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Note on the power graph of finite simple groups

Narges Akbari and Ali Reza Ashrafi

Abstract. A graph I is said to be 2—connected if I" does not have a cut vertex. The power graph
P(G) of a group G is the graph which has the group elements as vertex set and two elements
are adjacent if one is a power of the other. In an earlier paper, it is conjectured that there is
no non-abelian finite simple group with a 2—connected power graph. Bubboloni et al. [3] and
independently Doostabadi and Farrokhi D. G. [11], presented counterexamples for this conjecture.
The aim of this paper is to first modify this conjecture and then prove this modified conjecture
for the sporadic groups, Ree groups 2F4(q) and 2G2(q), the Chevalley groups A1(q), B2(q), C3(q)
and Fy(q), the unitary group Us(q), the symplectic group S4(q) and the projective special linear
group PSL(3,q), where ¢ is a prime power.

1. Introduction

The investigation of graphs related to groups is an important topic in algebraic
combinatorics. This paper is devoted to the study of power graphs, which were
introduced by Kelarev and Quinn in [13]. These authors in [16, 14, 15] studied the
same structures on a semigroup. The power graph P(G) of a finite group G is a
simple graph in which V(P(G)) = G and two vertices are adjacent if and only if
one of them is a power of the other. We encourage the interested reader to consult
[1] for a survey of all recent results on this topic.

Let us review some facts on power graphs of a finite group. Chakrabarty et al.
[6] classified the complete power graphs and obtained a formula for the number
of edges in a power graph. Cameron and Ghosh [4] proved that non-isomorphic
finite groups may have isomorphic power graphs, but that finite abelian groups
with isomorphic power graphs must be isomorphic. It is also conjectured that [4]
two finite groups with isomorphic power graphs have the same number of elements
of each order. Later Cameron [5] responded affirmatively to this conjecture.

Mirzargar et al. [20] considered some graph invariants of the power graphs
into account and conjectured that the power graph of a cyclic group of order n has
the maximum number of edges between the power graphs of all groups of order n.
This conjecture recently proved by Curtin and Pourgholi [9]. Moghaddamfar et
al. [21] defined the proper power graph P*(G) as a graph constructed from P(G)
by deleting the identity element of G. They provided necessary and sufficient

2010 Mathematics Subject Classification: 20D05, 20D08, 05C10
Keywords: Power graph, proper power graph, simple group.
Partially supported by the University of Kashan under grant number 364988/26.



166 N. Akbari and A. R. Ashrafi

conditions for a proper power graph P*(G) to be a strongly regular graph, a
bipartite graph or a planar graph. In a recent paper [22], the authors determined,
up to isomorphism, the structure of a finite group G whose power graph has exactly
n spanning trees, n < 53, and obtained a new characterization of the alternating
group As by tree-number of its power graph. Finally in [19], the second author
of the present paper computed the automorphism group of the power graphs of
cyclic groups.

A graph T is said to be 2—connected if I' does not have a cut vertex. It is easy
to see that P*(G) is connected if and only if P(G) is 2—connected. Pourgholi et
al. [23], proved some results about characterization of simple groups by power
graphs. They proposed the following open question:

Question. Does there exist a non-abelian simple group with a 2— connected power
graph?

Following Bubboloni et al. [3]|, we assume that P is the set of prime numbers
and b, c € N, where N denotes the set of all positive integers. Set
bP+c={zeN|z=bp+c, for somep€ P}
and define
A=PUP+1HUP+2)U(2P)U (2P +1).
They proved that P(A,,) is 2—connected if and only if n = 3 orn ¢ A. In
Theorems 3.6 and 3.7 of [11], the authors proved that the proper power graphs of
the projective special linear group PSL(2,q), ¢ is prime power, and the Suzuki
group Sz(22"*+1) are disconnected. This shows that their power graphs are not
2—connected. They also reproved [3, Theorem A] with a difference in the case
that 252 is prime. We conjecture that:

Conjecture. The power graph of a non-abelian simple group G is 2—connected if
and only if G is isomorphic to the alternating group A,,, where n =3 orn ¢ A.

The aim of this paper is to prove this conjecture for some classes of finite simple
groups. For a finite group G, we denote by 7.(G) a set of all element orders of
group G. This set is closed under divisibility and hence is uniquely determined by
a set u(G) of elements in 7. (G) which are maximal under the divisibility relation.
The set of all divisors of a natural number n is denoted by S(n). Our other
notations are standard and taken mainly from [§].

We will prove the following theorem:

Main Theorem. Let q be a power of a prime number. The proper power graphs
of the sporadic groups, Ree groups >Fy(q) and >G2(q), the Chevalley groups A,(q),
As(q), Ba2(q), Cs(q) and Fy(q), the projective unitary group Us(q) and the projec-
tive symplectic group S4(q) are disconnected.
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2. Proof of the main theorem

The aim of this section is to prove our main theorem. We separated our proof into
four subsections. In the first subsection, it is proved that the power graph of spo-
radic groups are not 2—connected. In the second subsection, the 2—connectivity
of P(2Fy(q)) and P(%G2(q)) are investigated. Our third subsection is devoted to
connectedness of the proper power graph of the Chevalley groups A;(q), A2(q),
Bs(q), Ca2(g) and F4(2™). In our final subsection, the power graphs of Us(q) and
Sa(q) are taken into account.

2.1. The sporadic groups

Two positive integers r and s are said to be incomparable if r is not divisible by
s and s is not divisible by r. Suppose G is a finite group and G \ {e} can be
partitioned into two subsets A and B such that for each element a € A and b € B,
|a| and |b| are coprime. Then the proper power graph P*(G) will be disconnected.
We apply this simple fact to prove that the power graphs of the sporadic groups
are not 2—connected.

Define S(M11) = S(M12) = S(MQQ) = S(MCL) = {11}, S(M23) = S(M24) =
{23}, S(h) = S(Js3) = S(HN) = {19}, S(J2) = {7}, S(He) = {17}, S(Js) =
{23,29,31,37,43}, S(Coy) = S(Coz) = {23}, S(Coz) = {11,23}, S(O'N)
{31}, S(Ly) = {67}, S(Ru) = S(Fis) = {29}, S(HS) = {7,11}, S(Th) =
{13,19,31}, S(Suz) = {11,13}, S(B) = {31,47}, S(M) = {41,71}, S(Fiae) =
{13,17}, S(Fia3) = {17,23}. For an arbitrary sporadic group G, we assume
that A(G) ={g € G | |g| € S(G)} and B(G) = G\ (A(G) U {e}). We now apply
computer algebra system GAP [12] to prove that for each x € A(G) and y € B(G),
|z| and |y| are coprime, proving the following result:

Theorem 1. The power graphs of the sporadic groups are not 2— connected.

2.2. The power graph of the Ree groups ?F;(q) and ?G»(q)

The aim of this section is to prove the power graph of 2F;(q) and 2G5(q) are not
2—connected. Suppose p(G) denotes the set of all maximal elements of 7.(G) with
divisibility order. We first consider the group 2Fy(q), where ¢ = 22"t and m > 1.
Deng and Shi [10, Lemma 3] proved that

me(*Fa(q)) = {1,2,4,8,12,16} U B(2(q + 1)) U B(4(g — 1))
U B(4(q+v2¢+ 1) UB(MA(g — /2 + 1)) UB(¢° — 1) UB(¢* + 1)
UB(*—q+1)UB(g—1)(g++2¢+1)UB((g—D(g—2¢+1))
U B(¢° + V20 + q+ 24+ 1) UB(¢> — qv/2q + g — /20 + 1).

Set a = ¢ +¢v/2¢ + ¢+ v2¢ + 1, X = B(a) \ {1}, Y = 7.(G) \ (X U {1}) and
Z={q+1,q-1,¢*+1,q+v2q+1,¢—2¢+1,¢* —q+1,¢* —qv/2q+q—/2q+1}.
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We claim that for integer v € Z, («,y) = 1. To prove this, it is enough to notice
that by simple divisions of appropriate components, we have:

a=(qg++29)(g+1)+1
=(q+v2q+2)(g— 1)+ (2y/2¢ +3)
=qlg+v2q+1) + (/20 +1)
=(@® —q+1)+2q(q+ /2 +1) (1)
=(¢* —qv20+ 39— 24+ 1) +2/2q(¢ + 1)
—(q+2y20+ (g — V2 +1) + (32— 3)
= (1+20)(¢* + 1) + (av/20 + 4 — ¢*\/29).

To explain, we choose the case of ¢ — y/2q + 1. If the prime p divides « and
q — +/2q + 1 then by the fourth equation in (1),

a=(3v/2¢—3)+ (¢ +2v/2q¢ +4)(q— /2q +1).

This shows that p|3,/2¢—3 = 3x 2™ —3 and so p|3 x 22" *+1, Since pis odd, p = 3
and 3|q — /2q + 1 = 227+ —2m+1l 4 1 Thus, 22m+ — 2+l = —1( mod 3). On
the other hand, for each positive integer k, 2271 = 2 ( mod 3) which implies that
3|2™*1 a contradiction. Using a similar argument, all cases lead to contradiction.
Hence, we obtain a partition 7.(G)X UY U {1} such that elements of X and Y
are mutually coprime. Therefore, we have proved the following result:

Theorem 2. The power graph of the Ree group 2F,(q) is not 2—connected.

We now consider the groups 2Gs(q), where ¢ = 32+! and m > 0. It is well-
known that 2G2(3) = Aut(SL(2,8)) and for m > 1 the groups ?Gs(q) are simple.
Staroletove [26, Lemma 3.5], proved that

q+1
1(*Ga(q)) = {q+ V3q+1,q— /3¢ + l,q—1,2,6}.

Set « = q+ 3¢+ 1and T = {qg—3q+ 1,9 — 1,%1,6}. We prove that a
does not have a common prime factor with an element of T'. This is an immediate
consequence of the fact that « = (¢ — 3¢+ 1) +2y3¢ = (¢ — 1) + (2 + /3q)
= 2%1 + +/3q. This shows that by removing the identity element, the resulting
graph will be disconnected. We have proved the following result:

Theorem 3. The power graph of the Ree group >G(q) is not 2— connected.

2.3. The power graphs of A,(q), A2(q), B2(q), Ca(q) and Fy(2™)

In this section, it is proved that the power graphs of the groups Ai(q), A2(q),
Bs(q),Ca(q) and Fy(2™) are not 2—connected. We start by the simple group
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G = A(q), where ¢ is an odd prime power. Staroletove [26, Lemma 3.5], proved
1 ¢g-1

that p(A1(q)) = {q;—, q2,p}. Since p J/%l and p J/q%l, by removing the

identity element, the elements of order p will be separate from other elements.

Thus, we proved the following:
Theorem 4. The graph P(A1(q)) is not 2— connected.

We now consider the simple group As(q), where ¢ is a prime power. Simpson
[24] proved that

{q—l,p(qgl), q2§1,q2+3q+1} d =3 and q is odd,
{ple—1),* -1, +q+1} d=1andqis odd,
{4,q -1, 2(q3_1)7 ngl, q2+3q+1} d =3 and q is even,

{4,2(¢—1),¢* - 1,¢* +q+ 1} d=1and q is even,

p(Az2(q)) =

where d = (3,¢ — 1).
We first assume that ¢ is odd and d = 3. Set

2 2
¢ +q+1 plg—1) ¢ —1
LTI and x={q-1, 297 .
o 3 an {q , T3

Since o = (¢ + 2)‘?—1 +1= q%l + 2q;r1, by a similar argument as Proposition

2, a and elements of X are coprime. Hence P(A2(q)) is not 2—connected. Next
assume that ¢ is odd, d = 1, a = ¢> + ¢+ 1 and X = {p(q¢ —1),¢®> — 1}. Again
since a = q(q — 1) + (2¢ + 1), « is coprime with p(q — 1) and ¢*> — 1 which shows
that P(A2(q)) is not 2—connected.

We now assume that ¢ = 2™ and d = 3. Define:

2 _ 2 _
a:wand X = 4’q717q 1 )
3 3 3

Since o = (¢ + 2)%1 + 1, it can easily prove that « is coprime to all elements of
X which implies that the proper power graph of A5(q) is disconnected. Finally, if
q=2"d=1,a=¢*+q+1and X = {4, — 1,¢°> — 1}, then « an elements of
X are coprime. Therefore, we have proved the following;:

Theorem 5. The proper power graph of As(q) is not connected.
We now proceed to consider the simple group G = Ba(q), where ¢ is a prime

power. Srinivasan [25] proved that:
2 2

e o g+ 1) plg — 1) p>3

wBaa)) = .

1 -1

Gty e Pla+1),p(a—1),p>  pe{2,3}

We consider three cases as follows:
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a. ¢ = p™, where p > 3 is prime and m is a natural number. In this case
(2, — 1) = 2. Define o = # and X = {p(q+1),p(qg —1), qZQ—_l} Then «
is coprime with all elements of X and by a similar argument as Proposition
2, P(B2(q)) is not 2—connected.

b. ¢ = 3™, wherem isa natuml number. In this case we have again (2,q—1) = 2
and by choosing o = ©H and X = {3(¢+ 1),3(¢ — 1), ‘122—_1,9}, we can see
that « does not have a common divisor with an element of X. So, P(B2(q))
is not 2—connected.

c. ¢ = 2™, where m is a natural number. In this case, (2,¢ — 1) = 1. Set
a=¢*+1and X = {p(¢+1),p(q¢—1),¢*> — 1,4}. Then a similar argument
as Cases a and b shows that P(Bz(q)) is not 2—connected.

Thus, we have proved the following result:
Theorem 6. The proper power graph of Ba(q) is not connected.

We now consider the group Cs(q), where ¢ is an odd prime power. Staroletove
[26, Lemma 3.5] proved that:

L g4+ 1),p(g— 1)} p#3,
n(Colq)) = { o }
{qTaqg 7p(q+1)7p(q_1)79}p:3

We consider two separate cases as follows:

a. ¢g=p", where p > 3 is prime and m is a natuml number. In this case, we

define o = .= +1 and X = {p(¢+1),p(q—1), &= —11. Some similar calculations
as above show that « is coprime with all elements of X and so P(B2(q)) is
not 2—connected.

b. ¢ = 3™, where m is a natural number. A similar argument as Case b in the
proof of Proposition 6 completes this case.

Hence, we have proved the following result:
Theorem 7. The proper power graph of C2(q) is not connected.

We end this subsection by investigation of the power graph of the group Fy(q),
qg=2" and m > 1. Coa et al. [7, Lemma 1.6] proved that:

n(Fa(q)) = {16, 8(¢—1),8(¢+1),4(¢*> — 1),4(¢*> + 1),4(¢*> — g+ 1),4(¢*> + ¢+ 1),
2(¢—1)(q 2+ 1), (q+1)(q +1),2(¢° = 1),2(* +1), (> = 1)(¢* —q+1),¢* — >+
L(¢*=1)(¢*+q+1),¢" = 1,¢* +1}.

Define o = ¢* — ¢®> + 1 and

X={¢-1qg+1,+1,¢—q+1,¢>+q+1,¢" —1,¢* +1}.
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By using a similar argument as above, one can see that it is possible to partition
the group Fy(2™) into the set of all elements that their orders are divisors of «
and its complement. Again by deleting the identity element, the resulting graph
will be disconnected. So, we have:

Theorem 8. The proper power graph of F4(2™) is not connected.

2.4. The power graphs of Us(q) and S,(¢q)

The aim of this section is to prove the proper power graph of Us(q) and S4(q)
are disconnected. We start by the simple groups Us(q), where ¢ is an odd prime

power. This group is defined as Us(q) = %, where SUs(q) is the set of

all invertible 3 x 3 matrices A on GF(g?) such that detA = 1 and AAT = I, and

Z(SUs(q)) denotes its center. It is well-known that |Us(q)| = w, where
d = (3,qg—1). Aleeva [2, Lemma 10] proved that if ¢ is odd then the maximal
element orders of this group is as follows:

2—g+1 ¢*>—1 p(g+1) _
{q arl -1 pla ,q—i—l} d=3,
d=1.

U =
1(Us(q)) {{q2q+1’q217p(q+1)}

We now consider the following two cases:

1. d = 3. Suppose a = % and X = {q +1, %, %} If we partition

Us(q) into the set of all elements such that their orders are divisors of a and
its complement, then by removing the identity element the resulting graph
will be disconnected.

2. d = 1. In this case by choosing a = ¢* + ¢+ 1 and X = {p(¢+1),¢*> — 1},
one can easily prove that o and elements of X are coprime. Thus, Us(q) is
not 2—connected.

We have proved the following:

Theorem 9. The proper power graph of Us(q) is not connected.

m

We end this paper by considering the simple group S4(q), ¢ = p
odd prime. Srinivasan [25] proved that:

and p is an

2 2
me(54(0)) = BE ) U BT 2) U Blpla + 1)) U Blpla — 1)): p#3,
2 2
s = {5 E s+ 03— 005 =3

We consider two separate cases as follows:
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1. Set o = q22+1 and X = {q2;1,p(q+1),p(q— 1)} Then

A={z e Si(q) |o(x)|a} and B =Si(q)\ A

is a partition of S4(g) such that by removing the identity element, the re-
sulting graph will disconnected. This proves that P(S4(q)) is 2—connected.

2. Set a = q2;1 and X = {q22_1,3(q +1),3(qg — 1),9}. A similar argument as

Case (1), completes our argument.

Therefore, the following result is proved.

Theorem 10. The proper power graph of Si(q), ¢ = p™ and p is an odd prime,
is mot connected.

The proof of the main theorem follows from Theorems 1 — 10.
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The Coxeter group G*°'?
Muhammad Ashiq and Tahir Imran

Abstract. The groups G5™™ are studied extensively by Coxeter. Higman has posed the
question that how small [, m,n can be made while maintaining the property that all but finitely
many alternating and symmetric groups are quotients of G»™™. In this paper, by using the
coset diagrams, we have proved that for all but finitely many positive integers n either A,, or Sy,
are quotients of G°-5:12,

1. Introduction
The groups G“"™" are studied by Coxeter. He has defined it as
(R,S,T:R = 8™ =T"=(RS)?> = (ST)*> = (TR)*> = (RST)*> = 1)
in his paper [4] published in 1939. This group can take another presentation
(w,y,t a0 =yt =17 = (at)? = (yt)? = (xy)™ = (zyt)" = 1)

by replacing x = RS, y = R and t = ST. He has revealed that these groups are
infinite and insoluble if 7 + X 4 -1 < 1 and are finite or Euclidean triangle group
if ;4 -4 -1 > 1, which are soluble. Conder [3] has used coset diagrams to prove
the fact that A,, is a Hurwitz group for all n > 168, and for all but 64 integers n in
the range 3 < n < 167. He has shown that "all but finitely many positive integers
n the alternating group A,, and the symmetric group .S,, are homomorphic images
of the group G%05 having the presentation

(R,8,T:R%=5%=T%=(RS)?>=(ST)? = (TR)? = (RST)?> =1) or

(w,y,t:a? =y° =12 = (at)* = (yt)* = (29)° = (ayt)° = 1)

by replacing x = RS, y = R and t = ST. As a corollary of the proof it is
shown that a similar theorem for the triangle group A(2,6,6) is given by the
presentation (x,y : 22 = y% = (2y)® = 1). In [7] it was shown by Q. Mushtaq,
M. Ashiq that same result is true for the group G°°24. It was also explained
by Conder [3] that "we lose no generality in assuming that [ < m < n because
GY™" is isomorphic to GP%" for any rearrangement (p,q,r) of (I,m,n). The

2010 Mathematics Subject Classification: Primary 20F05, Secondary 20G40
Key words and phrases: Coxeter groups, symmetric and alternating groups, coset diagrams,
permutation action, imprimitivity.
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group H = (z,y : 22 = y! = (xy)™ = 1) is of index 1 or 2 in GH™" = (z,y,t :
2?2 =yl =1 = (at)? = (yt)® = (vy)™ = (zyt)” = 1) and is isomorphic to
A2,1,m;q) = (z,y,: 22 =y = (zy)™ = (x7 'y tay)? = 1) where ¢ = n if n
is odd and ¢ = £ if n is even. It was the question asked by Higman that how
small the integers [, m,n can be made while maintaining the property that all but
finitely many A, and S, are factor groups of G4 ™. In many cases G/ is
isomorphic to PSL(2,q) or PGL(2,q) for some prime power g, when [, m,n are
small. For all values of n, Coxeter [4] has mentioned that: G®®™ is trivial when
m =1 or 2. G>®3 is homomorphic to PSL(2,5).

In this paper, we use pictorial argument to show that alternating groups A,
and symmetric groups S,, of degree n can be obtained as quotients of the group
G512 = (g oyt 2? =y =12 = (at)? = (yt)? = (2y)® = (zyt)'? = 1) for all but
finitely many positive integers n.

2. Diagrams for G*%1!2
To prove our result for the group G512 we will use coset diagrams as used in
[3], [6] and [7]. We also need a method for combination of smaller diagrams
in order to make large diagrams of desired type. A coset diagram for G%°12
with n vertices is the action of its generators on the cosets of some particular
subgroup in the usual right representation. Generators x,y,t are used to draw
the coset diagrams. The coset diagrams, accredited to Higman show an action
of GB%12 = (z,y,t : 2% = yb =12 = (xt)? = (yt)? = (zy)® = (ayt)'?> = 1) on
a finite set and defined as follows: Pentagons represents cycles of y and vertices
of pentagons permuted anti-clockwise by y. An edge denotes those vertices of x
which are interchanged by involution while reflection about vertical line of axis
represents action of ¢. A method is also required to connect smaller diagrams to
obtain a larger diagram of same condition.

Figure 1: Basic Example
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For example, Figure 1 is transitive depiction of G = (x,y,t : 22 = y
)

(xt)? = (yt)? = (zy)® = 1) of degree 10. In this diagram, x act as: (5 6) (2
(3) (4) (7) (9) (10); yactas: (12345)(678910); tactas: (25)(34)
(9 10) (1) (7).

For proof of we will need basic diagrams and portion of a coset diagram for
connecting them in different ways and in different numbers. This fragment is
known as handle and is denoted as [A, B] as shown in Figure 2 which means a
coset diagram containing vertices A and B fixed by x while vertex A is mapped
onto B by both y and ¢ and A is fixed by xyt.

Figure 2: 1-handle

We can combine two coset diagrams namely R and S by placing them one
above the other on common vertical axis of symmetry and then by joining them
as shown in Figure 3:

Figure 3: 2-Handle

The diagram thus we get is again a coset diagram for G°°12 because it satisfies
the relation 22 = ¢ = t2 = (2t)? = (yt)?> = 1. Also, if (A, B,by,b,b3) and
(A, B, b, b,,b%) are the suitable 5-cycles of 2y then since we have
(B,B")(A, A")(A, B,by,ba,b3)(A, B, by, b, b5) = (A, B', by, b2, b3)(A’, B, b}, b, b%)
the two afterward 5-cycles will be cycles of xy while other cycles remains unaffected
in the new diagram. So in resulting diagram zy is of order 5. The cycles ending
in A and A’ will be juxtaposed to form a single cycle if B and B’ will be joined in
same way.



178 M. Ashiq and T. Imran

3. Jordan’s Theorem

Let p be a prime number and G is a primitive group of degree n = p+ k, k = 3.
If G contains an element of degree and order p, then G is either alternating or
symmetric (Theorem 3.9 [8]).

4. Basic Diagrams

To prove our result, we will need three basic diagrams and fragment of a coset
diagram in order to connect them in different ways and in different numbers.
Specification is given to each diagram consisting of the degree of the corresponding
permutation representation of the group G°°'2, number of handles to be used,
parity of action of ¢ and the cycle organization of xyt and xy?t. Let we have a
coset diagram of n vertices denoted by D(n) and here we need copies of three
diagrams D(20), D(21) and D(10) for the construction of required diagram of n
vertices.

o LD

16
17 20,

18
A B

Figure 4: D(20)

Specification of D(20) as in Figure 4: 2(1)-handles: = even, y even, t even.
zyt : AA'(B3B’3)2.4%, zy*t : (A3A’3)(B1B’1)2%.4, which means that on 20 points
of the diagram, ¢ is even and zyt has 5 cycles namely two of length 1 corresponding
to A and A’, one containing both the points B and B’ is of length 8, one of length
2 and two of length 4. Similarly zy?t has five cycles namely one containing points
A and A’ is of length 8, one of length 2 corresponding to point B, one of length 2
corresponding to point B’, two of lengths 2 and one of length 4.

Specification of D(21) as in Figure 5: 1(1)-handle: = even, y even, ¢ even.
xyt « A(BT7)2.6.4, xy?*t : (A6)(B1)2.5. which means that on 21 points of the
diagram, ¢ is even and xyt has 5 cycles namely one corresponding to A is of length
1, one corresponding to B is having length 8, one of length 2, one of length 4 and
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one of length 6.

L D

-
<

18 21

19 20
A B

Figure 5: D(21)
Similarly zy?t has 4 cycles namely one of length 7 containing point A, one of
length 2 containing points B two of lengths 5 and one of length 2.

Specification of D(10) as in Figure 6: 2( ) handles: z even, y even, ¢ even.
ayt : AA'(B1B'1)4, 2yt : (B1)(A1A'1)(B

T
T

Figure 6: D(10)

’

Q

Theorem. For all but finitely many positive integers n, the alternating group A,
and the symmetric group S, can be obtained as a quotient of the group G512,

Proof. Take P copies of D(20), @ copies of D(10) and R copies of D(21) and then
connect P copies of D(20) with @ copies of D(10) where P, () are positive integers.
Now join R copies of D(21) with D(10) where R = 1 or 2. However we cannot
connect any copy of D(21) with D(20). The diagram thus obtained will have n
vertices and is a coset diagram of group G°®'2. Depending upon the values of
P, Q, R reflection ¢ will act as even or odd permutation. The diagram D(n) gives a
permutation depiction of group G®%12 because every cycle of zyt divide 12. Also,
we noticed that xy?t has cycle lengths 2,4, 5, 7,8 with the exception 5, all lengths
of xy?t are divisors of 56, thus the element (2y°t)®® produces exponent of the cycle,
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fixing the remaining n — 5 vertices.Now, we have to show that the representation
G5512 is primitive on the vertices of D(n). By contradiction, suppose that G°:°12
is not primitive then since (xy?t)'? fixes n — 5 vertices, then 5 vertices of the cycle
should lie down in the same area, say Z, of imprimitivety. Amongst the vertices
in this cycle are the ones labeled A and p . But, x takes A to p and p lies on
the vertical line of axis. Thus, Z is conserved by all generators z,y and ¢t. By
transitivity it implies that Z has n number of vertices, which is a contradiction
to assumption of imprimitivety. Hence, the depiction is primitive. Hence by
Jordan’s Theorem (Theorem 3.9, [8]), permutation representation is alternating
or symmetric of degree n. Thus either A,, or S,, is homomorphic image of G°'2.
Since y and zy is odd order, they yield even permutations and as a result, z will
also be even. Depending upon the values of P,@Q and R, t is even or odd and
in the case t produces an even permutation, we get A, and if t produces odd
permutation, we will get S,,. In either case, A, is the group A(2,5,5;6) and is of
index 2 in the group G°°®'2. Hence for all but finitely many positive integers n the
alternating group A, and the symmetric group S,, can be obtained as a quotient
of the group G®%12, O

Corollary. For all but finitely many positive integers n, the groups A, and S,
have the presentation (x,y : 22 =95 = (xflyflxy)(3 =1).
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On generalized bi-I'-ideals in ['-semigroups

Abul Basar and Mohammad Yahya Abbasi

Abstract. We study generalized bi-I'-ideals, prime, semiprime and irreducible generalized bi-I'-
ideals in I'-semigroups.

1. Introduction

Let S and I' be two nonempty sets. Then a triple of the form (S,T',-) is called a
I'-semigroup, where - is a ternary operation S xI'x S — S such that (z-a-y)-8-z =
x-a-(y-p-z) foral z,y,z€ S and all o, 5 €T.

We will denote (S,T,) by S and a -~ -b by avb.

Definition 1.1. A nonempty subset B of S is called
e a sub-I"-semigroup of S if avyb € B, for all a,b € B and v € T,
e a generalized bi-I'-ideal of S if BI'STB C B,
e a bi-I'-ideal of S'if BI'STB C B and BI'B C B.

A T-semigroup S is called a gb-simple if it does not contain the proper gener-
alized bi-T'-ideal.

Definition 1.2. A generalized bi-I'-ideal B of a I'-semigroup S is
e prime if B1I'By, C B implies By C B or By C B,
e strongly prime if B1I'By N BoI'B; C B implies By C B or By C B,
e irreducible if By N By = B implies By = B or By = B,
o strongly irreducible if B; N By C B implies By C Bor Bo C B
for any generalized bi-I'-ideals B; and B; of S.

A quasi I'-ideal is prime if it is prime as a bi-I'-ideal.
Definition 1.3. A generalized bi-I'-ideal B of S is

e semiprime if B{I'By C B implies that By C B
for any bi-I'-ideal B; of S.

Other definition one can find in [1] and [2].

2010 Mathematics Subject Classification: 16D25, 20M12
Keywords: I'-semigroup, prime and irreducible generalized bi-I'-ideal.
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2. Properties of generalized bi-I'-ideals

Lemma 2.1. The smallest generalized bi-I"-ideal of a T'-semigroup S containing
a nonempty subset T of S has the form T UTTSTT

Proof. Let B=TUTTSTT. Then T C B. So,

BT'STB = (TUTTSTT)IST(TUTTSTT)
C[T(CST)(TUTTSTT)| U [TTSTT(TST)(T UTTSTT))
CITrTsSn)yTUT@ST)TTSTT|U[ITTSTT(CST)TUTTSTT(TST)TTSTT
C[TTSTTUTTSTT|U[TTSTT UTTSTT)
=TTSTT CTUTTSTT = B.

Hence B =T UTTSTT is a generalized bi-I'-ideal of S.

To prove that B is the smallest generalized bi-I-ideal of S containing T" suppose
that G is a generalized bi-I'-ideal of S containing 7. Then TT'STT C GI'STG C G.

Therefore, B =T UTTSTT C G. Hence B is the smallest generalized bi-I'-ideal
of S containing 7. O

The smallest generalized bi-I'-ideal of S containing T" will be denoted by (7).

Lemma 2.2. Suppose that A is a sub-I'-semigroup of a T'-semigroup S, s € S and
(sSTATs)N A # (. Then (sTAT's) N A is a generalized bi-I'-ideal of A.

Proof. Indeed,

(sTATs N A)TAT(sTATsN A) C [(sTAT's)TAN AT AT (sTAT's N A)
(sSTATS)IAN AI(sTA's N A)
[(sSTATSTA)T'(sT'AT's)] N [AT(sTAT's N A)]]
(sTAT's) N (ATsT'AT's)| N A

sI'AT's) N A.
Hence (sT'AT's) N A is a generalized bi-T-ideal of A. O

N 1IN 1N 1NN

[
[
[
[
(

Theorem 2.3. For a I'-semigroup S the following assertions are equivalent:
(i) S is a gb-simple T'-semigroup,
(i1) sT'STs =S forall s € S,

(7i1) (s) =S8 for alls€ S.

Proof. (i) = (ii). Let S be a gb-simple I'-semigroup and s € S. Then sI'ST's is a
generalized bi-T'-ideal of S. As S is a gb-simple I'-semigroup, sI'ST's = S.
(13) = (#i2). If sST'ST's = S for all sin S, then, (s) = {s}UsI'STs = {s}US = S.
(7ii) = (7). Let (s) = S, for all s € S, and assume B is a generalized bi-I'-ideal
of S and s € B. Then (s) C B. By our hypothesis, we obtain S = (s) C B C §.
So, S = B. Hence S is a gb-simple I'-semigroup. O
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Theorem 2.4. A bi-I'-ideal B of a T'-semigroup S is a minimal generalized bi-T'-
ideal of S if and only if B is a gb-simple I'-semigroup.

Proof. Let B be a minimal generalized bi-I'-ideal of S. By our hypothesis, B is a
I'-semigroup. Suppose D is a generalized bi-I'-ideal of B. Then DI'BT'D C D C B.
As B is a generalized bi-I'-ideal of S, we obtain DI'BI'D is a generalized bi-I-ideal
of S. As B is a minimal generalized bi-I'-ideal of S, we obtain DI'BI'D = B. So,
we have B = D. Therefore, B is a gb-simple I'-semigroup.

Conversely, let B be a gb-simple I'-semigroup. Suppose D is a generalized bi-
I'-ideal of S so that D C B. Then DI'BI'D C DI'STD C D. So D is a generalized
bi-I'-ideal of B. As B is a gb-simple I'-semigroup, we obtain B = D. Hence B is
a minimal generalized bi-I-ideal of S. O

Theorem 2.5. Every generalized bi-I'-ideal of a I'-semigroup S is a bi-I'-ideal of
S if and only if xay € {z,y}TST{x,y}, for every z,y € S and a« € T,

Proof. Suppose S is a I'-semigroup in which every generalized bi-I'-ideal is a bi-
I'-ideal. Then, for every x,y € S, the generalized bi-I-ideal generated by subset
{z,y} is given by {x,y} U {z,y}'ST{z,y} which is a bi-T-ideal of S, so we have
zay € {z,y}I'ST{z, y}.

Conversely, if x, y are elements of a generalized bi-I-ideal B of S, then we have
zay € BI'ST'B C B. Hence B is a bi-I'-ideal of S. O

3. Prime and irreducible generalized bi-I'-ideals

Proposition 3.1. A semiprime generalized bi-I'-ideal of S is a quasi-I'-ideal of

S.

Proof. Suppose that B is semiprime and let z € (ST'B N BI'S). Then zI'STz C
(BT'S)I'ST(STB) = BI'STB C B and since B is semiprime, we obtain = € B.
Hence B = STBN BI'S. O

Proposition 3.2. A T'-semigroup S is regular if and only if every generalized
bi-I'-ideal of S is semiprime.

Proof. Let S be regular and suppose that B is any generalized bi-I'-ideal of S.
If b ¢ B, then b € sI'ST's, so we obtain sI'ST's ¢ B and hence B is semiprime.
Conversely, if every generalized bi-I'-ideal of S is semiprime, then so is B = sI'ST's
for any s € S. As sI'ST's C B, we obtain b € B and hence S is regular. O

Proposition 3.3. The intersection of any nonempty family of prime generalized
bi-I'-ideals of a T'-semigroup is a semiprime bi-I'-ideal.

Proof. Suppose that S is a I-semigroup and P = {P | P is a prime generalized
bi-I-ideal of S}. As 0 € P, for all P € P, we obtain 0 € (\P. Thus P # 0.
Suppose ¢ € (P)I'ST(P). Then g = qyasBqa, for some ¢1,92 € ((P,s € S
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and «, 8,7 € I'. Thus ¢ = quasfBqy € PTSTP C P, for all P € P. Therefore,
g € NP. So (NP)L'ST(NP) C NP. Therefore, (P is a generalized bi-I'-ideal
of S. Suppose B be a generalized bi-T'-ideal of S such that B? C (\P. We have
B? CP, for all P € P. As P is a prime generalized bi-T-ideal of S, we obtain
B C P, for all P € P. Thus B C [\P. Hence (P is a semiprime generalized
bi-I'-ideal of S. O

Proposition 3.4. A prime generalized bi-I'-ideal is a prime one-sided I"-ideal.

Proof. Let STB ¢ B and BT'S ¢ B. Since B is prime, it follows that B'STB =
(BT'S)I'ST(STB) ¢ B, which is a contradiction. Hence B is a prime one-sided
I'-ideal. O

Corollary 3.5. A quasi-I'-ideal of S is a prime one-sided I'-ideal of S. O

Proposition 3.6. A generalized bi-I'-ideal B of a I'-semigroup S is prime if and
only if RUL C B implies R C B or L C B, where R and L are right and left
I'-ideal of S.

Proof. If B is prime and RTL C B with R ¢ B, then for every r € R\ B,
rI’'STI C B, for all [ € L, therefore L C B. Conversely, if B is not prime,
there exists a,b ¢ B such that aI'STb C B. But then (aI'S)I'(STb) C B and
al'S, STb ¢ B. O

Proposition 3.7. If a bi-I'-ideal B of S is prime, then
I(B)={s € B|ST'sI'S C B}
is a prime I'-ideal of S.

Proof. Suppose B is prime and let JiI'Jo C I(B), for two-sided ideals J; and Js.
Then, since J1I'Jy C B, by Proposition 3.6, J; C B or Jo C B. Now I(B) is the
largest T'-ideal in B, it follows that Jy C I(B) or Jy C I(B). O

Theorem 3.8. Every strongly irreducible, semiprime generalized bi-I'-ideal of a
I'-semigroup S is a strongly prime generalized bi-I"-ideal.

Proof. Let B be a strongly irreducible semiprime generalized bi-I'-ideal of S. Sup-
pose that By, B are generalized bi-I'-ideals of S such that BiI'Bo N BoI'B; C B.
As (Bl N 32)2 g BerQ and (Bl N 32)2 g BQFBl, it follows that (B1 N 32)2 Q
BI'B, N BoI'By € B. As B is semiprime, we obtain By N By C B and since B is
strongly irreducible, we obtain B; C B or Bo C B. Hence B is a strongly prime
generalized bi-I'-ideal of S. O

Theorem 3.9. For any generalized bi-I'-ideal B of a T'-semigroup S and any
s € S\ B there exists an irreducible generalized bi-T'-ideal J of S such that B C J
and s & J.
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Proof. Suppose GBg = {B; | B; is a generalized bi-I'-ideal of S and B C B;
and s ¢ B;}. Obviously, B € GBp and so GBg # (. We have GBp is a
partially ordered set under inclusion. Suppose C is a chain of GBg. Suppose
ce (UC)LSI(JC). Then ¢ = ¢ asfec’, forsome ¢ ¢’ €|JC,se Sanda,B eT.
Therefore, ¢ € Byand ¢ € B», for some By,By € C. As C is a chain of GBp,
we obtain By and By are comparable. Thus B; C By or B; C By; so cl,c” € B
or cl,c” € Bs. As B; and B, are generalized bi-T-ideals of S, it follows that
c= clasﬂc// € BiI'STB; C By CJYCorc= clasﬂc// € B,I'STBy, C By C |JC.
Therefore, ¢ € |JC, so |JC is a generalized bi-I'-ideal of S. As s ¢ C, for all
¢ € C, we obtain s ¢ | JC. Obviously, B C | JC. Therefore, | JC € GBp. We have
C C|JC, for any ¢ € C. Therefore | JC is an upper bound C in GBp. By Zorn’s
Lemma, there exists a maximal element J € GBpg. Therefore, J is a generalized
bi-I-ideal of S such that B C J and b ¢ J. Suppose P and @ are generalized
bi-I'-ideals of S such that PNQ = J. Let P # J and Q # J. Then J = PNQ C P
and J=PNQCQ. SoBCJCPand BCJCQ. Ifsé¢ P, then C € GBp.
This is a contradiction since J is a maximal element of GBp, therefore s € P. In
a similar fashion, we obtain s € . Thus s € PN = J which is not possible.
Therefore, P = J or Q = J. Hence J is an irreducible generalized bi-I'-ideal. O

Theorem 3.10. For a I'-semigroup S the following statements are equivalent:
(1) S is regular and intra-regular T-semigroup.
(i¢) BT'B = B for every generalized bi-T'-ideal B of S.
(#it) By N By = BiI'Ba N BoT'By for all generalized bi-T'-ideals By and Bs of S.
)
)

(iv) Every generalized bi-I'-ideal of S is semiprime.

(v

Every proper generalized bi-I'-ideal B of S is the intersection of irreducible
semiprime generalized bi-I'-ideals of S containing B.

Proof. It follows by Theorem 3.9 [3]. O

Theorem 3.11. A generalized bi-I'-ideal of a regular and intra-regular I'-semigroup
is strongly irreducible if and only if it is strongly prime.

Proof. Follows by Proposition 3.10 [3]. O

Theorem 3.12. In a I'-semigroup S each generalized bi-I'-ideal is strongly prime
if and only if S is reqular, intra-regular and the set of generalized bi-I"-ideals of S
is a totally ordered under inclusion.

Proof. If each generalized bi-I'-ideal of S be strongly prime, then each generalized
bi-I'-ideal of S is semiprime. Hence, by Theorem 3.10, S is a regular and intra-
regular I'-semigroup. Thus the set of all its generalized bi-I-ideals is partially
ordered by inclusion. If By and By are generalized bi-T'-ideals of S, then By N By =
B1I'Bs N BoI'By, by Theorem 3.10. As By N By is a strongly prime generalized bi-
I'-ideal, we obtain By C B1NBy or By C B1NBsy. If By C B1N By, then B; C Bs.
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If B, C By N By, then By C B;. Thus the set of all generalized bi-I'-ideals of S is
totally ordered by inclusion.
The converse statement is a consequence of Theorem 3.12 in [3]. O

Theorem 3.13. If the set of all generalized bi-I'-ideals of a T'-semigroup S is a
totally ordered by inclusion, then S is both regular and intra-reqular if and only if
each generalized bi-I'-ideal of S is prime.

Proof. By Theorem 3.13 in [3], each generalized bi-T-ideal of S is prime.
Conversely, if each generalized bi-I-ideal of S is prime, then it is semiprime.
Theorem 3.10 completes the proof. O

Theorem 3.14. For a I'-semigroup S the following statements are equivalent:
(i) The set of all generalized bi-I'-ideals of S is totally ordered by inclusion.
(ii) Every generalized bi-I'-ideal of S is strongly irreducible.

(ii7) Ewvery generalized bi-I'-ideal of S is irreducible.

Proof. (i) = (ii). Let B, By, By be generalized bi-T'-ideals of S such that ByNBy C
B. Then by (i) we obtain By C By or By C B;. Therefore By = B; N By C B or
By = B; N By C B. Hence S is strongly irreducible.

(#4) = (#it). Let By, Bs be generalized bi-T'-ideals of S such that By N By = B
for some strongly irreducible generalized bi-I'-ideal B. Then B C B; and B C Bs.
By the hypothesis, we obtain By C B or B, C B. So By = B or By = B. Hence
B is irreducible.

(#i) = (4). Suppose that By, By are generalized bi-I-ideals of S. Then By N B,
also is a generalized bi-I'-ideal of S and by the assumption, By = By N By C By
or By = By N By C By. Therefore By C By or By C By. This proves (7). O
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Finite 2-generated entropic quasigroups

with a quasi-identity

Grzegorz Biriczak and Joanna Kaleta

Abstract. We describe all 2-generated entropic quasigroups with a quasi-identity.

1. Introduction

Entropic quasigroups with a quasi-identity are term equivalent to abelian groups
with involution (i.e., every fundamental operation of abelian groups with involution
is the composition of fundamental operations of corresponding entropic quasigroup
with a quasi-identity and conversely).

Obviously every finite abelian group with involution is isomorphic to a finite
product of directly indecomposable finite abelian groups with involution. This
decomposition is unique up to reindexing and isomorphism of factors (cf. [6],
Theorem 6.39 ).

Hence to obtain structural theorem describing finite abelian groups with in-
volution it remains to find all finite directly indecomposable abelian groups with
involution.

We have already described (in [2]) directly indecomposable finite one-generator
abelian groups with involution.

There exists an infinite family of non-isomorphic two-generated abelian groups
with involution which are directly indecomposable (see [3]). Exact describtion of
finite abelian groups with involution by indecomposable finite abelian groups with
involution is difficult.

