Quasigroups and Related Systems 28 (2020), 203 — 228

Translatable quadratical quasigroups

Wieslaw A. Dudek and Robert A. R. Monzo

Abstract. The concept of a k-translatable groupoid is introduced. Those k-translatable
quadratical quasigroups induced by the additive group of integers modulo m, where k < 40, are
listed for m < 1200. The fine structure of quadratical quasigroups is explored in detail and the
Cayley tables of quadratical quasigroups of orders 5, 9, 13 and 17 are produced. All but those of
order 9 are k-translatable, for some k. Quadratical quasigroups induced by the additive group
of integers modulo m are proved to be k-translatable, for some k. Open questions and thoughts

about future research in this area are given.

1. Introduction

Geometrical motivations for the study of quadratical quasigroups have been given
in [9, 10, 11, 12]. In particular Volenec [9, 10| defined a product * on C, the
complex numbers, that defines a quadratical quasigroup. The product x *y of two
distinct elements is the third vertex of a positively oriented, isosceles right triangle
in the complex plane, at which the right angle occurs.

The main aim of this paper is to give insight into the fine algebraic structure
of quadratical quasigroups, in order to set the stage for, and to stimulate, further
development of the general theory that is still in its relative infancy. This is the
second of a series of four papers that advance this theory. We concern ourselves
here mainly with the fine algebraic structure, rather than with the geometrical
representations, of quadratical quasigroups. However, as noted by Volenec, each
algebraic identity valid in the quadratical quasigroup (C, *) can be interpreted as
a geometrical theorem and the theory of quadratical quasigroups gives a better
insight into the mutual relations of such theorems ([9], page 108).

Volenec [9] proved that quadratical quasigroups have a number of properties,
such as idempotency, mediality and cancellativity. These properties were applied
by the authors in [3] to prove that quadratical quasigroups form a variety Q. The
spectrum of @ was proved to be contained in the set of all integers equal to 1
plus a multiple of 4. Quadratical quasigroups are uniquely determined by certain
abelian groups and their automorphisms [1]. Necessary and sufficient conditions
under which Z,,, the additive group of integers modulo m, induces quadratical
quasigroups are given in [3].
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This paper builds on the authors’ work in [3], as well as the prior work of
Polonijo [7], Volenec [9] and Dudek [1]. In Sections 3, 4, 5, 6 and 7 the notion
of a four-cycle, which was introduced in [3], is used to explore in detail the fine
structure of quadratical quasigroups. The concept of a four-cycle is applied in
Sections 4 and 6 to produce Cayley tables for quadratical quasigroups of orders 5,
9, 13 and 17. These tables can be reproduced by model builders, but we would
not achieve our aim of stimulating thought about the fine algebraic structure in
that manner.

In Section 8, all of these quadratical quasigroups except those of order 9 are
proved to be k-translatable, for some k. We prove that, up to isomorphism, there
is only one quadratical quasigroup of order 9 and that it is self-dual. Quadratical
quasigroups of order 25 and 29 are found. The one of order 25 is 18-translatable,
its dual is 7-translatable, the quadratical quasigroup of order 29 is 12-translatable
and its dual is 17-translatable.

Sections 8 and 9 of this paper explore other ways of constructing k-translatable
quasigroups. We introduce the central concept of a k-translatable groupoid in
Section 8 and use it to characterize quadratical quasigroups. In Section 9 nec-
essary and sufficient conditions are found for a quasigroup induced by Z,, to be
k-translatable. We prove that a quadratical quasigroup induced by Z,, is always
k-translatable, for some k. The existence of k-translatable quadratical quasigroups
induced by some Z,, is established for each integer k, where 1 < k < 11. Values of
m for which a quadratical quasigroup induced by Z,, is (m — k)-translatable are
determined for each integer k, where 1 < k < 11.

In Section 9 lists are given for k-translatable (k < 40) quadratical quasigroups
of orders m < 1200, induced by Z,, and k-translatable quadratical quasigroups
induced by Z,, for m < 500.

In a future publication, the two different approaches to the construction of
quadratical quasigroups are united. It will be proved that a quadratical quasigroup
is translatable if and only if it is induced by some Zg,,+1. Finally, open questions
and possible future directions for research are discussed in Section 9.

2. Preliminaries

Volenec [9] defined a quadratical groupoid as a right solvable groupoid satisfying
the following condition:

TY-T = 2T - Yz. (A)

He proved that such groupoids are quasigroups and satisfy the identities listed
below.
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Theorem 2.1. A quadratical groupoid satisfies the following identities:

2

x =1z (idempotency), (1)
x-yr=ay- -z (elasticity), (2)
xryr=xy-x=yx-y (strong elasticity), (3)
yr-xzy =1z (bookend), (4)
x-yz=uay-xzz (left distributivity), (5)
xy-z=uxz-yz (right distributivity), (6)
xy-zw=xz -yw (mediality), (7)
x(y - yx) = (zy - x)y, (8)
(zy - y)z = y(z - y2), (9)
xy = zw «— yz =wzx (alterability). (10)

These identities can be used to characterize quadratical quasigroups. Namely,
the following theorem is proved in [3].

Theorem 2.2. The class of all quadratical quasigroups form a variety uniquely
defined by

e (4), (3), (4), (7), or
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Quadratical quasigroups are uniquely characterized by commutative groups
and their automorphisms. This characterization (proved in [1]) is presented below.

Theorem 2.3. A groupoid (G,-) is a quadratical quasigroup if and only if there
exists a commutative group (G, +) in which for every a € G the equation z+2z = a
has a unique solution z € G and @,v are automorphisms of (G, +) such that

zy = p(x) + P(y),

p(z) +(z) =z,
20¢(z) = @
forall x,y € G.

In this case we say that the quadratical quasigroup is induced by (G, +).
We also will need the following two results proved in [3].

Theorem 2.4. A finite quadratical groupoid has order m = 4t + 1.

So, later it will be assumed that m = 4¢ + 1 for some natural ¢.
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Theorem 2.5. A quadratical groupoid induced by the additive group Z,, has the
form

z-y=ax+(1—a)y,
where a € L., and

2a*> —2a+1=0. (11)

3. Products in quadratical quasigroups

Let @ be a quadratical quasigroup and a, b € @ be two different elements. Suppose
that C' = {x1,29,...,2,} C Q consists of n distinct elements, such that aba =
T1Ty = Tok3 = 3Ty = ... = Tp_1Zy = Tpx1. Then C will be called an (ordered)
n-cycle based on aba. Note that x, # aba, or else 1 = x5 = ... = z,, = aba. Note
also that if C' = {x1,29,23,...,2,} C @ is an n-cycle based on aba, then so is
Ci= {x% T(i41)modns L(i+2)modns - -+ » x(iJrnfl)modn}-

In [3] is proved that in a quadratical quasigroup all n-cycles have the length
n = 4. Moreover, if a,b € @ and a # b, then each element z; # aba of Q is a
member of a 4-cycle based on aba. Two 4-cycles based on aba, where a # b, are
equal or disjoint. Note that in any 4-cycle C' = {z1, 22, 3,24}, 24 = x123. Hence,
C ={x,yz,y,xy}, where x = 1 and y = x3.

Definition 3.1. Let @ be a quadratical quasigroup with {a,b} C @ and a # b.
Then {a,b, ab,ba,aba} contains five distinct elements. We will use the notation
[1,1] = a, [1,2] = ab, [1,3] = ba and [1,4] = b. We omit the commas and square
brackets in the notation, when this causes no confusion, and write 11 = a, 12 = ab,
13 = ba and 14 = b. For n > 2, by induction we define nl = (n — 1)1 - (n — 1)2,
n2=m-12-m-14,n3=mn-1)3-n—-1)1,nd=mn-14-(n—-1)3
and Hn = {nl,n2,n3,n4}. On the occasions when we need to highlight that
the element fk, f € {1,2,...,n} and k € {1,2,3,4}, is in the dual quadratical
quasigroup @Q* we will denote it by fk*. Similarly, Hn* = {nl* n2* ,n3* nd*}.
Note that the values of both fk and fk* depend on the choice of the elements a
and b.

Example 3.2. H2 ={a-ab,ab-b,ba-a,b-ba},

H3 = {(a-ab)(ab-b),(ab-b)(b-ba),(ba-a)(a-ab),(b-ba)(ba-a)},

HA = {(31-32)(32-34), (32-34)(34- 33), (33 31)(31 - 32), (34 33)(33 - 31)}, where
31 = (a-ab)(ab-b), 32 = (ab-b)(b-ba), 33 = (ba-a)(a-ab) and 34 = (b-ba)(ba - a).

Example 3.3. 11" = a, 12* = ax b, 13* = bxa, 14* = b and, for n > 2, by
induction we define n1* = (n — 1)1* % (n — 1)2*, n2* = (n — 1)2* x (n — 1)4*,
n3* = (n—1)3* x (n — 1)1* and nd* = (n — 1)4* x (n — 1)3*.

Example 3.4. H2*={ax(axb), (axb)xb, (bxa)*a, bx(bxa)} = {ba-a, b-ba,a-ab,ab-b}
and 52* = 42*-44* = (32*-34%)(34*-33*) = (((abxb) x (bxba))* ((bxba)* (baxa)))*
(((bxba)* (ba*a))* (ba*a)* (axab)), where axab = ax*(axb), abxb= (a*xb) b,
baxa=(bxa)*aand bxba=">bx*(bxa).
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Note that the expression ab, when working in the dual groupoid Q* = (Q, %),
equals a * b, which equals b - a in the original groupoid itself. This notation will
cause no problems, as we will either calculate values only using the dot product or
the star product, or when we are calculating using both products, as in Theorem
5.1, the distinction will be obvious.

The proofs of the following propositions are straightforward, using induction
on n and the properties of quadratical quasigroups, and are omitted.

Proposition 3.5. For any positive integert, tl-t4=12,12-t3 =14, t3-12=1¢1
and t4 - t1 = t3.

Proposition 3.6. Fort > 1, aba-tk = (t— 1)k for any k € {1,2,3,4}.

Proposition 3.7. Fort > 1, tl-aba = (t—1)2, t2-aba = (t—1)4, t3-aba = (t—1)1
and t4 - aba = (t — 1)3.

Proposition 3.8. For any positive integer t, Ht contains 4 distinct elements.
Proposition 3.9. For any positive integer t, Ht N {aba} = 0.

Proposition 3.10. For any positive integert, t1-t3 = t2-t1 = t3-t4 = t4-t2 = aba.
Proposition 3.11. Ht = {t1,t3,t4,t2} is a 4-cycle based on aba.

Definition 3.12. We say that a groupoid Q is of the form Qn, for some positive
n

integer n, if Q = {aba}|JHt for some {a,b} C @, where each Ht is as in
t=1

Definition 3.1.

4. Quadratical quasigroups of form Q1 and Q2

We are now in a position to examine more closely the Cayley tables of quadra-
tical quasigroups. This will aid in the construction of the tables for quadratical
quasigroups of orders 5, 9, 13 and 17. Dudek [1] gave two examples of quadratical
quasigroups of orders 5, 13 and 17 and six examples of quadratical quasigroups
of order 9. A close examination of the fine structure will aid us in proving that
all these quadratical quasigroups are of the form Qn, for some positive integer n.
Each pair of quadratical quasigroups of orders 5, 13 or 17 will be proved to be
dual groupoids. The 6 quadratical quasigroups of order 9 will be proved to be of
form @2 and self-dual. That is, up to isomorphism, there is only one quadratical
quasigroup of order 9.

A method of constructing quadratical quasigroups of the form Qn is as follows.
Proposition 3.6 implies that aba - Ht = H(t — 1) for all ¢ # 1. Since quadratical
quasigroups are cancellative, we can assume that aba- H1 = Hn. If we choose the
value of aba - 11 in Hn = {nl,n2,n3,n4} then, using the properties of quadratical
quasigroups, we can attempt to fill in the remaining unknown products in the
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Cayley table. If this can be done without contradiction, then, using Theorem 2.2,
we can check that the groupoid thus obtained is quadratical, by checking that it
is bookend and medial. Completing the Cayley table is this way is not always
possible, as shown in the following example.

Example 4.1. Suppose @ is a quadratical quasigroup of the form @2. Then
aba - 11 = aba - a € H2 = {21,22,23,24} = {a - ab,ab - b,ba - a,b - ba}. Now
aba-a = a(ba - a) and so aba - a ¢ {a - ab,ba - a}, since cancellativity, idempotency
and alterability would imply that a = b (if aba - @ = ba - a) and b = a - ab (if
aba - a = a - ab), the latter contradicting to the fact that two 4-cycles based on
aba are equal or disjoint (cf. [3]). Hence, aba - @ must be in the set {ab-b,b- ba}.
However, if aba - a = b ba, then by (10), ab = ba - aba = (b- ab)a = aba-a = b - ba,
a contradiction since H1 N H2 = ().

Example 4.1 shows that aba - @ = ab - b. Using the properties of quadratical
quasigroups, the Cayley table of the groupoid of the form 2 can only be completed
in one way, as shown below here, in Table 1.

We then need to calculate all the possible products xy - yx and xy - zw in Table
1, to prove that they are equal to y and zz - yw respectively. Then, by Theorem
2.2, Q2 would be quadratical. This proves to be the case and we omit the detailed
calculations. However, to give a flavour of the calculations we find all products
aba - x and x - aba when x € H1 and aba - a = ab - b.

Since (a-aba) (aba - a) = (a - aba) (ab - b), it follows that we have a-aba = b-ba,
aba - b = ba - a, aba - ab = (aba - a) (aba - b) = (ab-b) (ba-a) = b - ba and, simi-
larly aba - ba = a - ab. Then aba - ab = b - ba implies ba - aba = ab - b. Also,
aba = (ab- aba) (aba - ab) = (ab- aba) (b - ba) implies ab - aba = ba - a. Finally,
b-aba = (ab- aba) (ba - aba) = (ba - a) (ab-b) = a - ab.

Q2 11=a |12=ab|13=ba|14=b| aba |[21=a-ab|22=ab-b|23=0ba-a|24=>b-ba
11=a a a-ab aba ab b-ba ba b ab-b ba-a
12=ab aba ab b ab-b | ba-a b-ba a a-ab ba
13=ba ba - a a ba aba | ab-b ab b-ba b a-ab
14=b ba aba b-ba b a-ab ab-b ba-a a ab

aba ab-b | b-ba | a-ab |ba-a aba a ab ba b
21=a-ab| b-ba b ba - a a ab a-ab ba aba ab-b
22=ab-b| a-ab | ba-a ab ba b aba ab-b b-ba a
23=ba-a| ab ba ab-b | b-ba a b a-ab ba-a aba
24=b-ba b ab-b a a-ab ba ba - a aba ab b-ba

Table 1.

Proposition 4.2. A quadratical quasigroup @ of order 9 is of the form Q = Q2.

Proof. We have @ = H1 U {aba} U C, where C is a 4-cycle based on aba and
C N H1=0. We proceed to prove that C' = H2.
Consider the following part of the Cayley table: (H1U {aba}) - H1.
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Q a ab ba b
a a aba ab
ab | aba | ab b
ba a ba | aba
b ba aba b
aba

From the table, clearly, if ba - a € H1 U {aba}, then ba - a € {ab, b}.

Assume that ba - @ = ab. Then we have a = b-ba, ab-b = (ba-a)b =
(ba - b) - ab = aba - ab = a(ba - b) = (b- ba)(ba - b) = b(ba - ab) = ba and b = a - ab.
Also, aba - a = a(ba-a) = a-ab = b, aba-ab = ab- (a-ab) = ab-b = ba,
aba-b="bab-b=">b(ab-b) =b-ba = a and aba - ba = (aba - b)(aba - a) = ab. So, we
have proved that (H1U {aba}) - H1 = H1 U {aba}.

Similarly, if ba - b = b, then (H1U {aba}) - H1 = H1 U {aba}, which is not
possible because, if ¢ € C, then ¢ € C' = {ca,c- ab, ¢ - ba, cb}, a contradiction. So,
ba - a = ¢, for some ¢ € C. Then, since C = {¢,de, d, cd} for some d € C, we have
aba =c-dc=dc-d=d-cd = cd-c. So, aba = (ba-a) - de, which implies dc = b ba.
Also, aba = cd - (ba - a), which implies e¢d = a - ab. Then, aba = dc-d = (b - ba)d,
which gives d = ab - b. Hence, C = {a-ab,ab-b,ba-a,b-ba} = H2. O

So, we have proved that a quadratical quasigroup of order 9 must be the quasi-
group Q2.

Open question. Is a finite, idempotent, alterable, cancellative, elastic groupoid
of form Qn quadratical?
Note that we can prove that the answer is affirmative when n =1 or n = 2.

Now, if we calculate the Cayley table for (Q2)*, the dual of Q2, we see that the
table for the dual product * (defined as a xb =10 a) is exactly the same as Table
1, where the product is the dot product -. (For example, ((b* a) * a) x (bxa) =
(a-ab)xab=ab-(a-ab) =b-ba = (a+b)*b and, by Table 1, (ba-a)-ba = ab-b).
Hence, @2 = (Q2)*. Another way to put this is that the quadratical groupoid
@2 must be self-dual. An isomorphism 6 between @2 and (Q2)* is: fa = a,
0b =0b, 0(ab) = axb, 8(ba) = bxa, 0(a-ab) = ax (ax*b), O(ab-b) = (a*b) b,
O(ba-a) = (bxa)*a and 6(b-ba) =bx* (bxa).

Example 4.3. It is straightforward to calculate the Cayley tables of the quadra-
tical quasigroups, each of order 9, given in [1]. They are each based on the group
Zs3 x Zs of ordered pairs of integers, with product being addition (mod 3). The
products are defined as follows:

(,y) *1 (z,u) = (y + 2 + 2u,z + y + 22),
(,y) * (z,U) (2y + 2z +u, 2z + y+2),
(1) %3 (o) = (43 + 20,2+ 22+ 1),
(er9) #1 (210) = (2 + 2 + 0,20+ 2+ u)
(z,y) *5 (z,u) = 2z + y + 2z + 2u, 2z + 2y + 2z + 2u),
(x,y) %6 (z,u) = (22 + 2y + 22 + v, x + 2y+22z + 2u) .
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In each table, if we calculate ab and ba for the ordered pairs a = (1,1) and
b= (1,2) we see that Q = {aba} U H1U H2 and that aba - a = ab - b. Therefore,
these six quadratical quasigroups are isomorphic to each other and to Q2. We
already knew that there is only one quadratical quasigroup of order 9, but these
calculations clarify (and reinforce a conviction) that the quadratical quasigroups
of order 9 presented in [1] are isomorphic.

Example 4.4. We now calculate the Cayley table for a groupoid Q1 and its dual,
when aba - a € {ab, b}.

Ql| a ab | ba b | aba (@D a |bxa|laxb| b aba
a a ba | aba | ab b a a aba b axb |[bxa
ab | aba | ab b a ba bxa | axb |bxa| a aba b
ba b a ba | aba | ab axb | aba b axb| bxa a
b ba | aba | ab b a b bxa a aba b ax*xb
aba | ab b a ba aba aba b axb|bxa a aba
Table 2.

Checking these tables shows that each is medial and bookend and that, indeed,
these two quadratical quasigroups are dual.

Open question. FEzxamining Tables 1 and 2 closely, we can show that any two
distinct elements of Q1 (resp. (Q1)*, Q2) generate Q1 (resp. (Q1)*, Q2). This
will later be seen to be the case also for Q3, Q4 and their duals. We conjecture
that if Q is a quadratical quasigroup of form Qn, for some positive integer n, then
it is gemerated by any two distinct elements. Such a property does not hold in
quadratical quasigroups in general, as we shall now prove.

Example 4.5. Since @ is a variety of groupoids, the direct product of quadratical
quasigroups is quadratical. Hence, Q1 x Q1 is quadratical. If we choose a base
element, (a,b) say, then Q1 x Q1 consists of six disjoint 4-cycles based on (a,b);
namely,

{(a,a), (a,aba), (a,ab), (a,ba)}, {(b, ad), (aba, ba), (ba, a), (ab, aba)},
{(ab,b), (b,b), (aba,b), (ba,b)}, {(ab, ab), (b, ba), (aba,a), (ba, aba)},
{(ba,ba), (ab,a), (b, aba), (aba,adb)}, {(aba,aba), (ba,ab),(ab,ba),(b,a)}.

If C is any one of these six 4-cycles, then no two distinct elements x and y

of C' generates Q1 x Q1, because {z,y} C C and C is a proper subquadratical
quasigroup of Q1 x @1, isomorphic to Q1.

Example 4.6. (Q1 x Q1)* = (Q1)* x (Q1)* and (Q1 x (Q1)*)" = (Q1)* x Q1.
Note that (a,ba) and (ab,b) generate Q1 x (Q1)* and (ba,a) and (b, ab) generate
(Q1)* x Q1 while Q1 x Q1 and (Q1)* x (Q1)* are not 2-generated.
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5. The elements nk*

The following Theorem is easily proved for ¥ = 1 and, by induction on k, is
straightforward to prove for all k € {0,1,2,...} = Ny. The proof is omitted but
we proceed to give an idea of some of the calculations.

For k=0

((4+4k)4)* =44* = (34-33)* = ((24-23) - (23 - 21))*
= ((b-ba)(ba-a)- (ba-a)(a-ab))* = (ba-a)(a-ab)- (a-ab)(ab-b)
= (23-21)- (21-22) = 3331 = 43 = ((4 + 4k)3).

Note that we get the same result if we write
44* = [(bx (bxa) x ((bxa) *xa))] * [((b*a) xa) * (ax (ax*xb))].

Theorem 5.1. For all k € Ny,

(1 +4R) 1) = (1+4k)1, (1+4k)2)*=(1+4k)3, (1+4Kk)3)*=(1+4k)2, (1+4k)4)*=(1+4k)4,
(2+4k)1)*=(2+4Kk)3, (2+4k)2)*=(2+4k)4, (2+4k)3)*=(2+4k)1, ((2+4k)d)*=(2+4k)2,
(3+4k)1)*=(3+4k)4, ((3+4k)2)*=(3+4k)2, ((3+4k)3)*=(3+4k)3, ((3-+4k)d)*=(3+4k)1,
(4+4k)1)*=(4+4k)2, (4+4k)2)*=(4+4k)1, ((4-+4k)3)*=(4+4k)d, ((4+4k)4)*= (4-+4k)3.

Further, for simplicity, elements of the form (xy)* will be denoted as zy*.

Now, considering the quadratical quasigroups of form Qn, from the remarks in
the paragraph preceding Example 4.1, we see that there are at most 4 groupoids of
the form @n for any given integer n. Since the dual of a quadratical quasigroup of
the form @n must also have the form Qn, we can tell, from the following Theorem,
which values of aba - @ may yield groupoids that are duals of each other.

Theorem 5.2. For all positive integers n = 2, the following identities are valid
i a quadratical quasigroup of form Qn, depending on the value of aba - a:

aba-a|aba-ab|aba-ba | aba-b|a-aba|ab-aba | ba-aba | b-aba|nl-n2|n2-nd|n3-nl|nd-n3
nl n2 n3 n4 n2 nd nl n3 a ab ba b
n2 n4 nl n3 n4 n3 n2 nl ba a b ab
n3 nl n4 n2 nl n2 n3 n4 ab b a ba
n4 n3 n2 nl n3 nl n4 n2 b ba ab a
aba-a|11-34(23-14|34-14| 14-21

nl n3 n2 nl nl (n—1)2 =11-n1 =n2-11

n2 nl n4 n2 n2 (n—1)4 =11-n2 =n4-11

n3 n4 nl n3 n3 | (n—1)1=11-n3=nl-11

n4 n2 n3 n4 n4 (n—1)3=11-n4 =n3-11

Proof. We prove only the identities for when aba-a = n2, as the proofs of the other
three cases are similar. We have aba-n2. Then, aba = (a-aba)(aba-a) = (a-aba)-n2.
By Proposition 3.11 and Theorem 2.1, a - aba = n4 = a - bab = aba - ab. Then,
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nd = aba - ab = (aba - a)(aba - b) = n2 - (aba - b). By Proposition 3.5, aba - b = n3.
So aba - ba = (aba - b)(aba - a) = n3 -n2 = nl (by Proposition 3.5). Then,
aba = (b-aba)(aba-b) = (b-aba)-n3, which by Proposition 3.11 implies b-aba = n1.
Then, using Proposition 3.5, ab-aba = (a-aba)(b-aba) = n4-nl = n3 and ba-aba =
(b-aba)(a - aba) = nl-nd = n2. We also have nl - n2 = (aba - ba)(ba - aba) = ba,
n2-nd = (aba - a)(a - aba)) = a, n3-nl = (aba - b)(b- aba) = b and nd - n3 =
(aba - ab)(ab - aba) = ab. Now, 11-34 =a - (b-ba)(ba-a) = a(b-ba) - a(ba - a) =
(ab-aba)(aba-a) =n3-n2=nl, 34-14=(b-ba)(ba-a)-b= (b-ba)b- (ba-a)b=
(b-bad)(bab - ab) = (b- aba)(aba-ab) =nl-nd =n2, 14-21 =b(a-ab) = ba -bab =
ba - aba =n2 and 23-14 = (ba - a)b = bab - ab = aba - ab = n4.

Finally, a - n2 = a-aba-a = aba - a - aba = aba -nd = (n — 1)4 = 11 - n2 and
nd-a=a-aba-a=aba-a-aba=(n—1)4=nd-11.

This completes the proof of the validity of the identities indicated in row 3 of
the two tables in Theorem 5.2, when aba - a = n2. O

As mentioned above, Theorem 5.2 will be useful when we look for the duals
of the quadratical quasigroups that we will call @3 and @4, as will the following
concept.

Definition 5.3. If a quadratical quasigroup of form Qn exists for some integer n
then the identity generated on the left (on the right) by an identity kr - ls = mt,
where 7, s,t € {1,2,3,4} and k,l,m < n, is defined as the identity

(aba - kr)(aba - 1s) = aba - mt  (resp. (kr - aba)(ls - aba) = mt - aba)
and kr - [s = mt is called the generating identity.

Note that Propositions 3.6 and 3.7, along with Theorem 5.2, give the means
of calculating identities generated on the left and right by a given identity. Mul-
tiplying on the left (or on the right) repeatedly n-times gives n distinct identities.
These methods will later be used to prove that quadratical quasigroups of the form
Q6 do not exist.

6. Quadratical quasigroups of forms Q3 and Q4

We give the Cayley tables of quadratical quasigroups of orders 13 and 17.

First we note that for a quadratical quasigroup of form @3, if aba - a = n3 =
33 = (ba-a)(a-ab), then aba - a = a(ba - a) = (a - ab) - aba = ab, which implies, by
cancellation, ba-a = b, a contradiction because H1INH2 = (. If aba-a = nd = 34 =
(b-ba)(ba-a), then ab-aba = a(b-ba) = (ba-a)-aba = a, which implies b-ba = a, a
contradiction. Hence, aba - a € {31, 32} = {(a-ab)(ab-b), (ab-b)(b-ba)}. Setting
aba - a = a - ab and using the properties of quadratical quasigroups (Theorem 2.1)
we obtain the Cayley Table 3. It can be checked that it is medial and bookend
and so, by Theorem 2.2, this groupoid is a quadratical quasigroup.
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Q3|11 | 12 | 13 | 14 |aba | 21 | 22 | 23 | 24 | 31 | 32 | 33 | 34
11 | 11 | 21 |aba | 12 | 32 | 14 | 23 | 31 | 34 | 22 | 13 | 24 | 33
12 |aba | 12 | 14 | 22 | 34 | 32 | 13 | 33 | 21 | 23 | 24 | 31 | 11
13 | 23 | 11 | 13 |aba | 31 | 24 | 32 | 12 | 33 | 14 | 34 | 21 | 22
14 | 13 |aba | 24 | 14 | 33 | 31 | 34 | 22 | 11 | 32 | 21 | 12 | 23
aba | 31 | 32 | 33 | 34 |aba | 11 | 12 | 13 | 14 | 21 | 22 | 23 | 24
21 | 32 | 23 | 34 |13 | 12 | 21 | 31 |aba| 22 | 24 | 33 | 11 | 14
22 | 33 | 34 | 11 | 21 | 14 |aba | 22 | 24 | 32 | 12 | 23 | 13 | 31
23 | 24 | 14 | 31 | 32 | 11 | 33 | 21 | 23 |aba | 34 | 12 | 22 | 13
24 | 12 | 31 | 22 | 33 | 13 | 23 |aba | 34 | 24 | 11 | 14 | 32 | 21
31 | 34 | 13 | 21 | 24 | 22 | 12 | 33 | 14 | 23 | 31 | 11 | aba | 32
32 122 | 33|23 |11 | 24| 13 | 14 | 21 | 31 |aba| 32 | 34 | 12
33 | 14 | 22| 32 | 23|21 |34 |24 | 11 |12 | 13 | 31 | 33 | aba
34 |21 | 24|12 | 31 | 23 | 22 | 11 | 32 | 13 | 33 |aba | 14 | 34

Table 3.

There are then two ways to obtain the Cayley table for (Q3)*. Firstly, we can
use abaxa = 32* = [(a*b) xb] x [bx (b*a)] and, using the properties of quadratical
quasigroups, we can then calculate the remaining products in Table 4.

Alternatively, we can calculate the products directly from Table 3, using our
Theorem 5.1. For example, 23* = (bxa) *xa = a - ab = 21, and similarly 32* =
((a*b)«b)*(bx(bxa)) = (ab-b)(b-ba) = 32. Hence, 32* % 23" = 3221 = 21-32.
From Table 3, 21 - 32 = 33. But from Theorem 5.1, 33 = 33*. So, we obtain
32% % 23" = 33 = 33". The remaining products in Table 4 can be calculated in
similar fashion. Having already checked that Table 3 is quadratical, Table 4 also
produces a quadratical quasigroup, the dual groupoid.

(@3)* | 11 | 12" | 13" | 14™ | aba | 21 | 22% | 23" | 24" | 31" | 32" | 33" | 34"
11" 11° | 21* | aba | 12* | 34™ | 22* | 13" | 32" | 33" | 23" | 24" | 14" | 31"
12* | aba | 12% | 14" | 22" | 33" | 34" | 24 | 31" | 11* | 13* | 21* | 32" | 23"
13* 23" | 11" | 13" | aba | 32% | 14" | 34" | 21" | 31" | 22" | 33" | 24" | 12"
14* 13" | aba | 24* | 14™ | 31* | 32* | 33" | 12" | 23" | 34" | 11" | 21" | 22"
aba | 32" | 34" | 31" | 33" | aba | 11* | 12" | 13" | 14* | 21* | 22 | 23" | 24"
21" 34* | 13 | 33" | 24* | 12" | 21" | 31" | aba | 22" | 32" | 23" | 11" | 14"
22* 31* | 33" | 23" | 117 | 14" | aba | 22" | 24™ | 32" | 12" | 34" | 13" | 217
23" 14* | 22* | 32" | 34* | 11" | 33" | 21" | 23" | aba | 23* | 12" | 31" | 13"
24* 21% | 32* | 12* | 31" | 13" | 23" | aba | 34" | 24" | 11" | 14™ | 22" | 33"
31" 33% | 24™ | 117 | 217 | 227 | 12" | 23" | 14" | 34" | 31" | 13" | aba | 32"
32" 12% | 31" | 22 | 23" | 24™ | 13" | 14" | 33" | 21" | aba | 32" | 34" | 11"
33" 22% | 23% | 34" | 13" | 21" | 24" | 32" | 11* | 12" | 14" | 31" | 33" | aba
34" 24" | 14* | 217 | 32" | 23" | 31" | 11" | 22 | 13" | 33" | aba | 12" | 34"

Table 4.

Similarly, we can calculate the Cayley tables for Q4 and its dual (Q4)*:
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Q4|11 12|13 |14 |aba| 21 | 22 |23 |24 |31 32|33 |34 |41 |42 |43 | 44
11 |11 | 21 |aba| 12 | 44 | 24 | 32 | 42 | 43 | 14 | 23 | 31 |41 |33 |34 | 13| 22
12 |aba| 12 | 14 |22 | 43 | 44 | 23 |41 | 34|32 |13 | 42|21 |11 |31 |24 33
13 (23 |11 | 13 |aba| 42 | 31 |44 |22 |41 |24 |43 |12|33 (32|21 |34 14
14 | 13 |aba| 24 | 14 | 41 | 42 | 43 | 33 |21 |44 |34 | 22|11 |23 |12 | 31| 32
aba | 42 | 44 | 41 | 43 |aba| 11 |12 {13 | 14|21 |22 |23 |24 |31 |32 | 33| 34
21 | 4413243123 |12|21 |31 |aba| 22|34 |42 |11 |14 24|33 |41 |13
22 |41 |43 |21 |34 | 14 |aba| 22 | 24|32 |12 33|13 |44 |42 |23 |11 |31
23 3124|4244 | 11|33 |21 |23 |aba|41 |12 |32 |13 34| 14| 22|43
24 12242 |33 41| 13|23 |aba| 34|24 |11 |14 |43 |31 |12 |44|32 |21
31 |43 |23 3413|2212 42|14 |33 |31 |41 |aba| 32|44 |11 |21 | 24
32 (33|41 11|21 |24 |13 |14 |31 |44 |aba| 32 |34 | 42|22 |43 |23 | 12
33 24|14 443221 |41 |34 |11 |12 |43 |31 |33 |aba| 13 |22 | 42| 23
34 |12 |31 1224223 32|11 |43 |13 |33 |aba|44 | 34|21 |24 |14 | 41
41 |21 |34 12|31 (32|14 33|44 |23 |22 |11 |24 |43 |41 |13 |aba| 42
42 |14 122132 (33|34 |43 [13|21 3123|2441 |12 |aba|42 |44 |11
43 321331231131 (3424|1242 13|44 |21 |22| 14|41 | 43 |aba
44 |34 |13 31| 24|33 (22|41 |32 |11 |42 |21 |14 |23 |43 |aba| 12 | 44

Table 5.

(Q4)* 117127 13%| 14" |aba | 217 | 227 | 23% | 24* | 31% | 32% | 33% | 34* | 417 | 42% | 43* | 44~
11% | 11%| 21" |aba | 12% | 417 | 34| 24* | 43* | 42| 13* | 33" | 22* | 44™| 14* | 23" | 31| 32*
12* |aba | 12| 14| 227 | 42% | 417 | 33* | 44™ | 23* | 24™ | 11* | 43*| 31™| 32*| 13™| 34*| 21~
137 [ 23*[11%| 13* |aba | 437 | 22% | 417 | 32% | 447 | 34™ | 42*| 14™| 21*| 24™| 31*| 12| 33"
14* | 13* |aba | 24 | 14™ | 44| 43" | 42| 21* | 31| 41*| 23" | 32*| 12| 33* | 34| 22* | 11*
aba | 437|417 | 44% | 427 |aba | 117 | 127 | 13*| 14™ | 21*| 22% | 23* | 24* | 31%| 32* | 33* | 34*
21% | 417 24%| 427 33" | 127 217 | 31" |aba | 227 | 44" | 34™ | 11| 14*| 23* | 43*| 32* | 13*
22% | 44* | 42%| 317 | 23* | 14" | aba | 22* | 24* | 32* | 12* | 43*| 13*| 33* | 34* | 21" | 11|41~
23% | 227 34%| 43" | 41| 11%| 33" 21" | 23" |aba | 32" | 12" | 42| 13| 44™ | 14| 24 | 31*
24% | 327 43| 217 | 44| 13%| 23" |aba | 347 | 247 | 117 | 14™ | 31* | 41%| 12* | 33* | 42 | 22*
31% (427 33%| 23| 11*|22%| 12*| 34™| 14* | 43* | 31* | 41" |aba | 32" | 13*| 44" | 21| 24~
32% | 217 44*| 12| 31%| 24| 13" 14" | 417 | 33" | aba | 32" | 34 | 42 | 22* | 11| 23" | 43*
33% | 347 13| 417 | 24%| 21%| 32" | 44" | 117 | 12%| 43" | 31* | 33" | aba | 427 | 22| 14* | 23*
34% | 147 22%| 32* | 43* | 23| 42* | 11*| 31* | 13*| 33" |aba | 44* | 34™ | 21| 24™ | 41*| 12~
41% | 317 23*| 34" | 13*| 32" | 14| 43" | 33" | 217 | 22" | 44" | 24 | 11" | 417 | 12" | aba | 427
42% | 33%32% | 117|217 34* | 31%| 13* | 22% | 417 | 23*| 24* | 12% | 43" | aba | 427 | 44* | 14*
43% [ 24% | 14* | 33| 32* | 317 | 44| 23* | 12* | 34™ | 42* | 13*| 21| 22" | 11| 41* | 43" | aba
44* | 127 31%| 22%| 34™| 33| 24| 32" | 42" | 117 | 14" | 217 | 41| 23" | 43" |aba | 13" | 44"

Table 6.

