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Bipolar fuzzy Lie superalgebras

Muhammad Akram, Wenjuan Chen and Yungiang Yin

Abstract. We introduce the notion of bipolar fuzzy Lie sub-superalgebras (resp. bipolar fuzzy
ideals) and present some of their properties. First we investigate the properties of bipolar fuzzy
Lie sub-superalgebras and bipolar fuzzy ideals under homomorphisms of Lie superalgebras. Next
we study bipolar fuzzy bracket product, solvable bipolar fuzzy ideals and nilpotent bipolar fuzzy
ideals of Lie superalgebras.

1. Introduction

The concept of fuzzy set was first initiated by Zadeh [16] in 1965 and since then,
fuzzy set has become an important tool in studying scientific subjects, in partic-
ular, it can be applied in a wide variety of disciplines such as computer science,
medical science, management science, social science, engineering and so on. There
are a number of generalizations of Zadeh’s fuzzy set theory so far reported in the
literature viz., interval-valued fuzzy theory, intuitionistic fuzzy theory, L-fuzzy
theory, probabilistic fuzzy theory and so on. In 1994, Zhang [17, 18] initiated
the concept of bipolar fuzzy sets as a generalization of fuzzy sets. Bipolar fuzzy
sets are an extension of fuzzy sets whose membership degree range is [—1,1]. In
a bipolar fuzzy set, the membership degree 0 of an element means that the el-
ement is irrelevant to the corresponding property, the membership degree (0,1]
of an element indicates that the element somewhat satisfies the property, and the
membership degree [—1,0) of an element indicates that the element somewhat sat-
isfies the implicit counter-property. Although bipolar fuzzy sets and intuitionistic
fuzzy sets look similar to each other, they are essentially different sets [15]. In
many domains, it is important to be able to deal with bipolar information. It is
noted that positive information represents what is granted to be possible, while
negative information represents what is considered to be impossible. This domain
has recently motivated new research in several directions. In particular, fuzzy and
possibilistic formalisms for bipolar information have been proposed [12], because
when we deal with spatial information in image processing or in spatial reasoning
applications, this bipolarity also occurs. For instance, when we assess the position
of an object in a space, we may have positive information expressed as a set of
possible places and negative information expressed as a set of impossible places.
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As another example, let us consider the spatial relations. Human beings consider
"left" and "right" as opposite directions. But this does not mean that one of them
is the negation of the other. The semantics of “opposite" captures a notion of sym-
metry rather than a strict complementation. In particular, there may be positions
which are considered neither to the right nor to the left of some reference object,
thus leaving some room for indetermination. This corresponds to the idea that
the union of positive and negative information does not cover the whole space.

The theory of Lie superalgebras was constructed by V.G. Kac [14] in 1977 as a
generalization of the theory of Lie algebras. This theory had played an important
role in both mathematics and physics. In particular, Lie superalgebras are im-
portant in theoretical physics where they are used to describe the mathematics of
supersymmetry [11]. Furthermore, Lie superalgebras had found many applications
in computer science such as unimodal polynomials [13].

Recently, Chen [7, 8, 9, 10] have considered Lie superalgebras in fuzzy settings,
intuitionistic fuzzy settings, interval-valued fuzzy settings and investigated their
several properties. Akram introduced the notion of cofuzzy Lie superalgebras over
a cofuzzy field in [4]. Now, it is natural to consider Lie superalgebras in bipolar
fuzzy settings. In this paper, we introduce the notion of bipolar fuzzy Lie sub-
superalgebras (resp. bipolar fuzzy ideals) and investigate the properties of bipolar
fuzzy Lie sub-superalgebras and bipolar fuzzy ideals under homomorphisms of Lie
superalgebras. We also introduce the concept of bipolar fuzzy bracket product
and study solvable bipolar fuzzy ideals and nilpotent bipolar fuzzy ideals of Lie
superalgebras and present the corresponding theorems parallel to Lie superalge-
bras. We have used standard definitions and terminologies in this paper. For
notations, terminologies and applications not mentioned in the paper, the readers
are referred to [2-6, 15, 17].

2. Preliminaries

In this section, we review some elementary aspects that are necessary for this
paper.

Definition 2.1. [14] Suppose that V is a vector space and Vj, V5 are its (vector)
subspaces. Let V = V5@ Vi be the direct sum of the subspaces. Then V' (with this
decomposition ) is called a Zs-graded vector space if each element v of a Zs-graded
vector space has a unique expression of the form v = v5 + vy (vy € Vg, v1 € V7).
The subspaces V5 and V7 are called the even part and odd part of V', respectively.
In particular, if v is an element of either V5 or V7, v is said to be homogeneous.

Definition 2.2. [14] A Z,-graded vector space L = Lg @ L1 with a Lie bracket

[, ]:LxL bilinear L

is called a Lie superalgebra, if it satisfies the following conditions:
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(].) [LZ,L]} - Li+j for i, ] S Z2 e {6, T},
(@) 9] = —(-1)™[y,2] (antisymmetry),
(3) [z, [y, 2]] = [z, y], 2] + (=1)""¥'[[z, 2], y]( Jacobi identity),

where for any homogeneous element a € L;, i = 0,1. The subspaces Ly and Lg
are called the even and odd parts of L, respectively. Therefore, a Lie algebra is a
Lie superalgebra with trivial odd part.

Definition 2.3. [14] If ¢ : L; — Ly is a linear map between Lie superalgebras LL;
=L,5 ®L;7 and Ly = L5 @ Ly such that

(4) @(L1;) C Lg; (i € Zg) (preserving the grading),

(5) ¢([z,y]) = [p(x), ¢(y)] (preserving the Lie bracket).

Then ¢ is called a homomorphism of Lie superalgebras.

Throughout this paper, we denote V' a vector space, L a Lie superalgebra over
field F.

Let p be a fuzzy subset on V, ie., amap p: V — [0,1]. In this paper, the
notations x V y = max{z,y} and z Ay = min{z, y}.

Definition 2.4. [17] Let X be a nonempty set. A bipolar fuzzy set B in X is an
object having the form

B = {(, u(z), pj (z)) |z € X}

where pf : X — [0,1] and ¥ : X — [~1, 0] are mappings. For the sake
of simplicity, we shall use the symbol B = (uf, u%) for the bipolar fuzzy set
B = {(z, pp(2), p () |z € X}.

Definition 2.5. [15] For every two bipolar fuzzy sets A = (uf,pu%Y) and B =
(ph, 1) in X, we define

o (AN B)(x) = (min(uf(z), pj(x)), max(p) (z), pf (),
o (AU B)(x) = (max(p} (2), pp (@), min(p (x), pfs ().

In order to point out the differences between intuitionistic fuzzy Lie sub-
superalgebras and bipolar fuzzy Lie sub-superalgebras, we omit the similar proofs
in this paper.

Lemma 2.6. A = (u4,plY) is a bipolar fuzzy subspace of V' if and only if i and
plY are fuzzy subspaces of V. O

Lemma 2.7. Let A = (uk, 1Y) and B = (u5, uy) be bipolar fuzzy subspaces of
V. Then A+ B is also a bipolar fuzzy subspace of V. O
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Lemma 2.8. Let A = (pk, uY) and B = (uk5, u%) be bipolar fuzzy subspaces of
V. Then AN B is also a bipolar fuzzy subspace of V. O

Lemma 2.9. Let A = (u&,ulY) be a bipolar fuzzy subspace of V' and ¢ be a
mapping from vector space V to V'. Then the inverse image ¢~ 1(A) is also a
bipolar fuzzy subspace of V. O

Lemma 2.10. Let A = (pk, u¥) be a bipolar fuzzy subspace of V and f be a

mapping from V to V'. Then the image ¢(A) is also a bipolar fuzzy subspace of
V. O

3. Bipolar fuzzy Lie sub-superalgebras

Definition 3.1. Let V = V5 & Vi be a Zs-graded vector space. Suppose that
A = (piﬁ,uﬁé) and A7 = (uii,ugi) are bipolar fuzzy vector subspaces of Vj,
Vi, respectively. We define Ay = (ph, 1Y) where

0 0

L (z z eV N (z x €V
{ MAU( ) 0 szg(x)_{ ,UAO( ) 0

P _
KO B PP 0 w¢Vh

and define A7 = (uﬁ%,ﬂg%) where

P (x eV N o(x Tz eV
{MAl( ) 1 #JXQ(J;):{ MAl( ) 1

P —

Then A} = (“igv MX(%) and A} = (,ui,i,uxi) are the bipolar fuzzy vector subspaces
—(,P N
of V. Moreover, we have A5 N A} = (NA/ﬁmA'Iw“AgmA’i)’ where

1 =0
R ACIYLACES A

-1 =0
@) = i@ Vi) = { G220

So Af + A% is the direct sum and denoted by Ag @ A;. If A = (), plY) is an
bipolar fuzzy vector subspace of V and A = Ay @ Az, then A = (4, pulY) is called

a Zso-graded bipolar fuzzy vector subspace of V.

Definition 3.2. Let A = (u4,plY) be an bipolar fuzzy set of L. Then A =
(pki, 1Y) is called a bipolar fuzzy Lie sub-superalgebra of L, if it satisfies the fol-
lowing conditions:

(1) A= (ul],pl)) is a Zs-graded bipolar fuzzy vector subspace,

(2) phi(lz,y]) > ph(x) A pk(y) and ph ([z,y]) < pl (2) Vel (v).
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If the condition (2) is replaced by

(3) wh([z,y]) = phi(x) v pli(y) and pl ([z,y]) < p (z) A pl) (y),

then A = (uf], plY) is called a bipolar fuzzy ideal of L.

Example 3.3. Let N = Nj & Ni, where Ny = (), Ny = (a1, ,apn,b1, -+ ,bp)
and [a;,b;] = e,i = 1,2,---n, the remaining brackets being zero. Then N is Lie
superalgebra. Define Ag = (ufy, ;) where

i) ={ O TSR ={ 0 TE R

Define A7 = (,uii,uﬁi) where

0.5 ze€ N;\{0 —04 € N7\ {0
w0 ={ O TN = { O e
Define A = (uf, 1Y) by A = Ag @ Ay. Then A = (uf, 1Y) is an bipolar fuzzy
ideal of N. O

Definition 3.4. For any ¢ € [0,1] and fuzzy subset uf of L, the set U(u?,t) =
{z € L|uP () >t} (vesp. L(u?,t) = {z € L|uf (z) < t}) is called an upper (resp.
lower) t-level cut of u”.

The proofs of the following theorems are omitted.

Theorem 3.5. If A = (uk, 1Y) is an bipolar fuzzy Lie sub-superalgebra (resp.
bipolar fuzzy ideal) of L, then the sets U(uk,t) and L(u¥ ,t) are Lie sub-superalge-
bras (resp. ideals) of L for every t € Imuk N Imu?y . O

Theorem 3.6. If A = (ul], u) is an bipolar fuzzy set of L such that all non-
empty level sets U(uk,t) and L(pX,t) are Lie sub-superalgebras (resp. ideals) of
L, then A = (uk, ulY) is an bipolar fuzzy Lie sub-superalgebra (resp. bipolar fuzzy
ideal) of L. O

Theorem 3.7. If A = (uk], uY) and B = (u5, ulY) are bipolar fuzzy Lie sub-super-
algebras (resp. bipolar fuzzy ideals) of L, then so is A+ B = (u g, plY, 5). O

Theorem 3.8. If A = (], u) and B = (u5, u%) are bipolar fuzzy Lie sub-super-
algebras (resp. bipolar fuzzy ideals) of L, then so is AN B = (ph g, pNrp). O

Proposition 3.9. Let ¢ : L — L’ be a Lie homomorphism. If A = (ua,ply) is a
bipolar fuzzy Lie sub-superalgebra (resp. bipolar fuzzy ideal) of ', then the bipolar
fuzzy set = (A) of L is also a bipolar fuzzy Lie sub-superalgebra (resp. bipolar
fuzzy ideal).
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Proof. Since ¢ preserves the grading, we have p(z) = ¢(z5+x1) = p(x5)+p(r1) €
Li @ Lf, for o = x5 + 1 € L. We define ¢~ !(A)5 = (#5—1(A)6’/1g—1(,4)6) where
uf,’_l(A)ﬁ = cpfl(uio) o 1(A) = w*l(uﬁ) and o™ (A)1 = (171 (4), 151 (a),)
where pf o-1(4); = P ’LLAl 'LLAI By Lemma 2.9, we have that
they are blpofar fuzzy subspaces of ]io, L1, respectively.

Then we define ¢~ ! (A)5 = (u) Siay, N “(ay, ), where ufj—lm)é - cp_l(uﬁ(%),
,ug—l(A)é = @_1(11'%6)’ and ¢ I(A)/i = (u W—l(A)%vﬂg—l(A)%)a where ,ug—l(A)/i =

—1/, P N _ =1/, N
2 (’uA/i)’ /@,—1(,4)/1—410 (MA%)-

Clearly,
P _ N L~
P _ ) p —1(A)-($) r € lLg N _ ) —1(A)£(x) z € Lo
Ho-1(ay, (2) = { of T pdLg Homiay @) =9 F ¢ Lo
and

P
P _ ] Heray () zelg N _ 2
Hw—l(A)/I(z) { 0 ! rdl; #5071(,4)/1(50) 0 ! 2 ¢ L

These show that ¢! (A)f and ¢~ (A)} are the extensions of ¢! (A)g and ¢~ (A)1.
For 0 # x € L, we have

{ Mg—l(A) () zely

Nf:fl(A)g () A ui—l(Ayi(x) = 90_1(#2%)(35) A SD_l(Ni/i)(ff)
= plys (p(2)) A iy, (p()) = 0

and

o= ar (@) V g

z
1

For z € L we have

Mgfl(A)ngwl(A)fi(ﬂ?) = Ssup {lﬂo A)'( )/\/1'5*1(,4)’1(1))}

r=a-+b
= s {7 () (@) A () (0))
= sup {1 () i ()}

= sup Auly (e(a) Ay (0(0))}
e(z)=p(a)+p(b)

= ts 44 (9(2)) = 15 (0(2)) = pg1 () (@)
and

ug—lm)faw—l(m%(m) = wi%ﬂb{/iw 1(ay, (@) V Ngfl(A)'i(b)}
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= inf Lo () (@) Vo () (0))

= inf i (p(a) V ik (0(b)}
{1, (9(@) V i, (2(0)}

inf
w(x)=p(a)+p(b)
N

= s ar (9(2)) = 1) (9(2)) = P31y (@).

So, o 1 (A) = ¢ 1 (A)g D ¢ 1(A); is a Zy-graded bipolar fuzzy vector subspace of
L.

Let z,y € L. Then

(1) v ay([2.9]) = 1oz, 9]) = wa(le(@), oW)]) = (@) A ph(ely) =
uE oy (@) Al 4y (W), and sy (2, y]) = p (e, 9]) = 1 ([p(2).0(y)]) <
u (p(2)) V i (0(y) = 181y (@) V 11 4y (y), thus ¢ 1(A) is a bipolar fuzzy
Lie sub-superalgebra.

@) 1l (z9) = while(z,y]) = wh(lp@), o)) > whle(@)) V ik (e(y))
pE oy @)Vl (), and wl ) ([2,9]) = wd (o([2,9]) = ) ([e(2).0(y)]) <

X (p(@) Al (0(y)) = 1 ay (@) A i 4y (y), thus ¢ 1(A) is a bipolar fuzzy
ideal. O

Proposition 3.10. Let p : L — L' be a Lie homomorphism. If A = (uk, u) is
a bipolar fuzzy Lie sub-superalgebra of L, then the bipolar fuzzy set p(A) is also a
bipolar fuzzy Lie sub-superalgebra of 1L'.

Proof. Since A = (&, u&Y) is a bipolar fuzzy Lie sub-superalgebra of L, we have
A = Ay @ A7 where A5 = (NA(]?HXG),AI = (uAi,ugi) are bipolar fuzzy vector
subspaces of L and Lz, respectively. We define ¢(A); = (ug(A)a,ug(A)é), where
Nf;(A)G = SD(/J,IZ(—]): uﬁ’(A)ﬁ = ‘P(/‘X—))a (A = (Nf:(A)iv/«Lg(A)i), where Mi(A)i =
w(uﬁi), “g(A)i = gp(ugi). By Lemma 2.10, ¢(A)s and ¢(A); are bipolar fuzzy
subspaces of LLg, L, respectively. And extend them to @(A)j, p(A)7, we define
p(A)g = (ME(A)%aug(A)(L)) where Ni(A)(% = ‘P(Hié)aﬂﬁ(mé = ‘P(,Ugé) and ¢(A)] =

P N P _ PN N  _ N
(NW(A)%vN@(A)%) where Moy = SD(IJA%)»/@,(A)% = QP(HA%)- Clearly,

A
1

(z) = { ,gg(A)G(x) vl N () = { Poa(®) @€l
0

Hitay, (@ z¢ly 0 z¢ly
P N
P _ By, (@) welg N | mgay, (@) weli
ot () = { 0" pgny o M@= " g,

For 0 # x € I’ we have
Bip(ay, (@) A g ay () = (i ) (@) A (i) (x) = sup {pl ()} A sup {i, (a)}
0 ! 0 ! a=p(a) a=p(a)

= Sul(j){,uA’( ) Ay (@)} =0,
z=¢p(a
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Moy, (@) pigay, (#) = (i) (@) V (i) (@) = inf {uy (@)} v inf (1 (a)}

dnf {1, (@) V i (a)} = 0.

Let y € L. Then

Po(aysto(ay (U) = sup {uf;(Ay( ) A btgay (0)} —ysggb{w(um)(a) A (i) (b)}

= sup{ sup {MA’( )} A sup {HA'( )
y=a+b a=p(m) b=¢p(n)

= sup { sup {ﬂA'( )/\HA%(”)}}
y=p(z) r=m+n

= sup {(uh o) @} = sup {uh(@0)} = ulia W),
y=¢(z) y=¢p(z)

% (A)’+<p(A)’i( y) = inf {uﬁmy,(a) v /if,y(A)fi(b)} = yif;ib{ﬂﬂgg)(a) N 90(#%1)(@}

ylgﬂb{ inf {MA’( )}Vb:ig(fn){uﬁ%(n)}}

e g )

At {0 )@} = inf G @)} = 1 (0):

So p(A) = p(A)g @ p(A)1 is a Ze-graded bipolar fuzzy vector subspace.

Let 2,y € L. It is enough to show ug(A)([:E,y}) > ug(A)(x) A Mi(A) (y) and
Ng(A)([ﬁ’y]) < Mg(A)E;U) \ Mg(A)(y)I-D If Ni(A)([%yp < ME(A)@C)/\ H’i(A)(y)a we
have i q) ([, y])< w4y () and pig g ([2,9]) < piga)(y). We choose a number
t € [0,1] such that ug(A)([x,y]) <t< ,uf;(A)(:c) and ME(A)([I,y]) <t< ug(A)(y).
Then there exist a € p~1(z),b € ¢~ !(y) such that pk(a) > t, p%(b) > t. Since

¢(la,b]) = [p(a), ()] = [z,y], we have uJ 4 ([z,y]) = W 1 b]){ui([% b))}=
pki([a,b]) = ph(a) A pk(b) >t > ufz(A)([ac, y]). This is a contradiction.

Suppose that Mg(A)([xvyD >Mg(A)(x)VMg(A)( ): Wehavep A)([x y])>ﬂ (@)

and 1) 4 ([2,y]) > pl) 4)(y). We choose ¢ € [~1,0] such that <p( M ([z,y]) >t >
,ug(A)(:v) and uf’y(A)([x, yl) >t > /Lg(A)(y). Then there exist a € ¢~ !(2),b € p~1(y)
sggh that pf (a) < t ,uA(b) < t. Since ¢([a,b]) = [p(a), p(b)] = [z,y], we have
i) = it (et} < i (at) < ado) v ko) < o <
13 ay([,y]). This is a contradlctlon.

Therefore, p(A) is a bipolar fuzzy Lie sub-superalgebra of L'. O

We state the following results without proofs.
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Proposition 3.11. Let ¢ : . — " be a surjective Lie homomorphism. If A =
(uf, plY) is a bipolar fuzzy ideal of L, then p(A) is also a bipolar fuzzy ideal of
L' O

Theorem 3.12. Let ¢ : L. — I be a surjective Lie homomorphism. Then for any
bipolar fuzzy ideals A = (pki, pY) and B = (up,py) of L we have p(A + B) =
¢(A) + ¢(B). O

4. Bipolar fuzzy bracket product

Definition 4.1. For any bipolar fuzzy sets A = (uf;, u) and B = (u5, u¥) of L,
we define the bipolar fuzzy bracket product [A, B] = (MQ,B],A% B}) putting

sup  {min{pf(z;) A u5(y:)}} where a; € F, 2,y € L
= Z O‘i[l‘ivyt] €N
iEN

P
[, (T) = ie
4.5 0 if = is not expressed as x = > a;[z;, yi]
iEN
and
inf  {max{p (x;) V ¥ (y:)}} where a; € F, z;,y; € L
=3 ai[ziy:] €N
l‘fix p(@) = e P
’ 0 if « is not expressed as x = Y a;[x;, yi]
iEN

Lemma 4.2. Let Ay = (i, i3, ), Az = (4, p,), By = (w,, p3,) and By =
(1, 1p,) be bipolar fuzzy sets of L such that Ay C Ay, By C By. Then [Ay, By] C
[As, Ba). In particular, if A = (uk, 1Y) and B = (u5, u¥) are bipolar fuzzy sets
Of ]L, then [Al,B] Q [AQ,B] and [A,Bl] Q [A,B2] O
Lemma 4.3. Let Ay = (Milvﬂgl)vAQ = (M£27MJX2)7BI = (/igl,/lgl)732 =
(,u§2, ,ugz) and A = (uf,pulY), B = (u5, u¥) be any bipolar fuzzy vector subspaces
of L. Then [A1+A2, B] = [Al, B]+[A27B] and [A, Bl+Bz] = [A, Bl]+[A, Bg]. O

Lemma 4.4. Let A = (uf,plY) and B = (u5, u¥) be bipolar fuzzy vector sub-
spaces of L. Then for any a, € F, we have [«A, B] = a[A, B] and [A,B] =
BlA, B]. O

Theorem 4.5. Let A, = (uil,,u%l),Ag = (/ﬂjz,ugz),Bl = (ugl,ugl),Bg =
, an = , ,B = , e bipolar fuzzy vector subspaces o

fpy i3,) and A = (uly, ul), B = (ug, py) be bipol y vector sub

L. Then for any o, 3 € F, we have

[@A; + BAs, Bl = alAy, B] + S[As, B,
[A,aB1 + BBs] = a[A, B1] + B[A, Ba].

Proof. The results follow from Theorem 4.3 and Lemma 4.4. |
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Lemma 4.6. Let A = (u], p) and B = (u§, uy) be any two bipolar fuzzy vector
subspaces of L. Then [A, B| is a bipolar fuzzy vector subspace of L. O

Let A = (uf,pY) and B = (uh, ul¥) be Zs-graded bipolar fuzzy vector sub-
spaces of L. Then A = A ® Ay, B = By ® Bji, where Ag, By are bipolar fuzzy
vector subspaces of L and Az, By are bipolar fuzzy vector subspaces of Lj.

We define:

o [Ag, Byl = (uﬁ‘6736],uf\£‘6736]), where
fiay g (1) = LS yx}{rgeli]rvl{uia () A iy (i)}
i€
and
1y, B () = inf  {max{u}\ (z;) V u, (v:)}},

z=3 aifwi,ys] €N
iEN

for z; € Ly and y; € Lg,
o [A5, Bi] = (uﬁ\a,Bi]’“f\f’lmBi])’ where

P - ; P P o
Hiag,By) (%) = F_;iﬂm,yﬂ{?élfvl{“f‘ﬁ (i) A i, (i)}
iEN
and
g py (@) = inf - {ma{pd (2) V g, (i)},

=3 ai[ziyil
iEN

for z; € Ly and y; € Lg,

o [A7,Bg] = (”541,35]’“{\;11,3@])’ where

P - ; P P o
MlAs, B (z) = . Zsiﬂwi,yi}{%%{ﬂAi (i) A 2: 8 (yi)}}
i€EN
and
pin, gy (@) = inf  {max{u} (z:) V i, (vi)}}
[A1,Bg] e=3 asfeiys] €N 1 B )
i€EN
for x; € L1 and y; € Lg,
o [A;,Bi] = (uf41731],uf\217311), where
P - ; P P o
M[Ai,Bﬂ(x) T ngﬂwi,yi}{%lj{}{ﬂAi (i) A Hpy (yi)}}
i€EN
and
pin, py (@) = inf  {max{ul, (z:) V i, (v)}},

= ailz;,y;] 1EN
N
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for z; € L1 and y; € Lg.
Note that [Ag, Bs], [A1, Bi] are bipolar fuzzy sets of Lg and [Ag, Bil, [41, Bg)
are bipolar fuzzy sets of Lj.

Lemma 4.7. Let A = (pf, uY) and B = (5, u¥) be any two Zy-graded bipolar
fuzzy vector subspaces of L. Then

[A, Blg := [Ag, Bs] + [A1, Bi] is a bipolar fuzzy vector subspace of Lg,
[A, By
[A, B] is a Za-graded bipolar fuzzy vector subspace of L.

:= [Ag, B1) + [A1, Bg] is a bipolar fuzzy vector subspace of Ly and

Proof. Since [Ag, Bg] and [A7, B] are bipolar fuzzy vector subspaces of Lg by
Lemma 5.5, we can get that [A, Bl := [Ag, Bg] + [A1, Bi] is a bipolar fuzzy
vector subspace of Ly by Lemma 2.6. Similarly, [A, Bl := [Ag, B1] + [41, B is a
bipolar fuzzy vector subspace of ;. We define [A, B]j := [Af, Bg| + [A], Bi] and
(A, B, := [}, B + [A}, BY).

Let © € L. We have

(z) = (Mﬁxé,Bé]Jr[A'i,B%])(z)

= sup {Mﬁxé,Bé](a) A N&%,B%](b)}
r=a-+b

= sup {  sup  {min{uly (ki) A pg (1)} A
z=a+b a= Y oy;lki,li] iEN 0 0
iEN

A sup  {min{pky, (m;) A pg (n:)}}
b= Bi[mini] €N 1 !
i1EN

= sup { sup  {min{pl (k) A pp, (L)} A
rz=a+b a= ) o;lki,li] ieN
iEN

A sup  {min{uly, (mi) A pg, (i)}
b= Bilms,n;] €N
ieEN

= sw b{ufZ(,,Ba](a) A bfay O} = ({ay Boj+ 14y, 5:0) (@) = B, B, (@)

(z) = (Nﬁ’ﬁ,Bé]HA’i,B%])(x) = wi%ib{ﬂmg,Bé] (a) V Nﬁ%,B%](b)}

o : N X N .
= it { _ anyfi [ki,li]{?é%({uAé (ki) V g (L)} V
iEN

Vies i[gll_f[mm]{rgg{uﬁfi (mi) V gz, () }}
ieN
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_ : N . N )
= nf { _ z”ifi[ki,zi]{%%({“/*ﬁ(k’) V gy (li)}} v
1EN

\% inf max ma) v .
b:AgNﬁi[mi,nl]{zeN{ﬂA ( z) /LB( ,)}}

= inf Sl (@ V im0} = (g sorar,0) (7) = 1, p), (@)

Now let « ¢ L. Then u[]i‘ B]L(x) = 0 and ,u[A B]L( x) = —1. Similarly, for
? 0 0

x € L1, we have /‘54,3]'1(35) = :“54,3]1( x) and ’U’[A,B]'i( x) = fv p; (¢). For z ¢ Lg,
we have “54,3];(35) = 0 and “&,B]’i(x) = —1. Thus [A, B]} and [A, B]; are the
extensions of [A, B]g and [A4, B];.

Clearly, [A, Bl N [A, B]f = (Mﬁl,B]gﬂ[A,B}’I’Mfi,B]gﬁ[A,B]’i)’ where

6(@ /\/J[A,B]/I(x) = {O 240"

Nfﬁl,B]/ﬁm[A,B]'i (z) = M@,B]

-1 x=0

N N _
(z) = N[A,B]g(x) \//‘[AyB]’i(x) - { 0 z#0°

,LL[A BJ5N[A,B]

P\
For x € . we have

[A, B)(x) = [A5 + A1, B + Bil(x) = ([45, Bl + [A1, Byl + [45, Bl + [A1, Bg)(«)
- ([AvB]() [A7 B]%)(Z‘)

Hence [A, B] = [A, Bl @ [A, B]j is a Zs-graded bipolar fuzzy vector subspace. [

Lemma 4.8. Let A = (pk, uY) and B = (5, u%) be any two Zy-graded bipolar
fuzzy vector subspaces of L. Then [A, B] = [B, A]. O

The following theorem is our main theorem in this section. The proof is base
on Lemma 4.8. The left is similar to intuitionistic fuzzy ideal of Lie superalgebras.
For more details see [10].

Theorem 4.9. Let A = (uf, 1Y) and B = (u5, uly) be any two bipolar fuzzy
ideals of L. Then [A, B] is also a bipolar fuzzy ideal of L. O

5. Solvable and nilpotent bipolar fuzzy ideals

Definition 5.1. Let A = (uf, 1Y) be a bipolar fuzzy ideal of L. Define inductively
a sequence of bipolar fuzzy ideals of L by A(®) = A, A = [A0) A©] AP =
[AD AM] o A = [A=D ] A(=1)] then A™ is called the nth derived bipolar
fuzzy ideal of IL In which, A(H‘l (,uA<L+1> , MA<1+1)) where
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sup {mij{}{ui(i) (CCJ) A Mi(i) (y;)}} where o € F, zj,y; € L
P o= 3 ajlw;y;] €
:LLA(i+1)(x) = JEN . .
0 if x is not expressed as x = > oj[x;,y;]
JEN
and
inf max{u (z;) V i, (y;)}} where a; € F, 2;,y; € L
N r=3 aj[mjvyj]{jEN{ A (@) V e (U5) j i Yi
,UA(i-H)(l') = JEN . .
0 if z is not expressed as x = Y oj[x;,y;l.
jEN

From the definition, we can get ui(o) 2 ulj(l) D) ,ui(Q) 2.2 ui(m D ... and
N N N N
g0 c g c A c---C Hp () C---

Definition 5.2. Let A be as above. Define: (™ = sup{u%, (z):0# z € L}
and k(™ = inf{z7\,,,(z) : 0 # x € L}. Then it is clear that 7 > M > p >
sz > and kO <D <R L <M L

Definition 5.3. An bipolar fuzzy ideal A = (uf, ulY) of L is called solvable, if
there is a positive integer n such that (™ = 0 and (™ = 0. So, it is a solvable
bipolar fuzzy ideal, then there is positive integer n such that ui(n) = 1p and

Nﬁ(n) = (=1)o-

Example 5.4. For the Lie superalgebra L from Example 3.3 we define A =
(nhy 1, ), where ply (x) = 1,p} (#) = —1 for all x € Ng. Then it is a bipolar
fuzzy subspace of Nj. Let € Ny. Then = = kyay + koas + ksby + kqbs, for
ki # 0 and i = 1,2,3,4. We define Ay = (uf;_, plY) where pf (z) = pk (a1) A
g (az) A s (b1) A pdy (b2), in which py (a1) = 0.2, py (az) =1, ply_(b1) = 0.1,
ph (b2) =1, pf (0) = 1, and plY (2) = pfY (a1) v i) (a2) V il (b1) V plY (b2), in
which ,uﬁi (a1) = —0.7, ,ugi (ag) = —1, “Xi (by) = —0.9, ,ugi (b)) = —1, u%j (0) =
—1. Then A is a bipolar fuzzy subspace of Nj.

Let + € N. Then z = ke + kia; + koas + ksby + kabs for k,k; # 0 and
i=1,2,3,4. We define A = (uk, 1Y) where pk(z) = pk(e) A ph(ar) A pki(az) A
ply(b1) A g (b2), in which py(e) = 1, pfi(a1) = 0.2, pli(az) = 1, pl(br) = 0.1,
ph(b2) = 1, pf(0) = Land pfy (x) = pgy (e) VY (ar) v Y (az) v Y (b1) V Y (b2), in
which ,Ll,g(e) = 717#%(0’1) = -0.7, N%(@) = -1, Ng(bl) = -0.9, ,U,%(b2) = -1,
plY (0) = —1. Then A = Ay @ Aj is a bipolar fuzzy ideal of N.

Let A©®) = A. Note that [a;,b;] = e and the other brackets are zero. Then
1ho (@) = 0.1, ) () = —0.7. We define A = [A® AO] If z € Ny, then x
can not be expressed as ¢ = > «; (x4, yi], i, ¥; € N, so ,uim(x) =0, ug(l)(x) =0.
If z € Ny, then = can be expressed as x = «aja1, b1] + asag, ba], ar,as € k. We
calculate
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ﬂi(l)(z) = ZSUP[ , ]{gig{#i(m (ai) A Hi(m (bi)}} =0.1,
i il@i,0q ’
MX(l)(x) = o inoi[a,-,bi]{irg?,}é{ﬂjx(o) (ai) v Nﬁ(m (bi)}} = -1

i=1,2

Define A?) = [AM) AW)] we calculate

(o () = sup { min {uhi o (ai) A ki) ()1} =0,
z= Y aila;b;] =12
i=1,2
P (2) = o Hgv (s b_]{g%{ufm (ai) V 1y (bi) }} = 0.

-

i=

;2

So, 79 > M > n? =0 and k@ < kM < kP = 0. These show that A is a
solvable bipolar fuzzy ideal of N. O

From the definition of solvable bipolar fuzzy ideals, we can easily get

Lemma 5.5. Let A = (uk, 1Y) be a bipolar fuzzy Lie ideal of L. Then A =
(ufy, ulY) is a solvable bipolar fuzzy ideal if and only if there is a positive integer n
such that /,Li<m> = 107/‘1)((7'1) = (=1)g for all m = n. O

Theorem 5.6. Homomorphic images of solvable bipolar fuzzy ideals are also solv-
able bipolar fuzzy Lie ideals.

Proof. Let ¢ : L — I’ be a homomorphism of Lie superalgebra and assume that
A = (pk, ulY) is a bipolar fuzzy ideal of L. Let p(A) = B, i.e, uf = ,uf:(A),ug =
ug(A). We prove ,uf:(A(n)) = uﬁw and ug(mn)) = ug(n) by induction on n, where
n is any positive integer. Indeed, let y € I”. Consider n = 1,

M&Am)(y) = Mi([AA])(y) = SUI() ){qu,A] ()}
y=p(z

sup {  sup  {min(ul (@) A ps(y:)}}

y=p(z) =3 oifzi,yi ieN
iEN
= sup {min(uy () A pdy ()}
iEN

y= > aip[ri,y;]
i1EN

= sup {min(pdy (@) A pdi (0) = o) = ai, (i) = bi}
y:.EZN ailai,bi] 1€EN

= sup  {min(up(ai) A pp(bi)} = pip 5 (Y) = 1o (1),
.;Nai[aubi]:y e
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and

oA (¥) = 14,4 W) = y:igl(cx){uf\,gﬂ] (z)}

= inf inf max (Y (2;) V 1k (y;
o ‘”){xz,-eZN 0 g Ui (i) V pia (ys))

inf max(u () V 1 (s
y:,gNin[mi,yi]{ieN(uA( )V o (yi)}

= inf max in vV N i : ;) = Qg, i :bl
o O ) V) 5 () = o pl) = )

inf max(u (a;) V uN (b))} = ul) =ul, .
vezNai[ai,bi]:y{ieN(“B( )V g (b))} = pp 5 (Y) = o (v)

These prove the case of n = 1. Suppose that the case of n — 1 is true, then
P _ P _ P _ P _ P
Hoamy = Hoam- an-n)) = Flpam-1) oA0n-1)] = H[pn-1 gr-1] = Kpm) and

N _ N _ N _ N _ N

NSO(A(")) = NW([A(yHl)’A(nfl)D = /‘L[LF(A('nfl))#p(A(nfl))] = N[B<7L71)VB(7L71>] = HpBm)-

Let m be a positive integer such that p’,,, = 1o and pf,,, = (—1)o. Then for

any 0 # y € L', we get i) (y) = 1 4om)(4) = sup ){10(90)} =0, pyom (y) =
y=p(x

P ) () = y:igfz){(—l)c)(ﬂf)} = 0. S0 ptm = Lo and p., = (=1)o- O

Let A = (u}, nY) be a bipolar fuzzy ideal of L and I be an ideal of L. We can
prove that A/T is a bipolar fuzzy ideal of L/I.

Theorem 5.7. Let A = (ufy, p) be an bipolar fuzzy ideal of I and A/I be a
solvable bipolar fuzzy ideal of L/I. If B = (uh,u%) is a solvable bipolar fuzzy
ideal of L and is also a bipolar fuzzy ideal of A = (u%, ulY) such that B(I) = A(I),
then A = (uk;, u¥) is solvable.

Proof. Let ¢ be the canonical projection from L to L/I. From the proof of
Theorem 5.6, we get /‘5(,4@)) = ﬂfA/l)w and ug(A(n)) = F‘&/[)(n)' Since A/I is
solvable, there exists n such that u&ﬂ)(n) =1y and Mé\,[ax/z)(m = (—1)o.

For 0 # 5 € /I, we have SuIi( ){Mi(m (m)} = Hi(mn))(?) = M&/;)(M () =0
mep=1(g

and mefﬁfl@){“%") (m)} = ,ug(A(n))(gj) = u&/”(n) () = 0 . Notice that m € L

and m # 0, we get p”,, (m) = 0 and pf,, (m) = 0.

Forj =0, weh A = 4P oy (0)=Tand inf {u¥
ory =0, we avemeitgg(o){uA<n>(m)} Ho(aomy(0) =Tand | inf {ui, (m)}

= /Lg(A("))(O) = —1. Since ¢~ (0) = I and B(I) = A(I), we have pk ., (I) =
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! (I) and pl¥ ., (I) = ph,) (I). For any = € I, B is solvable, then there exists n
such that uéw =1p and ug(n) = (—1)o, we have ,uﬁm) =1p and ufm = (—1)o.