In this paper we propose another method. First we give some fundamental
definitions and facts. Next, we prove several technical results which will be used
later. In the main theorems we characterize finite two-generated abelian groups
with involution and finite two-generated quasigroups with a quasi-identity.

Finally using the equivalence between abelian groups with involution and en-
tropic quasigroup with a quasi-identity we obtain characterization of 2-generated
finite entropic quasigroups with a quasi-identity .
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Definition 1.1. An abelian group (G,+,—,0) is called an abelian group with
involution if there is an unary operation *: G — G such that

Va,be G 0"=0, a™ =a, (a+b)"=a" +b".

We denote the variety of all abelian groups with involution by AGI.

Definition 1.2. An algebra (Q,-,/,\,1) is an entropic quasigroup with a quasi-
identity if it satisfies the following axioms:

1) a-(a\b)="0b, (b/a)-a=0b,
a\(a-b) =b, (b-a)/a=b,
(a-b)-(c-d)=(a-c)-(b-d),

a-1=a, 1-(1-a)=a.

2
3

(
(
(
(4

)
)
)
)

One-generated entropic quasigroups with a quasi-identity are called monogenic
or cyclic.

Let us observe that the identities (1), (2) and (3) define entropic quasigroups,
whereas the identities (4) define the quasi-identity. We denote the variety of all
entropic quasigroups with a quasi-identity by EQ1.

More information on entropic quasigroups may be found in [4], [5], [7] and [8].
In the paper [1], it is proved that abelian groups with involution are equivalent (in
the sense of Theorems: 1.3 — 1.6) to entropic quasigroups with a quasi-identity.

Theorem 1.3. If G = (G,+,—,0,%) is an abelian group with involution, then
U(G) = (G,-,/,\,1) is an entropic quasigroup with a quasi-identity, where a-b :=
a+ (b*), a\b:=b"+(—a*), a/b:=a+ (-b*), 1:=0.

Theorem 1.4. If Q =(Q,-, /,\,1) is an entropic quasigroup with a quasi-identity,
then ®(Q) = (Q,+,—,0,*) is an abelian group with involution, where a + b :=
a-(1-b), (—a):=1/(1-a), 0:=1, a*:=1-a.

Theorem 1.5. If Q =(Q,-, /,\,1) is an entropic quasigroup with a quasi-identity,
then ¥(®(Q)) = Q.

Theorem 1.6. If G = (G,+,—,0,*) is an abelian group with involution, then
o(V(G) =0.

Let Q = (Q,-,/,\,1) be a monogenic entropic quasigroup with a quasi-identity.
Let Q@ = (z) and let ®(Q) = (Q,+,—,0,*) be the abelian group with involution
equivalent to (@, -, /,\,1).

We will consider three types of rank of the generator x:

ry(x) =min{n € N | nx =0, n > 1}, (additive rank)
ro(z)=min{n €N |n>1, Ik €Znz* =kz},
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Ter(x) =min{n € N | r,(z)a* = (r.(z) + n)x }.
Then we define
r(Q) =1 (2), 7.(Q) =ru(@), 7ot (Q) = ruy ().
This definition does not depend on the choice of the generator x (see [1]).

Theorem 1.7. (cf. [1]) If @ = (Q,-,/,\,1) is a finite monogenic entropic quasi-
group with a quasi-identity, then:

(a) 1+(Q) is a divisor of r(Q),
(b) r+(Q) is a divisor of r.1(Q),
(c) 0<74(Q) <7r4(Q),

(d) r4(Q) is a divisor of 2r..(Q) + T*r+((g))2

Proposition 1.8. (cf. [1]) Let Q@ =(Q,-,/.\,1) be a finite cyclic entropic quasi-
group with a quasi-identity and Q = (a) for some a € Q. If c € Z then ca =0 &
r+(Q)le.

Let E(a) be the integer part of a, (a), — the remainder obtained after dividing
abyb, Z,={0,1,....,n—1}.

Proposition 1.9. (cf. [1]) Let b,t,y € Z and b > 1. Then

(s R). o
W+ (1)), = (+1), - (2)

2. Auxiliary results

Abelian groups with involution generated by x can be described by three ranks:
ry(x), re(z) and rop(x) (cf. [1]). Abelian groups with involution generated by
two elements x1, x5 will be described by ten ranks defined below.

Definition 2.1. Let Q = (Q,-,/,\,1) = (x1,22) be a 2-generated finite entropic
quasigroup with a quasi-identity. Let A = ®(Q). Let

a1 = min{n € N\ {0} |nz1 € (x2)},

by =min{n € N\ {0} |Im € Z nx} —mazy € (z2)},

k1 = min{n € NU {0} | b1z} — (b1 + n)z1 € (x2)},

az = min{n € N\ {0} | nze = 0},

by =min{n e N\ {0} |3k € Z naxj — kzxs =0},

ko = min {n € NU{0} | boxj — (b2 + n)ze = 0}.
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Then there exist a12,a)y € Zq,, b12,b]5 € Zy, such that
a1T] = a12T2 + blg.’E; € <1’2>, bll':{ — (bl + kl)ifl = a’12x2 + b/121'; € <{I?2>

So, to every finite entropic quasigroup with a quasi-identity generated by x1, x>
we assign ten parameters:

1/)(14 5517152) (alablakl,a12;b12,a12ab12,a2,b27k2) € z'°.

Example 2.2. Let n,m € Z, m > 1 and n > 1 be fixed. Consider W, ,,, =
(Zam X Zg X Zaon,+,—,(0,0,0),*), where

(y1.v2,58) + (W, 95 v4) = (01 + 4 + B(EF2)2)0m, (2 + ¥h)2, (s + vh)2n ),
—(y1,92,y3) = ((—y1 + E(52)2)2m, (—y2)2, (—y3)2n),

((y2 + E(%)2)2m, (y1)2,Y3) for 2|y,

(g2 + 2"+ E(%)2)2m, (y1)2,y3)  for 24ys.

Then, by Theorem 9 in [3], Wy m = (z1,22) = W, (2m-10)(Q9m 5) € AGI,
where 71 = (1,0,0), 72 = (0,0,1). So 2% = (0,1,0), 23 = (2™~1,0,1) and

(Y1, y2,y3)" = {

o 2m 1y = (27 — 1)ag + a3,
o 227 =0,

e 2"xy =0,

o 2x5 —2x5 = 0.

Thus a; = 2m—1’ b1 =2,k =0,a12=2"—-1,b1o=1, a’12 =0, bllz =0, ay =27,
by = 2, ko = 0. 0

Definition 2.3. For ¢t = (al, bl, kl, a2, b12, 5 CL/12, bllz, ag, bg, k}g) S Zlo let Yt be the
function Z* — Zg, X Zp, X Za2 X Zy, such that

() = (m(y) + BE(2L)(by + k1)), ,
T2(Ve(y)) = (m2(Y))b, »
ra(y)+E "2(11) Ly Fabrs
m3(e(y)) = (ma(y) + E(5 )a12+aa12+E( W+ B b2 Sizted )(bz—I—kz))aQ;

ma(n(®) = (maw) + E(“iff’ Jbio + abiz),

+E(Z2W ) (b, 4k
for every y € Z*, where « = E (Wl(y) ( o o 1)> and m;(y1, Y2, Y3, Y1) = Yi

for i =1,2,3,4 and (y1,y2,y3,y4) € Z*.

Definition 2.4. For t = (a1,by, ki, a12,b12,a)9,b)o, a2, ba, ko) € Z° we define
Qt = (Zal X Zbl X Zag X Zb27+t7 _th7*t); and



Finite 2-generated entropic quasigroups with a quasi-identity 191

® (y1,Y2,Y3,Ya) ¢ (21, 22, 23, 24) = e (Y1 + 21, y2 + 22, Y3 + 23, ya + 24),
L _t(yl,y27y37y4) = ’Yt(_ylv —Y2, Y3, _y4)7 Q = (07 Oa 0; 0)7
b (y17y27y37y4)* = (y27y17y4ay3)a

° (yl,yz,y3,y4)*‘ = %(y2,y1,y4,y3), ie, y* = %(y*).

Definition 2.5. Let D be the set of tuples (ay, b1, k1, a12,b12,a}s, o, az, ba, ka)
such that:

bilar, bilky, a1|(2k1+’;—§>, ar =1, b1 21, 0< ki <a,

2
balaz, balks, a2|<2k2 + %>, ax =21, bp 21, 0< kg <ao,

ai

asl (br2 = (1+ £))are — ks + (1+ §2)(ar2 — (1+ £)bra — §206,),

2k1+,ji
b2|<a12 -1+ %)612 - %b’m), by (a’12 +(1+ %) o + = b12),

2
2k1+ﬁ

ai

k‘g / kl / 2k1+%
@i+ (1+ £2)(@h + (1+ £ + = bis )

ai

a2 (o + (1 + 2))ay +

li /
12,01y € La,, bi2, b9 € Zp,.

Lemma 2.6. If G = (x) is a finite abelian group with involution, a = ri({(x)),
b=r.((x), k =r«((z), m,n € Z and mz+nz* = 0, then bln and a|m+(1+%)n.

Proof. If mx 4 nx* = 0, then mz 4 (E(%)b+ (n)y)z* = 0. Thus we have (n),z* =

(=m — E(%)b)z and 0 < (n), < b. By definition of b we obtain (n), = 0 so b|n.
Moreover, mx = —nz* = —pbz* = —nP(b+ k)z, so (m + 7 (b +k))r = 0 and

by Proposition 1.8 we have a|(m + %(b+ k)). Thus a|m + (1 + £)n. O

Proposition 2.7. If G = (x1,23) is a finite abelian group with involution, then
t= ¢(G,Z‘1,$2) eD.

Proof. Let G=(x1, z2) be a finite abelian group with involution and t=4(G, z1, x2)
= (al,bl,]{il,alg,blg,allz,blu,ag,bg,kg). Then ag = 7‘+(<!B2>), b2 = T*(<.”L'2>) and
ke =1 ((22)), a1 = r(G/(x2)), b1 = 1 (G/(x2)), k1 = 141 (G/(22))-

By Theorem 1.7 we have by |a1, b1|k1, a1|(2k1+’;—1%), a1 21,0021, 0< k1< ay,

k2
balaz, bolka, az|(2k2 + 32), a2 =21, ba 21, 0 < kg < as.
Now we prove that

k K
2kt 5
1
@ blg) and

o2
2k1+ﬁ
a

1

ba(ahs + (14 §1)bis +

2

2k1+%
ay

as|(bip + (1 + ))al, + a1z + (1+ ) (aly + (1 + )by + b12).

By definition of ¢ we obtain

a1r1 = a12x2 + blgsz S <£L’2>, (3)
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bz — (b + k1)x1 = ajpwa + V23 € (22). (4)

i

So, (b1 + k1)af = (1 + kl) (1+ %)((bl + k1)xy + diqze + boxd) and
(

(b1 + K1)zt = ((by + k1)z1)” = (b1$1 a9 = Uip3)" = bran — a1525 — b1,
Hence 0 = ((1+’Zi)(b1+k1) by)zy+(bg+(1+52 i )alz)wg—i-(alz—i-(l—l— 1)bl,)zs and

N3

((1+%)(b1 k1) = b))z = (2k1 + 3+ by )x1 = malﬂh ® 2k1+bl

ay

(@122 + b1223).

k2 k
1+ 2k1+ 4+

Lay2)ws + (ajy + (1 + kl) 12 T

S0, 0= (by + (1 4+ K1)ay + 228

ai

From this, applying Lemma 2.6, we obtain bs|(a)s + (1 + kl) 1o+

i 2k

and as| (B, + (1+ £))ag, + 22000 a12+(1+’“2)<a12+(1+’“) +

Now we prove that b2|(a12 — (1 + )b12 — H ) and a2|(b12 — (1 + %))alg —
prayy +(1+ k;)(am (14 3 )bia — al bia)-
Let us observe that a12x§ + bioxg = (0,12.232 + blgxz)* @ alx*l‘ = b71b1$>{
L ((by 4 k1)1 + aloxa + bjgad) = (1 + kl)alzcl + 3 a12x2 + & b’ = (1+
L)(a1222 + b1223) + §rajore + § b’12x2
ThUS 0 = (b12 — (]. -+ kl )a12 — bl alz)xg + ((llQ — (]. -+ kl )blg — %b,12)£§
After applying Lemma 2.6 we conclude that b2|(a12 - (1 + & )bz — 31bi,) and
as|(bra — (14 §1))ars — §rajy + (14 32)(ar2 — (1 + §1)biz — $204,). O

b
IL
by

The following two lemmas and proposition serve as technical help to prove the
Theorem 3.1.

Lemma 2.8. [ft = (a‘1>b17k17a127b127a/127b/127a27b27k2) € D7 T,y € Z4J then

Yz +y) =+ 1)) (5)

If x € Zoy X Zp, X Zay X Zp,, then
Yie(z) = . (6)

Proof. Let t = (a1, b1, k1, a12,b12,a}o, b)o, a2, ba, ko) € D, z,y € Z*. We show that
mi(y(z +7(y)) = mi(ve(z +y)) for i = 1,2,3,4.

We have

o Mz + 7)) = (mi(z +7(y)) + BTN by 4 k),

= (m1(2) + m (3 (y) + B0 () 4 ),

= (m(z) + (<>+ﬂ“”xm+m» + BT Wy 4y ),
2)( (@) +m(y )-|-E(7T2b—(ly))(b1—|—k1) +(E (Wz(a:)lerz(y))_E( b(ly)))(b1+k1))a1
= (mi(2) + m(y) + (B0 = 7 (2 + 1)),

(1

\./
A
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o mo(Ve(z +1(y) = (m2(z +7:(y)))o, = (zrz)(w) + m2(7(¥)))b,
2
= (m2(@) +(m2(y)p, )by = (m2(@) +72(y))p, = m2(1(z+y)).
e Let us introduce the following abbreviations:
a1 = m1(y) + BB (b + k),
(m<x+m(y>>+E<”2“tW)<bl+kl))
Qo = E

ay

ai

mo(x)+(72(y))
e (m(w>+<a1>a1+E<%““)(mkl))
- )

az = ma(y) + B(H5)biy + E(&)bia,
as=F 7r4($)+(043)b2+E(”2<b:+(b:2(y))b1)b'12+a2b12>,

b

o — B w1 (@) (y)+ B(T2EET200) (b, 1k )
2 — aq

h= E(medy)méb”w(”““ﬂ"“”)b?)
ay = .
4 by

By Proposition 1.9 we have
<m<x>+<a1>a1+E<"2(’””i’f“’”"l)(mm))

E( )+042 )+ E

aiy

mo(2)+(m2(¥))y
T2 ) (by 4k )

ai

) ( 1 (@)1 (9)+ B39 (b1 o)+ B

x 7o (@) +(m2 (¥))
1 (z) 471 (y)+ E( 2(’”)+E(w))(b1+k1)
= a1
(1) w1 (2)+m1 (y) +E(”2(w)+"2(u>)(b k1) ,
: al = 052,
SO
aq
E(—)+ay= 042 (7)
ai
Moreover,
mo(@)+ (72 (¥)py |,
T4 (@) 4 () by +E( 20 by
Qs 73 2 by 12
E(b2)+a4— b)+E< by

(2@ 2wy i

i <7r4(x)+a3+E Ty +aobia
= 5

b o (z)+(m2(y))
ma(@)+7a(y)+ ()b, + B(2 1)b12+E(“b1”bl>b;2+azbm>

ba

™ o (2)+(72(y))
l (7"4(570 +7a(y)+E( 2(y))1712+0‘2bl2+E(72 b12 L )b/12)
= >
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w E<”4(1)+7f4(y)+a'2b1§;r13(W)biz> = o,
S0 o
E(b—j)+a4 = aj. (8)
Hence,

ms(ve(@ + 1 (y)) = e
il " B2z W) gy aob
Gg(xﬂt( ))JFE(M I+%(y )a'12+042@12+E< R bzbl e 12>(52+k2))
az

<”3<x>+< (W) +E(2 )apy+ B(2 >a12+E<a3><bz+k2>>+E<’W”<’”“’”“)au

2(x)+(m2(y))p
a(x)+ (s +E 71 b ytanby
+azaiz + E( el b2 ) : 2)(b2+k2)>
az
e (7?3(93) + ma(y) + aty (B(3) + B(REHRN ) 0y (B(2) + ag)+
(02 + ka)as + B(32) )
az
(1),(7),(8

().(5) <7r3<z> T may) + e B(REA0)) | 0r 4 (b, kzm)

2
o (x wa(z+y)+abLb +Embi
(33+Z/)+a/12E(W)—!—amaé—i-(bg—&—kg)E( ety eshe B >)>
az

m3(71(2 + y))

Il
/—\

o Let B1=m(y)+ E(%(ly))(h-i-lﬁ), fo=E

= <ﬂ1(1)+(ﬁ1)a1+E(7W:2(y))bl)(b1+k1)> .

ﬂl(ﬂf+’vt(y))+E(W)(b1+k1))

ai

al

Then
B1 )
E(E) +6 = FE

ai

o () + (72 (y))
<7r1(w)+61+E(2 — bl)(b1+k1)>

=B

mo(z)+(m2(y))
m<x>+m<y)+E<”%i‘”)(b1+k1>+E<zbl“”lxbﬁkl))
ay

—_

V) o (m(w)+m<y)+E<"2”’;“2“’>><b1+k1))

ai

Therefore

B - ©

So we conclude that
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ma (e (2 +7()))
= (o () + B0t 1

ay

1 (@4 () + B2 ) (by &y ) )512)
b2

+
ba

E(?TZ’(CL')"FE(:'Z(ZJ))Z)I )b/12 + 52[)12)
ba

™ B(Z29) (b, +k
— <7T4(:L')+ <7T4(y)+E(7T2b(1y))b/12+E( l(y)+ (abll )( 1+ 1))b12>

—_
M
—

T N NN

ma(@) + ma(y) + (B(2W) 4 p(2@H ™ )y 4 (B(8r) 4 ﬂz)bu)b
2

Y (714(2) + maly) + (B0 (8 6z)b1z>
ba

7r1<m)+7r1<y>+E<"“"“:1"2<”><b1+k1>) )
b12
b2

—
=

ai

ra(x ty) + (B(E ) +E(
— ma(ulz + ).

Let x = (x1,22,23,24) € Za, X Ly, X Lay X Ly, 1t is clear that if y € Z,,, then
(y)n =y and B(¥) = 0. So,

o m((x)) = (z1 + E(32)(b1 + k1))ay = (T1)ay = 71,

o mo(7(7)) = (T2)p, = 72,

z T —‘,—E(E—Q)b'1 +ab
o ma(na)) = (x5 + B(2)aly + aars + E (b) (bs + k),

= (mB)az = I3 since o = F <W) = E(ﬂ) — O,

ai
o mi(Ve(z)) = (za + E(32)b1 + abi2)p, = (¥4)p, = 74
Hence v (x) = =. O

Proposition 2.9. If z,y,b € Z and b > 1 is a divisor of x — y, then

2 -2 ()=

Proof. Tt is obvious. O

Lemma 2.10. Fort € D and y € Z* we have

V(") = 1 (7)), (10)

where y* = (y1,Y2,Y3,Y4)* = (Y2, Y1, Y4, Y3).
Proof. Let y € Z*, t = (a1, by, k1, a12, b12, @}y, by, az, ba, ko) € D and

e m((y*) = (L1)ay, m2(e(y)) = (L2)b,,
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o m3(Ve(y*)) = (L3)ay, Ta(0e(y™)) = (La)b,,
T (v ((ve(®))) = (R1)ay,  m2(ve((7:(y))*)) = (R2),,
(

m3(ve((7(¥))")) = (Bs)as,  ma(e((7:(¥))7)) = (Ra)o, -

We show that a1|R1 - Ll, b1|R2 - LQ, a2|R3 - L3 and b2‘R4 — L4. Let
Br = mi(y) + B(ZL) (b + k),

By = (<7r2<y>>b1+E<“*”“1 ) (b tk)
ma( )+E(’""(“))b’ +E(54)b
/33 _ ( 4\Y - 12 1

)
Ba = m3(y) + E(2)al, + B(2 )ara + Bs(bs + ka),
Bl =my) + B(™ <y>)(b1 + k).

First we show that
_ ki m(y)\ a1 (B
( )—“+bJE(b1>‘mE(m>’ (1)

£ (42)-
() B R () s bn(®).

(Ba)ug + (D01 )b;2+ﬂ2bu> . < <u)+E("1<y>)b12+E(§§>b12>

);

)

ba

)(ahs + (14 )b/12

2
2k1+ 7L 13
al : b12)+ ( )

“
o

e Let us observe that
(Bar—m1(y) == E(2)ar—m(y) = my) + (5L ) (by +h1) — E(2 )ay —mi(y)
= E(Tr?b—(l”))(b +ki)— L)ai 50 b1|(B1)a, —mi(y), and by Proposition 2.9 we

E(G
- 2@y (hy 4 k1) - E(L)a
conclude E ((ﬂll)zal) E (71'1(7!)) — (Bl)albl l(y) — E( by )( 1';11) E(al) 1 —

(1+ %)E (WQb(ly)) - E (ﬁl) So, we obtain (11).

)arz — (1+ F)bio — Ebly) + (b2 + k2)B3 — (34)a2> .

<<wm+EUW“xm+MJ (ma(y) + B ("}
() 4 (b + k) (E G%@)—E(g)>

~B(B) + (b + k) (1 + 5B (B2) - 2B (2))
)

1
2
= B2k + 4) — an(1+ 52)E (2)

(11)

is divided by a; since a;|(2k; + ]Z%)
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By Proposition 2.9 we have

Y (m2 (), +E(LH
%8 () =

7o (y) k2 k 8 k2
mctenl o ipet) Lo () o e (1),

)(br+k1)—(m2 () +E(H) (b +51))
al -

ay ay ay

so we obtain (12).

o (B0)as + B0 + Bobiz — (ma(y) + B, + B(5)bi )
= (Ba)as — ma(y) + Vyo(B(E0) — B (1)) 4 by (8 — E(%))
WL 5, (5, — maly )+b’12((1+’;;)E( 20y _ a1E<§1))+

L S
b (L (300 - (14 ()
= m3(y) + B(2)aty + B(E)ars + B3(ba + ko) — m3(y) — B(2)as+

a2
b+ BBCH) - B2 ) + 0 ) - (14 fB(E) )
2k1+§

o2
27€1+ﬁ

BE(™

= B(3) (aly + (1 + £)bis + biz)+
B2 )(alz*(l+ L)b1y — $b15) + (ba + k2) B3 — E(24)ay)

2k1+;—;

is divided by b2 because by|ag, ba|(ba +k2), ba|(aly + (14 §2)bjo+ bia),
ba|(a12 — (1 —|— L)b1a — §1b),), whereas last two divisions are consequence of
the assumptlon ‘that ¢ 6 D.

By Lemma 2.9 we have

((ﬁ4)a2+E(<Bl)al )b/12+/32b12> _E (ﬂs(v)+E(ﬂl(y))b/12+E(fi)b12>

E bg b2

- b<</34>a2 B, 4 Byby — (maly) + (B, + B( >bu>)

So we obtain (13).

2
2k + 31
)(ats + (1+ kl )b/12 —

b12) + E(2 ) (a1 — (1+ £ )bia

Sp,) 4 (ba ko)~ B <ﬂ4>a2);2.

In this part of the proof we show that ay|(R; — L1). Indeed:
Ry = Ly = (m(n(y)") + E(2RE) (b1 + k1)) = maly) + BT (b1 + )

(m1( >+E<"2<y’>(b +k1))a .
= ((m2(y))e, + BE(— L) (by A+ Ky )) — o (y) — BT (by + Ky

T Bl a
= —B(=W)p, + BBy, 1 ky) - B9 (b, + k1)
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(11)

—E(” W)y 4 (by + k) <(1 +1)E(3Y) - uE (ﬁ)>

)(2k;1 + ) (1+ %)alE (%) is divided by a; since a1|(2k; + %)

— B(=

Now we show that by |(Rs — Lo):
Ry — Ly = ma(n(y)*) — m2(y*) = (m1(y) + E(Z) (by + k1))a, — m1(y)

- 1 >+E<"2““><b +k1)
=mi(y) + E(2L) (0 + k) — B(————"")a; — my(y)
- m2 ()
= E(ﬂzgy))(b + k1) — E( L)+ E abll )(b1+k1))a1 is divided by b; since b1|a;
and b1|k1

The third our task is to show that as|(Rs — L3):

7o (4" T4 (y*)+E m2(u") +ab
L3 — W&(y*) + E(%)a/u + aags + E 4(y™) ( ;21 P 12) (b2 + ]{32),
1 (v 2 p 4k - LELCORVON ,
where o = E( 1) +B( ail ) (b1t 1)> = E< 2(4) 5 abll ) 1+k1)> = E(%) So,
m3( )+E(”1‘y))b’ +E(SL L)b
Ly = mi(y) + B(5)al, + B(Z)ar + B | = e 2 ) (b2 + ka).
% o (ve(y)™ a(ve(y)™ )JrE(w)b +a’b
Ry =mo(y(y) >+E<2<1fy>>>a32+a/au+E< il T ) k),
w1 (v (y) )+ E T (ve (¥ ™) by 4k 7o (s E(FLOt@W) yop. 1
where of = B(m0:®)+ (a1 H2) (0t n) _ E( 2 (e W)+ (albl ) (b1 + n) _
5 ((772(y))b1+E(a(fl)a1 )(b1+k1)) _ g,
Moreover,
m3(1(v)) =

s p +E 7r2(y) b otab
(Ws(y)JrE( 2b(1y>)a/12+a,,a12+E( L)+ E( i )it 12)(b2+k2)> 14)
as
= (B4)a2

where "
RIS SO
Hence

73 (Ve B(T1Ot@) g b
Rg7T4('yt(y))JrE(mm(y)))a'ngrﬂzam+E< 3 (e (1) +B( = b5 +B2 12>(b2+k2)

= ( a(y) + E(M(y))b 2 T E(ﬁl )b12)b + E(L;Zal )ais + Baaia+
2
5 <w3(m<y>>+E(”},ial )b;2+52b12>

b (b2 + k2)

= (maly) + ECSE g+ B(2biz) + (T )i, + fomat+
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(51)(11 ,

Thus
Rg — L3 <7T4( ) + E(Tr2(y) )b/12 + E( )612) + E( (51)a1 )a12 + 62&124’

b2
watE (B1)ay b b
((ﬂ4) > +HE( 212 )blo+ 062 12) (b2 +k2) _ ( ( )+E( ))a12+E( )a12+

E

ﬂ' B9y (Bl
E< 3(y)+E(=; bi 12+HE(GT) 12) (bs + k2)> = maly) + E( ))b'12 + E( )b12 _

w4 (y)+E(Z2 2y BB . /
p (AR )y, 1y (B — B + ana(f — ECED)+

ay

(batka)(E ( 2 -E b

E(ﬂ'Qb(ly)) 1o + E(ﬁl )b12 — B3b2 + a12(( + ]Z—ll)E (Wzb(ly)> _ alE (al))+
((/34)a2+E( (ﬁl)al )b/12+52512) B

(Ba)ay +E(CD™ )b, + b1z () + B0, + B2 )b (11),(12)
) 7T4(3/)

bz
73 (9)+ B ), + B2 b5 | | (13) . . ]
E<3 e ) (14 B (S2) - 3 (2))+

2k +ﬁ T T
ara( 1“E(1@)—@+@QE(%»+{@+kﬂOﬂ%@x%fwl+ﬁ)b+

s (5001808 () s

2
21+ oL
ﬁ;w@+E@Mm(+gm2gm9+@+@mE%ma;+

-
B U%+E<ﬂm&mE<>(%+a+?mm+iJlm+
(14 52)(atg + (14 §5)bia + I”Ib 2) +E(§1)(bu—(1+’zi>+au—z‘;a’12+

(1+ %)(am -1+ %) biz — alb’lz)) + Ba((bg + k2)? 5 — ba) — b2+k2E(§;‘) as =

- +ﬂ 2k _;'_il
E( 21;(1y))< Il2+(1+lzjl) 12+ gy + (1452 )(a12(1+k1) 12+ 1a1b1 b12))+

ﬂ&(m—u+ﬁmm—a%ﬁﬂ+gmM—u+ﬁwu—a%0+&@@+
(

2y

5 1+ %)E(@)ag is divided by as because we have as|(2ks + %) and

az

1-|-b1

2
2k + 5k
a2|<b/12 + 1+ IZI) aip + arz + (1 + %)(alu 1+ %)blu * 1‘“ " b12)),

a2| (blg — (1 + %)alg — Z—Ia’m + (1 + %)(alg — (1 + %)blz — Zib/lz)), where two

last divisions are consequence of the assumption on t € D.
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It remains to show that by| (R4 — Ly4):
Ry, = 7T4(’Yt( ) )+E(W2(7t(y) ))b + F

7o (Ve BTty 4k
_ 7{_3(7t(y)) + E(ﬂl(ztl(y)))b/12 +E< 2 (e (¥)+E( by )(b1+ 1)) b12

ay

m<w<y)*)+E(“2”,ff”*)>(b1+k1>)
bi2

ay

(B1)a1

T E b1 +k
W (310 + Bty 4 (SR )y,
= (Ba)as + E(Z22)0,5 + Babra.

. —— w2 (y™)
Ly =m4(y*) + E(mgij ))b/u +E ( LWOTE(, )(b1+k1)) b12

al

1 a2 ( )+E(w1(y))(b1+k1)
— may) + B(T) 32+E( d )blz

=m3(y )“‘E(m(y)) +E( )b12
Hence
Ry — Ly = (B1)a, + E(%) fo + Pabia — (m3(y )+E(m(1y)) +E( >b12>

= 4= B(G)as — msy) + bia(B(T5) = B(H) + buo(Br — B(ZE)
M B(2)as + maly >+E<“Z< Jats + E(E)ar + B +k2) = ms(y)

4o (14 5 B2 — 8 BE) + bio 2 B - <1+’“>E<M>)

2k
= —B(8)ay + Bs(bz + ko) + B2 (@l + Uhp(1 + 51) 4 by 1“1)
+E(%)(a12 - b12b —bia(1 + L3 ))

2k1+ﬁ

is divided by bg because bslaz, bolks and bo|(ais + (1 + )b’12 + 1+b1

b12),
bo|(a1z — (1 + )b12 §1b1,), where last two divisions are consequence of the
assumption on t eD.

Therefore v, (y*) = (7 (y)*) and the proof of Lemma 2.10 is finished. O

3. Main results

Theorem 3.1. If t € D, then Q; is a 2-generated abelian group with involution.

Proof. Obviously the operation +; is commutative. We show that +; is associative:
T (y+i2) = Feny+2) = ne Fuly+2) L ula+ (y+2)

— (@ +y) +2) D nla+ 1)+ 2) = W@ +1y) +2) = (@ +19) + 2).
Ifx €Zy X Zy, X Loy, X Zy, then v¢(x) © x,80 ¢ +; 0 =v(zx+0) =y(x) =2

Moreover, x +; (—x) = Y(x + (=) = %(x + %:(—2)) = © vz + (7)) =
7:(0) = 0.
Hence the group reduct of @, is an abelian group.



Finite 2-generated entropic quasigroups with a quasi-identity 201

If © € Za, X Zp, X Lay X Zp, then (z*)*t = v ((2*)*) = y(w(z*)*) =
6
W((@)) = () L e
10
W,y € Zay XLy, X Lig, XLy, then (x+y)* = v ((x+:y)*) = ve((ve(z+y))*) (19)

(@ +9)*) = nl@* + %) C nn@®) +nly) = @ Fy) = @ oy,
Also 0** = (0*) = (0) = 0. Thus Q; is an abelian group with involution.

Let T = (15 07 07 0) and T2 = (07 Oa 17 0)7 then Qt = <x17 l’2> since (yla Y2,Ys3, y4) =
Y121+ Y2} +ysxa+yaxs for every (y1,y2,Ys, ya) € Loy X Ly X Lg, X Ly, . Therefore
Q: is 2-generated. O

Proposition 3.2. If G = (x1,x2) is a finite abelian group with involution and
¢: Z* — G is such that ¢(y1, Y2, Y3, Y1) = Y121 + Y227 + y3a + yaxs, then

Ve =
fOT‘ t= ’lr/)(G71:17a:2) = (a17b1) klaa127b123a/127b/12aa23b27k2)-

In other words, if Z = Za, X Zp, X Lq, X Zsp,, then the following diagram

74 ¢

Ve 0]

G

Zc— 7*
18 commautative.

Proof. Let G = (x1,x2) be afinite abelian group with involution and t = ¥(G, z1, x2)
- (ala b17 kla a/127 b12a a//127 b/127 a/2a b27 kQ) Then

a1T1 = 1272 + biaxy € (12), (15)

bl.’lﬁ’{ - (bl + k‘l)l'l = (l/12.’132 + b/12$§ € <.’172>, (16)
ATy = O7 (17)

ngz = (bQ + kz)l’z. (18)

For a; = Y1 + E(%)(bl + kl) and B = Ya + E(%)bIIQ + E(%ll)blg, where
y = (y1,92,Y3,y4) € ", we obtain

(Y)=y121 + Y2r] + Y32 + yazs = Y121 + (E(F2)b1 + (Y2)v,)2T + Y322 + yaz3
W s + EC2) (b1 + ks + iy + Vo) + (y2)on 2 + Yz + yay
= (1 + E(§) (b1 +k1))z1 + (y2)n, 27 + (Y3 + E(32)ala) w2 + (ya + E(F)by) 23
= a1@1 + (Y2)u, 27 + (s + E(§)arp)ze + (ya + E(32)b1y) 73
= (BE(21)ar + (a1)ay)z1 + (y2)u, 27 + (y3 + E(§2)ai) 22 + (ya + E(32)b12) 23
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(15)E( L) (a12224+b1225) + (1) ay T1+(Y2)6, 21+ (Y3 +E (32 )alo) 22+ (ya+E(

= (1) o, 21+ (Y2)p, 21+ (Y3 + E(L)aio+E (51 )ar2)za+(ya+ E(E )V +E(5
= (a1)a,T1 + (Y2)0, 27 + (y3 + E(§2)as + E(51)ar2)r2 + Bz}

2 )bi2)ws
T )bi2) @

Sk oS

= (@1)ay 71 + (U2)0, @7 + (43 + E(12)ay + B(2)a1s)ws + (E($2)ba + (B)s,) 5

(1) a1+ (Y2)0, 0+ (g5 + E(2) o E(22)ar2)w + E(L) (ba+ka)wa +(8)p, 3

:(al)a1$1+(y2)b1$1‘+(y3+E( 2)ahy + E(2)arz + E(£ )(bz+k2)>$2+(5)b2$§

Dla)ar+ @i+ (vs+ )l + B2 )a+ B(R)(ba+k2) 20+ ()

= o(1(y))- N

The main theorem of this paper is formulated in the following way:

Theorem 3.3. If G = (x1,xz2) is a finite abelian group with involution, then

G=Qy fort=v(G,z1,22).
Proof. Indeed, let t = (G, z1,22) = (ay,b1, k1, a12,b12, a4, b5, as, ba, ko) € Z'°
and Z = Zy, X Zy, X La, X Ly,. Consider the map ¢: Z* — G defined by
(Y1,Y2, Y3, Ya) = Y171 + Y2T] + Y3T2 + YaTs.
Then ¢|Z is an isomorphism of @; and G.
In fact,
. ¢|Z is onto: if g € G then there exist y1, Y2, y3, y4 € Z such that

g = 121 + yox} + ysxo + yaxs = ¢(y1,y2,y3,ya) = O (Y1, Y2, Y3, y4)) and
Ye(Y1, Y2, Y3, ¥4) € Z.

L4 ¢|Z is injective: if ¢(y1> Y2,Y3, y4) = ¢(ylla yéa yéa yzll)a then
Y11 + Y207 + Y32 + yawy = Y121+ yort + ysaz + yis.

Thus (y2 —y5)xt — (Y] —y1)x1 € (x2) and |y2 — y4| € Zp,, which by definition
of by, implies yo = y5. Hence (y] — y1)z1 € (x2) and |y1 — ¥i| € Z,,, and
by definition of a;, we have y; = y{. So yszza + yaxd = y4x2 + yyas and
(yq — y4)x2 (y4 — y3)x2 and |ys — y}| € Zsp,. This by definition of by gives
ya = yy. Therefore, (y5 — y3)za = 0 and |y — y3| € Z,,, which by definition
of as implies y3 = yg This shows that ¢|7 is injective.

. ¢|Z is a homomorphism since for all y,7’ € Z we have

Py +iy) =0y +y)) =y +y') = dy) + oy).
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Moreover, for all (y1,y2,¥ys,y4) € Z we also have:

A((Y1,Y2,Y3,Y4)*") = d(ve (Y2, Y1, Y4, Y3)) = ¢(Y2, Y1, Ya, Y3)
= Yoy + Y177 +yaz2 + Y375 = (Y121 + Y207 +y32e +yazs)*
= (¢(ylvy27y37y4))*- O

Corollary 3.4. G is a 2-generated finite abelian group with involution if and only
if G=Q; for somet e D.

Proof. If G is a 2-generated finite abelian group with involution, then by Theorem
3.3 we have G 2 @, where t = (G, x1,x2) and t € D by Proposition 2.7.
The converse statement is a consequence of Theorem 3.1. O

Corollary 3.5. Q is a 2-generated finite entropic quasigroup with a quasi-identity
if and only if G 2V (Q;) for somet € D.
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K-loops from classical subgroups of GL(H),
‘H being a separable Hilbert space

Alper Bulut

Abstract. We study some examples of infinite dimensional K-loops from subgroups of invert-
ible bounded linear operators GL(H), where H is infinite dimensional separable Hilbert space.
We use Kreuzer and Wefelscheid method given in [10] to show that if G is one of the classi-
cal complex Banach Lie group in {GL(H), O(H, Jr), Sp(H, Jg)}, then the intersection of G' and
the set of positive self-adjoint operators form a K-loop with respect to a new binary operation
induced by the group operation in G.

1. Introduction

A Bol loop satisfying the automorphic inverse property is called a K-loop. Karzel
introduced the notion of near-domain (F,@®,-) in [4], [5] which is a generalization
of a near-field where the additive structure of a near-domain is not necessarily
associative. Kerby and Wefelsheid investigated the additive structure of a near-
domain (F, &) with extra axioms, and then they called the new structure a K-loop,
but according to [6], they used the term K-loop only in talks in 1970’s and the
beginning of 1980’s. On the other hand, the first appearance of the term K-loop
in literature goes back to A.A. Ungar’s paper in [15].

The early history of the "K-loop" notion, with K named after Karzel, is un-
folded in [12]. For different purposes, the term "K-loop" was already in use earlier
by L.R. Soikis, in 1970 [13], and later but independently by A.S. Basarab, in 1992
[1]. The origin of the "K" in the term K-loop coined by Soikis and by Basarab,
which certainly does not refer to "Karzel", is unclear.

Ungar investigated the Einsten’s velocity addition binary operation @ over R3.
The elements of R? are called relativistically admissible velocities that are vectors
in R3 whose norms are strictly less than ¢, where c is the vacuum speed of light.
The Einstein velocity addition of z and y in R? is given by

{orvt s wxwxm) 1)

1
T
In (1) "." and "x" stand for inner product and cross product respectively, and

1 is called Lorentz factor [15, 17].

Vo = /i— (L=l

2010 Mathematics Subject Classification: Primary 20N05, 22E65; Secondary 46C05
Keywords: K-loops, Banach Lie groups, Hilbert space, polar decomposition theorem.




206 A. Bulut

Ungar showed in [15] that Einstein’s velocity addition over the R? has un-
usual algebraic properties. For instance (R3 @) is a non-associative and non-
commutative loop. Ungar stated that this loop can be placed in the context of
K-loop, see [15], that was studied by Kerby and Wefelscheid. In literature, K-loops
are also known as gyrocommutative gorogroups, see [16]. The non-associativity
and non-commutativity of Einstein velocity addition in R can be upgraded to a
weak form of associativity and commutativity by a linear map in End(R?) that is
called Thomas Rotation, see [14].

The weak forms of associativity and commutativity for the x,y,2z € R? are
given by

26 (y@2) = (v &) & tomla:y() (2)

T @y = tom[r;y|(y & ) (3)

Thomas precession (or Thomas rotation) is also called Thomas gyration and de-
noted by gyr[z,y] for x,y € R3, and 2 and 3 are called gyroassociative and gy-
rocommutative laws respectively in [16]. It is quiet interesting that some of the
properties of Thomas gyration are identical with the properties of a bijective map
in the definition of a near-domain (F,®,.), namely d,; : F — F where a,b € F,
and d,p sends the element x to dg .2 such that a® (b @ x) = (a B D) & +dop.
[9]. Ungar’s example in physics motivated many people to investigate K-loop
structures, hence many K-loop examples were derived. Kreuzer and Wefelscheid
pioneered an abstract way to construct a K-loop from group transversals [10], and
Kiechle in [7] gave many examples of K-loops derived from classical groups over
ordered fields. Kiechle showed that

Theorem 1.1. Let R be n-real, and G < GL(n, K) with G = LcQ¢, then there
are A® B € Lg and da g € Q¢ with AB = (A® B)da,p such that (Lg,®) is a
K-loop.

Here R is an ordered field and K = R(i), where i> = —1. L is the set of
positive definite hermitian n x n matrices over K and §2 is the unitary group as
given below.

L={AeK"":A=A*Vve K"\ {0}:v"4v >0}, (4)
Q={Ue K™ . UU*=1,}. (5)

Moreover, L = LN G and Qg = QN G. Kiechle remarks in [7] that the
construction of K-loops from classical groups over ordered fields can be generalized
to K-loops from GL(#) by using the polar decomposition theorem, where GL(H)
is the unit group of bounded linear operators over the Hilbert space H.

In the second section we summarize Kerby and Wefelscheid’s method in [10]
to form K-loops from group transversals. This method enable us to extend the
examples of K-loops not only from the purely algebraic groups, but also algebraic
groups with additional structures such as groups with differentiable manifolds or
topological groups.
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In the third section we form infinite dimensional K-loops refer to Kiechle’s
remark not only from GL(H), but also from some subgroups of GL(#) such as
symplectic and orthogonal classical Banach Lie groups.

2. Preliminaries

Let @ be a nonempty set and let & : Q x Q — @ be a binary operation. Consider
the following axioms:

1. For all a,b € @ there exists a unique x € @ such that a & x = b.
2. For all a,b € @ there exists a unique y € @ such that y Ga =10
3. There exists an e € @ satisfyinga® e =e®a =a for all a € Q.

(Q,®) is called a right loop if (1) and (3) are satisfied, is called a left loop if (2)
and (3) are satisfied. (Q,®) is a loop if (1), (2), and (3) are satisfied. A K-loop,
(Q,®), is a loop which satisfies (6) (the left Bol identity) and (7) (the automorphic
inverse property) for all a,b and ¢ in Q.

a®(b®(ao ))( ®(b®a)) D, (6)
(adb)t=alabh (7)

Kreuzer and Wefelscheid [10] undertook an axiomatic investigation and provided
a new construction method for K-loops from the groups as follow:

Theorem 2.1. Let G be a group. Let A be a subgroup of G and let K be a subset
of G such that:

1. G = KA is an exact decomposition, i.e., for every element g € G there are
unique elements k € K and a € A such that g = ka.