Groups of orders 13 and 17 are isomorphic to the additive groups Z;3 and
Zq7, respectively. So, by Theorem 2.5, quasigroups @23 and (X4 are isomorphic to
quadratical quasigroups induced by Zi3 and Z7, respectively. Direct computa-
tions show that @3 is isomorphic to the quadratical quasigroup (Z;s,-) with the
operation z -y = 11z + 3y(mod 13); the dual quasigroup (Q3)* is isomorphic to
the quasigroup (Z;3,0) with the operation = o y = 3z + 11y(mod 13). Similarly,
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@4 is isomorphic to (Zq7,-) with the operation x -y = 1lla + 7y(mod 17). Its
dual quasigroup (Q4)* is isomorphic to the quasigroup (Z17, o) with the operation
xoy="Tr+ 11y(mod 17).

7. No quadratical quasigroup of form Q6 exists

The quasigroup x -y = [9z + 21ylag is clearly idempotent, medial and book-
end. Therefore, by Theorem 2.2, it is quadratical. Set a = 1 and b = 2. Then
we can calculate that aba = 16, H1 = {1,22,10,2}, H2 = {7,8,24,25}, H3 =
{28,17,15,4}, H4 = {29,5,27,3}, H5 = {18,21,11,14}, H6 = {23,19,13,9} and
HT7 = {26,12,20,6}. Hence, this quasigroup and its dual are of the form Q7. So,
we have so far shown that there are quadratical quasigroups of the form Q1, Q2,
@3, Q4 and Q7.

It follows from Theorem 4.11 [3] that there are no quadratical quasigroups of
order 21 or 33, so there are no quadratical quasigroups of the form @5 or Q8.

Theorem 7.1. There is no quadratical quasigroup of form Q6.

Proof. CASE 1: aba - a = 61. Using Propositions 3.6, 3.7, Theorem 5.2 and
Theorem 2.1, we see that aba - a = 61, by (10), implies

a-61 =61 aba=52=62-11"~ aba-62 = 52 - 52. (12)

Then, 62 = 61-64, by Proposition 3.5. This, by Proposition 3.6, gives 52 = 51 - 54.
Also, 62 = 52 - 54, by Definition 3.1, whence 52 = 42 - 44, by Proposition 3.6 and
(10), and so

52 =51-54 =42 44, (13)

Theorem 5.2 implies 61 = 14-21 = 34-14, 62 = 23-14 and 63 = 11-34. So, these
identities generate the following:

52=063-12=13-64 =64 21 =23 -63. (14)

As a consequence of (12), (13), (15), Proposition 3.5 and Proposition 3.10
we can see that the solutions to the equation 52 = 12 - 2 must be in the set
{14,22,23,24,31,32,33,34,41,42,43,51,53}. Now, by Definition 3.1, we obtain
22 =12-14 # 52 and so z # 14.

To eliminate the other possibilities for  we now use the generating identities
(15) through (25), indicated in the Table 7 below.
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(15) (16) (17 (18) (19) | (20) | (21) | (22) | (23) | (24) | (25)

(n—1)2| (n—1)2 | aba-11 | 11-aba |Prop. | Def. |nl= | n2= | n3 = | nl = |idem.
=11nl|=n211| =61 =62 3.5 3.1 |14.21 |23-14 | 11-34 | 34-14

52| 11-61 | 62-11 |aba-62|61-aba | 51-54 | 42-44| 63-12 | 13-64 | 64-21 | 23-13 | 52-52

441 62-52 | 54-62 | aba-54 | 52-aba | 42-43 | 34-33 | 51-64 | 61-22 | 53-12 | 11-61 | 44-44

33| 54-44 | 43-54 | aba-43 | 44-aba | 34-31 | 23-21 | 42-53 | 52-41 | 41-64 | 62-52 | 33-33

21| 43-33 | 31-43 |aba-31|33-aba | 23-22 | 11-12| 34-41 | 44-32 | 32-53 | 54-34 | 21-21

12| 31-21 | 22-31 | aba-22 | 21-aba | 11-14 | 62-64 | 23-32 | 33-24 | 24-41 | 43-33 | 12-12

64| 22-12 | 14-22 |aba-14 | 12-aba | 62-63 | 54-53 | 11-24 | 21-13 | 13-32 | 31-21 | 64-64

53| 14-64 | 63-14 | aba-63 | 64-aba | 54-51 | 43-41| 62-13 | 12-61 | 61-24 | 22-12 | 53-53

41| 63-53 | 51-63 | aba-51 | 53-aba | 43-42 | 31-32 | 54-61 | 64-52 | 52-13 | 14-54 | 41-41

32| 51-41 | 42-51 |aba-42|41-aba | 31-34 | 22-24 | 43-52 | 53-44 | 44-61 | 63-53 | 32-32

241 42-32 | 34-42 |aba-34|32-aba | 22-23 | 14-13 | 31-44 | 41-33 | 33-52 | 51-41 | 24-24

13| 34-24 | 23-34 | aba-23 | 24-aba | 14-11 | 63-61 | 22-33 | 32-21 | 21-44 | 42-32 | 13-13

61]23-13 | 11-23 |aba-11|13-aba | 63-62 | 51-52| 14-21 | 24-12 | 12-33 | 34-14 | 61-61

51]13-63 | 61-13 |aba-61|63-aba | 53-52 | 41-42| 64-11 | 14-62 | 62-23 | 24-64 | 51-51

31| 53-43 | 41-53 |aba-41|43-aba | 33-32 | 21-22| 44-51 | 54-42 | 42-63 | 64-44 | 31-31

11| 33-23 | 21-33 | aba-21|23-aba | 13-12 | 61-62 | 24-31 | 34-22 | 22-43 | 44-24 | 11-11

62| 21-11 | 12:21 |aba-12|11-aba | 61-64 | 52-54 | 13-22 | 23-14 | 14-31 | 33-23 | 62-62

541 12-62 | 64-12 | aba-64 | 62-aba | 52-53 | 44-43 | 61-14 | 11-63 | 63-22 | 21-11 | 54-54

43| 64-54 | 53-64 | aba-53 | 54-aba | 44-41 | 33-31 | 52-63 | 62-51 | 51-14 | 12-62 | 43-43

34| 52-42 | 44-52 | aba-44 | 42-aba | 32-33 | 24-23 | 41-54 | 51-43 | 43-62 | 61-51 | 34-34

23| 44-34 | 33-44 |aba-33 | 34-aba | 24-21 | 13-11| 32-43 | 42-31 | 31-54 | 52-42 | 23-23

14| 32-22 | 24-32 | aba-24|22-aba | 12-13 | 64-63 | 21-34 | 31-23 | 23-42 | 41-31 | 14-14

63| 24-14 | 13-24 | aba-13 | 14-aba | 64-61 | 53-51 | 12-23 | 22-11 | 11-34 | 32-22 | 63-63

42| 61-51 | 52-61 |aba-52|51-aba | 41-44 | 32-34 | 53-62 | 63-54 | 54-11 | 13-63 | 42-42

22| 41-31 | 32-41 |aba-32|31-aba | 21-24 | 12-14| 33-42 | 43-34 | 34-51 | 53-53 | 22-22

Table 7.

Assuming that Q6 is quadratical, using the properties of a quadratical quasi-
group we will prove that all the remaining possible values of x lead to a contra-
diction.

When we use a particular value of an element we will refer to the column
in which this value appears in Table 7. For example, we will use the fact that
52 = 63 - 12, from (21), henceforth without mention

By (21), if 52 = 12- 53 = 63 - 12, then 12 = 53 - 63, and, multiplying on the
right by aba gives 64 = 41 - 51, which, along with 51 - 41 = 24, (from (24)) gives
51 = 64 - 24. This contradicts 51 = 64 - 11, from (21).

If 52 = 12-51 = 63-12 then 12 = 51-63 = 6264, from (20). Hence, by (19) and
(20), 61 =63-62 =64-51 =51 - 52. Therefore, using (24), 51 = 52-64 = 24 - 64,
a contradiction.

If 52 = 12 - 43 = 63 - 12 then, by (23), 12 = 43 - 63 = 24 - 41. By Proposition
3.11 we have 63 - 24 = 41 - 43 = aba = 23 - 24, contradiction.

If 52 = 12-42 = 63 - 12 then, by (23), is 12 = 42-63 = 24 - 41. By Proposition
3.11 and (24), 51 = 41 -42 = 63 -24 = 24 - 64. So, by (20), 24 = 64 - 63 = 14,
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contradiction.

If 52 =12-41 = 63 - 12 then, by (23), 12 =41-63 = 24 - 41 and so, using (15),
41 = 63 - 24 = 63 - 53, contradiction.

If 52 = 12-34 = 63 - 12 then, by (21), 12 = 34-63 = 23- 32 and, by Proposition
3.11 and (22), 42 =32 - 34 = 63 - 23 = 63 - 54, contradiction.

If 52 = 1233 = 63 - 12 then, by (21), 12 = 3363 = 23 - 32 and so, by
Propositions 3.11 and 3.5, 34 = 32 - 33 = 63 - 23 = 24 - 23, contradiction.

If 52 = 12 - 32 = 63 - 12 then, by (21), 12 = 32- 63 = 23 - 32 and so, by (24),
32 =63 -33 =63 - 53, contradiction.

If 52 = 12- 31 = 63 - 12 then, by (15), 12 = 31 - 63 = 31 - 21, contradiction.

If 52 = 12-24 = 63 - 12 then, by (15), 12 =24 - 63 = 24 - 41, contradiction.

If 52 = 12-23 = 63 - 12 then, by (21), 12 = 23 - 63 = 23 - 32, contradiction.

If 52 =12 - 22 = 63 - 12 then, by (26), 12 = 22 - 63 = 22 - 31, contradiction.

If 52 =12-14 = 63 - 12 then, by Proposition 3.11, 52 = 12 - 14 = 22, contradic-
tion.

In this way we have proved that when aba -a = 61, there is no right solvability,
a contradiction.

The proof that there is no right solvability in Case 2 (aba - a = 62), Case 3
(aba - a = 63) and Case 4 (aba - a = 64) are similar, where the values in Table 7
are different, according to Theorem 5.2. We omit these detailed calculations. [

There are 32 quadratical quasigroups of order 25 (cf. [3]). Some of them are

isomorphic to quasigroups Q1xQ1, Q1x (Q1)*, (Q1)*xQ1, (Q1)*x(Q1)*.
Theorem 7.2. Quadratical quasigroups induced by Zsos are not isomorphic to
Q1xQ1, Q1x(Q1)", (Q1)*xQ1, (Q1)"x(Q1)".
Proof. There are only two quadratical quasigroups induced by Zos (cf. [3]). Their
operations are given by z -y = 22z + 4y(mod 25) and z o y = 4z + 22y(mod 25).
Quasigroups Q1 and (Q1)* are isomorphic, respectively, to quasigroups (Zs, -) and
(Zs,0), where = - y = 4x + 2y(mod 5) and x o y = 2z + 4y(mod 5).

Suppose that (Zes, ) is isomorphic to Q1xQ1 or to Q@1x(Q1)*. Since in (Zs, )
we have z - zy = yz, in Q1 x Q1 and Q1 x (Q1)* for all T = (z,a) # 7Y = (y,a),
Z - Ty = yz. But in (Zos, ) we have 22y + 4z = yz = T - &y = 10z + 16y, which
implies T = §. So, (Zas, ) cannot be isomorphic to Q1xQ1 or Q1 x (Q1)*.

In (Q1)*xQ1 and (Q1)* x (Q1)* for all T = (x,a) # ¥ = (y,a), we have
T - T = Ty. But in (Zss, ) we have 227 + 4y = Ty = yZ - T = 9y + 17Z, which
implies T = §. So, (Zss, -) also cannot be isomorphic to (Q1)*xQ1 or (Q1)*x(Q1)*.

In the same manner we can prove that (Zss,0) is not isomorphic to Q1 xQ1,

Q1x(Q1)", (Q1)"xQ1, (Q1)*x(Q1)". H

8. Translatable groupoids

Patterns of translatability can be hidden in the Cayley tables of quadratical quasi-
groups. One can assume the properties of quadratical quasigroups and then calcu-
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late whether translatable groupoids of various orders exist with these properties.
We proceed to prove that the quadratical quasigroups @1, (Q1)*, @3, (Q3)*, Q4
and (Q4)* are translatable and that Q2 is not translatable.

Definition 8.1. A finite groupoid @ = {1,2,...,n} is called k-translatable, where
1 < k < n, if its Cayley table is obtained by the following rule: If the first row of
the Cayley table is a1, as, . .., a,, then the ¢-th row is obtained from the (g —1)-st
row by taking the last k entries in the (¢—1)—st row and inserting them as the first
k entries of the g-th row and by taking the first n — k entries of the (¢ — 1)-st row
and inserting them as the last n—k entries of the g-th row, where ¢ € {2,3,...,n}.

Then the (ordered) sequence a1, as, ..., a, is called a k-translatable sequence of Q
with respect to the ordering 1,2, ...,n. A groupoid is called a translatable groupoid
if it has a k-translatable sequence for some k € {1,2,...,n}.

It is important to note that a k-translatable sequence of a groupoid @ depends
on the ordering of the elements in the Cayley table of Q). A groupoid may be k-
translatable for one ordering but not for another (see Example 8.13 below). Unless
otherwise stated we will assume that the ordering of the Cayley tableis 1,2,...,n
and the first row of the table is a1, as, ..., ay.

Proposition 8.2. The additive group Z,, is (n — 1)-translatable.

The example below shows that there are (n — 1)-translatable quasigroups of
order n which are not a cyclic group.

Example 8.3. Consider the following three groupoids of order n = 5.

These groupoids are 4-translatable quasigroups but they are not groups. The
first is idempotent, the second is without idempotents, the third is a cyclic quasi-
group generated by 1 or by 5.

Proposition 8.4. Any (n — 1)-translatable groupoid of order n is commutative.

Proof. In a k-translatable groupoid ¢ - j = a(j—1)(n—k)+j, Where the subscript is
calculated modulo n. If k =n —1,theni-j=a;4;_1 =7 -1. O

Theorem 8.5. There are no (m — 1)-translatable quadratical quasigroups of order
m.

Proof. By Proposition 8.4 such a quasigroup is commutative. Since it also is
bookend and idempotent, x = (y - z) - (z-y) = (z-y) - (v -y) = z -y, so it cannot
be a quasigroup. O
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The following proposition is obvious.

Proposition 8.6. Every 1-translatable groupoid is unipotent, i.e., in such groupoid
there exists an element a such that 2 = a for every x.

Corollary 8.7. There is no idempotent 1-translatable groupoid of order n > 1.

Proposition 8.8. A k-translatable groupoid of order n containing a cancellable
element is a quasigroup if and only if (k,n) = 1.

Proof. Let Q be a k-translatable groupoid of order n and let a be its cancellable
element. Then in the Cayley table [z;;],xn corresponding to this groupoid the a-
row contains all elements of (). Without loss of generality we can assume that this
is the first row. If this row has the form aq, as,...,a,, then other entries have the
form x;; = a(;_1)(n—r)+;, where the subscript (i—1)(n—Fk)+j is calculated modulo
n. Obviously, for fixed ¢ = 1,2,...,n, all entries x;1, x;2, ..., x;, are different.

If (n,k) =1, then also (n,n — k) = 1. So, in this case, also all 1;, zaj,...,Tn;
are different. Hence, this table determines a quasigroup.

If (n,k) =t > 1, then (n,n — k) = t and the equation (i — 1)(n — k) = 0
has at least two solutions in the set {1,2,...,n}. Thus, in the Cayley table of
such groupoid at least two rows are identical. Hence such groupoid cannot be a
quasigroup. O

Theorem 8.9. For every odd n and every k > 1 such that (k,n) = 1 there is
at most one idempotent k-translatable quasigroup. For even n there are no such
quasigroups.

Proof. Let ay1,as0,as,...,ay, be the first row of a k-translatable quasigroup Q.

This quasigroup is idempotent only in the case when in its Cayley table we
have 1 = 11, 2 = T22 = Q(n—k)+2, 3 = T33 = Ao(n—k)+3, 4 = Taa = A3(n—k)+4>
and so on. This means that the main diagonal of the table [z;;],xn should con-
tains elements a1, a(n—r)42, @2(n—k)+3s - - - » G(n—1)(n—k)+n, Where all subscripts are
calculated modulo n. Obviously, a¢(n—k)4+ = @y (n—k)4+ only in the case when
t —th = t' — t'k(modn), ie., (t —¢)(k —1) = O(modn). If n is odd and
(n,k) = 1, then for some k also is possible (n,k — 1) = 1. In this case the
equation z(k — 1) = 0(modn) has only one solution z = 0, so ¢ = t. Hence the
diagonal of the table [x;;]nxn contains n different elements.

If n is even and (n, k) = 1, then k is odd. Thus, k—1 is even and (n,k—1) # 1.
Hence, the equation z(k —1) = 0(mod n) has at least two solutions. Consequently,
the diagonal of the table [%j]an contains at least two equal elements. This
contradicts to the fact that this quasigroup is idempotent. Therefore, for even n
there are no idempotent k-translatable quasigroups. O

Corollary 8.10. For every odd n and every k > 1 such that (n, k) = (n,k—1) =1
there is exactly one idempotent k-translatable quasigroup of order n.
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Corollary 8.11. The first row of an idempotent k-translatable quasigroup QQ =
{1,2,...,n} has the form 1,az,a3, ..., an, Where a(;—1)(n—k)+i(modn) = 1 for every

1€ Q.

Example 8.12. Consider an idempotent quasigroup @ = {1,2,...,7}. From the
proof of Theorem 8.9 it follows that if this quasigroup is 3-translatable, then the
first row of its Cayley table has the form 1,4,7,3,6,2,5. If it is 4-translatable,
then the first row has the form 1,3,5,7,2,4,6.

Example 8.13. The following example shows that for Q1 = {a, ab, ba, b, aba} the
sequence a, ba, aba,ab,b is 3-translatable, but Q1 presented in the form Q1" =
{a, b, ab, ba, aba} has no translatable sequences.

Q1 a ab | ba b aba Q| a b ab | ba | aba
a a ba | aba | ab b a a ab | ba | aba | b
ab | aba | ab b a ba b ba b aba | ab a
ba b a ba | aba | ab ab | aba | a ab b ba
b ba | aba | ab b a ba b |aba | a ba ab

aba | ab b a ba | aba aba | ab ba b a aba

The sequence a, aba, b, a b, bxa is 2-translatable for (Q1)* = {a,b*a,axb,b, aba}.
(Q1)* ={a,b,b*a,axb,aba} has no translatable sequence.

(QL)*| a |bxa|axb| b | aba Q1) a b |bxa| axb| aba
a a aba b |axb|bx*xa a a ax*xb | aba b bxa
bxal|axb|bxa| a aba b b bxa b a aba | axb
axb| aba b |laxb|bxa| a bxa | axb| aba | bxa a b
b |bxa| a aba b |axb axb | aba | bxa b axb a
aba b |axb|bxal| a aba aba b a axb | bxa | aba

By Corollary 8.10, the quasigroup @1 is isomorphic to a 3-translatable quasi-
group (Zs, o) with the operation x oy = 42 + 2y(mod 5). The dual quasigroup
(Q1)* is isomorphic to a 2-translatable quasigroup (Zs,¢) with the operation
x oy = 2z + 4y(mod 5).

Theorem 8.14. A groupoid isomorphic to a k-translatable groupoid also has a
k-translatable sequence.

Proof. Let a be an isomorphism from a k-translatable groupoid (Q, -) to a groupoid
(S,0). If Q is with ordering 1,2,...,n, then on S we consider ordering induced by
a, namely a(1),(2),...,a(n). Suppose that the first row of the Cayley table of
@ has the form ay,as,...,a,. Then in the i-th row and j-th column of this table
IS Tij = a(i—1)(n—k)+j(modn). Consequently, in the a(i)-row and «a(j)-th column
of the Cayley table [z;;] of S we have z,(;),a(j) = (i) 0 a(j) = afi - j) = alzy).
Since @ is k-translatable, for every 1 < ¢t < k, we have a; p—p4++ = @ij+1+ Thus,
aatnorit) = 0i) 0 aln — k+8) = al@in-ri) = alviie) = al(i+1) ) =
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a(i+1)oa(t) = za(it1),a)- This shows that S also is k-translatable (for ordering
a(l),a(2),...,a(n)). O

Theorem 8.15. An idempotent cancellable groupoid of order 9 is not translatable.

Proof. Let ay,as,as,a4,as,ag,ar,as,ag be the first row of the Cayley table of an
idempotent cancellable groupoid ). Then obviously a; # a; for i # j. If @ is
k-translatable, then z44 = 4 = ag(9—_p)44. Since 3(9 — k) +4 = 4(mod 9) only for
k = 3 and k = 6, this groupoid can be 3-translatable or 6-translatable. But in this
case the fourth row coincides with the first, so () cannot be cancellable. O

Corollary 8.16. The quadratical quasigroups of order 9 are not translatable.

Theorem 8.17. An idempotent, bookend quasigroup Q, where @ = {1,2,...,n},
is k-translatable if and only if for every i € Q we have i = a(s_1)(n—k)+t(modn)s
where s,t € QQ are such that

{ k—2=s(k—1)(modn), (15)

ik —1=t(k — 1)(modn).

Proof. Let 1,a9,as,...,a, be the first row of the Cayley table [z;;] of an idem-
potent, bookend quasigroup @ = {1,2,3,...,n}. If it is k-translatable, then, by
Corollary 8.11, we have a(;—1)(n—k)+i(modn) = ¢ for each i € Q.

Moreover, in this quasigroup for every i € ) should be

i=(1-4)-(i-1) = a;  Ti1 = Qi - QG—1)(n—k)+1(mod n)
=Ss-t=xg= A(s—1)(n—k)+t(modn)s

where
{ a; = a(sfl)(nfk)Jrs(modn) =S,
A(i—1)(n—k)+1(mod n) = Q(t—1)(n—k)+t(modn) =t

for some s,t € {1,2,...,n} satisfying (15).
The converse statement is obvious. O

Corollary 8.18. A quadratical quasigroup of order 25 can be k-translatable only
for k=T ork=18.

Proof. Let Q = {1,2,...,25} be a quadratical quasigroup. By Theorem 8.17, in
this quasigroup for ¢ = 2 should be

A27—k(mod 25) = Lst = Q(s—1)(25—k)-+t(mod 25)>

where s,t € {1,2,...,25} satisfy the equations

k—2=s(k—1)(mod25),
{Qk‘ —1=t¢(k —1)(mod 25).
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To reduce the number of solutions of these equations observe that

Tin # 16— a(i—1)(25-k)+1(mod 25) # 1 = a1 ¢— (i — 1)k % 0(mod 25).

The last, for ¢ = 6, is possible only for k # 5, 10, 15, 20.
Also

Tis 7é 1 — a(ifl)(25,k)+i(mod25) 7é 1= al — (Z — 1)<k — 1) i O(mod 25)7

which for ¢ = 6 is possible only for k # 6,11, 16, 21.

Hence @ cannot be k-translatable for k € {5,6,10,11, 15,16,20,21}. By The-
orem 8.5 and Corollary 8.7 it also cannot be k-translatable for k € {1,24,25}.

In other cases, for i = 2, we obtain

k 2 3 4 7 8 9 |12 13|14 |17 |18 19| 22|23
s 2511319 | 5| 84 (10| 3 |24|15|23|19]20 |18
t 3115 (1912312024 |18|25| 4 |12 | 5 9 8 |10
LTst | G5 | G4 | Q12 | Q20 | Q14 | Q22 | Q10 |G24 | A7 | A24 | A9 | Q17 | Q15 | 19
A27 | A25 | A24 | G23 | G20 | G19 | A18 | A15 [A14 | G13 | Q10 | Q9 | A8 | A5 | G4

Since zg = ag7—k only for k =7 and k = 18, a quasigroup of order 25 can be
k-translatable only for k =7 and k = 18.

Direct computations shows that Zos with the operation z-y = 22x+4y(mod 25)
is an example of a 7-translatable quadratical quasigroup of order 25. Its dual
quasigroup is a 18-translatable. O

By changing the order of rows and columns in Tables 3, 4, 5 and 6 we obtain
the following two theorems.

Theorem 8.19. The sequence 11,12,33,21,31,34,24,32,13,14,13, aba, 22 is 5-
translatable for Q3 = {11,14,34,12,23, 24,33, aba, 32,21, 22,13, 31}.

The sequence 11%12% 23* aba®, 22% 13% 14% 34% 24* 32* 33* 21* 31* is 8-trans-
latable for (Q3)*={11% 14* 31* 13* 21% 22*, 33* aba*, 32* 23* 24%, 12* 34*}.
Theorem 8.20. The sequence

11,12,42,43,13, 14, 33,21, 31,44, 23, aba, 22,41, 34, 24, 32
is 13-translatable for
Q4 = {11,14,23,24,43,31,41,12, 33, aba, 32, 13, 44, 34, 42, 21, 22}.
The sequence

11%,12%, 34%, 24%, 32*, 44*, 23", aba*, 22, 41*,33*, 21*, 31%, 13*, 14*, 43", 42*

1s 4-translatable for
(Q4)* = {117 14* 21* 22* 44* 34*, 42*, 13*, 33" aba*, 32*, 12*, 43" 31%, 41%, 23* 24*}.

Quasigroups Q3 and (Q3)* are isomorphic, respectively, to quasigroups (Zi3, -)

and (Zy3,0), where z - y = 11z + 3y(mod 13) and z oy = 3z + 11y(mod 13

(
)-
Quasigroups Q4 and (Q4)* are isomorphic, respectively, to quasigroups (Z17, -)
and (Zi7,0), where z -y = 11z + Ty(mod 17) and x o y = Tz + 11y(mod 17).
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9. Translatable quasigroups induced by groups Z,,

In this section we describe quadratical quasigroups induced by groups Z,,. We
start with some general results.

Lemma 9.1. A quasigroup of the form xxy = ax + by + ¢ induced by a group Zn,
is k-translatable if and only if a + kb = 0(mod m).

Proof. The i-th row of the Cayley table of this quasigroup has the form
a(i—1)+ca(i —1)+b+ca(i—1)+2b+c,...,a(i—1)+ (m—1)b+c,
the (i + 1)-row has the form
ai+c,ai+b+c,ai+2b+c¢,...,ai+ (m—1)b+c.
So, this quasigroup is k-translatable if and only if
ait +c=a(i— 1)+ (m — k)b + c¢(modm),
i.e., if and only if a + kb = 0(mod m). O

Corollary 9.2. A quasigroup (Zy,,o), where x oy = ax +y+ ¢, is (m — a)-trans-
latable.

Theorem 9.3. Fach quadratical quasigroup induced by group Z., is k-translatable
for some 1 < k < m — 1, namely for k such that (a — 1)k = a(modm). This is
valid for exactly one value of k.

Proof. By Theorem 2.5 and Lemma 9.1 a quadratical quasigroup induced by Z,,
is k-translatable if and only if there exist k& such that a = (1 — a)k(mod m), i.e.,
(a — 1)k = a(mod m). Since (a —1,m) = 1, the last equation has exactly one
solution in Z,, (cf. [8]). O

Theorem 9.4. A quadratical quasigroup (Zpy,,-) with -y = ax + (1 — a)y is k-
translatable if and only if its dual quasigroup (Z,, o), where xoy = (1 —a)x + ay,
is (m — k)-translatable.

If (Zy,,0) is t-translatable, then ak = (a — 1)(modm), ie., t = = (mod m)

(-% and % are well defined in Z,, because (a,m) = (a — 1,m) = 1.) Thus
2

E+t= % = 0(mod m), by Theorem 2.5. Hence k +t = m. O

Note that this theorem is not valid for quasigroups which are not quadratical.
Indeed, a quasigroup (Zr,-) with z - y = 4o 4+ y(mod 7) is 3-translatable, but its
dual quasigroup (Zr, ), where x x y = x + 4y(mod 7), is 5-translatable.

Corollary 9.5. There are no self-dual quadratical quasigroups induced by groups
Loy, -
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Using Theorem 9.3 we can calculate all k-translatable quadratical quasigroups
induced by groups Z,,. For this, it is better to rewrite the condition given in
Theorem 9.3 in the form (k — 1)a = k(mod m).

2-TRANSLATABLE QUADRATICAL QUASIGROUPS

In this case a = 2(modm), where a satisfies (5). So, 5 = 0(modm). Thus
m = 5. Therefore there is only one 2-translatable quadratical quasigroup induced
by Zy,. It is induced by Zs and has the form z - y = 2z + 4y(mod 5).

3-TRANSLATABLE QUADRATICAL QUASIGROUPS

Then 2a = 3(mod m). Since (5) can be written in the form 2a(ea — 1)+ 1 =0,
we also have 3a = 2(mod m). This, together with 4a = 6(mod m), implies a = 4.
Hence 8 = 3(mod m). Thus m = 5. Therefore there is only one 3-translatable
quadratical quasigroup induced by Z,,. It is induced by Zs and has the form
x -y = 4z + 2y(mod 5).

4-TRANSLATABLE QUADRATICAL QUASIGROUPS

Now 3a = 4(modm) and 6a = 8(mod m). From (5) we obtain 6a(a—1)+3 = 0,
which together with the last equation gives 8a = 5(modm). This, with 9a =
12(mod m), implies @ = 7. Hence 21 = 4(modm). Thus m = 17. Therefore there
is only one 4-translatable quadratical quasigroup induced by Z,,. It is induced by
Z17 and has the form -y = 7z + 11y(mod 17).

5-TRANSLATABLE QUADRATICAL QUASIGROUPS

Now 4a = 5(mod m) and 5a = 3(mod m), by (5). Thus, 16a = 20(mod m) and
15a = 9(modm), which implies @ = 11. Hence 44 = 5(modm). Thus m = 13.
Therefore a 5-translatable quadratical quasigroup is induced by Z;3 and has the
form z -y = 11a + 4y(mod 13).

6-TRANSLATABLE QUADRATICAL QUASIGROUPS

Now 5a = 6(mod m) and 12a = 7(mod m), by (5). Thus, 25a = 30(mod m) and
24a = 14(mod m), which implies ¢ = 16. Hence 80 = 6(modm). Thus m = 37.
Therefore a 6-translatable quadratical quasigroup is induced by Zs; and has the
form x - y = 162 + 22y(mod 37).

7T-TRANSLATABLE QUADRATICAL QUASIGROUPS

Now 6a = 7(modm) and 7a = 4(modm), by (5). Thus, a = (—3)(modm)
and (—18) = 7(modm). Consequently, 25 = 0(modm). Hence m = 25. (The
case m = 5 is impossible because must be m > k = 7.) Therefore a = 22.
So, a 7-translatable quadratical quasigroup is induced by Zss and has the form
x -y = 22z 4 4y(mod 25).

8-TRANSLATABLE QUADRATICAL QUASIGROUPS

Now 7a = 8(modm) and 16a = 9(modm), by (5). Thus, 49¢ = 56(mod m)
and 48a = 27(modm) shows that a = 29(modm). Hence 7 -29 = 8(modm)
and 16 - 29 = 9(modm) imply 195 = 0(modm) and 455 = 0(mod m). Therefore,
65 = 0(modm). Since m > k = 8, the last means that m = 65 or m = 13. So, a
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8-translatable quadratical quasigroup is induced by Z,3 or by Zgs. In the first case
it has the form z -y = 3z + 11y(mod 13), in the second z - y = 29z + 37y(mod 65).

9-TRANSLATABLE QUADRATICAL QUASIGROUPS

In this case 8a = 9(mod m) and 9a = 5(mod m), by (5). So, a = (—4)(mod m),
and consequently 41 = 0(modm). Thus, m = 41. Hence a 9-translatable quadrat-
ical quasigroup is induced by Z4; and has the form z - y = 37z + 5y(mod 41).

10-TRANSLATABLE QUADRATICAL QUASIGROUPS

In a similar way we can see that there is only one 10-translatable quasigroup
induced by Z,,. It is induced by Z101 and has the form x -y = 462 + 56y(mod 101).

As a consequence of the above calculations and Theorem 9.4 we obtain the
following list of (m — k)-translatable quadratical quasigroups induced by Z,.

(m — 2)—TRANSLATABLE QUADRATICAL QUASIGROUPS

There is only one such quasigroup. It is induced by Zs and has the form
x -y = 4x + 2y(mod 5).

(m—3)-TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form x - y = 22 + 4y(mod 5).

(m—4)—TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form « -y = 11z + 7y(mod 17).

(m—5)-TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form x - y = 3z + 11y(mod 13).

(m—6)—TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form « -y = 22z + 16y(mod 37).

(m—T)-TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form z - y = 42 4+ 22y(mod 25).

(m—8)-TRANSLATABLE QUADRATICAL QUASIGROUPS

There are only two such quasigroups. The first has the form -x -y = 11z +
3y(mod 13), the second z - y = 37z + 29y(mod 65).

(m—9)-TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form x - y = 5z 4+ 37y(mod 41).

(m—10)-TRANSLATABLE QUADRATICAL QUASIGROUPS
Such a quasigroup is induced by Z10; and has the form z-y = 562+46y(mod 101).

Below, for k < 40, we list all k-translatable quadratical quasigroups of order
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m < 1200 defined on Z,,.

k m a b k m a b

k| m a b
L T 729 |21 | 9 90 | 421 | 407 | 15
e 145 | 137 | 9 30 53 | 12 | 42
L] 18125 | 4 | 22 901 | 436 | 466
=R N B 65 | 24 | 42 51 37 | 22 | 16
R 325 | 154 | 172 481 | 466 | 16
AR 19181 [172 | 10 59 41 | 5 | 37
50 [ 401 | 191 | 211 205 | 87 | 119
8 ég’ 239 ;; 51 [221 | 211 | 11 1025 | 497 | 529
PR e L 52 [ 97 | 38 | 60 351109 | 93 | 17
485 | 232 | 254 545 | 529 | 17
10 | 101 | 46 | 56 551 53 | 42 | 12 34| 80 | 28 | 62
11| 61 | 56 | 6 265 | 254 | 12 1157 | 562 | 596
129291 9 ) 21 94 | 577 | 277 | 301 35 613 | 596 | 18
145 ] 67 | 79 95 [ 313 | 301 | 13 36 | 1297 | 631 | 667
13 ég % ; 26 [ 677 | 326 | 352 37 137 | 119 | 19
L 57 [ 73 | 60 | 14 685 | 667 | 198
365 | 352 | 14 38 %5 | 24 | 62
15| 113 | 106 | 8 98 [ 157 | 65 | 93 989 | 126 | 164
16 | 257 | 121 | 137 785 | 379 | 407 30 [ 761 | 742 | 20

10. Classification of quadratical quasigroups

We have classified translatable quadratical quasigroups in several ways. Firstly,
all k-translatable quadratical quasigroups induced by Z,, were calculated for k €
{2.3....,10}. Secondly, for a quadratical quasigroup of order m we calculated
all (m — t)-translatable quadratical quasigroups for t € {2,3,...,10}. Then we
calculated all k-translatable quadratical quasigroups (k < 40) on Z,, of order
m < 1200. We now list all k-translatable quadratical quasigroups induced by Z,,,
for m < 500. A list of all translatable quadratical quasigroups of the form Qn, up
to a certain order, remains uncalculated.

