCBQ appears when p > 0.08,
since then RMC and RSC are useless (see Table 2), while RCBQ gives still
reliable values.

The rate of growing of these codes is given in Table 3. So, RMC has the
highest rate of growing, but it starts with very small PER for small values
of p. The similar conclusion holds for RSC, too. The results for RCBQ are
much better since the rates of growing are smaller than the suitable rates of
RMC and RSC for all considered values of p. Therefore, we conclude that
RCBQ is capable to decode for higher values of p.

RMC(3,9) RSC(48, 12) RCBQ(72, 288)
P1-p2 PER(p2)/PER(p1) | PER(p2)/PER(p1) | PER(p2)/PER(p1)
0.01 - 0.02 / / 1.00
0.02 - 0.03 / / 2.50
0.03 - 0.04 / 15.33 1.90
0.04 - 0.05 16.00 8.72 2.68
0.05 - 0.06 8.00 3.72 2.25
0.06 - 0.07 3.14 2.70 1.85
0.07 - 0.08 2.05 1.74 1.70
0.08 - 0.09 1.43 1.41 1.67
0.09 - 0.10 1.20 1.19 1.37
0.10-0.11 1.06 1.10 1.36

Table 3: The rate of growing of PER.

The probability of bit error. The results of the experiments for the
BER are given in Table 4 and presented in Figure 3.

It can be seen that we have similar results for BER as for PER, but
the differences between the results for RCBQ and those for RMC and RSC
are not so significant. The reason for that lies in the constructions of the
codes. Namely, for RCBQ, when a bit is incorrectly decoded, then almost
all consecutive bits are incorrectly decoded. On the other side, the number
of bit-errors in a packet decoded by RMC or RSC are smaller, but they
appear in almost all packets when p > 0.08.

Although the code of Reed-Solomon did not give the best results for
PER and BER for any value of p, compared with the other two reviewed
codes, this code has the best performance in terms of speed of the decoding
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process. This is a very important feature in the coding theory. Namely,
as a rule, a coding procedure is easily to be done fast and simple, but
the problem in designing of codes is to make the decoding process to be
time effective (in terms of capabilities for fast detecting and correcting the
errors). The speed of decoding is a very important factor since in many real
applications the codes work with huge amounts of data.

» | RMC(3,9) | RSC(48, 12) | RCBQ(72, 288)
0.01 0 0 0.000577
0.02 0 0 0.000759
0.03 0 0.000041 0.001359
0.04 | 0.000181 | 0.000671 0.003429
0.05 | 0.002488 | 0.006082 0.009279
0.06 | 0.020369 | 0.023117 0.022396
0.07 | 0.064838 | 0.063642 0.040647
0.08 | 0.135881 | 0.113436 0.064852
0.09 | 0.206767 | 0.166291 0.113572
0.10 | 0.268919 | 0.206621 0.156029
0.11 | 0.320262 | 0.239463 0.218902

Table 4: Experimental results obtained for BER.
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Figure 3: Comparison of BER for all three codes.
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In the experiments with these three codes it can be noted that decoding
with RCBQ is very complex and it is not time effective, especially for larger
values of By,q,. Thus, decoding of a packet is in average 25 times slower by
using Bpq: = 4 instead of By, = 3. Decoding a packet by using Bpaz = 5
could not be finished for a day. Nevertheless, RCBQ can be very useful for
decoding messages transmitted through a very noisy channels (with up to
10% noise), especially when the decoding speed is not an important factor
(for example, decoding a pictures transmitted from the deep space). The
difference of the obtained decoding by using Bne, = 3 and Bpe, = 4
can be noticed from Table 5. There, we can see that we have the same
values for PER and BER when B,,,, = 3 with bit-error p = 0.05, and
Bpar = 4 with bit-error p = 0.08. The values PER_t in Table 5 are the
theoretical probabilities according to Theorem 2. The paper [4] contains
results for Bye, = 5 and By, = 6, obtained by using some auxiliary
heuristic algorithms. The same results for PER and BER as above are
obtained when Bj,q, = 5 with bit-error p ~ 0.115, and Bj,q; = 6 with
bit-error p &~ 0.155.

Bmaz =3
p PER t PER BER

0.02 | 0.004314 | 0.004752 | 0.002093
0.03 | 0.019674 | 0.018433 | 0.008493
0.04 | 0.055435 | 0.055588 | 0.026289
0.05 | 0.118838 | 0.117584 | 0.054876
Briaz =4
0.03 | 0.001447 | 0.003125 | 0.001359
0.04 | 0.005541 | 0.005938 | 0.003429
0.05 | 0.015319 | 0.015938 | 0.009279
0.06 | 0.034361 | 0.035938 | 0.022396
0.07 | 0.066467 | 0.066563 | 0.040647
0.08 | 0.114889 | 0.113125 | 0.064852

Table 5: Experimental results for By,q, = 3 and By = 4

7. Conclusion

The RMC and the RSC are well known codes that are applied for many
practical purposes. The RCBQ are new kind of codes defined by using
quasigroups and quasigroup transformations, so RCBQ are based on quite



On random error correcting codes 315

different principals than those of RMC and RSC. Here we have compared
the decoding capacities of these three types of codes in terms on time effec-
tiveness and capabilities for detecting and correcting the errors. For that
aims several experiments were produced and relevant statistics were inferred
from them. Generally, the RMC and the RSC have better decoding perfor-
mances in a binary symmetrical channel with bit-error probability p < 0.05.
In the opposite case, the RCBQ outperforms them significantly. Neverthe-
less, the time efficiency of the RMC and the RSC is much higher than that
of RCBQ. So, the speed of decoding of RCBQ is its disadvantage and it is
a challenge for further improvements.

We note that there are interesting results considering RMC and RCBQ
when performed in a bounded binary symmetrical channel. A bounded
binary symmetrical channel where the maximal number of erroneous bits
in every 16 transmitted bits was 5 was considered in [4]. There was shown
that RCBQ of rate 3/16 could decode a 32-bit message with 8-10 erroneous
bits, while RMC (with the same rate) was not capable to do the decoding.
These results suggest further investigations on the performances of RCBQ
in different kind of channels.

Another feature of the RCBQ is that they have cryptographic properties.
Namely, if the data are encoded with these random codes, then the recipient
can decode the original data only if s/he knows exactly which parameters
are used in the process of encoding, even if the communication channel is
without noise. By the definition and the design of RCBQ, it is clear that
if we want to implement the algorithms for decoding we must know the
quasigroup and the primary key that is used for encoding the messages and,
of course, the pattern for introducing the redundant nibbles into original
message. (We could use not only zeros as a redundancy information, it can
be any string, even with semantic meaning.) Therefore, the usage of RCBQ
for cryptographic purposes is its another advantage over RMC and RSC.
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Characterizations of hemirings

by interval valued fuzzy ideals

Muhammad Shabir and Tahir Mahmood

Abstract. In this paper we define interval valued fuzzy h-quasi-ideals and interval val-
ued fuzzy h-bi-ideals. We characterize h-hemiregular and h-intra-hemiregular hemirings
by the properties of their interval valued fuzzy h-ideals, interval valued fuzzy h-quasi-

ideals, and interval valued fuzzy h-bi-ideals.

1. Introduction

Semirings, which are the generalization of associative rings, introduced by
H. S. Vandiver in 1934 [12], are very useful for solving problems in different
areas of applied mathematics and information sciences, like as, optimization
theory, graph theory, theory of discrete event dynamical systems, matrices,
determinants, generalized fuzzy computation, automata theory, formal lan-
guage theory, coding theory, analysis of computer programs, and so on.
Hemirings, which are semirings with commutative addition and zero ele-
ment appears in a natural manner in some applications to the theory of
automata and formal languages (see [4]).

Like in rings theory, ideals play important role in the study of hemirings
and are useful for many purposes. But they do not coincide with ring ideals.
Thus many results of ring theory have no analogues in semirings using only
ideals. In order to overcome this deficiency, Henriksen [5] defined a class of
ideals in semirings, called k-ideals. These ideals have the property that if
the semiring R is a ring then a subset of R is a k-ideal if and only if it is a
ring ideal. A more restricted class of ideals in hemirings is defined by lizuka
[6], called h-ideals. La Torre 8] thoroughly studied h-ideals and k-ideals
and established some analogues ring results for semirings.

Zadeh [14], in 1965, introduced the concept of fuzzy set. Which proved

2010 Mathematics Subject Classification: 16Y60, 08A72, 03G25, 03ET2
Keywords: interval valued fuzzy h-ideals, interval valued fuzzy h-quasi-ideal, interval
valued fuzzy h-bi-ideal.
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a very useful tool to describe situation in which the data are imprecise or
vague. Fuzzy sets handle such situations by attributing a degree to which a
certain object belongs to a set. The concept of fuzzy set was further carried
out by many researchers to generalize some notions of algebra. In [2] J.
Ahsan initiated the study of fuzzy semirings (see also [1]). Fuzzy k-ideals
in semirings are studied in |3] by Ghosh and fuzzy h-ideals are studied in
[7, 10, 13, 15].

In |9] Ma and Zhan introduced the concept of interval valued fuzzy
h-ideals in hemirings and develop some results associated with it. In [11]
Sun et al characterized h-hemiregular and h-intra-hemiregular hemirings by
the properties of their interval valued fuzzy left and right h-ideals. In this
paper we extend this idea and define interval valued fuzzy h-quasi-ideals
and interval valued fuzzy h-bi-ideals. We characterize h-hemiregular and h-
intra-hemiregular hemirings by the properties of their interval valued fuzzy
h-ideals, interval valued fuzzy h-quasi-ideals, and interval valued fuzzy h-
bi-ideals.

2. Preliminaries

For basic definitions of ideals see [4]. A left (right) ideal I of a hemiring
R is called a left (right) h-ideal if for all x,z € R and for any aj,as € I
from = + a1 + z = ag + z, it follows x € I (cf. [8]). A bi-ideal B of a
hemiring R is called an h-bi-ideal of R if for all x,z € R and aj,a2 € B
from x + a1 + z = ag + z, it follows x € B (cf. [13]).

The h-closure A of a non-empty subset A of a hemiring R is defined as

A={reR|z+a+2=0b+z forsomea,be A ,z€ R}.

A quasi-ideal @ of a hemiring R is called an h-quasi-ideal of R if RQNQR C
Q and x4+ a1+ 2z =ag+ z implies ¢ € Q, for all x,z € R and aq,as € Q
(cf. [13]). Every left (right) h-ideal of a hemiring R is an h-quasi-ideal of R
and every h-quasi-ideal is an h-bi-ideal of R. However, the converse is not
true in general (cf. [13]).

Definition 2.1. A hemiring R is said to be h-hemiregular if for each x € R,
there exist a,b, z € R such that x + zax + z = zbx + 2.

Lemma 2.2. [15] A hemiring R is h-hemiregular if and only if for any right
h-ideal I and any left h-ideal L of R we have IL=1NL. U
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Lemma 2.3. [13] For a hemiring R the following conditions are equivalent.
(1) R is h-hemiregular.
(ii) B = BRB for every h-bi-ideal B of R.
(iii) Q = QRQ for every h-quasi-ideal Q of R. O

Lemma 2.4. (13| A hemiring R is h-hemiregular if and only if the right
and left h-ideals of R are idempotent and for any right h-ideal I and left
h-ideal L of R, IL is an h-quasi- ideal of R. U

Definition 2.5. [13] A hemiring R is said to be h-intra-hemiregular if for

each = € R, there exist a;,al, bj, b;, z € R such that z + ;" a;ir’al + 2 =
2

> i bzt + 2.

Lemma 2.6. [13| A hemiring R is h-intra-hemiregular if and only if for
any right h-ideal I and any left h-ideal L of R we have INL C LI. O

Lemma 2.7. [13| The following conditions are equivalent for a hemiring
R.

(1) R is both h-hemiregular and h-intra-hemiregular.

(2) B=B? for every h-bi-ideal B of R.

(3) Q@ =Q? for every h-quasi-ideal Q of R. O

3. Interval valued fuzzy sets

A fuzzy subset f is a function f : X — [0, 1]. Now let £ be the family of all
closed subintervals of [0,1] with minimal element O = [0,0] and maximal
element I = [1,1] according to the partial order [, o/] < [3, 8] if and only
if o < B,a' < B defined on L for all [, /], [3,0] € L. An interval valued
fuzzy subset A of a hemiring R is a function A : R — L.

We write A(z) = [\ (x), AT (x)] C [0,1], for all z € R, where A\™, AT are
fuzzy subsets of R such that for each x € R, 0 < A~ (z) < AT (z) < 1. For
simplicity we write A = [A7, AT].

Let A C R. Then the interval valued characteristic function x4 of A is
defined to be a function x4 : R — L such that for all z € R

B =[1,1] if z € A,
XA(‘”_{ —10,0] ifz¢A

Clearly the interval valued characteristic function of any subset of R
is also an interval valued fuzzy subset of R. Note that yg(x) = I for all
z € R.
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For any two interval valued fuzzy subsets A and p of a hemiring R we
define

where

A (@)Vp~ () = sup{A~ (z), ™ ()}, A~ (2)Ap~ () = nf{A™ (2) , p~ (2)},

AT (@)vpt () = sup{AT (z), ut ()}, AT (@) Apt (2) = inf{AT (2), 1" (2)}.
For any two interval valued fuzzy subsets A and p of a hemiring R, A < p

if and only if A(z) < p(x), that is A~ (z) < p~ (z) and AT (z) < pt(z), for

all z € R.

Definition 3.1. [11] Let A and g be two interval valued fuzzy subsets
in a hemiring R. Then the h-intrinsic product of A and g is defined by

A (V@) A @) A A (A (@) A ),
MA@ p) (x) =supq o T
(. +(h, (o +(p
A (@) nwt @) A (@) nnt @),
for all z € R, if x can be expressed as x + X% a;b; + z = ¥}_;ajb} + 2, and

O if x cannot be expressed as  + X% a;b; + 2z = NU_jalb + 2.