If e is the neutral element of G, then e € K.

For eachz € K, xKx C K.

For each y € A, yKy~ ' C K.

For each k1,ky € K and o € A, if k1koar € K, then there exists § € A such
that kleOé = ﬁkal.

Then for all a,b € K there exists unique a @b € K and dqp € A such that
ab = (a ®b)dgp. Moreover, (K,®) is a K-loop.

GU N

2.1. Classical Banach-Lie Groups of bounded operators

In this section, we follow Pierre de la Harpe [3].

Let H be an infinite dimensional separable Hilbert space over C. A semi-linear
operator J : H — H is called conjugation if (Jx, Jy) = (z,y) and J? = I.

A semi-linear operator is called anti-conjugation if the last axiom is replaced
by J? = —1I. The conjugation and anti-conjugations will be denoted by Jg and Jg
respectively.
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Examples of infinite dimensional classical complex Banach-Lie groups of bound-
ed operators are given in [3]. Here we only focus GL(H), O(H, Jr) and Sp(H, Jg).
Let £(H) be the set of bounded linear operators on H, and let GL(H) be the group
of invertible operators in L(H). We use Pos(H) and U(H) to denote positive
self-adjoint and unitary operators respectively. The Orthogonal and Symplectic
Banach-Lie groups consist of those operators in GL(#H) that leave invariant the
following bilinear forms respectively: H x H — C; (z,y) — (x, Jry) and (z,y) —
(x, Joy). Therefore the orthogonal and symplectic complex Banach-Lie groups can
be defined by

1. OH,Jr) :={T € GL(H) : (Tz, JrTy) = (x, Jry)},
2. Sp(H, Jg) :={T € GL(H) : Tz, JoTy) = (x, Joy)}

An operator T' € L(H) is called self-adjoint if T = T™* i.e., (Tz,y) = (z,Ty) for
all z,y € H. If T is self-adjoint, then (T'z,z) is real for each x € H. If T is a
self-adjoint operator we say that T is positive, T' > 0, if and only if (Tz,z) > 0
for all x € H.

Theorem 2.2 ([11]). Let T € L(H). Then there is a U € L(H) such that:
1. T=UA, where A =~TT*,

2. ||Uz]| = [l|| for = € R(A),

1
3. Uz =0 forxz € R(A) .
- — 1
Remark 2.3. The closure of the range of A is closed, so H = R(A) & R(A) . If
T is invertible, then T7T™ and its positive square root are both invertible, hence

U as well. Therefore, the only solution of Uz = 0is z = 0, i.e., ML = {0},
hence H = R(A). That is U is an isometry on H (or U is unitary). The polar
decomposition theorem is unique if T is invertible. There is also reverse polar
decomposition theorem, i.e., for any T € GL(H) there exists unique @ € Pos(H)
and R € U(H) such that T = QR. In this paper we always use the reverse (or
left) polar decomposition theorem.

Corollary 2.4. LetT € Sp(H, Jg), then there exists unique U € U(H)NSp(H, Jg)
and P € Pos(H) N Sp(H, Jg) such that T = PU.

Proof. Let T € Sp(H, Jp) € GL(#H), then the reverse polar decomposition theo-
rem for invertible operators indicates that 7" has already a unique decomposition
T = PU, where P = VTT* € Pos(H) and U € U(H). We only need to check that
P and U are also elements of Symplectic Banach Lie group. If T' € Sp(H, Jg), then
(Tx, JoTy) = (x, Joy) for all z,y € H. Letting z = y and using the linearity of the
inner product yield that 7% JgT = Jg, and this is equivalent to T" = J@l(T*)*lJQ.
Replacing T' with PU gives that

T = J5 (PU)") g = Jg " P~ (U*) Mg = 75 P~ gl lJg ™ (U)ol
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It can be easily verified that Jo' P~'Jg € Pos(H) and Jo = (U*)~'Jg € U(H) by
using the facts that JoJg = I and Jg = —Jg. Uniqueness of the polar decompo-
sition theorem forces that Jg'P~*Jg = P and Jo ' (U*)~'Jg = U, so P and U
are in Sp(H, Jg)- O

Corollary 2.5. Let T € O(H, Jr), then there exists unique U € U(H)NO(H, Jr)
and P € Pos(H) N O(H, Jr) and such that T = PU. O

3. Main results

Theorem 3.1. Let G be one of the classical complex Banach-Lie groups in
{GL(H),0(H, Jr), Sp(H, Jg)}, and let Pos(H) and U(H) are collection of pos-
itive self-adjoint operators and unitary operators respectively over C. Let Pg :=
G N Pos(H), and Ug := GNU(H). Then for all A,B € Pg there exist unique
A® B € Pg and da,p € Ug such that AB = (A® B)da,g. Moreover, (Pg,®) is
a K-loop.

Proof. Let A,B € Pg, then A, B € G. GG is a group, so AB € G. By polar decom-
position theorem there exists unique M € Pg and N € Ug such that AB = MN.
If welet M := A®B and N :=da p, then AB = (A®B)d,p. This decomposition
is exact due to uniqueness of M and N.

It is clear that A¢ B = (AB)dE’lB for all A, B € Pz, hence @ is a new binary
operation for Py induced by the group operation in G. We use the Theorem 2.1
to see (Pg,®) is a K-loop.

1. G = PgUg is an exact decomposition by Theorem 2.2, Corollary 2.4, and
Corollary 2.5.

2. The identity operator I € G since G is a group, and (Iz,z) = (z,x) =
|#|* > 0 for all z € H, so I is positive. On the other hand (z,z) = (Iz,z) =
(x,Izy = (x,I*z) for all x € H. The last equality indicates that I = I*,
thus I is self-adjoint, thus I € Pg.

b (POP)o).2) = (QPE). Pre) ~
since @ is positive. Moreover, (PQP)* = (P*)(Q*)(P
PP4P C Pg for all P € Pe.

4. Let T € Ug and let P € Pg. T € UG implies that T* = T T
see TPT~! € Pg, observe that (TPT~1)(z),z) = (P(T~Y(x)),T ( ) =
(P(T~Y(x)),T~*(x)) > 0 since P is positive operator, and (TPT~1)* =
(T=YH)y*P*T* = (T*)*PT‘1 = TPT !, thus TPT~! is positive and self-
adjoint. Therefore, TP;T ! C Pg for all T € Ug.

5. Let P,Q € Pg and let U € Ug. Notice that U* = U~! € Ug since U
is unitary and Ug is a group. We want to show that if PQU € Pg, then
there exist § € Ug such that PQU = SQP. Assume that PQU € Pg, so
(PQU)* = PQU = U*Q*P* = U*QP where U* € Ug.

We conclude that (Pg, ®) is a K-loop. O

(Q(P(x)), P(x)) > 0 for P,Q € Pg
*) = PQP. Therefore,

o
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A note on (m,n)-ideals in regular duo

ordered semigroups
Limpapat Bussaban and Thawhat Changphas

Abstract The purpose of this note is to prove that, for a regular duo ordered semigroup, every
(m,n)-ideal is a two-sided ideal. The result obtained is more general than that of the result for

regular duo semigroups (without order) proved by Lajos.

1. Introduction

Let S be a semigroup (without order). Then S is said to be regular if a € aSa
for any a € S, i.e., if for any a € S there exists z € S such that a = aza. The
semigroup S is called a duo semigroup if every one-sided (left or right) ideal of S
is a two-sided ideal of S. In [9], S. Lajos introduced the concept of (m,n)-ideal of
S as follows: let m,n be non-negative integers. A subsemigroup A of S is called
an (m,n)-ideal of S if

AMSA™ C A.

Here, A’S = SA® = S. The author proved in [10] that every (m,n)-ideal of a
regular duo semigroup is two-sided ideal.

In this paper, using the concept of (m,n)-ideals for ordered semigroups intro-
duced and studied by J. Sanborisoot and the second author in [11], we extend the
results obtained by S. Lajos in [10] to ordered semigroups.

A semigroup (5, -) together with a partial order < that is compatible with the
semigroup opration, that is, for any a,b,c in .S,

a<b=ac<be, ca<ch,

is called an ordered semigroup.
The subset (A] of S is defined to be the set of all elements x € S such that
x < a for some a € A, that is,

(A] ={z € S|z < afor some a € A}.

2010 Mathematics Subject Classification: 20M12, 20M17, 06F05

Keywords: semigroup, ordered semigroup, regular duo ordered semigroup, (m,n)-ideal, bi-
ideal, m-ideal
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Note that the following conditions hold: (1) A C (4]; (2) (A](B] C (AB]J; (3) If
A C B, then (4] C (B] (cf. [6]).

A non-empty subset A of an ordered semigroup (.5, -, <) is called a left (resp.
right) ideal of S if it satisfies the following conditions:

(i) SAC A (resp. AS C A);
(i) (4] = A

And, A is called a two-sided ideal, or simply an ideal of S if it is both a left and a
righ ideal of S [6, 8].
A subsemigroup B of an ordered semigroup (.5, -, <) is called a bi-ideal [7] of S
if it satisfies the following conditions:
(i) BSB C B;
(ii) (B] = B.

Let m,n be non-negative integers. A subsemigroup A of an ordered semigroup
(S,-,<) is called an (m,n)-ideal of S if it satisfies the following conditions:
(i) A™SA™ C A;
(ii) (A] = A.
Here, let A°S = SA° = S [11].
An ordered semigroup (5, -, <) is regular if, for every a € S, a € (aSal, i.e., if
for any a € S, a < azxa for some x € S [7]. It was proved in [3] that the following
holds for a regular ordered semigroup.

Theorem 1.1. Let (S,-,<) be a regular ordered semigroup. Then a non-empty
subset A of S is a bi-ideal of S if and only if there exists a left ideal L of S and a
right ideal R of S such that A = (RL).

As in [9], the concept of m-ideal of an ordered semigroup (.5, -, <) are defined
by: a subsemigroup S,, of S will be called attainable if there are subsemigroups S;
(i=1,2,...,n—1) of S such that

SpC8-1C...C5CS5CS=S

holds, where S; (i =1,2,...,n) is an one-sided (left or right) ideal of S;_;. With
every such chain above, we use the letters [ (resp. r) in which the i-th for a
subsemigroup S; of S which is contained in S;_1 is a left (resp. a right) ideal of
S;_1. If S; is a two-sided ideal of S;_1, then either of [ and of r can be choosen.
And, a product of the letters [ and r will be denoted by 7. Now, a subsemigroup
A of S will be called a 7w-ideal of S if A is attainable.

In what follows, for the product m, we let m and n be the numbers of the
factors I and r, respectively. The following two theorems can be found in [2].

Theorem 1.2. Let A be a subset of an ordered semigroup (S,-,<). Then the
following three statements are equivalent:

(1) A is an lr-ideal of S;
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(2) A is an rl-ideal of S;
(3) Ais an (1,1)-ideal of S.

Consequently,

Corollary 1.3. Let A be a subset of an ordered semigroup (S,-,<). Then A is a
m-ideal of S if and only if A is an r™("-ideal of S.

Theorem 1.4. Let (S,-, <) be an ordered semigroup. Then a subset A of S is a
m-ideal of S if and only if A is an (m,n)-ideal of S.

2. Main results

An ordered semigroup (5, -, <) will be called a duo ordered semigroup if every one-
sided (left or right) ideal of S is a two-sided ideal of S. An ordered semigroup S
will be called a regular duo ordered semigroup if it is both regular and duo [3].

Example 2.1. Let S = {a,b,¢,d} be an ordered semigroup such that the multi-
plication and the partial order are defined by:

QAo o
QU U O &
SRS U SIS H e
QL |

a
b
c
d

<={(a,a), (b,b), (¢c,c),(d,d),(a,d), (b,d), (c.d)}
We give a covering relation and the figure of S by:
== {(a’ d), (b7 d)’ (07 d)}’

()

Then we obtain (5, -, <) is a regular duo ordered semigroup.

Example 2.2. Let S = {a,b,c,d} be an ordered semigroup such that the multi-
plication and the partial order are defined by:

QL o o

Q oAl
> o o> o o
SIS S N Es)
[SUS IS I SHESY



214 L. Bussaban and T. Changphas

<={(a,a),(b,b), (¢, c), (d,d), (a,b), (a,c), (b, c), (d,b), (d,c)}
We give a covering relation and the figure of S by:
== {<a’ b)v (d7 b)’ (b’ C)}
©

(D)
@ @

Then we obtain (S, -, <) is a regular duo ordered semigroup.

Example 2.3. Let S = {a,b,c,d} be an ordered semigroup such that the multi-
plication and the partial order are defined by:

L QL QL
QU T
QU o0
[SHESUESHESH Y

QL O T

<= {(a’a)a (bv b)v (67 C)a (da d)7 (av d)a (b’ d)7 (Ca d)}

We give a covering relation and the figure of S as follows:
<= {(G, d)) (b7 d)a (C, d)}

(d)

@QG

Then we obtain that (S, -, <) is a regular duo ordered semigroup.
The following theorem was shown in [3].

Theorem 2.4. Let (S,-,<) be a reqular duo ordered semigroup. Then every bi-
ideal of S is a two-sided ideal of S.

We now present the main result of this paper.

Theorem 2.5. Let (S,-,<) be a regular duo ordered semigroup, and let m,n be
non-negative integers such that m +n > 0. Then every (m,n)-ideal of S is a
two-sided ideal of S.
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Proof. Let A be an (m,n)-ideal of S; thus A™SA™ C A and (A] = A. There are
four cases to consider:

CAsSE 1: m=0,n# 0. If n =1, then A is a left ideal of S; hence A is a two-sided
ideal of S, since S is a regular duo ordered semigroup. Suppose that every (0, k)-
ideal of S is a two-sided ideal of S for integers & > 1. Assume now that A is an
(0, k + 1)-ideal of S. By Theorem 1.4, there are subsemigroups L;(i = 1,2,...,k)
of S such that

A=Lp 1 CLL,CLy 1C...CLyCLiCLy=S5

where Li—lLi - Ll(l = 1, 2,37 ey k+ 1)
We have

SAF = SAARY C S(ASAJAR! C (SASAY] C (L1 A¥) C (L1 Lo A1
C (LAY C .. C(LpA) C (A = A

Hence A is an (0, k)-ideal of S, and so A is a two-sided ideal of S.

CASE 2: m # 0,n = 0. This can be proceed as the case before.

CASE 3: m # 0,n # 0. Let A be an (1,n)-ideal of S. If n = 1, then A is a
bi-ideal of S. By Theorem 2.4, A is a two-sided ideal of S.

Let n > 1. By Theorem 1.4, there are subsemigroups R, L;(i =1,2,...,n—1)
of S such that

A:LngLnflgLn72ggL2gL1gRgS

where Li—lLi g LZ (7, = 2,3, N .,n), RLl g Ll, RS Q S.
We consider
SA™ C S(ASAJA"™! C (SASA™] C (RA™] C (RL1A™ 1]
C (LA™ C ... C(LnA] C (A = A
Then A is an (0,n)-ideal of S, and so A is a two-sided ideal of S.

Suppose that every (k,n)-ideal of S is a two-sided ideal of S for integer k > 1.
Assume that A is an (k+1,n)-ideal of S. By Theorem 1.4, there are subsemigroups
R; (j=1,2,...,k+1),L; (i=1,2,...,n—1) of S such that

A:LngLnfl CL,2C...CLyCLy
CRry1 CRyC...CRy,CRICRy=65,
where
LiflLi Q Lz (’L = 2,3, e ,n),
Ryi1Lq C Ly,
RiR;_ CR; (j=12... k+1).



216 L. Bussaban and T. Changphas

Consider:

AFSA™ C AFT1(ASA]SA™ C (AFSASA™] C (A*R A" C (AF'RyR A"
C (AP 1RyA™M C ... C (Rps1A™) € (R LA™Y C (LA™
C (L1LyA™ 2| C (LA™ 2] C ... C (L1 A] C (A] = A.

Hence A is an (k,n)-ideal of S. Therefore, A is a two-sided ideal of S.
This completes the proof of the theorem. O
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Autotopisms of some quasigroups

Ivan I. Deriyenko

Abstract. We present one method of construction of some autotopisms for quasigroups satisfy-
ing the identity a(z) - 8(z - y) = v(y).

Denote by S;, the set of all permutations of the set @ = {1,2,...,n}. The
triplet A = (w, ¢, 1), where w, p, ¥ € S,,, is called an autotopism of a quasigroup
w(z-y) = (@) P(y)

holds for all z,y € Q.

The set of all autotopisms of a quasigroup of order n form a group. The
order of this group is a divisor of (n!)? but it cannot exceed (n!)?. Moreover, two
components of an autotopism determine the third one uniquely (see [1] or [5]).
There are quasigroups that have only one (trivial) autotopism. Such quasigroups
are called super rigid. The smallest super rigid quasigroups has 7 elements [3].

In this note we will consider quasigroups satisfying the identity

a(z) - Bz -y) =(y), (1)

where «, 3,7 € S,,. Such triplet of permutations will be denoted by R = (¢, 3,7).
Note that parastrophes of a quasigroup satisfying (1) are pairwise isotopic [4].

Theorem 1. A quasigroup (Q,-) satisfying the identity (1) has an autotopism of
the form (78,02, 7).

Proof. Indeed, (1) implies
Bla(@) - Bz -y)) = fr(y).
Multiplying this identity by a?(x) we obtain
a®(x) - Bla(z) - Bz - y)) = o®(z) - By(y).
From this, applying (1) to the left side, we get
1Bz - y) = o®(x) - By(y). (2)
So, A = (v8,a?, By) is an autotopism of (Q, -). O

2010 Mathematics Subject Classification: 20N05, 05B15
Keywords: quasigroup, autotopism




218 I. I. Deriyenko

Theorem 2. A quasigroup (Q,-) satisfying (1) satisfies the identity

ag(x) - Bz - y) = m(y) 3)

k1 k1

with oe = 03", Be = B(YB) =, i = v(By) =, where k = 0,1,...,p— 1 and
O‘;D:O"ﬁpzﬁ;')’p:')’-

Proof. Since a quasigroup (Q, -) satisfying (1) has an autotopism A = (v3,a?, 37),
from (1) we obtain

181(y) = vB(alz) - Bz - y)) = o®(a(z)) - Br(B(z ) = a’(z) - ByB(z - y),
which means that in this quasigroup
ar(z) - Bi(z - y) = n(y),

where oq = o, B1 = B8, 11 =57
Thus, (Q,-) has an autotopism A; = (y161, a3, 8171) and satisfies the identity
az(x) - B2(z - y) = 12(y),

321 32_

where ay = af = a3 By = BOYB) T, o= fy(ﬁy)Tl, and so on. O

Corollary. A quasigroup satisfying the identity (1) has an autotopism of the form
A = (wr, or, Yr) with wp = B = (8%, @ = a2 = ¥, Uy, = By, =
(BW)SIQ, where k = 0,1,...,p—1 and wp, = w, @, = @, VY, = 1. Moreover, then
k1 = Pk, Br+1 = YeBr, Tht+1 = WkVk-

Example. A quasigroup determined by the table

00 N O UL i W N -
N R W OO 00NN
N CO b O+~ Ut W w
W = O 0 DN 0O O x|
S W N0 = Ot
= Ot 3= 00N WD
=N CoO WO Ut =
UL O — DN W = =3 0ofoco

0~ O U WN -

is an isotope of a quasigroup defined in [2]. This quasigroup satisfies (1) with
a = (1287465.3.), B = (18.46.2.357.), v = (175.28.34.6.), where (175.28.34.6.)
means that this permutation is a composition of cycles (175), (28) and (34).

Let R = (a, 8,7), where «, 8,v are as in the above. According to Theorem 1
this quasigroup has an autotopism A = (w, ¢, 1) such that

w=r7f = (1287463.5.), ¢ =2 = (1845276.3.), ¥ = By = (1364582.7.).
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By Theorem 2, this quasigroup satisfies (3) with R; = (a1, f1,71), where, in
view of Corrollary, oy, 81,71 have the form

o1 = pa = (1758624.3.), By =18 = (12.38.4.576.), v = wy = (14.275.36.8.).

Then we compute A; = (w1, p1,v1) and Re = (a2, B2, 72):

w1 = ’Ylﬁl = (1738624.5.),
1 = a? = (1564782.3.), and
1 = By = (1426835.7.),

Ay = (w2, p2,12) and Rs = (a3, f3,73):

Wo = ’)/gﬂg = (1843276.5.),
o = a3 = (1426857.3.), and
1/)2 = 5272 = (1652348.7.),

Az = (w3, ¢3,13) and Ry = (0w, fa,74):

w3 = ’)/3,63 = (1364782.5.),
3 = a2 = (1672548.3.), and
3 = B33 = (1285463.7.),

Ay = (w4, pa,4) and Rs = (a5, B5,75):

Wy = ’)/4ﬂ4 = (1426837.5.),
p4 = a2 = (1287465.3.), and
g = Bays = (1538624.7.),

As = (ws, ©5,75) and Rg = (g, 6, Y6 ):

ws = 7505 = (1672348.5.),
o5 = af = (1758624.3.), and
V5 = P55 = (1843256.7.),

s = pra; = (1845276.3.),
B2 = Y11 = (16.24.3.578.),
Yo = wiy1 = (1.23.475.68.).

a3 = Yol = (1564782.3.),
B3 = 1202 = (157.28.34.6.),
Y3 = WaY2 = (182346375)

a4y = P3003 = (1426857.3.),
Ba = 33 = (14.257.36.8.),
Y4 = w3ys = (12.38.4.567.).

a5 = P04 = (1672548.3.),
ﬁs = ¢4ﬂ4 = (1.23.457.68.)7
V5 = ways = (16.24.3.587.).

ag = pyas = (1287465.3.) =
Bs = 55 = (18.46.2.357.) = J,
Y6 = wsys = (175.28.34.6.) = ~.

Relationships between A; and R; we can present by the following graph.

As
Rs

Ry

A A
4 R 1

R
3 Tr

As Az
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The set autotopisms A, Ay, Ao, Az, Ay, A5 together with the identity auto-
topism E = (g,¢,¢) forma a cyclic group of order 7. The group of all autotopisms
of this quasigroup has 42 elements.

Note also that in this quasigroup the identity (1) also is satisfied with « = € (the
identity permutation) and 8 = v = (13.48.26.57.). So, in this case R = (g, 5, 8),
and consequently A = (g,¢,¢), Ry = R, A1 = A.

Remark. A similar results can be obtained for quasigroups satisfying one of the
identities

a(z) - Blyz) = v(y), (4)
Blzy) - alz) = v(y), (5)
Byz) - a(z) = v(y), (6)
Bzy) =(y) - a(), (7)

where «, 3, v are fixed permutations of the set @, used in [4] to the description of
isotopy classes of parastrophes.
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Parastrophes of quasigroups

Wieslaw A. Dudek

Abstract. Parastrophes (conjugates) of a quasigroup can be divided into separate classes con-
taining isotopic parastrophes. We prove that the number of such classes is always 1, 2, 3 or 6.
Next we characterize quasigroups having a fixed number of such classes.

1. Introduction

Denote by Sg the set of all permutations of the set (). We say that a quasigroup
(Q,-) is isotopic to (Q, o) if there are «, 8,7 € Sg such that a(z) o S(y) = y(z - y)
for all z,y € Q. The triplet (a, 3,7) is called an isotopism. Quasigroups (@, )
and (@, o) for which there are o, 8,7 € S such that a(x) o B(y) = v(y - ) for all
z,y € Q are called anti-isotopic. This fact is denoted by (Q,-) ~ (Q,0). In the
case when (Q,-) and (Q, o) are isotopic we write (Q,-) = (Q,0). It is clear that
the relation =~ is an equivalence and divides all quasigroups into disjoint classes
containing isotopic quasigroups.

Each quasigroup @ = (Q, -) determines five new quasigroups Q; = (@, o;) with
the operations o; defined as follows:

TOLY=24—2-2=1yY
TOQY=24—2-Yy==
To3Yy=24+—2-T=1Y
TOQY=24+—Y-2=2
TORY =24—Y - T=2

Such defined (not necessarily distinct) quasigroups are called parastrophes or con-
jugates of Q. Traditionally they are denoted as

Ql = Qil = (Qa \)7 QQ = 71Q = (Qa /)7 Q3 = 71(Q71) = (Q1)27
Qs=("'Q) ' =(Q2)1 and Q5= ("HQ 1))t = ((Q1)2)1 = ((Q2)1)2-

Each parastrophe @Q; can be obtained from @ by the permutation o;, where
o1 = (23), 09 = (13), 03 = (132), 04 = (123), 05 = (12)

Generally, parastrophes @); do not save properties of Q). Parastrophes of a group
are not a group, but parastrophes of an idempotent quasigroup also are idempotent

2010 Mathematics Subject Classification: 20N05, 05B15
Keywords: quasigroup, isotopism, anti-isotopism, conjugate quasigroup, parastrophe.
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quasigroups. Moreover, in some cases (described in [7]) parastrophes of a given
quasigroup @ are pairwise equal or all are pairwise distinct (see also [2] and [8]). In
[7] it is proved that the number of distinct parastrophes of a quasigroup is always
a divisor of 6 and does not depend on the number of elements of a quasigroup.

Parastrophes of each quasigroup can be divided into separate classes containing
isotopic parastrophes. We prove that the number of such classes is always 1, 2, 3
or 6. The number of such classes depends on the existence of an anti-isotopism of
a quasigroup and some parastrophe of it.

2. Classification of parastrophes

As it is known (see for example [1]) a quasigroup (@,-) can be considered as an
algebra (Q,-,\,/) with three binary operations satisfying the following axioms

w(@\2) =z, (2/yly=2 2a\zy=y, wzyly=ux,
where
2\z=y+—zy=2z and z/y=x<+— xy =2

We will use these axioms to show the relationship between parastrophes. But
let’s start with the following simple observation.

Lemma 2.1. Let Q be a quasigroup. Then

(a) zy=yosm, TOojy=yo3x, TOxY =1yoy,T,

(b)) Q~Qs, Q1~Q3, Q2~Qy,

() zy=yz = Q =Q5 +— Q1 = Q3 +— Q2 = Q4,
(d) Q1 =Q = Q2=0Q3+— Q1=Qs,
() Q2=Q +— Q1 =0Q4+— Q3=0Qs.

To describe the relationship between the parastrophes, we will need these two
simple lemmas.

(&

Lemma 2.2. Let A, B,C, D be quasigroups. Then
(a) A~B, B~C — A=C,
() A~B, BC — A~C,
(¢ AxB, B~C — A~C.
Lemma 2.3. Let Q3 be the i-th parastrophe of the quasigroup Q° = (Q,0). Then
(a) Q= Q° implies Q; =~ Q3 for each i =1,2,3,4,5,
(b) Qi=~ Q5 for somei=1,2,3,4,5 implies Q =~ Q°.
(¢) Moreover, if Q =~ Q°, then for eachi=1,...,5
Q~ Qi QO ~ Q2 and Q~ Qi Q° ~ Q2.
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Now we will present a series of lemmas about anti-isotopies of quasigroups and
their parastrophes.

Lemma 2.4. Q~Q +— Q= Q5 +— Q1 ~ Q3 — Q2 =~ Q4.
Proof. Indeed,
Q~ Q<+ (zy) = a(y)B(z) +— y(zy) = B(x) 05 a(y) +— Q =~ Qs.
Also
Q~ Q= (zy) = a(y)B(x) «— 7(2) = a(y)B(z/y) «— a(y)\1(z) = B(z/y).
Thus Q ~ Q +— Q1 ~ Q,. Moreover,

Q1 ~ Q2 +— a(y)\1(2) = B(2/y) «— v(2) = a(y)B(z/y)
— B(z/y) = v(2) ca ay) +— Q2 ~ Qa.
Similarly, for some o/, 8,7 € Sg we have
Q1 ~ Q2 «— 7' (z/y) = o/ (y)/B'(2) +— ' (z\y)B'(z) = /(y)
9 (z\y) = B'(x) 03 &/ (y) +— Q1 = Q3.

This completes the proof. O

Lemma 2.5. Q ~ Q1 +— Q ~ Q2 +— Q1 = Q.

Proof. Indeed, according to the definition of the operations \ and /, we have

V(@\2) = a(2)B(x) <= 1(y) = aley)f(z) «— a(zy) = 1(y)/B(=).

So, Q1 ~ Q +— Q ~ @2, which by Lemma 2.2 implies Q1 =~ Q.

Conversely, if Q1 ~ @2, then y(z\y) = a(z)/B(y), ie., y(z\y)B(y) = a(z)
for some «, 3,7 € Sg. From this, for y = xz, we obtain v(z)8(zz) = a(x), i.e.,

B(xz) = v(2)\a(x). Thus, Q@ ~ @1, and consequently, also @ ~ Qs. O

Lemma 2.6. For any quasigroup Q
(a) Q1 ~Q+—= Q1 ~Q3+—Q~Q3+— Q1~Qs,
(0) @2~ Q+—=Q2~Qu+— QR Qu+— Q2~ Q5.
Proof. Replacing in Lemma 2.5 a quasigroup @ by @1 we get the first two equi-

valences. The third equivalence is a consequence of Lemma 2.3.
Similarly, replacing @ by Q2 we obtain (b). O

Lemma 2.7. Q3NQ<—)Q%Q2<—>Q1%Q4(—)Q3%Q5.
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Proof. Obviously Q3 ~ Q «— Q3 ~ Q5. Moreover,
Q3 ~ Q «— y(zy)a(y) = B(z) «— v(zy) = B(z)/a(y) «— Q = Q2.
Analogously, zy = = we obtain
Q3 ~ Q= 7(2)a(z\2) = B(z) «— Q1 = Q4.
This completes the proof. O
Lemma 2.8. Qu~Q +— Q~ Q1 +— Q2 ~ Q3 +—— Q4 ~ Qs.

Proof. Of course Q4 ~ Q «— Q4 =~ Q5. Since Q4 ~ Q +— B(x)y(zy) = a(y), we
obtain Q4 ~ Q +— Q =~ Q1 and Q4 ~ Q +— Q2 = Q3 for x = z/y. O

Theorem 2.9. All parastrophes of a quasigroup Q are isotopic to Q if and only
if Q ~Q and Q ~ Q; for some i =1,2,3,4.

Proof. If Q ~ @, then, by Lemma 2.4, we have Q =~ Q5, Q1 ~ Q3 and Q2 ~ Q4.
This for Q ~ Q;, i =1,2,3,4, by Lemmas 2.6, 2.7 and 2.8, gives Q ~ Q1 =~ Q2 =
Q3 ~ Q4 =~ Q5. So, in this case all parastrophes are isotopic to Q.

The converse statement is obvious. O

Corollary 2.10. If Q ~ Q and Q ~ Q; for some i =1,2,3,4, then also Q ~ Q;
for other i =1,2,3,4,5.

Theorem 2.11. A quasigroup @QQ has ezactly two classes of isotopic parastrophes
if and only if

(1) QAQ,Q~Q1 and Q £ Q; fori=2,3,4, or equivalently,

(2) Q#4Q, Q~Q2and Q # Q; fori=1,3,4.
In this case Q ~ Q3 ~ Q4 and Q1 ~ Q2 ~ Q5.

Proof. Let Q have exactly two classes of isotopic parastrophes. Then it must be
true that Q ~ @; for some i = 1,2,3,4,5 because Q # Q; for all i = 1,2,3,4,5
gives ()1 ~ @; for some j which by previous lemmas implies ) = @)}, for some k.

CASE @ =~ 1. In this case Q2 ~ @3 and Q4 ~ Q5 (Lemma 2.8). So, the
following classes of isotopic parastrophes are possible:

1) {Q3Q17Q27Q3}7 {Q47Q5}7
2) {Q,Q1,Q4,Q5}, {Q2,Qs},

3) {Qa Q1}7 {QQa QS? Q4a QS}

In the first case from @1 =~ @3, by Lemma 2.4, we conclude Q) ~ @5 which
shows that in this case we have only one class. This contradics our assumption on
the number of classes. So, this case is impossible.

In the second case, @ =~ @5, by the same lemma, implies Q)2 ~ @4 which
(similarly as in previous case) is impossible. Also the third case is impossible
because Q2 ~ Q4 leads to Q1 ~ Q3. Hence must be Q % Q.
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CASE @ ~ Q3. Then, according to Lemma 2.7, Q1 =~ @4 and Q3 ~ Q5. Thus

1) {QanaQQaQﬁl}) {Q37Q5}7 or
2) {Q3Q27Q37Q5}7 {Q17Q4}7 or
3) {Q,Q2}, {Q1,Qs3,Q4,Q5}.

Using the same argumentation as in the case Q) ~ ()1 we can see that the case
Q@ =~ @2 is impossible.

CASE @Q =~ (3. By Lemmas 2.1, 2.2 and 2.5 only the following classes are

possible: {Q,Q3,Q4} and {Q1,Q2,@Qs}. In this case @ # @ (Lemma 2.4) and
Q@ ~ @1 (Lemma 2.6). Then also @ ~ Q2 (Lemma 2.5).

CASE @ ~ (4. Analogously as @ =~ Q3.

CASE @ =~ Q5. Then @ =~ Q3 and Q2 =~ Q4. Is a similar way as for Q ~ Q;
we can verify that this case is not possible.

So, if @ has exactly two classes of isotopic parastrophes, then @ # @ and
Q~ Q1 0r Q% Qand @~ Qs

Conversely, if @ # Q and Q ~ @1, or equivalently, @ 4 @Q and @ ~ @2, then
by Lemmas 2.5 and 2.6 we have two classes: {Q, Qs,Q4} and {Q1,Q2, @s5}. Since
Q@1 % Q3 (Lemma 2.4), these classes are disjoint. O

Theorem 2.12. A quasigroup @) has exactly three classes of isotopic parastrophes
if and only if

(1) QA¢Q,Q~Q3and Q + Q; fori=1,2,4, or
(2) Q#4Q,Q~Qsand Q # Q; fori=1,2,3, or
(3) Q~Q, Q~Qs and Q £ Q; fori=1,2,3,4.

In the first case we have {Q, Q2}, {Q1,Q4} and {Qs3,Q5}; in the second {Q,Q1},
{Q2,Qs} and {Q4,Qs}; in the third {Q,Qs}, {Q1,Qs} and {Q2,Qa}.

Proof. Suppose that a quasigroup @ has exactly three classes of isotopic parastro-
phes. From the above lemmas it follows that in this case @) ~ Q; for some 1.

CASE Q =~ Q1. Then, by Lemma 2.8, we have three classes {Q, @1}, {Q2,Q3},
{Q4,Q5} and Q ~ Q4. Since Q1 # Q3 we also have Q # @ (Lemma 2.4).

CASE @ =~ Q2. In this case {Q, Q2}, {Q1,Q4}, {Q3,Q5} and Q ~ Q3 (Lemma
2.7). Analogously as in the previous case Q1 # Q3 gives Q % Q.

CASE @ =~ Q3. This case is impossible because by Lemmas 2.5 and 2.6 it leads
to two classes.

CASE Q =~ Q4. Analogously as @ =~ Q3.

CASE Q = Q5. Then Q1 = @3, Q2 =~ Q4 and Q ~ Q. Since classes {Q,Q5},
{Ql, Qg}, {QQ, Q5} are diSjOiIlt Q 74 Qi for each i = 1,2, 3,4.

The converse statement is obvious. O

As a consequence of the above results we obtain
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Corollary 2.13. Parastrophes of a quasigroup Q are non-isotopic if and only if
Q*Q and Q # Q; foralli=1,2,3,4.

Corollary 2.14. The number of non-isotopic parastrophes of a quasigroup Q is
always 1, 2, 3, or 6.

Depending on the relationship between parastrophes quasigroups can be di-
vided into six types presented below.

e classes of isotoipic parastrophes
{Q,Q1,Q2,Q3,Q4,Q5}

{Q,Q5,Q4}, {Q1,Q2,Q5}

{Q,Q2}, {Q1,Q4}, {Q3,Q5}
{Q,Q1}, {Q2,Q3}, {Q4,Q5}
{Q,Qs}, {Q1,Q3}), {Q2,Q4}

(@}, {Q1}, {Q2}, {Qs}, {Q4}, {Q5}

SIS IR E

Our results are presented in the following table where "+" means that the

corresponding relation holds. The symbol "—" means that this relation has no
place.

Q~Q [+ - [ [-[-T+[-TQ~@s

QuQu|+ [+~ [—|-|-|@~Qs

Q~Q [+ |-+ [-[-[-|Q~0Q

Q~Q3 |+ | —|— |+ |- |- |- |Q=Q

QeQul |- |- |-|+[-[-[Q@~&

type |A|B|B|C|D|FE|F

The parastrophe Q5 plays no role in our research since always is Q) ~ @Qs.

3. Parastrophes of selected quasigroups

In this section we present characterizations of parastrophes of several classical
types of quasigroups. We start with parastrophes of IP-quasigroups.

As a consequence of our results, we get the following well-known fact (see for
example [1])

Proposition 3.1. All parastrophes of an I P-quasigroup are isotopic.

Proof. Indeed, in any IP-quasigroup () there are permutations «, 8 € Sg such
that a(z) - zy = y = yz - B(x) for all z,y € Q. So, Q ~ Q1 =~ Q2, ie., Qis a
quasigroup of type A. O
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Corollary 3.2. Parastrophes of a group are isotopic.

The same is true for the parastrophes of Moufang quasigroups since groups
and Moufang quasigroups are IP-quasigroups.

Also parastrophes of T-quasigroups, linear and alinear quasigroups (studied in
[3]) are isotopic. This fact follows from more general result proved below.
Theorem 3.3. All parastrophes of a quasigroup isotopic to a group are isotopic.
Proof. Let G = (G,0) be a group. Then ¢(z oy) = ¢(y) o p(x) for p(x) = z~L.
Since (Q, ) =~ (G, o), for some «, 3, we have

Y(zy) = a(z) 0 By) = ¢~ (eB(y) o pa(z)) = o'y (o B(y) - B pa(x)) .

Thus v~ py(zy) = o~ pB(y) - B~ pa(z). So, Q ~ Q.
Moreover, from v(zy) = a(z) o B(y) for xy = z we obtain

a(@)\v(z) = B(z\z) and ~(2)/B(y) = a(z/y),

where \\ and / are inverse operations in a group G. Thus Q; ~ G; and Q2 = Gbs.
Since G =~ G1 =~ Ga, also Q ~ @1 =~ Q2. This shows that a quasigroup isotopic
to a group is a quasigroup of type A. Hence (Lemma 2.3) all its parastrophes are
isotopic. O

D-loops (called also loops with anti-automorphic property) are defined as loops

with the property (zy)~! =y~ '2~!, where 27! denotes the inverse element |5|.

Theorem 3.4. Let QQ be a D-loop. Then

(1) all parastrophes of Q coincide with Q, or

(2) Q has three classes of isotopic parastrophes: {Q,Qs}, {Q1,Q3}, {Q2, Q4}.
The second case holds if and only if Q % Q1 or Q % Q1.
Proof. Let @ be a D-loop. Then @ ~ @Q. Thus all its parastrophes are isotopic to

Q or they are divided into three classes {Q, Q5}, {Q1, @3}, {Q2,Q4} (see Table).
By Lemmas 2.6 and 2.8 they are disjoint if and only if Q 4 @1 or Q # Q5. 0

Corollary 3.5. A D-loop Q has three classes of isotopic parastrophes if and only
if Q74 Q2 or Q% Qs

In [5] is proved that parastrophes of a D-loop @ are isomorphic to one of the
quasigroups @, @1, Q2. Comparing this fact with our results we obtain
Theorem 3.6. For a D-loop Q the following conditions are equivalent:

(1) all parastrophes of Q are isomorphic,

(2) Q and Q; are isomorphic,
(3) Q and Q2 are isomorphic,
(4)

4) @y and Q2 are isomorphic.
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Example 3.7. Counsider the following three loops.

1 2 3 4 5 6 o0l 2 3 4 5 6 oo |1 2 3 4 5 6
111 2 3 4 5 6 111 2 3 4 5 6 111 2 3 4 5 6
212 1 6 5 3 4 212 1 5 6 4 3 212 1 4 3 6 5
313 6 1 2 4 5 313 41 5 6 2 313 51 6 2 4
414 5 2 1 6 3 414 3 6 1 2 5 414 6 5 1 3 2
515 3 4 6 1 2 515 6 2 3 1 4 515 4 6 2 1 3
616 4 5 3 2 1 616 5 4 2 3 1 616 3 2 5 4 1

The first loop is a D-loop, the second and the third are parastrophes of the first.
They are not D-loops and are not isotopic to the first. So this D-loop has three
classes of isotopic parastrophes. In this case Q = Q5, @1 = @3 and Qs = Q4. O

4. Some consequences

Note first of all that the proofs of our results remain true also for the case when o =
B = ~. In this case an anti-isotopism is an anti-isomorphism and an isotopism is an
isomorphism. So, the above results will be true if we replace an anti-isotopism by
an anti-isomorphism, and an isotopism by an isomorphism. Moreover, an isotopism
of parastrophes can be characterized by the identities:

a1 () - Bi(yz) = 1 (y), (1)
Ba(zy) - c2(x) = 72(y), (2)
Bs(yx) - as(x) = v3(y), (3)
aq(x) - Pa(zy) = 7a(y), (4)
Bs(zy) = v5(y) - as (), (5)

where oy, 8;,; are fixed permutations of the set Q.

Namely, from our results it follows that

Q satisfies (1) «— Q1 ~ Q +— Q3 = Q,
Q satisfies (2) «— Q2 ~ Q +— Q41 =~ Q,
Q satisfies (3) +— Q3 ~ Q +— Q2 = Q,
Q satisfies (4) ¢+— Qs ~Q +— Q1 = Q,
Q satisfies (5) +— Q ~ Q +— Q5 = Q.
Lemma 2.3 shows that these identities are universal in some sense, i.e., if one of

these identities is satisfied in a quasigroup @, then in a quasigroup isotopic to @ is
satisfied the identity of the same type, i.e., it is satisfied with other permutations.

Since @ ~ Q1 +— Q ~ Q2 we have
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Proposition 4.1. A quasigroup @Q satisfies for some o1, 81,71 € Sq the identity
(1) if and only if for some aq, Ba,v2 € Qg it satisfies the identity (2).

As a consequence we obtain the following classification of quasigroups>

Theorem 4.2. Let QQ be a quasigroup. Then

Q is type A if and only if it satisfies all of the identities (1) — (5),
Q is type B if and only if it satisfies only (1) and (2),

Q is type C if and only if it satisfies only (3),

Q is type D if and only if it satisfies only (4),

Q is type E if and only if it satisfies only (5),

Q is type F if and only if it satisfies none of the identities (1) — (5).

If all permutations used in (1) — (5) are the identity permutations, then these
equations have of the form:

Ty =1y, (6)
Ty -T =1, (7)
yr T =1, (8)
T-Ty =1y, (9)

Ty = yx. (10)

Basing on our results we conclude that

Q satisfies (6) +— Q = Qq4,
Q satisfies (7) +— Q = Qs,
Q satisfies (8) +— Q = Qa,
Q satisfies (9) «+— Q = Q1,

Q satisfies (10) +— Q = Qs.

Since @ satisfies (7) «— Q5 = Q2 <— ((Q1)2)1 = Q2 +— Q1 = ((Q2)1)2 «—
Q1 = Q5 +— @ satisfies (6), we see that identities (7) and (6) are equivalent, i.e.,
Q satisfies (7) if and only if it satisfies (6).