Below are listed all k-translatable quadratical quasigroups of the form z -y =
azx + by(modm), where a < b, defined on the group Z,, for m < 500. Dual
quasigroups x o y = bz + ay(mod m) are omitted.

For example, the group Zgs induces four quadratical quasigroups: x -y =
24x 4+ 42y(mod 65), x - y = 29z + 37y(mod 65) and two duals to these two. The
first is 18-translatable, the second 8-translatable. In the table below these dual
quasigroups z -y = 42z + 24y(mod 65) and z -y = 37z +29y(mod 65) are not listed.
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T a b % m a b k m a b k
5 5 1 5 173 | 47 | 127 | 80 337 | 95 | 243 | 148
3311 3 181 | 10 | 172 | 162 349 | 107 | 243 | 136
185 | 22 | 164 | 142 353 | 156 | 198 | 42

17 | 7 | 11 4

55 T4 22 |18 59 | 127 | 68 365 | 14 | 352 | 338
20 To 21 [ 12 193 | 41 | 153 | 112 87 | 279 | 192
37 16 22 5 197 | 92 | 106 | 14 373 | 135 | 239 | 104
5 37 39 205 | 37 | 169 | 132 377 | 50 | 328 | 278
55 19 12 1 30 87 | 119 | 32 154 | 224 | 70
61 6 156 50 221 | 11 | 211 | 200 389 | 58 | 332 | 274
o oi 2 s 24 | 198 | 174 397 | 32 | 366 | 334
59 | 37 3 229 | 54 | 176 | 122 401 [ 191 | 211 | 20
== T141 60 | 46 233 | 45 | 189 | 144 409 | 72 | 338 | 266
T 779 7 241 | 89 | 153 | 64 421 | 15 | 407 | 392
o1 | 62 | 38 257 [ 121 | 137 | 16 425 | 79 | 347 | 268
59 T332 | 34 265 | 12 | 254 | 242 147 | 279 | 132
o7 T35 60 22 42 | 224 | 182 433 | 90 | 344 | 254
ToiT46 T 56 T 10 269 | 94 | 176 | 82 445 | 62 | 384 | 322
09 117 T 93 176 277 |1 109 | 169 | 60 117 | 329 | 212
13178 1061 98 281 | 27 | 255 | 228 449 | 34 | 416 | 382
55 139 T 97 1 68 289 | 126 | 164 | 38 457 | 55 | 403 | 348
3719 1119 100 293 | 78 | 216 | 138 461 | 207 | 255 | 48
519 1371138 305 | 67 | 239|172 481 | 16 | 466 | 450
67| 79 | 12 117 | 189 | 72 133 | 349 | 216
195397 1 44 313 | 13 | 301 | 288 485 | 157 | 329 | 172
=765 T 93 128 317 (102 | 216 | 114 232 | 254 | 22
169 150 T30 170 325 | 29 | 297 | 268 493 | 79 | 415 | 336
154 | 172 | 18 96 | 398 | 302

10. Open questions and problems

Problem 1. For which values of n are there quadratical quasigroups of form Qn?

Note that n ¢ {5,6,8,14,17,19, 33,26, 32,...}. Moreover, from Theorem 4.11
in [3] it follows that there are no such quasigroups if there is a prime p|4n + 1 such
that p = 3(mod4).

Problem 2. Is every quadratical quasigroup Q of form Qn translatable (n # 2)¢
The answer is positive if @) is isomorphic to a quasigroup induced by Zg,41-

Problem 3. Are there self-dual, quadratical groupoids of order greater than 97
Such quasigroups cannot be induced by Z,,.

Problem 4. Is every quadratical groupoid of order greater than 9 and of form Qn
(n = 3) generated by any two of its distinct elements?
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Problem 5. If a quadratical quasigroup @Q of order m is k-translatable, then is
Q* (m — k)-translatable?
For quadratical quasigroups induced by Z,, the answer is positive.
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A note on the construction
of right conjugacy closed loops

Gerhard Hiss and Lucia Ortjohann

Abstract. We describe a group theoretical construction of non-associative right conjugacy closed

loops with abelian inner mapping groups.

1. Introduction

A loop is a quasigroup with an identity element. If the multiplication of the loop
is associative, it is a group. In the following, every loop, and in particular every
group, will be assumed to be finite.

Let (L£,*) be a loop with identity element 1.. For every z € L, we de-
note by R, the right multiplication by x in L, ie. R, : L — L,y — y *x,
and we set Ry := {R, | « € L£}. Then RM(L) := (Rz) < Sym(£) and its
subgroup Stabgryi(z)(1z) are called the right multiplication group, and the in-
ner mapping group of L, respectively. The envelope of L consists of the triple
(RM(L), Stabrai(z)(12), Re). To simplify notation, let us put G := RM(L),
H := Stabpani(gy(12) and T' := Ry. Clearly, G acts faithfully and transitively
on £, which may hence be identified with the set of right cosets of H in G. Notice
that £ is a group if and only if |G| = |L£], or, equivalently, H = {1}. By definition,
T generates GG, and one can check that T is a transversal for the set of right cosets
of HY in G for every g € GG. Envelopes of loops are generalized to loop folders.

The connection between loops and loop folders, summarized below, goes back
to Baer [3]|, and is described in detail by Aschbacher in [2, Section 1]. In the
following, G denotes a finite group and H a subgroup of G; we write H\G for the
set of right cosets of H in G. The triple (G, H,T) is called a loop folder if T C G
is a transversal for HI\@G for every g € G, and if 1 € T. We call (G, H,T) faithful
if G acts faithfully on H\G, i.e. if coreq(H) = {1}.

By construction, the envelope (G, H,T) of a loop L is a faithful loop folder
with G = (T'), and there is a natural bijection between T and L. Conversely,
given a loop folder (G, H,T), one can construct a loop (T, *) on the set T" in such
a way that (G, H,T) is isomorphic to the envelope of (T, ), provided (G, H,T) is
faithful and G = (T'). This motivates the following definition. A transversal T for
H\G is called a generating transversal if G = (T).

2010 Mathematics Subject Classification: Primary: 20N05, Secondary: 20D99, 20K01
Keywords: Finite loops, conjugacy closed, invariant transversals



230 G. Hiss and L. Ortjohann

A loop L is called right conjugacy closed or an RCC-loop if the set R, is closed
under conjugation, i.e. if R;*R,R, € R, for all z,y € £. Analogously, a loop
folder (G, H,T) is called right conjugacy closed, or an RCC-loop folder if T is G-
invariant under conjugation, i.e. g~'tg € T for all g € G,t € T. Clearly, a loop is
right conjugacy closed if and only if its envelope is an RCC-loop folder.

In this paper we construct envelopes of RCC-loops with abelian inner map-
ping groups. The following trivial observations form the starting point of our
construction.

Proposition 1. Let G be a finite group, Q < G and H < G with HNQ = {1}.
Let T = {t1,...,tn} be a transversal for HQ in G. Then T := TQ is a transversal
for H in G and {t1Q, ..., t,Q} is a transversal for HQ/Q in G/Q. Furthermore,
we have the following two statements.

(a) The transversal {t1Q,...,t,Q} is G/Q-invariant if and only if T is G-
mvariant.

(b) The transversal {t1Q, ..., t,Q} generates G/Q if and only if T generates G.

Thus if coreq(H) = {1} and the transversal {t:1Q,...,t,Q} is G/Q-invariant
and generates G/Q, then (G, H,T) is an envelope of an RCC-loop, which is non-
associative if {1} < H < G. O

Notice that coreq(H) < Cg(Q) under our assumption H N Q = {1}, so that
Cu(Q) = {1} implies coreq(H) = {1}. If G/Q is abelian, then H is abelian and
T is G-invariant by part (a) of Proposition 1. This holds in particular for @ equal
to the commutator subgroup [G, G] of G. We conjecture that the converse of this
statement holds.

Conjecture 1. Let G be a finite group, H < G an abelian subgroup such that
there exists a G-invariant transversal T for H\G with 1 € T, i.e. (G, H,T) is an
RCC-loop folder. Then [G,G)N H = {1}. O

In Section 3 we prove this conjecture in special cases. The conjecture also
makes sense if G is an infinite group, but this more general question is out of the
scope of this paper.

2. Generating transversals for abelian groups

In this section we investigate the existence of generating transversals in abelian
groups. Let p be a prime. We first show that if G is an abelian p-group, and the
index of H in G is larger than the minimal size of a generating set of G, there
exists a generating transversal for H\G containing 1. We generalize this result
for an arbitrary abelian group G, however with a stronger condition on the index
of H in G.
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The minimal size of a generating set of G is called the rank of G, i.e.
rk(G) :=min{|S| | S C G,G = (S)}.

A cyclic group of order n is denoted by C,,. If T is a generating transversal for
H\G containing 1, then necessarily, |G : H| > rk(G). For the sake of clarity in
the proofs to follow, we write the elements of a direct product A x B of groups as
pairs (a,b) with a € A, b € B.

Proposition 2. Let G be an abelian p-group. Suppose that H < G is a subgroup
of G such that |G : H| > rk(G). Then there exists a generating transversal T for
H\G with1€T.

Proof. We proceed by induction on the order of G, where the base case is trivial.
For the induction step, we assume that G # {1}, that the statement holds for
every abelian p-group of order less than |G|, and distinguish two cases.

Case 1: For every decomposition

G=Cpy xCpy X xCpy, (1)

with {1} # C,,, < G for 1 <i <7, we have Cp,, £ H for all 1 <4 <r.

Consider an arbitrary decomposition of G as in (1), and let a; be a generator
of Cp, for every 1 < i < r. Then G = (ay,...,a,) and our assumption implies
that a; ¢ H for all 1 < i < r. Suppose that for any 1 < ¢ # j < r, the generators
a; and a; of G lie in distinct cosets of H in G. Then there is a transversal for
H\G containing {1,a1,...,a,} and we are done. Otherwise, Ha; = Ha; for some
1 <i# j <r. Without loss of generality, we may assume that |a;| > |a;|. Then

G = (a1) x -+ x {aj_1) x (aja; ") x (aj41) X -+ X (ar),

and we have (a;ja; ') < H. We have thus reduced the assertion to the following
situation.
Case 2: There exist {1} # C,,,, < G for 1 < ¢ < r such that

G=Cpy XCpy X+ xCpy,

and Cp,; < H for some 1 < j <.

Note that the generators of these cyclic groups form a minimal generating set
of G of size r. Thus, it follows from Burnside’s basis theorem [5, III, Satz 3.15]
that r = rk(G).

Set U := Cyyy,,

é::le XX Oy X Oy X0 o X Cpy

and H := GN H. Clearly, Hisa complement to U in H and thus, without loss of
generality, we may assume that

G=GxU and H=HxU.
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By construction,
tk(G) =7 —1 < r=rk(G).
Since |é| < |G| and
|G H|=|G: H| > 1k(G) > 1k(G), (2)

we can apply the induction hypothesis to G and hence there exists a generating
transversal T for H\G with 1 € T. Moreover, from Equation (2) we obtain

IT - {1}| = |G : H| - 1 > 1k(G). (3)

Suppose that T- {1} is a minimal generating set for G. Then Burnside’s basis the-

orem [5, ITI, Satz 3.15] implies that |f— {1}| = rk(G), contradicting Equation (3).

Thus there exists 1 # t € T such that t = t; - - - £, for certain ty, ..., t;, € (T\{1,}).
Now T x {1} is a transversal for H\G and we set

T = (T x {1}\{(t. YY) U {(t,w)},

where u is a generator of U. Clearly, (1,1) € T, and T is a transversal for
H\G since (t,1) and (t,u) lie in the same coset of H in G. It remains to show
that T generates G. Recall that t = t1---t; with t,... ¢, € (T'\ {1,£}). As
(t1,1),..., (tx,1) € (T), we also have (t~1,1) € (T"). Hence (1,u) = (t~1,1)(t,u) €
(T) and then (¢,1) = (t,u)(1,u™) € (T). We conclude that (T) > (T) x (u) =
G x U = G and we are done. O

Let G be an abelian group and let py,...,p, be the distinct prime divisors of
G. Assume that G = G1 x --- X G,, with G; := O, (G) for all 1 <i < n. Then an
easy induction on n shows that
tk(G) = max{rk(G;) | 1 <i < n}. (4)
We now transfer the result of Proposition 2 to an arbitrary abelian group.

Theorem 1. Let G be an abelian group, let p1, ..., py, be the distinct prime divisors
of G and let H < G. Then

G=Gyx---xG, and H=Hx---xH,,
with G; := O,,(G) and H; :== O, (H). If
max{|G; : H;| | 1 <i < n} > rk(G),

then there exists a generating transversal for H\G containing 1.
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Proof. Without loss of generality, we assume that
|G1 : Hi| = max{|G; : H;| |1 <i<n}

andweset?::ng-~-><Gn andﬁ::ng~--><Hn. ThenG:Glxéand
H = Hy x H. Equation (4) yields

m = |G1 IHlI = maX{‘Gi . Hl‘ ‘

Since G is an abelian p;-group with |Gy : Hy1| > rk(G1), it follows from Proposi-
tion 2 that there exists a transversal T1 = {t1,...,t,} for H1\G; with ¢; = 1 and
Gy = (T1). We are done if n = 1. Assume from now on that n > 1.

Put K := H; x G. Then H < K < G and |G : K| = |Gy : Hy| = m. We
next construct a generating transversal for K\G containing 1. Our hypothesis and
Equation (4) imply that

k := rk(G) = max{rk(G;) | 2 <i < n} < 1k(Q)
<max{|G; : H;| |1 <i<n}=|Gy: H|=m.

Let S be a generating set of G with |S| = k. Then S is a minimal generating set and
thus 1 ¢ S. Write SU{1} := {s1,..., Sg+1} with s; = 1. Now |SU{1}| = k+1 < m,
and we set

k+1 m
R = U(ti,si)u U (tj,sl).
i=1 j=k+2

Ast; =1 and s; = 1, we have (1,1) € R and |R| = m = |G : K|. We proceed to
show that R is a generating transversal for K\G. Suppose that (¢;, s;), (tx,s;) € R
such that (¢;,s;)(tg, t)~' € Hy x G. Then tit,' € Hy and as T} is a transversal
for H1\G1, it follows that ¢« = k. This implies that 7 = [. We conclude that R is
a transversal for K\G. The fact ged(|G1|,|G|) = 1 yields that for every (t,s) € R
there exist a,b € Z such that (¢,s)® = (1,s) and (¢,5)” = (t,1). Hence

(RY = (T)) x (S)=G1 xG =G
and thus, R is a generating transversal for K\G with 1 € R.
Let V be a transversal for H\K with 1 € V. Then T := VR is a transversal

for H\G. Since 1 € V, we have R C T and it follows that (T') > (R) = G. This
implies that T is a generating transversal for H\G with 1 € T'. 0

With this result and Proposition 1 we can construct envelopes of RCC-loops.
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Corollary 1. Let G be a group and let H be a subgroup of G. Let QQ be a normal
subgroup of G such that G/Q is abelian, HN Q = {1}, Cy(Q) = {1} and

max{|0,(G/Q) : Op(HQ/Q)| | p prime divisor of G/Q} > 1k(G/Q).

Then there exists a G-invariant generating transversal T for H\G with 1 € T,
and G acts faithfully on H\G; thus (G, H,T) is an envelope of a non-associative
RCC-loop. O

Recall that T in Corollary 1 arises from multiplying a generating transversal
for HQ\G with Q; see Proposition 1. If G is a Frobenius group with kernel @
(in which case @ = [G,G], the commutator subgroup of G), every G-invariant
transversal for H\G has this form (see [7, Theorem 3.6]). In general there may be
G-invariant transversals, which are not obtained in this way. Since [G,G] is the
smallest normal subgroup of G with abelian quotient, we can replace @ by [G, G].

Let us investigate the range of Corollary 1 by comparing with the examples
presented in [1, Appendix BJ. Let n € {6,8,9,10,12,14,15,21} and let G be one
of the transitive groups of degree n listed in this appendix. In each case, let H
denote the stabilizer of 1 in G. Assume that H is abelian, and put Q := [G, G].
Using GAP, once checks that HNQ = {1} in each case. Trivially, coreq(H) = {1},
although, in general, Cy (Q) is non-trivial. (The latter just means that the sufficent
condition for coreg (H) to be trivial mentioned after Proposition 1 is not necessary.)
Now, unless the GAP-identity number of G is one of (8,17), (12,15), (12,28) or
(12,42), the displayed condition in Corollary 1 is satisfied, so that one of the
RCC-loops arising from G and H is of the form constructed in Proposition 1.

Finally, notice that the construction of RCC-loops arising from Proposition 1
is, of course, not restricted to the case G/@Q abelian. For example, consider the
transitive group L of degree 6 with GAP-identity number (6,5), and let H denote
the stabilizer of 1 in L. Then H is cyclic of order 3, and L/Z(L) = SLy(2); thus L
acts on the Klein four group @ in such a way that Cy(Q) = {1}. Letting G
denote the semidirect product G = L x @ and identifying H with a subgroup
of G, Proposition 1, applied to the invariant transversals for H\ L, yields invariant
transversals for H\G, and thus RCC-loops of order 24.

3. A conjecture for RCC-loop folders

In this final section we discuss Conjecture 1. Using GAP [4], this conjecture has
been verified for all non-abelian groups of order smaller than 40 by the second
author in her master thesis [7], and for the multiplication groups of RCC-loops of
order up to 30, by Artic in her dissertation [1].

It follows from a result of Zappa, that Conjecture 1 holds in case H is a Hall
subgroup of G. Indeed, Zappa shows that if H is a nilpotent Hall subgroup of G
such that there exists a transversal for H\G which is invariant under conjugation
by H, then H has a normal complement; see [8, Proposizione XIV 12.1]. Now if H
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is abelian, the commutator subgroup of G is contained in this normal complement.
In [6], Kochendorffer generalizes Zappa’s result. We present the essence of Zappa’s
and Kochendorffer’s argument in the following theorem.

Theorem 2. Let G be a finite group and let H be an abelian Hall subgroup of
G. Suppose that there exists transversal T for H\G which is invariant under
conjugation by H. Then [G,G]N H = {1}.

Proof. This is very much inspired by the proof of [6, Theorem|. The transfer map

7:G— H,x H/\f(t),
teT

where A\ (¢) is the unique element in H such that tx = AT (¢)t’ for some ¢’ € T, is
a group homomorphism; see |5, IV, Hauptsatz 1.4].

Let h € H and let &’ := A](t) for some ¢t € T. Then th = h't' for some
' € T. Tt follows that hh/~" =t~ h/t'h’~' € H and since T is H-invariant, we
have h/t’k’~" € T. Thus, t = ''h/~". This yields that h = h’ = AL(t) and hence

r(h) =[] M @) =[] »=n".

teT teT

As H is an abelian Hall subgroup of G, the map f : H — H,h — hlSHl is an
isomorphism. Thus ker7 N H = {1}. Furthermore, G/ker is abelian, because
the image of 7 is abelian as subgroup of H. Hence, [G,G] < ker7. We conclude
that [G,G]NH <kertN H = {1}. O

In the next example we show that for the conclusion of Conjecture 1 to be true,
it is not enough to require the existence of an H-invariant transversal for H\G.

Example 1. Let G := Qg and let H := Z(G). Then H is abelian and every
transversal of H\G is H-invariant. However, H = Z(G) = [G,G]. Notice that
there does not exist any G-invariant transversal for H\G.

However, if p is a prime, G is a group of order p3 and there exists a G-invariant
transversal for H\G, then Conjecture 1 holds.

Lemma 1. Let G be a p-group with [G,G] = Z(G) and |Z(G)| = p. Suppose
that H < G is abelian and that there exists a G-invariant transversal T of H\G
containing 1. Then [G,G] N H = {1}.

Proof. Since T is G-invariant, T" is a union of conjugacy classes of G. As 1 € T,
we conclude that T contains at least p conjugacy classes with exactly one element,
i.e. T contains at least p elements of Z(G). Hence [G,G] = Z(G) C T and thus
[G,GINH CTNH=({1}. O

This lemma shows that Conjecture 1 holds for groups of order p3.
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Maximal cyclic subgroups of a finite abelian

p-group of rank two
Pradeep Kumar

Abstract. Let G be a finite group. A cyclic subgroup of G that is not a proper subgroup of any
other proper cyclic subgroup of G is called a maximal cyclic subgroup and the set of all maximal
cyclic subgroups of G is denoted by M. In this paper, we find the cardinality of the set Mg,
where G is a finite abelian p-group of rank two. As an application, we obtain the independence
number of the power graph of the group G.

1. Introduction

Counting the number of subgroups of finite groups is one of the old problems
in finite group theory and it is still frequently studied. In [2], Bhowmik gave a
method to determine the total number of subgroups of a finite abelian p-group. A
simple formula, in the case of a finite abelian p-group of rank two was obtained
by Calugareanu [3], Petrillo [10] and Téth [14] by using Goursat’s lemma. In [13],
Toth obtained the number of cyclic subgroups of a finite abelian group.

Let G be a finite group. A cyclic subgroup of G that is not a proper subgroup
of any other proper cyclic subgroup of G is called a mazimal cyclic subgroup and
the set of all maximal cyclic subgroups of G is denoted by M. Let I' be a
graph. A set of pairwise non-adjacent vertices of I" is called an independent set.
The maximum size of an independent set in a graph I is called the independence
number of I and denoted by 5(I).

Let G be a group. The undirected power graph P(G) has the vertex set G and
two distinct vertices x and y are adjacent if x = y™ or y = z™ for some positive
integer m. The concepts of a power graph and an undirected power graph were
first considered by Kelarev and Quinn [8] and Chakrabarty et al. [6], respectively.
Since this paper deals only with undirected graphs, for convenience throughout we
use the term “power graph” to refer to an undirected power graph. Recently, a lot of
interesting results on the power graphs have been obtained, see for example [4, 5].
A detailed list of open problems and results can be found in [1]. Chakrabarty et al.
[6], found that the power graph P(G) is complete if and only if G is a cyclic group
of order p™, where p is a prime number and n is a non-negative integer. Sehgal and
Singh [12] obtained the degree of a vertex in the power graph of a finite abelian
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group. Chelevam and Sattanathan [7] determined the finite abelian groups whose
power graphs are planar. They have also characterized the finite abelian groups
G with S(P(G)) = 2. In [9], X. Ma et al. obtained that the independence number
of the power graph of a finite p-group G is equal to the cardinality of the set M.
For generalized extraspecial p-groups G with p > 2, S(P(G)) had been determined
in [?] by calculating the cardinality of the set M.

In this paper, we find the cardinality of the set M, where G is an abelian
p-group of rank two. Equivalently, we find the independence number of P(G).

Throughout the paper p denotes a prime number. Let | X| denote the cardinal-
ity of the set X and o(x) denote the order of the element z in the group G. Let
(g) denote the cyclic subgroup of the group G generated by g € G and the identity
element of the group G is denoted by e. For a positive integer n, ¢(n) denotes the
Euler’s totient function. Let C(G) denote the set of all distinct cyclic subgroups
of the group G. Note that (C(G), Q) is a poset.

2. Preliminaries

We will start with the basic facts that will be needed later.

Lemma 2.1. Let G = Zys, X Lps, = (x) x (y) where o(x) = PP and o(y) = pP2
and 31 > P2 > 1. Let g = mpklalypbo‘? #FecG. If0<k; andpta; Vie{l,2},
then there are p cyclic subgroups of order o(g)p containing (g). Further, if for some
i =10, ki, =0 and oy, # 0, then (g) doesn’t contained in any cyclic subgroup of
order o(g)p.

Proof. Let g € G such that g = xpklalypkzo‘?, where p 1 a; for i € {1,2}. First, we
count the number of elements h € G such that h? = g. Consider h = 2™ y". Now,
h? = g implies P yP"2 = mpklalypkz‘”. So pFia; = pr; mod p” Vi € {1,2}. For
fixed 4, latter equation has integer solution r; if and only if p | p**;. Thus, if for
some i = %,, k;, = 0 and «;, # 0, then there doesn’t exist any h € G such that
h? = g.

Now, assume k; > 0, V i. So, if p¥*a; = pr; mod p%, then p* oy = 7
mod p%~'. Thus, the latter equation has p distinct solutions for each fixed i
and that are r; = p¥lay + kp® 1, where 0 < k < p — 1. Thus, for given
g =P toryP*?e2 where pta; and k; > 0, there are p? elements h € G such that
h? = g and o(h) = o(g)p.

Now, let (h) be a cyclic subgroup of order o(g)p such that (g) C (h) and h? = g.
Suppose w € (h) such that w? = g, then w = A" and h"? = h? = g. This implies
that rp = p mod o(h). Thus, r = 1 + ko(ph), where 1 < k < p. Thus, each
cyclic subgroup (h) of order o(g)p contains p distinct elements w € (h) such that
wP = g. Hence that, there are P p cyclic subgroups of order o(g)p containing
g for k; > 0V i. This completes the proof. O
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Corollary 2.2. Suppose G = Z,s, X ZLysy, 1 > Ba2. Then a cyclic subgroup

H = <$pﬁlityb> (where By <t < B1,1 < b < pP2 ) of order pt is contained in a
cyclic subgroup of order p'™1 if and only if p | b.

Proof. This follows from Lemma 2.1. 0

Recall that the set of all maximal cyclic subgroups of the finite group G is
denoted by M and the independence number of the graph I' is denoted by 8(I").

Theorem 2.3. [9, Corollary 2.14] Let G be a p-group. Then B(P(G)) = |Mg|.

3. Maximal cyclic subgroups

In this section, we find the number of maximal cyclic subgroups of Zyr X Zps,r >
s 2 1. For the rest of the paper, we fixed that G = Zpr x Zps = (z) x (y), where
o(x) =p" and o(y) =p® and r > s > 1.

The number of cyclic subgroups of order p in G is p+ 1 and these cyclic groups
are given as {(y*" )} U {(@" 'y ) | 1 <i < p}. From [11], we know that
a cyclic subgroup of order p' (¢ > 1) contains exactly one cyclic subgroup of
order p. Lelt X; be the set of all cyclic subgroups of G containing cyclic subgroup

(zpr_lyips_ Y for 1 < i < pand X be the set of all cyclic subgroups of G containing

s—1

b ).

Lemma 3.1. The number of cyclic subgroups of order pt in X;, 0 < i < p ispt~
where 1 <t < s.

1

Proof. By Lemma, 2.1, each cyclic subgroup of order p' is contained in p cyclic
subgroups of order p*!, 1 <t < s. Thus, it is immediate that each X; contains

pt~1 cyclic subgroups of order pf, 1 < t < s. O

Let M(X;, C) denote the set of all maximal elements of the poset (X;, C).
Lemma 3.2. [Mg|=Y"_ |IM(X;, Q).

Proof. Recall that C(G) is the set of all distinct cyclic subgroups of the group
G. Let C*(G) be the set C(G)\{e). Define a relation R on C*(G) such that
(x), (y) € C*(G) are said to be related if (x) and (y) contain a unique cyclic
subgroup of order p. It is immediate the R is an equivalence relation. Since,
G has p + 1 cyclic subgroups of order p, C*(G) has p + 1 equivalence classes.
Clearly, X;, 0 < ¢ < p are these equivalence classes. It is easy to observe that if
(z) € X; and (y) € X, for i # j, 0 < 4,5 < p, then (z) € (y) and (y) € (z). Thus,
a maximal element of the poset (X;, C) is a maximal cyclic subgroup of G. This
completes the proof. O

Theorem 3.3. Let G = Z,r X Zps, v > 5. Then

2"+ o(p*)(r—s—1), r=s

s—1
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Proof. Suppose r > s. Now assume that s < ¢t < r. Take g = 2%° € G. If
the order of g is p’, then g = a?" *y?, where ged(k,p) = 1, 1 < k < p' and
1 < b < p*. Thus, the number of elements of order p is ¢(p?)p*. Since, each cyclic
subgroup of order p' contains ¢(p) elements of order p', so the number of cyclic

subgroups of order p? is d’é?;),,’)’b = p* and they are (zP" 3?), 1 < b < s. Further,
(xP" "yP)P"" = 2P"". Thus, all cyclic subgroups of order pt, ¢ > s belong to X
By Corollary 2.2, cyclic subgroup H = (2" ') of order p' is contained in cyclic
subgroup of order pt*! if and only if p | b and if p | b, then H is contained in p
cyclic subgroups of order p'*! (¢ < r). Hence, out of p® only p*~! cyclic subgroups
of order pt are contained in cyclic subgroups of order p‘*!.

Again, the number of cyclic subgroups of order p® in the set X, is p*~! (Lemma
3.1) and the number of cyclic subgroups of order p**! is p* and each cyclic subgroup
of order p® is contained in at most p cyclic subgroups of order p**! (Lemma 2.1).
Thus, each cyclic subgroup of order p® is contained in p cyclic subgroups of order
p*t1 in the set X,. By Lemmas 2.1 and 3.1, it is clear that X, has p~! cyclic
subgroups of order p' and each cyclic subgroup of order p? is contained in p cyclic
subgroups of order pt*! in X, for 1 <t < s.

The number of cyclic subgroups of order p’ in X; for 0 <i < p—1is p'~ !, for
1 <t < s (Lemma 3.1) and none of cyclic subgroups of order p* for ¢ > s belong
to X;(0 < i < p—1). Further, each cyclic subgroup of order p’ is contained in p
cyclic subgroups of order p!*! for 1 <t < s in X;.

Collecting all arguments, the Hasse diagram of the poset (X, C) is given in
Figure 1 and the Hasse diagram of the poset (X;,C) (0 < ¢ < p— 1) is given in
Figure 2.

Vi Vip Vipr—rt1 Vip

Visyon Visra)p Vista)ip2) (only p*~! elements connected above)
(542)p

Vist1)(po—p+1)

v \/ Vis+1)pe

Vipe—1

st+1)1

Va

Figure 1: The Hasse diagram of the poset (Xp, C)
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3(10 —P+1}
Vis-1n Vis—1yp Vis—1)(p-2—p+1) Vis—1)ps-2

Figure 2: The Hasse diagram of the poset (X;,C), for0<i<p—1

In Figures 1 and 2, V;; denotes the element of X;, 0 < i < p of cardinality p'.
(Xp, Q) has p® + ¢(p®)(r — s — 1) maximal elements (see Figure 1) and (X;, Q)
for 0 < i < p — 1 has p*~! maximal elements. Thus, by Lemma 3.2, |[Mg| =
2p° +¢(p®)(r—s—1) for r > s. Now, for r = s. Only the cyclic subgroups of order
p°® are maximal elements in X;, 0 < i < p and each X; has p*~! cyclic subgroups
of order p*. Thus, by Lemma 3.2, [Mg| = p*+p**L, for r = s. Hence by Theorem
2.3, we complete the proof. O

Acknowledgments. The author wish to thank the referee for giving useful sug-
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On the component graphs of

finitely generated free semimodules
Sushobhan Maity and Anjan Kumar Bhuniya

Abstract. A semiring S is said to have invariant basis number property if any two bases of a
finitely generated free semimodule over S have the same cardinality. Here we characterize reduced
zero and reduced non-zero component graphs of every finitely generated free semimodule V over
such semirings. It is shown that if |S| > Rg, these two graphs of a semimodule V over S are

isomorphic.

1. Introduction

In the recent years, there has been a flow of various ideas in the study of algebraic
structures using graphs defined on themselves. Various algebraic structures like
semigroups [5], groups [2], rings [1] and vector spaces [6, 8] have been character-
ized in this way. In [6], Das introduced non-zero component graph on a finite
dimensional vector space.

Recently, semimodules over a semiring have created attention to the researchers
for their different interesting uncommon features. Many of the results of vector
spaces do not match with the results of semimodules. For example, in a vector
space every basis is a free basis and converesely, which does not hold in a semi-
module in general [10].

Here we consider both zero and non-zero component graphs of a finitely gen-
erated free semimodule. Also we introduce reduced non-zero component graph
and reduced zero component graph on a finitely generated free semimodule and
prove that they are isomorphic. This isomorphism ensures that studying either of
them is sufficient to know about both. Here we study reduced non-zero component
graph.

2. Definitions and preliminary results

Let G = (M, E) be a graph. All graphs considered here are simple. A subset
I of M is said to be independent if no two elements of I are pairwise adjacent.
The maximum number of elements of an independent set is called the indepen-
dence number of G. A subset D of M is called dominating if each element of

2010 Mathematics Subject Classification: 05C25, 05C69, 16Y60.
Keywords: semiring, semimodule, free set, graph isomorphism.
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M\ D is adjacent to at least one element of D. If no proper subset of D is a
dominating set for G, then D is called a minimal dominating set for G. The least
cardinality of a dominating set is called the domination number of G. Two graphs
(M,E) and G’ = (M',E’) are said to be isomorphic if there exists a bijective
mapping ¢ : M — M’ such that a ~ b in M if and only if ¢(a) ~ ¢(b) in M’.
A path of length & in a graph G is an alternating sequence of vertices and edges
ag, €p,a1,€1,a2, . ..,0,k—1,€k_1, 0k, where a;’s are distinct (except possibly ag, ax)
and e; is the edge joining a; and a;41. If there exists a path between any pair of
distinct vertices, then it is called connected. The distance between two vertices
a,b € M, d(a,b) is defined as the length of the shortest path between a and b.
The diameter of a graph G is defined as diam(G) = maz, pemrd(a, b), if it exists.
Otherwise, diam(G) is defined as oco.

We refer to [3] for further notions on graph theory and [7] for basic notions
and results on semirings and semimodules.

A semiring S is an algebraic system (S, +,-,0,1) such that (S, +,0) is a com-
mutative monoid and (S, -,1) is a monoid, connected by the ring-like distributive
laws. Also we assume that (.5,-) is commutative, 0 # 1 and the zero element 0 is
absorbing, that is s0 = 0s = 0 for all s € S. We say that s € S is invertible if
st =1 for some t € S and denote the set of all invertible elements of S by U(S).
If a semiring S is such that U(S) = S\ {0}, then S is said to be a semifield.

Definition 2.1. Let S be a semiring. A left S-semimodule is a commutative
monoid (V,+) with additive identity 6 for which we have a function S x YV — V,
denoted by (A, &) — A and called as scalar multiplication, which satisfies the
following conditions for all a,b € S and u,v € V:
(1) a(u +v) = au + av;
(#1) (a + b)v = av + bv;
(7i1) (ab)v = a(bv);
(v) lv = v;
(v) af = 6 = Ov.

Right S-semimodules are defined analogously. In this paper a semimodule V
over S means left S-semimodule. The elements of V are called vectors and the
elements of .S are called scalars.

Let S be a semiring. Then a semimodule V over S is also known as a semilinear
space over S. If a semiring S is a ring, then any semilinear space V over S is an
S-module. In particular, if S is a field then any semilinear space over S is a linear
space (or, vector space) over S.

Let B be a non-empty subset of V. Then we denote

span(B) = {X_;_, cizi :n € N,¢; € S,x; € B}.

If span(B) = V, then B is called a generating subset of V. A semimodule V
having a finite generating set B is called finitely generated. A nonempty subset
D of vectors in V is called linearly dependent if there exists x € D such that
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x € span(D — {z}); otherwise it is called linearly independent; and free if each
element of V is expressed as a linear combination of the elements of D in at most
one way. It is easy to see that every free subset of V is linearly independent.
A linearly independent generating subset of V is called a basis of V and a free
generating subset of V is called a free basis of V [10]. If V has a free basis then it is
called a free semimodule. It is easy to see that every finitely generated semimodule
has a basis, and every free basis is a basis [10].