An interval valued fuzzy subset A of a hemiring R is said to be idempotent
fAOA=A

Lemma 3.2. [11]| Let R be a hemiring and A, B C R. Then we have
(1) ACB «— xa<xs.,
(2) xa/AXB = XanB;
(3) XA ©XB=Xa5-

Definition 3.3. Let A be an interval valued fuzzy subset of a hemiring R.
Then A is said to be an interval valued fuzzy left (vesp. right) h-ideal of R
if and only if for all xz,y € R
() Az +y) > A() AA),
(1) A(zy) =2 A(y) (resp. A(xy

) = A(x))
(i) x+a+y=b+y— A(z)=> A

(a) ANX(b), for all a,b,z,y € R.

An interval valued fuzzy subset A : R — L is called an interval valued
fuzzy h-ideal of hemiring R if it is both, interval valued fuzzy left and right
h-ideal of R.

Definition 3.4. An interval valued fuzzy subset A of a hemiring R is called
an interval valued fuzzy h-bi-ideal of R if it satisfies (i), (i4i) and
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(iv) A(zy) > min {A(2),A(
(v) A(zyz) = min{\ (), A
for all z,y,z € R.
An interval valued fuzzy subset A of a hemiring R is called an interval
valued fuzzy h-quasi-ideal of R if it satisfies (7), (¢4i) and
(vi) AOR)A(ROA) <A

Y}
(2)}

Note that if A is any interval valued fuzzy left h-ideal (right h-ideal,
h-bi-ideal, h-quasi-ideal), then A (0) > A (z) for all z € R.

Lemma 3.5. A subset A of a hemiring R is an h-ideal (resp., h-bi-ideal, h-
quasi-ideal) of R if and only if xa is an interval valued fuzzy h-ideal (resp.,
h-bi-ideal, h-quasi-ideal) of R. O

Theorem 3.6. FEvery interval valued fuzzy right(left) h-ideal is interval
valued fuzzy h-quasi-ideal. O

Converse of the Theorem 3.6 is not true in general.

Example 3.7. Let Zg =ZT U {0}, R= {( CCL Z > ca,b,c,d € Zo} and

@= {( E)L 8 > e ZO} . Then R is a hemiring under the usual binary

operations of addition and multiplication of matrices, and @ is h—quasi-
ideal of R but Q is not left (right) h-ideal of R. Then by Lemma 3.5, the
characteristic function x¢ is an interval valued fuzzy h-quasi-ideal of R and
by Lemma 3.5, x¢ is not interval valued fuzzy left (right) h-ideal of R. O

Theorem 3.8. If X is an interval valued fuzzy right h-ideal and p an interval
valued fuzzy left h-ideal of a hemiring R, then A A\ p is an interval valued
fuzzy h-quasi-ideal of R.

Proof. Let x,y € R. Then

AAp)(z+y) =[A" (x+y)Au (+y), AT (x+y) Apt(z+y)]
= A (@) AN () Apm (@) Ap (), AT (@) AXF(y) A pt (2) A pt (y)]
= A" (x) Apm(x), AT(2) A (»”C)]A[A (y) A (y), A (y) A pt(y)]

=AAp)(z ) (AA 1)(y)-
Now (AAp) OR)AROAAR) KAOR)A(ROu) <AAp.
Next let a,b,z,z € R such that © + a + z = b+ z. Then

AN () =M (@) Ap~ (@), AT () A p ()]
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> V(@) A X (8) A (@) A = (8), A (a) A XHB) A (@) A+ (B)]
=" (a) Ap(a), A (a) A p(@)] ATAT(D) A ™ (B), AT(B) A (b))

— (AA (@) A A A ) (B).

Hence A A p is an interval valued fuzzy h-quasi-ideal of R. O

Theorem 3.9. Any interval valued fuzzy h-quasi-ideal of a hemiring R is
an interval valued fuzzy h-bi-ideal of R.

Proof. Let A be any interval valued fuzzy h-quasi-ideal of R. Then for all
z,y,2 € R, for all expressions xyz + %I a;b; + 2" = X_ a}b; + 2', we have

AMzyz) 2 (AOR)A(RON)(zyz) = (AOR) (zyz) A(R O N) (zyz)

sup{(Z\g—mi)) A AN @) (AN ) A (/Z\lwa;))}

1=

A Sup{(igf(b,.)) w(A ). (Ravoa) a(
0

A A+(b;.))}
> {A7(0) A AT (), AT(0) A >\+( )} A{AT(0) AAT(2), AT(0) AAT(2)}
(because zyz+0040 = x(yz)+0 and zyz+004+0 = (xy)z+0)
= Az) A A(2)
Similarly we can show that A\(zy) > A(z) A M(y) for all z,y € R. Hence
A is an interval valued fuzzy h-bi-ideal of R. O

—~

Converse of the Theorem 3.9 is not true in general.

Example 3.10. Let ZT and RT be the sets of all positive integers and
positive real numbers, respectively. And

— 00 a 01 + +
R—{<O O)}U{<b C).a,bER,cGZ },

_ 00 a 0 + +
{0 Y huf(2 0 Veavereezracil

— 00 a 0. + +
s {002 ) asemrcezansl

Then R is a hemiring under the usual binary operations of addition and
multiplication of matrices, and [ is right h-ideal and J is left h-ideal of R.
Now the product IJ is an h-bi-ideal of R and it is not an h-quasi-ideal of R.
Then by Lemma 3.5, the function x7s is an interval valued fuzzy h-bi-ideal
of R and it is not interval valued fuzzy h-quasi-ideal of R. O
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Theorem 3.11. Let A\ = [A",\T] be an interval valued fuzzy subset of
a hemiring R. Then X\ is an interval valued fuzzy h-ideal (h-bi-ideal, h-
quasi-ideal) of R if and only if A= and \T are fuzzy h-ideals (h-bi-ideals,
h-quasi-ideals) of R. O

Theorem 3.12. [11| A hemiring R is h-hemiregular if and only if for any
wnterval valued fuzzy right h-ideal A and interval valued fuzzy left h-ideal p
of R we have AOu=AAp. U

Theorem 3.13. For a hemiring R the following conditions are equivalent.
(1) R is h-hemiregular.
(11)) XS ANOR O, for every interval valued fuzzy h-bi-ideal of R.
(iii) NS AO RO A, for every interval valued fuzzy h-quasi-ideal of R.

Proof. (i) = (it) Let A be an interval valued fuzzy h-bi-ideal of R and
x € R. Then there exist a,a’, 2 € R such that z + zax + 2z = xa’z + 2. Then
for all expressions = + X7 a;b; + 2 = X7_,aib] + 2z, we have

AORON)(x)

m

A ((AOR)™ (@) AX~(5)) A

/N

AOR)~(d)) A )\—(b]f)),

1

)
. <.
>s1>=

=supq '
A (()\ ©R)* (i) AN (b)) A (()\ O R)*(d}) A A+(b;))
i=1 j=1
{(A OR) (xa) AX" () AN(AOR) (zd) AN () ,}
TAAOR)T (a) AT () AANOR)T (zd') AT (2)

= [(AOR)(za), NOR) (za)|A[ANOR) (xzd’), AOR) T (za ) AN (z), \T(2)]

sup { 7\1 A7(ei) AN\ AT(E), ‘7\1 AT (ci) A ./n\l )\Jr(c;»)} AN (z)

Jj=1 J

(for all za+X7" a;bi+2 = ¥7_ albi+2z and za’+ 52 ¢;di+2 = X7 cld+2)

< { A (zax) AN (zd'z) , AT (zax) AT (zd'z)] A }
7 [N (maz) AN (zd'z) , AT (zazx) A AT (zd'z)] A X(2)
(because xa+ razra+ za = xa'va+ za and xad' +vazra' + za' = xa'xvad' + za')
> [N\ (zaz) , AT (zax)] AN (zd'z) , AT (zd’z)] A XNz) = M(2).
Thus A< AORO A
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(79) = (d¢i) is straightforward because each interval valued fuzzy h-
quasi-ideal is an interval valued fuzzy h-bi-ideal.

(7i1) = (i) Let @ be any h-quasi-ideal of a hemiring R. Then by Lemma
3.5, Xq 1s an interval valued fuzzy h-quasi-ideal of R. Then by Lemma 3.2
and the hypothesis xg C xg ©R® xq = XORO" which implies Q C QRQ.
Also, as @ is an h-quasi-ideal, so QRQ C RQNQR C Q. Hence QRQ = Q.
Thus, by Lemma 2.3, R is h-hemiregular hemiring. O

Theorem 3.14. For a hemiring R, the following conditions are equivalent.
(i) R is h-hemiregular.
(1) AAp < ANOu for every interval valued fuzzy h-bi-ideal A and inter—
val valued fuzzy left h-ideal 1 of R.
(1i1) AN\ p < ANO p for every interval valued fuzzy h-quasi-ideal A and
interval valued fuzzy left h-ideal p of R.
(iv) AN p < AO pfor every interval valued fuzzy right h-ideal A and
interval valued fuzzy h-bi-ideal v of R.
(v) AAp < NGO p for every interval valued fuzzy right h-ideal X and
wnterval valued fuzzy h-quasi-ideal o of R.
(Vi) A puAv < AOpOv for every interval valued fuzzy right h-ideal
A, fuzzy h-bi-ideal p and interval valued fuzzy left h-ideal v of R.
(vii) A pAY < AOuOV for every interval valued fuzzy right h-ideal
A, interval valued fuzzy h-quasi-ideal p and interval valued fuzzy

left h-ideal v of R.

Proof. (i) = (ii) Let X be any interval valued fuzzy h-bi-ideal and p be
any nterval valued fuzzy left h-ideal of R. Since R is h-hemiregular, so for
any a € R there exist x1,z2, 2 € R such that a4+ axi1a+ 2 = axea+ 2. Thus
for all expressions a + X[ a;b; + z = X7_;ajb) + 2, we have
A (A (@) A b)) A A (A (@) Aum (),

A©u)(a) =supq 5 s
A (A*(ai) A /ﬁ(bi)) A A (A+(a;.) A ;ﬁ(b;))

j=1

i=1

= [\ (a), AT ()] A [

(z1a), p (z1a)] A [u™ (220) , ' (z20)]
(because a + azria + z = axza + 2)
=\ (a), AT (@) A [ (a), 17 (a)] 2 A(a) Ap(a) = (AAp)(a).
SoAOpu = AA p.
(74) = (i7) By Theorem 3.9.
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(7i1) = (i) Let X be an interval valued fuzzy right h-ideal and u be an
interval valued fuzzy left h-ideal of R. Since every interval valued fuzzy right
h-ideal is interval valued fuzzy h-quasi-ideal, so by (iii) we have AOu > AAp.
But A® p < AA pu. Hence A® . = A A pu for every interval valued fuzzy
right h-ideal X\ of R, and for every interval valued fuzzy left h-ideal p of R.
Thus by Theorem 3.12, R is h-hemiregular.

Similarly we can prove (i) = (iv) = (v) = (7).

(i) = (vi) Let A be any interval valued fuzzy right h-ideal, p be
an interval valued fuzzy h-bi-ideal and v be an interval valued fuzzy left
h-ideal of R. Since R is h-hemiregular, so for any a € R there exist
1,9,z € R such that a + axia + z = axoa + z. Then for all expres-
sions a + X" a;ib; + 2z = E;‘:lagbg + z, we have

A (@ @)rv®)A A ((Ae m(@)av ),
(ouev)(a) = supg T =
A (@ Had A v ) a A (3o pHa)Avie)
i=1 j=1
> (Ao p)(a) AvT(21at) AvT(@2a), (A © p)(a) AvF(z1a) AvT(z20)]
=[Aou(a), Aop) (@] A (z1a), v (z10)] A v (220), 17 (220)]
= (Ao p)(a) ANv(zia) Av(z2a)

A (@) ar @) A A (@) A (#),
A (e it @) A A (36 A 0))

(for all expressions a + ¥ a;b; + z = X_; b + z)
> (A (az1) AN (az2) A p~(a), A\t (az1) A AT (axe) A pt(a)] Av(a)

= Aax1) AA(az2) A p(a) Av(a) = Na) Ap(a) Av(a) = (AApAv) (a).
Thus AApAv < A0 uov.

Av(a)

(vi) = (vii) Obvious.
(vii) = (i) Let A be any interval valued fuzzy right h-ideal, and v be
an interval valued fuzzy left h-ideal of R. Then
ANV=AARAVSAOROV<AOV]
But A © v < AA v always holds. Hence A ® v = A A v for every interval

valued fuzzy right h-ideal A and for every interval valued fuzzy left h-ideal
v of R. Thus by Theorem 3.12, R is h-hemiregular. O
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Theorem 3.15. A hemiring R is h-hemiregular if and only if
(1) every interval valued fuzzy right and interval valued fuzzy left h-ideal
of R are idempotent,
(7i) for any interval valued fuzzy right h-ideal X and for any interval
valued fuzzy left h-ideal p of R, A ® p is an interval valued fuzzy
h-quasi-ideal of R.

Proof. Assume R is h-hemiregular and let A be an interval valued fuzzy left
h-ideal of R. Then NOAS<ROAILA

Also as R is h-hemiregular, so for any a € R there exist z1,22,2 € R
such that a+ax1a+2 = axsa+z. Then for all expressions a+X" a;b;+2z =
¥ _,aib; + z, we have

n

(A—(a,-) A )\—(bi)> A A (A—(ag) A A—(b;)),

1 J=
1 ()\+(a,~) A )\+(bi)) A /:\1 (A+(a;) A A*(b;-))

AT (z1a) , AT (z1a)] A [N (220) , AT (220)]
(because a + aria + z = axsa + 2)

> A7 (a), AT (@] A A7 (), AT (a)] = A(a) AX(a) = A(a),
that is, A\G A =2 X. Thus A\© A = A

Similarly we can prove for interval valued fuzzy right h-ideal of R. Hence
(7) holds. Now let A be any interval valued fuzzy right h-ideal and p be any
interval valued fuzzy left h-ideal of R, then by Theorem 3.12, A\Opu = AA .
Then by Theorem 3.8, A ® p is interval valued fuzzy h-quasi-ideal of R.
Hence (7i) holds.

