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Annihilator graph of a commutative semigroup
whose zero-divisor graph is a refinement

of a star graph

Mojgan Afkhami, Kazem Khashyarmanesh
and Seyed Mohammad Sakhdari

Abstract. Suppose that G is a refinement of a star graph with center ¢ and G* is the subgraph
of G induced on the vertices V(G) \ {x € V(G) | ¢ = c or z is an end vertex adjacent to c}. Let
S be a commutative semigroup with zero and I'(S) be the zero-divisor graph of S. In this paper,
we determine the structure of the annihilator graph of S by using the zero-divisor graph I'(S),
which is a refinement of a star graph with center ¢, and I'(S)* has at least two components or

I'(S)* is isomorphic to a cycle graph or a path.

1. Introduction

Throughout the paper S is a commutative semigroup with zero whose operation is
written multiplicatively. The set of all zero-divisors of S is denoted by Z(S) and
2(8)" = Z(5)\ {0},

There are many papers which interlink graph theory and ring theory. Several
classes of graphs associated with algebraic structures have been actively investi-
gated (see for example, [2, 3, 4, 5, 6, 7, 8, 11, 12, 18, 19]).

For any commutative semigroup S with zero element 0, there is a simple undi-
rected graph, which is called the zero-divisor graph and is denoted by I'(S) (cf.
[17]). The vertex set of I'(S) is Z(S)* and x is adjacent to y in I'(.S) if and only if
xy = 0, for each two distinct elements x and y in Z(S)*. It was proved that T'(.S)
is connected and the diameter of I'(S) is less than or equal to three. Also if T'(.S)
contains a cycle, then its girth is less than or equal to four. For more details on
zero-divisor graphs see [9], [13], [15], [16], [17], [21].

In [10], A. Badawi introduced the concept of the annihilator graph for a com-
mutative ring R, denoted by AG(R), with vertices Z(R)* and x ~ y is an edge in
AG(R) if and only if anng(xy) # anng(x) U anng(y), where anng(xz) = {r € R |
ar = 0}.

In [1], the present authors introduced the annihilator graph for a commutative
semigroup S, which is denoted by AG(S). The graph AG(S) is an undirected
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graph with vertex set Z(S)* and two distinct vertices x and y are adjacent if and
only if anng(zy) # anng(x) U anng(y), where anng(z) = {s € S | xs = 0}. Some
basic properties of AG(S) are investigated in [1]. For example, it was proved that
if Z(S) # S, then I'(S) is a subgraph of AG(S), and so AG(S) is connected. Also
if Z(S) = S and there exists x € S* = S\ {0} such that anng(x) 2 Z(S) \ {«},
then x is an isolated vertex in AG(S).

Recall that a graph G with n+ 1 vertices is called a star graph, and is denoted
by Kin, if there exists a vertex x € V(G) such that d(z) = n, and for each
vertex y € V(G) \ {z}, we have d(y) = 1. The vertex z is called the center of
K . Suppose that G and H are two graphs. H is called a refinement of G if
V(G) = V(H) and each edge in G is an edge in H. The subgraph induced on
vertices V(G) \ {x € V(GQ) | z = c or z is an end vertex adjacent to c} is denoted
by G*.

In this paper, we study the annihilator graph associated to a commutative
semigroup with zero by using the zero-divisor graph I'(S), where I'(S) is a refine-
ment of a star graph with center ¢, and I'(S)* has at least two components or
I'(S)* is isomorphic to a cycle graph or a path.

2. Preliminaries

Now we recall some definitions and notations of graphs. We use the standard
terminology of graphs is contained in [14]. Let G be a graph with vertex set V(G)
and edge set F(G). We use the notation x ~ y to denote that x is adjacent to y
in G and edge between x and y will denote by {xy}. Also the distance between
two distinct vertices a and b, denoted by d(a,b), is the length of the shortest path
connecting a and b, if such a path exists; otherwise, we use d(a,b) := co. The
diameter of a graph G is diam(G) = sup{d(a,bd) : a and b are distinct vertices
of G}. The girth of G, denoted by gr(G), is the length of the shortest cycle in
G, if such a cycle exists; otherwise, we use gr(G) := co. A graph G is said to be
connected if there exists a path between any two distinct vertices, and it is complete
if it is connected with diameter one. We use K, to denote a complete graph with
n vertices. Also, we say that G is totally disconnected if no two vertices of G are
adjacent. We use nK; to denote the totally disconnected graph with n vertices.
For a vertex x of a graph G, the neighborhood of x, denoted by N(z), is the set
of vertices which are adjacent to x, moreover the degree of x, denoted by d(z), is
the cardinality of N(x). Also, a vertex u is an end vertex, if there is only one edge
incident to u, and it is an isolated vertex if d(u) = 0. Let G and H be two graphs.
We use the notation H < G (resp, H 2 @) to denote that H is a subgraph of G
(resp, H is isomorphic to G). Also we use G\ {{z1y1}, {z2y2}, {z3ys}, ..., {Tnyn}}
to denote a graph G, such that the edges {x1y1}, {z2y2}, {zsys}, ..., {xnyn} are
deleted.

As usual P, and C,, will denote the path of length n and the cycle of length
n, respectively. Suppose that G is a graph with m components such that each
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component of G is isomorphic to K,,. Then we will denote G by mK,,. Let H and
G be two graphs such that V(G)NV(H) = 0 and E(G) N E(H) = (. Then the
union of the graphs H and G, which is denoted by H U G, is a graph with vertex
set V(G) UV (H) and edge set E(H) U E(G).

Throughout the paper, we assume that |Z(S)*| > 3. The case that |Z(S)*| < 2
is easy. Indeed, if |Z(S)*| =1, then AG(S) 2 T'(S) = K;. Let |Z(S)*| = 2. Then
I'(S) 2 K. Now if Z(S) = S, then clearly AG(S) = 2K, and if Z(S) # S, then
AG(S) 2 T'(S) = K,. Moreover, in [1, Section 4 |, the case that |Z(S)*| = 3 and
in [20] the case that |Z(S)*| = 4, have been discussed.

3. Properties of AG(S)

In this section, we determine the structure of the annihilator graph of a commu-
tative semigroup S whose I'(S) is a refinement of a star graph with center ¢ and
I'(S)* satisfies one of the properties: (1) T'(S)* has at least two components, (2)
I'(S)* is a cycle graph, (3) I'(S)* is a path. Also since I'(S) is a refinement of
a star graph with center ¢, if ¢ = 0, then anng(c) = Z(S). Moreover, in this
section, we show that if Z(S) = S, then 5 is sharp for the girth of AG(S), while
if Z(S) # S, then gr(AG(S5)) < 4.

Proposition 3.1. [22, Corollary 2.4] Suppose that T'(S) is a refinement of a star
graph with center ¢, and T'(S)* has at least two components. Then S* = {0, c},
where S? = {zy|z,y € S}.

By Proposition 3.1, it is clear that if T'(S) is a refinement of a star graph and
I'(S)* has at least two components, then if there exists a vertex z which is not
adjacent to some vertices z and y in I'(S), then z and y are adjacent in AG(S).
Also, note that if I'(S) is a refinement of a star graph with center ¢ and S? = {0, ¢},
then anng(zy) = Z(S), for all z,y € Z(S). Now, the proof of the next theorem
follows from [1, Theorems 3.1 and 3.8].

Theorem 3.2. Suppose that T'(S) is a refinement of a star graph with center c.
Also assume that T'(S)* has at least three components and |V (T'(S))| = n+1. Then
the following statements hold.

1. If x and y are two distinct non adjacent vertices in I'(S), then x ~ y in
AG(S).

2. If Z(S) # S, then AG(S) =2 K, 11.

3. Z(S) =S, then AG(S) = K,, U K1, where c is an isolated vertez in
AG(S).

A graph G is called a friendship graph (or a fan graph) if G is a refinement
of a star graph with center ¢ such that G \ {c} = nK; and it is denoted by F,.
Clearly |V (F,)| = 2n + 1.
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Corollary 3.3. Suppose that T'(S) = F,, with center ¢ and n > 3. Then the
following statements hold.

1. If Z(S) 7& S, then AG(S) = K27L+1.

2. If Z(S) = S, then AG(S) = Ks,, U K, where ¢ is an isolated vertex in
AG(S).

Proof. Since I'(S) = F,, with center ¢ and n > 3, we have I'(S)* = nK», and
so I'(S)* has at least three components. Therefore, by Theorem 3.2, the results
hold. O

Lemma 3.4. Suppose that T'(S) is a refinement of a star graph with center ¢ such
that T'(S)* has exactly two components A and B. Then the following statements
hold.

1. If z,y € A, then x~y in AG(S). Similarly, if x,y € B, then x~y in AG(S).

2. Suppose that x, y € Z(S)* \ {c}. Then x =~y in AG(S) if and only if there
exists no end vertex adjacent to ¢ in T'(S) and x € A, anng(x) = AU {0, c}
and y € B, anng(y) = BU{0, c}.

Proof. (1). It follows by Proposition 3.1.

(2). First suppose that z, y € Z(S)*\{c} and z » y in AG(S). Then, by (i), z €
A, y € B, and so zy # 0 and, by Proposition 3.1, we have zy = ¢ which follows that
c? = (zy)c = z(yc) = 0, and hence anng(c) = Z(S). Since x = y in AG(S), we see
that anng(z) Uanng(y) = anng(zy) = anng(c) = Z(5). If there exists u such that
u is an end vertex adjacent to ¢ in I'(S), then u ¢ anng(x)Uanng(y) = Z(S), which
is impossible. Thus there exists no end vertex adjacent to ¢ in I'(.S). Now if 22 # 0
or y? # 0, then = ¢ anng(x) U anng(y) = Z(S), or y ¢ anng(z) U anng(y) = Z(S),
which is impossible. Therefore 22 = y? = 0. Finally, if there exists a € A such
that  ~ a in T'(S), then a ¢ anng(z) U anng(y) = anng(zy) = anng(c) = Z(9),
which is impossible. Hence for each a € A, we have  ~ a in I'(S), and so
anng(z) = AU {0, ¢}. Similarly, anng(y) = BU{0,c}.

Conversely, since z € A and y € B, which implies that xy # 0 and, by
Proposition 3.1, we have zy = ¢. So anng(zy) = anng(c) = Z(S). Since there
exists no end vertex adjacent to ¢ in I'(S) and anng(x) = AU{0, ¢} and anng(y) =
B U {0,c}, we have anng(x) U anng(y) = AU BU{0,¢} = Z(S) = anng(zy).
Therefore x ~ y in AG(S). O

The next theorem follows from Lemma 3.4.

Theorem 3.5. Suppose that T'(S) is a refinement of a star graph with center c
such that there exists no end vertex adjacent to ¢ in T'(S) and |V (T'(S)*| = n.
Also assume that T'(S)* has exactly two components A and B. Then the following
statements hold.
1. If Z(S) # S, then AG(S) = K, 41\ {{zy}| z € A, y € B and anng(z) =
AU{0,c} and anng(y) = BU{0,c}}.
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2. If Z(S) =S, then AG(S) 2 K1 UK, \ {{zy}| x € A, y € B and anng(x) =
AU{0, ¢} and anng(y) = BU{0, c}}, where ¢ is an isolated vertex in AG(S).

The next two corollaries immediately follows from Theorem 3.5 and [1, Theo-
rems 3.1 and 3.8].

Corollary 3.6. Suppose that T'(S) = Fy with center c. Also assume that Z(S) # S

and V(I'(S)*) = {z,y, z,w} with x ~y and w ~ z. Then the following statements
hold.

1. AG(S) 2 F, if and only if 2® = y* = 2° = w? = 0.
2. AG(S) = K5 \ {{wy}, {wz}} if and only if 2* = ¢ and y* = w? = 2% = 0.
3. AG(S) = K5\ {{yz}} if and only if 2> = w? = ¢ and y? = 22 = 0.
4. AG(S) =2 K5 if and only if 2> = y* = c or w? = 2% = c.
Corollary 3.7. Suppose that T'(S) = Fy with center c. Also assume that Z(S) = S

Yy
and V(T'(S)*) = {z,y, z,w} with x ~y and w ~ z. Then the following statements
hold.
1. AG(S) = K1 U2K,, where ¢ is an isolated vertex in AG(S), if and only if

2=y’ =22=w?=0.

2. AG(S) =2 K1 U Ky \ {{wy}, {wz}}, where ¢ is an isolated vertex in AG(S),
if and only if 2° = ¢ and y* = w? = 2% = 0.

3. AG(S) = K7 U K4\ {{yz}}, where c is an isolated vertex in AG(S), if and
only if 22 =w? =c and y?> = 22 = 0.

4. AG(S) = Ky U Ky, where ¢ is an isolated vertex in AG(S), if and only if
?=yt=corw?=22=c

Theorem 3.8. Suppose that T'(S) is a refinement of a star graph with center ¢

and T = {u | u is an end vertex adjacent to ¢ in T'(S)} and | T |= m > 1. Also

assume that T'(S)* has exactly two components A and B and |V (I'(S)*)] = n.

Then the following statements hold.
1. Ifx € A and y € B, then x ~ y in AG(S).

2. IfxreA,ye Bandu €T, thenu~z and u ~y in AG(S5).
3. Ifu,veT, thenu~ v in AG(S).

The next corollary immediately follows from Theorem 3.8 and [1, Theorems
3.1 and 3.8].

Corollary 3.9. Suppose that T'(S) is a refinement of a star graph with center c
and T = {u | u is an end vertex adjacent to ¢ in T'(S)} and | T |= m > 1. Also
assume that T'(S)* has exactly two components and |V (I'(S)*)| = n. Then the
following statements hold.
1. If Z(S) # S, then AG(S) = Kpint1-
2. If Z(S) =S, then AG(S) = Ky1n U K1, where ¢ is an isolated vertex in
AG(S).
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Proposition 3.10. [22, Theorem 2.5] Suppose that T'(S) is a refinement of a star
graph with center ¢ such that T'(S)* is isomorphic to C,,, where n > 5. Then

5% = {0, c}.

Lemma 3.11. Suppose that I'(S) is a refinement of a star graph with center c
such that there exists no end vertex adjacent to ¢ in T'(S). Also assume that
I(S)* =2 C,, wheren 25 and z, y € Z(S)* \ {c}. Then the following statements
hold.

1. If v ~y in T'(S), then x ~y in AG(S).

2. If v =y in T(S) and 2> # 0 or y?> # 0, then x ~y in AG(S).

3. Ifxey inT(S) andn =7, then x ~y in AG(S).

4. x5y in AG(S) if and only if 2> =y*> =0, 2y = c andn =5, or

22 =92 =0, d(z,y) =3 in T(S) and n = 6.

Proof. The proof of (1) and (2) is clear.

(3). Since I'(S) = C,, and n > 7, we have |V(T'(S)*)| > 7, and so |Z(S5)| > 9,
since Z(S) = C,,U{0, c}. On the other hand, for each two distinct vertices = and y
in T'(S)*, we see that |anng(z) Uanng(y)| < 8. Since x ~ y in I'(S), by Proposition
3.10, we have zy = ¢, and so anng(zy) = Z(S). Hence anng(z) U anng(y) #
anng(zy), and therefore x ~ y in AG(S).

(4). First suppose that « « y in AG(S). Then, by (i), (ii), (iii) and Proposition
3.10, we have 22 = y?> =0, 7y = cand n =5, or n = 6. If n = 6 and d(z,y) = 2
in T'(S), then there exists a vertex z, such that z ¢ anng(z) U anng(y), and so
anng(z) Uanng(y) # Z(S) = anng(c) = anng(xy). Thus x ~ y in AG(S), which is
impossible. Also if d(z,y) = 1 in I'(S), then z ~ y in I'(S) and, by (i), x ~ y in
AG(S), which is again impossible. Therefore d(z,y) = 3 in I'(S).

Conversely, first suppose that n = 5, 2 = y?> = 0 and zy = ¢. Then, since
x » yin I'(S) and z, y € Cs, we have anng(z) U anng(y) = Z(S) = anng(c) =
anng(zy). Thus x » y in AG(S).

Now suppose that 22 = y? = 0, d(z,y) = 3 in I'(S) and n = 6. Then Z(S) = CsU
{0, ¢}, and so |Z(S)| = 8. Also since d(z,y) = 3, we see that anng(z) Nanng(y) =
{0, ¢} and |anng(z)| = |anng(y)| = 5, and so |anng(z) U anng(y)| = 8 = |Z(9)| =
|anng(¢)| = |anng(zy)|. Thus anng(x) U anng(y) = anng(zy). Therefore z ~ y in
AG(S). O

The following three theorems immediately follows from Lemma 3.11, [1, The-
orems 3.1 and 3.8].

Theorem 3.12. Assume that all the hypothesis of Lemma 3.11 hold and n > 7.
Then we have the following statements.
1. If Z(S) # S, then AG(S) 2 Kp41.

2. If Z(S) = 8, then AG(S) = K,,UK, where c is an isolated vertex in AG(S).

Theorem 3.13. Suppose that all the hypothesis of Lemma 3.11 hold and n = 6.
Then we have the following statements.
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1. If Z(S) # S, then AG(S) = K7 \ {{zy}|2? = y?> = 0,d(z,y) = 3 in T'(S)}.
2. If Z(S) = S, then AG(S) 2 K1 U K \ {{zy}|2? = y? = 0,d(z,y) = 3 in
T'(S)}, where ¢ is an isolated vertez in AG(S).

Theorem 3.14. Suppose that all the hypothesis of Lemma 3.11 hold and n = 5.
Then we have the following statements.

1. If Z(S) # S, then AG(S) = K¢ \ {{zy}|2? = y*> = 0,2y = c}.
2. If Z(S) = S, then AG(S) =2 K1 U K5\ {{zy}2? = y? = 0,2y = c}, where c
is an isolated vertex in AG(S).

If Z(S) # S, then, by [1, Theorem 3.1], T'(S) < AG(S), and since gr(I'(S)) < 4,
we have gr(AG(S)) < 4. But if Z(S) = 5, then the following example shows that
5 is sharp for the girth of AG(S).

Example 3.15. Suppose that S = {0, ¢, a1, as,as, a4, a5}, with ajas = azaz =
azas = agas = asa; = 0, ¢S =0 and a? = ¢ = 0, for each 1 < i < 5. Otherwise
a;a; = c. Then Z(S) = S and, by [22, Theorem 2.5, S is a semigroup and I'(.S)
is a refinement of a star graph with center ¢ such that there exists no end vertex
adjacent to ¢ in T'(S) and T'(S)* = Cs.

Now, by Theorem 3.14 (ii), AG(S) = K,UC5 which means that gr(AG(S)) = 5.

Theorem 3.16. Suppose that all the hypothesis of Lemma 3.11 hold and n = 3.
Then we have the following statements. 1. If Z(S) # S, then AG(S) = Ky.

2. If Z(S) = S, then AG(S) = 4K;.

Proof. Since there exists no end vertex adjacent to ¢ in T'(S) and T'(S)* = C3 = K3,
we have I'(S) 2 K4. Now, by [1, Theorems 3.1 and 3.9], the results hold. O

For the case n = 4, we have the following lemma.

Lemma 3.17. Suppose that all the hypothesis of Lemma 3.11 hold and n = 4.
Also assume that V(T'(S)*) = {z,y,z,w} withx ~y ~ z ~w ~ x. Then we have
the following statements.

1. anng(z) U anng(y) = anng(y) U anng(z) = anng(z) U anng(w) = anng(w)U
anng(z) = Z(95).

2. zz € {x, z,¢} and wy € {w,y,c}.

3.2~z in AG(S) if and only if vz =x, or vz =z, or vz = c and 2% = 2° =
0. Also w =y in AG(S) if and only if wy = w, or wy =y, or wy = ¢ and
w? =y% = 0.

4.z ~ z in AG(S) if and only if zz = c and 2® # 0 or 22 #0. Also w ~ y in
AG(S) if and only if wy = ¢ and w? # 0 or y* # 0.

Proof. (1). Since V(I'(S)*) = {z,y,z,w} with x ~ y ~ z ~ w ~ z, we have
Z(S) = {0,¢,z,y,z,w}, and anng(z) 2 {0,¢,y,w} and anng(y) 2 {0,c,z,2}.
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Thus anng(z) U anng(y) = Z(S). Similarly, anng(y) U anng(z) = anng(z) U
anng(w) = anng(w) U anng(z) = Z(S5).

(2). Since x » z and w ~ y in I'(S), we have zz # 0 and wy # 0. If zz =y,
then wy = w(zz) = (wx)z = 0, which is impossible. So xz # y. Similarly zz # w.
Thus zz € {x, z,c¢}. By a similar argument, wy € {w,y, c}.

(3). Suppose that & = z in AG(S), xz # = and zz # 2. Then, by (ii), zz = c.
If 22 # 0, then x ¢ anng(z) U anng(z), and so anng(z) U anng(z) # Z(S) =
anng(c) = anng(xz). This implies that z ~ z in AG(S), which is impossible.
Therefore 22 = 0, and similarly 22 = 0.

Conversely, if £z = z or zz = z, then x » z in AG(S). Now suppose that zz = ¢
and 22 = 22 = 0. Then anng(z) = {0,¢,z,y,w} and anng(z) = {0, ¢,y, z,w}, and
so anng(x) Uanng(z) = {0, ¢, z,y, z,w} = Z(S) = anng(c) = anng(xz). Therefore
x » zin AG(S). In the same manner we can see that w « y in AG(S) if and only
if wy = w, or wy =y, or wy = c and w? = y? = 0.

(4) By (3), it is clear. O

The following two corollaries follow from Lemma 3.17 and [1, Theorems 3.1
and 3.8].

Corollary 3.18. Suppose that all the hypothesis of Lemma 3.17 hold and Z(S) #
S. Then one of the following statements hold.
1. AG(S) = K5 if and only if the conditions:
(1) zz = wy = ¢,

wy =c, and w? #0 ory? #0,
rz=2x, orxz =z, orxz =c and 2> = 22 = 0 hold.
3. AG(S) = K5 \ {{zz},{wy}} if and only if the conditions:
(1) wy = w, or wy =y, or wy = c and w? = y? =0,
(2) zz =2, orxz =2, or xz = c and 2% = 2?> = 0 hold.

Corollary 3.19. Suppose that all the hypothesis of Lemma 3.17 hold and Z(S) =
S. Then one of the following statements holds.

1. AG(S) = 2K, U K1, where ¢ is an isolated vertex and x ~ z and y ~ w, if
and only if the conditions:
(1) zz =wy =,
(2) 22 #0 or 22 £ 0,
(3) w2 #0 ory? # 0 hold.
2. AG(S) & K3 U3Ky, where ¢, x, z are isolated vertices and w ~ y if and only
if the conditions:
(1) wy = ¢,
(2) w? # 0 or y? # 0,
(3) xzz==x, orxz =2, or vz = c and 2% = 2*> = 0 hold.
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3. AG(S) 2 5K, if and only if the conditions:
(1) wy = w, or wy =y, or wy = c and w? = y? =0,
(2) zz ==, orxz =2, or vz = ¢ and 2% = 2% = 0 hold.

The next theorem follows from [1, Theorems 3.1 and 3.8].

Theorem 3.20. Suppose that T'(S) is a refinement of a star graph with center ¢
and T'(S)* = C,,, where n > 5. Also assume that

T ={u|u is an end vertex adjacent to c in I'(S)}
and | T |=m > 1. Then the following statements hold.

Afx, y e V(D(S)*), then x ~y in AG(S).

Afx e V(I(S)*) and u € T, then x ~ u in AG(S).

Afu,veT, thenu ~v in AG(S).

IfZ(S) # S, then AG(S) = Kpymy1-

IfZ(S) =8, then AG(S) = Kpim U K1, where c is an isolated vertex in
AG(S).

T = W N =

Proposition 3.21. [22, Theorem 2.6] Suppose that T'(S) is a refinement of a star
graph with center ¢ and T'(S)* = P,,, where n > 5. Then S? = {0,c} and ¢* = 0.

Theorem 3.22. Suppose that T'(S) is a refinement of a star graph with center ¢
and T'(S)* = P, where n > 6. Also assume that

T = {u|u is an end vertex adjacent to c in I'(S)}
and | T |=m > 0. Then we have the following statements.

Afx, y e V(I(S)*), then x ~y in AG(S).

Afx e V(I(S)*) and u € T, then x ~ u in AG(S).

Afu,veT, thenu ~v in AG(S).

IfZ(S) # S, then AG(S) =2 Kpymia.

JIfZ(S) =S, then AG(S) =2 Kpymy1 U K1, where ¢ is an isolated vertex in
AG(S).

Proof. The proof follows from Proposition 3.21 and [1, Theorems 3.1 and 3.8]. [

T o= W N =

Lemma 3.23. Suppose that I'(S) is a refinement of a star graph with center c
and T'(S)* =2 P, with a1 ~ ag ~ az ~ a4 ~ a5 ~ ag. Also assume that there exists
no end vertex adjacent to ¢ in T'(S). Then as ~ as in AG(S) if and only if a3 # 0
or a? # 0. Otherwise, a; ~ a; in AG(S), for each 1 <1i < j <6.

Proof. By proposition 3.15, for each 1 < ¢ < j < 6, we have a;a; = 0 or a;a; = ¢
and ¢ = 0, which follows that anng(a;a;) = Z(S). Now if a3 # 0 or a2 # 0, then
anng(as)Uanng(as) # Z(S) = anng(asas), which implies that as ~ a5 in AG(S).

Conversely, suppose on the contrary that as ~ a5 in AG(S) and a3 = a2 = 0.
Then anng(az) Uanng(as) = Z(S) = anng(azas), which is a contradiction. Thus
a3 # 0 or a? #0.
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Finally, since T'(S)* & Ps, it implies that, for each 1 < i < j < 6, other than
the case i = 2 and j = 5, we have anng(a;) U anng(a;) # Z(S) = anng(a;q;),
which implies that a; ~ a; in AG(S). O

Theorem 3.24. Suppose that all the hypothesis of Lemma 3.23 hold. Then we
have the following statements.
1. If Z(S) # S, then AG(S) = K if and only if a3 # 0 or a? # 0. Otherwise
AG(S) = K7 \ {0,20,5}.
2. If Z(S) = S, then AG(S) = K1 U K if and only if a3 # 0 or a2 # 0.
Otherwise AG(S) = K; U Kg \ {azas}, where ¢ is an isolated vertex in
AG(S).

Proof. By Lemma 3.23 and [1, Theorems 3.1 and 3.8|, it is clear. O

Lemma 3.25. Suppose that T'(S) is a refinement of a star graph with center
¢ and T(S)* = Ps, with a1 ~ ay ~ az ~ a4 ~ a5 ~ ag. Also assume that
T = {u | u is an end vertex adjacent to ¢ in I'(S)} and | T |= m > 1. Then we
have the following statements.

1. If Z(S) # S, then AG(S) = Krym.
2. If Z(S) =S, then AG(S) = K¢rm U K1, where ¢ is an isolated vertex in
AG(S).

For the case n < 4, Proposition 3.21 doesn’t hold. For the case n = 4, we have
the following two lemmas.

Lemma 3.26. Suppose that T'(S) is a refinement of a star graph with center ¢
and T'(S)* = Py, with a1 ~ as ~ ag ~ a4 ~ as. Then the following statements
hold.

1. T(S)* < AG(S).

2. ajaz € {as, ¢}, a1aq = ¢, aras € {as, c}, asay = ¢, asas = ¢ and azas €

{as, c}.

Proof. (1). Since as ¢ anng(a;) U anng(ag) U anng(as) and a; ¢ anng(as) U
anng(aq) U anng(as), which follows that T'(S)* = Py < AG(S).

(2). Since a; » agz in I'(S), we have ayaz # 0. If ajas = a;, then ajay =
(a1as)as = a1(azaq) = 0, and if ajaz = as, then asay = 0, which are impossible.
Also if ayaz = a4, then asay = 0, and if ajaz = as, then asas = 0, which are
again impossible. Thus ajas € {as,c}. The similar arguments applies to the other
cases. O

If ayas = as, then a; « az in AG(S), and if ajas = ¢, then a3 ~ az in AG(S),
since as ¢ anng(a;) U anng(az). Also if @ = 0 and a = 0, then anng(a;) U
anng(as4) = {a1,a2,as,a4,as5,¢,0} = anng(c) = anng(ajas). Thus a3 ~ a4 in
AG(S) if and only if a? # 0 or a3 # 0. Since a3 ¢ anng(a;) U anng(as) and
az € anng(c) = anng(ajas), if ajas = ¢, then a1 ~ a5 in AG(S). If ayas5 = as,
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then afas = ajaz # 0 and a2a; = asaz # 0, and so a3 # 0 and a? # 0. Now if
a? # 0, then anng(a;) Uanng(as) = {az,a4,¢,0} = anng(as) = anng(ajas). Hence
if ajas = ag, then a; ~ as in AG(S) if and only if a3 = 0. Similarly, as ~ ay
in AG(S) if and only if a3 # 0 or a # 0, and as ~ a5 in AG(S) if and only
if a3 # 0 or a2 # 0. Clearly, if agas = a3, then az = as in AG(S), and since
a1 ¢ anng(a3) U anng(as), if azas = ¢, then ag ~ a5 in AG(S).

For example, suppose that S = {0,¢,a1,a2,as,a4,as5}, with ajas = asag =
aszayq = a40a5 = 0, aijaz = ajas = azas = as, a1a4 = A204 = A205 = C, a% = a% =
a? = az and a3 = ¢, a3 = 0. Then, by [22, Exampe 2.7|, S is a commutative
semigroup and I'(S) is a refinement of a star graph with center ¢ and T'(S)* & Py,
with a; ~ as ~ ag ~ ag ~ as. Also there exists no end vertex adjacent to ¢ in
I'(S). See Figure 1.

ay ay ay
as a9 as a9 as a2
ecC
a4 as a4 a3 a4 as
Figure 1. T'(S) AG(S), Z(S) =S AG(S), Z(S) # S

Lemma 3.27. Suppose that T'(S) is a refinement of a star graph with center ¢
and T'(S)* & Py, with a; ~ ag ~ ag ~ a4 ~ as. Also assume that
T = {u|wu is an end vertex adjacent to ¢ in I'(S)}
and | T |=m > 1. Then the following statements hold.
1. For eachu, v €T, ifuv ¢ T, oruv =t € T\ {u,v} and t? =0, then u ~ v
in AG(S). Otherwise u » v in AG(S).
2. For each a; € V(I'(S)*) and u € T, we have a;u ¢ T and a; ~ u in AG(S)
if and only if a;u # a;, for 1 <1i < 5.

Proof. (1). If uv ¢ T, then wv = c or wv = a;, (1 < ¢ < 5). If uv = ¢, then
¢ = 0 and clearly u ~ v in AG(S). Assume that uv = a;, (1 < i < 5). Then
there exists a;, (1 < j < 5 and j # 4) such that a;a; = 0, ua; # 0 and va; # 0.
Thus a; € anng(a;) = anng(uv) and a; ¢ anng(u) U anng(v), and hence u ~ v in
AG(S).

Now suppose that uv =t € T\ {u,v} and > = 0. Then u?v = ut # 0, and so
u? # 0 also v? # 0. Thus anng(u) U anng(v) = {0, c} # {0,¢,t} = anng(t), which
implies that u ~ v in AG(S). Otherwise if uv = u, or uv = v, or wv = t and
t2 # 0, then clearly u = v in AG(S).
(2). If aju =t € T, then there exists a; € anng(a;), j # 4, such that a;t =
a;(a;u) = (aja;)u = 0, which is impossible. Thus a;u ¢ T, and so a;u = ¢ or
a;u =a; and 1 < j < 5. If aq;u = ¢, then clearly a; ~ u in AG(S), since there
exists aj, (1 < j <5 and j # i), such that a;a; # 0, ua; # 0 and ca; = 0.
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Now if aju = a4, then asay = as(a1u) = (aza;)u = 0, and if ayu = as, then
agas = 0, which are impossible. Thus aju € {¢,a1,a2,a3}. Similarly we have
asu € {c,as,aq,as5}, asu € {c,as}, azu € {c,as}, and aqu € {c, as}.

Now by the above discussion the statement (2) holds. O

In this case, by Lemma 3.26, I'(S)* < AG(S) and we have a1 ~ a4 ~ az ~ as
in AG(S) and aq ~ ag in AG(S) if and only if a1a3 = ¢ and ag ~ a5 in AG(S) if
and only if agas = ¢. Also a1 ~ a5 in AG(S) if and only if ajas = ¢, or ajas = as
and a3 = 0.

For the case n = 3, we have the following two lemmas.

Lemma 3.28. Suppose that T'(S) is a refinement of a star graph with center c
and T'(S)* = P, with ay; ~ ay ~ az ~ ay4. Also assume that there exists no end
vertex adjacent to ¢ in T'(S). Then the following statements hold.

1. a1 ~az and az ~ ag in AG(S), but if Z(S) =5, then az = as in AG(S).

2. ajaz € {as,c}, ajaq € {ag,as,c}, asay € {as,c}. Also if aaq = ag, then
a2 =0, and a2 # 0, and if ajay = a3, then a% = 0 and a? # 0.

Proof. (1). Since a4 ¢ anng(a;)Uanng(as) and a1 ¢ anng(as) Uanng(ays), we have
ay ~ ag and ag ~ aq in AG(S). Also we see that anng(as) Uanng(az) = Z(5) and
anng(azaz) = 9, and so if Z(S) = S, then as » az in AG(S).

(2). Since a; » a3 in I'(S), we have ajaz # 0. If ajaz = aq, then ajay =
(a1as)as = a1(aszaqs) = 0, and if ajaz = as, then asay = 0, which are impossible.
Also if aja3 = ay4, then asay = 0, which is again impossible. Thus ajas € {as, c}.
Since a; » a4 in T'(S), we have ajaq # 0. If ajag = aq, then ara3 = (a1a4)az =
ai(agaz) = 0, and If ajay = a4, then asay = 0, which are again impossible.
Thus ajas € {az,as,c}. Similarly, azas € {az,c}. Also if ajas = as, then a2 =
as(aiay) = (azar)ay = 0, and since a1a? = azay # 0, we have a? # 0. Similarly, if
ajay = az, then a% = 0 and a? # 0. O

If ajas = ag, then a; » a3z in AG(S), and if ajas = ¢, then a1 ~ a3 in AG(S)
if and only if a? # 0 or a3 # 0. If ajay = ¢, then a; ~ a4 in AG(S) if and only if
a? # 0 or a # 0. Assume that ajay = ap. Then a3 = 0 and a3 # 0. If a} = 0,
then anng(a;)Uanng(ag) = {0, ¢, a1, a2,a3} = anng(asz), and so a; = ag in AG(S).
Thus if ajas = as, then a1 ~ a4 in AG(S) if and only if a? # 0. Similarly, if
ajay = ag, then a; ~ a4 in AG(S) if and only if a3 # 0. Moreover as ~ a4 in
AG(S) if and only if asas = ¢ and a3 # 0 or a? # 0. Clearly, if asay = as, then
as » ayg in AG(S).

Lemma 3.29. Suppose that T'(S) is a refinement of a star graph with center ¢
and T'(S)* = P3, with a; ~ ay ~ ag ~ a4. Also assume that

T ={u|u is an end vertex adjacent to c in T'(S)}
and | T |=m > 1. Then the following statements hold.

1. D(S)* < AG(9).

2. aya3 € {as,c}, ajaq € {az,as,c}, asay € {ag,c}. Also if ajaqy = ag, then
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a2 =0, and also if ajay = as, then a3 =0 and a3 # 0, and if ajaq = as,
then a3 = 0 and a3 # 0.

3. For eachu,v €T, ifuv ¢ T, oruv=t€c T\ {u,v} and t* =0, then u ~ v
in AG(S). Otherwise u » v in AG(S).

4. For each a; € V(I'(S)*) and u € T, we have a;u ¢ T and a; ~ u in AG(S)
if and only if a;u # a;, for 1 <1i < 5.

Proof. Since agas = 0, uas # 0 and uag # 0, we have u ¢ anng(az) Uanng(as) and
u € anng(azag). Thus as ~ az in AG(S). Now, by using argument similar to that
we used in the proof of Lemmas 3.27 and 3.28, the results hold. O

In this case, a; ~ ag in AG(S) if and only if ajaz = ¢, and if ajaq = ¢, then
a; ~ ag in AG(S). Also if ajas = as, then a; ~ a4 in AG(S) if and only if a? # 0.
Similarly, if ajas = as, then a; ~ ay in AG(S) if and only if a3 # 0. Moreover
as ~ ag in AG(S) if and only if azas = ¢ and a3 # 0 or a3 # 0

Assume that I'(S) is a refinement of a star graph with center ¢ and T'(S)* = P,
with a1 ~ ag ~ ag such that there exists no end vertex adjacent to ¢ in I'(S). Then
I'(S) =2 K4 \ {a1a2} and we can see [20, Lemmas 3.11, 3.15, 4.12, 4.16]. Also for
the case n = 1, we can see [20, Lemmas 3.17, 3.12, 3.21, 4.9, 4.17] and [1, Section
4].
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On the torsion in multiplicatively closed subsets
of power associative algebras

Evgenii L. Bashkirov

Abstract. Let A be a commutative ring with 1, M an ideal of A, E a power associative algebra
over A having a basis and a unit element e. In the paper, the torsion in the multiplicatively
closed subset e + M E of E has been studied when A is an integral domain of characteristic 0
with a theory of divisors. The main theorem of the paper generalizes a result concerning the

torsion in the congruence subgroup of the general linear group over A.

One of the most useful way to study an algebraic system with a single binary
operation is to ask whether or not a property satisfied by some class of groups is
valid for the system in question. The present short note has its origin in the obser-
vation that the results of [4] concerning the torsion in the congruence subgroups
of the general linear groups over rings can not only be proved for matrix groups
over commutative integral domains that have a theory of divisors (this kind of
commutative rings is more general than that considered in [4]) but also can be
carried over to some multiplicatively closed sets in power associative algebras over
rings belonging to the family indicated. In particular, this features to investigate
the torsion in Moufang loops because these are power associative by Moufang’s
theorem ([3], p. 117). To pose the problem properly as well as to formulate the
main result one must, first, introduce and recall some terminology and notation.

Let A be a commutative ring with 1. Let F be an algebra over A with unit
element e. If M is an ideal of A, then M E denotes the set of all finite sums ), a;;
with a; € M, z; € E. Define S(M) to be the set of all elements e+x where z € M E.
Since M E is a two-sided ideal of E, the subset S(M) is multiplicatively closed,
that is, the product wv is in S(M) whenever u and v are in S(M).

Hereafter A is assumed to be an integral domain. Recall that the requirement
A to have a theory of divisors means that there is a commutative semigroup D
with identity and with unique factorization such that there exists a homomorphism
a — (a) of the semigroup A* = A\ {0} into D satisfying conditions (1)—(3) listed
on p. 171 [2]. In particular, an element a € A* is divisible by b € A* in the ring A
if and only if (a) is divisible by () in the semigroup D. Also an element a € A* is
said to be divisible by an element a € D, in symbols ala, if (a) is divisible by a in

2010 Mathematics Subject Classification: 20N02, 20N05, 17A05, 17D05
Keywords: Power associative algebras; Moufang loops; alternative algebras; commutative rings;
congruence subgroups
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the semigroup D. Accordingly, the notation a t a means that (a) is not divisible
by a in D. The set of all elements of A that are divisible by a form an ideal of A,
written I(a). Under the settings established, the following result is valid.

Theorem. Let A be a commutative integral domain of characteristic 0 with an
identity 1. Suppose that A has a theory of divisors A* — D such that D contains
a prime element B satisfying the following conditions: B t 2 and B2 { p for
every prime rational integer p. Let E be a power associative algebra over A with
unit element e. Suppose that the underlying A-module of E is free. Then the set
S(I(B)) contains no element of finite order.

Proof. Suppose that S(I(3)) contains an element of finite order other than e.
Then it contains an element a of prime order p. Let a = e + b with b € I(B)E.
By the condition of the theorem, the module E admits a basis, say (ex)xea where
A is an index set which need not be finite. Write b = E)\eA byex with all by in A,
only a finite number of by being nonzero. Moreover, since b € I(B)E, all by must
be in the ideal I(3). Now due to the power associativity of the algebra F, one
gets

-1
al = (e—|—b)P:e+bp—|—p7(p2' )bz—f—...—i—bp:e,
whence it follows that
-1
pb—l—p(pT)bg-i-...—&-bp:O. (1)
For any integer ¢ > 1, write
=" 00er, 0 €A, (2)
AEA

where certainly bg\l) = by for each A\ € A. If ¢t ranges from 1 through p, then

equations (2) contains only a finite number of nonzero coefficients bg\t) and, in fact,
a finite number of basis elements ey. Therefore the set of all indices A occurring
in (2) with ¢ ranging from 1 through p is finite and so it can be identified with the
set of positive integers {1,2,...,n} for an appropriate n. Thus equations (2) with
t€{1,2,...,p} can be rewritten as

n

bt =" be,. (3)
i=1
Since each b; = bz(-l) is divisible by 9B (it should be kept in mind that the zero
element of A is supposed to be divisible by all elements of D), one can find an
integer [ > 1 such that B! divides all by, ..., b, while P!+ does not divide some
b;(j € {1,2,...,n}). This means that

(bj) =B'p ..p, (4)
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where r > 0, m; are positive integers and pq,...,p, are prime elements of D such
that

(’B¢{p17°~‘7p’r}' (5)
On substituting (3) into (1), one obtains

pibiei + p(pTTl) En:bf“)ei oY bPe =0,
=1 ’ i=1 i

Matching the coefficients of e; gives the equation

p—1

pbj:_Zp(p—1)~--(p—i+1)b(i)_b§p)- (6)

il J
=2

There are two possibilities to consider: (a) P 1 p; (b) Blp.
Consider (a). Assume first that B!*![pb;. This assumption means that

(pbj) = P Tgyt .. gl (7)

for some integers u > 1, s > 0, some positive integers k; and some prime elements
qi,..-,qs € D different from P. In view of (4),

(pb) = ()PP ... py. 8)
Equations (8) and (7) are combined to yield
(p)py"™ oy = P4yt gl 9)

Here u > 1, so P arises on the right-hand side of (9) and consequently it must
coincide with some of py, ..., p, which is false by (5). This shows that B!t pb;.