Definition 2.2. A semiring S is said to have invariant basis number [IBN] prop-
erty if any two bases of a finitely generated free semimodule over S have the same
cardinality.

A semiring S has the IBN property if and only if for every s,t € S, s+t =1
implies that either s € U(S) or t € U(S) [Theorem 4.3; [10]]. Hence every semifield
has the IBN property. In particular, the semiring Rt U{0} of all non-negative real
numbers, the max-plus semiring R,,,, and many other tropical semirings are of this
type. Apart from the semifields, the semiring N U {0} of all non-negative integers
also has this property. Thus we see that many useful as well as algebraically
important semirings have the IBN property.

Henceforth, unless stated otherwise, S is a semiring having invariant basis
number property and V is a finitely generated free semimodule over S. Let V
be a finitely generated free semimodule over S, then from Corollary 3.1 [10], it
follows that every vector of V can be expressed uniquely in terms of each basis.
The cardinality of a basis of V is denoted by dim(V).

Isomorphism of semimodules is defined similarly to modules. It follows from
Corollary 5.2 [9], that semimodules V and W are isomorphic if and only if dim(V) =
dim(W).

If X ={x1,29,...,2,} is a basis of a semimodule V, then every vector v € V
can be expressed uniquely as v = c1x1 + -+ + cpxp; ¢; € S. We call ¢; the i-th
component of V and is denoted by v;.

Definition 2.3. The non-zero component graph of V relative to the basis X, is
defined as I'x (V) = (V,E), where V=V \ {0} and (o, §) € E if there exists ¢ such

that «;, 8; are non-zero.

Note that the vectors of the form v = cyx1 + coxs + - -+ + cpxy,, Whose all
components are non-zero, adjacent to every other vertex of I'x (V). These vertices
do not have much role on the parameters of I'x (V). So we propose to consider
the graph I'% (V) obtained from I'x (V) after deletion of such vertices. We call
I'% (V) the reduced non-zero component graph of V with respect to the basis
X ={z1,22,...,Tpn}.

Theorem 2.4. Let V be a semimodule over a semiring S. Let T'% (V) and '} (V)
be the reduced non-zero component graphs of V with respect to the bases X =
{r1,22,...,2n} and Y = {y1,y2,...,yn} of V. Then T (V) and I'} (V) are graph
isomorphic.
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Proof. Define a mapping o : V — V such that
o(c11 + co2 4+ + ) = c1y1 + C2y2 + - F Culn.

Then clearly o is an isomorphism on V such that o(x;) = y; foralli € {1,2,...,n}.
We show that the restriction of o on non-null vectors of V such that at least one
component is zero induces a graph isomorphism ¢* : I'% (V) — I'}-(V). Clearly o*
is a bijection. Let a = ¢1x14+cowo+- - -+cpxy, and § = dyx1+doxo+- - - +d,x, with
a ~ [ in I'% (V). Then there exists ¢ such that ¢;,d; # 0. Hence o*(a) ~ o*(8) in
I'3-(V). Similarly it can be shown that if @ and 5 are not adjacent in I'% (V), then
o*(a) and o*(f) are not adjacent in I'}- (V). O

Now we define the zero component graph I'ox (V) and reduced zero component
graph 'l (V) of a semimodule V as follows:

Definition 2.5. Let V be a semimodule with a basis X. The zero component
graph of V is defined as the graph Tox(V) = (V,€), where V. = V \ {> ciz; -
€1 ¢ ¢, # 0}, that is V' consists of the elements whose at least one component
is zero and (v, B) € & if there exists i such that both a; and §; are zero. Note that
0 ~ v for every v in T'ox (V). In fact € is the only vertex having this property. The
subgraph I'{ (V) obtained by deletion of 8, is called the reduced zero-component
graph of V.

For any two bases X and Y of V, proceeding similarly as in the proof of
Theorem 2.4, we can prove that I'f (V) and I'{y (V) are graph isomorphic.

Since the graphs are independent of the choice of a particular basis (up to
isomorphism), so we denote the reduced non-zero component graph of ¥V by I'*(V)
and the reduced zero component graph of V by I'(V).

Notice that the vertex set of both I'*(V) and I'{(V) is same and for the next
sections of this article we denote it by V and X = {z1, s, ..., z,} denotes a basis.

3. Properties of the graph I'*(V)

In this section, we investigate some basic properties like connectedness, complete-
ness, domination number, independence number of the graph I'*(V). Also we show
that two semimodules V and W are isomorphic if and only if the graphs I'*(V)
and I'™* (W) are isomorphic.

Since any two elements of a basis are pairwise non-adjacent, I'*()) is not
complete.

Theorem 3.1. Ifn >3, I'*(V) is connected and diam(I'*(V)) = 2.

Proof. If o, 8 € V are adjacent, then d(«, 8) = 1; otherwise, there exist distinct
i,7 such that oy, 8; # 0. Since n > 3, there exists v € V such that v;,v; # 0.
So a ~ v and 8 ~ 7 and hence d(«,8) = 2. Thus I'*(V) is connected and
diam(T*(V)) = 2. O
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Theorem 3.2. The domination number of T*(V) is 2.

Proof. 1t is easily seen that {z1 + x93+ -+ @p—1,22 + 3+ -+ -z, } is a minimal
dominating subset of I'*(V). If possible, let {a} be a dominating subset of I'*(V).
Then there exists ¢ such that a; = 0. Consider 3 € V such that 8; # 0 but 8; =0
for all j # i. Then a ~ 8. Hence the result. O

Theorem 3.3. If D = {y1,y2,...,u} is a minimal dominating set of T% (V), then
Il <n.

Proof. Let D; = D\ {y;} for i € {1,2,...,n}. Since D is a minimal dominating
set, for all ¢ € {1,2,...,1}, D; is not a dominating subset of I'%. (V). So, for each
i€ {1,2,...,1}, there exists z; € I'*(V) such that z; ~ y; but z; = y; for j # i.
Since z; # 6, there exists ¢; such that (z;), # 0. So x4, » y; for j # i but z;, ~ y;
as D is a minimal dominating set.

Now we show that x;, # x;, for i # j. If possible, let 24, = x;, for some i # j.
Since zy, ~ y; and x4, = Ty;, S0 wy, ~ y; which contradicts that zy, = y; for all
i # j. Hence xy, # xy; for i # j. Since xy,,Ty,, ...,z are all distinct, it follows
that [ < n. O

Theorem 3.4. The independence number of T% (V) is n.

Proof. 1t is easy to observe that {z1,z2,...,2,} is an independent set of I'} (V).
So the independence number of I'% (V) is greater than or equal to n. If possible,
let {y1,92,...,y} be an independent set of I'% (V) such that [ > n. Since for all
ie€{1,2,...,1}, y; # 0, there exists ¢; such that (y;);, # 0. We show that t; # ¢,
when ¢ # j. If t;, = t; =t for some 4 # j, then t; th component of both y; and y;
is non-zero and hence y; ~ y;, which is a contradiction to the independence of y;
and y;. Since there are exactly n distinct z;, the independence number of I'% (V)
is n. O

Lemma 3.5. Let I be an independent set in % (V), then I is linearly independent
m V.

Proof. Let I = {y1,¥a,...,y;} be an independent set of I'5, (V). Then by Theorem
3.4, 1 < n. If possible, let I be linearly dependent in V. Then there exists i €
{1,2,...,1} such that y; is expressed as a linear combination of y1,...,y;—1,Yi+1,
Loy leyi =ayr ey + ot eim1Yio1 F iy oy = Zé’zl,jyﬁi CiYj
Let yj = Y1 dyjzy for j =1,2,...,i— 1,4+ 1,...,1. Thus,

yi = (cdu+--+cimidi i1+ cipidi i+ - Fadu)ri +(cidar +- - -+ cimida o1+
Cit1da,ir1+- - -+ady) e+ -+ (crdpi+- - -+ cim1dnic1+Cip1dn iv1 - Cdn) Ty

Since y; # 0, there exists to such that (y;):, # 0. So, there exists yj such that
k # i and (yr)y, # 0, otherwise to-th component of y; will be 0. Which shows
that {y1,v2,..., 4} is not independent in I'%,()). This contradiction shows that
{y1,y2, ...,y } is linearly independent in V. O
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Remark 3.6. Converse of the Lemma 3.5 is not true, in general, if we consider
the subset {z1,21 + 22} of a three dimensional semimodule with respect to the
basis {z1,x2,z3}.

Now, we show that two semimodules are isomorphic if and only if their corre-
sponding reduced non-zero component graphs are isomorphic.

Lemma 3.7. Two semimodulesV and W are isomorphic if and only if the reduced
non-zero component graphs I'*(V) and I'*(W) are isomorphic.

Proof. Let V and W be isomorphic and ¢ : ¥V — W be an isomorphism. Then
Y ={o(x1),0(x2),...,
o(xy,)} is a basis of W. Consider the restriction o* : I', (V) — I't, (W) given by

o*(c121 + caxa + -+ cpy) = c1o(x1) + cao(x2) + -+ - + cpo(zy)

where ¢1 -¢co -+ ¢, =0 but (c1,¢2,...,¢,) #(0,0,...,0). Clearly o* is a bijection.
Let @ = cix1+- -+ epepn and = dyzy + - - -+ dpxy. Then o ~ fin I'% (V) if and
only if there exists ¢ such that ¢;,d; # 0 if and only if o* (o) ~ o*(8) in '}, (W).
Therefore I'*(V) and I'*(W) are isomorphic.

Conversely, let ¢ : T*(V) — I'*(W) be a graph isomorphism. let dim(V) = m
and dim(W) = n. Since isomorphism preserves the independence number, the
independence number of T'*(V) equals to the independence number of I'*(W) and
hence m = n. So V and W are isomorphic. O

Thus we see that a semimodule isomorphism o : V — W is also a graph
isomorphism (ignoring the null vector and vectors of the form cix1 + -+ + ¢z,
such that ¢; - ¢a... ¢, # 0), however the converse may not be true which is shown
in the following example.

Example 3.8. Consider the semimodule N2 over Ny, the set of all nonnegative
integers, with respect to usual addition and multiplication. Then the vertex set
V of T*(N3), is {(a,b) € N2 : a = 0 or b = 0 and (a,b) # (0,0)}. Define a
map ¢ : V — V defined by ¢(1,0) = (3,0), ¢(3,0) = (1,0), ¢(n,0) = (n,0) for
n # 1,3 and ¢(0,m) = (0, m), where m € Ny. Then ¢ is a graph isomorphism on
I'*(NZ) but it can not be extended to a linear transformation on N3. Otherwise
(1,0) = ¢(3,0) = 3¢(1,0) = (9,0), which is a contradiction.

Now, we study the form of automorphisms of I'*(V).

Theorem 3.9. Let ¢ be a graph automorphism on I'% (V). Then ¢ permutes the
elements of X = {x1,2a,...,2,} of V with some non-zero scalar multiplication,
i.e. there evists a permutation o € S, such that ¢(x;) = c;x,(;), where c;’s are
non-zero.

Proof. Since ¢ is a graph automorphism on I'%, (V) and {z1,x2,...,2,} is an in-
dependent set of vertices in I'% (V), therefore {¢(z;) : ¢ = 1,2,...,n} is also an
independent set of vertices in I'%, (V). Let
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d(z1) = cr1z1 + crax2 + -+ - + C1pny
d(x2) = o171 + co0x2 + -+ - + Conp

A(xn) = 11 + CpaZa + - + CanTn

Since ¢(x1) # 0, there exists j; € {1,2,...,n} such that ¢;;, # 0. Therefore
¢ij; = 0 for all i # 1 because ¢(x;) is not adjacent to ¢(x1) for all  # 1. Similarly,
for ¢(x2), there exists jo € {1,2,...,n} such that cg;, # 0 and ¢;;, = 0 for all
i # 2. Moreover, j; # jo as ¢(x1) and ¢(x2) are not adjacent. Proceeding in this
way, we see that for ¢(z,), there exists j, € {1,2,...,n} such that ¢,;, # 0 and
¢ij, =0 for all ¢ # n and ji, jo,...,jn € {1,2,...,n} are all distinct numbers.
Thus we see that ¢j, = 0 for all k # [ and ¢y, # 0, where k,1 € {1,2,...,n}.

Let 0 = ( jl ].2 ;.1 . Then o is a permutation on {1,2,...,n} and
1 J2 .- Jn
(i) = cij, x5, = Cij, (), Where ¢;5, # 0 and hence the result follows. O

Theorem 3.10. Let ¢ be a graph automorphism on I'% (V) such that ¢ maps
x; into cij Ty for some o € Sy, where cij;, # 0. Then, for {i1,iz,...,ix} C
{1,2,...,n}, if ¢;’s are non-zero, then ¢(ciz;, + -+ cpy,) = diTo(y) + -+ +

dkTs(iy), where d;’s are non-zero.

Proof. Since cx; ~ z; in I', (V) and ¢ is an automorphism on I'% (V), ¢(cz;) ~
¢(x;) ie., ¢p(cwi) ~ cijry). So, o(i)-th component of ¢(cx;) is non-zero. If
possible, let o(j)-th component of ¢(cx;) is non-zero for j # i. Then ¢(cx;) ~ 4
ie. ¢(cx;) ~ ¢(x;). Which in turn implies that cx; ~ z; for ¢ # j, which is a
contradiction since {x1,x2,...,x,} is an independent set. Therefore, ¢(cx;) =
dz ;) for some d # 0.

Now, for all {i1,42,...,i} C {1,2,...,n},

C1Tjiy + Coljy + + -+ Cplyy, ~ Tiy

=Sd(c1mi, + coxyy + -+ i) ~ O(24,) = cxy(;,) for some ¢ # 0.

Which implies that ¢(cizs, + cawi, + -+ + cxZiy) ~ o). Similarly, ¢(cizs, +
Coiy 4+ -+ CpTy, ) ~ Ty(iy) and so on. Therefore, ¢(ciws, + coxiy, + -+ -+ cpxy, ) =
d1Tg(iy) + d2Tg(iy) + -+ + dxTo(s),), Where d;’s are non-zero O

Corollary 3.11. Ifn > 3, then ', (V) is not vertex transitive.

Proof. If n > 3, then by Theorem 3.10, there does not exist any automorphism
which maps x1 to 1 + . O

4. Graph isomorphism of I'*(V) and T[';(V)

In this section we show that for a semimodule V over S, if |S| > Ny, then the
reduced non-zero component graph and reduced zero component graph of V are
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isomorphic. Now we show that if |S| < W, then the two graphs I'*(V) and T'§(V)
may not be isomorphic.

Example 4.12. Let S = {0,1,a} be the chain 0 < a < 1. Consider the semi-
module S% over S and a basis E = {(1,0,0),(0,1,0),(0,0,1)}. Then the ver-
tex set of both reduced zero and reduced non-zero component graphs of S2 is
{(1,0,0),(1,0,a),(1,0,1),(1,1,0),(1,a,0),(a,0,0), (a,0,a),(a,0,1), (a,a,0),(a,l,0),
(0,a,a),(0,a,0),(0,a,1),(0,0,a),(0,0,1),(0,1,0),(0,1,1),(0,1,a)}. The degree of
(1,0,0) in I'5(S3) is 9. But, there does not exist any element of degree 9 in
It 5(S5?). Therefore I';;(S?) is not isomorphic to I';(5?).

Theorem 4.13. Let V be a semimodule over S and X be a basis of V. If |S| = o,
then I'% (V) and T'{x (V) are isomorphic.

Proof. Let X = {1,%2,...,2,}. Then the two graphs I' (V) and I'jjy (V) have
the same set of vertices V.= {37 | a;z; : 3i,j such that a; = 0 and a; # 0}. For
A={i1,i9,...,ig} C{1,2,...,n},denote Zy = {d> axz; €V:ia;, =...=a;, =0
and a; # 0 otherwise }. Then V is a disjoint union of the sets Z4, where A is a
non-empty proper subset of {1,2,...,n}, i.e. V= |JZ4. Now, since |S| > N,
|Z | = |Z 4| = |V|, which implies that there exists a bijection ¢4 : Z4 — Zae.
Thus we get a bijection ¢ = Ugs : V — V such that a ~ b in T (V) if
and only if ¢(a) ~ ¢(b) in I';, (V). Hence I'i, (V) and I'j (V) are isomorphic as
graphs. O

References

[1] I. Beck, Coloring of commutative rings, J. Algebra. 116 (1988), 208 — 226.

[2] A.K. Bhuniya and S. Bera, On some characterizations of strong power graphs of
finite groups, Special Matrices 4 (2016), 121 — 129.

[3] J.A. Bondy and U.S. Murty, Graph Theory, Springer-Verlag London, 2008.

[4] P.J. Cameron and S. Ghosh, The power graph of a finite group, Discrete Math-
ematics 311 (2011), no. 13, 1220 — 1222.

[5] I. Chakrabarty, S. Ghosh and M.K. Sen, Undirected power graph of semigroups,
Semigroup Forum 78 (2009), 410 — 426.

[6] A. Das, On non-zero component graph of vector spaces over finite fields, J. Algebra
Appl. 16 (2017), no. 1, 1750007 (10 pages).

[7] J.S. Golan, Semirings and their Applications, Kluwer, Dordrecht, 1999.

[8] S. Maity and A.K. Bhuniya, On the spectrum of linear dependence graph of a
finite dimensional vector space, Electron. J. Graph Theory Appl. 7 (2019), 43 — 59.

[9] Q.Y. Shu and X.P. Wang, Bases in semilinear spaces over zerosumfree semirings,
Linear Algebra Appl. 435 (2011), 2681 — 2692.

[10] Y.J. Tan, Bases in semimodules over commutative semirings, Linear Algebra Appl.

443 (2014), 139 — 152.

Received February 3, 2020
Department of Mathematics, Visva-Bharati, Santiniketan-731235, West Bengal, India
E-mail: susbhnmaity@gmail.com; anjankbhuniya@gmail.com



Quasigroups and Related Systems 28 (2020), 251 — 268

Cryptanalysis of some stream ciphers

based on n-ary groupoids

Nadezhda N. Malyutina

Abstract. We research generalized Markovski algorithm based on i-invertible n-groupoids. We
give lower bounds for cryptoattacks named as chosen ciphertext and plaintext attacks. Also we

give modifications of these attacks.

1. Introduction

The use of quasigroups opens new ways in construction of stream and block ciphers
[3, 4]. We continue researches of applications of n-ary groupoids that are invertible
on i-th place in cryptology [2, 5].

Definition 1.1. n-Ary groupoid (Q, f) is called invertible on the i-th place, i €

1,n, if the equation f(ai,...,a;—1,;,aiy1,...,0,) = Gp+1 has a unique solution
for any elements aq,...,a;—1, Git1,-.., Qn,0nt1 € Q.
In this case the operation “"+V) f(ay, ... a; 1,an41,0i41,...,0,) = x; is de-

fined in a unique way and we have:

f(al, RN ¢ 7 (i*”+1)f(a1, ey A—1,0n41, Q4415 - - - ,an),ai_,_l, . ,an) = Ap+1;

(i,n+1)f(a1, .. 'aai—lvf(alv ey A1, Ty Qg 1y e e 7an)7ai+17 oo aan) = Zy.

Algorithm 1.2. Let @ be a non-empty finite alphabet and & be a natural number,

uj,v; € Q, j € {1,...,k}. Define an n-ary groupoid (Q, f) which is invertible on

the i-th place,i € T, n. Then the groupoid (Q, "+ f) is defined in a unique way.
Take the fixed elements lgnfl)(nfl) (I; € Q), which are called leaders.

Let wjus...ux be a k-tuple of letters from Q.

2010 Mathematics Subject Classification: 20N15, 20N05, 05B15, 94A60
Keywords: cipher, ciphertext, plaintext, Markovski algorithm, n-ary groupoid.
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The following ciphering (encryption) procedure is proposed:

v = f(ll,...,li,17u17li,...,ln,1),

Vg = f(ln, ey ln+i72a U9, ln+i717 e ,lgn,Q),
............... R
Up—1 = f(ln2_3n+3, ey ln2_3n+1+i, Un—1, ln2—3n+2+i> . 7l(n—1)2), (1)
U = f(U1, 0oy Vi1, Upy Uiy o e oy Up—1),
’l)n+1 = f(’l)z, e ,Ui,un+1,1)i+1, e ,’Un),
Therefore we obtain the following ciphertext: vivy ..., Vn—1,Vpn, Unt1,.--

The deciphering algorithm is constructed similarly to the binary case:

Uy = (i7n+1)f(ll, ey li—la”l) lia ey ln—l)a
up = O F L im0, 09, i1y - lan—2),
Up_1 = (i,n+1)f(ln2_3n+3, vz sna14is Un—1, b2 —snaogds - - (2)
l(n,1)2)
Up = (i’nJrl)f('Ul; ey Vi—1,Un, U4,y . .. ;vnfl)a
Un+1 = (i7n+1)f(v2; ey Uiy Ung1, Uity - - - ,’Un),
2.Results

2.1 Ciphertext attacks

S. Markovski, E. Ochodkova and V. Snashel proposed a new stream cipher to
encrypt the file system [3, 4]. M. Vojvoda has given the cryptanalysis of the file
encoding system based on binary quasigroups [6, 7] and showed how to break this
cipher. These attacks are described by M. Vojvoda [7]. See [1] for the case of
n-ary quasigrops.

We studied cryptographic attacks on the cipher using the generalized Markovski
algorithm. In this article we will conduct a comparative analysis, identify positive
and negative points in these attacks. Given examples provide lower bounds of such
attacks.

Consider an attack with text constructed using an m-ary groupoid, which is
invertible on the i-th place obtained using the generalized Markovski algorithm.

Assume the cryptanalyst has access to the decryption device loaded with the
key. He can then construct the following ciphertext, where n is arity and m the
order of an i-invertible groupoid:
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Q1491 --- 41919141 - - - 41429191 - - - q19m
q191 - -- 42419141 - - - 424249141 - - - 424m
q191 - -- 434919141 - - - 43424141 - - - 43Gm

Q141 - --9mq19191 - - - 9mq29191 - - - GmYm - - -

and enter it into the decryption device.

For a complete reconstruction of the table of values of the operation (»"*1 f,
and hence the table of values of the operation f, it is sufficient to submit at the
input: A = (n-m" !+ 1)(m — 1) characters to get all the values or A — 1 =
n-m" t(m—1)+ (m—2) characters, when the last value is found by the exception
method.

We give numerical examples instead of “general case” in order to make the
reading of this paper more convenient . We hope that any qualified student can
be easy to write “general case” using these examples.

Example 2.1. Take the ternary groupoid (Rs, f), Rz = {0, 1,2}, which is defined
over the ring (Rs,+,-) residue classes modulo 3 and which is invertible on first
place.

Ternary operation f on the set R3 is defined as:

f(z1, @2, x3) = ax1 + Pao + yT3 = T4, where

ald=2,al =0,02 =1,
60207ﬁ1: 1,ﬁ2: 1,
0 =2,v1=0,72=0.

Inverse operation for f or (14)-parastrophe is the following operation:
D f(xg, 09, 13) = 21 = a~ (x4 + 2-Bag + 2-yx3), where a7 1(0) = 1, a1(1) = 2,
al(2) =0.
Check.
F(OA) f(2g, 20, 23), 2, 23) = a(a™ (g + 2 - Bro + 2 - ya3)) + Brg + Y3
=x4+2-Pxo+ 2 yr3 + P2 + yX3 = 4.
@D f(f (21, 22, 73), T2, T3) = o~ (awy + B + Y23 + 2+ fra + 2 Y23)
=a Yaz) = 21.
Elements: I = 0,1, = 2,3 = 1,14 = 2 are used as leaders.
We will use Algorithm 1.2. and we can construct the following ciphertext:

41919191919291919391929191929291929391939191 9392919343
429149192919292491939249291929292929293929391929342929343
q3q1
or
000001002010011012020021022
100101102110111112120121122
20
and enter it into the decryption device.
The process of decrypting the text and the results are as follows:
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Table 1: Decrypted text

(5% :(1’4) f(Ul l1 lg) _(1 4) f(ql,l17l2> U29 :(1’4) f<0,2, 1) = 0
_(1 4) f( )
(UQ ) ( 4) f(qlv lg, l4) Uuso :(1’4) f(O, ]., 0) = ].
_(1 4) f(071, )
5 =01 f(ug, v1,02) *(1 Y fla,qi,q1) | usi = f(1,0,0) =0
:“’4) £(0,0,0) = 2 - 1)
Us —<14> £(0,0,0) = uzy = £(0,0,1) =1
us =Y £(0,0,0) = uzz =14 £(1,1,0) = 2
ug _<1,4> f(1,0,0) = 0 — (10) uzg = £(1,0,1) =2
ur =Y £(0,0,1) =1 — (2) uzs =14 £(0,1,1) =0
us =04 £(0,1,0) =1 - (4) ugg =Y f(2,1,0) =0
ug =11 £(2,0,0) =1 — (19) uzr =14 £(1,0,2) = 2
u1o = £(0,0,2) =1 — (3) usg =0 £(1,2,1) =1 — (17)
up; =1 £(1,2,0) = 2 — (16) uzg =14 £(0,1,1) =0
upp =Y £(0,0,1) =1 ugo =Y £(1,1,0) =2
3 =04 £(0,1,0) =1 ugy =Y £(1,0,1) =2
U4 ,<1,4> f(1,0,0) =0 gy =Y f(1,1,1) =1 — (14)
ups =Y £(1,0,1) =2 — (11) ugz =0 f(1,1,1) =1
urs = £(0,1,1) =0 — (5) ugg =Y f(1,1,1) =1
upr = £(1,1,0) =2 — (13) ugs =Y £(2,1,1) =2 — (23)
u1g =14 £(2,0,1) = 0 — (20) uge =Y £(1,1,2) = 1 — (15)
u1g = £(0,1,2) =0 — (6) ugr = £(2,2,1) =2 — (26)
ugo =14 £(2,2,0) = 0 — (25) ugg =1 £(0,1,2) =0
uz; = £(0,0,2) = ug9 = £(1,2,0) =2
uge =14 £(0,2,0) =1 —(7) uso =Y £(2,0,1) =0
uzz =1 £(2,0,0) =1 us; =Y £(1,1,2) =1
ugg =1 £(1,0,2) =2 — (12) uso =Y f(1,2,1) =1
5 =01 £(0,2,1) =0 — (8) usz =0 £(2,1,1) =2
Uag _<1,4> f(2,1,0) =0 — (22) usg =Y £(2,1,2) =2 — (24)
=4) £(2,0,2) = 0 — (21) uss =0 £(2,2,2) =2 — (27)
—“ Y f(1,2,2) =1-(18) uss =11 £(0,2,2) =0 —(9)

At the output we get:

10222011112110202000111200010101220021022111212020112220.

Thus, for a complete reconstruction of the table of values of the operation
(1.4) r - and hence the table of values of the operation f, it is enough to supply
55 characters (without the last one) for the ternary groupoid at the input, or 56
characters to restore all values. The table of the decrypting function is hacked:
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Table 2: Decryption function

N |H|H [ ]|O|O DN |O [N
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Knowing the value table for (%) f operation, value table is easily restored for

f:

Table 3: Encryption function

I fn]n
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To understand the situation with hacking of the decrypted text and the leaders,

consider the plaintext of the form: 101202

ULU2U3U4LU5UE -

=7

f(1, 0, 1)

flu, by, o)

U1
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Vo = f(U2,137l4) = f((),l3,l4) :?
v3 = f(us,v1,v2) = f(1,v1,v2) =7
vy = f(ug,v2,v3) = f(2,v2,v3

vs = f(us,v3,vs) = f(0,v3,04

Vg = f(uﬁ,v4,v5) = f(2,’l)4,’U5 =7

Analyzing the results obtained using the table of values of the function f, we
obtain the following options for the text to be decoded (f(1,*,x*) and f(0,*,*)

take any values):

Table 4: Ciphertext values

U1 (%) V3 V4 Vs Ve

0] 0| f(1,0,0)=2] f(2,0,2)=1] f(0,2,1)=0 | f(2,1,0) =1
0| 1] f(1,0,1)=01] f(2,1,0)=1 1 f(0,0,1)=2 | f(2,1,2) =2
10| f(I,L,O)=0| f(2,0,00=0 | f(0,0,0)=1] f(2,0,1)=1
L1 /=1 f21,1) =2 f(0,1,2) =0 | f(2,2,0) =1
21 0 | f(1,2,00=0] f(2,0,00=0 | f(0,0,0)=1 | f(2,0,1) =1
012 ]f(1,02)=0] f(220)=1] f(0,0,1)=2] f(2,1,2) =2
2 | 1 | fL,2)=1]f25,1)=2] f(0,1,2)=0] f(2,2,0) =1
L2 | fL1,2)=1) f221) =2 f(0,1,2) =0 | f(2,2,0)=1
2 2 | f1,2,2) =1 f(2,2,1)=2 | f(0,1,2)=0 | f(2,2,0) =1

We get 9 options for possible decrypted text. Among which the first option is
true. The possible values of the ciphertext will be only 9 options, i.e. to determine
the true value is not particularly difficult.

The question of identifying leaders in this case loses its relevance. Thus different
sets of leaders for a ternary groupoid will be 92 = 81. Essentially, we do not need
to determine the exact values of the leaders.

The ciphertext proposed in Example 2.1 is a generalized version of the chipher-
text used by M. Vojvoda for binary quasigroups.

In the following example we tried to improve this result.

Example 2.2. Enter the other text into the decryption device:

q19191929292939343
424919149349292919343
419291492493492439193
q1q1

or

000111222
100211022
010121202

00

We get the following decryption process:
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Table 5: Decrypted text

up =Y £(0,0,2) =1 ug =1 £(0,1,1) = 0 — (5)
up =Y £(0,1,2) =0 urr =Y £(2,1,0) = 0 — (22)
uz =11 £(0,0,0) =2 — (1) U1s —<1 1 £(2,0,2) = 0 —(21)
4 =11 £(1,0,0) = 0 — (10) o =14 £(0,2,2) =0—(9)
=D £(1,0,1) = 2-(11) ugo =1 £(1,2,0) —2— (16)
—<1 Dfa,1,1) =1 (14) 1 =0 £(0,0,1) =1—(2)
=04 £(2,1,1) = 2 — (23) =D £(1,1,0) = 2 — (13)
:<1 D £(2,1,2) =2 — (24) —<1 4 £(2,0,1) = 0 — (20)
Ug —<1 D £(2,2,2) =2—(27) | uog —<1 D f(1,1,2) =1— (15)
uro =Y £(1,2,2) =1 — (18) 5 =01 £(2,2,1) =2 — (26)
upg =04 £(0,2,1) =0 —(8) —“ Y £(0,1,2) =0 —(6)
uro =Y £(0,1,0) =1—(4) | uo —<1 1 £(2,2,0) = 0 — (25)
uys =Y f(2,0,0) =1 (19) *(1 Y £(0,0,2) =1—(3)
upg =Y £(1,0,2) =2 — (12) | ugg —<1 Y £(0,2,0) =1—(7)
ups =Y £(1,2,1) =1 — (17)

At the output we get the following 29 characters:
10202122210112100002120120011.

Thus, for a complete reconstruction of the table of values of the operation (1% f
it is enough to supply 28 characters (without the last one) for the ternary groupoid
at the input, or 29 to restore all values. This text has the smallest possible length,

i.e. is the best option for ternary case.
Let’s see what happens in the 4-ary case.

Example 2.3. Take the 4-ary groupoid (Rs, f), Rz = {0,1,2}, which is defined
over residue ring modulo three (Rs3,+,-) and which is invertible on the fourth

place.
We define 4-ary operation f on the set R3 in the following way:
f(z1, 29,23, 24) = ax1 + Bro + Y3 + 024 = X5, Where
a0=1,al =0,a2 =2,
0=0,61=0,52=1,
W=211=1~2=1,
00=2,01=0,02=1.

The (45)-parastrophe for f is:

45 f(xy, w0, 23, 05) =24 =6 (2 axy + 2 - Bag + 2 - y3 + T5),

where 671(0) = 1,6 1(1) = 2,67 1(2) = 0.
Check.
flar, wa, 23,5 f(ay, 20,25, 25)) =
=+ Bry +yr3+ (0712 axy +2- Bro +2-ya3 +15)) =
=aqxy+ PBro+yxr3+2 - axy +2-PBro+2-yrs+ x5 = 25
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(4’5)f(171, T2,T3, f(xlny; 2173,134)) =
=612 axy +2-Bry+ 2 yw3+ avy + fry + a3 + 61y) = 51 (dx4) = 24.

We propose the following elements:
lh=11l=0I3=0,l4 =2,l5=1,lg =1,l7 =0,lg =0,lg =0
as leader elements.

We will use Algorithm 1.2 and enter the following text into the decryption
device:
000000010002001000110012002000210022
010001010102011001110112012001210122
020002010202021002110212022002210222
100010011002101010111012102010211022
110011011102111011111112112011211122
120012011202121012111212122012211222
20

In the table we give the values of the characters that allow us to determine the
values of the (49 f:

Table 6: Decrypted text (fragment)

up =49 £y, 12,13, v1) ugz =4 £(2,0,1,2) = 0 — (60)
=5 £(1,0,0,0) = 2
*(4 5) fla, 15,16702) ugs =% £(0,1,2,1) =0 — (17)
f(2,1,1,0) =
—<4 5> f(l ,lg,lg,vg) ugo =% £(1,2,1,0) = 2 — (49)
£(0,0,0,0) =
—<4 5> flv 1,v2,03,v4) uro =% £(2,1,0,1) = 1 — (65)
—(45> £(0,0,0,0) =1— (1)
g =1 £(0,0,0,1) =2 — (2) 1 =39 £(1,0,1,2) =2 — (33)
—<4 5> f(O 0,1,0) = 2 — (4) —<4 %) £(0,1,2,2) =1 — (18)
u10 =*% £(0,1,0,0) = 1 — (10) —<4 %) £(1,2,2,0) = 2 — (52)
—<4 %) £(1,0,0,0) = 2 — (28) —<4 %) £(2,2,0,2) =1 — (75)
—<45 ) £(0,0,0,2) =0 — (3) —(4 %) £(2,0,2,0) =1 — (61)
:<45> f(0 02,0)_2—(7) —<45> £(0,2,0,2) =2 — (21)
14 =(4’5) £(0,2,0,0) =0—(19) —(4 ® f(2,0,2,1) =2 — (62)
ups =) £(2,0,0,1) =1 — (56) | ug 44 %) £(0,2,1,1) = 2 — (23)
20 =4 £(0,0,1,1) =0 — (5) Ug3 —<4 %) £(2,1,1,0) = 1 — (67)
01 =19 £(0,1,1,0) = 2 — (13) | ugq =) £(1,1,0,2) =1 — (39)
U =% £(1,1,0,0) = 2— (37) | ugs =19 £(1,0,2,1) = 1 — (35)
23 =19 £(1,0,0,1) = 0 — (29) —<4 %) £(0,2,1,2) = 0 — (24)
ugg =% £(0,0,1,2) = 1 — (6) =15 £(2,1,2,0) = 1 — (70)
ugs =) £(0,1,2,0) = 2 — (16) —<4 %) £(1,2,0,2) = 2 — (48)
26 =% f(1,2,0,0) = 1 — (46) —<4 %) £(2,0,2,2) = 0 — (63)
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7 =35 £(2,0,0,2) = 27 (57) | wioa =% £(0,2,2,1) = 2 — (26)
—<4 %) £(2,0,0,0) =0 — (55) | uios =*% £(2,2,1,0) = 0 — (76)
—<4 %) £(0,0,2,1) =0 — (8) u106 =% f(2,1,0,2) = 2 — (66)
—<4 %) £(0,2,1,0) = 1 —(22) | wior =% £(1,0,2,2) =2 — (36)
—<4 %) £(2,1,0,0) =0 — (64) | uios = £(0,2,2,2) =0 — (27)
—<4 5> £(1,0,0,2) = 1 —(30) | wigo =™ £(2,2,2,1) =1 — (80)
us £(0,0,2, 2)_1—(9) ug6 =) £(2,2,1,1) =1 — (77)
—<4 5> £(0,2,2,0) =1 —(25) | uis0 =% f(2,1,1,1) = 2 — (68)
us —<45 £(2,2,0,1) =0—(74) | uiea =* f(1,1,1,1) = 1 — (41)
—<4 %) £(2,0,1,0) =1 — (58) | uigs =2 f(1,1,1,2) = 2 — (42)
—<4 %) £(0,1,0,1) = 2— (A1) | wigo =% £(1,1,2,1) = 1 — (44)
44 %) £(1,0,1,0) =0 — (31) | uyzo =42 £(1,2,1,1) = 0 — (50)
—<4 %) £(0,1,0,2) =0 — (12) | wyps =% £(2,1,1,2) = 0 — (69)
44 %) £(1,0,2,0) =0 — (34) | uigo =2 f(1,1,2,2) = 2 — (45)
—<4 %) £(0,2,0,1) =1 —(20) | wig1 =% £(1,2,2,1) = 0 — (53)
—<4 %) £(2,0,1,10) = 2 —(59) | uiga =*?) £(2,2,1,2) =2 — (78)
—<4 ) £(0,1,1,1) =0 — (14) | uyos =% £(2,1,2,1) =0 — (71)
—<4 %) f(1,1,1,0) =0 — (40) | ugoq =) f(1,2,1,2) =1 — (51)
—<4 5> F(1,1,0,1) =0 — (38) | ugor =™ £(2,1,2,2) =2 — (72)
us f(1,0,1,1) =1 —(32) | w216 =™ £(1,2,2,2) = 1 — (54)
—<4 5> £(0,1,1,2) = 1 —(15) | uorr =30 £(2,2,2,2) =2 — (81)
ug —<45 f(1,1,2,0) =0 — (43) | w21 =™ £(2,2,2,0) = 0 — (79)
—<4 %) £(1,2,0,1) = 2 — (47)

At the output we get 218 characters.Thus the table of the decrypting function
is hacked.