Conversely, assume that (i) and (é¢) holds. Let I be any right h-ideal of
R. Then by Lemma 3.5, x7 is interval valued fuzzy right h-ideal of R. Now
by using Lemma 3.2, and hypothesis x; = x; ©® x; = X7z, which implies
I =1?. So Iis an idempotent.

Now let I be any right h-ideal and L be any left h-ideal of R. Then by
using Lemma 3.2, and hypothesis x77 = x7 © Xz is an h-quasi-ideal of R.
Thus by Lemma 3.5, IL is an h-quasi-ideal of R. Hence by Lemma 2.4, R
is h-hemiregular. O

>3

(A©A)(a) =sup{*

>3

)

> [\ (a), A\ (a

~—

Theorem 3.16. A hemiring R is h-intra-hemiregular if and only if for any
interval valued fuzzy left h-ideal A and any interval valued fuzzy right h-ideal
pwof RRAANU<SAO p.
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Proof. Assume that R is an h-intra-hemiregular hemiring, A is an inter-

val valued fuzzy right h-ideal and p an interval valued fuzzy left h-ideal

of R. Now as R is h-intra-hemiregular, so for any * € R, there exists
/ / m 2/ _ n 21/

ai,aj, b, b5,z € R such that z + 3% a;a®aj + 2 = 37 bzt + 2. Then

for all such expressions

A (@ aumoa) n A (@) ),

Ao p)(z) =supqn
A (A (@) A (0) A

i=1

(x(a;.) A u*(b;.)

<

3 £>:

m

A (A (@) A (a)))

A (A~ () A (b)),

A (W) na a) n A (N ) e (a0))

(because = + >, (a;z)(waj) + 2 = 3 °7_, (bjz)(xd]) + 2)

> [(A" @) Ap (2), (AT (@) At (@)] = (A A p) (),
which shows AA u < A ® p.

Conversely, let I and J be any left and right h-ideals of R, respectively.
Then by Lemma 3.5, the characteristic functions y; and x; are interval
valued fuzzy left h-ideal and interval valued fuzzy right h-ideal of R, re-
spectively. Then by hypothesis and Lemma 3.2, we have

>
>

.
—

Xing = X1 AN X7 € X1 O XJ = X717
which implies I N J C IJ. Lemma 2.6 completes the proof. ]

Theorem 3.17. The following conditions are equivalent for a hemiring R.
(i) R is both h-hemiregular and h-intra-hemiregular.
(1) X=AXOAX for every interval valued fuzzy h-bi-ideal A of R.
(iii) N=AXOX for every interval valued fuzzy h-quasi-ideal \ of R.

Proof. (i) = (ii) Let A be an interval valued fuzzy h-bi-ideal of R and

x € R. Then as R is both h-hemiregular and h-intra-hemiregular, so there

exist elements a1, az, p;,p;, qj,q;, 2 € R such that

a4+ (Tasgiz)(vqjarz)+3 77 (zaigiz) (zqjaze )+ 0" (varpiz) (zp/arx)

+> i (wagpix) (wp]asw)+2 =) 1" (zagpix) (xpiarz)+> " | (varpix) (xp]azz)
+ > 51 (zargir)(zqiarw) + 370 (vazqjr)(zqjazr) +2 (see Lemma 5.6 [13]).

Now for all expressions  + X[ a;b; + 2 = ¥_,a}b} + z, we have
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(@) A ))A/\( ~(d! }

(A (@) A X (i) A /\( ) AN

A
(A® N)(x) = sup =1
A

i=1
,

>3l>s

()F(a:alpim) A X (zplaiz) AN (zagpiz) AN~ (xp]asx )

\%
I

(/\_(a:agqjx) AA(zqfarx) A A" (zargiz) A A~ (zgjaze )/\

<)\+(xa2qj ) AT (zgjarz) AXT (zargjz) A XF (zgjage) | A

||'>SE>3

=
—_

()\+(xa1p z) AT (zplarz) A AT (zagpix) A AT (zp) agaz))

> [A7(2), AT (2)] = A(=).
But as AOA< A, s0 A0 A=A
(74) = (i1i) is straightforward by Theorem 3.9.

(79i) = (i) Let @ be an h-quasi-ideal of R. Then by Lemma 3.5, xq is
an interval valued fuzzy h-quasi-ideal of R. Thus by hypothesis and Lemma
3.2, we have xg = xo®Oxg = Xgz- This implies Q = Q2. Hence, by Lemma
2.7, R is both h-hemiregular and h-intra-hemiregular. O

Theorem 3.18. The following conditions are equivalent for a hemiring R.
(i) R is both h-hemiregular and h-intra-hemireqular.
(11) AN p < XOp for all interval valued fuzzy h-bi-ideals A and p of R.
(ii1) AANg < AOp for every interval valued fuzzy h-bi-ideal A and
every interval valued fuzzy h-quasi-ideals p of R.
(iv) AN g < AO p for every interval valued fuzzy h-quasi-ideal A and
every interval valued fuzzy h-bi-ideals p of R.
(v) AANg < AO p for all interval valued fuzzy h-quasi-ideals A and p
of R.

Proof. (i) = (ii) Similarly as in the previous proof.

(13) = (1ii) = (v) and (i1) = (iv) = (v) are straightforward.

(v) = (i) Let A be an interval valued fuzzy left h-ideals of R and p be an
interval valued fuzzy right h-ideal of R. Then A and p are interval valued
fuzzy h-quasi-ideals of R. So by hypothesis AAu < AOu. But AAu > Ao up
(see |11]). Thus AAp = A® pu. Hence by Theorem 3.12, R is h-hemiregular.
On the other hand by hypothesis we also have A p < /\Q,u So by Theorem
3.16, R is h-intra-hemiregular. O



Characterizations of hemirings by interval valued fuzzy ideals 329

References

1]
2]

3]
4]
[5]

6]
7]
18]
[9]

J. Ahsan, Semirings characterized by their fuzzy ideals, J. Fuzzy Math. 6
(1998), 181 — 192.

J. Ahsan, K. Saifullah and M. F. Khan, Fuzzy semirings, Fuzzy Sets
and Syst. 60 (1993), 309 — 320.

S. Ghosh, Fuzzy k-ideals of semirings, Fuzzy Sets Syst. 95 (1998), 103 — 108.
J. S. Golan, Semirings and their applications, Kluwer Acad. Publ. 1999.

M. Henriksen, Ideals in semirings with commutative addition, Amer. Math.
Soc. Notices 6 (1958), 321.

K. Tizuka, On Jacobson radical of a semiring, Tohoku Math. J. 11 (1959),
409 — 421.

Y. B. Jun, M. A. Oziirk and S. Z. Song, On fuzzy h-ideals in hemirings,
Inform. Sci. 162 (2004), 211 — 226.

D. R. La Torre, On h-ideals and k-ideals in hemirings, Publ. Math. Debre-
cen 12 (1965), 219 — 226.

X. Ma and J. Zhan, On fuzzy h-ideals of hemirings, J. Syst. Sci. Complexity
20 (2007), 470 — 478.

[10] M. Shabir, and T. Mahmood, Hemirings characterized by the properties
of their fuzzy ideals with thresholds, Quasigroups and Related Systems 18
(2010), 195 — 212.

[11] G. Sun, Y. Yin and Y. Li, Interval valued fuzzy h-ideals of hemirings, Int.
Math. Forum 5 (2010), 545 — 556.

[12] H. S. Vandiver, Note on a simple type of algebra in which cancellation law
of addition does not hold, Bull. Amer. Math. Soc. 40 (1934), 914 — 920.

[13] Y. Q. Yin and H. Li, The charatecrizations of h-hemiregular hemirings and
h-intra-hemiregular hemirings, Inform. Sci. 178 (2008), 3451 — 3464.

[14] L.A. Zadeh, Fuzzy sets, Information and Control 8 (1965), 338 — 353.

[15] J. Zhan and W. A. Dudek, Fuzzy h-ideals of hemirings, Inform. Sci. 177
(2007), 876 — 886.

Received September 15, 2010
Revised December 8, 2010
M.SHABIR

Department of Mathematics, Quaid-i-Azam University, Islamabad, Pakistan

E-mail: mshabirbhatti@yahoo.co.uk

T.MAHMOOD

Department of Mathematics, Faculty of Basic and Applied Sciences, International Islamic
University, Islamabad, Pakistan

E-mail: tahirbakhat@yahoo.com



Quasigroups and Related Systems 19 (2011), 331 — 338

Roughness in ternary semigroups

Muhammad Shabir and Noor Rehman

Abstract. In this paper we introduced the notions of rough left (right, lateral) ideal and
rough prime ideals in ternary semigroup, and studied some properties of these ideals.

1. Introduction and preliminaries

The notion of rough set introduced by Z. Pawlak in his pioneering paper
[7] and that of ternary semigroup by D. H. Lehmer in 1932 [6]. In this
paper, we introduce lower and upper approximations with respect to the
congruences on a ternary semigroup.

A ternary semigroup is an algebraic structure (S, f) such that S is a non-
empty set and f : S — S is a ternary operation satisfying the following
associative law:

f(f(a> b7c)7d7 e) = f(aaf(ba Gy d)ae) = f(a,b,f(c, d, 6))

For simplicity we write f(a,b,c) as abc. A non-empty subset T of a ternary
semigroup S is said to be a ternary subsemigroup of S if TTT = T3 C T,
that is abc € T for all a,b,c € T.

By a left (right, lateral (middle)) ideal of a ternary semigroup S we mean
a non-empty subset A of S such that SSA C A (ASS C A, SAS C A). By
a two sided ideal, we mean a subset of S which is both a left and a right
ideal of S. If a non-empty subset of S is a left, right and lateral ideal of S,
then it is called an ideal of S.

A non-empty subset A of a ternary semigroup S is called a bi-ideal of S
it AAAC A and ASASA C A (cf. |2]).

For an equivalence relation p on S and a subset A of S we define two
subsets

p-(A)={zeS:[z],C A}, p(A)={zeS:[z],NnA#0}

called p-lower and p-upper approzimations of A, respectively.

2010 Mathematics Subject Classification: 20N10
Keywords: Ternary semigroup, rough left ideal, rough prime ideal.
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Theorem 1.1. Let p and A be equivalence relations on a certain set S. If
A and B are non-empty subsets of S, then
(1) p-(A) S ACyp (4),

(2) p(AUB)=p (A)Up (B),

(3) p—(ANB)=p_(A)Np-(B),
(4) A C B implies p— (A) C p— (B),
(5) A C B implies p (A) C p (B),
(6) p—(A)Up—(B) € p-(AUB),
(7) p(ANB)Cp (A)Np (B),

(8) p C A implies p— (A) 2 A— (4),
(9) p € X implies p (A) T X (A).

The proof is analogous to the proof presented in [7].

2. Rough ideals in a ternary semigroup

Definition 2.1. A congruence p on a ternary semigroup S is called stable
or compatible with the operation if [a] , [b], [c], = [abc] for all a,b,c € S.

The following example shows that there are congruences which are not
stable.

Example 2.2. Let S = {a,b,c,d, e} be a semigroup with respect to * and
xyz = (x *y) * z for all z,y,z € S. Where x is defined by the table:

x|la b ¢ d e
alb b d d d
b|b b d d d
cld d ¢ d c
dld d d d d
eld d ¢ d c

Then S is a ternary semigroup. Let p be a congruence on S such that
the p—congruence classes are the subsets {a, b}, {c,d}, {e}.
Then clearly p is not stable, since [a], [c] ,[a] , # [aca] ,.

Definition 2.3. Let p be a congruence on a ternary semigroup S. Then
a non-empty subset A of S is called an upper (resp. lower) rough ternary
subsemigroup of S if p(A) (resp. p—(A)) is a ternary subsemigroup of S.
A is called an upper (resp. lower) rough left (right, lateral, two sided) ideal
of S'if p(A) (resp. p—(A)) is a left (right, lateral, two sided) ideal of S.
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Lemma 2.4. Let p be a congruence relation on a ternary semigroup S. If

A, B and C are non-empty subsets of S, then p (A)p (B)p (C) C p (ABC).

Proof. If d € p(t)p(B)p (C), then d = abc for some a € p(A), b € p~(B),
¢ € p(C). Thus there exist elements z,y,z € S such that x € [a], N A,
y € [0],N B, z € [c],nC. This implies that = € [a] , y € [b] ,, z € [c], and
reAyeB,zel.

Since p is a congruence on S, so xyz € [abc]p. Also zyz € ABC. Thus
we have zyz € [abc], N ABC'. This implies that abc € p(ABC). O

The following example shows that the equality in Lemma 2.4 does not
hold in general.

Example 2.5. Consider the ternary semigroup S and congruence relation
p as given in Example 2.2. Let A = {a,b}, B = {b,c}, C = {d}. Then
p (A) ={a,b}, p(B) ={a,b,c,d}, p(C) = {c,d}. Thus p (A)p (B)p (C) =
{d} and p(ABC) = {z € S : [z] ,N(ABC) = {c, d}. Therefore, p (ABC) ¢
p(A)p(B)p(C). O

Lemma 2.6. Let p be a stable congruence on a ternary semigroup S. If
A, B, C are non-empty subsets of S, then p_ (A) p— (B) p— (C) C p— (ABC).

Proof. The proof is similar to the proof of Lemma 2.4. O

The following example shows that if p is not a stable congruence, then
Lemma 2.6 does not hold.

Example 2.7. Consider the ternary semigroup S and congruence relation
p from Example 2.2. For A = {a,b}, B = {c¢,d}, C = {e} we have
p— (A) = {a,b}, p— (B) = {e.d}, p— (C) = {e}, p— (4) p— (B) p_ (C) = {d}
and p_(ABC) = p_({d}) = 0. So, p— (A) p— (B) p— (C) & p— (ABC). O

Theorem 2.8. Let p be a congruence on a ternary semigroup S.
(1) If A is a ternary subsemigroup of S, then A is an upper rough ter-
nary subsemigroup of S.
(2) If A is left (right, lateral, two sided) ideal of S, then A is an upper
rough left (right, lateral, two sided) ideal of S.