On the other hand for each i = 2,...,p, P divides b;-i), and hence P! divides
all b;g), e bgp ) Thus P+ divides each summand on the right-hand side of (6),
and therefore B!*![pb;. This contradiction shows that possibility (a) is in fact

impossible.
Consider (b). Assume first that B*2[pb;. In other words,

(pbj) = Proedr el (10)

where v > 2, all d; are positive integers and vy, ..., t;(t > 0) are prime elements of
D different from 3. By the condition of the theorem, 32 { p, and hence

(p) = Pay* ... qk, (11)

where k; are positive integers and qq,...,qs(s > 0) are prime elements of D such
that

P& A{q,. -0} (12)
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Further, by (4) and (11),
(p)(b;) = B Hay . abp . pp,
and comparing the last relation with (10), one concludes, after cancelling 3!, that
‘B”t‘fl et = ‘Bq’fl gl
Since v > 2, the last equation can be rewritten as
Prledt e = gh L gRept L pmr,

where v — 1 > 1, and so 8 must occur on the right-hand side of the last equality
which is impossible in view of (12) and (5). Thus the assumption P'*2|pb; has
led to a contradiction, and therefore, P!+2 ¢ pbj, or, to put it another way, pit2
is not a divisor of the left-hand side of (6). On the other hand, if 2 < i < p—1,
the element
pp—1)...(p—it+1)
il b

of A has B(P')? = P+ as a divisor, and so P'*? is its divisor too. Also ‘ﬁlp\bg-p).
Now notice that p > 2 due to the assumption B|p defining possibility (b) and in
view of the relation 3 1 2 which is true by the condition of the theorem. Therefore,

one has Ip > [+ 2, and consequently ‘Bl+2|b§p ). Thus every term on the right-hand

side of (6) has P2 as a divisor, and hence 3'*2 divides the entire expression on
the right-hand side of (6). This final contradiction completes the proof. O

As a special case of the preceding theorem, the following assertion dealing with
general alternative algebras deserves to be formulated.

Corollary 1. Let A, E and B be as in Theorem. Suppose that the algebra E is
alternative. Then the set of invertible elements of E that are contained in S(I())
18 a Moufang loop without torsion.

Proof. By [1], p. 81, the set of invertible elements in F is a Moufang loop. So
having in view Theorem, it suffices to show that for any invertible z € S(I(]3)), its
inverse ! is also in S(I()). Now one can write z~! = e+b with b € E. Recalling
that z = e+a with a € I(B)E, one has e = zo~! = (e+a)(e+b) = e+a+b+ab,
whence b = —a — ab. But I(P)E is a two-sided ideal of F, and so b must lie in
I(B)E as required. O

To obtain an application of Theorem in a more concrete situation of the split
Cayley-Dickson algebra O(A) as well as in the case of associative matrix algebras,
the following portion of notation is needed.

The set O(A) is formed by all symbols (§ 5 ) such that a,b € A and a, B € A3,
where A% is the rank 3 free A-module of length 3 columns with components in
A. In O(A), equality, addition and multiplication by elements of A are fulfilled
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componentwise so that O(A) is a free A-module of rank 8. The operation of
multiplication in O(A) is defined by

a o\ (c v\ _ ac+a-d ay+ad—px§
B bJ\d d) \Bc+bl+axy B-v+bd
(a’b,C7d€A7a7B77’5€A3),

where - and x denote the usual dot product and crossed product, respectively, in
A3. This makes O(A) a non-associative alternative algebra over A. The algebra
O(A) is called the (split) octonion (or Cayley—Dickson) algebra over A, and its
elements (%) are called octonions. The identity of the algebra O(A) is the
octonion (¢ 9), where 0 denotes the element of A% all of whose components are
zeros. The Moufang loop of invertible elements of O(A) is denoted G(A).

Now let M be an ideal of A. It is a straightforward verification that the
canonical homomorphism fy;: A — A/M = B can be extended to an epimorphism
of alternative rings hps: O(A) — O(B),

as fu(az)
a as fu(ar) fu(as)
ay . I (aq)
as fu(as)
ae as fr(ap) fr(as)
az fu(az)

This hjps determines, in turn, a loop homomorphism gps: G(A) — G(B): = —
har(x). The kernel of gps, denoted CL(A, M), will be termed the M-congruence
subloop by analogy with the corresponding concept in the theory of matrix groups
(see [4], p- 65) and it is appropriate to recall this concept here.

First, if n > 2 and R is an associative ring with identity, then the group
of all invertible n x n matrices over R is denoted by GL(n,R) and called the
general linear group (of degree n over R). Now the canonical homomorphism fy,
determines the group homomorphism By : GL(n,A) — GL(n, B) which sends a
matrix a € GL(n, A) whose element in row 4, column j is denoted a;;(1 < 7,5 < n)
to the matrix of GL(n, B) whose element in row 4, column j is equal to fas(a;;).
The kernel of 8y is just the M-congruence subgroup GL(n, A, M).

Corollary 2. Let A and P be such as in Theorem. Let n be an integer, n > 3.
Then the I(B)-congruence subloop C(A,I(PB)) as well as the I(P)-congruence sub-
group CL(n, A, I(B)) are torsion free.

Proof. Note that the subloop C(A,I(B)) (the subgroup CL(n, A, I(B)), respec-
tively) coincides with the set of invertible elements in the multiplicatively closed
subset S(I(P)) of the algebra O(A) (the algebra of n x n matrices over A, respec-
tively). Using Corollary 1 completes the proof. O
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Mal’cev classes of left quasigroups and quandles
Marco Bonatto and Stefano Fioravanti

Abstract. In this paper we investigate some Mal’cev classes of varieties of left quasigroups. We
prove that the weakest non-trivial Mal’cev condition for a variety of left quasigroups is having
a Mal’cev term and that every congruence meet-semidistributive variety of left quasigroups is
congruence arithmetic. Then we specialize to the setting of quandles for which we prove that

the congruence distributive varieties are those which have no non-trivial finite models.

1. Introduction

Starting from Mal’cev’s description of congruence permutability as in [18], the
problem of characterizing properties of classes of varieties as Mal’cev conditions
has led to several results. Mal’cev conditions turned out to be extremely useful, for
instance to capture lattice theoretical properties of the congruence lattices of the
algebras of classes of variety. In [24] A. Pixley found a strong Mal’cev condition
defining the class of varieties with distributive and permuting congruences. In [15]
B. Jénsson shows a Mal’cev condition characterizing congruence distributivity, in
[10] A. Day shows a Mal’cev condition characterizing the class of varieties with
modular congruence lattices.

These results are examples of a more general theorem obtained independently
by Pixley [25] and R. Wille [28] that can be considered as a foundational result in
the field. They proved that if p < ¢ is a lattice identity, then the class of varieties
whose congruence lattices satisfy p < ¢ is the intersection of countably many
Mal’cev classes. [25] and [28] include an algorithm to generate Mal’cev conditions
associated with congruence identities.

Furthermore, the class of varieties satisfying a non-trivial idempotent Mal’cev
condition (i.e. any idempotent Mal’cev condition which is not satisfied by any
projection algebra) is known to be a Mal’cev class [27]. This class of varieties was
characterized by the existence of a Taylor term, namely an idempotent n-ary term
t that for every coordinate 7 < n satisfies an identity as

t(x17"'71‘n) ~ t(yl""7yn)

where z1,...,Zn, Y1, ., Yn € {z,y}, z; = v and y; = y.
Recently this class of varieties was proven to be a strong Mal’cev class [22], i.e.
there exists the weakest strong idempotent Mal’cev condition.

2010 Mathematics Subject Classification: 20N02, 57M27, 08A30, 20N05.
Keywords: Mal'cev conditions, quandles, quasigroups:
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A variety V is meet-semidistributive if the implication
aANf=ahNy = aAB=aA(BV7y),

holds for every triple of congruences of any algebra in V. It is still unknown if the
class of meet-semidistributivity varieties is defined by a strong Mal’cev condition,
nevertheless it can be characterized in several different ways [23]. On the other
hand, we are going to use the characterization of meet-semidistributive varieties
in terms of commutator of congruences as defined in [11].

Theorem 1.1. [17, Theorem 8.1 items (1), (3), (4)]
Let V be a variety. The following are equivalent:

(1) V is a congruence meet-semidistributive variety.
(i9) No member of V has a non-trivial abelian congruence.
(i) [, B] = a A B for every a, B € Con(A) and every A € V.

Let A be an algebra, let a € Con(A), and let a € A. We denote by [a], the
congruence class of a in a. The algebra A is said to be:

(1) coherent if every subalgebra of A which contains a block of a congruence
a € Con(A) is a union of blocks of «.

(12) Congruence regular if whenever [a], = [a]g for some a € A and «, 8 in

Con(A) then o = f5.

(7i1) Congruence uniform if the blocks of every congruence o € Con(A) have
all the same cardinality.

A variety V is coherent (resp. congruence uniform, congruence regular) if all
the algebras in V are coherent (resp. congruence uniform, congruence regular).
Because for varieties regularity is equivalent to the condition that no non-zero
congruence has a singleton congruence class, every congruence uniform variety is
congruence regular. Congruence regularity and coherency are weak Mal’cev classes
(see [9] and [12]). On the other hand, it is known that congruence uniformity is
not defined by a Mal’cev condition [26].

Some of the most studied Mal’cev classes of varieties are displayed in Figure
1. We refer the reader to [2] for further informations about such classes and to [3]
for a more exhaustive poset of Mal’cev classes.

The main goal of this paper is to investigate Mal’cev conditions for racks and
quandles. In particular, this paper is concerned with certain Mal’cev classes of va-
rieties, namely, the varieties having a Taylor term, a Mal’cev term and congruence
meet semi-distributive varieties.

Left quasigroups are rather combinatorial objects, nevertheless Mal’cev classes
of varieties of left quasigroups behave in a pretty rigid way. A characterization of
Mal’cev varieties of left quasigroups is provided in Theorem 3.2: they are the vari-
eties for which every left quasigroup is connected, (a left quasigroup is connected
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Figure 1: Mal'cev classes: T = Taylor term, wDF = weak difference term, CE = non
trivial congruence equation, DF = difference term, CM = congruence modularity, Ed
= edge term, CP = congruence permutability, M = Mal’cev term, CO = congruence
coherency, SD(A) = meet semidistributivity, SD(V) = join semidistributivity, CD =
congruence distributivity, NU = CD [ Ed = near unanimity term, CA = CD N M =
congruence arithmeticity.

if the action of its left multiplication group is transitive). Moreover, we show
that several Mal’cev conditions are equivalent for varieties of left quasigroups. In
particular, all the classes in the interval between the class of Taylor varieties and
the class of coherent varieties in Figure 1 collapse into the strong Mal’cev class
of varieties with a Mal’cev term. Moreover, we prove that the weakest non-trivial
(not necessarily idempotent) Mal’cev condition for left quasigroups is having a
Mal’cev term, and all such varieties are congruence uniform. In Corollary 3.3
we characterize finite Mal’cev idempotent left quasigroups as the superconnected
idempotent left quasigroups (i.e. left quasigroups such that all the subalgebras are
connected) using a general result given in [1].

In Theorem 3.5 we show that a congruence meet-semidistributive variety of left
quasigroups is congruence arithmetic.

As a consequence of our two main theorems, the poset of Mal’cev classes of left
quasigroups in Figure 1 turns into the one in Figure 2.

T=CO=M

NU = SD(A) = CA
Figure 2: Mal’cev classes of varieties of left quasigroups.

Then we turn our attention to quandles, i.e. idempotent left distributive left
quasigroups. Quandles are of interest since they provide knot invariants [16, 19].
The class of quandles used for such topological applications is the class of con-
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nected quandles. According to the characterization of Mal’cev varieties of left
quasigroups, connectedness is actually a relevant property also algebraically. Some
of the contents of the paper are formulated for semimedial left quasigroups, a class
that contain racks and medial left quasigroups [5].

A characterization of distributive varieties of semimedial left quasigroup is
given by the properties of the displacement group in Theorem 4.3 where we take
advantage of the adaptation of the commutator theory in the sense of [11] de-
veloped first for racks in [8] and then extended to semimedial left quasigroups in
[5].

In Theorem 4.9 we prove that a variety of quandles is distributive if and only
if it has no finite models, making use of the characterization of strictly simple and
simple abelian quandles [4]. We also prove that there is no distributive variety of
involutory quandles. The problem of finding an example of non-trivial distributive
variety of quandles (resp. left quasigroups) is still open.

Examples of non-trivial Mal’cev varieties of quandles (which members are not
just left quasigroup reducts of quasigroups) are provided in Table 1.

Notation and terminology. We refer to [2] for basic concepts of universal
algebra. Let A be an algebra and t be an n-ary term. Then we say that A satisfies
the identity t1(z1,...,2n) = ta(z1,...,2y,) if t1(a1,...,a,) = ta(aq,...,a,) for
every a; € A.

We denote by H(A), S(A) and P(A) respectively the set of homomorphic
images, subalgebras and powers of the algebra A and V(K) denotes the variety
generated by the class of algebras K. We denote by Con(A) the congruence lattice
of A, the block of a € A with respect to a congruence « is denoted by [a], (or
simply by [a]) and the factor algebra by A/a. We denote by 14 = A x A and
04 = {(a,a) : a € A} respectively the top and bottom element in the congruence
lattice of A

Through all the paper, concrete examples of left quasigroups are computed
using the software Mace4 [20] and examples of quandles are taken from the library
of connected quandles of GAP [13].

2. Left quasigroups

A left quasigroup is a binary algebraic structure (Q,*,\) such that the following
identities hold:

T (r\y) =y~ r\(r*xy).

Hence, a left quasigroup is a set @@ endowed with a binary operation * such that
the mapping L,: y — « %y is a bijection of @ for every x € @. The right
multiplication mappings R, : y +— y *  need not to be bijections. Clearly the left
division is defined by z\y = L;!(y), so we usually denote left quasigroups just
as a pair (@, x). Nevertheless, if (Q, *) is a left quasigroup and (R, *) is a binary
algebraic structure and f: @@ — R is a homomorphism with respect to *, the image
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of f is not necessarily a left quasigroup. We define the left multiplication group of

Q as LMIt(Q) = (Lo, a € Q).
Let a be a congruence of a left quasigroup . The map

LMIt(Q) — LMIt(Q/a), Lg — Lig

can be extended to a surjective morphism of groups with kernel denoted by LMIt®.
The displacement group relative to «, denoted by Dis,, is the normal closure in
LMIt(Q) of {L,L; ' : aab}. In particular, we denote by Dis(Q) the displacement
group relative to 1g and we simpy call it the displacement group of Q. The maps
defined above clearly restrict and corestrict to the displacement groups of Q) and
Q/a and we denote by Dis® the intersection between LMIt® and Dis(Q).

Lemma 2.1. Let K be a class of left quasigroups and Q € V(K). Then:
(1) Dis(Q) € V({Dis(R) : R € K}).
(1) LMIt(Q) € VH{LMIt(R) : R € K}).

Proof. (i). Let {Q; : i € I} C K. The group Dis(Q;/a) € H(Dis(Q;)). Let S be
a subalgebra of Q; and H = (L,, a € S). Then

Dis(S) 2 (hL,L; 'h™Y|s, a,b € S, h € H) € HS(Dis(Q;))-

Let Q = [],c; Qi and o; the kernel of the canonical homomorphism onto @;. Then
;c; Dis™ =1 and so we have a canonical embedding

Dis(Q) — [ [ Dis(Q)/Dis* = [ Dis(Qs),

iel iel
i.e. Dis(Q) € SP({Dis(Q;) : i € I'}). The same argument can be used for (7). O

In [5, Section 1] we introduced the lattice of admissible subgroups of a left
quasigroup Q. Given N < LMIt(Q) we have two equivalence relations on the
underlying set of the left quasigroup @:

(i) the orbit decomposition with respect to the action of N, denoted by Op.
(ii) The equivalence cony defined as
acony b if and only if LQL;I € N.

The assignments « +— Dis, (resp. Dis®) and N — cony (resp. Op) are
monotone and Dis, < Dis® (see the characterization of congruences in terms of
the properties of subgroups provided in [5, Lemma 1.5|), whereas in general no
containment between the equivalences cony and Oy holds.

We define the lattice of admissible subgroups as

Norm(Q) = {N < LMIt(Q) : On C conpy}.
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In particular, Oy is a congruence of ) whenever N is admissible and Dis,,, Dis®
€ Norm(Q) for every congruence «. The assignments N — Oy and « — Dis® pro-
vide a monotone Galois connection between Norm(Q) and the congruence lattice
of @ [5, Theorem 1.10].

The Cayley kernel of a left quasigroup @ is the equivalence relation Ag defined
by

a @b if and only if L, = Ly.

Such a relation is not a congruence in general. We say that:

(i) Q is a Cayley left quasigroup if Ag is a congruence. A class of left quasi-
groups is Cayley if all its members are Cayley left quasigroups.

(i) @ is faithful if A\g = 0¢g and Q is superfaithful if all the subalgebras of Q
are faithful.

(ill) @ is permutation if A\g = 1¢, i.e. there exists f € Sym(Q) such that axb =
f(b) for every a,b € Q. If f =1 we say that @Q is a projection left
quasigroup (we denote by P,, the projection left quasigroup of size n).
Note that, permutation left quasigrouops are unary algebras and that pro-
jection left quasigroups are also called right zero semigroups.

According to [7, Theorem 5.3, the strongly abelian congruences of left quasi-
groups (in the sense of [21]) are exactly those below the Cayley kernel. Equiv-
alently, if o is a congruence of a left quasigroup @, then o < Aq if and only if
Dis, = 1.

A left quasigroup @ is connected if its left multiplication group is transitive on
Q. We say that Q is superconnected if all the subalgebras of ) are connected. We
investigated superconnected left quasigroups in [6].

Proposition 2.2. [6, Corollary 1.6] A left quasigroup Q is superconnected if and
only if P2 ¢ HS(Q).

The property of being (super)connected is also reflected by the properties of
congruences.

Lemma 2.3. Connected left quasigroups are congruence uniform and congruence
regular.

Proof. Let @ be a connected left quasigroup and assume that [a], = [a]s for some
a € Q. For every b € @ there exists h € LMIt(Q) with b = h(a). The blocks of
congruences are blocks with respect to the action of LMIt(Q). Then

[bla = [h(a)la = h(lala) = h(lals) = [P(a)]s = [],

and so a = f. In particular, the mapping % is a bijection between [a], and [b],
for every a € Con(Q). O

Lemma 2.4. Superconnected left quasigroups are coherent.
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Proof. Let @ be a superconnected left quasigroup, M be a subalgebra of @) and
a € Con(Q) with [a]o € M for some a € M. For every b € M there exists
h € LMIt(M) such that b = h(a). The blocks of « are blocks with respect to the
action of LMIt(Q) and M is a subalgebra, then h([a],) = [b]o € M. Therefore,

M= UbeM[b]a- O

A quasigroup is a binary algebra (@, *,\,/) such that (Q,x,)\) is a left quasi-
group (the left quasigroup reduct of @) and (Q,*,/) is a right quasigroup. The
left quasigroups obtained as reducts of quasigroups are called latin (note that con-
gruence and subalgebras of a quasigroup and its left quasigroup reduct might be
different due to the different signature considered for the two structures). Latin
left quasigroups are superfaithful and connected.

The squaring mapping for a left quasigroup is the map s: Q — @, a — ax*a.
We denote the set of idempotent elements of Q by

E(Q)=Fiz(s) ={a€Q : axa=a}.
We say that:
()] Q is idempotent if Q@ = E(Q), i.e. the identity z * z = x holds in Q.
(i) @ is 2-divisible if s is a bijection.
(iii) Q is n-multipotent if [s"(Q)| = 1 (here s™ = s 05"~ denotes the usual
composition of maps). If n = 1 we say that Q is unipotent.

3. Mal’cev classes of left quasigroups

In this section we turn our attention to Mal'cev classes of left quasigroups. Ac-
cording to [17, Theorem 3.13] a variety with a Taylor term does not contain any
strongly abelian congruence, so in particular Taylor varieties of left quasigroup do
not contain permutation left quasigroups (if @ is permutation, then 1g = Mg is
strongly abelian).

Proposition 3.1. Let V be a Taylor variety of left quasigroups. Then Dis(Q) is
transitive on Q for every Q € V.

Proof. Let @ € V. According to [5, Corollary 1.9], P = Q/Opjs() is a permutation
left quasigroup and so P is trivial, i.e. Dis(Q) is transitive on Q. O

For left quasigroups, the interval of Mal’cev classes between the class of Taylor
varieties and the class of coherent varieties collapses into the class of varieties with
a Mal'cev term.

Theorem 3.2. LetV be a variety of left quasigroups. The following are equivalent:
(¢) V has a Mal’cev term.
(1) V has a Taylor term.

(i1i) V satisfies a non-trivial idempotent Mal’cev condition.
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(iv) V satisfies a non-trivial Mal’cev condition.
(’U) PQ ¢ V.
(vi) Every algebra in V is superconnected.

(vii) V is coherent.
In particular, every Mal’cev variety of left quasigroup is congruence uniform.

Proof. The implications (i) = (i7) and (vii) = () hold in general as represented
in Figure 1, (ii) = (iii) = (iv) = (iv) clearly hold.

(v) = (vi). According to Proposition 2.2, if P2 ¢ V then every left quasi-
group in V is connected and then superconnected since V is closed under taking
subalgebras.

(vi) = (vii). By Lemma 2.4 every superconnected left quasigroup is coherent,
i.e. V is coherent.

According to Lemma 2.3, connected left quasigroups are congruence uniform,
therefore so is any Mal’cev variety of left quasigroup. O

Corollary 3.3. Let Q be a finite idempotent left quasigroup. Then V(Q) has a
Mal’cev term if and only if Q is superconnected.

Proof. Let @Q be a finite idempotent left quasigroup. According to [1, Theorem
1.1], V(Q) has Taylor term if and only if P» ¢ HS(Q). Thus, V(Q) has Taylor
term if and only if @ is superconnected by Proposition 2.2. O

Proposition 3.4. Let V be a Cayley (resp. idempotent) Mal’cev variety of left
quasigroups and Q@ € V. Then:

(1) every left quasigroups in V is superfaithful.
(ii) The Dis operator is injective and the con operator is surjective and
Q. = conpjs, = conpise for every a € Con(Q).

Proof. (i). Idempotent superconnected left quasigroups are superfaithful accord-
ing to [6, Lemma 1.9], so the claim follows if V is idempotent.

Assume that V is a Cayley variety. The Cayley kernel is a strongly abelian
congruence for Cayley left quasigroups (see |7, Proposition 5.1]), therefore the left
quasigroups in V are superfaithful.

(#3). All the left quasigroups in V are superfaithful by (i). According to [5,
Proposition 1.6] we have that

« < CONpjs, < CONpjge = Q.
and so the operator conp;s is the identity on Con(Q). O

Let us turn our attention to congruence distributive varieties of left quasi-
groups. We have already proved that every Taylor variety of left quasigroups is
also Mal’cev. Therefore, the left branch of the poset in Figure 1 also collapses into
the Mal’cev class of distributive varieties.
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Theorem 3.5. LetV be a variety of left quasigroups. The following are equivalent:
(1) V is congruence meet-semidistributive.
(1) V is congruence distributive.
(7ii) V is congruence arithmetic.
According to Theorems 3.2 and 3.5, for left quasigroups the poset of Mal’cev
classes in Figure 1 turns into the one in Figure 2.
A term t(zq,...,x,) in the language of left quasigroups is a well-formed formal

expression using the variables x1,...,z, and the operations {x,\}. It is easy to
see that the term t is either a variable or can be expressed by

t(xy,...zn) =u(x1,...,2,) @7(T1,...,Ty) (1)

where o € {*,\} and u and r are suitable subterms. Let u be a n-ary term. We
define

Lg(zl,,rn)(y) =Y
Lﬁall,m’mn)(y) = u(‘rh s 71.77.) * Lﬁ(zl,@n)(y)»
Li(zll,,xn)(y) = 'LL((El, cee 7mn)\Lﬁ(I1,...,zn)(y)7

for k € Z. Using this notation we have that every term ¢ can be written as

k m
t(l‘l, . ,J,‘n) = Lui(wl,“.,wn) . Lum(wh.“,zn)(ajR)
where u; is a subterm, k; = +1 for 1 <i < m and zp € {z; : i =1,...,n}. We

say that x g is the rightmost variable of t.
Every identity in the language of left quasigroups t; = t2 has the form

k1 km ~ TT1 T
Lwl(mlv“izn) T me(zlf“"mn)(‘rR) ~ Lul(y17~~ayl) e Lull(ylu'“:yl)(yR),

or equivalently,

_ — ! Fm ~
ul(13117-~~7yl) T Lul(lyl7~--7yl)Lw11(%17---79€n) T Lu’m(xlamvxn)(xR) ~ Yr- (2)

The projection left quasigroup Po satisfies (2) if and only if 2z = yg. So a variety
of left quasigroups V has a Mal’cev term if and only if it satisfies an identity as in
(2) with TR 7é YR-

Note that, an identity as in (2) might have just the trivial model. For instance
if V is a variety of idempotent left quasigroups satisfying such an identity and
the variable yr does not appear in the left handside then V is trivial. Indeed,
identifying all the variables 1,...,%n, y1,. ..,y we have LK Fhn(35) = 25 ~
YR-
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Example 3.6. A variety axiomatized by some identities as in (2) might be made
up of latin left quasigroups. For instance, Mal’cev varieties of left quasigroups
are provided by varieties of quasigroup in which every member is term equivalent
to its left quasigroup reduct. This is the case of the following examples (for an
example of a Mal’cev variety of latin left quasigroups not arising from quasigroups
see Proposition 4.2).

(i) The variety of commutative left quasigroups defined by the identity
THY N Y * T
(ii) Let n € N. The variety of left quasigroups satisfying the identity

(iii) The variety of paramedial left quasigroups, identified by the identity
(zxy)*(zxt) = (txy)*(2%1).

Example 3.7. Mal’cev varieties of left quasigroups are not limited to varieties of
latin left quasigroups, as witnessed by the following examples.

(i) Let V,, be the variety of left quasigroups satisfying L} () ~ Lj(y) where
n € Z. Then
m(z,y,z) = L, "Ly (2)
is a Mal’cev term. Let n > 0, @ be a set and e be a fixed element in Q). We
define L, = 1 and L, to be any cycle (a,...,e) of length n for every a € Q,
a # e (if n < 0 we define L, ! in the same way). Then (Q, *) € V.

(ii) The variety of n-multipotent left quasigroups is axiomatized by the identity
§"(2) = Lgn-1(a)Lsn-2(z) - - - Ls(a) La(2) ® Lgn-1(y) Lon-2(y) - - - Ls(y) Ly (y) = 5" ().
A Mal’cev term for n-multipotent left quasigroups is
T Lgn2(y) -+ Lagy) Ly (2).

Example 3.8. Let & be a variety of groups. We denote the class of left quasi-
groups such that the left multiplication group (resp. displacement group) belongs
to & by L(®) (resp. D(®)). According to Lemma 2.1 such classes are varieties.
Since LMIt(P2) = Dis(P2) = 1 then P; belongs to L(®) and to D(&) and so they
have no Mal’cev term.

m(z,y,2) = (Len-2(z) - . Ls(z)La)

4. Semimedial left quasigroups

Semimedial left quasigroups are defined by the semimedial law:
The projection left quasigroup Po satisfies the semimedial law and so the whole
variety of semimedial left quasigroups is not Mal’cev.
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A relevant subvariety of 2-divisible semimedial left quasigroups is the variety
of racks, axiomatized by the identity

Idempotent semimedial left quasigroups are racks and they are called quandles.

If @ is semimedial then the squaring map s is a homomorphism and so if h =
Lk . Lk € LMIt(Q) we have

k kn
sh=L,  ...L

ay)” s(an) 5
—hs
and the subset E(Q) = {a € Q : a*xa = a} is a subquandle of Q. Medial left

quasigroups, i.e. those for which

holds are also semimedial.
For a semimedial left quasigroup @, the admissible subgroups are

Norm(Q) = {N < LMIt(Q) : N* < N}

where N* = {h® : h € N}. Note that [g, h]° = [¢°, h®] for every g,h € LMIt(Q).
Thus, if N € Norm(Q) then [LMIt(Q), N] € Norm(Q) (see [5, Lemma 3.1]).

The relation cony is a congruence for every admissible subgroup N and the as-
signments « — Dis, and N + cony provide a second monotone Galois connection
between the lattice of congruences and the admissible subgroups [5, Theorem 3.5].
Such a Galois connection is also well-behaved with respect to the commutator of
congruences. Indeed, in a Mal’cev variety the commutator of congruences in the
sense of [11] is completely determined by such Galois connection.

Lemma 4.1. LetV be a Mal’cev variety of semimedial left quasigroups and Q € V.
Then
[, B] = CON|Dis,, ,Disg)

for every a, € Con(Q).

Proof. The variety V is Cayley ([5, Proposition 3.6]), and so the left quasigroups
in it are superfaithful by Proposition 3.4(i). Therefore we can apply directly [5,
Proposition 3.10] O

Let us show that unipotent semimedial left quasigroups are latin, providing an
example of variety of latin left quasigroups that is not term equivalent to a variety
of quasigroups. Recall that a group G acting on a set @ is regular if for every
a,b € @ there exists a unique g € G such that b = g - a. Equivalently the action is
transitive and the pointwise stabilizers are trivial.

Proposition 4.2. Let QQ be a unipotent semimedial left quasigroup and s(Q) =
{e}. Then:

(i) the group Dis(Q) is regular and Dis(Q) = {L,L;' : a € Q}.

(7i) Q is latin.
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Proof. (i). Let h = LF...Lk» € Dis(Q). According to [5, Lemma 1.4] ki +
cootky=0andsoh® =LY, .. L% = LEFthe = 11 h € Dis(Q)q, then
Ly = Lp@) = h*Loh~! = L,h™1,ie. h =1 and so Dis(Q) is regular. On the other
hand, e = (e\a)*(e\a) = Lo\, L *(a), and so we have Dis(Q) = {L,L;' : a € Q}.

(ii). Let a,b € Q. According to (i) Dis(Q) = {L.L;' : ¢ € Q} and it is
regular. Thus, there exists a unique ¢ such that

a=L.L;'(b) = cx(e\b)

and so the right multiplication R.\; is bijective for every b € Q. O

4.1. Congruence distributive varieties

According to Theorem 3.5 we have that congruence meet-semidistributive varieties
of left quasigroups are congruence distributive. For semimedial left quasigroups
congruence distributivity is determined by the properties of the relative displace-
ment groups and of the admissible subgroups.

Proposition 4.3. Let V be a variety of semimedial left quasigroups. The following
are equivalent:

(1) V is distributive.

(74) Dis,, = [Disy, Diss] for every Q € V and a € Con(Q).

(#4i) If N € Norm(Q) is solvable then N =1 for every Q € V.
Proof. Tt is enough to prove the equivalence for meet-semidistributive varieties

thanks to Theorem 3.5.
Let @ € V and a € Con(Q). By Lemma 4.1 we have

DiS[a,a] = DiSconpi.,, piny; < [DiSa; Disa] < Disg.

(i) = (i1). By Theorem 1.1 we have [a,a] = a and so Dis, = Disjg,q =
[Disq, Disg].
(#4) = (4i7). Let N € Norm(Q) be solvable of length n and let D be the non-

trivial (n — 1)th element of the derived series of N. So D is abelian and it is in
Norm(Q). Hence, according to [5, Lemma 2.6], 8 = Op is a non-trivial abelian
congruence of Q. Therefore Disg is abelian and we have Disg = [Disg, Disg] = 1.
Hence, 8 < Ag = 0g, contradiction.

(#9i) = (i). If « is abelian then Dis, is abelian [8, Corollary 5.4]. Hence
Disy = [Disq, Dise] = 1, 1.e. o < Ag = 0g. O

If Q is a 2-divisible semimedial left quasigroup then
Norm(Q) = {N < LMIt(Q) : sNs~' < N}

since s is bijective. In particular, Z(N) is a characteristic subgroup of N, and so
it is normal in LMIt(Q) and sZ(N)s~! < Z(N). Thus, Z(N) € Norm(Q).
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Proposition 4.4. Let V be a variety of 2-divisible semimedial left quasigroups.
The following are equivalent

(1) V is distributive
(1) Z(N) =1 for every Q € V and every N € Norm(Q).

Proof. We are using the characterization of distributive varieties given in Propo-
sition 4.3(ii7).
(1) = (i1).If N € Norm(Q), then Z(N) € Norm(Q) is solvable and so Z(N)=1.
(#6) = (i). If Z(N) = 1 for every N € Norm(Q)) then there are no abelian
subgroups in Norm(Q). Since [N, N] € Norm(Q) for every N € Norm(Q) then
there are no solvable subgroup in Norm(Q). O

Corollary 4.5. Let V be a distributive variety of semimedial left quasigroups.
Then:

(1) V does not contain any non-trivial medial left quasigroup.

(i4) V does not contain any non-trivial finite 2-divisible latin left quasigroup.
In particular, there is no distributive variety of medial left quasigroups.

Proof. The variety V omits solvable algebras. Medial left quasigroups are nilpo-
tent [5, Corollary 4.4] and finite 2-divisible latin semimedial left quasigroups are
solvable [5, Corollary 3.20]. O

4.2. Mal’cev varieties of quandles

In this Section we focus on quandles. A remarkable construction of quandles is
the following.

Example 4.6. (cf. [16]) Let G be a group, f € Aut(G) and a subgroup H <
Fiz(f) = {a € G : f(a) = a}. Let G/H be the set of left cosets of H and the
multiplication defined by
aH xbH = af(a”1b)H.

Then Q(G,H, f) = (G/H,x,\) is a quandle, called a coset quandle. A coset
quandle Q(G, H, f) is called principal if H = 1 and in such case it is denoted by
Q(G, f). A principal quandle is called affine if G is abelian and in such case it is
denoted by Aff(G, f).

Connected quandles can be represented as coset quandles over their displace-
ment group.

Proposition 4.7. [14, Theorem 4.1] Let Q be a connected quandle Q. Then Q
is isomorphic to Q(Dis(Q), Dis(Q)a, L) for every a € Q, where L, : Dis(Q) —
Dis(Q) is defined by setting x + LozL; 1 for every x € Dis(Q).

The class of latin quandles is not a subvariety of the variety of quandles. Indeed
the non-connected quandle Aff(Z,—1) embeds into the latin quandle Aff(Q, —1).
On the other hand, the class of principal quandles of a Mal’cev variety is a subva-
riety.
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Theorem 4.8. The class of principal quandles of a Mal’cev variety V is a subva-
riety of V.

Proof. The product of principal quandles is principal [4, Corollary 2.3]. By virtue
of [6, Proposition 2.11] subquandles and factors of principal Mal’cev quandles are
principal. Hence the class of principal quandles of V is a subvariety. 0

SmallQuandle(28,i) for i = 3,4,5,6 are the smallest examples of non-latin
superconnected quandles in the [13] library of GAP. The identities in Table 1
provide Mal’cev varieties of quandles that contain such minimal examples.

Table 1: Examples of Mal’cev varieties of quandles

Identity Witness in the RIG library
L.L3L.LyL7L,L,L:(z) ~y SmallQuandle(28,3)
L2Ly L L}L,L,L2L(x) =y SmallQuandle(28,4)

L L2L,L,L2L,L,L%(x) ~y SmallQuandle(28,5)
LngLxLyLiLnyL%(a:) ~y SmallQuandle(28,6)

Distributive varieties of quandles have the following characterization.

Theorem 4.9. Let V be a variety of quandles. The following are equivalent:
(1) V contains a non-trivial abelian quandle.

(i7) V has a non-trivial finite model.
In particular, V is distributive if and only if V has no non-trivial finite model.

Proof. (i) = (ii). According to [4, Theorem 3.21] simple abelian quandles are
finite. Let @ € V be a non-trivial abelian quandle. According to the main result
of [?], V(Q) C V contains a simple abelian quandle which is finite.

(#4) = (i). Let assume that V contains a non-trivial finite quandle Q). Accord-
ing to [4, Theorem 4.7], the minimal subquandles of @ with respect to inclusion
are abelian.

The variety V is idempotent, and so it contains an abelian congruence if and
only if it contains an abelian algebra. Thus, the last claim follows. O

Corollary 4.10. Let V be a distributive variety of semimedial left quasigroups
and Q € V. If E(Q) is finite then |E(Q)| = 1.

Proof. According to Theorem 4.9 if E(Q) is finite then V(E(Q)) contains an
abelian algebra. O

Involutory quandles are the quandles that satisfy the identity z(zy) ~ y. A
direct consequence of the contents of [6, Section 3] is that connected involutory
quandles on two generators are finite, so we have the following Corollary of The-
orem 4.9.
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Corollary 4.11. There is no distributive variety of involutory quandles.
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Translatable isotopes of finite groups

Wieslaw A. Dudek and Robert A. R. Monzo

Abstract. We prove the main result, that if (Q, %) is a k-translatable isotope of a finite group
(Q,®) of order n then (Q,®) is isomorphic to the additive group Z, of integers modulo n.
Given a k-translatable ordering of a left cancellative groupoid @ of order n, we determine all
k-translatable orderings of ). We also prove that a left-cancellative, k-translatable groupoid @
is translatable for a single value of k. Finally, we prove that a left (or right) linear isotope of
Zn, is linear and we give examples of k-translatable isotopes of Z4 that are neither left nor right

linear.

1. Introduction

We assume that all sets considered in this note are finite and have form @ =
{1,2,...,n} with the natural ordering 1,2,... n.

A groupoid (Q,*) of order n is called k-translatable, where 1 < k < n, if its
Cayley table is obtained by the following rule: If the first row of the Cayley table
is a1, az,...,a,, then the ¢g-th row is obtained from the (¢ — 1)-st row by taking
the last k entries in the (¢ — 1)—st row and inserting them as the first & entries of
the ¢g-th row and by taking the first n — k entries of the (¢ — 1)-st row and inserting
them as the last n — k entries of the g-th row, where ¢ € {2,3,...,n}. Then the

(ordered) sequence aq,as,...,a, is called a k-translatable sequence of (Q,*) with
respect to the ordering 1,2,...,n. A groupoid of order n is called translatable if
it has a k-translatable sequence for some k € {1,2,...,n — 1}. A quasigroup of

order n may be k-translatable only for & relatively prime to n. A group of order
n is translatable if and only if it is cyclic. It is (n — 1)-translatable.

It is important to note that a k-translatable sequence depends on the ordering
of the elements in the Cayley table. A groupoid may be k-translatable for one
ordering but not for another (see Example 2.4 below). Unless otherwise stated we
will assume that the ordering of the Cayley table is 1,2, ..., n and the first row of
the table is a1, aq, ..., ay,.

The concept of translatability was first explored in [1] and [2]. It arose through
the examination of the fine structure of quadratical quasigroups. Translatability
determines the structure of certain types of quasigroups [3]. The question of when
quadratical quasigroups, which are idempotent, are translatable was answered
in [4] and [5]. There it was proved that a naturally ordered groupoid (@, *) is

2010 Mathematics Subject Classification: 20N02
Keywords: groupoids, quasigroups, translatable quasigroups, isotopes.
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idempotent and k-translatable if and only if for all i, 7 € @ there exist a,b € Z,
such that ixj = (ai+bj)(modn), where (a+b) = 1(mod n) and (a+bk) = 0(mod n).

Now we are interested in the k-translatability of («, 3)-isotopes of a group
(Q,®), i.e. quasigroups (Q,#) with product = x y = ax & By, where a, [ are
bijections of Q). We will prove our main result in Theorem 5.1, that if an isotope
of a group (Q, ®) is k-translatable then (Q, ®) is isomorphic to the additive group
Z,, of integers modulo n. Then, for a given a bijection « of Z,, for particular
values of k and n we will determine all possible bijections § for which (Q,*) is
k-translatable.

2. Preliminaries

For simplicity instead of i = j(modn) we will write [i],, = [j]n. Additionally, in
calculations of modulo n, we assume that 0 = n. Also the neutral element of a
group (@, ®) will be denoted by 0. The inverse elements in (@, ®) and Z,, will be
denoted by the same symbol; namely, as —z. The set {1,2,...,n} will be denoted
by {1,n}. For k € {1,n}, (k,n) =1 denotes that k and n are relatively prime.

With this convention a naturally ordered groupoid (Q,*) is k-translatable if
and only if i x j = [i + 1], * [j + k], for all 4,5 € Q. Then ay,as,...,a,, where
a; = 1x1, is a k-translatable sequence.

We will need the following results proven in our previous publications.

Lemma 2.1. (cf. [4, Lemma 9.1]) The quasigroup (Z,,+*) with the operation
i*j = [ai + ¢+ bjln, where a,b,c € Zy, and (a,n) = (b,n) = 1 is k-translatable if
and only if [a + kb],, = 0.