Hence for any x € L, we always have that u%,,, = 1o and p),,, = (=1)o, which
imply that A = (uf], u&) is solvable. O

Lemma 5.8. Let A = (u, ) and B = (u§, uly) be bipolar fuzzy ideals of L.
Then (A © B)™ — A & B0,
Proof. Let 0 # x € L. Then we have [A4, B] = (N[A B u[A B]) where

g (@) = sw o {min(uf(@) Apg )} < ph@) Apge) =0,

z=3Y ailmi,y] T
iBN

(@) = it (e (o) v () 2 (@) V (o) =0
iBN e
So “54,3] = 1p and uf\ng] = (—1)g. Consequently, for any positive integer
a,b, we have “ﬁx(aLB(b)] = 1p and “ﬁ(w,B(b)] = (—1)g. We prove the lemma by

induction on n.
Let n = 1. Then

(AeB)Y =[AeB,A®B]=[A,A|® [A,B] @ [B,Al®[B,B] = AV ¢ BW.
Suppose that the case of n — 1 is true, then
AeB)™ = [(4®B)"), (A B)" )]
= [AD g BN A=) g Bn=1)] = 4() g B
So we get (A @ B)™ = A" @ B, O

Theorem 5.9. Direct sum of any solvable bipolar fuzzy Lie ideals is also a solvable
bipolar Lie ideal.

Proof. Let A = (uf,pulY) and B = (uf, u¥) be solvable bipolar fuzzy ideals.
Then there exist positive integers m,n such that uiw = 10,/1%,”) = (—1)g and
ph = lo,pNe, = (=1)o. Since (A ® B)m+™) = Alm+n) g Bm+m) we have

P _ P _ N _ N _
HagB)imt+n) = Ha(m+n) gBpom+n) = 1o and HagBym+n) = Hgmin) gpmtn) = (—1)o.
So A @ B is a solvable bipolar fuzzy Lie ideal. |

Definition 5.10. Let A = (4, 1Y) be a bipolar fuzzy ideal of L. Define induc-

tively a sequence of bipolar fuzzy ideals of L by A = A, Al = [4, A"], A? =

[A, AL, A" = [A, A"71] ... which is called the descending central series of a

bipolar fuzzy ideal A = (u%,uY) of L. We get pfy D ply D ph, D D pkl, D
cand plfy Cplfy Cpll, € Cpfll C

Definition 5.11. For any bipolar fuzzy Lie ideal A = (u4,pY), define n* =
sup{ph.(z) : 0 # z € L} and & = inf{p¥.(x) : 0 # 2 € L}, for any positive
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integer n. The bipolar fuzzy ideal is called a nilpotent bipolar fuzzy ideal, if there
is a positive integer m such that ™ = 0 and ™ = 1, or equivalently, uf.. = 1o
and plY.. = (=1)o.

Example 5.12. Let us take the basis h, e, f of sl(1|1) as follows

(0080 e

Then h is an even element, and e and f are odd element. Their bracket products
are as follows: [e, f] = [f,e] = h, the other brackets = 0. Then sl(1]1) is a
three-dimensional Lie superalgebra.

Define A = (uiﬁ,,uga) :5l(1|1)5 — [—1, 1] where

0.6 r=nh —-0.4 x=h
P _ N _
Hiag (7) = { 1 otherwise * /4o () = { -1 otherwise
Define A7 = (,uii,,ugi) :5[(1]1)1 — [-1,1] where
0.3 T=e -0.7 T=e
uii () =< 0.5 x=f, /ifi (x)=< —0.5 z=f
1 otherwise -1 otherwise
Define A = (4, u) : si(1]1) — [=1,1] where 3 (z) = if. (20) A i (27) and
pl (z) = ugﬁ (xg) V ugi (7). Then A is a bipolar fuzzy ideal of s[(1]1).
Let A = A. We define A = [A, A%, then if 2 € s[(1|]1);, x can not be
expressed as © = Y a;[z;, yi], x5,y € sI(1[1) then ph(z) = 0,48, (z) = 0. If
z € sl(1]1)5, z = ale, f], a € F, then pk, (z) = sup{u’(e) A pfo(f)} = 0.3 and

phi (x) = inf{pY () V o ()} = —0.5.

Define A% = [A, A'], we calculate if = € sl(1]1)1, pl.(z) = 0,p48:(z) = 0.
If 2 € si(11)g, pha(x) = suplufi(e) A uba ()} = 0 and 1 () = inf{yed (e) v
phi(f)} = 0. Then we get n° >n' >7?> =0and K < k! < K2 =10. So Ais a
nilpotent bipolar fuzzy Lie ideal of s[(1]1). O

Theorem 5.13. Homomorphic images of nilpotent bipolar fuzzy ideals are also
nilpotent bipolar fuzzy Lie ideals. Direct sum of nilpotent bipolar fuzzy ideals is

also a nilpotent bipolar fuzzy ideal. O
Theorem 5.14. If A = (uf}, uX) is a nilpotent bipolar fuzzy ideal of L, then it is
solvable. O
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Recursively r-differentiable quasigroups
within S-systems and MDS-codes

Galina B. Belyavskaya

Abstract. We study recursively r-differentiable binary quasigroups and such quasigroups with
an additional property (strongly recursively r-differentiable quasigroups). These quasigroups
we find in S-systems of quasigroups and give a lower bound of the parameters of idempotent
2-recursive MDS-codes that respect to strongly recursively r-differentiable quasigroups. Some

illustrative examples are given.

1. Introduction

In the article [7], the notion of a recursively r-differentiable k-ary quasigroup
which arise in the connect complete k-recursive codes is introduced. The minimum
Hamming distance of these codes achieves the Singleton bound.

Let Q = {a1,az,...,a4} be a finite set. Any subset K C Q" is called a code
of length n or an n-code over the alphabet ). An n-code is called an [n, k]g-code
if | K |= ¢*. An [n,k,d]g-code is an [n,k]g-code with the minimum Hamming
distance d between code words. An [n, k, d]g-code is an MDS-code if d =n—k+1
(d <n—k+1is the Singleton bound).

A code K is a complete k-recursive code if there exists a function f : Q¥ — Q
(k < n) such that K is the set of all words w(0,n—1) = (u(0),...,u(n — 1))
satisfying the condition u(i + k) = f(u(i),...,u(i + k —1)) for i € O,n—k —1,
where u(0),...,u(k — 1) are arbitrary elements of Q.

This code is a error-correcting code and is denoted by K (n, f). Any subcode
K, C K of a complete k-recursive code is called k-recursive.

A complete k-recursive code K(n, f) is called idempotent if the function f is
idempotent, that is f(z,z,...,z) = x.

Let n"(k,q) (n'"(k,q)) denote the maximal number n such that there exists
a complete k-recursive MDS-code (a complete idempotent k-recursive MDS-code)
over an alphabet of g elements.

By Theorem 6 of [7], the equality n" (2, q) = ¢+1 holds for any primary number
(prime power) ¢ = p® > 3 and by Corollary 4 of [7],

n"(2,q) = min{p]* +1,p5? +1,...,py* + 1}

2010 Mathematics Subject Classification: 20N05, 94B60, 05B15
Keywords: quasigroup, S-system of quasigroups, orthogonal operations, balanced incomplete
block design, recursively r-differentiable quasigroup, recursive MDS-code
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xt

it g =pT'p3?...p;

According to Proposition 10 from [7], n'"(2,q) > ¢ — 1 for any primary ¢ > 3.
By Proposition 11 from [7], n*"(2,p) > p if p is a prime number.

For binary function f a code K(n, f) the system of check functions has the
form fO(z,y) = f(f"2(z,y), f(x,y)) for t > 2, where fO(z,y) = f(z,y)
and f(l)(xvy) = f(y, f(o) (xay))

In [7] it is proved that r-differentiable quasigroups correspond to complete
recursive codes and various methods of constructions of binary recursively 1-
differentiable quasigroups are suggested. Moreover, in [7] it is proved that for
any q¢ € N, excepting 1,2,6 and possibly 14, 18,26,42, there exist recursively
1-differentiable quasigroups of order ¢, that is n"(2,¢q) > 4.

A quasigroup operation f is called recursively r-differentiable if all its recur-
sive derivatives f1), £ ... f(") are quasigroups. By Theorem 4 of [7], a quasi-
group (Q, f) is recursively r-differentiable if and only if the code K (r 4+ 3, f) is an
MDS-code. In this case the code words are (z,y, fO (z,y), fP (z,y), ... f(z,y)),
(z,y) € Q.

A. Abashin in [1] consider special linear recursive MDS-codes with k=2 or 3.
V. Izbash and P. Syrbu in [9] prove that for any k-ary (k > 2) operation f the
equality f(") = f0" holds, where 0 : Q* — Q*, 0(z%) = (29,23, ..., zk, f(2)) for
all (x¥) € Q. (Note that this result for k = 2 was announced in [4]). They also
establish a connection between recursive differentiability of a binary group and the
Fibonacci sequence.

In this article we establish properties of binary recursively r-differentiable
quasigroups, introduce the notion of a strongly recursively r-differentiab-le quasi-
group, and find such idempotent quasigroups in S-systems of quasigroups. A lower
bound of n%"(2,q) for complete idempotent strongly 2-recursive MDS-codes with
primary ¢ is found and illustrative examples are given.

is the canonical decomposition of the number gq.

2. Preliminaries

Let @ be a finite or infinite set, Ag be the set of all binary operations defined on
Q. On the set Ag it can be defined the Mann’s right (left) multiplication A - B
(Ao B) of operations A, B € Ag in the following way:

(A . B)(Z‘,y) = A('TaB(x’y)) = A(F7 B)(x,y),

(Ao B)(z,y) = A(B(z,y),y) = A(B, E)(z,y),

where E(z,y) =y, F(z,y) = x are the right and the left identity operations.

For any operations A, B € Ag the equality (A o B)* = A* - B* holds, where
A*(z,y) = Ay, z) (Lemma 4.5 in [2]).

The set A,.(-) (the set A;(o)) of all invertible from the right (from the left)
operations given on a set ) forms the group A,(-) (the group A;(c)) under the
right (under the left) multiplication of operations.
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The operation E, F are the identity elements of the group A, (:) and A;(o),
respectively, and A1 - A=A- A" =FE, ~YAo0A=Ao"'A = F, where

ANzy) =26 Alz,2) =y, A,y =24 Alzy) =2

Every pair (A, B) of operations of the set Ag defines a mapping 6 of the set
Q? into Q? in the following way:

0(z,y) = (A(z,y), B(z,v)), =,y € Q.

And conversely, any mapping 6 of the set Q2 into Q? uniquely defines the pair
of operations A, B € Ag: if 6(a,b) = (¢,d), then ¢ = A(a,b), d = B(a,b), and
(A,B)=(C,D)ifand only if A=C, B=D.

If 0 is a permutation on a set @2, then operations A, B defined by @ are orthog-
onal (shortly, A L B), that is the system of equations {A(x,y) = a, B(z,y) = b}
has a unique solution for any a,b € Q. And conversely, an orthogonal pair of
operations, given on a set (), corresponds to the permutation 6 on the set Q2.

If A,B,C € Ag, then the new binary operation D can be defined by the
following superposition:

D(x7y) = A(B(x’y)a C('Ta y))

or shortly, D = A(B,C) = A, where § = (B, (), that is D(z,y) = Af(z,y).
The identity operations F, E of Ay define the identity permutation (F, E) =€
on Q2. The equality (A4, B)§ = (A6, BO) holds [2, 3].

3. Recursively r-differentiable quasigroups

Let (Q, A) be a finite quasigroup given on a set Q. Then, the sequence of operations
A AW AW®  for A is defined in the following way:

A (z,y) = A(z,y), APV (z,y) = Ay, AV (z,y)),

A (‘T’ y) = A(A(t_z) ((E, y)? A(t_l)(xv y))

for t > 2. This sequence can be written shortly as:
A = A(F E), AW = AE,AD), A® = A(AF=2 AC-D) ¢ > 9

According to [7], the operation A of this sequence is called the r-th recursive
derivative of a quasigroup (Q, A).

By definition, a quasigroup (@, A) is recursively r-differentiable if all its re-
cursive derivatives A, A A" are quasigroup operations. In this case, the
system of operations ¥ = {F, E, A, AM, A®) . A} is orthogonal (Proposition
7 of [7]).
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By Theorem 4 of [7], a quasigroup (Q, A) is recursively r-differentiable if and
only if the 2-recursive code K(r + 3, A) is an MDS-code.

First we establish some properties of finite binary recursively r-differentiable
quasigroups.

Theorem 1. Let A% be the i-th recursive derivative of a quasigroup (Q,A) and
0= (E,A), then AW = A#", ¢ = (A2 A1) 92 L (F E).

Proof. Note that the mapping 6 = (E, A) of Q2 into Q? is a permutation since A
is a quasigroup operation. By the definition,

AW (z,y) = Ay, A(z,y)) = A(E, A)(z,y) = A0(z,y),
A® = A(A, A(E, A)) = A(A, AB) = A62,

since (E,A)? = (E,A)(E,A) = (A, A(E, A)) = (A, Af) whence (E, A)? # (F,E)
as A#F.

Let A®) = A@* for all k, 1 < k < i — 1, then by the induction we have
AW = A(AG=2 AC=DY = A(AGI72,A01) = A(A, AR)H'~2 = AG%0'~2 = AG'.
From these equalities the second equality of the theorem follows.

Note that, in the general case, the equality Af; = A8y, where 01,605 are two
permutations not necessarily implies 6; = 6. O

The result of Theorem 1 for binary quasigroups was announced in [4] and was
generalized for k-ary quasigroups in [9].

Let A*(z,y) = A(y, ), then A* = (“}(A~1))~1 ==1((~LA)~1) (see [3]).

Corollary 1. If AM, A®@ . A® . are the sequence of the recursive deriva-
tives of a quasigroup (Q, A), then for i > 1 we have

A(z) _ (A(zfl) A*)* _ (A(zfl))* OA,

where (-) and (o) are the right and left multiplication of the operations given on
the set Q.

Proof. Indeed, by Theorem 1,
A(z) — Af* = A(Zil)(E,A) — (A(zfl))* 0 A= (A(zfl) . A*)*,
since A(E,B) = A*o B and (Ao B)* = A*- B*. O

Proposition 1. Let a quasigroup (Q, A) be recursively r-differentiable. Then,
AW 1-YA™Y) foranyi=0,1,2,...,r —1, 7> 1.
If ArtD) = F r >0, then A" ="1(A7) and AU+2) = E.
IfAUT2) = F r >0, then AUTD = F.
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Proof. By the criterion of orthogonality of two quasigroups (cf. [2]), A L B if
and only if A- B~! is a quasigroup operation. But by Corollary 1, the operations
AGFD — (A . A*)* by 4 > 0 are quasigroup operations, and therefore the oper-
ation (AGHDY* = A®) . A* is a quasigroup operation. Taking into account that
A* = ("HA™1)7, we have A®) | =1A~Y) forany i =0,1,2,...,r — 1.

Let A"*tD = F then by Corollary 1, AT+ = (A"))* 0 A = F for r > 0,
so (A)* =1 A since A;(o) is a group with the identity F' and the quasigroup
~1A is inverse for A in this group. Thus, A" =—1(A~'). In this case we have
Alr+2) — A(A(r)yA(rH)) — A(A(T),F) - A*(F,A(”) — A*. A(M) — A* AT =
E because A* = (71 A7)~ A.(+) is a group with the identity F and A* is the
inverse quasigroup for ~{(A~!) in this group.

Let ACt2 = E 7 > 0, then (AU*+2)* = F and according to Corollary 1,
A3 = (AU+2)) 0 A = Fo A = A since Aj(o) is a group with the identity F.
But then

A(r+3) — A(A(T+1)’A(T+2))) — A(A(T+1),E) — Ao A(r+1) - A
and so AUt = F. O

Definition 1. A quasigroup (Q, A) is called strongly recursively r-differentiable
if it is r-differentiable and ACtY = F (or AU+2) = E). A quasigroup (Q, A) is
strongly recursively 0-differentiable if AV = F.

Note that a quasigroup not always is strongly recursively 0-differentiable, al-
though any quasigroup is recursively O-differentiable. In contrast to recursively
r-differentiable quasigroups, a strongly recursively r-differentiable quasigroup is
not strongly recursively ri-differentiable if ry < r.

Recall that a quasigroup (Q, A) is called semisymmetricif in (Q, A) the identity
A(z, A(y,z)) = y holds.

Corollary 2. Let (Q, A) be a strongly recursively r-differentiable quasigroup, then
AT =1 (A1), AU+ = E for any r > 0. A quasigroup (Q,A) is strongly
recursively 0-differentiable (1-differentiable) if and only if it is semisymmetric
(AW ==Y A=) respectively).

Proof. The first statement follows from Proposition 1. It is easy to see that a quasi-
group (@, A) is semisymmetric if and only if A* = A~ (or A ="1(A71)), so for a
semisymmetric quasigroup A = A* o~ A1) = Ao (A ) = F. f AW = F,
then by Proposition 1, A = A(®) ==1(A~1), that is (Q, A) is semisymmetric.

Let AN ==1(4~1), then A® = (AD)* 0 A= (YA ) cA="TA0cA=F.
If A® = F, then, by Proposition 1, A =—1(A4~1). O

Proposition 2. A recursively r-differentiable quasigroup (Q, A) is strongly recur-
sively r-differentiable if and only if the permutation 6 = (E, A) has order r + 3.
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Proof. Let the permutation § = (E, A) have order r + 3, that is "3 = (F, E),
then by Theorem 1, (AU+D A+2)) = (F, E) and so AU+D) = F.

Conversely, suppose that a quasigroup (Q, A) is strongly recursively r-differen-
tiable, then r is the least number such that A"+ = F. By Proposition 1,
A2 = B 50 073 = (AU, AU+ = (F E). O

Proposition 3. The direct product of strongly recursively r-differentiable quasi-
groups s a strongly recursively r-differentiable quasigroup.

Proof. Suppose that (Q, A) and (P, B), |Q| = ¢1, |P| = ¢2, are strongly recursively
r-differentiable quasigroups. Then, the direct product A x B of these quasigroups
is an r-differentiable quasigroup since

(Ax B)® = AW x B e N

(see the proof of Proposition 9 of [7]). Furthermore, from A+ = Fy and
B+ = Fp it follows that (A x B)"T) = A+ x B+l = Fy x Fp. But
Fo x Fp is the left identity operation under the left multiplication of operations
given on the set () X P, so by the definition, the operation A x B given on the set
Q@ x P is a strongly recursively r-differentiable quasigroup of order ¢;gs. O

4. Strongly recursively r-differentiable quasigroups

In the theory of binary quasigroups the notion of a Stein system (shortly, an
S-system) is known. This system can be defined in the following way [2].

Definition 2. [2] A system Q(X) of operations given on a finite set @ is called an
S-system if
1) X contains the operation F, F, the rest operations are quasigroup operations;
2) if A,B €Y, where ¥ = X\F, then A- B € Y/;
3) if A€ X, then A* € X.

In this case, ¥'(+), ¥"(0), where ¥’ = ¥\ F and X" = ¥\ E, are isomorphic groups.

We recall some necessary information about S-systems. Let s be the number
of operations in an S-system Q(X), n be the order of the set ). Then, by Theorem
4.3 of [2], the number s — 1 dividesn —land k= (n—1)/(s—1) =2 sor k= 1.

The number k is called the index of an S-system Q(X). In the case k = 1 we
say that Q(X) is a complete S-system.

Complete S-systems are described by V. Belousov in [2]. Incomplete S-systems
are described by G. Belyavskaya and A. Cheban in [5, 6].

All operations of an S-system Q(X) are orthogonal and by Theorem 4.2 [2],
are idempotent if s > 4, that is A(z,z) =z for all z € Q and A € X.

If Q(X) is an S-system, then according to Theorem 4.1 [2], for any A, B,C € ¥
the operation C(A, B):

C(A, B)(z,y) = C(A(z,y), B(z,v))
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belongs to ¥ and the set A of all mappings 6 = (B, C), where B,C € ¥, B # C,
is a group.

Recall that an algebra (@, +,-) with two operations is called a near-field if
(@, +) is an abelian group with the identity 0, (@', -) is a group, where Q' = Q\{0}
and the right distributive law: (z + y)z = zz + yz holds [10].

By Theorem 4.6 of [2], any complete S-system Q(X) is a system over some
near-field Q(+,-), that is any its operation has the form

Aa(x’y) = a’(y - x) +x

for a fixed element a € Q.

Thus, for a complete S-system @Q(X) containing s quasigroups of order ¢ we
have s = ¢ = p® for some primary number since any near-field has such order, and
for any prime power there exists a near-field of this order [10]. If a near-field is a
field, then the quasigroups are linear over the group (@, +) and have the form

Aule,y) = (1 - a)a + ay.

All S-systems that are not complete are described in the article [5] by means
of near-fields (by means of complete S-systems) and balanced incomplete block
designs BIB(v,b,rk,1).

A balanced incomplete block design BIB(v,b,r,k,1) is an arrangement of v
elements by b blocks such that

every block contains exactly k different elements;

every element appears in exactly r different blocks;

every pair of different elements appears in exactly one block.

The parameters r and k of a BIB(v,b,r,k,1) define the number v and b [11].

By Theorem 1 of [5], an S-system with operations of order g, of index k con-
taining s operations exists if and only if there exists a BIB(q,b,,k,p*, 1) with a
prime p. In this case,

g=ks—k+1, b= ((ks—k+1)/9)k, s=p™.

Below S-systems will be used to finding of strongly recursively r-differentiable
idempotent quasigroups. Since we consider only recursively r-differentiable quasi-
groups sometimes the word "recursively" will be omitted.

Theorem 2. A quasigroup (Q, A) of an S-system Q(X) is (strongly) recursively
r-differentiable if and only if v is the least number such that AU+tY = F (the
permutation 0 = (E, A) has order r + 3).

Proof. If a quasigroup (@, A) of an S-system Q(X) is strongly r-differentiable,
then by the definition, AT+tD = F and A®M, A®@) . A" are quasigroups.

For the proof of the converse statement we first note that from the properties
of S-systems @Q(X) pointed above it follows that all recursive derivatives of any
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quasigroup (@, A), where A € ¥, are in X. So, they can be quasigroup operations
or the identity operations F, E.

Let a quasigroup operation A be in ¥, 7 be the least number such that A"+ =
F, then the recursive derivatives A®), 1 < i < r, of A either all are quasigroup
operations or A0 = E for some i; < r, and all operations A®, i < iy, are
quasigroup operations.

In the first case, A is a strongly r-differentiable quasigroup. In the second case,
the quasigroup A is (ig — 1)-differentiable. On the other hand, by Proposition 1,
we have AGo—1) = F since AG0) = E. But AUo—1 is a quasigroup, that is we
obtain the contradiction.

Let the permutation § = (E, A) have order r+3, then §("+3) = (A("+1) A(r+2))
= (F,E) whence AUt) = F A+2) = E moreover, this number r is the least
one with such property. In this case, as has been shown above, the quasigroup
(Q, A) is strongly r-differentiable. The converse follows from Proposition 2. O

Theorem 3. Let Q(X) be an S-system containing p® > 3 operations, A be a
quasigroup operation of ¥, and the permutations 04 = (E, A) have order r + 3 for
somer > 0. Then

(r+3) [ p*(p™ - 1).

Proof. Let ¥ = {F,E, A1, Aa,... As_2} be an S-system containing s = p® opera-
tions of order ¢ = p® if the system 3 is complete, and of order ¢ = ks —k+1if &
is an S-system of index k.

By Theorem 4.1 of [2], the set A of all mappings § = (B,C), B,C € ¥, B # C,
of any S-system is a group. The order of the group A is s(s — 1) = p*(p® — 1).

The permutation 04 = (E, A) € A for any operation A of ¥, A # E.

If for A € ¥ the permutation 64 has order r + 3, then ;" = (F, E). Thus
(r+3)[p*(p* —1). O

Theorem 4. Let p® > 5 be an odd prime power, Q(X) be an S-system containing
p% operations. Then in X there exists a quasigroup operation A such that the
permutation 04 = (E, A) has order r + 3 for some r +3 = p*, oy < «, and A
is a strongly recursively idempotent r-differentiable quasigroup operation of order
q = p®. If there exists a BIB(q,b,k,p“, 1), then A has order ¢ = kp® — k + 1.

(03

Proof. Let p* > 5 be an odd prime power, Q(X) be an S-system containing s = p
operations. Then by Theorem 4.1 of [2] the set A of all mappings 6 = (B, C),
B,C € ¥, B # C is a group. Moreover, from the proof of Theorem 4.6 in [2] it
follows that this group is twice transitive on ¥ and contains a strongly transitive

on ¥ invariant abelian subgroup Ag. It is obvious that the group /g has order
(03

s =p°.
~ Let fc be the permutation of Ag such that Fc = C. Then FOr = E and
0p = (E,A) = 04 for a unique operation A of ¥. Moreover, A # F. Indeed, if
A = F, then ng = (E,F)(E,F) = (F,FE), so p* = 2% and the subgroup A has
even order.
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Suppose that the permutation 6z has order r +3. Then r+3 = p*t for a; < «
since (r +3) | p*. Hence, 5;;3 = ¢';"® = (F, E). By Theorem 2, (Q, A) is strongly
r-differentiable quasigroup of order ¢ = p® if the S-system Q(X) is complete, and
has order ¢ = kp® — k+ 1 if it is incomplete with index k. Recall that by Theorem
4.2 of [2] any operation of an S-system is idempotent if s > 4.

According to Corollary 2, A” =—1 (A1), A0+tD = F, AU+2) = E. Thus, we
have the subsystem

¥ = {A, AV A®) A0 =1 (A=) AU = F A2 = B C %
for r = p* — 3. O

Corollary 3. For any prime p, p > b, there exists a strongly recursively (p — 3)-
differentiable idempotent quasigroup of order ¢ = p (of order ¢ = kp — k + 1 if
there exists a BIB(q,b,k,p,1)).

Proof. In this case the subgroup A\ of the group A of an S-system has odd order
p, that is, A is a cyclic group and so the permutation 0 = (E, A) of Ay has
order p. Now the statements of the corollary follow from Theorem 4 by ¢ =p. O

Proposition 4. For any prime power p*, p > 5, there exists a strongly recursively
idempotent (p — 3)-differentiable quasigroup of order ¢ = p* (respectively, of order
q= (kp—k+ 1) if there exists a BIB(q,b,k,p,1)).

Proof. By Corollary 3 there exists a strongly (p — 3)-differentiable quasigroup
of order p. Using Proposition 3 and taking the direct product of « copies of
this quasigroup, we get a strongly (p — 3)-differentiable idempotent quasigroup of
order p®. It is obvious that the direct product of idempotent quasigroups is an
idempotent quasigroup. O

Remark. Note that the direct product of two strongly recursively r-differentiable
idempotent quasigroups of order p{" and p5?, p1 # pa, over near-fields of the
respective orders already is not a quasigroup over some near-field since has order
pT'ps? which is not a prime power.

Corollary 4. There exist strongly recursively 2-differentiable idempotent quasi-
groups of order q = 21,25,41,45,61; strongly recursively 4-differentiable idem-
potent quasigroups of order q = 49,91 and strongly recursively 8-differentiable
idempotent quasigroups of order ¢ = 121.

Proof. These statements follow from Corollary 3 and the existence of the following
designs:

BIB(21,21,5,5,1) (N7), BIB(25,30,6,5,1) (N11),

BIB(41,82,10,5,1) (N42), BIB(45,99,11,5,1) (N51),

BIB(61,183,15,5,1) (N108) (for these designs we have (2 = 5 — 3)-differen-
tiable idempotent quasigroups of order ¢ = 21, 25,41, 45,61 respectively.

The designs BIB(49,56,8,7,1) (N24) and BIB(91,195,15,7,1) (N111) give a
strongly (4 = 7 — 3)-differentiable idempotent quasigroups of order ¢ = 49, 91.
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The design BIB(121,132,12,11,1) (N68) corresponds to a strongly (8 =11-3)
-differentiable idempotent quasigroup of order ¢ = 121.

All these BIB-designs exist (near with each design we point its number in
Table of Application I of [11]. O

Definition 3. An MDS-code K(n, A) is said to be strongly recursive if the quasi-
group (Q, A) is strongly recursively (n — 3)-differentiable.

Corollary 5. For any prime power p®, p > 5, there exists an idempotent strongly
2-recursive code K (p, A), where A is a quasigroup of order p®.

Proof. By Theorem 4 of [7], a quasigroup A is r-differentiable if and only if the code
K(r+3,A) is an MDS-code. Next use Corollary 3 for » = p — 3 and Proposition
4. O

Denote by K!(n, A) the idempotent strongly 2-recursive MDS-code correspond-
ing to a quasigroup (@, A) and let n'"(2,q) denote the maximal number n such
that there exists a (complete) idempotent strongly 2-recursive MDS-code K!(n, A)
over an alphabet of g elements.

From Corollary 5 it follows
Corollary 6. n'"(2,p*) > p for any prime p, p > 5 and o € N. O

Corollary 7. If there exist strongly recursively r-differentiable quasigroups of
order q1 and g2, then

ny (2, q1q2) > + 3.
Proof. That follows from Proposition 3 and Theorem 4 of [7]. O

Below, we give some illustrative examples of strongly recursively r-differentiable
idempotent quasigroups over fields.

Example 1. Consider the following quasigroup operation As of the S-system of
quasigroups over the field GF(5): As(z,y) = 2(y — )+ 2 = 4o+ 2y. The recursive
derivatives of this quasigroup are:

A5 (,y) = Ao(y, As(w.y)) = 4y + 2(4x + 2y) = 32 + 3y;

AP () = As(As(a,), 45 (@,y)) = 44z + 2y) + 2(32 + 3y) = 20 + dy;
AP (2,y) = A2(45 (@,y), A (2, y) = 4(32 + 3y) +2(22 + 4y) = &

Hence, A, is a strongly 2-differentiable quasigroup operation of the S-system

over the field GF(5), and the orthogonal system ¥ = {F, F, As, Agl), Ag)} corre-
sponds to the code K:(5, As).

Example 2. Consider the quasigroup operation of the same form over the field
GF(7):
As(z,y) = 2(y — ) + . = 62 + 2y; Aél)(x, y) = bz + 3y; AEQ)(J:, y) = 4x +4y;
A (x,y) = 32+ 5y; AP (w,y) = 22 + 6y; AY (2,y) = 2.



r-differentiable quasigroups 167

Thus, this quasigroup is strongly (7 — 3 = 4)-differentiable. The orthogonal
system ¥ = {F, E, A,, Agl), Aég), A§3), Agl)} corresponds to the code K(7, As).

Note that for a quasigroup operation A over GF(7) the group A (see the proof
of Theorem 3) has order 7 - 6, so a permutation § = (E, A) for A € ¥ can have
only order 3 or 7 ((E, A)? # (F, E) if A is a quasigroup operation).

For the quasigroup operation Az(x,y) = 3(y — x) + @ = 5z + 3y over GF(7)
the permutation § = (F, A3) has order 3 since Aél)(x,y) = As(y, As(z,y)) =
5y + 3(5x 4+ 3y) = x. In this case, the quasigroup operation Aj is strongly 0-
differential, 6 € A\Ag since | Ag |= 7.

The subsystem ¥; = {F, E, A3} of the complete S-system over GF(7) corre-
sponds to the code K!(3, A3).

Example 3. Among of quasigroups over the field GF(11) necessarily there are
strongly (11 — 3 = 8)-differentiable quasigroups (by Corollary 3) and a priori can
be strongly (5 — 3 = 2)- or (10 — 3 = 7)-differentiable quasigroups since the group
A has order 11 - 10. Show that all these cases are possible.

The quasigroup operation As(z,y) = 2(y — ) + © = 10z + 2y is strongly
8-differentiable with the following recursive derivatives:

A (@,) = 92+ 3y; A (w,y) = 82 + dy; AT (z,y) = To + By;

A§4)(:v, y) = 62 + 6y; Aé5) (z,y) = bz + Ty; Aée’)(x, y) = 4z + 8y;

A (2,y) = 32+ 9y; A (2, y) = 22 + 10y; AP (2,y) = o

The system ¥ = {F, E, Ay, ASY, AP A1 corresponds to Ki(11, A).

The commutative quasigroup operation Ag(z,y) = 6(y —x) +x = 6z + 6y over
the field GF(11) is strongly 2-differentiable: Aél)(x,y) = 3z + 9y; Agf) (x,y) =
10x + 2y; Aé?’)(:r, y) = x, corresponds to the subsystem % = {F, F, Ag, Aél), A((f)}
and to the code K!(5, Ag). The permutation § = (E, Ag) has order 5 and is in the
subset A\Ay.

Finally, consider the quasigroup operation Ag(z,y) = 9(y — x) + = 32 + 9y

over GF(11):
(1) _ . A(2) _ . A®) _ .

Ay (x,y) = bz + Ty; Ay” (z,y) = 10z + 2y; Ay (z,y) = 6x + 6y;

Agl)(:z:, y) = Tx + by; Aff) (z,y) = 4z + 8y; Ags)(:z, y) = 2z + 10y;

Ag)(x,y) = 8x + 4y; Aég) (z,y) = .

Thus, the quasigroup operation Ag is strongly 7-differentiable and corresponds
to the subsystem ¥; of 10 (from 11) operations and to the code K(10, Ay).

Note that the direct product of the strongly 2-differentiable quasigroups A; =
4x + 2y over GF(5) (Example 1) and Ag(z,y) = 6z + 6y over the field GF(11)
(Example 3) is a strongly 2-differentiable quasigroup of order 55 and corresponds
to the code K(5, Ay x Ag) by Proposition 3 and Theorem 4 of [7].
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A characterization of binary invertible algebras

of various types of linearity

Sergey S. Davidov

Abstract. In this paper we define the left (right) linear over a group binary invertible algebras
and invertible algebras of mixed type of linearity and characterize the classes of such algebras by
the second-order formula, namely by the V3(V)— identities.

1. Introduction

Linear quasigroups introduced by V.D. Belousov in 1967 in connection with an
investigation of balanced identities in quasigroups [2] play a special role in the
study of quasigroups isotopic to groups [5, 4, 6, 10, 11].

A binary algebra (Q;X) is called invertible, if (Q; A) is a quasigroup for any
operation A € X.

Below we introduce the notions of left (right) linear invertible algebras and
invertible algebras of mixed type of linearity and characterize the classes of such
algebras by the second order formulae, namely by the V3(V)— identities.

For details about V3(V)— identities see [9, 12].

2. Left and right linear invertible algebras

We denote by L4, and R4, the left and right translations of the binary algebra
(@Q;X): Lag: x— Ala,z), Rag : x — A(z,a). If the algebra (Q;%) is an
invertible algebra then the translations L4 , and R4 , are bijections for all a € Q
and all A € X.

It is well known (see [2]) that the quasigroups A~!, !4, =1 (A7), (_114)_1 ,
A*, where A*(x,y) = A(y, x), are associated with the quasigroup A.

Similarly, the invertible algebras:

(@271, (@7%), (@ 7'=E™), (&™), (%Y,
where
Yyl={A"Aex}, lx={44ex}, EH={"1AYH Aex},

2010 Mathematics Subject Classification: 20N05
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(') ={CA) N Aex), ¥ ={A"Aex}

are associated with the invertible algebra (Q,Y). Each of these algebras is called
the parastrophy of the algebra (Q;X).

Definition 2.1. An invertible algebra (Q;X) is called left (right) linear over a
group (Q;+), if every operation A € ¥ has the form:

A(:Ca y) = pAT + 5Ay (A(I7 y) = AT + dJAy) ;

where (54 (respectively a4) is a permutation of the set @, and ¢4 (respectively
¥ 4) is an automorphism of the group (Q;+).

An invertible algebra is called left (right) linear if it is left (right) linear over
some group (Q;+).

Theorem 2.2. A binary invertible algebra (Q;X) is left linear if and only if for
all X, Y € ¥ the following formula

X (Y (x,Y_l(u,y)) ,z) =X (Y (x, Y_l(u,u)) X (u, X (, z))) (1)
is walid in the algebra (Q; X U X1,

Proof. Let (Q;X) be an invertible left linear algebra. Then for every X € ¥ we
have

X (z,y) = pxz + Bxy, (2)

where px € Aut(Q;+) and Bx € Sg. We prove that equality (1) is valid in the
algebra (Q; X UX™!) for all X,Y € %.
Observe that from (2) we obtain

X~ (,y) = Bx' (—pxz +y). (3)
Thus, according to (2) and (3) we get:

XY (2, Y Hu,y)), 2) = ex(pyz + By Y H(u,y)) + Bx 2
= px(pyva + By By (—pvu+y)) + Bxz
= PXPYT —xpyu+ oxy + Bxz,
X(Y(2,Y Hu,u) X (X (y,2))) = ox ¥ (z, Y Hu,u) +Bx X u, X(y, 2))
= ox(pyT—pyu+u)—pxut+oxy+PBxz
= PxPYT—pxpyutoxu—oxutoxy+pBxz
= pxpyT —pxpyu+ pxy+ Bxz.
Hence, the right and left sides of (1) are the same.
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Conversely, let (1) holds in (Q; X UX™!) for all X,Y € X. Then for u = p and
X =A,Y = B, where A, B € ¥, we have

A(B(z,B '(p,y)),z) = A(B

From this, by putting A;(z,y) = A(z
A(B(z, B~Y(p,p)),y) and Ay(x,y) =

)
A1 (Az(z,y), 2) = Az(x, Aa(y, 2)),
(

which by Belousov‘s theorem on four quasigroups (see [3]) shows that operations
Ay, Ay, Az, Ay are isotopic to the same group (Q; ). Hence, the operations A and
B are also isotopic to (Q; *). Since the operations A and B are arbitrary, we obtain
that all operations from ¥ are isotopic to this group.

For every X € ¥, let us define the operation:

“Hp.p), AT, Aly, 2))).