Proof. (1) Let A be a ternary subsemigroup of S. Then A C p(A) and
p (A)p (A)p (A) € p (AAA) C p(A), by Lemma 2.4.
(2) Analogously as (1). O
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The following examples show that p (A) is a ternary subsemigroup
(ideal) of S even if A is not a ternary subsemigroup (ideal) of S.

Example 2.9. Let S = {—i,0,i} be a ternary semigroup. Let p be a con-
gruence on S such that the p-congruence classes are the subsets {—i,3},{0}.
Then A = {i} is not a ternary subsemigroup of S, but p~ (4) = {i, —i} is
a ternary subsemigroup. Moreover, B = {0,¢} is not a left ideal of S, but
p~(B) ={—i,0,i} is a left ideal. O

Theorem 2.10. Let p be a stable congruence on a ternary semigroup S and
let A C S be such that p_ (A) is non-empty.

(1) If A is a ternary subsemigroup of S, then p— (A) also is a ternary
subsemigroup of S.

(2) If A is a left (right, lateral, two sided) ideal of S, then p_ (A) also
is a left (right, lateral, two sided) ideal of S. O

The following example shows that if p is a stable congruence on a ternary
semigroup S, then p_ (A) is a ternary subsemigroup of S even if A is not a
ternary subsemigroup of S.

Example 2.11. Let S = {—¢,0,i} and p be as in the previous example.
Then A = {0,4} is not a ternary subsemigroup of S but p_ (4) = {0} is a
ternary subsemigroup of S. O

Definition 2.12. A non-empty subset A of a ternary semigroup S is called
a p—upper (resp. p—lower) rough bi-ideal of S, if p(A) (resp. p—(A) is a
bi-ideal of S.

Theorem 2.13. Let p be a congruence relation on a ternary semigroup S.
If A is a bi-ideal of S, then it is p—upper rough bi-ideal of S.

Proof. The proof is similar to the proof of Theorem 2.8. 0

Example 2.14. Let S be as in Example 2.2 and let p be a congruence
relation on S such the p—congruence classes are the subsets {a, b, d},{c, e}.
Then A = {a, b} is not a bi-ideal of S but p~ (A) = {a, b, d} is a bi-ideal. O

Theorem 2.15. Let p be a stable congruence on a ternary semigroup S and
A a bi-ideal of S. Then p— (A) is a bi-ideal of S if it is non-empty.

Proof. The proof is similar to the proof of Theorem 2.8. O
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Theorem 2.16. Let p be a congruence on a ternary semigroup S. If A, B
and C' are right, lateral and left ideal of S, respectively, then

(1) p(ABC) S p(A)Nnp(B)np(C),

(2) p-(ABC) C p-(A)Np-(B)Np-(C). O

3. Rough prime ideals in ternary semigroups

Definition 3.1. A left (right, lateral) bi-ideal A of a ternary semigroup
S is a prime left (right, lateral) bi-ideal of S if xyz € A implies x € A or
yeAorze A forall x,y,z€ S.

Theorem 3.2. Let p be a stable congruence on a ternary semigroup S and

A a prime ideal of S. Then p_ (A) # () is a prime ideal of S.

Proof. Suppose A is a prime ideal of S. Then p_ (A) is an ideal of S.
Suppose that p_ (A) is not a prime ideal of S. Then there exist elements
x,y,z € S such that zyz € p_(A) but z ¢ p_(A4), y ¢ p—(A), and
z ¢ p—(A). Then [z], £ A, [y], L A, [2], € A. Thus there exist 2’ € [z],
but 2’ ¢ A, y' € [y], but y' ¢ A, 2’ € [2], but 2’ ¢ A. This implies that
a'y'z" € [z],[y], [2], € A. Since A is a prime ideal of S, we have 2’ € A or

y' € Aor 2/ € A. A contradiction. Hence p_ (A) is a prime ideal of S. [

Theorem 3.3. Let p be a stable congruence on a ternary semigroup S. If
A is a prime ideal of S, then A is an upper rough prime ideal of S.

Proof. Suppose A is a prime ideal of S. Then p(A) is an ideal of S. Let
zyz € p(A) for z,y,2 € S. Then [zvyz], N A = [2],[y],[z], N A # 0. Thus
there exist 2’ € [2],, vy € [y],, 2’ € [2], such that 2'y’2" € A. Since A
is a prime ideal of S, so 2’ € Aor vy € Aor 2 € A. This implies that
[2],NA#0 or [y],NA#0 or [z],NA#Dandsoz € p (A)ory € p (A)
or z € p (A). Thus p (A) is a prime ideal of S. Hence A is an upper rough
prime ideal of S. 0

Theorem 3.4. Let p be a stable congruence on a ternary semigroup S.
(1) If A a prime left (right, lateral) ideal of S, then p_ (A) (# 0) and
p (A) are prime left (right, lateral) ideal of S.
(2) If A is a prime bi-ideal of S, then it is p—upper and p—lower rough
prime bi-ideal of S.

Proof. Proof is similar to the proofs of Theorem 3.2 and Theorem 3.3. [
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4. Rough sets and idempotent congruences

A congruence relation p on a ternary semigroup S is called an idempotent
congruence if the quotient ternary semigroup S/p is an idempotent ternary
semigroup.

Definition 4.1. A subset P of a ternary semigroup S is called semiprime
if a® € P implies a € P for all a € S.

Theorem 4.2. Let p be an idempotent stable congruence on a ternary semi-
group S. If A is non-empty subset of S, then p (A) is semiprime.

Proof. Let a® € p (A), since p is idempotent congruence so [a],N A =
[a], la],[a],N A = [a3]p N A # (). Therefore a € p (A). So p (A) is semi-
prime. [

Theorem 4.3. Let p be an idempotent congruence on a ternary semigroup
S. If A, B and C are non-empty subsets of S, then

(1) p(A)Nnp (B)Np (C) € p (ABC),

(2) p—(A)Np—(B)Np-(C) C p- (ABC).

Proof. (1) Letde p (A)Np (B)Np (C). Thend € p (A), d € p (B) and
d € p (C). Then there exist a,b,c € S such that a € [d],,, a € A, b € [d],,,
b€ B,celd], ceC. Since pis idempotent, so abc € [d],[d],[d], = [d],
and since abc € ABC. Therefore abc € [d],N ABC. Thus d € p (ABC).
The proof of (2) is similar. O

Theorem 4.4. Let p be an idempotent congruence on a ternary semigroup
S. If A, B,C are right, lateral and left ideals of S, respectively, then

(1) p(A)np (B)Np (C)=p (ABC),

(2) p—(A) N p- (B) N p-(C) = p— (ABO).

Proof. Follows from Theorem 2.16 and Theorem 4.3. O

5. Rough ideals in a quotient ternary semigroup

Let p be a congruence relation on a ternary semigroup S. The lower and
upper approximations can be presented as

p(A)={lzl, € $/p: e, c A}, B(A) = {[sl, € S/p: [a],n A #0}.
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Theorem 5.1. Let p be a congruence relation on a ternary semigroup S.
If A is a ternary subsemigroup of S, then p(A) and p (A) are ternary sub-
semigroups of S/p.

Proof. Let A be a ternary subsemigroup. Then () # A C 5 (A). For every
[2],,[],.[2], € P(A) we have [z], NA # 0, [y], N A#0, [z],nA#0.
So, there are a,b,c € S such that a € [z], N A, be [y],NA, ce[],NA
Thus (a,z) € p, (b,y) € p (c,2) € p. As pis a congruence on S, we have
(abc,xyz) € p, this implies that abc € [:L‘yz]p. Then abc € [acyz]p N A, so
[zyz], € p(A). Hence p(A) is a ternary subsemigroup of S/p.

For p (A) the proof is similar. O

Theorem 5.2. Let p be a congruence relation on a ternary semigroup S.
If A is a left (right, lateral, two sided) ideal of S, then p(A) is a left (right,
lateral, two sided) ideal of S/p. Also p (A) is a left (right, lateral, two sided)
ideal of S/p, if it is non-empty. a

Proof. Let A be a left ideal of S. Let [z], € p(4), [y],, [2], € S/p, then
[#],M A # 0. Thus there exists a € [v], N A. As A is a left ideal of S, so
zya € A. Since zya € [2],[y], [z],, we have zya € [],[y],[2], N A. But
2], Y], ], € [zyz],, so [zyz], € p(A). Thus p(A) is a left ideal of S/p.
For p (A) the proof is analogous. O

Theorem 5.3. Let p be a congruence relation on a ternary semigroup S. If
A is a bi-ideal of S, then p(A) is a bi-ideal of S/p. Also p(A) is a bi-ideal
of S/p, if it is non-empty.

Proof. Let A be a bi-ideal of S, so p(A) is a ternary subsemigroup of S.
Let [z],,[y],.[2], € p(A) and [u] ,,[v], € S/p. Then there exist a,b,c € S
such that a € [z], N A, b€ [y],N A, c€[2],NA. Let w1 € [u],, v1 € [v],
Since A is bi-ideal so aujbvic € A. Now, as apx, uipu, bpy, vipv, cpz,
we have (auibvic) p (zuyvz). This implies that auibvic € [xuyvz]p. Thus
[zuyvz], N A # 0. Hence [zuyvz], € p(A). Thus p(A) is a bi-ideal of S/p.

For p (A) the proof is analogous. O
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Orthodox ternary semigroups

Sheeja G. and Sri Bala S.*

Abstract. Using the notion of idempotent pairs we define orthodox ternary semigroups
and generalize various properties of binary orthodox semigroups to the case of ternary

semigroups. Also right strongly regular ternary semigroups are characterized.

1. Introduction

The study of algebras with one n-ary operation was initiated in 1904 by
Kasner (see [4]). An n-ary analog of groups was studied by Dérnte [2], Post
|7] and many others. A special case of such algebras are ternary semigroups,
i.e., algebras with one ternary operation TXT xT — T : (x,y,2) — [xyz]
satisfying the associative law

[zy[uvw]] = [z[yuv]w] = [[zyu]vw].

Ternary semigroups have been studied by many authors (see for example
[6, 5, 11]). The study of ideals and radicals in ternary semigroups was
initiated in [11]. Ternary groups are studied in [1] and [5]. The concept of
regular ternary semigroups was introduced in [10]. In [3| regular ternary
semigroups was characterized by ideals. Santiago and Sri Bala [9] have
investigated regular ternary semigroups.

In this paper we generalize the concept of orthodox semigroups to ternary
case and characterize such ternary semigroups.

2. Preliminaries

For simplicity a ternary semigroup (7,[ ]) will be denoted by T and the
symbol of an inner ternary operation [ | will be deleted, i.e., instead of
[[zyz]uw] or [x[yzu|w] we will write [zyzuw].

*According to the authors request we write their names in the form used in India.
2010 Mathematics Subject Classification: 20N10

Keywords: Regular, idempotent pair, strongly regular, orthodox ternary semigroup.
The second author is supported by University Grants Commission, India.
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An element x of a ternary semigroup 7' is called regular if there exists
y € T such that [zyx] = x. A ternary semigroup in which each element is
regular is called regular. An element x € T is inverse to y € T if [xyz] =z
and [yxy] = y. Clearly, if x is inverse to y, then y is inverse to x. Thus

every regular element has an inverse. The set of all inverses of x in T is
denoted by I(x).

Definition 2.1. A pair (a,b) of elements of T is an idempotent pair if
[ablabt]] = [abt] and [[tab]ab] = [tab] for all t € T'. An idempotent pair (a, b)
in which an element a is inverse to b is called a natural idempotent pair.

Recall that according to Post [7]| two pairs (a, b) and (¢, d) are equivalent
if [abt] = [cdt] and [tab] = [ted] for all t € T. Equivalent pairs are denoted by
(a,b) ~ (c,d). If (a,b) is an idempotent pair, then ([abal, [bab]) is a natural
idempotent pair and (a, b) ~ ([aba], [bab]). The equivalence class containing
(a,b) will be denoted by (a,b). By Er we denote the set of all equivalence
classes of idempotent pairs in 7.

Definition 2.2. Two idempotent pairs (a,b) and (¢, d) commute if [abedt] =
[edabt] and [tabed] = [tedab] for all t € T. A ternary semigroup in which
any two idempotent pairs commute is called strongly regular.

Proposition 2.3. In a strongly regular ternary semigroup every element
has a unique inverse.

Proof. Indeed, if x1 and xo are two inverses of x, then z1 = [riax1] =
[T1xm0mm1] = [X12212000) = [T1202] = [X1222229) = [Toxm1TT2] = [X2TX2] =
2o which completes the proof. O

The unique inverse of an element a is denoted by a~!. In the case of
ternary groups it coincides with the skew element (see [1] or [2]).

Definition 2.4. A non-empty subset A of a ternary semigroup 7 is said to
be its left ideal if [TTA] C A, and a right ideal if [ATT] C A. The left ideal
generated by A has the form A; = AU [TTA], the right ideal generated by
A has the form A, = AU [ATT].

Definition 2.5. We say that a left (resp. right) ideal L (resp.R) of a ternary
semigroup 1" has an idempotent representation if there exists an idempotent
pair (a,b) in T such that L = [T'ab] (resp.R = [abT]). This representation is
called unique if all idempotent pairs representing L (resp.R) are equivalent.
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The following two facts are proved in [8] (see also [9]).

Lemma 2.6. An element a € T is regular if and only if the principal left
(resp. right) ideal of T generated by a has an idempotent representation. [

Proposition 2.7. In a strongly regular ternary semigroup every principal
left (resp. right) ideal has a unique idempotent representation. O

For a,b € T, let Loy, Ry denote the maps Ly : T — T : @ — [abx]
and Rqp : © — [zab], Yz € T. On the set

M = {m(a,b) |m(a,b) = (Lgp, Rap),a,b €T}
we introduce a binary product by putting
m(a,b)m(c,d) = m([abc],d) = m(a, [bed)).

Then M is a semigroup. This semigroup can be extended to the semigroup
St =T UM as follows. For A, B € St we define

m(a,b) if A=a, B=beT,

[abz] if A=m(a,b) €Sy, B=x¢€T,
[xab] if A=x€T, B=m(a,b) € Sr,
m(labc],d) if A=m(a,b), B=m(c,d) € Sr.