Lemma 2.2. (cf. [2, Lemma 2.5]) Let aj,aq,...,a, be the first row of the Cayley
table of a quasigroup (Q,*) of order n. Then (Q, *) is k-translatable if and only if
for alli,j € Q the following (equivalent) conditions are satisfied.

(1) % = Qr—kitj].»
(1) ixj=1[i+ 1n*[j + k]n,
(zu) R [j—k]n = [i—i—l]n*j.

Lemma 2.3. (cf. [2, Lemma 2.7]) If a quasigroup (Q, *) of order n is k-translatable
with respect to the ordering ay,as, ..., a, then it is k-translatable with respect to
the ordering a,,a1,asz,...,Gn_1.

Example 2.4. Consider the following tables:

x|4123 x|134 2
43741 2 1[1 34 2
14123 3[3 124
2|1 23 4 414 2 31
312341 212 413
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These tables define the same quasigroup isomorphic to the additive group Zy.
The first table shows that with respect to the natural ordering this quasigroup is
3-translatable. The second table is an example of Lemma 2.3. The third table
shows that in another ordering this quasigroup is not translatable.

Lemma 2.5. Let (Q,*) be a k-translatable groupoid with respect to the natural

ordering 1,2,...,n, with k-translatable sequence ai,as,...,a,. Then (Q,*) is
k-translatable with respect to the ordering n,n — 1,...,2,1, with k-translatable
SEQUENCE Ay Qf—1y -+« +y Q1 Qpyy ATy v« + s Qi1 -

Proof. The ordering n,n — 1,n — 2,...,2,1 can be expressed as 1’,2",3',...,n/,

where i = [1 —4],,. Then, by Lemma 2.2(i7) we have i’ * j' = [1 — i], * [1 — j], =
[(1_7’) _1]77,* [(1_;7)_k]n = [_Z}n*[l_ (]+k)]n = (Z+1)/*(j+k)/ SOa 1/7 2/3 cee 777’/
is a k-translatable ordering on (@, *). Since n*j = ag—gn+j = ar4;, this ordering
has the k-translatable sequence ay, ag—1,...,01,Ap, Qp—1,- -, Ck+1- O

Lemma 2.6. Let (Q,x) be a k-translatable groupoid with respect to the natural

ordering with k-translatable sequence a1,as,...,a, and suppose that (s,n) = 1.
Then (Q, *) is k-translatable with respect to the ordering 1,[1 + 8]n, [1 + 28]n, - . .,
[1+4 (n — 1)s],, with k-translatable sequence a1,a11s,a142s,- - -, @14(n—1)s-

Proof. Since (s,n) = 1, we can introduce the new ordering 1',2',... n’ where

i’ = [1+ (i — 1)s],,. Then, using Lemma 2.2(ii), we obtain ¢’ * j' = [14 (1 — 1)s], *
(14 (= D)sln = [(1 +is) = s]n * [(1+5) = 8] = [1 +is]n * [(1 4 js) — s+ ks]n =
[1+is]nx[1+((j+k)=1)s]n = (i+1)*(j+k)". So, 1",2',...,n is a k-translatable
ordering on (@, *). Since 1"*j" = 1*[1+(j—1)s]n, = aji4(j—1)s], the corresponding
k-translatable sequence for this order is a1, @145, @142, -+, @14 (n—1)s- O

3. Translatable left cancellative groupoids

A groupoid (Q, *) is left cancellative if for all a,b,c € @ axb= ax*c implies b = c.

Note that if aq,as,...,a, is a k-translatable sequence of a left cancellative
groupoid @ then for all i € {1,n}, a; = a; if and only if ¢ = j.

Definition 3.1. Let Q@ = {1,2,...,n} be a groupoid of order n, with a1, as,...,a,
an ordering of Q). For i € {1,n} we define the set A; as the set consisting of

the sequence a;, @it1,...,0n,01,02,...,a;—1 and B; as the set consisting of the
SEqUENCE i, Qj—1y- .-, A1,0pn, Gn—1,--.,0;+1. LThen we call |J(4; U B;), i € {1,n},
the set of cyclic versions of the ordering a1, as, ..., ay.

Note that by Lemmas 2.3 and 2.5, a cyclic version of a k-translatable ordering
is k-translatable.

!/

Henceforth, —j’ will denote —(j’) and not (—j)’. Similarly [z]], denotes ([x],)’.
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Theorem 3.2. Let a left cancellative groupoid (Q, x) be k-translatable with respect
to the natural ordering, with k-translatable sequence ay,as,...,a,. Then an or-
dering is k-translatable on (Q, ) if and only if it is a cyclic version of the ordering
L1+ sly, [1+2s]n,...,[14+ (n—1)s], for some s € {1,n}, where (s,n) = 1.

Proof. («<). This follows from Lemma 2.6 and the fact that a cyclic version of a

k-translatable ordering is k-translatable.

(=). By Lemma 2.2(ii) we can choose a k-translatable ordering 1,2/,... n/

on (@, x), with 1’ = 1 and with k-translatable sequence aj,as,...,a, say. Then,
by Lemma 2.6(¢), the first two rows of the multiplication table are as follows, with
all subscripts of the entries being calculated modulo n.

1 R EE (1-k |...] (n—1Y n'
1 a, a,, e Ay Ay e Ay a,
!
2 ak—k2’+1 ak—k2’+2’ e ak—k2’+(—k)’ ak—k2’+(1—k)’ e ak—k2'+(n—1)’ ak—k2’+n’

Then, since the groupoid (Q, *) is left cancellative and k-translatable, modulo
nwehave k — k2 =(1-k)/-1=2-k)/-2"=...=n-1—-(k-1) =
n—kK=1-(k+1)=2-k+2)=...=(-1-k))—-(mn-1)=(-k) —n/,
which implies the following n identities:

(1) 1-k)Y-1=(2-k) -2
(2) 2—-k)-2"=03-k)-3
(k) n—k=1—(k+1)

(k+1) 1—-(k+1)=2"—(k+2)

(k+2) 20— (k+2)=3—(k+3)

(n=1) (1 =) —(n—1) = (—k) =’

(n) (k) —n' =(1-k) —1.

We note that in any one of these n identities

(A) If j/ is the first term on the left-hand side of the identity then (j + 1) is the
first term on the right-hand side of that identity.

(B) If —(j') is the second term on the left-hand side of the identity then —(j41)’
is the first term on the right-hand side of that identity.

(C) If j/ is the first term on the left (right)-hand side of the identity the second
term on the left (right)-hand side of the identity is —(j + k)’

It follows that for all j =1,2,....n,
D) j'=G+k) =0+1)-0G+1+k).
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Now n' — 1 & k" — (ki +1). But (D) implies & — (2k)' = (k +
(

So, k' —(k+1) =(2k) —(2k+1) andn' =1 =k — (k+1)
1

1) — 2k +1)".
k) — (2k + 1.

Continuing in this manner we get n’ — 1 =k" — (k+ 1) = (
(Bk) — (Bk+1) =...=(=2k) — (—2k+1) = (k) — (1 — k)"

Since (k,n) = 1, the elements k', (2k),...,(—2k)’,(—k)" are all different.
Therefore n’ —1 =1-2 =2 -3 = ... = (n—1) —n' and this implies

J=0G+1)"+n —1. Hence, j =1+ (1—-j)(n' —-1), (n —1,n) =1 and
17,2,3,...,n is the order 1,1 — (n’ —1),1 —2(n' —1),...,1 = (n—1)(n' — 1),
a cyclic version of which returns us to the original k-translatable ordering, as
required. O

Theorem 3.3. If a left cancellative groupoid (Q,*) is k-translatable then it is
k-translatable for a single value of k.

Proof. Suppose that 1,2,3,...,n is a k-translatable ordering on (Q,x), with k-

translatable sequence a1, as, as, ..., a, and that 1,2’ 3’, ... n’ is a k*-translatable
ordering on (@, *), with the k*-translatable sequence by, ba, b3, ..., b,. By Lemma
2.5, there is a k*-translatable ordering 1”,2"”,3"”,...,n” with a k*-translatable se-
quence ¢p,¢2,Cs,...,C, and with 1” = 1. Then, 1 * j” = ap_p4jv = Crr—p457-
Therefore, a; = ¢; for all j € {1,n}. Then, 2 *n = ar_2k4n), = Clk*—2k*+n], =
Q[+ —2k*+n],, and, since (@, *) is left cancellative, —k = —(k*) and k = k¥, com-
pleting the proof. O

Note that the condition of left cancellation is necessary in the previous theorem.
For example, a constant groupoid of order n > 1 is k-translatable for all k =
1,2,...,n — 1. Similarly, the groupoid (@, %) of order 2m, with = *xy = 1 for all
odd y and x x y = 2 for all even y, is 2k-translatable for every k =1,...,m — 1.

4. Translatable T-quasigroups

A quasigroup (Q, ) is called a T-quasigroup if there exist an abelian group (Q, &)
and its automorphisms ¢, 1) such that x xy = ¢(x) @ ¥(y) ® ¢ for all x,y € Q
and some fixed ¢ € Q. Obviously, each T-quasigroup induced by (Q, ®) is («a, §)-
isotope of (Q, ®).

By the Toyoda theorem (cf. for example [6] or [7]) a quasigroup (@, ) is medial
if and only if it is a T-quasigroup with ¢ = .

Theorem 4.1. A translatable T-quasigroup (Q,*) of order n is isomorphic to a
translatable medial quasigroup induced by the group Z,,.

Proof. Let (Q,*) be a finite quasigroup of order n induced by the group (Q,+),
Then z xy = ¢(z) + ¥(y) + ¢ for some fixed ¢ € @ and automorphisms ¢, 1)
of (Q,+). Denote the k-translatable ordering of @ by 1,2,3,...,n. By Lemma
2.2(i1), (Q, *) is k-translatable (1 < k < n) with respect to the ordering 1,2,...,n
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if and only if (i) + () ¢ = 45 = [+ [+ Kl = (i -+ 1) ([ + k) +e,
Le. if and only if p(i) + ¢ (j) = ¢([i + 1]n) + ([ + k]») for all 4,5 € {1,2,...,n}.
By Lemma 2.3, we can choose the ordering such that the group element in the n-
th position in this ordering is 0, the identity element of (Q, +). We define t; = i—1,
where i is the group element of (Q,+) located in the i*" position of the ordering
1,2,...,n. Note that t; = 0 and t,, = —1. Then, ¢(i) +¥(j) = p([i +1],) + ¥ ([j

kln) & (i) +0(j) = o([i +1],)+¢([j + k,,) < (G- +K,,) = e([i + 1], 1) &

O((T485) = (T4tn,)) = (Tt pg,) —(1-1) © Dt —tg4a,) = @i, —t)
for all i,5 € {1,n}.

For j = 1 and i € {1,n}, ¥(~tnq),) = ¢y, — ti)- So, v(~tnia),) =
©(t1s41), —ts) for all s € {1,n}. Hence, t,, —t, 1 =tp 1 —th o=... =ty —t; =
ty —tp, =0—(=1) =1. Thus, ts =1, t; = (i — 1)1 and i = i1. This means that
1 generates the group (@, +) and so (@, +) is a cyclic group isomorphic to Z,.
Hence, by Lemma 2.1, (Q,*) is isomorphic to a translatable medial quasigroup
ioj = [ai+bj+ c],, where (a,n) = 1= (b,n) and [a + bk],, = 0. O

Corollary 4.2. A medial quasigroup of order n is translatable if and only if it is
induced by a group isomorphic to the additive group Z,.

Proof. The necessity follows from Theorem 4.1. To prove the sufficiency observe
that a medial quasigroup of order n induced by the group Z, has the form z*xy =
[ax + by + ¢],, where a,b,c € Z,, and (a,n) = (b,n) = 1. By Lemma 2.1 this
quasigroup is k-translatable if and only if [a + bk],, = 0. This equation is always
uniquely solvable with k = [~ab],,, where [bb],, = 1. O

5. Translatability of isotopes of a finite group
Theorem 5.1. If an (a, B)-isotope (Q,*) of a group (Q,®) of order n is k-

translatable then there is an ordering 1,2,... . n on @ such that for some s € {1,n}
and all i,j € {1,n}

(1) an=0= s,
(i) afli+1], =ai ® al,

(i) ci=al®al®...dal =i(al),

i times

(iv) (Q, D) is isomorphic to the group Zn,
(v) Bli +kln = Bj — al and B[s + jkl, = j(—al).

Proof. From Lemma 2.3, there is a k-translatable ordering 1,2,...,n on @ such
that an = 0 and, since g is a bijection, Ss = 0 for some s € Q.
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Then, using k-translatability and Lemma 2.2(i7), 0 = nxs = 1 x [s + k], =
al @ B[s + k],. Hence, B[s + k], = —al.
Thus, ai = i®0 = ixs = [i+1],*[s+k], = afi+1],DB[s+k], = afi+1],—al,
which implies
ali+ 1], = ai ® al. (1)

Then, by induction on i, it is easy to prove that for all i € {l,n}, ai =
al ®al ®...® «al, (with ¢ number of summands). Consequently, ai ® aj =
ali + jln. We then define a bijection ¢ : Q@ — Z,, as pai = i and so, we have
plait® aj) = p(afi+jln) = [i + j]ln = [pai + ©Bj],. Hence, ¢ is an isomorphism.

Finally, 8 = 0® fj =nx*xj = 1% [j + k], = al ® B[j + k], and, since the
groups (@, ®) and (Z +) are isomorphic, the operation @ is commutative, for all
j € {1,n} we have g[j + k], = 5j — al. By induction on j it is then easy to prove
that for all j € {1,n}, B[s + jk]n, = —al —al —... — al (j times). O

Proposition 5.2. If an («, 3)-isotope (Q,*) of the commutative group (Q,®)
satisfies (i) and (v) of Theorem 5.1, then it is k-translatable.

Proof. [i4+1]p*[j+k]n = a[i+1],®B[j+k]x () ai®al®fj—al = aid®fj = ixj,
for all 4, j € {1,n}. By Lemma 2.2(i7), (@, x) is k-translatable. O

The following Corollary follows readily from Theorem 5.1 and Proposition 5.2.
The proof is omitted.

Corollary 5.3. The quasigroup (Zp,*) with i x j = [ai + B4]n, where o, are
bijections of Z, is k-translatable for some k if and only if there is an ordering
1,2 ....n" of Z,, such that for some s € {1,n} and all i € {1,n}

(iv) B([i + k]}) = Bi' — al” and B([s + ik];,) = [i(—o1")]n,
(al’,n) = 1.

Corollary 5.4. For a given ordering on Z,, and any k,t € {1,n} such that (k,n) =
(t,n) = 1 there are bijections a; and Bs (s € {1,n}) on Z,, such that the quasigroup
(Zy,, *5) defined by ix5j = [agi+Bsyln is k-translatable with respect to this ordering.

Proof. Suppose that 1’,2',...,n' is a fixed ordering on Z,, and that k,¢t € {1,n}
be such that (k,n) = (¢t,n) = 1. Then, we define the bijection o; on Z,, by putting
ayt’ = [it], for any i € {1,n}. It is easy to see that ay[i + t],, = [ai’ + t],, for
any i € {1,n}. Now for any s € {1,n} we define the bijection S5 by putting
Bs|s + ik], = [—it], for any ¢ € {1,n}. Since (k,n) = 1, we have {1,2,...,n} =
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{[s + k]n, [s + 2K]n, ..., [s + nk], = s}. It follows that Ss([¢ + k]),) = [Bsi’ — t]n
for any i € {1,n}. Then [i + 1], , [j + k], = [ae([i + 1]7,) + Bs([J + EJ3)]n =
[agi’ +t+ Bsj’ — t]n = [awi’ 4+ Bsj'ln = 7' *s §’. So, by Lemma 2.2(ii). (Zy,,*s) is

k-translatable with respect to this ordering. O

Note that, as a result of Theorem 5.1 and Corollary 5.4, a finite group of
order n is isomorphic to Z, if and only if it has a k-translatable isotope for some
k € {1,n—1}. In fact, a finite group of order n either has no k-translatable
isotope or it has k-translatable isotopes for all values of k € {1,n — 1}.

Example 5.5. Let n = 8. Then (¢,8) = 1fort € {1,3,5,7}. Thenfort =5,s=1,
k = 3 and the given ordering 4, 6, 1, 3,2, 8,5, 7 we see that a5 = (1,7, 8,6,2)(3,4,5)
and f1 = (1,2,4,8,5,6)(3)(7). The Cayley table of i’ x1 j' = [z’ + S1j']s follows.

%1 4 6 1 3 2 8 5 7
=415 6 7 8 1 2 3 4
2=6[2 3 4 5 6 7 8 1
3=1|7 8 1 2 3 4 5 6
4=3|4 5 6 7 8 1 2 3
=212 3 4 5 6 7 8
6/=8|6 7 8 1 2 3 45
7=5[3 45 6 7 8 1 2
=718 1 2 3 4 5 6 7

Example 5.6. For ¢t = 5 we want to determine all the k-translatable quasigroups
(Zg.*) of the form i x j = [ai + Bj]s, where « is an automorphism of the group
Zsg. Such automorphisms are of the form «i = [mils, where m € {1,3,5,7}. Then
0451/ = 5, 0452/ = 2, 0&53/ = 7, 0454/ = 4, 0455/ = 1, 0456/ = 67 0457/ = 3, 0458/ = 8.

Now let @ = a5 be an automorphism of Zg. If ai = 17 = ¢, then i = 5i.
If ot = 34, then ¢/ = Ti. If ai = 5¢, then ¢/ = ¢. If as = 74, then 7/ = 3i.
These automorphisms, respectively, give the following orderings: ai = ¢ gives the
ordering 5,2,7,4,1,6,3,8; at = 3¢ gives the ordering 7,6,5,4,3,2,1,8; ai = 5¢
gives 1,2,3,4,5,6,7,8; ai = Tx gives 3,6,1,4,7,2,5,8.

By Corollary 5.4, for each s € {1,2,...,8} and each k € {1,3,5,7} we can
calculate Bs. It turns out that s is an automorphism of Zg if and only if s = 8
(as long as « is an automorphism of Zg). These calculations give: for asi = ¢ and
k=1, Bgi = Ti; for a5i = 3i and k = 1, Bsi = 5i; for asi = 5x and k = 1, [Bgi = 3i
and for asi = 7i and k = 1, Bgi = i, which matches Lemma 2.1.

For s # 8, i x4 j = [ai + Bsj]n is a 1-translatable, left linear quasigroup. For
example, in the case when asi =i, k = 1, the ordering 5,2,7,4,1,6,3,8 and s = 1,
61 =(1,4)(2,3)(5,8)(6,7) is not an automorphism of Zg. This quasigroup has the
following Cayley table that is clearly 1-translatable. It has a right neutral element;
namely, 5, and it is unipotent.
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An («, p)-isotope (@, ) of the group (Q,®) is left (right) linear over (Q,®)
if a (respectively, 3) is an automorphism of (Q,®). If an (a, §)-isotope can be
written as z x y = dx & ¢ @ By for automorphisms &, 3 of (Q,®) and some ¢ € Q,
then the quasigroup (Q, %) is called linear over (Q,®).

The following Theorem finds all k-translatable quasigroups that are left linear
over Zy,.

Theorem 5.7. If an («,f8)-isotope (Z,,*) of the group Z, is left linear over
Zy, then it is k-translatable if and only if there exist m,s,t € {1,n} such that
(t,n) =1 = (m,n) and Bsj = [k(st —mj)], for all j € {1,n}, where ai = [mi],,
and [kk],, =

Proof. (=): Since « is an automorphism of the group Z,, ai = [mi], for some
(m,n) = 1. Using Corollary 5.3, there exists an ordering 1’,2’,...,n’ on Z, and
s € {1,n} such that an’ = 0 = B¢’ and, for all i € {1,n}, i’ = [i(al’)]n,
(al’;n) =1 and Bs([s + ik]},) = —[i(al’)],. Thus for t = al’ we obtain [mi'], =

ai’ = [i(al’)], = [it],. Hence, for (m,m) = 1 ¢ = [mti], and [s + k], =
[mit(s + ik)],, = [mts + mtki],. Therefore, —[it], =
betas([s + ik],) = Bs[mts + mtki],,. This for i = [—ks + ktmjl, gives Bsj =
[—(—ks + ktmj)t], = [k(st —mj)]n.

(«=): For all 4,5 € Zy, [i + 1n x[j + Kkln = [mi + m + k(st —m(j + k)], =
[mi +m + k(st — mj) —m], = [mi+ k(st — mj)], = i*j. So, k-translatability
follows from Lemma 2.2(ii). O

Theorem 5.8. If a k-translatable quasigroup (Q,*) is an («, 8)-isotope of the
group (Q,®), then there is an ordering 1,2,...,n on Q such that

(i) as=0=pBn for somes € {1,n},
(1) afi+ 1], =i B als+ 1], forallie{l,n},

(iv @) is isomorphic to (Zy,+),

)
)
(i11) als+il, =i(als+1],) for allie {1,n},
)
)

(@,
(v) Bkl = j(—als+1],) for all j € {1,n}.
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Proof. From Lemma 2.3, there is a k-translatable sequence 1,2,...,n on @ such
that Sn = 0 and, since « is a bijection, as = 0 for some s € {1,n}. Then, using
k-translatability and Lemma 2.2, 0 = s*xn = [s + 1], * k = a[s + 1],, ® Bk. Hence,

Bk = —als + 1],. (2)

Also, i = ixn =[i+ 1], xk = afi + 1], ® k = afi + 1], — a[s + 1],, which
implies «fi + 1], = ai ® «[s + 1],,. This proves (iz). Then, by induction on i, we
can prove (iii).

Now, 8 = sxj = [s+ 1 *x[J + k|ln = af[s + 1], ® B[j + k]n. Therefore
als+ 1], = Bj — Blj + k|n, which together with (2) implies 85 — B8[j + k], = —Bk.
From this, by induction, we obtain 8[jk], = Sk ® Bk & ... ® Sk (with j number
of summands). This, by (2), proves (v).

Since « is a bijection Q = {a[s+ 1], : i € {1,n}}. So we can define a bijection
©:Q — Z, as pals + i), = i. Then we have p(a[s + i|, ® afs + j]n) = ¢(ia[s +
1, @ jafs + 1]5) = @([i + jlnals + 1]5) = pals + [i + jla]n = [i + jln = [pals +
iln + wa[s + jln]n. Hence, @ is an isomorphism between (Q, ®) and (Z,,,+). This
completes the proof of Theorem 5.8. O

Proposition 5.9. If an (a, §)-isotope of the commutative group (Q,D) satisfies
(#), (ii7) and (v) of Theorem 5.8 then it is a k-translatable quasigroup.

Proof. Suppose that i,j € Q. By (ii), (#ii) and (v) of Theorem 5.8 we see that
Q = {ia[s + 1], : i € {I,n}} = {[ik], : i € {1,n}} and so j = [jk],, for some
J € {1,n}. Then, [i + 1], * U:" klp = ali+ 1], ® 5[(];“ Dkl = ai ® afs + 1], &
[J+ n(—a[s+1],) = ait ® j(—afs + 1],) = ai ® Bjk]l, = i @ Bj = i j and
k-translatability follows from Lemma 2.2. O

The following Corollary follows directly from Theorem 5.8.

Corollary 5.10. An («, 8)-isotope of the group Z, is k-translatable if and only
if there is an ordering 1,2',...,n’ on Z, such that for some s € {1,n} and all
ie{l,n}

Jn)in) =1,

(#) (a([s+1
(i51) a(fi+1],) = ai’ + a([s +1],,),
(i) (a(ls +1il,) = ia([s + 1];),

(v) B(lik];) = —ia([s + 1];,).

Theorem 5.11. If an («, §)-isotope (Z,,*) of the group Z, is right linear over
Zy, then it is k-translatable if and only if there exist m,s.t € {1,n} such that
(t,n) =1= (m,n) and i = [—st — mki],, for all i € {1,n}, where Bj = [mj],.
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Proof. (=): Since § is an automorphism of the group Z,, 87 = [mj], for some
(m,n) = 1. Using Corollary 5.10(ii) with t = «([s 4 1];,) and as’ = n, for all
i € {1,n} we have [m([ik]),)]n = [—it], and so [i'],, = —[mkit],, where [mm],, = 1.

By Corollary 5.10(iv), [jt], = a([mkt(s + j)]n, which for j = [—s — mkti],, gives
ai = [—st — mki],.

(«<): For all 4,5 € {1,n} we have [i + 1], x [j + k], = [-st — mki + mj], =
[ai + B4]n =i+ j. Therefore, by Lemma 2.2(i7), (Z,, *) is k-translatable. O

Corollary 5.12. For any ordering 1',2',....,n' on Z,, and any k,t € {1,n} such
that (k,n) = (t,n) = 1 there is a bijection By on Z,and bijections oy, s € {1,n},
such that the quasigroups (Zn, *s) defined by i %5 j = [agi—+ Pij]n are k-translatable
with respect to this ordering.

Proof. Suppose that 1’,2',... n/ is an order on Z, and that k,¢t € {1,n}, with
(k,n) = 1 = (t,n). Then, we define as([s + i]},) = [it],. It follows that for all
ie{l,n}, a(fi+1])) = [ai’ +t],. Then, we define B;([ik]},) = [—it],. It follows
that for all ¢ € {1,n}, Bi[j + k|, = [Bij — tln- Then, [i + 1], = [ + K]}, =
[as([i 4+ 1)) + Be([J + K}l = st +t + 817 — t]n, = i’ %5 j'. The required result
then follows from Lemma 2.2(3). O

Theorem 5.13. A k-translatable quasigroup left or right linear over Z,, is medial
and linear over Zy. If [k?],, = 1 then it is also paramedial.

Proof. By Theorem 5.7 a k-translatable quasigroup left linear over Z, has the
operation i * j = [ai + kst + 0j],, where i = [mi],, and 6§ = [~kmjl,. A k-
translatable quasigroup right linear over Z,, has, by Theorem 5.11, the operation
ixj = [yi—st+Bj]n, where vi = [-mki],, and 8j = [mj],. Since (k,n) = (m,n) =
1, a, 3,6,7 are automorphisms of the group Z,. If [k?],, = 1 then o? = §% and
+? = B2. This means (cf. [6, Theorem 9|) that this quasigroup is paramedial. [

We have seen in Theorem 5.13 that k-translatable left linear and k-translatable
right linear quasigroups over Z,, are linear. This leads to the question of whether
there are k-translatable isotopes over Z, of the form x xy = [ax + By], where
both a and S are not automorphisms of Z, and (Z,,*) cannot be written as
xxy = [Gx+c+ By}n, where either & or 3 are automorphisms of Z,. (That is, the
k-translatable quasigroup (Z,, *) has no representation as a linear, k-translatable
quasigroup over Z,,.) In fact, there are many such k-translatable quasigroups over
Z4, as we show in the example below.

The proofs of Theorem 5.14 and Corollary 5.15 are similar to the proofs of
Theorems 5.1 and 5.8 and Corollaries 5.3 and 5.10 and are therefore omitted.
Corollary 5.15 will be applied to give the examples just referred to in the preceding
paragraph.

Theorem 5.14. If an («, 8)-isotope (Q,*) of a group (Q,®) of order n is k-
translatable then there is an ordering 1,2,...,n on Q such that for some r,s €
{1,n} and alli,j € {1,n}
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(1) ar=0=fs,
(i1) ali+ 1], = ai @ afr + 1],

(t5i) afr+il,=alr+1l,®afr+1],®...®afr+ 1], =i(alr +1],),

1 times
(iv) (Q,®) is isomorphic to the group Zy,
(v) Blj+ Kln = 87 & Bls + kln and Bls + jkln = F(—afr + 1],).
Corollary 5.15. An («, 3)-isotope of the group Z,, is k-translatable for some k if

and only if there is an ordering 1',2',...,n' of Z,, such that for some r,s € {1,n}
and all i € {1,n}

(i) ar' =n=ps,

(i) a(fi+1]7) = [ad" + a([r +1]3)]n,

(#0d) a([r +1il5) = [ie([r +1])7)n,

(i) B([i +Kl3) = [B" + B([s + ko )ln and B([s +ik]},) = [i(=a([r + 1],
(v) (afr+17),n) = 1.

Theorem 5.16. If an («, 8)-isotope of the group Z,, is (n — 1)-translatable for
some ordering 1',2', ..., n' with Bs' =n, then i’ = [ai’ — as'], for alli € {1,n}.

Proof. An (n— 1)-translatable quasigroup of order n is commutative. Hence in an
(n—1)-translatable («, 8)-isotope of the group Z,, we have [ai+ 55], = [+ 7]
In particular, ai’ = [ai’ + 8s'],, = [as’ + Bi]n. So, i’ = [’ — as']y. O

6. 3-translatable isotopes of Z,

We proceed to calculate the 3-translatable («, 8)-isotopes of the group Z,. By
Theorem 5.16, for all i € {1,4}, 8¢’ = [ai’ — as’]y. Using Corollary 5.15, there
is a 3-translatable ordering 1’,2',3',4’ on Z4 and r,s € {1,4} such that ar’ =
4 =3¢, (a[r +1]}),4) = 1 and o([r +i]}) = ia([r + 1]}) for all i € {1,4}. So,
a[r+1]4) € {1,3}. If we choose a([r+1]}) = 1 then a([r+1]}) = ia([r+1]}) =1
for all ¢ € {1,4}. Therefore, B([r +i]}) = [a([r + i]}) — as’]la = [i — as’]4. Since
as’ = a(lr — (r —s)]}) = [s — r]a we have S([r +]}) = [i — as’]a = [i + 7 — s]4.

Note that since 1’,2’,3’,4’ is a 3-translatable ordering, by Lemma 2.3 so is the
ordering [r + 1]}, [r + 2]}, [r + 3]}, 7. If we define z; = [r 4 i], then we obtain the
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following 3-translatable Cayley table for Z4, where d = [r — s]4 and each entry is
calculated modulo 4.

X1 2+d 3+d d 1+d
zy | 3+d d 14+d|2+d
3 d 1+d|2+d|3+d
g4 |14+d|2+d|3+d d

Note that in the Cayley table above, changing the ordering to xzx4ziz2 in the
leftmost column and also in the top row gives exactly the same quasigroup. That
is, not only is the main body of the Cayley table the same, all the products are
the same. For a fixed value of d, any other ordering gives a different quasigroup.

Note also that, given a fixed r,s and t = a([r + 1]},), any chosen ordering
x1x2x374 determines precisely one bijection o which in turn by Corollary 5.15
and Theorem 5.16 determines the bijection 3, as indicated in the table below, the
entries of which are calculated modulo 4.

There are all 24 possible orderings listed in the table below, twelve pairs of
which give 12 distinct 3-translatable quasigroups induced by Z4. The first 4 pairs
of those are linear over Z,, namely, the quasigroups determined by the orderings
1234, 3412, 2341, 4123, 4321, 2143, 1432 and 3214, as will be shown below. None
of the quasigroups determined by the eight other pairs of orderings is linear over
Zy.

T1T2T3T4 @ 51 52 B3 B4
1234 € 1+d|2+d|3+d d
3412 (13)(24) [34+d| d 1+d|2+d
2341 (1432) d 1+d|2+d|3+d
4123 (1234) |24d|3+d| d 1+d
4321 (14)(23) d |34+d|2+d|1+d
2143 (12)(34) | 2+d|14+d| d 3+d

1432 (24) |1+d| d |3+d|2+d
3214 (13) |3+d|2+d|1+d| d
1243 (34) [1+d[2+d| d [3+d
4312 (1324) [3+d| d |2+d]|1+d
1321 (23) |1+d|3+d|2+d| d

2413 | (1342) |3+d|1+d| d |2+d
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1342 (243) [1+d]| d |2+d]|3+d
4213 (134) |3+d|2+d| d |1+d
1423 (234) |1+d|3+d| d |2+d
2314 | (132) |3+d|1+d|2+d| d
2134 (12) |2+d|1+d|3+d| d

(12)
3421 | (1423) | d |3+d|1+d|2+d
2431 (142) | d |1+d|3+d|2+d
3124 | (123) |[2+d|3+d]|1+d| d
3142 | (1243) [2+d| d |14+d|3+d
4231 (14) | d |2+4d|3+d|1+d
3241 | (143) | d |2+d|1+d|3+d
4132 (124) [2+d| d |3+d|1+d

Given that the only automorphisms of Z, are of the form @i =i and i = 34,
using Lemma 2.1 it is easy to calculate that the only 3-translatable quasigroups
linear over Zy4 are of the form ixj = [pi+@j+cls, where ¢ € Z, is fixed. Examining
the Cayley table of the quasigroups determined by the first eight pairs in the table,
in their natural ordering, shows that they each are of one of these linear forms.

In particular, the orderings 1234 and 3412 give i * j = [i + j — d]4, 2341 and
4123 give i j = [i + j + 2 — d]4, 4321 and 2143 give i % j = [3i + 3j + 2 — d]4 and
1432 and 3214 give i * j = [3i + 35 — d|4.

Any of the other quasigroups determined by the remaining 8 pairs of orderings
is not of a linear form because, in their natural ordering, there is always an increase
in the value of a particular two consecutive, increasing entries by a value of 2. This
is not possible for a 3-translatable quasigroup linear over Z,, where the values of
two consecutive, increasing entries always increases by a value of 1 or 3.

If we had chosen a([r + 1]}) = 3 then by Corollary 5.15, for all ¢ € {1,4},
(a[r+1])) = [3i]4 and B([s+3i]}) = [-3i]la = i = B([s—i]}). Therefore, B([r+i]y) =
[s — r —i]4. As previously, if we define x; = [r + i]) then any ordering x1zoz374
gives the following 3-translatable Cayley table.

* T Zo I3 T4
1 |2—d|1—-d| —d |3—d
To|1—d| —d |3—-d|2-d
73| —d |3-d|2-d|1-d
x4 |3—d|2—-d|1—-d| —d

The first eight orderings of the table below give different values of the mapping
a, but for each ordering the value of pi, i € {1,4} is the additive inverse of the
corresponding entries in the table on the previous page.
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T1ToX3T4 « 61 52 53 p4
1234 (13) —d—1|—-d—-2|—-d—-3 —d
3412 (24) —d—3 —d —d—1|—-d—-2

2341 | (10)(23) | —d |-d—1|—-d—2]—-d—3
4123 | (12)34) | —d—2|—-d—3] —d |—-d—1
4321 (1432) | —d | —-d—3|—-d—2]—-d—1
2143 (1234) [—d—2| —-d—1| —-d |—-d-3
1432 | (13)(24) | —d—1| —d | —-d—3 ]| —-d—2
3214 5 —d—3|—-d—2|—-d—-1| —d

In particular, the orderings 1234 and 3412 give i x j = [3i + 35 — d]4, 2341 and
4123 give i * j = [3i + 3j + 2 — d]4, 4321 and 2143 give i xj = [i + j + 2 — d]4 and
1432 and 3214 give i % j = [i + j — d]4.

Note that, whether o([r+1]}) = 1 or a([r+1]}) = 3, since [r—s]4 € {1,4} every
possible 3-translatable linear isotope appears for any of the first eight orderings in
Tables 2 or 4. The remainder of the non-linear, 3-translatable isotopes are of one
of the following 8 forms in their natural ordering.

*
»

*
w

*
Ny

I R

B~ W = N
W N = N
o N W w
[NV TN
=W N =

W = = N =
=W N RN
N B W =W
BN~ o i
O R

=W N =
=N R W N
W = N =W
N W |
=W N =

=W ok N
[SUR RN )
N = = W W
BN W s

*
(S

*
(=]

*
oo

W N =

[CRRGCRISN
W A N N
— N o | w
=W N
=W N =

[ ORI JURIN N [y
o N Wl N
W N =W
W N
W N =

W = N =
=W R NN
=N W =W
N |
B~ W N =

— W N |
W R NN
BN = W w
[ SRR N

The quasigroups (Zy, *1), (Z4, *3), (Z4,*7) and (Zy4, *g) are isomorphic to each
other, as are the quasigroups (Zg, *2), (Za, *4), (Z4,*5) and (Z4, *¢).
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On quasi-cancellative AG-groupoids

Muhammad Igbal and Imtiaz Ahmad

Abstract. We proved the analog of the Burmistrovich’s theorem for semigroups: a cyclic-
associative AG-groupoid is quasi-cancellative if and only if it is a semilattice of cancellative
cyclic-associative AG-subgroupoids. We also proved that an AG-groupoid in which all elements
are 3-potent is quasi-cancellative.

1. Introduction

A magma is a fundamental type of an algebraic structure, consist of a non-empty set together
with one binary operation. Abel-Grassmann’s groupoids (abbreviated as AG-groupoids) [9] (also
known as left almost semigroups (LA-semigroups) [5]) can be considered as the non-empty set H
with the binary operation satisfying the identity zy - z = zy - . This structures was introduced
by Kazim and Naseeruddin in [5].

Proti¢ and Stevanovi¢ introduced in [10] the concept of 3-potent elements, AG-3-bands,
AG-bands and anti-rectangular AG-bands. The notion of cyclic-associative AG-groupoids (AC-
AG-groupoids) was introduced by Igbal et al. in [4]. Dudek and Gigon [2, 3] studied some
fundamental properties of completely inverse AG**-groupoids and determine certain fundamental
congruences on it. Mushtaq and Yusuf proved in [7] that a left cancellative AG-groupoid is right
cancellative. Shah et al. proved in [12] that in AG-monoids the set of all cancellative elements
is an AG-subgroupoid. They further proved that a finite AG-monoid has at least one non-
cancellative element and the set of non-cancellative elements form a maximal ideal.

In this note we will prove the Burmistrovich theorem for AG-groupoids: a cyclic-associative
AG-groupoid is quasi-cancellative if and only if it is a semilattice of cancellative cyclic-associative
AG-subgroupoids. Also we will prove that any AG-groupoid H in which zz - x = z - xoz = x for
all x € H is quasi-cancellative.

2. Results

A groupoid (H,-), or simply H, satisfying the identity zy -z = zy - = (known as the left invertive
law (L.I.Law) [5]) is called an AG-groupoid. Every AG-groupoid satisfies the medial law (M.Law):
zy -zt = zz-yt. An AG-groupoid contains at most one left identity [7]. An AG-groupoid having
a left identity satisfies the paramedial law (P.Law): zy - zt = ty - zx.

An element h € H is called an idempotent if h2> = h. The set of all idempotent elements
of H is denoted by E(H). An AG-groupoid containing only idempotent elements is called an
AG-band [13]. A commutative AG-band is called a semilattice. An element h € H is 3-potent
if (hh)h = h(hh) = h. If all elements of an AG-groupoid H are 3-potents, then H is called an
AG-3-band. An AG-groupoid H is called an AG*-groupoid [6] if zy -z = y-zz for all z,y,z € H
(known as a weak associative law); an AG**-groupoid (8] if x-yz = y-xz and a cyclic-associative
AG-groupoid (CA-AG-groupoid) if z - yz = z - zy [4]. Every CA-AG-groupoid is paramedial
[4]. An element h of an AG-groupoid H is right (left) cancellative if for all z,y € H, xh = yh
(hz = hy) implies x = y. The element h is cancellative if it is simultaneously right and left

2010 Mathematics Subject Classification: 20N02, 20N99, 08A30.
Keywords: AG-groupoid; LA-semigroup; CA-AG-groupoid; AG-band; quasi-cancellative;
Burmistrovich’s Theorem.
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cancellative. H is (right/left) cancellative if all elements of H are (right/left) cancellative. H is
quasi-cancellative [11] if for all 2,y € H: (i) 22 = 2y and y? = yx imply = = y, (1) 2% = yz and
y? = zy imply = = y.

Lemma 1. If a quasi-cancellative AG-groupoid is cyclic-associative, then
(A )xa—xb<:>a:c—b:c

(B) z2%a = 2%b = az = bz,

(C) z2a = 22b = za = xb,

(D)zy-a=zy-b=a-yr=">b-yz,

(B)zy-a=zy-b=>yx-a=yx-b,

(F)a-zy=b-2y =>a-yz=b-yz,

(G)a-zy=b-zy =>yzr-a=yzx-b,

(H)zy-a=zy-b<=a-yr=">b-yz.

Proof. (A). Assume za = xb, then za - za = zb - za and za - b = b - zb. Now by the cyclic-
associativity and M.Law we get

za-za=a(za z) = z(a-za) = z(a - ax) = z(z - aa) = aa - z& = ax - ax = (az)?.
Analogously,

zb-xa = a(zb-z) =z(a-zb) = x(b-ax) = z(x - ba) = ba - zx = bx - ax = z(bz - a)
=z(az - b) = b(z - ax) = ax - bx.

Thus (az)? = az - bz. Similarly, we obtain za - zb = ba - zz = bz - az. Thus (bz)? = bz - ax.
By quasi-cancellativity, from (az)? = az - bz and (bx)? = bz - ax, we have az = bz.
The converse implication follows by symmetry.

(B). Let x2a = x2b. Then 2%a-a = 2%b-a = aa-xx = ab-zx = az-azx = azx-bx = (az)? = ax-bx.

Similarly from z2a = £2b we have x2a - b = 22b- b, which gives (bx)? = bz - ax. This together
with (az)? = ax - bz implies ax = bz.

(C). Follows from (A) and (B).

(D). Assume zy-a = xy-b. Then a?-zy = (zy-a)a = (zy-b)a = ab-wy. So, a®-xy = ab-zy. Thus,
(a? ) -2y = (ab-2y) - zy. But (zy-zy)a® = (yy-22)a? = (yz-y2)a? = (a-yz)(a-yz) = (a-yo)?.
Similarly, (ab-zy)-zy = (zy-zy)-ab = (yy-zz)-ab = (yz-yz)-ab = (b-yz)(a-yz) = (b-yz)(a-yz).
Therefore (a - yz)? = (b-yz)(a - yz).