(,
y) ( 7y) ({E Bil( ay))a A3($7y) =
A~ Hp, A(z,y)) we obtain

=~

Ty = X(By,w L), (4)

where a,b are some fixed elements from (). The operation + is a loop operation
X
with the identity element 0x = X (b, a). Obviously, (Q;+) is a loop isotopic to the
X

group (Q;*). Hence, by Albert‘s theorem, it is a group. Hence every X € ¥ each
(Q;+) is a group. So, (1) (where X = A, Y = B) can be rewritten in the form:
X

A(B(z, Lp-14Y),2) = A(RB -1 (uuw) @ La-1,,A(y, 2)),
RA,a(RB,angLB,bLBfl,uy)jLA,bZ:RA,aRB,Bfl(u,u)ijA,bLAf1,u(RA,aytLA,bZ)-
Taking z = LZ}bO 4 in the last equality, we have
Rao(Rpa —zg LppLlp-14Y) = RaaRB B-1(uu)® j LapLla-1,Raqy,

Rz -lg Y) = aa, B 1— Ba,BY, (5)

where aq p = RA,aRB,Bfl(u,u)RE}a, Ba,B = LA,bLAfl,uRA,aL]_gl—l’uLE’lb are per-
mutations of the set ). Since the operations A and B are arbitrary we can take
A = Bin (5). Hence

Raa(z 4y) = asa+ Baay. (6)
From (5) and (6) we have

alpT + Balpy = a4 lar + By,

T4y =482 +04BY, (7)
A B
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where y4,B = QZ}BQA,A and d4p = 6;713614,,4 are permutations of the set Q.
Hence, according to (7), we get

Raq(x -Jg Y) = VA,BOA,BT -g 04.B84.BY,

ie., R4, is a quasiautomorphism of the group (Q;+). Since A is arbitrary we
B
have that R4 , is a quasiautomorfism of the group (Q; +) for all operations A € ¥.
B
According to (4) we have

A({E, y) = RA,ax j; LA,by~

This, according to (7), gives:

A(Iay) = 0,14,B‘T ; 9124,By7 (8)
where 0}y p =~4,8Ra,, and 9%73 = 04,8L 4 are permutations of the set ). Thus,
we can represent every operation from X by the operation 4.

B
Let + = +. We prove that 0} 5 is a quasiautomorphism of the group (Q;+).
5 ;

To do it we take z = (0% 5)"'0p, X = A, Y = B in (1) and rewrite this equality
in the form:

0% 5(RB.av+LppLp-1 yyH03 pz= 04 gRE p—1(uu®+03 pLa-1 4 (04 py+63 p2),

ei,B(RB,ax + LB,bLBfl,uy) = 6)114,B}BB,B*1('u,,u)f’c + 9124,BLA*1,u9114,By-

The last equality shows that 0114’ g is a quasiautomorphism of the group (Q; +).
According to [2, Lemma 2.5] we have

1
9A,Baj = AT + 54,

where ¢4 is an automorphism of the group (@, +) and s4 is some element of the
set Q. Hence, it follows from (8) that

A(z,y) = vaz + Bay, 9)

where Say = sa4 + 91247334. Since A is an arbitrary operation we obtain that all
operations from ¥ can be represented in the form (9), i.e., the algebra (Q;X) is
left linear. O

Similarly, we can prove the following theorem.

Theorem 2.3. A binary invertible algebra (Q; %) is a right linear algebra if and
only if for all X, Y € X the following formula

X(@,Y (7Y (y,u),2)) = X(TX(X(2,9),0), Y (7Y (u,u), 2)), (10)
is valid in the algebra (Q; X U ~1%). O
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Proposition 2.4. A left and right linear invertible algebra is linear. O

Corollary 2.5. The class of all invertible linear algebras is characterized by the
second order formulaes (1) and (10). O

A linear invertible algebra over an abelian group is called an invertible T-algebra
(see [7]). The class of medial invertible algebras is a special subclass of invertible
T-algebras. An invertible algebra (Q;X) is called a left (right) T-algebra, briefly
a LT-algebra (RT-algebra) if (Q;X) is a left (right) linear algebra over an abelian
group. It follows from Proposition 2.4, that if an invertible algebra is a LT-algebra
and RT-algebra, then it is a T-algebra.

Using the same arguments as in the proof of Theorem 1 from [6] and applying
our Theorems 2.2 and 2.3 we obtain

Theorem 2.6. A binary invertible algebra (Q;X) is a LT-algebra if and oly if for
all X, Y € ¥ the following formulaes

X(Y (2, Y N (w,p)),2) = X(V (2, Y (u,u), X~ H(u, X (y,2))),

X(ilX(x’ u)v Xﬁl(ua y)) = X(ilX(y7 u)v Xﬁl(uﬂ x))v (11)
are valid in the algebra (Q; XU X"t U ~IX). O

Theorem 2.7. A binary invertible algebra (Q;X) is a RT-algebra if and only if
for all X, Y € X the following formulaes

X(@,Y (7Y (y,u),2)) = X(TX(X(2,9),0), Y (7Y (u,u), 2)),
X(OX (2,u), XM u,y) = X (T X (y,u), X (u, 2))
are valid in the algebra (Q; XU X"t U ~1%).

Corollary 2.8. The class of all invertible T-algebras is characterized by the second
order formulaes (1), (10) and (11). O

3. Invertible algebras of mixed type of linearity

Definition 3.1. An invertible algebra (Q;X) is called an invertible algebra of
mized type of linearity of the first (second) kind over a group (Q;+), if every
operation A € ¥ has the form

A((E, y) = pAT +ca+ EAy (A(xv y) = @Ax +ca+ ¢Ay)7

where pa,194 € Aut(Q;+), ¥ 4,P,4 are antiautomorphisms of (Q;+), and c4 is a
fixed element from Q.
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Theorem 3.2. An invertible algebra (Q;X) is of mized type of linearity of the
first kind if and only if for all X, Y € 3 the following second order formulaes

X(Y (2, Y™ (u,9)),2) = X (Y (2, Y (u,u), X7 (u, X (y, 2))), (12)

Xz, 'Y (Y(y, Y Hu,v)),u) = X (T X (X (2, Y(v,u)),u),y) (13)
are valid in the algebra (Q; X UL ~tU 1Y) .

Proof. Let (Q;X) be an invertible algebra of mixed type of linearity of the first
kind, then for every X € 3 we have
X(z,y) = oxz +cx + ¥y,
_1X(Z‘,y) = (p)_(l(x - d)Xy - CX):
—1
X_l(ﬂj7y) = ¢X (_CX 2. €4 =+ y)7

where px € Aut(Q;+), ¥y is an antiautomorphism of (Q;+) and cx € Q.
Using the above identities we can prove that the left and right sides of (12)
and (13) are the same.

Conversely, let (12) and (13) be valid in the algebra (Q; X UX "1 U ~1%) for all
X,Y € ¥. We prove that an algebra (Q;X) is an algebra of mixed type of linearity
of the first kind.

As in the proof of Theorem 2.2 we can see that from (12) we obtain

A(z,y) = 04 px + 6% py, (14)

for any operation A € 3, where 0114, g 1s a quasiautomorfism of the group (Q;+).
Thus,

04 pr = paz+ta, (15)

where p4 € Aut(Q;+) and t4 is some element of the set @ [2, Lemma 2.5].
To prove that 9124, g is an antiquasiautomorphism of the group (Q;+) observe
that (13) for X = A, Y = B and fixed u € Q gives

Az, R1p By, Lp-1,4,v)) = A(R-14,A(z, R-15,4),Y),
O pr+6; pR-1p W (Rt LepLp-1,0) = O pR-144(04 g+ 65 pR-1p 4 v)+03 Y.
Taking « = (6 5)~'0 in the last equality, we obtain
0% 5R-15u(y+v) =04 pRaau0i pRapuLlph Lphv+ 0% pRyy.
Thus, the triplet

1 2 -1 —1 2 -1 2
(QA:BR_1A7u9A,BR_1BauLB717uLB,b7 QA,BRB,a’ QA,BR_lB,u)
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is an antiautotopy of the group (Q;+). Since any component of an antiautotopy
of a group is an antiquasiautomorphism (see [1]), then 9%7 BRgla is an antiquasi-
automorphism of the group (Q;+). Similarly as in the proof of Theorem 2.2 we
can see that R];la is a quasiautomorphism of the group (Q;+). Therefore 9124’ g is
an antiquasiautomorphism of the group (Q;+).

Thus,

9,24,393 =54+ 2, (16)

where 1) 4 is an antiautomorphism of (Q;+), and s4 is an element of the set Q.
Hence, from (14), (15) and (16) we get

A((E,y) = QAT +ca +$A'T7 (17)
where cq4 =t4 + 54. O

Theorem 3.3. An invertible algebra (Q;X) is an invertible algebra of mized type
of linearity of the second kind if and only if for all X, Y € ¥ the following formulaes

X(2,Y(T'Y (y,u),2)) = X(T' X (X (2,9),u), Y (Y (u, ), 2)), (18)

XY Hu, Y (Y (z,u),9)),v) = X(y, X (u, X (Y Hu,z),v))), (19)
are valid in the algebra (Q; X UL U 1Y),
Proof. The proof is similar to the proof of Theorem 3.2. O

Note, that the equalities (1), (10), (11), (12), (13), (18) and (19) are the
identities of the second order (in the sense of Yu.M. Movsisyan [11]).

References
[1] V.D. Belousov, Systems of quasigroups with generalised identities, Uspekhi Mat.
Nauk. 20 (1965), 75 — 146.

[2] V.D. Belousov, Balanced identities on quasigroups, (Russian) Mat. Sb. 70 (1966),
55 — 97.

[3] V.D. Belousov, Foundations of the theory of quasigroups and loops, (Russian)
Nauka, Moscow (1967).

[4] G.B. Belyavskaya and A.H. Tabarov, Nuclei and the centre of linear quasigroups
’ . ’ ’ ) - .
(Russian), Izvestya AN Repub. Moldova, Matematika 6 (1991), no. 3, 37 — 42

[5] G.B. Belyavskaya and A.H. Tabarov, Characterizations of linear and alinear
quasigroups, (Russian), Diskretnaya Mat. 4 (1992), 42 — 47.

[6] G.B. Belyavskaya and A.H. Tabarov, One-sided T-quasigroups and irreducible
balanced identities, Quasigroups and Related Systems 1 (1994), 8 — 21.



176

S.S. Davidov

7
8]
9
[10]
[11]

[12]

S.S. Davidov, A characterization of binary invertible algebras linear over a group,
Quasigroups and Related Systems 19 (2011), 207 — 222.

T. Kepka and P. Nemec, T-quasigroups. Part I, Acta Univ. Carolinae Math. et
Phis. 12 (1971), no.1, 39 — 49.

Yu.M. Movsisyan, Biprimitive classes of second order algebras, (Russian), Mat.
Issled. 9 (1974), 70 — 82.

Yu.M. Movsisyan, Hyperidentities and hyprvarieties in algebras, (Russian), Yere-
van State University Press, Yerevan (1990).

Yu.M. Movsisyan, Hyperidenetities and hyprvarieties, Sci. Math. Japonicae 54
(2001), 595 — 640.

A.H. Tabarov, Homomorphisms and endomorphisms of linear and alinear quasi-
groups, Discrete Math. Appl. 17 (2007), 253 — 260.

Received January 27, 2012

Department of Mathematics and Mechanics
Yerevan State University

1 Alex Manoogian

Yerevan 0025

Armenia

e-mail: davidov@ysu.am



Quasigroups and Related Systems 20 (2012), 177 — 182

Generalized IP-loops
Ivan I. Deriyenko

Abstract. Some generalization of the inverse identities for loops are presented and it is proved
that loops of order n < 7 satisfy one of these generalized identities. Included examples presented
method of computation of these identities. Some universal relations between left, right and mid-
dle translations are described.

1. Introduction

Let @ = {1,2,...,n} be a finite set, S, - the set of all permutations of Q). The
multiplication (composition) of permutations ¢,v € S, is defined as u(z) =
o(¥(z)). All permutations will be written in the form of cycles, cycles will be
separated by dots, e.g.

(1234567
(p:

476152 3) =(14)(2736)(5) = (14.2736.5.).

By a cyclic type of permutation ¢ we mean the sequence {l1,ls,...,l,}, where
l; denotes the number of cycles of the length 4. In this case we will write

C(e) ={l,la,...,1,} and P(go):{xlf,ml;,...,xﬁ; .

For example, forthe above permutation ¢ we have C(¢) = {1,1,0,1,0,0,0} and

P(p) = {@1, x5, 25, x}, 5, 25, 25}

Let Q(-) be a quasigroup with the multiplication denoted by juxtaposition.
Then Lo(z) = a -z is called a left translation, R,(z) = z - a is called a right
translation. By a middle translation (shortly: track) we mean a permutation ¢,
such that = - p,(z) = a for every x € Q. The permutation ¢, ! is denoted by A,
ie., Ag(z) - © = a for every x € Q. Moreover, for all i,j € Q, i # j, we define left
spins L;; = LZ-Lj_l, right spins R;; = RiRj_1 and middle spins p;; = gpigoj_l.

The "matrices" L = [L;j], R = [R;;] and ® = [p;;]| are called the left (right,
middle) spectrum of a quasigroup Q(-), respectively. By the indicator of the spec-
trum L (cf. [5]) we mean the polynomial L* = >"" | P(L;), where L; is the ith
row of L and P(fz) = Z.?:l; i# P(Lz])

2010 Mathematics Subject Classification: 20N05
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The indicators R*, ®* of R and ® are defined analogously.
As it is well known (cf. [6]), two permutations ¢, ¥ € S, are conjugated if there
exists a permutation p € S,, such that ppp~! = ).

Theorem 1.1. (Theorem 5.1.3. in [6]) Two permutations are conjugate if and
only if they have the same cyclic type. O

We will use the following notation: Lj; = L; 'L;, R}, = R 'R;, ¢}, = o7 tp;.

7,

2. IP-identities

As it is well known (cf. for example [1]), IP-loops satisfy the following two identi-
ties:
e (xy)=y, (y-x)-axt=y (1)

In any IP-loop we also have:

(x-y) =y tah (2)

Let Q(-) be a quasigroup, «, 3,7, p, 0,7 — fixed permutations of . Consider
the following identities:

a(z) - Bz y) =7(y) (3)
Bly-z) - alz) =(y) (4)
a(z) - By -z) =7(y) (5)
Bla-y) - alz) =(y) (6)
p(x-y)=o(y) 7(z) (7)

Identities (3) — (6) generalize (1), (7) is a generalization of (2).

Theorem 2.1. If (3) and (5) (or (4) and (6)) hold for some «, 3,7, then (7) holds
for some p,0,T.

Proof. Let (3) and (5) be satisfied, i.e., let
ar(z) - Pl - y) = 7(y) (8)
ax(z) - Ba(y - ) = 72(y) (9)

for some aq, 51,71, @2, B2, v2. Multiplying the second identity by 81 and a(as(x))
we obtain

ar(az()) - Br(az(x) - B2(y - ) = ar(aa(w)) - B1(72(y)),

which for as(x) = u and B2(y - x) = v gives

ai(u) - Bi(u-v) = ai(u) - fi(12(y))-
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From this, applying (8), we get
a1(u) - f1(12(y)) = 1 (v).
So,
Y1(B2(y - ) = ar(az(x)) - f1(v2(y))-

This shows that (7) is satisfied for p = 7162, 0 = @12, 7 = B170.

Analogously we can show that (4) and (6)) imply (7). O
Theorem 2.2. In any quasigroup:

e (3) holds if and only if R; = ﬂ’1¢7(i)a,
4) holds if and only if L; = 5714,0;(12.)0(,
5) holds if and only if L; = 3~ o e,
6) holds if and only if R; = 5_190;&)04,
7) holds if and only if L; = p_lRT(i)a
for alli € Q.

e o o
~ o~ o~~~

Proof. We prove only the first equivalence. The proof of other equivalences is very

similar.
Let (3) holds. Then for y =i we have

a(z) - BRi(x) = (i) = a(z) - pypale),

which means that 8R; = ¢, whence we obtain R; = ﬁ’lgo,y(i)a.

The converse statement is obvious. O
Theorem 2.3. In a quasigroup Q(-) we have:

(a) R*=®* if (3) or (6) holds,

(b) L* =®* if (4) or (5) holds,

(¢) L*=R* if (7) holds.
Proof. Let (3) holds. Then R; = ¢, ;or, whence R;j = 7. (i)(j)0- This,
by Theorem 2.2, gives R}, = B oy i)y () 8- So, R* = &*.

In other cases the proof is similar. O
Corollary 2.4. If in a quasigroup Q(-) for every i € Q

(a) Ri= "oy or Ry = /371@;(11)0[’ then R* = ®*,

(b) L; = ﬂ’1<p7(i)a or Ly = ﬂ’lcp;(li)a, then L* = o*,

(¢) L; = p’lRT(i)a, then L* = R*. O
Theorem 2.5. Relations L; = ﬁ_lgov(i)oz, L, = B_lw;(li)a, R, = ﬁ_lgow(i)a,

R; = ﬁ_lcp;(li)a and L; = p_lRT(i)O' are universal, i.e., they are saved by isotopy.
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Proof. Assume that quasigroups (o) and Q(-) are isotopic, i.e.,

d(zoy) = p(=)-n(y)

for some permutations §, u,n of Q.
Translations L;, R;, ¢; of Q(-) and translations L9, R, ¢ of Q(o) are con-
nected by formulas:

Li =0L5yn™ " Ri=0Ry apypu™, @i = ne§-yyn

(for details see [5]). Hence, if the formula L; = 8~ ¢, ;) c is satisfied in Q(-), then
in Q(o) it has the form

6LZ—1<¢)77_1 = ﬁ_l(nwgfw@w%)a-
Thus

Lioayy = 07 87 05 -n i e,
which for j = u~Y(i) gives

= (6787 ) 5100 (0™ o)

So, the formula L; = ¢, ;o is universal.
In other cases the proof is analogous. O

3. Examples

We will use universal relations mentioned in Theorem 2.5 to determine conditions
under which identities (3) — (7) are satisfied by quasigroups belonging to the iso-
topy classes of quasigroups listed in the book [2]. We omit classes of quasigroups
isotopic to groups since groups satisfy each of these identities for some permuta-
tions.

1. The first class is represented by the loop No. 2.1.1:

|1 2 3 45 L1 = (1.2.3.4.5.) = (1.2.3.4.5.)
; ; f i 4 g = (12.345.) = (12.354.)
o > L3—<p3 (13254) (13245)
414 3 5 1 2 L4 = (p4 = (14 235. ) R4 = (14 253. )
sls 4 2 3 1 = (15.243.) = (15.234.)

In this loop L; = ¢; for all 4, so from the first universal relation L; = ﬁ’lap,y(i)a
we see that this is possible for « = 8 = v = ¢, which, by Theorem 2.2, means that
this loop satisfies the identity:

z-(y-z)=y.
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This universal relation is possible also for other « and 3. Indeed, for (1) = 1,
from Theorem 2.2 and (3), we obtain a(x) - B(x) = 1, which for this loop implies
a = (. Hence for v(2) = 3 we have Ly = a lpsa. This is possible only for

= (1.23.45.). Then v = a. So, the identity

a(z) - aly - x) = a(y), (10)

where oo = (1.23.45.) also is possible in this loop.

Now we check connections between R; and ;. For this we use indicators R*
and ®*. In the case R* # ®* no any connections, in the case R* = ®* connections
are possible.

For this loop we have

Dy = {12,013, P14, P15} = {(12.354.), (13.245.), (14.253.), (15.234.)}
P2 = {21,923, P21, P25} = {(12.345.), (14325.), (15423.), (13524.)}
D3 = {31, P32, V34, P35} = {(13.254.), (15234.), (12435.), (14532.)}
By = {pa1, Paz, paz, pas} = {(14.235.), (13245.), (15342.), (12543.)}
5 = {ws1, 52, P53, p5a} = {(15.243.), (14235.), (12354.), (13452.)}

and

P(El) Z] 9 P( ) ToX3 + Toxz + Xoxz + Toxz = 4T3
P(62)=ZJ 12 P(p25) = 2223 + 25 + 5 + T5 = 2273 + 375
P(®3) = P(P4) = P(®5) = P(®2) = waw3 + 35

* =30 | P(®;) = bagxs + 1215
Analogously,

Ry = {Ri, Ri3, Rus, Ry} = {(12.345.), (13.254.), (14.235.), (15.243.)}
Ry = {Ry1, Ros, Ros, Ros} = {(12.354.), (15324.), (13425.), (14523.)}
Rs = {Rs1, Rsa, Rsa, Ras} = {(13.245.), (14234.), (15432.), (12534.)}
Ry = {Ru1, Raz, Rus, Rus} = {(14.253.), (15243.), (12345.), (13542.)}
Rs = {Rs1, Rs2, Rss, Rsa} = {(15.234.), (13245.), (14352.), (12453.)}

and
P(El) = 4.’)32.%'37 P(Eg) = P(Eg) = P(R4) = P(E{)) = T3 + 31‘5
R = 5$2$3 + ].2565

So, R* = ®*. Thus, the relation R; = ﬁ_lgpy(i)a or R, = ﬁ_lgog(li)a is possible
(Corollary 2.4). If the first relation holds, then R;; = ﬂ’lcp,y(i)v(j)ﬂ. Fori =1
must be (1) = 1 since two conjugated permutations have the same cyclic type
(Theorem 1.1). So, Ryj = B~ '¢1.(;) 0, which for v(2) = 2 gives Riz = 3 'p120.
The last equation has three solutions: (3; = (1.2.3.45.), B2 = (1.2.35.4.) and
B3 = (1.2.34.5.). Hence, in view of Theorem 2.3, the identity (3) may be true in
this class of quasigroups for « = § = v = ;. Comparing this fact with (10), where
a = (1.23.45.), and the end of the proof of Theorem 2.1 (p = 1102, 0 = 103,
T = f172), we see that a; = 81 = v1 = (1.23.45.), ag = B2 = 72 = (1.2.3.45.) and
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p=o0=1=(1.23.4.5.). So, in this loop we have

p(z-y) = py) - p(x)
for p = (1.23.4.5.).

2. Using the same method we can see that L* = R* = &* for loops no.
3.1.1, 4.1.1, 5.1.1, 6.1.1 and 7.1.1. For example, for the loop no. 3.1.1 we have
L* = R* = & = 6(223 + 326) and L; = ¢, ;o where o = (1.2.3.465.),
8 =v=1(1.234.5.6.). So, in this loop a(z) - B(y - ) = B(y) for the above «, 3. In
this loop also R; = 8o, for a = (1.2.3.46.5.), 3 = v = (1.23.4.56.), which
means that this loop satisfies a(x) - 8(z - y) = B(y) for the above «, 3. Hence, it
satisfies also p(z - y) = p(y) - p(z) for p = (1.2.3.4.56.).

3. For loops no. 8.1.1, 8.2.1, 83.1, 9.1.1, 9.2.1, 9.3.1, 10.1.1, 10.2.1, 10.3.1,
11.1.1, 11.2.1, 11.3.1, 12.1.1, 12.2.1 and 12.3.1, one of the following relations take
place: L* = R* # ®*, L* # R* = ®*, R* # L* = ®*.
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D-loops
Ivan I. Deriyenko and Wieslaw A. Dudek

Abstract. D-loops are loops with the antiautomorphic inverse property. The class of such
loops is larger than the class of IP-loops. The smallest D-loops which is not an IP-loop has six
elements. We prove several basic properties of such loops and present methods of constructions
of D-loops from IP-loops. Unfortunately, a loop isotopic to a D-loop may not be a D-loop.

1. Introduction

A loop is a quasigroup Q(o) with an identity element always denoted by 1. A loop
Q(o) has the inverse property, i.e., it is an IP-loop, if for each its element a there
exists in () a uniquely determined inverse element a’ such that a’o(aob) = (boa)oa’.
This means that in an IP-loop for right and left translations, i.e., for R,(x) = zoa,
L.(z) = aox, we have

R;)'=Ry, L;'=Ly. (1)
It is not difficult to shown that in an IP-loop Q(o) for all a,b € @ hold
aoad =doa=1, (@) =a (2)

and
(aob) =V od. (3)

On the other hand, in any loop Q(o) for each a € @ there are uniquely de-
termined left and right loop-inverse elements a;l,agl € @ for which we have
aL_1 oca=ao a;l = 1. A two-sided loop-inverse element to a € Q) is denoted by
a~t. Clearly, (a=!)~! = a. Hence, an element a~! € Q is loop-inverse to a € Q
if and only if @ € Q is loop-inverse to a~'. In a loop each inverse element is

loop-inverse but a loop-inverse element may not be inverse.

2010 Mathematics Subject Classification: 20N05

Keywords: Quasigroup, loop, D-loop, antiautomorphic inverse property, track.
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Example 1.1. Consider the following loop Q(o):

ol 2 3 4 5 6 7
1(1 2 3 4 5 6 7
212 3 1 6 7 5 4
313 1 2 7 6 4 5
414 7 6 5 1 3 2
5|5 6 7 1 4 2 3
6|6 4 5 2 3 7 1
7|7 5 4 3 2 1 6

In this loop we have a_ ! = a_* for each a € Q. Hence, each element of this
loop is loop-inverse. But a = 5 is not an inverse element since 4 o (506) # 6. The
map h(z) = x;l is an antiautomorphism of this loop, i.e., it satisfies the identity
h(z oy) = h(y) o h(z). O

Recall that a loop Q(o) satisfies the antiautomorphic inverse property if for
each x € Q there exists a two-sided loop-inverse element x~! such that (zoy)™! =
y~loz~! holds for all z,y € Q. A simple example of such loop is an IP-loop. The
above example proves that there are also loops with this property which are not
IP-loops. Thus, the class of loops with this property is much larger than the class
of IP-loops.

This enables us to introduce the following definition.

Definition 1.2. A loop Q(o) is called a D-loop if it satisfies the dual automorphic
property for (z) = a1, ie., if

(woy) ' =y, oay’ (4)
holds for all x,y € Q.
Theorem 1.3. A loop Q(o) is a D-loop if and only if it satisfies the identity

(xoy) =y, oa, . (5)
Proof. Suppose that Q(o) is a D-loop. Since :c;l oz =1, from (4) it follows

1 —1)—1

1:1;1:($L_10x);1:$; o(a’:L R

which together with 1 =z "o (z ') ! gives ;' = 2 !. Thus (4) implies (5).
Analogously, using z o 2! = 1 and (z'); ' oz, = 1 we can prove that (5)
implies (4). O

Corollary 1.4. For all elements of D-loops we have

a;l= a;l and (a V) '=a. O

This means that in the multiplication table of a D-loop Q(o) its neutral element
is located symmetrically with respect to the main diagonal and the class of all D-
loops coincides with the class of loops with the antiautomorphic inverse property
but we’ll keep the term D-loop since it is shorter and more convenient to use.
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2. Constructions of D-loops

Below we present, several methods of verification when a given loop is a D-loop.
To describe these methods we must reminder some definitions from [2], [5] and [6].

Definition 2.1. Let Q(-) be a loop. A permutation ¢, of @, where a € @Q, is
called a right middle translation or a right track (shortly: track) of Q(-) if
T pa(r) = a (6)

holds for all x € Q). By a left middle translation or a left track we mean a permu-
tation A\, such that
Aa(2) - 2 = a. (7)
It is clear that A, = ¢! and ¢y (z) = 25" for all a,z € Q.

The permutation ¢, selects in the multiplication table of a given loop the
number of columns in an element a appears. For the loop defined in Example 1.1

o4 = (}1 Zolyy ;) — (14)(2736)(5).

Further, permutations will be written in the form of cycles, cycles will be sepa-
rated by dots. For example, the above permutation ¢4 will be written as ¢4 =
(14.2736.5.).

It is clear that a loop Q(-), where Q@ = {1,2,...,n}, can be identified with the
set {¢1,¥2,...,¢n, } of its tracks.

Theorem 2.2. A loop Q(-) is a D-loop if and only if

preapr = ok 8)
for every a € Q, where a™* is (right) inverse to a.

Proof. Let Q(-) be a D-loop. Then xgl = 2! for every z € Q and, according to
(6), for all a,z € Q we have ¢, !(z) -2 = a. Hence

at=(p (@) )T =2 (0 (@) T = () - iy ().

Since also a=! = ¢y () - a-191(x), from the above we obtain p19, ' = ¢,-101,
which implies (8).
Conversely, let = - y = a. Then y = p,(x). Hence

Yr' TR = ¢19a(@) - 01(2) = prpapr(aTh) 27!
3 _ _ _ _ 4 (7 _ _
Qo) et =am @) e Dagt = ()Rt

This completes the proof. O
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Corollary 2.3. A loop Q(-) is a D-loop if and only if it satisfies one of the
following identities:

(@) o107 01 = a1,
(b) SﬁlRa% = Laﬁlf
(¢) w1Lap1 = Ry-1.

Proof. Indeed, (8) can be written in the form p1¢,-191 = @, !, which, in view
of p1p1 = idg, is equivalent to (a). Moreover, (z-a)™' = a~! - z~! means that

p1Rq = Ly-1¢1. The last is equivalent to (b) and (c). O
Example 2.4. Consider the loop Q(-):

1 2 3 4 5 6
11 2 3 4 5 6
212 1 4 3 6 5
313 5 1 6 4 2
414 6 5 2 1 3
55 3 6 1 2 4
6|6 4 2 5 3 1

We will use Theorem 2.2 to verify that this loop is a D-loop.
We have

@1 = (1.2.3.45.6.) 04 = (14.2356.)
@y =(12.36.4.5.) ©s5 = (15.2643.)
¢3 = (13.2465.) 06 = (16.2534.)

We have to check the condition (8) for a = 2, 3,4, 5,6 because p1p1¢91 = gofl holds
in each loop. Permutations ¢; and @9 have disjoint cycles hence ¢1p201 = 3 =
©5 . In other cases we obtain:

o131 = (13.2564.) = @3 ©r1o501 = (14.2653.) = ;!
O1pap1 = (15.2346.) = 5 o161 = (16.2435.) = 5"
This shows that Q(o) is a D-loop. O

Note that in general loops isotopic to D-loops are not D-loops.

Example 2.5. The following loop

o|l1l 2 3 4 5 6
11 2 3 4 5 6
212 1 6 3 4 5
3/!3 6 2 5 1 4
414 5 1 6 2 3
515 3 4 1 6 2
6|6 4 5 2 3 1
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is isotopic to a D-loop Q(o) from the previous example. This isotopy has the form
Y(xoy) = alz)-B(y), where a« = (142.3.5.6.), 5 =(12546.3.), y =(164352.).
The loop Q(o) is not a D-loop since 3;1 #* 3;1. O

Theorem 2.6. Let Q(-) be an IP-loop and let a € Q be fixed. If an element a’ € Q
is inverse to a in Q(-), then Q(o) with the operation

roy= Ry (I) ! La(y) (9)
is a D-loop with the same identity as in Q(-).

Proof. Tt is clear that Q(o) is a quasigroup. Let an element o’ € @ be inverse to
a in Q(-). Then
xol=Ry(z) Ly(1)=(z-d') a=u=x.
Similarly 1 o x = 2. Hence Q(o) is a loop with the same identity as in Q(-).
Moreover, for every x € @ there exists T € @) such that

l=20T=Ry(z) Lo(T)=(z-d) (a-T),

1

which gives a - T = (v -a')™! = (¢/)"! 27! =a-27'. Thus T = 27! for every

x € Q. Hence
(oy) ™! = (Ra(@) - La(y)) " = ((w-a)-(a-y) "
=@y @) = e (@) e
=@ a) (aa7)=Ra(y™) La(a™!) =y ozt
Therefore (o) is a D-loop. O

Corollary 2.7. Any IP-loop of order n determines n — 1 isotopic D-loops.
Example 2.8. Starting from the following IP-loop:

1 2 3 4 5 6 7
11 2 3 4 5 6 7
212 3 1 6 7 5 4
3113 1. 2 7 6 4 5
414 7 6 5 1 2 3
55 6 7 1 4 3 2
6|6 4 5 3 2 7 1
7|7 5 4 2 3 1 6

and using (9) with ¢ = 2 we obtain a D-loop:

ol 2 3 4 5 6 7
1(1 2 3 4 5 6 7
212 3 1 6 7 5 4
313 1 2 5 4 7 6
414 5 6 7 1 2 3
5|5 4 7 1 6 3 2
6|6 7 5 3 2 4 1
7|7 6 4 2 3 1 5
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which is not an IP-loop because 3 o (2 o ) # 5. Hence a = 2 is not an inverse
x)o Ly

element in Q(o). Putting x x y = R3(z) o L2(y) we obtain a quasigroup:
*1 2 3 4 5 6 7
1/1 2 3 7 6 4 5
212 3 1 6 7 5 4
313 1 2 5 4 7 6
417 5 6 4 1 2 3
5/6 4 7 1 5 3 2
64 7 5 3 2 6 1
7|5 6 4 2 3 17

which is isotopic to the initial D-loop Q(o) but it is not a D-loop. This means
that in Theorem 2.6 the assumption on a can not be ignored. 0

Proposition 2.9. An element a € Q used in Theorem 2.6 has the same inverse
element in Q(-) and Q(o) defined by (9) if and only if

r-a=z0a and a-r=dox (10)
forall x € Q.
Proof. Let o/ € Q be inverse to a in Q(-) and Q(o). Then a = (a')" and
z=(zo0d)oa=(Ru(2) Ly(d'))oa= Ru(z)oa,

which for z =z -a gives x-a =z o a.
Similarly,

z=d o(aoz)=d o (Ruy(a) Lu(z)) =a oL, (2)

for z=a’' -z implies ' - x = a’ o x.
Conversely, if o’ € @ is inverse to a in Q(-) and (10) are satisfied, then

(roa)od = (z-a)oad = Ry(x-a) Ly(a')=((z-a)-d)-(a-d)=ux.
Analogously @’ o (aoz) =a’ - (aox) = x. Hence d is inverse to a in Q(o). O

Corollary 2.10. An element a € @ used in Theorem 2.6 has the same inverse
element in Q(-) and Q(o) defined by (9) if and only if the multiplication tables of
these two loops have the same a—columns and the same a’—rows.

Proposition 2.11. An element a € Q used in Theorem 2.6 has the same inverse
element in Q(-) and Q(o) defined by (9) if and only if

L,L,=L, and R,R,= R, (11)

where L, and R, are translations in Q(-).
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Proof. Let a € @ has the same inverse a’ in Q(-) and Q(o). Then for every = € Q
we have

x=ao(aox)=Ry(a) - Ly(Ry(a)- La(z))
= Ra/(a/)LaLa(x) = La/.a/LaLa(QL‘) = L(a2)’LaLa($)7

whence, applying (1), we get L,L, = L(jllg), = L.
Similarly, for every z € @ we have
zoa= Ry (2) Ly(a) = Ry2Ry (2),
which for z = R, (z), by (1), gives
Ru(x)oa = Ry2Ra Ro(x) = Ryz2(x).

Hence R,R, = R,2. This proves (11).
The converse statement is obvious. O

Below we present a simple method of construction of new loops from given
loops. This method is based on exchange of tracks. Next, this method will be
applied to the construction of D-loops.

Let {p1,92,...,¢n} be tracks of a D-loop Q(-) with the identity 1. We say
that for ¢ # j # 1 tracks ¢;, ¢, are decomposable if there exist two nonempty
subsets X,Y of Q such that Q = X UY, XNY =0,1¢€ X and

Vi = PjP;

where ;, p; are permutations of X, ¢;,¢; are permutations of Y.
Putting

Y = @i
{ Y; = Pjpi (13)

and ¢ = ¢y, for k & {i,j} we obtain the new system of tracks which defines on @
the new loop Q(o) with the same identity as in Q(-).

Example 2.12. The loop Q(-) defined by

0 O Ui WK

0~ O Uik WN =
N O U0 W
S OO0 N - bW W
L0 O W N |
BN = 00~ O Ot
W N &=L |
N = B WO Uloo |~
= R W N0 CGtoo|oo
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is a group (so, it is a D-loop) with the following tracks:

o1 = (1.24.3456.7.8) o= (12.34.5876.) 3 = (13.2.4.57.68.)
@4 = (14.23.5678.) 05 = (15.37.2846.) g = (16.38.2547.)
¢7 = (17.35.2648.) o5 = (18.36.2745.)

For (i,7) € {(2,3),(2,4),(3,4),(5,7),(6,8)} tracks ¢;,p; are decomposable. In
the case (7,7) = (6,8) we have

{ e = PePs, where @g = (1638), Dg = (2547)
s = psps, where pg = (18.36.), ¢s = (2745.)

whence, according to (13), we obtain

V6 = Pops = (16.38.2745.)
Vs = Psps = (18.36.2547.)

and ¢, = p for k=1,2,3,4,5,7.
This new system of tracks {1,119, ...,1s} defines the loop Q(o):

oll 2 3 4 5 6 7 8
1711 2 3 4 5 6 7 8
212 3 4 1 8 7 [6] 5
313 4 1 2 7 8 5 6
414 1 2 3 [6 5 [8 7
5/5 6] 7 [8] 1 4 3 2
6/6 5 8 7 2 1 4 3
7|7 [8] 5 6] 3 2 1 4
818 7 6 5 4 3 2 1
where items changed by tracks s and g are entered in the box. O

This new loop Q(o) can be used for the construction of another loop since it
has the same pair of decomposable tracks as Q(-). So, for the construction of new
loops we can use not only one but also two or more pairs of decomposable tracks.
Using different pairs of decomposable tracks we obtain different loops which may
not be isotopic. Obtained loops may not be isotopic to the initial loop Q(+), too.

Example 2.13. Direct computations show that this loop
1

[\V]
w
[«
N
oo

0 O U W N Y-
N O U W N
WUl IO 00— N
NN OO = O Ut W
S 00 W N O = =T x|k
N O~ 00 k= W oy
U I~ Wk oo
= W N O Uk
B = OT W N~ O

is a D-loop. It hasn’t got any decomposable pair of tracks. O
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Theorem 2.14. Let Q(-) be a D-loop with the identity 1. If ¢;,p;, wherei-j =1
and i # j, are decomposable tracks of Q(-), then a loop Q(o) obtained from Q(-)
by exchange of tracks is a D-loop.

Proof. Since (o) is a loop it is sufficient to show that ¥1¢pyn = 1/112,11 for every
k € Q (Theorem 2.2). For k & {i,j} we have ¢, = ¢y, so for k & {i,j} this
condition is satisfied by the assumption. For k = ¢ we have

Prbihs = 0180501 = (L1Pi01) (P1@5ep1) = & "B =7t = YTk
because ¢ = ¢, @;p; = P;@; and i -j = 1.
For k = j the proof is analogous. So, Q(o) is a D-loop. O

The assumption 7-j = 1 is essential. Indeed, in Example 2.12 tracks ¢3, @4 are
decomposable, 4-3 # 1, 4~ = 2 and 14901 = g # 5 '. So, a loop determined
by tracks ¥1,...,1s is not a D-loop.