AB =

The semigroup St is a covering semigroup in the sense of Post [7] (see also
[1]). The product [abc] in T is equal to (abc) in S7. The element m(a, b) in
St is usually denoted by ab. This is called the standard embedding of the
ternary semigroup T into St.

It is shown in [9] that T is a regular (strongly regular) ternary semigroup
if and only if Sp is a regular (inverse) semigroup. There is a bijective
correspondence between E7 and the set Eg,, of idempotents of St.

3. Orthodox ternary semigroups

Definition 3.1. An orthodox ternary semigroup T is a regular ternary semi-
group in which for any two idempotents pairs (a,b) and (c,d) the pair
([abel, d) is also an idempotent pair.

For a,b € T denote by W (a,b) the set of all equivalence classes (u,v)
such that (u,v) € T'xT and [abuvabt] = [abt], [tabuvab] = [tab], [uvabuvt] =
[uwvt], [tuvabuv] = [tuv].
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Clearly, (u,v) € W(a,b) if and only if {(a,b) € W(u,v). If (a,b) is an
idempotent pair, then (a,b) € W(a,b). Moreover, (u,v) € W(a,b) implies
(a,b) € W(u,v), but (u,v) € W(a,b) may not imply W (a,b) = W(u,v), in
general (see Lemma 4.5).

In the sequel let T denote an orthodox ternary semigroup, unless oth-
erwise specified.

Lemma 3.2. {(V/,d')|d' € I(a),b' € I(b)} C W(a,b) for any a,b € T.

Proof. [abb/d’abt] = [[aa’albb'a’abb'bt] = [a[a’abl/a’abb'b]t] = [aa’abb'bt] =
[abt]. Similarly can be proved other equalities. O

Lemma 3.3. For any a,b € T, if (x,y) € W(a,b), then ([abx],y) and
([xyal,b) are idempotent pairs.

Proof. 1f (z,y) € W(a,b), then [abzryabryt] = [ablxyabzyt]] = [abzryt] for
all t € T. Also, [tabryabxy| = [tabzy]. Therefore ([abx],y) is an idempotent
pair. Similarly ([zyal,b) is an idempotent pair. O

Corollary 3.4. If ' € I(a),b' € I(b) for some a,b € T, then ([abl],a’)
and ([V'd’al,b) are idempotent pairs. O

Lemma 3.5. [I(c)I(b)I(a)] C I([abc]), for all a,b,c € T.

Proof. By Corollary 3.4 ([b'd’a],b) is an idempotent pair. Since T is or-
thodox ([['a’a]bc], ') is an idempotent pair. Using Lemma 3.2 we obtain

[abc] = [abb/d'abc]. Thus [[abe][dVd|[abc]] = [[abba’abe]['V d ab][ed ]| =
[ab[b'a’ abed b a'abed c]] = [[abl/a’abe]d ] = [abe]. Similarly [¢/b'a’abec b a] =
[V d]. O

Theorem 3.6. For a reqular ternary semigroup T the following statements
are equivalent.
(1) T is orthodox;
(2) For any a,b,c,d in T, if (x,y) € W(a,b) and (u,v) € W(e,d), then
([uvel, y) € W ([abe], d);
(3) If (a,b) is an idempotent pair and (z,y) € W(a,b), then (x,y) is
an idempotent pair.

Proof. (1) = (2): Let (z,y) € W(a,b) and (u,v) € W(c,d). Then by
Lemma 3.3 ([zyal], b) and ([cdu], v) are idempotent pairs. So, ([zyabc], [duv])
and ([cduvz], [yab]) are idempotent pairs. Hence for all ¢ € T we obtain
[abcduvzyabedt] = [abryabeduvzyabeduvedt] = [ablryabeduvzyabeduvc]dt]
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= [abzyabeduvedt] = [abedt]. Analogously [tabcduvzyabed] = [tabed] and
[wwzyabeduvzyt] = [uvayt], [tuvzyabeduvay] = [tuvay] for all t € T. Hence
([wvz],y) € W ([abc],d).

(2) = (3): Let (a,b) be an idempotent pair and let (x,y) € W (a,b).
By Lemma 3.3 ([zyal,b) and ([abz],y) are idempotent pairs. Consequently
([zyal,b) € W([zya],b) and ([abz],y) € W ([abz],y). Then by hypothesis,

([[abz]y[zyal], b) € W ([[zya]blabz]],y) = W ([zyabz], y). (1)

Since (x,y) € W(a,b) we see that for all t € T [zyt] = [xyabryt] =
[zyabryabryryabryabryt] = [ryabryxyabryt] = [ryzyabryt] = [zyzyt]

because ([abx],y) is an idempotent pair. Similarly, [tzy| = [txyabry] =
[tryabryabryxyabryabry] = [tryabryxyabryabry] = [tryxryabryabry] =
[tryxyabry] = [tryxry] and so (x,y) is an idempotent pair.

(3) = (1): Let (a,b) and (c¢,d) be two idempotent pairs. Then for
(x,y) € W([abc], d) we have [cdxyabedryabt] = [cd[xyabedrya)bt] = [cdxyabt]
and [tedzyabedryab] = [tedxyab] for all t € T. Thus ([cdx], [yab]) is
an idempotent pair. Next [abcdcdzryababedt] = [abedxyabedt] = [abedt]
and [tabcdcdzyababed] = [tabedxyabed] = [tabed] for all ¢ € T. Also
[cdzyababededxyabt] = [cdryabedryabt] = [cdxyabt] and [tedxyababedcedryab)
= [tedryabedryab) = [tedryab) for all ¢ € T. This means that ([abc], d) be-
longs to W ([cdz], [yab]). Hence by our hypothesis ([abc], d) is an idempotent
pair which proves that 71" is orthodox. O

Proposition 3.7. Let (x,y) be an idempotent pair in T. Then ([a’zy],a)
and (a, [zyd’]) are idempotent pairs for all a € T and o’ € 1(a).

Proof. Since T is orthodox ([aa’z], y) is an idempotent pair, so [a'zyaa’zyat]

= [[dad'|xyad’ zyat] = [d'[ad’ vyad zyalt] = [d'ad' zyat] = [d'zyat] YVt € T.
Also [ta'xyaa’zya] = [ta’zya] for all t € T. Thus ([a’zy], a) is an idempotent
pair. Similarly (a, [zryad’]) is an idempotent pair. O

Theorem 3.8. I(a) = {[zyd'uv]|(z,y) € W(d',a),{u,v) € W(a,ad')} for
alla €T and a' € I(a).

Proof. Let W(a) = {[zyd'wv] | {(z,y) € W(d,a), (u,v) € W(a,a')}. Then
for all (z,y) € W(d',a) and (u,v) € W(a,a’) we obtain [a[zya'uv]a] =
[a[a’axya’ad'][ad’uvad’a)] = [a[d’ad'][ad’a]] = a. Also [[zyad'uv]a[zya’uv]]
= [[zyd'][ad’a][[d'aadluv]] = [zya'uv]. Thus W(a) C I(a). Conversely, if
x € I(a), then (x,a) € W(d',a) and (a,x) € W(a,d’), by Lemma 3.2. Also
x = [zaz] = [rad'ax]. Therefore I(a) C W(a). Hence I(a) = W(a). O
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It is clear that if a ternary semigroup 7' is orthodox, then Er is a band
where the product is defined by (a,b) (c,d) = ([abc],d) = (a,[bed]). Thus
E7 is a semilattice of rectangular bands, Ep = UyerEy. Then (a,d’) € E,
forany a € T, and d’ € I(a), so W(a,a') = E,, by Theorem3.6 (3). For any
other a* € I(a), (a,a*) € W(a,d') = E,. Thus W(a,da") = W(a,a*) for all
a’,a* € I(a). Similarly W(d',a) = W(a*,a). Hence we have the following
lemma.

Lemma 3.9. For anya € T, if d',a* € I(a), then W(a,a*) = W(a,d’) and
W(a*,a) =W(d, a). O

Theorem 3.10. A regqular ternary semigroup T is orthodoz if and only if
for all a,b € T I(a) N I(b) # O implies I(a) = 1(b).

Proof. Let T be orthodox and I(a)NI(b) # 0. If z € I(a)NI(b), then a,b €
I(xz). Hence, by Lemma 3.9, we have W(z,a) = W(x,b) and W(a,x) =
W (b, z). Recalling the definition of W (a) in the proof of Theorem 3.8, we
see that W(a) = {[uvzpq]| (u,v) € W(z,a),(p,q) € W(a,z)} and W (b) =
{[stzwz]| (s,t) € W(x,b),(w,z) € W(b,z)}. Hence W(a) = W(b). By
Theorem 3.8, we have I(a) = W(a) = W(b) = I(b).

Conversely assume that for all a,b € T from I(a) N I(b) # ¢ it fol-
lows I(a) = I(b). Let (a,d’),(b,b") be two idempotent pairs of T" and let

x be an inverse of [aa’b] in T. Then for y = [bzad’d], z = [V'brad’] and
w = [xaa'bb’] we have [yzy] = [braa’bb'braa’braa’b] = [braad'b] =y, [zyz] =
[b'braa’brad’bb'braa’] = [Vbrad] = z, [ywy] = [braad’brad’bb'braa’b] =
[braa’b] = y and [wyw] = [zad'bb'braa’brad’bb’] = [xaa’'bb'] = w. There-
fore y € I(2) N I(w) and so by hypothesis I(z) = I(w). Thus [aa’d] is in
I(z) because, [[aa’b|z[aa’b]] = [ad'bb'braa’ad'b] = [aa’braa’b] = [aad’b] and
[z[aad’b]z] = [b'brad'ad’bb'brad’] = [Vb[raa’bz]ad’] = [b'brad’] = 2. Hence

by our hypothesis [aa’b] € I(w). Hence [aa’bb'aad’bb't] = [[aa’bxraa’b)b'aa’bb't]
= [aa’b[zaa’bt |ad'bb't] = [[aa’bwad’b]b't] = [ad’bb't] for all ¢ € T. Similarly
[taa’bb' aa’bb’] = [taa’bl’]. Therefore ([aa’b],b’) is an idempotent pair which
proves that T is orthodox. ]

4. Right strongly regular ternary semigroups

Binary right inverse semigroups are characterized in [12|. Below we present
similar characterizations for ternary semigroups.
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Definition 4.1. A regular ternary semigroup T with zero is called a right
(resp. left) strongly regular ternary semigroup if every principal left (resp.
right) ideal of T" has a unique idempotent representation.

Since T is regular, by Lemma 2.6 every principal left ideal has an idem-
potent representation (a); = [T'Ta] = [T'a’a]. Suppose there are two idempo-
tent pairs (z,y) and (u,v) such that (a); = [TTa] = [Tzy] = [Twv]. If T is
right strongly regular, then (z,y) and (u,v) are equivalent. In other words,
[zyt] = [uvt] and [try] = [tuv] VE € T. It can easily be seen that if (a,b) is
an idempotent pair in a ternary semigroup 7, then [Tab] = [TT[bab]] is a
principal left ideal. Thus every principal left ideal of 7" can be taken to be
[T'ab] for some idempotent pair (a, b).

Definition 4.2. A ternary semigroup 7' is called a right zero ternary semi-
group if [abc] = ¢ for all a,b,c € T.

Theorem 4.3. The following statements on a reqular ternary semigroup T’
are equivalent:
(1) If (a,b), (u,v) are two idempotent pairs of T, then [abT|N[uvT] # 0
and [abT] N [uvT] = [abuvT] = [uvabT].
(2) If (a,b),(u,v) are idempotent pairs in T, then [abuvabt] = [uvabt]
and [tabuvab] = [tuvab] for allt € T.
(3) If (u,v) and (u1,v1) belong to W (a,b), then ([uval,b) and ([uivial,b)
are equivalent idempotent pairs.
(4) For any idempotent pair (a,b), W(a,b) is a right zero semigroup.
(5) Let (a,b) be an idempotent pair and ' € I(x). Then x € [Tab] im-
plies ' € [abT].
(6) T is a right strongly reqular ternary semigroup.

Proof. (1) = (2): Let (a,b), (u,v) be two idempotent pairs of T'. Suppose
[abT| N [wvT] = [abuvT]| = [uvabT]. Then [abuvT] C [uvT] and so for any
t € T, [abuvt] = [uvty] for some t; € T. Multiplying on the left by v and v we
get [uvabuvt] = [uvuvty] = [uvty] = [abuvt]. So, [tuvabuv] = [tuvabuvuv] =
[tabuvuv] = [tabuv]. Therefore [tuvabuv] = [tabuv]. Since [uvabT]| C [abT].
Similarly we get [abuvabt] = [uvabt] and [tabuvab] = [tuvab] for every t € T.

(2) = (3): Suppose (2) holds for all idempotent pairs. If (u,v) €
W{(a,b) and (u1,v1) € W(a,b), then ([uval,b) and ([u1vial,b) are idem-
potent pairs. So, [ujviabt] = [ujviabuiviabt] = [uiviabuvabuiviabt] =
[wwabuyviabt] = [uvabt] for all ¢ € T. Therefore [ujviabt] = [uvabt] and
[turviab] = [tujviabuiviab] = [tuviabuvabuiviab] = [tuiviabuvabuyviababl
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= [tuvabujviabab] = [tuvab]. Hence [tujviab] = [tuvab]. Thus ([uval,b)
and ([ujvia],b) are equivalent idempotent pairs. This proves (3).