In the same way from zy-a = xy - b we obtain (a-yz)(b-yx) = (b-yx)?, which together with
the previous equality implese a - yx = b - yx.

(E). Follows from (D) and (A); (F) — from (A) and (D); (G) — from (F) and (A); (H) — from
(D) and (G). |

The following theorem is an analog of the Burmistrovich’s theorem for semigroups from [1].

Theorem 1. A cyclic-associative AG-groupoid is quasi-cancellative if and only if it is a semi-
lattice of cancellative cyclic-associative AG-subgroupoids.

Proof. NEcEssITY. Let a cyclic-associative AG-groupoid be quasi-cancellative. Let o by the
relation on H such that zoy if for any p,q € H, xp = xq <= yp = yq. It is an equivalence
relation. To prove that o is a congruence, let zoy and z € H. If xz-p = zz-q, then pz-x = qz-x.
Thus, x - pz = x - gz, by Lemma 1 (A). Hence z - xp = z - zq, which by our assumption gives
z-yp = z-yq. So,p-zy = q- 2y, i.e. y-pz =y-qz. The last, by Lemma 1 (A), gives pz-y = qz-y.
Consequently, yz - p = yz - q. By symmetry yz - p = yz - q implies zz - p = zz - q. Hence zz o yz.
Therefore, o is right compatible.

Now if zz - p = zx - ¢, then zz - p = zz - ¢, by Lemma 1 (E). So, as it is proved above,
yz-p =1yz-q. This, by Lemma 1 (E), implies zy - p = 2y - ¢. By symmetry zy -p = zy - ¢ implies
zx -p = zx - q. Hence, zx o zy, therefore o is left compatible. Consequently, o is a congruence.
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Then H/o, by Lemma 1 (A) and (B), is an AG-band, By Lemma 1 (E), it is commutative.
Consequently, o is a semilattice congruence.

Suppose zz = zy, x o z and yo 2. Since x o 2, 2z = zy implies that 2 = zy and since yoz,
thus yz = y2. This, by quasi-cancellativity, gives ¢ = y. If £z = yz with z o 2z and yo 2, then
zx = zy, by Lemma 1 (A), and this reduces to the case just considered before. Hence, each
o-class is cancellative.

SurFICcIENCY. Let H is a semilattice of cancellative cyclic-associative AG-subgroupoids and
z,y are elements such that 2 = yz and y?> = zy. Suppose 7 be the component of H that
contains yx. As H is semilattice, consequently H is commutative, thus zy € n as well. Hence,
22,y? € n. As 7 is a cyclic-associative AG-groupoid, thus by the closure property in 7 we have
z,y € . But n is cancellative and therefore the equality zz = xy implies * = y. By similar
argument if 22 = zy and y? = yz, then = y. Hence, H is quasi-cancellative. O

The following example illustrate Theorem 1.
Example 1. The Cayley table given below defines a quasi-cancellative cyclic-associative AG-

groupoid H that is a semilattice of cancellative cyclic-associative AG-subgroupoids I = {1} and
J = {2,3,4,5} such thst I, J commute and I? =1, J% = J.

CU W N = .
e
U W NN
O W W
W N U
DN W W O = Ot

Theorem 2. Every AG-3-band is quasi-cancellative.

Proof. Suppose H is AG-3-band and z,y € H.
To prove that 2 = zy and y? = yx imply = = y suppose 2 = zy and y? = yz. then, by the
definition of AG-3-band, supposition, L.I.Law and M.Law we obtain

z=z’z=zy -z = ((zz-z)y)z = (yz - zx)z = (¢ - zz) - yz = - yz = xy°>

=(zz-2)-yy=(zx-y) -2y = (yz-2) 2y = (y’z) 2y = (yy - z) -2y

=(zy y) 2y = (zy-2) yy = ((zz - 2)y)z) - yy = ((yz - 23)7) - Yy

=((z-2x)-yz) - yy=(z-yz) - yy=ay’ -yy =2y - vy =ay-y

=yy-z=yy-(z-az) =y (y zz) =y -y’ =y2((yy-y)-zr)
=y’ ((yy-2) -yz) = v* ((xy - ) -yz) = y* (®y - yz) = v (w2 - y) - ya)

> ((yz - x) - yx) = v° (o - ) - 2z) = v ((((yy - y)w)y) - wx)

(zy - yy)y) - zz) = y* (v yy) - 2y) - 22) = v* ((y - 2y) - )

ya® - zx) =y (yo - 2’z) = v (yz - @) = y*(v°2) = v° (yy - )

zy-y) =y (zy - v?y) = v° (z® - yy) = v° (= - yx) - yy)

(z - zx) - yx) - yy) = v* (yz - 22)7) - yy) = v (22 - 2)y)z) - YY)

2

(xy-x) yy) =v> ((xy - y) - 2y) = > ((yy - 2) - 2y) = y* (yz - )
( 2

2

(
(
*(
(

2

(
(
% (
*((yz-z)-ay) =y? (2 - y) - 2y) = y* ((z2 - 2) - yy) = y* - 2y

y~zy :yl‘-yy :y y=y

Y
Y
Y
Y
y2
Y
Y
Y

This shows that 22 = zy and y2? = yx imply = = y.



212 M. Igbal and I. Ahmad

To prove that 22 = ya and y? = zy imply = = y suppose 22 = yz and y? = zy. Then, as in
the previous case,

r=a’r=yr-z=x2x-y=2"y=yz-y=(y’y )y
= ((zy - y)z)y = ((yy - 2)x)y = (32 - yy)y = (zy - 2y)y
=W v )y=y-vwy= (v -vYy=yy-y=y.
Hence z = y. This completes the proof. O
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Semigroups in which 2-absorbing ideals

are prime and maximal
Biswaranjan Khanra and Manasi Mandal

Abstract. We characterize commutative semigroups in which 2-absorbing ideals are maximal.
We introduce the concept of 2-AB semigroups in which 2-absorbing ideals are prime and charac-
terize 2-AB semigroups in terms of minimal prime ideal over a 2-absorbing ideal and study some

properties of these semigroups.

1. Introduction

Throughout this paper all semigroups are commutative, prime ideals are proper
and whenever speaking about maximal ideals we suppose, of course, it exists.

The notion of 2-absorbing ideals for commutative ring was introduced as a
generalization of prime ideals by Badwai [1] and later extended to commutative
semigroup by [5] and [3] as follows: A proper ideal I of a semigroup S is said to
be a 2-absorbing ideal of S if for any elements s1, 2,53 € S, 515283 € I implies
s189 € I or s183 € I or sgs3 € I. Clearly, every prime ideal is 2-absorbing but the
converse is not true (see Lemma 2.1 and Example 2.2).

In this paper, we prove that every maximal ideal of a commutative semigroup is
2-absorbing but converse is not true (see Theorem 2.3). In [2], D. Bennis character-
ize commutative rings in which 2-absorbing ideals are prime. These observations
prompted us to solve the following two natural questions:

(1) In which class of semigroups 2-absorbing ideals are maximal?

(2) In which class of semigroups 2-absorbing ideals are prime?

We establish an analogues result of Theorem 2.3 in a commutative ring (The-
orem 2.4). Then we characterize the class of semigroups with unity (Theorem
2.7) and without unity (Theorem 2.11), in which 2-absorbing ideals are maximal.
Next, we define the notion of 2-AB semigroup, in which 2-absorbing ideals are
prime and an example of this semigroup is given (Definition 3.1 and Example 3.2).
We study many properties of a 2-AB semigroup S such as 2-absorbing ideals are
linearly ordered, S has atmost one maximal ideal, S is semiprimary and prime
ideals of S are idempotent (Theorem 3.3). Then we characterize 2-AB semigroup
in terms of minimal prime ideal over a 2-absorbing ideal (Theorem 3.5), some
other characterizations have also been established (Theorem 3.6, Theorem 3.7 and

2010 Mathematics Subject Classification: 20M12, 20M14.
Keywords: Commutative semigroup, Prime ideal, Maximal ideal, 2-absorbing ideal.
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Theorem 3.9). We study some equivalent conditions for a regular semigroup S to
be 2-AB semigroup (Theorem 3.11). Finally, we prove that a semigroup S will be
2-AB if S is with unity and having no essential congrurence (Corollary 3.12) or
every 2-absorbing ideal of S generated by idempotent (Theorem 3.13).

Before going to the main work we recall some preliminaries which are necessary:

A non-empty ideal P of a semigroup S is said to be prime if AB C P implies
that A C P or B C P, A, B being ideals of S. An ideal P is said to be completely
prime if ab € P implies a € P or b € P, a, b being elements of S. The concepts of
prime and completely prime ideal are coincide if S is commutative.

For an ideal A of a semigroup S, a radical of A, denoted as VA, is the set of
all z € S such that some power of x is in A. An ideal A of S is called primary if
ab € A implies either a € A or b € VA. An ideal I of a semigroup S is said to
be semiprimary ideal if v/T is a prime ideal of S. A commutative semigroup S is
called fully prime semigroup if every ideal of S is prime and primary if every ideal
of S is primary. Also a semigroup S is said to be semiprimary if every ideal of
S is a semiprimary ideal of S. A semigroup in which every ideal is idempotent is
called a fully idempotent semigroup.

Theorem 1.1. (cf. [7]) A commutative semigroup S is semiprimary if and only
if prime ideals of S are linearly ordered.

A commutative semigroup S is said to be Archimedian if, for any two elements
of S, each divides some power of the other. In [10] it is proved that a commutative
semigroup is archimedian if and only if S has no proper prime ideals.

We will use the following theorems proved in [11].

Theorem 1.2. If I and J are any two ideals of a commutative semigroup S, then

the following statements are true;
(HIJCInJCI.

) IC VI

) I C J =VICVJ,

YVIT=+/INJ)=vVInJ,

5) IfA is a prime ideal of S, then VA = A and if A is a primary ideal of S,
then /A is a prime ideal of S.

(2
(3
(4
(

Theorem 1.3. Let A be an ideal of a commutative semigroup S with unity. If
VA =M, where M is a mazimal ideal of S, then A is a primary ideal of S.

Theorem 1.4. In a commutative semigroup S with unity, the unique maximal
ideal M is prime, which is the union of all proper ideals of S; VM™ = M for
every positive integer n and M™ is a primary ideal for every positive integer n.

Theorem 1.5. The radical of an ideal I in a commutative semigroup is the in-
tersection of all prime ideals containing I.

Theorem 1.6. Any prime ideal containing an ideal I in a semigroup contains a
minimal prime ideal belonging to I.
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Also the following theorem will be used.

Theorem 1.7. (cf. [12]) If M is a maximal ideal of a semigroup S such that the
complement of M contains either more than one element, or an idempotent, then
M is a prime ideal of S.

2. The case when 2-absorbing ideals are maximal

Lemma 2.1. In a commutative semigroup every prime ideal is 2-absorbing.

Proof. Let I be a prime ideal of S and abc € I with ab ¢ I for some a,b,c € S.
Since [ is prime, so ¢ € I, which implies ac € I and bc € I. So I is a 2-absorbing
ideal of S. O

The following example shows that the converse of the above lemma is not true:

Example 2.2. The principal ideal I = (6) in the semigroup S = (N,-) is 2-
absorbing but not prime as 2 -3 € (6) but neither 2 € (6) nor 3 € (6).

A commutative semigroup with unity has a unique maximal ideal, which is
prime and 2-absorbing. But in a commutative semigroup without unity maximal
ideal need not be prime. For example, the ideal I = {m € N : m > 2} in the
semigroup S = (N, +) is maximal but not prime.

Theorem 2.3. In a commutative semigroup without unity every mazimal ideal is
2-absorbing.

Proof. Let M be a maximal ideal of a semigroup S without unity and abc € M
with ab ¢ M for some a,b,c € S.

1. If c € M then ac € M and bc € M, since M is an ideal of S. Hence M is a
2-absorbing ideal of S.

2. Let ¢ ¢ M. Since ab ¢ M, then both a, b belongs to S — M. Now if
¢ # ab, then S — M contains two distinct elements ¢ and ab. Again if ¢ = ab and
a # b then S — M contains two distinct elements a and b and if a = b then {a, a®}
belongs to S — M, moreover if a = a?, then a is an idempotent element of S. Thus
in either case S — M contains more than one elemenet or an idempotent, hence
M is a prime ideal of S by Theorem 1.7. Consequently, M is a 2-absorbing ideal
of S by Lemma 2.1. O

The converse is not true if S has unity. Indeed, the ideal I = {m € S : m > 2}
in S = (NU {0}, +) is 2-absorbing but not maximal.

Theorem 2.4. In a commutative ring every maximal ideal is 2-absorbing.

Proof. Let M be a maximal ideal of a commutative ring R and abc € M with
ab ¢ M, for some a,b,c € R. If c ¢ M, then M + (¢) = R = M + (ab), where (c)
and (ab) denotes respectively the principal ideal generated by ¢ and ab.
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Since a,b € R, so there exist r, s € R and p, g € Z such that a = m+rc+pc and
b = n+sab+qab, for some m,n € M. Therefore ab = (m+rc+pc)(n+sab+qadb) =
mn+msab+gmab+nrc+rsabc+qrabe+pnc+psabc+pgabe € M, a contradiction.
Hence ¢ € M implies ac,bc € M and consequently M is 2-absorbing. O

The converse is not true. In the commutative ring Z[x] with unity the principal
ideal (x) is 2-absorbing but it is not maximal.

Lemma 2.5. The intersection of any two prime ideals is a 2-absorbing ideal.

Proof. Let abc € P; N P, for some a,b,c € S. Then abc € P, and abc € P,. Since
P, and P» are prime ideals so either a € P; or b € P; or ¢ € P; and also either
a € Pyorbe Py or cée P, Thus in either ab or be or ac belongs to Py N P,. [

Theorem 2.6. If in a semigroup S all 2-absorbing ideals are mazimal, then S
has at most one prime ideal. This ideal ts maximal.

Proof. By Lemma 2.5 the intersection of two prime ideals P; and P is a 2-
absorbing ideal. It is maximal and it is contained in both ideal P; and P». Hence
P =D O

Theorem 2.7. In a semigroup S with unity every 2-absorbing ideal is maximal
if and only if S is either a group or S has a unique 2-absorbing ideal A such that
S =AUH, where H is the group of units and A is an archimedian subsemigroup

of S.

Proof. Let S be a semigroup with unity in which every 2-absorbing ideal is max-
imal. If S is not group, then S has a unique maximal ideal A which is the only
prime as well as 2-absorbing ideal of S. Therefore S = AU H, where A is unique
2-absorbing ideal of S and H is the group of units. Since A is the unique prime
ideal in S, for any p,q € A, \/® = \/@ = A. Then there exist positive integers
m and n such that p™ = gz and ¢" = py for some z, y € S. So p"*! = q(px) and
¢ = p(qy), where pz,qy € M. Hence A is an archimedian subsemigroup of S.
Conversely, let A be the unique 2-absorbing ideal of S. Since in a semigroup
with unity has unique maximal ideal and maximal ideals are 2-absorbing, therefore
A is maximal, as desired. O

Theorem 2.8. Let S be a reqular semigroup with unity such that every 2-absorbing
ideal is of the form M™, where n is any positive integer and M is the unique
mazimal ideal of S. Then an ideal I of S is a primary if and only if I is a
2-absorbing ideal of S.

Proof. Let I be a 2-absorbing ideal of a semigroup S with unity, which is of the
form M™, where n is any positive integer and M is the unique maximal ideal of
S. Then I =+/M" = M by Theorem 1.4. Hence I is a primary ideals of S.
Conversely, let I be a primary ideal of S. Since S is regular so I = /1.
Cosequently I is prime and hence I is 2-absorbing ideal of S. O
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As a consequence of the above theorem and Theorem 2.1 of [9] we obtain

Corollary 2.9. Ifin a reqular semigroup S with zero and identity every 2-absorbing
ideal has the form M™, where n € N and M is the mazimal ideal of S, then every
non-zero 2-absorbing ideal of S is maximal if and only if
(i) S is the union of two groups with adjoined zero, or
(ii) S = HUM, where M = {0,zh : h € H,2?> = 0,2 € M} and H is the group
of units.

Theorem 2.10. If in a semigroup S with unity all 2-absorbing ideals are maximal,
then

(1) S is a primary semigroup,

(2) M? = M, where M is the maximal ideal of S,

(3) S has atmost one idempotent different from identity.

Proof. (1). Let S be a semigroup with unity in which all 2-absorbing ideals are
maximal. Then S has a unique maximal ideal, say M, which is the union of all
proper ideals of S and it is also the unique prime ideal of S. Then for any ideal I of
S, /I = M, hence I is a primary ideal of S. Therefore S is a primary semigroup.

(2). Let abc € M? C M for some a,b,c € S. Since M is a prime ideal of S
either a or b or ¢ belongs to M. Let a € M. Then bc € M, implies b € M or
¢ € M. Hence ac or ab belongs to M? and so M? is a 2-absorbing ideal of S. Since
every 2-absorbing ideal of S is maximal so M? is a maximal ideal of S. Therefore
M? =M.

(3). If e and f are idempotents different from the identity, then /(eS) =
V(fS) = M, where M is the unique prime as well as unique maximal ideal of S.
Therefore e = ef = f. O

Theorem 2.11. Let S be a semigroup without unity. Then 2-absorbing ideals of S
are mazimal if and only if complement of each 2-absorbing ideals contains exactly
one non-idempotent element or is a subgroup of S.

Proof. Let S be a semigroup without unity in which 2-absorbing ideals are maxi-
mal. Then S has at most one prime ideal (Theorem 2.6). Let I be a 2-absorbing
ideal of S but not prime. Now if complement of I in S contains more than one el-
ement or an idempotent, then I is prime (Theorem 1.7), a contradiction. Hence in
this case complement of a 2-absorbing ideal contains exactly one non-idempotent
element of S. Again, let a 2-absorbing ideal J is prime. Then a,b € S — I implies
ab € S — 1, since I is a prime ideal of S. We know that complement of a maximal
ideal in a commutative semigroup is a H-class (Green’s), and a, b, ab all belong to
same H-class S — I of the semigroup S. Hence S — I is a subgroup of S (Theorem
2.16, [4]), as desired.

Conversely, if complement of a 2-absorbing ideal contains exactly one element
then clearly it is maximal. Now let complement of a 2-absorbing ideal J forms a
subgroup of S. If J is not maximal, then J is contained in a proper ideal K of S.
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Let ¢ be the identity element of S — J. Since J # K, there exists p € K — J such
that pg =i for some ¢ € S. Hence i € K. Since K # S, there exists m € § — K
such that m = mi € K, a contradiction. Thus, J is a maximal ideal of S. O

Since in an archimedian semigroup has no prime ideal, we have

Corollary 2.12. In an archimedian semigroup S without unity all 2-absorbing
ideals are maximal if and only if complement of every 2-absorbing ideal contains
exactly one non-idempotent element.

Corollary 2.13. In a semigroup S without unity all 2-absorbing ideals are prime
as well as maximal if and only if the complement of each 2-absorbing ideal is a
subgroup of S.

3. The case when 2-absorbing ideals are prime

In this section we characterize the class of semigroups in which 2-absorbing ideals
are prime and study some properties of this semigroup.

Definition 3.1. A commutative semigroup S is said to be a 2-AB semigroup if
every 2-absorbing ideal of S is prime.

Example 3.2. In a semigroup S = {a,b} with the multiplication determined by

a’?=a, b> = b, ab=ba = a, {a} is a 2-absorbing ideal which also is prime. Hence

S is a 2-AB semigroup.
Theorem 3.3. Let S be a 2-AB semigroup. Then
(1) 2-absorbing ideals of S are linearly ordered,
2
3
4
5
6
7

prime ideals of S are linearly ordered,

S has at most one maximal ideal, if exists then it is prime,
S is a semiprimary semigroup,

idempotents in S form a chain under natural ordering,

P = P2 for every prime ideal P of S,

semiprime ideals of S are prime.

(
(
(
(
(
(

~— Y Y ~— — ~—

Proof. (1). Let A and B be any two distinct 2-absorbing ideals of a 2-AB semigroup
S. So AN B is 2-absorbing (Lemma 2.5) and hence prime, which implies either
ACBor BCA.

(2) Clearly prime ideals of S are linearly ordered.

(3) Let M; and M3 be two maximal ideal of S. Since every maximal ideal of S
is 2-absobing (Theorem 2.3), so M; C Ms or My C My which implies M7 = M.
Hence S has atmost one maximal ideal and if exists clearly it is prime.

(4) By Theorem 1.1, a commutative semigroup is semiprimary if and only if
prime ideals are linearly ordered. Hence S is a semiprimary semigroup.
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(5) Since S is a semiprimary semigroup, then for any ideal A of S, v/A is prime.
Let e and f are any two idempotents of S. Then v/eS and /fS are prime ideals,
so either veS C VIS or/fS C VeS , which proves that the idempotents form a
chain under natural ordering.

(6) Let P be a prime ideal of S and abc € P? C P for some a,b,c € S. Since
P is a prime ideal of S, either a € Por b€ P or ¢ € P. Let a € P. Then bc € P,
implies b or ¢ belogs to P and so ac or ab belongs to P2. Hence P? is a 2-absorbing
ideal of S and so P? is a prime ideal of S. Let 2 € P. Then 2> € P? implies
x € P2 so P C P2. Therefore P = P2.

(7) Let I be a semiprime ideal of S. Then I = /T is a prime ideal of S, since
prime ideals of S are linearly ordered, as desired. O

Lemma 3.4. Let S be a semigroup with unity and unique mazximal ideal M. Then
for every prime ideal P, PM is a 2-absorbing ideal of S. Moreover, PM is prime
if and only if PM = P.

Proof. Let xyz € PM C P. Since P is prime, either x € Pory € Por z € P. Let
x € P. Then either y € M or z € M, since M is also prime. Hence xy € PM or
xz € PM. Consequently, PM is a 2-absorbing ideal of S. Clearly, PM is prime
if and only if PM = P. O

The following is a characterization of a 2-AB semigroup in terms of minimal
prime ideal over a 2-absorbing ideal, which is analogous to (Theorem 2.3, [2]).

Theorem 3.5. A semigroup S with unity is a 2-AB semigroup if and only if
prime ideals of S are linearly ordered and if P is a minimal prime ideal over a
2-absorbing ideal I, then IM = P, where M 1is the unique mazximal ideal of S.

Proof. Let I be a 2-absorbing ideal of a 2-AB semigroup S with unity. Then prime
ideals of S are linearly ordered (Theorem 3.3) and I is prime by hypothesis. Then
IM =1 (Lemma 3.4).

Conversely, let I be a 2-absorbing ideal of S. Since prime ideals are linearly
ordered and P = IM, where P is a minimal prime ideal over I, P = IM C
INM=1C P implies I = P, as desired. O

Theorem 3.6. A commutative semigroup S is a 2-AB semigroup if and only if
P = P2 for every prime ideal P of S and every 2-absorbing ideal of S is of the
form A2, where A is a prime ideal of S.

Proof. Let P be a 2-absorbing ideal of a 2-AB semigroup. Then P is prime and
so P = P? (Theorem 3.3(6)).

Conversely, let I be a 2-absorbing ideal of S. Then I = A? = A, where A is a
prime ideal of S. O

Theorem 3.7. A commutative semigroup S is a 2-AB semigroup if and only if
its prime ideals are linearly ordered and A = A% for every 2-absorbing ideal A of

S.
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Proof. Let S be a 2-AB semigroup. Let P; and P, be two prime ideals of S. Then
Py N Py is 2-absorbing ideal of S (Lemma 2.5) and so prime, which implies either
P, C P, or P, C P;. Again let A be a 2-absorbing ideal of S and so prime.
Therefore A = A? (Theorem 3.3).

Conversely, let A be any 2-absorbing ideal of S and z € vA. Then 22 € A =
A2 since A is 2-absorbing ideal of S. This implies z € A4, so A = v/A. Since prime
ideals are linearly ordered so A is prime and hence S is a 2-AB semigroup. O

Since in a fully idempotent semigroup S, A = A? for every ideal A of S, the
following is a simple consequence of above theorems:

Corollary 3.8. A fully idempotent semigroup S is a 2-AB semigroup if and only
if one of the following conditions hols:

(1) Prime ideals are linearly ordered.
(2) Every 2-absorbing ideal is of the form P?, where P is a prime ideal of S.

Theorem 3.9. A semigroup S is a 2-AB semigroup if and only if its prime ideals
are linearly ordered and A = /A for every 2-absorbing ideal A of S.

Proof. Let S be a 2-AB semigroup. Then prime ideals of S are linearly ordered
(Theorem 3.3). Again any 2-absorbing ideal A of S is prime so A = v/A.
Conversely, let A be a 2-absorbing ideal of S. Then A = VA =P, = Pg, for
some ( € A and where {P; : ¢ € A} are prime ideals containing A. Hence S is a
2-AB semigroup. O

Since in a semiprimary semigroup prime ideals are linearly ordered (Theorem
1.1), the following corollary is an obvious consequence of the above theorem:

Corollary 3.10. A semiprimary semigroup S is a 2-AB semigroup if and only if
A = /A for every 2-absorbing ideal A of S.

Theorem 3.11. For a commutative regular semigroup S the following statements
are equivalent:

1) S is 2-AB semigroup.

2) 2-absorbing (prime) ideals are linearly ordered.

(

(

(3) Idempotents in S form a chain under natural ordering.
(4) All ideals of S are linearly ordered.
(
(
(

)
)
)
5) S is a fully prime semigroup.
6) S is a primary semigroup.

)

7) S is a semiprimary semigroup.

Proof. (1) = (2) = (3) by Theorem 3.3.

(3) = (4) = (5) = (6) = (7) follows from Theorem 2.4 of [11].

(7) = (1). Let A be a 2-absorbing ideal of a commutative regular semigroup
S. Then A = /A = P,, where {P, : a € A} are the prime ideals of S contaning
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A. Since S is semiprimary, so prime ideals are linearly ordered, which implies
A=+VA= Pg for some 3 € A. Therefore S is a 2-AB semigroup. O

Let D be the class of commutative semigroups with an identity element and
having no proper essential congruences, i.e. congruences d such that a N § # i for
every congruence « # i, where 7 is the identity relation on S. Oehmke [8], proved
that if S € D, then the set of ideals of S are linearly ordered by inclusion and
hence the set of prime ideals of S are linearly ordered. Again Khaksari [6], proved
that if S € D, then S is regular i.e. A = /A for every ideal A of S. So as a simple
consequence of Theorem 3.9, we have the following result:

Corollary 3.12. If S € D, then S is a 2-AB semigroup.

Theorem 3.13. If every 2-absorbing ideal of a semigroup S has an idempotent
generator, then S is a 2-AB semigroup.

Proof. Let I be a 2-absorbing ideal of S generated by the idempotent e i.e. [ =
(e) = eS. Since S is commutative so I = I2. Tt is clear that I C /1. Let z € v/T.
Then 22 € I = I?, since I is 2-absorbing. This implies = € I, so VI C I. Hence
I =+/I. Again, let P,Q be two prime ideals of S. Then the prime ideal P U Q is
2-absorbing, has an idempotent generator e, i.e. PUQ = eS. But then e € P or
e € . This implies either P = ¢S or Q = eS and either P C Q or Q C P. Hence
by Theorem 3.9, S is a 2-AB semigroup. O

Since every principal ideal of a commutative regular semigroup has an idem-
potent generator, the following is an obvious consequence of the above theorem:

Corollary 3.14. If every 2-absorboing ideal of a commutative reqular semigroup
S is principal, then S is a 2-AB semigroup.
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Semisymmetric quasigroups

as alignments on abstract polyhedra

Kyle M. Lewis

Abstract.A quasigroup satisfying the identity z(yz) = y is called semisymmetric; if a semisym-
metric quasigroup is commutative, then it is totally symmetric. We demonstrate a bijection
between totally symmetric quasigroups and directed graphs satisfying certain specifications.
Further, we demonstrate a bijection between semisymmetric quasigroups and certain mappings

between abstract polyhedra and directed graphs, termed alignments.

1. Introduction

As a class, the semisymmetric quasigroups arguably warrant particular interest
due to both their algebraic and their combinatorial properties — commutative
semisymmetric i.e. totally symmetric quasigroups have been an object of study
for almost as long as quasigroups themselves [1]. There is a well-known bijec-
tion between idempotent totally symmetric quasigroups and the combinatorial
block designs known as Steiner triple systems [2]; this further links totally sym-
metric quasigroups to finite geometry, as the Steiner triple system of order 7 is
equivalent to the finite projective plane of order 2, and the Steiner triple system
of order 9 is equivalent to the finite affine plane of order 3 [11]. Notably, via
the semisymmetrization functor described by Smith [16], as well as the similar
Mendelsohnization functor described by Krapez and Petrié¢ [12], [17], it is possible
to reduce homotopisms between arbitrary quasigroups to homomorphisms between
semisymmetric quasigroups.

In this paper, we first lay groundwork by establishing a novel bijection between
totally symmetric quasigroups and directed graphs meeting certain specifications.
There have been several graph theoretic approaches applied to the study of quasi-
groups in the past [3], [9]; the main advantages of the schema implemented here are
that the diagrams remain relatively simple, yet we are still able to fully recover the
structure of any given (totally symmetric) quasigroup from its associated directed
graph, even such that new quasigroups can be constructed starting only with a
set of rules for constructing digraphs. Then, we expand this result to demonstrate
a link between semisymmetric quasigroups and abstract polytopes, which are a
combinatorial generalization of more traditional, geometric polytopes [5], [13].

2010 Mathematics Subject Classification: 05B07, 05C25, 20N05
Keywords: quasigroup, semisymmetric quasigroup, totally symmetric quasigroup, abstract
polytope
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Specifically, we demonstrate a bijection between semisymmetric quasigroups and
objects we will refer to as alignments, which represent mappings between abstract
polyhedra and directed graphs. Likewise, up to isomorphism the full structure of
a semisymmetric quasigroup will be shown to be recoverable from its associated
alignment and vice versa.

2. Preliminaries

A partial quasigroup (Q,-) is a set Q@ with a binary operation (-) such that for some
a,b € @ there exist (at most) unique elements x,y € @ such that a-z =b,y-a = b;
if this relation is satisfied for all a, b € @, then it is complete or simply a quasigroup
[2]. For brevity, we will denote x -y by juxtaposition xy. An isomorphism between
partial quasigroups is a bijection f : @ — @’ such that f(z)- f(y) = f(zy) for all
z,y € @, in which case Q and Q' are said to be isomorphic.

Given a quasigroup (Q,-), it is possible to define 5 conjugate or parastrophic
operations [6], [15] such that:

ry=z&zly==x

DO

ry=z&a\z=y

Ty=z&Syoxr =2

>

ry=z&oyllz=x

~ Y~ o~~~
(@) w
o — O T —

ry=z&2\\z=y

If ) satisfies any of the equivalent [16] identities:

y-vy ==z (6)
yr-y==x (7)
z/y =yz (8)
z\y = yx (9)

then it is said to be semisymmetric. If Q is both semisymmetric and commutative,
then it is totally symmetric, abbreviated as a TS-quasigroup. Equivalently, @ is
totally symmetric iff all of its parastrophic operations coincide with one another.

A partial Steiner triple system of order m is a pair (V, B) where V is an n-
element set and B is a set of 3-element subsets of V', referred to as Steiner triples,
where any 2-element subset of V' is contained in at most 1 triple. A partial Steiner
triple system is complete if every 2-element subset of N is contained in exactly 1
triple in B, in which case it is referred to as simply a Steiner triple system [2].

A cyclic order on 3 elements is a ternary relation 6 such that for distinct
elements x,y,z then 0(z,y,2) < 0(z,z,y) & —0(z,y,z) [7]. We call a pair of
cyclic orders of the form 6;(z,y,a),02(y,z,b) partial opposites; that is, to say,
they share > 2 common elements which are in reversed order in regards to each
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other. If partial opposites share all 3 elements, then they are simply opposites.
The scope of this paper is limited to cyclic orders on 3 elements, and so we need
not consider cyclic orders on larger sets.

A partial Mendelsohn triple system (W, C) is a generalization of a Steiner triple
system where W is a set and C' is set of 3-element subsets of W with some cyclic
order, referred to as Mendelsohn triples, such that ({x,y, z},0) = (x,y, ) contains
the ordered pairs (x,y),(y, 2),(z,x), and no others. Likewise, any ordered pair of
distinct elements (z,y) : x,y € W can be contained in at most 1 triple in C; if
every possible ordered pair of distinct elements in W is contained in exactly 1
triple in C, then the system is complete and simply a Mendelsohn triple system
[3].

A multiset is a generalization of a set allowing for multiple instances of each
element. Similarly, an extended Steiner system of order n is a pair (V, B) where V
is an n-element set and B is a set of 3-element submultisets of V', called extended
Steiner triples wherein each 2-element multisubset of V' is contained in exactly 1
extended Steiner triple. An extended Mendelsohn system is a pair (W, C) where
W is a set and C is a set of extended Mendelsohn triples such that any ordered pair
of not necessarily distinct elements (a,b) : a,b € M is contained within exactly 1
triple in C. That is to say, extended Steiner and Mendelsohn triple systems are
simply triple systems that allow for the repetition of elements [3]. From hereon,
we will assume all Steiner and Mendelsohn systems are extended, and as such we
can safely use just triples and triple systems when there is no chance of confusion.
Cyclic orders also extend to multisets — note that any cyclic order of the form
O(z,z,y) or O(z,xz,x) is opposite to itself.

Suppose some graded partially ordered set (P, <) with strictly monotone rank
function p : P — {—1,0,1,2,...,n} sending elements f; € P, called faces, to integer
values such that there is some unique least face f_; and some unique greatest face
fn such that p(f-1) = —1 and p(f,) = n. Faces of rank n are n-faces — we
call O-faces vertices and 1-faces edges. Faces fi, fo are incident if f1 < fy or
f2 < fi. Any maximal totally ordered subset F; C P is a flag; each flag contains
exactly n + 2 faces. 2 flags are adjacent if they differ by exactly 1 face. P is
strongly flag-connected if for any 2 flags F,, F,, in P, there is some sequence of
flags (Fy, F1, ..., F};,) such that any 2 successive F;, ;1 are adjacent to each other,
where F,, = Fy, Fyy = F,, and F, N F, C F; for all 4. If for any pair of faces f, < f.
in P where p(fz) =i—1,p(f.) = i+ 1, there are exactly 2 faces fy1, fy2 such that
fo < fy1,2 < f. and p(fy1,2) =4, then P is said to satisfy the diamond condition;
that is to say, any pair of incident faces that differ in rank by 2 have exactly 2
incident faces strictly between them.

A graded poset (P, <) is an abstract n-polytope [5], [13], [14] if it has a unique
least face of rank -1 and a unique greatest face of rank n, is strongly flag-connected,
all flags contain exactly n + 2 faces, and it satisfies the diamond condition. An
abstract 3-polytope is an abstract polyhedron. We will call a polyhedron cubic if
its graph is 3-regular — that is to say, each vertex is incident to exactly 3 edges.

An automorphism on an abstract polytope P is an order-preserving bijection
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¢ : P — P. From hereon, all polytopes will be assumed to be abstract and all
quasigroups will be assumed to be finite.

3. Totally symmetric quasigroups and digraphs

3.1 Constructing didgraphs from quasigroups

There is a natural bijection between Steiner triple systems and totally symmetric
quasigroups given by S : Q — S(Q) where @ is some partial TS-quasigroup and
S(Q) = (V, B) is the partial Steiner system over the same underlying set such that
for x,y,z € Q then {z,y,z} € B if and only if 2y = z,yz = 2,2z = y. We will
refer to partial Steiner systems as isomorphic to each other iff their corresponding
partial quasigroups are isomorphic to each other, and likewise for individual Steiner
triples.

Lemma 3.1. There are exactly 3 isomorphism classes of Steiner triples: triples of
the form {xz,z,z} (type 1), of the form {x,x,y} (type 2), and of the form {x,y, z}
(type 3), where x # y # z.

Proof. Any 2 triples {z,x, 2}, {a, a,a} are isomorphic by ¢(z) = a,¢(a) = . Any
2 triples {x,x,y}, {a,a,b} are isomorphic by ¢(z) = a,p(a) = z,¢(y) = b, p(b) =
y. Any 2 triples {z,v, z}, {a, b, ¢} are isomorphic by ¢(z) = a,¢(a) = z,¢(y) =
b, o(b) = y,(z) = ¢, p(c) = z. No isomorphism between triples of different types
is possible because any mapping would necessarily either map unique values x,y
to the same value a or map the a single value x to different values a, b. O

A partial triple system can be constructed through the union of any 2 triples
with less than 2 elements in common. Necessarily then, said triples must either
have exactly 1 element in common, in which case we will refer to them as inter-
secting, or they have no elements in common, making them disjoint. If 2 triples
t1,to are intersecting such that ¢; has more instances of the intersecting element
than to, we will say that to binds to t1 e.g. {1,2,3} binds to {1,1,4}.

Proposition 3.2. A partial Steiner triple system is uniquely determined up to
isomorphism by the types of its constituent triples and the intersection between
them.

Proof. Given partial triple systems (V1, By) where By = {{x1,y1, 21}, {a1,b1,c1}}
and (Va, B2) where By = {{z2,y2, 22}, {ag,b2,c2}} there exists an isomorphism
p(r1) = 22, p(x2) = x1,0(a1) = aa, p(az) = a; et cetera iff Vdy,e; € UB13da, e €
UB5((d1 = e1) = (d2 = e2)). This process can be continued inductively for the
union of triple systems of arbitrarily greater (finite) order. O

Corollary 3.3. Any given totally symmetric quasigroup is uniquely determined
up to isomorphism by the types of its corresponding triples and the intersection
between them.
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In light of this, we can devise a schema to represent totally symmetric quasi-
groups as directed graphs: for given partial totally symmetric quasigroup @, let
D : Q — D(Q) take it to the directed graph D(Q) such that for every Steiner triple
t; € S(Q) there is exactly 1 vertex v; € D(Q) and where for any t1,t2 — v1,v2
then vy directly succeeds vy if and only if ¢5 binds to ¢;. For example, given an
example quasigroup @4 of order 4 with the Cayley table:

12|34
1(1(2]4]3
212(1(3]4
31413 2|1
4 3|4 |1]2

we can derive the corresponding triples: {1,1,1},{2,2,1},{3,3,2},{4,4,2},{1, 3,4},
producing the directed graph:

Figure 1: Labeled digraph of Q4

The labels in figure 1 are purely for illustrative purposes; the final, unlabeled
digraph is:

Figure 2: Unlabeled digraph D(Q4)

We will refer to vertices in D(Q) as being of the same type as the triples in S(Q)
they correspond to e.g. a type 1 vertex represents some triple of the form {x,z, x}.
In general, if there is little chance for confusion we will use the same terminology
between vertices in D(Q) and the triples in S(Q) which they represent.

Proposition 3.4. Up to isomorphism, the full structure of any TS-quasigroup Q
can be recovered from its directed graph D(Q).

Proof. 1t is clear from the definition of an extended Steiner triple system that in
any complete system (V| B) each element of its underlying set x € V' must occur
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in exactly 1 triple either of the form {z,z,z} or of the form {z,z,y}. It follows
then that for given triples t1, to the only possible case in which t5 can contain less
instances of some shared element = € t1,ts is if t5 contains exactly 1 instance of
x and t; contains either 2 or 3 instances of . That is to say, a given triple binds
exactly once for each element it contains exactly 1 instance of. Therefore, the type
of triple each vertex represents can be inferred from its outdegree: vertices with
outdegree 0 map to type 1 triples, outdegree 1 to type 2 triples, and outdegree 3
to type 3 triples.

Given the digraph D(Q), once the type of each vertex is identified, we may
arbitrarily assign some bijective mapping between the type 1 and 2 vertices of the
digraph and the elements of @; that is to say, we label each type 1 and 2 vertex
with a unique element of ). Now, each vertex can be mapped to some triple as
follows: type 1 vertices with label = are sent to {z, x,x}, type 2 vertices with label
x binding to some vertex with label y are sent to {x, z,y}, type 3 vertices binding
to some vertices with labels z,y, z (respectively) are sent to {z,y, z}. The union
of these triples forms a triple system and thus a totally symmetric quasigroup. For
example:

2 2

Figure 3: The type of each vertex in example diagram D(Qs)

i

3 4

Figure 4: Arbitrary labeling of type 1 and type 2 vertices of D(Qs)

{111}

{2,2,3} {5,5,2}

{334} {445}

Figure 5: Deriving the corresponding triples for each vertex of D(Qs)

Our choice in assigning type 1 and 2 vertices to elements of () does not matter,
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because the type of each triple and the intersection between them are preserved
and so by Corollary 3.3 any quasigroup produced by this method will be isomorphic
to Q. In fact, every quasigroup isomorphic to @ on the same underlying set can be
produced via permutations on the labels of the type 1 and 2 vertices of its digraph

D(Q). O

Corollary 3.5. Fvery automorphism of a given TS-quasigroup @ corresponds to
some graph isomorphism between permutations of labelings on the type 1 and 2
vertices of its directed graph D(Q).