As a consequence we obtain the stronger version of Theorem 4 in [7].
Theorem 4.3. Parastrophes of a quasigroup @ can be characterized by the iden-
tities (6) — (10) in the following way:

Q = Q; for 1 <i <5 if and only if it satisfies all of the identities (6) — (10),
Q=0Q3=0Q4, Q1=Q2=Qs5 if and only if Q satisfies only (7) and (6),
Q=Q2, Q1=Q4, Q3=Qs if and only if Q satisfies only (8),

Q=0Q1, Q2=Q3, Qis=Qs if and only if Q satisfies only (9),

Q=0Qs5, Q1=0Qs3, Q2=Q4 if and only if Q satisfies only (10),

QF#Q: #Qj forall 1 <i < j <5 if and only if Q satisfies none of the
identities (6) — (10).
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Corollary 4.4. Parastrophes of a commutative quasigroup @ coincide with Q or
are divided into three classes: {Q = Qs5}, {Q1=Q3}, {Q2= Q4}.
Corollary 4.5. For a commutative quasigroup @ the following conditions are
equivalent:

(1) all parastrophes of Q coincide with Q,

(2) @=0@Qx,

(3) @=0Q,

(4) Q1 =Qq,

(5) Q satisfies at least one of the identities (6) — (9).

Proof. We prove only the equivalence (1) +— (2). Other equivalences can be
proved in a similar way.

For a commutative @ we have Q = Q5, Q1 = @3, Q2 = Q4. If Q = Q1, then
Q= Q1 = Q3= Q5. Hence Q1 = Q5 = ((Q2)1)2 which gives (Q1)2 = (Q2):1- So,

Q3 = Qq, i.e., (2) implies (1). The converse implication is obvious. O

Corollary 4.6. Parastrophes of a boolean group coincide with this group.

Note finally that identities (6)—(10) can be used to determine some autotopisms
of quasigroups [4].
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Eventually regular perfect semigroups

Roman S. Gigon

Abstract. A congruence p on a semigroup S is called perfect if (ap)(bp) = (ab)p for all a,b € S,
as sets, and S is said to be perfect if each of its congruences is perfect. We show that all eventually
regular perfect semigroups are necessarily regular. Finally, we apply our result to perfect group-
bound semigroups.

1. Introduction and preliminaries

The concept of a perfect semigroup was introduced by Vagner [12]. Groups are very
well-known examples of perfect semigroups. Another examples of such semigroups
are congruence-free semigroups S with the property S = S? (i.e., S is globally
idempotent; note that perfect semigroups have this property). Perfect semigroups
were studied first by Fortunatov (see e.g.[4, 5]) and then by Hamilton and Tamura
[8], Hamilton [7], and by Goberstein [6]. In [1] the authors gave an example of a
cancellative simple perfect semigroup without idempotents.

It is known that any commutative perfect semigroup is inverse, and that all finite
perfect semigroups are regular; recall that a semigroup S is regular if S coincides
with the set Reg(S) of its regular elements, where

Reg(S) ={se€ S :s¢€ sSs}.

We extend the last result for eventually regular semigroups (a semigroup S is even-
tually regular if every element of S has a regular power, that is, for all a € S there
is a positive integer n = n(a) such that a™ € Reg(S) [3]). Moreover, we apply this
result to perfect group-bound semigroups (Corollary 2.2, below). Before we start
our study, we recall some definitions and facts. For undefined terms, we refer the
reader to the books [2, 9, 10].

Denote the set of all idempotents of a semigroup S by Eg, that is,

Es={ec S:e?=e}.
If Ais an ideal of a semigroup S, i.e., ASUSA C A, then the relation

pa=(Ax A)Uls,

2010 Mathematics Subject Classification: Primary 20M99, Secondary 06B10
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where 1g is the identity relation on S, is a congruence on S (the so-called Rees
congruence on S). It is obvious that A is an idempotent p4-class of S. Finally, we
shall write S/A instead of S/pa.

A generalization of the concept of regularity will also prove convenient. Define a
semigroup S to be idempotent-surjective if and only if whenever p is a congruence on
S and ap is an idempotent of S/p, then ap contains some idempotent of S. Edwards
showed that eventually regular semigroups are idempotent-surjective [3].

Let S be a semigroup and let a € S. Denote by S' the semigroup obtained
from S by adjoining an identity if necessary. Then S'aS! is the least ideal of S
containing a. Denote it by J(a). We shall say that the elements a,b of S are J-
related if J(a) = J(b). Also, an equivalence [J-class containing a will be denoted by
Jo. We can define a partial order on S/J by the rule:

JaSJb — J(a)g'](b)

for all a,b € S (a similar notation may be used for the Green’s relations £ and R,
cf. Section 2.1 of [10]).

We say that a semigroup S without zero is simple if and only if it has no proper
ideals, that is, if and only if SaS = S for every a of S. Further, a semigroup S
with zero is called 0-simple if S is not null (i.e., S? # {0}) and S contains exactly
two ideals (namely: {0} and S). Clearly, S is O-simple if and only if S? # {0} and
5/ ={{0}, 5\ {0}}.

By a 0-minimal ideal of a semigroup S we shall mean an ideal of S that is a
minimal element in the set of all non-zero ideals of S.

The following result of Clifford is well-known.

Lemma 1.1. [2] Any 0-minimal ideal of a semigroup is either null, or it is a 0-
simple semigroup. ]

Let a be an element of a semigroup S. Suppose first that J, is minimal among
the J-classes of S. Then J(a) = J, is the least ideal of S. On the other hand, if J,
is not minimal in S/J, then the set

Ia)={be J(a): Jy < J, & Jp # Ju}

is an ideal of S such that J(a) = I(a) U J, (and this union is disjoint), and if B is a
proper ideal of J(a) and I(a) C B, then I(a) = B. This implies that J(a)/I(a) is a
0-minimal ideal of S/I(a), i.e., J(a)/I(a) is either null, or it is a 0-simple semigroup
(Lemma 1.1). For convenience, we shall write J(a)/ = J(a). The semigroups
J(a)/I(a) (a € S) are the so-called principal factors of S. Remark that we can
think of the principal factor J(a)/I(a) as consisting of the J-class J, = J(a) \ I(a)
with zero adjoined (if I(a) # 0). Clearly, J(a)/I(a) is null if and only if the product
of any two elements of J, always falls into a lower [J-class. In particular, if J,
is a subsemigroup of S, then the principal factor J(a)/I(a) is not null. Finally,
J(a)/I(a) is simple if and only if I(a) is empty.
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Recall that among idempotents in an arbitrary semigroup there is a natural
partial order relation defined by the rule that

e< fee=ef = fe

We say that an idempotent e # 0 of a semigroup S is primitive if it is minimal
(with respect to the natural partial order) within the set of non-zero idempotents
of S. Also, a (0)-simple semigroup is called completely (0)-simple if it is (0)-simple
and contains a primitive idempotent. Notice that in the both cases each non-zero
idempotent of S is primitive. For some equivalent definitions of these notions, we
refer the reader to the book [10] (cf. Section 3.2). Munn showed that a (0)-simple
semigroup S is completely (0)-simple if and only if it is group-bound (a semigroup
S is called group-bound if every element of S has a power which belongs to some
subgroup of S). Obviously, group-bound semigroups are eventually regular.

A semigroup is called (completely) semisimple if each of its principal factors
is either (completely) O-simple or (completely) simple. Recall that a semigroup is
semisimple if and only if all its ideals are globally idempotent (see e.g. [2]).

Observe that every idempotent congruence class of a perfect semigroup S is
globally idempotent. In particular, all ideals of S are globally idempotent, that is,
S is semisimple.

Recall that an idempotent commutative semigroup is semilattice. Clearly, the
least semilattice congruence 7 on an arbitrary semigroup S exists (note that J C
7). This relation induces the greatest semilattice decomposition of S, say [Y;.S,]
(e € Y), where Y = S/n, each S, is an n-class and S = [J{So : @« € Y}. To
indicate this fact we shall always write S = [Y;S,] (o € Y) or briefly S = [Y; S,]-.
Notice that S,58 C Sap for all o, § € Y, where af is the product of o and § in the
semilattice Y.

We say that a semigroup S is intra-regular if for every a € S, a J a? [2]. It is
easy to see that if S is intra-regular, then 7 is a semilattice congruence on S, so we
have the following well-known result [2].

Lemma 1.2. A semigroup S is intra-reqular if and only if n = J, where every
J-class is a simple semigroup. [

We say that a J-class J of a semigroup is regular if consists entirely of regular
elements.

The following result, which is contained in the paper of Jones et al. [11], is due
to Ciric.

Lemma 1.3. Let a J-class J of an eventually reqular semigroup contains an idem-
potent. Then J is reqular. Equivalently, 0-simple eventually reqular semigroups are
reqular. O

We recall now some known results concerning perfect semigroups in general. For
beginning, from the First and Second Isomorphism Theorems we obtain the following
result [5].
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Lemma 1.4. Every homomorphic image of a perfect semigroup is a perfect semi-
group. O

An ideal A of a semigroup S is called completely prime if ab € A implies that
a€Aorbe A
The following fact [5] follows from the definition of a Rees congruence.

Lemma 1.5. Every non-zero ideal of a perfect semigroup is completely prime. [

It is not difficult to see that every chain is perfect. Also, if the elements a, b of
a semilattice A are incomparable, then the congruence induced by the ideal aA is
not perfect.

Lemma 1.6. [5] A semilattice is perfect if and only if it is a chain. O

Let S =[Y;S,]. Assume that S is perfect. In the light of Lemmas 1.4 and 1.6,
Y is a chain. Moreover, from [5] we can extract the following result. We give a
simple proof for the sake of completeness.

Corollary 1.7. Let S = [Y;S,] be a perfect semigroup. Then'Y is a chain and the
following statements hold:
(a) if S does not have a zero, then each S, is simple and Y = S/7J;
(b) if S contains a zero 0, then'Y has a least element Oy, S, is a simple semi-
group for a # Oy, and either So,, = {0} (then Y =2 S/J) or Sy, is a 0-sim-
ple semigroup whose zero is not adjoined (and J, = an \ {0} if a # 0).

Proof. (a). Suppose first that S has no a zero element. As a? € S*a?S!, a € S'a?S!
(Lemma 1.5) and so S is intra-regular. Thus every S, is a simple semigroup and
Y = S/7 (Lemma 1.2).

(b). Let now S contains a zero 0, say 0 € Sp,.. Because Sy, S, C Sy, for all
a €Y, then Sy, S, = Sp, for all & € Y (since S is perfect). This implies that YV
has a least element Oy .

Since Y is a chain and every S,, is a semigroup, then the condition a? = 0 implies
that a € Sy, . Thus S, is a simple semigroup for all o # Oy-.

If So, # {0}, then S3_ = So, # {0}, since it is clear that Sy, is an ideal of
S, i.e., So, is not null. Suppose that A C Sy, is a non-zero ideal of S. Then A
is completely prime (by Lemma 1.5). It follows that A is a non-zero completely
prime ideal of Sy, . Hence the partition {A, So, \ A} of Sp, induces a semilattice
congruence on Sy, . On the other hand, it is well-known that every n-class of S
has no semilattice congruences except the universal relation. In particular, Sy,
possesses this property. It follows that A = Sp,, i.e., So, is a O-minimal ideal of S.
Finally, observe that if 0 is adjoined to Sp, , then the partition

{Sa (@ # 0y), Soy \ {0}, {0}}

of S induces a semilattice congruence on S which is properly contained in the least
semilattice congruence 7, a contradiction, so Sp, is a O-minimal ideal of S whose
zero is not adjoined. Consequently, Sy, is a 0-simple semigroup whose zero is not
adjoined (Lemma 1.1). Clearly, J, = an\ {0} if a # 0. O
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2. The main results

Remark that if p is a semilattice congruence on an eventually regular semigroup S,
then every p-class of S is eventually regular.

Theorem 2.1. Every eventually regular perfect semigroup S is reqular.

Proof. Suppose first that S has no a zero. Then S is a semilattice Y of simple
semigroups S, (« € Y), where each S, is a J-class of S (cf. Corollary 1.7). Since
each S, is an idempotent J-class, then it contains an idempotent element of S
(because S is idempotent-surjective). In the light of Lemma 1.3, S is regular.

Let S has a zero. In view of Corollary 1.7, Y has a least element Oy. Put A =
S\So, - It is evident that the semigroup A is a semilattice of simple semigroups. Take
any a € A. Then the elements a and a? belong to the same simple subsemigroup B
of A. Hence a € Ba?B C Aa?A. Thus A is intra-regular. By the above A is regular.
Finally, consider a 0O-simple semigroup Sp, (see Corollary 1.7). This semigroup is
also eventually regular, so Sp, is regular (by Lemma 1.3). Consequently, S is a
regular semigroup. O

A semigroup is called completely regular if it is a union of groups. Recall from [9]
that a semigroup is completely regular if and only if it is a semilattice of completely
simple semigroups.

Corollary 2.2. Let S = [Y;S,] be a perfect group-bound semigroup. Then S is
reqular, Y is a chain and the following statements hold:
(a) if S does not have a zero, then every S, is a completely simple semigroup
(and Y =2 S/J), that is, S is completely regular;
(b) if S contains a zero, say 0, then' Y has a least element Oy, S, is completely
simple for a # Oy, and either Sy, = {0} (then clearly Y = S/J) or Sy, is
a completely 0-simple semigroup whose zero 0 is not adjoined (and then J, =
an \ {0} if a #0).

In the former case, S is a completely regular semigroup with 0 adjoined.

Proof. (a). Indeed, every S, is a simple (regular) group-bound semigroup, so each
Sq is a completely simple semigroup.

(b). It is sufficient to show that if Sy, # {0}, then Sy, is a completely 0-simple
semigroup. In that case, Sy, is a O-simple (regular) group-bound semigroup. Thus
So, is completely 0-simple semigroup. O

Corollary 2.3. Every perfect group-bound semigroup is completely semisimple. [

Finally, we shall show that an eventually regular perfect semigroup satisfying
one of the following minimal conditions is group-bound (note that any group-bound
semigroup meets both of these conditions). We shall say that a semigroup S satisf
ies the condition min} (resp. min%) if and only if for every J-class J of S, the set
of all L-classes (resp. R-classes) contained in J has a minimal element (for more
details cf. Section 6.6 [2]). Recall only that a regular semigroup satisfies minj if
and only if it meets min.
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Proposition 2.4. Let S be an eventually regular perfect semigroup satisfying minj
or ming. Then S is completely semisimple. In particular, S is group-bound.

Proof. Indeed, in that case, S is regular (Theorem 2.1), so every n-class of S is a
regular subsemigroup of S. In view of the above remark, S satisfies minj and min}
(cf. also Corollary 1.7). As S is semisimple, S is completely semisimple (see Theorem
6.45 in [2]). In particular, S is group-bound. O
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Semidirect extensions of the Klein group

leading to automorphic loops of exponent 2

Premysl Jedlicka

Abstract. In this paper we study automorphic loops of exponent 2 which are semidirect products
of the Klein group with an elementary abelian group. It turns out that they fall into two classes:

extensions of index 2 and extension using a symmetric bilinear form.

1. Introduction

A loop is called automorphic if all inner mappings are automorphisms. An auto-
morphic loop of exponent 2 is always commutative due to the anti-automorphic
inverse property [7]. There are several papers dealing with the structure of com-
mutative automorphic loops, e.g. [1], [4] or [6]. It turns out that the structure
of commutative automorhic 2-loops differs much from the theory of commutative
automorphic p-loops, for odd primes p, and it is less understood.

The structure of commutative automorhic 2-loops is based on the structure of
automorphic loops of exponent 2. It is already known that they are solvable [2]
and that they need not be nilpotent [5]. Some constructions of automorphic loops
of exponent 2 appeared in [5] and [8].

In this paper we construct automorphic loops of exponent 2 via the nuclear
semidirect product defined in [3]. More precisely, we describe all the automorphic
loops of exponent 2 that are nuclear semidirect extensions of the Klein group by
an elementary abelian 2-group.

Theorem 1.1. Let Q be an automorphic loop of exponent 2, let K < Q be a 4-
element subgroup of N,(Q) and let H be a subgroup of Q such that KH = Q and
|[K N H|=1. Then one of the following situations occurs:

(a) Q is a group;
(b) [Q: N,(Q)] =2 and we can use Proposition 2.2;

(¢) Q is a semidirect product based on a symmetric bilinear form described in
Proposition 2.3.

2010 Mathematics Subject Classification: 20N05
Keywords: automorphic loop, semidirect product, middle nucleus, exponent 2
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The paper is organized as follows: in Section 2 we present the notion of the
nuclear semidirect product of automorphic loops and also two situations when
the semidirect product gives a loop of exponent 2. In Section 3 we analyze the
semidirect product in the case when the image of the auxiliary mapping is a three-
element group. Finally, in Section 4 we focus on the case when the image is a
subgroup of order 2.

2. Preliminaries

We start, our paper by recalling the notion of the nuclear semidirect product defined
in [3] and by presenting two constructions that yield loops of exponent 2. Unlike
in most loop theory papers, we shall use the additive notation here rather than
the multiplicative one; the reason is that subgroups of our loops will appear as
additive groups of vector spaces.

A semidirect product is a configuration of subloops in a loop (@, +): we have
H < @ and K <@ such that K+ H =@ and KN H = 0. In [3] an external point
of view was given, assuming additionally that K’ < N,(Q) and K being an abelian
group. Such loops can be constructed given a special mapping .

Proposition 2.1 ([3]). Let H and K be abelian groups and let us have a mapping
0 : H?> — Aut(K). We define an operation x on Q = K x H as follows:

(avi) * (b’]) = (‘pi,j(a+b),i+j)-

This loop is denoted by K x, H. Let us denote @; j = @i j+k © @5 k. Then Q is
a commutative A-loop if and only if the following properties hold:

Pij = Pji (1)

wo,i = idg (2)

©ij © Pkin = Pkn O Pij (3)

Pijk = Piki = Phiij (4)

ik T Pjitk + kit = dx + 2 @i jk (5)

Moreover, K x 0 is a normal subgroup of Q, 0 x H is a subgroup of Q and
(Kx0)N(O0x H)=0x0and (K x0)+(0x H)=Q.

Q s associative if and only if p; ; = idg, for all i,j € H. The nuclei are
N,Q)=Kx{ieH; VjeH: ¢,; =idx} and
Ny={aeK; VjkeH: gjpla)=a} x{ic H; Vje H: ¢;,; =idk}.

On the other hand, if Q is a commutative automorphic loop, K<Q is a subgroup
of Nu(Q) and H is a subgroup of Q such that K+ H = Q and K N H = {0} then
there exists ¢ : H> — Aut K such that Q = K x, H.

The conditions (1) — (5) are not too transparent and therefore it is worthwhile
to present some special cases which are easier to describe. The simplest such a
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situation is probably the middle nucleus of index 2 which was described already
in [5], not using the notion of a semidirect product.

Proposition 2.2 ([5], [3], exponent 2 version). Let K be an elementary abelian
2-group and let H be a two-element group. Then a mapping ¢ : H> — Aut K
satisfies the conditions (1) — (5) if and only if ¢ satisfies (2).

On the other hand, if an automorphic loop Q has exponent 2 and [Q : N,(Q)] =
2 then there exists such a ¢ with Q = K x, H.

In this paper, we are interested in loops of exponent 2. Among several con-
figurations described in [3], there is one more that yields loops of exponent two:
when the mapping ¢ is a symmetric bilinear form.

Proposition 2.3 ([3], exponent p version). Let K and H be elementary abelian
p groups and let f € Aut K be an automorphism of order p. Let o : H? — (f) be
a symmetric bilinear form. Then o satisfies conditions (1) — (5).

In the rest of the paper we analyze the mapping ¢ when K is the Klein group.
It will eventually turn out that all the possible solutions of ¢ are already described
in Propositions 2.2 and 2.3.

3. Order 3 case

The automorphism group of the Klein group has only two non-trivial commutative
subgroups, up to conjugacy. Each case will be analyzed separately. In this section
we shall suppose that some of ¢; ; is an automorphism of order 3. All the results
can be proved under more general conditions.

Lemma 3.1. Let K, H be elementary abelian 2-groups and let ¢ : H> — Aut K
satisfy (1) — (5). Then, for all i,5 € H,

=)
=

Pii t @55+ Pitjirs = dr (
Pijitj = Pii © %_,jl (

- S |
Pij = Pisi © L5 © Pitjits

—
(S|
L =

Proof. (6) is obtained from (5) via k =i + j. Then (4) gives
Pi,i 01dK = ©i,i 0 Q0. = Pisij = Pi,j © Pijits
which is (7). Finally (4) again gives
Pi+ji+j © Pij = Pigi+ti = Pii+j © Pij
and substituting (7) yields (8). O

If an automorphism of order 3 is contained within Im ¢, it turns out that the
whole mapping ¢ is determined by its behavior on the planes of H.
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Lemma 3.2. Let K, H be elementary abelian 2-groups and let ¢ : H> — Aut K
satisfy (1) — (5). Let Im ¢ C {idxk, f, f*}, for some f € Aut K with f3 = idg,
f #idg. Then, for alli,j € H,

(1) Ha €{pii, vig, Piriivits = f} €{0,2};
(ii) there exists k € (i,j) and g € {idgk, f, f*} such that, for all v,w € (i, j),

~Jidg  ifv e (k) orw e (k),
=Yg ifud (k) andw ¢ (k).
Proof. (i) We find all the possible solutions of (6) within {idg, f, f2}. They are,
up to reordering, (idg,idx,idx), (idg, f, f) and (idg, f2, f?).

(#4) We know from (¢) all the possible choices of ¢; ;, ¢;,; and ;4 i+;. We
put g to be that automorphism that appears at least twice within ¢;;, ¢;; and
©itj,i+; and we choose k € {i,j,i + j} such that ¢y = idg.

Then (8) gives

2 _ —1 s
Pl = Pkl © Puu © Pr iy ktu = idrg,

for each u € (3, j), since Yy, 4 = Prtu,k+u = g and hence ¢y, = idg. On the other
hand, if u,v ¢ (k) then

Pruso = Puu © Poo © Putosute = 97
for each u € (i, j), since u + v € (k) and therefore ¢, , = g. O

Proposition 3.3. Let K, H be elementary abelian 2-groups and let ¢ : H?> —
Aut K satisfy (1) — (5). Let Imp C {idg, f, f?}, for some f € Aut K with f3 =
idg. Then

(i

i # idi if and only if v;; = @;; # idx and then ; ; = p;;;

(#7) |Imy| < 3;

)
)

(13i) the set M = {k; pr =idk} is a subspace of H of Co-dimension at most 1;
v)

(i

Proof. For (i) we can restrict our focus to the subspace of dimension 2 and this
was solved in Lemma 3.2.

(i) Suppose ¢; ; = f and @k, = f2. Due to (i) we can suppose j = i and
m = k. But this situation contradicts Lemma 3.2 (ii).

(#4i) The set M is closed on addition due to Lemma 3.2 (ii). Moreover, every 2-
dimensional subspace of H intersects M non-trivially and hence M is a hyperplane
or M =H.

(tv) According to to Proposition 2.1, we have N, (K x, H) = K x M. O

the middle nucleus of K x, H is a subloop of index at most 2.
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4. Involutory case

In this section we analyze the second case, namely some ¢; ; being an involution.
Most lemmas can be pronounced in a more general setting again.

Lemma 4.1. Let K, H be elementary abelian 2-groups and let ¢ : H> — Aut K
satisfy (1) — (5). Moreover, let cpf’j =idg, for each i,j € H. Then

it Pkt ik = Pijk 9)
Pij+k = (Pij + Pik + Pjk) © Pjik (10)
foralli,j, ke H.
Proof. When we multiply (5) by ¢; j k, we obtain

Pi gk © Pij+k T Pigk © Piitk T Pijk © Phiti = Pijk
which is (9) since @; jx © i j+x = ;. due to (4). And plugging (9) into (4),
namely ©; j+x = ik © Pjk, gives (10). O

Corollary 4.2. Let K and H be elementary abelian 2-groups and let B be a basis
of H. Suppose that we have a mapping ¢’ : B> — Aut K such that (gog,j)z =idg,
for each i,j € B. Then there ewists at most one mapping ¢ : H?> — AutK,

/

satisfying (1) — (5) such that cp?’j =1idg, for each i,j € H, and |z = ¢'.
Proof. By an induction using (10). O

Corollary 4.2 claims that ¢ is uniquely determined whenever we know its values
on a basis. It need not exist though, e.g. conditions (1) or (3) may be violated
already by ¢’. But it exists if ¢’ is a symmetric matrix with two different entries.

Proposition 4.3. Let K and H be two elementary abelian 2-groups and let
¢ : H?* — AutK satisfy (1) — (5). Suppose that Imp = {idg, f}, for some
involutory f € Aut K. Then ¢ is a bilinear mapping.

Proof. Let us take a basis B of the space H. The restriction |2 is symmetric and
hence induces a symmetric bilinear form, let us say ¢’, from H? to {idg, f} = Zs.
According to Proposition 2.3, the mapping ¢’ satisfies the conditions (1) — (5).
Since ¢'|g2 = ¢|gz, Corollary 4.2 gives ¢ = ¢'. O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Conditions of Proposition 2.1 are met and hence there ex-
ists a mapping ¢ : H? — Aut K satisfying (1)—(5).

If ¢, ; is an involution, for some i,j € H, then |Im¢| = 2, due to (1), since
involutions in Aut Z% commute only with themselves and with the identity. Then
Proposition 4.3 gives that ¢ is bilinear.

On the other hand, if no involution appears in Im ¢ then Im ¢ C {idg, f, f},
where f and f2? are the automorphisms of order 3. And Proposition 3.3 states
that the middle nucleus is a subgroup of index at most 2. O
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What if K is a larger elementary abelian group? There are three more types
of subgroups even in Aut Z3 and therefore it is likely that some new construction
type will be needed.
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Subquasigroups in the framework of fuzzy points

Young Bae Jun, Seok Zun Song and Ghulam Muhiuddin

Abstract. A relation between (€, € V g)-fuzzy subquasigroups and (g, € V q)-fuzzy subquasi-
groups is provided, and conditions for an (€, € V ¢)-fuzzy subquasigroup to be a (g, €V q)-fuzzy
subquasigroup are considered. Conditions for the t-g-set (resp., the ¢-€ V g-set) to be a sub-
quasigroup are provided. The notion of (e, d)-characteristic fuzzy sets is introduced. Given a
subquasigroup S of a quasigroup Q, conditions for the (e, §)-characteristic fuzzy set in Q to be an
(€, €V q)-fuzzy subquasigroup, an (€, ¢)-fuzzy subquasigroup, an (€, € A g)-fuzzy subquasigroup,
a (g, q)-fuzzy subquasigroup, a (g, €)-fuzzy subquasigroup, a (g, €V q)-fuzzy subquasigroup and
a (g, € A q)-fuzzy subquasigroup are provided. Using the notions of (a, 8)-fuzzy subquasigroup
,u_(;’s), conditions for the S to be a subquasigroup of Q are investigated where («, ) is one of

(€,€Vyq), (€,€Nq), (€,9), (¢,€Vq), (¢,€N), (g,€) and (g, g).

1. Introduction

Quasigroups has useful applications in cryptography, physics and geometry etc. In
mathematics, especially in abstract algebra, a quasigroup is an algebraic structure
resembling a group in the sense that “division” is always possible. Quasigroups
differ from groups mainly in that they need not be associative. The fuzzy sub-
quasigroup of a quasigroup is studied by W. A. Dudek in the paper [3]. M. Akram
and W. A. Dudek [1] introduced the notion of (¢, 8)-fuzzy subquasigroups where «,
Be{e, q,eVq, ENg} and a # €Aq, and investigated some related properties.
They characterized (€, €V q)-fuzzy subquasigroups by their level subquasigroups,
and studied fuzzy subquasigroups with thresholds.

In this paper, we discuss a relation between (€, € V ¢ )-fuzzy subquasigroups
and (¢, € V ¢ )-fuzzy subquasigroups, and provide conditions for an (€, €V q )-fuzzy
subquasigroup to be a (g, €V ¢ )-fuzzy subquasigroup. We consider conditions for
the t- g -set (resp., the t-€V g-set) to be a subquasigroup. We introduce the notion
of (g,0)-characteristic fuzzy sets in quasigroups. Given a subquasigroup S of a
quasigroup Q, we provide conditions for the (g, d)-characteristic fuzzy set in Q to
be an (€, €V q)-fuzzy subquasigroup, an (€, ¢)-fuzzy subquasigroup, an (€, € A q)-
fuzzy subquasigroup, a (g, q)-fuzzy subquasigroup, a (g, €)-fuzzy subquasigroup,
a (g, € V ¢)-fuzzy subquasigroup and a (g, € A ¢)-fuzzy subquasigroup. Using the

notions of («, 8)-fuzzy subquasigroup ug&’é), we investigate conditions for the S

2010 Mathematics Subject Classification: 20N15, 94D05
Keywords: (fuzzy) subquasigroup, («, 8)-fuzzy subquasigroup, t-g-set, t-€ V g-set.
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to be a subquasigroup of @ where (a,3) is one of (€,€ Vq), (€,€ Aq), (€,q),
(¢, €Va), (a,€Nq), (¢, €) and (g, q).

2. Preliminaries

A quasigroup (Q,-) is a set ) with a binary operation “-” such that for each a and
b in @ there exist unique elements x and y in @ such that a-x =band y-a = b.
The unique solutions to these equations are denoted by = a\b and y = b/a. The
operations “\” and “/” denote the defined binary opersations of left and right di-
vision (sometimes called parastrophe), respectively. This axiomatization of quasi-
groups requires existential quantification and hence first order logic. The second
definition of a quasigroup is grounded in universal algebra, which prefers that
algebraic structures be varieties, i.e., that structures be axiomatized solely by
identities. An identity is an equation in which all variables are tacitly univer-
sally quantified, and the only operations are the primitive operations proper to
the structure. Quasigroups can be axiomatized in this manner if left and right
division are taken as primitive.

A quasigroup Q = (Q, -, \, /) is a type (2,2, 2) algebra satisfying the identities:

(z-y)y=z, 2\ (x-y) =y, (x/y)-y=xz, - (x\y) =y

(cf. [2] or [4]). Hence if (Q,-) is a quasigroup according to the first definition,
then Q = (Q,-,\, /) is an equivalent quasigroup in the universal algebra sense. We
say also that (Q,-,\,/) is an equasigroup (i.e. equationally definable quasigroup)
[4] or a primitive quasigroup [2]. The equasigroup Q = (Q,-,\,/) corresponds to
quasigroup (@, -) where

N\Ny=z <= x-z2=y, zfly=2z < z-y=nux.

A nonempty subset S of a quaisgroup Q = (Q,-,\,/) is called a subquasigroup of
Q if it is closed with respect to these three operations, i.e., xxy € S forall x,y € S

and*€{~,\,/}.

A fuzzy set p in a set X of the form

[ te(0,1] if y=u=,

is said to be a fuzzy point with support z and value t and is denoted by z;.

For a fuzzy point x; and a fuzzy set p in a set X, Pu and Liu [5] introduced the
symbol z;au, where o € {€, ¢, €V q,€Aq}. To say that z; € u (resp. z; q p), we
mean pu(z) > ¢ (resp. p(x) +t > 1), and in this case, x; is said to belong to (resp.
be quasi-coincident with) a fuzzy set p. To say that x; €V g pu (resp. xy €Aq p),
we mean x; € p or x;qu (resp. z; € p and x4 qu). To say that x; @ p, we mean
xiap does not hold, where o € {€,¢,€Vq,ENq}.
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Definition 2.1. ([3, Definition 3.2]) A fuzzy set p in a quasigroup Q is called a
fuzzy subquasigroup of Q if it satisfies:

p(z +y) = min{p(z), n(y)} (1)
for all x,y € Q and * € {-,\,/}.
We have the following characterization of a fuzzy subquasigroup.

Proposition 2.2. Let Q be a quasigroup. A fuzzy set p in Q is a fuzzy subquasi-
group of Q if and only if the following assertion is valid.

Tt S My Ys € ,LL - (IE * y)min{t,s} S M (2)
forallz,y € Q, t,s € (0,1 and x € {-,\,/}.

Proof. Straightforward. O

3. Subquasigroups in the framework of
(cr, B)-type fuzzy sets
In what follows, let Q = (Q,-,\,/) be a quasigroup unless otherwise specified.
Definition 3.1. ([1, Definition 3.1]) A fuzzy set u in @ is said to be an («, 8)-fuzzy

subquasigroup of Q, where a, 8 € {€, q,€Vq,ENg} and a # €Agq, if it satisfies
the following condition:

Ty Qs Y, 0 = (L% Y)min{t b2} 10 3)
for all z,y € Q, t1,t2 € (0,1] and * € {-,\, /}.

Lemma 3.2. ([1, Theorem 3.13]) A fuzzy set p in Q is an (€,€V q)-fuzzy sub-
quasigroup of Q if and only if it satisfies:

(Va,y € Q) (u(z * y) > min{u(x), u(y),0.5}) (4)
where x € {-,\,/}.

We know that there are twelve different types of («, 8)-fuzzy subquasigroups
in @, that is, (a,B) is any one of (€,€), (€,9), (€, € Aq), (€, €Vq), (¢,€),

(0:9); (¢:€Nq), (g,€Vq), (€Va,€), (€Vq,q), (EVq,ENg), and (€Vq,EVq).
Clearly, we have relations among these types which are described in the following
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diagrams.

(€,9)

AY

/.\

m
m
<

IS

(evg,evyq)

\
/

(evVg,e) == (eVq,eNqg)=—=(€Vq,q)
and

(q,€) == (¢,eNq) == (¢,9)

| / (6)
S

Vaq)

)

If there exists x € @ such that p(x) > 0.5, then we have the following relation:

(ENg, €)== (eENg,eENg)=—=(ENQq, q)

| =

(Eng,eVQq) (7)

ﬂ

(€,eVq)

/

We provide a relation between (€, €V ¢ )-fuzzy subquasigroups and (g, €V q )-
fuzzy subquasigroups.

Theorem 3.3. Every (q,€ V q)-fuzzy subquasigroup is an (€, € V q)-fuzzy sub-
quasigroup.

Proof. Let p be a (g, € V q)-fuzzy subquasigroup of Q. Let x € {-,\,/} and let
z,y € Q and ty,ts € (0,1] be such that x;, € p and y;, € p. Then p(x) > ¢ and
p(y) = ta. Suppose (T * Y)min{t, ¢t} €V ¢ - Then

pw(x xy) < min{ty, ta}, (8)
p(z*y) + min{ty, t2} < 1. 9)
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It follows that
p(x xy) < 0.5. (10)
and from (8) and (10) that
w(x *y) < min{ty, t2,0.5}.
Thus
1—p(z*y) >1—min{t,t2,0.5} > max{l — u(x),1 — u(y),0.5},

and so there exists § € (0,1] such that

1—p(z*xy) =0 >max{l — p(z),1 — u(y),0.5}. (11)

The right inequality in (11) induces up(x) +d > 1 and p(y) + § > 1, that is,
x5 qp and ys g p. Since p is a (g, € V ¢ )-fuzzy subquasigroup of Q, it follows that
(*y)s = (T * Y)min{s,s} € Vqpu. But, from the left inequality in (11), we get
plzxy)+96 <1, thatis, (z*xy)squ, and p(z*xy) <1-0<1-0.5=0.5 <4, ie.,
(wxy)s € p. Hence (wxy)s €V q p, a contradiction. Therefore (x%y)mings, 1,3 €V q i,
and thus u is an (€, €V q)-fuzzy subquasigroup of Q. O

Regarding («, 8)-fuzzy subquasigroups, Theorem 3.3 and figure (6) induces the
the following relations.

(¢:€Vq) (12)

(e,evyq)

The converse of Theorem 3.3 is not true in general (see [1, Example 3.6]).
We provide conditions for an (€, €V ¢ )-fuzzy subquasigroup to be a (¢, €V q )-
fuzzy subquasigroup.

Theorem 3.4. If p is an (€, €V q)-fuzzy subquasigroup of Q in which u(x) < 0.5
for all x € Q, then u is a (g, €V q)-fuzzy subquasigroup of Q.

Proof. Let u be an (€, €V q )-fuzzy subquasigroup of Q such that u(x) < 0.5 for
all z € Q. Let x € {-,\,/}, z,y € Q and t1,t2 € (0,0.5] be such that x:, qu
and y;, gp. Then p(z) > 1 —t; > t; and p(y) > 1 —to > to, that is, x4, € u
and y;, € p. Since p is an (€, € V ¢ )-fuzzy subquasigroup of Q, it follows that
(% % Y)minfts,t2} €V qp. Consequently, puis a (g, €V q)-fuzzy subquasigroup. [
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The figure (5) and Theorem 3.4 induces the following corollary.

Corollary 3.5. Let p be an (a, §)-fuzzy subquasigroup of Q where (a, 3) is any
one of (€,€), (€,9), (€,€Aq), (EVgq,€), (€Vy,q), (EVg, ENg), and (EV g,
€V q). If every fuzzy point has the value t in (0,0.5], then p is a (q, €V q)-fuzzy
subquasigroup of Q. O

For a fuzzy set p in Q and ¢ € (0, 1], consider the g-set and € V g-set with
respect to ¢ (briefly, t-g-set and t-€V ¢-set, respectively) as follows:

Ol i={reQ|zqu} and QL,, :={ze€Q |z eVqpu}
Note that, Q; € Q! and QF,,, € Qf,, for all ¢, € (0,1] with ¢ > 7. Obviously,
tg =U(wst) U QF, where
U(p;t) ==A{z € Q| p(z) > t}.

Theorem 3.6. If u is an (€, €)-fuzzy subquasigroup of Q, then the t-q-set QZ s
a subquasigroup of Q for all t € (0,1] whenever it is nonempty.

Proof. Let x € {-,\,/} and x,y € Q. Then x; qu and y; q u, that is, u(x) +t > 1
and p(y) +t > 1. It follows that

p(*y) +t 2 min{p(z), p(y)} +t = min{p(z) + ¢, p(y) +t} > 1
and so that (z*y); g u. Hence zxy € Qfl, and therefore QZ is a subquasigroup. [

Corollary 3.7. If u is an (€, € A q)-fuzzy subquasigroup of Q, then the t-q-set Qfl
is a subquasigroup of Q for all t € (0,1] whenever it is nonempty. O

Theorem 3.8. If p is a (q, €V q)-fuzzy subquasigroup of Q, then the t-q-set QZ
and the t-€V q -set Qtevq are subquasigroups of Q for all t € (0.5,1] whenever it
1§ nonempty.

Proof. Let x € {-,\,/} and p a (g, €V q)-fuzzy subquasigroup of Q. Let z,y € Q
be such that z € Q! and y € Q! for all ¢ € (0.5,1]. Then ¢ p and y; ¢ p, which
imply that (z xy); € Vqu, ie., (xxy) € por (xxy)rqp. If (x*y)qu, then
wxy € QL. If (x*y); € p, then pu(x*y) >t >1—tsince t > 0.5. Hence (z+y); q p,
that is, x xy € Qfl. Therefore QZ is a subquasigroup of Q. Now, let z,y € Qte/q.
Then z; €V qu and y; €V qu. Hence we have the following four cases:

(i) @ € pand y; € p,
(i) @ € p and y, q p,
(iii) z;qp and y; € p,

)

(iv) @y qp and y; q p.
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For the first case, we have u(x) +¢ > 2t > 1 and p(y) +t > 2t > 1, that is, z; q u
and y; g u. It follows that (z xy): € Vqp and so that x xy € Qt@/q. In the case
(ii), x¢ € p implies p(x) +t > 2t > 1, that is, x; qpu. Hence (z xy); € Vgpu and
so xxy € QF,,. Similarly, the third case implies z xy € QF,,. The last case
implies (z *y); €Vqu and so z xy € Qf, .. Consequently, t-€V g-set Qf, , is a
subquasigroup of Q for all ¢ € (0.5, 1].

Corollary 3.9. If i is any one of a (q, €)-fuzzy subquasigroup, a (¢, €A q)-fuzzy
subquasigroup and a (q, q)-fuzzy subquasigroup of Q, then the t-q-set QZ and the t-
€V q-set Qtevq are subquasigroups of Q for allt € (0.5, 1] whenever it is nonempty.

Proof. Tt follows from the figure (6) and Theorem 3.8. O

Lemma 3.10. ([1, Theorem 3.12]) For a subquasigroup S of Q, let p be a fuzzy
set in Q such that

(1) p(x) > 0.5 for allx € S,
(2) p(z)=0 forallz e @\ S.
Then u is a (¢, €V q)-fuzzy subgquasigroup of Q.
Using Theorem 3.8 and Lemma 3.10, we have the following result.
Theorem 3.11. For a subquasigroup S of Q, if pu is a fuzzy set in Q such that
(1) p(x) > 0.5 forallx € S,
(2) u(x)=0 forallz e @\ S,

then the nonempty t-q-set QZ and the t-€ V q -set Qtevq are subquasigroups of Q
for allt € (0.5,1]. O

Theorem 3.12. If i is an (€, €V q )-fuzzy subquasigroup of Q, then the nonempty
t-q-set Qfl is a subquasigroup of Q for all t € (0.5,1].

Proof. Let x € {-,\,/}. Assume that Q] # 0 for all ¢ € (0.5,1]. Let z,y € Q.
Then z;qu and y; qu, that is, pu(z) +¢ > 1 and p(y) +¢ > 1. It follows from
Lemma 3.2 that

(@ *y) +t = min {u(z), u(y), 0.5} + ¢
= min {u(z) + ¢, pu(y) +¢,0.5 + t}
> 1.

So (x *y)rqu. Hence z xy € Qfl, and therefore QZ is a subquasigroup. O
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In what follows, let €, € [0, 1] be such that £ > ¢ unless otherwise specified.

For a nonempty subset S of Q, define a fuzzy set ,u(sa’é) in Q as follows:

(5,5)(x) e ifxebs,
s "1 § otherwise.

We say that u(;’é) is an (e, d)-characteristic fuzzy set in Q over S. In particular,

the (1,0)-characteristic fuzzy set ug’o) in Q over S is the characteristic function

xs of S.

Theorem 3.13. For any nonempty subset S of Q, the following are equivalent:
(1) S is a subquasigroup of Q.

(2) The (e, d)-characteristic fuzzy set ,u(;’é) is a fuzzy subquasigroup of Q.

Proof. Assume that S is a subquasigroup of Q and let z,y € Q. If =,y € S, then
xxy € .5 and so

,uf;’é) (v *y) = ¢ = min {/‘595’5) (x), ug’é) (y)}
Ifx¢ Sory¢S, then ug’é) (x) =0 or ug’é)(y) = 4. Hence

)0 . 8 )
s )(x*y)>5:mm{uf§ (@), p§ )(y)}-

Therefore M(SE"S) is a fuzzy subquasigroup of Q.

Conversely, suppose that ug’é) is a fuzzy subquasigroup of Q. Let x,y € S.

Then ug’g) (x) =€ and ug’g)(y) = ¢. It follows that

)6 : ) ¥
u§ ) (wy) = min {5 (@), 1§V ()} =,

Thus = *y € S, and therefore S is a subquasigroup of Q. O

Theorem 3.14. If S is a subquasigroup of Q, then the (g,0)-characteristic fuzzy

set ug’é) is an (€, €V q)-fuzzy subquasigroup of Q.