(3) = (4): Let (a,b) be an idempotent pair and (u,v) € W(a,b). Since
(a,b) € W(a,b) by hypothesis, ([uva],b) ~ ([aba],b) ~ (a,b). Therefore
[uvt] = [uvabuvt] = [abuvt] and so, [uvuvt] = [abuvabuvt] = [abuvt] =
[uvt]. Thus [uvuvt] = [uvt] and [tuvuv] = [tabuvabuv] = [tabuv] = [tuv] for
every t € T. Hence (u,v) is an idempotent pair. Let (uj,v1) € W(a,b). By
hypothesis, ([uval,b) and ([ujvia],b) are equivalent idempotent pairs. Thus
for all t € T we have [uvujviabuvuivit] = [uvuvabuvuivit] = [uvabuvug vy t]
= [uvuivit]. Similarly, [tuvuiviabuvuivi] = [tuvuivy]. Also for all ¢ € T,
[abuvuiviabt] = [abuvuvabt] = [abuvabt] = [abt]. Similarly, [tabuvuiviab] =
[tab]. Therefore ([uvu;],v1) € W(a,b). Hence for all ¢t € T will be [uvujvt]
= [uwvurviabuivit] = [uvugviabuvuiviabuivit] = [wvwvabuvuvabuivit] =
[uwvabuivt] = [ujviabugvit] = [ugvit].  Similarly, [tuvuiv] = [tugv].
Therefore ([uvui],v1) ~ (u1,v1). Hence W(a,b) is a right zero semigroup.

(4) = (3): Let (u,v) and (u,v1) be in W(a,b). Since (a,b) € W(a,b)
and W (a,b) is a right zero semigroup, ([uval,b) ~ (a,b) ~ ([uivial,b).

(4) = (5): Let (a,b) be an idempotent pair and x € [Tabl. Then
x = [zab] Yz € T. Thus for any 2’ € I(x), [z[abz’]|z] = [[zabla'z] = [za'z] =
x and [[abx/|x[ab2’]] = [abz'[zabla’] = [abx'zz'] = [abz’]. Therefore z’
and [abz'] are inverses of z. Next, we prove that ([abz'],xz) € W (2, z).
Hence Vt € T, [abx'za’zabr'xt] = [aba'[xablx’zt] = [aba’xt]. Similarly
[tabx’ xa'xaba'x] = [tabx’x] and [2'xabr’'za'zt] = (2! [vablz’xt] = [2/z2’xt] =
[#'xt]. Similarly [tz'zabr’xx'x] = [ta’z]. Therefore ([ab2'],x) € W(z', x).
Hence, ([abz'], x) is equivalent to (2, ). Therefore Vt € T, [abx'xt] = [z xt]
and [tabx'z] = [tz'x]. For t = 2/ we have o’ = [2/z2’] = [abx'z2'] = [aba’],
which means that 2’ € [abT].

(5) = (6): Since T is regular, by Lemma 2.6 every principal left ideal
is of the form [T'ab] where (a,b) is an idempotent pair. Suppose (c,d) is an
idempotent pair such that [T'ab] = [T'cd]. Since (a,b), (¢, d) are idempotent
pairs ([abal, [bab]) are inverses of one another and ([cdc], [ded]) are inverses
of one another. Thus [bab] € [Tab] = [Ted] and [ded] € [Ted] = [Tabl.
Therefore [bab] = [babed] and [ded] = [[ded]ab]. By hypothesis, [aba] € [cdT)
and [edc] € [abT]. Therefore [aba] = [cd[aba]] and [cdc] = [ablcdc]]. Thus
for all t € T we have [abt] = [a[bab]t] = [a]babcd]t] = [abedt] = [[abedc]dt] =
[cdedt] = [cdt] and [tab] = [t[abalb] = [tcdabab] = [tedab] = [ted]. Hence
(a,b) ~ (¢,d) and T is right inverse.

(6) = (1): Let (a,b) be an idempotent pair and (u,v) € W(a,b). Then
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([uval, b) is an idempotent pair and [Tab] = [Tabuvab] C [Tuvab] C [Tab].
Therefore [T'ab] = [Twvab]. Let (uj,vi) € W(a,b). Then [Tuvab] =
[Tab] = [Tujviab). Thus ([uval,b), ([urvial,b) are equivalent idempotent
pairs. Thus (6) implies (3). We now show that (1) holds. Let (a,b),
(u,v) be idempotent pairs of 7. We claim that ([abu],v) is an idem-
potent pair. Let (z,y) € W([abu],v). Then it can easily be seen that
([uvx],y) and ([zya],b) are both in W([abu|,v). By hypothesis (3) we
have ([zyababu],v) ~ ([uvxyabu],v). Therefore [xyt] = [ryabuvzyt] =
[uwvzyabuvzyt] = [uvzyt] and so [zyt] = [zyabluvzyt]] = [zyabayt]. Con-
sequently, [zyabxryabt] = [zyabt]. Similarly [txyabryab] = [txyab]. Hence
([zya],b) is an idempotent pair. As ([abu],v) € W([zyal,b), hence by (4)
([abu], v) is an idempotent pair. Next, [uvabuvuvabuvt] = [uvabuvabuvt] =
[wvabuvt]. Similarly [tuvabuvuvabuv] = [tuvabuv]. Hence ([uval, [buv]) is
an idempotent pair. Thus [Tabuv] = [T'abuvabuv] C [Tuvabuv] C [Tabuv].
Therefore [T'abuv] = [Tuvabuv]. By hypothesis ([abu],v) ~ ([uval, [buv])
and so for all ¢ € T',[abuvt] = [uvabuvt] and [tabuv] = [tuvabuv]|. Hence (2)
holds. Thus [abuvT] C [uvT] and [abuvT] C [abT]. Therefore [abuvT] C
[abT] N [uvT] and so [abt] N [uwvT] # 0. Also [abT|N[uvT] C [abuvT] . Hence
[abT) N [uvT] = [abuvT]. Similarly [abT] N [uvT] = [uvabT]. Hence (1). O

As a consequence of Theorem 4.3 (2) we obtain

Corollary 4.4. A right strongly reqular ternary semigroup is orthodox. [

Lemma 4.5. In a right strongly reqular ternary semigroup for any idem-
potent pair (p,q) from (u,v) € W(p,q) it follows W(u,v) = W(p,q).

Proof. By Theorem 4.3, W(p, q) is a right zero semigroup. For any (u,v)
from W(p, q) we have [uvuvt] = [uvt] = [pquut], [uvpgt] = [pqt], [tuvuv] =
tuv] = [tpquv] and [tuvpq] = [tpqg]. Suppose (x,y) € W(u,v). Then
ryzyt] = [zyt] = [uwvzyt] and [zyuvt] = [uwt]. Similarly [tzyxy] = [try] =
tuvzy| and [tzyuv] = [tuv], Vt € T. Therefore [xypq[zyt]] = [zypqluvayt]] =
ryuvzyt] = [wyt], [trypgry] = [trypquvry] = [tzyuvry] = [tzy] and
[pqrypqt] = [pgryuvpgt] = [pquvpgt] = [pqt]. Similarly we obtain [tpgzypq]
= [tplgzyuvplpq] = [tpq] and so (z,y) € W(p,q). Thus W(u,v) € W(p,q).
Analogously W(p,q) € W (u,v). Hence W (u,v) = W(p, q). O

Lemma 4.6. Let T be a right strongly reqular ternary semigroup. Then
(0',a") CW(a,b) for any a,be T o € I(a), b € I(b). O

Lemma 4.7. Let T be a right strongly reqular ternary semigroups. Then
[I(b)I(a)T] = {[uwvt] | (u,v) € W(a,b),t € T} for any a,b e T.
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Proof. By Lemma 4.6, [I(b)I(a)T] C {[uvt]|(u,v) € W(a,b),t € T}. If
b e I(b), d € I(a) and (u,v) € W(a,b), then ([b'd’a],b) and ([uva],b) are
equivalent idempotent pairs by Theorem 4.3 (3). Hence for (u,v) € W(a,b)
we have [uvt] = [uvabuvt] = [V/a'abuvt] € [I(b)I(a)T]. O

Similar results are valid for left strongly regular ternary semigroups.
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On n-groupoids in which all transformations

are endomorphisms

Valentin S. Trokhimenko

Abstract. For an n-ary groupoid we find the neccesity and sufficient conditions under

which all its transformations are endomorphisms.

It is known [1] that a semigroup in which each transformation is an
endomorphism, is a left or right zero semigroup. Below we generalize this
result to the case of n-ary groupoids.

Let (G,0) be an n-ary groupoid, i.e., a nonempty set G with an n-ary
operation o. Such groupoid is also called an n-groupoid (cf. [2]). An element
0 € G is called a k-zero, where k € {1,2,...,n}, of an n-groupoid (G, o), if

o(x1, . 1,0, Ths1, ., Tp) =0

holds for all z1,...,2k_1,Tks1,.-.,2Zn € G. An n-groupoid in which each
element is a k-zero is called an n-groupoid of k-zeros or a k-zero n-groupoid.
Following [3], an n-groupoid (G,o0) in which o(z1,...,2,) € {21,...,2,}
for any z1,...,z, € G is called quasitrivial.

Lemma 1. An n-groupoid in which each transformation is an endomor-
phism is quasitrivial.

Proof. Let ¢, be a transformation of an n-groupoid (G, o) such that ¢, (z) =
x for every z € G. Since, by the assumption, ¢, is an endomorphism for
each x € GG, we have

x=@z(o(x,...,x)) =0o(ps(x),...,0z(x)) =o0(x,..., x).

So, every element of (G, 0) is an idempotent.

2010 Mathematics Subject Classification: 20N15
Keywords: m-ary groupoid, quasi-trivial groupoid, endomorphism.
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Suppose that o(xy,...,z,) & {x1,...,z,} for some z1,...,2, € G.
Consider a transformation ¢ of (G, 0) defined by

{ xy, ifze{xy,...,zn},

QO(Z): z 1fz¢{x1avxn}

Since ¢ is an endomorphism we have
olo(x1,...,xpn)) = o(e(x1), ..., 0(xpn)) = o(z1,...,21) = =1.
But o(x1,...,zy) &€ {z1,...,2,}, hence
o(o(x1,...,xp)) =o0(x1,...,Tp).

Thus, o(z1,...,x,) = 1, which is a contradiction. So, an n-groupoid (G, o)
is quasitrivial. O

By Ej we denote the set of all equivalence relations defined on the set

{1,2,...,n} having exactly k equivalence classes, where 1 < k < min(|G|, n).
m

Let E = |J E), where m = min(|G|,n). For every € € E by H. we denote
k=1

the set of all such n-tuples (z1,...,x,) € G" for which the equality z; = x;
holds if and only if i = j(¢), i,7 € {1,2,...,n}.

Theorem 1. Each transformation of an n-groupoid (G, o) is its endomor-
phism if and only if (G,o0) is quasitrivial and for any €1,e2 € E, where
g1 C €9, there exist i € {1,2,...,n} such that the implication

o(z1,....xn) =2 — 0(Y1,--.,Yn) =Yi (1)
is valid for all (x1,...,2,) € Hey and (y1,...,Yyn) € He,.

Proof. Let any transformation of an n-groupoid (G, o) be its endomorphism.
Then, according to Lemma 1, an n-groupoid (G, o) is quasitrivial. Hence

o(x1,...,2y) € {x1,...,2,}. Consider two equivalence relations e1,e9 € E
such that &1 C &9 and (x1,...,2,) € H . Suppose that (yi,...,yn) €
H., for some yi,...,y, € G. Since each transformation of (G,0) is an

endomorphism, an endomorphism is also the transformation ¢ defined by
W(zy) = yg for xp € {x1,...,2n} and P(z) = z for z & {x1,...,z,}. Thus,

yi = Y(x;) = v(o(x1, ..., x20)) = o((x1),...,0(xn)) = 0(Y1, -\ Yn)-
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So, the condition (1) is satisfied.
Conversely, let (G, 0) be an n-groupoid satisfying all conditions of the

above theorem. Then, obviously, for arbitrary x1,...,x, € G there exist
e1 € E such that (z1,...,z,) € H.,. Since (G,0) is quasitrivial, we have
o(x1,...,xyn) = x; for some i € {1,2,...,n}. Therefore,

p(o(x1,...,xn)) = @(xi) (2)

for each transformation ¢ of (G,0). Let (p(z1),...,¢(zn)) € He,, where
g9 € E. Then ¢; C 9. Thus, o(z1,...,z,) = z;, by (1), implies

o(p(@1), -, p(wn)) = (i) (3)
From (2) and (3) we obtain ¢(o(x1,...,zy)) = o(v(z1),...,9(zy)). This
means that ¢ is an endomorphism. O

Corollary 1. If |G| = n, then each transformation of an n-groupoid (G, o)
is its endomorphism if and only if (G,0) is a k-zero n-groupoid (for some

ke{l,2,...,n}).

Proof. Let (G,0) be a k-zero n-groupoid. Then o(z1,...,2,) = x; and
w(o(x1,...,zn)) = p(zk) for any transformation ¢ of G. On the other hand
0(¢($1)7 s 730(33?1)) = SO(."L‘k;) So, (p(O(ZL‘l, s 7$n)) = 0((,0(1‘1), s a@(xn))a
which means that ¢ is an endomorphism of (G, o).

Conversely, let each transformation of an n-groupoid (G,o0) be its en-
domorphism. Then (G, o) satisfies all conditions of Theorem 1. Because
|G| > n there exists n-tuple (g1,...,9n) of pairwise different elements
from G. Moreover, in this case m = min(|G|,n) = n, E, = {A} and
(91,---,9n) € Hpa, where A denotes the identity binary relation on the
set {1,...,n}. By quasitriviality we have o(g1,...,9n) = gr for some
ke {1,...,n}. Let (x1,...,2,) be an arbitrary n-tuple from G™ and let
e be an equivalence relation from FE such that (z1,...,2,) € H.. Since
A C g, from o(g1,...,9n) = gk, by (1), we obtain o(zy,...,x,) = xg. So,
(G, 0) is a k-zero n-groupoid. O

Corollary 2. If all transformations of a binary groupoid are its endomor-
phisms, then this groupoid is a left or right zero groupoid.

Proof. For |G| =1 it is obvious. For |G| > 2, by Corollary 1, this groupoid
is a k-zero groupoid for some k € {1,2}. So, it is either a left or right zero
groupoid. O
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Note that each left (right) zero groupoid is a semigroup. Thus Corol-
lary 2 is also valid for semigroups.

Theorem 2. Each transformation of an n-groupoid (G, o) with 1 < |G| <n
15 its endomorphism if and only if for arbitrary €1,e0 € E, where 1 C &3,
there exist i € {1,2,...,n} such that (1) is true for all (z1,...,x,) € He,
and (y1,...,Yyn) € He,.