3.2 Constructing quasigroups from digraphs

A complete extended Steiner triple system of order n contains:

(” +§ N 1) - %n(n +1) (10)

(unordered) pairs of elements. As shown by Johnson and Mendelsohn in Section 3
of [8], given a triple system of order n, fixing the number of triples of any type also
fixes the number of triples of each of the other 2 types. More specifically, where 4
is the number of type 1 triples, the number of type 3 triples must be equal to:

in(n+1) = (i+2(n—1)
3

and therefore the number of type 1 triples 7 in a given triple system of order n
must be such that:

=n?/6—n/2+i/3 (11)

1, 3 )
3 5 —gnti (12)
A given element of a quasigroup = € @) such that xx = x is called an idempotent
element or simply an idempotent [3]; a quasigroup wherein all elements are idem-
potent is an idempotent quasigroup. It is readily apparent that each type 1 triple
in a Steiner system specifies an element of its corresponding T'S-quasigroup to be
idempotent, and that each type 2 triple specifies an element not to be idempotent.
By definition:
IT=YSTY=rSYr=2= (13)

and so these triples define not only the squares for each element 22 = y but also
the local identities for each element xzy = x. Let us define the subset: U = {y €
Q| 22 = y,x € Q} as the unique squares of Q. On D(Q), the unique squares
correspond to the type 1 vertices together with the type 2 vertices which have at
least 1 other type 2 vertex bound to them — this is equivalent to saying the unique
squares are the elements that are either their own squares or the square of some
other element.

Lemma 3.6. For a TS-quasigroup of odd order n, |U| = n; all elements are unique
squares.
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Proof. For elements of a T'S-quasigroup z,y, z € @, by definition zy = z & zz = y.
Then for any fixed z, we can define an involution ¢ : Q — @ sending y — xy. If
n is odd, because ¢ is an involution there then must be some element z for which
p(z) = z i.e. zz = z. Because @ is a quasigroup, there can be no y such that
Tz = z,Yyz = z,x # y; that is to say, if x acts as a local identity element for z, then
it must be the only identity element for z. There being exactly n elements in @,
if some x were to act as an identity for more than 1 element, then there must be
some y that cannot be an identity for any element — but as we established, every
element of (Q must be an identity for some other element. Therefore, each z maps
uniquely to some local identity x, or alternatively, every element z is the unique
square of some z. O

In informal terms, every row and column of the Cayley table for @ is some
involution on the underlying set of ), which means each row can be represented
as the product of disjoint transpositions, but because n is odd for any row x there
always must be some cell left over that cannot be swapped with any other cell.
This defines the local identity for o and thus it also defines x?; this must be unique
because if another row had the same local identity for = there would be multiple
instances of the same element in a single column.

Corollary 3.7. For any TS-quasigroup Q of odd order, all type 2 vertices in D(Q)
are partitioned into cycles of length > 3.

Proof. If all elements are unique squares, then each type 2 vertex must have at
least 1 other type 2 vertex bound to it. Given that type 2 vertices have outdegree
1, they all must bind to other type 2 vertices, else there necessarily would be some
type 2 vertex left over with no type 2 vertex bound to it. Assuming the number
of vertices is finite, they will therefore be partitioned into cycles. There can be no
2-cycles as that would imply {{x, z,y}, {v,y,z}}, thus the pair {z, y} would occur
in more than 1 triple. O

Lemma 3.8. For a TS-quasigroup of even order n, 1 < |U| < n/2.

Proof. As above, on TS-quasigroup @) we define an involution ¢ : y — zy for some
fixed x where x,y € Q. If n is even, because ¢ is an involution for every y such
that ¢(y) = y there must also be another distinct element z € @ where ¢(z) = z;
that is, any x must act as a local identity for an even number of elements in @)
(0 being even). Conversely, every x must be the square of an even number of
elements. It follows then that the maximum possible number of unique squares is
n/2; trivially, there must be at least 1 unique square. O

Informally, because n is even there cannot be an odd number of unswapped
cells in a given row of the Cayley table for Q.

Corollary 3.9. In the digraph D(Q) for a TS-quasigroup Q) of even order, every
type 1 vertex must have an odd number of type 2 vertices bound to it and every
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type 2 vertex must have an even number of type 2 wvertices bound to it (0 being
even).

To summarize, for a T'S-quasigroup @ of order n: the number of type 1 vertices
i must be such that 3 | %nQ - %n + 1. The number of type 2 vertices must be n —i.
If n is odd, the type 2 vertices are partitioned into cycles of length > 3. If n is
even, every type 1 vertex must have an odd number of type 2 vertices bound to
it and every type 2 vertex must have an even number of type 2 vertices bound
to it. We will refer to a given configuration of type 1 and 2 vertices meeting the
aforementioned specifications as a diagonal subgraph.

Proposition 3.10. For any TS-quasigroup Q, D(Q) contains a diagonal subgraph
as an induced subgraph. Further, up to isomorphism every diagonal subgraph can
be mapped to some unique partial TS-quasigroup.

Proof. By Corollaries 3.7 and 3.9, the induced subgraph containing only the type
1 and type 2 vertices of the digraph of a T'S-quasigroup will always be a diagonal
subgraph. Using the method specified in Proposition 3.4, we can always produce
a partial Steiner system and therefore a partial TS-quasigroup with any arbitrary
labeling of the vertices bijective with some set. Because this method preserves the
types of triples and the intersections between them, by Corollary 3.3 this partial
quasigroup is unique up to isomorphism for each unique diagonal subgraph. Triples
in a diagonal subraph are all either of the form {z,z,x} or {z,z,y}, and thus the
only way for a given pair to show up more than once would be to label more than
1 vertex with the same element, which goes against the definition. O

However, not every diagonal subgraph can be made into a complete TS-quasi-
group. There must be n?/6 —n/2+i/3 type 3 triples in a complete Steiner system,
and each corresponding type 3 vertex must bind to exactly 3 type 1 or type 2
vertices. Further, no 2 type 3 vertices may bind to more than 1 shared vertex, as
this would imply 2 triples that shared more than 1 common element. Finally, no
type 3 vertex may bind to 2 vertices a,b where a is bound to b; this would imply
some {{z,y, 2}, {z,z,y},{y,y, w}} and thus the pair {z,y} is contained in more
than 1 triple. A directed graph composed (solely) of a diagonal subgraph and a
set of type 3 vertices meeting the aforementioned specifications is complete.

Theorem 3.11. Up to isomorphism, there exists a bijection between complete
digraphs and totally symmetric quasigroups such that the full structure of a unique
totally symmetric quasigroup can be recovered from any complete digraph and vice
Versa.

Proof. Given any diagonal subgraph and some bijective labeling from some set to
the vertices, it is readily apparent that any completion via the addition of bound
type 3 vertices is equivalent to the specification of a set of triples, each containing
exactly 3 distinct elements of the set. If any 2 of these type 3 triples shared more
than 1 common element between them, they would necessarily bind to more than



232 K. M. Lewis

1 shared vertex and thus violate the definition of a complete digraph. If any of
these type 3 triples shared more than 1 common element with some type 2 triple,
it would also necessarily bind to the triple said type 2 binds to and thus violate the
definition of a complete digraph. Clearly, a type 3 triple cannot share more than 1
common element with a type 1 triple. There being n?/6 —n/2+i/3 type 3 triples
ensures by the pigeonhole principle that every possible pair of elements of the set
is accounted for in some triple. By Corollary 3.3, any 2 digraphs corresponding to
isomorphic quasigroups are necessarily isomorphic to each other. By Proposition
3.4, every totally symmetric quasigroup corresponds to a directed graph, and thus
the bijection is complete. O

Corollary 3.12. FEvery subquasigroup of any TS-quasigroup Q) appears as an in-
duced subgraph of D(Q).

The methodology described here for constructing digraphs from T'S-quasigroups
is compatible with that of Khatirinejad et al. in [10] for constructing digraphs
from Mendelsohn triple systems, which are equivalent to idempotent, semisym-
metric quasigroups [17]. Specifically, given any idempotent TS-quasigroup @, we
can construct a Khatirinejad et al. digraph from D(Q) by replacing each type 3
vertex with a set of 6 vertices arranged into 2 cyclically ordered triangles (as each
Steiner triple is equivalent to 2 Mendelsohn triples).

Remark 3.13. There is known to exist a bijection between idempotent T'S-quasi-
groups of order n and TS-quasigroups of order n + 1 with a (global) identity
element [4]. This can be represented graphically as follows: given the digraph of
some idempotent, TS-quasigroup, add 1 additional type 1 vertex, then bind every
other type 1 vertex to the added vertex, converting them to type 2 vertices.

N

Figure 6: Example idempotent quasigroup Qs

Figure 7: Derived quasigroup with identity Vi (the Klein 4-group)

Note that 1 of the arrows in Figure 2 is in the opposite orientation to that of its
counterpart in Figure 7, distinguishing ()4 and V}, as nonisomorphic quasigroups.
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4. Quasigroups and abstract polyhedra

4.1 Constructing polyhedra from quasigroups

Similarly to Steiner systems and totally symmetric quasigroups, there exists a
natural bijection between Mendelsohn triple systems and semisymmetric quasi-
groups given by M : Q — M(Q) where @ is a given partial semisymmetric
quasigroup and M(Q) = (W, C) is the partial Mendelsohn system over the same
underlying set such that for elements z,y,z € @Q then (z,y,z) € C if and only
if zy = z,yz = x, zx = y; note that because semisymmetric quasigroups are not
necessarily commutative, this does not necessarily imply yx = 2,2y = x,x2z = y.

Lemma 4.1. There exist exactly 3 isomorphism classes of extended Mendelsohn
triples.

Proof. The same reasoning applied to Steiner systems in Lemma 3.1 equally applies
to Mendelsohn systems. O

Indeed, type 1 and type 2 Mendelsohn triples behave similarly to their Steiner
counterparts in that they specify squares and local identities and are also com-
mutative: type 1 triples (x,z,z) trivially imply zx = x, type 2 triples (x,x,y)
imply zx = y,yr = x,zy = ©. Type 3 Mendolsohn triples, however, have a more
complex structure in that (z,y,2) # (2,y,x). As such, we will need to devise a
new schema to represent type 3 Mendelsohn triples.

For given partial semisymmetric quasigroup @, let G : Q@ — G(Q) take it to
the (undirected) multigraph G(Q) such that for every type 3 Mendelsohn triple
t; € M(Q) there is exactly 1 vertex v; € G(Q) and where for any t1,ts — vy, vy
then there is exactly 1 edge linking v; to vy for every pair of elements t; and
to have in common. Thus, 2 vertices are adjacent if and only if the triples they
represent share at least 2 elements in common e.g. (1,2,3) is adjacent to (2,1,4)
but not to (1,5,6). As above, we will use the same terminology between vertices
in G(Q) and the triples they represent in M (Q) when expedient.

To illustrate, from an example semisymmetric quasigroup (45 with Cayley
table:

BN =

o M| | = =
RN W N
NO| ol | |
= o o] s

we can derive 4 type 1 triples {(1,1,1),(2,2,2),(3,3,3),(4,4,4)} and 4 type 3
triples {(1,2,3),(1,3,4),(1,4,2),(2,4,3)}. This would produce the graph:
or unlabeled:

For given semisymmetric quasigroup @), let us define a relation = on the type 3
triples of M(Q) such that a = b for a,b € M(Q) if and only if their corresponding
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(123)
SN

Figure 8: Labelled graph of Qs

Figure 9: Unlabeled graph G(Qus)

vertices in G(Q) are connected. Because connectivity is reflexive, symmetric, and
transitive, = is then an equivalence relation; we will refer to the partial quasigroups
corresponding to the equivalence classes of type 3 triples in M (Q) under = as the
components of Q). A partial quasigroup ¢ such that any t1,t5 € M(q) are type 3
triples corresponding to vertices of degree 3 in G(q) and t; = to we will call a free
component. That is to say, a free component ¢ is a partial quasigroup composed of
type 3 triples where G(q) is connected and where adding any further type 3 triple
to M(q) would make G(q) disconnected.

Lemma 4.2. Given a complete semisymmetric quasigroup Q, G(Q) will be 3-
reqular; further, G(q) will be 3-reqular for every component q of Q.

Proof. Each type 3 Mendelsohn triple contains exactly 3 ordered pairs of elements,
and because @ is complete then for each ordered pair (z,y) in a type 3 triple
there also must be some triple containing (y,x). If there were some type 2 triple
containing (y,x), then necessarily (y,z,z) or (y,y,z), which would make (x,y)
appear in more than 1 triple, and trivially no type 1 triple can contain (y,z), so
(y, ) must be contained in some other type 3 triple, which will be adjacent by
definition. Therefore, every vertex must be incident to exactly 3 edges, each edge
corresponding to an unordered pair {z,y}. By definition any vertices in G(Q)
connected to any vertex in G(gq) of any component ¢ are also within G(q), thus
G(q) for every component of () must also be 3-regular. O

Corollary 4.3. Every component of a complete semisymmetric quasigroup is iso-
morphic to some free component.

In some cases, M (Q) may contain triples of the form {(z, v, 2), (z,y, )}, that is
to say, pairs of triples containing the same elements but in opposite order; we will
call these commutative pairs. In G(Q), these pairs correspond to the multigraph:
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—>

Figure 10: Multigraph of a commutative pair

Remark 4.4. A semisymmetric quasigroup is totally symmetric if and only if all
of its components are commutative pairs.

Lemma 4.5. For any free component q, if q is not a commutative pair, then G(q)
is a simple graph.

Proof. By definition, any vertex v € G(q) must have 3 incident edges. If all edges
connect to 1 other vertex, then their corresponding triples in M (q) have all 3 pairs
of elements in common and thus ¢ is a commutative pair. If v were linked to some
other vertex by exactly 2 edges, this would imply there are 2 triples that have
2 pairs of elements in common, but not the 3rd, which is clearly combinatorially
impossible. Then if ¢ is not a commutative pair, any v € G(q) will have 3 edges
linking to 3 separate vertices, thus G(q) is a simple graph. O

For a given free component ¢, let a cycle ¢, € G(gq) be an element-cycle for
x iff for every vertex in ¢, its corresponding triple in M (q) contains x. Define a
cycle structure on g to be a surjection C' : G(q) — ¢ sending each element-cycle in
G(q) to an element of ¢ such that if ¢, — x then ¢, is an element-cycle for .

Lemma 4.6. For any commutative pair q, up to isomorphism there exists exactly
1 cycle structure on q.

Proof. All vertices in G(q) represent triples in M (q) containing all elements of ¢,
so all cycles qualify as element-cycles. There are 3 elements of ¢ and there are 3
cycles in G(q), so any surjection must assign 1 cycle to each element. G(q) is vertex
transitive and edge transitive, therefore any such assignment will be equivalent up
to isomorphism. O

Proposition 4.7. For any free component q, if q is not a commutative pair, then
there exists exactly 1 cycle structure on q.

Proof. For a given triple t; = (z,y,2) € M(q), consider an element z; by definition,
G(q) is 3-regular, therefore there exist edges linking ¢; to vertices containing (y, x)
and (x,z). G(q) is simple, therefore these edges link to distinct vertices to =
(y,x,a) and t3 = (x,z,b) where a # b. The 3rd edge must link to some vertex
containing (z,y), and this vertex cannot contain z, else the pairs (y,x) or (x, z)
would appear in more than 1 triple. Now, ¢ must be adjacent to ¢1, some vertex
ty = (x,d,a), and some 3rd vertex which also cannot contain z else (x, a) or (a,x)
would appear in more than 1 triple. Likewise, t3 is adjacent to t;, some vertex
ts = (z,b,e), and a 3rd vertex not containing z. So then ¢4 must be adjacent
to some vertex containing (d,x), and t; must be adjacent to a vertex containing
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(z,¢e), and so on. Assuming the number of triples and therefore vertices is finite,
there must eventually be some vertex (z,e,d) linking these 2 trails into a closed
cycle c;.

All vertices in ¢, contain x, so then ¢, is an element-cycle for x; thus for any
triple in M (q) and any element contained in that triple, there exists an element-
cycle in G(q) for that element. Further, as demonstrated, any vertex adjacent to a
vertex in ¢, which is not contained in ¢, cannot contain x, so ¢, is the only possible
element cycle for  for any vertex in ¢,. If there were some element f € ¢ such that
¢, was also an element cycle for f, then there would be multiple triples containing
(z, f) or (f,z). Therefore, any cycle structure C has only 1 possible mapping from
cycles to elements. By definition, any element in ¢ must be represented in some
vertex of G(gq), so then C is a surjection. O

Given that for any free component ¢ there always exists a cycle structure on
G(q) unique up to isomorphism for commutative pairs and fully unique for simple
G(q), from hereon we can safely assume the cycle structure on any free component.
It is therefore meaningful to speak of the element-cycles of a given gq.

Corollary 4.8. FEach vertex of G(q) is contained within exactly 3 element-cycles.

Lemma 4.9. For some free component q, any 2 element-cycles in G(q) either
share exactly 2 common vertices that are adjacent to each other, or they share no
common vertices.

Proof. Given graph G(g) containing element-cycles ¢, ¢, for elements x,y € ¢, if
they share a common vertex it must be representative of some triple containing the
pair (z,y) or the pair (y, ). The existence of a triple containing (z,y) necessarily
implies the existence of some triple containing (y,x) and vice versa, and because
they share 2 common elements by definition they are adjacent. There cannot be
any more triples containing (xz,y) or (y,z) and thus there are no more common
vertices shared by c, and c,. O

Lemma 4.10. For some free component q, each edge in G(q) is contained within
exactly 2 element-cycles.

Proof. By definition, every edge in G(q) links 2 vertices representing triples con-
taining 2 shared elements, and by Proposition 4.7 there can be no adjacent vertices
sharing a common element not contained within a shared element-cycle. An edge
cannot be in more than 2 element-cycles for any graph with > 2 vertices because
that would imply 2 triples sharing more than 2 common elements, and it cannot
be in more than 2 element cycles for any graph with 2 vertices because that would
necessitate a cycle with length > 2. O

Proposition 4.11. The graph of any free component is isomorphic to the graph
of some cubic abstract polyhedron.
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Proof. We use the work of Murty in [13]: Lemmas 4.9 and 4.10 satisfy Murty’s
Lemmas 2.2 (i) and (ii), therefore by Murty’s Theorem 2.11, the graph of any
free component satisfies the necessary and sufficient conditions to be that of a
cubic abstract 3-polytope i.e. an abstract polyhedron, where each element-cycle
is equivalent to some 2-face. O

Further, by Murty’s Theorem 2.8, any 2 abstract polytopes with the same 2
dimensional skeleton are isomorphic, thus we can specify the polyhedron associated
with any given free component via its element-cycles. Define P : ¢ — P(q) taking
some free component ¢ to the cubic polyhedron P(q) such that each element-cycle
¢; € G(q) is sent to its equivalent 2-face in P(q). For any cubic polyhedron p, we
define a labeling on p to be a function L : p — X sending each 2-face of p to an
element of some set X such that for every edge in p incident to 2-faces fi, fa, the
(unordered) pair {L(f1), L(f2)} is unique.

4.2 Constructing quasigroups from polyhedra

For quasigroup (@, -) we will refer to the parastrophic quasigroup (Q, o) such that
T-y =z & yox = z as the transpose of (Q, -); or alternatively, Q7 is the transpose
of Q. A totally symmetric quasigroup and its transpose are exactly identical
(indeed, this is true for any commutative quasigroup). By definition, a strictly
semisymmetric quasigroup and its transpose are not identical, but sometimes they
are isomorphic. This is somewhat problematic, as heretofore our procedure cannot
distinguish between a semisymmetric quasigroup and its transpose — both will
produce the same graph, even if they are not isomorphic to each other. We must
devise a way to differentiate between parastrophes, but also a way to identify when
they are essentially the same.

Conveniently, because we can now map components of semisymmetric quasi-
groups to polyhedra, we can also assign them an orientation. Define an oriented
vertex to be the pair & = (v,0), where v is a vertex of some polyhedron p and 6 is
some cyclic order on the 2-faces incident to v, called an orientation on v. Let an
oriented polyhedron be the pair p = (p, ©) where p is some cubic polyhedron and
©:V — O(V) is a function on the vertices V' C P sending each vertex v; — ¥; to
an oriented vertex such that the orientation for any v is a partial opposite that
of any adjacent vertex vo. We will refer to © as an orientation on p.

Lemma 4.12. There are at most 2 possible orientations on any given polyhedron
p.

Proof. Suppose we fix the orientation for some vertex v such that 61(f1, f2, f3)-
Then any adjacent vertex v, sharing incident 2-faces f, fo must be partial opposite
such that 05(fs, f1,—), and likewise for all other adjacent vertices. So fixing a
single vertex therefore fixes all connected vertices, and since all vertices in p are
connected and there are only 2 possible cyclic orders on a set of 3 elements, there
are at most 2 possible orientations on p. O
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Proposition 4.13. Given some oriented polyhedron p, any labeling on p specifies
a unique free component qp.

Proof. A labeling on p identifies each 2-face with some set element such that every
edge is incident to a unique pair of elements, and each oriented vertex v; € p
specifies a cyclic order on its incident 2-faces, thus each v; specifies a cyclic order
on 3 distinct set elements and is therefore equivalent to a type 3 Mendelsohn triple.
By the definition of a cubic polyhedron, there are exactly 2 vertices vy, v incident
to any pair of 2-faces {f1, f2}, and by the definition of an orientation on p then v;
and U, must have opposite orientations relative to f; and fo; therefore no ordered
pair (f1, f2) occurs in p more than once. The graph of $ is connected and 3-regular
so necessarily the partial quasigroup g, it defines is a free component. Any other
polyhedron that defines the same ¢, would necessarily have the same faces, labels,
and orientation as p and thus be identical to p; therefore ¢, is unique. O

For given free component ¢, define P : ¢ — P(q) as the function taking ¢
to the oriented polyhedron P(q) such that for each triple t; € M(q) is sent to a
corresponding oriented vertex t; — ;.

For given cubic polyhedron p, consider the action of its automorphism group
Aut (p) on its 2-faces; let us denote the orbit of a 2-face f; under this action as
Aut (p) - f;. Given any 2 vertices v1,ve € p with incident 2-faces {f1, f2, f3} and
{f4, f5, fo}, respectively, then by definition if there is some ¢ € Aut (p) sending
v1 — v then necessarily

{Aut (p)- fi, Aut (p)- f2, Aut (p)- fs} = {Aut (p)- fs, Aut (p) - f5, Aut (p) - f6} (14)

that is to say, for any vertices in the same orbit, the set of orbits of their incident
2-faces must also be the same. However, given some orientation on p, the order of
incident 2-faces relative to ¥; and v may be different. If some ¢ € Aut (p) : v1 —
vo and the orbits of the faces incident to corresponding oriented vertices v; and
Uy are in opposite order, we will call them opposite vertices. Any vertex which is
opposite to itself is a self-opposite vertex.

Proposition 4.14. A free component q is isomorphic to its transpose q* if and
only if there exists some automorphism ¢ : P(q) — P(q) taking every vertex in
P(Q) to some opposite vertez.

Proof. By definition, ¢ and ¢7 are identical in all respects except for the order
of the elements in their constituent triples in M(q), M (¢7), so as the (unordered)
sets of elements and their intersections are preserved, P(q) = P(g") without some
orientation to distinguish between them. Therefore P(q7) is simply P(q) with its
orientation reversed. If there exists some ¢ € Aut (P(q)) taking every vertex to
some opposite, it follows that P(q) is isomorphic to itself with reversed orientation
i.e. P(¢7); then by Proposition 4.13 ¢ is isomorphic to ¢7. O
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Let D : @ — D(Q) take semisymmetric quasigroup @ to directed graph D(Q)
such that for every type 1 or 2 triple in ¢; € M(Q) there is exactly 1 vertex v; €
D(Q) and where for any t1, ta — v1, v2 then vy directly succeeds vy if and only if 5
binds to ¢;. That is to say, D applies to the type 1 and 2 triples of semisymmetric
quasigroups in the same way it does for totally symmetric quasigroups; as above,
the number of type 1 and 2 vertices is equal to |@Q|. Let any digraph such that
each vertex has outdegree < 1 be a semisymmetric diagonal subgraph.

For a given oriented polyhedron p and a given semisymmetric diagonal sub-
graph d, let v : p — d be any function taking each 2-face of p to some vertex
of d such that for every edge in p incident to 2-faces fi, f2, the (unordered) pair
{¥(f1),¥(f2)} is unique and v (f1) does not bind to ¥ (f2) or vice versa.

Lemma 4.15. Given some oriented polyhedron p and some semisymmetric di-
agonal subgraph d, any ; from p to d specifies a unique partial semisymmetric
quasigroup q up to isomorphism.

Proof. Suppose some bijective mapping between the vertices of d and the elements
of some set X — it is clear that this is equivalent to a labeling on p given by
L : p — X maps each face of p to an element of X iff ¢; sends that face to the
vertex in d mapped to X. Therefore by Proposition 4.13 we now have a unique free
component, and we derive all type 1 and 2 triples from d in the same way as we did
for T'S-quasigroups to produce a unique partial semisymmetric quasigroup g. The
derived type 3 triples in M(q) are self-consistent by Proposition 4.13 and the type
1 and 2 triples are self-consistent by Proposition 3.10. Supposing, then, there were
some pair (x,y) contained in a type 3 triple (z,y,a) and a type 2 triple (z,z,y) —
necessarily there would then be some other type 3 triple (y, z, b) forming an edge in
p incident to faces f;, fy such that ¢;(fz) = (z,z,v),¥i(fy) = (y,y, —), meaning
¥;(fz) binds to v¥;(fy,), which would violate the definition of the ¢ function. It
follows then that for any 1; that specifies a quasigroup isomorphic to ¢ then the
image of p under v; must be isomorphic to the image of p under 1);; therefore, the
mapping ; is unique up to isomorphism. O

Suppose some diagonal subgraph d; each vertex of d represents an element of
some semisymmetric quasigroup @, and for every element z € () there must be
|Q| unordered pairs {x,y} represented within M(Q). Each type 1 triple contains
1 pair and each type 2 triple contains 2 pairs, so we shall say that a type 1 vertex
starts with a bound weight of 1 and a type 2 vertex starts with a bound weight
of 2. Every type 2 triple bound to a given vertex corresponds to another pair of
elements, so we add +1 bound weight to a vertex for every other type 2 vertex
bound to it. Finally, for each face of a polyhedron 1 pair is represented for every
edge, so we add the number of edges mapped to a vertex in d to its bound weight.

Define an alignment to be the ordered triple (d, O, ¥) where d is some semisym-
metric diagonal subgraph, O = {p1, pa, ..., P } some set of oriented polyhedra, and
U = {4¢1,v9,...,1, } some set of functions v; : p; — d taking each 2-face of its
respective p; € O to some vertex in d such that for every edge in p; incident
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to 2-faces fi, f2, the unordered pair {¥ =1 (v;(f1)), ¥=1(1;(f2))} is unique, where
U (v;) = {feltbz(fz) = vi}, that is to say U1 is the preimage of v; € d across all
¥, € U. Further, there is no v; binding to ve such that some face f; € \Ilfl(vl)
shares an incident edge with some fo € ¥~!(vy), and the total bound weight for
each v; € d across all of U is equal to |d|, the number of vertices in d. We will call
2 alignments A;, Ay isomorphic iff their sets of polyhedra Oy, Oy are isomorphic
to each other and the image of ¥; in d; is isomorphic to the image of W5 in ds.

Theorem 4.16. Up to isomorphism, there exists a bijection between alignments
and semisymmetric quasigroups such that the full structure of a unique semisym-
metric quasigroup can be recovered from any alignment and vice versa.

Proof. Suppose some alignment A = (d, O, ¥): by Lemma 4.15 each v; € ¥ yields
a unique partial semisymmetric quasigroup, so then the union of these partial
quasigroups also produces a semisymmetric quasigroup (). Because the bound
weight of each v; € d is equal to |d|, every possible pair of elements in @ must
be represented and therefore @) is complete. If there were 2 type 3 triples tq,ty €
M(Q) both containing some ordered pair of elements (x,y), then this would imply
there are faces f1_4 € UO such that f1, fo share an incident edge and f3, f4 share
an incident edge and there are some ;,v; € ¥ where ¥;(f1) = ¥;(f3), ¥i(f2) =
¥ (fa), but this would violate the definition of an alignment because for any edge
in UO the image of its pair of incident faces must be unique across all ¥. If
there were a type 3 triple ¢; and a type 2 triple ¢ in M (Q) both containing some
ordered pair of elements (x,y), then this would imply some faces f1, fo € UO such
that v;(f1) binds to ;(f2), which also violates the definition of an alignment.
Any alignment that yields a quasigroup isomorphic to @ would necessarily have
a set of oriented polyhedra isomorphic to O mapping to an image isomorphic to
U(0) and therefore be equivalent to A, thus A corresponds to a unique @ up to
isomorphism.

Conversely, suppose some semisymmetric quasigroup Q’: the diagonal sub-
graph is given by D(Q’). For each component ¢} € @', we can derive an oriented
polyhedron P(g}); let the set of all such P(¢}) be P(Q’). Finally, 1; for each P(q})
is given by simply mapping each 2-face corresponding to an element z € @’ to the
vertex in D(Q’) corresponding to z; let the set of all such ; be ¥o.. Now we can
define function o : Q' — A’ = (D(Q'), P(Q'), ¥y taking any given semisymmet-
ric quasigroup @’ to a unique alignment A’ up to isomorphism, thus, the bijection
is complete. O

For example, given an alignment A5 on a triangular prism:
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q

y y

e—0o 0 o [

Figure 11: Diagram of alignment As

We can assign an arbitrary labeling to the type 1 and 2 vertices:

v @
us.,
L

Figure 12: Arbitrary labeling on As

And derive the Mendelsohn triples corresponding to each vertex:

134 243 ) N

Figure 13: As with derived triples

Yielding a semisymmetric quasigroup with the Cayley table:

112 |3|4)|5
1121453
2112|534
3|5 (4(3|1]2
4 13|52 ]|4]1
514 (3|1]2]5

Remark 4.17. Any labeling on a triangular prism produces a free component
isomorphic to its transpose, so in the previous example the orientations on the
vertices could have been omitted, but we retain them for illustrative purposes.
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On transiso-class graphs

Surendra Kumar Mishra and Ravindra Prasad Shukla

Abstract. In this paper, we have determined the number of isomorphism classes of transversals
of subgroups of order 2 and 5 of Alt(5). Further, we have introduced two new graphs I't;c(G)
and I'g 4;c(G) on a finite group G, where d is the order of a subgroup of G and studied some
properties of these graphs.

1. Introduction

Let G be a finite group and H be a subgroup of G. We say that a subset S of G is
a normalized right transversal (NRT) of H in G, if S is obtained by choosing one
and only one element from each right coset of H in G and 1 € S . For z, y € S,
define {z oy} = SN Hzy. Then with respect to this binary operation, S is a right
loop with identity 1, that is, a right-quasigroup with both-sided identity (see [12,
Proposition 4.3.3]). Conversely, every right loop can be embedded as an NRT in
a group with some universal property (see [8, Theorem 3.4]).

Let S be an NRT of H in G. Let (S) be the subgroup of G generated by S
and Hg be the subgroup (S) N H. Then Hg = ({zy(z oy)~t|z,y € S}) and
HgS = (5) (see [8, Corollary 3.7]). Identifying S with the set H \ G of all right
cosets of H in G, we get a transitive permutation representation x4 : G —Sym(.S)
defined by {x,(9)(z)} = SNHzg,g € G,x € S. The kernel kery of this action is
Coreg(H), the core of H in G. Let Gg = x,(Hg), the group torsion of the right
loop S (see [8]). The group Gg depends only on the right loop structure o on S
and not on the subgroup H. Since xg is injective on S and if we identify S with
xs(9), then xs({S)) = GsS which also depends only on the right loop S and S
is an NRT of Gg in GgS. One can also verify that ker(xs|mys : HsS — GgS) =
ker(xs|ms : Hs = Gg) = Corepgs(Hg) and xs|s = the identity map on S. Also,
Gy is trivial if and only if (S,0) is a group (see [8]).

We denote the set of all normalized right transversals (NRTs) of H in G by
T(G,H). We say that S and T € T (G, H) are isomorphic (denoted by S =T, if
their induced right loop structures are isomorphic. Let Z(G, H) denote the set of
isomorphism classes of NRTs of H in G. It has been proved in [10] as well as in [7]
that |Z(G, H)| = 1 if and only if H < G. It has been shown in [4] that there is no
pair (G, H) such that |Z(G, H)| = 2. It is easy to observe that if H is a non-normal
subgroup of G of index 3, then |Z(G, H)| = 3. The converse of this statement is

2010 Mathematics Subject Classification: 20N05, 20D06, 20D60, 97K 30
Keywords: Transversals; right loops; complete graphs.
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proved in [5]. Also, it has been proved in [6] that there is no pair (G, H) such that
|Z(G, H)| = 4. The integers 5, 6 also realized in this way (see [6]). It is easy to
observe that if H is a subgroup of order 3 of Alt(4), then |Z(G, H)| = 7. Therefore
it seems an interesting problem to know that which integer appears as |Z(G, H)|
for some pair (G, H).

In the Section 2, we have determined |Z(G, H)|, where G = Alt(5) and H be a
non-normal subgroup of G of order 2 or 5. In the Section 3, we have defined two
new graphs associated to the isomorphism classes of transversal of a subgroup in
a finite group and studied some properties of these graphs.

2. Isomorphism classes of transversals in Alt(5)

Now, we state the following proposition whose proof is essentially the same proof
of the Proposition 2.7 in [10].

Proposition 2.1. Let G be a finite group and H be a corefree subgroup of G. Let
T € T(G,H) such that (IT') = G. Let O ={L € T(G,H)|T = L}. Then Auty(G)
acts transitively on the set O.

Remark 2.2. If G is a finite group and H a subgroup of G such that Coreq(H)
is nontrivial, then the number |Z(G, H)| may be different from the number of
Aut g (G)-orbits in T(G, H). For example, let G = (x,y|2° = 1 = ¢, yzy~! =
x71) 22 Dyy, the dihedral group of order 12 and H = {1, 23, y, y2®}, where 1 is the
identity of G. Then H is non-normal in G and [G : H] = 3. Hence |Z(G, H)| = 3.
However, NRTs {1, z, 2%}, {1,yz, 2%}, {1,2z,y2?} and {1, yx,yz?} to H in G, lie in
different Autp (G)-orbits (as the set of orders of group elements in any two NRTs
are not same).

Lemma 2.3. Let L be a subgroup of G = Alt(5) of order 12. Then L = Alt(4),
the alternating group of degree 4.

Proof. Up to isomorphism, there are only 5 groups of order 12 (see [1, Theorem
5.1,

1. Zya;

2. Lz X Lo X Zio;

3. D5, the dihedral group of order 12;
4. (z,ylzt = y* = 1,2y = y2x);

5. Alt(4).

Since G does not contain an element of order 12 or order 6 or order 4, hence it is
not isomorphic to either of the groups in (1)-(4). Thus L = Alt(4). O
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Lemma 2.4. Let K be a subgroup of Sym(5) of order 20. Then K is isomorphic
to the group <x,y | 2% =yt =1, yzy~ !t = x2>, which is the one dimensional affine
group over Zs.

Proof. Up to isomorphism, there are only five non-isomorphic groups of order 20
(see [3]),

1. Zgo;
2. ZIO X ZQ;

3. Dy, the dihedral group of order 20;

4 M=(zyl|a®=y'=1ysy ' =a7);

5. (z,y | a® =y* =1yay ! =2?).

Since Sym(5) does not contain an element of order 10, K cannot be isomorphic
to the either of the groups Zsog, Z1g X Zo, Doy and M. This implies that K is not
isomorphic to either of the groups in (1) - (4) (we observe that Z(M) = (y?)).
Thus K is isomorphic to the group (z,y | 2° = y* = 1,yzy~! = 2?).

Remark 2.5. Let G = Alt(5). Then Aut(G) = Inn(Sym(5)) (see [13, 2.17,
p-299]). Since Z(Sym(5)) = {I}, we may identify Aut(G) with Sym(5) by iden-
tifying each g € Sym(5) with 4,4, the inner automorphism of Sym(5), determined
by g (x — gxg™"). Thus for a subgroup H of G, Auty(G) = Ngyms)(H).

Proposition 2.6. Let G = Alt(5). Let H be a subgroup of G of order 5. Then
Autg (G) is isomorphic to <x,y | 2% =yt =1, yzy~t = x2>, the one dimensional
affine group over Zs.

Proof. Let H be a subgroup of G of order 5. Then by Remark 2.5, Auty(G) =
Ngym(s)(H). Since there are 6 Sylow 5-subgroups in Sym(5), [Sym(5): Ngym(s) (H)]
= 6. This implies that |Ngy,s)(H)| = 20 = |Aut(G)|. Now, the proposition fol-
lows from the Lemma 2.4. 0

Proposition 2.7. Let G = Alt(5) and H = {(a = (12345)). Let S € T(G,H).
Then H ¢ Stabg (S), the stabilizer of S in K, where K = Ngyu5)(H) and the
action of K is by conjugation.

Proof. Let Sy = {a € G : «a(5) = 5}. Then Sy = Alt(4) and Sy € T(G, H).
Let SO = {I = aop, ai, az, as, a4, as, a4, ar, as, ag, a0, all}a where ap =
(12)(34), as = (13)(24), a3 = (14)(23), as = (123), a5 = (132), a6 = (124), a7 =
(142),a5 = (134), a9 = (143), a1p = (234), a11 = (243). Then there exists a
unique map o : Sop — H, with o(ag) = ao such that S =S, = {o(a;)a; | 0 < i <
11} € T(G, H). Assume that Stabg(S) 2 H. Then

aSa™t = 8. (1)
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Now, ac(az)aza™! = o(a3z)aaza™t = o(az)a?as. Since ac(az)aza™t € S, (= 9),
by (1), o(az)a?az € S. This gives o(a3z)a®? = o(az). This implies that a? = I, a
contradiction. Thus Stabk (S) 2 H. O

Corollary 2.8. Let G, H, K and S be as in the Proposition 2.7. Then Staby (S) 2
Dy, the dihedral group of order 10. Further, Staby (S) # K.

Proof. We observe that K has only one subgroup L of order 10 isomorphic to the
dihedral group Dig. Since L contains the subgroup H of K, by Proposition 2.7,
Staby (S) # L. Since H C K, by Proposition 2.7 Stabk (S) # K. O

Proposition 2.9. Let G = Al¢(5) and H = ((12345)). Let S € T(G,H) such
that (S) = S. Then S = hSoh™1, where h € H and Sy = {a € G : a(5) =5} €
T(G,H).

Proof. We observe that Sy = ((123), (124)) = Alt(4). Let S € T(G, H) such that
(S) = S. By Lemma 2.3, S = Sy. This implies that S = ((abc), (def)), where
a,b,c,d,e, f € {1,2,3,4,5}. Since S = Sp and |(123)(124)| = 2, |(abc)(def)| = 2.
This implies that d = a, e = b and hence S = {((abc), (abf)), where a,b,c and f
are distinct. Thus we have a permutation o € Sym(5) with a(1) = a, a(2) = b,
a(3) = ¢, a(4) = f and «a(5) = dy, where dy € {1,2,3,4,5} \ {a,b,c, f}. Thus

aSpa~t = <(oz(1)oz(2)oz(3))7 (a(l)a(Z)a(4))> = <(abc), (abf)> =S. (2)

Next, since o € Sym(5), either a € Alt(5) or (12)a € Alt(5). First, assume that
a € Alt(5). Then there exists hy € H and 81 € Sy such that « = hy5;. Thus
hi = a51*1 € H. Since ﬁl € So, by (2) hls()hfl = aﬁflSo(aﬁfl)*l =S.

Next, assume that (12)a € Alt(5). Then there exists he € H and Sy € Sy such
that (12)a = hyfs. Thus hy = (12)aB; ' Now, since

((12)0) (128) (12)a) " 1
= (a(2)a(1)a(3)) and ((12)a)(124)((12)e) = ((2)a(1)x(4)), therefore

-1

(12)a)So((12)ar) = {(a(2)a(1)a(3)), (a(2)a(1)a(4))) = aSpa". (3)

Since B2 € Sp, by (3) haSohy ' = S. Thus in either cases, we have S = hSph™!,
for some h € H. O

Remark 2.10. Let G be a finite group. If H and K are subgroups of G such that
f(H) = K for some f €Aut(G), then |Z(G, H)| = |Z(G, K)|.

Proposition 2.11. Let G = Alt(5), the alternating group of degree 5 and H be a
subgroup of G of order 5. Then |Z(G, H)| = 5% (13452 + 53 + 5% + 5% + 56 4 57).

Proof. Since any two subgroups of order 5 of G are conjugate, by Remark 2.10,
we may take H = (a = (12345)). Let Sy € T(G, H), where Sp = {ap = I, a1 =
(12)(34), as = (13)(24), az = (14)(23), as = (123), a5 = (132),a6 = (124), a7 =
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(142),(18 = (134), ag = (143)7 aip = (234), ajlp = (243)} Then SO = Alt(4) We
observe that for each S € T(G, H), there exists a unique map o : So — H such
that o(ag) = ap and S = S, = {o(a;)a; : 0 < i < 11}. Let S € T(G, H). Then
S = S, for a unique map o : Sy — H with o(ag) = ag. Further, since |H| =5, a
prime number, either (S) = S or (S) = G. Assume that (S) = S. Then by Lemma
2.3, S = Sy = Alt(4). By Proposition 2.9 all non-generating NRTs of H in G
are conjugate, all non-generating NRTs of H in G forms a single Auty(G)-orbit
in 7(G, H), where Autg(G) is identified with the subgroup K = Ngy,5)(H) of
Sym(5) and the action of K on T(G, H) is by conjugation (see also Remark 2.5).
If (S) = G, then by Proposition 2.1, the isomorphism class of S on T (G, H) forms
a single Auty (G)-orbit. Thus Z(G, H) is precisely the orbits of K in T(G, H).
Now, we describe the orbits of K in T(G, H). Since H = (a = (12345)), we have

Nsym@)(H) = K = {a,b= (1342) | a® = b* = 1,bab™ " = a*),

K is isomorphic to one dimensional affine group over Zs (see Proposition 2.6).
Further, by Proposition 2.7 and Corollary 2.8, |Stabk (S)| € {1,2,4}.