Table 7: Decryption function

N Value N Value N Value

(1) &9 £00,0,0,00=1 ] (28) | ®»£(1,0,0,0) =2 [(55)] ®¥f(2,0,0,0) =0
2)] ®®f(0,0,0,1) = 2 (29) [ ®¥f(1,0,0,1) = o (56) | @ £(2,0,0,1) =
(3) ] ®®£(0,0,0,2) =0 | (30) | ¥ £(1,0,0,2) =1 [(57) | ®Pf(2,0,0,2) =2
(4)] @®f00,0,1,00=2 | (31) | ¥ £(1,0,1,0) =0 [(58) | ** f(2,0,1,0) _1
(5)] @®f(0,0,1,1) = 0 (32) | @Y f(1,0,1,1) =1 [(59) | &P f(2,0,1,1) =

6)] @®£00,0,1,2) =1 | (33) | @D £(1,0,1,2) =2 [(60)| *>f(2,0,1,2) =

(1) ] @ £00,0,2,00)=2 ] (34) | *2£(1,0,2,0) =0 [(61)] *>f(2,0,2,0) =

(8) | @ £(0,0,2,1) = 0 (35) | 4P f(1,0,2,1) =1 [(62)] ®Df(2,0,2,1) =

9) ] ®9£(0,0,2,2) =1[(36) | ®£(1,0,2,2) = 2 (63)] @ £(2,0,2,2) =
(10)] @ £(0,1,0,0) =1 | (37) | @ f(1,1,0,0) =2 | (64) (4’5)f(2,1,(), 0) = 0
a1 ®»f0,1,0,1) =2 [ (38) | P f(1,1,0,1) = 0 (65)] @D £(2,1,0,1) =1
(12)| @2 £(0,1,0,2) =0 [ (39) | ®f(1,1,0,2) =1 [(66)] *£(2,1,0,2) =2
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@57(2,1,1,0)
@5 f(2,1,1,1)
42 £(2,1,1,2)
42 £(2,1,2,0)
@5 r(2,1,2,1)
@5 £(2,1,2,2)
45 £(2,2,0,0) =2
45 £(2,2,0,1) =0
@5 £(2,2,0,2)
@5 £(2,2,1,00=0
@5 £(2,2,1,1)
@5 £(2,2,1,2)
5 £(2,2,2,0)
(12 £(2,2,2,1)
42 £(2,2,2,2)

(67)
(68)
2 1(69)
0 [(70)
(71)
(72)
(73)
(74)
0 [(75)
(76)
0 [(77)
(78)
2 [(79)
0 [(80)
(81)

0
1
1
2
1
2
2
1
1

@5 f(1,1,1,0)
@D f(1,1,1,1)
@2 f(1,1,1,2)
@2 £(1,1,2,0)
@9 r(1,1,2,1)
@9 r(1,1,2,2)
@9 £(1,2,0,0)
@9 £(1,2,0,1)
@9 £(1,2,0,2)
@9 5(1,2,1,0)
@9 5(1,2,1,1)
@9 5(1,2,1,2)
@9 £(1,2,2,0)
@9 £(1,2,2,1)
9 £(1,2,2,2)
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(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)
(48)
(49)
(50)
(51)
(52)
(53)
(54)

2
1
2
0
1
0
1
2
1
2
0
1
2
0

Thus, for a complete reconstruction of the table of values of the operation
(45) fand hence the table of values of the operation f it is sufficient to supply

218 (or 217) characters for the 4-ary groupoid at the input.
Knowing Cayley table for operation (45 f, we easily restored the operation f:

(13)] @9 £(0,1,1,0)
(14)| @ £(0,1,1,1) =0
(15)| @2 £(0,1,1,2)
(16)| > £(0,1,2,0)
17| @9 r0,1,2,1)
(18)] ®9£(0,1,2,2)
(19)] ®9£(0,2,0,0)
(20)] ®9£(0,2,0,1)
(21)] &9 £(0,2,0,2)
(22)] @9 (0,2,1,0)
(23)] &9 £(0,2,1,1)
(24)] @9 £(0,2,1,2)
(25)] 49 £(0,2,2,0)
(26)| @2 £(0,2,2,1)
27| @2 £(0,2,2,2)
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Table 8: Encryption function
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Currently, we are looking for the type of text of minimum length for a 4-ary

groupoid.

To understand the situation with burglary of the decrypted text and the lead-

For this text we

U1U2U3U4LUF UG-

ers, consider the plaintext of the form: 101202

Analyzing the results obtained using the table of values of the function f, we

obtain the following: f(x,x*,%,1) and f(*, %, *,2) take any values.

Table 9: Ciphertext values
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T 12 [ /0,122 =2] /1,220 =1] /(2,212 =2
T 2]0]f(1,202)=1]f201,0=2] f0,1,2,2) =0
T2 1] f1,21,2=0]f(21,00=0] f(1,0,0,2) =0
T 2] 2] f(1,222)=0] f(2,2,0,0) =1 | f(2,0,1,2) =1
2 10| 0| f(2,0,0,2) =2 f(0,0,2,00=1 | f(0,2,1,2) =1
2 [0 1]f(201,2)=1]f01,1,0=1] f(1,1,1,2) =2
2 10| 2| f(2,0,2,2)=1] f(0,2,1,0) =2 | f(2,1,2,2) =1
2 [ 1] 0| f(2,1,0,2)=2| f(1,0,2,0) =0 | £(0,2,0,2) =2
2 [ 1] 1] f21,1,2)=1] f(1,1,1,0) =0 | f(1,1,0,2) =0
2 [ 1] 2| f21,2,2)=1] f(1,2,1,0) =1 | f(2,1,1,2) =1
2 [ 2] 0| f(2,2,0,2)=0 | f(2,0,0,0)=0 | £(0,0,0,2) =1
2 [ 2| 1] f221,2)=2] f(2,1,2,0) =2 | f(1,2,2,2)=0
2 [ 2| 2| f(2,2,2,2)=2 | f(2,2,2,0)=0 | f(2,2,0,2) =0

We get 27 options for possible decrypted text, among which the 25-th option
is true.

Thus, we confirmed the result that for an n-ary groupoid, the required number
of characters is: (n - m™ ! 4+ 1)(m — 1) characters to get all the values or n -
m" Y (m — 1) + (m — 2) characters, when the last value is found by the exception
method.

So the minimum number of characters in a modified attack will be: m”™+(n—1).

The main question is the choice of text of minimum length for groupoids of
different arity and order.

2.2 Plaintext attacks

Consider an attack with the plaintext constructed using an n-ary groupoid, which
is invertible on the i-th place obtained using the generalized Markovski algorithm.

Assume the cryptanalyst has access to the encryption device loaded with the
key. He can then construct the following plaintext:

Q191 --- 41919141 - - - 414249141 - - - 41Gm
q1491 - - - 424919141 - - - 42424141 - - - 424m
q1491 - --439191491 - - - 43929191 - - - 434m

Q141 - - -9mq19191 - - - gmq29191 - - - gmYm - - -

and enter it into the encryption device.

The number of characters required to restore the encryption table depends
on the values of the selected leaders. Therefore, the question of determining the
length of the plaintext used remains open.

Example 2.4. We consider the plaintext attack for the Example 2.1 and we chose
the following plaintext:



Cryptanalysis of some stream ciphers 263

91919191491924191939192919192492919293919391919392919393
424149192919292919392929192929292924939293G1929392924343

43491919391929391939392914939292939249349393G19393924934343
or

000001002010011012020021022
100101102110111112120121122
200201202210211212220221222
The process of encrypting the text and the results are as follows:

Table 10: Encrypted text

v1 = flur,l,l2) = f(q1, 01, 12) viz = f(1,0,2) =0

= f(0,0,2) =
Vo = f(’LLQ,l3,l4) = f(ql,lg,l4) V43 = f(1,2,0) =0

= f(0,1,2) =
V3 = f(U3,U1,U2) = f(ql,vl,vg) V44 = f(l,0,0) =2

= f(07270) — s~ (7)
vg = flug,vo,v3) = £(0,0,2) =2 —(3) | va5 = f(2,0,2) =1
vs = f(0,2,2) =0—(9) vie = f(1,2,1) =1
ve = f(1,2,0) =0 — (16) var = f(2,1,1) =2 — (23)
U7:f(07070):1_(1) U48:f(0a1a2):0_(6)
vs = f(0,0,1) =2 — (24) vy = f(1,2,0)=0
Vg = f(Z, 1,2) =2- (24) V50 = f(Q,0,0) =0
vi0 = f(0,2,2) =0 vs1 = f(1,0,0) =2
V11 :f(1,2,0) =0 1152:f(1,0,2) =0
V12 = f(O, 0, 0) =1 Vg3 = f(2, 2, 0) =1- (25)
V13 = f(O, 0, 1) =2 VUsq = f(Q, 0, 1) =1
V14 = f(l, 1,2) =1- (15) Vg5 = f(2, 1, 1) =2
U15:f(132a1):17(17) U56:f(07132):0
Vie = f(O, 1, 1) =0- (5) Vg7 = f(O, 2, 0) =2
U17:f(131a0):07(13) v58:f(27032):1
vig = f(2,0,0) =0 — (19) vso = f(0,2,1) =0 — (8)
1}19—(0, ) ):1 v60:f(17130):0
v = f(2,0,1) =1 — (20) ve1 = f(2,0,0) =0
V21 = f(O, 0, 1) =0 Vo2 — f((), 0, 0) =1
v22:f(0’1a0):2_(4) U63:f(2’0’1):1
'U23:f(2,0,2):1_(21) 'U64:f(271a1):2
Vo4q :f(1,271) =1 1}65=f(1,1,2) =1
v25:f(071a1):0 v66:f(072a1):0
Vog — f(2, 1, 0) =1- (22) Va7 — f(2, 1, 0) =1
Va7 = f(2,0, ].) =1 Vg — f(l,O, 1) =0- (1].)
Vog — f(l, 1, 1) =1- (14) Vg — f(l, 1,0) =0
V29 = f(O, 1, 1) =0 V7o = f(2, 0, 0) =0
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v30 = f(0,1,0) =2 vr1 = f(1,0,0) =2

v31 = f(1,0,2) =0 — (12) vre = f(2,0,2) =1

V32 — f((), 2, O) =2 V73 — (2, 2, 1) =2 (26)
V33 = f(1,0,2) =0 Vg = (2, 1,2) =2
v34*f(132a0):0 ,U75*f(07232):0

V35 = f(0,0,0) =1 Ve = (2,2,0) =1
U36:f(27031):1 U7 = (27031):1
1]37:f(1,171) =1 U7 = (1,1,1) =1
U38:f(17131):1 V79 = (27171):2

V39 = f(O, 1, 1) =0 Vg0 — (2, 1, 2) =2

vgo = f(1,1,0) =0 vg1 = f(2,2,2) =2 — (27)
vy = f(1,0,0) = 2 — (10)

At the output of the encryption device, we get the following 81 characters:
20220012200121100011021101110202001111002002112000201120210001121010

0021220111222.

These characters will be enough to restore the table of values of the function f
(Table 3). Knowing Cayley table for operation f, we easily restored the operation

(1L.4) £ (Table 2).

Take some encrypted text and try to crack it.

For example, we have the

following ciphertext: 002101=v,vov3v4v5v6. Then we have:
uy = fog, 1) = (0,11, 1s) =7 = ug =?

us =Y f(vg,l5,14) =Y £(0,13,14) =7 = uy =7
ug =1 f(us,vr,v2) =Y £(2,0,0) =1 = ug =1,
ug =Y f(vg,va,03) =Y £(1,0,2) =2 = uy = 2,
us =1 f(vs,v3,04) =1 £(0,2,1) = 0= uz =0,
ug =Y f(vg,v4,05) =Y f(1,1,0) =2 = ug =

Analyzing the results obtained using the table of values of the function f,
we obtain the following: f(0,*,x*) takes any values. The possible values of the

ciphertext will be only of 9 options:

Table 11: Plaintext values
Ul (%) us U4 us Ug
0 0 1 2 0 2
0 1 1 2 0 2
1 0 1 2 0 2
1 1 1 2 0 2
2 0 1 2 0 2
0 2 1 2 0 2
2 1 1 2 0 2
1 2 1 2 0 2
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(2[2]1]

2[0]2]

Among them only the third option is correct.

For an n-ary groupoid in plaintext of length k, the first (n — 1) characters are

not cracked. The rest are unequivocally.

Example 2.5. We consider the plaintext attack for the Example 2.3 and we chose

the following plaintext:
000000010002001000110012002000210022
010001010102011001110112012001210122
020002010202021002110212022002210222
100010011002101010111012102010211022
110011011102111011111112112011211122
120012011202121012111212122012211222
200020012002201020112012202020212022
210021012102211021112112212021212122
220022012202221022112212222022212222
0000000100020010

The process of encrypting the text and the results are as follows:

Table 12: Encrypted (fragment)

vy = f(1,2,2,0) =1 — (52) vge = f(1,2,0,2) =1 — (48)
vs = f(2,2,1,0) =0—(76) | vgs = f(2,0,1,0) =2 — (58)
ve = f(2,1,0,0) =0 —(64) | vog = f(0,1,2,2) =0 — (18)
vy = f(1,0,0,0) =1 — (28) vge = f(2,0,0,2) =2 — (57)
vg = f(0,0,1,1) =2 — (5) vor = f(0,0,2,0) =1 —(7)

vg = f(0,1,2,0) =1 — (16) vog = f(0,2,1,2) =1 — (24)
vio = f(1,2,1,0) =1—(49) | vgo = f(2,1,1,2) =1 — (69)
v11 = f(2,1,1,0) =2 — (67) | vi01 = f(1,1,0,0) =1 — (37)
V12 = f(l, 172,2) =2 (45) V102 = f(l,(), 172) =2—- (33)
vis = f(2,1,0,1) =1 —(65) | vio9 = f(1,0,1,1) =1 —(32)
Vig = f(laoa 170) =0- (31) V116 = f(la 1707 1) =2- (38)
v = f(O, 1,0,0) =2 (10) V117 = f(1,0,2, 1) =1- (35)
vig = f(1’07270) =0- (34) V118 = f(032, 170) =2- (22)
vig = f(0,2,0,1) =1—(20) | v119 = f(2,1,2,0) =2 — (70)
v20 = f(2,0,1,1) =0—(59) | viz1 = f(2,2,0,1) =2 — (74)
Voyq = f(2,0, 1, 2) =1- (60) V128 — f(O, 2, 1, 1) = O — (23)
V25 = f(O’ 1, 170) =1- (13) U131 = f(oa 1,0, 1) =0- (11)
vog = f(1,1,1,0) =0 — (40) | vy32 = f(1,0,0,2) = 0 — (30)
1)27:(].7 , U, ):0—(39) 0133:f(0,0,071):0—(2)

U29:f(07071a0):1_(4) 0134:f(0307070):2_(1)
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1, 1,2) =2- (42) V135 — f(0,0,2,2) =0- (9)

1,2,1) =1—(44) | viz9 = f(0,1,1,2) =0 — (15)
2,2,2) =0—(54) | vias = £(2,1,2,2) =1 —(72)
2,0,0) =1- (73) V144 = f(1,2, 1,2) =0-— (51)
270, 0) =0- (19) V161 = f(l, 0,0, 1) =2—- (29)
0,0,1) =1—(56) | vie2 = £(0,0,2,1) =2 — (8)

1,1,1)=2—-(14) | virs = f(2,2,1,1) =1 — (77)
1,2,0) =0 — (43) | vi7a = f(2,1,1,1) = 0 — (68)
2,0,1) =0—(47) | vi79 = £(2,2,0,2) =0 — (75)
0,0,0) =0—(55) | viso = f(0,2,2,2) =1 — (27)
0,0,2) =1-(3) v192 = f(2,0,2,2) =1 — (63)
27 1, 1) =2- (50) V194 — f(2, 1,07 2) =2- (66)
1,2,1) =0 —(71) | ve12 = f(0,1,2,1) =2 — (17)
2,0,0) =2 — (46) | vo1s = f(1,2,2,1) =2 — (53)
0,2,1) =0—(62) | va14 = f(2,2,2,2) =2 — (81)
1,1,1)=1—(41) | va1s = £(2,2,2,0) =0 — (79)
2,0,2) =2 —(21) | vy = f(0,0,0,0) =2 — (1)

0,1,2) =0—(6) vogs = f(1,0,2,2) =2 — (36)
1,0,2) =1 —(12) | vago = f(2,2,1,2) =2 — (78)
0,2,0) =2—(61) | vszs = f(0,2,2,0) =2 — (25)
2,2,1) =0—(26) | vsz9 = f(2,2,2,1) =1 — (80)

At the output of the encryption device we get 339 characters.They will be
enough to restore the table of values of the function f (Table 8). Knowing Cayley
table for the operation f, we easily restored the operation (%) f (Table 7).

Take some encrypted text and try to crack it. For example, we have the

following ciphertext: 220001=v;v9v3v4v5v¢. Then we have:
Uy —(4 5) f(l1 la,lz,v1,) =) f(ly,12,13,2) =7 = ug =?

U2 =
Uus =
Uy =

flla,ls,l6,v2,) =
17,18719,'03) =5 f(i7,15,19,0) =7 = uz =?
f(vi,v2,v3,04) =
us —(4 5) f(va,v3,04,05) =
ug =) f(vs,v4,05,v6) =

=(45) f(l4;l5vlﬁa2) =?= (] =7

(45) £(2,2,0,0) =2 = uy = 2,
(45) £(2,0,0,0) =0 = us = 0,
(45) £(0,0,0,1) = 2 = ug = 2.

values of the ciphertext will be 27 options:

Table 13: Plaintext values

Up | U | U3 | Ug | Us | U

0O|l0 |0 | 2|02

00 1 2 10| 2

Analyzing the results obtained using the table of values of the function (4:%) f,
we obtain the following: f(x,x*,%,2) and f(x,*, *,0) take any values.The possible
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NN NN N NN NN R R R R R ROl OO O
NN N == OO N NN == N NN == =D
N OO~ O = OO O N = O = O N
DNINDNINININNININNNINNDNNN NN NN NN NN
(en) Nen] Hen] Jen) Heo) el Ben] Hen] Heo] Ren] Hen) Neo] Hen] Hen) Nes) Hen] Ren] Nen) Heo] Hen] Jan) Heo] Hen] Ran) Nas)
NINININININNININNNINNINNN NN NN NN NN

Among them the 11th option is correct.

3. Conclusion

A cryptanalysis is done on cipher and there are analyzed cryptoattacks, built by
M. Vojvoda for quasigroups, chosen ciphertext and plaintext.

In this article, we looked at some types of attacks on the Markovski cipher with
the help of open and encrypted texts.

Thus, for a complete reconstruction of the table of values of the operation
(t:n4+1)) £ and hence, the table of values of the operation f using cryptotext attack,
it is sufficient to submit at the input: A = (n-m"~1 +1)(m — 1) characters to get
all the values.

The minimum number of characters in a modified cryptotext attack will be
m™+ (n—1) symbols, where n is arity and m the order of an i-invertible groupoid.
As for the plaintext attack, it was possible to establish the lower limit value of the
necessary characters to restore the table of the values of function f.
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But the following question remains. What kind of text to give at the input of
the encrypting device so as not to exceed the received limit of characters and will
it always be possible?

We plan to continue attacks on the cipher built with the help of generalized
Markovski algorithms on é-invertible groupoids.

Acknowledgement. The author thanks Referee for his helpful comments.
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An enhanced version of the hidden discrete
logarithm problem and its algebraic support

Dmitriy N. Moldovyan, Alexandr A. Moldovyan, Nikolay A. Moldovyan

Abstract. A new approach is proposed to the development of the signature schemes based on
the computational difficulty of the hidden discrete logarithm problem, which is characterized
in the adoption of the criterion of elimination of periodicity associated with the value of the
discrete logarithm in the construction of periodic functions based on the public parameters of the
signature scheme. In line with the approach, a new signature scheme is proposed as candidate for
post-quantum public-key cryptoscheme. Its algebraic support represents a 6-dimensional finite
non-commutative associative algebra set over the field GF(p), which contains p? global right-sided
units. Every one of the lasts is the unit of one of p? isomorphic finite non-commutative groups
contained in the algebra. Every of the said groups contains commutative subgroups possessing
2-dimensional cyclicity and this feature is exploited to implement the enhanced criterion of

providing security to the known and potential future quantum attacks.

1. Introduction

In the last few years the development of practical post-quantum (PQ) public-key
(PK) cryptosystems has attracted considerable attention from the cryptographic
community [11, 12]. Post-quantum are called cryptographic algorithms and pro-
tocols that run efficiently on classical computers but will resist attacks performed
with using hypothetic quantum computers (quantum attacks). Currently, the
most widely used in practice cryptographic algorithms and protocols are based on
computationally difficult problems of finding discrete logarithm and factorization,
however, in the PQ era, such cryptosystems are insecure. The latter is due to the
fact that polynomial algorithms for solving the said computational problems are
known for a quantum computer [14].

Quantum algorithms for solving both the factoring problem (FP) [1] and the
discrete logarithm problem (DLP) [14, 15] are based on the extremely high effi-
ciency of a quantum computer to perform a discrete Fourier transform [2], which
is used to calculate the period length of periodic functions. In particular, to solve
the problem of finding the value of a discrete logarithm, one constructs a peri-
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odic function whose values lie in an explicitly given cyclic group, which contains
a period with the length depending on the value of the logarithm.

Developers of the PQ PK cryptoschemes usually use difficult computational
problems that are different from the FP and DLP. An interesting approach to the
designing of the PQ PK cryptoschemes and PQ commutative ciphers relates to
using so called hidden DLP (HDLP) [3, 6, 7]. Different versions of the HDLP
are used in the design of different PK cryptosystems. In the case of development
of the signature schemes [9], the idea of that approach consists in selecting a
cyclic group having sufficiently large prime order, which is generated by some
vector IV as a subset of elements of a finite non-commutative associative algebra
(FNAA) followed by computing the PK in the form of the pair of the vectors
Q = Y1 (N) and Y = 1o (N¥), where x is private key; 11 and 1o are masking
operations representing two different homomorphism-map (or automorphism-map)
operations.

Due to using the masking operations 11 and 15 the vectors Q and Y are el-
ements of two different cyclic groups each of which is different from the group
generated by the vector N. Since the masking operations defines homormorphism
maps, every one of them is mutually comutative with the exponentiation opera-
tion. Due to the last, one can use a DLP-based signature (for example, well known
Schnorr signature algorithm [13]) and replace in it the signature verification proce-
dure using the values N and N* by the the signature verification procedure using
the values Q and Y. To compute a signature a potential forger needs to know only
the value = that is a discrete logarithm value in a hidden cyclic group, no element
of which is known to the forger. The rationale of the security of the HDLP-based
signature schemes consists in the fact that a periodic function f(i,5) constructed
as computation of product of the values Q% and Y/ (for example, f(i,7) = Q'Y7)
take on the values contained in numerous different groups contained in the FNAA
used as algebraic support of the signature scheme. Therefore, the Shor quantum
algorithm is not directly applicable to compute the value x, the function f(i, )
contains a period depending on the value x though.

However, the question arises about the possibility of developing new quantum
algorithms that allow us to calculate the period length for periodic functions that
take values in algebraic sets that are not groups. In future, the emergence of
such quantum algorithms will mean breaking the known HDLP-based signature
schemes.

In this paper, we propose to adopt a strengthened criterion for ensuring secu-
rity of the HDLP-based cryptoschemes to hypothetic quantum attacks based on
the said advanced quantum algorithms for computing the lenth of the periods of
periodic funcions related to a wider class of such functions. Namey, we propose
the following advanced criterion of designing the HDLP-based PK cryptosystems:
construction of the periodic functions on the base of the publicly know parameters
of the cryptoscheme, which contain a period with the length depending on the
value of the discrete logarithm in the hidden group, should be a computationally
intractable problem.
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To develop algorithms that meet this criterion, we propose to use the idea
of masking periodicity with a period length different from the value of the prime
order ¢ of the cyclic group in which the hidden discrete logarithm problem is given.
Namely, one is to design a signature scheme with such public parameters that using
them to build periodic functions will give the period length equal to the order of
the hidden cyclic group. As a concrete way to implement this idea, we propose to
define a base cyclic group as a subgroup of a hidden commutative group having
2-dimensional cyclicity (i.e., group generated by a minimum generator system of
two elements U and N having the same order value; in our case, the order is equal
to the prime ¢). This makes it possible to form such a PK that the construction
of periodic functions using its elements will define the value of the period equal
to the value ¢. The latter is achieved by the fact that the elements of the PK are
calculated by the formulas @ = ¢ (NU) and Y = 5 (N7).

The use of the multiplier U allows one to fix the length ¢ of the period of
the constructed periodic functions, but the presence of such a multiplier should
be taken into account when developing the verification equation of the signature
scheme. In general, the HDLP-based cryptosystems developed taking into account
the proposed enhanced design criterion have lower performance, longer PK and
signature. However, they are significantly more attractive as candidates for PQ
signature schemes.

The rest of the paper is organized as follows. Section 2 describes the suit-
able algebraic support of the developed signature scheme, which represents the
6-dimensional FNAA defined over the ground finite field GF(p) and containing
p? different global right-sided units and p? finite non-commutative groups every
one of which contains commutative subgroups with 2-dimensional cyclicity. Sec-
tion 3 introduces the developed candidate for PQ signature scheme, characterized
in using a commutative group with 2-dimensional cyclicity as a hidden group.

2. The used 6-dimensional FNAA

2.1. Preliminaries

In general, the m-dimensional finite algebra represents the m-dimensional vector
space over some finite field, in which the vector multiplication operation (that is
distributive at the left and at the right) is defined. If the vector multiplication is
non-commutative and associative we have the FNAAs. The FNAA used as the
algebraic support of the developed P(Q signature scheme is defined over the ground
field GF(p) the characteristic of which is equal to the prime p = 2¢ 4+ 1, where ¢
is a 256-bit prime. The multiplication operation (denoted as o) in the considered
FNAA is defined using the following formula descibing the result of the multiplying
two 6-dimensional vectors A = Z?:o a;e;, and B = Z;’:O bje;, where eq, e1,...e;5
are formal basis vectors, as follows:
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5 5 5
i=0 j= 2

where coordinates ag, aq, . ..as of the vector A and coordinates by, by, ... bs of the
vector B are elements of the field GF(p). One assumes the product of every pair of
the basis vectors e; oe; is to be replaced by some single-component vector Aej that
is taken from the so called basis vector multiplication table (BVMT), namely, from
the cell at the intersection of the ith row and the jth column. In present paper
the BVMT shown as Table 1 is used to define the 6-dimensional FNAA with the
required properties. This algebra contains p? isomorphic non-commutative groups
every of which contains commutative subgroups having 2-dimensional cyclicity.

Table 1. The BVMT setting the FNAA with p? global right-sided units (A > 2)

9 €p (3] €9 €3 €y €5
€o € €3 € e € €3
e )\eg (3] €9 )\e1 €2 e
€2 €2 € €2 € €2 €1
€3 )\60 €3 € /\63 €p €3
€4 € € € €5 €4 €5
€5 /\e4 €5 €y )\65 €y €5

2.2. Finite commutative group with 2-dimensional cyclicity

The finite 2-dimentional commutative algebra with the associative multiplication
operation defined by Table 2 was considered in the paper [10], where it had been
shown that the multiplicative group I' of the algebra is cyclic, if the structural
coefficient ) is a quadratic non-residue in GF(p). In this case this algebra represents
a finite field GF(p?).

If the structural coefficient A is a quadratic residue in GF(p), then the order
of the group I' has order equal to the value = (p — 1)2. Besides, I is generated
by the minimum generator system < G, G4 >, including two vectors of the same
order equal to the value (p—1). In [8] it was proposed to call a commutative finite
group containg the minimum generator system of m vectors having the same order
the group having m-dimensional cyclicity. In this paper the said term is used.

For the case p = 2q + 1, where ¢ is a prime, one can consider the commutative
primary group of the order ¢ that has 2-dimensional cyclicity and is generated by
the generator system < G1,Gs >, where each of the vectors G; and G5 has order ¢:
G1 = G4? and Gy = G%2. Independenly of the value of the structural coefficient A
the multiplicative group of the considered 2-dimentional algebra contains the unit
equal to the vector (1,0). The said primary group can be considered as a set of
q+ 1 different cyclic groups of the prime order ¢ all possible pairs of which contain
only one common element, namely, the unit vector (1,0). Evidently, some fixed
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pair of the integers i and j (0 < i < ¢; 0 < j < ¢) define the vector G;; = GY o €
having order equal to ¢, which is a generator of some cyclic group I'. of the prime
order g. One can easily see that the following proposition holds true.

Table 2. The BVMT setting 2-dimensional commutative associative algebra over GF(p)
o ‘ € e
€o | €o €1
(31 (53] Aeo

Proposition 1. For k =0,1,...,9— 1 each of the the formulas Gy = G;; o Gk
and Gy = Gij o G5, where i,j =1,2,...,q — 1, defines q generators of q different
cyclic groups having order q.

Arbitrary two elements N # (1,0) and U # (1,0) of the said primary group,
which are contained in different cyclic subgroups, represent the generator system of
the primary group. Therefore, due to the Proposition 1, for arbitrary fixed integer
i (0 <i < q) q different cyclic groups are defined by the generators U, = N; o U,
where kK = 0,1,...,q — 1. The last fact is used in the design of the proposed
HDLP-based signature scheme.

2.3. Properties of the algebraic support

The FNAA defined over the field GF(p) by Table 1, where A # 1; A # 0, contains
p? global right-sided units R that can be computed from the vector equation

AoX =A (2)

with the unknown 6-dimensional vector X = (g, z1,...,25). Using Table 1 the
equation (2) can be represented in the form of the following system of four linear
equations:

ao (xo + 22 + 24) + a3z (Azo + 22 + 24) = ao;
ai (1 4+ Ar3 + x5) + a2 (v + 23 + x5) = ay;
ar (Awo + o2 + x4) + az (xo + 2 + x4) = az; 3)
ao (z1 + 23 +25) + a3 (1 + Axs + x5) = as;
as (o + @2 + x4) + a5 (Ao + T2 + 74) = a3
ag (1 + x5 + x5) + a5 (v1 + Axs + x5) = as.

Performing the variable substitution u; = xg + x2 + x4, us = Axg + T2 + x4,
us = x1 + 23 + o5, and ug = 1 + Axs + x5, one can represent the system (3) in
the following form:
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apu1 + aszuz = ao;
a1u4 + agu3 = ai;
au] + ajuz = ag;
apu3 + azug = as;

agu1 + asug = ayg;

asus + asuyg = as.

The solution (u1,us,us,ug) = (1,0,0,1) satisfies the last system for all 6-
dimensional vectors, therefore, the conditions

(4)

up =xo+x2+ x4 =1
UQ:AI’0+I’2+I’4:O;

uz =x1 + x3 + x5 = 0;
{ (5)

u4:x1+)\13+x5:1.

define the ful set of the global right-sided units R = (rg,r1,72,73,74,75) that
satisfy the equation (2). Solving the systems of linear equations (4) and (5) one
can get the following formula describing p? different global right-sided units:

(1 hA-1)+1dA-1)—-X -1
R_(1—/\’ S W e s CLL B ()

where d,h = 0,1,...,p — 1. Evidently, the considered algebra contains no global
left-sided unit nor global two-sided unit, however it contains numerous local left-
sided units L acting in some subsets of the 6-dimensional vectors. The local left-
sided unit L corresponding to the set of the algebraic elements, which includes
all possible powers of some fixed vector A, can be computed as solution of the
vector equation

XoA=A. (7)

Using Table 1 one can represent (7) in the form of the following three independent
systems of two linear equations with the pairs of the unknowns (zo,z1), (z2,s5),
and (z3,x4) :

(8)

(ag + az + as) xo + (ap + Aag + a4) x1 = ao;
(a1 + as —+ (15) i) + (al —+ as —+ )\CL5) 1 = ay;,

(ap + az + as) T2 + (ap + Aag + aq) 5 = as;
(a1 + a3 + as) x2 + (a1 + a3 + Aas) v5 = as;
( )T
( )T

{

9)

ay +CL3+)\CL5)LIJ3+(CL1+CL3+CL5
a0+)\a2+a4)x3+(ao—|—ag+a4

= as;
4 3 (10)

4 = Q4;
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The same main determinant A 4 corresponds to each of the systems (8), (9), and
(10):
AA = (CL()G,5 + agas — aras — azag) ()\ — ].) . (11)

If Ay # 0, then every of the systems (8), (9), and (10) has unique solution, i. e.,
the vector equation (7) has unique solution as the local left-sided unit L4 related
to the vector A. Solving the systems (8), (9), and (10) one gets the following
formulas describing the value La = (lo,l1,12,13,14,15) :

1 apai + ai1a4 — G203 — Asas
lo=—; L= ;
1—X Ay
a2 asas — A\apga1 — a1a -1
Iy = 2a3 + asas 001 14; Iy = : (12)
Ay 1-X
agas + Aazas — Aagas — a20as5 agas + asas — a10q4 — 304
l4 = 5 l5 = .
Ay Ag

Proposition 2. Suppose the vector A is such that Ay # 0. Then the local left-

sided unit L s is simultaneously the local two-sided unit E 4 relating to the vector
A.