The D-loop Q(o) constructed in Example 2.12 is not isotopic to the initial
group Q(-) since (707) 02 # 7o (702). In this loop we also have 7o (70 2) # 2,
so it is not an IP-loop, too.

Example 2.15. The loop Q(-) defined by
-1 2 3 4 5 6 7 8
111 2 3 4 5 6 7 8
212 1 5 7 3 8 4 6
3/!3 8 4 1 7 2 6 5
414 6 1 3 8 7 5 2
51/5 7 8 2 6 1 3 4
66 4 7 8 1 5 2 3
717 5 2 6 4 3 8 1
818 3 6 5 2 4 1 7

is a D-loop with the following tracks:

o1 = (1.2.34.56.78) ¢, = (12.367.485.) 3 = (13.4.25768.)
o4 = (14.3.27586.) 05 = (15.6.23847.) g = (16.5.28374.)
o7 = (17.8.24635.) o5 = (18.7.26453.)

For (i,7) € {(3,4),(5,6), (7,8)} tracks ¢;, p; are decomposable. Each pair of such
tracks gives a D-loop. Obtained loops are isotopic but they are not isotopic to
Q(:) since they and Q(-) have different indicators ®*. (Isotopic loops have the
same indicators — see [7].)

If for the construction of a new loop we use two pairs of decomposable tracks:
p3, w4 and @5, g, Or 3, 4 and Y7, s, Or Y5, Ye and 7, ps, then we obtain three
isotopic D-loops. These loops are not isotopic either to Q(-) or to the previous
because have different indicators ®*.

Also in the case when we use three pairs of decomposable tracks obtained
D-loop. It is not isotopic to any of the previous.
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So, from this D-loop we obtain three nonisotopic D-loops which also are not
isotopic to the initial D-loop Q(-). O

As it is well known with each quasigroup Q(-) we can conjugate five new quasi-
groups (called parastrophes of Q(-)) by permuting the variables in the defining
equation. Namely, if Qo = Q(+) is a fixed quasigroup, then its parastrophes have
the form

QN\)  \z=y = zy=3
Q) zly=r = z-y=z
Q%) Y*xT =2 <= T Y=2,
Q(e) yez =1 <= x-Yy=2,
Q<) zAr =Yy <= T -Yy=2.

Theorem 2.16. Parastrophes of a D-loop Q(-) are isomorphic to one of the fol-
lowing quasigroups: Q(), Q(\), Q(/)-

Proof. Indeed, if Q(-) is a D-loop, ¢; — its track determined by the identity of
Q(+), then, according to the definition of D-loops, we have

p1(z-y) = e1(y) - er(2).
Hence
p1(y*x) = p1(2) <= p1(z-y) = p1(2) <= @1(y) - e1(z) = @1(2).
So, p1(y *xx) = 1(y) - p1(x), i.e., Q(x) and Q(-) are isomorphic.
Further,
pir(yez) =pi1(x) <= pi(z-y) =pi(2) <= p1(y) - e1(z) = 1(2)
= p1(Y)\p1(z) = o1 ().
Thus, ¢1(y ® z) = ¢1(y\z). Consequently, Q(e) = Q(\).
Analogously,
p1(za2) = p1(y) = @1(z-y) = v1(2) = @1(y) - 1(x) = 1(2)
= ¢1(2)/e1(z) = 01(y),
whence p1(z<z) = p1(z/x). So, Q(<) = Q(/). O

3. Loops isotopic to D-loops

As was mentioned earlier, loops isotopic to D-loops are not D-loops in general, but
in some cases principal isotopes of D-loops are D-loops. Below we find conditions
under which D-loops are isotopic to groups and conditions under which a principal
isotope of a D-loop is a D-loop.
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Definition 3.1. Let Q(-), where @ = {1,2,...,n}, be a quasigroup. By a spin of
a quasigroup Q(-) we mean a permutation

Yij = tPM;l =i,
where ¢; and A; are right and left tracks of Q(-) respectively.

Obviously ¢;; = € for ¢ € Q and ¢;; # @i for j # k, but the situation where
©i; = @i for some i, j,k,l € Q also is possible (cf. [6]). Hence the collection
® of all spins of a given quasigroup Q(-) can be divided into disjoint subsets
®; = {pi; : j € Q} (called spin-basis) in which all elements are different. Generally,
®; are not closed under the composition of permutations but in some cases ®; are
groups.

In [6] the following result is proved.

Theorem 3.2. A quasigroup Q(-) is isotopic to some group if and only if its
spin-basis ®1 is a group. ]

In this case &, = ®; for all i € Q.
Theorem 3.3. In D-loops we have ® = (®1) = {p1:¢1; : 1,j € Q}.
Proof. Indeed, by Corollary 2.3

p1i01; = 10, L0105 = (01907 To1) 0 = i =1 €
and conversely, each ¢;; € ® can be written in the form ¢;; = ¢1,-1¢01;. O
Corollary 3.4. A D-loop is isotopic to a group if and only if (P1) = ;.

Proof. If a D-loop Q(-) is isotopic to a group, then, by Theorem 3.2, ®; is a group.
Hence (1) = ®;.

Conversely, if ($;) = @1, then ¢1;0i1 = 11 implies cpl_il =y € D= (D) =
®; which means that ®; is a group. Thus Q(o) is isotopic to some group. O

Corollary 3.5. A D-loop is isotopic to a group if and only if ®1 is closed under
a composition of permutations.

Proof. If a D-loop Q(-) is isotopic to a group, then, by Theorem 3.2, ®; is a group.
Hence @, is closed under a composition of permutations.

Conversely, if ®; is closed under a composition of permutations, then, in view
of Theorem 33, from Y1iPi1 = P11 it follows (,01_11 = pi1 € P = <‘I)1> = (I)l, which
means that ®; is a group. Thus Q(-) is isotopic to some group. O

Corollary 3.6. A D-loop Q(-) is isotopic to a group if and only if for alli,j € Q
there exists k € Q) such that ;010 = ¢y.

Proof. Indeed, ¢1;01; = 11 means that <p1<pj_1<p1g0i_1 = gpup;l. Thus <pj_1<p1g0i_1 =
<p,;1. Hence ¢, = pip19;. O
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Theorem 3.7. If a quasigroup Q(-) is isotopic to a D-loop Q(0), then there exists
a permutation o of Q and an element p € Q and such that

PpP7 b = Poli) (14)
for all tracks p; of Q(-).
Proof. Let a quasigroup Q(-) be isotopic to a D-loop Q(o). Then
Y(z-y) = alz) o By) (15)
for some permutations «, 3,y of Q. Thus for all i,z € ) we have
V(@) = v(z - @i(x)) = a(z) o Bpi(x),
where ¢; is a right track of Q(-). Hence
(i) = z 0 fpia(2)
for all i € Q and z = «(x). This together with (i) = z 0 9,(;)(2) gives
Boia™! = 1),

ie.,
@i = By, o7t =a"" ;(114)5- (16)
Thus for p = v~1(1), where 1 is the identity of Q(o), we obtain
eppi op = (B 1) (@™ T, B) (B~ ia) = B (¥aw] v )
Since Q(o) is a D-loop, for k = v~ 141v(i), by Corollary 2.3, we have
5_1(11)11#;&)1#1)01 =By yra = By o = BTy = o
So, ¥,; 'y = @k, which means that (14) is valid for o = v~ 14/17. O

The converse statement is more complicated.

Theorem 3.8. Let a quasigroup Q(-) and a loop Q(o) with the identity 1 be
isotopic, i.e., let (15) holds. If p; are tracks of Q(-), v; — tracks of Q(o) and (14)
is satisfied for p=~y"1(1), o =y Y1y and all i € Q, then Q(o) is a D-loop.

Proof. Indeed, (15) holds, then for p = y~1(1) and any i € Q, in view of (16), we
have

1111%/1{1%/11 = (ﬂ%ﬁ'y”(1)0471)(QW;—ll(i)ﬂil)(ﬂWw*(1)0471) = ﬂ(@p‘ﬁ;—ll(i)@n)ail

= Beo(r(i)@ " = Bey1p, @7 = Yy ) = Vit

where i~! is calculated in Q(o).
Thus t11; "1 = 1;—1, which means that Q(o) is a D-loop. O
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Lemma 3.9. A loop Q(o) is a principal isotope of a quasigroup Q(-) if and only
if

zoy=Ry, () L' (y),
for some a,b € Q such that a-b = 1, where 1 is the identity of Q(o) and L., Ry
are translations of Q(-).

Proof. Indeed, if Q(o) is a loop with the identity 1 and zoy = a(z)- S(y) for some
permutations «, § of @, then for a = «(1), b = (1) we have

Thus

Hence zoy = R, ' (z) - L7 (y).

a
The converse statement is obvious. O

Corollary 3.10. A quasigroup Q(-) is a principal isotope of a loop Q(o) with the
identity 1 if and only if
Tr-y= Rb(x) © La(y)v

for some translations Lo, Ry of Q(-) such that a-b=1. O

Proposition 3.11. In any principal isotope Q(-) of a D-loop Q(o) with the identity
1 we have

197 o1 = i1,

where i~1 is calculated in Q(o).
Proof. It is a consequence of (15) and (16). O

Corollary 3.12. A principal isotope Q(-) of a D-loop Q(o) is a D-loop if and
only if Q(-) and Q(o) have the same inverse elements. O

Corollary 3.13. A principal isotope Q(-) of a D-loop Q(o) is a D-loop if and
only if Q(-) and Q(o) have the same tracks induced by the identity of Q(o), i.e., if
and only if p1 and 1, where 1 he identity of Q(o). O

4. Proper D-loops

A D-loop is proper if it is not an IP-loop. The smallest D-loop has six elements.
Below we present a full list of all nonisotopic proper D-loops of order 6. They
represent (respectively) the classes 8.1.1, 9.1.1, 10.1.1 and 11.1.1 mentioned in the
book [4].
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Prime and weakly prime ideals in semirings

Manish Kant Dubey

Abstract. We study the concept of subtractive prime and weakly prime ideals in a semiring
and prove some results analogous to ring theory.

1. Introduction

The notion of a semiring was first introduced by H. S. Vandiver in 1935. After
that several authors have generalized and characterized the results in many ways.
By a semiring, we mean a semigroup (S,-) and a commutative monoid (S, +,0)
in which 0 is the additive identity and s-0 = 0-s = 0 for all s € S, both are
connected by ring-like distributivity. In this paper, all semirings are considered to
be semirings with zero.

A nonempty subset I of a semiring S is called an (left, right) ideal if a,b € T
and s € S implies a + b € I and (sa € I, as € I respectively) as € S and sa € I.
A subtractive ideal I of S is an ideal such that if a,a +b € I then b € I.

For the remaining definition of a semiring we refer [6].

2. Weakly prime ideals

D. D. Anderson and E. Smith [3] have introduced and studied the concept of a
weakly prime ideal of an associative ring with unity. After that several authors
have focused on the study of this concept to extend the results to commutative
ring and commutative semiring theory.

Definition 2.1. A proper ideal P of a semiring S is said to be prime if AB C P
implies A C P or B C P for any ideals A, B of S.

Definition 2.2. A proper ideal P of a semiring S is said to be weakly prime if
{0} # AB C P implies A C P or B C P for any ideals A and B of S.

It is clear that every prime ideal is weakly prime. If S be a semiring with zero,
then I = {0} is a weakly prime ideal of S. It is easy to see that in Zg an ideal
I = {0} is weakly prime but not prime.

2010 Mathematics Subject Classification: 16Y60
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Definition 2.3. An element s in a semiring S is said to be nilpotent if there exists
a positive integer n (depending on s), such that s™ = 0 for s € S. Nil S denote the
set of all nilpotent element of S. An ideal I in a semiring S is said to be nilpotent
if there exists a positive integer n (depending on I), such that I™ = 0.

Theorem 2.4. Let I be a subtractive ideal in a semiring S with 1 # 0. The
following statements are equivalent:

(i) I is a weakly prime ideal.

(i7) If A, B are right (left) ideals of S such that {0} # AB C I, then A C I or
BClI.

(ti) If a,b € S such that {0} #aSbC I, thena €l orbel.

Proof. (i) = (ii) Suppose that I is a weakly prime ideal of S and A, B are two right
(left) ideals of S such that {0} # AB C I. Let (A),(B) be the ideals generated
by A, B respectively. Then {0} # (A) (B) C I implies (A) C I or (B) C I and
AC(A)CTorBC(B)CI. Therefore ACIor BCI.

(#3) = (uit) Let {0} # aSb C I. Since S has an identity, therefore {0} #
(aS)(bS) C I impliesac€aS CITorbebS C 1.

(#ii) = (i) Suppose that AB C I for ideals A and B of S, where A ¢ I and
B¢ I Letac A\I,be B\I.Alsolet a’ € ANI, ¥ € BNI be chosen arbitrary.
Since a+a’,b+b" ¢ I, we must have {0} = (a+a’)S(b+V'). Now if we are letting
a =0ord =0o0ra =0 and V' =0 and considering all combinations we get
0=ab=a'b=a'tl =a'b and hence AB = {0}. O

Proposition 2.5. Fvery ideal of a semiring S is weakly prime if and only if for
any ideals A, B in S, we have AB=A, AB=1B, or AB=0.

Proof. Assume that every ideal of S is weakly prime. Let A, B be ideals of S.
Suppose AB # S. Then AB is weakly prime. If {0} # AB C AB; then we have
A C AB or B C AB (since AB is weakly prime ideal of S), that is, A = AB or
B = AB. If AB = S, then we have A = B = S whence S? = S. Conversely, let [
be any proper ideal of S and suppose that {0} # AB C I for ideals A and B of S.
Then we have either A= ABCIor B=ABCI. O

Now we can easily prove the following results based on the above proposition.
Let S be a semiring in which every ideal of S is weakly prime. Then for any ideal
A of S, we have either A2 = A or A2 =0.

Lemma 2.6. Let P be a subtractive ideal of semiring S. Let P be a weakly prime
ideal but not a prime ideal of semiring S. Suppose ab =0 for some a,b & P, then
we have aP = Pb = {0}.

Proof. Suppose ap; # 0, for some p; € P. Then 0 # a(b+ p;) € P. Since P is a
weakly prime ideal of S, therefore a +p; € P or b € P, thatis,a € Por b€ P, a
contradiction. Therefore aP = {0}. Similarly, we can show that Pb = {0} O
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Theorem 2.7. Suppose that P is a subtractive ideal in a semiring S. If P is
weakly prime but not prime, then P? = {0}.

Proof. Suppose that pi1ps # 0 for some p1,ps € P and ab = 0 for some a,b ¢ P,
where P is not a prime ideal of S. Then by Lemma 2.6 we have (a4 p1)(b+p2) =
p1p2 # 0. Hence either (a + p1) € P or (b+ p2) € P, and thus either a € P or
b € P, a contradiction. Hence P? = {0}. O

Corollary 2.8. Let P be a weakly prime ideal of S. If P is not a prime ideal of
S, then P C NilS.

A subtractive ideal in a commutative semiring S satisfying P? = {0} may not
be weakly prime.

a 0

Example 2.9. Let § = 0 0

> ta € Zf%} Then S is a commutative semiring

0 0\ /6 0
andP_{(OO’OO

2 0} (3 O 2 0 3 0 .
<O 0> 0 0> € P but <O 0> ¢ P and <O 0) ¢ P. Therefore P is not a

weakly prime ideal of S.

>} is its ideal such that P? = {0}. In this semiring

Theorem 2.10. Let P be a weakly subtractive prime ideal of a commutative semir-
ing S that is not prime. Then if z € Nil S, then either z € P or zP = {0}.

Proof. Let z €Nil S. To show that if zP # {0}, then z € P, suppose that
zP # {0}. Let n be the least positive integer such that z™ = 0. Then for n > 2
and for some p € P we have 0 # z(p + 2"~!) = zp € P. Hence either z € P or
(p+ 2""1) € P. If z € P then nothing to prove. So let (p + 2"~ !) € P. Then
2" 1 € P and thus z € P. Hence for each z € Nil S, we have either z € P or
zP = {0}. Again we suppose that z ¢ P for some z € Nil S. Then we will show
that zP = {0}. Now let zp # 0 for some p € P. Let n be the least positive integer
such that 2" = 0. Since z ¢ P,n > 2 and zP # 0. Hence z(2"~'+p) = zp # 0. Since
0 # 2(2"~! + p) € P, therefore we have either 2 € P or 2”1 # 0 and 2"~ ! € P.
Hence in both cases, we have z € P, a contradiction. Thus zP = {0}. O

3. Prime ideals

The following lemma is obvious.

Lemma 3.1. Let f be a homomorphism of semiring S1 onto a semiring So. Then
each of the following is true:

(3) If I is an ideal (subtractive ideal) in Sy, then f(I) is an ideal (subtractive
ideal) in Ss.
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(1) If J is an ideal (subtractive ideal) in So, then f=1(J) is an ideal (subtractive
ideal) in Si.

Proposition 3.2. If f: S — Sy is a homomorphism of semirings and P is a
prime ideal in Sz, then f~(P) is a prime ideal in S.

Proof. By Lemma f~!(P) is an ideal of S;. Let 2y € f~1(P). Then f(zy) € P
implies f(x)f(y) € P. Since P is a prime ideal of Sy therefore it follows that either
f(z) € Por f(y) € P and thus either z € f~*(P) or y € f~(P). Hence f~1(P)
is a prime ideal of S. O

Theorem 3.3. Let I be an arbitrary ideal of a semiring S and Py, Ps, ..., P, be
subtractive prime ideals of S. If I ¢ P; for all i, then there exists an element
a € Isuch that a ¢ \JP;. Hence, I £ |JP;.

Proof. We will prove it by induction. Clearly the result is true for n = 1. Suppose
that the theorem holds for n — 1 subtractive prime ideals. Then, for each i, where
1 < i < n, there exists ; € I with z; ¢ Uj# P;. If x; ¢ P;, then x; ¢ UP; and then
we are done. Now suppose that x; € P; for all i. Let a; = 212,121 Tp.
We claim that a; ¢ P;. Suppose a; € P; and since P, is prime therefore z; € P; for
some j # ¢, which is not possible by original choice of ;. If j # 4, then the element
a; € P; because z; being a factor of a;. Consider a = Z?Zl a;. Since each a; € I
where 1 < j < n, therefore a € I. Asa=a; + ), a; with 3, a; € P; implies
that a € P;; otherwise we would obtain a; € P; (as P; is a subtractive ideal),
which is a contradiction. Thus we get an existence of an element a = ) a; € I
and a ¢ P;, which proves the theorem. O

Corollary 3.4. Let I be an arbitrary ideal of a semiring S and Py, Ps,..., P, be
subtractive prime ideals of S. If I C\J P;, then I C P; for some I.

Theorem 3.5. Let I be a subset of a commutative semiring S which is closed
under addition and multiplication.

(i) Let Pi,..., P, be subtractive ideals in S, at least n — 2 of which are primes.
If IC PU...UP,, then I is contained in some P;.

(i1) Let J be an ideal of S with J C I. If there are subtractive prime ideals
Py,...,P, such that I\J C PyU...UP,, then I C P; for some i.

Proof. (i) The proof is by induction n > 2. If we consider n = 2, that is, I C P,UP,
implies I C P, or I C P,. In this case P; and P, need not be prime because if
I ¢ P, then there is 1 € I with 21 ¢ P»; since I C P; U P, we must have
x1 € Py. Similarly, if I ¢ Py, there is 25 € I with 2o ¢ P; and 25 € P,. However,
if a = 1 + 29, then a ¢ P; (because if a« € P, then zo € P;), a contradiction.
Similarly, a ¢ P, which contradicts to fact that I C Py U Ps.

Now assume that I C Py U...U P, 1, where at least n —1 = (n+ 1) — 2 of the
P; are prime ideals. Let M; = P,U...UP,_1UP;;1...UP,41. Since M; is union
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of n ideals at least (n — 1) — 1 = n — 2 of which are prime. By the hypothesis
we can suppose that I ¢ M, for all . Thus, for all i, there exist x; € I with
x; ¢ M;; since I C M; U P; therefore we must have x; € P;. Now n > 3, so that at
least one of the P; are prime ideals; without loss of generality assume that P; is
prime. Consider the element @ = x1 42223 - ,41. Since all z; € I and [ is closed
under addition and multiplication and a € I. Now a ¢ P; because if a € P; then
Xg+- Tpy1 € Py (as Py is subtractive). Since P; is a prime ideal in S therefore
some z; € P;. This is a contradiction, for x; ¢ P C M;. If ¢ > 1 and a € P;,
then zoxs---x,41 € P;, because P; is an subtractive ideal and so x; € P;. This
cannot be, for 1 ¢ P; C M;. Therefore, a ¢ P; for any 4, contradicting to fact
that IgPlLJ...UPnH.

(#4) By hypothesis, we have I C JU P, U...U P,. Therefore (i) gives I C J
or I C P;. Since J is a proper subset of I therefore I ¢ J. Hence we must have
ICP. 0

Let I be an ideal of a commutative semiring S. Then the radical of I, denoted
by VI, is defined as the set

VI={zeS:z" el for some positive integern}.

This is an ideal of S containing I, and it is the intersection of all prime ideals of
S containing I [2]. Tt is easy to see that if an ideal I is subtractive then /T is
subtractive.

Definition 3.6. An ideal I of the commutative semiring S is said to be semiprime
if and only if T = /T.

Subtractive semiprime ideals of semirings are characterized by the following
theorem.

Theorem 3.7. An subtractive ideal I of a commutative semiring S is semiprime
if and only if the quotient semiring S/I has no nonzero nilpotent elements.

Proof. Suppose that a subtractive ideal I of a semiring S is semiprime. Let a++/T
be a nilpotent element of S/ V1. Then there exists some positive integer n € Z+
such that (a +1)" = a” + I = V/I. As /T is subtractive therefore a” € v/T.
Hence, (a™)™ = a™™ € I for some positive integer m. This shows that a € I.
Therefore we have a + VT =T , the zero element of S/ VT

Conversely, suppose that S/I has no nonzero nilpotent elements and let a € V.
Then for some positive integer n, we have a™ € I. This implies that (a +1)" = I,
that is, a + I is nilpotent in S/I. As a+ I = I (by hypothesis), therefore a € I.
Thus, we have VI C I. The inclusion I C /T is obvious. Hence I = \ﬁ, so [ is
semiprime. O



202

M.K. Dubey

References

1
2]
13l
[4]
[5]
[6]
[7]
(8]

P.J. Allen, A fundamental theorem of homomorphisms for semirings, Proc. Amer.
Math. Soc. 21 (1969), 412 — 416.

P.J. Allen and J. Neggers, Ideal theory in commutative semirings, Kyungpook
Math. J. 46 (2006), 261 — 271.

D.D. Anderson and E. Smith, Weakly prime ideals, Houston J. Math. 29 (2003),
831 — 840.

S.E. Atani, The ideal theory in quotient of commutative semirings, Glasnik Mat.
42(62) (2007), 301 — 308.

D.M. Burton, A first course in rings and ideals, Addition-Wesley Publishing Com-
pany, (1970).

J.S. Golan, Semirings and their applications, Kluwer Academic Publishers, Dor-
drecht, (1999).

Y. Hirano, E. Poon, and H. Tsutsui, On rings in which every ideal is weakly
prime, Bull. Korean Math. Soc. 47 (2010), 1077 — 1087.

D.R. LaTorre, A note on quotient semirings, Proc. Amer. Math. Soc. 24 (1970),
463465.

Received March 2, 2012

SAG, DRDO, Metcalfe House Complex

Near

civil lines

Delhi-110054

India

E-mail: kantmanish@yahoo.com



Quasigroups and Related Systems 20 (2012), 203 — 209

Congruences on completely inverse AG**-groupoids

Wieslaw A. Dudek and Roman S. Gigori

Abstract. By a completely inverse AG**-groupoid we mean an inverse AG**-groupoid A satis-

1 Lz, where 1 denotes a unique element of A such that z = (zz~ 1)z

fying the identity za~* = 2~
and 71! = (z7'z)x~!. We show that the set of all idempotents of such groupoid forms a semi-
lattice and the Green’s relations H, £, R,D and J coincide on A. The main result of this note
says that any completely inverse AG**-groupoid meets the famous Lallement’s Lemma for regular
semigroups. Finally, we show that the Green’s relation H is both the least semilattice congruence

and the maximum idempotent-separating congruence on any completely inverse AG**-groupoid.

1. Preliminaries

By an Abel-Grassmann’s groupoid (briefly an AG-groupoid) we shall mean any
groupoid which satisfies the identity

XYz =2zYy- T (1)

Such groupoid is also called a left almost semigroup (briefly an LA-semigroup) or
a left invertive groupoid (cf.[2], [3] or [5]). This structure is closely related to a
commutative semigroup, because if an AG-groupoid contains a right identity, then
it becomes a commutative monoid. Moreover, if an AG-groupoid A with a left zero
z is finite, then (under certain conditions) A\ {z} is a commutative group (cf.[6]).

One can easily check that in an arbitrary AG-groupoid A, the so-called medial
law is valid, that is, the equality

ab-cd =ac-bd (2)

holds for all a,b,c,d € A.
Recall from [11] that an AG-band A is an AG-groupoid satisfying the identity
2% = z. If in addition, ab = ba for all a,b € A, then A is called an AG-semilattice.
Let A be an AG-groupoid and B C A. Denote the set of all idempotents of B
by Ep, that is, Egp = {b € B : b*> = b}. From (2) follows that if E4 # (), then
E E s C E4, therefore, 4 is an AG-band.

2010 Mathematics Subject Classification: 20N02, 06B10
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Further, an AG-groupoid satisfying the identity
ToyYz =1y T2 (3)

is said to be an AG**-groupoid. Every AG**-groupoid is paramedial (cf.[1]), i.e.,
it satisfies the identity

ab-cd = db- ca. (4)

Notice that each AG-groupoid with a left identity is an AG**-groupoid (see [1],
t00). Furthermore, observe that if A is an AG**-groupoid, then (4) implies that if
E4 # 0, then it is an AG-semilattice. Indeed, in this case E 4 is an AG-band and
ef =ee-ff=fe-fe= feforall e f e Ey. Moreover, for a,b € A and e € E4,

we have
e-ab=ece-ab=-eca-eb=-¢elea-b) =e(ba-e) =ba-ee=ba-e=ea-b,

that is,
e-ab=-ea-b (5)

for all a,b € A and e € E4. Thus, as a consequence, we obtain

Proposition 1.1. The set of all idempotents of an AG**-groupoid is either empty
or a semilattice.

We say that an AG-groupoid A with a left identity e is an AG-group if each of
its elements has a left inverse a’, that is, for every a € A there exists a’ € A such
that a’a = e. It is not difficult to see that such element a’ is uniquely determined
and aa’ = e. Therefore an AG-group has exactly one idempotent.

Let A be an arbitrary groupoid, a € A. Denote by V' (a) the set of all inverses
of a, that is,
V(ie)={a*€A:a=aa"a, a"=a"a-a"}.

An AG-groupoid A is called regular (in [1] it is called inverse) if V(a) # 0 for all
a € A. Note that AG-groups are of course regular AG-groupoids, but the class of
all regular AG-groupoids is vastly more extensive than the class of all AG-groups.
For example, every AG-band A is regular, since a = aa - a for all a € A. In [1] it
has been proved that in any regular AG**-groupoid A we have [V (a)| =1 (a € A),
so we call it an inverse AG**-groupoid. In this case, we denote a unique inverse
of a € A by a=!. Notice that (ab)~™! = a=1b~! for all a,b € A. Further, one can
prove that in an inverse AG**-groupoid A, we have aa™! = a~'a if and only if
aa=t a7 ta € E4 (cf.[1]).

Many authors studied various congruences on some special classes of AG**-
groupoids and described the corresponding quotient algebras as semilattices of
some subgroupoids (see for example [1, 5, 7, 8, 9, 10]). Also, in [1, 9] the authors

studied congruences on inverse AG**-groupoids satisfying the identity zz—! =
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z~'z. We will be called such groupoids completely inverse AG**-groupoids. A
simple example of such AG**-groupoid is an AG-group. In the light of Proposition
1.1, the set of all idempotents of any completely inverse AG**-groupoid forms a
semilattice.

A nonempty subset B of a groupoid A is called a left ideal of A if AB C B.
The notion of a right ideal is defined dually. Also, B is said to be an ideal of A if
it is both a left and right ideal of A. It is clear that for every a € A there exists
the least left ideal of A containing the element a. Denote it by L(a). Dually, R(a)
is the least right ideal of A containing the element a. Finally, J(a) denotes the
least ideal of A containing a € A.

In a similar way as in semigroup theory we define the Green’s equivalences on
an AG-groupoid A by putting:

alb < L(a) = L(b),
aRb < R(a) = R(b),
aJb <= J(a)=J(b),

2. The main results
Let A be a completely inverse AG**-groupoid. Then
a=(aa)a € Aa
for every a € A.

Proposition 2.1. Let A be a completely inverse AG**-groupoid, a € A. Then:

(a) aA = Ag;

(b) aA = L(a) = R(a) = J(a);

(c H=L=R=D=J;

(d) aA = (aa"1)A;

() aA=a"14;

(f) eA= fA implies e=f forall e, f € E4.

Proof. (a). Let b € A. Then

la=aa-a'b=(a"'b-a)a € Aa.

ab=(aa " )a-b=ba-aa"' =ba-a”
Thus aA C Aa. Also,

ba="b-(aa Na=aa"' -ba=ab-ata=ab-aa"' =alab-a""') € aA,

so Aa C aA. Consequently, aA = Aa.
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(b). Obviously, it is sufficient to show that aA = Aa is an ideal of A. Let
x = ab € aA and ¢ € A. Then we have cx = ¢(ab) = a(cb) € aA and zc = (ab)c =
(cb)a € Aa = aA.

(c). It follows from (b).

(d). Let b € A. Then ab = (aa"1)a-b = ba -aa™! € A(aa™!) = (aa™1)A4,
that is, aA C (aa~!)A. Furthermore, (aa=1)b = (ba=')a € Aa = aA. Thus
(aa=1)A C aA. Consequently, the condition (d) holds.

(e). By (d), aA = (aa " )A = (¢ ra)A = (a (a7 ')"HA =atA.
(f). Let e,f € E4 and eA = fA. Then e € fA, that is, e = fa for some

a € A. Hence fe = f(fa) = (ff)a (by Proposition 1.1), and so fe = e. Similarly,
ef = f. Since E4 is a semilattice, e = f. O

Corollary 2.2. Let A be a completely inverse AG**-groupoid. Then each left ideal
of A is also a right ideal of A, and vice versa. In particular,

LNR=LR
for every (left) ideal L and every (right) ideal R.

Proof. Let L be a left ideal of A and [ € L. Then [A = Al C L. It follows that

L= J{iA:1eL}.

Since each component [A of the above set-theoretic union is a right ideal of A,
then L is itself a right ideal of A. Similar arguments show that every right ideal of
A is a left ideal.

Clearly, LR C LN R. Conversely, if a € LN R, then a = (aa~!)a € LR. Hence
LNR=LR. O

Let A be a completely inverse AG**-groupoid. Denote by H, the equivalence
‘H-class containing the element a € A. We say that H, < H; if and only if
aA C bA.

The following theorem is the main result of this paper.

Theorem 2.3. If p is a congruence on a completely inverse AG**-groupoid A and
ap € Eyj, (a € A), then there exists e € E,, such that He < Hg.

Proof. Let p be a congruence on A, a € A and apa®. We know that there exists
2 € A such that a® = o’z - a?, z = za? - ¢ and o’z = za? € E4. Notice that

a’z - aa = a(a’x - a) = a(za® - a) = a(aad® - ¥) = aa® - ax = a* - a*x = a® - wva?,

i.e., a? = a?-za® Put e = a-za. Then ep(a® xa®) = a® pa. Hence e € ap. Also,

e? = (a-za)(a-za) = a((a- xa) - xa) = alaz - (ra - a)) = a(ax - a*x).
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Further,

az - a’xr = ax - va® = d’z - xa = zad® - xa = (va® - x)a

2

by (5), since xa? € E4. Hence az - a’x = za. Consequently,

62:a~xa:e€EA.

Thus, e € E,,.
Finally, let b € A. Then eb = (a - za)b = (b- za)a € Aa = aA, therefore,
eA CaA, so He < H,. O

We say that a congruence p on a groupoid A is idempotent-separating if epf
implies that e = f for all e, f € F4. Furthermore, p is a semilattice congruence
if A/p is a semilattice. Finally, A is said to be a semilattice A/p of AG-groups if
p is a semilattice congruence and every p-class of A is an AG-group.

Corollary 2.4. Let A be a completely inverse AG**-groupoid. Then:
(a) H is the least semilattice congruence on A,
(b) H is the mazimum idempotent-separating congruence on A;
(¢) A is a semilattice A/H =2 E4 of AG-groups H. (e € Ey4).

Proof. (a). Let aA = bA and ¢,z € A. Then z - ca = ¢ - xa. On the other hand,
xa € Aa = aA = bA = Ab,

ie., xa =yb, where b€ A, s0 x-ca=c-yb=1y-cb € A(cb). Thus A(ca) C A(ch).
By symmetry, we conclude that A(ca) = A(cb). Moreover, a = yb for some y € A.
Hence ac- v =zc-a=zc-yb=bec-yz € (be)A. Thus (ac)A C (bc)A. In a similar
way we can obtain the converse inclusion, so (ac)A = (bc)A. Consequently, H is
a congruence (by Proposition 2.1 (b)). In the light of Proposition 2.1 (d), every
H-class contains an idempotent of A. This implies that A/H is a semilattice, that
is, H is a semilattice congruence on A.
Suppose that there is a semilattice congruence p on A such that H ¢ p.

Then the relation H N p is a semilattice congruence which is properly contained
in H, and so not every (H N p)-class contains an idempotent of A, since each H-
class contains exactly one idempotent (Proposition 2.1 (f)), a contradiction with
Theorem 2.3. Consequently, H must be the least semilattice congruence on A.

(b). By (a) and Proposition 2.1 (f), H is an idempotent-separating congruence
on A. On the other hand, if p is an idempotent-separating congruence on A and
(a,b) € p, then (a=1,b71) € p, so (aa=t,bb~') € p. Hence aa=! = bb~!. Let
x € A. Then

za=x(aa™-a) =x(bb 1 -a)=bb"! za = (za-b"1)b € Ab.

Thus Aa C Ab. By symmetry, we conclude that Aa = Ab. Consequently, a H b
(Proposition 2.1 (b)), that is, p C H, as required.
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(¢). We show that every H-class of A is an AG-group. In view of the above and
Proposition 2.1 (d), (e), each H-class is an AG**-groupoid. Consider an arbitrary
H-class He (e € E4). Let a € H,. Then aa~! € H.. Hence aa~! = e and so
ea = a, that is, e is a left identity of H,. Since a 'a = e and a~' € H,, then H,. is
an AG-group. Obviously, A/H = E4. Consequently, A is a semilattice A/H = E4
of AG-groups H. (e € E4). O

We say that an ideal K of a groupoid A is the kernel of A if K is contained in
every ideal of A. If in addition, K is an AG-group, then it is called the AG-group
kernel of A. Finally, a congruence p on A is said to be an AG-group congruence if
A/p is an AG-group.

Corollary 2.5. Let A be a completely inverse AG**-groupoid. If e is a zero of
E4, then He = eA is the AG-group kernel of A and the map ¢ : A — eA given by
ap = ea (a € A) is an epimorphism such that xp = x for all x € eA.

Proof. Obviously, H. C eA. Conversely, if ©x = ea € eA, then

zr l=ca-ea ' =ce-aa"! =e.
In a view of Proposition 2.1 (d), € H.. Consequently, H. = eA. If I is an ideal
of A, then clearly E; # (). Let ¢ € E;. Then e = ei € Er. Hence a = ea € I
for all a € He, so H, C I. Thus H, = eA is the AG-group kernel of A. Also,
for all a,b € A, (ap)(bp) = (ea)(eb) = (ee)(ab) = e(ab) = (ab)yp, ie., ¢ is a
homomorphism of A into eA. Evidently, ¢ is surjective. Finally, pjc4 = lca (by
Proposition 1.1). O

Corollary 2.6. Let A be a completely inverse AG**-groupoid. If e is a zero of Ey,
then
o={(a,b) € Ax A:ea=eb}

is the least AG-group congruence on A and Ajo = H,.

Proof. Tt is clear that o is an AG-group congruence on A induced by ¢ (defined
in the previous corollary). If p is also an AG-group congruence on A and aob,
then (ep)(ap) = (ep)(bp). By cancellation, a pb and so o C p. Obviously, A/o =
He. O

Remark 2.7. Let I be an ideal of a completely inverse AG**-groupoid A. The
relation p;y = (I x I) U1, is a congruence on A. If e is a zero of F4, then H,
is an ideal of A and o N py, = 14. It follows that A is a subdirect product
of the group H,. and the completely inverse AG**-groupoid A/H.. Note that we
may think about A/H. as a groupoid B = (A \ He) U {e} with zero e, where all
products ab € H, are equal e. In fact, fg = e in A (f,g € FE4) if and only if
HiHy C {e} = Hc in B.

Obviously, in any finite completely inverse AG**-groupoid A, the semilattice
FE 4 has a zero.
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Construction of subdirectly irreducible SQS-skeins

of cardinality n2™

Enas M. A. Elzayat

Abstract. We give a construction for subdirectly irreducible SQS-skeins of cardinality n2™
having a monolith with a congruence class of cardinality 2™ for each integer m > 2. Moreover,
the homomorphic image of the constructed SQS-skein modulo its atom is isomorphic to the
initial SQS-skein. Consequently, we will construct an SK(n2") with a derived SL(n2™) such
that SK(n2™) and SL(n2™) are subdirectly irreducible and have the same congruence lattice.
Also, we may construct an SK(n2™) with a derived SL(n2™) in which the congruence lattice
of SK(n2™) is a proper sublattice of the congruence lattice of SK(n2™).