Assume that |Stabg (S)| = 4. Since a subgroup of K of order 4 is a Sylow
2-subgroup of K, we may assume that Stabx(S) = (b = (1342)) = K;. Since
bab—! = a?, we obtain the following relations:

olag) = olm) = ola) = ofa) = I
o(ag) = (0(aa))?, o(ag) = (0(as))®, o(ai) = (o(as )) (4)
o(a7) = (0(as))?, o(as) = (o(as))®, o(aio) = (o(as

Conversely, if 0 : Sy — H is a map satisfying the relations (4), then Stabg (Sy,) =
Ky, for if g € K\ K1, then a3 ¢ ¢S,,g ' (note that ag € S,,) and K; C
Stab (S5,). Let o1 : So — H be a map satisfying (4). Then S,, = {o1(a;)a; | 0 <
i <11} € T(G,H) and Stabk (S,,) = K1. Assume that T € T(G, H) lies in the
K-orbit of S,,. Then there exists g € K such that gS,,g~' = T. This implies
that Staby (T) = gK19~!. Since Ni (K1) = K7, if g ¢ Ki, then Staby (T) # K.
Further, if ¢ € Ki, then S,, = ¢gS,,g7' = T. This implies that S,, lies in
the unique K-orbit of size 5. From the relations (4), we observe that a map
o : Sy — H satisfying (4) can be completely determined by assigning values of
o(ay) and o(as). Since each of o(ay) and o(as) can take five distinct values, we

have 25 Auty(G) = K-orbits in T (G, H) each of size ||K || =5.

Next, assume that |Stabg (S)| = 2. Since a Sylow 2-subgroup of K is cyclic,
any two subgroups of K of order 2 are conjugate. Thus we may assume that
Stabx (S) = (b* = (14)(23)) = Ly. Since b*ab=2 = a*, we obtain the following
relations:

o(ag) = o(ar) = o(az) = o(as) = 1,
o(as) = (a(ar))*, o(ag) = (o(as))*, (5)
o(aw) = (0(as))*, o(ai1) = (o(as))*.

Conversely, let o1 : So — H be a map satistying (5). Then Stabk (Ss,) 2 Li. From
the relations (5), we observe that o satisfying (5) can be completely determined
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by assigning values of o1(a4), o1(as), o1(ag) and o1(ar7). Since each of o1(a;)’s
(4 < i < 7) can take five distinct values, there are 625 choices of o7 satisfying
(5). Further, from the relations (4) and (5), we observe that if a map from Sy to
H satisfies the relations (4), then it also satisfies (5). Further, since there are 25
choices of maps o : Sy — H satisfying (4), there are 600 choices of maps from
So — H which satisfies (5) but not (4). Let o1 : So — H be a map which satisfies
the relations (5) but not (4). Then Sy, = {o1(a;)a; | 0 <i <11} € T(G, H) and
Stabr (Ss,) = Li. Assume that T € 7 (G, H) lies in the K-orbit of S,,. Then
there exists g € K such that ¢gS,,g~! = T. This implies that Stabx (T) = gL1g~*.
Since Nk (L1) = Ky, if g ¢ K3, then Stabg (T) # Ly. Next, if g € K; \ Ly, then
955,97t = T(# Ss,). Since [K; : Li] = 2, there exists a unique T' € T (G, H),
different from S,, which lies in the K-orbit of S,, and Stabx(T) = L;. Thus
by the discussion made above, there are 300 K-orbits in 7(G, H) each of size
K] _

m—lo.

Lastly, assume that |Stabg (S)| = 1. As argued in the above paragraphs there
are 125 NRTs in 7 (G, H) whose stabilizer are of order 4 and there are 3000 NRTs
in 7(G, H) whose stabilizer are of order 2, there are 51 — 55 = 55(5% — 1) NRTs
whose stabilizer are trivial. Hence, we have 5%+ (14+5+5%45%+5%+5%), K-orbits in
T (G, H) each of size 20. Thus |Z(G, H)| = 5243-4-524+5% (14+5+5%+53+5+55) =
52 . (13452 + 5% + 5% 4+ 55 + 56 + 57). O

Corollary 2.12. There are at least, 5% - (13 + 52 + 53 4+ 5% + 5% + 56 4 57) non-
isomorphic right loops of order 12.

Proof. Let G = Alt(5), the alternating group of degree 5 and H be a subgroup
of G of order 5. If S € T(G, H), then S is a right loop of order 12 (see [12,
Proposition 4.3.3, p.102]). By Proposition 2.11, |Z(G, H)| is precisely the number
of Auty(G)-orbits in T(G, H). Thus if 51,52 € T(G, H) belongs to different
Auty (G)-orbits, then S; 2 Ss. This completes the proof. O

Lemma 2.13. Let L be a subgroup of Sym(5) of order 8. Then L is isomorphic
to Dg, the dihedral group of order 8.

Proof. Since |Sym(5)| = 23-3-5, if L is a subgroup of Sym(5) of order 8, then it is
a Sylow 2-subgroup of Sym(5). Let N = ((13),(1234)). Then N is a subgroup of
Sym(5) of order 8 isomorphic to Dg. Since any two Sylow 2-subgroups of Sym(5)
are conjugate, the lemma follows. 0

Proposition 2.14. Let G = Alt(5), the alternating group of degree 5 and H be a
subgroup of G of order 2. Then |Z(G, H)| = 225 + 10.

Proof. Let H be a subgroup of GG of order 2. Since any two elements of G of order 2
are conjugate, by Remark 2.10, we may assume that H = {I,z = (12)(34)}, where
I is the identity element of G. Let K = Auty(G). By Remark 2.5, we identify K
with the group Ngyms)(H) = Cgyms)(H), the centralizer of H in Sym(5). Since
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there are 15 conjugates of (12)(34) in Sym(5), [Csyms)(H)| = 8. By Lemma 2.13,
Csym(s)(H) = Dg. Since H = {I,x = (12)(34)}, we have
(

4), (13)(24), (12)}.
,(14)(23

(3
Consider the subgroups Vy = {I,(12)(34), (13)(24), (14)(23)} (isomorphic to
the Klein’s four group) and L = {g € G : g(5) = 5} of G. Let T1 = {by =
I, b1 = (13)(24)}, T2 = {C() = I,Cl = (134),02 = (143)} and T3 = {do =
I,dy = (12345),ds = (13524),ds = (14253),ds = (15432)}. Then T} € T(Vi, H),
T, € T(L,VZL) and T3 € T(G,L) Thus Sy = T 1513 = {bicjdk 011, 0K
j<2,0<k<4} eT(G,H).

Since G is a simple group and H is of order 2, (S) = G, for every S € T(G, H).
Thus by Proposition 2.1, Z(G, H) is precisely the orbits of K in T (G, H), where
the action of K is by conjugation.

Let S € T(G, H). Then there exists a unique map o : Sy — H such that
o(bocodp = I) = I and S = S, = {o(bicjdi)bic;di, : 0 <1< 1, 0<j <
2,0 < k < 4}. Let g € {(1324),(1423),(12), (34)} C K. Then g ¢ Stabg(S),
for if ¢ € Stabg(S), then go(bicody)bicodog™" = o(bicody)xbicody, a contra-
diction as z = (12)(34) € H and o(bicodo)bicodo € S. Let g = (13)(24) €
K. Then g ¢ Stabx(S), for if g € Staby(S), then go(bocidy)bocidog™t =
o(bpcrdp)xbocrdy € S and so we have a contradiction as z = (12)(34) # I.
Next, let ¢ = (14)(23) € K. Then g ¢ Stabk(S), for if g € Stabx(S), then
gU(bocho)bocgdogil = J(boCQdo)xboczdo € S, O'(boCzdo)’JJ = O'(bngdo), again a
contradiction. The above arguments imply that stabilizer in K of an NRT of H
in G is either H or {I}. Thus a K-orbit in 7 (G, H) is either of size 4 or of size 8.

Now, assume that Staby (S) = H. Then o satisfies the following relations:

K = {I,(1324), (12)(34), (1423), (14)(23),

O'(blcodo) =1 or Z, U(b001d4)l‘ = O'(blcodg), U(bngdl)JJ = O’(bocldg)

a(blcldl)x = O'(blcodg), O(blcgdg)l‘ = O'(blcodl), O'(bQCng) = U(b060d4)

O'(boCQdo) = O'(blcgdo), O'(bocld3) = U(b162d4), O'(b()ngQ)JJ = O'(boC()dl) (6)
O'(blcldg)x = O'(blcgdl), J(b100d4) = O'(blcgdg), O'(bocldl)x = O'(bOCOdQ)
O’(bocldo)x = U(blcldo), U(b062d4) = U(b161d3), U(b161d4)$ = U(boCodg)

Conversely, if a map o1 : Sog — H with o1 (I) = I satisfies (6), then Stabg (Ss,) =
H. From the relations (6), we find that there are 20 K-orbits in 7 (G, H) each
of size 4. Hence we have 229ng0 = 226 — 10, K-orbits in T(G, H) each of size 8.
Therefore |Z(G, H)| = 226 — 10 + 20 = 226 + 10. O

Corollary 2.15. There are at least, 226

30.

+ 10 non-isomorphic right loops of order

Proof. Let G = Alt(5), the alternating group of degree 5 and H be a subgroup
of G of order 2. If S € T(G,H), then S is a right loop of order 30 (see [12,
Proposition 4.3.3, p.102]). By Proposition 2.14, |Z(G, H)| is precisely the number
of Auty(G)-orbits in T(G, H). Thus if 51,52 € T(G, H) belongs to different
Aut g (G)-orbits, then S; 2 S3. This completes the proof. O
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3. Graphs and isomorphism classes of transversals

In this section, we have introduced two graphs associated to the isomorphism
classes of transversals of a subgroup of a finite group and studied some properties
of these graphs.

Definition 3.1. Let G be a finite group and X be the set of all nontrivial proper
subgroups of G. We define a graph I'y;.(G) on G whose vertex set is X and
two distinct vertices H and K are adjacent in I'y;.(G) if and only if |Z(G, H)| =
|Z(G, K)|. We will call this graph the transiso-class graph.

It is easy to observe that I'y;.(G) is complete if and only if |Z(G, H)| = |Z(G, K)|
for every H, K € X.

Definition 3.2. Let G be a finite group. Let d be the order of a subgroup of G
and Xy be the set of all subgroups of G of order d. We define a graph I'g 4;.(G) on
G with vertex set X4 and two distinct vertices are adjacent in I'g 4. (G) if and only
if |Z(G, H)| = |Z(G, K)|. We call the graph Ty ;.(G) as d-transiso-class graph.

We observe that Iy +;.(G) is complete if and only if |Z(G, H)| = |Z(G, K)| for
any H, K € X,.

Remark 3.3. In the definitions 3.1 and 3.2, we observe that I';.(G) and 'y +;.(G)
both are connected if and only if they are complete.

Definition 3.4. ([11], p.143)A group G is said to be a Dedekind group if all the
subgroups of G are normal in G.

Example 3.5. Let G be a finite Dedekind group. Since each subgroup of G is
normal in G, |Z(G, H)| =1 (see [10, Main Theorem, p.643]), for every subgroup
H of G. Thus both I'y;.(G) and T'g4.(G) are complete, where d is the order of
subgroup of G.

Proposition 3.6. Let G = Sym(3). Then Ty ic(G) is complete, d is the order of
a subgroup of G.

Proof. Let X ={H < G: |H| =d}. Obviously, d € {1,2,3,6}. Ifd=1ord =3
or d = 6, then H € X, is normal in G and so |Z(G, H)| = 1. Thus T'y4.(G) is
complete. Next, assume that d = 2. Since all 2-cycles in G are conjugate, any two
members of X, are conjugate. Hence by Remark 2.10, |Z(G, H)| = |Z(G, K)| for
every H, K € X5. Thus I'y 4;.(G) is complete. O

Remark 3.7. It is easy to observe that if H is a subgroup of G = Sym(3) of order
2, then |Z(G, H)| = 3. However, if H = Alt(3), the alternating group of degree 3,
then |Z(G, H)| =1 (see [10]). Consequently, I'y;.(Sym(3)) is not complete.

Proposition 3.8. Let G = Alt(4). Then 'y +ic(G) is complete for every d, where
d is the order of a subgroup of G.
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Proof. Let G = Alt(4). Let X, denote the set of all subgroups of G of order
d. Then any two members of X; are conjugate. By Remark 2.10, |Z(G, H)| =
|Z(G, K)| for every H, K € X4. Thus I'q 1;c(G) is complete for every d. O

Proposition 3.9. Let G = Alt(4). Then I'y;.(G) is not complete.

Proof. Let G = Alt(4). If H is a subgroup of G of order 2, then |Z(G,H)| =5
(see [6]). Also, It is easy to observe that if K is a subgroup of order 3 of Alt(4),
then |Z(G, K)| = 7. Thus H and K are not adjacent in I't;c(G). Hence I'y;.(G) is
not complete. O

Lemma 3.10. Let G = Alt(5). Let X4 be the set of all subgroups of G of order
d. Then any two members of Xgq are conjugate.

Proof. Let Xy be the set of all subgroups of G of order d. Since G is simple, if
H € X4, then [G: H] > 5 (see [13, p. 308]). Hence d € {1,2,3,4,5,6,10,12,60}.
If d =1 or d = 60, then the proof is over. Assume that d = 2. Let H € X5. Then
H is of the form {I, o}, where o € Alt(5) is product of two distinct transpositions.
Since all permutations of the form o are conjugate in Al¢(5), any two members
of X5 are conjugate. Further, if d € {3,4,5}, then any member of X is a Sylow
d-subgroup of G. Hence any two members of X; are conjugate.

Next, assume that d = 6. Since G has no permutation of order 6, a subgroup
of order 6 in G is isomorphic to Sym(3). If K is a subgroup of G of order 6, then
Ng(K) = K. Hence there are 10 conjugates of K in G. Since there are exactly
10 subgroups of G of order 6, all members of Xg form a complete conjugacy class.
Now, assume that d = 10. Again, since G has no permutation of order 10, a
subgroup of G of order 10 is isomorphic to Dyg. If L € Xjq, then it is easy to
observe that Ng(L) = L. Thus there are 6 conjugates of L in G. Since there
are exactly 6 subgroups of G of order 10, any two subgroups of G of order 10 are
conjugate. Lastly, assume that d = 12. By Proposition 2.9 any two subgroups of
G of order 12 are conjugate. O

Proposition 3.11. Let G = Alt(5). Then T'yc(G) is complete, for every d,
where d is the order of a subgroup of G.

Proof. Let G = Alt(5). Let X4 denote the set of all subgroups of G of order d.
Then by Lemma 3.10, any two members of Xy are conjugate. By Remark 2.10,
|Z(G, H)| = |Z(G, K)|, for any H, K € X,. Hence I'y.(G) is complete for every
d. O

Remark 3.12. In the above proposition, we observe that I'y ;. (Alt(5)) is complete
for every d, where d is the order of a subgroup of Alt(5). However, Alt(5) is not
a Dedekind group.

Proposition 3.13. Let G = Alt(5). Then T'1;.(G) is not complete.
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Proof. Let G = Alt(5). Let X be the set of all nontrivial proper subgroups of
G. Let H be a subgroup of G of order 2. Then by Proposition 2.14, |Z(G, H)| =
226 +10.

Let K be a subgroup of G of order 5. Then by Proposition 2.11, |Z(G, K)| #
|Z(G, H)|. Thus both H and K are in X, however they are not adjacent in I'y;.(G)
. Hence T'y;(G) is not complete. O

Proposition 3.14. Let G be a finite p-group, p is a prime. Then T'g4c(G) is
complete if and only if each member of Xg4 is normal in G, where X4 s the set of
all subgroups of G of order d.

Proof. Let G be a finite p-group. Then for each divisor d of |G|, G contains a
normal subgroup H of order d (see [9, Proposition 9.1.23]). Thus T'g.(G) is
complete if |Z(G, K)| = 1 for every K € X4. Consequently, each K € X, is
normal in G (see [10]). Conversely, assume that each member of X is normal in
G. Then |Z(G,H)| =1, for any H € X4. Hence I'g 4;.(G) is complete. O

Corollary 3.15. Let G be a nonabelian group of order order p®, p is a prime.
Then Ty, 1ic(G) is complete if and only if G = Qs.

Proof. Assume that I, ;.(G) is complete. By the above proposition each subgroup
of G of order p is normal in G. Since a subgroup of G of order p? is maximal in G,
it is normal in G. Thus if T'p, +;c(G) is complete, then all subgroups of G are normal
in G. Hence G is a Dedekind group. Thus by [11, p.143], G = Qs. Conversely, if
G = Qs, then I'y 4;.(G) is complete follows from the Example 3.5. O

Proposition 3.16. Let G = Dy,. If n is even, then I'y 1;(G) is not complete.

Proof. Let X5 be the set of all subgroups of G of order 2. Since the center Z(G)
of G is of order 2, |Z(G, Z(G))| = 1. Again if H € X5 and H is non-normal,
then |Z(G, H)| # 1 (see [10, Main Theorem, p.643]). Thus Z(G) and H are not
adjacent in I's 4;.(G). Consequently, I's 1;.(G) is not complete. O

Let G = Dg = (a,b: a? =b* =1, aba = b~ '). Let Xo = {H, = (a), Hy =
(ba), H3 = (b%a), Hy = (b%a), Hs = (b*)} be the set of all subgroups of G of order
2 and let X; = {K; = (b), Ko = (b*,a), K3 = (b?,ba)} be the set of all subgroups
of G of order 4. Then the connectivity of subgroups in I'g 4;c(Ds) and T'y ;ic(Ds)
can be shown in following pictorial form:

H, H,

H, H; Hsy :.Z<D8)
(a') I‘ll (b) FQ

Figure 1: FQ,tic(DS) =T Uly
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K

K1 K3

Figure 2: T4 4(Ds)

Proposition 3.17. Let G be a finite group containing a nontrivial proper normal
subgroup. Assume that I'y;o(G) is complete. Then G is a Dedekind group.

Proof. Let X be the set of all nontrivial proper subgroups of G. Then there exists
H € X such that H <G and hence |Z(G, H)| = 1 (see [10, Main Theorem, p.643]).
Assume that T'y;.(G) is complete. Then |Z(G, K)| = 1, for every K € X. Thus
each subgroup of G is normal in G (see [10]). Hence G is a Dedekind group. O

In the Proposition 3.17, we saw that if I';.(G) is complete and G has a nontriv-
ial proper normal subgroup, then G is Dedekind. Then, we may ask the following
questions:

Question 1. Does there exists a finite non-abelian simple group G such that
Ttic(G) complete ?

Question 2. Let G be a finite group. Let X4 be the set of all subgroups of G of
order d. Assume that I'q 4. is complete. Then what can we say about the members
Of Xd ?

Acknowledgement. The authors are grateful to the anonymous referee for the
valuable suggestions for adding the Corollary 2 and 3. During the work of this
paper the first author was supported (financially) by CSIR, Government of India.

References

[1] M. Artin, Algebra, PHI Learning Private Limited, New Delhi, 2003.
[2] R. Diestel, Graph Theory, Springer-Verlag, New York, 2005.
[3] D. Dummit and R. Foote, Abstract Algebra, J. Wiley & Sons, New Delhi, 2004.

[4] V.K. Jain and R.P. Shukla, On the isomorphism classes of transversals, Comm.
Alg., 36 (2008), 1717-1725.

[5] V.K. Jain and R.P. Shukla, On the isomorphism classes of transversals II,
Comm. Alg., 39 (2011), 2024-2036.

[6] V. Kakkar and R.P. Shukla, On the number of isomorphism classes of transver-
sals, Proc. Indian Acad. Sci. (Math. Sci.), 123 (2013), 345-359.



254 S. K. Mishra and R. P. Shukla

[7] V. Kakkar and R.P. Shukla, Some characterizations of a normal subgroups of a
group and isotopic classes of transversals, Algebra Colloq., 23 (2106), 409-422.

[8] R. Lal, Transversals in groups. J. Algebra, 181 (1996), 70-81.
[9] R. Lal, Algebra 1, Infosys Sci. Found. Ser. Math. Sci., Singapore, 2017.

[10] R. Lal and R.P. Shukla, Perfectly stable subgroups of finite groups, Comm. Alg.,
24 (1996), 643-657.

[11] D.J.S. Robinson, A Course in the Theory of Groups, Springer-Verlag, 1996.

[12] J.D.H. Smith and A.B. Romanowska, Post-Modern Algebra, J. Wiley & Sons,
New York, 1991.

[13] M. Suzuki, Group Theory I, Springer-Verlag, 1982.

Received February 14, 2021
Department of Mathematics,
University of Allahabad,
Prayagraj, 211002, India.
e-mails: surendramishra557@gmail.com (S.K. Mishra), shuklarp@gmail.com (R.P. Shukla)



Quasigroups and Related Systems 29 (2021), 255 — 268

Menger algebras of terms induced by

transformations with restricted range
Sarawut Phuapong and Thodsaporn Kumduang

Abstract. In this paper, a special kind of n-ary terms of type 7, which are called T'(7i, Y)-full
terms, are introduced. They are derived by applying transformations on the set n = {1,2,...,n}
with restricted range. Under the superposition operation S™, the algebra of such terms called the
clone of T'(7, Y)-full terms is constructed. We prove that the superassociative law is satisfied in
the clone of T'(71, Y')-full terms and the freeness is investigated using a generating set and a suitable
homomorphism. Based on the theory of hypervariety, we study T'(7, Y)-full hypersubstitutions
which are maps taking all operation symbols to our obtained terms. These lead us to provide
the classes of T'(f1, Y)-full hyperidentities and T'(n1, Y')-full solid varieties. A connection between
identities in clonep(s,y)(7n) and T'(7, Y)-full hyperidentities is established.

1. Introduction

It is commonly known that the idea of terms is one of fundamental tools in
study of universal algebra. It is also connect with various fields of science, for
instance, graph theory and automata theory. Normally, terms are formal expres-

sion defined from variables and operation symbols. Let X := {x1,z5,...} be a
countably infinite set of symbols called variables. We often refer to these variables
as letters to X as an alphabet, and also refer to the set X, := {x1,29,...,2,}

as an n-element alphabet. Let (f;)ic; be an indexed set which is disjoint from
X. Each f; is called an n;-ary operation symbol, where 1 < n; < n is a natural
number. Let 7 be a function which assigns to every f; the number n; as its arity.
The sequence of the values of function 7, written as (n;);cr, is called a type. An
n-ary term of type T is defined inductively as follows: (i) Every variable z; € X,
is an n-ary term of type 7. (ii) fi(t1,...,tn;) is an n-ary term of type 7 where
ti,...,t,, are n-ary terms of type 7 and f; is an n;-ary operation symbol. The set
of all n-ary terms of type 7, closed under finite number of applications of (ii), is

denoted by W, (X,,). The symbol W, (X) := U W.(X,,) stands for the set of all
=1

n=
terms of type 7. See [13, 14, 15, 21, 22, 24| for example of current trands in the
study of terms.

2010 Mathematics Subject Classification: 08 A62; 08B15; 20M 10
Keywords: term, Menger algebra, clone, hypersubstitution, hyperidentity, transformations
with restricted range.
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The set of all terms of type 7 can be used as the universe of an algebra of type
7. For every i € I, an n;-ary operation f; : W, (X)™ — W, (X) is defined by

fi (tl,...,tni) = fi (tl,.. .7tni).

The algebra F, (X) := (W,-(X); (fi)icr) is called the absolutely free algebra of
type 7 over the set X.

There is another way to consider the operation on the set of terms. Now, we
recall the concept of superposition operation of terms. For each natural numbers
m,n > 1, the superposition operation is a many-sorted mapping

Sp Wi (X)) X (W (X)) = We(Xom)
defined by
(@) Sp(zj,t1,...,ty) =1, if x; € X,,
(i) SP(fi(S1y--y8n,)stisevytn)i=Ffi(ST(S1,t1, - s tn)s ey, SE(Snystay vy tn))-

Then the many-sorted algebra can be defined by

clone 7 := ((WT(Xn))neN+§ (S;l@)n,mENJra (xi)i§n6N+)7

which is called the clone of all terms of type 7. For recent developments in this
way, see [3].

Let 7, = (n,n,...,n) be a type counsisting of the same values equal to n, i.e.
Tn, = (n;) with n; = n for all ¢ € I. The concept of full terms is used in [6] to study
the depth of terms and full hypersubstitutions, and solid varieties. The composed
full terms are derived by operation symbols and terms in which all input variables
occur. Thus the resulting subterms in each step of composition, content whole set
of the input variables, which can be permuted, only.

In 2004, Denecke and Jampachon [5] inductively defined n-ary full terms of type
Tn, based on the full transformations (mappings) instead of the permutations, as
follows:

(i) fi(Taq),--->Tan)) is an n-ary full term of type 7, if f; is an n-ary oper-
ation symbol and « € T,, where T, is the set of all full transformation on
{1,2,...,n};

(ii) f; (t1,...,t,) is an n-ary full term of type 7, if f; is an n-ary operation
symbol and tq,...,t, are n-ary full terms of type 7.

The set of all n-ary full terms of type 7, closed under finite application of (ii),
is denoted by W (X,,). If T, is replaced by the submonoid {1,}, then W' (X,,)
is denoted by W?TLF (X,) called the set of all strongly full terms of type 7, [4].
Actually, there are many generalizations of full terms as in [4, 18, 19, 27, 28].
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Beginning with the notions of terms, we define T'(7n,Y)-full terms through
transformations with restricted range. The Menger algebea of T'(72, Y)-full terms is
presented. In Section 3, we construct the monoid of T'(72, Y)-full hypersubstitution
of type 7,, which consists of a mapping from the set of operation sysmbols to the set
of all T(7, Y)-full terms. These mappings preserve the arity of operation symbols
and the arity of T'(n, Y)-full terms, together with one binary associative operation
and the identity element. Finally, the T(n, Y )-full solid varieties of type 7, are
charaterized.

2. The algebra of T'(n,Y)-full terms

The first aim of our main results is to propose the new concept of a specific term,
based on full transformation mappings and the original notions of terms. For this,
we recall the concept of the full transformations.

Let X be a nonempty set and let T'(X) denote the semigroup of the full trans-
formations from X into itself under composition of mappings and let Y be a
nonempty subset of X. Then T(X,Y) was introduced by Symons [26] to be the
set of all transformations from X to Y called the full transformation semigroup
with restricted range, that means

T(X,Y):={aeT(X)| XaCY}.

Clearly, T(X,Y) is a subsemigroup of T(X) and if X =Y then T(X,Y) =
T(X). For more information about T'(X,Y’), we refer to[1, 11, 25].

Let 7, = (n;)ier be atype and let (f;);cr be an indexed set of operation symbols
of type 7. The full transformation semigroup T, consists of the set of all maps
a:{1,2,...,n} — {1,2,...,n} and the usual composition of mappings. Indeed,
T, is a monoid and identity map 1, acts as its identity. Let n := {1,2,...,n}.
For a fixed nonempty subset Y of 7, it is well-known that the set

T, Y):={aeT, | Ina CY}U{l,}

is a submonoid of T,.
Then we introduce the definition of n-ary T'(7, Y)-full term of type 7.

Definition 2.1. Let f; be an n-ary operation symbol and « € T(72,Y"). An n-ary
T(7, Y )-full term of type 7, is defined in the following way:

(i) fi(zaqy, - Ta(m)) is an n-ary T'(72,Y)-full term of type 7,;

(ii) if ¢1,...,t, are n-ary T(7,Y)-terms of type 7,, then f; (¢1,...,t,) is an
n-ary T(7, Y)-full term of type 7,.

Let Wz;(ﬁ’y) (X,) be the set of all n-ary T'(72, Y)-full terms of type 7,.

Now we give an example of Definition 2.1.



258 S. Phuapong and T. Kumduang

Example 2.2. Let 7,, = (n) be a type with one operation symbol f and let us
consider the following examples:

(i) Let n =2, and Y = {2}, then
f(xr,@0), f(wa, 02), F(f1 (22, 32), (22, 22)) € Wi (Xo).
(ii) Let n =3, and Y = {1, 3}, then )
x1,T2,%3),f (T3, T3, %3), [ (f2(T3, %3, 1), [ (%1, 1, 21),f(T1,23, 3 g(S’Y)(X?J
f( ), f( ), f (fa( ), f( ), f( ) EW.
(iii) Let n =4, and Y = {2, 3,4}, then )
(w1, w2, 23, 24), f(22, T2, T4, 2), [ (T2, T4, 22,24) € WTZM’Y)(XAL)-

Let us note that if ¥ = 7 then the set W ™ Y)( Xp) of all T(7, Y)-full terms
is equal to the set WTIZ (X,) of all n-ary full terms of type 7,, as defined in [5].
This means that T'(72, Y)-full terms of type 7, are natural generalization of the full
terms of type 7,,, discussed in [5] and [6]. By the definition of T'(7i, Y)-full terms of
type 7, we have that (WT(" Y)(Xn); (ﬁ)lef) is a subalgebra of (WT(X); (ﬁ)lef)

Normally, terms have many measures of their complexity, see [23]. As a result,
there is a possibility to measure a complexity of T'(7,Y)-full terms. The depth
of a T'(n,Y)-full term ¢, denoted by Depth(t), is the longest distance from a first
operation symbol that appears in a term (from the left) to variables. It can be
inductively defined by

(i) Depth(t) =1ift = fi(va),---,Tam)) and a € T(7,Y);
(ii) Depth(t) =1+ max{Depth(t;) |1 <j<n}ift = fi(tr,...,t,).

On the set VVT(n Y)( X,), we define an (n + 1)-ary operation S,
_ n+1 _
sm (WTT“ ("’Y)(Xn)> — WIEY) (X))

for all t1, ..., tn, 51, .., 80 € WA ) (X)) by
(1) S™(fi (Zaq1)s - Tam)) s t1s---tn) == fi (taq)s- - tam));
(i) S™(fi(t1,---stn) s S1s-y8n) :=Fi (S™(t1,81,-+-y8n) vy, S™(tn, S1,- -+, Sn))-
Then we form the algebra
cloner @,y (Tn) = (W—;‘Cl(ﬁ’y) (X,L),S”)

which is called the clone of all T(72,Y)-full terms of type 7,,. Theorem 2.3, pre-
sented below, shows that the algebra (WTTn’(ﬁ’Y)(Xn)7 S”) satisfies the superasso-
ciative law (SASS):

S™M( X0, S"Y1,Z1, .- s Zn)y s S" (Yo, Z1, o Z))
zS”(S”(Xo,Yl,...,Yn)7Z1,...,Zn) (1)
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where S™ is an (n + 1)-ary operation symbol and X,Y;, Z; are variables for all
1<j<n.

Next, we shall show that the superassociative law is satisfied in the clone of all
T(n,Y)-full terms.

Theorem 2.3. The algebra cloner s yy(T,) satisfies the superassociative law.

Proof. We give a proof by induction on the depth of an n-ary T'(n,Y)-full term
t which is substituted for Xy from (1). If we substitute for X, from (1) by a
T(n,Y)-full term t = fi(xa1), .-, Ta(n)) Where a € T(n,Y), and Depth(t) = 1,
then we have

S™(fi(Taqys - Tam))s S" (1,815, 80), -+, S™(tny 51,5+ ., 5n))

= [i(S™ (o), S"(t1, 81,y 8n)s o, S™(tny 815005 80))s - ooy
S"(Zamy> S"(t1,51, -+ 350) -+ S (tn, 81, -+, 8n)))

= fi(S"(taq)s 815+ +8n)s -, S" (ta(n)s 515+ -+, 5n))

= Sn(fi(ta(l), .. 7ta(n)), S1y-«-5n)

= 8"(S"(filza@)s > Tam))stis- rtn), 81,00, 50).

If we substitute for Xy from (1) by a T(%,Y)-full term ¢ = f;(r1,...,7r,) where
T1,...,Tpn € Wg;("’y)(Xn) and assume that

S™(rg, S (k1,815 -3 8n)s -3 S (tny 815+ -381)) = S"(S" (P, t1, -y tn)y STy« 5 Sn)

for all 1 < k < n, and mazi<p<nDepth(ry) = m, then Depth(t) = m + 1 and we
have

S™(fi(r1y oo ymn), S (1,81, -3 8n)y -« S™(tny S15 -+, )

= fi(S™(r1, 8™ (t1, 81,y 8n)s o3 S (tn,y S1, -3 80)), - -
S™(rpy S" (1,81, 3 8n)s -3 9™ (tny 815+ -5 8n)))
= fi (S (S™(r1,t1, oy tn)s Sty o3 8n) e v ey (S (Tnytiy ey tn)y S15- v oy 8n))
= S"(fi(S™(r1,t1y .y tn), ey ST (gt o E0)), STy e Sn)
=S"(S™(fi(r1, -y rn)st1y ooy tn), S1yc -y Sn)- O

An algebra M := (M, S™) of type 7 = (n+1) is called a Menger algebra of rank
n if M satisfies the condition (SASS) [2]. It follows immediately from Theorem 2.3
that clonerp(s,y)(7,) is a Menger algebra of rank n. For basics and some advanced
developments of Menger algebras can be found in the works of W.A. Dudek and
V.S. Trokhimenko, for example, see [8, 9, 10].
It is clear that cloneps,yy(7,) is generated by
FWTT(a,,y)(X”) = {fz (za(l), - ,a:a(n)) | iel,ae T(’fL,Y)} .

n
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Let VT(™Y) be the variety of type 7 = (n+1) generated by the superassociative
law (SASS). Now let Fyrm.v)({Y; | | € J}) be the free algebra with respect to
VT(Y)  freely generated by an alphabet {Y; | I € J} where J = {(i,a) | i €
I ,a € T(71,Y)}. The operation of Fyrea.v)({Y; |1 € J}) is denoted by S™. Next,
we are going to prove that the clone of all T'(7i, Y')-full terms is a free algebra with
respect to the variety V7 (Y),

Theorem 2.4. The algebra clonerp s,y (7a) is isomorphic to Fyrwy) ({Y1 |1 € J})
and therefore it is free with respect to the variety VT (™Y)  and freely generated by

the set
{fi(@ar), - Tam)) | i € ,a € T(7,Y)}.

Proof. We define the mapping ¢ : WZ;("“Y) (Xn) — Fyran({Yi |1 € J}) induc-
tively as follows:

(1) e(filzaq), - Ta(n)) = Y@,0)3

Since ¢ maps the generating system of cloneT(ﬁyy)(Tn) onto the generating
system of Fyrmyvy({Y; | I € J}), it is surjective. We prove the homomorphism
property _

(5" (o, t1, .- 1)) = S"(p(to), o(t1), - -, o(tn))
by induction on the depth of an n-ary T'(n, Y')-full term to.If to = fi (2o 1) - - -, Ta(n))
where a € T(n,Y), and Depth(t) = 1, then we have

@(Sn(fi(xa(l),.. ZTa(n )) t1,...,tn ))

%f(f( 1)7~-~ ta(n)))
= 5"(Y(i,a), (t1), - -, (tn))
=5"(p (fz(%u s Tan))), O(t1), -5 p(tn)).

If to = fi(r1,...,7r,) and assume that

(p(sn(Tkvtlv s >tn)) = Sn(@(rk)a(p(tl)a - '790(tn))

for all 1 < k < n and maz1<p<nDepth(ry) = m, then Depth(t) = m + 1 and we
have

e(S™(filr1s- - irn)sta, i tn))
:ge(f (Sn(’l“l,tl,...,t ),...,Sn(’rn,tl,...,tn)))
:é'"(y(ll (S (r1,t1, e stn)), oo @(S™(rpyte, oy tn)))
:S~(y(zln (90( ),(P(t1),---,(,0(tn))7--.,
S™M(p(rn), p(t1), -, 9(tn)))
:‘S( (y(zln ( )v'~'a<p(’rn))7‘p(tl)7"'790(tn))
= S5"((fi(r1, .- mn))s (t1), -, o(tn)).

Thus ¢ is a homomorphism. The mapping ¢ is clearly bijective since the set
{viey i€, a €T (n,Y)} is free independent. Therefore we have
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Yia) = YGp) = (L,2) = (4, 8) = i=j, a=F.
So fi(Ta1ys-- s Zam)) = fi(Tsa), .- Tam)). Thus ¢ is a bijection between the
generating sets of cloner(s,y)(7,) and Fyrayv)({Y: |1 € J}) and therefore ¢ is an
isomorphism. O

3. T'(n,Y)-full hypersubstitutions

The concept of a hypersubstitution is the main tool used to study hyperidentities
and hypervarieties, see, for instance, in [7, 16, 17, 20] for more background. In
this section, the monoid of hypersubstitution will be studied. First, we recall the
definition and notation of hypersubstitutions.

A hypersubstitution of type 7 is a mapping o : {f;|i € I} — W, (X) which
maps each operation symbol f; to an n;-ary term o(f;) of type 7. Any hyper-
substitution o : {f;|i € I} — W,(X) can be uniquely extended to a mapping
G : Wi (X) — W, (X) as follows:

(i) oft]:==tift € X ; and
(il) aft] := 8™ (a(fi),0[t1]s.-.,0[tn,]) i t = fi(tr, ..., tn;) € Wr(Xan,).

The set Hyp(7) of all hypersubstitutions of type 7 forms a monoid under the
binary operation oy, defined by

01 0p 02 1= 01 002
where o denotes the usual composition of mappings.

The identity is 044 : {fi | ¢ € I} — W,(X) such that o;q4(f;) = fi(z1,..., Tn,)-
Now, we call mapping
o:{filiely — Wl (x,).
T(n,Y)-full hypersubstitution of type ,.

For a T'(7,Y)-full term ¢ we need the T'(7,Y)-full term ¢ derived from ¢ by
replacement a variable ;) in ¢ by a variable x3(4(;)) for a mapping g € T'(n,Y).
This can be defined as follows.

Let ¢,t1,...,t, € Wg;(n’y)(Xn) and o, € T(7,Y). Then we define the
T(n,Y)-full term ¢z in the following steps:

(1) Ift = fi(ma(l), RN xa(n)), then tg = fi($ﬂa(1)7 - axﬁa(n))'
(11) Ift = fi(tla e ,tn), then t@ = fz((tl)ﬂa ceey (tn)B)

It is observed that if ¢ is an T'(72, Y')-full term of type 7, then tg is an T'(7,Y)-
full term of type 7, for all 8 € T'(72,Y). Then an T(7n,Y)-full hypersubstitution
o:{filiel} — WTT("’Y)(Xn) of type 7,, can be extended to a mapping

n

& WEmY) (x,) — WY x,)

as follows:



262 S. Phuapong and T. Kumduang

(1) (}[fi(xa(l)a cee axa(n))] = (U(fi))av
() Lfi(trs e t)] i= S (0(f)s 5[t1], -, 6ltm])-

The set of all T'(n, Y')-full hypersubstitutions of type 7,, will be denoted by
Hyp"™Y)(7,). Tt is easy to see that (HypT(” Y)(10); 0n, O’Zd) is a submonoid of

(Hyp(T0); on, 0ia)-
The following lemma shows the property of a term ¢, and the extension &.

Lemma 3.1. Let t,t,...,t, € WTTn(ﬁ’Y)(Xn). Then
S (t,0lta))s - 0ltam)]) = 8" (ta, O[t1], - - -, F[tn])
forallaa e T(R,Y).

Proof. We begin with the case when t = fi(zq (1), ZTa(2)s- - -, Ta(n)), Which is the
first claim of the first step of the induction Depth(t) = 1. In fact, we have

S™(filwr, T2y Tn), 0lta@))s -5 Oltam)]) = fildltaq], 0lta@)]; - - [a(n ) =
Sn(fz(xa(l)aaxa(n))76[tl]a76[tn]) :Sn(fi(xlax% . In)a,g[tl] [tn])
Ift = fi(s1,...,5,) and assume that
S™(sk, 6lta)s-- -5 0tam]) = 5" ((sk)ay, 6lta)s - -5 6taim)])
forall1 <k <nand aeT(fnY) then

Sn(t,()'[ oz(l)] ’A[ta(n)])
*Sn(fi(slv-H;Sn)a&[ta(l)]a 7&[ta(n)])
= i(Sn(slv 6[15@(1)], . a&[ta(n)])a EEE) Sn(sm 6[7504(1)]7 v&[ta(n)]))
= fi(sn((81>a>&[t1]7 7&[tn])7 ’Sn((sn)a’&[tl]’ 7&[tﬂ]))
:Sn(fi((sl)aa'"’(Sn)a>7&[tl]7 ’&[tn])
= S"(ta,0[t1], .., [tn]) O

Using Lemma 3.1 we show that the extension & of each T'(7, Y')-full hypersub-
stitution o preserves the operation S™ on the set WT(" Y)(Xn).