Proof. Assume that S is a subquasigroup of @ and let z,y € Q. If x,y € S, then
x*xy € .S and so

£,0 . £,0 £,0
M(S )(x*y):5>m1n{ug )(a:),ug )(y),0.5}.
If (2,9) _ (2,9) _
x ¢ Soryd¢s, then ug™ (r) =6 or ug™’ (y) = 6. Hence

ps” (x+y) > 6 > min {ufﬁ’é) (@), 15" (v), 0-5} :

It follows from Lemma 3.2 that Mgs,a) is an (€, €V q )-fuzzy subquasigroup. O
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In order to consider the converse of Theorem 3.14, we need additional condi-
tions.

Theorem 3.15. For any nonempty subset S of Q, if 6 < 0.5 and the (g,0)-

characteristic fuzzy set ,u(Ss’a) is an (€, €V q)-fuzzy subquasigroup of Q, then S is

a subquasigroup of Q.

Proof. Assume that 6 < 0.5 and the (e, d)-characteristic fuzzy set u(SE"s) is an
(€, eV q)-fuzzy subquasigroup of Q. Let z,y € S. Then u(g"s)(x) =c= ’u(;,a) (y).

Using Lemma 3.2, we have

)6 : ,6 8
u§ (@ y) > min {u§ 0 (@), 1§ (),0.5}

= min{e, 0.5}

(05 ife>05
"] €  otherwise,

and so that ug’é) (r*xy) =e. Thus zxy € S, and S is a subquasigroup of Q. [

Corollary 3.16. A nonempty subset S of Q is a subquasigroup of Q if and only if
the characteristic function xs of S is an (€, €V q)-fuzzy subquasigroup of Q. [

Theorem 3.17. If S is a subquasigroup of Q, then the (,d)-characteristic fuzzy

)

set u;’é is an (€, q)-fuzzy subquasigroup of Q whenever if any element t in (0, 1]

satisfies xy € u(Se’&) forze@Q thend <tandl—1t<e.

Proof. Let x € {-,\,/} and let z,y € Q and ¢1,t2 € (0,1] be such that z,, € uf;’(s)
and y;, € ugs"s). Then ug’é) () =2 ¢, > § and ugs’&)(y) >ty > 4. It follows that

u(sa’é)(x) =& = uf‘;"s) (y), and so z,y € S. Since S is a subquasigroup of Q, we

have x xy € S. Hence ug’é)(x xy) = ¢, and thus N(Ss’a)(a; * y) + min{ty,to} =

€+min{ty,to} > 1 which shows that (2 *¥)minft,,¢,} q,u(;"s). Therefore ,uss’é) is an

(€, q)-fuzzy subquasigroup of Q. O

Corollary 3.18. If S is a subquasigroup of Q, then the (g,0)-characteristic fuzzy

set ug’é) is an (€, €V q)-fuzzy subquasigroup of Q whenever if any element t in

(0,1] satisfies xy € pg’é) forxeQ thend <t andl—t<e. O

Theorem 3.19. Let S be a nonempty subset of Q. If e + 6 < 1 and the (g,0)-

characteristic fuzzy set ,uf;’é) is an (€,q)-fuzzy subquasigroup of Q, then S is a

subquasigroup of Q.

Proof. Let = € {-,\,/}. Assume that € + ¢ < 1 and the (g, d)-characteristic fuzzy
set ,uga’é) is an (€, q)-fuzzy subquasigroup of Q. Let x,y € S. Then u(SE’é)(x) =c=
,u(ss’é)(y), and so z, € ug’é) and y. € ugs’é). Hence (2 *y)e = (Z *Y)minfe,c} qug‘i"s),
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which implies that u(SE’é)(x % y) + & > 1. Therefore u(;’é) (x*y)>1—¢e >0, and

thus ug’a)(x xy) = ¢, that is, x x y € S. Consequently, S is a subquasigroup. [

Corollary 3.20. Let S be a nonempty subset of Q. If e+ < 1 and the (g,9)-
characteristic fuzzy set ,uge’&) is an (€, € A\ q)-fuzzy subquasigroup of Q, then S is

a subquasigroup of Q. O

If we take ¢ = 1 and § = 0 in Theorems 3.17 and 3.19, then we have the
following corollary.

Corollary 3.21. A nonempty subset S of Q is a subquasigroup of Q if and only
if the characteristic function xs of S is an (€, q)-fuzzy subquasigroup of Q. O

Theorem 3.22. If S is a subquasigroup of Q, then the (g,0)-characteristic fuzzy

set ,ugm is a (q,q)-fuzzy subquasigroup of Q whenever if any element t in (0, 1]

satisfies x4 € u(ss’a) forreQthend<1—t<e.

Proof. Let x € {-,\,/}. Let x,y € @ and t1,t2 € (0,1] be such that zy, qug’é)

and y, qu(ss’(s). Then ﬂg’é) () +t1 > 1 and ug’é)(y) + t2 > 1, which imply that

,LL(SE";)(:L‘) >1—t > 6 and M(SE"S) (y) > 1 —tg = 4. Tt follows that uéeﬁ) (x) =¢ =
ug’é)(y) and so that z,y € S. Since S is a subquasigroup of Q, we have x xy € S

and so ug’é) (z xy) = e. Thus

,u(;’&)(l‘ *y) +min{ty,to} =&+ min{ty, ta} > 1,

that is, (Z * ¥)min{t, 2} qu(sa’é). This shows that 'usm) is a (g, q)-fuzzy subquasi-
group. O

Corollary 3.23. If S is a subquasigroup of Q, then the (g,0)-characteristic fuzzy

set ug’é) is a (q,€ V q)-fuzzy subquasigroup of Q whenever if any element t in

(0,1] satisfies x; € M(SE’(S) forzeQ thend <1—t<e. O

Theorem 3.24. Let S be a nonempty subset of Q. Assume that ¢ > max{J, 0.5}

and € + 6 < 1. If the (g, 6)-characteristic fuzzy set ug’é)

group of Q, then S is a subquasigroup of Q.

is a (q, q)-fuzzy subquasi-

Proof. Let « € {-,\,/} and let z,y € S. Then uf,;’[s)(x) == ug’é)(y), which
implies that

ug’é)(x) +e=c+e>1and uf;’é)(y)—l—a =ec+e>1,
that is, zc ¢ 1% and y. q,use’é). Since M(SE"S) is a (q, q)-fuzzy subquasigroup of Q,
it follows that (z*y): = (T*Y)min{e,c} q,ugf’é). Hence ug’g)(m xy)>1—¢e >0, and

therefore ,ug’é) (x*y) = €. This proves that zxy € S, and S is a subquasigroup. O
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Corollary 3.25. Let S be a nonempty subset of Q. Assume that ¢ > max{J, 0.5}
and € + 9§ < 1. If the (g,0)-characteristic fuzzy set u(;"s) is a (g, € Nq)-fuzzy

subquasigroup of Q, then S is a subquasigroup. O

If we take ¢ = 1 and § = 0 in Theorems 3.22 and 3.24, then we have the
following corollary.

Corollary 3.26. A nonempty subset S of Q is a subquasigroup of Q if and only
if the characteristic function xs of S is a (q,q)-fuzzy subquasigroup of Q. O

Theorem 3.27. For any nonempty subset S of Q and the (e,d)-characteristic

), assume that if any element t in (0,1] satisfies x; € u(se"s) for

xr €Qthend <1—tandt <e. If S is a subquasigroup of Q, then ug"s) is a

(¢, €)-fuzzy subquasigroup of Q.

fuzzy set ,u;’6

Proof. Let x € {-,\,/}. Let x,y € @ and t1,t2 € (0,1] be such that zy, qug’é)

and yy, qu(ss’(s). Then Mg’é) () +t; > 1 and ugs’é)(y) + to > 1, which imply that

,u(;"s)(x) >1—t > and ,ug’é) (y) > 1 —t2 > 4. Hence MSE’(S) () =¢= ,u(ss"s)(y)7
and so z,y € S. Since S is a subquasigroup of Q, we have x xy € S and thus

MS’§)(:E xy) =€ > min{ty, ta},
that is, (2 * ¥)min{ti,t2} € ug’é). This shows that u(sg’é) is a (g, €)-fuzzy subquasi-
group of Q. O

Corollary 3.28. For any nonempty subset S of Q and the (g,0)-characteristic

fuzzy set u(;’é), assume that if any element t in (0,1] satisfies x; € ,u(sa’é) for
r € Qthend <1—tandt <e. If S is a subquasigroup of Q, then Mgg,a) is a

(¢, €V q)-fuzzy subquasigroup of Q. O

Theorem 3.29. Let S be a nonempty subset of Q. Assume that € > max{d,0.5}.
If the (£, 0)-characteristic fuzzy set M(Ss,a) is a (g, €)-fuzzy subquasigroup of Q, then

S is a subquasigroup of Q.

Proof. Let « € {-,\,/} and let z,y € S. Then uf.;’&)(x) == ug’é)(y), which
implies that

P @) +e=ete>Tand pSV ) +e=c+e>1,

s a (¢, €)-fuzzy subquasigroup of Q,

it follows that ( * y): = (T * ¥)min{e,e} € ug’é) and so that ug’é)(:zz xy) = ¢, that

is,  x y € S. Therefore S is a subquasigroup of Q. O

that is, z. q,usa’é) and v, qu(;"s). Since ,uf;’

Corollary 3.30. Let S be a nonempty subset of Q. Assume that € > max{J,0.5}.

If the (e,0)-characteristic fuzzy set ug’é) is a (q, €\ q)-fuzzy subquasigroup of Q,

then S is a subquasigroup of Q. O
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If we take ¢ = 1 and 6 = 0 in Theorems 3.27 and 3.29, then we have the
following corollary.

Corollary 3.31. A nonempty subset S of Q is a subquasigroup of Q if and only
if the characteristic function xs of S is a (g, €)-fuzzy subquasigroup of Q. O

Theorem 3.32. If S is a subquasigroup of Q, then the (g,0)-characteristic fuzzy
set pg’é) is an (€, € Aq)-fuzzy subquasigroup of Q whenever if any element t in

(0,1] satisfies x; € ug’a) forxeQ thend <tandl—t<e.

Proof. Let z,y € Q and t1,t; € (0,1] be such that z;, € /L(Ss@ and y;, € ug’é).
Then ,ug’é) () 2 t; > ¢ and ug’é)(y) > to > 0, which imply that z,y € S and ¢ >

min{t¢y,t2}. Since S is a subquasigroup of Q, we have xxy € S. Hence ug’é)(z*y) =

. . 5 é .
€ > min{ty, 2}, i.e., (w*y)min{tl,h} € ME@E’ ). Now, u(sa’ )(x*y) +min{ty,t2} =+

min{ty,t2} > 1 and 0 (T*Y)min{t, t2} qug’é). Therefore (2*Y)minft, 15} €A qu(sa’é),

)

and consequently pg ) is an (€, € A q)-fuzzy subquasigroup of Q. O

Corollary 3.33. If S is a subquasigroup of Q, then the (¢,0)-characteristic fuzzy

set ug’é) is both an (€,€V q)-fuzzy subquasigroup and an (€, q)-fuzzy subquasi-

group of Q whenever if any element t in (0,1] satisfies x; € ,u(;’a) for x € Q then
d<tandl—t<e. 0

Theorem 3.34. Let S be a nonempty subset of Q. If e +6 < 1 and the (g,0)-

characteristic fuzzy set uf.;’&) is an (€, € A q)-fuzzy subquasigroup of Q, then S is

a subquasigroup of Q.

Proof. Assume that € + § < 1 and the (e, d)-characteristic fuzzy set ug’g) is an
(€, € A q)-fuzzy subquasigroup of Q. Let x,y € S. Then ug"s)(x) == H(;"S)(y),

and so z. € ug’é) and y. € MS’J). Hence (2 *y)e = (2 * Y)min{e,c} e/\q,u(;"s), that
. 8 ,0
is, (z*xy)e = (z * y)min{s,a} € pg ) and (zxy)e = (z * y)min{e,s} q,ug5 ) Hence

u(sg’(s)(:z: xy) > € and ,u(ss"s)(x xy)+e>1.If u(sa’é)(:z: xy) > €, then ug’é) (z*xy)=c¢

and thus z xy € S. If /,Lgs’&)(x *y) +¢€ > 1, then ,ugs’é)(x *xy) >1—¢e >4 and so

,u(;’&) (x * y) = &, which shows that x * y € S. Therefore S is a subquasigroup of

Q. O

If we take ¢ = 1 and § = 0 in Theorems 3.32 and 3.34, then we have the
following corollary.

Corollary 3.35. A nonempty subset S of Q is a subquasigroup of Q if and only if
the characteristic function xs of S is an (€, €N q)-fuzzy subquasigroup of Q. [

Theorem 3.36. If S is a subquasigroup of Q, then the fuzzy set ,u(se’é) is a (q,

€A q)-fuzzy subquasigroup of Q under the condition that if any element t in (0,1]
satisfies xy € ,u(ss’é) forze@Q thend<1—tandt<e.
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Proof. Let x,y € Q and t1,ty € (0, 1] be such that x, qp(s’ ) and Yto qu . Then

,u(; 6)( )+t; > 1and ,u(s 6)( )+t2 > 1, which imply that ,u(s )( )>1—t; > dand
(£,9)

ugf‘s)( ) >1—1ty > 6. Hence pug’ )( ) =¢e=png""(y) and € > max{l —t;,1 —ts},
and so z,y € S. Since S is a subquasigroup of Q, we have x xy € S and thus

Mgsﬁ)(x xy) =€ > min{ty, ta},

that is, (T%Y)min{t, 12} € #(5,5) Now, ,ugf’é) (z+y)+min{ty, ta} = 6+min{t1,t2} >1,
(e,6)

and 50 (2 % Y)mingy 12} 415" Hence (& % Y)mingrr 1) € Aqus”, and p§ a
(g, € A q)-fuzzy subquasigroup of Q. D
Corollary 3.37. If S is a subquasigroup of Q, then the fuzzy set u( D a (q,

€V q)-fuzzy subquasigroup of Q under the condition that if any element t in (0, 1]
satisfies xy € ,u(ss’é) forzeQ thend<1—tandt<e. O

Theorem 3.38. Let S be a nonempty subset of Q. Assume that € > max{d,0.5}.

:0)

If the fuzzy set ,uSE is a (g, € Nq)-fuzzy subquasigroup of Q, then S is a sub-

quasigroup of Q.
Proof. Let x,y € S. Then M(E VNg)y=¢= N(g,a)( ), which implies that

(5’6)(:1:)+5*6+5>1andu( V) +e=c+e>1,

(e:9) =9 s a (g, € A\ q )-fuzzy subquasigroup of

Q, it follows that (z*y)e = (Z*Y)min{e,e} €A q,u(a and so that u(e )(x xy) =€
Hence z xy € S and S is a subquasigroup of Q. O

that is, z. q ug™’ and ye qu . Since pg

If we take ¢ = 1 and § = 0 in Theorems 3.36 and 3.38, then we have the
following corollary.

Corollary 3.39. A nonempty subset S of Q is a subquasigroup of Q if and only
if the characteristic function xs of S is a (q, €A q)-fuzzy subquasigroup of Q. O

Theorem 3.40. Let S be a nonempty subset of Q. Assume that if any element t
in (0,1] satisfies z; € ,u; 9) forxz e Q thend < 1—1t. If S is a subquasigroup of
Q, then the fuzzy set u( £9) is q (g, €V q)-fuzzy subquasigroup of Q.

Proof. Let z,y € Q and t1,t2 € (0,1] be such that zy, qugs % and Yto qugs’(s). Then
ugf"s)( )+t1 > 1and ug €9 (y)+t, > 1, which imply that u(s Dz)>1—t, > 6and
u(se’(s)( ) > 1—ty > §. Hence u( ’ )( )=¢e= Sé)( ), and so & > max{l—t1,1—t2}
and z,y € S. Since S is a subquasigroup of Q, we have x xy € S and thus
ué? %) (x*y) = ¢ which implies that u(s 6)(q:*y) +min{t1,t2} = e+ min{ty, ta} > 1,
e, (T*Y)minft, ta} qug’ ) It follows that (% % Y)min{t1,t2} €V qu(6 9

IJ(SE oy is a (g, €V q)-fuzzy subquasigroup of Q. -

. Therefore
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Theorem 3.41. Let S be a nonempty subset of Q. Assume that € > max{d,0.5}

and € + 6 < 1. If the fuzzy set ugg’g) is a (q, €V q)-fuzzy subquasigroup of Q, then

S is a subquasigroup of Q.

(£,9)

Proof. Let x,y € S. Then pg (2,9)

(x) =€ = pg’"’(y), which implies that

P @) +e=ete>Tand pSV () +e=c+e>1,

that is, 7. ¢ u=% and y. ¢ u&%. Since 4% is a (¢, €V ¢ )-fuzzy subquasigroup of
5 5 s

Q, it follows that (z *y): = (T * Y)minfe,c} Eung’é), that is, uga’[s)(z xy) = e or

s (wey)+e > LI pS Y (way) > e, then wxy € 8.1 pS " (wxy) +¢ > 1, then

u(sa’é)(x xy)>1—¢ >4 and so uga’&)(x xy) =e. Thus x *xy € S, and therefore S

is a subquasigroup of Q. O

Corollary 3.42. Let S be a nonempty subset of Q. Assume that ¢ > max{J, 0.5}
and ¢ + 6 < 1. If the fuzzy set pf‘;’é) is an («, B)-fuzzy subquasigroup of Q for
(a,8) €{(g:€),(a,€Nq),(q:9)}, then S is a subquasigroup of Q. O

If we take e = 1 and § = 0 in Theorems 3.40 and 3.41, then we have the
following corollary.

Corollary 3.43. A nonempty subset S of Q is a subquasigroup of Q if and only
if the characteristic function xs of S is a (q, €V q )-fuzzy subquasigroup of Q. O
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Actions over monoids and hypergroups
Abolghasem Karimi Feizabadi and Hamid Rasouli

Abstract. We construct the hypergroups by actions over monoids. Particularly, some non-unital
hypergroups are constructed. Here, hypergroups are obtained by orbit neighborhood collections
that make a complete lattice.

1. Introduction and preliminaries

A generating technique of examples in a theory can be very useful, in particular if
it is not given various fundamental examples in that theory. One of these theories
is the theory of hypergroups which was introduced in 1934 by Marty [3].

A hyperoperation on a set H is a map - : H x H — P*(H), where P*(H) is
the set of all non-empty subsets of H. The set H with a hyperoperation - is called
a hypergroup if for every x,y,z € H, - (y - z) = (x - y) - z (association law), and
z-H = H -z = H. For more information, see [1] and [4].

In the sense of category theory, an action over monoids is a monoid in the
category T-Act of all T-acts for a monoid T. Let M be a monoid with no zero
element. For any monoid 7', a homomorphism of monoids:

O:T > HM); t—@r: M — M,

where H (M) denotes the monoid of all endomorphisms of M is said to be an action
over monoids. Note that H(M) has a (unique) zero element which is a constant
mapping equals 1. If T has a zero element 0, we impose the assumption that
T\{0} is a monoid. So letting ¢q be the zero element of H(M), ® : T — H(M) is
a homomorphism of semigroups. In this case, mypy = 1 for every m € M and then
® is called a zero faithful action.

In this paper a generating technique for constructing hypergroups is presented.
Using neighborhood collections, we construct a class of hypergroups, and describe
how an action over monoids can be applied to obtain a hypergroup. We consider
hypergroup actions over monoids, which are those actions ® : T — H(M) over
monoids for which (M, e) is a hypergroup. It is obtained a necessary and sufficient
condition for a hypergroup action over monoids to be unital, that is, 1 € x e y for
all z,y € M.

2010 Mathematics Subject Classification: 20N20, 20M30, 20M32, 20M50, 20M99

Keywords: Action over monoids, hypergroup, orbit neighborhood collection.
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For a monoid M, on the monoid H(M) of all endomorphisms of M we consider
the operation * : M — M defined by o x p := po o, for each p,0 € H(M). To
denote the image of © € M under o we will use the postfix notation. Also Sub(M)
denotes the set of all submonoids of M. Throughout M stands for a monoid with
no zero element unless otherwise stated.

2. Actions over monoids

In this section first we give some instances of actions over monoids

Example 2.1. Each of the following is an action over monoids:
(i) For any commutative monoid M and T'= (N, ), ® :T— H(M); mypy, = m*.
(ii) For any submonoid T of H(M),® : T — H(M); ® := idy (natural action).
(iii) For any monoid T with zero, ® : T'— H(M); p; :=idp foreach 0 £t € T.
If t = 0,mpg := 1, for each m € M. O

Let M be a monoid. By a neighborhood collection on M we mean the sequence
YV ={V, : « € M} indexed by M, such that for each x € M, V, C M and
x € V. If V is a neighborhood collection, we define a hyperoperation, called the
hyperoperation induced by V in the following way: for each z,y € M, z oy =V, V,,
where V.V, is the usual product of subsets V; and V,, of M. It is clear that for
every z,y € M, xy € x ey. For every a € M and a non-empty subset X of M,
weput ae X :=J,.yaexand X ea:=J,.x v ea. Clearly,a e M =V, M and
M ea = MV, for each a € M. Also we have:

Lemma 2.2. If M is a group, then (M, e) is a hypergroup.

Proof. Let M be a monoid and ) # A C M. If there is an invertible element a € A,
then AM = M = M A. Moreover, if M is a group, then the operation on subsets
of M is also associative. Therefore, if M is a group and e is a hyperoperation
induced by any neighborhood collection, then M is a hypergroup. O

Definition 2.3. Let ® : T — H(M) be an action over monoids. Then the set
{mep; : t € T} of all images of an element m € M under the mappings ®(¢) is
usually called the orbit of m and it is denoted by Orbr(m). It is obvious that for
each m € M,m € Orbr(m). Hence, Vpr = {V,;, = Orbr(m) : m € M} is the set of
all orbits of elements from M which is called the orbit neighborhood collection.

From now on, e stands for the hyperoperation induced by orbit neighborhood
collection. Also, for a submonoid S of H(M), by Vs we mean the orbit neigh-
borhood collection induced by the natural action from S to H(M). In this case,
Vg = {Orbg(m) : m € M}, where Orbg(m) = {mo : 0 € S} for each m € M.

Definition 2.4. An action ® : T — H(M) over monoids is called right (left)
multiplicative if for each m € M and 0 # ¢t € T, there exists x € M such that
mer = ma (mey = xzm).
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The action over monoids in Example 2.1(i) is (left and right) multiplicative.
Ifd: T — H(M) is a (left) right multiplicative zero faithful action, then M is a

group.

Proposition 2.5. Let ® : T — H(M) be a (left) right multiplicative action over
monoids. Then (M, e) is a hypergroup if and only if M is a group.

Proof. Suppose (M, e) is a hypergroup. Let m € M. By assumption, for each
teT, mpsM =maM C mM for some x € M. Thus

M =meM = Orbr(m)M = U me M C mM.
teT

Then M = mM. Hence, M is a group. The converse follows from Lemma 2.2. O

Remark 2.6. An action ® : T — H(M) over monoids and the natural action
U = idgr) : ®(T) — H(M) defined as in Example 2.1(ii) have the same orbits of
elements from M.

Let M be a monoid and V, W be two neighborhood collections on M. We say
Y < W'if for every z € M, V,, C W,. Clearly, < is a partial order relation on the
set of all neighborhood collections.

A neighborhood collection V = {V, : « € M} is called a basis neighborhood
collection if for every y € V,,, V, C V,. For instance, if ® : T'— H (M) is an action
over monoids, then the orbit neighborhood collection Vr is a basis neighborhood
collection. Indeed, for any x,y € M, y € Orby(x) implies that y = xy, for some
t € T and then Orbr(y) = {xpis : s € T} C Orbp(x).

Lemma 2.7. Let V = {V, : © € M} be a basis neighborhood collection and
S={ceHM):z0€V, forallx € M}. The following statements hold:
(i) S is a submonoid of H(M) and Vg < V.
(ii) For every action ® : T — H(M) over monoids satisfying Vr <V, we have
Vr <Vg.

Proof. (i) For every x € M, x idyy = ¢ € V,,, so idy € S. Let o, € S. Then
xzo € V, and zou € V,, for all x € M, and so zop = (zo)p € Ve C V, because
V is a basis. Therefore, op € S. (ii) It follows from Remark 2.6. O

For a monoid M, let ONC(M) denote the set of all orbit neighborhood collec-
tions Vyp, for all monoids 7" such that there is an action over monoids 7" and M.

Theorem 2.8. For a monoid M, (ONC(M), <) is a complete lattice.

Proof. Let {T; : i € I} be a non-empty family of monoids such that ®; : T; —
H(M) is an action over monoids for all ¢ € I. For every z € M, let V, =
Nic; Orbr,(z). Also take V = {V, : x € M}. It is easy to check that V is a
basis neighborhood collection. Put S := {0 € H(M) : zo € V, for all x € M}.
We claim that Vg = A,c; Vr,. By Lemma 2.7(i), Vg < V. So Vs < Vr, for all
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i € I. Suppose Vr € ONC(M) and Vp < Vy, for all i € I. Let x € M. We have
Orbr(x) C Orbr,(z) for all i € I. Then Orbr(x) C ();c; Orbr,(z) = Vi. Since V
is a basis neighborhood collection, Vr < Vg by Lemma 2.7(ii), as desired. Note
that Vy;q,,1 is the bottom element, and Vg () is the top element of ONC(M). O

Remark 2.9. Let {7} : i € I} be a non-empty family of submonoids of a monoid
T and ® : T — H(M) be an action over monoids. Then, using Lemma 2.7
and Theorem 2.8, Vn _ 1, < \;jc; Vr, <V, where V; = (;,c; Orbr, (z) and V =
{V, :xz € M}. But, VﬂielTi and V are not necessarily equal. For instance, let
M = (Z100,-) and T = (N, ). Consider the action ® : T — H(M) over monoids
defined by ay,, := a" for each n € N and a € Zigp. Let Ty = {2F : k e NU {0}}
and Ty = {3¥ : k € NU {0}}. Then Ty and T, are submonoids of T such that
TyNTy, = {1}. Let a = 5 € Z1go. We have a® # a, a® # a and a®> = a®.
So a? € Orbr,(a) N Orbr,(a), but a? € Orbr,n1,(a). Therefore, Orbr,nr,(a) #
Orbr,(a) N Orbdr,(a).

Question: The map ¢ : Sub(H(M)) — ONC(M) given by T — Vr is a poset
homomorphism. Is ¢ a lattice homomorphism? Generally: Let ® : S — H(M)
be an action over monoids. When is the map ¢ : Sub(S) - ONC(M), given by
¢(T) = Vr, a lattice homomorphism?

3. Non-unital hypergroup actions over monoids

In this section, we introduce and study the notion of hypergroup action over
monoids and construct two kinds of non-unital hypergroup actions over monoids.

Definition 3.1. An action over monoids ® : 7' — H(M) is called a hypergroup
action over monoids if (M,e) is a hypergroup, where the hyperoperation e is
induced by orbit neighborhood collection.

In view of Lemma 2.2, any action ® : T — H (M) is a hypergroup action over
monoids provided M is a group.

Proposition 3.2. For every monoids T and M, ® : T — H(M) is a hypergroup
action over monoids if and only if for every m € M there exist s,t € T such that
ms is right invertible and myy is left invertible in M.

Proof. clearly ® : T — H(M) is a hypergroup action over monoids if and only if
for each m € M, Orbyp(m)M = M = MOrbr(m). Then the assertion holds. O

Example 3.3. Consider the monoid T' = {0, 1}. For a zero faithful action ® : ' —
H(M) over monoids, (M, e) is a hypergroup by Proposition 3.2. To describe the
hyperoperation e induced by Vr, let z,y € M. We have zey = Orbr(x)Orbr(y) =

{LaH{1,y} = {1, 2,y,zy}. 0
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Definition 3.4. Let M be a monoid without zero and ® be a hyperoperation on
M. Then (M,®) is called unital if for every x,y € M, 1 € © ®y. A hypergroup
action ® : T'— H(M) over monoids is called unital if (M, e) is unital, where e is
the hyperoperation induced by Vr.

Lemma 3.5. A hypergroup action ® : T — H(M) over monoids is unital if and
only if 1 € Orbr(x) for any x € M.

Proof. Let ® :T — H(M) be a hypergroup action over monoids. If ® is non-unital,
then there are z,y € M such that 1 ¢ x e y D Orby(zy) which is a contradiction.
The converse follows from the fact that ¢ 1 = Orbr(x) for each z € M. O

By virtue of Proposition 3.2 and Lemma 3.5, the following is immediate:

Corollary 3.6. Every zero faithful action is a unital hypergroup action over
monoids. O

Corollary 3.6 provides an easy construction of a unital hypergroup action over
monoids. But, finding a non-unital hypergroup action over monoids is not so easy.

Let G be a non-trivial group. For any % ¢ G, put G* := G U {x}. Define
xq = a*x = * for all @ € G*. Then G* is a monoid in which * is a zero element,
and every non-zero element is invertible. For a non-empty set X, let Gx denote
the set of all mappings f : X — G* satisfying xf # * for some x € X. For every
f,g € Gx and x € X, define (z)fg := (zf)(zg). Under this multiplication, Gx
is a monoid with no zero element. Also the identity of Gx is the map Ig, given
by zlg, = 1, for each z € X. Note that H(Gx) has a zero element given by the
endomorphism O : Gx — Gx such that for any f € Gx, fO =1g,.

Now, take a map « : X — X. Define & : Gx — Gx by fa := «f and put
Tx :={a|a:X — X is amap}. Then we get the following:

Lemma 3.7.
(i) @ € H(Gx), and Tx 1is a submonoid of H(Gx) such that O ¢ Tx.
(ii) An f € Gx is invertible if and only if for every x € X, xf # x. In this
case, vf 1 = (xf)~! for allz € X.

Proof. (i) For every g,h € Gx, (gh)a = a(gh) = (ag)(ah) = (g&)(h&). So & is an
endomorphism of Gx. To prove Tx is a submonoid of H(Gx), let a,8: X = X
be two maps. For every f € Gx we have fa = (ozf)B = Blaf)=(Ba)f = f,g(;z.
Then 073 = BE € Tx. Also idg, = z;l; € Tx. Finally, if O € Tx, then there is
a mapping o : X — X such that @ = O. Take an f € Gx satisfying zf # 1 for
each z € X. Then af = fa = fO =1g, which is a contradiction.

(ii) Note that f € Gx is invertible if and only if = f is invertible for all € X.
Since every a # * in G* is invertible, the assertion holds. O

In light of Lemma 3.7(i), we have the natural action ®x : Tx — H(Gx) over
monoids. Now the following result is obtained.
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Theorem 3.8. The natural action ®x : Tx — H(Gx) is a non-unital hypergroup
action over monoids.

Proof. First we show that for every f € Gx there exists an endomorphism o :
Gx — Gx such that ¢ € Tx and fo is invertible. To this end, let f € Gx,
Y={zeX:af #%}#0 and o : X — X be a mapping such that Xa =Y.
Considering 0 = & € Tx, we have zfo = v f& = zaf # * for each x € X. Then it
follows from Lemma 3.7(ii) that fo is invertible. Now, using Proposition 3.2, ®x
is a hypergroup action over monoids. To complete the proof, using Lemma 3.5, it
suffices to find an f € Gx such that Ig, & Orbr, (f). Take any a € G such that
a # 1, and the constant map f corresponding to a such that xf = a for all z € X.
For every map o : X — X and z € X, zf& = zaf = a. Thus fa # lg,, and
hence Ig, & Orbry (f). O

Let M be a monoid and G be a non-trivial group. Then M x G is a monoid
without zero under the usual componentwise binary operation. Define £ : M xG —
M x G by (m,g)¢ = (1,9) for every m € M, g € G. Clearly, ¢ is an endomorphism
of M x G such that for every x € M x G, z¢ is invertible, and ¢2 = £. Now we
have the following;:

Proposition 3.9. If T is a submonoid of H(M x G) without zero that contains &,
then the natural action ® : T — H(M xG) is a hypergroup action over monoids. In

particular, ®¢ : T — H(M x G) is a non-unital hypergroup action over monoids,
where Ty = {id, £}.

Proof. We have £ € T and z£ is invertible for all z € M x G. It follows from
Proposition 3.2 that ® : T — H(M x @) is a hypergroup action over monoids.
Consider T¢, and let © = (1,9) € M x G such that g # 1. Then we get (1,1) ¢
Orbr, (z) = {z}. Using Lemma 3.5, ®¢ is a non-unital hypergroup action over
monoids. O
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On intra-regular and some left regular

['-semigroups
Niovi Kehayopulu and Michael Tsingelis

Abstract. We characterize the intra-regular I'-semigroups and the left regular I'-semigroups M
in which aI'M C MT'«x for every x € M in terms of filters and we prove, among others, that every
intra-regular I'-semigroup is decomposable into simple components, and every I'-semigroup M
for which «I'M C MTz is left regular, is decomposable into left simple components.

1. Introduction and prerequisites

A structure theorem concerning the intra-regular semigroups, another one con-
cerning some left regular semigroups have been given in [3]. These are the two
theorems in [3]:

Theorem 11.4.9. The following conditions on a semigroup S are equivalent:
(1) Every N -class of S is simple.
(2) Every ideal of S is completely semiprime.
(3) For every x € S, z € Sz%8S.
(4) ForeveryxES N(@z)={ye S|z e SyS}.
(5) M
)

(6 Every zdeal of S is a union of N'-classes.

Theorem 11.4.5. The following conditions on a semigroup S are equivalent:
(1) Every N -class of S is left simple.
(2) Every left ideal of S is completely semiprime and two-sided.
(3) For every x € S, z € Sz? and xS C Sz.
(4) ForeveryxeS N(z)={ye S|z e Sy}.
(5) M

(6) E'very left ideal of S is a union of N -classes.

Note that we always use the term “semiprime" instead of “completely semiprime"
given by Petrich in |3]. So the condition (2) in the two theorems above should be
read as “Every ideal (resp. left ideal) of S is semiprime", meaning that if A is an
ideal (resp. left ideal) of S, then for every x € S such that 2% € A, we have x € A.
In the present paper we generalize these results in case of I'-semigroups.

2010 Mathematics Subject Classification: 20M99, 06F99
Keywords: I'-semigroup; left (right) congruence; semilattice congruence; left (right) ideal; left
(right) simple; simple; intra-regular; left (right) regular.
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Let M be a I'-semigroup. An equivalence relation o on M is called left (resp.
right) congruence (on M) if (a,b) € o implies (¢vya, cyb) € o (resp. (aye, byc) € o)
for every ¢ € M and every v € T'. A relation ¢ which is both left and right
congruence on M is called a congruence on M. A congruence o on M is called
semilattice congruence if (ayb,bya) € o and (avya,a) € o for every a,b € M and
every v € I'. A nonempty subset A of M is called a left (resp. right) ideal of M if
MTA C A (resp. ATM C A). A subset A of M which is both a left and right ideal
of M is called an ideal of M. For an element a of M, we denote by L(a), R(a),
I(a) the left ideal, right ideal and the ideal of M, respectively, generated by a, and
we have L(a) = aUMTa, R(a) = aUal'M, I(a) = aUMTaUal' MUMTal' M. We
denote by L the equivalence relation on M defined by £ := {(a,b) | L(a) = L(b)},
by R the equivalence relation on M defined by R := {(a,b) | R(a) = R(b)} and
by Z the equivalence relation on M defined by Z := {(a,b) | I(a) = I(b)}. A
nonempty subset A of M is called a subsemigroup of M if a,b € A and v € T
implies ayb € A, that is, ATA C A. A subsemigroup F of M is called a filter
of M if a,b € F and v € T such that ayb € F implies a € F and b € F. We
denote by A the relation on M defined by N := {(a,b) | N(a) = N(b)} where
N(z) is the filter of M generated by x (z € M). It is well known that the relation
N is a semilattice congruence on M. So, if z € M and « € T', then we have
(z7v2,2) €N, (2y272,2v2) € N, (2727272, 272y2z) € N and so on. A subset A of
M is called semiprime if @ € M and « € T" such that aya € A implies a € A. A
[-semigroup (M,T,.) is called left simple if for every left ideal L of M, we have
L = M, that is, M is the only left ideal of M. A subsemigroup T of M is called
left simple if the I'-semigroup (7,T,.) (that is, the set 7' with the same I" and the
multiplication “." on M) is left simple. Which means that for every left ideal A
of T, we have A = T. A subsemigroup of M which is both left simple and right
simple is called simple. If M is a I'-semigroup and o a semilattice congruence
on M, then the class (a), of M containing a is a subsemigroup of M for every
a € M. Let now M be a I'-semigroup and ¢ a congruence on M. For a,b € M
and v € I', we define (a),vy(b)s := (ayb)s. Then the set M/o := {(a), | a € M}
is a I'-semigroup as well. A T'-semigroup M is said to be a semilattice of simple
semigroups if there exists a semilattice congruence o on M such that the class (x),
is a simple subsemigroup of M for every x € M.

2. Intra-regular I'-semigroups

We characterize here the intra-regular I'-semigroups in terms of filtres and we prove
that every intra-regular I'-semigroup is decomposable into simple subsemigroups.

Definition 1. (cf. [2]) A I-semigroup M is called intra-regular if
x € MTxyzI'M

for every € M and every v € T.
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Lemma 2. (cf. [1]) If M is a T-semigroup, then Z C N.

Theorem 3. Let M be a I'-semigroup. The following are equivalent:
(1) M is intra-regular.

)
YN =T.
) For every ideal I of M, we have I = | (z)n.

xzel
) (x)n s a simple subsemigroup of M for every x € M.
) M is a semilattice of simple semigroups.
) Every ideal of M is semiprime.

Proof. (1) = (2). Let a e M and T :={y € M | x € MTyI'M}. T is a filter of
M. In fact: Take an element v € T' (T # @)). Since M is intra-regular, we have
x € MTayal'M = (MTx)yzT'M C (MTM)yaT'M C MT2T' M,

then x € T, and T is a nonempty subset of M. Let a,b € T and v € I". Then
ayb € T. Indeed: Since b € T', we have x € MT')['M. Since a € T, x € MT'al'M.
Since M is intra-regular, we have

@ € MTayal' M C MT(MTbI M )y(MTal M)T' M
= (MTM)T(bT MyMTa)T(MT M)
C MT(bT M~yMTa)T'M.

We prove that bI'MyMTa C MT'(ayb)I' M. Then we have
z € MT (MF(avb)FM) M C MT(ayb)TM,

and ayb € T. For this purpose, let bduyvpa € bI' M~yMTa, where u,v € M and
d,p € I'. Since M is intra-regular, bduyvpa € M and v € I', we have

bouyvpa € MT (bduyvpa)y(bduyvpa)T' M
= (MTbbuyv)p(ayb)d(uyvpal M)
C MT(ayb)I' M,

so bduyvpa € MT(ayb)I'M. Let a,b € M and v € T such that ayb € T. Then
a,b € T. Indeed: Since ayb € T, we have

x € MT'(ayb)TM = MTay(bI'M) C MT'aI'M and

@ € (MTa)ybI'M C MTbT M,

so a,b € T. Let now F be a filter of M such that z € F. Then T C F. Indeed:
Let a € T. Then z € MT'al'M, so x = uyapv for some u,v € M, v,p € I'. Since
u,apv € M, uy(apv) € F and F is a filter of M, we have u € F' and apv € F.
Since a,v € M, apv € F and F is a filter, we have a € F and v € F,s0 a € F.
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(2) = (3). Let (a,b) € N. Then a € N(a) = N(b). Since a € N(b), by (2), we
have b € MTaI'M C a UMTaUal'M U MT'aI'M = I(a). Since I(a) is an ideal
of M containing b, we have I(b) C I(a). Since b € N(a), by symmetry, we get
I(a) C I(b). Then I(a) = I(b), and (a,b) € Z. Thus we have N' C Z. On the
other hand, by Lemma 2, Z C N. Thus N = 7.

(3) = (4). Let I be an ideal of M. If y € I, then y € (y)» C |J (x)a. Let

xel

y € U (x)ny. Then y € (x)n for some x € I. Then, by (3), (y,z) € N =TI,

zel
so I(y) = I(z). Since = € I and I(z) is the ideal of M generated by x, we have

I(x) CI. Thus we have y € I(y) = I(z) C I, and y € I.

(4) = (5). Let = € M. Since N is a semilattice congruence on M, (x)x is a
subsemigroup of M. Let I be an ideal of (z)x. Then I = (z)p. In fact: Let
y € (z)n. Take an element z € I and an element v € T (I,T" # 0). The set
MTzyzyzI'M is an ideal of M. Indeed, it is a nonempty subset of M, and we
have

MTU(MTUzyzy2T’'M) = (MUTM)Tzyzy2TM C MTzyzv2T'M and

(MTzyzyzl' M)TM = MTzyzyzl' (MTM) C MTzyzyzI'M.
By hypothesis, we have MT'zyzyzI'M = U (t)n-
teEMT zyzyzI'M

Since zyzyzyzyz € MTUzyzyzI'M, we have (zyzyzyzyz)y C MTzyzyzI'M.
Since (27z,2) € N and z € I C (x)n, we have (zy27zv272)n = (2)n = (T)Ar-
Then y € (z)n € MT2vy2v2I'M and y = adzyzy2Eb = (adz)yzy(2£b) for some
a,be M, ¢ eT.

We prove that adz, z&€b € (x)ar. Then, since I is an ideal of (z)ar, we have
(adz)yzy(26b) € ()N TIT(x)ar C I, and y € I. We have

adz € (adz)n = (a)nd(2)n = (a)nd(y)w (since (2)n = (2)n = (Y)n)

(a)nd(adzyzyz€b)n
(a)nd(a)no(zyzy2Eb)
(a)
= (

a)n0(zy2y2Eb) nr (since (ada,a) € N)

ad( z’yz’ysz))N
yn = (@)

and

zEb € (2Eb) i
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(5) = (6). Since N is a semilattice congruence on M.

(6) = (7). Suppose o be a semilattice congruence on M such that (z), is a
simple subsemigroup of M for every x € M. Let I be an ideal of M, x € M and
v € I such that ayz € I. The set I N (x), is an ideal of (z),. In fact: Since
zyx € I and xyx € (x),, the set I N (x), is a nonempty subset of (z), and, since
(), is a subsemigroup of M, we have

() T(IN(2)s) C ()TN (2)oT'(z)ey € MTIN(z), CIN(x), and
(IN(@)e)(x)e CIT(z)s N (2)oI'(2)e CITM N (z)s CIN(x),.

Since (z), is a simple subsemigroup of M, we have I N (z), = (2),, and © € I.

(7) = (1). Let a € M and v € . Then a € MTayal'M. Indeed: The set
MTayal'M is an ideal of M. This is because it is a nonempty subset of M and

MT(MTayal' M) = (MTM)Tayal' M C MTayal' M,
(MTayal' M)TM = MTayal'(MT'M) C MTayal' M.