1. Introduction

A Steiner quadruple (triple) system is a pair (S; B) where S is a finite set and B is
a collection of 4-subsets (3-subsets) calledblocks of S such that every 3-subset (2-
subset) of S is contained in exactly one block of B (see [8] and [11]). Let SQS(m)
denote a Steiner quadruple system (briefly quadruple system) of cardinality m
and STS(n) denote Steiner triple system (briefly triple system) of cardinality n.
It is well-known that SQS(m) exists iff m = 2 or 4 (mod 6) and STS(n) exists
if and only if n = 1 or 3 (mod 6) [8] and [11]. Let (S;B) be an SQS. If one
considers S, = S — {a} for any point a € S and deletes that point from all blocks
which contain it then the resulting system (S,;B(a)) is a triple system, where
B(a) = {b—{a} Vb € B,a € b}. Now, (S,; B(a)) is called a derived triple system
(or briefly DTS) of (S; B) (cf. [8] and [11]).

A sloop (briefly SL) L = (L;-,1) is a groupoid with a neutral element 1 satis-
fying the identities:

xy=y-xz, l-z=z x (xy) =y

A sloop L is called Boolean if it satisfies the associative law. The cardinality
of the Boolean sloop is equal 2.
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There is one to one correspondence between STSs and Steiner loops (sloops)
8]

An SQS-skein (briefly an SK) (Q;q) is an algebra with a unique ternary
operation ¢ satisfying:

q(z,y,2) = q(z,2,y) = q(z,2,y), qlz,z,y) =y, q@,y,q(z,y,2)) =2
An SQS-skein (Q;q) is called Boolean if it satisfies in addition the identity:

Q(a'a'ra Q(avy’ Z)) = Q(-f, Y, Z)

There is one to one correspondence between SQSs and SQS-skeins (cf. [8] and
1))

The sloop associated with a derived triple system is also called derived. A
derived sloop of an SQS-skein (Q); ¢) with respect to a € @ is the sloop (Qu; -, a)
with the binary operation - defined by z -y = ¢(a, z,y).

A subsloop N of L (sub-SQS-skein of Q) is called normal if and only if N = [1]4
(N = [a]@ ) for a congruence 6 on L (Q) (cf. [8] and [12]). The associated
congruence 6 with the normal subsloop (sub-SQS-skein) N is given by:

0={(z,y):2x-y (orqla,y,2)) € N}.

Quackenbush in [12] and similarly Armanious in [1] have proved that the con-
gruences of sloops (SQS-skeins) are permutable, regular and uniform. Also, we
may say that the congruence lattice of each of sloops and SQS-skeins is modular.
Moreover, they proved that a maximal subsloop (sub-SQS-skein) has the same
property as in groups.

Theorem 1. (cf. [1] and [8]) Every subsloop (sub-SQS-skein) of a finite sloop
(L;-, 1) (SQS-skein (Q;q)) with cardinality § |L| (3 |Q|) is normal. O

A Boolean sloop is a Boolean group. If (G;+) is a Boolean group, then
(Gyq(z,y,2) = x4+ y + 2) is a Boolean SQS-skein [1].

Guelzow [10] and Armanious [2], [3] gave generalized doubling constructions
for nilpotent subdirectly irreducible SQS-skeins and sloops of cardinality 2n. In
[6] the authors gave recursive construction theorems as n — 2n for subdiredtly
irreducible sloops and SQS-skeins. All these constructions supplies us with sub-
directly irreducible SQS-skeins having a monolith 6 satisfying |[z]0] = 2 (the min-
imal possible order of a proper normal SQS-skeins). Also in these constructions,
the authors begin with a subdirectly irreducible SK(n) to construct a subdirectly
irreducible SK(2n) satisfying the property that the cardinality of the congruence
class of its monolith is equal 2. Armanious [5] has given another construction of a
subdirectly irreducible SK(2n). He begins with a finite simple SK(n) to costruct
a subdirectly irreducible SK(2n) having a monolith 6 with |[z]0| = n (the maximal
possible order of a proper normal sub-SQS-skein).

In [7] the authors begin with an arbitrary SL(n) to construct subdirectly irre-
ducible SL(n2™) for each possible integers n > 4 and m > 2.
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In this article, we begin with an arbitrary SK(n) for each possible value n > 4
to construct subdirectly irreducible SK(n2™) for each integer m > 2. This con-
struction enables us to construct subdirectly irreducible SQS-skein having a mono-
lith 6 satisfying that its congruence class is SK(2"). Moreover, its homomorphic
image modulo @ is isomorphic to Q.

We will show that our construction supplies us with construction of an SK(n2™)
with a derived SL(n2™) such that the congruence lattices of SK(n2™) and SL(n2™)
are the same for each possible case. Moreover, we may construct an SK(n2™) with
a derived SL(n2™) such that the congruence lattices of SK(n2™) is a proper sub-
lattice of the congruence lattice of SL(n2™).

2. Subdirectly irreducible SQS-skeins () x,B

Let @ := (Q;¢) be an SK(n) and B := (B;e,1) be a Boolean SL(2™), where Q) =
{zo,21,22,...,2n—1} and B ={1,a1,a2,...,a,m_, }- In this section we extend the
SQS-skein @ to a subdireclty irreducible SQS-skein @) X, B of cardinality n2™
having @ as a homomorphic image.

We divide the set of elements of the direct product @ x B into two sub-
sets {xg,21} X B and {z3,...,2,-1} X B. Consider the cyclic permutation « =
(arag...aym_,) on the set {1,a1,as,...,a,m_, } and the characteristic function x
from the direct product @ x B to B defined as follows

x((y1,11), (Y2, 42), (y3,13)) =

Z‘m,.Z‘n.Oéil(im.in) for Ym = Yn = To, Yk = X1 and {m n k} {17273}
Z‘m.Z‘n.O‘(im.in) for ym = yn = 21, Y = o and {m n, k} {1a273}
1 otherwise.

Tt is clear that x((y1,41), (y2,i2), (y3,i3)) = 1 in two cases:
(1) y1 =Yy2=y3 =m0 OF Y1 = Y2 = Y3 = T1.
(i) y1,y2 or y3 € Q@ — {xo, 71}
For this characteristic function we obtain the following result:

Lemma 2. The characteristic function x satisfies the properties:
(Z) X(((L (L), (yv b)a (Zv C)) = X((l'v CL), (27 C)v (ya b)) = X((Zv C)7 (.’E, a)7 (ya b))v
(ZZ) X((x,a),(x,a),(y,b)) =1

(@) x((z,a),(y,b),(q(z,y,2),aebecex((z,a),(y,b),(2,¢)))) =
x((z,a), (y,b), (2, ¢)).

Proof. According to the definition of x, we may deduce that (¢) is valid.

In (i7), if * = 29 and y = z; then x((z0, a), (v, a), (v1,b)) = aeaea " (aea) =
1. If ¢ = 27 and y = xg, then x((x1,a), (z1,a),(x0,b)) = aeaealaea) = 1.
Otherwise if z ory # x¢ or z1, then x((z,a), (z,a), (y,b)) = 1.
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To prove the third property, we have only three essential cases:
(1) If 2 =y = ¢ and z = x; then

X((zo, @), (20,b), (¢(z0, 0, 21),a @ b e cex((xo,a), (z0,b), (1,¢))))
= x((z0,a), (x0,b), (x1,cea " (aeb)) =aebea (aeb)
= X((zo, a), (20, b), (z1,0)).

(2) If =y =21 and z = z( then
x((z1,a), (21,b), (¢(x1,21,20),a 0 b e co x((x1,0a), (x1,D), (20, ¢))))
= x((z1,0a), (z1,b), (xg,coa(aeb))) =aebea(aeb)
= x((z1,a), (21,b), (0, ).

Note that

dX((x07a)’ (‘TO’ b)) (1‘1,6)) = X((zO’ a)7 (931,6), (‘TO’ b)) = X((Ihc)’ ((IO, a)7 (:C07 b))

X((fﬁ,a), ($17 b)v (1‘0,0)) = X((‘rlv a)’ ("TO’C)v ($17 b)) = X((fCo,C), ((xlv a)v (wlv b))

(3) Otherwise, i.e., when i) x =y=z2z=x¢ or x =y =2z =2,
i) x,y or z ¢ {xo,x1},
we have

x((z,a), (y,0), (¢(z,y, z), asbecex((z,a), (y,b), (2, ¢)))) = x((z,a), (y,b), (z,¢) = 1.
This completes the proof of the lemma. O

Lemma 3. Let (Q;q) be an arbitrary SK(n), and (B;e,1) be a Boolean SL(2™)
for m > 2. Also let ¢’ be a ternary operation on the set QQ x B defined by :

q((z,a),(,0), (2,0)) = (¢(x,y,2),a e b e co x((x,a), (y,b), (,¢))).
Then Q xo B =(Q x B;q’) is an SK(n2™) for each possible number n > 4.

Proof. Let Q = {zo,z1,22,...,2n—1} and B = {1,a;1,4a2,...,a,m_,}. For all
(z,a), (y,b),(z,¢) € Q x B, according to Lemma 2 (i) and the properties of the
operations "¢” and ” e” we find that:

¢ ((z,a),(y,0),(z,¢)) = ¢'((z,a), (2,¢), (y,0)) = ¢'((2, ), (x,a), (y,]))-
By using Lemma 2 (i)
q,((xa a)7 (I,CL), (y7 b) = (Q(J:,Ivy)a aeaebe X((xv a)7 (I,CL), (y7 b))) = (y7 b)
Also, Lemma 2 (ii%) gives us that
q/((a?, a), (y,b), (q/((I, a), (y,b), (2,¢)))
=q'((x,a), (y,0), (q(x,y,2),a e be cox((z,a),(y,b), (2,¢)) = (z,¢).
Hence Q x4 B = (Q x B;¢') is an SQS-skein. O
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In the next theorem we prove that the constucted @)x,B is a subdirectly
irreducible SQS-skein having a monolith #; satisfying that the cardinality of its
congruence class equal 2.

Theorem 4. The constructed sloop Q% B = (QXxB;q’) is a subdirectly irreducible
SQS-skein.

Proof. The projection I : (z,a) — z from Q x B into @ is an onto homomorphism
and the congrurnce Ker Il := 6, on @ x B is given by:

2

b1 = Uj;ol {(xi, 1) s (xi,al) s (xi7a,2m71>} ,

so one can directly see that [(zo,1)]61 = {(z0,1), (w0, 1), ..., (To,aym_,)} -

Now C(Q) = C((Qx,B)/61) = [61 : 1]. Our proof will now be complete if we
show that 0 is the unique atom of C(Qx,B).

First, assume that 6, is not an atom of C(@x,B), then we can find an atom =
satisfying that: v C 6y and |[(z;, ;)] v| = r < |[(xs,a;)] 61] = 2™. In the following
we get a contradiction by proving [(z1,1)]7 is not a normal sub-SQS-skein of
@Qx,B.

Suppose [(z1,1)]y = {(J;l, 1), (x1,as, )y - (21, asrfl)} JIf {%130527 ... 7%7,,1}
is an increasing successive subsequence of {ay,as,...,a,m_, } and if a(as) =
oo forall i = 1,2,...,r — 1, then a(as, ,) = as, ¢ {as,,asy,...,as,_,}. If
{asl yOsyse ey asr_l} is an increasing and not successive subsequence selected from
{al,ag,...,anfl} then there exists an element a; € {asl,a52, .. .,asrfl} such
that a(a;) = aj11 ¢ {as,, sy, as,_, } . For both cases, we can always find an
element (x1,ax) € [(x1,1)] v such that (z1,a(ar)) ¢ [(x1,1)] v (ar = as,_, for the
first case, and ay, = a; for the second case).

We can determine the class containing (xg,1) when we use the fact that
[(xo, D]y =¢ ([(x1,1)] 7, (z1,1), (x0,1)), hence we will find that

[(3307 1)] Y= {(5507 1) ) (3307 « (a81)) ’ ('T0>a (a52)) PR ('rO?a (asv-—l))} :
By the same way [(z2,1)]y = ¢ ([(x1,1)]7, (x1,1), (22,1)), and this leads to
[(z2, )]y = {(22,1), (2,04,) , (¥2,05,) , - .., (z2,05,_,) } -

From the other side [(z2,1)]y = ¢’ ([(z0,1)]7, (z0,1), (x2,1)), here we will find
that

Qs

(w2, )]y = {(22,1), (w2, (as,)) , (22, @ (as,)) - - - (w2, 0 (as,_,)) } -

This means that for each a; € {%1 s sy e ,asrfl} alag) € {as1 gy ey Qs }
This contradicts the assumption that (z1,a(ay)) ¢ [(x1,1)]y. Hence, we may say
that there is no atom v of C(@x,B) satisfying v C 6;. Therefore, 6; is an atom
of the lattice C(Qx,B).
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Secondly, to prove that 6 is the unique atom of C(Q X, B). Assume that ¢
is another atom of C(Q x, B), then §; N§ = 0. Hence, one can easily see that
there is only one element (z,a;) € [(x,a;)]0 with the first component z (note that
[(z,a:)]61 = {(=,1),(z,a1),...,(z,a;),...,(x,aym_,)}). For this reason we may
say that the class [(zg, 1)]0 has at most one pair (x1, a;) with first component .
So we have two possibilities; either

(7) [(wo,1)]0 contains only one pair (z1,a;) with first component x4, or

(#i) [(xo,1)]d has not any pairs with first component ;.

For the first case, let ((x,a), (z1,as)) € § such that xg # x # x1, and as # a;.
Then

q/((x07 1)v (zv a)a (xla as)) € [(an 1)]5

In this case (x1,a;) € [(zg,1)]d. Thus

q/((ZOa 1)7 (wl,ai)a ql((x07 1)7 (.T, a)v (l‘l,CLS))) € [(Zo, 1)]6

Hence, (z,a;eaeas) € [(zo,1)]0.

By using the properties of congruences, ((xg,1), (z1,a;)), ((z1,as), (z,a)) and
((x1,a;), (x1,a;)) € &, we shall find that (¢'((zo,1), (z1,as), (z1,a;)),(x,a)) € 0.
This means that

q/((l‘o, 1)7 (x,a), q/((l‘o, 1)7 (1‘1, as)v (xlvai))) € [(Jfo, 1)]5

So,
(z,aeala; ®as)) € [(xo,1)]0.

Since the class [(zg, 1)] § contains at most one element with a first component =, it
follows that a(a; eas) = a; eas hence a; @a; = 1, which contradicts the choice that
as # a;. This implies that [(zg,1)] 4 is not a normal sub-SQS-skein of @ x, B.

For the second case (i4) when [(xg,1)]d has not any pair with first component
x1. Let (z,a) € [(x0,1)]d such that xg # x # x1, and let (x,b) and (z,c) are two
elements in @ x B such that a # b. Then

q/((x07 1)a (x, a)v q,((x07 1)7 (xlv C), (1’, b))) € [q/((mOa 1)7 (Il’ C)v (xv b))] d.

This means that (z1,ceaeb) € [¢'((zo,1), (z1,¢), (z,b))] . Also,

q/((‘rOv 1)a (xla C)vq,((l'()v 1)7 (xa a)’ (:L’, b))) € q/((xOv 1)a (xla C)v [({E, b)}(s)
= [q/((l‘o, 1)7 (:Clvc)v (:177 b))} J.

Therefore (z1,cea(aeb)) € [¢'((z0,1), (z1,¢), (z,b))] 4.

By using the fact that the class [¢'((zo, 1), (z1,¢), (z,b))] § contains only one
element with the first component x;, we may say that a~'(a e b) = a e b, hence
a b =1, which contradicts that a # b.Thus [(x,1)]d is not a normal sub-SQS-
skein of @) X, B.This mean that there is no another atom ¢, and 6; is the unique
atom of C(Q) X, B). Therefore, @ x,, B is a subdirectly irreducible SQS-skein. [
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Note that in the constructed SQS-skein @) X, B, we may choose B a Boolean
SL(2™) for each m > 2. Therefore, as a consequence of the proof of Theorem 3,
we obtain

Corollary 5. Let B be a Boolean SL(2™) for an integer m > 2. Then the con-
gruence class [(xo,1)]01 of the monolith 61 of the constucted subdirectly irreducible
SQS-skein @ x, B is a Boolean SK(2™). O

Also, Theorem 3 enable us to construct a subdirectly irreducible SQS-skein
@ X4 B having a monolith 6 satisfying that (Q x, B)/ 61 = Q.

Corollary 6. Every SQS-skein Q is isomorphic to the homomorphic image of
the subdirectly irreducible SQS-skein Q X, B over its monolith, for each Boolean
sloop B. O

Remark: The SQS-skein @ X, B having L X, B as a derived sloop.

Let (Q;q) be an SK(n) and (L; *,xg) be a derived SL(n) of @ with respect to
the element zy with the same congruence lattice. This means that for L = @ =
{zo,x1,...,Zn_1}, the binary operation ” x” is defined by = * y = ¢(xo, z,y).

By using the construction in [7], we construct subdirectly irreducible SL(n2™).
This means that if we begin with our derived sloop L := (L;*, ) of cardinality
n and the Boolean sloop B := (Bj;e, 1) of cardinality 2™, we get subdirectly
irreducible sloop Lx,B =(L x Bj;o, (xg,1)), where

(z,a) 0 (y,b) := (z xy,aebex((x,a),(y,))))

aea~l(a) for xz=umg, y=2,
beal(b) for x=ux, y=1,

ceafc) for t=x1=yandaeb=c,
1 otherwise.

and

X((Z‘, a)’ (yv b))L =

It is easy to see that x((z,a), (y,0))r = x((z0,1), (z,a), (y,b)) (the characte-
ristic function of our construction) for all x,y € L = Q. Hence (z,a) o (y,b) =
q ((zo, 1), (x,a), (y,b)) for all (z,a),(y,b) € L x B =@Q x B, this means directly
that the constructed sloop Lx,B is a derived sloop of the constructed SQS-skein
@ X B. Therefore, we have the following result:

Corollary 7. Let L be a derived sloop of the SQS-skein Q) with respect to the
element xg, then the sloop Lx B is a derived sloop of the SQS-skein Q X, B with
respect to (xg, 1). O

Note that @ is isomorphic to the homomorphic image of @ x, B over its
monolith (Corollary 5) and also L is isomorphic to the homomorphic image of
L x4 B over its monolith [7]. Hence according to [7], Theorem 4 and Corollary 6,
we may say that:

There is always an SQS-skein Q X, B with a derived sloop L x, B, in which
both Q X, B and L x, B are subdirectly irreducible of cardinality n2™ having the
same congruence lattice for each possible integers n > 4 and m > 2.
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The construction of a semi-Boolean SQS-skein (each derived sloop L of @ is
Boolean) given in [9] satisfies that C'(Q) is a proper sublattice of the congruence
lattice of its derived sloop C(L). This means that we may begin with SQS-skein @
with a derived sloop L in which the congruence lattice of @ is a proper sublattice
of the congruence lattice of L, this leads to C(L x, B) is a proper sublattice of
C(Q x4 B).

Consequently, we may construct SQS-skein Q X o, B with a derived sloop L x, B
such that Q X, B and L X, B are subdirectly irreducible of cardinality n2™ and
have the same congruence lattice, if we begin with L derived sloop of Q with the
same congruence lattice. Also, we may construct SQS-skein Q X B with a derived
sloop L x4 B in which the congruence lattice of Q X, B is a proper sublattice of
the congruence lattice of L X, B, if we begin with L derived sloop of Q such that
the congruence lattice of Q) is a proper sublattice of the congruence lattice of L.
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Clifford congruences on an idempotent-surjective

R-semigroup
Roman S. Gigon

Abstract. In the paper we describe the least Clifford congruence £ on an idempotent-surjective
R-semigroup, and so we generalize the result of LaTorre (1983). In addition, a characterization of
all Clifford congruences on such a semigroup (in particular, on a structurally regular semigroup)
is given. Furthermore, we find necessary and sufficient conditions for £ to be idempotent pure or
E-unitary. Moreover, using some earlier result, we give a description of all USG-congruences on
an idempotent-surjective semigroup, and so we generalize the result of Howie and Lallement for
regular semigroups (1966). Finally, in Section 4 we study the subdirect products of an E-unitary
semigroup and a Clifford semigroup.

1. Preliminaries

Whenever possible the notation and conventions of Howie [11, 12] are used. Let S
be a semigroup and let A C S. Denote by E 4 the set of all idempotents of A, that
is, E4 = {a € A : a® = a}, and by Reg(S) the set of all reqular elements of S,
ie., Reg(S) ={a € S:a € aSa}. We say that S is regular if Reg(S) = S. More
generally, in [10] Hall observed that the set Reg(S) of a semigroup S with Eg # ()
forms a regular subsemigroup of S if and only if the product of any two idempotents
of S is regular. In a such case, S is said to be an R-semigroup. Finally, if Fg is a
subsemigroup of S, then S is called an E-semigroup. Clearly, any E-semigroup is
an R-semigroup.

Let S be a semigroup, a € S. The set W(a) = {x € S : = zax} is called
the set of weak inverses of a, so the elements of W(a) will be called weak inverse
elements of a. A semigroup S is said to be E-inversive if for every a € S there is
x € S such that az € Fg [21]. Clearly, S is E-inversive iff W (a) # 0 (a € S), so if
S is E-inversive, then for all a € S there is x € S such that ax,za € Eg. For some
interesting results concerning F-inversive semigroups, see [18, 4].

A generalization of the concept of regularity will also prove convenient. Define a
semigroup S to be idempotent-surjective if whenever p is a congruence on S and ap
is an idempotent of S/p, then ap contains some idempotent of S [2]. The famous
Lallement’s Lemma says that all regular semigroups are idempotent-surjective.
Finally, it is known that idempotent-surjective semigroups are F-inversive.

2010 Mathematics Subject Classification: 20M99, 06B10
Keywords: Clifford congruence, R-semigroup, idempotent-surjective semigroup, E-semigroup,
structurally regular semigroup, E-unitary congruence, USG-congruence.
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On the other hand, Kopamu defined in [14] a countable family of congruences
on a semigroup S, as follows: for each ordered pair of non-negative integers (m,n),
he put:
Om.n = {(a,b) € S xS : (Ve e S™, y € S") zay = xby},

and he made the convention that S! = S and S" denotes the set containing only
the empty word. In particular, 8y o = 1g. Recall from [14] that if S/6,, ,, is regular
for some non-negative integers m,n, then S is structurally regular. Kopamu also
proved that structurally regular semigroups are idempotent-surjective. Finally, in
[8] the author showed that structurally regular semigroups are R-semigroups, and
so every structurally regular semigroup is an idempotent-surjective R-semigroup.

Green’s relations on S are denoted by £ ((a,b) € L if SaU {a} = SbU{b}), R
((a,b) € Rif aSU{a} = bSU{b}) and H (= LNR). Denote by H, the H-class
containing the element a. Notice that Green’s Theorem says that in an arbitrary
semigroup S either H,H, N H, = 0 or H, is a group.

Recall that a semigroup S is a semilattice if a®> = a, ab = ba for all a,b € S.
Let C be some class of semigroups of the same type 7 (for example: the class of all
groups); call its elements C-semigroups. A congruence p on a semigroup S is said
to be a C-congruence if S/p € C. Clearly, the least semilattice congruence 7 (say)
on an arbitrary semigroup S exists. Finally, a semigroup S is a semilattice S/p of
groups if there exists a semilattice congruence p on S such that every p-class is a
group. Since H C 7, then a semigroup S is a semilattice S/p of groups if and only
if H =mn. Indeed, H C n C p and evidently p C H. Consequently we have H = 7.
The converse implication follows from Green’s Theorem.

Moreover, some preliminaries about group congruences on a semigroup S are
needed. A subset A of S is called (respectively) full; reflezive and dense if Eg C A,
(Va,b e S)(abe A=ba € A) and (Vs € S)(Fz,y € S) sz,ys € A. Also, we define
the closure operator w on S by Aw={s € S:(Ja € A) as € A} (where A C S).
We shall say that A C S is closed (in S) if Aw = A. Further, a subsemigroup N
of a semigroup S is said to be normal if it is full, dense, reflexive and closed (if
N is normal, then we shall write N <.5). Finally, if a subsemigroup of S is dense
and reflexive, then it is called quasi-normal.

By the kernel of a congruence p on a semigroup S we shall mean the set
ker(p) = {x € S : (z,2?%) € p}.

Result 1.1. [5] Let B be a quasi-normal subsemigroup of a semigroup S. Then the
relation pp = {(a,b) € S x S : (3 z,y € B) ax = yb} is a group congruence on S.
Also, B C Bw = ker(pp), and if B < S, then B = ker(pp).

Conwversely, if p is a group congruence on S, then there is a normal subsemi-
group N of S such that p = pn (in fact, N = ker(p)). Thus there is an inclusion-
preserving bijection between the set of all normal subsemigroups of S and the set
of all group congruences on S.

Moreover, the least group congruence on an E-inversive E-semigroup is given
by

oc={(a,b) €S xS:(Je,f € Eg) ea=0bf}. O
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Remark 1.2. [5] Let B be a quasi-normal subsemigroup of S. Then:
(a,b) € pp < (3 € S) za,zb € B.

Tt is easily seen that if S is an E-inversive semigroup (and so Fg is dense), then
there exists the least normal subsemigroup of S. In the light of Result 1.1, every
FE-inversive semigroup possesses the least group congruence o.

An inverse semigroup in which the idempotents are central is called a Clifford
semigroup. Recall that a semigroup S is a Clifford semigroup if and only if it is a
semilattice of groups [11]. Observe that if ab = e € Eg, then

ba = baa"ta = a taba = a"tea € Eg.

Thus ab = ba (since ab and ba belong to the same subgroup of S), so Fg is reflexive.
Further, a semigroup S is called n-simple if S has no semilattice congruences except
the universal relation. It is well known that every n-class of S is n-simple [20].
Recall from [9] that a full quasi-normal subsemigroup of a semigroup is called
seminormal.
Finally, we have need the following two results.

Theorem 1.3. Let p be an arbitrary semilattice congruence on an idempotent-
surjective R-semigroup S, N be a (semi)normal subsemigroup of S and let a € S.
Put N, = NN ap. Then:

(a) ap is an E-inversive R-semigroup;

(b) N, is a (semi)normal subsemigroup of ap.

Proof. (a). Let a € S and e € E,,. Suppose by way of contradiction that a7 is not
E-inversive. Then the set A of all non E-inversive elements of an is an ideal of an.
Clearly, e ¢ A. Consider an equivalence p (say) on an induced by the partition:
{A,an \ A} and suppose that there are elements s,¢ € an \ A such that st € A.
Then fg € A for some idempotents f,g € an\ A. Since S is an R-semigroup, then
x=uzfgx, fg = fgxfg for some x € S. It follows that « € an, so x € W(fg) in an,
which contradicted to fg € A. Hence p is a semilattice congruence on an 7-simple
semigroup a7, a contradiction. Consequently, A = () (since e ¢ A), and so an is an
FE-inversive R-semigroup.

(b). The second part of the theorem is a direct consequence of the definition
of a (semi)normal subsemigroup and the first part of the theorem. O

Lemma 1.4. Let B be the least seminormal subsemigroup of an idempotent-
surjective semigroup S. If ¢ is an epimorphism of S onto a Clifford semigroup T,
then B¢ = Ep.

Proof. Put A = (Er)¢~!. Clearly, A is a full subsemigroup of S. Thus A is dense.
Moreover, if zy € A, then Er 3 (axy)¢p = x¢ - yp = yd - xd = (yx)¢ (since Er
is reflexive), so yr € A. Hence B C A. Thus B¢ C ((Er)¢~')¢ C Er. Since S
is idempotent-surjective and B is full, then Epr = (Es)¢ C B¢. Consequently,
B¢ = Er. O
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2. Clifford congruences

Let £ be a semilattice congruence on an idempotent-surjective R-semigroup S.
Denote e-classes of S by S,, where a’s are elements of some set A, and define on
A a binary operation o, as follows: if a € S,,b € S3, then

aofB=v&abe S,.

Clearly, (A, o) is a semilattice (isomorphic to S/¢), so
S=|J{S: €A}

is a semilattice A of E-inversive R-semigroups S, (Theorem 1.3(a)). For any semi-
normal subsemigroup I of S, put I, = I NS, (o € A); see Theorem 1.3(b). Then
by Result 1.1 and Remark 1.2, for every «, the relation

pr. = {(a,b) € So x So : Az € Sy) wa,zb € I}

is a group congruence on S,. Put p = J{pr, : @ € A}. We will show that p is
a congruence on S. Let (a,b) € p, say (a,b) € pr,; ¢ € Sg. Then za,zb € I,
for some x € S,. Since Ig is dense, then cz € Ig for some z € Sg. Notice that
ac, be, zx € Sop. Furthermore, (za)(cz) € Inls C I. Hence (zz)(ac) € I (since I
is reflexive), therefore, (zz)(ac) € I N Sap = Iog. Similarly, (zz)(bc) € Ig. This
implies that (ac,bc) € p, and so p is a right congruence on S. By symmetry of the
definition of pr, , we conclude that p is also a left congruence on S. Thus p is a
congruence on S and for all a € S, ap = apy, if a € S,. Put G4 = So/pr1, - Then
S/p=U{Ga : @ € A} is a semilattice A of groups G,.

Applying the above construction (of p) to the least semilattice congruence 7 on
S and to the least seminormal subsemigroup B of S, we obtain some semilattice
of groups congruence on S, say &.

Let S be an idempotent-surjective E-semigroup. Then each 7-class of S is an
E-semigroup. Define on every S, the least group congruence o, (see Result 1.1).
Then the relation £*, induced by this partition of S, is a congruence on S. Indeed,
if a*b, say (a,b) € 04 in Sy; ¢ € Sa, then ea = bf, where e, f € Eg_, and so
(bec*b*e)ac = be(c*-b*bf-c) for every b* € W, (b), ¢* € W, (c). The expressions in
the parentheses belong to Eg. Further, bcc*b*e, c*b*bfc € Su3, ac,bc € S, 3. Hence
£* is a right congruence on S. By symmetry, £* is a left congruence on S. Thus
S/€* is a semilattice of groups.

Finally, we will show that £ is the least Clifford congruence on an idempotent-
surjective R-semigroup S. Let p be any congruence on S such that S/p is a semi-
lattice A of groups, say S/p = J{G4 : @ € A}; p° be the natural homomorphism of
S onto S/p and ¢ be the canonical morphism of S/p onto A, defined by (ap)y = «
if ap € G. The composition map ® = py is a morphism of S onto A, so dd~1,
where a(®®~1)b if and only if ap, bp € G, for some o € A, is a semilattice congru-
ence on S. Thus n C ®®~!. Suppose that a£b. Then anb and xa = by for some
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x,y € anN B, where B is the least seminormal subsemigroup of S. Since z,y,a,b
lie in the same n-class, then they belong to the same ®®~!-class, so xp, yp, ap, bp lie
in G, (o € A). Since x,y € B, then zp,yp € Eg/, (Lemma 1.4), so zp = yp = lg,
(the identity of the group G ). It follows that

ap = (xp)(ap) = (za)p = (by)p = (bp)(yp) = bp.

Consequently, £ C p, as required.
Observe that if S is an E-semigroup, then z,y € Eg (by the definition of £*),
so obviously xp = yp = 1g, € Eg/,. Thus £* C p.
Note that &,£* C N o and denote by By, the intersection of an and B (a € S).
We have just shown the following theorem.

Theorem 2.1. The least Clifford congruence on an idempotent-surjective R-semi-
group S is given by
& ={(a,b) en: (3z,y € Byy) za = by}. O

Remark 2.2. In the light of Remark 1.2,

¢={(a,b) €n:(3z € an) za,xb € Bqy}.

Corollary 2.3. The least Clifford congruence on an idempotent-surjective E-semi-
group S is given by

& ={(a,b) en: e, f € Eqy) ea=0bf}. O

Note also that we have proved the first part of the following theorem which is
new for regular semigroups (and it is probably new even for inverse semigroups).

Theorem 2.4. Let € be an arbitrary semilattice congruence on an idempotent-
surjective R-semigroup S and let A be a seminormal subsemigroup of S. Then the
relation

pae ={(a,b) €e: (Fx,y € acNA) za = by}

is a Clifford congruence on S.
Conversely, if p is a Clifford congruence on S, then there exists a semilattice
congruence € on S and a seminormal subsemigroup A of S such that p = pa,..

Proof. Let p be a semilattice of groups congruence on S. Since S/p is a semilattice
of groups, then the least semilattice congruence on S/p is H/?. Define a relation
e on S, as follows: (a,b) € ¢ if and only if (ap,bp) € H3/P. Then H3/P =¢/p. Tt

follows that € is a semilattice congruence on S, since (S/p)/H5/? = S/e. Next,
put

A:U{ep:eeEs}.

Since S is idempotent-surjective and Eg/, is a subsemigroup of S/p, then A is
a semigroup. Obviously, A is full. Finally, A is reflexive, since Eg/, is reflexive.
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Consequently, A is a seminormal subsemigroup of S. Further, note that p C ¢, and
consider an arbitrary p-class ep, where e € Eg. Let © € (ep)w in ee (in particular,
(zp,ep) € H3/P). Then ax € ep for some a € ep. Hence

ep = (ap)(zp) = (ep)(zp) = zp,

because (xp,ep) € H5/P. Thus ep is closed in es. Since A Nes = ep for every
e € By, then p = pa ., as required. 0

A congruence p on a semigroup S is called idempotent pure if ep C Eg for all
e € Eg. Note that if S is idempotent-surjective, then p is idempotent pure if and
only if ker(p) = Fg.

Let &€ be the relation on a semigroup S induced by the partition {Eg, S\ Eg}.
Then &° is the greatest idempotent pure congruence on S. Put 7 = £”. Then [12]

7={(a,b) € S x S: (Va,y € SV) zay € Es & xby € Eg},

where S(1) denotes the semigroup obtained from S by adjoining the identity 1.
Recall from [5] that an E-inversive semigroup S is E-unitary if and only if Eg
is closed in S.
The following result will be useful.

Result 2.5. [5, 7] Let S be an idempotent-surjective semigroup. Then the following
conditions are equivalent:

(a) S is E-unitary;

(b) ker(o) = Es;

(¢) every idempotent pure congruence on S is E-unitary;

(d) there exists an idempotent pure E-unitary congruence on S;

(e) o=r. O

The following theorem gives necessary and sufficient conditions for £ to be
idempotent pure. Note that the condition (c¢) is new even for regular semigroups.

Theorem 2.6. Let S be an idempotent-surjective R-semigroup. Then the following
conditions are equivalent:

(a) & is idempotent pure;

(b) each n-class of S is an E-unitary E-inversive subsemigroup of S

(c) E=nnr.

Proof. (a) <= (b). It follows from the construction of ¢ and Result 2.5 (see (b)).
(a) = (c). Let £ be idempotent pure, that is, £ C 7. Then evidently £ Cn N 7.

Conversely, let a(n N 7)b. Take any weak inverse z of ¢ in an. Then (za,xb) € T,

where za € E,,. Since xb € an, then xb € E,,,. Thus (a,b) € £ (by Remark 2.2).
(¢) = (a). This is trivial. O

Corollary 2.7. Let S be an idempotent-surjective R-semigroup. Then £ is idempo-
tent pure if and only if S is a semilattice of E-unitary E-inversive semigroups. [
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Moreover, we have the following theorem.

Theorem 2.8. Let S be an idempotent-surjective R-semigroup. Then the following
conditions are equivalent:

(a) S is E-unitary;

(b) & is an idempotent pure E-unitary congruence on S;

(¢c) for every a € S, an is E-unitary and o4, = og N (an x an).

Proof. (a) = (b). If S is E-unitary, then each n-class of S is also F-unitary and
s0, by Theorem 2.6, £ is idempotent pure. Hence by Result 2.5, £ is E-unitary.

(b) = (a). This follows from Result 2.5.

(a) = (¢). Let a € S. It is clear that an is E-unitary. Also, if (a,b) € o,
then ab* € Eg for all b* € W(b), so if (a,b) € o N (an x an), then ab* € E,,
for all b* € W (b) in an. Thus ab*b € E,,b. It follows that (a,b) € o4y. Therefore
o N (an x an) C o4y. The converse inclusion is obvious.

(¢) = (a). Let e € Eg, x € an, where a € S. Choose f € E,, and suppose
that (z,e) € og. Clearly, (e, f) € 0. Hence (z, f) € o5 N (an X an) = 04y. Thus
x € Eg, so S is E-unitary (by Result 2.5). O

The next result gives some equivalent conditions for £ to be E-unitary, when
£ is idempotent pure.

Corollary 2.9. Let an idempotent-surjective R-semigroup S be a semilattice of an
E-unitary E-inversive semigroups. Then the following conditions are equivalent:

(a) S is E-unitary;

(b) £=nno;
(¢) € is E-unitary;
(d) for everya € S, 04y = 0os N (an x an).
Proof. (a) = (b). The main assumption of the corollary implies that £ is idem-
potent pure (Corollary 2.7). Hence £ = nN 7 (Theorem 2.6). Since S is E-unitary,
then 7 = o (Result 2.5). Thus £ =nNo.

(b) = (c¢). The congruences n and o are both E-unitary. Therefore E =nNo
is also E-unitary.

(¢) = (a). The assumptions imply that the congruence ¢ is idempotent pure
and E-unitary. Thus S is E-unitary (Result 2.5).

(a) < (d). Tt is a consequence of Theorem 2.8. O

Finally, we have the following corollary.
Corollary 2.10. In any E-unitary idempotent-surjective semigroup S,
ENH=1g.
If in addition Es forms a semilattice, then
ENL=E(ENR = 1g.
Proof. This follows from Theorem 5.5 [5], since £ C o. O
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3. USG-congruences

A semigroup S is said to be a USG-semigroup if it is an F-unitary Clifford semi-
group. Recall from [13] that if S is a USG-semigroup, then o Ny = 1g.

Remark that if a semigroup is a subdirect product of a group and a semilattice,
then it is an F-semigroup.

Theorem 3.1. In any idempotent-surjective semigroup S, c Nn = lg if and only
if S is a USG-semigroup.