Theorem 3.2. For o € Hyp”™Y)(r,), the extension
oW () — W M (X)
18 an endomorphism on the algebra cloneT(ﬁwy)(Tn).
Proof. 1t is clear that & : an(ﬁ’y)(Xn) — WTT"(ﬁ’Y)(Xn). Let to,t1,...,t, €
WTT"(ﬁ’Y)(Xn). We will show by induction on the depth of ¢y that
G[S™(to, t1, ..., tn)] = S™(6[to], Glt1], ..., F[tn)).
If to = fi(Ta(1), -+ Tam)) Where a € T(n,Y), and Depth(t) = 1, then we have
tn)

6[5”@0,151,.. n } = [ (fz(xa(1)7.. xa(n)),tl,...,tn)}
[filtar), - ta(m)]

Q> Q>
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= Sn(O'(fZ), &[ta(l)], ce (3'[75&(”)})

— 57(lto], 6111, 6lta))-
If tg = fi(r1,...,7,) and we assume that
GIS™(rkst1, .-y tn)] = S™(6[rk], 6[t1], - - -, G[tn])

for all 1 < k < n and maz1<pcnDepth(ry) = m, then Depth(t) = m + 1 and we
have

G[S™(to,t1y .-y tn)
= (}[Sn(fl(rh ,’I”n),th- atn)]
76'[‘]02'(5”(7"1,1517...,15”),. 5Sn1(rn7t17 7tn))}
= Sn(a(fi)va—[sn(rlvtlv vtn ]7 aé—[S (Tnivtl, 7tn)])
_Sn(J(fi)7Sn(U[T1],U[t1]7 "76[tn])7 '7Sn(&[rn]7&[t1]7 7&[tn]))
= Sn<Sn(U<fi)a&[T1]> ’&[Tn])a&[ 1]7 7&[tn])
= S"(6[to), 6[t1], - - -, G[tn])- O

We complete this section by studying the connection between T'(7, Y')-full terms
and the extension of a mapping which maps fundamental term to any T'(7, Y)-full
terms.

As mentioned, the algebra cloner s, y)(7,) is generated by the set

Fyrov x,y =i (@a) - Tam) i€ La € T(a,Y)}.

Thus, any mapping
n: FWE“(FL,Y)(XTL) — Wg;(n,Y)(Xn)
called T'(n, Y)-full clone substitution, can be uniquely extended to endomorphism
7 WEOY) (X)) — wEEY)(x,),
Let Substr(s,y)(T) be the set of all T'(n,Y)-full clone substitutions. On the
set Substp(n,y)(7n), @ binary operation ® can be defined by
N O N2 =11 072
where o denotes the usual composition of mappings. Furthermore, the identity
mapping with respect to ® is denoted by idg
W.

T’

Then clearly, (SubStT(n’y)(T) ) forms a monoid.

= ideTT,fﬁ*YHxn)
Consider o € Hyp”™Y)(r,) and by Theorem 3.2,
&: WEEY) (x,) — wEmY) (x,)
is an endomorphism. Since FW;(VL,Y)(X") generates cloner vy (Tn), &‘waﬁvy><x”>

is an T'(n, Y)-full clone substitution with
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Define a mapping ) : HypT(ﬁ’Y)(Tn) — Substr(n,y)(T) by
V(o) =06

FWTTn(ﬁ,Y)(Xn) :
We have that 1 is a homomorphism. In fact: Let oy, 00 € Hyp” ™Y)(7,). Then

(o1 o, 02) = (01 0, 02 :(5100:2)|F )
wh Y (x,)

= P(01) 0 P(02)

)

) |FW3;1(ﬁvY)(Xn)

= (fl o 52
P () ’FWTT,fﬁ’Y)<xn

=Y(01) © Y(02).
Clearly, v is an injection. Hence we have proved, the following corollary.

Corollary 3.3. The monoid (HypT(ﬁ’Y)(Tn); oh,cr,-d) can be embedded into
(SubStT(ﬁ7y)(Tn); Q’ideT(ﬁ‘Y)(xn)).

4. T(n,Y)-full hyperidentities and clone identities

In this section we examine the relationship between a variety V of type 7,, and the
identity in the cloner(s,y)(7n)-

Let V' be a variety of type 7, and let IdV be the set of all identities of V. Let
Id"™Y)V be the set of all s =t of V such that s and ¢ are both T'(n, Y)-full term
of type 7,; that is

1Ty — (Wff"y)(xn))2 nIdv.

It is well-known that IdV is a congruence on the free algebra F,(X). However, in
general this is not true for Id”(™Y)V . The following theorem shows that Id” (™Y)V
is a congruence on cloner s,y (7n)-

Theorem 4.1. Let V be a variety of type 7,. Then IdT™Y)V is a congruence on
the algebra cloner (s y)(Tn).

Proof. We will prove that if t ~ r, t), ~ r, € Id"™Y)V, k = 1,2,...,n,
then S™(t,t1,...,tn) = S™(r,71,...,1m) € IdT™Y)V. Firstly, we give a proof
by induction on the depth of a term ¢t € Wg;(ﬂ’y)(Xn) that for every ¢ € I
from t, ~ r, € Id"™Y)V, k = 1,2,...,n, there follows S™(t,t1,...,t,) ~
S™(t,r1,. ..y Ty) € TdTPIV. If t = fi(Ta(1), -+ Tawm)), where a € T(n,Y),
and Depth(t) = 1, then we have

Sn(fi(zoc(l)a cee 7xa(n))7tla cee 7tn) = fi(toc(l)a cee 7ta(n))

R filTa(ays--->Ta() = ¥(01) 0 ¥(02)
- Sn(fi(za(1)7 s 7517a(n))77"17 cee 77"n) € IdT(ﬁ’Y)Va

since IdV is compatible with the operation f; of the absolutely free algebra F, (X)
and by the definition of T'(n, Y)-full terms.
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Ift=fi(ly,....0) € WE™¥)(X,) and assume that
Sn(lk,tl, 7tn) ~ S”(lk,rl, ,“’rn) c IdT(ﬁY)V

for all 1 < k < n and maz1<p<cnDepth(ry) = m, then Depth(t) = m + 1 and we
obtain
Sn(fi(lla'"7ln),tla-~',tn) :fi(Sn(llytlw"atn),'"aSn(lnatla"'atn))
~ fi(S"(, 1,y rn)y e ST, 1y TR))
= S"(filly, ... 1n), 71,y yr) € IdTY)Y

This means )
Sn(t,tl, Ce ,tn) IS Sn(t7r17 . 7Tn) c IdT(n,Y)V

This is a consequence of the fact that IdV is a fully invariant congruence on the
absolutely free algebra F,(X). Assume now that t ~ r,t; ~ r, € IdT™Y)V,
Then

St ty, ... tn) = S (r by, .. ty) = S (T, . ) € TdT Y)Y O

By using the concepts of T'(7,Y)-full hypersubstitution as we presented in
Section 3. We shall define T'(7, Y')-full hyperidentities in a variety of typer 7,,.

Let V be a variety of type 7,. An identity s ~ t € Id7(™Y)V is called a
T(n,Y)-full hyperidentity of V if 6[s| ~ &[t] € IdV for all o € Hyp” ™Y)(1,).
Moreover, the variety V' is called T'(7i,Y')-full solid if the following holds:

Vs~ t e Id" ™YV Yo € Hyp"™Y)(7,,) 6[s] = 6] € IdV.
Next theorem characterizes the T'(72,Y')-full solid variety.

Theorem 4.2. Let V' be a variety of type 7,. If IdT™Y)V is a fully invariant
congruence on cloner,y)(Ty), then V is T'(n,Y)-full solid.

Proof. Assume that Id7(™Y)V is a fully invariant congruence on cloner @,y (Tn).
Let s ~ t € Id"™Y)V and 0 € Hyp"™Y)(r,). By Theorem 3.2, & is an endo-
morphism of cloner s,y (7,). Hence os] ~ 6[t] € Id"(Y)V | which shows that V/
is T'(7, Y)-full solid. O

For a variety V of type 7,, Id"(™Y)V is a congruence on cloner,yy(T,) by
Theorem 4.1. We can form the quotient algebra

cloner s,y (V) = cloner(n,y) (1) /Id" ™YV
This quotient algebra belongs to the class of a Menger algebra of rank n. Note

that we have a natural homomorphism

natrgreyyy : clonep yy(Ta) — clonep yy (V)
such that
natrgreyyy (L) = [t grayy.
Finally, we prove the following connection between T'(71, Y)-full hyperidentities
of a variety V and clone identities.
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Theorem 4.3. Let V be a variety of type 7,. If s ~t € IdT™Y)V is an identity
in cloneps,yy(V), then s =t is T(n,Y)-full hyperidentity of V.

Proof. Assume that s ~t € Id7™Y)V is an identity in clonepm,yy(V). Let o €
Hyp™®Y)(1,,). Then 6 : clonep(n,y)(Tn) — cloner( y)(ty) is an endomorphism
by Theorem 3.2. Thus

natygra.yyy 00 clonerq yy(Tn) — clonepe yy(V)
is a homomorphism. By assumption,

(natIdT(ﬁ,Y)V o (‘3’) (S) = (natIdT(ﬁ,Y)V o 5’) (t)

That is
natrgrayyy (6[s]) = natpgre.yyy (6[t).
Thus
[6[s]]farny = [6[t)] rareviv,
and hence )
6[s] = 6[t] € dT™Y).
Therefore, s & t is a T'(i1, Y)-full hyperidentity of V. O

5. Open Problems

Finally, we give three problems and suggestions for the future research in this area.

(1) Determine the semigroup properties of the monoid (HypT(ﬁ’Y)(Tn); op, O'id>.
Find the order of its elements for the particular type. Describe the idempo-
tency and several kinds of regularity of the T'(7,Y)-full hypersubstitutions.

(2) Use some difference definions of transformation semigroup, for instance trans-
formations with invariant subset to define new generalizations of full terms.
Study the connection between the different kinds of full terms.

(3) Based on [12], define the set of all formulas induced by T'(72, Y)-full terms
and study this set.
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Some applications of the independence

to the semigroup of all binary systems
Akbar Rezaei, Hee Sik Kim and Joseph Neggers

Abstract. We extend the notions of right (left) independency and absorbent from groupoids to
Bin(X) as a semigroup of all the groupoids on a set X and study and investigate many of their
properties. We show that these new concepts are different by presenting several examples. In
general, the concept of right (left) independence is a generalization and alternative of classical

concept of the converse of injective function.

1. Introduction

Bruck [2] published a book, A survey of binary systems discussed in the theory of

groupoids, loops and quasigroups, and several algebraic structures. Bortvka [3]
stated the theory of decompositions of sets and its application to binary systems.
Nebesky [12] introduced the notion of a travel groupoid by adding two axioms
to a groupoid, and he described an algebraic interpretation of the graph theory.
Allen et al. [1] introduced the concept of several types of groupoids related to
semigroups, viz., twisted semigroups for which twisted versions of the associative
law hold. Kim et al. [7] showed that every selective groupoid induced by a fuzzy
subset is a pogroupoid, and they discussed several properties in quasi ordered sets
by introducing the notion of a framework. Liu et al. [11] extended the theory of
groupoids already developed for semigroups (Bin(X),) in a growing number of
research papers with X a set and Bin(X) the set of groupoids defined on X to the
generalizations: fuzzy (sub)groupoids and hyperfuzzy (sub)groupoids. Hwang et
al. [8] generalized the notion of an implicativity discussed in BC K-algebras, and
applied it to some groupoids and BC K-algebras. Also, they discussed the notion
of the locally finiteness and convolution products in groupoids [9]. Fayoumi intro-
duced the notions of locally zero groupoids and the center of Bin(X) of all binary
systems on a set X [4]. Also, she introduced two methods of factorization for this
binary system under the binary groupoid product in the semigroup (Bin(X),O)
and showed that a strong non-idempotent groupoid can be represented as a prod-
uct of its similar- and signature- derived factors. Moreover, she showed that a
groupoid with the orientation property is a product of its orient- and skew-factors
[5]. Feng et al. discussed on some relations among axioms in groupoids, and

2010 Mathematics Subject Classification: 20N02, 06F35.
Keywords: groupoid, (right , left) independence, (right , left) absorbent.
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obtained some useful properties [6].

The motivation of this study came from the idea of the converse of “injective
function". We applied this concepts to Bin(X), and obtained several properties.
Moreover, we discuss the right (left) absorbent subsets of Bin(X). We provide
several (counter-) examples to describe the concepts.

2. Preliminaries

A groupoid (X, *) is said to be a right zero semigroup if xxy = y for any x,y € X,
and a groupoid (X, *) is said to be a left zero semigroup if x xy = z for any
x,y € X. A groupoid (X, ) is said to be a right oid for f : X — X if xxy = f(y)
for any x,y € X. Similarly, a groupoid (X, ) is said to be a leftoid for f: X — X
if zxy = f(z) for any z,y € X. Note that a right (left, resp.) zero semigroup is a
special case of a right oid(leftoid, resp.) (see [10]). A groupoid (X, ) is said to be
right cancellative (or left cancellative, resp.) if yxx = zxx (v *xy = x x 2, resp.)
implies y = z. A groupoid (X, ) is said to be locally zero [4] if

(i) zxxz =z for all z € X,

(ii) for any x # y € X, ({x,y}, *) is either a left zero semigroup or a right zero
semigroup.

Given a groupoid (X, *) (i.e., (X, *) € Bin(X)), a non-empty subset F of X is
said to be right independence if x #y € E, then x xu # y * u for all u € X. Also
E is said to be left independence if x 2y € E, thenuxz #uxy forallue X. E
is said to be independence if it both right and left independence [13].

The notion of the semigroup (Bin(X),d) was introduced by Kim and Neggers
[10]. Given binary operations “x" and “e" on a set X, they defined a product
binary operation “00" as follows: z0y = (z % y) e (y * ). This in turn yields
a binary operation on Bin(X), the set of all groupoids, defined on X turning
(Bin(X),0) into a semigroup with identity (z % y = ), the left zero semigroup,
and an analog of negative one in the right zero semigroup [10].

Example 2.1. Let X := {a,b} be a set. Then we have 16 groupoids (X, *;) for
i €{1,...,16} with the following tables.

*ﬂab *g‘ab *3‘ab *4‘ab *5‘ab *6‘ab *7la b *8‘ab
ala a al|b a ala b al|lbb a a alba ala b al|lb b
bla a bla a blba bla a b|b a b|ba bla b blba
*g‘ab *10‘ab *11‘ab *12‘ab *13‘ab *14‘ab *15‘ab *16‘ab
ala a a|ba alab a|bb a |la a a |ba a |a b a|bb
bbb b lab bbb b labd b lab bbb b la a bbb
It follows that Bin(X) = {(X,*;) }ie{1,...,16)- We see that (Bin(X),0), where O

is defined by 0y = (z*; y) *; (y*; x) for all 4, j € {1,..., 16}, forms a semigroup.
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For example, (X, *1)0(X, x2) and (X, x2)(X, ;) are groupoids with the following
tables:

Ola b Ola b
alb b ala a
b|b b bla a

It is seen that (X, *1)0(X, %) = (X, %16) # (X, *2)0(X, x1) = (X, *7). Also, for
example, in (X, *g)d(X, *7), we have aldb = (a *¢ b) *7 (b*¢ a) = a7 b = b, but
b0a = (b#g a) *7 (a %6 b) = b*7 a = a, and so aldb # ba. Further, (Bin(X),0)
it is not a left cancellative semigroup, since (X, *2)0(X,*3) = (X, *2)0(X, *5) =
(X, *1), but (X, *3) # (X, *5). Also, it is not a right cancellative semigroup, since
(X, *13)D(X,*14) = (X, *1)D(X7*14) = (X, *16)7 but (X,*lg) 7£ ()(7 *1).

3. right (left) independence in Bin(X)

Definition 3.1. A non-empty subset A C Bin(X) is said to be right inde-
pendence if (X,*) # (X,e) in A, then (X,*)0(X,0) # (X,e)0(X, o) for all
(X,0) € Bin(X). Also A is said to be left independence if (X, %) # (X,e) € A,
then (X, o)0(X, *) # (X,0)0(X, o) for all (X,o) € Bin(X). A is said to be inde-
pendence if it both right and left independence.

Example 3.2. (a). Let (R,+,-,0,1) be a commutative ring with identity 1, and
let L(R) denote the collection of all groupoids (R, *) such that, for all z,y € R,

rxy=ar+by+c,

where a,b,c € R. Such a groupoid is said to be a linear groupoid. Notice that
a=1,b=c=0yields zxy =1 x = x, and thus the left zero semigroup on R is
a linear groupoid. Now, suppose that (R, *) and (R, e) are linear groupoids where
rxy=ar+by+cand xrey=dxr+ey+ f. Then

20y =d(ax+by+c)+e(ay+br+c)+ f = (da+cb)x+ (db+ ca)y+ (d+e)e+ f,

whence (R,0) = (R, *)0d(R, ) is also a linear groupoid (i.e., (L(R),0) is a semi-
group with identity (cf. [5])).
Let L(A) denote the collection of all groupoids (R, *) such that for all z,y € R,

T*y = aw,

where a € R. Now, suppose that (R, ) # (R,e) € L(A) where z *xy = a;z and
x oy = agw, for some a; # az € R. Let (R,o) € L(R), where z oy :=ax + by + ¢
for some a,b,c € R with abc # 0. Hence

20y = (zxy)o (y*xx) =ar1x o a1y = aayz + bary + ¢ in (R, *x)0(R, o) and
20y = (zeoy) o (yex)=asxoay = aasx + basy + ¢ in (R, o)T(R, ).

Assume (R, *)0(R,¢) = (R,®)0(R,¢). Then aaix + bajy + ¢ = aasx + basy + ¢
and hence a(a; — az)x + b(a; — ag)y = 0. Since a; # ag, we obtain a = b = 0,
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a contradiction. Thus, (R, *)0(R,¢) # (R,e)0(R, ), and hence L(A) is a right
independence subset of L(R). Moreover, z00y = (zoy) * (y o) = (ax + by +
¢) * (ay + bx 4+ ¢) = a1(ax + by + ¢) = arazx + a1by + a1c in (R,o)0(R, %) and
20y = (zoy)e(yox) = (ax+by+c)e(ay+br+c) = az(ax+by+c) = asax+azby+asc
in (R,o)0(R,e). It is easy to see that ajax +a1by+aic # azax + azby+ age. Thus,
(R,0)T(R, x) # (R,o)d(R,e), and so L(A) is a left independence subset of L(R).
Therefore L(A) is an independence subset of L(R).

(b). Let R denote the real numbers. Let R* := R\ {0}, and let L(R*) denote
the collection of all groupoids on R* (e.g., (R*,-), (R*,+), (R*,—), (R*,+) and
(R*, o) where @ : R* x R* — R” is an arbitrary binary relation on R*. Take
A = {(R*,+),(R*,)}. Then A is not a right independence subset of L(R").
Since (R*,+) # (R*,:) € A and (R*,+) € L(R"), for all z,y € R*, we get
20y =(x+y)+(y+z)=1in (R, +)OR",+) and z0y = (z-y) + (y-x) =1 in
(R*,)O(R*, +). Thus, (R*, +)OR", =) = (R*, )O(R", =).

Note that the singleton set {(X,*)} C Bin(X) is right (left) independence,
since {(X, %)} has no element (X, e) € Bin(X) such that (X, ) # (X, e). Also, if
(Bin(X),0) is a group, then every subset of Bin(X) is both right and left inde-
pendence, and so it is an independence subset of Bin(X). By routine calculation

we can see that if A; C Bin(X) for i € A are right (left) independence, then ﬂ A;
i€EA
and U A; are right (left) independence. Note that if B and D are not right (left)
€A

independence subsets of Bin(X), then BND, BUD, D\ B and BAD are not right
(left) independence subsets of Bin(X).

The following example shows that there exists a right (left) independence subset
A of Bin(X) such that A" = Bin(X) \ A is not a right (left) independence subset
of Bin(X).

Example 3.3. Consider groupoid (X, *;) at Example 2.1. Then A = {(X, 1)} is
a right independence subset of Bin(X) and

A" = Bin(X) \ {(X, #1)} = {(X, %) }ieg2,....16)-

The subset A’ is not a right independence subset of Bin(X), since (X, *11) #
(X, #12) € A, but (X, %11)0(X, *16) = (X, *12)0(X, *16). Moreover, it is not a left
independence subset of Bin(X), since (X,*16)0(X, *11) = (X, *16)0(X, *12) =
{b}. Thus, A’ is not an independence subset of Bin(X).

Proposition 3.2. Let A, B C Bin(X) and A be a right (left) independence subset
of Bin(X). Then ANB a right (left) independence subset of Bin(X).

Proof. Assume A is a right (left) independence subset of Bin(X) and B is an
arbitrary subset of Bin(X). Let (X,*) # (X,e) in ANB. Since ANB C A, we
get (X, %) # (X, ) in A. Since A is a right (left) independence subset of Bin(X),
for all (X, o) € Bin(X), we have (X, *)0(X,0) # (X, e)0(X, ), and hence ANB
is a right (left) independence subset of Bin(X). O
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Corollary 3.3. Let A,B C Bin(X) and A be a right (left) independence subset of
Bin(X). Then A\ B a right (left) independence subset of Bin(X).

Proof. Since A\ B = ANB’, using Proposition 3.2, we obtain that A \ B is a right
(left) independence subset of Bin(X). O

Corollary 3.4. Let A,B C Bin(X) and A be a right (left) independence subset of
Bin(X). If B C A, then B is a right (left) independence subset of Bin(X).

Corollary 3.5. Let Bin(X) be right (left) independence and let A C Bin(X).
Then A is a right (left) independence subset of Bin(X).

Proof. Tt follows immediately from Corollary 3.4. 0

The following example shows that there exists a right (left) independence subset
A of Bin(X) such that A UB is not a right (left) independence subset of Bin(X)
for some B C Bin(X).

Example 3.4. Consider Example 3.3, and take B := A’, the complement of A
in Bin(X). Then B is not an independence subset of Bin(X). Then AUB =
A UA' = Bin(X), which is not a right (left) independence subset of Bin(X),
since (X, x11) # (X, *12) € Bin(X), but (X, *;1)0(X, *16) = (X, *12)0(X, #16)-
Moreover, it is not a left independence subset of Bin(X), since (X, *16)0(X, *11) =
(X, #16)0(X, *12) = {b}. Thus, Bin(X) itself is not an independence subset of
Bin(X). Also, AAB = AAA" = (AUA")\ (ANA") = Bin(X)\0 = Bin(X), which
is not a right (left) independence subset of Bin(X).

Theorem 3.6. Let Bin(X) := AUB, where B C Bin(X) is a non-trivial group and
A be a right (left) independence subset of Bin(X). Then Bin(X) is independence.

Proof. Assume B is a non-trivial group and A is a right independence subset of
Bin(X) satistying Bin(X) = AUB. Let (X, %) # (X, e) in Bin(X).

Case 1. if (X,%) # (X,e) in Bin(X) N A, since A is a right independence
subset of Bin(X), we get (X, *)0(X,0) # (X, e)0(X, o) for all (X,o) € Bin(X).

CaAsE 2. if (X, %) # (X, e) in Bin(X)NB. We claim that
(X, %)0(X, 0) # (X, ¢)0(X, ) for all (X,0) € Bin(X).

Assume (X, *)0(X,0) = (X, e)(X, ) for some (X,o) € Bin(X). Since B is a
non-trivial group, we have |B| > 2. Hence there is at least one element (X,0) € B,
and so there is (X,0)~! € B as an inverse of (X, o) (i.e., (X,0)0(X,0)"! = (X, %)
and (X, x) is the left zero semigroup). Thus,

((X,»)0O(X, o))D(X,o)_1 = (X,*)D((X,o)D(X,o)_l) = (X, x)0O(X,*) = (X, %)
and

((X,o)D(X,o))D(X,o)_l = (X,¢)0((X,0)0(X, o)_l) = (X,e0)0(X, %) = (X, o).



274 A. Rezaei, H.S. Kim and J. Neggers

Therefore, (X, x) = (X, o), which is a contradiction.

CASE 3. Let (X,*) € A and (X,e) € B such that (X, ) # (X,e). We claim
that (X, *)0(X,0) # (X, e)0(X, ) for all (X,o) € Bin(X).

Assume (X, *)0(X, ) (X ¢)[J(X,0) for some (X,o) € Bin(X). Since
(X,0) € B and B is a non-trivial group, there is (X,8)~! € B as an inverse of
(X, ) (ie., (X,0)0(X,e) ! = (X, %) and (X, ) is the left zero semigroup). Thus,

(X, )0(X, )" )O(X, #) = (X, &)0(X, ) HO(X, #)
= (X,%)(X, ) = (X,e) €B.

Since (X, *) is a left zero semigroup, we get (X,*)0(X,e) "+ = (X, %), and so
(X, %) = (X,e), which is a contraction.

Similarly, we prove the theorem for the case of a left independence subset in
Bin(X). O

=

Corollary 3.7. If Bin(X) = U A; is a right (left) independence, A; # 0 for all
ieA

i € A, and A; is a non-trivial group for some j € A. Then every A; (i # j € A)

is a right (left) independence subset of Bin(X).

Proposition 3.8. Let (A,01) and (B,Os) be right (left, respectively) independence
subsets of (Bin(X),0;1) and (Bin(Y'),0s) respectively. Then AXB is a right (left,
respectively) independence subset of (Bin(X) x Bin(Y),0), where O is defined by
(z,u)0(y,v) := (201y, udav).

Proof. Assume (A,;) and (B, Os) are right independence subsets of Bin(X) and
Bin(Y') respectively. Let (X, *1)X(Y,01) # (X, %2) X (Y, 02), where (X, *;) € A and
(Y,0;) € Bfori € {1,2}. Then either (X, %1) # (X, *2) or (Y,01) # (Y, 03). Since A
and B are right independence subsets of Bin(X) and Bin(Y") respectively, we ob-
tain either (X, *1)01(X,e) # (X, *2)01(X,e) or (Y, 01)02(Y,0) # (Y, 02)0s(Y, 0)
for all (X,e) € Bin(X) and (Y, o) € Bin(Y). It follows that

(X, #1) x (Y, 01))E((X, 8) x (Y, 0)) # (X, %2) X (¥, 02))0((X, @) x (Y,0))

for all (X, e) x (Y,0) € A x B. Therefore, A x B is a right independence subset of
Bin(X) x Bin(Y). Similarly, we can prove the case of the left independence, and
we omit it. O

Let § # A C Bin(X), and let (X, *) € Bin(X). Define two sets (X, *)JA and
AO(X, %) as follows:

(X, )0A = {(X,»)0(X,0) : (X,0) € A}

and
AD(X, %) = {(X,0)0(X, %) : (X,0) € A}.

Note that if A = {(X,¢)} (i.e., |A| = 1), then {(X,*)O(X,¢)} and {(X,<)0(X, *)}
are also singleton sets, and so these are independence subsets of Bin(X).
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Proposition 3.9. Let Bin(X) be a right (left) zero semigroup, and (X,*) €
Bin(X). Then AO(X, %) (resp., (X, *)0A) is an independence subset of Bin(X).

Proof. Assume Bin(X) is a right (left) zero semigroup. Then AO(X, ) = {(X, %)}
(resp., (X, *)0A = {(X, *)}). Thus, the proof is complete. O

Proposition 3.10. If Bin(X) is a right (left) zero semigroup, A C Bin(X) is
a right (left) independence subset, and (X,*) € Bin(X), then (X,*)0A (resp.,
AD(X, %)) is a right (left) independence subset of Bin(X).

Proof. Assume Bin(X) is aright (left) zero semigroup, A C Bin(X) is a right (left)
independence and (X, *) € Bin(X). Then AO(X,*) C A (resp., (X,*)TA C A).
Using Proposition 3.2, we get (X, *)0A C A (resp., AO(X,*) C A) is a right (left)
independence subset of Bin(X). O

Proposition 3.11. If Bin(X) is a right cancellative, and A C Bin(X) (right
(left) independence or not), where |A| > 1 and (X,*) € Bin(X), then (X,*)0A
and (X, *)0A are independence subsets of Bin(X).

Proof. Assume (X, *)0(X,*1) # (X, *)0(X, x2) € (X, *)0A for some (X,*;) € A
for ¢ € {1,2}, and let (X, o) € Bin(X).

On the contrary, if ((X,*)0(X,*1))0(X,o) = ((X,*)0O(X,*2))0(X,0) for
some (X,¢) € Bin(X), then using cancellative laws we get (X, *)0(X, %) =
(X, *)0(X, *2), which is a contradiction. Thus, (X, *)JA is an independence sub-
set of Bin(X).

Similarly, if Bin(X) is a left cancellative, then (X,*)0JA is an independence
subset of Bin(X).

By a similar argument for the set ATJ(X, *) the result is valid. O

Let E C Bin(X), and (X, ) € Bin(X). Define
(X, 9B :={(X,0) €E: (X,)0(X,0) = (X,0)},
E(X,*) = {(X,0) €E: (X,o)0(X,*) = (X,0)}
and
(X, 9)E(X, %) = {(X,8) € E: (X, %)0(X,0) = (X, o)0(X,*) = (X,e)}.

(a) If E = 0, then (X, *)E =E(X,*) = (X, *)E(X,*) = 0, for all (X,*) € Bin(X).
(b) For all (X,*) € Bin(X), (X,%)E, E(X,*) and (X, *)E(X,x*) are subsets of
Bin(X) and we have:

(i) (X, x)ENF = (X,*)EN (X, *)F,

ENF(X,*) = E(X, ¥) NF(X, %),
(X, ENTF(X,*) = (X, *)E(X,*) N (X, *)F(X, %).
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(i) (X,*)EUF C (X,*)EN (X, «F,
ENTF(X,U) C E(X,*) UF(X, %),
(X, ) EUF(X, ) C (X, )E(X, %) U (X, *)F(X, *).

(iii) (X,*)EN Bin(X) = (X, %)

(iv) (X,%)EU Bin(X) = (X, *x)Bin(X).

(v) if E CF, then (X, *)E C (X, *)F, E(X,*) C F(X,x), and so
(X, H)E(X, %) C (X, %)F(X, %).

(vi) (X, #)E(X, %) = (X, ) ENE(X, %),

(vii) (X, #)(E\F) = (X, %)E\ (X, #)F,
(E\ F)(X, %) = E(X, ) \ F(X, %),
(X, #)(E\F)(X, %) = (X, DE(X. %) \ (X, (X, %)

(X
(viii) If E is a group in Bin(X), then for all (X,e) € (X,*)E
(1esp., (X, ) € B(X,%) o1 (X,e) € (X, %)E(X, ) we have
(X,*) = (X, %), as a zero element.
(ix) If (X,*) € (X,*)E (resp., (X,*) € E(X, %) or
(X,%) € (X,%)E(X, %)), then (X, *)0O(X,*) = (X, x), and so (X, x) is an
idempotent element in Bin(X),

(x) If Bin(X) is commutative, then (X, *)E = E(X,*) = (X, *x)E(X, ),

(c) If (X, *)E # 0, then it is a closed subset. Let (X, o) and (X,¢) be elements in
(X, %)E, we get (X, *)0(X,e) = (X,e) and (X, *)(X, o) = (X, o). Hence

(X, x)O((X,e)0(X,0)) = (X, *)O(X, ) 0(X,0) = (X, e)T(X, ).

Thus, (X, e)0(X,¢) € (X, *)E, and so (X, *)E is a subsemigroup of Bin(X).
If E(X,*) # 0, then it is a closed subset. Let (X, e) and (X, ¢) be elements in
E(X,*). So (X,e)d(X,*) = (X,e) and (X,o)0(X, *) = (X,©). Hence

(X, 0)0(X,0))0(X, *) = (X, &)T((X, 0)0(X, %)) = (X, ®)T(X, ).
Thus, (X, e)0(X,¢) € E(X, %), and so E(X, ) is a subsemigroup of Bin(X).
Similarly, (X, *)E(X, %) is a closed set.

(d) If Bin(X) is a monoid or group and (X,x) is a unique right (left) zero semi-
group, then (X, x)Bin(X) = Bin(X)(X,*) = (X,%)Bin(X)(X,x) = Bin(X), and
so the cancellation law is valid.

(e) Let E be the set of all right zero semigroups. Then (X, *)Bin(X) = Bin(X)
for all (X, %) € E, and so the left cancellation law is valid in E.

(f) Let E be the set of all left zero semigroups. Then Bin(X)(X, ) = Bin(X) for
all (X, *) € E, and so the right cancellation law is valid in E.
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(g) If for all (X, ) € E the set (X, *)E(X,*) = {(X, o)} for some (X, ) € Bin(X)
(ie., (X, )]E(X, %) is a singleton set), then E is a group in semigroup Bin(X).
(h) If there exists (X, *) € Bin(X) such that (X,*)ENE(X,*) = 0, then E is not
a group.

(i) If there exists (X, *) € Bin(X) such that ((X,*)E)’ = E(X, %), then Bin(X) =
(X, x)EUE(X,*) and E is not a group.

(G) If (X,*) € Bin(X) is an idempotent element (i.e., (X,*)0(X,*) = (X, *)),
then (X, *) € (X, *)Bin(X)(X, ).

(k) Let (X,*) € Bin(X). If there exists ) # E C Bin(X), where (X,x) €
(X, x)EUE(X, %), then (X, %) is an idempotent element.

Theorem 3.12. Let ) #E C Bin(X). Then

(a) ifF = m E(X,*) # 0, thenT is a right independence subset of Bin(X),
(X,*)eBin(X)

(b) if F = m E # 0, then F is a left independence subset of Bin(X),
(X,*)eBin(X)

(¢) ifF = ﬂ (X, «)E(X,*) # 0, then F is an independence subset of Bin(X).
(X ,%)€Bin(X)

Proof. (a). Assume ) # E C Bin(X),F = ﬂ E(X,*) and (X,e) # (X,0) € F.
(X, *)€Bin(X)
Hence (X, o) € m E(X, ), and so we get (X, o)(X,*) = (X, o).
(X, *)€Bin(X)
On the other hand, from (X, o) € ﬂ E(X, %), we have (X,0)0(X,*) =
(X,*)EBin(X)

(X,0). Thus, (X,e)0(X,*) = (X,e) # (X,0) = (X, 0)T(X, *). Therefore, F is a
right independence subset of Bin(X).

(b). Assume §) # E C Bin(X), F = () (X,%)E and (X,e) # (X,0) € F.
(X ,%)€Bin(X)

Hence (X, o) € ﬂ (X, %)E, and so we get (X, *)d(X,e) = (X, ).

(X,*x)eBin(X)
On the other hand, from (X,0) € ﬂ (X, %)E, we have (X,*)0(X,0) =

(X ,%)€Bin(X)

(X,0). Thus, (X, *)0(X,e) = (X,e) # (X,0) = (X,*)J(X,0). Therefore, F is a

left independence subset of Bin(X).

(¢). Tt follows immediately from (a) and (b). O
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Suppose that A and B are two arbitrary subsets of Bin(X). Define ALB as
follows:
AOB = {(X,*)0O(X,0) : (X,*) € A and (X,0) € A}
= J ((x,»0B)= (J (AD(X,0)).
(X,0)eA (x,0)eB

Note that 00OA = ADD = 000 = 0, Bin(X)OBin(X) = Bin(X), ATDA # A
and ACB # BOA.
Also, let A, B, and C be subsets of Bin(X). Then one can see that:

o if A C B, then AOC C BOC and COA C COB,
e (ANB)OC C (AOC) N (BOC),
e CO(ANB) C (COA) N (COB),
e (AUB)OC = (AOC) U (BOC),
e CO(AUB) = (COA) U (COB).

Corollary 3.13.

(a) If Bin(X) is a right (left) zero semigroup and either A or B is a right (left)
independence subset of Bin(X), then AOB is also a right (left) independence
subset of Bin(X).

(b) If |A| =1 or|B| = 1, then AOB is a right (left) independence subset of Bin(X).

(¢) If Bin(X) is a right (left) cancellative semigroup, then ACB is an independence
subset of Bin(X).

Consider Example 2.1, and put A := {(X,*;), (X, *2)}. Then Bin(X) OA # A,
since (X, x3)0(X, *2) = (X, *10) € A. Also, AOBin(X) # A, since (X, *9)0(X, *5)
= (X,x5) € A. If take B := {(X,*16)}, then Bin(X)OB = B # Bin(X). Also,
BOBin(X) = {(X, x1), (X, *16)} # {(X, *16)} and BOBin(X) # Bin(X)OB.

Now, we can rewrote the definitions of right (left) zero semigruops as the
follows:
A semigroup (Bin(X),0) is said to be a right zero semigroup if
Bin(X)O(X, x) = {(X,*)}
and a groupoid (Bin(X),0) is said to be a left zero semigroup if
(X, #)0Bin(X) = {(X, )}

for any (X, ) € Bin(X).
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4. right (left) absorbent in Bin(X)

Definition 4.1. A non-empty subset A of Bin(X) is said to be right absorbent
(resp., left absorbent) if Bin(X)OA = A (resp., AOBin(X) = A). Tt is absorbent
if it is both right and left absorbent (i.e., Bin(X)OA = AOBin(X) = A).

Example 4.5. Consider Example 2.1.
(a) If C:= {(X,*1)}, then Bin(X)OC = C, and so C is a right absorbent of
Bin(X), but not a left absorbent, since

COBin(X) = {(X,+1), (X, #16)} # C # Bin(X).

(b) If B := {(X, *3}, then BOBin(X) = B, and so B is a left absorbent of Bin(X),
but not a right absorbent, since

(X, #7) = (X, %6)0(X, *3) € Bin(X)OB, but (X,*7) &€ {(X,*3)}.

(¢) D :={(X, 1), (X, *16)}, then Bin(X)OD =D and DOBin(X) = D. Thus,
D is an absorbent subset of Bin(X).

Proposition 4.2. If Bin(X) is a right (left) zero semigroup, then every subset of
Bin(X) is a right (left) absorbent subset of Bin(X).

Proof. Straightforward. O

The converse of Proposition 4.2, may not be true in general. For this, consider
Example 2.1, and take A := {(X,%1)}, so A is a right absorbent subset, but
Bin(X) is neither a right zero semigroup nor a left zero semigroup, since

(X, *2)D(X,*14) = (X,*16) g {()(7 *2), (X,*14)}.

Proposition 4.3. Let A be a right (left) absorbent subset of Bin(X). Then A is
closed under O (i.e., A is a subsemigroup of Bin(X)).

Proof. Assume A is a right absorbent subset of Bin(X) and (X, x*), (X,0) € A.
Then (X, *)0(X,0) € AOA C Bin(X)OA = A. Thus, (X,*)0(X,0) € A. Now,
suppose that A is a left absorbent subset of Bin(X), and let (X, x),(X,0) € A.
Then (X, *)0(X,0) € ADA C A OBin(X) = A. Thus, (X,*)0(X,0) € A. O

Proposition 4.4. Let Ay and Ay be two right (left) absorbent subsets of Bin(X).
Then A1 U Ay is also a right (left) absorbent subset of Bin(X).

Proof. Assume A; and A, are two right absorbent subsets of Bin(X). Then
Bin(X)OA = A and Bin(X)OB = B. It follows that

Bin(X)O(AUB) = (Bin(X)0OA) U (Bin(X)OB) = A UB.

Similarly, the assertion holds for the left absorbent subsets. O
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Corollary 4.5. Let {A;}ica be a family of right (left) absorbent subsets of Bin(X).

Then U A; is a right (left) absorbent subset of Bin(X).
€A

Let A C Bin(X). Define A x .y and (x .)A as follows:
Ax) ={(X,e) € Bin(X) : (X,+)0(X,e) € A},

(Xy*)A = {(X,O) € an(X) : (X70)|:|(X, *) € A}.

Also, we can define:
x,0A (x5 = {(X,0) € Bin(X) : (X,e)0(X, x) and (X, *)0(X,e) € A}.

Proposition 4.6. Let A be a right independence subset of a left cancellative semi-
group Bin(X). If Ax ) # 0 for some (X,*) € Bin(X), then Acx .y is a right
independence subset of Bin(X).

Proof. Assume A is a right independence subset of the left cancellative semi-
group Bin(X). If (X,e1) # (X,e3) in A(x,), then (X,*)0(X,e;) € A and
(X, %)O(X,e2) € A. We claim (X, *)0d(X,e1) # (X,*)0(X,e2). If we assume
(X, %)0(X,e1) = (X,*)0(X,eq), since Bin(X) is left cancellative, we obtain
(X,01) = (X, e3), a contradiction. Now, since A is right independence, we have
[(X,*)0(X, e1)]0(X,0) # [(X,*) O(X, e2)]0(X, ¢) for all (X,¢) € Bin(X). Since
Bin(X) is left cancellative, by the associativity, we obtain (X, *)0[(X, e1)0(X, ¢)]
7£ (Xa *)D[<X7 .Q)D(X, 0)]) and so (X’ .1)D(Xa 0) 7£ (Xa .Q)D(Xv 0) for all (X’ 0) €
Bin(X). Thus, A(x 4 is a right independence subset of Bin(X). O

Proposition 4.7. Let A be a left independence subset of a right cancellative semi-
group Bin(X). Then (x.)A is a left independence subset of Bin(X) for any
(X, %) € Bin(X).

Proof. Assume A is a left independence subset of the right cancellative semi-
group Bin(X). Let (X,e;) # (X,e2) in A. Then (X,e)0(X,*) € A and
(X, e5)0(X, %) € A. Since Bin(X) isright cancellative, we obtain (X, e1)0(X, %) #
(X, 02)0(X, x). Now, since A is a left independence subset of Bin(X), we ob-
tain (X, 0)0[(X, e1)O(X, %)] # (X,o)0[(X, e2)(X,*)] for all (X,o) € Bin(X).
Since Bin(X) is a right cancellative semigroup, by using the associative laws,
we obtain [(X,o)0(X,e)]0(X,*) # [(X,o)0(X,e)](X,*), and hence (X,o)
O(X, e1) # (X, 0)0(X, e3) for all (X,¢) € Bin(X). Thus, (x .)A is a left indepen-
dence subset of Bin(X). O

Corollary 4.8. Let A be an independence subset of a cancellative semigroup
Bin(X). Then (x.)Ax ) is an independence subset of Bin(X) for any (X, *) €
Bin(X).