By hypothesis, MTayal'M is semiprime. Since (ava)y(aya) € MTayal' M, we
have aya € MT'ayal'M, and a € MTayal'M. Thus M is intra-regular. O

3. On some left regular I'-semigroups

Again using filters, we characterize here the left regular I'-semigroups M in which
aI’'M C MTx for every x € M and we prove that this type of I'-semigroups are
decomposable into left simple components. If zI'M C MT'x for every x € M,
then ATM C MTA for every A C M. Indeed: If a € A,y € ' and b € M,
then ayb € al'M C MTa C MT'A. Thus if A is a left ideal of M, then A is a
right ideal of M as well. As a consequence, the left regular I'-semigroups in which
aI’'M C MTz for every x € M, are left regular and left duo. We also remark that
the left regular I'-semigroups are intra-regular. Indeed: Let a € M. Since M is left
regular, we have a € MTaya C MT'(MTavya)ya C MTayal'M. The right regular
I'-semigroups are also intra-regular, and the right regular I'-semigroups for which
MTxz C zI'M for every x € M are right regular and right duo, and decomposable
into right simple subsemigroups.

Definition 4. (cf. [2]) A T-semigroup M is called left (vesp. right) regular if
x € MTzvyx (resp. x € xyal'M) for every x € M and every v € T.

Lemma 5. (cf. [1]) If M is a T-semigroup, then L C N and R C N.

Theorem 6. Let M be a I'-semigroup. The following are equivalent:
(1) M is left reqular and xT'M C MTx for every x € M.
(2) N(z) ={y € M | x € MTy} for every x € M.
B)YN=L.
(4) For every left ideal L of M, we have L = |J (x)nr-
el
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(5) (x)n is a left simple subsemigroup of M for every x € M.
(6) M is a semilattice of left simple semigroups.
(7) Every left ideal of M is semiprime and two-sided.

Proof. (1) = (2). Let z € M and T := {y € M | € MTy}. The set T is a
filter of M containing z. In fact: Take an element v € T (T # @). Since M is left
regular, we have

x € MTaxyx = (MTx)yx C (MTM)yz C MTz,

then x € T, and T is a nonempty subset of M. Let a,b € T and v € I'. Then
ayb € T. Indeed: Since b,a € T, we have x € MT'b and x € MT'a. Since M is left
regular, we have

x € MTaxyx C MT'(MTb)y(MTa) = (MTM)I'(byMTa)
C MT(byMTa).

We prove that byMTa C MT'ayb. Then we have
x € MT(MTayb) = (MTM)T (ayb) C MT (avyd),

and ayb € T. Let now byupa € byMTa for some v € M, y € I'. Since M is left
regular, we have

byupa € MT (byupa)y(byupa) = (MTbyu)u(ayb)y(upa)
c MF((cwb)I‘M)
C MT(MTa~vb) (since zI'M C MTxz Vax € M)
C MTavb.

Let a,b € M and v € I such that ayb € T. Then a,b € T. Indeed: Since
avyb € T, we have x € MTayb C (MT'M)I'b C MTb, so b € T. By hypothesis,
ayb € al’'M C MTa. Then x € MTayb C MT'(MTa) C MTa, so a € T. Let now
F be a filter of M such that x € F. Then T' C F. Indeed: Let a € T. Then
x € MTa, that is x = upa for some u € M, p e I'. Sinceue M, pe T, upa € F
and F is a filter of M, we have u € F' and a € F, then a € F.

(2) = (3). Let (a,b) € N. Then a € N(a) = N(b). Since a € N(b), by (2), we
have b € MT'a C aU MTa = L(a), so L(b) C L(a). Since b € N(a), by symmetry,
we get L(a) C L(b). Then we have L(a) = L(b), and (a,b) € L. By Lemma 5,
LCN,soL=N.

(3) = (4). Let L be a left ideal of M. If y € L, then y € (y)or € U (z),. Let

xzeL
y € U ()p. Then y € (x) for some z € L. Then, by (3), (y,z) € N = L, so

€L
L(y) = L(z). Since x € L and L(z) is the left ideal of M generated by x, we have

L(z) CL. Theny € L(y) = L(z) C L,soy € L.



On intra-regular and some left regular I'-semigroups 269

(4) = (5). Let L be a left ideal of (z)rr. Then L = (z)nr. In fact: Let y € ()
Take an element z € L and an element v € T' (L, T # 0). Since MT 27z is a left ideal
of M, by hypothesis, we have MTzyz = |J (¢)a. Since zyzyz € MTz2yz,
teMT zyz

we have (zvzyz)p € MTzvz. Since (z2vz,2) € N and z € L C (z)u, we have
(zy2y2)n = (2)n = (w)n. Then y € (z)p C© MT'zyz, thus y = auzyz for some
a € M and p € T. We prove that auz € (x)a. Then, since L is a left ideal of
(x)ar, we have (apz)yz € (x)NTL C L, and y € L. We have

apz € (apz)y = (a)ap(2)n = (@) p(y)a (since (2)v = (2)n = (Y)n)
= (a)vplapzyz)n = (a)vpla) vp(zy2)a

= (a)np(zy2)n = (apzyz)n
= (y)

Yv = (T)n

(5) = (6). Since N is a semilattice congruence on M.

(6) = (7). Let o be a semilattice congruence on M such that (z), is a left simple
subsemigroup of M for every x € M. Let L be a left ideal of M and z € M,
v € ' such that xyxz € L. The set LN (z), is a left ideal of (z),. Indeed: The set
LN (x), is a nonempty subset of (z), (since xyx € L and xyzx € (x),) and

()eT(LN(2)s) C () TLN (z)s(2)eg € MTLN(2)y € LN (2),.

Since (z), is a left simple subsemigroup of M, we have L N (), = (z),, then
x € L. Thus L is semiprime. Let now L be a left ideal of M. Then LT'M C L.
Indeed: Let y € L, v € I' and x € M. Since L is a left ideal of M, we have
xyy € MT'L C L. The set L N (zyy), is a left ideal of (zvyy),. Indeed:

0 #LN(zvy)s C (z7y)s (since zyy € L and zvy € (zyy),) and
(7Y)oT(L N (27Y)0) C (27Y)o 'L N (27y)o ' (27y)e € MTL N (27Y)0-

Since (zvy), is left simple, we have L N (zvy)s = (27Y)o = (y72)s, s0 yyx € L.

(7) = (1). Let z € M and v € I'. Since MTayz is a left ideal of M, by
hypothesis it is semiprime. Since (zyz)y(xyz) € MTayz, we have xyx € MTzvyx,
and x € MT'zvyx, thus M is left regular. Let now x € M. Then 2zI'M C MTx.
Indeed: Since M is left regular, we have x € MTazyx C (MTM)T'x C MTx, so
MTz is a nonempty subset of M. In addition, MT'(MTz) = (MT'M)T'z C MTz,
so MTx is a left ideal of M. By hypothesis, MT'z is a right ideal of M as well. Since
MTz is an ideal of M containing =, we have I(x) C MTz. On the other hand,
2aT’M CaxUMTzUzI'M U MT2I'M = I(x). Thus we obtain 2T'M C MTz. O

The right analogue of Theorem 6 also holds, and we have the following:

Theorem 7. Let M be a I'-semigroup. The following are equivalent:
(1) M is right reqular and MTx C 2I'M for every x € M.
(2) N(z) ={ye M |z €yI'M} for every x € M.
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)
)
r€R
) (z)nr is a right simple subsemigroup of M for every x € M.
) M is a semilattice of right simple semigroups.
) Every right ideal of M is semiprime and two-sided.
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A new block ciphers based on wavelet

decomposition of splines

Alla B. Levina

Abstract. This paper presents the idea of using wavelet decomposition of splines in cryptog-
raphy. The cryptoalgorithms based on wavelet decomposition of splines uses just the algebraic
calculation. With the help of algebraic formulas we can code and decode information that algo-
rithms do not have the XOR using the round key, also it does not use S-boxes.

1. Introduction

The proposed paper discusses a new class of algorithms obtained using a new
theory of the spline-wavelet decompositions on nonuniform sets. The theory of
wavelet decomposition of splines has been used before to process discreet signals
but never in cryptography.

Our proposal is to create cryptoalgoritms which will use only mathematical
calculation that can process data blocks up to 2048 bits and more quickly. This
research were carried out for splines of the first, second and third degree. Algo-
rithms based on splines of an upper degree works slower but they remain stronger
against different cryptoattacks.

The theory of wavelet-decomposition of splines can apply to different areas of
cryptography. In this work we will illustrate just one way of use - creation of block
ciphers, which will be presented on splines of the third degree.

The presented algorithms do not have the XOR operation with the round key
and they do not use S-boxes as block ciphers GOST 28147-89 [10], 3DES [9], AES
[3,8] and others. At the present time, only algorithm Threefish [11] is not using S-
boxes and can process data blocks up to 1024 bits. Diffusion over multiple rounds
we get by mathematical functions.

As a minus of the algorithms we can mention that not all the bytes are receiv-
ing enciphering on each round; some of them are just getting moved to several
positions, unlike in the Feistel Structure. Present research explores algorithms
which will cipher each byte on each round.

As a plus for the presented algorithms, we can mention that it is based only on
the mathematical calculation, however it does help in the analyzing of algorithms.

2010 Mathematics Subject Classification: 11T71, 94A60, 68P25
Keywords: Block ciphers, splines, grids, formulas of decomposition and reconstruction.
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The structure of the presented algorithms is absolutely new - and has the possi-
bility for modernization of the process. The process of enciphering is based only
on mathematical formulas, the formulas of decomposition from wavelet theory,
process of deciphering is based on the formulas of reconstruction.

In this paper the basic concepts of algorithm, mathematical basics of pro-
cess of enciphering/deciphering, illustration of spline-wavelet decomposition, and
a demonstration of the work of algorithm is presented.

2. Idea of wavelet decomposition of splines

In this section we will briefly provide a concept of wavelet decomposition of splines
[4, 5, 6]. We will illustrate spline-wavelet decomposition on the splines of the third
degree. For splines of the first and second degree, the same theory is used.
On the set X we build splines. Set X consists of the elements {z;}i=o,... .1,
where {z;},=0.. -1 natural numbers. L is the number of elements in the set X.
Splines of the third degree built on the set X are presented in the formulas
below:

k
Y owit) =1, te [k ar)
Jj=k—

3

G
> 3 (@1 T2 H@jas)wi(t) =6, 1€ [Tt Thi2)
Jj=k—

3

k
1
> 3 (@j+1%542 + B418543 + Tjv22543) Wi (t) = t%, t€ [Thy2, This)
Jj=k—

3
k
_ 43
Z Tjp1Tj 0T 13w5(t) =17, T € [Trys, Thia)
j=k—3

With splines defined as w;(t) and z; elements of our set X.

For wavelet decomposition of splines, we take out one element zj from our set
X and we will obtain a new set X. Elements of this set can be presented with the
help of elements from the old set, as presented below:

xj = if j<k-—1, and XTj=Tj41 if j>2k &=

On the new set X, we can build new splines w; but these new splines can be
present as a combination of splines which were built before on the set X. Also
splines w;(t) can be obtained with the help of the new splines w;(t) — it helps us
to restore the information.

This idea gives us two types of formulas: 1) formulas of decomposition 2)
formulas of reconstruction. Step by step we take out elements from our primary
set X and build splines which use the new set (in this realization each time we
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take out just one element we get a new set and new splines, in another realization
it can be taken a few elements each time).

The mathematical process of getting these formulas will not be introduced in
this paper, instead we will present only a final version to show, how these formulas
will look.

We have an information stream c¢; and we want to get new stream ¢; based on
the set X. Formulas of decomposition will reform information stream c; in to the
information stream ¢; and wavelet part — element b. Formulas of reconstruction
will restore stream c¢;, using stream ¢; and element b.

Formulas of decomposition:

C; = ¢; if 0<Z<k—5, Ei:Ci+1 if k—lgng—Q,

Tk — Tk-3
cCk—4 + 75 = " Ck—3,

Cp—3 =
§—Tr—3 — Tg—3

Cp—o = (£ —Tp)(§ — Thy1) « Chima + (§ — Tioy1)(Th — Ti—3) - Ch—3+
H(Tpy1 — Tp—2) (€ — Tp—3) - Ch—2) - [€ — Tr—a] '[€ — T—s] ",

Tpio — & _ §—Tr—1  _
b: Ch—1 — — — " Ck—2— —— ' Ck—1-
Tht2 — Tk—1 Tht2 — Th—1

Formulas of reconstruction:

ci=7¢ if 0<i<k—4, c¢=¢ if k<i<M-—1,

Try1— & _ E—Tp—2 _
=——"— Cp3+ —— T2,

Ck—2 = = p— = —
Thk+1 — Tk—2 Tk+1 — Tk—2

Tpyo— & _ 7 S
Cphg=—"—— Chogt+—"T_— "
Tr+4+2 — Tk-1 Tk+4+2 — LTk-1

We will now present how we can use this idea in construction of block ciphers,
for it we will illustrate these formulas in a more readable way.

3. Specification

The presented algorithm is an iterated block cipher with a variable block length
and it is relative to the class of block cipher algorithms.
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3.1. Basic concepts of the algorithm

A process of enciphering and deciphering consists of K identical rounds.

This algorithm can work with the block length up to 2048 bits and more. The
number of rounds is denoted by K, Kx is a key length, M is a block length (In
the table below M and Kx are bytes).

Let K = (X, ) be a key; here X is an ordered set, X = {z;},=0,....—1, where
L is a number of elements in the set X and ~ is the order of ejection of elements
from the set. The key consist from two sets.

We have determined the number of rounds by looking at the maximum number
of rounds for which attacks have been found and has added a considerable level
of security and provides a higher margin of safety, in some cases there can be less
rounds held and the key will be smaller. Key length is equal to (number of rounds
+ 3)+(number of rounds) bytes.

Number of rounds and key length as a function of the block length is given in

Table 1.

K | Kxy
M = 8 bytes 6 15
M =16 bytes | 14 31
M = 24 bytes | 22 47
M = 32 bytes | 30 63
M = 64 bytes | 62 127
M =128 bytes | 126 | 255
M = 256 bytes | 254 | 511

Table 1.

Number of elements in the set X as a function of the block length are presented
in the Table 2.

M = 8 bytes 9

M =16 bytes | 17
M = 24 bytes | 25
M = 32 bytes | 33
M = 64 bytes | 65
M = 128 bytes | 129
M = 256 bytes | 257

Table 2.

The process of creating round key will be explained in section 3.2 more detailed.

A sequence C = {c¢; }i=o,... m—1 1s a plaintext; |C| = M is a quantity of elements
which are ciphered, C' is the ordered set.

Elements {c¢;}i=o,...m—1 and {z;};=0,.. -1 are bytes (we are working with
one-byte words, but we can also work with 4-bytes words).
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Let us suppose that the set X and C' can be periodic with the period T so
zj =xjyr and ¢; = ¢y, Vi€ Z.

The process ofenciphering bases on the formulas of decomposition from wavelet
theory, after K rounds we obtain the ciphertext. For deciphering we will use
formulas of reconstruction.

The process of enciphering and deciphering consists of two steps: 1) creation
of round key and 2) round transformation.

3.2. The round key creation

Round key transformation consist of two steps. We will now check the first round
— all rounds are the same.

1. We eject element z., from the primary set X. The received set is defined as
X_jand X_; = {z_1;}', elements of new set are equal:

vy = g <y, (1)
o1 =xje i j>m (2)
The element x.,, which has been taken out of the set X is defined as &,
6 = Ty -
In the next round we will be working with the set X_; and z,.

Example:

We will now calculate the set X_; from the set X. For example: X consists
of 6 bytes ({1,3,5,9,10,6} and the number of the element which will eject
is v; = 4. All numerations starts from 0, it means that our ejected element
& =z, =10 and the new set X_; = ({1,3,5,9,6}.

2. We enter the following designations - elements which we use in the process
of enciphering we mark ...°", for deciphering ...%:

e_nl :g_xfl,’hﬂ inl :g_‘rfl,'ylflv iq :f_xfl,'ylf%

en __ en __ en __
D=2 1y-3 N=C—z1y+1, Fli=x_1,40—214-1.

de __ de __ de __
AL =21y —2ap-3, BE =215 -8 O5 =210 — 2192,
de __ de __ de __
DY =2 111 -& EN =0_1442— 211, Fii=21442-¢&

These designations will help us in the future realization of the formulas. As
we can see from calculating these elements we are using our new set; X_;
and element ¢ from our set X.

1. To avoid misunderstanding with numeration in this work if it’s written {...} _; ; —% is a number
of the round and j is a number of the element, if it’s just {...} _; —¢ is a number of round.
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With the help of these designations we can calculate elements of the round

key:
I = Z’L} (mOdN)a 17" = ESE (1’I10CU\7>7 IIre" = BZ} (modN)
D*l 071 Ffl
Bde Dde Fde
1t = “2h(modN), 11" = 2L (modN), 11 = —ZL (modN).
A*l Cfl E*l

We use mod N, where N is a prime number and it gives us possibility to get
elements that will take one byte. All future calculations will be made by
mod, we will use the same mod as in algorithm Rijndael 2% +z* + 23 4+ 2 + 1.

Example:

Now we will illustrate how we calculate elements 1¢", IT°", ITI°", I9¢, T1%,
II1%. For it we will use set X_; = ({1,3,5,9,6}, ¢ = 10, 71 = 4.

A" =¢—2 1, =10-6=4, B =¢(—2_ 1, 1=10-9=1,
CM=€—2 1., 2=10-5=5 D" =¢—2 1., 3=10-3=7,
B =¢—2 1,41 =10-1=9, FU =2 1,407 1,,_1=3-9=—6.
A¥ =z 4. —2 1,-3=6-3=3, B¥ =2, -6=6-10=—4,
C¥ =x 11T 12=1-5=-4, D =2, ,1-(=1-10= -9,
E¥ =2 40T 1, 1=3-9=-6, F&% =z, 0-6=3-10=-T.

Instead of mod N, we will use mod 11, we need a prime number, for this
example it will be easer to use 11.

en 4
I°" = 25 (mod1l) = —(mod1l) = 4- 8(mod11) = 10,
Deny 7
Een 9
11" = Z=L(mod11) = ~(mod11) = 9 9(mod11) = 4,
cen 5
— mo = —(mo = —z(mo =
IIT°" = ——*(mod11 di1 2(mod11) =9
-1 -
Bd76 _
Ide — G ! (mod11) = — (mod11) = 6,
-1
. D% -9
17 = Ci{ (mod11) = — (mod11) =5,
II1% — Ffel( di1) = _7( dil) =3
= e mo = jﬁ mo = 9.

-1
All the calculations by mod goes by the rules of calculation in finite fields.

On each round, key transformation goes as it was presented.
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3.3. Process of enciphering

The process of enciphering also consists of two steps. For the encoding of infor-
mation we will use formulas of decomposition for the splines of the third degree.
On the first round our plaintext is {¢; }i=o,... m—1-
First round:

1. With the help of round key, we will present formulas of decomposition for
splines of the third degree, and we will code our plain text.

coj=c¢; if 0<j<m—5, (3)
co1j=cjy1 if 1 —-1<j<M -2, (4)
C-1,y1-3 = (Ien : (071*4 - 071*3) + 071*3)(m0dN)7 (5)

ety = (I TI™ ey sy 3) + T (9, =3 — 5, —2) + €5y 2) (mod ),

(6)
by = (1 = Corgy2 + I - (co1 2 — €1y -1)) (mOdN). (7)

As we can see from the formulas (3) — (7) on the first round formulas of
decomposition, we are taking out element c,,_; from our plain text, ele-
ments c_1 ., —2 and c_1,,_3 is getting transformed, with the help of formu-
las (5) — (6) while other elements of our plain text starts from the element
~v1 — 1 that we are moving. Element b_; is the element of a wavelet stream,
which will help us to restore the initial information.

From
[coleileafes[eafeses]er]

we obtain

’CO‘ Cl‘[an'(61_02) +Cg‘[cn-lfen(cl—82) -I-Ilen'(Cg—Cg) +63‘ (25‘ 66‘ C7‘b_1‘

Figure 1. Illustration of the process of enciphering for 8 bytes on the first round if 71 = 5.

We use mod N as it will insure that we will still stay in the byte in spite of
multiplying.

2. At the end we make a shift of sequence c_; ; as follows:
Cc_10—7C-117C-12... > C_1M—-17C-10-
It gives us more transformations.

From

’CO‘ Cl‘[”L'(Cl—Cg) +co ‘IeTL-IIen(Cl—CQ) +Ilen'(02—03) + 03‘ 05‘ CG‘ C7‘b,1‘

we obtain
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’cﬂco\ cl\ I¢"-(c1—ca) +C2‘ I J1¢"(c1 —co) + I1¢™(ca—c3) —1—03\ 05\ Co \ b,l‘

Figure 2. Illustration of the shift.

On the next round we will be working with the set {c¢_1 ;};=0,.. a—2.

All rounds except the final round go the same, on the last round we do not do
the shift.
As a result, after K rounds we get two sequences

{bontn=12,.. K, {c-K;j}lj=01.2.. M-K-1.

Sequence {c_k j,b_n}n=12 . Kj=012,.  M—Kk—1 is the ciphertext.

Example:

We continue our previous example 1" = 10, I1°" =4, [1]°" = 9.

We will use mod 11 for our calculations again.

The plain text will consist also of 6 bytes C' = {4,6,7,9,1,8}, 71 = 4. With
the help of formulas (3) — (4) we get:

C_1,0 = C = 4, C_13=C = 1, C_14 =Cs = 8.

Elements c¢_; ; and c_; 5 we calculate by formulas (5) — (6):

c-1,1=(10-(4—6)+6))(modll) =8,

c_12=(4-104—-6)+4-(6—7)+ 7)(modll) = 0.

Element b_; =(9—-0+9- (0 —1))(mod11) = 0.

We obtain ¢_; = {4,8,0,1,8}, b_1=0.

After the shift, our text for the next round will be {8,4,8,0,1,8,0}.

3.4. Process of deciphering

The process of decryption goes by analogy with the process of encryption.
For the restoring of information we will use formulas of reconstruction from
wavelet theory. For deciphering we need the reverse order of round keys.

1. We write formulas of reconstruction for the splines of third degree:
k1, =c-k,; if 0<j<yx —4, (8)
C_Kk+41j =C-k,j—1 if Yk <j<M-K, 9)
c-Kr1ax-3 = (1% (Cokpya = Copy=3) + €y —3) (modN),  (10)
Copptm—2 = (IT% - (k-3 = Copye—2) + ¢ gy —2)(modN),  (11)
)

Cotrtp1 = (LT (Coppy—2 = Cokpy—1) + Ckpym1 +bog) (modN). (12
2. At the end we make a shift of sequence c_; ; as follows:

C-1,04C-1,1 € C-1,2... ¢ C-1,M—K+1 < C-10
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On the next round we will be working with the set X_x 1. We will also use
{c—Kk+1,i}i=0,... . M—Kk+1 and b_gy1, on the second round of the process of deci-
phering we get the sequence {c_xt2;}i=0.... M—K+2 €etc.

Example:
To illustrate the process of enciphering we will restore information {4,6,7,9,1, 8},
if we know ciphertext {4,8,0,1,8}, b_; = 0 and we know round key ¢, 79 [T]%.
With the help of formulas (8) — (12) we get:
co=c_10=4,
cg=c13=1,¢c5=c14=38,

1 = (6 (4—8)+ 8) (mod11) = 6,
= (5 [(8—0)+ 0) (mod11) = 7,

¢ = (3+(0—=1)+1+0)(mod11) = 9.

We obtain the plain text ¢ = {4,6,7,9,1,8}.

This small example just illustrated how formulas of reconstruction and decom-
position works.

4. Implementation

This algorithm has been implemented on the 32-bit processors. These results were
obtained with Java, which does not provide the best of possible results.

The speed figures given in the Table 3 have been scaled on the Pentium 2,33
GHz. It was calculated only for blocks equal to 32, 64, 128 bytes, and it is far
from the best results which can obtained.

Block length, Encryption time | Cycles per bytes
key length for the block for encryption
32 bytes, 63 bytes 0,00004 sec 2920
64 bytes, 127 bytes 0,00008 sec 2864
128 bytes, 255 bytes 0,000189 sec 3398

Table 3. Performance for the process of enciphering (Java).

Block length, Decryption time | Cycles per bytes
key length for the block for encryption
32 bytes, 63 bytes 0,000051 sec 3653
64 bytes, 127 bytes 0,0001 sec 3589
128 bytes, 255 bytes 0,000238 sec 4273

Table 4. Performance for the process of deciphering (Java).
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Results which are presented in this work are very far from the results which
can be obtained, C++ will give us a much better result and the program can be
optimized.

5. Strength against known attacks

The presented algorithm has an absolutely new structure and it is difficult to
analyze the strength of this algorithm and other algorithms based on wavelet
decomposition of splines.

5.1. Differential cryptanaysis

Differential cryptanalysis [1] attacks are possible if there are predictable difference
in propagations over all but a few rounds larger than 2= if M is the block
length. Usually they are based on the analysis of results of S-boxes, which we do
not have in these algorithms.

If we will check formulas of ciphering (5) — (7) we can see that the XOR
operation will not give us any information. Lets examine these formulas. Elements
of one plain text is ¢; and the other is c;.

I (0’71*4 - 071*3) + Cy—-3 I - (0;174 - 0;173) + 0;173
. IIen(C%—4 - 6’11—3) + 11" - (C'Yl_?’ - 671—2) +Cy—2®

’ ’ ’

I IT (e g — Cyy—3) H 1T - (e, g — ¢y 9) T ¢4, 5

Crp—1 = Co1pg—2 + LTI - (Co1 iy —2 — €14, -1)®
Copm1 = Cotpyym T I ey 0 =€y 1)
As we can see, the data from the parts is all that we can gather; where we have

en, I1em, [1em;
TS (0’71*4 - 0’71*3)7 I I'[en(c’n*‘l - 071*3) + 11" (0’71*3 - 071*2)7
TTI" - (et -2 = C—1,91-1)-

These formulas do not give to us any predictable difference in propagations,
because in each round I°", I1°", I11°" are different and they depend only on the
round key. It depends on ~; in 4 - th round, as they are different on each round.

5.2. The Square attack

The Square attack [2] based on the analysis of chosen plaintexts of which part is
held constant and another part varies through all possibilities.

Here we can see the same situation as with the differential cryptanalysis. The
process of enciphering is based on the multiplication of elements of plain text
on the elements ¢, I1¢" II11°". Changes of plaintexts would not give us any
information about round key and the key.
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5.3. Linear cryptanalysis

For the linear cryptanalysis [7] we need to obtained a linear approximation of the
form:

Pi®Pp®.Q0PFPaRc1R®cjp®..Q0c¢cHH =Ky @K ® ... Q0 Kiy,

where P,, ¢, K, bytes of plaintext, ciphertext and key.
This attack is also based on the analysis of S-boxes, which we are not consider-
ing. Yet it has not been discovered to be the way to obtain linear approximation.

5.4. Possible attack

There is an attack which is possible to apply to the algorithm in the way it appears
to look at this juncture.

As we see from formulas (5) — (7), two of equations are linear and one is square.
We will use a plain text attack and we need a possibility to get cipher bytes after
each round. If we will get such possibilities for restoring a key we will need to use
282K where K is a number of round. If we will find I°® we will find 17", but
117" we can not find this way.

Results of this attack is presented in the Table 5.

results of attack
M — 8 bytes 296
M = 16 bytes 9224
M = 24 bytes 2352
M = 32 bytes 2480
M = 64 bytes 2992
M = 128 bytes 22016
M = 256 bytes 24064
Table 5.

We can avoid this attack if we will encipher each byte on the round; it will
require more time but it will be secure.

6. Conclusion

We have presented block cipher based on wavelet decomposition of splines of the
third degree. Research for using spline-wavelet decomposition can be applied in
different areas of cryptography and the presented algorithm can be improved on
and can show better results in security and speed.

This is new way of creating block ciphers which are only based on the mathe-
matics, which can help in the analysis and proofing of strength.
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The categories of actions of a dcpo-monoid

on directed complete posets

Mojgan Mahmoudi and Halimeh Moghbeli-Damaneh

Abstract. In this paper, some categorical properties of the category Cpo-S of all S-cpo’s;
cpo’s equipped with a compatible right action of a cpo-monoid S, with strict continuous action-
preserving maps between them is considered. We also define and consider similarly, the category
Dcpo-S of all S-decpo’s, and continuous action-preserving maps between them. In particular,
we characterize products and coproducts in these categories. Also, epimorphisms and monomor-
phisms in Depo-S are studied. Further, we show that Cpo-S is not cartesian closed but Dcpo-S
is cartesian closed.

1. Introduction and preliminaries

The category Dcpo of directed complete partial ordered sets plays an important
role in Theoretical Computer Science, and specially in Domain Theory (see [1]).
This category is complete and cocomplete. The completeness of Dcpo has been
proved (in a constructive way) by Achim Jung ([1]) and it is stated there that to
describe colimits is quite difficult. In [5], Fiech characterizes and describes colimits
in Dcpo, but his construction is rather complicated. The cartesian closeness of
Dcpo has also been proved by Achim Jung (see [7]). It is also shown that the
category Cpo of directed complete partially ordered sets with bottom elements and
strict continuous maps between them is monoidal closed, complete and cocomplete
(see [1, 7]).

In this paper, we study some categorical properties of the categories Depo-
S (and Cpo-S) of the actions of a dcpo(cpo)-monoid S on depo’s (cpo’s). In
particular, we show that the category Dcpo-S is complete and cocomplete, and
describe products and coproducts in these categories. Also, epimorphisms and
monomorphisms in these categories are considered. Further, we show that Cpo-S
is not cartesian closed but Dcpo-S is so.

Let us now give some preliminaries needed in the sequel.

Let Pos denote the category of all partially ordered sets (posets) with order
preserving (monotone) maps between them. A nonempty subset D of a partially
ordered set is called directed, denoted by D C¢ P, if for every a,b € D there exists
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¢ € D such that a,b < ¢; and P is called directed complete, or briefly a dcpo, if for
every D C? P, the directed join \/dD exists in P. A dcpo which has a bottom
element | is said to be a cpo.

A dcpo map or a continuous map f: P — @ between dcpo’s is a map with the
property that for every D C¢ P, f(D) is a directed subset of Q and f(\/? D) =
V¢ f(D). A depo map f: P — Q between cpo’s is called strict if f(L) = L.
Thus we have the categories Dcpo (and Cpo) of all depo’s (cpo’s) with (strict)
continuous maps between them.

The following lemmas are frequently used in this paper.

Lemma 1.1. [3, 7] Let {A4;: i € I} be a family of depo’s. Then the directed join

of a directed subset D C* [[,.; A; is calculated as \/d D= (\/d D;)icr where
D;, = {a € A;:dd = (dk)ke[ eD, a= dl}

foralliel.

Lemma 1.2. [7] Let P, Q, and R be dcpo’s, and f: P x @ — R be a function of
two variables. Then f is continuous if and only if f is continuous in each variable;
which means that for alla € P, b€ Q, fo: Q@ — R (b— f(a,b)) and fp: P - R
(a+— f(a,b)) are continuous.

Remark 1.3. The categories Dcpo and Cpo are both complete and cocomplete.
In fact,

(i) The product of a family of dcpo’s (cpo’s) is their cartesian product, with
componentwise order and ordinary projection maps. In particular, the terminal
object of Depo (and Cpo) is the singleton poset {6}.

The equalizer of a pair f,g: P — Q of (strict) continuous maps is given by
E={x € P: f(x) = g(x)} with the order inherited from P.

Moreover, the pullback of (strict) continuous maps f: P — R and g: Q@ — R
is the sub-dcpo P = {(a,b): f(a) = g(b)} of the product P x @ together with the
restriction of projection maps.

(ii) The coproduct of a family of dcpo’s is their disjoint union, with the order
arising from each factor. In particular, the initial object of Dcpo is the empty
poset.

The coproduct of a family of cpo’s is their coalesced sum. Recall that the
coalesced sum of the family {A;: i € I'} of cpo’s is defined to be

Ha=1e UieI(Ai \{La})
i€l
In particular, the initial object of Cpo is the singleton poset {0}.

Recall that a po-monoid is a monoid with a partial order < which is compatible
with the monoid operation: for s,t,s’,¢' € S, s < t, s < t' imply ss’ < #t'.
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Similarly, a dcpo (cpo)-monoid is a monoid which is also a dcpo (cpo) whose
binary operation is a (strict) continuous map.

Now, we recall the preliminary notions of the action of a (po)monoid on a
set(poset). For more information, see [2, 4, 8].

Let S be a monoid. A (right) S-act or S-set is a set A equipped with an action
A xS — A (a,s) ~ as, such that al = a and a(st) = (as)t, for all a € A and
s,t € S. Let Act-S denote the category of all S-acts with action-preserving maps
(maps f: A — B with f(as) = f(a)s).

Also, recall that an element a of an S-act A is said to be a zero element if
as=a for all s € S.

Let S be a po-monoid. A (right) S-poset is a poset A which is also an S-
act whose action A: A x S — A is order-preserving, where A x S is considered
as a poset with componentwise order. The category of all S-posets with action-
preserving monotone maps between them is denoted by Pos-S.

Remark 1.4. Recall (see [2]) that:

(i) The product in the category of S-posets is the cartesian product with the
componentwise action and order. In particular, the terminal S-poset is the single-
ton S-poset.

Also, recall that the equalizer of a pair f,g: A — B of S-poset maps is given
by E={a€ A: f(a) = g(a)} with action and order inherited from A.

The pullback of S-poset maps f: A — C and g: B — C is the sub-S-poset
P ={(a,b): f(a) =g(b)} of A x B.

(ii) The coproduct is the disjoint union with the usual action and order. In
particular, the initial S-poset is the empty set.

Finally, we introduce the notion which we work on in this paper.

Definition 1.5. Let S be a (cpo) dcpo-monoid. By a (right) S-depo (S-cpo) we
mean a dcpo (cpo) A which is also an S-act whose action A\: A xS — A is (strict)
continuous, where A x S is considered as a dcpo with componentwise order.

By an S-dcpo map (S-cpo map) between S-dcpo’s (S-cpo’s), we mean a map
f: A — B which is both (strict) continuous and action-preserving.

We denote the categories of all S-depo’s (S-cpo’s) and S-depo (S-cpo) maps
between them by Dcpo-S (Cpo-S) .

Remark 1.6. (1) In the definition of an S-cpo, we can omit the property that the
action is strict. Notice that 1L 4xs = (L4, Lg), and the action being strict means
that 1 4 Llg = 1 4. But, assumig that there is a continuous (monotone) action on
a cpo A, the fact that Lg < 1 implies L 41lg < L1 = 1 4. Also, since L 4 is the
bottom element in A, we have 1. 4, < L41lg. Thus, L 41lg = 14 as required.

(2) Note that, by Lemma 1.2, the action A\: A x S — A is continuous if and
only if each \;: S — A, s — as, and \s: A — A, a — as, is continuous.

(3) Notice that the above note is not true for strictness. For example, consider
the pomonoid S = {0 < 1} with the binary operation max. It is clear that max is
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strict continuous, so S is a cpo-monoid and hence an S-cpo. But the continuous
map A : S — S, t — max(t, 1) is not strict, because max(0,1) =1# 0= Lg.

2. Limits and coproduts in Cpo-S and Dcpo-S

In this section, we give the description of products, equalizers, terminal object and
pullback in the categories Depo-S and Cpo-S. We also, find coproducts in these
two categories.

Remark 2.1. In both the categories Depo-S and Cpo-5, the terminal object is
the one element object.

Proposition 2.2. The product of a family of S-decpo’s (S-cpo’s) is their cartesian
product with componentwise action and order.

Proof. Let {A;: i € I} be a family of S-dcpo’s (S-cpo’s). Let A = [[,.; As
First we see that A with componentwise action and order is a S-dcpo (S-cpo).
By Remark 1.4, A is an S-poset. Also, the action on A is continuous. Applying
Lemma 1.2, it is enough to check the continuity of the action in each component.
Let D C? A and s € 5. We show that (\/? D)s = Vaep ®s. By Lemma 1.1,
\/dD = (\/d D;)icr, where D; = {a € A;: I(di)ker € D, d; = a} is a directed
subset of A;, for all i € I. Then we have (\/* D)s = (\V/* D;)icrs = (V* D;i)s)ies =
(\/d D;s);ec1, where the latter equality is because the action on each A; is continu-
ous. Now, we see that (\/* D;s)ic; = \/ieD s. First, notice that (\/? D;s);cs is an
upper bound of the set {zs: x € D}, since for = (d;);er € D, we have d; € D;,
for all 4 € I, and so s = (d;8)ier < ((\/d D;)s)icr = (\/d D;s)icr. Secondly, if
¢ = (¢;)ier is any upper bound of the set {xs: x € D}, then for i € I and a € D;,
taking x = (d;)ie; with d; = a, we have as = d;s < ¢;. Thus (\/d D;s)ier < ¢,
as required. Similarly, the action on A is continuous in the second component;
that is for 7 C? S and a = (a;)icr € A, a(\V'T) = Viepat. Consequently,
A = [;c; Ai with the componentwise order and action is an S-dcpo (S-cpo).
Also, the projection maps p; : A — A; are S-dcpo (S-cpo) maps, since by Remark
1.3 they are (strict) continuous, also they are action-preserving (see [8]). To see
the universal property of products, notice that for every S-dcpo (S-cpo) B with
S-depo (S-cpo) maps f;: B — A;, i € I, the unique S-poset map f : B — A given
by f(b) = (fi(b))ier, b € B which exists by the universal property of products
in Pos-S (see Remark 1.4); and satisfies p; o f = f;, for all ¢ € I, is a (strict)
continuous map. This is because, f(Lp) = (fi(LB))ier = (La,)ier = La. Also,
it is straightforward to see that for D C? B, f(\/* D) = \/* f(D). O

Remark 2.3. (i) It is clear that the initial object in the category Dcpo-S is the
empty set.

(ii) The category Cpo-S has initial object if the identity of the cpo-monoid S
is its bottom element. In fact S is the initial object. Since, for every S-cpo A the
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map A;: S — A, defined by A\ (s) = L4s is the unique S-cpo map from S to A.
To show the uniqueness, let a: S — A be an S-cpo map, then a(s) = a(ls) =
a(l)s = Las= A1 (s), for all s € S. Thus, o = A.

Now, we consider coproducts.
Theorem 2.4. The coproduct of a family of S-dcpo’s is their disjoint union.

Proof. Let {A;: 4 € I} be a family of S-dcpo’s. Let A = J,.; 4i be the disjoint
union of A;, i € I. By Remark 1.4, A with the order and the action inherited from
A;, 1 € I; that is

z <yin A if and only if x <y in A;, for some i € |

and a.s = asfora € A;, s € 9, is an S-poset. Applying Lemma 1.2, we see that this
the action is also continuous. Therefore, A is an S-dcpo. Moreover, the injection
maps u;: A; — A, defined by u; = idala,,i € I are S-poset maps, by Remark 1.4,
and they are continuous, by Remark 1.3. Finally, since A satisfies the universal
property of coproducts in Pos-5, for every S-dcpo B and S-dcpo maps f;: A; — B,
i € I, the mapping f: A — B given by f(a) = fi(a) for a € A;, is the unique S-
poset map with fowu; = f;, for all ¢ € I. This map is also continuous, because if D
is a directed subset of A then by the definition of the order on A, D C?% A; for some

i€ I,and V9 D=V, D. Thus f(V'D) = fi(V' D) = V* f(D) = V' /(D). O

To describe the coproduct in Cpo-S, using the coalesced sum of cpo’s, we need
the following lemma.

Lemma 2.5. The coalesced sum of a family of S-cpo’s in which the bottom element
is a zero element is an S-cpo.

Proof. Let {A;: i € I} be a family of S-cpo’s. By Remark 1.3, the coalesced sum
A = l§;c; Ai is a cpo. Define the action on A as:

a-s—4 if as# Ly,
T La i as= Ly,

foraec A;,iel,seS,and L4-s= 1 4. In particular, L 4-1 = 1 4. We see that
also for a # 1 4, a-1 = a, because, for some i € I, a € A;, and so a-1 = al = a.
Also, a- (st) = (a-s)-t,fora € A, s,t € S. This is because, L 4 (st) = (La-s)-t,
by the definition, and for @ # L 4, a € A; for some i € A. If a(st) # La4,, then
as # L 4,, (otherwise since L 4, is a zero element, a(st) = (as)t = La,t = Ly,);
also (as)t = a(st) #L4,. So (as) -t = (as) -t = (as)t = a(st) = a - (st). Secondly,
if a(st) = La,, then a- (st) = L4. Now, if as = 1,4, then a-s = 1,4 and
so (a-s)-t = La-t = _Ls Also, if as # Ly, then a-s = as, and since
(as)t =a(st) = La,, (a-s)-t=_Ly. Thus (a-s)-t=(a-s) -t = La, as required.

Now, we show that the action is continuous. Notice that D C A is directed if
and only if D C? A;, for some i € I, or D = D' U {1l 4}, where D' = or D' is a
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directed subset of A;, for some i € I. This is because, if D C% A and 14 ¢ D, and
on the contrary, if there exist di,ds € D such that di € A; and dy € Aj, © # 7,
then there exists d3 € D such that dy < d3 and dy < d3. Also, by the definition of
the order on A, d3 € A; N A; = 0, which is a contradiction. So D C? A;, for some
i € I. Now,let L 4 € D. We show that D’ = D —{L 4} is a directed subset of A;,
for some i € I. On the contrary, let there exist di’,dy’ € D’ such that d,’ € A;
and dy’ € Aj, i # j. Since D is directed, there exists d3 € D such that d;’ < ds
and do" < ds. By the definition of the order on A, d3 € 4; N A; = 0, which is
a contradiction. So D’ C% A;, for some i € I. Now, applying Lemma 1.2, we
show that the action is continuous. Let D C¢ Lﬂiel A; and s € S. By the above
discussion, two cases may occur:

CAsE (i): D C? A;, for some i € I.

SuBcask (i1): If (V*D)s # La,, then we have (/D) -s = (V‘D)s =
\/iE p s, where the last equality is because A; is an S-cpo. Now we claim that

d d
\/ xs = \/ x-s (%)
xeD xeD
Let K ={x € D: s # L4,}. Then K satisfies:

(1) K # 0, because otherwise (\/? D)s = \/ieD xs = L4, which is a contra-
diction.

(2) For all x € K, x - s = xs, by the definition of the action on A.

(3) For all x € K and ¢’ € D\ K, there exists "/ € K with < 2" and 2’ < 2",
since D is directed. But, then zs < z”’s, and hence 2"’ € K, since x € K.

Now to prove (x), first we see that \/ieD xs is an upper bound of the set
{r-s:x € D}. Alsoforall z € K, x-s = zs < \/iers. For x € D\ K,
r-s=14< \/ieD xs, as required. Secondly, if ¢ is an upper bound of the set
{zr-s:ze€D}. Forallz € K, wehave x-s=xs<c. Forz € D\ K and 2’ € K
(which exists, since K # 0), by (3) there exists z” € K such that z < 2 and
' < x”. This gives vs < 2”’s = 2" - s < ¢. Then for all x € D, we have xs < ¢,
and so VieD rs < ¢, as required.

SuBcask (i2): If (\V*D)s = L,,, then we again have (\/*D)s = VieD xs.
This is because, the action on A; is continuous on the second component. Also,
(V¥ D)s = L, gives zs = Ly,, for all z € D. This is because, L4, = (\/* D)s =
\/ieD xs. Hence by the definition of the action on A4, (\/* D)-s = \/ieD x-s=Lyg.

CaSE (ii): D = D' U L4, where D’ C¢ A;, for some i € I.