Proof. Tt is sufficient to show that the vector L, is contained in the set (6) of the
global right-sided units. Suppose in (6) we have d = l4 and h = l5. Then one can

compute
_ h(A=1)+1 _ 1y ry = cl(>\—1)—)\:l2
' 1-—A '
Since rg = Iy and r3 = l3, the local left-sided unit L 4 is equal to the global right-
sided unit corresponding to the integer values d = Iy and h = 5 in (6) and the

vector L 4 is the local two-sided unit E 4 relating to the vector A. O

Due to the last proposition, one can conclude that the vector L 4 acts on every
vector form the set A4, A% ..., A% ... as local two-sided unit. Since A4 # 0, for
the fixed value A one has unique value L4 and the said sequence is periodic with
the period length equal to some integer w. The set of all vectors included in a
fixed period compose a finite cyclic group (generated by the vector A) with the
unit element equal to E4 = Ly, i. e., the element L 4 can be computed using the
formula Ly = E4 = A“. For the integer value i (0 < i < w)the vector A% is
the inverse value of the vector A’ relatively the local two-sided unit E 4, therefore,
the vector A can be called a locally invertible vector. One can easily prove the
following proposition:

Proposition 3. Suppose the vector A is such that Ao # 0. Then there exists some
integer w such that AY = E4 and the local two sided-unit E4 is simultaneously
the unit of the cyclic group generated by the vector A.

Proposition 4. If the vector equation Ao X = B has solution X = S such that
Ag # 0, then p? different values X; = R; o S, where R; takes on all values from
the set (6), also represents solutions of the given equation.
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Proof. Ao(R;0S)=(AoR;)oS=AoS = B. Suppose R; oS = Rj oS, then
(R; —R;)0S=1(0,0,0,0,0,0) and R; = R, i. e., the number of different solutions
X; = R; 0 S is equal to the number of different global right-sided units, which is
equal to p?. The Proposition 4 is proven. O

Proposition 5. Suppose the vector R is a global right-sided unit. Then the map
of the FNAA, which is defined by the formula pr(X) = R o X, where the vector
X takes on all values in the considered FNAA, is a homomorphism.

Proof. For two arbitrary vectors X; and X5 we have
¢Rr(X10Xs) =Ro(X10Xs)=(RoXi)o(RoXs)=pr(X1)opr(Xs2);

QOR(X1+X2) :RO(X1+X2) :ROX1+ROX2:@R(X1)+QDR(X2). D

Proposition 6. All locally invertible vectors of the considered 6-dimensional
FNAA compose p? different groups with p? different units

E-R-( 1 hA=1)4+1 dA-1)—-X -1 d. h),

1-X 1—-Xx 1—Xx 7T 1-=X
where d,h =0,1,2,...p— 1.

Proof. Suppose the set {41, Aa,... A4;,... Aq} of locally invertible vectors includes
all vectors relating to a fixed local two-sided unit E (including the vector E) and
only such vectors. One can easily see that the said set is the group I'g with the
unit F. Every fixed global right-sided unit R’ from the set (6) is the unit E’ of
some group I'gs representing a set locally invertible vectors { A}, A5, ... AL, ... AL}
Indeed, due to the Proposition 5 we have A, = R’ o A; for i = 1,2,...9Q, and
E' = R' o E = R'. We have p? different global right-sided units R described by
the formula (6). Every of these units defines a unique group of the order 2. The
Proposition 6 is proven. O

Consider the order 2 of every of the said isomorphic groups. Evidently 2 =
Q'p~2, where Q' is the number of all locally invertible vectors contained in the
algebra. One can compute the last value as £’ = p® — Q. where €/ is the number
of all non-invertible vectors, i. e., vectors satisfying the condition A4 = 0. The
last condition reduces to the following equation:

apas + agas — ajas — asag = 0.

If a5 # 0, then for arbitrary values a1, as, az, as there exists unique value ag that
satisfies the last equality (in this case we have p*(p — 1) different non-invertible
vectors). For the case a5 = 0 the equality holds true for arbitrary values ay and
ayq, if ajas + asas = 0. Consideration of two subcases i) ag # 0 and ii) as = 0 gives
respectively p?(p — 1) and p* different non-invertible vectors. Totally the algebra
contains ' = pt(p — 1) + p3(p — 1) + p* = p® + p* — p® non-invertible vectors.
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Proposition 7. Every one of p? isomorphic groups, which relates to some fived
global right-sided unit R and includes all invertible vectors relating to R, has order

Q=plp-1)>%p-1).

Proof. We have V' = p5 — Q" = p% — (p° +p* —p®) = p®(p — 1) (p? — 1) and
Q=Qp2=pp-1)(»P*-1). O

One can easily see that the set of all 6-dimensional vectors of the form A’ =
(ag,a1,az,as,0,0) compose the 4-dimensional non-commutative subalgebra with
the multiplication operation set by the BVMT shown as Table 3. This subalge-
bra contains one global two-sided unit Epo that is contained in the set (6) and
corresponds to the integer values d = 0 and h = O:

1 1 - -1
EOO_<1—)\’1—)\’1—)\’1—)\’0’0>'

Actually, this subalgebra represents the 4-dimensional FNAA described in [4] and
used as algebraic support of the HDLP-based signature schemes. The multiplica-
tive group I'gy of the subalgebra is one of the p? isomorphic groups contained in
the considered 6-dimensional FNAA.

The group I'yg includes a large number of commutative subgroups possessing 2-
dimensional cyclicity. Indeed, for arbitrary value o € GF(p) the vector V,, = aFyq
(scalar multiplication) is permutable with every vector in the group T'go. If v is a
primitive element in GF'(p), then the vector V,, generates a cyclis subgroup T',, of
the order p — 1. Suppose G ¢ T'gg (G ¢ T',) is a vector of the order p — 1. Then
the generator system < V,,G > generates the commutative subgroup possessing
the order (p — 1)? and having 2-dimensional cyclicity.

Table 3. The BVMT of the 4-dimensional subalgebra containing a global two-sided unit

[¢] €p (51 €- €3 €y €5
€0 € €3 € €3 - =
(S5 /\eg (S5 €9 /\e1 — —

€2 €2 € €2 € - -
€3 Aeo €3 € )\eg — —
€y - - = - - =
€5 - - = - - =

Suppose the vector A is such that A4 # 0 and R is a random global right-sided
unit. One can compute the single vector B that satisfies the condition

BoA=R. (13)

Evidently, the main determinant of the system of linear equations, which corre-
sponds to the vector equation (13) is equal to A4 # 0, therefore, the equation (13)
has unique solution.
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Proposition 8. Suppose Bo A = R. Then the formula
Yr(X)=AoXoB,

where the vector X takes on all values in the considered 6-dimensional FNAA, sets
the homomorphism map.

Proof. For two random 6-dimensional vectors X; and X2 one can get the following:

Yr(X10Xs)=Ao(X;0X5)oB=Ao(X;0Ro0X3)0B
=(AoX;0B)o(AoXy0B)=1vgr(X1)or(X2);

wR(Xl-I-XQ):AO(X1+X2)OB:(AOXloB)+(AOXQOB)
=p(X1)+¢Yr (X2). O

Proposition 9. The homomorphism-map operation ¥r(X) = Ao X o B and the
exponentiation operation X* are mutually commutative, i.e., the equality Ao X* o
B = (Ao X o B)¥ holds true.

Proof. Due to Proposition 8 we have ¢z(X*) = (pr(X))¥, i e, Ao XFo B =
(Ao X o B)*. O

3. The proposed HDLP-based signature scheme

3.1. Setting the hidden commutative group

The algebraic support of the introduced signature scheme represents the 6-dimensional
FNAA described in Subsection 2.3 and defined over the field GF(p) with character-
istic p = 2¢+ 1, where ¢ is a 256-bit prime. In the BVMT defining the multiplica-
tion operation (see Table 1) it is used the structural coefficient A > 2, for example,

A = 2. Computation of the private and public parameters of the signature scheme
begins with setting a private hidden finite commutative group I'« i i7>. The group
I'cn,u> is set as computation of its generator system < N, U > that includes two
vectors IV and U each of which has order equal to the prime g. The generator
system < N,U > can be computed as follows:

1. Generate at random a locally invertible vector U = (ug, u1,...,us) of the
order equal to ¢ and, using the formulas (12), compute the global left-sided unit
Ly = (lvo,lv1,- .-, 1lus) -

2. If the condition ;[‘]—00 = ;:}? holds true for all = 1,2,...,5, then go to step 1

(probability of this event is equal to ~ ¢ 1).

3. Select at random an integer value @ (1 < o < p — 1) that is a primitive
element modulo p. The primitive element a defines a locally invertible vector
G = o?Ly having order equal to the prime q.

4. Generate a random integer k (1 < k < ¢) and compute the vectors N =
GoU".

One can easily see that each of the vectors N and U has order equal to the
value ¢ and the generator system < N,U > defines a commutative primary group
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I' < n,u> the unit element of which is equal to L. The group I'« y > has structure
with the 2-dimensional cyclicity and the group order is equal to = ¢2.

3.2. Computing parameters of the masking operations

The main contribution to the security of the developed signature scheme is intro-
duced by two exponentiation operations performed in two different cyclic groups
contained in the hidden commutative group I'« y,r~. The vector N sets the first
of the said cyclic groups. The second cyclic group is set by the generator J that
is computed as follows:

J=NtoU",

where t and w (1 <t < ¢q; 1 < w < q) are two integer values selected at random.
The vectors N, J, N*, and J*/2, where & < ¢ is an integer representing one of
the elements of the private key, are used for computing the vectors i (N o U),
Yo (N®), )3 (Jo U2) , and 1)y (J’”/2) that are elements of the PK. Four differ-
ent homomorphism-map operations 1, 12, ¥3, and 14 are used to compute four
elements of the PK, which are elements of four different commutative groups con-
tained in the algebra.

Parameters of the homomorphism-map operations ¥(X) = A; o X o By,
Yo(X) = Ay 0 X 0 By, 9¥3(X) = A 0o X o B3, and ¢¥4(X) = Ay 0 X o By, are
computed as follows:

1. Select at random a global right-sided unit R; (for example, using the formula
(6)), generate at random a locally invertible vector A7, and compute the vector
By as solution of the vector equation By o Ay = R; (that has unique solution By,
since Ay, #0).

2. Select at random a global right-sided unit Ro, generate at random a locally
invertible vector As, and compute the vector By as solution of the vector equation
BQ o AQ = Rg.

3. Select at random a global right-sided unit R3 and compute the vector Bj
as solution of the vector equation B3 o A1 = Rs3, where the vector A; has been
generated at step 1.

4. Select at random a global right-sided unit Ry, generate at random a locally
invertible vector A4, and compute the vector By as solution of the vector equation
B4 ] A4 = R4.

3.3. Computation of the public key

The PK represents a set of six 6-dimensional vectors (Z,Y7,T; Za, Ya, To) which
are computed as follows:

1. Zi=A1oNoUoBjy and Y] = Ay 0 N* 0 B,.

2. Ty = Ro Ay o By, where R is a random global right-sided unit.

3. Zy=A10JoU?0Bs and Yy = Ay 0 J%/2 0 By.

4. Ty = R' o Aj o By, where R’ is a random global right-sided unit.
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One can consider the private key as the set of all of secret elements that are
needed to compute the signature. With such interpretation in the developed sig-
nature scheme the private key represents the set of the values x, N, J, U, A1, Bo,
and By.

3.4. Algorithm for signature generation

Suppose one should sign an electronic document M, using some fixed secure 256-bit
hash-function fg. The signature includes the following three elements: two 256-bit
integers e and s and a 6-dimensional vector S. The elements of the signature are
computed using the following signature generation algorithm:

1. Generate a random integer k < ¢ and a random locally invertible 6-dimen-
sional vector K. Then compute the vectors V; and V5:

Vi=KoN¥oBy;
Vo = K o J*? 0 By.

2. Calculate the first signature element e as the hash-function value computed
from the document M to which the vectors V7 and V5 are concatenated:

esz (Mavlv‘/Q)'

3. Calculate the second signature element s as follows: s = k + xze mod gq.
4. Calculate the third signature element S as solution of the following vector
equation:

SoA,o0U° =K.

In the last vector equation every of the values U®, A;, and K is a locally
invetible vector, therefore, the equation has unique solution. At the output of the
last algorithm one gets the signature (e, s,.5) to the document M.

3.5. Algorithm for signature verification

Using the PK (Y1, Z1,T1; Ya, Z2,T5), one can verify the signature (e, s,.5) to the
document M with the following signature verification algorithm:
1. Using the PK, compute the vectors V{ and V3:

Vi=8o0Z{oThY 5
V=507 0TyoY;".

2. Calculate the hash-function value €’ from the document M to which the
vectors V{ and Vi are concatenated: ¢ = fg (M, V], V3).

3. Using the formula (10), calculate the value Ag corresponding to the locally
invertible vector S = (s, s1, S2, $3) -

4. If ¢/ = e and Ag # 0, then the signature is genuine. Otherwise the signature
is rejected as false one.
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3.6. Correctness proof

Correctness proof of the sigature scheme consists in proving that the signature
(e, s,S) computed correctly will pass the verification procedure as genuine signa-
ture. Taking into account the mutual commutativity of the ¥-map operation with
the exponentiation operation, for the vectors V{ and V; computed at the first step
of the signature verification procedure we have the following:

Vi=So0Z{oTioY ¢
=So0(AjoNoUoBj)’oRoAj0Byo(As0N¥0By) ¢
=So0A10U°0o N°0oBjoAjo0oByoAyo N" %0 By
:KONSOR10R20N7680B2:KONk+emON76IOB2
=KoNFoB,=V;

Vi=S07Zy?oTyoYy®
= So(AroJoU?0Bs)*oR 0 AyoByo (A40J1’/%B4)7e
=So0A;0U%0J?0BsoA;0ByoAs0(J %) 0B,
— KoJWten)/2 g R0 Ry o0 J %"/2 6 By = K o Jkten)/2=cx/2 o B,
=KoJ2 0By =V,.

For V{ = V4 and Vi = V5 we have fi (M, V], V3) = fi (M, V1, V3) and the equality
€’ = e holds true. For the signature (e, s,.5) computed correctly inequality Ag # 0
is satisfied. Thus, the signature scheme performes correctly.

4. Discussion

In the known signature schemes based on the computational difficulty of the HDLP,
security to potential quantum attacks is provided by such design that sets the pub-
lic signature-scheme parameters contained in different finite groups of some FNAA
used as algebraic support of the cryptoscheme. Therefore, the use of the public
parameters of the signature scheme in constructing periodic function causes the
lasts to take values from many different groups, so the known quantum algorithms
for finding the discret logarithm cannot be applied, the functions with the pe-
riod length depending on the discrete logarithm value can be easily constructed
though. The emergence of each new quantum algorithm will require a separate
consideration of the security issue.

To obtain stronger guarantees of security to quantum attacks based on quan-
tum algorithms for finding the length of periods of periodic functions, which can be
developed in the future, it is reasonable to construct such signature schemes that
periodic functions constructed using public parameters of the signature scheme will
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be free of periods whose length is associated with the value of the discrete loga-
rithm. The signature scheme described in Section 3 is an attempt of implementing
this idea.

The proposed design can be considered as modification of the signature scheme
described in [9], in which the PK represents three vectors Z = ¢/’ (N), Y =
" (N*), and T, where ¢ and ¢/, are different homomorphism-map operations
satisfying the condition Y? o T o Z7 = W, o N¥+% o W, for some fixed vectors W;
and Ws defining a map-operation of arbitrary type. Due to the last condition the
periodic function f(i,7) = Yo T o Z7 contains a period that is determined by the
value of the discrete logarithm z. Indeed, the condition Y?oTo0ZJ = Yi~loToZit®
holds true. To eliminate periodicity connected with the value z, in the present
paper for computing the vector Z it is proposed to use the formula Z = ¢’ (N o U),
where the vectors NV and U have the same prime order and are selected from hidden
commutative group, besides these two vectors are contained in different cyclic
groups. After such modification the periodic function f(i,j) = Y?oT 0 Z7 becomes
free from periods connected with the value z, since Y?oT0Z7 = W o NI tioli oW,
where U cannot be represented in the form of some power of the vector V. Indeed,
if the equation N%i+i o U5 = N+ o 3" holds true, then we have j' = j mod ¢
and 7 =i mod q.

The said modification requires to introduce corresponding modification of the
signature verification equation and such modfication has been performed as in-
troducing the left-sided multiplication by the vector S that is the third signature
element. This modification gives the following signature verification equation:
V' = SoZ%oY ¢ However, after the modification a potential attacker can easily
forge a signature using the value S as a fitting parameter, for example, using the
following algorithm:

1. Generate at random a locally invertible vector V' and compute e = fi (M, V).

2. Select at random a 256-bit number s < q.

3. Compute the vector S from the vector equation So Z°oY ¢ =1V.

In order to prevent attacks based on using the signature element S as a fitting
parameter in the introduced signature scheme the signature verification procedure
includes two different verification equations.

Up to this point, we have focused attention on the fact that the calculation
of the value x by public parameters of the HDLP-based schemes cannot be per-
formed using known quantum algorithms for calculating the discrete logarithm.
However, suppose a forger knows the value x. In the case of the HDLP-based sig-
nature schemes described in [5, 9] one can easily compose the signature generation
algorithm using the value  and public parameters. In the case of the introduced
signature scheme, knowledge of the value of = is not sufficient to simply calculate
a genuine signature. In this connection one has an interesting research item on es-
timation of the computationally difficulty of forging a signature, when the private
value z is known to the forger.

In comparison with the known HDLP-based signature schemes [5, 9], disadvan-
tages of the proposed new signature scheme is the increased size of the signature
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(about 3 times), the increased size of the PK (about 3 times), the reduced per-
formance of the signature generation procedure (about 3 times) and signature
verification procedure (about 2 times). However, these disadvantages are offset by
the main advantage of the new scheme, which consists in the proposed significantly
higher security to future quantum attacks and a more rigorous justification of such
expectation.

5. Conclusion

This paper introduces a new approach to the design of the HDLP-based signature
schemes and describes a signature scheme that illustrates a method used to satisfy
the adopted criterion of eliminating periods having length connected with the value
of discrete logarithm in construction of the periodic functions on the base of the
public parameters of the signature scheme. The main difference of the proposed
design from the earlier known deigns of the HDLP-based signature schemes is the
use of the hidden commutative group possessing 2-dimensional cyclicity instead
of using a hidden cyclic group. The 6-dimensial FNAA used as algebraic sup-
port of the developed signature scheme contains very large number of isomorphic
commutative groups with 2-dimensional cyclicity.

One can suppose that FNAAs containing a large set of commutative groups
with 3-dimensional cyclicity provide more space in designing the HDLP-based
candidates for PQ signatures. This assumption sets the theme of a new study
in the development of the proposed approach, but it is associated with the use
of the FNAAs possessing a suitable structure. New designs in the line with the
introduced approach, which are based on using 4-dimensional FNAAs with global
two-sided unit, also represent practical interest.
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Division on semigroups

that are semilattices of groups

Robert A. R. Monzo

Abstract. The binary products of right, left or double division on semigroups that are semi-
lattices of groups give interesting groupoid structures that are in one-one correspondence with
semigroups that are semilattices of groups. This work is inspired by the well-known one-one

correspondence between groups and Ward quasigroups.

1. Introduction

It appears in the literature that in 1930 M. Ward was the first to find a set of
axioms on (5, *) (a set S with a binary operation *, called here a groupoid) that
ensure the existence of a group binary operation o on S such that z xy =z oy ™!
cf. [12]. Such a groupoid was called a division groupoid by Polonijo (cf. [10]) and
it is clear that division groupoids are quasigroups.

Over the next 63 years many other sets of axioms on a groupoid were found
that make it a division groupoid, now commonly known as a Ward quasigroup
(see for example: [1, 2, 4, 6, 7, 8, 9, 10, 11]). Perhaps the most impressive of
these characterisations of Ward quasigroups is that of Higman and Neumann who
found a single law making a groupoid a Ward quasigroup (cf. [6]). It is now known
that a quasigroup is a Ward quasigroup if and only if it satisfies the law of right
transitivity, (z*z)* (y*z) = x*y (cf. [9]). It follows that a quasigroup is the dual
of a Ward quasigroup, which we will call a Ward dual quasigroup, if and only if it
satisfies the identity (z xx) * (z xy) = x x y.

Starting from any group (G, o) we can form a Ward quasigroup (G, x) by defin-
ing 2%y = x oy~ !; that is, * is the operation of right division in the group (G, o).
Conversely, any Ward quasigroup (W, %) is unipotent and its only idempotent
e=cxe=xx*zx (for any z € W), is a right identity element. If we then define
(W,0) aswoy = x*(exy), (W,0) is a group, 7 = exx and x*y = zoy L. These
mappings, (G,0) — (G, *) and (W,*) — (W, 0) are inverse mappings, which im-
plies that groups are in one-to-one correspondence with Ward quasigroups. (This
is all well known.) In addition, a Ward quasigroup is an inverse groupoid, with
the unique inverse of x being 2= = e * . That is, the inverse of an element of a
Ward quasigroup is the inverse element in the group it induces.

2010 Mathematics Subject Classification: 20N02; 20N05; 20N99
Keywords: Semigroup semilattice of groups; Ward dual quasigroup; double Ward quasigroups.
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In 2007 N.C. Fiala proved (cf. [5]) that a quasigroup (.5, *) satisfies the identity
[(exe)x (zx2)]x[(exy)*z] =xxy (for some e € S) if and only if there is a
group (S, 0) with identity element e such that z xy = 271 oy~1. Fiala called such
groupoids double Ward quasigroups. He noted that the binary operation o on a
double Ward quasigroup S defined by x oy = (e * x) * (e x y) is a group operation
and that double Ward quasigroups are in one-to-one correspondence with groups.
Double Ward quasigroups are also inverse quasigroups, with z=! = z.

Our intention here is to explore the operations = * y = x - y~! (called right
division), x xy = =1 -y (called left division) and z xy =2~ -y~ (called double
division) when (S, ) is a semigroup and a semilattice of groups, where x~! is the
inverse of x in the group to which it belongs. We will prove that each collection
of all such structures are in one-one correspondence with the collection of all
semigroups that are semilattices of groups and, in this sense, we extend the result
that Ward quasigroups are in one-to-one correspondence with groups.

2. Preliminary definitions and results

The set of all idempotent elements of a groupoid (5, *) is denoted by E(S, %), i.e.,
E(S,x) = {x € S|zxx = x}. Note that the set E(S, *) may not be closed under the
operation *. The groupoid (S, ) is called an idempotent groupoid (a semilattice
groupoid) if all of its elements are idempotent (idempotent and commute). A
semilattice groupoid (S, x*) is called a semigroup semilattice if it is a semigroup.
A groupoid (S, ) is called an (idempotent) groupoid (T)-) of groupoids (Sa,*|5_)
(v €T)if S is a disjoint union of the S, (o € T') and S, * Sz C Sqa.3 = Sap for all
«, 8 € T. Note that this definition does not require either of the binary operations
- or * to be associative.

We call the groupoid (5, *) right (left) solvable if for any a,b € S there exists
a unique x € S such that axx = b (x*xa =b). The groupoid (5, *) is a quasigroup
if it is right and left solvable, in which case it is right and left cancellative. We call
the quasigroup (5, *) a Ward quasigroup (Ward dual quasigroup) if it satisfies the
identity (x*2)*(y*2) = zxy ((zxz)*(2*y) = xxy). The quasigroup (S, *) is called
a double Ward quasigroup if it satisfies the identity ((exe)* (zxz))* ((exy)*z) =
x x y for some fixed e € S. A groupoid (S, *) is called an inverse groupoid if
for all x € S there exists a unique element =1 such that (z * x7!) x x = x and
(x7l % z) x 271 = 271 The fact that (9,*) and (T,0) are isomorphic groupoids
is denoted by (S,%) = (T,0). The groupoid (5, %) is dual to the groupoid (S, *)
if 2%y = y * x. The collection C is the collection of all groupoids (S, ¥), where
(S, %) € C. Clearly, C is in one-one correspondence with C.

Below we list a few identities that we will use later. The proofs of these
identities one can find in [2] and [9].

A Ward quasigroup (5, *) satisfies the following identities:

(1) zxz=yxy=r,
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@) z*r=uz,
(3) r(zxy) =y*u,

(4) r(r o) =z,

(5) (w*y)*z=ax(z*(r*z))

Note that a Ward (Ward dual) quasigroup (S,*) has a unique right (left)
identity element r. So, we will denote this by (W,*,r) (resp. (WD, x,1)). We
will denote a double Ward quasigroup by (DW, %, e), although we note that the
element e may not be unique.

A double Ward quasigroup (S, x) satisfies the following identities:

6) exe—e,
(7) (ex(zx2))x((exy)xz) =xxy,
() (yra)xy=yx*(zxy) =2,

(9) exz=uzxe,

(10) % (zxe)=(exa)*z=e,

(11) zxy=-ex((exy)*(exx)).

The following facts on connections of groups with various types of Ward quasi-
groups are well-known, or follow readily from [2], [5] and [9].

(F1) (W, x,r) is a Ward quasigroup if and only if there is a group (W, o,r) such
that zxy =z oy™! for all z,y € W.

(F2) (WD,x,r)isa Ward dual quasigroup if and only if there is a group (WD, o, )
such that x xy =yoxz~! for all ,y € WD.

(F3) (DW,x,e) is a double Ward quasigroup if and only if there is a group
(DW,o0,¢) such that x xy = 2=t oy~ ! for all 2,y € DW.

(F4) If (W, x,r) is a Ward quasigroup, then (W, o) defined as x oy = z * (1 x y)

is a group with identity r and 7! = r x 2.

(F5) If (WD,x*,r) is a Ward dual quasigroup, then (WD, o) defined as z oy =

(x % 7) % y is a group with identity r and 271 = x * r.

(F6) If (DW,*,e) is a double Ward quasigroup, then (DW, o) defined as z oy =

(e*x) * (e*y) is a group with identity e and 271 = e x .
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The fact (F'6) was noted in [5] without proof. Below we give a short proof.

By definition we have

(zoy)oz=(ex((exx)*(exy))*(ex*z) = (y*z)* (ex*z)

and

xzo(yoz)=(exx)*(ex((exy)x(exz))) (D (exx)* (zxy).

Since, by (8) and (9), z = (y xx) xy and z = e % (e % z), we have

zo(yoz)=(exz)*(zxy) = (ex((yxx)*y))*((ex(ex2))*y)
@(y*z)*(e*z):(azoy)oz.

So, (DW, %) is a semigroup.
Now suppose that a,b € DW. Since (DW, %, e) is a quasigroup, there exists a
unique x € DW such that x xa =e*xb. So

(8,9)

(8’9:’11)6*(:c*a):6*(e*b) =" b.

aox = (exa)x(exx)

Ifaoy =0, then b = (exa) x (e xy) @2 (y * a) and so, by (8) and (9),
exb=bxe=(ex(y*a))*e=y=a. Butz was unique, so z = y. Similarly, there
exists a unique element z € DW such that zoa =b. So, (DW, o) is a group. The

facts that e is the identity and 2= = e x = follow from (8) and (10).

As a consequence of (F'1) — (F6), we have the following corollaries:

Corollary 2.1. (cf. [2] and [9]) The collection of all Ward quasigroups is in one-
to-one correspondence with the collection of all groups.

Corollary 2.2. The collection of all Ward dual quasigroups is in one-to-one cor-
respondence with the collection of all groups.

Corollary 2.3. (cf. [5]) The collection of all double Ward quasigroups is in one-
to-one correspondence with the collection of all groups.

The following two facts follow readily from (F'1) and (F3) and proofs are
omitted.

(F10) If (W,x,r) is a Ward quasigroup, then (W, -, r), where x -y = (r * x) x y, is
a double Ward quasigroup.

(F11) If (DW,x*,e) is a double Ward quasigroup, then (DW, -, e), where z -y =
(e x ) x y, is a Ward quasigroup.

Also the following fact is true.
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(F12) If (S,%) is a semigroup semilattice V' of Ward quasigroups (Wa,*|,,. €q)
(a € V) and satisfies the identity (zxy) * (zxw) = (z* (w™ *y~1)) * 2, then
E(S,*) = {ea|a € V}, eq *e5 = enp and the mapping ¥(e,) = « restricted
to E(S, ) is an isomorphism between (E(S,*), *|,,) and V.

Proof. First, we note that each (W,, ., o) is an inverse groupoid, with x! =

€q * To. Since a semigroup semilattice groupoid of inverse groupoids is an inverse

groupoid, (5,#) is an inverse groupoid. Hence, the identity (x % y) * (z x w) =

(x* (w™txy~1)) * 2 has a clear meaning. We call this identity (x).

—~

*

1
Now, by definition, eq x 5 € Wag. Therefore, €4 W (ea xeg) * (eq x €5) =

=

(ea *eg) *eq. Then, (eq *eg) xeg © (ea*(egxea)) *eg ) (ea*ea)*(egxeg) =
eateg = (ea*eg)xe,5 = (ea*eg)*((eaxeg)*eq) W (eax(eaxeg))*(eq*ep) @
((ea * (€5 * €a)) * €a) * (eq * €4) ® ((ea * eg) * €a) * (€a * €5) = €,5 * (€a * €5).

)

So, (eq *€g) k€5 =€4 %€ :eaﬁ*(ea*eﬁ) = ((ea*eﬂ)*ea)*((ea*eﬁ)*eﬂ) =
((ea x €5) * (eg * €q)) * (ea * €5). But, since (eq * €5) * (€5 * €a) € W, 5, Wag
is a Ward quasigroup and e,z * (€q * €5) = ((€a * €5) * (€5 * €a)) * (ea * €5),

enp = (eaxeg)x(egxeq) W (eaxeg)*(eaxey) and eqxey = egke,. But this implies
ea*(egres) =eq*(eoxeg) =(ea*eq)*(es*ep) © (ea * (eg ¥ €a)) * €5 @ (eaxeg)*es.
Then, e,3 = (€q *€5) * (ea*eﬁ) @ (ea xeg) ke = €q *(eB*ea) =eq * (eq *eﬁ) =

(eq * €q) * ez = €q * €. It follows that the mapping e, — « is an isomorphism
between E(S, ) and V. O

Dually, we have

(F13) If (S, x) is a semigroup semilattice V' of Ward dual quasigroups (W, *|y,, ,€a)
(a € V) and satisfies the identity (zxy) * (zxw) =y ((z7 1 *2~1) xw), then
E(S,x) ={ea|a €V}, eaxe5 = e,5 and the mapping ¥(e,) = « restricted

to E(S, ) is an isomorphism between (E(S,*), *|,,,) and V.

(F10) and (F11) are easily proved using (F1) and (F3). For example, if

(W, *,7) is a Ward quasigroup then by (F1) z-y = (r*z)*y = (roxz ) oy !t =
r oy ! and so (W,-,r) is a double Ward quasigroup.

Proposition 2.4. If (S,x*) is a semigroup semilattice V of double Ward quasi-
groups (DW,, eq), (a €' V), then the following conditions are equivalent

*lowe
(1) {eala e V=V,

(i) for all o, B,v,0 €V, (ea *€g) * (64 x €5)= € * ((ey * €5) * €q),

) to V.

(iii) the mapping eq — o is an isomorphism from ({eq [ € V}, % |
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Proof. (i) = (ii): Let ¥: ({ea |a € V}, % | ) =V beanisomorphism. Then
B((ea + e5) * (e €0)) = Vea) W) U(E W (en) = W(en)[W(en) V(e (ea)] =
W(eg * ((e5 * €4) * €q)), because V' is a semigroup semilatice. Since ¥ is one-one,
the last implies (47).

(i4) = (iii): First, we prove that e, * €5 = eg * e. By hypothesis, we have

(12) (eq * eB) *(ey % €y) = eg * ((eo * €y) * €q).
From this we obtain
(13) (eaxeg) xe, =e€gx (€5 * €q),
which implies
(14) (eg*en)xe5=-cq*e5=eq*(e5%e€q).
Now, e,4 ® ((ea * €g) * €,5) * (ea * €5) () (eg * (enp * €a)) * (€a * €p) ()
(13) (12)
(eﬁ * ((eq * eaﬁ) xeg)) * (eq * eﬁ) = (eg * (eaﬂ * (eg * €a))) * (eq * eﬂ) = (eﬁ *
12 8
(enp * (€5 % €a))) * (€a * €5)) = (eg * ((ens * (ea * €5)) * €,5)) * (ea * €5) ©
(14) (12) (14)
(eg * (ea * €g)) * (ea ¥ €5) =" (eg*e€q) * (€a ¥ eg) = eq * ((e5*ea) xe5) =
€q * (€q * eﬁ) (12 €u * ((eB * € ) * €4 =) €a * (€ * (€a ¥ €5)) = €n * €,5.
Then,
(14) — — —
(15) eng*€a = €u5% (€a*€y5) =€u5% €5 =€,5 = €q * (€q * €5).
Since we have proved above that e, = (5 * €4) * (ea * €5), it follows from (8)
that (eq * €g) * €,5 = €5 * €a. S0, €5 % €q = (€q * €5) * €, w eg * (eqp * €a) =2
(15) (14) (12)
€p*Cap = g (ea * (€a xeg)) = eg*((eg*eq) * ea)' = (ea *€p) * (€a * €g),
which means that (eq *eg) * (€a *€5) = (ea *€5) ¥ €,5. Since (DWyg, *|Dwaﬂ,ea5)
is a quasigroup, eg, = €,5 = €a * €5 = €5 * €q. Also, (€q xeg) * ey =€, 5% €y =
€(ap)y = Ca(sy) = €a * (€5 * €;). Finally, the mapping ¥: ({ea | € V}, %) = V
defined as W(e,) = « satisfies W(eq * €5) = ¥(e,5) = af = ¥(a)¥(B) and so,
since it is clearly one-one and onto V, ¥ is an isomorphism.
(#4i) = (4): This is obvious. O

3. Semigroup semilattices of groups

We have seen that Ward quasigroups, Ward dual quasigroups and double Ward
quasigroups are in one-to-one correspondence with groups. In this section, we
extend these results to semigroups that are semilattices of groups. Note that in
semigroup theory a semilattice, a union of groups and a semilattice of groups are,
by definition, semigroups. However, the definition of a semilattice (or idempotent
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groupoid) (S, ) of groupoids (Sa,*|; ) ( € T') results in structures that are not
necessarily associative, even when the S, (o € T') are all groups. Therefore, we
use the terms semigroup semilattice, semigroup union of groups and semigroup
semilattice of groups, terms that are redundant for semigroup theorists. The idea
is a straightforward one. We simply “extend” the binary product that gives the
bijection between groups and Ward quasigroups, for example, to the semigroup
semilattice of groups and to the resultant structure(s). So, we are working with
structures that result from defining binary operations on a semigroup semilattice
of groups (S,) as follows: %y = z -y~ ! (called right division), x xy =z~ -y
(called left division) and z+y = 2~ -y~! (called double division). This is possible
because a semigroup semilattice of groups is an inverse semigroup; that is, each
element = € S has a unique inverse z~! that is the inverse of the element x in the
group to which it belongs [3, Theorem 4.11].
On the resultant structures (.5, *) we define binary operations as follows, re-

spectively:

Ta ® Yg = Ta * (eaﬁ * yﬁ)a

T X yﬁ = (xa * eaﬁ) * yﬁa

Ta ®Yg = (€45 * Ta) * (€45 * Yg)-

These structures (S, ®) turn out to be semigroup semilattices of groups. In each
of these three cases, the mappings (5,-) — (S5, ) and (S, *) — (5, ®) are inverse
mappings. Hence, we find three different collections of structures, each of which is
in one-to-one correspondence with the collection SLG of all semigroup semilattices
of groups.

Lemma 3.1. (cf. [3, Theorem 4.11]) A semigroup (S,-) is a semigroup semilattice
V' of groups (Ga,-|s s€a) (@ € V) if and only if (S,-) is a semigroup union of
groups and has commuting idempotents if and only if (S, ) is an inverse semigroup
that is a semigroup union of groups if and only if (S,-) is a semigroup and a
semigroup semilattice V=2 E(S,-) of groups.