Proof. In view of Theorem 1 it is enough to show that an n-groupoid (G, o)
satisfying all conditions of Theorem 2 is quasitrivial.

Since 1 < |G| < n, we have m = min(|G|,n) = |G|. Let zy,...,2, € G
and ¢ € FE be such that (x1,...,z,) € H.. Since the set F is finite,
it has minimal elements. Clearly, all minimal elements of E belong to
FE,,. From elements of F,, we can choose gy such that g C €. Now let
(915---,9n) € Hey. Then{g1,...,9n} = G because |G| = m < n. Therefore
o(g1,---9n) €{91,---,9n}, which according to (1), implies o(x1, ..., xy) €
{z1,...,2,}. So, an n-groupoid (G, o) is quasitrivial. Hence, by Theorem 1,
all transformations of this n-groupoid are endomorphisms. So, the necessity
of the above conditions is proved.

The proof of the sufficiency of these conditions is based on Lemma 1
and is analogous to the corresponding part of the proof of Theorem 1. [
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Affine-regular hexagons in the parallelogram space

Vladimir Violenec, Zdenka Kolar-Begovi¢ and Ruzica Kolar-Super

Abstract The concept of the affine-regular hexagon, by means of six parallelograms,
is defined and investigated in any parallelogram space and geometrical interpretation in

the affine plane is also given.

1. Introduction

Let @ be a given set whose elements are said to be points. Let a quaternary
relation Par ¢ Q? is defined on the set ). We shall say that the points
a,b,c,d form a parallelogram and we shall write Par(a,b, c,d) in the case
when (a,b,c,d) € Par.
The pair (Q,Par) is called a parallelogram space if the quaternary relation
Par C Q* has the following properties:
(P1) For any three points a, b, ¢ there is one and only one point d so that
Par(a,b,c,d).
(P2) If (e, f,g,h) is any cyclic permutation of (a,b,c,d) or of (d,c,b,a)
then Par(a, b, c,d) implies Par(e, f, g, h).
(P3) From Par(a, b, c,d) and Par(c,d, e, f) it follows Par(a, b, f,e,).

e f

a b
Figure1.
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The parallelograms (including degenerated parallelograms) form a par-
allelogram space in the affine space of any dimension. The property (P3) in
the affine plane (space) is illustrated in the Figure 1. Some other properties
will be illustrated in the same plane.

2. Midpoint in the parallelogram space

In the parallelogram space the midpoint of the pair of points can be defined.
We shall say that b is the midpoint of the pair {a,c} and we shall write
M (a, b, c) if the statement Par(a, b, c,b) ( Figure 2) is valid. From M (a, b, ¢)
obviously follows M (c,b,a) and for any two points a and b there is the
unique point ¢ so that the statement M (a,b,c) is valid. There are the
examples of the parallelogram space, in which every pair of points does not
have to have the unique midpoint.

Q

0o

a b
Figure 2.

Theorem 2.1. FEach statement of the three statements Par(o,ay,az,as),
Par(o,a2,as,a4) and M(a1,0,a4) is the consequence of the remaining two
statements (Figure3).
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Proof. The property (P3) by means of the property (P2) gives the implica-
tions
Par(o,a1,az,as3), Par(as, as, as,0) = Par(o,a1,0,a4)
Par(ag,as,o0,a1), Par(o,a1,0,a4) = Par(az,as,aq,0)
Par(ag, a3, aq,0), Par(aq,0,a1,0) = Par(az,as,o,a1).

But, the statements Par(o,a;,0,a4) and Par(a4,0,a1,0) are equivalent to
the statement M (aj,o0,a4). O

3. Affine regular hexagon in the parallelogram space

We shall say that (a1, ag, as, a4, as, ag) is the affine—regular hezagon with the
vertices a1, ag, as, a4, as, ag and the center o and we write ARH, (a1, az, as, aq,
as, ag) if the statements

Par(o,a;—1,a;,a;41), (i=1,2,3,4,5,6)
are valid, where the indexes are taken modulo 6 from the set {1,2,3,4,5,6}
(Figure4).
The vertices a; and a;43 are said to be opposite vertices of the considered

affine-regular hexagon, and the vertices a;, a;41, a;42 are said to be adjacent
vertices.

a
Figure4.
Corollary 3.1. The statement ARH,(a1,as,as, aq,as,ag) imply the state-

ment ARH,(a;,, iy, Qiy, @iy, Gis, Qi) where (i1,12,13,14,15,16) is any cyclic
permutation of (1,2,3,4,5,6) or of (6,5,4,3,2,1). O
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Theorem 3.2. If the statement ARH,(a1,as2,as,a4,as,a¢) is valid then
for any 1 € {1,2,3,4,5,6} the statements Par(a;,a;1,a0i+3,a;+4) and
M (a;, 0,a;+3) are valid where indezes are taken modulo 6.

Proof. The second statement for the case ¢ = 1 is proved by Theorem 2.1
The first statement follows according to (P3) by the implication

Par(ay,az,as,0), Par(as,o0,as,a4) = Par(ai,as,aq,as).

For the other indexes it is enough to apply cyclic permutations and Corollary
3.1. O

Theorem 3.3. Affine-reqular hexagon is uniquely determined by its center
and by any two of its vertices which are not opposite or by any of its three
adjacent vertices.

Proof. Firstly let us prove the last statement. Let the vertices a1, as, asg be
given. Then according to (P1) there are the points o, a4, as, ag so that the
following statements

Par(ay,az,as,0), Par(o,az,as, aq), Par(o, a3, aq, as), Par(o, aq, as,a¢) (1)

are valid. From the two first statements (1) according to Theorem 2.1 it
follows M (a1, o0,a4), which together with the fourth statement (1), again
according to Theorem 2.1, gives Par(o, as, ag, a1). Analogously (increasing
all indexes for one) the statement Par(o, ag, a1, as) could be proved, so we
get the statement ARH, (a1, az,as, a4, as,ag). Yet, it is necessary to prove
that this affine-regular hexagon is uniquely determined by its center and
for example by the vertices a1, as or by the vertices a1, a3. These proofs are
reduced to the considered case if the vertex as respectively as is determined
so that the statement Par(o, a1, ag, a3) is valid and then we can conclude as
in the previous case. |

The points o, a1, a9, a3, aq with the properties from Theorem 2.1 deter-
mine figure, which will be denoted by the symbol HARH,(a1, as, as, as),
"half" of the affine regular hexagon with the center o (Figure 3).

Corollary 3.4. If the statement HARH, (a1, as, a3, a4) is valid, then there
are the uniquely determined points as and ag so that the statement
ARH,(a1, a2, as, a4, as,ag) holds.
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Theorem 3.5. If the statement
HARHO(al,ag,ag,a4) (2)
15 valid, then there is a point p such that the statements

M(a17a27p)7 M(a4ua33p) (3)

are valid. Conversely, if the statements (3) are valid, then there is a point
o such that the statement (2) is valid (Figure3).

Proof. Let the statement (2) be valid and let p be the point so that the first
statement (3) is valid. Then according to (P3) we have the implications
Pa'r(p, az, at, a?): Par(ala az, ag, 0) = Par(p, az, o, a3)

Par(a4,ag,ag,o),PaT(ag,o, a37p) = Par(a47a37p7 a3)7

so the second statement (3) is valid too. Conversely, let the statements (3)
be valid and let o be such a point that the statement Par(ag, p, as, o) holds.
Then we get the implications

PG//’(O, ag, p, (ZQ),P(IT(p, a25alaa2) = PCL’I"(O, a37a27a1)

PCLT’(O, az, p, ag),P(ZT’(p, CL3,CL4,CL3) = PCL’F(O7 a’27a37a4)5

so the statement (2) is valid. O

Corollary 3.6. If the statement (2) is valid then from the first statement
(3) the second statement (3) follows. O

Theorem 3.7. Letn € N, n > 3. If the statements HARH ., (b1,a1,a2,b2),
HARH ,;(b2, az,a3,b3),..., HARH., ., (bp—1,0n1,0n,by) are valid then
there is a point c,1 so that the statement HARH, , (by,an,a1,b1) is valid
too. (The case for n =5 is illustrated in the Figure5).

Proof. From HARH,,,(b1,a1,a2,b2) according to Theorem 3.5 it follows
that there is a point o so that the statements M (b1, a1,0) and M (ba, ag, o)
are valid, and then from HARH,,, (b2, as, as, b3) follows the statement M (bs,
as, o). Let Corollary 3.6 be applied again and after (n—1)-th application of
this corollary from HARH,, _, ,, (bp—1, @n—1, an, by) and M (by—1,an-1,0) it
follows M (by,, an, 0). Finally, from the statements M (b, a,, 0), M (b1, a1, 0)
owing to Theorem 3.5 it follows that there is a point ¢, so that HARH,, | (by,,
ap,a1,by) is valid. O
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Figure 5.

From Theorem 3.7 by means of Corollary 3.4 we get:

Corollary 3.8. Let n € N, n > 3. If the statements ARH,.,,(b1, a1, a2, ba,
do1,d12), ARH,,;(b2,a2,a3,b3,d32,d23),..., ARH., | (by—1,an1,0n, by,
dnn—1,dn—1n) are valid, then there are the points cy1, dp1, dip so that the
statement ARH,.,, (b, an,a1, b1, d1p, dn1) is valid too. O
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A study of anti-fuzzy quasi-ideals

in ordered semigroups

Anwar Zeb and Asghar Khan

Abstract. In this paper, we introduce the concept of anti-fuzzy quasi-ideals in ordered
semigroups and investigate the quasi-ideals of ordered semigroups in terms of anti-fuzzy
quasi-ideals. We characterize left (resp. right) regular and completely regular ordered

semigroups in terms of anti-fuzzy quasi-ideals and semiprime anti-fuzzy quasi-ideals.

1. Introduction

Biswas introduced the concept of an anti-fuzzy subgroup of a group in [3|
and studied the basic properties of groups in terms of anti-fuzzy subgroups.
Hong and Jun [5] modified Biswas idea and applied it to BCK-algebras.
Akram and Dar defined anti-fuzzy left h-ideals of hemirings [2|. Recently
Shabir and Nawaz studied anti fuzzy ideals of semigroups [11]. Ahsan et.
al in [1| characterize semigroups in terms of fuzzy quasi-ideals. The mono-
graph given by Mordeson and Malik [10] deals with the applications of fuzzy
approach to the concepts of automata and formal languages. Fuzzy sets in
ordered semigroups were first introduced by Kehayopulu and Tsingelis in
[8]-

In this paper, we introduce the concept of anti-fuzzy quasi-ideals in
ordered semigroups and investigate the basic properties of quasi-ideals of
ordered semigroups in terms of anti-fuzzy quasi-ideals. We characterize left
(resp. right) regular and completely regular ordered semigroups in terms
of anti-fuzzy quasi-ideals. We define semiprime anti-fuzzy quasi-ideals and
characterize completely regular ordered semigroups in terms of semiprime
anti-fuzzy quasi-ideals.

2010 MSC: 06F05, 06D72, 08A72
Keywords: Fuzzy subset, anti-fuzzy quasi-ideal, simple semigroup, completely regular
ordered semigroup.
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2. Some basic definitions and results

By an ordered semigroup (po-semigroup) we mean a structure (S,-, <) in
which

(OS1) (S,-) is a semigroup,

(0S52) (S,<) is a poset,

(0S3) (Va,b,x € S)(a < b= ax < br and za < zb).

Throughout this paper S will denote an ordered semigroup unless other-
wise specified.

For A,B C S, we denote (A] := {t € S|t < h for some h € A} and
AB = {abla € Ab € B}. Then A C (4], (A](B) C (AB], (4] = (A
and ((A](B]] € (ABJ.

A non-empty subset A of S is called a right (resp. left) ideal of S if:

(1) AS C A (resp. SAC A),

(2) a€ Aand S>b<aimply b e A
If A is both a right and a left ideal of .S, then it is called an ideal of S.

A non-empty subset @ of S is called a quasi-ideal of S if:

(1) (@SN (sQ] c @,

(2) ae@and S>b<aimply be Q.

A subsemigroup B of S is called a bi-ideal of S if:

(1) BSBC B,

(2) a€ Band S>b<aimplybe B.

A fuzzy subset f of S is called a fuzzy left (vesp. right) ideal of S if:

(1) z<y= f(z) =2 f(y),

(2) flzy) = f(y) (resp. f(zy) = f(x)) for all z,y € S.

If f is both a fuzzy left and a fuzzy right ideal of S. Then it is called a
fuzzy ideal of S.

A fuzzy subset f of S is called a fuzzy subsemigroup of S if for all
z,y €S f(zy) >min{f(x), f(y)}. A fuzzy subsemigroup f of S is called a
fuzzy bi-ideal of S if:

(1) <y = 1) > f),

(2) f(zyz) Zmin{f(x), f(2)} for all z,y € S.

For a non-empty family of fuzzy subsets {f;}ier of S, the fuzzy subsets

A fiand \/ fi of S are defined as follows:
i€l i€l

(Afi)@ =inficr{fi@}, (V)@ = supier{fi(a)).

el i€l
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For any two fuzzy subsets f and g of S we put

V' max{f(y),g(z)} if A, #0,
(fog)(x) : =< (y2)€A:
0 if A, =0,

where A, :={(y,2) € S x S|z <yz}.
A fuzzy subset f of S is called a fuzzy quasi-ideal of S if:
(1) 2 <y— @) > fv),
2) (fol)A(lof) =/,
where f < g means that f(z) < g(x) for all x € S.
A fuzzy subset f of S is called an anti-fuzzy subsemigroup of S if

f(zy) < max{f(z), f(y)}

for all x,y € S.

An anti-fuzzy subsemigroup f of S is called an anti-fuzzy bi-ideal of S
if:

(1) @ <y implies f(z) < f(y),

(2) flaay) <max{f(z), f(y)}
for all x,a,y € S.