By case (i), we have (\/'D’)-s = \/i,eD, 2’ - s. Also, we have (\/'D)-s =
(VD) s= \/i,eD, s = \/ieD x - 8, as required.

Now to prove that the action is continuous in the second component, let 7 C?¢ S
and a € A. We show that a - \/*T = \/feT a - t. Consider the following two cases:

(a): If a = L 4, then by the definition of the action on A4, a-\/* T = erT a-t=
La.
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(b): If @ # L4, then for some i € I, a € A;. We have the following two
situations:

(b1): If a(\/*T) # L4, then we have a- (\/*T) = a(\V/'T) = \/feT at, where
the last equality is true because A; is an S-cpo. Now, we claim that

d d
\/a~t: \/at ().

teT teT

Let L={t €T :at# La,}. Then one can prove (in a similar way to the set K in
the above discussion) that L satisfies:

(1) L #0.

(2) Forallt € L, a-t=at.

(3) For all t € L and t' € T'\ L, there exists t” € L with ¢t <t” and ¢’ < t".

Now to prove (xx), we see that first \/?eT at is an upper bound of the set
{a-t:teT} Alsoforallt € L, a-t = at < \/feTat. Fort € T\ L,
a-t= 1y < \/?eT at, as required. Secondly, if ¢ is an upper bound of the set
{a-t:t €T}, then for all ¢t € L, we have at = a -t < ¢. Now, by (3) and in the
same way of Subcase (il), for t € T\ L there exists t”” € L such that at < at” < c.
Then for all t € T, we have at < ¢, and so V?ET at < c. Therefore, (xx) has been
proved.

(b2): If a(\/*T) = L, we show that a - (V' T) = \/feTa -t. Since A; is an
S-cpo, we have \/fGT at = a(\/d T)= L1y, Soforallte T, at = L,,. Then by
the definition of the action on A, a - (\/*T) = \/feT a-t=_1yx.

Therefore, the action on A is continuous, and so A = #),.; A; is an S-cpo. [

Theorem 2.6. Let {A; : i € I} be a family of S-cpo’s whose bottom elements are
zero elements. Then their coproduct exists in Cpo-S.

Proof. Let A = |4,; Ai. By Proposition 2.5, A is an S-cpo and by Remark 1.3,
the injections u;: A; — A, i € I, defined by

X if « 75 J—Ai
ul(x) - { LA if = J—Ai
are cpo maps. Also we show that w;: A; — A, ¢ € I are action-preserving.
First notice that u;(La,s) = uwi(La,) = La = La-s = u;(Ly,) s Now, let
Lla, #Fx € A, and s € S. If xs = 1 4,, then by the definition of the action on A,
x-s= Ly, and so uj(xs) = La =x-s=wu;(z) s If xs# Lu,, then z-s = xs,
and so u;(zs) = xs = - s = u;(z) - s. Moreover for every S-cpo B with S-cpo
maps f;: A; = B, i € I, the unique cpo map f: A — B given by

- f,(a) if ae€A;
f(“){LB it x= 1,
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which exists by the universal property of coproducts in Cpo, and satisfies fou; =
fi for all i € I, is action-preserving. First notice that since each f; is action-
preserving and 1 4, is a zero element, f;(La,) = Lp is a zero element. Now,
f(Lla-s)=f(La)=L1p=_1ps= f(La)s, forall s € S. Also, for a # L4, we
have a € A;, for some i € I. Therefore, if as = 1 4, we get a-s = L4, and so
fla-s)=f(La)=Lp = fi(La,) = filas) = fi(a)s = f(a)s. If as # L 4, then we
have a-s = as, and so f(a-s) = f(as) = fi(as) = fi(a)s = f(a)s. O

Corollary 2.7. Let S be a cpo-monoid in which the identity element is the top
element. Then Cpo-S has all coproducts.

Proof. By Theorem 2.6, it is enough to show that the bottom element of every
S-cpo A is a zero element. For all s € S, we have s < 1,and so L 4s < 141 = 14.
But, L 4 is the bottom element of A and so L 4s = 1 4. O

Theorem 2.8. Pullbacks and equalizers exist in the categories Cpo-S and Dcpo-
S.

Proof. Let f,g: A — B be S-cpo (S-dcpo) maps. Then

E={zecA: f(zr)=g(x)}

is a sub S-cpo (S-dcpo) of A, and the inclusion map satisfies f oi = goi. Also, if
e: K — L is an S-cpo (S-dcpo) map with foe = goe then the mapy: K — F
given by v(z) = e(x) is the unique S-cpo (S-decpo) map such that ioy =e.

Also, it is easily seen that the pullback of S-cpo (S-decpo) maps f: A — C and
g: B — C is the sub-S-cpo (S-dcpo) P = {(a,b): f(a) = g(b)} of A x B, together
with the restricted projection maps. O

As a consequence of Theorems 2.2 and 2.8, we get the following result.

Proposition 2.9. The categories Cpo-S and Dcpo-S are complete.

3. Cocompleteness and cartesian closedness

In this section, we consider some other categorical properties of Cpo-S and Dcpo-
S. We show that monomorphism in Depo-S are exactly one-one S-dcpo maps,
while epimorphisms are not necessarily onto S-dcpo maps. Also, we prove that
Dcpo-S is a cocomplete category. Further, it is proved that Dcpo-S is cartesian
closed while Cpo-S is not so, and hence it is neither a topos nor a quasitopos (see

[90)-

Lemma 3.1. A morphism in Dcpo-S is a monomorphism if and only if it is
one-one.
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Proof. Let h: A — B be amonomorphism in Dcpo-S, and h(a) = h(a’). Consider
the S-depo maps f,g: S — A given by f(s) = as and g(s) = a’s, for s € S. Then,
hof=hogandso f=g. Thus, a =d'. O

In the following we show that the category Dcpo-S is cocomplete.

Recall that an object C' of a category C is called a coseparator if the func-
tor hom(—,C) : C°? — Set is faithful; in other words, for each distinct arrows
f,9: A — B there exists an arrow h: B — C such that ho f #hog.

Also, recall from [6], Theorem 23.14 that a complete well-powered category
which has a coseparator, is cocomplete. Therefore, we show that Dcpo-S has a
coseparator and is well-powered.

Proposition 3.2. The forgetful functor Uy : Dcpo-S — Dcpo has a right adjoint.

Proof. We define the cofree functor K;: Dcpo — Dcpo-S as Ki(P) = P9,
where P(%) is the set of all dcpo maps from S to P. We give it the pointwise order
and the action by (fs)(t) = f(st), for s,t € S and f € P®). Then, P is an
S-dcpo. We know that P(%) is a dcpo (see [7]). Now, we show that the action
defined above is a continuous map. Applying Lemma 1.2, let F C¢ P(5), Then

d d d d d
(/) =\ F)st) = \/ f(st) =\ (Fs)(t) = (\/ £9)(®)
feF feF fEF

so we have (\/? F)s = \/*(Fs). Now, assume that T C? S and f € P(5), then

(FVID)(s) = f<d<vd T)s) = fgvfeTm )
= \/teT f(ts) = VteT(ft)(S) = (VtET Jt)(s)

and so f(V'T) = \/feT ft, as required. Consequently P is an S-dcpo.
Now, consider the cofree map (the counit of the adjunction) o : PS) — P,
given by o(f) = f(1). We show that it is continuous. Let F' C? P(9), Then

d d d d
a\/ N=CV Ho=\ r0=\ o).
fer fer feF feFr

To see the universal property, let a: A — P be a continuous map from an S-dcpo
A. Then the unique S-poset map @: A — P given by @(a)(s) = a(as) and
satisfying o o @ = a (see [2]) is continuous. To show this, let D C? A and s € S.
Then

a(\V'D)(s) = a<d<vd D)s) = a<yieD ws) )
Vicpales) = Vi a(@)(s) = (Viepa(x))(s)

as required. O
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Notice that the forgetful functor U: Cpo-S — Cpo does not necessarily have
a right adjoint. This is because, U does not preserve initial object in general. For
example, let S be the 2-element chain {1,a} with 1 < a, and aa = a, la = a = al.
Then S is an S-cpo, and it is the initial object of Cpo-S (see Remark 2.3), whereas
the initial object in the category Cpo is the singleton cpo.

Corollary 3.3. The category Dcpo-S has a coseparator.

Proof. We show that for each dcpo P with |P| > 2 and non discrete order, the
cofree object P) described in Proposition 3.2 is a coseparator.

Let f,g: A — B be S-dcpo maps with f # g. We should define an S-dcpo
map h : B — P with ho f # hog. To this end, we define a dcpo map k: B — P
such that ko f £ kog.

Since f # g, there exists a € A with f(a) # g(a). We consider three cases

(1) f(a) <g(a) (2) g(a) < f(a) 3) fla) |l g(a)
Let f(a) < g(a). Take B'={be B| b < f(a)}. Define k: B — P by

z ifbe B
k(b) = { y otherwise

where 2,y € P and = < y (such z,y exist since |P| > 2 and the order on P is
not discrete). First we show that k is order-preserving, and hence it take directed
subsets to directed ones. Let bj,by € B with by < by. If by € B’, then for
the case where by € B', = k(b1) = k(bz); and for the case where by ¢ B/,
Tr = k(b1) <y = k(bz) AISO, if bl ¢ B’ then bQ ¢ B,, and so k(bl) = k(bz) =Y.
To prove the continuity of k, let D C? B. Notice that \/d D € B’ if and only if
D C B'. Now, if V'D € B', then D C B’ and so k(\V' D) = = = V¢, k(2).
Also, if \/* D ¢ B’ then k(\/* D) =y, and D ¢ B'. Thus D\ B’ # 0, and

d d
V k() = k(z)=yVa=y
z€D z€(D\B’)U(B'ND)

as required. Finally, since P(%) is the cofree S-dcpo on P, there exists a unique
S-depo map h : B — P such that coh = k, where o is the cofree map defined in
the above proposition. This gives that ho f # ho g, and so P is a coseparator.

The cases (2) and (3) are proved similarly. O

Lemma 3.4. The category Dcpo-S is well-powered.

Proof. We should prove that the class of isomorphic subobjects of any S-dcpo
is a set. Let B be an S-dcpo and A be a suboject of B; that is there exists a
monomorphism f: A — B. By Lemma 3.1, f is one-one and so A is isomorphic
to a subset of B. Hence the class of isomorphic subobjects of B is a subset of the
powerset of B, and therefore is a set. O
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Theorem 3.5. The category Dcpo-S is cocomplete.

Proof. By Theorem 23.14 of [6], Corollary 3.3, Lemma 3.4, and Proposition 2.9,
Dcpo-S is cocomplete. 0

The following example shows that epimorphisms in the categories Depo-S and
Cpo-S are not necessarily surjective.

Example 3.6. Let S be an arbitrary dcpo(cpo)-monoid. Take A to be the
depo(cpo) L @ N in which the order on N is discrete and B = L @ N® T in
which the order on N is the usual order. Then both of A and B with the trivial
action are S-dcpo’s (cpo’s). Let h: A — B be the inclusion map. Then h clearly
preserves the action. Also, h is (strict) continuous. To see this, let D C¢ 1 @& N.
Then D = {1}, or there exists n € N such that D = {1, n}, or there exists n € N
such that D = {n}. If D = {L,n} for some n € N, then

d d d d
h(\/ D) = h(n) = n = \/{Ln} = \/{h(L),h(n)} = \/ L(D).

This is clearly true for other kinds of D. Now we claim that h is an S-dcpo(cpo)
map which is an epimorphism but is not surjective. The latter is because T is
not in the image of h. To show that A is an epimorphism, let f1,fo: B — P
be S-dcpo(cpo) maps with f; o h = fy 0o h, and P be an S-dcpo(cpo). Then
SilL) = fi(h(L)) = f2(h(L)) = fo(L) and fi(n) = fi(h(n)) = fa(h(n)) = fa(n),
for all n € N. Also

d

d d d
A =HNN =\ fm) =\ fn)=r\/N) = £(T)

neN neN
Therefore, fi = f2, and so h is an epimorphism.

Finally, we consider cartesian closedness. Recall that a category C which has
finite products, is called cartesian closed if, for every pair of objects A and B of C,
an object B4 and a morphism ev: A x B4 — B exist with the universal property
that for every morphism f: A x C — B in C, there exists a unique morphism
f: C — B such that ev o (ida % f) = f. In this definition, the objects B4 are
called power objects or exponentials, and ev is said to be the evaluation map, and

f is called the exponential map associated to f.
Theorem 3.7. The category Cpo-S is not necessarily cartesian closed.

Proof. Let S = {1}, then the category Cpo-S is isomorphic to the category Cpo
which is not cartesian closed (See [4]).

For an example in which S is not trivial, let S be the 2-element chain {1,a}
with identity 1, 1 < @ and aa = a. Then S is an S-cpo, and by Remark 2.3,
it is the initial object of Cpo-S. Then for a non trivial S-cpo A, the functor
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Ax —: Cpo-S — Cpo-S does not have preserve the initial object (since |A| x 2 #
2), and so does not have a right adjoint. Therefore, the category Cpo-S is not
cartesian closed. O

In the following, we show that Dcpo-S is cartesian closed.
Theorem 3.8. The category Dcpo-S is cartesian closed.

Proof. By Proposition 2.9, Depo-S has finite products. Given S-dcpo’s A, B, we
define the exponential object B4 to be Hom(S x A, B), the set of all S-dcpo maps
from the product object S x A to B. This set is an S-dcpo with pointwise order,
and action given by (fs)(t,a) = f(st,a). The evaluation arrow ev: A x B4 — B
is defined by ev(a, f) = f(1,a), is an S-dcpo map. It is an S-poset map (see [2]),
to prove continuity, let D C? A and f € B4, then

d d d d
ev(\/ D, /)= f(1,\/ D)= \/ f(l,x) = \/ ev(w, [)
xeD xeD

since f is continuous. Also, for F C% B4 and a € A, we have

d d d d
ev(a, \/F)=(\/ F)(L,a) = \/ f(L,a) = \/ ev(a,f)
fer fer

To prove the universal property, take an S-dcpo C and an S-decpomap f: AxC —
B. Define the map f: C — B4 by f(x)(s,a) = f(a,xs), for x € C, a € A, and
s € S. As in the case of S-sets (see [4]), it can be shown that f and f(x), for

each z € C, preserve the action. Also, we show that each f(z) is continuous. Let
T C%S and a € A. Then

d d d d d
f@(\/T,0) = fla,a(\/ T)) = f(a, \) 2t) = \] fla,2t) = \/ f(2)(t,a)
teT teT teT

Now, let D C% A and s € S. Then

d d d d
f@)(s,\/ D)= f(\/ D,ws) = \/ f(d,zs) = \/ f(2)(s,d)
deD deD

as required. Further, fis continuous, because for every D C% C and (s,a) € Sx A,

we have o . ;
FVED)s,a) = fla, (V2 D)s) = f(a,Vyep 29)
= Vien f(a,28) = Viep f(2)(s5,a)

as required. O
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Remark 3.9. The above proof for the case where S is a one-element dcpo-monoid
shows that the exponential object B4 in Dcpo is the set of all continuous maps
from A into B, with pointwise order (for another proof of this fact, see [7]).

Open Problems:

1. Is the category Cpo-S cocomplete? If yes, what is the description of co-
equalizers and pushouts?
2. For which class of semigroups S, the category cpo-S is cartesian closed?

Acknowledgment. The authors gratefully acknowledge Professor M. Mehdi
Ebrahimi’s comments and conversation during this work. Also, thanks to the kind
hospitality of Hakim Sabzevari University, during our stay there, which helped
us to finish this paper. Also, our sincere thanks goes to the referee for the very
valuable comments which improved the paper.

References

[1] S. Abramsky and A. Jung, Domain Theory, Handbook of logic in Computer
Science 3 (1994), 1 — 168.

[2] S. Bulman-Fleming, and M. Mahmoudi, The category of S-posets, Semi-
group Forum 71 (2005), no. 3, 443 — 461.

[3] B.A. Davey, and H.A. Priestly, Introduction to Lattices and Order, Cam-
bridge University Press, Cambridge, 1990.

[4] M.M. Ebrahimi and M. Mahmoudi, The category of M-Sets, Ital. J. Pure
Appl. Math. 9 (2001), 123 — 132.

[5] A. Fiech, Colimits in the category Dcpo, Math. Structures Comput. Sci. 6
(1996), 455 — 468.

[6] H. Herrlich and G.E. Strecker, Category Theory, Allyn and Bacon, 1973.

[7] A. Jung, Cartesian closed categories of Domain, Stichting Mathematisch Cen-
trum, Centrum voor Wiskunde en Informatica, Amsterdam, (1989).

[8] M. Kilp, U. Knauer, and A. Mikhalev, Monoids, Acts and Categories,
Walter de Gruyter, Berlin, New York, 2000.

[9] S. Mac Lane, I. Moerdijk, Sheaves in Geometry and Logic: A First Intro-
duction to Topos Theory, Springer-Verlag, 1992.

Received December 15, 2014
Revised June 14, 2015
Department of Mathematics, Shahid Beheshti University G.C., Tehran 19839, Iran
E-mails: m-mahmoudi@sbu.ac.ir, h moghbeli@sbu.ac.ir



Quasigroups and Related Systems 23 (2015), 297 — 308

An investigation on fuzzy hyperideals

of ordered semihypergroups

Bundit Pibaljommee, Kantapong Wannatong and Bijan Davvaz

Abstract. We introduce the notions of fuzzy hyperideals, fuzzy bi-hyperideals and fuzzy quasi-
hyperideals of an ordered semihypergroup and show that every fuzzy quasi-hyperideal is a fuzzy
bi-hyperideal and in a regular ordered semihypergroup, fuzzy quasi-hyperideals and fuzzy bi-
hyperideals coincide. Moreover, we show that in an ordered semihypergroup every fuzzy quasi-
hyperideal is an intersection of a fuzzy right hyperideal and a fuzzy left hyperideal.

1. Introduction

The concept of algebraic hyperstructures was introduced in 1934 by Marty [13].
The concept of a semihypergroup is a generalization of the concept of a semi-
group. Semihypergroups are studied by many authors, for example, Bonansinga
and Corsini [1], Davvaz [4, 5], De Salvo et al. [6], Freni [7], Hila et al. [9], Leore-
anu [14], and many others. In [8], Heidari and Davvaz studied a semihypergroup
(H,o) with a binary relation <, where < is a partial order so that the monotony
condition is satisfied. This structure is called an ordered semihypergroup. The
study of fuzzy algebras was started in [15] by Rosenfeld. In [10], the relationships
between some types of fuzzy ideals in ordered semigroups were investigated. In
[11], some equivalent definitions of fuzzy ideals of ordered semigroups were given.
In [3], Davvaz introduced the concept of a fuzzy right (resp. left, two-sided) hy-
perideal of a semihypergroup and proved some results in this respect. Now, in this
paper we study the notions of fuzzy hyperideals of ordered semihypergroups.

The paper is structured as follows. After an introduction, in Section 2 we
present some basic notions and examples on ordered semihypergroups. In Section
3, we introduce the notions of fuzzy hyperideals, fuzzy bi-hyperideals and fuzzy
quasi-hyperideals of an ordered semihypergroup and we give some results in this
respect. In particular, we show that every fuzzy quasi-hyperideal is a fuzzy bi-
hyperideal and in a regular ordered semihypergroup, fuzzy quasi-hyperideals and
fuzzy bi-hyperideals coincide. Moreover, we show that in an ordered semihyper-
group every fuzzy quasi-hyperideal is an intersection of a fuzzy right hyperideal
and a fuzzy left hyperideal.

2010 Mathematics Subject Classification: 20N20, 20N25, 06F05
Keywords: Ordered semihypergroup, regular ordered semihypergroup, fuzzy hyperideal, fuzzy
bi-hyperideal, fuzzy quasi-hyperideal.
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2. Preliminaries

A hypergroupoid consists of a non-empty set H and a mapping o : Hx H — P*(H)
called a hyperoperation, where P*(H) denotes the set of all non-empty subsets of
H. We denote by a o b the image of the pair (a,b) in H x H.
A hypergroupoid (H, o) is called a semihypergroup if it satisfies the associative
property, namely,
(aob)oc=ao(boc).

For any non-empty subsets A, B of H, we denote

AoB:= |J aob.
ac€A,beB

Instead of {a} o A and B o {a}, we write a o A and B o a, respectively.

Definition 2.1. Let H be a non-empty set and < be an ordered relation on H.
The triplet (H, o, <) is called an ordered semihypergroup if the following conditions
are satisfied.

(1) (H,o0) is a semihypergroup,
(2) (H,<) is a partially order set,

(3) for every a,b,c € H, a < b implies aoc < boc and coa < cob, where
a o c < bocmeans that for every x € a o ¢ there exists y € b o ¢ such that
T < y.

A non-empty subset A of an ordered semihypergroup (H, o, <) is called a subsemi-
hypergroup of H if (A,0,<) is an ordered semihypergroup.

We note that for every a, b, c,d,e, f € H with aob < cod and e < f, we obtain
aoboe< codo f.

For K C H, we denote
(K]:={a€ H|a<kforsomek € K}.

Definition 2.2. A non-empty subset A of an ordered semihypergroup (H,o, <)
is called a right (resp. left) hyperideal of H if

(1) Ao H C A (resp. Ho A C A),
(2) for every a € H, b € A and a < b implies a € A.

If A is both right hyperideal and left hyperideal of H, then A is called a
hyperideal (or two-side hyperideal) of H.

Definition 2.3. A subsemihypergroup A of an ordered semihypergroup (H, o, <)
is called a bi-hyperideal of H if
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(1) AcHo AC A,
(2) for every a € H, b € A and a < b implies a € A.

Definition 2.4. A non-empty subset @) of an ordered semihypergroup (H,o, <)
is called a quasi-hyperideal of H if

(1) (QeH]N(HoQ] CQ,
(2) for every a € H, b € Q and a < b implies a € Q.

Example 2.5. The set H = {a,b,c,d, e} and the hyperoperation defined by the
table

b c d e
{a,b,d} a {a,b,d} {a,b,d}

b a {a,b,d} {a,b,d}
{abd} {ocd {abd {abedel
{a,b,d} a {a,b,d} {a,b,d}
{a,b,d} {a,c} {a,b,d} {a,b,c,d e}

D U 8|0
Q@ Q2 2 g

is a semihypergroup (cf. [2]).
We define order relation < as follows:

<= {(a,a), (b,0),(c,0),(d,d), (e, €), (a,c), (a,d), (a,e), (b,d), (b,e), (c,e), (d, ) }.
We give the covering relation < and the figure of H:

== {(a,c), (a,d), (bv d)7 (Cv 6), (d7 e)}

e

Now, (H, o, <) is an ordered semihypergroup, {a, b, d} is a hyperideal and {a}, {a, c}
are left hyperideals and also bi-hyperideals of (H, o, <). O

Now, we use the ordered semigroup defined in Example 3.3 in [16] to construct
a semihypergroup in a similarly way of Example 3.10 in [2] and give an example
of quasi-hyperideals of an ordered semihypergroup.

Example 2.6. Let H = {a,b,c,d,e}. Define the hyperoperation o on H by the
following table.
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b c d e
{a,b} a {a,d} a
{a,e} {a,c¢} {a,c} {a,e}
{a,b} {a,d} {a,d} {a,b}
{fa,e} a  {a,c}  a

D Lo 8|0
Q@ Q2 Q e

Suppose that the order relation < as follows:

<= {(a,a), (b,0), (¢, ¢), (d,d), (e, ¢), (a,0), (a, ¢), (a, d), (a, ) }.

We give the covering relation < and the figure of H:
<= {(a,b), (a, ), (a,d),(a,e)}.

b c d e

a

Now, (H,o,<) is an ordered semihypergroup. It is easy to show that all proper
quasi-hyperideals of H are {a}, {a, b}, {a,c},{a,d},{a,e},{a,b,d},{a,c,d},{a,b,e}
and {a,c,e}. O

Let (H,o0,<) be an ordered semihypergroup and a € H. We denote
Ay i ={(b,c)e Hx H|a<boc}.

A fuzzy subset p of a semihypergroup (H,o) is a function p : H — [0, 1]. Let
t € [0,1] and p be a fuzzy subset of H. The set u;, = {a € H | u(a) >t} is called a
level subset of u. For fuzzy subsets u and v of H, we define the fuzzy subset po v
of H by letting a € H,

sup {min{u(b),v(c)}}, if A, #0,
(mov)(a) = q (bo)€da
0, otherwise.

At the end of this section, we recall the notions of a fuzzy subsemihypergroup
of a semihypergroup introduced by Davvaz in [5] as the following. A fuzzy sub-
set p of a semihypergroup is called a fuzzy subsemihypergroup if inf bu(x) >

reao

min{u(a), u(b)} for all a,b € H.
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3. Fuzzy hyperideals of ordered semihypergroups

In this section, we define the concepts of a fuzzy right (left) hyperideal, a fuzzy
bi-hyperideal and a fuzzy quasi-hyperideal and give relationships between them.

Definition 3.1. Let (H,o,<) be an ordered semihypergroup. A fuzzy subset
w: H —[0,1] is called a fuzzy right (resp. left) hyperideal of H if

(1) pla) < inf {a(e)} (resp. pu(b) < inf {ju(e)} for every a,b € T,

(2) for every a,b € H,a < b implies u(b) < p(a).

If p is both fuzzy right hyperideal and fuzzy left hyperideal of H, then p is
called a fuzzy hyperideal (or fuzzy two-sided hyperideal) of H.

Example 3.2. Consider the ordered semihypergroup (H, o, <) defined in Example
2.5. We define two fuzzy subset p and A of H as follows:

0.7 if z=a,bd B i =
(z) = { 03 if z=ce. Mz)={ 08 if z=c

0.5 if z=b,de
Then, p is a fuzzy hyperideal and A is a fuzzy left hyperideal of H. O

Definition 3.3. Let (H,o,<) be an ordered semihypergroup. A fuzzy subsemi-
hypergroup p : H — [0,1] is called a fuzzy bi-hyperideal of H if the following
assertions are satisfied:

(1) min{u(b), u(d)} < inf {u(a)} for every b,c,d € H,

a€bocod
(2) for every a,b € H,a < bimplies p(b) < u(a).

Definition 3.4. Let (H,o,<) be an ordered semihypergroup. A fuzzy subset
w: H — [0,1] is called a fuzzy quasi-hyperideals of H if the following assertions
are satisfied:

(1) (wel)yn(lop) S p,
(2) for every a,b € H,a < bimplies p(b) < u(a),
where 1: H — [0,1] is a constant function defined by 1(a) =1 for all a € H.

Lemma 3.5. Let (H,o0,<) be an ordered semihypergroup and p be a fuzzy subset
of H. Then, p is a fuzzy right (resp. left) hyperideal of H if and only if for every
t € [0,1], the non-empty level subset u; is a right (resp. left) hyperideal of H.
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Proof. Assume that p is a fuzzy right hyperideal of H. Let t € [0, 1] with g # 0.

Let a € pug o H. We have a € bo h for some b € yuy,h € H. By assumption,

t < uld) < iréfh{u(a)}, we have p(a) > t. This implies uy o H C py. Let
acbo

x € puy,y € H with y < 2. Since ¢t < pu(z) < p(y), we obtain y € uy. Therefore, p;
is a right hyperideal of H.

Conversely, we assume that for every ¢t € [0, 1], u; is a right hyperideal of H. We
show that p(a) < Cier(llt;b{u(c)} for all a,b € H. We put ¢ty = p(a). By assumption

e, is a right hyperideal of H. Since a € py,, aob C py,. Then, for every c € aob,
we obtain ¢ty < u(c) and hence, pu(a) = to < infb{u(c)}. Let a,b € H with a < b.
ceao

Since a < b,b € pyp) and ) is a right hyperideal of H, we get a € p,@)- So,
w(b) < p(a). Therefore, p is a fuzzy right hyperideal of H. O

Corollary 3.6. Let (H,o,<) be an ordered semihypergroup and x be the charac-
teristic function of I. Then, I is a left (resp. right) hyperideal of H if and only if
X1 15 a fuzzy left (resp. right) hyperideal of H. O

Example 3.7. Let H = {a,b,c,d}. We consider the ordered semihypergroup
(H,o0,<), where the hyperoperation o and the order relation < on H are defined
as follows:

ol a b c d
a|a {abdb} {a,c} a
b|a {ab} {a,c} a
c|la {ab} {a,c} a
d|a {ab} {a,c} a

<= {(a,a), (b,b),(c,c), (d.d), (b,a), (c,a)}.
We give the covering relation < and the figure of H:

== {(baa)v(c7a)}'

od

o ¢

b
Now, we define the fuzzy subset yu of H as follows:

(@) = 0.8 if x=a,b,c,
METI=N 03 if z=d

Then, p is a fuzzy hyperideal of H. O
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Lemma 3.8. Let (H,o0,<) be an ordered semihypergroup and p be a fuzzy subset
of H. Then, p is a fuzzy bi-hyperideal of H if and only if for every t € [0, 1], the
non-empty level subset iy is a bi-hyperideal of H.

Proof. Assume that p is a fuzzy bi-hyperideal of H. Let t € [0,1] with p; # 0.

Let a € pu o H o iy. We have a € bo hoc for some b,c € u, h € H. Since t <

min{pu(b), u(c)} < ibn£ {u(a)}, we have u(a) > t. This implies pt o H o s C puy.
acbohoc

Let € puy,y € H with y < z. Since t < p(z) < p(y), we obtain y € u;. Therefore,
¢ is a bi-hyperideal of H.

Conversely, we assume that for every ¢ € [0,1], u is a bi-hyperideal of H.
We show that min{u(b), u(c)} < aeibrét;wc{u(a)} for all b,c,h € H. We choose

to = min{pu(b), u(c)}. By assumption pq, is a bi-hyperideal of H. Since b,c €

fty, bohoc C py,. Then, for every a € bo hoec, we have tg < p(a) and so

min{u(b), u(c)} = to < ibng {p(a)}. Let a,b € H with a < b. Since a < b,
acbohoc

b € ey and p,p) is a bi-hyperideal of H, we get a € p,@p)- So, u(b) < p(a).
Therefore, u is a bi-hyperideal of H. O

Corollary 3.9. Let (H,o,<) be an ordered semihypergroup and x be the charac-
teristic function of I. Then, I is a bi-hyperideal of H if and only if x1 is a fuzzy
bi-hyperideal of H. O

Lemma 3.10. Let (H,o,<) be an ordered semihypergroup and u be a fuzzy subset
of H. Then, u is a fuzzy quasi-hyperideal of H if and only if for every t € [0,1],
the non-empty level subset u; is a quasi-hyperideal of H.

Proof. Assume that p is a fuzzy quasi-hyperideal of H. Let ¢ € [0, 1] with u; # 0.
We show that (o HJN(Hopu) C pe. Let a € (ueoHJN(Hope]. Then, a € (uro H]
and a € (H oy, i.e., a < boh and a < ko c for some b,¢c € s, h,k € H, ie.,
(b,h),(k,c) € A,. This implies (po1)(a) = sup {min{u(z),1(y)}} > ¢t and
(z,y)€EAq
(ITow)(a) = sup {min{l(x),u(y)}} > t. By assumption, we obtain u(a) >
(z,y)€Aq

min{(uol)(a), (lop)(a)} = t. Therefore, (uoH|N(Howu] C py. Let x € py,y € H
with y < z. Since ¢t < u(x) < p(y), we obtain y € u;. Therefore, u; is a quasi-
hyperideal of H.

Conversely, we assume that for every ¢ € [0,1], u; is a quasi-hyperideal of H.
We show that (pol)N(lowu) C u. Let a € H. If A, = 0, then it is clear that
min{(uo1)(a), (1o w)(a)} < pla). If A, # 0, then there exist z,y € H such that
a < zoy. Let tg = min{pu(x), u(y)}. Since uq, is a quasi-hyperideal, a < z oy and
X,y € Uy, we have a € (g, o H] N (H o py] € pe,. Then, p(a) > to. This means
p(a) = min{u(x), u(y)} for all (z,y) € A,. Now, we have:

((mol)n(Lop)(a) = min{(uol)(a), (10 p)(a)}

=min{ sup {min{u(z),1(y)}}, sup {min{l(z), u(y)}}}
(z,y)€A, (z,y)EA,
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=min{ sup {u(z)}, sup {u(y)}}
(z,y)€Aq (z,y)EA,

= sup {min{u(m),ﬂ(y)}}
(w,y)€Aq

< pla).

Thus, (pol)N(Lop) € p. Let a,b € H with a < b. Since a < b,b € p,) and
L) is a quasi-hyperideal of H, we get a € f1,,3). So, pu(b) < p(a). Therefore, p
is a qausi-hyperideal of H. O

Corollary 3.11. Let (H,o,<) be an ordered semihypergroup and x be the char-
acteristic function of I. Then, I is a qausi-hyperideal of H if and only if x1 is a
fuzzy quasi-hyperideal of H. O

Example 3.12. Consider the ordered semihypergroup (H, o, <) defined in Exam-
ple 2.5. Define fuzzy subsets p and v of H by letting « € H,

0.7 if z=a, 0.8 if z=a,
uwlx)=< 05 if x=0b,d, v(iz)=¢ 06 if z=c¢,
0.3 if z=c¢e, 0.2 if xz=b,de.

By Lemma 3.5, i is a fuzzy left hyperideal of H, since every non-empty level subset
of 1 is a left hyperideal of H. Similarly, by Lemma 3.8, v is a fuzzy bi-hyperideal
of H. O

Example 3.13. Consider the ordered semihypergroup (H, o, <) defined in Exam-
ple 2.6. Define a fuzzy subset p : H — [0,1] by letting « € H,

09 if z=a
() = 08 if z=c¢c
PEI=Y 05 if z=d

0 if z=be.

By Lemma 3.10, p is a fuzzy quasi-hyperideal of H, since every non-empty level
subset of p is a quasi-hyperideal of H. O

Theorem 3.14. Let (H,o,<) be an ordered semihypergroup. Then, every fuzzy
right (resp. left) hyperideal of H is a fuzzy quasi-hyperideal of H.

Proof. Let u be a fuzzy right hyperideal of H and a € H. We have

((wol)n(Lop)(a) =min{(uol)(a), (1o pu)(a)}-

If A, =0, then it is clear that min{(p o 1)(a), (1o u)(a)} C p.
Let A, # 0. Let (z,y) € A,. We have a < x oy. This means a < z for some
z € xoy. Since p is a fuzzy right hyperideal of H, p(a) > u(z) > ienf {w(z)} =
zExoy
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w(zx). It follows

pla) = sup {pu(x)}

a<zoy

— sup {min{u(x), 1(y)}} = (o 1)(a)
(w,y)€EAq

> min{ (0 1)(a), (1 0 p2)(a)}
— ((no1) N (Lo p))(a):

Therefore, u is a fuzzy quasi-hyperideal of H. O

Theorem 3.15. Let (H,o,<) be an ordered semihypergroup. Then, every fuzzy
quasi-hyperideal of H is a fuzzy bi-hyperideal of H.

Proof. Let p be a fuzzy quasi-hyperideal of H and z,y,z € H. We show that
min{pu(z), p(z)} < Ginf {p(a)}. Since a € xoyoz < xo(yoz), we obtain
aExoyoz

(nol)(a) = sup {min{u(u),1(v)}} = min{u(z), L(w)} = p(z), Yweyoz.
(u,v)€A,

Since a € zoyoz < (zoy) oz, we obtain

(lop)(@ = s {min{1(),p(0)}} > min{1(0), 4(2)} = ), Vi€ woy

By assumption, we have

pa) = ((pol) N (Lou))(a) =min{(uo1)(a),(Lou)(a)}.

Hence,
nf (@)} > minf(ao 1)(@), (10 p)(a)} > min{u(a), u(2)}
Therefore, u is a bi-hyperideal of H. O

An ordered semihypergroup (H, o <) is called regular, if for every a € H, there
exists x € H such that a < aoxoa.

Theorem 3.16. Let (H,o,<) be a regular ordered semihypergroup and p is a
fuzzy subset of H. Then, i is a fuzzy quasi-hyperideal if and only if 1 is a fuzzy
bi-hyperideal.

Proof. Let u is a fuzzy bi-hyperideal. We show that p is a fuzzy quasi-hyperideal
of H,ie., (uol)N(lou)C p.

Let a € H. If A, =0, then it is clear that ((zo1) N (1o pu))(a) < u(a).

If A, # 0, then

(nol)(a) = sup {min{u(z),1(y)} and (Lop)(a) = sup {min{l(u), u(v)}.
(z,y)€Aq (u,v)EA,
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If (110 1)(a) < p(a), then p(a) > (1o 1) N (10 ))(a).

If (wol)(a) > u(a), then there exists (z,y) € A, such that min{pu(x),1(y)} =
p(z) > p(a). We claim that (1o p)(a) < p(a). Let (u,v) € A,. Since H is regular,
there exists w € H such that a <aowoa. It turns out a < xoyowououw,i.e.,
there exists b € x oy o w o u o v such that a < b. Since pu is a fuzzy bi-hyperideal
of H,

pla) = p®) = inf {u(c)} = min{u(z), u(v)}

cEToYyowouov

If min{p(z), p(v)} = p(z), then p(a) > p(z). This gives a contradiction. Then,
min{u(x), u(v)} = p(v) and so p(a) > w(v) = min{l(u), u(v)} for all (u,v) € A,.

Hence, p(a) = sup min{l(u),u(v)} = (1o p)(a). Now, the claim was proved.
(u,v)EA,
Therefore, min{(p o 1)(a), (1o p)(a)} < p(a), ie., (pol)N(lop) C u. O

Lemma 3.17. Let (H,o,<) be an ordered semihypergroup and p a fuzzy subset of
H such that p(a) > u(b) for every a,b € H with a <b. Then,

(1) pU(lop) is a fuzzy left hyperideal of H,
(2) pU(ol) is a fuzzy right hyperideal of H.

Proof. (1) Let a,b € H and ¢ € aob. We have

(U (1o p))(c) = max{u(c), (1 op)(c)}
2 (Lop)(c)= sup {min{l(z),u(y)}} = sup {u(y)}

(z,y)€A: (z,y)EA.
> u(b), ( since ¢ € aob and then (a,b) € A.).

Next, we show that (1o p)(c) > (10 p)(b). Let Ay # 0 and (r,s) € Ap. Since
(a,b) € A., we have

(r,s) e Ay, =>b<ros

=aob< (aor)os
<(aor)o
t

~
=c<tos, for somet € aor.

We have (10 4)(c) > min{L(t), u(s)} = u(s) = min{1(r), u(s)}. Thus, (10 u)(c) >
( SI)ISA {min{1(r), u(s)}} = (1 o u)(b) and then (U (10 p)(c) = (10 pu)(b). This

implies inf {(1+U (10 m)(e)} > (14U (10 p)
a,b e H and < bimplies (pU (Lo p))(a) = (U (Lo w))(b). Since A, D Ay, we

b
have (10 )(a) > (1o u)(8). Then, max{u(a), (10 )(a)} > max{u(b), (10 ux)(b)}.
This means (g U (1o p)(a) = (pU (1o p)(b). Altogether, U (10 ) is a fuzzy left
hyperideal of H.
(2) It can be proved similarly. O

)(b). Next, we show that for any
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Similarly to Corollary 1 in [10], we have the following lemma.

Lemma 3.18. If H is an ordered semihypergroup, then the set of all fuzzy subsets
of H is a distributive lattice. O

Now, we show that every fuzzy quasi-hyperideal is exactly an intersection of a
fuzzy right hyperideal and a fuzzy left hyperideal and vice versa.

Theorem 3.19. Let (H,o,<) be an ordered semihypergroup and i a fuzzy subset
of H. Then, p is a fuzzy quasi-hyperideal of H if and only if there exist a fuzzy
right hyperideal v and a fuzzy left hyperideal p of H such that p = v N p.

Proof. By Lemma 3.17 and Lemma 3.18, we have y = (uU (lop)) N (U (o l)).
Conversely, let v be a fuzzy right hyperideal and p be a fuzzy left hyperideal of H
such that © = vNp. We show that p is a fuzzy quasi-hyperideal of H. Let a € H. If
A, = 0, then it is clear that ((uo1)N(lop)) C . Let A, # 0 and (z,y) € A,. We
have a < xoy. Then, there exists b € xoy such that a < b. Since v is a fuzzy right
hyperideal of H and u = v N p, we have v(a) > v(b) > cggy{u(c)} > v(x) = p(x).

Now, we have v(a) > u(z) for all (z,y) € A,. Hence,

(nol)(a) = sup {min{u(z),1(y)}} = sup {min{u(z)}} <v(a).

(zy)€Aq (z:y)E€Aq
Similarly, we can show that (1o u)(a) < p(a). Thus,
(0 1) N (Lo ) (@) = min (10 1)(a),
< min{r(a), p(a)}
= (vNp)(a) = p(a).

Therefore, u is a fuzzy quasi-hyperideal of H. O

(Lop)(a)}
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Free semiabelian n-ary groups

Nikolay A. Shchuchkin

Abstract. Free n-ary groups in the class of semiabelian n-ary groups are described.

1. Introduction

The non-empty set G together with an n-ary operation f : G" — G is called an
n-ary groupoid (or an n-ary operative — in the Gluskin terminology, cf. [10]) and
is denoted by (G, f). We will assume that n > 2.

According to the general convention used in the theory of such groupoids we
will use the following abbreviated notation:

(1)
f(xlw'wxiaxv"' s Ly Lidt415- - - ,Z‘n) = f('r,iv x?‘x?—‘rt-{-l)’

t

k(n— n n— k(n—
f(k) (xl( 1)+1) = f(f( ) f(f(l‘l )5 I?H—ll)a .- ')a x(}i_l)l()rb+_11)+2)a
k

where (g:) and xf for ¢ > j are empty symbols. In certain situations, when the arity
of the operation f() does not play a crucial role or when it will differ depending
on additional assumptions, we will write f() instead of f).

The algebra (G, f) is called an n-ary group if it satisfies the generalized asso-
ciative law:

Flay fa ™ h,alint) = fla] ™ fay ) et (1)
and for all a1,...,a;-1,a;41,...,0y,,b € G the equation
flat, ... aj-125,a541,...,0,) =D
is uniquely solvable for each 7 = 1,...,n. Other equivalent definitions of n-ary

groups one can find in [4] and [5].

For n = 2 we obtain usual (binary) groups. Thus n-ary groups are a generali-
zation of groups.

Initial investigations of n-ary groups were presented in [2], [15] and [20]. The
necessity for such research is explained in the Kurosh’s book [13].

2010 Mathematics Subject Classification: 20N15
Keywords: m-ary group, semiabelian n-ary group, free n-ary group.
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The theory of n-ary groups differs from the theory of ordinary groups. This is
stipulated, for example, by absence of neutral elements. Therefore the invertibility
is also absent. Instead of this in n-ary groups is considered the skew element defined
as a solution of the equation f(a,...,a,z) = a. It is denoted by a and is called the
skew element for a. Since for each a € G it is uniquely defined we have the map
~:x — . Thus any n-ary group (G, f) may be considered as an algebra (G, f,”)
in which the generalized associative law (1) and the identities

f(y’z7"'7z7:f7x):f(x7j’x7""x’y):y' (2)

are fulfilled (for details see [3], [4] and [5]).
An n-ary group (G, f) is called semiabelian if

f(fﬂl,.’fg sy Tp—1, zn) = f(-Tn,xQ s 7xn—1axl)
and abelian or commutative if f(z1,...,2,) = f(To(1),- s To(n)) is valid for all
Z1,...,&, € G and all o € S,,. An n-ary group is semiabelian (G, f) if and only

if f(z,a,...,a,y) = f(y,a,...,a,z) for some a € G and all z,y € G (cf. [3]).