Note that the following identity holds in inverse semigroups:
(16) (-y)t =yt 2

If (S, -) is a semigroup and a semilattice V' of groups then it follows from Lemma
3.1 that

(17) €a €3 =1E€,5 =€3a = €5 €q
for all a, 8 € V.

Lemma 3.2. Suppose that (S, ) is a semigroup semilattice V' of groups (G, €q)
(v € V) and that o *ys = To -y ! forall z, € Ga, Ys € Gg and o, B € V. Then

(18) (S, *) is an inverse groupoid with ' = ey * x4 (a0 € V),
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IR

(19) E(S,%) = E(S,-) =V,

(20) (S, %) is a semigroup semilattice Vof Ward quasigroups (Ga, *|_,€a) (@ €V),
(21) (@0 *yp) * (20 % wy) = [Ta * (w3t xyg")] * 2,

(22) @q x (€45 *Yg) = Ta * ygl,

(23) @axyy = (yg*za) "

Proof. (18): Tt is straightforward to calculate that 2!, the inverse of x, in the
group to which it belongs, is the unique inverse of z, in (S,x). That is, z! =
Cq * Tq.

(19): zo = Ty * T4 if and only if 2, = x4 - 2,1 = €4, the identity of the group

17
to which x, belongs. Then, e, * eg=¢€a" el =e,- s (D €0p- Since, by Lemma

3.1, in (S,-) we have E(S,-) 2V, E(S,%) 2 E(S,-) 2 V.

(20): Since z, * Ys = Ta y[;l € Go -Gy C Gap. Since T4 * Yo = Tq - y !
in each (Ga,*|._,¢€a), by fact (F1), (Ga,*|s_,€a) is a Ward quasigroup for all
a € V. By definition then, (S, %) is a semigroup semilattice V' of Ward quasigroups
(Ga,*b“,ea) (aeV).

(21): Using the facts that x4 * Y5 = zo - y5' and (za - yg)~" (19 yg ' -agt it

is straightforward to calculate that (zq * yg) * (20 * wWy) = @q - yﬁ_l cwy ozt =

[Ta * (w3t *y5 ")) * 2o
(22): za x (eqp *xYg) = Ta - (€np " Y5 = T (Ys-eap) = (Ta-Yg) €op =
ZTa " Yg :xa*ygl.

(23): (wa *yp) ' = (Ta-yz ")t = Yy ant =Yg * zan O

Definition 3.3. If (5, ) is a semigroup semilattice V of groups (Ga,eq) (o € V)
and x *y = x -y~ !, then we denote (S, *) by SLWQ(S,-). We define SLWQ as
the collection of all semigroup semilattices V' of Ward quasigroups (G, *| Gt €q)
(o € V) that satisfy (21). In particular, SLWQ(S,-) € SLWQ.

Note once again that a semigroup semilattice of inverse groupoids is an inverse
groupoid. So, conditions (21), (22) and (23) have a clear meaning.

Lemma 3.4. Suppose that (S, *) is a semigroup semilattice V of Ward quasigroups
(Was #)y. »€a) (o € V) and satisfies (21). Define xo - yg = Ta * (€,5 * yg). Then
(S, ) is a semigroup and a semigroup semilattice V of groups (Wa, *|y,_, €a) (€V)
with V =2 E(S,-) 2 E(S, ).
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Proof. As previously noted in the proof of (F'12), since each (W, *|,, ,€q) is an
inverse groupoid, with 2! = e, * z,and since a semigroup semilattice of inverse
groupoids is an inverse groupoid, (S, *) is an inverse groupoid.

We prove that (21) implies (22). We have

(21) _ _ —_
xa*(eaﬁ*yﬁ) = (xa*ea)*(eaﬁ*yﬁe) = [za*(yﬁl*eal)]*eaﬁ = [xa*(yﬂ 1*‘3&)] =

(To * €q) * (ygl *€q) 2 [Zo * (€q * €4)] * ygl = (Tq * €q) * ygl = Iy * ygl,
so, (22) is valid.

Next, we prove that (21) implies (23). Since we have x4 *yz = To * (yﬁ_l)_1 2

_ 1, (5 _1, (21
xa*(eaﬂ*yﬁl),then Ta*Yg :xa*(eaﬂ*yﬁl) ) [ea*(ea*xa)]*(eaﬂ*yﬁl) 2

(21) (F12)
a * (Yg * Ta) = (€a * €a) * [(Yg * Ta) ¥ €,5] = [ea * (e 5% €a)] * (Y5 ¥ Ta) =
ap * (Us * Ta) = (Yg * Ta) ™", 50, (23) is valid.
Now x4 = x4 - x4 if and only if z, = T4 * (€0 * To) = Ty * €4 if and only if
Ca = €a*Tq = Ta*Tq if and only if x4 = e4. Also, eqxey = [eq*(€a*ea)|*ep) 2y
ea * (eg % €a). Then, eq - €5 = eq * (6,5 *x €5) = (€a * €a) * (€45 * €5) .

lea® (s Ta)]¥€ns = leax (Y55 7a)* (€ag*ens) B (ea*lens* (s aa) ™) kens =
)

[ea * (€5 % €a)]*e,5 = €a*(e5%eq) 2 eq * €4. S0, the operations - and * coincide
on E(S,x). Thus, E(S,:) = E(S,x). Using (F12), E(S,:) £ E(S,*) 2V is a
semigroup semilattice. Since, for each (W, *|Wa,ea), Ta " Ya = Ta * (€q * Ya),
by (F'4), each (Wa, |y, ,€a) is a group. Since zo-ys = Ta*(e, 5 * yYg) € W4,
Weo - Wg € Weg, and so (S, -) is a semigroup semilattice V' of groups. So, we only
need to prove that (5, -) is a semigroup.

(22) - (21)

We have (za-53) 2 = [7a*(cag 95 (capy22) 2 (Tarys )+ (capyrzs) B

_ _ (23) v (22)

[2o * (271 * Ys)l * €apy = [Ta * (2 Lk Yp)l = Ta* (yg* 2] DTE= 2, * [eapy *

_1y7 (22)
(yﬁ *Z,y D= za [eapy * [yﬁ * (epy * 24)]) = Ta - (yﬁ " Zy). O

Corollary 3.5. Let (S,*) be a semigroup semilattice V' of Ward quasigroups
(Wa, eo) (€ V). If (S, %) satisfies (21), then

*‘WQ,
(i) it satisfies (22) and (23),
(ii) there exists (S,-) € SLG such that xxy =z -y~! for all z,y € S.

Proof. Part (i) was proved in Lemma 3.4. For part (i¢), let (S, ) be as in our
Lemma 3.4. Then, as proved in Lemma 3.4, (S,:) € SLG. Also, z, - ygl =

(@axea)*(Cap ') B [ax (grea)¥ens = [Ta* (Ysea)] = [(Tarea)* (ys¥ea)]

2 (Ta * €a) *Yg = Ta * Yg. O
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Definition 3.6. Let (S,#) be a semigroup semilattice V' of Ward quasigroups
(Wa,s #)y. » €a) (o € V) that satisfies (21), and if we define 24 - y5 = o * (e,5%Yp5),
then we denote the semigroup semilattice V' of groups (S,-) as SLG(S.x).

Theorem 3.7. For all (S,*) € SLWQ, SLWQ(SLG(S,*)) = (S,*) and for all
(S,) € SLG, SLG(SLWQ(S,-)) = (S,-).

Proof. In SLG(S,*) the product is 4 - y5 = ¥q * (e,5 * y5). The product ® in

SLWQ(SLG(S,*)) is zq ®Yg = Ta 'yﬁ_1~ So, zq * Yg = (Ta * yg) * (eag * eaﬁ) @

(T * (e;é * yﬁ_l)) *€o5 = Ta * (€4p * y[;l) =4 ~ygl = To ® Yy and consequently,
SLWQ(SLG(S, %)) = (S, *).
In SLWQ(S, -) the product is zxy = x-y~1. The product & in SLG(SLWQ(S, -))

. —1y—1 (12) —
1sxa@yﬁ:za*(eaﬂ*yﬁ):xa-(eaﬁ~yﬂ1) 1A= xa~y6~eaé:xa~y5. Hence,

SLG(SLWQ(S,-)) = (S,-). O
The second part of the following Corollary can be viewed as an “extension” of

(F1).

Corollary 3.8. There is a one-to-one correspondence between semigroup semyi-
lattices of groups SLG and groupoids (S, ) that are semigroup semilattices V' of
Ward quasigroups (We, %)y, ,eq) and that satisfy (21). Also, (S,*) € SLWQ if
and only if there exists (S,-) € SLG such that x xy =z -y~* for all z,y € S.

Corollary 3.9. There is a one-to-one correspondence between semigroup semilat-
tices of abelian groups and groupoids (S, x) that are semigroup semilattices V' of
medial Ward quasigroups (Wa, *|,, ,€a) (o € V) and that satisfy (21).

Proof. The proof here follows that of Lemmas 3.2, 3.4 and Theorem 3.7, using the
additional fact that a groupoid is a medial Ward quasigroup if and only if it is
induced by an abelian group. O

Lemma 3.10. Let (S,-) be a semigroup semilattice V' of groups (Gm*lca’ea)
(a€V)andlet xxy=ax"1 y. Then

(24) (S, *) an inverse groupoid with x;' = x4 * €4, (@ € V),
(25) E(S,x) = E(S,-) 2V,

(26) ((S,*) )@s a semigroup semilattice V' of Ward dual quasigroups (S, *|s, »€a)
aeV),

(27) (za* yﬁ) # (2y x wo) = Yp * ((Z;l * 3751) * W, ),
(28) (o *eyp) ¥y = 25" % yg,

(29) za* Yg = (yg * 7o)
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Proof. Note that it follows from Lemma 3.1 that SLG = SLG. Since xzxy =
yxx =y t-x=zy !and (9,7) € SLG, (S, *) satisfies (18) to (23). Hence, (3, *)
satisfies (24) to (29). O

Definition 3.11. SLW D(S, -) will denote (.5, *) in Lemma 3.10 above. We denote
the collection of all groupoids (S, *) that are semigroup semilattices V' of Ward
dual quasigroups (W Dq, |, ,€a) (o € V) that satisfy (27) as SLWDQ. So,
SLWD(S,-) = (S,x) € SLWDQ.

Lemma 3.12. Suppose that (S,x) is a semigroup semilattice V of Ward dual
quasigroups (WD, *|,,p, s €a) (@ € V) and satisfies (27). Then (S,-) with the
operation To - Yg = (zq * eaﬁ) *Yg, 1S @ Semigroup and a semigroup semilattice V
of groups.

Proof. Tt is clear that (S,%) is a semigroup semilattice V' of Ward quasigroups
(WD, #|yp. s €a) (o € V) and satisfies (21). Also, 24"y = (ys * €,5) * Ta =
ZTo* (€ap* yﬂ). By Lemma 3.4, (S,7) is a semigroup and a semigroup semilattice V
of groups with V' & E(S,7) 2 E(S, ). Hence, (5, ) is a semigroup and a semigroup
semilattice V of groups with V' = E(S,-) = E(S, x). O

Definition 3.13. SLG(S, *) will denote (5, ) in Lemma 3.12 above.

Theorem 3.14. For all (S,-) € SLG, SLG(SLWD(S,-)) = (S,-) and for all
(S,x) € SLWDQ, SLWD(SLG(S,%)) = (S,x*).

Proof. Observe that the product in SLWD(S, ) is x *xy = 2~ -y. The product in
SLG(SLWD(S,-)) is

_ (12)
$a®yﬁ = (xa*eaﬁ)*yﬁ = (xal 'eaﬂ)*yﬂ = €8 " La Yy = TLa " Ya-
Hence, SLG(SLWD(S,-)) = (S, -).

The product in SLG(S, %) is o - Y5 = (Ta * €,5) * y5. Hence, the product in

SLWD(SLG(S,*)) is za ®ys = 7y = (w4 % eq) * €ap) * Ys ) To *Yg and
so SLWD(SLG(S,*)) = (S, *) . O

Corollary 3.15. There is a one-to-one correspondence between semigroup semi-
lattices of groups SLG and groupoids (S, *) that are semigroup semilattices V' of
Ward dual quasigroups (WDq, |y, €a) (0 € V) and that satisfy (24), (26) and
(27). Also, (S,*) € SLWDQ if and only if there exists (S,-) € SLG such that
zxy=x"'-y forallaz,yecs.

Corollary 3.16. There is a one-to-one correspondence between semigroup Semyi-
lattices of abelian groups and groupoids (S, *) that are semigroup semilattices V' of
unipotent, left-unital right modular quasigroups (Qu, *|_,€a) satisfying (27).



296 R. A. R. Monzo

Proof. A Ward dual quasigroup is a unipotent, left-unital right modular quasi-
group if and only if it is medial if and only if it is induced by an abelian group.
Using this fact, the proof of Corollary 3.16 exactly follows those of Lemmas 3.10,
3.12 and Theorem 3.14. O

Lemma 3.17. Let (S,-) be a semigroup semilattice V' of groups (Gm*lca?ea)
(a € V) such that o *ys = 27" -ylgl. Then

(30)

(31) (S, *) is a semigroup semilattice V' of double Ward quasigroups (Ga, *|¢_ s €a)

(
(
(e V),
(
(

{ea|la €V} %) = ({eq|a €V}, ) 2V is a semigroup semilattice,

(32)

S, %) satisfies the identity

Capr(€astTa)¥Captyp)) JHeapy* 2y) = €apy*Ta)Henp  (€5,4 U3 )*E 5% 27))),
(33) (S, %) satisfies the identity wq *yg = (e,5 * (€a * Ta)) * (€45 * (€5 % Yg5))-
Proof. (30): For any eq,e5 €V, eq x ey =€, - 651 = eq - €5. Then, eq x €5 =
€a €5 =€g-€q = €,5, by Lemma 3.1. Hence, (ea *eﬁ) *ey = eqg ey = €5, =
€a(py) = Ca * (€5 % €y). By Lemma 3.1, ({ea|a € V},%) = V is a semigroup
semilattice and so (30) is valid.

(31): Bach (Ga, *|4, , €a) has product 2, *yo = ;' -y, " and therefore, by (F3),
each (G, |G €q) is a double Ward quasigroup. Since z,, *Yg = x! ~y§1 € Gag,
(31) is valid.

(32): We have

* ( aﬂ*wa) ( aﬁ*y,ﬁ)))*(eaﬁ’y*z’Y) =
apy * ((enf 25t * (;é-ygl)))*(e;éy-z;lb

(eapy * (

( *(

(eam ¥ (Zo -y )) (e aﬁv -z ) = (G;ﬁlv . yﬁ—l -x )—1 “Zyt€apy =
( )

(

€

Lo " Yp ( Capy (Z’Y eaﬁ’y)) = (‘TO& : yﬁ) ’ (Z’Y : eaﬂ’y) =
Ta Yg 2y) €apy = Ta Yg - 2y

Also,

(eam * Loy * (eam * ((em *Yg) * (em *2y))) =
(eapy al) r(engy - ((egy -y )™ ) ) =
(Ta - Capy)  Capy - (Yg - €s,) - (27 - €5,) =
Ta - (€a- 657) : (yg : (eﬁ’y (24 eﬁfy))) =
(Ta - €a) - (637 : ((yﬁ "2y em)) =Ta " Yg 2y
This proves (32).

(33): By the definition of the operation x,
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(e a8 * (€a *a)) * (eqp * (€5 ¥ yp)) =

(eqs(eat -2 ) x ez (e -y )Y =

Ca 25" (eqp (€5 Y5 ~€ap)) = a 25" €Yz -Cap =

oyl eg Yyt = a5 Ys = Ta * s
This proves (33) and completes the proof of Lemma 3.17. O
Definition 3.18. SLDWQ(S,-) denotes (5, *) of Lemma 3.17. The collection of

all semilattices of double Ward quasigroups that satisfy (30)— (34) is denoted by
SLDWQ.

Lemma 3.19. Suppose that (S,*) is a semigroup semilattice V of double Ward
quasigroups (DWa, x|,y s €a) (a € V), that ({eq |a € V},x) = Vand that (S, )
satisfies (32) and (33). Define To -ys = (e,5* Ta) * (€45 *yg). Then

(34) ({ealaeV},) = ({ea|a €V}, %) is a semigroup semilattice,

(35) (S,-) is a semigroup and a semigroup semilattice of groups (DWa, |,y s €qa)

(aev),
(36) for alla,B €V and all zo € DWa, yz € DWp, x4 xyz = ! -ygl.
Proof. We have

(33)
ea-eg=(eap*ea)*(eug*eg) = (eap* (€a*ea)) *(eqp*(egres)) = ea*eg
and so, (34) is valid.
For each (DWq, *| 4, s €a) the product is 4 -y5 = (ea*Ta)* (€a*ya), by (F6)
each (DWaq, *| . €a) 18 a group. By (32), (S,-) is a semigroup and, by Lemma
3.1, (35) is valid. Finally, by (F6), ! = €4 * x4 in (S, ). Then, by (33),

—1 -ygl = (ea *Ta) (e xYg) = (eap * (€a * Ta)) * (s * (€5 ¥ Yg)) = Ta * Ys
which completes the proof. O
Definition 3.20. SLG(S, ) denotes (.5, ) of Lemma 3.19.

Theorem 3.21. For all (S,-) € SLG, SLG(SLDWQ(S,-)) = (S,-) and for all
(S,%) € SLDWQ, SLDWQ(SLG(S,*)) = (S, *).

Proof. The product in SLDWQ(S,-) is za * yg = x b 71 So, the product in
SLG(SLDWQ(S,)) is Ta®Yg = (e aﬁ*xa) (e aﬁ*yﬂ) ( €ap x_l) ! (671 y[;l)
=T - (%/3 (g eaﬁ)) = (Ta-yg) - € ap = Ta - Yg. Hence, SLG(SLDWQ( ) =
(57 )

The product in SLG(S,*) is 2o - y5 = (€,5 * T,) * (€45 * y5). The product in

SLDWQ(SLG(S, «)) is TaBDyy = x;1~y§1 = (eaﬁ*(ea*xa))*(ea,@*(eﬁ*eyﬂ)) 33
O

To *Yg. So, SLDWQ(SLG(S,*)) = (S, *).
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Corollary 3.22. There is a one-to-one correspondence between elements of SLG
and SLDWQ.

Note that since SLG is in one-one correspondence with SLWQ, SLWDQ
and SLDWQ, SLWQ and SLWDQ are in one-one correspondence with each
other, as are SLDWQ and SLWQ. The next results give the explicit forms of
these bijective mappings.

Theorem 3.23. SLG = SLG.

Proof. The dual groupoid of a semigroup union of groups with commuting idempo-
tents is a semigroup union of groups with commuting idempotents. As previously
noted, the required result then follows from Lemma 3.1. O

Theorem 3.24. . SLWQ = SLWDQ.

Proof. If (S,x) € SLWQ, then 2 xy = x -y~ ! for some (S,-) € SLG. So, if
(T,5) € SLWQ, then, using Theorem 3.23, zoy = x~ !~y for some (T,~) from
SLG. As in the proof of Lemma 3.10, (7T,0) satisfies (24) — (27). Therefore,
(T,0) € SLWDQ. Hence, SLWQ C SLWDQ.

If (S,%) € SLWDQ, then x xy = 2! - y for some (S,-) € SLG. So, using
Theorem 3.23, z¥y = z~y~! for some (S,~) € SLG. Therefore, as in the proof of
Lemma 3.2, (S, %) satisfies (17). Hence, (S, %) € SLWQ and (5, *) € SLWQ. So,
SLWDQ C SLWQ. O

Corollary 3.25. (S,%) € SLWDQ if and only if (S, %) is a semilattice of Ward

dual quasigroups and satisfies the identity (x +y) * (zxw) =y (71 x 27 1) x w).

Theorem 3.26. SLDWQ = SLDWQ.

Proof. If (S,+) € SLDWQ, then z * y = y*zx for some (S,%) € SLDWQ. So,
r*y =yxx =2 Ly~ ! for some (S,~) € SLG. Therefore, by the proof of Lemma
3.17, (S, ) € SLDWQ. Hence, SLDWQ C SLDWQ C SLDWQ. 0

Theorem 3.27. SLDWQ and SLWQ are in one-one correspondence.

Proof. For (S,x) € SLDWQ we define SLWQ(S, ) = (5,0), where z, 0 ys =
(eaﬁ * o) % Yg. If (S,®) € SLWQ, we define SLDWQ(S,®) = (S, ®), where
Ta ®Ys = (e, ® Ta) ® Yy Note that, since (5,*) € SLDWQ, z*y = P T
for some (S, -) € SLG. Therefore, z, oy = (eaﬁ *xa)*yﬂ = (e;é N ~yg1 =
ma~eaﬂ~y§1 =Tq-€q-€3 -ygl = T4 -y/;l. By Lemma 3.2, SLIWQ(S, *) = (S, 0) is
in SLWQ. Therefore, SLDWQ(S, o) = (S, ®), where 1, ®yz = (€,50Ta) 0y =
(eap-73")- ygl =zt ygl and so (S, @) € SLDWQ.

Then, the product in SLDWQ(SLWQ(S,*)) is o ® ys = (€45 © Ta) 0 Yy =
(€ap * (€apota)) ¥ ys = (ens - (g 23" ) ™) yzt = ((egs - 2a") ™) -yt
(egé-x;1)~y51 = z;lyﬂ_l = 2o %Yyg. Therefore, SLDWQ(SLWQ(S,*)) = (S, *).

)
Similarly, SLWQ(SLDWQ(S, ®)) = (5, ®). O
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Questions. Suppose that (S,x*) is a semigroup semilattice V' of double Ward
quasigroups (DWy, ¥, ,€a) (@ € V) and that (S,*) satisfies (32) and (33).
Then, is ({eq |a € V}, %) 2 V.

1. Can groupoids in SLDWQ be described by a single identity, in place of (32)
and (33)?

2. Isthere a structure theorem for groupoids in SLWQ, SLWDQ and SLDWQ
analogous to the structure theorem for semigroups that are semigroup semi-
lattices of groups [3, Theorem 4.11]7?

A remaining area for investigation is right, left and double division on completely
simple semigroups, where ! is the inverse of z in the group to which it belongs.
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Semigroups in which the radical

of every quasi-ideal is a subsemigroup
Jatuporn Sanborisoot and Thawhat Changphas

Abstract. For a non-empty subset A of a semigroup S, v/A denotes the radical of A4, i.e.,
Yy g

VA ={z € S|z™c A for some positive integer n}. This paper characterizes when the radical

+/Q is a subsemigroup of S for every quasi-ideal @ of S.

1. Introduction and Preliminaries

Let S be a semigroup. For a,b € S, the subsemigroup of S generated by {a, b} is
denoted by (a,b). A non-empty subset A of S is called a left (respectively, right)
ideal of S if SA C A (respectively, AS C A). And, A is called a two-sided ideal
(or ideal) of S if it is both a left and a right ideal of S. A non-empty subset @ of
S is called a quasi-ideal of S if QSN SQ C Q. A subsemigroup B of S is called a
bi-ideal of S if BSB C B (cf. [2], [3]).

For a non-empty subset A of a semigroup S, v'A denotes the radical of S, i.e.,
VA=1{aeS|a" € A for some positive integer n}.

In [1], M. Ciri¢ and S. Bogdanovié characterized when the radical v/A4 is a subsemi-
group of S for every ideals A of S. Indeed, the authors studied when the radical
of every ideal of S is a subsemigroup of S; and when the radical of every bi-ideal
of S is a subsemigroup of S. The notion of quasi-ideals generalizes ideals, and the
notion of bi-ideals generalizes quasi-ideals, but quasi-ideals have been widely stud-
ied; see [3]. In the line of [1], this paper considers the case of quasi-ideals. Indeed,
we characterize when the radical /@ of every quasi-ideal @) of S is a subsemigroup
of S.

Let N = {1,2,3,...} denote the set of all positive integers. Let a,b be any
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elements of a semigroup S with identity. Define

a|b <= b=uzay for some x,y € S;

al,b <= b=azx for some z € S

aljb <= b=uya for some y € S,

altb <= al|.bAal| b

a—b < alb" for some n € N; and

alhh = a|p b" for some n € N where h is r,[ or t.

2. Main results

In [3], a non-empty subset @ of a semigroup S is a quasi-ideal of S if and only if
it is an intersection of a left and a right ideal of S. We begin the section with the
following theorem.

Theorem 2.1. Let S be a semigroup with identity. Then the radical of every
quasi-ideal of S is a subsemigroup of S if and only if

Va,b€ S Vi,j € N3n e N [(ab)” € {a*,b7}S N S{a’,b7}].
Proof. Assume that the radical of every quasi-ideal of S is a subsemigroup of S.
Let a,b € S, and let 4,5 € N. Put
Q= {d",VV}SnS{a", V}.

Then @ is a quasi-ideal of S such that a, b € v/@Q. By assumption, ab € /Q. Hence
(ab)™ € {a*,"}S N S{a’,b’} for some n € N.

Conversely, assume that for all a,b in S and 4,5 in N there exists n € N such
that (ab)™ € {a*,b'}S N S{a’,b’}. Let Q be a quasi-ideal of S, and let a,b € \/Q.
Then a' € Q and b € Q for some i,j € N. By assumption, there exists n € N
such that (ab)" € {a*,"}S N S{a’,b’}. Thus ab € \/Q, because

(ab)™ € {a®,b1}S N S{a’, b} C QSN SQ C Q.
Hence /@ is a subsemigroup of S. O

Let S ={a,b,c,d,1} be a semigroup with the multiplication:

-‘abcdl
ala a a a a
bla a a a b
cla a b a c
dla a b b d
lla b ¢ d 1
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The quasi-ideal of S is {{a}, {a,b}, {a,b,c},{a,b,d},{a,b,c,d},S}. Observe that
v9{a} ={a,b}, \/{a,b} = \/{a,b,c} =+/{a,b,d} = \/{a,b,c,d} = {a,b,c,d} and
VS = S; then the radical of every quasi-ideal of S is a subsemigroup of S.

In general, the radical of quasi-ideals of a semigroup with identity need not be
subsemigroups, as the following example shows:

Let S ={a,b,c,d, f,1} be a semigroup with the multiplication:

a b ¢ d f 1
ala a a a a a
bla b a d a b
cla f ¢ ¢ f ¢
dla b d d b d
fla f a ¢ a f
lla b ¢ d f 1

The quasi-ideal of S is {{a},{a,b},{a,c},{a,d}{qa, f}.{a,b,d}, {a,c,d},
{a,b, f}{a,c, f},{a,b,c,d, f}, S} We have \/{a,c,d} ={a,c,d, f} which is not a
subsemigroup of S.

Theorem 2.2. Let S be a semigroup with identity. Then the radical of every right
ideal of S is a quasi-ideal of S if and only if

Ya,bc€ Slal,cAblic=Vi,j€EN[a" 5 cVvi 5 (.

Proof. Assume that the radical of every right ideal of S is a quasi-ideal of S. Let
a,b,c € S such that a | c and b |; ¢. Then ¢ = au and ¢ = vb for some u,v € S.
Let i,j € N. Put R = {a’,1’}S; then R is a right ideal of S and a,b € VR. By
assumption, v/R is a quasi-ideal of S. Since ¢ = au and ¢ = vb,

ce VRSN SVRC VR.

Thus ¢" € R for some n € N, whence a* = ¢ or b 5 c.
Conversely, assume that for all a,b,cin S,
alreAblic=Vi,jeN[a® 5 cvb 5.

Let R be a right ideal of S. To show that vVRSNSVR C VR, let z € VRSNSVR.
Then z = au and = = vb for some u,v € S and a,b € VR. Since a,b € VR, there
exist i,j € N such that a’,b’ € R. By assumption, there exists n € N such that
x" € {a’, b/ }S. Since

{a",¥"}S C RS C R,

then = € VR. Hence VR is a quasi-ideal of S. O
As Theorem 2.2, we obtain the following.

Theorem 2.3. Let S be a semigroup with identity. Then the radical of every left
ideal of a semigroup S is a quasi-ideal of S if and only if
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Va,meS[a|rc/\b|lc:>Vi,j€N[aii>cvb7i>c]].

Theorem 2.4. Let S be a semigroup with identity. Then the radical of every
quasi-ideal of S is a quasi-ideal of S if and only if
Va,b,c€ S [al,cAbljc=Vi,j € NIneN [c" € {a’,t’}S N S{a’, b }]].

Proof. Assume that the radical of every quasi-ideal of S is a quasi-ideal of S. Let
a,b,c € S such that a |. c and b |; ¢. Then ¢ = au and ¢ = vb for some u,v € S.
Let 7,7 € N. Put

Q= {d",VV}SnS{a",V}.

Then @ is a quasi-ideal of S and a,b € v/@Q. By assumption, /@ is a quasi-ideal
of S. Since ¢ = au and ¢ = vb,

ce/QSNSVQ C/Q.

Hence c" € {a*,b7}S N S{a’,b’} for some n € N.
Conversely, assume that for all a,b,c € S,

alpcAb|ic=Vi,j e NIneN [c" € {a’, 1/ }S N S{a’, b }].

Let Q be a quasi-ideal of S. We need show that /QS N Sv/Q C +/Q. Let = €
V@S N Sy/Q. Then z = au and = = vb for some a,b € +/Q and u,v € S. Since
a,b € \/Q, there exist i, j € N such that a’,/ € . By assumption, there exists
n € N such that 2™ € {a’,’}S N S{a’,b’}. Since

(', b1}S N S{a’, b1} C QSN SQ C Q,
then x € /@, whence /@ is a quasi-ideal of S. O

Theorem 2.5. Let S be a semigroup with identity. The radical of every ideal of
S is a quasi-ideal of S if and only if

Va,b,ce S [a|, cAb|jc=Vi,j €N [a' = cVb - ]

Proof. Assume that the radical of every ideal of S is a quasi-ideal of S. Let
a,b,c € S such that a |, cand b |; ¢. Then ¢ = au and ¢ = vb for some u,v € S.
Let 4,7 € N. Put A = S{a’,1’}S, then A is an ideal of S and a,b € VA. By
assumption, v/A is a quasi-ideal of S. Since ¢ = au and ¢ = vb,

ceVASNSVACVA.

Then there exists n € N such that ¢ € A. Hence a’ — c or ¥/ — c¢. The opposite
direction can be proved similarly to the converse of Theorem 2.2. O

Theorem 2.6. Let S be a semigroup with identity. The radical of every quasi-ideal
of S is a bi-ideal of S if and only if
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Va,b,c € S Vi,j € N3n €N [(abc)” € {a’,c?}S N S{a’, ' }].

Proof. Assume that the radical of every quasi-ideal of S is a bi-ideal of S. Let
a,b,c € S, and let i,j € N. Put Q = {a*,¢’}S N S{a’,c’}. Observe firstly that Q
is a quasi-ideal of S and a, ¢ € /Q. By assumption, /@ is a bi-ideal of S. Then

abe € v/QSVQ € V/Q.

Hence (abe)™ € {a*,c?}S N S{a’,c?} for some n € N.
Conversely, assume that for any a,b,c € S, and 4,7 € N,
(abe)™ € {a*,7}S N S{a’,c’} for some n € N.

Let @Q be a quasi-ideal of S. Let a,c € VQ, _and let b € S. Then a’,¢? € Q for
some i,j € N. By assumption, (abc)” € {a’,c¢’}S N S{a’,c} for some n € N.
Consider

(abe)™ € {a',}S N S{a’,d} CQRSNSQ C Q.
Thus abc € v/Q, and +/Q is a bi-ideal of S. O

Theorem 2.7. Let S be a semigroup with identity. The radical of every quasi-ideal
of a semigroup S is a right ideal of S if and only if

akbabforalla,bes and k € N.

Proof. Assume that the radical of every quasi-ideal of S is a right ideal of S. Let
a,bc Sand k € N. Put Q = a*SNSa*. Then Q is a quasi-ideal of S and a € /Q.
By assumption, /@ is a right ideal of S. Thus ab € /@S C +/Q. We then have

that there exists n € N such that (ab)” € Q. Hence a* L5 ab.

Conversely, assume that a” Ly ab for all a,b € Sand k € N. Let Q be a
quasi-ideal of S, and let a € \/Q and b € S. Then a* € Q for some k € N. Since

a*SNSd* CQRSNSQ CQ,

(ab)™ € Q for some n € N. This implies ab € /@, and hence 1/Q is a right ideal
of S. 0

As Theorem 2.7, we obtain the following theorem.

Theorem 2.8. Let S be a semigroup with identity. The radical of every quasi-ideal
of S is a left ideal of S if and only if a* L ba forall a,b € S and k € N.

Theorem 2.9. Let S be a semigroup with identity. Then the following conditions
are equivalent:

(1) the radical of every quasi-ideal of S is an ideal of S;

(2) a¥ 5 ab and a* 5 ba for all a,b € S and k € N.
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Proof. (1) = (2): Assume (1). Let a,b € S, and let k € N. Put A = a*S N Sa*.
Clearly, A is a quasi-ideal of S and a € V/A. By assumption, v/A is an ideal of S.
Thus ab € VAS C VA and ba € Sv/A C /A, This implies (ab)™, (ba)" € A for

some m,n € N. Hence a* L ab and aF 5 ba.

(2) = (1): Assume (2). Let Q be a quasi-ideal of S. To show that /Q is
an ideal of S, let @ € v/Q and b € S. Since a € \/Q, a* € Q for some k € N.
By assumption, there exist m,n € N such that (ab)™, (ba)" € a*S N Sa*. Hence
(ab)™, (ba)™ € @, because

a"*SNSa" CQRSNSQCQ.
This implies ab, ba € /@, and thus /Q is an ideal of S. O

Theorem 2.10. Let S be a semigroup with identity. Then the following conditions
are equivalent:

(1) the radical of every bi-ideal of S is a quasi-ideal of S;
(2) Va,b,ce Slal|.cAblic=Vi,j € N3IneN [c" € {a’, v/ }S{a’, 1/ }]].

Proof. (1) = (2): Assume (1). Let a,b,c¢ € S such that ¢ = au and ¢ = vb for
some u,v € S. Let 4,7 € N. It is observed that

B = {a",t’}S{a’, b’}

is a bi-ideal of S and a,b € vB. By assumption, VB is a quasi-ideal of S.
Therefore, ¢ € vVBS N SvVB C v/B. Hence ¢ € {a*,b'}S{a*,b'} for some n € N.

(2) = (1): Assume (2). Let B be a bi-ideal of S. Let x € vBS N SvB. Then
x = au and = = vb for some a,b € VB and u,v € S. Hence, there exist i,j € N
such that a’,b’ € B. By assumption,

" € {a",v"}S{a’,t’} C BSB C B.
Thus z € v B. Hence VB is a quasi-ideal of S. O

Theorem 2.11. Let S be a semigroup with identity. Then the following conditions
are equivalent:

(1) the radical of every subsemigroup of S is a quasi-ideal of S;
(2) Va,bce Slal,cAblic=Vi,j e NIneN [¢" € (a’,V)]].

Proof. (1) = (2): Assume (1), and let a,b,c € S, such that a |, ¢ and b |; ¢. Then
¢ = au and ¢ = vb for some u,v € S. Let i,5 € N. Put A = (a’,¥/). By (1), VA
is a quasi-ideal of S. Since ¢ = au and ¢ = vb, ¢ € VAS N SVA. Then

ceVASN SVACVA.
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Hence ¢" € (a*,b’) for some n € N.

(2) = (1): Assume (2), and let A be a subsemigroup of S. Let = € vVASNSV/A;
then = au and = = vb for some a,b € VA and u,v € S. We then have that
a',t’ € A for some i,j € N. By assumption, 2™ € (a*,b’). Since (a’, /) C A,
x € V/A. Thus VA is a quasi-ideal of S. O

Finally, we have the following result.