Proof. Tt follows immediately from Propositions 4.6 and 4.7. O
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Theorem 4.9. Let A be a right (left) absorbent subset of Bin(X), and let (X, x) €
A. Then Bin(X) = Ax ) (resp., Bin(X) =(x ) A).

Proof. Assume A is a right absorbent subset of Bin(X) and (X,*) € A. Then
(X, %)0(X,e) € AOBin(X) = A for all (X,e) € Bin(X). Thus, (X,e) € Ax .,
and so BZH(X) - A(X,*)~ Thus, BZTL(X) = A(X,*)-

Assume A is a left absorbent subset of Bin(X) and (X,*) € A. Hence
(X,e)0(X, *) € Bin(X)OA = A for all (X,e) € Bin(X). Thus, (X,e) € (x ) A,
and so Bin(X) C A(x ). Thus, Bin(X) = (x . A. O

Corollary 4.10. Let A be an absorbent subset of Bin(X). Then for (X,*) € A
we have B’LTL(X) =(X,*) A= A(X7*).

Theorem 4.11. Let {A;}icn be a family of disjoint right (left) absorbent subsets,
Bin(X) = U A; and |A;| =1 fori e A. Then the following hold:
i€
(a) Bin(X) is not a commutative semigroup,

(b) Bin(X) is an independence.

Proof. (a). Assume {A;};ca be a partition of right (resp., left) absorbent sub-
sets of Bin(X). Then Bin(X) = U A;. Let (X,%) # (X,e) € Bin(X). Then
i€EA

there exist 4 # j € A such that (X,*) € A; and (X,e) € A;. It follows that
(X,x)O(X,e) € Bin(X)OA; = A; (resp., (X,+)0(X,e) € A,O0Bin(X) = A,;),
since A; is a right (resp., A; is a left) absorbent subset of Bin(X). On the
other hand, since A; is a right (resp., A, is a left) absorbent subset of Bin(X),
(X,0)O(X,*) € Bin(X)OA; = A; (resp., (X,e)0(X,*) € A;O0Bin(X) = A;),
Since A; NA; =0, we get (X, *)0(X,e) # (X, ®)0(X, *). This proves (a).

(b). Assume (X, %) # (X,e) € Bin(X). Hence there are i # j € A such that
(X,*) € A; and (X,e) € A;. Then for all (X,0) € Bin(X), since A; and A; are
right absorbent subsets of Bin(X), we get (X, ¢)0(X, ) € Bin(X)OA; = A, and
(X,0)0O(X,e) € Bin(X)OA; = A;. Since A; NA; =0, we get (X,0)0(X, %) #
(X,0)O(X, ), and so Bin(X) is a left independence.

Also, since A; and A; are left absorbent subsets of Bin(X), (X,*)0(X,¢) €
A,0Bin(X) = A; and (X, e)0(X,0) € A;0Bin(X) = A;. Since A; NA; =0, we
get (X, %)0(X,0) # (X, e)(X, ), and so Bin(X) is a right independence. O

5. Open problem

There is a partition {A;};ca of right (left) independence subsets of Bin(X) (i.e.,
Bin(X) = U A, |Ajl =1and A;NA; =0 fori,j € A).
€A
Is there another partition of Bin(X), where there is at least i € A such that
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Four halves of the inverse property

in loop extensions

Uzi Vishne

Abstract. Any two of the left, right, weak and antiautomorphic inverse properties of a loop
imply the full inverse property. Considering these properties in the context of nuclear loop
extensions 1—K—L—Q—1, we discover an action of the infinite dihedral group on C%(Q, K)

whose subspaces fixed under odd subgroups precisely correspond to these classical loop properties.

When in doubt, look for the group!
(André Weil)

1. Introduction

A set equipped with a (nonassociative) binary operation is called a loop if it has a
unit element, and left and right multiplications are invertible. Thus every element
has a unique left inverse and a unique right inverse. A loop has the inverse property
if the left and right inverses coincide, and the identities 271 (2y) = (yz)z= =y
hold. Any group has the inverse property, but there are plenty of other examples
(see [4]). This paper is concerned with a cohomological structure governing various
generalizations of the inverse property.

Let L be a loop. The actions on L by left and right multiplication by = € L
are denoted ¢, and r,, respectively. The left and right inverses of = are denoted
x> and 2, respectively. The maps A, p: L—L satisfy A\p = pA = id. We consider
the following properties of loops, all studied by multiple authors before.

(LI) a2 (wy) =y (the left inverse property).

(RI) (yxz)af =y (the right inverse property).

(WI) (xy)z =1 precisely when z(yz) = 1 (the weak inverse property).
(

Al)  (zy)* =y 2, equivalently (zy)? = yPx? (the antiautomorphic inverse prop-
erty).

2020 Mathematics Subject Classification: 20N05
Keywords: Inverse property, weak inverse, antiautomorphic inverse loops, loop extensions.
Partially supported by an Israeli Science Foundation, grant number 1623/16.
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(IP) both left and right inverse properties (the inverse property).
(Inv) All elements are invertible (A = p).
(H) The map A? (equivalently p?) is a loop homomorphism.

The logical dependencies are given in Figure 1 (up-side down, anticipating the
refinement given in Figure , see Section ). We call (LI), (RI), (WI) and (AI) the
“four halves’ of the inverse property, because, as we show below, any two of these
conditions imply the inverse property (IP) and thus all the others.

We study these properties for loops arising as nuclear extensions of a group @
by an abelian group K. Let C*(Q,K) = {c:Q x Q—K} be the function space
parameterizing the extensions via the classical factor set construction. We say
that a subspace X C C*(Q, K) “is” the loop property P if the extension (K,Q,c)
has P precisely when ¢ € X. The purpose of this paper is to exhibit an action of
the infinite dihedral group, which was discovered by Artzy [5, Prop. 3.2], in the
cohomological context. Let D,, denote the infinite dihedral group, and Cy, its
cyclic subgroup of index 2. We say that a subgroup is even if it is contained in
Cw, and odd otherwise.

Theorem 1.1. There is an action of Ds on the space C*(Q, K), such that the
subspaces fized under subgroups of Do, are:

e (LI), (RI), (AI) and (IP) (for odd subgroups) and
o (Wauy1) and (H™) (for even subgroups).

A loop has the property (H") if A" is a homomorphism; thus (H!) = (H). The
m-inverse properties (W,,), defined in Section , are variations on the weak inverse
property, which is (WI) = (W_1).

The action of D, in the theorem preserves the coboundaries B*(Q, K) elemen-
twise, and is in particular well-defined on the quotient space C*(Q, K)/B*(Q, K)
which classifies extensions up to equivalence.

As we see below, any two of the four halves define the group action, and in
this sense could have defined the other properties. Notice that there are infinitely
many odd subgroups, a-priori each with its own fixed subspace. The fact that
our action has finitely many fixed subspaces under odd subgroups indicates a
strong connection between the four halves and places (Wa,11) and (H") as their
conceptual derivatives.

Section provides a brief sketch of the properties of loops we encounter in this
paper. The proofs follow standard arguments, and are given here for completeness.
In Section we define loop extensions arising from an action of a group @ on an
abelian group K, and characterize the four properties (LI), (RI), (WI) and (AI)
of the extension (K, Q,c) in terms of conditions on the factor set ¢ € C*(Q, K).
Further details are given in Section , where we find similar characterization for
(Inv) and (H).
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Figure 1: Logical dependencies of loop properties

In Section we introduce the action of the infinite dihedral group D., on
CQ(Q, K); the action preserves equivalence classes of extensions. Proposition 6.1
ties the loop properties with the dihedral action, and Theorem 7.1 proves the
odd part of Theorem 1.1. Section studies the m-inverse properties, denoted here
(W), which include the k-fold weak inverse properties (WXIP). Theorem 8.8
covers the even part of Theorem 1.1. Finally, in Section we specialize to the case
Q = Z4 and provide some examples and counterexamples.

We thank the referee for helpful remarks on an earlier version of this paper,
which in particular led to the current Section .

2. Four halves of the inverse property

In this section we provide equivalent formulations for each of the four halves of (IP),
and prove:

Proposition 2.1. Any two of the properties (LI), (RI), (WI) and (AI) imply the
(full) inverse property.

Counterexamples, showing that none of the four halves implies (IP) on its own,
are given in Corollary 9.3.

2.1. The left and right inverse properties

Let L be a loop. If the inverse of £, has the form ¢, for some y, then necessarily
01 =l Indeed, if 2y = £,€,(1) = 1 then y = 2*. Likewise if the inverse of 7,
has the form 7, then r;! = r,,.

Proposition 2.2.

a The left inverse property is equivalent to {71 = lyx for every x.

b. The right inverse property is equivalent to r;* = 1,0 for every z.

c. Each of the properties (LI) and (RI) implies (Inv).
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Proof. The identity x*(zy) = y is equivalent to ¢;nf, = id so {71 = ¢,». Now
suppose £yn = £; 1 for all #. Then Loz = E;} = {,, implying 2N = x, and so
A2 =id. But then p = A~! = ), so all elements are invertible. The proof for right
inverse is similar. 0

The left (resp. right) inverse property holds for all isotopes of a loop L, if
and only if L satisfies the left (resp. right) Bol axiom f.fyl, = {y(yq) (resp.
TeTyTs = T(zy)z), [12, Thm 3.1].

2.2. The antiautomorphic inverse property
Proposition 2.3. The following properties of a loop are equivalent.
(a) (xy)* =y z* (namely antiautomorphic inverse).
(a') (zy)? =y’
(b) Ty = plyp.
(0') ry = Myop.
(¢) 10 = Mgp.
(c) 720 = pla.

Proof. Condition (a) is equivalent to (b) by the action on z, and to (¢) by the
action on y. Condition (a') is equivalent to (b’) by the action on z, and to (¢) by
the action on y. Taking z = y* in (¢/) we get (b). O

Proposition 2.4. (IP) = (Al) = (Inv).

Proof. Assuming (IP) we have (zy)~! = ((zy) *2)z~ ! = ((zy) Y zy- -y~ )z~ =
y~tz~l. Assuming (Al), we have z2* = (z°) 2* = (z2P)* = 1) =1, so 2’ =
xP. O
For example, every automorphic loop (=all inner maps are automorphisms)

)

has the antiautomorphic inverse property [8, Cor. 6.6]. Artzy proved that an (IP
loop all of whose isotopes satisfy (AI) is a Moufang loop [2] (see also [1]).

2.3. The weak inverse property

Weak inverse loops are of interest mostly due to Osborn’s theorem that their
one-sided nuclei coincide [11].

Proposition 2.5. The following properties of a loop are equivalent.
(a) z(yz) =1 if and only if (zy)z = 1 (namely weak inverse).
(b) if x(yz) =1 then (zy)z = 1.
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(V') if (zy)z = 1 then z(yz) = 1.
(©) (y2)y = 2>
(¢) ylay)” =z’
(@) 1y =N, p.

Proof. Condition (b)" says that if z = (yz)* then zy = z*, namely (y2)'y =
z*, which is condition (¢)’. Action on z interprets this condition as ryA\l, = A,
which is condition (d)’. Similarly (b') is equivalent to (¢) and to (d)’; and (a)'=

() +(¥).

Proposition 2.6. The property (Al), together with either (LI) or (RI), im-
plies (WI).

O

Proof. If (vy)z = 1 then z = (zy)~! = y~'2~! by (Al) and then z(yz) =
r(y(y~tz~1)) = zx~! = 1 by (LI). Similarly if 2(yz) = 1 then o = (yz)~! =
27 1y~! by the (AI) and then (zy)z = (2 ly~1-y)z = 2712 = 1 by (RI). O

Osborn [11, p. 296] notes that (WI) = (H) (but (WI)== (Inv), see Exam-
ple 9.5).

2.4. Any two suffice

We move to prove Proposition 2.1.

Proof. The inverse property clearly implies both (LI), (RI), and by Proposition 2.4
it also implies (AI). By Proposition 2.6, (WI) follows as well.

1. Assume (LI) and (RI). The inverse property holds by Proposition 2.2.(c).

2. Assume (WI) and either (LI) or (RI). All elements are invertible. Now
Proposition 2.5.(d)’ gives r, = M, 'A™", so taking y~! for y we get ry—1 =
)\E?}ll)\_l, implying that ryr,-1 = A(€,-14,) A7, so the left inverse prop-
erty ryr,—1 = id is equivalent to the right inverse property £,-1¢, = id; but
we assume one of them holds, so both do.

3. Assume (AI) and either (LI) or (RI). Then by Proposition 2.3.(¢/), r, =
)\fy_l)\_l, so taking y~! for y we get Ty-1 = MyA™1, implying once more
ryry-1 = A(ly-1£,)"*A71. The argument continues as in 2.

4. Finally if (WI) and (AI) hold, then M,xp = r, = M, 'p by Proposi-
tions 2.3.(0") and 2.5.(d)’, implying £, = 6;1 which is the left inverse prop-
erty, and we are done by 2. or 3.

O
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3. Loop extensions

Let L' and L” be loops. A loop L is an extension of L' by L” if there is a short
exact sequence of loop homomorphisms 1—L”—+L—L'—1. This classical
construction is systematically studied in the recent paper [9] (also see the references
therein). The extension is nuclear if the image of L” is contained in the nucleus
of L. Our focus here is on loops obtained as nuclear extensions of a group by an
abelian group.

Let @ be a group acting on an abelian group K. We denote the action by
q:k — k9, so that k%4 = (k‘ql)q. For a function ¢:Q x Q—K satisfying ¢; 4 =
cqq1 = 1 for all ¢ € Q, let (K,Q,c) denote the set K x Q = {kq: k€ K,q € Q}
with the binary operation

kq-kq = kk’ch,q/(qq').

We always have that K is a normal nuclear subgroup of the loop (K,Q,c). It is
well known that (K, @, ¢) is a group if and only if ¢ satisfies the 2-cocycle condition

_ 4
Cq,q’Cqq’,q" = Cqr q/7Cq,q'q" - (1)

The semidirect extension L = K x ) with respect to the given action corresponds
to the trivial co-cycle ¢ = 1.

We say that ¢, ¢ are equivalent (and write ¢ ~ () if there are a, € K, a1 =1,
such that ¢ , = aqag,a;ql,cq,q/. There is an extension isomorphism (K, Q,c) —
(K, Q, ), namely a loop isomorphism preserving K elements-wise and each of the
cosets K¢, if and only if ¢ =~ /.

The “diagonal” entries ¢, ;-1 of the function c: Q x @ — K play a special role
in the computations to follow. We thus denote

Yq = Cq,q—1> (2)

always understood as depending on c. Writing k=9 = (k=1)? = (k9)~!, we have
in (K, Q,c) that

(kg)* = K77 'y hg (3)
(kq)f = k77 y7% g7 (4)
Proposition 3.1. The loop (K, Q,c) satisfies the property:
(LI) Zf Cp,ch—lqu = 75—1'

(RD) if ¢pqCpgq—1 =5
(WI) Zf vachj?pq)_l = FYP’YI;;'

(AI) 4f cp,chglﬁp,l = ’757175317(;1;?71; equivalently if cp’ch‘flyp,l = W YEVr -
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Proof. Computation with the defining identities, based on Equations (3) and (4).
For the antiautomorphic inverse property we used both (a) and (a’) of Proposi-
tion 2.3 (so each of the conditions cp_,qcf;q,l p1 = 'y;’,l'yggl'y(;z?,l and cp’qcsgl

p~1
Yp 1B, suffices). O

4. Detecting (Inv) and (H)

Recall that C'(Q, K) = {a: Q—K} and C*(Q, K) = {c: Q x Q— K} are the spaces
of unary and binary functions from @ to the abelian group K. The differential
map &' : CH(Q, K) = C*(Q, K), defined by

1 —1
(67a)pq = apagapq )

gives rise to the groups of cocycles
71(Q, K) = Ker(s")

and coboundaries
B*(Q, K) = Im(&")

(see [3]). The loop extensions (K, @, c), up to equivalence, are in correspondence
with the quotient C*(Q, K)/B*(Q, K). The properties listed in Proposition 3.1 are
well-defined up to equivalence of ¢ because they are preserved by loop isomorphism;
alternatively by direct computation.

For any k € K and ¢ € @, we have in (K, Q, ¢) that

(ka)(ka)* = (k™) (kg™ ) = 7,4 7q,

which is independent of k (compare to [6, Lemma 4.2], that every element of a
Buchsteiner loop satisfies #°z = zz). Motivated by this quantity, we define a

function 9 : C*(Q, K) — CY(Q, K) by
(’(/JC)q = Cq__q17qu’q—1 = ’yq__ql’yq.
Proposition 4.1. The function ¥ is a well-defined group homomorphism
v CY(Q, K)/B*Q,K) — C'(Q, K).

Proof. Verify that (§'a) = aq_,q1 a;! ~aéag,1 = 1 for every a € CHQ, K), showing

that 1 is trivial on B*(Q, K). O

In particular, tc is defined in terms of the equivalence class of the loop (K, Q, ¢).
Complementing Proposition 3.1, we have:

Proposition 4.2. The loop (K, Q,c) satisfies the property:
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(Inv) if Ye=1.
(H) i S'pe=1.

Proof. The first statement follows from the computation (kq)(kg)* = (vc), (for
any k € K and ¢ € Q). By (3) we find that (lcq))‘2 = k'yg,lq/;lq and (k(])p2 =
kY47, ¢, namely

2
(k)™ = (pe)g ' - ka; (5)
(kq)” = (¥c)q - kq. (6)
This proves the first claim. One can then verify that A? is a homomorphism if and

only if (846¢) . = 71173 (00177 )1 )t = 1 o

Taking ¢ = p~! in the condition for (AI) given in Proposition 3.1, we obtain the
condition of (Inv) as stated in Proposition 4.2, consistently with the implication
(AI) = (Inv) of Proposition 2.4.

4.1. Extensions of Z,

As an illustration we consider extensions with the largest nucleus, namely the case
when @ = (o) is the cyclic group of order 2. (The case Q = Z4 is described
in Section ). Since |Q| = 2, the factor set ¢ is determined by the single value
Yo = €0 € K. Let us describe the properties of (K, @, c) in this case.

Example 4.3. Suppose L = (K, Q,¢) is a nuclear loop extension of @ = Zs by
an abelian group. Then:

a. (WI) always holds.
b. (Inv) implies associativity.

Indeed, the conditions in Proposition 3.1 hold trivially when p =1 or ¢ =1, so it
remains to substitute p = ¢ = 0. We find that (WI) holds trivially. Also, (¢¢), =
v 199, s0 e =1 if and only if 7, € K7, which is equivalent to associativity.

We also note that the loops in this subsection are all conjugacy closed, see [7].

5. A dihedral action

We use the conditions for (LI) and (RI) in Proposition 3.1 to define operators

a,B:CHQ,K) = C*Q,K)
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as follows:

(aC)pq = '75—1 C;fgpq,

-1
(50)1741 = 75 Cpq’q—la

where tautologically v, = ¢, 4-1 by (2).

Remark 5.1. The maps «, 8 are built on top of the involutorial maps (p,q) —
(p~1,pq) and (p,q) — (pq,q~ 1), generating an action of the symmetric group S3
on the space of pairs Q2. In fact, if Q = Z we obtain the irreducible representation

S3—+GL2(Z) generated by the involutions <(1) }) and (1 (1))

Proposition 5.2. The operators «, 8 define an action of the infinite dihedral
group Dy on CZ(Q, K); namely o® = 5% =id.

Proof. We have that

—1 1 —1

p— —n — -1 p—
(@%C)pq = (ac)i_l’p(ac)pﬂ’pq = (Cz,p—lcpﬁ) )p(cz,p—lcp,g )P =g

and
(ﬂzc)m - (ﬂc)z,q—l(ﬁc);ql,q—l - (63_17(161—7(11)17(02(11,(16;(11)71 = %o

thus («, 8) is a dihedral group (which by Proposition 5.6 below is infinite for a
generic K). O

Remark 5.3. Both o and f act trivially on B*(Q, K), so (a, /) acts on the
quotient space C3(Q, K)/B*(Q, K). (However, see Example 9.7 below.)
Indeed, we also have that

_ -1 -1 -1 _
(ad'a)p,q = (51‘1)2714,(51@)1)?14,(1 = (ap-ray ay )P(ap-rap, ag Hr

-1 1
= apap, ay = (- a)p,q
and likewise B6'a = §'a.

Remark 5.4. We point out some useful computations.

1. The diagonal entries of o and 3 are

(ac)pp-1 = (Be)ppr = cifl

and therefore

(afc)pp-1 = (Bac)y p-1 = cpp-1.

2. Define I' : C*(Q,K) — CHQ, K) by I'c = ~, namely (Te)p =
lFapg=T.

cpp-1; then
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3. We have that vac = 1fc = e~ . Therefore paf = ).

Proof. Taking ¢ = p~! in the definition of «, 3 gives (1). (2) follows from the
definition of I'c = . Since ¥c¢ can be computed from I'c = ~, we conclude (3)

from (2). O
Let us compute some elements in the orbit of ¢ € C*(Q, K) under the action.

Proposition 5.5. The following formulas hold:

(aBc)p,q = %ﬁpq o) (7)

= PG ®

(0BaC) g = VTG ¢ )

(BaBe)pg = Vo 1hvpg €00 1 (10)

Proof. Direct computation, aided by Proposition 5.4.(1). O

Careful substitution then proves:
Proposition 5.6. We have the equality (a3)3c = c - §11pe.

We write X¢ = {z € X : (Vg € G) gz = z} for the subspace of X fixed under
the action of a group G.

Corollary 5.7. We have that

Q. 5)\ M) = y121(Q, ).

Proof. By Proposition 5.6, the elements fixed under (o/3)* are those ¢ for which
slipe = 1, namely ¥ € ZHQ, K) = Ker(6"). O

Notice that while the dihedral group D4, acts on the full space C*(Q, K) (in a
free manner, if K has elements of infinite order), there is an action of its quotient

B)/{(aB)*) = S5 on the fixed subspace CcX(Q, K)<(0‘5)3>'

6. Loops and the dihedral action

We now interpret the loop properties from the introduction in terms of the dihedral
action introduced in Section .

Proposition 6.1. Let c € C*(Q, K). The loop (K,Q,c) has the property:
(LI) if and only if ac = c.

(RI) if and only if Bc = c.



Four halves of the inverse property 293

(WI) if and only if afc = c.
(AL) if and only if aBac = ¢, if and only if BaBc = c.
(IP) if and only if ac = Bc = c.

Proof. This is an interpretation of the conditions of Proposition 3.1, in the lan-
guage of the operators as spelled out in Proposition 5.5. For example, (K, Q,c)
has (LI) when ¢, g =7, 1c, %y = (ac)pq- O

The dual description of (AI) in Proposition 6.1 allows us to extract a curious
fact (especially in light of afa and Saf not being conjugate in the group, see
Remark 7.3):

Corollary 6.2. C}(Q, K)'"™ = c2(Q, k)",
Even more surprising, the loop theoretic description of the fixed subspaces
gives the following inclusions:

Corollary 6.3. We have that

afa)

Q. K), Q. K)”, QK™ ¢ Kerw) < @, K)\ .

Proof. If ¢ € C*(Q, K) is fixed under o, 3 or afa, then (K, Q, ¢) has the properties
(LI), (RI) or (AI) respectively, implying (Inv) in each case; but (Inv) means ¢ = 1
by Proposition 4.2. This proves the first statement. Likewise if 1pc = 1 then clearly
§'4pc = 1, and by Corollary 5.7 we then get that (af8)3c = c. O

[ (03 3
We also note the trivial inclusion C*(Q, K)< A C C?(Q, K)<( A) >, which in the
same manner encodes the implication (WI) = (H).

7. The fixed subspaces

The element af of D, is well defined up to inversion, as the generator of the unique
subgroup Cy of index 2. Moreover, C,, contains all the non-torsion elements
of D4, and these are the elements of even length in terms of the generators «, 8
(or any other pair of generating involutions). Recall that a subgroup is even if it
is contained in C'y,, and odd otherwise. We analyze odd subgroups in this section,
and even subgroups in Section .

Theorem 7.1. Any fized subspace CQ(Q,K)H
is one of the subspaces

, under an odd subgroup H < D,

(LI) = CQ(Q,K)W’ (RI) = CQ(Q,K)W, (AI) = CQ(Q7K)<MQ>

and
(1P) = Q. 5)™"7.
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Proof. For g, € Du, let us write that g ~ ¢ if C%(Q, k)" = (@, k).

Since C2(Q,K)<ghg - g(C*(Q, K)<h>), this equivalence relation is stable under
joint conjugation. Corollary 6.2 tells us that afa ~ BafS. Conjugation by «a gives
B =~ afafa. These facts can be restated as (af)'a ~ (aB) 3« for i = 1,2.
We have that (a3)7(aB)*a(aB)™7 = (aB)**%a, which now implies (af)'a ~
(aB)i=3a for any i € Z. It follows that every odd element has the same fixed
subspace as one of the three elements «, 8, aSa (corresponding to i = 0,—1,1).
Now let H < D, be an odd subgroup. Since the intersection with (/) is
cyclic, we may write H = <g, (aﬂ)k> where ¢ is an odd element and k € Z.

k
Then C?*(Q, K)H = C4Q, K)<g> NC3(Q, K)<(aﬁ) >, so by the previous paragraph g
can be replaced by one of the elements «, 3,afa. By Corollary 6.3 we con-

3 k
clude that Cz(QvK)chz(Q»K)«am (f) > If k is divisible by 3 it follows
that C%(Q, K)" = C(Q, K)'); and otherwise CX(Q, K)" = C%(Q, k)@ =

cx@. 1), =

Recall that Z*(Q, K) is the space of elements ¢ € C*(Q, K) satisfying the 2-
cocycle condition (1); namely those ¢ for which (K, Q,c) is a group. Since every
group has the inverse property (IP), we proved:

Corollary 7.2. 7Z%(Q, K)C CQ(Q,K)W@.

In other words, our group D+, acts trivially on the cohomology group Hz(Q, K)=
7*(Q, K)/B*(Q, K), which explains why it went unobserved in the classical theory
of group extensions. The facts proved in Sections — are summarized in Figure 2.

C*(Q, K)
|

(mn)=c2@. 5)*”"

|
(Inv) :Ker(w\
— \ T~

afa e B af
(AD=C2(Q.K) ™" (L=, k) R)=C*Q. k)" (W=C*Q. k)"
(IP)=CX(Q, K)'*"”
|
(Associative)=Z%*(Q, K)
\
(Trivial)=B*(Q, K)
Figure 2. Subgroups of C*(Q, K), ordered by inclusion, and the respective properties of
the loops (K, @, ¢)
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7.1. The opposite loop

The opposite serves as a left-right mirror, explaining expected symmetries. Recall
that the opposite loop L°P has the same underlying set as L, with the reverse
multiplication.

Remark 7.3. We have that (K, Q,¢)”” = (K, Q, 7c) via the map (kq)°* — kg1,
where 7 : C*(Q, K) — C*(Q, K) is defined by (7¢),, = b, — (This is an iso-
morphism of loops, even if not an equivalence of extensmns since K is not fixed
elementwise). We have that 72 = 1 and 7 = 37 by computation. Consequently,
the group (o, 8, 7) = (7, ), which is by itself infinite dihedral, acts by conjugation
on its subgroup (a, ) as the full group of automorphisms. The action of (7, @) on
loops is discussed in [5].
It follows that a-priori

Q. K)" = 7(cQ. ),
Q. K) "7 = (@, 1)),
Q. K)*” = r(cXQ.K)");
indeed (LI) and (RI) are dual with respect to the opposite, while the other prop-
erties are left-right symmetric.

We also have that )7 = 4, in line with the fact that (Inv) is invariant to taking
the opposite.

8. Generalizations of the weak inverse property

Following an insightful suggestion by the referee, we show in this section how
the “doubly weak inverse property” and some of its generalizations fall under the
framework of fixed subgroups of C*(Q, K).

8.1. The m-inverse properties

For m € Z, a loop is said to have the m-inverse property, which we denote here
by (W), if it satisfies the equivalent conditions

m+1 m

(ay)”" 2" =y (11)
m+1 m m

2 () =y (12)
Pp T =T (13)
A AT = ezjmﬂ. (14)

Indeed, (11)=(13) and (12)=(14) by the action on y, and (14) is obtained from (13)
by taking 22" for x.
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These properties were introduced by Karkling and Karklin [10], see [6, Sec-
tion 3]. By Proposition 2.5(c)'the weak inverse property is (WI)=(W_1). One of
the key facts on this sequence, proven in [6, Lemma 3.1], is that

(Wm) - (W72m71)7 (15)

resulting in the chain

(WI) = (W!P) = (W2IP) = (W3IP) = (W4IP) = - .-

where (WXIP) is defined for k > 1 as (W,,,) for m = (722:71. The “doubly weak
inverse property” (W2IP)=(W;) holds in any Buchsteiner loop, where (WI) does
not necessarily hold.

Before characterizing the possible m-inverse properties of any given loop, we
propose a change of indices, and write (W' 5,,) instead of (W,,). Although hard
to justify in terms of the defining identities (11)—(14), the formulation of various
facts becomes cleaner in this manner. For example (15) reads (W)) = (W’_,,),
and (WFIP) = (W(_y.).

We call a subset of 1 + 3Z a principal ideal if it is has the form (1 4 3Z)¢ for
some ¢ € 1+ 37Z. Notice that every two numbers ¢,¢ € 1 4 37Z have a unique
greatest common divisor in 1 + 3Z, which we denote by ged(¢,¢’). For example,
ged (40, 100) = —20.

Proposition 8.1.

1. (W,’n/)jL(Wm//)jL(Wm///) —t (Wm/_m//+m///),
2. If14+3m|1+3m then (W) = (Wi).

3. (W) + (Wp) = (Wieapem)-

Proof. For completeness we copy the proof of the case p = —1 from [6, Lemma 3.1]:
assuming (W,,), we have that 2 " (yz)» “""" = 22" (ya)r”"" () ((yx)P™ -

el m m m (11) m m —2m — .
g ()" = (P = AT proving (Woggo).

1. Assume (W), (Wp,») and (W,,) hold. Applying (13) and (14) alterna-
tively, we have that

1" 11

m’ —m' +m

’ 1" n"r 1"t 1" ’ ’ 1"
—(m —m +m _ m m m —m —m —m
p lop V= AT " L p T AT p

m/// m// 71 7m// 7m///

= p )‘ szvn/+1 >‘ P
ml’/ 7mfll

fr p gwpm’/_m/// p

_ -1

- rran/f'nL”#»'rn”,«Fl )

Wthh iS (Wm’fm”+m”’)~
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2. Taking m/,m” in the previous claim to be m and —2m — 1, it now follows

that (W{_3,,) + ( /(1+3p)(1+3m)) = (Wiisn)+ (WE4+3p)(1+3m))’ and we are
done by induction on p.

3. Let I C1+ 3Z be the set of integers p for which (W}) is a consequence of
the pair (W}) and (W/,). Let a € I be minimal in terms of absolute value.
Assuming a does not divide ged (¢, ¢'), let b be a minimal element of I, in
terms of absolute value, not divisible by a. By (15) we have that —2a € I. If
a, b have different signs, then —a—b = a—b+(—2a) € I by the first part, but
|—a — b < |b]. If a, b have the same sign, then again 2a —b=a—-b+a € I,
but [2a — b| = |2% — 1|[b| < [b] because |a| < [b|. In either case we have a
contradiction. O

Corollary 8.2. Let L be any loop. The set of integers p € 1+ 37Z for which L
satisfies (W), if nonempty, is a principal ideal.

Thus, if L satisfies any of the m-inverse properties, there is a minimal one, of
which all of the others are formal consequences of. This may be called the “inverse
level” of L. Corollary 8.2 is shown in [5] by using isotrophisms.

8.2. m~inverse for loop extensions

As always, let @ be a group acting on an abelian group K.

Proposition 8.3. Let m be an odd integer. For ¢ € C*(Q,K), L = (K,Q,c)
satisfies (W) if and only if

(aﬁ)(3m+1)/20 =c

Proof. Write m = 2n + 1. By (5)—(6) we have that

(kq)”™" = (o) kg, (16)

regardless of the sign of n. Taking = kp and y = k’q in (11), acting by pg on the
resulting equality and rearranging, we find that (K, @, ¢) is has the property (W,,)
if and only
Cpa = ((517)p,q(511,&0)27(17;?10?;]),1@.
Next, we compute by Equation (7) that ((8)%¢)p.q = (0'7)p.q7, 1 Clng) -1 -
Applying Proposition 5.6 to (a3)%c in place of ¢, we then find that

(@B)*"2¢) g = (8 )pa (B YO R o
and the result follows. O

Remark 8.4. In terms of n, Proposition 8.3 reads that L = (K, Q, ¢) satisfies
(Wap41) if and only if («B)3"*2c = ¢. To cover the other non-zero residue of 3
substitute —n—1 for n, to find that (W_(z,,11)) holds if and only if (aB)~Grtle =
¢, which is equivalent to (a8)*"*lc = c.
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Taking m = —1 in Proposition 8.3 recaptures the fact that CQ(Q,K)(W>
corresponds to the weak inverse property, (WI). For m = 1 we obtain that
2
C*Q,K )<(aﬁ) ) is the doubly weak inverse property (W2IP). More generally,
k
taking m = (_2)%, we obtain:

Corollary 8.5. The extension L = (K, Q,c) satisfies the property (WFIP) if and
ok—1
only if ¢ € C3(Q, K@D ).

8.3. Generalizations of (H)

Let (H™) denote the property of a loop that p?™, equivalently A>™, are homomor-
phisms. Here m is allowed to be negative. By [6, Lemma 3.1],

(W) = (H)

for any ¢ = 2 (mod 3); for example, (WKIP) =— (H2k71); and in particular
(W)= (WIP) = (H!) = (H).

The following proposition complements Proposition 8.3, as we see in the theo-
rem below.

Proposition 8.6. The following are equivalent for the loop (K, Q,c):
1. (H™) (namely A\*" and p*™ are homomorphisms)
2. (8%pe)™ = 1.
3. (aB)*nec=c.

Proof. Since (kq)”" = (¢c)y - kq by Example 16, it immediately follows that p
is a homomorphism if and only if (§'¢(c™) = 1. But by Proposition 5.6 we also
have that (a3)3"c = (64c)" - c. O

2n 2n

The same computation yields the following observation, concerning weak ver-
sions of (Inv):
Proposition 8.7. The following are equivalent for c € CQ(Q,K):

1. A =1 holds in (K,Q,c).

2. (Ye)™ = 1.

8.4. Invariants of even subgroups

Theorem 8.8. The subspaces of CX(Q, K) fired under subgroups of Coe = (af3)

are -
(Wang1) = CQ(Q,K)«QB) )
and

(1) = (@, K){ "),
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Proof. Combine Remark 8.4 and Proposition 8.6, noting that any nontrivial sub-
group of (af) can be uniquely represented in one of the forms <(aﬁ)3"+2> (for
n € Z) and {(aB)®*") (for n > 0). O

Proof of Theorem 1.1. The action of Do, on C*(Q, K) is defined in Proposition 5.2.
The subspaces fixed under odd subgroups are given in Theorem 7.1. The subspaces
fixed under even subgroups are given in Theorem 8.8. O

9. Extensions of Z,

In this final section we describe the extensions (K, @Q,c) for @ = (o) the cyclic
group of order 4, acting on an arbitrary abelian group K. This is a case of interest
in light of the fact that any Buchsteiner loop is a nuclear extension of an abelian
group of exponent 4 (see [6, Theorem 7.14]).

For brevity we denote ¢,i ,; = ¢;; (and a,i = a;), and write ¢ in a 3 x 3 matrix
form, omitting the trivial row and column corresponding to the identity element
of Q.

We are interested in ¢ up to equivalence, so we may multiply ¢ by §'a for
some a € CHQ,K). Note that (6'a)s = ajafay’ and (6'a); = aiagaz’, so
choosing as and then as properly, we may henceforth assume c¢;; = c12 = 1.
Equivalence under this reduction amounts to entry-wise multiplication by 6'a =

1 1 N(al)
1 N(a1) N(ay) | where N(k) = kk“k* k’ and a; € K is arbitrary. Solving
N(al) N(al) N(al)
the equations in Proposition 3.1 for ¢;; € K, we find:

Proposition 9.1. The conditions for the loop (K,Zy4,c) to satisfy the respective
properties are as follows:

11k
(LD) ifc~ | K w ak° | for kK, 7€ K with " = .
kUB ko_?) ka_?)
1 1 k

(R) ife~ | K 7 k° for k, k', 7 € K with 7° = .
kad s k02k/—1

1 1 k
(WI) ifem| 7 k E' | for k,K',7m € K with m° = 7~ 1.
1k 77_1/4}/03 k,/c,v2

1 1 k
(AI)  ife~ | K T Tk k=Y | for kK, 7 € K with ©° = .
A ey S
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(Inv) if c13 = ¢3; and Sy = Caa.
(H)  if there is p € K such that c13 = p~'cg;, and 6522 = ppcoa.
Intersecting any two of the conditions for (LI), (RI), (AI) and (WI), we obtain:

1 1
Proposition 9.2. (K,Q,c) has (IP) when ¢~ | 7n= 7 79 | for m € K satis-
w7 7w

fying 7" = . This loop is a group when m € K.

Letting N : K — K denote the function N(k) = kkoke k"3, Proposition 9.2
gives a 1-to-1 correspondence between K° /N(K) and extensions of Z, satisfy-
ing (IP), extending the well known correspondence between H*(Zy, K) = K° /N(K)
and group extensions.

As a complement to Proposition 2.1, we now give counterexamples for each of
the implications (LI), (RI), (AI), (WI) + (Inv) = (IP).

Corollary 9.3. For each of the four halves, there is a loop of order 8, in fact an
extensions of Q = Zy by K = Zs, satisfying this property as well as (Inv), but not
any of the other three.

Proof. In any of the formulas of Proposition 9.1 take # = k' = 1 and k # 1 to
avoid the form of Proposition 9.2. O

Let K2y denote the 2-torsion subgroup of K.

Proposition 9.4. Let K be an abelian group on which Q = Z4 acts. The following
are equivalent:

1. (WI) = (Inw) for loops of the form L = (K, Zy4,c);
2. (H) = (Inv) for loops of the form L = (K,Zy4,c¢);
3. Ky =1 and the action is trivial.

Proof. 2. = 1. because (WI) = (H).

1. = 3. By Proposition 9.1, the condition for (Inv) is that c¢g; = c‘l’; and
cg; = ¢99. For the function ¢ given in the same proposition for (WI), this holds
when k°° = k and 7 = kk—° (which imply 7% = 7—1). If the action is nontrivial
these conditions are countered by taking m = 1 and k ¢ K. If the action is trivial
and there are elements of order 2, take 7 to be such an element and k = 1. It
follows that the action is trivial and Ky = 1.

3. = 2. Again by Proposition 9.1, (H) = (Inv) if pu® = 7" =1 implies
g = 1. This condition can be written as (um®m 1) (ur°7=1)° = 1, or equivalently
u € Ker(140)Im(1 — o), viewing K as a Z[Q]-module, written multiplicatively. If
the action is trivial and there are no elements of order 2, we have that Im(1—0) =1
and Ker(1 + o) = Ker(2) = 1. O
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Recall that (LI), (RI) and (AI) each imply (Inv). Following the recipe in the
first part of Proposition 9.4, we construct an example showing that (WI)==(Inv)
for loop extensions.

Example 9.5. Let L = {eiaj}ieza ez,

multiplication rule eigd-¢¥' g3 = ¢ +(=17i"+3; ;1 (1=8,0) 5i+3" Then L satisfies (WI)
but not (Inv). (This is the loop (Zs,Zy4,c) where Z4 acts by inversion and c is
taken from the formula for (WI) in Proposition 9.1 with k = e and ¥’ =7 =1.)

be the (monogenic) loop of order 12 with

Remark 9.6. An extension L = (K, @, ¢) is commutative if Q is commutative, its
action on K is trivial, and ¢, 4 = ¢4, for all p,q. When @ = Z4, assuming com-
mutativity means that either (LI) or (RI) implies associativity. On the other hand
the examples for (Al)s=(IP) and (WI)==-(IP) in Corollary 9.3 are commutative.
Example 9.5 for (WI)==(Inv) is flexible, but not commutative.

As noted in Remark 5.3, (a, 3) acts on the quotient space C*(Q, K)/B*Q, K),
namely on extensions up to equivalence. Clearly,

C2(Q, )\ /BXQ, K) < (CY(Q, K)/BX(Q, K))®

and likewise for 8 (or any group action). If K5 = 1 this is an equality, because
ac = c¢-6*a implies (6'a)? = 1. However, when K has 2-torsion the situation is
more delicate:

Example 9.7. Let Q = Z4 act on K = (to,tl,tg,tg (Z3)* by permuting the
1
indices. Consider the cocycle ¢ = 1 t0t1 t0t1
totitats totitats totitats
Then (K, Q,c)=(K,Q,ac) because ac- ¢! € B*(Q, K but ac # ¢, and
indeed (K, Q, c) does not satisfy (LI): totitotzo? = (02)* - (02 - 02) # o

Similar examples can be constructed for the other properties.
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