Proof. Let 0 N = 1g. Then S is a subdirect product of the group S/c and the
semilattice S/7, so S is an idempotent-surjective E-semigroup. In particular, the
least Clifford congruence £ exists on S. Also, £ CoNn and so & = 1g. Hence S is
a semilattice of groups. Thus H = 7. Let (x,e) € o (where x € S,e € Eg). Then
(since x € H for some f € Eg Ceo) (z,f) eocNH=0Nn=1g,s0x = f € Egs.
Consequently, S is E-unitary. O

If p,v are two congruences on S such that p C v, then the map ¢ : S/p — S/v,
(ap)p = av (a € S), is a well-defined epimorphism between these semigroups.
Denote its kernel @ ~! by

v/p={(ap,bp) € S/px S/p:avb}.

Then (S/p)/(v/p) = S/v. Also, each congruence . on S/p is of the form v/p, where
v 2 p is a congruence on S. Indeed, the relation v, defined on S by: awvb if and
only if (ap,bp) € «, is a congruence on S such that p C v and a = v/p. Finally, let
p C v1, vy (where vq, vg are congruences on S). Then (v1/p)N(v2/p) = (viNva)/p,
and (v1 Nvg)/p = 1g/, implies that p = v Nvs.

Note that if a class C of semigroups is closed under homomorphic images and
the least C-congruence p% on a semigroup S exists, then the interval [p$, S x S]
consists of all C-congruences on S and is a complete sublattice of C(S).

Theorem 3.2. Let C1, Co and C3 be some classes of semigroups; pil, pif be the
least Ci-congruence, Co-congruence on any semigroup A, respectively, such that
A € Cs if and only if pil N pif = 14. Then the intersection of a Cy-congruence
and a Cy-congruence on a semigroup S is a Cs-congruence. Conversely, every
Cs-congruence on S can be expressed in this way.

Proof. Let p; be a Ci~congruence on S (for ¢ = 1,2). Put p = p; N p2 and observe
that p1/p is a Cy-congruence, p2/p is a Ca-congruence on S/ p. Since (p1/p)N(p2/p)
is the identity relation on S/p, then pgl/p N pgz/p = lg/,- Thus S/p € C3, and so
p = p1 N p2 is a C3-congruence on S.

Conversely, let p be any Cs-congruence on S, p1/p = pgl/p, p2/p = pg"}p, where
p C p1, p2. Then p; is a C;-congruence on S (for ¢ = 1,2). Furthermore,

C C
(p1 N p2)/p=pg), N Ps), =1s/p-

Thus p = p; N p2, as required. O
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Remark 3.3. One can modify Theorem 3.2 for any type of a universal algebra.

The following theorem describes all USG-congruences on idempotent-surjective
semigroups.

Theorem 3.4. The intersection of a group congruence v and a semilattice con-
gruence vy on an idempotent-surjective semigroup S is a USG-congruence.

Conversely, any USG-congruence p on S can be expressed in this way, and v,y
are uniquely determined by p.

Proof. Note that the class of all idempotent-surjective semigroups is closed under
homomorphic images. All assertions of the theorem except a uniqueness follows
from Theorems 3.1, 3.2 (see the proof of Theorem 3.2).

Let p = v1Ny1 = 1o N yg, where y; is a group congruence and +y; is a semilattice
congruence on S (i = 1,2), and let (a,b) € 7;. Since 1 N2 is a band congruence,
then there are e, f € Fg such that (a,e) € y1 N7, (e, f) € v1 and (f,b) € y1 Ns.
In fact, (e, f) € v1 Nv1 =y Nwg C 2. Hence (a,b) € 2. Thus 1 C ~y,. Similarly,
we obtain the opposite inclusion, so 71 = 2. Put y; = 72 = 7. Let (a,b) € v1. Then
(aab, abb) € v1 Ny C vy. Hence (a,b) € vy (by cancellation), therefore, 11 C vs.
By symmetry, vo C v1. Consequently, v1 = o, as required. O

Corollary 3.5. The relation o N7 is the least USG-congruence on an arbitrary
idempotent-surjective semigroup S. O

Corollary 3.6. An idempotent-surjective semigroup is a subdirect product of a
group and a semilattice if and only if it is a USG-semigroup.

Proof. Let S C G x Y be a subdirect product of a group G and a semilattice Y.
Then the two projection maps induce on S a group congruence and a semilattice
congruence. The intersection of these congruences is the equality relation on S.
Thus o0 N =1g, so S is a USG-semigroup (Theorem 3.1).

The converse implication is clear. O

Lemma 3.7. Let S be an E-unitary idempotent-surjective semigroup. Then S/ is
a USG-semigroup.

Proof. Let S be E-unitary. Then every n-class of S is E-unitary, too. In the light
of Theorem 2.6, £ is idempotent pure. Hence £ is E-unitary (Corollary 2.9). Thus
S/¢ is a USG-semigroup. O

One can show without difficulty that the least E-unitary congruence 7 on an
arbitrary F-inversive semigroup exists.

Lemma 3.8. Let S be an idempotent-surjective R-semigroup. Then the relation

Evm)/m

is the least Clifford congruence on S/m.
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Proof. Indeed, S/(¢ V ) is a Clifford semigroup, so (£ V 7)/m is a semilattice of
groups congruence on S/m, since S/(§ V w) = (S/7)/((€ V w)/7). On the other
hand, if « is a semilattice of groups congruence on S/m, then o = p/m, where
7 C p. Since (S/7)/(p/7) =2 S/p, then p is a Clifford congruence on S, so 7, £ C p.
Hence € V1 C p. Thus (£ V7)/m C p/m = «, as required. O

Theorem 3.9. In any idempotent-surjective R-semigroup S,
cNn=¢&Vm.

Proof. We have just seen that S/(§V ) = (S/7)/((£V7)/7). By Lemmas 3.7, 3.8,
(S/m)/((§Vm)/m) is an E-unitary semilattice of groups and so S/(§ V) is also an
FE-unitary semilattice of groups. Thus £ V 7 is a USG-congruence on .S. Moreover,
EConnand m CoNn. Hence Vo Conn. Thus £ Vo =onn (because o Ny
is the least USG-congruence on S). O

Corollary 3.10. In any E-unitary idempotent-surjective semigroup,

E=onm. O

4. The condition T N& = 1g

In this section we characterize those idempotent-surjective R-semigroups S which
are a subdirect product of an E-unitary semigroup and a Clifford semigroup, i.e.,
those semigroups S for which 7 N ¢ is the identity relation. Since E-unitary semi-
groups and Clifford semigroups are both F-semigroups, then S are E-semigroups,
too.

In [2] Edwards defined the relation p on a semigroup S by

(x Lax or x Lbr) = axH bz,

(a,b) € p <—
(xRxa or  Rxb) = xaH xb,

where z is an arbitrary element of Reg(S). Furthermore, he proved in [3] that u

is the maximum idempotent-separating congruence on an arbitrary idempotent-

surjective semigroup S (that is, u N (Es X Eg) = 1g).

Recall that a semigroup S is:

o fundamental if ;= 1g [1];

o n-simple if n = S x S [20].

Note that if an E-inversive semigroup S is n-simple, then the least Clifford
congruence ¢ coincides with . Indeed, let p be a Clifford congruence on .S. Since
S/p is a Clifford semigroup, then the least semilattice congruence on S/p is H.
Define a relation € on S, as follows: (a,b) € € if (ap)H(bp). Then H = ¢/p, so
¢ is a semilattice congruence on S, since (S/p)/H =2 S/e. Thus (ap)H(bp) for all
a,b € S. Consequently, S/p is a group.
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Recall that 7 denotes the least F-unitary congruence on an E-inversive semi-
group. Clearly, 7 C o (the least group congruence).
From the last two paragraphs we obtain the following corollary.

Corollary 4.1. Let S be an n-simple E-inversive semigroup. Then S is E-unitary
if and only if TNE = 1g. O

Proposition 4.2. Let S be an idempotent-surjective R-semigroup, m N & = 1g.
Then S is a semilattice of (n-simple) E-unitary E-inversive semigroups.

Proof. 1t is sufficient to show that every n-class of S is E-unitary. Let a € S. Then
the restriction of 7 to an is an E-unitary congruence on an and the restriction of &
to an is a group congruence on an. From the assumption of the proposition follows
that the intersection of these two congruences is the identity relation on an, so the
intersection of the least F-unitary congruence and the least Clifford congruence on
amn is also the identity relation. In the light of Corollary 4.1, an is F-unitary. O

Theorem 4.3. Let S be a fundamental idempotent-surjective R-semigroup. Then
mN&=1g if and only if S is E-unitary.

Proof. Let tN& = 1g; ¢, f € Eg. If (e, f) € m, then (e, f) € n. Hence (e, f) € &.
Thus e = f, so m C = 1g. Consequently, S is E-unitary.
The converse implication is trivial. O

Remark 4.4. The above theorem is valid for any C-congruence p (instead of )
contained in 7 (i.e., if we replace in the theorem 7 by p, then we must replace
“E-unitary” with “C-semigroup”).

Recall from [7] that (for idempotent-surjective semigroups) every congruence
of the interval [r, o] is E-unitary. Also, ker(p) = ker(r) for every p € [m,o].

We have mentioned above that the class of idempotent-surjective semigroups is
closed under homomorphic images. Using Hall’s observation, one can prove with-
out difficulty that the class of all idempotent-surjective R-semigroups possess this
property. It is also known that the class of all structurally regular semigroups is
closed under taking homomorphic images [14].

For regular semigroups S, 4 N7 = 1g. The next theorem gives necessary and
sufficient conditions for 7 N & to be the identity relation on idempotent-surjective
R-semigroups S such that N7 = 1g (in particular, the theorem is valid, too, for
structurally regular semigroups having this additional property).

Remark 4.5. Using Lemma 1.2 [17], Janet Mills proved for orthodox semigroups a
similar result to the next theorem (see Theorem 3.5 [17]). However, the proof of her
lemma is not correct (see [6]). Moreover, in [6] using different methods, the author
showed the theorem of Mills (with a very important additional condition). Finally,
notice that the implication “(f) = (g)” in the following theorem is proved in a
different way than the corresponding implication in [6].
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Theorem 4.6. If S is an idempotent-surjective R-semigroup such that uN7 = 1g,
then the following conditions are equivalent:
(a) mNE=1s;
(b) S is a semilattice of E-unitary E-inversive semigroups and m C pu;
(c) S is a semilattice of E-unitary E-inversive semigroups and m C uNo C o;
(d) S is a semilattice of E-unitary E-inversive semigroups and the congruence
wNo is E-unitary;
(e) S is a semilattice of E-unitary E-inversive semigroups and at least one
idempotent-separating congruence on S (say p) is E-unitary;
(f) S is a subdirect product of an E-unitary idempotent-surjective semigroup
and a Clifford semigroup;
(g) S is a semilattice of E-unitary E-inversive semigroups and the relation
HNo is E-unitary congruence on S.

Proof. (a) = (b). This implication follows directly from Proposition 4.2 and from
the proof of Theorem 4.3.

(b) = (c¢). This is clear, since 7 C 0.
(¢) = (d). In that case, pNo € [m,0], so pNo is E-unitary.
(d) = (e). This is evident.
() = (a). Insuch case, 7 C p C p. Hence tNEC unNé&=pun(nnr) (see
Corollary 2.7 and Theorem 2.6). Thus tNE C uN7 = 1g.

(a) = (f). This is clear.

(f) = (g). Suppose that S is a subdirect product of an E-unitary idempotent-
surjective semigroup A and a Clifford semigroup T'. Notice that (a,t)(HNo)(b, w)
in S if and only if (a,b) e HNo in A and (t,w) e HNo=nNoin T, ie., if and
only if a = b (Theorem 5.5 [5]) and (¢,w) € nNo in T. This implies that HN o is
a congruence on S. Finally, we will show that the congruence H N o is E-unitary.
Let

(e;9)(a,t)(H N a)(f h),
where (e, g), (f,h) € Eg, then ea = f and (gt,h) € HNo in T. It follows that

a€ Ey & teker(or).

Hence
(t, Z) eH'n or

for some ¢ € Ep, since T is a semilattice of groups. Consequently,
(a,t)(H No)(a,i),

where (a,i) € Eg, so HNo is E-unitary.
(99 = (e). This is evident. O



Clifford congruences 231

References

1]

2]

3]

4]

5]

[6]

7]

18]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

D. Easdown, Biorder-preserving coextensions of fundamental semigroups,
Proc. Edinburgh Math. Soc. 31 (1988), 463—467.

P.M. Edwards, Eventually reqular semigroups, Bull. Austral. Math. Soc. 28
(1983), 23—38.

P.M. Edwards, Mazimizing a congruence with respect to its partition of
idempotents, Semigroup Forum 39 (1985), 313—317.

R.S. Gigoni, Some results on E-inversive semigroups, Quasigroups Relat.
Systems 20 (2012), 53—60 .

R.S. Gigon, Congruences and group congruences on a semigroup, Semigroup
Forum (in print), doi:10.1007/s00233-012-9425-7.

R.S. Gigon, Comment on the paper of Janet E. Mills: "Certain congruences
on orthodox semigroups”, (to appear in Studia Sci. Math. Hungarica).

R.S. Gigoni, On the lattice of congruences on idempotent-reqular-surjective
semigroups, (to appear in Communications in Algebra).

R.S. Gigon, Regular congruences on an idempotent-reqular-surjective semi-
group, Bull. Australian Math. Soc. (in print).

G. Gomes, A characterization of the group congruences on a semigroup,
Semigroup Forum 46 (1993), 48—53.

T.E. Hall, On regular semigroups, J. Algebra 24 (1973), 1—24.

J.M. Howie, An introduction to semigroup theory, Academic Press, London
(1976).

J.M. Howie, Fundamentals of semigroup theory, Oxford University Press,
New York (1995).

J.M. Howie and G. Lallement, Certain fundamental congruences on a
reqular semigroup, Proc. Glasgow Math. Soc. 7 (1966), 145—159.

S.J.L. Kopamu, The concept of structural reqularity, Portugaliae Math. 53
(1996), 435—456.

G. Lallement, Congruences et équivalences de Green sur un demi-groupe

régulier, C. R. Acad. Sci. Paris 262A (1966), 613—616.

D.R. LaTorre, The least semilattice of groups congruence on a reqular semi-
group, Semigroup Forum 27 (1983), 319—329.



232 R.S. Gigon

[17] J.E. Mills, Certain congruences on orthodox semigroups, Pac. J. Math. 64
(1976), 317—226.

[18] H. Mitsch and M. Petrich, Restricting idempotents in E-inversive semi-
groups, Acta Sci. Math. (Szeged) 67 (2001), 555—570.

[19] M. Petrich, Inverse semigroups, Wiley, New York (1984).

[20] T. Tamura, Note of the greatest semilattice decomposition of semigroups,
Semigroup Forum 4 (1972), 255—261.

[21] G. Thierrin, Demi-groupes inversés et rectangulaires, Bull. Cl. Sci. Acad.
Roy. Belgique 41 (1955), 83—92.

Received August 10, 2012
Revised December 20, 2012

Institute of Mathematics and Computer Science, Wroclaw University of Technology,
Wyb. Wyspianskiego 27, 50—370 Wroclaw, Poland
E-mail: romekgigon@tlen.pl



Quasigroups and Related Systems 20 (2012), 233 — 238

A new characterization of
Osborn-Buchsteiner loops

Témitopé Gbolahan Jaiyéold and John Oldsold Adéniran

Abstract. In the study of loops of Bol-Moufang types, a question that quickly comes to mind
is this. Since a loop is an extra loop if and only if it is a Moufang loop and a CC-loop(or C-
loop), then can one generalize this statement by identifying a "new identity" for a loop which
generalizes the C-loop identity such that we can say "An Osborn loop is a Buchsteiner loop if and
only if it obeys "certain" identity? A somewhat close answer to this question is the unpublished
fact by M. K. Kinyon that "An Osborn loop @ with nucleus NNV is a Buchsteiner loop if and only
if @/N is a Boolean group" where Q/N being a Boolean group somewhat plays the role of the
missing identity. It is proved that an Osborn loop is a Buchsteiner loop if and only if it satisfies
the identity (z - zy)(z> - xz) = z(x - yz). The importance of its emergence which was traced from
the facts that Buchsteiner loops generalize extra loops while Osborn loops generalize Moufang
loops is the fact that not every Osborn-Buchsteiner loop is an extra loop. An LC-loop obeys
this identity. An Osborn-Buchsteiner loop (OBL) is shown to be nuclear square and to obey the
identity zf - xx = za - * = x. Necessary and sufficient condition for a OBL to be central square
is established. It is shown that in an OBL, the cross inverse property and commutativity are
equivalent, and the properties: 3-power associativity (zz -z = x - zx), self right inverse property

A

(zx - xP = ), self left inverse property (z* -z = x) and 2P = x> are equivalent.

1. Introduction

Let L be a nonempty set with a binary operation denoted by juxtaposition. If the
system of equations: ax = b, ya = b has unique solutions x and y respectively,
then (L,-) is called a quasigroup. Furthermore, if there exists a unique element
e € L called the identity such that for all z € L, xe = ex = x, (L,-) is called a
loop. For each = € L, the elements 2” = x.J,, z* = z.J, such that z2” = e = 2’z
are called the right, left inverses of x respectively. For any x,y € L, we shall take
(zy)(z,y) = yx, where (z,y) € L is called the commutator of x and y.

The triple « = (A, B, C) of bijections on a loop (L,-) is called an autotopism
if and only if

zA-yB = (xy)C for all x,y € L.

2010 Mathematics Subject Classification: 20N02, 20NO5
Keywords: Osborn loop, Buchsteiner loop.
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Such triples form a group AUT(L,-) called the autotopism group of (L,-). For an
overview of the theory of loops, readers may check [10, 19].

Further to reduce of number of brackets we will use dots instead of some brack-
ets. For example, the formula z((yz)x) will be written as z(yz - x).

A loop that satisfies any of the following equivalent identities is called an Osborn
loop.

0Sy : z(yz-z) = z(yaz* - x) - 2z, (1)
0S; : z(yz-z) = [x(yx - )] - 2z, (2)
0S, : z[(zy)z-z] =y - 2z, (3)
0S3 : (z-y2)z =xy-[(2* - 22) - 2], (4)
0S8y : [z y(zaP)z =2y 2 (5)

Kinyon [17] revived the study of Osborn loops in 2005. The most popularly
known varieties of Osborn loops are: VD-loops (Basarab [1]), Moufang loops, CC-
loops, universal weak inverse property loops and extra loops. Some recent works
on Osborn loops are Jaiyéola [11, 12], Jaiyéold and Adéniran [13, 14, 15], and
Jaiyéola, Adéniran and Solarin [16].

The Buchsteiner law

BL : 2\(zy-2)=(y-2x)/x

was first introduced by Buchsteiner [2]. Its study in loops is on revival by Csorgd
et. al. [3, 4, 5] and Drapal et. al. [6, 7, 8]. Buchsteiner loops are G-loops and
extra loops belongs to their class.

Buchsteiner loops generalize extra loops while Osborn loops generalize Moufang
loops. A question that quickly comes to mind is this: since a loop is an extra loop
if and only if it is a Moufang loop and a CC-loop (or C-loop), then can one
generalize this statement by identifying a new identity that describes a new class
of loop which generalizes a C-loop such that we can say "An Osborn loop is a
Buchsteiner loop if and only if it is a "certain" loop?" A some what close answer
to this question is the unpublished fact by M. K. Kinyon that "An Osborn loop
@ with nucleus N is a Buchsteiner loop if and ounly if /N is a Boolean group"
where /N being a Boolean group some what plays the role of the missing loop
variety. It will be shown in this study that this new class of loop is described by
the identity

(2-ay)(@* - v2) = a(x - y2). (6)

LC-loops fall into this class. It must be noted that when Drapal and Jedlicka
[6] used nuclear identification to obtain some loop identities, the Osborn and our
new loop identities did not feature among such identities. We shall refer to an
Osborn loop which obeys the Buchsteiner law as an Osborn-Buchsteiner loop.

Theorem 1.1. (Proposition 2.5 in [5]) Let @ be a CC-loop with nucleus N(Q).
Then Q is a Buchsteiner loop if and only if 2> € N(Q) for every x € Q. O
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We got the following unpublished result from Kinyon through personal contact.

Theorem 1.2. (Kinyon, 2009) Let Q be a loop with nucleus N = N(Q). Any two
of the following implies the third.

1. Q is an Osborn loop.

2. QQ is a Buchsteiner loop.

3. N is a normal in Q and Q/N is a Boolean group. ]

We can also say that:

Theorem 1.3. Let @ be an Osborn loop with nucleus N = N(Q). Then Q is a
Buchsteiner loop if and only if Q/N is a Boolean group. Hence, Q is an Osborn
loop that is nuclear square. ]

Theorem 1.4. (Theorem 11.3 in [5]) Let Q be a Buchsteiner loop with nucleus
N = N(Q). If|Q] < 32, then Q is a CC-loop. If |Q] < 64, then Q/N has exponent
2. O

Theorem 1.5. (Theorem 7.14 in [5]) Let Q be a Buchsteiner loop with nucleus
N = N(Q). Then Q/N is an abelian group of exponent 4. O

Theorem 1.2 is a generalization of Theorem 1.1.

2. Main Results

Theorem 2.1. An Osborn loop is a Buchsteiner loop if and only if it obeys identity
(6). Hence, it is a nuclear square loop and the loop modulo its nucleus is an abelian
group of exponent 2.

Proof. Using the identities OS;, OS; and OS3 of an Osborn loop (L,-) and the
identity BL of a Buchsteiner loop L, it can be shown that

(RyRuo L2 1, RxT(;)le) € AUT(L). (7)
This is done as follows. Take T, = R, L L. From equation (2),
R.R,L,=R,RuwL,R., © R.. = L,'R )R 'R.R,L,.
From the Buchsteiner law, R., = L,R.L,;'R,. So,

L,R.L;'R,=L,'R})R,'R.R,L, & R,R,»L?R.L;'R, = R.R, L, &
YRR L2R.L;'R, = yR.R,L, < yR, Ry L2R.L; 'R, = (y2)R. L, &

YRRy L -2 = (y2) Ry T Lo & (RoRyo L3, 1, R, T, L) € AUT(L).

Thus, if an Osborn loop L is a Buchsteiner loop, then (7) holds. Doing the reverse
of the procedure above, it is also true that if in an Osborn loop L holds (7), then
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L is a Buchsteiner loop. So, we have shown that an Osborn loop is a Buchsteiner
loop if and only if (7) holds.

From equation (3), (L », Ry', L;1R;Y) € AUT(L) while from equation (4),
(Ly,LyLy» Ry, LyR,) € AUT(L). Thus,

(LyLyr, LyLyn, LRy Ly 'Ry = (LyLyx, Ly Lo, LTy R, ') € AUT(L).
Therefore, in an Osborn loop L, keeping in mind that L, L R, R, = I,
(LyLyr, LyLon, LyT oy Ry V) (Ro Ry L2, 1, R, T, 1 Ly) =

@ (@)
(LoLysRyRyo L2, LyLgs, L2) = (L2, Ly Ly, L2) € AUT(L)

& (z-xy)(a - x2) = z(z - y2).

Thus, we have shown that an Osborn loop which is also a Buchsteiner loop obeys
the identity (6). Assuming the identity (6) is true in the Osborn loop L and
doing the reverse of the process above, it will be observed that (7) holds, hence by
the earlier fact, L is a Buchsteiner loop. Recall that (7) implies yR, R.» L2 - 2 =
(yz)RmT(;)le for all y,z € L. Substituting z = e, we have

RyR.» L2 = RwT(;)le forall z € L. (8)
So, (7) implies yR, Ry L2 - 2 = (yz) Ry Ryo L2 for all y, 2 € L. Substituting y = e,
we see that 222 = 2R, R,» L2 implies L,2 = R,R,,L2 for all x € L. Thus,
(Ly2,1,L,2) € AUT(L) which means that 2> € N for all x € L. That is, L is
nuclear square. Thus, by Theorem 1.5, L/N is a Boolean group. O

From Theorem 2.1 we can deduce that in Theorem 1.2 conditions 1. and 2.
imply 3. The proof of Theorem 2.1 was carried out without the knowledge of
Theorem 1.2.

Corollary 2.2. Let Q be an Osborn loop with nucleus N = N(Q). The following
are equivalent:

1. Q is a Buchsteiner loop,

2. Q/N is a Boolean group,

3. Q obeys (6).
Hence, Q is an Osborn loop that is nuclear square.

Proof. The proof follows from Theorem 1.3 and Theorem 2.1. O

Lemma 2.3. Let (Q,-) be an Osborn loop that is nuclear square. Then

1. 2 - zx = xx - 2

2. The following are equivalent: rx -z =z, x
rx-x =x-zx. Hence, (2%,2°) = (22,27) = e.

3. L is central square if and only if x - (2 y - x)x = x(x - ya’) - x.

=x.
A A

cxx =z, x” = 2" and
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Proof. 1. By OSy, z(yz - ) = [x(yx - x”)] - zz. Substituting z = z, we have
z(yr - ) = [z(yx - 2P)] - zx = (yz - z) = (yx - 2”)(2xx) = 2P - xz = x. Doing a
similar thing with OS3, we get xz - 2* = .

2. Using OSy the way 0OS; was used above, we get yx -z = (yz* - x)(zz). Taking
y = x, it is easy to see that zz - x = x - z if and only if 2 = z*. In Lemma 3.20
of [16], the equivalence of the first three identities was proved in an Osborn loop.
Hence, the equivalence of the four identities follows.

3. In OSy, z[(z*y)z - x] = y - zx, making z = z, we get R,» = L R2L,. Doing a
similar thing with 0S4, we have L,> = R,»L2R,. So, L is central square if and only
if Ryz = Ly2 & Ly2 = RpoL2R, = Ry L2R, & - (2y - 2)r = (w - ya?) - 2. O

Lemma 2.4. Let (Q,-) be an Osborn-Buchsteiner loop. Then
1. the following are equivalent: xx-z° = x, 2
and (z - zy)x = x(x - yx). Hence, (x,y) = e if and only if (z,x - xy) =€ or
(z,z-yx) =e.
2. (x-yzP)x = zy.
3. L is a cross inverse property loop if and only if L is commutative.

xr =g, 2" =2, 2r-r =120

Proof. 1. The equivalence of the first four identities follows from 1. of Lemma 2.3.
From identity (6), (z - zy)(z* - z2) = z(z - yz), so taking z = z, (z - zy) (2> - x2) =
r(r-yx),s0 2 zx =z & (x-2y)r = (2 - Y2).

2. Recall that from (8), RyR,»L2 = RrT(;)le, for all x € L. Putting T(,) =
R,L;', we get Ryp LR, = L, & (7 - y2f)z = zy.

3. This follows from 2. above. O

Not all Osborn-Buchsteiner loops are extra loops. A loop is said to be nuclear
square if the square of each element is nuclear (i.e. in the nucleus). It is well known
from Fenyves [9] that extra loops are nuclear square loops. In Table 2 of the last section
of [18], the authors established the fact that there exists a non-extra CC-loop that is
nuclear square by constructing a power associative CC-loop of order 16 that is nuclear
square. Thus, by Theorem 1.1, such a loop is a Buchsteiner loop, hence an Osborn-
Buchsteiner loop. This fact can also be corroborated with Theorem 1.4 following the fact
that |Q]| < 32.

Furthermore, in [Page 7, [4]], it was observed that not every Buchsteiner loop @ with
nucleus N such that /N is a Boolean group has to be a CC-loop. Hence, since Q/N is
a Boolean group implies @ is nuclear square, then there exist nuclear square Buchsteiner
loops that are not CC-loops.

As shown in Corollary 2.1, Theorem 2.1 is another characterization of Osborn-
Buchsterner loops in identity form relative to the group-structural characterization form
of @ modulo N being a Boolean group. The importance of this characterization can be
linked to the fact that Buchsteiner [2] originally claimed that in a Buchsteiner loop Q,
Q/N is a Boolean group, while [5] clarified this statement by showing in Theorem 1.5
that @Q/N is actually an abelian group of exponent 4.

Kinyon in personal correspondence went further to show that a Buchsteiner loop @
for which Q/N is a Boolean group must be an Osborn loop. So, a single identity to
describe a Osborn-Buchsterner loop @ for which @Q/N is a Boolean group is (6).
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Left quasi-regular and intra-regular ordered

semigroups using fuzzy ideals

Niovi Kehayopulu

Abstract. As a continuation of our paper in [6], we characterize here the ordered semigroups
which are both intra-regular and left (right) quasi-regular also the ordered semigroups which are
both regular and intra-regular in terms of fuzzy right, fuzzy left and fuzzy bi-ideals using first
the first and then the second definitions of fuzzy ideals. As in [6], comparing the proofs of the
results using the two definitions, we see that with the second definitions the proofs of the results

are drastically simplified.

1. Introduction and prerequisites

In [6], we characterized the ordered semigroups in which f AhAg = goho f,
fARNg=hofogand fAhAg = fohog as the ordered semigroups which are
intra-regular, both regular and intra-regular, and regular, respectively. It would
be interesting to characterize the rest, that is the ordered semigroups in which
fARANg = fogoh, fARNg=hogofand fAhRAg=go foh. In this respect,
we characterize the ordered semigroups which are both intra-regular and left (or
right) quasi-regular, also the ordered semigroups which are both regular and intra-
regular in terms of fuzzy left, fuzzy right and fuzzy bi-ideals. We prove that the
property f AhAg = go foh characterizes the ordered semigroups which are both
intra-regular and left quasi-regular, and the property f Ah A g < hogo f the
ordered semigroups which are both intra-regular and right quasi-regular. We also
prove that the property f Ah A g =< fogoh characterizes the ordered semigroups
which are both regular and intra-regular adding an additional characterization to
the characterization of the same type of semigroups already considered in [6]. The
left (resp. right) quasi-regular ordered semigroups are the ordered semigroups
in which the left (resp. right) ideals are idempotent. According to the present
paper, if an ordered semigroup (S, ., <) is intra-regular and the left (resp. right)
ideals of S are idempotent, then for every fuzzy right ideal f, every fuzzy left
ideal g and every fuzzy subset h of (S,-) we have f AhAg < go foh (resp.
fARAg=hogo f) which shows that the corresponding results in [5] hold not

2010 Mathematics Subject Classification: 06F05 (08AT72).
Keywords: Ordered semigroup, regular, intra-regular, left quasi-regular, left (right) ideal,
bi-ideal, fuzzy left (right) ideal, fuzzy bi-ideal.
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only for the fuzzy right, left, bi-ideals of (S,-,<) but for the fuzzy right, left,
bi-ideals of (S,-), not only for the bi-ideals h but for any fuzzy subset h of S.
Moreover, if an ordered semigroup (S, -, <) is both regular and intra-regular, then
for every fuzzy right ideal f, every fuzzy subset g and every fuzzy bi-ideal h of
(S,-) we have f Ah A g =X fogoh. We notice that investigations in the existing
bibliography are based on the first definitions. Characterizations of semigroups
(without order) which are intra-regular and left quasi-regular have been given by
Kuroki in [7].

These are the first definitions:

Definition 1.1. Let (S,-, <) be an ordered groupoid. A fuzzy subset f of S is
called a fuzzy left (resp. right) ideal of (S, -, <) if

(1) f(zy) > f(y) (vesp. f(zy) > f(x) for all 7,y € S and

(2) if z <y, then f(z) > f(y).
In particular, if (S,-, <) is an ordered semigroup, then a fuzzy subset f of S is
called a fuzzy bi-ideal of (S, -, <) if

(1) f(zyz) = min{f(z), f(2)} for all z,y € S and

(2) if z <y, then f(x) = f(y).

These are the second definitions:

Definition 1.2. Let (S,-, <) be an ordered groupoid. A fuzzy subset f of S is
called a fuzzy left (resp. right) ideal of (S, -, <) if

(1) 1of < f (resp. fol = f) and

(2) if <y, then f(x) > /(y)-

In particular, if (S,-, <) is an ordered semigroup, then a fuzzy subset f of S is
called a fuzzy bi-ideal of (S, -, <) if

(1) folof < fand

(2) if z <y, then f(z) > f(y).

A fuzzy subset f of (5,-,<) is said to be a fuzzy left (resp. right) ideal or
fuzzy bi-ideal of (S,-) if the following assertions, respectively hold in (S, -, <):
f(zy) = f(y) (vesp. f(zy) > f(2)), f(zyz) > min{f(z), f(2)} for all z,y,z € S.
The fuzzy set 1 : S — [0,1] | a — 1 is the greatest element in the set of fuzzy
subsets of S. We have 101 < 1. In particular in intra-regular, also in regular
ordered semigroups we have 101 = 1. If (S,-, <) is an ordered groupoid, f,g
fuzzy subsets of (S,-) and f < g then, for any fuzzy subset h of (S,-), we have
foh<gohand ho f = hog. If the multiplication on S is associative, then
the multiplication ” o ” on fuzzy subsets of S is also associative. An ordered
semigroup (5,-, <) is called regular if for every a € S there exists € S such
that a < aza, equivalently if A C (ASA] for every A C S. Tt is called intra-
reqular if for every a € S there exist z,y € S such that a < za®y, equivalently
if A C (SA%9] for every A C S. An ordered semigroup (S, -, <) is regular if and
only if for every fuzzy right ideal f and every fuzzy left ideal g of (S, -, <), we have
fAg= fog equivalently fAg = fog. It is intra-regular if and only if for every
fuzzy right ideal f and every fuzzy left ideal g of (S, -, <), we have f Ag < go f.
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Moreover, an ordered semigroup S is regular if and only if for every fuzzy subset f
of S, we have f < folo f. It is intra-regular if and only if for every fuzzy subset
f of S, we have f < 10 f2 o 1. For further information we refer to [6]. The next
two lemmas can be proved using only sets, which shows their pointless character.

Lemma 1.1. (cf. also [1]) Let (S,-,<) be an ordered semigroup. If S is intra-
regular, then for every right ideal X and every left ideal Y of (S,-) we have XNY C
(YX]. "Conversely", if for every right ideal X and every left ideal Y of (S,-,<)
we have X NY C (Y X], then S is intra-regular.

Proof. =—>. Let X be a right ideal and Y a left ideal of (S,-). Since S is intra-
regular, we have

XNY C(S(XNY)2S] = (S(XNY)(XNY)S] C ((SY)(XS)] C (YX].

<. Let A C S. Since R(A), L(A) are right and left ideals of (S, -, <), respectively,
by hypothesis, we have

A C R(A)NL(A) € (L(A)R(4)] = (AU SA(AU AS]]
= ((AUSA)(AU AS)] = (A2U SA2 U A2S U SA2S],

A% C (A2 USA?U A%S U SA?S|(4]
C(APUSAP UA?SAUSA?SA]
c

(SA2U A2S U SA%S),

C ((SA2U A%S U SA2S] U SA% U A2S U SA2S]
= ((SA2U A2SUSA%S)] = (SA? U A2S U SA?S],
A% C (SA? U A2SUSA?S|(A] C (SA® U A2SA U SA?%SA],
SA? C (S](SAP U A2SAUSA2SA] C (SA® U SA%SA] C (SA%S), +
A C ((SA2S]U A2S U SA2S] = (A2S U (SA29]],
A2 C (A)(A25 U (SA2S]] C (A3S U A(SA29)).
Since A(SA2S] C (A](SA2S] C (ASA2S] C (SA%S], we have
A2 C (ABS U (SA2S]] C (SA2S U (SA2S]] = ((SA2S]) = (SA2S].
Then we have A2S C (SA2S](S] C (SA2S], and A C ((SA2S]] = (SA2S]. O

In a similar way, the following lemma holds.

Lemma 1.2. (cf. also [2]) Let (S,-,<) be an ordered semigroup. If S is regular,
then for every right ideal X and every left ideal Y of (S,-) we have X NY = (XY].
"Conversely", if for every right ideal X and every left ideal Y of (S, -, <) we have
XNY C(XY], then S is regular.
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2. Main results

The first theorem characterizes the ordered semigroups which are both intra-
regular and left quasi-regular in terms of fuzzy ideals. These are the ordered
semigroups for which f AhAg <X go foh. Let us prove this theorem using first
the first and then the second definitions.

Definition 2.1. An ordered semigroup S is called left quasi-reqular if for every
a € S there exist z,y € S such that a < zaya.

Equivalent Definitions:

1) a € (SaSa] for every a € S.

2) A C (SASA] for every AC S.

Recall that this type of ordered semigroups are the ordered semigroups in which
the left ideals are idempotent.

Theorem 2.1. Let (S,-,<) be an ordered semigroup. If (S,-, <) is intra-reqular
and left quasi-regular, then for every fuzzy right ideal f, every fuzzy left ideal g and
every fuzzy subset h of (S,-), we have

fAhNg=gofoh.

"Conversely", if for every fuzzy right ideal f, every fuzzy left ideal g and every
fuzzy bi-ideal h of (S, -, <) we have f AhAg =< go foh, then S is intra-regular and
left quasi-regular.

Proof of Theorem 2.1 using the first definitions
We need the following lemmas.

Lemma 2.1. Let (S,-,<) be an ordered groupoid. If A is a left (resp. right) ideal
of (S,-,X), then the characteristic function fa is a fuzzy left (resp. fuzzy right)
ideal of (S,-,<). "Conversely”, if A is a nonempty set and fa a fuzzy left (resp.
right) ideal of (S, -, <), then A is a left (resp. right) ideal of (S,-,<). In particular,
let (S,-,<) be an ordered semigroup. Then, if B is a bi-ideal of (S,-,<), then the
characteristic function fg is a fuzzy bi-ideal of (S,-,<). "Conversely”, if B is a
nonempty set and fp a fuzzy bi-ideal of (S,-, <), then B is a bi-ideal of (S, -, <).

Lemma 2.2. If S is an ordered groupoid (or groupoid) and {A; | i € I} a family
of subsets of S, then we have

/\ fa, = fn a;

iel et

Lemma 2.3. Let S be an ordered semigroup, n a natural number, n > 2 and
{A1, Ag,......, A} a set of nonempty subsets of S. Then we have
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Lemma 2.4. If S is an ordered groupoid (or groupoid) and A, B subsets of S,
then we have
ACB<= faZ=[B

Lemma 2.5. Let (S,-, <) be an ordered semigroup. If S is intra-reqular and left
quasi-regular, then for every right ideal X and every left ideal Y of (S,-), and every
subset B of S we have

XNBNY C(YXB].