Note that in semiabelian n-ary groups the map ~: * — Z is an endomorphism
(ct. [4]), but it is an endomorphism also in some n-ary groups which are not
semiabelian (cf. [8]).

The class of all n-ary groups considered as algebras of the form (G, f,”) forms
a variety determined by (1) and (2). Free n-ary groups in this class are described
in [1]. Free n-ary groups in the class of all abelian n-ary groups were investigated
in [19], [17] and [18]. The description of structure of free n-ary groups in class of
abelian semicyclic (precyclic) n-ary groups one can find in [14].

In this paper we describe the structure of free n-ary groups in class of semi-
abelian n-ary groups.

2. Some facts on semiabelian n-ary groups

There is a close relationship between binary (i.e., classical) and n-ary groups. For
example, on any semiabelian n-ary group (G, f) the abelian group (G, +) may be
defined by putting a +b = f(a,c,..., ¢, ¢ b) for fixed element ¢ from G. Then (cf.
[10], [11]) for the element d = f(c,...,c) and for the map ¢(x) = f(c, z,¢, ..., ¢, &),
which is an automorphism of the group (G, +), we obtain

o(d)=d, ¢" Ya)==1 forany z € G, and (3)
flar,...,an) = a1+ @(a2) + ... + " 2(an_1) + an + d. (4)
It is easily to see that cis a zero of the group (G, +), and —a = f(c,qa,...,a,a,c).

Moreover,

QDS(:C)Zf(C7:L‘, c 76)' (5)
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Since f(z,...,z,Z) = x, from (4) we get = + p(x) +... + " 2(x) + T+ d = z.

Thus, 7 = —p(x) — ... — " %(x) — d, and consequently,
0 (2) = @*(—p(x)— ... — " (2) = d) = —¢*(p(2)) — ... — *(¢"*(2)) — ¥*(d)
=—pt(@)— ... — " 2(@)—z—p@)—... - N z) - d
ot (@)= =" 2 (@) — (@) — . = " (@) — (@) —d—a + ¢ (x)
=z—xz+¢°(x)
Hence
¢*(z) =T —z+¢°(2). (6)

The group (G, +) is called the retract of an n-ary group (G, f) and is denoted
by ret.(G, f). Two retracts of the same n-ary group are isomorphic (cf. [6]). For
an abelian n-ary group (G, f) the automorphism ¢ is the identity map.

The converse is also true: if (G, +) is an abelian group, ¢ its automorphism such
that for some d € G the conditions (3) are satisfied, then (G, f) with the operation
defined by (4) is a semiabelian n-ary group. Such obtained an n-ary group (G, f)
is called (¢, d)-derived from the group (G, +) and is denoted by der, 4(G,+). In
the case ¢ = 1@, d = 0 we say that an n-ary group der, 4(G, +) is derived from
the group (G, +).

One can prove (cf. [6]) that

(G,+) = ret.dery, (G, +), (G, f) = dery qret(G, f). (7)

An n-ary group with a cyclic retract is called semicyclic [16] or precyclic [8].
A semicyclic n-ary group ((a), f) which is (¢, d)-derived from the cyclic group
((a),+) of order k has the form der, j4{(a), +), i.e.,

f(s1a,...,8,a) = (51 + som + s3m? ... + s,_1m" > + 5, + 1)a,

where 0 < m,l < k, m and k are relatively prime, Im =1 (mod k) and m|n — 1.
Any finite semicyclic n-ary group of order k is isomorphic to an n-ary group
((a), f) = derm ia{(a), +), where l|ged(1 +m +m? + ...+ m" "2 k) (see [16]).

Using the basic idea of 7], the structure of homomorphisms of n-ary groups
was investigated in [12]. We need the special case of Theorem 1.2 from [12].

Theorem 2.1. Let (G, f) = der, q(G,+) and (H, h) = der,, ,(H,®) be two semi-
abelian n-ary groups and ¢ : (G, f) — (H,h) be a homomorphism. Then there
exists a € H and a group homomorphism o : (G,+) — (H,®) such that ¥(z) =
o(x) ®a for any € G. In this case

h(a,...,a)=oc(d)®a and cop=poo.

Moreover, if a and o satisfy these two conditions, then ¥(z) = o(x) @ a is a
homomorphism (G, f) — (H, h).
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3. Generating sets of semiabelian n-ary groups

It is not difficult to see that

TRy (n—=3) _ (n—=3) _ =
f(x?):f()( Tn s Tny..., L1 ,1’1), x:f(n—?))(x7"'71‘)'

n—2

Theorem 3.1. If a semiabelian n-ary group (G, f) is generated by the set X =
{zala € I}, then its retract ret,, (G, f) is generated by the set

Y = {f((f»c;), a5 N 78) |70 € X\{z5}, i=1,...,n— 1} U {f(&”ﬁ))} .

Proof. Let (G,+) = ret,,(G, f) for some x5 € X. Then x5 is a zero of (G, +)

and (3) is valid for d = f(gcng)) and p(z) = f(zs,z, (nx_gg),afg).

Denote by B the subset of (G, +) generated (in (G, +)) by Y. Obviously d € Y.
So, also —d,zg € B. We will show that B = G.

First observe that ¢*(z,) € Y C Bforeverys=1,...,n—1and z, € X\{z3}.
For x5 we obtain ¢*(z3) = 25 € B. Since Zo = —@(x4) — ... — " *(24) — d, by
(2) and (4), we see that ¢*(Z,) € B for every z, € X.

Now consider an arbitrary element g € G. By our assumption each element
g € G has the form g = fi)(Yay, - - -+ Ya,, ), Where m = k(n — 1) + 1, yo, = 24, Or
Yoy = Tayy Ty € X, 0 =1,...,m. This, according to (4), means that each element
g of G can be written in the form

9="Yay +ho+o(h1) + @*(ha) + ...+ ¢" *(hp—2) + hp_1 + d,

where

n—2(

hj = yaj(n—1)+2 + (p(yaj(n—l)-w) +.o. ¥ yaj(n,—1)+n—1) + yaj(n,—1)+n + d

and j =0,1,...,k — 1. Since z3 is a zero of (G, +), each y;, and consequently, g
depends only on z,Z, and Zg. But Z3 = —d and d € Y. Thus g depends only on
d and z, € X\{zg}. Therefore Y generates G, so B = G. O

Corollary 3.2. If a semiabelian n-ary group (G, f) is generated by the set X =
{zola € I}, then the retract ret.(G, f) is generated by the set

(i-1)  (n—i—1) 3

{f(f( Tz 7 25) e 1) | wa € X\{zs), 1 <i<n— 1} U

{f(f&"é)f"é‘“? :, w)} ,

where xg is an arbitrary fized element of X.
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Proof. It is not difficult to see that the map o : ret,, (G, f) = ret.(G, f) defined by

n—3
o(z) = f(x,( c ), ¢,xzp) is an isomorphism of retracts which transfers generators
of red,,(G, f) onto generators of red.(G, f). O

Theorem 3.3. If an abelian group (G, +) is generated by the set Z = {z4|a € I},
then a semiabelian n-ary group (G, f) = dery, 4(G,+) is generated by the set X =
{=d+ zo | € I} U{0}.

(n—=3) _ (n—=3) _ (n)
Proof. In this case a+b= f(a, 0 ,0,b), o(x) = f(0,z, 0 ,0),d= f(0) and
(n-1)

—d =0. Thus z,, = f( 0 ,—d+ 24,). Moreover, for n; > 0 we obtain

(n=3) _ (n=3) _ (n=3) _
NiZa; :f(ni—l)(zai7 0 3072047‘,7 0 70,"'72:047:7 0 aO’ZOLi)

(n—1) (n—=3) _ (n—=3) _ (n—1)
:f(nl—l)(f( 0 77d+za7‘,)7 0,0,..., 0 707f( 0 ,*d+2’a1))

Since

I ()
—d+20,=f(—d+ za;, —d + 2Za;, —d + 2a;)

=—d+za,+p(—d+za,) + 03 (—d+20,)+ - .. +0"2(—d+24,)—d + 2o, +d,
we have
Ry = (p(_d + ZOéi) + 902(_61 + Zai) +.o.t wniz(_d—’_ Zai)

=—d+ @<_d+zai) +902(_d+ ZOéi) +...+ (pn_Z(_d+ Zou) +0+d
- (n—3) o (n—3)
= f(=d,—d+ za,, —d + 24,,0) = f(0,—d + z4,, —d + 24,,0).
Thus, for n; < 0 we have

(n—=3) _ (n—=3) _ (n—=3) _
NiZa; = (7711')(720471):f(—nri—l)(fzam 0,0, —Rays 0 ,0,...,—24;, 0,0, 720‘1‘)

. (n=3) (n—3) _ . (n=3) (n—=3) _
:f(fnifl)(f(07_d+zam —d+2’a1, 0)7 0 707f(07 _d+zan _d+ZCKi 5 O)v 0 707

. (n=3) (n—3) _ - (n=3)
. f(0,—=d+24,, —d+24,,0), 0,0, f(0, —d+zq,, —d+24,,0)).

Hence, in any case n;z,, can be expressed in (G, f) = der, q(G,+) by elements
of X. Since each element of G has the form g = n12,, + ... + Ng2q,, the above
means that an n-group (G, f) = der, 4(G, +)is generated by X. O

4. Structure of free semiabelian n-ary groups

Let 8 be the class of n-ary groups. An n-ary group (F, f) from R is free in £ with
the set X of free generators if any map 1y of X to any n-ary group (B, f) from
the class & can be uniquely extended to a homomorphism ¢ : (F, f) — (B, f).
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Denote by Cj, where 0 < I < [%], the class of all abelian semicyclic n-ary
groups (1, la)-derived from cyclic groups. An abelian semicyclic n-ary group con-
structed on a cyclic group ((a), +) of order k has the form dery ;,4((a), +), where
0 <!l; < k—1. By Lemma 1 in [9], n-ary groups deri ;,4((a), +) and der; 1,4 {(a), +)
of order k are isomorphic if and only if ged(ly,n — 1,k) = ged(lz,n — 1, k). So,
an n-ary group dery,q{((a),+) is isomorphic to an n-ary group deryi,q((a),+),
where ged(lh,n — 1, k) = lo. If lo = n — 1, then dery 1,4((a),+) = der1 o((a),+).
Thus, dery,4((a), +) € Co. If Iy < n —1, then 1 < I < [251] which means that
dery i q((a),+) € Cp,. If der1,q4((a),+) is an infinite abelian semicyclic n-ary
group, then dery;,4((a), +) = der114((a), +), where 0 < I < [251] (see Theorem
3 in [16]). Thus deri ;,4((a),+) € C;. This shows that each abelian semicyclic
n-ary group belongs only to one class Cj, where 0 <1 < [”771]

Each class C; has only one (up to isomorphism) free n-ary group. It has the
form dery ;Z, where Z is the additive group of integers (see [14]).

Free n-ary groups in the class of all abelian n-ary groups are described in the

following theorem proved in [18].

Theorem 4.1. An n-ary group is free in the class of abelian n-ary groups if and
only if it is an infinite cyclic n-ary group or a direct product of an infinite cyclic
n-ary group and an n-ary group derived from a free abelian group.

To describe all free n-ary groups in the class of all semiabelian n-ary groups
consider the set {z, |« € I}. For each element z, we determine the direct sum
(Ao, +) = Z;L;l((:r(,]), +) of infinite cyclic groups ((z4;),+) and the direct sum
(F,+) = ((a),+) + > ,cr(Aa,+), where ((a),+) is an infinite cyclic group. On
each group (4,,+) we select an automorphism ¢, such that

Wa(tlzal + t2xo¢2 +...+ tn—lxan—l) == tn—lx(xl + tlxa2 +...+ tn—2xom—1

for any t17q1 +t2%a2 + ... + tho1Tan—1 € Aa.

Then ¢ defined by ¢(sa+ Y2 z0,) = sa+ 37, @u, (2a,) is an automorphism
of the group (F,+). Since d = a and ¢ satisfy (3), on the group (F,+) we can
construct the semiabelian n-ary group (F, f) = der,, o(F,+) with the operation f
defined by (4).

Proposition 4.2. The n-ary group (F, f) is generated by the set
X ={-a+zan|aecl}Uu{0}.
Proof. The abelian group (F,+) is generated by the set
Z={atU{zq|lael}U{zq|acI}U...U{zqn_1|a €I}
Thus, according to Theorem 3.3, the n-ary group (F, f) is generated by the set

T={0}U{-a+zam|ael}U{—a+zap|acI}U...U{-a+zan_1]a eI}
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Note that for « € I and 7 =2,...,n — 1 we have

) . (i-1) (n—i-1) _
—a+Toj=—a+ @i N za1) =9 H—a+2a1)=f( 0 ,—a+za1, 0 ,0),

(i—1) (n—i—1) _ (i=1) (n—i—-1) _
—0+Ta; =f( 0 ,—a+z40, 0 ,00=f(0 ,—a+za1, 0 ,0)

(i=1) (n—i—1) ((n—2)?)

:f( 0 ,—a+za, 0 7f(n—3)( 0
This completes the proof. O

Theorem 4.3. The n-ary group (F, f) is free in the class of semiabelian n-ary
groups.

Proof. Let (B, f') be an arbitrary semiabelian n-ary group and vy be a map of
the set X into B. Let 1¢(0) = ¢ and o(—a + x41) = Yo for all a € I. Choose
in (B, f’) an n-ary subgroup (G, f’) generated by the set Y = {c¢} U {yn |a € I}
and consider the retract (G,+) = ret.(G, f’). By Theorem 3.1, this retract is
generated by the set

i—1 —i—1
U=(7("" e ael i=1 - 1yuis ().

Since d' = f’((z)) and ¢'(z) = f'(c, z, (nE3),E) satisfy (3), we see that (G, f') =
d€T¢/7d/ <G, +>
Moreover, the map o : Z — U such that o¢(a) = d’ and

(J—-1) (n—j3—-1) _ i—
00(Ta;) = F'(7¢ Yoy & ) +d =7 (ya) + '

foralla €I, j=1,...,n—1, can be extended to the homomorphism
o:(F,+)— (G,+)

with the property o(0) = ¢ and o(—a + x41) = —0(a) + 0(Za1) = Ya-

Let us show that o is a homomorphism of an n-ary group (F, f) into an n-
ary group (B, f’). For this consider z = sa + Zle Za; € (F,4), where z,, =
tilxail + tigiraig +...+ tinflxainfb Then

ploo(z)= ¢'(so(a) + Z?:l(tilo'(xail) +tioo(za,2) + oo+ tin—10(Tan—1)))
= @(sd+ 30 (ti (Yt d) Ftio (@ Yo, +d) o A tin1 (@™ (Ya,)+d')))

= sd+ 3 (tin—1 (Yo + &) F i1 (¢ (Wa) +d) - - Ain—2(0"™ (Yo, ) +d')).
On the other hand
gop(x)=o(sa+ Zle Vo, (ti1Tas1 FtioZa 2+ .o F tin—1Zan—1))

=o(sa+ Ele(tinfl-rail +tinTa2+ ..+ lin—2%Tam—1))
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= 50(a) + S0 (tin-10(Tas1) + t10(Tas2) + .. + tin—20(Zan-1)))
=sd + S8 (tine1 Yo, + &) + 11 (@ W) + &) + oo+ tin—2 (" 2 (Ya,) +d))).

Thus o o p(z) = ¢’ o o(z) for any z € F.

Since the neutral element of (G,+) (i.e., the element ¢) and o satisfy the
conditions of Theorem 2.1, ¢ is the homomorphism of an n-ary group (F, f) into
an n-ary group (B, f’). Obviously, o is the extension of the map ¢y : X — B. O

Theorem 4.4. In the class of semiabelian n-ary groups a free n-ary group freely
generated by the set W = {z, | o € I}U{c} is isomorphic to an n-ary group (F, f).

Proof. Let (H,h) be a free n-ary group generated by W. Then there is a homo-
morphism ¢ from (H, h) into an n-ary group (F, f), which is the extension of the
map ¢ = 0, o, =& —a + 41, @ € I. On the other hand, by Theorem 4.3, there
exists a homomorphism 7 : (F, f) — (H,h), which is the extension of the map
0— ¢, —a+Ta1 = To, @ € I. This means that 7o¢(w) = w for all w € W. Also,

Toy(w) =Toy(w)=w for all w e W.
Now if ¢(u) = ¥(v) for some u,v € H, then

U= h(k)(yau “ee 7yak(n71)+1)a U= h(l)(zau SRR Zal(n—l)Jrl)’

where y,, and z,, are elements of W or are skew to some elements of W. Thus

Top(u)=ToY(hx)(Yars- - > Yarm-1ys1))

= 7(fe) (VW) - - Y Warin-1)41)))

= hey (T (Yo )5 - > T Yergo1ya1 )
= he)(Yay s - - - 71‘/%(”71)“) = U.

In a similar way we obtain 7 o ¢)(v) = v, whence, by the uniqueness of 7, we
conclude v = v. So, ¥ is one-to-one. It is surjective too. Indeed, each g € F has
the form

g = f(k?) (yozla MR yak(n,1)+1)7

where y,, € X or is skew to some element from X. For each y,, € X there exists
Za; € W such that ©(z4,) = Ya,- If ya, is skew to some element from X, then
also there exists z,, € W which is skew to some element from W and such that
¥(2a;) = Ya;- This means that for each u = h(x)(2ay;- - -5 Zay, 1y, ) We have

’(/J(u) = w(h(k) (Zaw SR Zak(n—l)«l»l))
= f(k) (7/)(2041)» sy ¢(Zak(n71)+1))
= f(k)(ya17~ - 7y01k(n71)+1) =g.

So % is surjective. Therefore v is a bijection. This completes the proof. O
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On two-sided bases of ternary semigroups

Boonyen Thongkam and Thawhat Changphas

Abstract. We introduce the concept of two-sided bases of a ternary semigroup, and study the
structure of ternary semigroups containing two-sided bases.

1. Introduction

The notion of a ternary semigroup which is a natural generalization of a ternary
group was defined as follows: a ternary semigroup is a non-empty set T together
with a ternary operation, written as (a, b, ¢) — [abc|, satisfying the associative law
[[abcluv] = [albcu]v] = [ab[cuv])

for all a,b,c,u,v € T.

A non-empty subset A of a ternary semigroup 7' is called

- aleft ideal of T if [TTA] C A;

- a right ideal of T if [ATT] C A;

- a middle ideal of T if [TAT)] C A.

If A is both a left and a right ideal of T' then A is called a two-sided ideal of T.
Finally, A is called an ideal of T if it is a left, a right and a middle ideal of T (see
[6], [9]). Note that the union of two two-sided ideals of T is a two-sided ideal of T
and the intersection of two two-sided ideals of 7', if it is non-empty, is a two-sided
ideal of T

It is known that, for a non-empty subset A of a ternary semigroup T,

A, = AU[TTA] U [ATT) U [T[TATIT]

is the two-sided ideal of T containing A (see [7], [9]). If A = {a} we write A; as
(a)¢, called the principal two-sided ideal of T generated by a.
We introduce the quasi-ordering on a ternary semigroup 7 as follows:

a < bif and only if (a); C (b);.

2010 Mathematics Subject Classification: 20N15, 20N10

Keywords: ternary semigroup, selfpotent, ternary subsemigroup, left ideal, two-sided ideal,
two-sided base, maximal two-sided ideal

The second author is supported by the Centre of Excellence in Mathematics, the Commission
on Higher Education, Thailand.



320 B. Thongkam and T. Changphas

Tamura [10] introduced one-sided bases including left bases and right bases of
a semigroup. Fabrici [4] introduced two-sided bases of a semigroup and studied
the structure of a semigroup containing two-sided bases. In the line of Fabrici, the
results were extended to ordered semigroups by the second author and Summaprab
[1]. The purpose of this paper is to introduce two-sided bases of a ternary semi-
group and study the structure of a ternary semigroup containing two-sided bases.

2. Two-sided bases of a ternary semigroup

As in [4], we define two-sided bases of a ternary semigroup as follows.

Definition 2.1. A subset A of a ternary semigroup 7' is called a two-sided base
of T if it satisfies the following two conditions:

(i) A =T;
(ii) there exists no a proper subset B of A such that B, =T

Example 2.2. Consider the multiplication over the complex numbers, the set
T = {—i,0,4} is a ternary semigroup [3]. We have {i} and {—i} are the two-sided
bases of T'.

Example 2.3. Under the usual multiplication of integers, the set Z~ of all nega-
tive integers is a ternary semigroup. We have {—1} is a two-sided base of Z~.

Example 2.4. Let T =Z~ xZ~ = {(a,b) | a,b € Z~}. Then (cf. [5]) T is a
ternary semigroup under the ternary operation which is defined by

[(a,b)(c, d) (e, f)] = (a, f).
Then, for all (a,b) € T, {(a,b)} is a two-sided base of T'.

Example 2.5. Let T be a non-empty set such that 0 € T and the cardinality
|T'| > 3. Then T with the ternary operation defined by

loyz] = z ife=y=z
Y5171 o otherwise,

is a ternary semigroup [8]. We have T\ {0} is a two-sided base of T'.

Example 2.6. Consider a ternary semigroup

{06 1686 )

under the matrix multiplication [2], we have

=16 )

is a two-sided base of T.
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Example 2.7. Let T'={0,1,2,3,4,5}. Define the ternary operation on T by
[abc] = (a*b) x c for all a,b,c €T

where the binary operation * is defined by

*10 1 2 3 4 5
0j{0 0 0 0 0 O
110 1 1 1 1 1
210 1 2 3 1 1
3]0 1 1 1 2 3
410 1 4 5 1 1
510 1 1 1 4 5

Then T is a ternary semigroup [8] and {2,3}, {2,4}, {2,5}, {3,4}, {3,5}, {4,5}
are two-sided bases of T'.

We now give some elementary results:

Lemma 2.8. Let A be a two-sided base of a ternary semigroup T. If a,b € A and
a € [TTH U TT|U[T[ThT|T], then a =b.

Proof. Let a,b € A be such that a € [TTb] U [bTT]| U [T[TbT]|T]. Suppose that
a#b. Weset B= A\ {a}; then b € B. By

(a); C [T U pTT] U [T[TBT]T) € (b); € B,
it follows that A; C By, and so T' = B;. This is a contradiction. Hence a =b. O

Theorem 2.9. A non-empty subset A of a ternary semigroup T is a two-sided
base of T if and only if A satisfies the following conditions:

(1) for any x € T there exists a € A such that x <; a;
(2) for any a,b € A, if a # b, then a and b are incomparable.

Proof. Assume that A is a two-sided base of ternary semigroup 7', and let x € T'.
Thus x € A;. Then there exists a € A such that = € (a), and hence z <; a. This
shows that (1) hold. Let a,b € A be such that a # b and a <; b. Then (a); C (b);.
Since a # b, we have a € (b); \ {b}. By Lemma 2.8, a = b. This is a contradiction.
Thus (2) follows.

Conversely, assume that the conditions (1) and (2) hold. By (1), for any z € T,
there is @ € A such that (x); C (a); € A;. Thus T = A;. Suppose that there
exists a proper subset B of A such that T'= B;. Let a € A\ B. Then

aeAt:T:Bt.

By (1), there exists b € B C A such that a <; b. This contradicts to (2). Hence A
is a two-sided base of 7. O
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3. Main results

Throughout this section, the symbol C stands for proper inclusion for sets.

Theorem 3.1. Let A be a two-sided base of a ternary semigroup T such that
(a)r = (b)¢ for some a € A andb € T. If a # b, then T contains at least two
two-sided bases.

Proof. Let a # b be such that (b); = (a)¢, it follows that
b€ [TTa] U [oTT) U [T[TaT]|T).

By Lemma 2.8, b ¢ A. Hence b € T\ A. We set B = (A\ {a})U{b}. Thus A # B.
We will show that B is a two-sided base of T. Let « € T. Since A is a two-sided
base of T, there exists ¢ € A such that ¢ <; ¢. If ¢ # a, then ¢ € B. If ¢ = aq,
then (¢); = (a); = (b)s; hence x <; ¢ <; b € B. Therefore B satisfies the condition
(1) of Theorem 2.9. Let =,y € B be such that  # y. If x # b and y # b, then
x,y € A, that is, neither  <; y nor y <; . There are two cases to consider: x =b
ory=~b. If x =b, then y € A. Suppose that = <; y. Then a <; b =2 <; y and
a,y € A. This is a contradiction. Suppose that y <; x. Then y <; x =b <; a
and a,y € A. This is a contradiction. Thus neither x <; y nor y <; x. The case
y = b can be probed in the same manner. Therefore, B satisfies the condition (2)
of Theorem 2.9. O

By Theorem 3.1, we have the following.

Corollary 3.2. Let A be a two-sided base of a ternary semigroup T', and let a € A.
If (a); = (x); for some x € T and x # a, then x is an element of a two-sided base
of T which is different from A.

Theorem 3.3. Any two two-sided bases of a ternary semigroup T have the same
cardinality.

Proof. Let A and B be two-sided bases of a ternary semigroup 7. Let a € A.
Since B is a two-sided base of T, we have a <; b for some b € B. For a € A,
we choose and fix b € B such that a <; b and define a mapping f : A — B by
f(a) =bfor all a € A.

If a1,as € A such that f(a;1) = f(az) = b. We have a; <; b and as <; b. Since
Ais a two-sided base of T', we have b <; a/ for some a’ in A. Thus a1 <; a’,as <¢ d’
and a1,a2,a’ € A. By Theorem 2.9, we have a; = a’ = as. Hence f is one to
one. Now, let b € B. Then there exists a € A such that b <; a. Similarly,
there exists ¥’ € B such that a <; ¥'. Then b <; b'. By Theorem 2.9, we have
b=1"V. Thus a <; ¥ = b. Let f(a) = ¢ for some ¢ € B. Then a <; ¢. Since
¢,b € T and A is a two-sided base of T, there exist a’,a” € A such that ¢ <; a’
and b <; a”. Then a <; d’ and a <; a”. By Theorem 2.9, we have a = a’ = d”.
Then b <; @’ = a <; c¢. Thus b = ¢ by Theorem 2.9. Hence f is onto. O
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A two-sided base of a ternary semigroup need not to be a ternary subsemigroup,
in general. Consider Example 2.2 we have {i} is a two-sided base of T, but it is
not a ternary subsemigroup of 7.

Theorem 3.4. Let A be a two-sided base of a ternary semigroup T. Then A is a
ternary subsemigroup of T if and only if it has only one element.

Proof. Let a,b € A, where A is a ternary subsemigroup of 7. Then [aab] € A.
Since
[aab] € [TTH| U [bTT] U [T[THT|T]
and
[aab] € [TTa)U [aTT) VU [T[TaT|T),

it follows by Lemma 2.8 that [aab] = a = b. Then A = {a}.
The converse statement is obvious. O

Theorem 3.5. Let A be the union of all two-sided bases of a ternary semigroup
T. If M =T\ A is non-empty, then it is a two-sided ideal of T.

Proof. Let z,y € T and a € M. Suppose that [zya] € M or [axy] ¢ M. Then
[zya] € A or [azy] € A. Thus, there exists a two-sided base B of T such that
[xya] € B or [axy] € B. Hence, there is b € B such that [xya] = b or [azy] = b.
It implies b € (a);. Then (b); C (a);. Thus b <; a. If (b); = (a), then a € A.
This contradicts to a € M. Hence (b); # (a);. Since B is a two-sided base of T,
there exists ¢ € B such that a <; c¢. If b = ¢, then (a): C (¢): = (b): C (a)s; hence

(a); = (b)¢. This is a contradiction. Thus b # ¢. We have b <; a <; ¢, b # ¢ and
b,c € B. This contradicts to Theorem 2.9. Therefore, [zyal, [azy] € M. O

Theorem 3.6. Let A be the union of all two-sided bases of a ternary semigroup
T such that ) # A CT. Let M* be a mazimal two-sided ideal of T containing all
proper two-sided ideals of T. The following statements are equivalent:

(1) T\ A is a mazimal two-sided ideal of T';

(2) AC(a); for every a € A;

(3) T\ A= M*;

(4) every two-sided base of T has only one element.

Proof. (1) < (2). Assume that 7'\ A is a maximal two-sided ideal of T. Suppose
that A & (a)¢. Since A < (a)¢, there exists x € A such that z ¢ (a);. Thus
x €T\ A. Then (T'\ A)U (a); # T, and thus (T \ A) U (a); is a proper two-sided
ideal of T such that (T'\\A) C (T'\ A) U (a);. This contradicts to the maximality
of T\ A.

Conversely, assume that A C (a); for every element a € A. By Theorem 3.5,
T\ A is a proper two-sided ideal of T'. Suppose that M is a two-sided ideal of T
such that T\ A C M C T. Then M N A is non-empty. Let c € M N A. We have
(¢)t € M, and so
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T=(T\A)UAC(T\ AU () C M.

This is a contradiction. Hence T'\ A is a maximal two-sided ideal of T'.

(3) & (4). Assume that T\ A = M*. Then T \ A is a maximal two-sided
ideal of T. Let a € A. Using (1) & (2), A C (a);- Then T' = A; C (a);. This
implies T' = (a);. Hence, for any a € A, {a} is a two-sided base of T. Let B be
a two-sided base of T, and let a,b € B. Then B C A, that is, a,b € A. Hence
beT = (a);. By Lemma 2.8, a = b (i.e., B has only one element,).

Conversely, assume that every two-sided base of T" has only one element. Then
T = (a); for all a € A. Suppose that there is a proper two-sided ideal M of T such
that M is not contained in 7"\ A. Then there exists x € AN M. Since x € M,
T = (z): € M, and so T = M. This is a contradiction.

(1) & (3). Assume that T'\ A is a maximal two-sided ideal of T. Let M be a
two-sided ideal of T" such that M is not contained in 7'\ A. Hence, there exists
z € MNA. Using (1) & (2), A C (z); € M. Thus M = AUX for some X C T\ A.
For any y € T, there exists ¢ € A such that y <; ¢. Then y € (y): C (¢): € M.
This implies that M =T. Thus T\ A = M*.

The converse is obvious. O
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Relations between n-ary and binary comodules

Biljana Zekovich

Abstract. We construct a binary algebra R = C®("~1 /I for an n-ary algebra C and prove
that M is an n-ary left C-module if and only if M is a binary left R-module. In the dual case,
for an n-ary coalgebra C, we construct a binary coalgebra:

n—2
che=h = Y Ker [A 18" 1@ @ A @157 ] c B
j=1

and prove that M is an n-ary right C-comodule if and only if M is a binary right ¢H(n—1).

comodule. In the end, we prove that for m-ary finite generated coalgebra C over a field k,
CB(n=1) ig the binary coalgebra, on the other hand, C* is an n-ary algebra, for which, we
construct the binary algebra R = (C*)®(=1) /I If C is a finite-dimensional n-ary coalgebra
over a field k, then C* is a n-ary algebra and (CP("~Dy* =~ (C*)®(n=1/[ Dually, if C is an
n-ary finite generated algebra over a field k, then R = C‘X’("*D/I is a binary algebra and C* is
an n-ary coalgebra. Moreover, (C*)B(»—1) =~ (c®(=1)/1)"

1. Introduction
Let k£ be a ground commutative associative ring with a unit, C' and M modules
over k. In what follows, ® is a tensor product over k. All homomorphisms are
k-linear maps. In [3], the concept of n-ary algebra (C,m) is defined, where
m:C®---C—=C

is n-ary multiplication, which is associative. It means that the following diagram
is commutative:

®(n—1)
o®@n-1) ___"3lc c®n
lgi@)m@l?(n_i_l)l lm
cen m C

ie.,
mo(m@15" ) =mo (12 @m @181,

2010 Mathematics Subject Classification: 20N15
Keywords: n-ary (co)algebra, n-ary (co)module, isomorphism of binary (co)algebras
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The concept of n-ary coalgebra (C,A) is defined in [4], where
AC—-C®---C

is n-ary comultiplication, which is coassociative, that is the following diagram is
commutative:

A _en
i R(n—i—1)
Al i@ YN A
AR1&Y

c®n C®(n—1)
i.e.,

AR18" NMNoA =180 A®120 oA,
C C C

Similary, the concept of n-ary bialgebra (C,m,A) is introduced, where m is an
associative m-ary multiplication and A is a coassociative n-ary comultiplication
and A is a homomorphism of n-ary algebras. An example of n-ary algebra is given
in [6]. We do not suppose the existence of an unit and a counit.

In the paper [3], the notion of homomorphism of n-ary algebras

(C, mc) — (Cl, mc/)

is defined as a morphism f:C — C’, such that the following diagram is commuta-
tive

Xn f®n N\Rn
c®n —— (C7)

c c’

i.e.,

fome =mer o fE0.
Let C be an n-ary coalgebra and a finitely generated projective k-module. Denote
by C* the k-module Hom(C, k). Then C* is an n-ary algebra with multiplication
ly %+ %l,, where for c € C

(%) () = > hileq)) - In(cm) (1)
(e)
if
Ale) = ZC(l) Q- Qcm) € con,
(o)
Conversely, let C be an n-ary algebra and a finitely generated projective k-module.
Define an n-ary comultiplication in C* = Hom(C, k) by the rule:

(A1 ® - @ xn) = U(z1 - Tn) (2)
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where x1,...,x, € C. Hence we use the isomorphism of k-modules:
(C@...@C)*:C*@)...@C*

(cf. [2]), because C is a finitely generated projective k-module. Then, C* is an
n-ary coalgebra. If C' is an n-ary (co)algebra, then (C*)* = C (cf. [3] and [4]).

In [5] are defined the concepts of a right (left) n-ary (co)modules in the fol-
lowing way: k-module M is called a right n-ary C-comodule, where C' is an n-ary
coalgebra, if there is a map p : M — M ®C®™=1 such that the following diagram
is commutative:

M ? M @ C®(n=1)
Pl llM@%"@A@?("”)
M® C®(n71) M® C®2(n71)
p®lg(7171)

i.e.,
Ay 120 A12" " Nop=(p215" V) op.

k-module M is called a left n-ary C-module, where C' is an n-ary algebra, if there
is a map v : C®(®=Y @ M — M, such that the following diagram is commutative:

Y

cer—1) g M M
Tlgml)@’Y TV
C®2(n—1) QM C®(n—1) QM

1%i®m®lg("ﬂ.72)®lwf

i.e.,
7o (12" VN ®q) =70 (12 @m @ 18" 2 @ 1y).

Now, we define the concept of an n-ary ideal: a submodule I of the module C' is
called an n-ary ideal, if

C®i 2I® C®(n7i71) C I,

where 0 < i <n—1, C is an n-ary algebra.

2. Relations between n-ary and binary modules

Let C be an n-ary algebra over commutative ring k. There is not necessarily a
unit in C, but the multiplication is associative, i.e.,

(Cl e cn)cn+1 e Cop—1 =C1" " Cj(cj+1 N Cj+n)cj+n+1 cerCon—1 (3)
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forall j =0,...,n—1and ¢1,...,con—1 € C. Consider the submodule I in the
tensor-degree C®("~1) (see [4]), which is generated by all differences:

(1 n)@Cny1®- - ®cop2—C1® R (Cjp1 " Cjgn) OCjyns1 @ DCop_2

for ¢1,...,con—2 € Cand j =0,...,n— 2. Then, I is an n-ary ideal in the n-ary
algebra C®("~1. Denote by R the factor-module C®"~1 /1.

Theorem 2.1. R is an associative binary k-algebra with respect to multiplication
(1@ @cp1+I1)(cpn® - @cana+I)=(c1-Cr)RCni1® - Dcan_2+1 (4)

Proof. Let us check that the multiplication (4) is correctly defined. It is sufficient
to show that:
[(c1--cn)®@cn1® - @cana+1[con1® - @can3+1]
=c1® - ®¢; @ (cjg1Cjan) @ Cjpnt1 @+ ® Cap—2 + 1]
fean—1® - @ cgp_s + 1]
for all ¢1,...,c3,_3 € C.

Similar equality holds after multiplication by ¢o,,—1 ® -+ ® ¢33 + I, on the
left. By (4), we have:

(1 cn)®Cni1®@ - ®can—2+I][con-1 @ @ c3n-3 + I]
=[(c1- cn)eng1 Con-1] ®C2n @+ @33+ 1
On the other hand:
[1® - R¢;® (Cjt1 Cjgn) ® Cjgnt1! @+ @ con—o + I [can—1® -+ ® c3p—3 + ]
=1 ¢(Cj41 Cjtn)Citnt1 -+ Con—2Can—1] @ Con @ -+ @ c3p—3 + 1.
By the associativity(3), the previous products are equal. The condition:
[con—1® - @czn3+I][(c1 - Cn) ®Cri1® @ o2+ 1]
=[con-1® - @ cgn3+I|[c1® - ®¢; @ (Cjg1 " Cjgn) ® Cjpnt1Q -+  Cap—2+1]

is checked in a similar way. Consequently, the multiplication in R is well defined.
Let us show that it is associative. We have:

(1@ ®@cne1+1)(cn @ @ con—a + 1)) (Con-1 Q-+ @ c3p—3 + 1)
=[(c1n) @41 @ - QcCon—a+ 1] (€21 ® - @ cgn_3+1)
=[(c1- - n)ent1- - Con—1] @ Con @ -+ ® C3n—3 + 1.

On the other hand,

(1® - @cpn1+1)[(cn® - ®@can—2+1)(Con-1® - @ c3p_3+1)]
=1 ® - @cp_1+1)[(cn.. con—1) @Con- ®c3p—3 + 1]
=lci-Cno1(en..Con1)]|®con @ Qcgp_3+ 1

By (3), we obtain that the multiplication in R is associative. O
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Theorem 2.2. M is an n-ary left C-module if and only if M is a binary left
R-module.

Proof. Suppose that M is an n-ary left C-module. If ¢1,...,¢,-1 € Cand m € M,
then we put:
(1®Qchp1+I)m=(c1 ® - Qcp_1)m.

The definition of the ideal I and the n-ary C-module implies that I -m = 0. So,
M is a left R-module.
Conversely, if M is a left R-module, then for ¢y,...,¢,—1 € C and m € M, we
put
(c1®-®cp1)m=(1® - ®cy_1+ I)m.

We see that M is an n-ary left C-module. O

What is proved here is an equivalence of categories between the category of
n-ary left modules over C' and the category of left modules over R.

3. Dual situation

Let C be an n-ary coalgebra over a field k. Denote by CP(=1 the set:

n—2
m KGY[A [ 1%(71_2) — 1%j RAR 1?("‘2—3)] C C®(n71).
j=1

In the other words, CP(™=1) contains all elements
f= ch ® - ®cp_qg € CON)

such that

ZAC1 Q2@ ®cp-1 :ch®"'®cj®ACj+l ®Cjt2® - ®cCn_1

forall j=0,...,n—2.

Theorem 3.1. The n-ary comultiplication in C induces a comultiplication:
ARy Bl g ¢Hn=h)

i.e., CO=1) s 4 binary coalgebra.

Proof. Define the map
A= o o@D g o@D

by the following rule:

A(e1® - ®cn_1) = A1 @ ®- - ®cp_1 €€ CE"@CPM~D = ¢¥-Dgoem-1),
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It is necessary show that
AI(CD(n—l)) C CI:l(n—l) ® CD(”_D.
Let f € CP=1_ Then, for j=1,...,n —2:
{ [A ® 1%(”—2) _ 1?]' QAR 1%(”—2—j)} ®Q lg(n—l) } A'(f)

=1A®1E"Y 1% eAs 1?}("‘2‘”} ® 1®("‘”} (A1 2y
={lae1g" M 1@ eae1d" ) 212" Y] (ae1Z" )} r =0

by the coassociativity. Analogously, for j =1,...,n —2:
{18 Ve lae1g"? 1F e a0 12" LA =0,
see [2]. O

Theorem 3.2. k-module M is an n-ary right C-comodule if and only if M is a
binary right CO™=1 _comodule.

Proof. If M is a binary right CH(~1_comodule, then M is an n-ary right C-
comodule, because CH—1) c c®(n—1)
Conversely, let M be an n-ary right C-comodule and p:M — M ® C®("=1_ Tt
is necessary show that
p(M) C Moo,

i.e.,
Ae1g" ™ A% eAe120 )y =o.

This follows from the definition of an n-ary C-comodule. O

What is proved here is an equivalence of categories between the category of
n-ary right comodules over C' and the category of right comodules over CH(»~1),

4. Isomorphisms of binary (co)algebras
In this part, as in previous, we shall suppose that k is a field.

Theorem 4.1. Let C' be an n-ary finite dimensional coalgebra over the field k.
Then CH=1 s g binary coalgebra. Moreover, C* is an n-ary algebra, for which
we construct the binary algebra R = (C’*)®(”*1)/I. Then there exists an isomor-
phism of binary algebras:

(CDn 1) g(c* ®(n 1)/[
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Proof. By definition:

n—2
¢Bn-1) _ m Ker[A ® I?W—?) _ lgj QA® lg(n_Q_])].
j=1
In other words, we obtain the exact sequence of the vector spaces:
n

0— CH=Y) _, 0O £, TgE eian=2),
=1

J

where
o(x) = (A ® 12@;(71—2) —1lc®A® 12(”_3)> (z)+---
n—2 n—2
+(a@15" P -1 P g A) ().

Moving to the dual finite dimensional spaces, we obtain the exact sequence:

0« (CD(nfl))* « (C®(n71))* <‘P_* 7Lé2(c®(2n72))* (5)
=1

J

Since C has finite dimension:
(C®(n—1))* _ (C*)@)(n—l)
(CPEn=2))x — (C*)B(2n=2),
Moreover, for Iy,...,la,_o from j-th summand (C*)®(?"=2) we have:

(@ Qlap—2) =1 % %lp) Qlpt1 Q-+ R lap_2
—h® QL@ g1 % *ljyn) @ljgny1 ® - Rlop_o (6)

In that way, by the exactness of the sequence (5), we obtain that:
(CD(nfl))* ) (C*)®(n_1)/l,

where I is the subspace generated by all elements of the form (6). We need to
show that the constructed isomorphism

(C*)®(n71)/1 RN (CD(TL_l))*
is an isomorphism of binary algebras. Let
li,...,lon_2 € C* and f[= ch ® - ®cpqg € CEOD,

Then,

(L@ @l + D @ Rlap—a + 1) (f)
(L ) @l ® - R lap—o + I] (f)

=ph ® - Qlop2)(A® 1?(7172))(]0)
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But, for u,v € (CP"~V)* and f e CP— 1),
(uxv)(f) = plu @V)A'(f) == plu@v)(A ® 1®(n—2)>f

Let
u:ll®"'®ln71+la ’U:ln®...®l2n72+l.
Then,
p(u@v) (AR 182 = 4l @ -+ @ lan_2)(A @ 12(72))

i.e., the map
R — (CHmy”

is a homomorphism of binary algebras. O
Analogically, we prove:

Theorem 4.2. Let C be an n-ary finite dimensional algebra over a field. Then,
R= C®("_1)/I is a binary algebra, and C* is an n-ary coalgebra. Moreover,

(C«*)I:I(n—l) >~ R*.
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