For fuzzy subsets f and g of S the product f * g is defined as follows:

A max{f(y),g(z)} if Ay # 0
(fxg)(a) =

(y,2)EA:
1 if A, =0

The fuzzy subsets “S” and “O” of S are defined as

for all xz € S.

Proposition 2.1. Let A,B C S. Then
(1) AC B ifand only if fpe < fac.
(@) faeV [Be = facupe = f(anB)e-
(i4i) fae* fBe = flapye- O

An ordered semigroup S is called regular (see [6]) if for every a € S there
exists x € S such that a < aza or equivalently, (1)(Va € S)(a € (aSa]) and
(2)(VA C S)(A C (ASA]), and S is called left (resp. right) simple (see [7])
if it has no proper left (resp. right) ideals.
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Lemma 2.2. (cf. [7]). S is left (resp. right) simple if and only if (Sa] = S
(resp. (aS] = S) for every a € S. O

An ordered semigroup S is called left (resp. right) regular (see [7]) if
for every a € S, there exists € S such that a < za? (resp. a < a?z) or
equivalently, (1)(Va € S)(a € (Sa?]) and (2)(VA C S)(A C (SA?]). Sis
called completely regular if it is regular, left regular and right regular |7].

If ) #A C S, then the set (AU (AS N SA)| is the quasi-ideal of S
generated by A.

Lemma 2.3. (cf. [6]). S is completely regular if and only if A C (A2SA?]
for every A C S. Equivalently, if a € (a>Sa?] for every a € S. O

3. Anti-fuzzy quasi-ideals

Definition 3.1. A fuzzy subset f of S is called an anti-fuzzy quasi-idealif

(1) (f*xO)Vv(Oxf) = f,
(2) x <y implies f(x) < f(y) for all z,y € S.

As a consequence of the transfer principle for fuzzy sets (cf. [9] we obtain
the following two theorems.

Theorem 3.2. Let ) # A C S. Then A is a quasi-ideal of S if and only
if the characteristic function fac of the complement of A is an anti-fuzzy
quasi-ideal of S.

Theorem 3.3. Let f be a fuzzy subset of S. Then each non-empty level
L(f;t) is a quasi-ideal if and only if f is an anti-fuzzy quasi-ideal.

Example 3.4. The set S = {a,b,c,d, f} with the multiplication

a b ¢ d f
ala a a a a
bla b a d a
cla f ¢ ¢ f
dla b d d b
fla f a ¢ a

and the order <:= {(a, a), (a,b), (a, ), (a,d), (a, ), (b,b), (¢,c), (d,d), (f, f)}
is an ordered semigroup with the following quasi-ideals:

{a},{a,b},{a, ¢}, {a,d}, {a, f},{a,b,d}, {a, ¢,d}, {a, b, [}, {a, ¢, [}, 5.
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For a fuzzy set f defined by f(a) = 0.3, f(b) = 0.5, f(c) = f(f) = 0.8,
f(d) = 0.6 we have

S if te081),
{a,b,d} if te[0.6,0.8),
L(f;t) := {a,b} if t€][0.5,0.6),
{a} it te[0.3,0.5),

0 it tel0,03).

L(f;t) is a quasi-ideal. By Theorem 3.3, f is an anti-fuzzy quasi-ideal. [J
Lemma 3.5. Every anti-fuzzy quasi-ideal of S is its anti-fuzzy bi-ideal.

Proof. Let z,y,z € S. Then zyz = z(yz) = (zy)z. Hence (z,yz) € Ayy.
and (zy, z) € Agy.. Since Agy, # 0, we have

flzyz) <[(f * O) v (O * f)] (zy2)

= max

N max{f(»).0@@)} N\ maX{O(pl)af(ql)}]

(pvq)eAzyz (p17q1)€Azyz

max[max{ f(z), O(yz)}, max{O(zy), f(2)}]
= max[max{f(z), 0}, max{0, f(2)}] = max[f(z), f(2)].

N

Let z,y € S, then zy = z(y) and hence (z,y) € Ayy. Since Ay, # 0, we
have

flzy) <[(f x O) v (O [)](zy)
N max{f(»), 0@} A max{@(p),f(q)}]

(p7q)€A1y (p7Q)€Azy

< max[max{f(z), O(y)}, max{O(z), f(y)}]
= max[max{f(z), 0}, max{0, f(y)}] = max[f(z), f(y)].

Let x,y € S be such that z < y. Then f(z) < f(y), because f is an
anti-fuzzy quasi-ideal of S. Thus f is an anti-fuzzy bi-ideal of S. 0

The converse of above Lemma is not true, in general.
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Example 3.6. The set S = {a,b,c,d} with the multiplication table

QL 2|
L |
> o9 oo
SR 2 o

QU O o e

and the order <:= {(a,a), (b,b), (¢, ¢), (d,d), (a,b)} is an ordered semigroup.
{a,d} is its bi-ideal but not a quasi-ideal.
For a fuzzy set f(a) = f(d) = 0.7, f(b) = f(c) = 0.3 we have

S if te[0.7,1),
L(f;t) =< {a,d} if t€][0.3,0.7),
O if te][0,0.3).

L(f;t) is a bi-ideal for every t, but for ¢ € [0.3,0.7) it is not a quasi-ideal of
S. By Theorem 3.3, f is an anti-fuzzy bi-ideal of .S but not an anti-fuzzy
quasi-ideal of S. O

4. Completely regular ordered semigroups

Theorem 4.1. The the following are equivalent:
(i) S is regular, left and right simple,

(i) every anti-fuzzy quasi-ideal of S is a constant function.

Proof. (i) = (ii). Let S be a fixed regular, left and right simple ordered
semigroup. Let f be an anti-fuzzy quasi-ideal of S. We consider the set
Eq = {e € S|e? > e}. Eq is non-empty, because for a € S there exists
x € S such that a < azxa, hence (ax)? = (axa)xr > ax, which means that
ax € FEq.

(A) We first prove that f is a constant function on Eq. That is, f(e) =
f(t) for every t € Eq. In fact: since S is left and right simple, we have
(St] = Sand (tS] = S. Bute € S. Then e € (St] and e € (¢tS]. Thuse < =t
and e < ty for some x,y € S. If e < ot then e? = ee < (2t)(xt) = (ztx)t and
(wtz,t) € Ape. If e < ty then €2 = ee < (ty)(ty) = t(yty) and (¢, yty) € Aga.
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Since A.2 # () we have
F() < ((fxO) V(O f))(€®) = max[(f x O)(€®), (O * f) ()]

= max /\ max{ f(y1),O(z1)}, /\ max{O(y2), f(z2)}

(y1,21)€EA 2 (y2,22)€A 2
< max[max{f(t), O(yty)}, max{O(ztx), f(t)}]
= max[max{ f(t),0}, max{0, f(¢)}] = max[f(t), f(t)] = f(t).

Since e € Eq, we have €2 > e and f(e?) > f(e). Thus f(e) < f(t). On
the other hand since S is left and right simple and e € S, we have S = (Se]
and S = (eS]. Since t € S we have t € (Se| and t € (eS]. Then t < ze and
t < es for some z,5 € S. If t < ze then t? = tt < (ze)(ze) = (zez)e and
(zez,e) € Ap. If t < esthen t? = tt < (es)(es) = e(ses) and (e, ses) € Ap.
Since Ay # () we have

() < ((f % O) V (O % N)(#) = max[(f  O)(1), (O + f)(¢2)]
—max | A\ max{fn).0(=)}, A max{O@). f(z2)}

(y1,21)€A,2 (y2,22)€A,2
< max[max{f(e), O(ses)}, max{O(zez), f(e)}]
= max[max{ f(e), 0}, max{0, f(e)}] = max[max{f(e), f(e)}] = f(e).
Since t € Eq then t2 >t and f(t?) > f(t). Thus f(t) < f(e). Consequently,
1) = £(e).

(B) Now we prove that f is a constant function on S. That is, f(t) =
f(a) for every a € S. In fact: since S is regular and a € S, there exists
x € S such that a < axa. We consider the elements ax and za of S. Then
by (0S3), we have (azx)? = (axa)r > ax and (va)? = x(awa) > xa, then
ar,ra € Fq and by (A) we have f(ax) = f(t) and f(za) = f(t). Since
(az)(axa) > axa > a, then (ax,axa) € A, and (aza)(za) > axa > a, then
(azxa,za) € A, and hence A, # (). Since f is an anti-fuzzy quasi-ideal of S,
we have

fla) < ((f  O) V(O * [))(a) = max[(f  O)(a), (O * f)(a)]
= max /\ max{ f(y1),O0(z1)}, /\ max{O(y2), f(22)}

(y1,21)€EAq (y2,22)EAq
< max[max{ f(az), O(aza)}, max{O(aza), f(za)}]

= max [max{ f(az),0}, max{0, f(za)}] = max [f(ax), f(za)] = f(¢).
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Since S is left and right simple we have (Sa] = S, and (aS] = S. Since
t €S, we have t € (Sa] and t € (aS]. Then ¢t < pa and t < aq for some
p,q € S. Then (p,a) € A; and (a,q) € A;. Since Ay # (), and f is an
anti-fuzzy quasi-ideal of S, we have

() < ((f * O) V(O f))(t) = max[(f * O)(t), (O * f)(¢)]
=max |/ max{f(1n),0(z=1)}, A max{O(y), f(22)}

(y1,21)€EA: (y2,22)EA;

max [max{f(a), O(q)}, max{O(p), f(a)}]
— max [max{ f(a), 0}, max{0, f(a)}] = f(a).
<

Thus f(t) < f(a) and f(t) = f(a).

(1i) = (i). Let a € S. Then the set (aS] is a quasi-ideal of S. Indeed:
(aS]N (Sa] C (aS], and z € (aS] and S 5>y < z € (aS] imply y € ((aS]] =
(aS]. Since (aS] is quasi-ideal of S, by Theorem 3.2, the characteristic
function f(,g)e of (@S] is an anti-fuzzy quasi-ideal of S. By hypothesis, f(4g)e
is a constant function, that is, there exists ¢t € {0, 1} such that f,g(z) =1t
for every x € S. Let (aS] C S and a be an element of S such that a ¢ (aS],
then f(,5)c(a) = 1. On the other hand, since a® € (aS], then f(,5-(a?) = 0, a
contradiction to the fact that f(,g- is a constant function. Hence (aS] = S.
By symmetry we can prove that (Sa] = S.

Since a € S and S = (aS] = (Sa], we have a € (aS] = (a(Sa]] = (aSal,
consequently S is regular. 0

Theorem 4.2. S is completely regular if and only if for every anti-fuzzy
quasi-ideal f of S we have f(a) = f(a®) for every a € S.

Proof. Let S be completely regular and f be an anti-fuzzy quasi-ideal of S.
Since S is left and right regular we have a € (Sa?] and a € (a29] for every
a € S. Then there exists z,y € S such that a < za? and a < a?y. Hence
(z,a?), (a?,y) € A,. Since A, # 0, we have

fla) < ((f * O) V(O x f))(a) = max[(f * O)(a), (O * f)(a)]
= max /\ max{f(yl), O(Zl)}, /\ maX{O(yQ)a f('z?)}

(y1,21)€Aaq (y2,22)€Aa
< max [max{f(a®), O(y)}, max{O(x), f(a*)}]
= max [max{f (a?),0}, aX{O f(@®)}]

[£(a®), f(a®)] = f(a®) = f(aa) < max{f(a), f(a)} = f(a).

= max
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Hence f(a) = f(a?).

Conversely, let a € S and let Q(a?) be the quasi-ideal generated by
a?. Then Q(a?) = (a® U (a®>S N Sa?)]. By Theorem 3.2, the characteristic
function fg(,2) is an anti-fuzzy quai-ideal of S. By hypothesis fg2)c(a) =
fo(a2)e(a?). Since a* € Q(a?), we have fq,2yc(a?) = 0, then fo(,2)e(a) =0
and a € Q(a?) = (a®?U(a?SNSa?)]. Then a < a® or a < a®r and a < ya? for
some z,y € S. If a < a? then a < a2 = aa < a?a? = aaa?® < a®aa? € a2Sa?
and so a € (a?Sa?]. If a < a?z and a < ya? then a < (a®7)(ya®) =
a®(zy)a® € a®Sa? and so a € (a?Sa?). O

A subset T of S is called semiprime if for every a € S such that a®> € T
we have a € T. An anti-fuzzy quasi-ideal f of S is called semiprime if
f(a) < f(a®) alla € S.

Theorem 4.3. S is completely regular if and only if every its anti-fuzzy
quasi-ideal is semiprime.

Proof. Let S be completely regular and f be its anti-fuzzy quasi-ideal. Then
f(a) < f(a?) for a € S. Indeed: since S is left and right regular, there exist
x,y € S such that a < za? and a < ay then (z,a?) € A, and (a?,y) € A,.
Since A, # (), and f is an anti-fuzzy quasi-ideal of S, we have

fla) <((f x O) V(O = f))(a) = max[(f + O)(a), (O * f)(a)]
= max /\ max{f(yl), O(Zl)}, /\ max{(’)(yQ), f(ZQ)}

(y1,21)EAq (y2,22)EAq
= max [max{f(a*), O(y)}, max{O(x), f(a*)}]
< max [max{f(a?),0}, max{0, f(a*)}] = max [f(a®), f(a®)] = f(a®).

N

Conversely. Let f be an anti-fuzzy quasi-ideal of S such that f(a) <
f(a?) for all @ € S. By Theorem 3.2, the characteristic function fg,2)e
of the quasi-ideal Q(a?) is an anti-fuzzy quai-ideal of S. By hypothesis
fow2)e(a) < foraye(a?). Since a® € Q(a?), we have fg(u2)c(a?) = 0, then
fo@?)e(a) =0and a € Q(a?) = (a®U (a®2S N Sa?)]. Thus a < a? or a < a?p
and a < qa2 for some p,q € S. If a < a® then a < a? = aa < a%a? =
aaa® < a?aa® € a?Sa® and so a € (a25a2]. If a < a®p and a < ga® then
a < (a®p)(qa®) = a®(pq)a® € a®>Sa? and so a € (a%2Sa?]. Consequently, S is
completely regular. d
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