"Conversely", if for every right ideal X, every left ideal Y and every bi-ideal B of
(S,-, <) we have XNBNY C (Y XB], then S is intra-reqular and left quasi-regqular.

Proof. =>. Let X be a right ideal, Y a left ideal of (S,-) and B a subset of S.
Then we have

XNBNY C(S(XNBNY)S(XNBNY)] (since S is left quasi-regular)
(S(XNBNY)?S]S(XNBNY)] (since S is intra-regular)

(S(XNBNY)?S)S(XNBNY)]

- S(XmBmY)(XmBmY)S(XmBmY)]

C ((SY)(XS)B) € (YXB].

<. Let X be a right ideal and Y a left ideal of (S,-, <). Since S is a bi-ideal

of (S,-, <), by hypothesis, we have X NY = XNSNY C (YXS] C (YX]. By

Lemma 1.1, S is intra-regular. Let now A be a left ideal of (S, -, <). Since S is a

right ideal, A a bi-ideal and A a left ideal of (S, -, <), by hypothesis, we have

A=SNANAC (A(SA)] C (A% C (SA] C (4] = A.
Then (A?%] = A, so S is left quasi-regular. O

Lemma 2.6. [4; Prop. 5] Let S be an ordered groupoid, f, g fuzzy subsets of S,
and a € S. The following are equivalent:

(1) (fog)(a) #0.
(2) There exists (x,y) € A, such that f(x) # 0 and g(y) # 0. O

Proof of Theorem 2.1

=—>. Let f be a fuzzy right ideal, g a fuzzy left ideal, h a fuzzy subset of (S, "),
and a € S. Since (S, -, <) is intra-regular, there exist ,y € S such that a < xa?y.
Since S is left quasi-regular, there exist s,t € .S such that a < sata. Then we have
a < sata < s(zay)ta = sxa’yta. Since (swa’yt,a) € A,, we have A, # 0, and

((gofyon)(a): = \/ min{(go f)(u),h(v)} > min{(g o f)(swa’yt), h(a)}.
(u,v)€A,
Since (sza,ayt) € Aspa2yt, we have Ay q2,, # 0, and

(go f)(swa’yt): = \/ min{g(w), f(t)} > min{g(sza), f(ayt)}.

(w,t)eA

swayt
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Since g is a fuzzy left ideal of S, g(sza) > g(a). Since f is a fuzzy right ideal of
S, flayt) = f(a). Therefore we get

(g0 foh)(a) = (g0 f) o h)(a) > min{min{g(sza), f (ayt)}, h(a)}
> min{min{g(a), f(a)}, h(a)} = min{g(a), f(a), h(a)}
— (f AR Ag)(a).

This holds for every a € S,s0 fAhANg=<go foh.

For the converse statement we give three proofs. For the first one we use the
Lemmas 2.1-2.5. For the second and third proof the Lemmas 2.1, 2.3 and 2.5 and
Lemmas 2.1, 2.5 and 2.6, respectively, together with some basic properties of fuzzy
sets.

First proof. Let X be a right ideal, Y a left ideal, B a bi-ideal of (S,-,<). By
Lemma 2.1, fx is a fuzzy right, fy a fuzzy left and fp a fuzzy bi-ideal of (S, -, <).
By hypothesis, we have fx AfpAfy X fyofxofp. By Lemma 2.2, fx AfgAfy =

fxnBny. By Lemma 2.3, fy o fx o fg = fryxn], then fxnpny =X fyxp)- By
Lemma 2.4, X N BNY C (YXB]. By Lemma 2.5, (5,-,<) is intra-regular and

left quasi-regular.

Second proof. Let X be a right ideal, Y a left ideal, B a bi-ideal of (S, -, <) and
a € XNBNY. By Lemma 2.5, it is enough to prove that a € (Y X B]. As in the
first proof, by Lemma 2.1 and hypothesis, we have fx A fg A fy < fy o fx o fB.
Then

(fy o fx o fB)(a) = (fx A fB A fr)(a) = min{fx(a), fe(a), fy(a)}.

Since a € X, we have fx(a) =1, since a € B, fg(a) =1, since a €Y, fy(a) = 1.
Thus we have (fy o fx o fg)(a) > 1. Besides, since fy o fx o fp is a fuzzy subset
of S, we have (fy o fx o fg)(a) < 1, then (fy o fx o fg)(a) = 1. By Lemma 2.3,
fy o fxofs= fivxn), then fiyxp)(a) =1, and a € (YXB].

Third proof. Let X be a right ideal, Y a left ideal, B a bi-ideal of (5, -, <) and
a € XNBNY. As in the second proof, by Lemma 2.1, we have (fy o (fx o
fB))(a) =1 # 0. By Lemma 2.6, there exists (b,c) € A, such that fy(b) # 0
and (fx o fp)(c) # 0. Since (fx o fg)(c) # 0, there exists (d,e) € A. such that
fx(d) #0and fg(e) #0. Then fy(b) = fx(d) = fele)=1,b€Y,de X, e € B,
and a < be < bde € YXB,soa € (YXB]. By Lemma 2.5, S is intra-regular and
left quasi-regular. O

Proof of Theorem 2.1 using the second definitions

We need the following lemma

Lemma 2.7. [3] An ordered semigroup (S, -, <) is left quasi-reqular if and only if,
for every fuzzy subset f of S, we have

f=1lofolof,
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equivalently, if the fuzzy left ideals of (S,-, <) are idempotent.

Proof of the theorem.

=—>. Let f be a fuzzy right, g a fuzzy left and h a fuzzy bi-ideal of (S,-). By
Lemma 2.7, we have

fARANg=21o(fARAg)olo(fARAg) (since S is left quasi-regular)
<lolo(fAhAg)o(fARANg)ololo(fARAg)
(since S is intra-regular)
< (log)o(fol)oh=gofoh

<. Let f be a fuzzy right ideal and g a fuzzy left ideal of (5,-, <). Since 1 is a
fuzzy bi-ideal of S, by hypothesis, we have

fAg=fAIANg=go(fol)=Zgof,

so S is intra-regular. Let now g be a fuzzy left ideal of (S, -, <). Since 1 is a fuzzy
right ideal and g at the same time a fuzzy bi-ideal of (S, -, <), by hypothesis, we
have g=1AgAg=<go(log) <g?><1og =g, sog?>=g. ByLemma 2.7, S is
left quasi-regular. O

The next theorem characterizes the ordered semigroups which are both intra-
regular and right quasi-regular in terms of fuzzy left, right and fuzzy bi-ideals.
These are the ordered semigroups for which f AhAg <hogo f.

Definition 2.2. An ordered semigroup S is called right quasi-regular if for every
a € S there exist x,y € S such that a < azay.

Equivalent Definitions:
1) a € (aSaS] for every a € S.
2) A C (ASAS] for every A C S.

Theorem 2.2. Let (S,-,<) be an ordered semigroup. If (S,-,<) is intra-reqular
and right quasi-reqular, then for every fuzzy right ideal f, every fuzzy left ideal g
and every fuzzy subset h of (S,-), we have

fARNg=hogo f.

"Conversely", if for every fuzzy right ideal f, every fuzzy left ideal g and every fuzzy
bi-ideal h of (S,-,<) we have f AhANg X hogo f, then (S,-,<) is intra-reqular
and right quasi-regqular.

Proof of Theorem 2.2 using the first definitions

In addition to Lemmas 2.1-2.4 (or 2.1 and 2.3 or 2.1 and 2.6), we need the following
lemma.
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Lemma 2.8. Let (S,-, <) be an ordered semigroup. If S is intra-reqular and right
quasi-regular, then for every right ideal X and every left ideal Y of (S,-), and every
subset B of S we have

XNBNY C (BYX].

"Conversely", if for every right ideal X, every left ideal Y and every bi-ideal B of
(S,,<) we have X N BNY C (BYX], then S is intra-reqular and right quasi-
regular.

Proof of Theorem 2.2.

—>. Let f be a fuzzy right ideal, g a fuzzy left ideal, h a fuzzy subset of (S, "),
and a € S. Since (S, -, <) is intra-regular, there exist ,y € S such that a < xa?y.
Since S is right regular, there exist s,t € S such that a < asat. Then we have
a < asat < as(ray)t = asxa’yt. Then (asza,ayt) € Ay, A, # 0, and

((hog)of)(a):= \/ min{(hog)(u), f(v)} > min{(ho g)(asza), f(ayt)}.
(u,w)EA,
Since (a, sza) € Agsza, we have Ayszq 7 0 and
(hog)asza):= \/ min{(h(w),g(t)} > min{h(a), g(sza)}.
(w,t)€EAaswa

Therefore we get

((hog) o f)(a) = min{min{h(a), g(sza)}, flayt)} = min{h(a), g(sza), f(ayt)}.

Since g is a fuzzy left ideal of S, we have g(sxa) > g(a). Since f is a fuzzy right
ideal of S, we have f(ayt) > f(a). Then we get

(hogo f)(a) = ((fog)e f)a) = min{h(a),g(a), f(a)} = (f A b Ag)(a).

Thus we obtain f AhAg=<hogo f.

<. Let X be a right ideal, Y a left ideal and B a bi-ideal of (S, -,<). Since fx
is a fuzzy right, fy a fuzzy left and fp a fuzzy bi-ideal of (S, -, <), by hypothesis,
we have fx A fg A fy = feo fy o fx. Since fx A fp A fy = fxnpny and

fBofyofx = feyx], we have fxnpny = f(syx]- Then X N BNY C (BY X]
and, by Lemma 2.8, S is intra-regular and right quasi-regular. O
Proof of Theorem 2.2 using the second definition.

We need the following lemma.

Lemma 2.9. [3] An ordered semigroup (S, -, <) is right quasi-regular if and only
if, for every fuzzy subset f of S, we have

f=folofol,
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equivalently, if the fuzzy right ideals of (S,-, <) are idempotent.
Proof of the theorem.

—. Let f be a fuzzy right ideal, g a fuzzy left ideal, h a fuzzy subset of (S,-).
By Lemma 2.9, we have

fARANg=S(fARNg)olo(fARAg)ol (since S is right quasi-regular)
2 (fAhAg)ololo(fARAg)o(fARANg)olol
(since S is intra-regular)
=(fAhAg)olo(fARANg)o(fARAg)ol
<ho(log)o(fol) <hogof.

<. Let f be a fuzzy right ideal and g a fuzzy left ideal of (.5,-, <). Since 1 is a
fuzzy bi-ideal of (5, -, <), by hypothesis, we have fAg = fA1Ag <X (log)of <X gof,
so S is intra-regular. Let now f be a fuzzy right ideal of (S,-,<). Since f is at
the same time a fuzzy bi-ideal and 1 a fuzzy left ideal of (S, -, <), by hypothesis,
we have

f=fNfALZ(fol)of 2 fof 2 folXf,
so f2 = f. By Lemma 2.9, S is right quasi-regular. O
The last theorem characterizes the ordered semigroups which are both regular

and intra-regular in terms of fuzzy left, right and fuzzy bi-ideals. These are the
ordered semigroups for which fAhAg =< fogoh.

Theorem 2.3. Let (S,-,<) be an ordered semigroup. If S is both regular and
intra-regular, then for every fuzzy right ideal f, every fuzzy subset g and every
fuzzy bi-ideal h of (S,-) we have

fAhRNg= fogoh.

"Conversely", if for every fuzzy right ideal f, every fuzzy left ideal g and every
fuzzy bi-ideal h of (S,-,<) we have f AhAg < fogoh, then S is both reqular and
intra-regular.

Proof of Theorem 2.3 using the first definitions

In addition to Lemmas 2.1-2.4 (or 2.1 and 2.3 or 2.1 and 2.6), we need the following
lemma.

Lemma 2.10. (cf. also [8]) Let (S,-,<) be an ordered semigroup. If (S,-,<) is
both regular and intra-reqular, then for every right ideal X, every subset Y and
every bi-ideal B of (S,-), we have

XNBNY C (XYB].

"Conversely"”, if for every right ideal X, every left ideal Y and every bi-ideal B of
(S,+,<), we have XN BNY C (XY B], then S is both regular and intra-regular.
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Proof. Condition "A C (ASA2SA] for all A C S” characterizes the ordered semi-
groups which are both regular and intra-regular. Let now X be a right ideal, Y a
subset and B a bi-ideal of (S,-). Then we have

XNBNY C((XNBNY)S(XNBNY)(XNBNY)S(XNBNY)]
C((XS)Y(BSB)| C (XYB.
For the converse statement, suppose X is a right ideal and Y a left ideal
of (S,-,<). Since S is a left ideal and Y a bi-ideal of (S,-, <), by hypothesis,
we have X NY = X NY NS C (XSY] C (XY] then, by Lemma 1.2, S is

regular. Since S is a right ideal and X a bi-ideal of (5, -, <), by hypothesis, we
have XNY = SNXNY C (SY X] C (Y X] then, by Lemma 1.1, S is intra-regular.0J

Proof of Theorem 2.3.

—. Let f be a fuzzy right ideal of (.5, -), g a fuzzy subset of S, h a fuzzy bi-ideal of
(S,-), and a € S. Since S is both regular and intra-regular, there exist z,y,z € S
such that a < aza and a < za®y. Then we have a < az(aza) < az(za’y)za. As
(azza,ayza) € Ay, we have A, # 0, and

((fog)oh)(a): = \/ min{(f o g)(w), h(v)} = min{(f o g)(axza), h(ayza)}.

(u,v)EAq

Since (axz,a) € Agzza, we have Agy.q # 0, and

(fog)arza): = \/ min{f(w), f(t)} > min{f(az2),g(a)}.

(w,t)EAazza

Then we have

(fogoh)(a) = min{min{f(azz), g(a)}, h(ayza)}
= min{ f(axz), g(a), h(ayza)}

min{ f(a), g(a), h(a)}

= (fAhAg)(a).

Thus we obtain f AhAg =< fogoh.
<. Let X be a right ideal, Y a left ideal and B a bi-ideal of (S, -, <). Since fx
is a fuzzy right ideal, fy a fuzzy left ideal and fp a fuzzy bi-ideal of (S, -, <), by

hypothesis, we have fx A fg A fy = fx o fy o fg. Then fxapny = f(xvp)], and
XNBNY C (XY B]. By Lemma 2.10, S is both regular and intra-regular. O

WV

Proof of Theorem 2.3 using the second definitions

=. Since S is both regular and intra-regular, for every fuzzy subset f of S, we
have f < folo f201o0 f. Indeed: Since S is regular, we have f < folo f and,
since S is intra-regular, f < 10 f20 1. Then we have f < folo(folo f) =<
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folo(lof?ol)olof=folof2olof. Let now f be a fuzzy right ideal, g a
fuzzy subset and h a fuzzy bi-ideal of (5,-). Then we have

fARANGS(fARANG)olo(fARNG)o(fARNg)olo(fARAg)
=X (fol)ogo(holoh)
2 fogoh.

<. Let f be a fuzzy right ideal and g a fuzzy left ideal of (S,-,<). Since
g is a fuzzy bi-ideal and 1 a fuzzy left ideal of (S, -, <), by hypothesis, we have
fAg = fAgAL = (fol)og < fog, so S isregular. Since 1 is a fuzzy right ideal and f
a fuzzy bi-ideal of (5, -, <), by hypothesis, we have fAg = IAfAg <X (log)of < gof,
and S is intra-regular. O

I would like to thank the managing editor of the journal Professor Wieslaw A.
Dudek for editing and communicating the paper and the referee for his time to
read the paper very carefully.
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On fuzzy ordered semigroups

Niovi Kehayopulu

Abstract. We characterize the ordered semigroups which are both regular and intra-regular, the
completely regular, the quasi-semisimple, and the quasi left (right) regular ordered semigroups
in terms of fuzzy sets.

1. For an ordered semigroup S and a subset A of S we denote by (A] the subset
of S defined by (A] := {t € S |t < afor some a € A}. An ordered semigroup
S is called regular if for any a € S there exists x € S such that a < aza. It
is called left (resp. right) regular if for any a € S there exists © € S such that
a < za? (resp. a < a?r). Tt is called intra-regular if for any a € S there exist
x,y € S such that a < ray. So, an ordered semigroup S is regular (left regular,
right regular) if and only if a € (aSd] (a € (Sa?], a € (a®S]) for all a € S. It is
intra-regular if and only if a € (Sa29] for all @ € S. Using fuzzy sets, we get the
following: An ordered semigroup S is regular if and only if for every fuzzy subset
fof S, wehave f < folof. It is left (resp. right) regular if and only if for every
fuzzy subset f of S, we have f < 1o f2 (resp. f =< f?o1). It is intra-regular if
and only if for every fuzzy subset f of S, we have f <10 f201 [2]. An ordered
semigroup S is called completely reqular if at the same time is regular, left regular
and right regular. As one can easily see, an ordered semigroup S is completely
regular if and only if for every a € S there exists € S such that a < a?za?.
That is, if a € (a®Sa?] for all @ € S. Our aim is to show that the definitions
of regular, left (right) regular and intra-regular ordered semigroups using fuzzy
sets play an essential role in studying the structure of ordered semigroups. In this
respect, we prove that an ordered semigroup .S is both regular and intra-regular
if and only if for every fuzzy subset f of S, we have f < folo f2o0lo f. An
ordered semigroup S is completely regular if and only if for every fuzzy subset f
of S, we have f < f20 10 f2. We prove them first in the usual way, then using
the equivalent definition of regular, left (right) regular and intra-regular ordered
semigroups mentioned above. Comparing the two proofs we see that using the
characterizations given in [2] the proofs of the results are drastically simplified.
On the other hand, we characterized in [1] the left (right) quasi-regular and the
more general class of semisimple ordered semigroups using similar conditions. An
ordered semigroup S is called left (resp. right) quasi-regular if for every a € S there

2010 Mathematics Subject Classification: 06F05 (08AT72).
Keywords: Ordered semigroup, regular, intra-regular, completely regular, fuzzy subset, quasi
left (right) regular, quasi-regular, quasi-semisimple.
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exist x,y € S such that a < azay (resp. a < zaya). Equivalently, if a € (aSaS)|
(resp. a € (SaSa]) for all a € S. It is called semisimple if for every a € S there
exist x,y,z € S such that a < zayaz. That is, if a € (SaSaS] for all a € S. We
have already seen in [1] that an ordered semigroup S is left (resp. right) quasi-
regular if and only if for every fuzzy subset f of S, we have f < 1o folo f (resp.
f X folo fol);itis semisimple if and only if for every fuzzy subset f of S, we
have f <1lofolofol.

A semigroup S (without order) is called quasi-semisimple if a € SaS for every
a € S. A semigroup S is called quasi left (resp. right) regular if a € Sa (resp.
a € aS) for every a € S. Keeping in mind the terminology of quasi-semisimple
and quasi left (resp. right) regular semigroups given above, in the present paper
we first introduce the concepts of quasi-semisimple and quasi left (right) regular
ordered semigroups. Then, as a continuation of the paper in [1], we characterize
the quasi-semisimple, the quasi left (right) regular and the quasi-regular ordered
semigroups in terms of fuzzy sets. Each quasi-regular ordered semigroup is a
quasi-semisimple ordered semigroup.

As always, denote by 1 the fuzzy subset on S defined by 1(x) = 1 for every
x € S. Recall that if S is regular or intra-regular, then 101 = 1. If f, g are fuzzy
subsets of S such that f < g, then for any fuzzy subset h of S we have foh < goh
and ho f < hog. Denote f2 := fo f, and by f, the characteristic function on the
set S defined by f,(x) =1if x = a and f,(z) = 0if z # a (a € S). Denote by A,
the subset of S x S defined by A, := {(z,y) € S xS |a < zy}.

2. In this section we characterize the ordered semigroups which are both regular
and intra-regular and the completely regular ordered semigroups in terms of fuzzy
sets. For the following three lemmas we refer to [2].

Lemma 1. Let (S,.,<) be an ordered groupoid, f,g fuzzy subsets of S and a € S.
The following are equivalent:

(1) (fog)(a) #0.

(2) There exists (x,y) € Aq such that f(x) # 0 and g(y) # 0. O

Lemma 2. Let (S,.,<) be an ordered groupoid, f a fuzzy subset of S and a € S.
The following are equivalent:

(1) (fo1)(a) 0.

(2) There exists (x,y) € Aq such that f(x) # 0. O

Lemma 3. Let (S,.,<) be an ordered groupoid, g a fuzzy subset of S and a € S.
The following are equivalent:

(1) (Log)(a) £0.

(2) There exists (z,y) € A, such that g(y) # 0.

Theorem 4. An ordered semigroup S is both reqular and intra-reqular if and only
if for every fuzzy subset f of S, we have

f=<folof?olof.
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Proof. =—>. Let a € S. Since S is regular and intra-regular, there exist z,y,z € .S
such that ¢ < aza and a < yaQZ. Then we have

a < ax(azra) < ax(ya®z)za = (axy)a®zza.

Since (azy, a’zwa) € A,, we have A, # () and

(folof?olof)(a): = \/ min{(fol)(w),(f*olo f)(v)}

(u,v)EA,
> min{(f o 1)(azy), (f* o 1o f)(a’zza)}.

Since (a,zy) € Agpy, we have Ayyy # 0 and

(fol(azy) = \/ min{f(w),1()} > min{f(a),1(zy)} = f(a).

(w,t)EAazy

2

Since (a*zx,a) € Ag2,0q, we have Agz,,, # 0 and

(fPolof)(a®zza): = \/ min{(f*o1)(k), f(h)} > min{(f* o 1)(a>z2), f(a)}.

(k7h)6Aa22wa

Since (a2, zx) € Ay2.,, we have A2, # 0 and

(fPol)(a®zz): = \/ min{f*(s),1(9)} > min{f*(a®), 1(z2)} = f*(a®).

(s,9)€EA, 2.

Since (a,a) € A2, we have A,2 # () and

(fo @)=\ min{f(s), f(9)} > min{/(a), f(a)} = f(a).
(5,9)EA 2
Thus
(folof?olo f)(a) = min{(fol)(axy),(f*olo f)(a*zza)}

> min{f(a), min{(? 0 1)(a?2)}, £(a)}}
> min{ f(a), min{f*(a?), f(a)}}

> min{ f(a), min{ f(a), f(a)}}
=min{f(a), f(a)} = f(a).

<. Let a € S. Since f, is a fuzzy set in S, by hypothesis, we have 1 = f,(a) <
(faolo f201o0 f,)(a). Since foolo f201lo f,is a fuzzy set in S, we have
(faolof?01lo f,)(a) < 1. Thus we have (f,olo f201l0 f,)(a) = 1. By Lemma
1, there exists (x,y) € A, such that (f,o1)(z) # 0 and (f2010 f,)(y) # 0. Since
(fao1)(z) # 0, by Lemma 2, there exists (u,v) € A, such that f,(u) # 0. Since
(f201lof,)(y) # 0, by Lemma 1, there exists (w,t) € A, such that (f2o1)(w) # 0
and f,(t) # 0. Since (f2 o 1)(w) # 0, by Lemma 2, there exists (k, h) € A,, such
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that f2(k) # 0. Since (f, o fu)(k) # 0, by Lemma 1, there exists (s,g) € Ay
such that fo,(s) # 0 and f,(g) # 0. Since fq(u) # 0, we have f,(u) = 1, and
u = a. Since f,(t) # 0, t = a; since f,(s) # 0, s = a; since f,(g9) # 0, g = a.
Thus we have a < zy < (w)(wt) < wv(kh)t < uv(sg)ht = ava®ha, from which
a < a(va®*h)a and a < (av)a®(ha), where the elements va®h and av, ha are in S.
So S is regular and intra-regular. O
Second proof
=>. Let f be a fuzzy set on S. Since S is regular, we have f < folo f; since S
is intra-regular, f < 1o f2 o 1. Thus we have
f=folo(folof)=folo(lof?ol)olof=/folof?olof.
<. Let f be a fuzzy set on S. By hypothesis, we have

f=folof?olof=<folof lof?ol,
so S is both regular and intra-regular. O

Theorem 5. An ordered semigroup S is completely regular if and only if for every
fuzzy subset f of S we have

f=fPolof

Proof. =. Let a € S. Since S is completely regular, there exists x € S such that

a < a’xa?. Since (a%ra,a) € A,, we have A, # (), and

(fPolof?)(a): = \/ min{(f% o 1o f)(u), f(v)} > min{(f%o 1o f)(a*za), f(a)}.

(u,v)EA,
Since (a’x,a) € Ag2pq, we have Ag2,, # 0, and
(fPolof)a®za): = \/ min{(f*o1)(w), f(1)} > min{(f* o 1)(a*z), f(a)}.

(w,t)€EA 2.,

Since (a?,z) € Agz2,, we have Ay, # (), and

(FfPol)(a?x): = \/ min{f*(k),1(n)} > min{f?(a*),1(x)} = f*(a?).

(k,h)EA, 2,

Since (a,a) € A2, we have A,2 # (), and

(fo)@®):="\/ min{f(s). f(9)} > min{f(a), f(a)} = f(a)-
(5,9)EA,2

Then

> min{(f? o 10 f)(ara), f(a)}
> min{min{(f* o 1)(a’z), f(a)}, f(a)}
> mln{mln{f (a ) fla)}, f(a)}
> m )} =

in{min{f(a), f(a)}, f(a)}

(f*olo f?)(a)

f(a).
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Thus f < f2o01lo0 f2.

<. Let a € S. For the characteristic function f,, by hypothesis, we have
1= fu(a) < (f2o10 f?)(a). Since f20 1o f? is a fuzzy subset of S, we have
(2010 f2)(a) < 1. Thus we have (f2010 f2)(a) = 1. By Lemma 1, there exists
(x,y) € A, such that (f201)(x) # 0 and f2(y) # 0. Since (f2 o 1)(x) # 0, by
Lemma 2, there exists (u,v) € A, such that f2(u) # 0. Since (f, o fa)(y) # 0,
by Lemma 1, there exists (w,t) € A, such that f,(w) # 0 and f,(¢) # 0. Since
(fa © fa)(u) # 0, by Lemma 1, there exists (k,h) € A, such that f,(k) # 0 and
fa(h) # 0. Since fqo(w) # 0, we have fo(w) = 1, and so w = a. Since fo(t) # 0,
fa(k) #£0, fo(h) # 0, we have t = k = h = a. Thus we have

a < zy < (w)y < wo(wt) < (kh)vwt = a’va?,

where v € S, so S is completely regular. O
Second proof

=—. Let f be a fuzzy set on S. Since S is completely regular, we have f < folof,
f=f?oland f <10 f2 Then we have

f=folof=(ffol)olo(lof?) =f20lof2
<. Let f be a fuzzy set on S. By hypothesis, we have
f=Xfofolofof=folof, f2ol, lof?
so S is regular, left regular and right regular. O

3. In this section, we characterize the quasi-semisimple, the quasi left (right)
regular and the quasi-regular ordered semigroups using fuzzy sets.

Definition 6. An ordered semigroup (5,.,<) is called quasi-semisimple if, for
every a € S we have a € (SaS]. That is, for every a € S there exist z,y € S such
that a < zay.

Theorem 7. An ordered semigroup (S, ., <) is quasi-semisimple if and only if for
every fuzzy subset f of S, we have f <1o fol.

Proof. =>. Let f be a fuzzy subset of S and a € S. Since S is quasi-semisimple,
there exist z,y € S such that a < zay. Then (z,ay) € A,, A, # 0 and

(Lo fol)(a):=\/ min{l(u),(fo1)(v)} > min{l(x),(f o 1)(ay)} = (f o 1)(ay).
(u,w)EA,
Since (a,y) € Aay, we have A,y # 0 and
(fol)(ay):= \/ min{f(w), 1(t)} > min{f(a),1(y)} = f(a).
(w,t)€Aay

Thus we have (1o fo1)(a) > (fol)(ay) > f(a),and so f < 1o fol.
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<. Let a € S. Since f, is a fuzzy subset of .S, by hypothesis, we have

1= fa(a) < (1 o fao0 1)(@).

Since 1o f, 01 is a fuzzy subset of S, we have (10 f, 0 1)(a) < 1. Then we have
(Iofgol)(a) =1. Since (Lo (f,01))(a) # 0, by Lemma 3, there exists (x,y) € A4,
such that (f, o 1)(y) # 0. Then, by Lemma 2, there exists (u,v) € A, such that
fa(u) # 0. Then f,(u) =1, and u = a. Finally, ¢ < zy < z(uv) = zav € Sas, so
a € (SaS], and S is quasi-semisimple. O

Definition 8. An ordered semigroup (S,.,<) is called quasi left regular if, for
every a € S we have a € (Sa]. That is, for every a € S there exists € S such
that a < za. It is called quasi right regular if, for every a € S we have a € (aS],
and quasi-regular if it is both left quasi regular and right quasi regular.

Theorem 9. An ordered semigroup (S, .,<) is quasi left reqular if and only if for
every fuzzy subset f of S, we have f < 1o f.

Proof. =—>. Let f be a fuzzy subset of S and a € S. Since S is quasi left regular,
there exists x € S such that a < ra. Then (z,a) € A,, A, # 0 and

(1o f)(a) == \/ min{1(u), f(v)} > min{1(z), f(a)} = f(a).
(u,v)EA,

Thus we have f <10 f.

<. Let a € S. Since f, and 10 f, are fuzzy subsets of .S, by hypothesis, we have
1= fu(a) < (1o fa)(a) <1,s0 (Lo f,)(a) =1. Since (10 f,)(a) # 0, by Lemma
3, there exists (z,y) € A, such that f,(y) # 0. Then f,(y) # 1, and y = a. Thus
we have a < 2y = za € Sa, and a € (Sa). O
In a similar we prove the following:

Theorem 10. An ordered semigroup (S, .,<) is quasi right regular if and only if
for every fuzzy subset f of S, we have f < fol. O

Corollary 11. A quasi-regular ordered semigroup is quasi-semisimple.

Proof. Let f be a fuzzy subset of S. Since S is quasi left regular, by Theorem
9, we have f < 1o f. Since S is quasi right regular, by Theorem 10, we have
f =X fol. Then we have f <1of <1o(fol) =10 fol. By Theorem 7, S is
quasi-semisimple. O
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On finite loops
whose inner mapping groups are direct products

of dihedral groups and abelian groups

Emma Leppdli and Markku Niemenmaa

Abstract. We show that a finite loop, whose inner mapping group is a direct product of a
dihedral group and an abelian group, is solvable provided that the components in the direct

product have coprime orders.

1. Introduction

Let @ be a groupoid with a neutral element e. If each of the two equations ax = b
and ya = b has a unique solution for any a,b € @, then we say that @ is a
loop. The two mappings L,(z) = ax and R,(z) = za are permutations on @
for every a € Q. The permutation group M(Q) = (L4, R, : a € Q) is called the
multiplication group of the loop Q. Clearly, M (Q) is transitive on ). The stabilizer
of the neutral element e is denoted by I(Q) and is called the inner mapping group
of Q.

A subloop H of @ is normal in Q if x(yH) = (zy)H, (Hz)y = H(zy) and
xH = Hx for every z,y € Q. A loop @ is solvable if it has a series 1 = Qg C
<+ C Qn = Q, where ;_1 is a normal subloop of @Q; and @;/Q;_1 is an abelian
group for each 7. In 1996 Vesanen [8] managed to show that the solvability of
M(Q) (in the group theoretical sense) implies the solvability of @ (in the loop
theoretical sense) if @ is a finite loop. After this we were naturally interested in
those properties of I(Q) which imply the solvability of M(Q).

In 2000 Csorg6 and Niemenmaa [1] considered the case where I(Q) is a non-
abelian group of order 2p (here p is an odd prime number) and they showed that
M(Q) is then a solvable group. In 2002, Drapal [2] investigated the case where
I(Q) is a nonabelian group of order pg (p and ¢ are two different prime num-
bers) and again the solvability of M (Q) followed. Finally, in 2004 Niemenmaa [5]
showed that finite loops with dihedral inner mapping groups are solvable. Now
we are able to prove the following: If Q is a finite loop and I(Q) = S x L, where
S is dihedral, L is abelian and ged(]S|,|L]) = 1, then M(Q) is solvable. By the
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result of Vesanen, () is solvable, too. The result also holds in the case that S is a
nonabelian group of order pq, where p and ¢ are two different prime numbers.

Many properties of loops and their multiplication groups can be reduced to the
properties of connected transversals in groups. Thus in section two we shall give
the needed background material about connected transversals and their connec-
tions to loop theory. Section three contains our main results about the solvability
of finite loops with given inner mapping groups.

2. Connected transversals

Let G be a group, H < G and let A and B be two left transversals to H in
G. We say that the two transversals A and B are H-connected if a='b~'ab € H
for every a € A and b € B. We denote by Hg the core of H in G (the largest
normal subgroup of G contained in H). If Q is a loop, then A = {L, : a € Q}
and B = {R, : a € Q} are I(Q)-connected transversals in M (Q) and the core of
I(Q) in M(Q) is trivial. Niemenmaa and Kepka proved in 1990 the following [6,
Theorem 4.1]

Theorem 2.1. A group G is isomorphic to the multiplication group of a loop if
and only if there exist a subgroup H and H-connected transversals A and B such
that Hz =1 and G = (A, B). O

In the following results, which are needed later, we assume that A and B are
H-connected transversals in G.

Lemma 2.2. If C C AUB and K = (H,C), then C C Kg. O
Lemma 2.3. If G = (A, B) and H is cyclic, then G' < H. O
Theorem 2.4. If G is finite and H is abelian or dihedral, then G is solvable. [

For the proofs, see [6, Lemma 2.5 and Theorem 3.5], |7, Theorem 4.1] and [3,
Theorem 3.1].

Next we wish to show that the solvability of G also follows in the case that
H is a nonabelian subgroup of order pq (here p # ¢ are prime numbers). For the
proof we need the following loop theoretical result by Drapal [2, Corollary 4.7].

Theorem 2.5. If Q is a loop and I(Q) is a nonabelian group of order pq, where
p # q are prime numbers, then M(Q) is solvable. O

We also need

Lemma 2.6. Let G = AH be a finite group, where A is an abelian subgroup, H
is a subgroup of order pq and p # q are prime numbers. Then G is solvable. [

For the proof, see [4, Lemma 2.5].
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Theorem 2.7. Let G be a finite group, H < G and |H| = pq, where p # q are
prime numbers. If there exist H-connected transversals A and B in G, then G is
solvable.

Proof. If Hg > 1, then we consider the group G/H¢g and the subgroup H/Hg.
Since H/Hg is cyclic, the claim follows from Theorem 2.4. Thus we may assume
that HG = 1.

If G = (A, B), then we apply Theorems 2.1 and 2.5, and the solvability of G
follows. Thus we may assume that £ = (A, B) < G. If we write K = EN H,
then K < H and we have K-connected transversals A and B in E. Then B’ < K
by Lemma 2.3 and K is normal in £. As G = EH, we may conclude that
K¢ =(K9:9g€G)<H.If K#1, then we get a contradiction, as Hg = 1. Thus
K =1 and it follows that £ = A = B is an abelian group. Now G = FH and we
can apply Lemma 2.6. O

3. Main results

The following classical result of Wielandt is needed in the proof of our main the-
orem.

Theorem 3.1. Let G be a finite group and let G contain a nilpotent Hall -
subgroup H. Then every m-subgroup of G is contained in a conjugate of H. O

For the proof, see [3, Satz 5.8, p. 285].

Theorem 3.2. Let G be a finite group and H = S x L < G, where S is dihedral,
L is abelian and ged(|S],|L|) = 1. If there exist H-connected transversals A and
B in G, then G is solvable.

Proof. Let G be a minimal counterexample. If Hg > 1, then we consider G/Hg
and its subgroup H/H¢g and by using induction or Theorem 2.4, it follows that
G/Hg is solvable, hence G is solvable.

Thus we may assume that Hg = 1. If H is not maximal in G, then there exists
a subgroup 7 such that H < T < G. By Lemma 2.2, T > 1 and we may consider
G /T and its subgroup H1g /T = T/Tq. It follows that G/Tg is solvable. Since
T is solvable by induction, we conclude that G is solvable.

We thus assume that H is a maximal subgroup of G. Let P be a Sylow p-
subgroup of L. As Hg = 1, we conclude that P is a Sylow p-subgroup of G. From
this it follows that L is a Hall subgroup of G. Clearly, Ng(P) = H = Cg(P)
and by using the Burnside normal complement theorem there exists a normal p-
complement in G for each p that divides |L|. Clearly, this means that G = KL,
where K is normal in G and ged(| K|, |L|) = 1.

If 1 #a € A, then a = yz, where y € L and z € K. Then aK = yK and
(aK)? = K, where d divides |L|. Thus a? € K, hence (a?)! = 1, where ¢ divides
|K|. Tt follows that (a‘)? = 1, hence |at| divides d. Since L is an abelian Hall
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subgroup of G, we may apply Theorem 3.1 and it follows that a® € L9 for some
g € G. As L is abelian, (a') is normal in (a, H9) = G. As Hg = 1, we conclude
that a* = 1. Now there exist integers m and n such that md + nt = 1. Thus
a = amd-i—nt — (ad)nL(at)n cK.

We may conclude that AU B C K. Clearly, S < K and thus K = AS = BS.
By Theorem 2.4, K is a solvable group. As G = KL, it follows that G is solvable,
too. O

Theorem 3.3. Let G be a finite group and H = S x L < G, where S is a
nonabelian group of order pq (here p # q are prime numbers), L is abelian and
ged(|S|, |L|) = 1. If there exist H-connected transversals A and B in G, then G is
solvable.

Proof. The proof is analogous to the proof of Theorem 3.2. We just have to replace
Theorem 2.4 by Theorem 2.7 when needed. O

By combining Theorem 2.1 with Theorems 3.2 and 3.3, and by applying the
theorem of Vesanen [8], we have the following

Corollary 3.4. Let Q be a finite loop. If I(Q)) = S X L, where S is either dihedral
or nonabelian of order pq, L is abelian and ged(]S|,|L|) = 1, then M(Q) is a
solvable group and Q) is a solvable loop. O

Remark 3.5. It would be interesting to know if the results of Theorems 3.2
and 3.3 and Corollary 3.4 also hold in the case that L is nilpotent.
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New signature scheme based on

difficulty of finding roots

Nikolai A. Moldovyan and Victor A. Shcherbacov

Abstract. There are considered two digital signature schemes based on difficulty of finding the
wth roots in the finite ground fields GF(p). The first scheme uses the prime value p = Ntgtita+1,
where N is an even number; to, ¢1,t2 are prime numbers such that |to| = [t1]| = |t2] = 80 bits.
The public key is defined as follows Y = K" K32, where w; = tot1 and wy = tot2. The second
scheme uses the value p = Nt1t2 + 1, and the public key composed of two values Y7 = Kil K?
mod p and Yz = KélKZZ mod p, where four numbers K1, Ko, K3, and K4 are the private key.

1. Introduction

There are well known signature schemes based on the difficulty of finding discrete
logarithms [1] and factorization [3, 6] problems.

In paper [2] it has been proposed the signature scheme based on difficulty of
finding the kth roots in the finite fields GF(p) such that p = Nk? + 1, where k is
sufficiently large prime having the size | k |> 160 bits and N is even number such
that the size of p is | p |> 1024 bits.

To provide faster signature generation and verification procedures it is interest-
ing to design signature schemes based on the last problem defined over the elliptic
curves (ECs) [5] having the order divisible by the square of large prime k. However
generating the EC with required order is an open problem. In the present paper
there are considered other approaches to designing signature schemes based on
difficulty of finding roots in the finite ground fields. The proposed approaches can
be applied with using the ECs.

2. The first signature scheme

2.1. Algorithms for signature generation and verification

For the synthesis of the DS schemes it can be used complexity of finding the roots of
large degree modulo prime p in the case of the modulus structure p = Nitgt1ta 41,
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where N is even number; ¢, {1, t2 are prime numbers such that |tg] = [t1| = |t2| =
80 bits. In such signature schemes the difficulty of finding the wth roots is defined
by difficulty of performing large number of checks that are required to find a value
that can be represented as the wth power of some number.

It is supposed performing computations in the multiplicative group of the finite
ring (Zp,+,-). The security of the DS scheme using the prime modulus p =
Ntotita + 1 is defined by the fact that procedure of finding the gth roots, where g
is a prime that divides the group order €2, can be performed only for §2/q different
elements of the group. For sufficiently large value ¢ probability that a random
element a can be represented as x? is negligible. Let us consider the construction
of the DS scheme.

The public key Y is formed using two private keys K; < p and Ky < p that
are selected at random. The public key is calculated as follows Y = K" K3,
where w; = tot; and wy = tote. This is a characteristic feature of the considered
signature scheme. The digital signature is a triple e, 57 and S3. Suppose a message
M is given. The signature generation procedure is performed as follows:

1. Select at random two numbers T; and T5.

2. Calculate the value R = T7"'T," (mod p).

3. Calculate the first signature element e: e = F(R,M) = RH (mod wy),

where H is the hash value computed from the message: H = Fy(M).

4. Calculate the second signature element S; using the formula

Sl = TlKl_e (mod p)
5. Calculate the third signature element S, using the formula
Sy =To K5 ¢ (mod p).

2.2. The signature verification algorithm

The signature verification algorithm is as follows.
1. Using the given signature (e, S1, S2) calculate the value
R' =Y*°5{" 852 (mod p).
2. Calculate the value e’ = F(R',M) = R'H (mod w1).
3. Compare e’ with e. If e’ = e, then the signature is valid.

Proof that signature verification works. If the digital signature has been formed
correctly, i.e., using the true private key in accordance with the specified procedure
for the signature generation, then in step 3 of the signature verification procedure
it is obtained the equality of the values e and ¢’. On the basis of the equality e = e’
it is concluded that the signature is valid. Correctness of the signature scheme can
be shown as follows. Substituting into the formula R’ = Y*S{"*S5* (mod p) the
values Y = K" K3? (mod p), S1 = T1K;{ ¢ (mod p), and Sz = To K5 © (mod p)
we obtain:

R = (K" K3*)* (LK )" (ToK, )" (mod p) = Ty T3 (mod p) = R,

i.e., the value R’ obtained at the first step of the signature verification procedure
is equal to R, therefore e’ = R'H (mod wy) = RH (mod w;) =e.
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2.3. Possible attacks

Let us consider some attacks on the constructed signature algorithm.

The first type attack. In the first attack it is supposed that a potential attacker
can do the following attack, including the generation of random values 77 and T5,
then calculate value R = T7"'75" (mod p), e = F(R, M) and try to find a pair
numbers S; and S; such that the following equation 57532 = RY ¢ (mod p)
holds, where S; and Sy are the unknowns.

In this case the right side of the equation has a random value because a function
F(R, M) is a confusion function, for example, a hash function, or function of the
form e = RH (mod wn).

If you set one of the unknowns, for example S;, the equation is transformed
into an equation with unknown S;. In the last equation the right side with negli-
gibly small probability will have a value, at which the last equation is solvable. An
exponentiation operation modulo p is performed to verify condition of the solv-
ability. To obtain the case when the solvability condition is satisfied, it is required
to perform the described attempt on the average t; time. When the length of ¢,
equal to 80 bits or more, the computational complexity of forging the signature
is so high that it is practically infeasible. Similarly, the signature forgery can be
performed with solving some equation relatively unknown Sy, when it is required
do t5 described attempts. If the length of the value ¢5 is equal to 80 bits or more,
then the computational difficulty of such attempt is sufficiently high and the attack
is infeasible.

The second type attack. The second attack model is more sophisticated. In the
second variant it is considered the case in which the attacker generates the value
R =YY" (mod p), calculates e = F'(R, M), and tries to find a pair of the numbers
S1 and Sy using the formulas S; = Y*1*1 (mod p) and S = Y*2*2 (mod p).

For this representation of the desired values S; and S, the expression Y* =
Yeysiwiys2vz (mod p) holds, if the following relation holds u — e = syw; + saws
(mod (p — 1)), which is a Diophantine equation for the unknown s; and ss.

Because wi; = tot; and we = tota, where tg,t1, and t5 are prime numbers,
then this Diophantine equation has a solution in integers only in the case when
the right side of the equation is divisible by the number ¢y, which is equal to
the greatest common divisor of the coefficients for the unknowns s; and s;. The
value e is determined by the formula e = F'(R, M) and has a random value. The
probability that a number ¢, will divide the number u — e (i.e., the probability
that a Diophantine equation has solutions) is 1/%.

When the size t; is equal to 80 bits, for one case the solvability of the Dio-
phantine equation requires on the average to perform 2%° attempts to forge the
signature. The difficulty of the last process exceeds 280 exponentiations modulo p.

The third type attack. The most effective method for attacking the signature
scheme is based on solving the discrete logarithm problem in the finite field GF'(p).
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The method is described as follows. It is easy to find a primitive element G, the
degree of which run through all nonzero elements of the field GF(p). Then the
public key can be represented as:

Y = GZ — XiﬂlXéwz — Gwlwl Gw2w2 — G$1w1+w2w2 (mod p)7

where x; and x5 are the values of the discrete logarithms of the secret key ele-
ments X; and Xo, respectively. The last relation shows that finding the discrete
logarithm z from the public key to the base GG allows one to obtain the equation
2z = x1Ww1 + Towe = x1tgl1 + xalgto (mod (p — 1))

The last equation can be easily solved relatively the unknowns x; and x5. Its
solvability follows from the fact of the divisibility of numbers z by ty. Let z = 2't.
Then we have 2’ = x1t1 + 22t2 (mod (p — 1) /tg)

From the last relation, for some integer N we obtain the following equation
with two unknowns z; and z9: 2’ + N% = x1t1 + Taoto, from which it follows

/

2 = 1t (InOd tg) =T = ? (mod t2)
1

Similarly, one can obtain a formula for calculating the second unknown zs:
To = f—; (mod #1). Thus, the DS scheme proposed in this section requires to use
a prime p, whose size is not less than 1024 bits. In the last case the discrete log-
arithm problem can be considered as practically infeasible one, since its difficulty
estimation is 289 multiplications mod p [4]. Thus, the proposed signature scheme

provides security > 280 for values p having size > 1024 bits.

3. The second signature scheme

3.1. Algorithms for generation and verification signatures

Let us consider another variant of the construction of the DS scheme based on
difficulty of finding the roots of large degree, which is characterized in using the
two-element public-key. In the construction it is used a prime modulus p having
the following structure p = Nitito + 1, where N is an even number; ¢; and to
are prime numbers such that |t1| = [t2| > 80 bits. In contrast to the DS scheme
described previously, the public key Y is formed in the form of two numbers, which
are calculated using the formulas Y; = K{'K3* mod p and Y> = K3' K> mod p,
where four numbers K; < p, Ko < p, K3 < p, and K, < p are the private key.
The digital signature is a triple e, .S, and So.

Suppose a message M is given. The signature generation procedure is per-
formed as follows:

1. Select at random two numbers T and T5.

2. Calculate the value R = T{* T3> (mod p).

3. Calculate the first signature element e: e = F(R,M) = RH (mod wy),
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where H is the hash value computed from the message: H = Fy(M). The
value e is represented as the concatenation of two values e; and es: e = eq]|es.
4. Calculate second signature element S; using the following formula
S1 =T K] “K;“ (mod p).
5. Calculate the third signature element S, using the following formula
Se =T K, K, (mod p).
The signature verification algorithm is as follows.
1. Using the signature (e, S1, S2) calculate the value
R =Y 'YS2 8185 (mod p).
2. Calculate the value e’ = F(R',M) = R'H (mod t1).
3. Compare e’ with e. If ¢/ = ¢, then the signature is valid.

3.2. Proof that signature verification works

If the digital signature has been formed correctly, i.e., using the true private key in
accordance with the specified procedure of the signature generation, then in step 3
of the signature verification procedure it is obtained the value e’ equal to e. On the
basis of the equality ¢’ = e it is concluded about validity of the digital signature.
Correctness of the signature scheme can be proved as follows. Substituting into
the formula R’ = Y'Yy 251 S22 (mod p) the values Y; = K{' K5 (mod p), Ys =
KP K} (mod p), S; = T1K;{ K5 (mod p), and Sy = ToK, ' K;° (mod p),
we obtain:

R =Y Y2818k (mod p) =
(K1 Ky (K K3?)* (MK K )" (T Ky © K )™ (mod p) =
TP'Ty  (mod p) = R

i.e., the value R’ obtained at the first step of the signature verification algorithm
is equal to R, s0 ¢ = R'"H mod t; = RH mod t; = e.

3.3. Security discussion

The variants of the attack presented in Section 2.3 can be also applied against
the second DS scheme. Details of the algorithms for forging the signature are
different, but the used ideas and approaches are similar to the case of attacking
the first signature scheme. The first two variants of the attack dictate the need of
the choice of the size of prime powers ¢; and t5 equal to |t1| = [t2] = 80 bits. The
third type attack, based on solving the discrete logarithm problem, determine the
size of the prime modulus |p| = 1024 bits, which provides 80-bit security of the
considered signature scheme.
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4. Conclusion

The proposed two constructions of the signature algorithms illustrates two new
approaches to design of the digital signature schemes based on the difficulty of
finding large prime roots in the ground finite fields. The cryptosystems can be
broken with solving the discrete logarithm problem in the finite ground field like
in the case of the cryptosystem described in [2]. To obtain the 80-bit security
of the cryptosystems based on difficulty of finding roots in the finite field GF(p)
one should use the 1024-bit value p. The advantage of the proposed approaches
against the construction introduced in [4] consists in possibility to construct fast
signature schemes based on difficulty of finding roots in the finite groups of the
EC points.
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Some remarks on Abel-Grassmann’s groups

Petar V. Proti¢

Abstract. Abel-Grassmann’s groupoids or shortly AG-groupoids have been considered in quite
a number of papers, although under the different names (left-almost semigroups, left invertive
groupoids). Abel-Grassmann’s groups (AG-groups) is an Abel-Grassmann’s groupoid with left
identity in which every element has inverse. In this paper we describe AG-groups by equations.
Also, we describe congruences on AG-groups.

1. Introduction

Abel-Grassmann’s groupoids, abbreviated as AG-groupoids, are also called left
almost semigroups (L A-semigroups in short). They are closely related with com-
mutative semigroup because if an AG-groupoid contains right identity then it
becomes a commutative monoid. Although the structure is non-associative and
non-commutative, nevertheless, it posses many interesting properties which we
usually found in associative and commutative algebraic structures. For instance
a’b?> = b%a?, for all a,b holds in a commutative semigroup, while this equation
also holds for an AG-groupoid with left identity e, moreover ab = (ba)e for any
subset {a,b} of an AG-groupoid. An idempotent AG-groupoid with left identity
is a semilattice [6].
A groupoid (S, ) is called AG-groupoid, if it satisfies the left invertive law:

ab-c=cb-a. (1)
Any AG-groupoid satisfies the medial law:
ab-cd = ac- bd. (2)
An AG-groupoid satisfying the identity
a-bc="b-ac (3)

is called an AG**-groupoid. Notice that each AG-groupoid with left identity is an
AG**-groupoid [7]. In any AG**-groupoid G holds the paramedial law:

ab-cd =db- ca. (4)
In this paper by G¢ we denote the AG-groupoid G with a left identity e.
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2. AG-groups

The element x € G¢ (y € G°) is a left (vesp. right) inverse for a € G° if za = e
(resp. ay = e), and an element which is both a left and a right inverse is called an
inverse element. In [5] it has been proved that in G° left identity and left inverse
are uniquely determined and that any left inverse is a right inverse and conversely.
Hence, left and right inverses is an inverse and it is unique. An inverse of a € G¢
is denoted by a’. Clearly, for any a,b € G¢, (a') = a, (ab)’ = d'b'.

Definition 2.1. [5] An AG-groupoid G*° is called an AG-group if every a € G°
has an inverse element a’.

Obviously, any AG-group is an AG**-groupoid. Hence any AG**-group satis-
fies (1), (2), (3) and (4).

A simple example of an AG-group is an AG-groupoid der(G, ) derived from
an Abelian group (G, ) i.e., an AG-groupoid with the operation zy = 271 xy. In
this AG-group we have «’ = x for all 2 € G. But there are AG-groups which are
not of this form.

Example 2.2. It is not difficult to see that the groupoid (G,-) defined by the
following table

is an AG-groupoid. It is not a semigroup since, for example, ba - a # b - aa. The
element e is its left identity, a = o/, b’ = cand ¢/ = b. Hence, (G, -) is an AG-group.
Obviously this AG-group is not derived from a group. O

Lemma 2.3. In an AG-group G¢ the equation xa = b has an unique solution for
every a,b € G°.

Proof. Indeed, since for all a,b € G¢ we have
b=eb=ad -b=bd -a,

the element x = ba’ € G* is a solution of the equation za = b.
Let z; and x5 be solutions of the equation xa = b, then

A i /
T =er;=dada-r]=x10-a = ba

=x9a-ad =da-x9=ery = xs.
Hence, the equation xa = b has an unique solution. O

Theorem 2.4. On any AG-group G¢ we can define an Abelian group ret(G€) by
putting x oy = xe - y.
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Proof. If G¢ is an AG-group, then by (1) the operation xoy = xe-y is commutative
and e is its neutral element. Moreover, for all z,y, z € G¢ we have

(xoy)oz:(:Ue~y)e-z(2ze-(gce-y)@ze-(ye-x)@xe-(ye-z):xO(yoz).

So, (G¢,0) is a commutative monoid.

Consider the equation b = xoa = ze-a. By Lemma 2.3 the equation za = b has
a unique solution zg € G°. The equation xe = 2 also has a unique solution. Thus
for every a,b € G€ there exists « such that z o a = b. Hence ret(G¢) = (G¢,0) is

an Abelian group. In this group a~! = d’e, where o’ is an inverse element in an
AG-group G°. O

Remark 2.5. For an AG-groupoid G¢ derived from an Abelian group (G, *) we
have ret(G¢) = der(G,x*). So, ret(der(G,*)) = (G,*) and der(ret(G¢)) = G°.
Example 2.2 show that the last equality is not true for AG-groups which are not
derived from an Abelian group.

From results obtained in [6] it follows that der(ret(G€)) = G° holds only for
AG-groups satisfying the identity 2% = e.

Theorem 2.6. Let H, K be two AG-subgroups of an AG-groupoid G. If e,,, e
are left identities of H and K respectively, then

K

HNK#) < ¢, =c¢

-
Proof. Let HNK # () and let a € HNK, then ad’, =d’ a =e,, ad), =d' a=e
for some o', € H, /. € K. Thus

epe =0, a-ex =e.a-a, =ad, =e,.
By symmetry, e, e, =e,. Now, by (1) and (2), we obtain

_ !/
€y, =aa, e

— / _ / _ / _
=€, A=€,a, €. a=e.e, 0, ,a=¢e.e,.,
and so e, = e,.

The converse statement is trivial. O

3. Congruences on AG-groups

In this section we shall characterize all congruences on an arbitrary AG-group by
its normal AG-subgroups.

Lemma 3.1. If p is a congruence on an AG-group G¢, then for all a,b € G° we
have
apb <= ad'pb'.
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Proof. Indeed, if apb, then (b'a)p (b'd), and so (b'a)pe. Therefore, (b'a-a’)p (ea’).
On the other hand, b'a-a’ = d’a -V = eb =b'. Hence, b/pad’.
The converse implication is obvious, since (a’)’ = a for every a € G°. O

Definition 3.2. A nonempty subset K of an AG-group G°¢ is called

e self conjugate if x- Kz’ C K for all z € G¢,
e inverse closed if v/ € K for all z € K,
o an AG-subgroup if it is an inverse closed subgroupoid of G¢,

e a normal AG-subgroup if it is a self conjugate AG-subgroup of G°.

Obviously, any AG-subgroup of G¢ is a subgroup of the group ret(G¢). The
converse is not true in general. For example, it is not difficult to see that for an
AG-group G¢ defined in Example 2.2, H = {e, b} is a subgroup of ret(G¢), but it
is not an AG-subgroup of G°.

Lemma 3.3. Let p be a congruence relation defined on an AG-group G¢. Then
kerp={z € G°:xpe}
is a normal AG-subgroup of G°.

Proof. Let p be a congruence on G¢. Obviously, e € ker p. Moreover, if a, b € ker p,
then ape, bpe and so abpe. Hence, ab € ker p. Thus ker p is a subgroupoid of G°.
It is inverse closed since for every = € ker p we have xpe, which by Lemma 3.1
implies 2’p e, whence x’ € ker p. Hence, ker p is an AG-subgroup of G*.

Now let € G°. Then for every y € x - ker pa’ there exists a € ker p such
that y = a - az’. Thus (z - ax’)p(z - ex’), ie., (x - az’)pe, which means that
y =z -ax’ € ker p. So, ker p is a normal AG-subgroup of G*. O

Theorem 3.4. Let K be a normal AG-subgroup of an AG-group G¢. Then the
relation p, defined by

ap b <= ac Kb AN be Ka

is the unique congruence on G¢ for which ker p, = K.

Proof. Let K be a normal AG-subgroup of G°. Clearly, the relation p, is reflexive
and symmetric. If ap, b, bp, c, then obviously a € Kb, b € Kc. From this, applying
(1) and (4) we obtain

a e KbCK -Kc=KK -Kc=cK - KK=cK-K=KK  -c=Kec.

Dually, ¢ € Ka, whence ap, c and so p is a transitive relation. Therefore, p is an
equivalence on G°.



Some remarks on Abel-Grassmann’s groups 271

Now let ap, b and cp,d. Then ac € Kb- Kd = KK - bd = K - bd and dually
bd € K - ac. Hence (ab)p, (cd). Thus p, is a congruence on G°.

If a € kerp,., then ap, e. Consequently a € Ke and e € Ka. From the above
ea’ € Ka-a', whence o’ € d'a- K = eK = K. Now, since K is inverse closed, we
have a € K. Hence ker p,. C K. Conversely, if a € K then e,a’ € K and so

e=dacKa, acK=KK=eK -K=KK -e=Ke,

whence ap, e and a € kerp,.. Hence K C kerp, and so K =kerp,.

To prove that p, is an unique congruence on G° with the kernel K consider
an arbitrary congruence A on G¢ and assume that its kernel also is K. Then for
ab we have ab/ A\bb’' and aa’Aba’. So, ab’,ba’ € ker A = K. Thus ab’ - b € Kb and
soa=0bb-a=ab -be Kb Analogously we obtain b = ba’ - a € Ka. This proves
that ap, b. Thus A C p,..

Conversely, if ap, b, then a € Kb, b € Ka, and consequently

abl € Kb-b' =Vb-K =eK = K = ker )\,

whence ab’\e. This implies (ad’ - b)Aeb, i.e., (ab’ - b)\b. But ab’ -b=bb"-a = a, so
aAb. Hence p,. C A. Thus p,, = A. This means that p, is an unique congruence on
G*¢ with kernel K. O

Corollary 3.5. For any congruence \ on an AG-group G¢ we have pye x = .

Proof. Indeed, by Lemma 3.3, ker A is a normal AG-subgroup of G¢, and in a view
of Theorem 3.4 we have ker pre, x = ker . This implies pyer x = A. O

As a consequence of results proved in [3] we obtain the following proposition
which will be used later.

Proposition 3.6. The lattice of congruences on an AG-group is modular. O

4. Congruences on AG**-groupoids

An AG**-groupoid G in which for every x € G there exists uniquely determined
element 27! € G such that

r=gx'x, o l=alr.27! (5)
and
xxT =ax (6)

is called completely inverse.
Obviously any AG-group is a completely inverse AG**-groupoid. Moreover, in
this case x7! = 2/,
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One can prove (cf. [1]) that an AG**-groupoid (satisfying (5)) satisfies (6) if and
only if zz~! and 2~ 'z are idempotents. Thus a completely inverse AG**-groupoid
containing only one idempotent is an AG-group (cf. [3]).

Let Eg denote the set of idempotents of a completely inverse AG**-groupoid G.
Then E¢ is a semilattice (cf.[1]) and the relation < defined on G by

a<b<=ac€ Egb

is the natural partial order on G.

The following result can be deduced from [9].

Lemma 4.1. In any completely inverse AG**-groupoid G, the relation < is a
compatible partial order on G. Also, a < b implies a=' < b~ ! for all a,bc G. O

Definition 4.2. For any nonempty subset B of a completely inverse AG**-groupoid
G, the set
Bw={aeG:3(beB)b<a}

is called the closure of B in G.

If B = Bw, then we shall say that B is closed in G. Clearly, Bw is closed in G.

It is clear that a subgroupoid B of a completely inverse AG**-groupoid G is
itself a completely inverse AG**-groupoid if and only if b € B implies b=! € B
for every b € B. A subgroupoid with this property is called a completely inverse
AG** -subgroupoid of G.

Definition 4.3. A nonempty subset B of a completely inverse AG**-groupoid G
is called:

e full if Eq C B,
o symmetric if zy € B implies yxr € B for all z,y € G,
e normal if it is full, closed and symmetric.

Denote the set of AG-group congruences on an arbitrary completely inverse
AG**-groupoid G by GC(G), and denote by o the least such a congruence on G.
Then GC(G) = [0,G x G] is a complete sublattice of the lattice C(G) of all con-
gruences on G. Notice that GC(G) = C(G /o) and so the lattice GC(G) is modular
(by Proposition 3.6). Furthermore, let A'(G) be the set of all normal completely
inverse AG**-subgroupoids of G. Obviously, Fqw C N for every normal com-
pletely inverse AG**-subgroupoid N of G. If ) # F C N(G), then N F € N(G).
Consequently, N'(G) is a complete lattice.

The following theorem describes the AG-groups congruences on a completely
inverse AG**-groupoid in the terms of its normal completely inverse AG**-sub-
groupoids.
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Theorem 4.4. Let N be a normal completely inverse AG**-subgroupoid of a com-
pletely inverse AG**-groupoid G. Then the relation

pn = {(a,b) € G xG:ab~ ' € N}
is the unique AG-group congruence p on G for which ker(p) = N.

Proof. Clearly, py is reflexive. Further, if ab~! € N, then b~'a € N, so ba~! € N,
therefore, py is symmetric. Also, if ab~!,bc™! € N, then ab=' - ¢~ 'b € N. Hence
ac”t-b7lb e N,so b~ 'b-ac! € N, that is, b'b- ac”! = n for some n € N and
son < ac”t. Thus ac™! € Nw = N. Consequently, py is an equivalence relation
on G. Moreover, let (a,b) € py and ¢ € G. Then

ac-(be)y P =ac-btet=ab™! cc' € NEGC NN CN

and similarly ca - (cb)~! € N, therefore, py is a congruence on G. Furthermore,
since ef ! =ef € Eg C N for all e, f € Eg, then S/py is an AG-group. Finally,
if a € Nw, then ea € N for some e € Eg. Hence aec = ae~! € N and so (a,e) € py.
Thus we have a € ker(p). Conversely, if a € ker(p), then aa-a~! =a la-a € N.
Hence a € Nw = N. Consequently, ker(py) = N. It is easy to see that an arbitrary
AG-group congruence on G is uniquely determined by its kernel, so py is a unique
AG-group congruence with ker(py) = N. O

Theorem 4.5. If p is a group congruence on a completely inverse AG**-groupoid
G, then ker(p) € N(G) and p = prer(p)-

Proof. Indeed, N = ker(p) is a normal completely inverse AG**-subgroupoid of
G, so that p = pn. O

Corollary 4.6. The map ¢ : N(G) — GC(G) given by o(N) = pn, where G is
a completely inverse AG**-groupoid, is a complete lattice isomorphism of N(G)
onto GC(G). In particular, the lattice N'(G) is modular. O

More interesting facts concerning certain fundamental congruences on a com-
pletely inverse AG**-groupoid one can find in [2] and [3]. In [3] are determined,
for example, the maximum idempotent-separating congruence, the least AG-group
and the least F-unitary congruence. In particular, the congruences on completely
inverse AG**-groupoids are described by their kernel and trace.
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Polyadic groups and automorphisms

of cyclic extensions

Mohammad Shahryari

Abstract. We show that for any n-ary group (G, f), the group Aut(G, f) can be embedded in
Aut(Zy—1 X G) and so we can obtain a class of interesting automorphisms of cyclic extensions.

1. Introduction

Our notations in this article are standard and can be find in [2], for example.

Let (G, f) be an n-ary group. We know that, there is a binary operation "-"
on G, such that (G,-) is an ordinary group, and further, there is a 6 € Aut(G, )
with an element b € G, such that

(i) 6(b) =b, and 6" 1(z) =bxb~! forall x € G,
(i1) f(27) = 210(x2) - 0" (zp)b.

So, some times, we denote (G, f) by the notation derg (G, ). If b = e, the identity
element of (G, ), then we use the notation derg(G, ).

We associate another binary group to (G, f) which is called the universal cov-
ering group or Post’s cover of (G, f). Let a be an arbitrary element of G and
suppose G} = Z,_1 x G. Define a binary operation on this set by

(2)* () = i+ + 1, fulw, @9, .3, @),
Here of course, i + j + 1 is computed modulo n — 1, and (i,j) =n—i—j — 3
modulo n — 1. The symbol f, indicates that f applies one or two times depending
on the values of ¢ and j and @ denotes the skew element of a. It is proved that
(see [4]), G is a binary group and the subset

R={(n—2,2):2 € G}

is a normal subgroup such that G%/R = Z,_;. Further, if we identify G by the
subset,

{(0,2) : z € G},

2010 Mathematics Subject Classification: 20N15
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then G is a coset of R and it generates G;. We also have
f@P) =z * T2 % % T

It is not hard to see that for all a,b € G, we have G} = Gy, so for simplicity, we
always, assume that a = e, the identity element of (G, -).

Through this article, we assume that (G, f) = derg(G, ). So, we have 0"~ ! = id
and

f@h) = 210(z2) - 0" %(2p_1)xp.
We also assume that e is the identity element of (G,-). We will prove first the
following theorem on the structure of the Post’s cover.

Theorem 1.1. (dery(G,-)): = Z,,—1 X G, where Z,_1 acts on (G,-) byi.x = 0*(x).

€

Note that, we used a special case of this theorem in [6], to investigate represen-
tations of polyadic groups. The main idea of this article is almost the same as in
[6]. Our second goal is to obtain an embedding from Aut(G, f) to Aut(Gf). The
method we employ is the same as in [6]. For any i € Z,,_1 and u € G, suppose
§(i,u) = 0(u)0?(u) ... 0% (u). We prove

Theorem 1.2. Let A € Aut(G, f) and define A* : G* — G* by
A (i, z) = (i, A(x)d(i,u)),
where u = A(e). Then the map A — A* is an embedding.

In [3], the structure of automorphisms of (G, f) is determined. If A € Aut(G, f),

then we have A = R, p, where u is an idempotent element, i.e. f((Z)) =u, R, is
the right translation by w and ¢ is an ordinary automorphism of (G,-) with the
property [¢,0] = I, (the bracket denotes the commutator pfp~10~! and I, is
the inner automorphism corresponding to u). The converse is also true; if v and ¢
satisfy above conditions, the A = R, is an automorphism of the polyadic group
(G, f). We will use this fact frequently through this article. The interested reader
should see [3] for a full description of homomorphisms between polyadic groups.

Combining Theorems 1.1 and 1.2, we obtain an embedding of Aut(G, f) into
Aut(Z,,—1 X G). More precisely, we prove the following.

Theorem 1.3. Let G = A x G, with A = (a) cyclic of order n — 1 and let
O(x) = axa=t. Then for any ¢ € Aut(G) and u € G, the hypotheses [¢,0] = I,
and (au)"~! =1 imply that the map

(a’,z) — (a',u o(x)u(au)'a™)

is an automorphism of G and these automorphisms are mutually distinct.
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2. Proofs

Proof of Theorem 1.1. Note that in G, we have

(1,2) ¢ Goy) = (45 +1, folw, €, 9,2 2, ")
— (i 4+ 1,20(c) - - 0 ()0 ()07 2(e)
GG (E) g2 )
= (i +j + Lz0™ () 7+ (@),

but, since € = e, so

(i,.’L‘) * (J7y) = (Z +J+ 1am6i+1(y)) = (i,x)(l,e)(%y),

where the right hand side product is done in Z,_; X G. Note that in general,
if (A,-) is a group and a € A, then we can define a new binary operation on A
by x o y = xay and together with this new operation, A is a group too, and so
we denote it by A, = (A,0). We have A = A, and the isomorphism is given by
©(r) = a~tz. Now, by this notation, we have

(derg(G,))e = G = (Zn1 X Gy,
and hence (derg(G,-))s =2 Zn_—1 X G. O
Now, let A € Aut(G, f) and v = A(e). Define A} : GE — G by Al(i,z) =
(i, A(x)).
Lemma 2.1. A} is an isomorphism.

Proof. Note that
AL )+ (G,9) = AL (i + 7+ 1,20 (y) = (i + 5+ 1L, A0 ().
On the other hand,

Ay 2) * AL, y) = (6, A@)) * (7, A))
= (i L f(A), W Aw), W Y).

n— n—1
But f(ﬂ,( ul)) = u, SO A(f(v,( e )

n—1
f(v,( e )) = e and so v = e and hence @ = A(e) = u. Now, we have

)) = A(e), where A(v) = w. Therefore

AZGa) % AZGoy) = G+ 5+ LA (e €y, D e, ")) = (4§ + 1, At (1))

= AL((i,2) % (5,y))-

This shows that A% is an isomorphism. O
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An element u € G is said to be idempotent if f((a)) = wu. For an arbitrary
element v € G, we remember that the right translation map R, is defined by
R, (z) = zu. In [3], it is proved that every element of Aut(G, f) can be uniquely
represented as R, with u an idempotent and ¢ € Aut(G, ) satisfies [, 0] = I,
where I, is the inner automorphism of G, corresponding to u. The converse is
also true and so we have a complete description of automorphisms of Aut(G, f)
in terms of automorphisms of (G, -) and idempotents. Now, for any idempotent u

and i € Z,,_1, define _
§(i,u) = 0(w)0*(u) - - - 0% (u).

Note that for the case i = 0, we have 6(0,u) = d(n — 1,u) =e. If A € Aut(G, f)

and u = A(e), then we define a map ¢, : Gi, — G% by ¢, (i,z) = (4,25(3, u)).
Lemma 2.2. The map q, is an isomorphism.
Proof. We first assume that 7,5 # 0. Note that in G}, we have

(i) * (G,y) = (i + 4+ 1, fule, 0y, W7, )
1

— (i + L AL A (@), €, A (y), @
= (4] + LA (@) (AL (y)))).

Now, as we said before, A = R, such that ¢ € Aut(G) and [p, 8] = I,,. Therefore

(i,0) + (jry) = (04 + 1, Rup(e™ Ry ()0 (07 Ry (1))
=(i+j+ 1, Ru((zu")e0  p(yu™))).

Since [p, 0] = I,,, so we have pdt1p~! = (I,0)""!. But
(L.0)(2) = ub(u) -+ 0" (w)" (2)0(u) ™t - - O(u) " tu™
= ud(i,u)0" T (2)6 (i, u) " tut
Hence, we have
(i,2) % (joy) = (i +j + 1, Ry(zu™ ud (i,u)0 (yu™H)(i,u) " tur)
— (i + 1,200, w0 ()i, u) ).
Now, we are ready to show that ¢, is a homomorphism. First, note that
QU((i’x) * (]7 y)) = Qu(i +J7+ 1’$6(i7 u)9i+1<yu_1)(5(i,u)_l)
=(i+7+1,200i,u)0 " (yu™1)o(i,u) 16 + 5 + 1,u)).

On the other hand

qu(t,2) * qu(j,y) = (4, 20(i,u)) * (j, yo(j, u))
(i + 5 + 1,286, u)8™ (yo(j, u)))
(i +j + Lad(i,u)0" ()0 (3 (5, u)))-
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Hence, ¢, is a homomorphism, if and only if we have
0 (8(j,u) = 0" (w0, u) 63 + 5+ 1,u).
But, we have,
O+ (w16 (5, u) 180 + § 4+ 1,u) = 02 (w) - - 07 (0) = 07T (8(5, ).

The case i = 0 can be verified similarly, so ¢, is a homomorphism. It is easy to
see that also ¢, is a bijection and so we proved the lemma. O

Combining two isomorphisms ¢, and A}, we obtain an automorphism A* =
qu © A% € Aut(G}). Note that, we have

A (i, @) = (i, A(z)6(i,u)) = (0, A(x)) * (0, u)".
Lemma 2.3. The map A — A* is an embedding from Aut(G, f) into Aut(G%).

Proof. Let A1,Ay € Aut(G, f) and uv = A;(e) and v = Ay(e). Suppose also
w = A1(v) = (A1 0o Ay)(e). We have

(A1 o A2)* (i, x) = (4, A1 (A2(2))0 (i, w)).
On the other hand
AT(A3(1, @) = AT(3, A2(2)6(i,v)) = (4, A1 (A2 (2)0(4,v))6 (i, u)).
But we have

A1 (Ao (2)0(i,v)) = A (A (2)0(v) --- 0% (v)0" T (e) - -- 0" 2(e)e)
i

Note that we have
9i+1 . 971—2A1(e)5(i7 ’LL) _ 9i+1(u) - 9"—2(u)u9(u) C ei(u) =e,
because,

(n)

O(u) -0 ()0 (w) - 0" 2(u)Ar(e) = u A (f(e)) =utAL(e) =e.

Therefore we obtain

AT (A3 (i, ) = (2, A1 (Az(2))6 (i, w)),
and this shows that the map A — A* is a homomorphism. Now suppose A* = id.
Then A(2)d(i,u) = x for all x and i, so if we put x = e, then §(i,u) = u~" for all 4.
Assuming i = 1, we get 6(u) = u~! and so assuming i = 2, we obtain u~'u = u~1!,
hence u = e and consequently A = id. This completes the proof of the lemma. O
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Remember that we proved

Gy = (Zn-1xG)1,e) 2 L1 %G,
and this isomorphism is given by (i, z) = (1,e)~1(4,2). So,
o(i,r) = (n—2,e)(i,z) = (n+i—2,0"2(x)) = (i — 1,0 %(2)).
Now, for any A € Aut(G, f), define
a(A)=p oA 0.

Therefore a(A) is an automorphism of Z,_; x G and the map A — «(A) is an
embedding. We have

a(N)(i,z) =@ (i —1,A07(2)6(i — 1,u))
(Le)(i = L A(0™ (2))0(i — 1,u))
(

i, (0A0~1) (2)0(u=1)3 (i, ).

Since A = Ry, ¢, so (A0~ 1)(z) = (0p0~1)(2)0(u). Hence
a(A)(i,z) = (i, (090~ ") ()8 (i, u)).
On the other hand #pf~! = I 1y and hence
a(N)(i,z) = (i, u  o(2)ud(i, u)).
Summarizing, we obtain the following corollary:

Corollary 2.4. There is an embedding o : Aut(G, f) — Aut(Z,—1 x G), such that
a(N)(i,z) = (i, u  o(2)ud(i, u)).

Now, we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Suppose G = Ax G where A = (a) is a cyclic of order n—1.
Define an automorphism of G by 6(z) = aza™!, so 677! =id. Let

(G, [) = dery(G, ).

So, there is an embedding « : Aut(G, f) — Aut(G) such that

a(AN)(a',z) = (a',u p(z)ud(i,u)).

Since u is an idempotent, so f ((Z)) = u, and therefore

ub(u) - 0" (u) = u,
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which implies that

aua taPua=? - a" 2ua" "y = e.

Hence (au)"~! = 1. Similarly, 6(i,u) = (au)’a™", so for any ¢ € Aut(G) and for
any u € G, the hypotheses

(au)" ' =1, [p,0] =1,

imply that the map 4 ‘ o
(a’,z) — (a',u o(x)u(au)'a™)

is an automorphism of G. Clearly this is an embedding and hence the theorem is
proved. O

Example 2.5. Let £ = GF(q) be the Galois field of order ¢ and m > 1. Let
G = (E™,+) and suppose a : E™ — E™ is a linear map of order n — 1. Then
A = (a) acts naturally on G, so G = Ax G = Z,_; x E™. In this case § = o~
and for any u € ker(1 4+ a + -+ + a"~2) and any

v e Car, ()

we have [0,¢p] = 1 = I,. Note that we have u € ker(1 + a + --- + a"~2), iff
u = a(v) — v for some v € E™. This shows that for any such v and ¢, the map

(o', 2) = (o', p(z) + (@ —a71)(v))

is an automorphism of Z,_; x E™.
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