Theorem 2.12. Let S be a semigroup with identity. Then the following conditions
are equivalent:

1) the radical of every quasi-ideal of S is a quasi-ideal of S;

(1)

(2) Va,b e S [\/{a,b}S N S{a,b} is a quasi-ideal of S;

(3) VYa,b,ce Sla|.cAblic= IneN [c" € {a?,b*}S N S{a?,b*}]];
(4)

4) Va,b,c€ S la|, cAb|ic=Vk € N3IneN [c" € {a*, b*}S N S{a*, b*}]].

Proof. (1) = (2): Assume (1), and let a,b € S. Since {a,b}S N S{a,b} is a
quasi-ideal of S and (1), \/{a,b}S N S{a,b} is a quasi-ideal of S.

(2) = (3): Assume (2), and let a,b,c € S such that a |, c and b |; ¢. Then
¢ = au and ¢ = vb for some u,v € S. Clearly, a,b € /{a2,b2}S N S{a2,b?}.
By (2), v/{a2,02}S N S{a%,b?} is a quasi-ideal of S. From ¢ = au and ¢ = vb, it
follows that

c € /{2,218 N §{a2, 02} N S+/{aZ, b2} 5 N S{a2, b2}
C V{a2, 02}5 N S{az, b7).

Thus " € {a?b?}S N S{a? b} for some n € N.

(3) = (4): Assume (3), and let a,b,c € S such that a |, c and b |; ¢. Then
¢ = au and ¢ = vb for some u,v € S. By (3), ¢" € {a?,b?}S N S{a?,b?} for some
n € N. It is observed that

{a®,b*}S N S{a® b*} C {a,b}S N S{a,b}.

Then
" €{a,b}SN S{a,b}.

Suppose that there exists m € N where k € N such that
™ € {a®, b*}S N S{a", b*}.
By (3), there exists | € N such that

(cm)l € {a%, b%}S N S{a%, bgk}.
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Consider
(cm)l c {an,ka}S o) S{azk,b%}
_ {ak+1ak_1, bk-i—lbk:—l}sf 0 S{ak_lak+1, bk—lbk+1}
C {a"h oS N S {a T B
Hence

le _ (Cm)l c {akﬂ,b’”l}sﬂS{akH,ka}.

Therefore (4) holds.

(4) = (1): Assume (4), and let Q be a quasi-ideal of S. Let = € /QS N S/Q.
Then # = au and = = vb for some u,v € S and a,b € v/Q. Then a’,b’ € Q for
some %, j € N. By (4), there exists n € N such that

e {ai+j,bi+j}5ﬁ S{ai+j,bi+j}-
Consider
2" € {a™ pIYS N S{a" b} C {a', 1S N S{a’, b} C QSN SQ C Q.

Thus z € /@, and Q is a quasi-ideal of S. O
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On ordered semigroups satisfying certain

regularity conditions

Jatuporn Sanborisoot and Thawhat Changphas

Abstract. In terms of ideals, this paper investigates ordered semigroups satisfying certain
regularity conditions. In particular we study regularity, complete regularity, quasi-regularity,
intra-regularity as well as left (right) regularity, left (right) quasi-regularity, and left (right)
reproduce.

1. Preliminaries

Regular rings and semigroups have been introduced and studied by Neumann [10].
These lead to study other types of regularity, for example, completely regularity,
intra-regularity and quasi-regularity ([9], [12]). Using the so-called linear words,
Bogdanovic et al. classified all the types of regularity of semigroups [2]; based
on the results obtained the authors then described semigroups satisfying certain
regularity conditions [1]. In [11], Phochai and Changphas determined all the types
of regularity conditions for ordered semigroups. This paper then examines ordered
semigroups satisfying each of the types of regularity conditions. Some types of
regularity of ordered semigroups have been studied ([3], [4]).

An ordered semigroup (S,-, <) consists of a semigroup (5,-) together with a
relation < that is compatible with the semigroup operation (cf. [7]), meaning that,
for any a,b,c € S, a < b implies ac < bc and ca < ¢b. For ) # A, B C S,
AB:={abe S|ac Abe B} and (A :={z € S| 3Ja € A,z < a}. It is observed
that (1) A € (A]; (2) (A)(B] € (AB]; (3) ((A](B]] = (AB].

A non-empty subset A of an ordered semigroup (S, -, <) is called a left (resp.
right) ideal of S if (i) SA C A (resp. AS C A); (ii) (4] = A. We say that A
is a (two-sided) ideal of S if A is both a left and a right ideal of S. S is said to
be simple if S contains no proper ideals. If a € S then L(a) = (a U Sa] (resp.
R(a) = (aUaS], J(a) = (aUaSUSaUSaS)) is a left (resp. right, two-sided) ideal
containing a. An ordered semigroup S is simple if and only if S = (SaS] for all
a € S [8]. A subsemigroup B of S (that is, BB C B) is called a bi-ideal of S if (i)

2000 Mathematics Subject Classification: 06F05

Keywords: ordered semigroup, ideal, simple, semilattice, linear word, regularity conditions
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BSB C B; (i) (B] = B (|5], p- 242). If a € S then (a U a® U aSa] is a bi-ideal
containing a .

Let X be a countable alphabet whose elements are called variables. Let ¢ be a
symbol such that ¢ ¢ X, called a constant. Consider (X U {c})T, free semigroup
generated by X U {c}, let L be the set of all words u € (X U {c})" satisfying the
following conditions:

(i) The constant ¢ appears at least once in u.
(ii) There is at least one occurrence of a variable in w.
(iii) Any variable appears at most once in u.

A word u € L is called linear, and we shall write u(c,z1,...,2,) instead of u
to emphasize that {x1,...,2,} is the set of all variables appearing in u. For
u(e,x1,...,x,) € L, an expression of the form ¢ < u(c,x1,...,2,) is called a
reqularity condition. For an ordered semigroup (5,-, <) and a € S, an expression
of the form a < w(a,x1,...,2z,) is solvable in S if there exist a1,...,a, € S
such that a < u(a,ay,...,a,). Two regularity conditions ¢ < u(e, z1,...,z,) and
c<v(c,y1,---,Ym) are equivalent if for every ordered semigroup (S, -, <), and for
every a € S,

a < ula,zq,...,Ty,) is solvable in S <= a < v(a,y1,...,Ym) is solvable in S.

We denote by N the set of all positive integers. It was proved in [11] that
an arbitrary regularity condition ¢ < u(c, z1,...,2,) is equivalent to one of the
regularity conditions (C1)—(C16):

Number Condition Name
C1 c < xey
C2 c< xc Left Reproduce
C3 c<cex Right Reproduce
C4 c < xeycz Intra-quasi-regular
Ch c < zeye Left Quasi-regular
C6 c < cxey Right Quasi-regular
Cc7 c < cxce Regular
C8 ¢ < zcfy, for some k € N Intra-regular (k = 2)
C9 ¢ < zcfyc, for some k € N Left Regular
C10 ¢ < cxcFy, for some k € N Right Regular
C11 c < xc?
C12 c < xc?
C13 c< cx
Cl14 ¢ < xc?
C15 c < cxc?
C16 c < cPxe

Let (5, -, <) be an ordered semigroup. S is said to satisfy a regularity condition
c < ule,xq, ..., ), if for every a € S, the expression a < u(a, 21, ..., ) is solvable
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in S. It is observed that an ordered semigroup (5, -, <) is intra-quasi-regular (resp.
left quasi-regular) if a € (SaSaS] (resp. a € (SaSa]) for all @ € S. Any other
types of regularity can be observed similarly. Finally, we call an element a of S
a left (resp. right) reproduce element if a < xa (resp. a < ax) is solvable. Any
other types of elements can be defined similarly.

The main results can be described shortly as the following: Theorem 1 shows
that every ordered semigroup in a semilattice satisfies the same regularity condition
of such semilattice. In Theorem 2, we consider relationships of ordered semigroups
containing intra-quasi-regular elements, intra-regular elements, left [resp. right]
quasi-regular elements, left [resp. right] regular elements. In Theorem 3, we
characterize several regularities of elements by its principal ideal, principal left
ideal and principal right ideal. The rest of this paper shows characterizations of
regularities of semigroups and regularity conditions of semigroups as well.

2. Main Results

Let Y be a semilattice. An ordered semigroup (S, -, <) is a semilattice Y of ordered
semigroups (S, o, <a), @ € Y if (i) So N Sz = 0 for all different o, 8 € Y (ii)

S= U Sau; (iii) SaSs C Sep forall a, €Y.
a€eY

Theorem 1. Assume an ordered semigroup (S, -, <) is a semilattice Y of ordered
semigroups (Sa, ‘o, <a), @ € Y. If (S, -, <) satisfies one of the reqularity conditions

(C4)—~(C14) then (Sq, o, <a) satisfies the same regularity condition for alla € Y.

Proof. Assume that S satisfies (C4); that is S is left intra-quasi-regular. Let
a € Y. To show that (Su, o, <o) satisfies (C4), let a € S,. By assumption,

a < zayaz for some x,y,z € S. Since S = |J S, there exist 8,7, € Y such
veyY
that z € Sg,y € Sy,z € Ss. We have aff = ay = ad = «a because a € S, and

a < arayaz, SO

a < zayaz < x(rayaz)y(zayaz)z = (zray)a(zyr)a(yazz)

<
< (zzay)(rayaz)(zyx)a(yazz) = (zrayz)a(yazzyx)a(yazz) € SqaaS4aSy.

Then a € (SqaSaaSs]. So S, satisfies (C4). The rest of the assertions can be
proved similarly. O

Theorem 2. The following statements hold for an ordered semigroup (S, -, <):

(1) S has an intra-quasi-reqular element if and only if S has an intra-regular
element.

(2) S has a left quasi-regular element if and only if S has a left regular element.
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(3) S has a right quasi-regular element if and only if S has a right reqular ele-
ment.

Proof. (1) Assume that S has an intra-quasi-regular element a; then a < zayaz
for some x,y,z € S. We have

yaz < y(rayaz)z = (yz)a(yazz) < (yz)(zayaz)(yazz)
= (yawa)(yaz)(yaz)z € S(yaz)?S.

Then yaz € (S(yaz)%S], and S has an intra-regular element yaz.
Conversely, assume that S has an intra-regular element a. That is, a < za?y
for some z,y € S. We have

a < za’y < za(za’y)y = zaza(ayy) € SaSaS.

Then a € (SaSaS], and S has an intra-quasi-regular element a.
(2) Assume that S has a left quasi-regular element a; then a < zaya for some
z,y € S. Thus,

ya < y(zaya) = (yr)a(ya) < (yz)(zaya)(ya)
= (yxza)(ya)(ya) € S(ya)*.

So ya € (S(ya)?], and S has a left regular element ya.
Conversely, assume that S has a left regular element a. Then a < xa? for some
x € 5. Since

2

a < za® < zaza® = za(za)a € SaSa

then a € (SaSa], and a is a left quasi-regular element. That (3) holds can be
proved analogously. O

Theorem 3. For an element a of an ordered semigroup (S,-, <), the following
statements hold:

(1) a is intra-quasi-reqular if and only if the principal two-sided ideal J(a) of S
has an intra-regular generator.

(2) a is left quasi-regular if and only if the principal left ideal L(a) of S has a
left regular generator.

(3) a is right quasi-regular if and only if the principal right ideal R(a) of S has
a right reqular generator.

Proof. (1) Assume that a € S is intra-quasi-regular; then a < zayaz for some
x,y,z € S. Since a € J(a), J(yaz) C J(a). By a < zayaz, J(a) C J(yaz). Then
J(a) = J(yaz). As the proof of Theorem 2 we have yaz is intra-regular, and then
J(a) has an intra-regular generator.

Conversely, assume that the principal ideal J(a) has an intra-regular generator
b. Then J(a) = J(b) and b < pb?q for some p,q € S. We have

a € J(b) = J(pb®q) = (pb*q U S(pb*q) U (pb’q)S U S(pb*q)S] C (Sb*S).
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Since b € J(a), then b? € J(a)J(a) C (SaSaS]. Hence, a is intra-quasi-regular.
That (2) and (3) hold can be proved similarly. O

Next, we deal with ordered semigroups satisfying ¢ < xzc?yc, and satisfying
both of ¢ < zc?yc and ¢ < cxc?y.

Theorem 4. Let (S,-,<) be an ordered semigroup. The following are equivalent:

(1) a € (SbSa) for all a,b e S;

(2) S is simple and left quasi-reqular;

(3) S is simple and left reproduce;

(4) every left ideal of S is simple;
)

(5) S is simple and every left ideal of S is intra-regular.

Proof. (1) <= (2): Assume that a € (SbSa] for all a,b € S. Since a € (SaSa] for
any a € S, S is left quasi-regular. To show that S is simple, let a € S. Clearly,
(SaS] € S. By assumption, a € (SaSa] C (SaS], and so S C (SaS]. Then
S = (Sa¥].

Conversely, assume that S is simple and left quasi-regular. Let a,b € S. Since
S is simple, S = (SaS] and S = (SbS]. Since S is left quasi-regular, a € (SaSal,
and so S = (SaSa]. Thus

a €S =(SbS] C (Sb(SaSa]] C ((S](b](SaSa]] = (SbSaSa] C (SbSal,

as required.

(1) <= (3): If a € (SbSa] for all a,b € S, then a € (SaSa] for all @ € S; hence
a € (Sa] for all @ € S. We have S is left reproduce. As in the proof of (1) < (2),
S is simple.

Conversely, assume that S is simple and left reproduce. Let a,b € S. Since
S is simple, S = (SaS] and S = (SbS]. Since S is left reproduce, a € (Sa], so
S = (Sal]. Thus

a € S=(SbS] C (Sb(Sa]] C ((S](b](Sa]] = (SbSal,

as required.
(1) <= (4): Assume that a € (SbSa] for all a,b € S. Let L be a left ideal of
S, and let a € L. Clearly, (LaL] C (LLL] C (L] = L. If b € L, then b € (SaaSb]
by assumption. Since
(SaaSb] C (SLaSL] C (Lal]

it follows that b € (LaL], and (LaL] = L. Hence, L is simple.
Conversely, assume that every left ideal of S is simple. Let a,b € S. Since
(a U Sa] is a left ideal of S, it follows by assumption that

(aU Sa] = ((aU Sa](ba)(aU Sa]] C ((aU Sa](ba)(a U Sal]
= ((aU Sa)(ba)(a U Sa)] = (abaa U abaSa U Sabaa U SabaaSal
C (SbSa).
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Hence, (1) holds.

(1) <= (5): Assume that a € (SbSa] for all a,b € S. As in the proof of
(1) <= (2) we have S is simple. Let L be a left ideal of S, and let a« € L. By
assumption,

a € (SaaaSa] C (SLaaSL] C (La*L)].
Then L is intra-regular.

Conversely, assume that S is simple and every left ideal of S is intra-regular.
Let a,b € S. Since S is simple, (SaS] = (SbS]. Since (a U Sal is a left ideal of S,
we have (a U Sqa] is intra-regular, and so a € ((a U Sa]aa(a U Sa]]. Consider:

a € ((aU Salaa(a U Sa]] C ((aU Sa](aa)(a U Sa]] = ((a U Sa)(aa)(a U Sa)]
= (aaaa U aaaSa U Saaaa U SaaaSa] C (SaSa] C ((SaS]a] = ((SbS]a)
C ((SbS](a]] = (SbSal).

Hence, (1) holds. O

An ordered semigroup (5, -, <) is called completely quasi-reqular (resp. com-
pletely reproduce) if S is left and right quasi-regular (resp. left and right repro-
duce). Using Theorem 4 and its dual, we have:

Corollary 1. Let (S,-,<) be an ordered semigroup. The following are equivalent:

(1) a € (SbSa) N (bSaS] for all a,b e S;

(2) S is simple and completely quasi-reqular;

(3) S is simple and completely reproduce;

(4) every one-sided ideal of S is simple;

(5) S is simple and every one-sided ideal of S is intra-regular.

Theorem 5. Let (S,-,<) be an ordered semigroup. The following are equivalent:

(1) S satisfies the reqularity condition ¢ < xc*yc;
(2) S is intra-regular and left quasi-reqular;

(3) every left ideal of S is intra-regular;

(4) every left ideal of S is intra-quasi-regular.

Proof. (1) <= (2): That (1) = (2) is clear. To prove (2) = (1), assume that
S is intra-regular and left quasi-regular. Let a € S. Since S is intra-regular,
a < xa’y for some z,y € S. Since S is left quasi-regular, a < uava for some
u,v € S. Then

a < uava < uxazyva.

Hence S satisfies the regularity condition ¢ < zc?ye.

(1) = (3): Assume that S satisfies the regularity condition ¢ < zc?yc. Let
L be a left ideal of S. If a € L, then by assumption we have a < za?ya for some
z,y € S, and a? < ua*va® for some u,v € S. Thus,

a < za*ya < x(ua*va?)ya = (vua?)a®(va*ya) € La®L
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it follows that a € (La®L], and L is intra-regular.

(3) = (4): This is easy to see.

(4) = (1): Assume that every left ideal of S is intra-quasi-regular. Let a € S.
Since (a U Sa] is a left ideal of S, (a U Sq] is intra-quasi-regular. Then

a € ((aUSala(a U Sala(a U Sa]] C ((a U Sa)(a](a U Sal(al(a U Sal]
= ((aU Sa)a(a U Sa)a(a U Sa)] C (Sa?Sal.
Hence S satisfies the condition ¢ < zc?yc. O
Using Theorem 5 and its dual, we have the following.
Corollary 2. Let (S,-, <) be an ordered semigroup. The following are equivalent:

(1

S satisfies the reqularity conditions ¢ < xc*yc and ¢ < cxc’y;

)
(2) S is intra-regular and completely quasi-regular;
(3) every one-sided ideal of S is intra-regular;
(4) every one-sided ideal of S is intra-quasi-regular.

We next consider ordered semigroups satisfying the regularity ¢ < czc?yc.
Theorem 6. Let (S,-,<) be an ordered semigroup. The following are equivalent:

(1) a € (aSbSa] for all a,b € S;
(2) S is simple and regular;
(3) every bi-ideal of S is simple.

Proof. (1) = (2): Assume that a € (aSbSa] for all a,b € S. Then, for any
a € S, we have a € (aSaSa] C (aSa). Hence, S is regular. Since (aSaS] C (SasS],
S C (SaS], and so S is simple.

(2) = (1): Assume that S is simple and regular. Let a,b € S. Since S is
simple, S = (SbS]. Since S is regular, a € (aSa]. Then

a € (a(SbS]a] C ((a](S6S)(a]] = (aSbSd]

as required.

(1) = (3): Assume that a € (aSbSa] for all a,b € S. Let B be a bi-ideal of
S. Then (BSB] C B. If b € B, then b € (bSbSb] C (BSBSB] C (BSB]. Thus
B C (BSB], and B is simple.

(3) = (1): Assume that every bi-ideal of S is simple. Let a,b € S. Since
(aUa?UaSa] is a bi-ideal of S, it follows by assumption that

a € (aUa?UaSal = ((aUa® UaSalaba(a U a? U aSal)
C ((aUa® UaSa(aba)(a U a® U aSal
= ((aUa? UaSa)aba(a U a® U aSa)] C (aSbSa).

Thus (1) holds. O
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Theorem 7. Let (S,-, <) be an ordered semigroup. The following are equivalent:

(1) S satisfies the reqularity condition ¢ < cxc*yc;
2) S is intra-regular and regular;

every right ideal of S is left quasi-reqular;
5
6

)
)
3) every left ideal of S is right quasi-reqular;
)
) every bi-ideal of S is intra-regular;

)

(
(
(4
(
(6) every bi-ideal of S is intra-quasi-regular.

Proof. (1) <= (2): That (1) = (2) is clear. To show that (2) = (1), assume
that S is intra-regular and regular. Let a € S. Since S is regular, a < aza for
some z € S. Since S is intra-regular, a < ya?z for some ¥y, z € S. We have

a < (az)a < (ar)a(za) < (azx)ya®z(za).

Then (1) holds.

(1) = (3): Assume that S satisfies the regularity condition ¢ < czc?yc. Let L
be a left ideal of S, and let a € L. By assumption, a < aza?ya for some z,y € S.
By za,ya € L, it follows that

a < arva*ya = a(wa)a(ya) € aLal.

Thus a € (aLaL]. Hence, L is right quasi-regular.
(3) = (1): Assume that every left ideal of S is right quasi-regular. Let a € S.
Since (a U Sa] is a left ideal of S, (a U Sa] is right quasi-regular. Then

a € (a(aU Sala(a U Sa]] C ((a](a U Sal(al(a U Sa]] = (a(a U Sa)a(a U Sa)].

This implies that a € (aSa?Sa), and S satisfies the regularity condition ¢ < cxc®yc.

(1) => (4): Assume that S satisfies the regularity condition ¢ < cxc®yc. Let
R be a right ideal of S, and let a € R. By assumption, a < axa?ya for some z,y
in §. By az,ay € R, it follows that

a < aza’ya = (ax)a(ay)a € RaRa.

Thus a € (RaRa], whence R is left quasi-regular.
(4) = (1): Assume that every right ideal of S is left quasi-regular. Let a € S.
Since (a U aS] is a right ideal of S, (a U aS] is left quasi-regular. Then

a € ((aUaSla(aUaSla] C ((aUaS](a](aUaS](a]] = ((aUaS)a(a U aS)al.

This implies that a € (aSa?Sa), and S satisfies the regularity condition ¢ < cxc®yc.

(1) = (5): Assume that S satisfies the regularity condition ¢ < czc?ye. Let
B be a bi-ideal of S, and let ¢ € B. Then a < aza®ya for some z,y € S and
a? < a?ua*va? for some u,v € S. We have

a < ara*ya < ax(a*ua*va?)ya = (ara*ua)a®(ava’ya) € (BSB)a*(BSB) C Ba*B
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Then a € (Ba?B], and B is intra-regular.

(5) = (6): This is easy to see.

(6) = (1): Assume that every bi-ideal of S is intra-quasi-regular. Let a € S.
Since (aUa?UaSa is a bi-ideal of S, (aUa?UaSa] is intra-quasi-regular. Consider:

a € ((aUda?UaSdla(aUa®UaSala(aUa®UaSal]
C ((aUa®UaSa)(a](aUa®UaSa)(a](aU a® U aSa]]
= ((aUd®UaSa)alaUa®UaSa)a(aUa® U aSa))
C (aSa*Sa
Thus, S satisfies the regularity condition ¢ < cxc?yc. O

Finally, ordered semigroups satisfying left regularity and complete regularity
conditions will be characterized.

Theorem 8. Let (S,-,<) be an ordered semigroup. The following are equivalent:

(1) S is left reqular;
(2) every left ideal of S is left quasi-regular;
(3) every left ideal of S is left reproduce.

Proof. (1) = (2): Assume that S is left regular. Let L be a left ideal of S, and
let a € L. By assumption, a < za? for some x € S. We have

a < zaa < z(zaa)a < z(z(zaa)a)a = (zzza)a(aa) € LaLa.

That is: a € (LaLa]. Hence L is left quasi-regular.

(2) = (3): This is easy to see.

(3) = (1): Assume that every left ideal of S is left reproduce. Let a € S. By
assumption, (a U Sa] is left reproduce. Then

a € ((aU Sala] € ((aU Sa)(a]] = ((a U Sa)a] = (a® U Sa?).
This implies a € (Sa?], and S is left regular. O

An ordered semigroup (5, -, <) is called completely regular if S satisfies both
of the regularity conditions ¢ < c?z and ¢ < xc?, equivalently, if S satisfies the
regularity condition ¢ < c2zc?. The proof of the following assertion will be omitted.

Theorem 9. Let (S, -, <) be an ordered semigroup. The following are equivalent:

(1
2

S is completely reqular;
S is left reqular, right regular, left quasi-regular, and right quasi-reqular;

every left and right ideal of S is completely quasi-reqular;

)
)
3) every left ideal of S is left reqular, and every right ideal is right regular;
)
5)

(
(
(4
(

every bi-ideal of S is left and right quasi-reqular.
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Families of semi-automata in finite quasigroups

and iterated hash functions

Volodymyr G. Skobelev and Volodymyr V. Skobelev

Abstract. Families of semi-automata defined by a recurrence relation in a finite quasigroup are
investigated. Initially, these families are defined in an abstract finite quasigroup, and their struc-
ture is studied. It is shown that from a probabilistic point of view these semi-automata are the
best mathematical models for computationally secure families of iterated hash functions. Then
families of semi-automata in T-quasigroups determined by a finite Abelian group are defined, and
their structure is studied. Representation of these semi-automata by the parallel composition of
the ones defined in T-quasigroups determined by cyclic groups of prime power order is consid-
ered. This decomposition results in speed up the functioning and reducing space complexity of a
semi-automaton. In addition, families of semi-automata in the Abelian group of an elliptic curve

over a finite field are investigated.

1. Introduction

Over the past two decades, intensive research of quasigroups has been largely
caused by their successful applications in various fields, including cryptography.
The significance of the latter is as follows.

Currently, the main approach to solving cryptography problems relies on al-
gebraic models. Most of them are built in finite associative algebraic systems.
However, for algebraic systems without the requirements "to be associative", "to
be commutative", and "to be with unit", high complexity of solving identifica-
tion problems is typical. Such algebraic systems include quasigroups [2, 18], i.e.
magma with both left and right division. It seems promising to apply quasigroups
to solving cryptography problems due to the following two circumstances, at least.
Firstly, they have been applied successfully in the design of basic cryptography
primitives including block and stream ciphers, public key crypto-schemes, signa-
ture schemes, codes, and hash functions [7, 10, 13, 14]. Secondly, a hardware
implementation of encryption based on a finite quasigroup has been designed [15].
Some applications of quasigroups to solving cryptography problems have also been
considered in [3, 4, 17].

Among the above pointed cryptography primitives, hash functions should be
noted, since they are widely used for information protection. We remind, that any

2010 Mathematics Subject Classification: 20N05, 20K01, 68Q70, 94A60
Keywords: finite quasigroups, finite T-quasigroups, semi-automata, hash functions, compu—
tational security, elliptic curves
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hash function is a mapping that transforms any binary string (a message) into a
binary string of some fixed length (this string is the hash value or, simply, the
hash). Informally, a cryptographic hash function (see [16], for example) satisfies
the following four conditions:

1. The hash of any message can be computed sufficiently easy.

2. It is infeasible to reconstruct the original message via its hash.

3. It is infeasible to find two different messages with the same hash.

4. Small changes in a message lead to uncorrelated changes in its hash.

Numerous attempts for the design and implementation of cryptographic hash
functions have led to the notion of an iterated hash function [16]. It can be
characterized as follows. The original message is divided into the blocks of the
equal length. If necessary, the last block is extended to the required length by
its concatenation with some fixed string. Some fixed block is added as the initial
fragment. Firstly, this block is hashed in accordance with a certain rule. Then the
iterative process starts: the next hash is computed from the current hash and the
current block of the message. The final hash is the hash of the original message.

It is evident that a mathematical model for iterated hash function is a semi-
automaton, i.e. an automaton without output mapping. Hence, investigation of
families of semi-automata defined by recurrence relations in a finite quasigroup due
to their possible applications as mathematical models of iterated hash function is
actual from both theoretic and applied point of view. Some attempts to solve
this problem have been done in [19-21]. The main aim of the given paper is to
generalize and to unify these results. By time and space complexity we mean
asymptotic the worst-case complexity under logarithmic weight [1].

The rest of the paper is organized as follows. Section 2 contains mathematical
notions and structures sufficient to present the results. In Section 3 basic families of
semi-automata defined by a recurrence relation in a finite abstract quasigroup are
investigated. In Section 4 these families of semi-automata are detailed for finite
T-quasigroups. Section 5 is devoted to semi-automata defined by a recurrence
relation in the Abelian group of an elliptic curve over a finite field. Section 6 is
some discussion of obtained results. Section 7 contains concluding remarks.

2. Mathematical backgrounds

2.1. Abstract quaigroups and iterated hash functions

A semi-automaton (SA) is a triple M = (Q, X,0), where Q (|Q| > 2) is a finite
set of states, X is a finite input alphabet, and § : @ x X — () is the transition
mapping. This mapping can be extended onto the set @Q x X+ by the equality
(g, wz) = 6(3(q, w), z) (w € X+, € X).

An initial SA is a pair (M, q) (¢ € Q), where ¢ is the initial state. Any initial
SA (M, q) implements the mapping Hsq) : X — Q defined by the equality
Hyr,q)(w) = 6(g,w) (w € XT). This mapping can be interpreted as an iterated
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hash function. Hence, any SA M = (@, X, ) implements the family of iterated
hash functions $r = {Har,q) }geq-
Let Q¢ be the set of all quasigroups with the finite carrier @ (|Q| > 2).
Based on the Cayley table, we get for any quasigroup Q = (Q,0) € Q¢ that
the upper bounds of time and space complexity for computation the element a o b
(a,b € Q) are equal, correspondingly, to:

T, = O(|Q[log|Ql) (|Q] = o0), (1)
Vo = 0(1QP1og Q) (IQ| — o). (2)

Besides, for any mapping x : @ — @ the upper bounds of time and space com-
plexity for computation the value x(a) (a € Q) are equal, correspondingly, to:

T = 0(|Q[og Q) (|Q] = o0), (3)

Vi = 0(IQl1og Q) (|Q] = o0). (4)

Any quasigroup Q = (Q,0) € Qg can be presented by the labeled directed
graph I'g with the set of vertices @) such that for any ¢1,¢q2,q € @ there is an arc
started in the vertex 1, terminated in the vertex ¢o, and labeled by the element
q if and only if ¢; 0 ¢ = ¢2. It is evident that I'g is completed labeled directed
graph with a single loop in each vertex. Besides, for any vertex ¢ € @, all |Q)]
arcs started in ¢ terminate in pair-wise different vertices, and exactly |Q| arcs are
terminated in ¢ and labels of these arcs are pair-wise different. We can interpret
g as the SA T'g = (Q, Q, o), where @ is both the set of the states and the input
alphabet, and o is the transition mapping. This SA implements the family of
iterated hash functions $r, = {H(pqu)}qu. Since elements of the family $Hr,
are pair-wise different hash functions, this family can be identified with the set

S’.’)FQ = {H(Fg,q)|q € Q}

Remark 1. It is known, that the set of string transformations [8, 9, 11, 12] of
any quasigroup Q = (Q,0) € Qg contains the set of bijections e, : QT — QT
(¢ € Q), where e,0(q1q2---Gm) = @15 - d, (Q1G2---qm € QT; m =1,2,...) if
and only if ¢ =qoqy and ¢} =¢,_; o¢q; (i =2,...m). Relationship between the
sets of mappings {eq.0lq € Q} and Hr, = {H(r,,¢lq € Q} is that the equality
€q,0(q192 - - - qm) = ¢1¢5 - - - @, implies the equality Hir, (9192 - - - Gm) = qp,-

Proposition 1. Let Q = (Q,0) € Qg be any quasigroup. Then:
1. For any elements q,q' € Q holds the equality

{z € Q"Hrg (@) =} =1QI™ " (m=12,...). (5)
2. For any elements q,q',q" € Q (¢ # ¢') holds the equality
{z € QT Hirg,q)(x) = ¢"} N {z € QT |Hrg,¢)(2x) = ¢"} = 0. (6)

Proof. By induction on the length of an input string. O
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Since Hi 1(4') = {z € Q" |Hirg g)(x) = ¢'} (¢,¢' € Q), we can present (5)

(To.q
and (6) as follows:
Hirg (@) N Q™ =1QI" ™" (¢,d' €@ m=1,2,...), (7)
Hpo @ NHDL 1) =0 (¢.4',4" €Q; a# ). (8)

Let P1£1Q)7q7m(q') (¢g,¢ € Q; m = 1,2,...) be the probability that uniformly
randomly chosen input string x € Q™ is a solution of equation Hr,, 4)(z) = ¢', and
P%HW (g € Q; m=1,2,...) be the probability that for two uniformly randomly
chosen input strings z,2’ € Q™ (x # 2') the equality Hr, q)(z) = Hrg,q)(2')
holds. Applying (7) and (8), it is not difficult to prove the following theorem.

Theorem 1. Let Q = (Q,0) € Qg be any quasigroup. Then:
P @) =107 (0.4 €Qm=1,2,...), ()

P o = 1QTT A= (QI - D(QI™ 1)) (ge@; m=1,2,...).  (10)

It follows directly from (9) and (10) that Jim PL) (@) =0(q,¢ €Q)and
lim Pg; am = |Q|~!. This is a significant argument to use finite quasigroups in
m—00 D

mathematical models of cryptographic iterated hash functions.

2.2. T-quaigroups

A quasigroup Q = (Q,0) € Qg is a T-quasigroup [6] if there exist an Abelian
group G = (Q,+), some ordered pair (£,¢) € Aut(G) x Aut(G), and an element
¢ € @ such that holds the equality

aob=2¢&@a)+(b)+c (a,beQ). (11)

It follows from this definition that any finite Abelian group G = (Q,+) (|Q] = 2)
determines the family of T-quasigroups §g = {(Q,+,&,(, )} ceaut(g);ccq, Where
(Q,+,&,¢,¢) is the T-quasigroup Q@ = (Q,0) € Qg such that the operation o is
defined by the equality (11). Since elements of the family g are pair-wise different
T-quasigroups (see Theorem 1 in [20]), this family can be identified with the set
S = {(Q,+,&,¢, 0§, ¢ € Aut(G);c € Q}.

Let eg : Q@ — @ be the identity mapping. It is not difficult to prove that for
any finite Abelian group G = (Q,+) (|Q| = 2):

1. There exists the left unit e; in a T-quasigroup (Q, +,&, ¢, ¢) € Fg if and only
if ( =eq. In this case, ¢, = —£71(c).

2. There exists the right unit e, in a T-quasigroup (Q,+,£,(,¢) € Fg if and
only if £ = e¢. In this case, e, = —((c).

3. (@Q,+,§,¢,¢c) € Fg is aloop if and only if £ = ( =¢eq. In this case, e = —c.
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4. (Q,+,&,(,c) € Fg is a commutative T-quasigroup if and only if £ = ¢ (see
Theorem 2 in [20]).

5. (@, +,§,¢,¢) € §g is an associative T-quasigroup if and only if § = ( = ¢q
(see Theorem 3 in [20]).

Remark 2. Therefore, for T-quasigroups the statements "a loop", "to be asso-
ciative", and "to be associative-commutative" are the same.

Due to Fundamental Theorem, any Abelian group can be presented uniquely
as a direct product of cyclic groups of prime-power order. More precisely, let
G =(Q,+) (JQ| = 2) be any Abelian group, such that |Q| = pi*...pim (m > 1),
where ; > 1 (i = 1,...,m) and p; (i = 1,...,m) are pair-wise different prime
integers. Then

m ki
G=Q Q2 ns:+is): (12)

=1 j=1
where 22 is the isomorphism relation, d;; (1 = 1,...,m;j = 1,...,k;) are fixed
positive integers such that 1 < dj; < - < diy, (1 = 1,...,m), r; = Z d;j

. d;j . R
(i=1,...,m), ijij ={0,1,...,p;" =1} (i =1,...,m;5 = 1,...,k;), and +;

(i=1,...,m;j=1,... k) is the module p?” addition. Due to (12), any element
z € @ can be identified with a vector z = (211, .., 21k, -+ Zml,- - -, Zmk,, ), Where
zij € Z a; (1 =1,...,m;j = 1,...,k;). Hence, computation the sum z + y

(z,y € Q) can be reduced to independent additions of corresponding components
of vectors z and y. From here it follows that for any Abelian group G = (Q,+)
(JQ| = 2) that satisfies to (12), time and space complexity for computation the
element z +y (z,y € Q) are equal, correspondingly, to:

m  k;
Ty =00y dijlogp) (|Q — o), (13)

i=1 j=1

kl

Ve =00 dijlogp) (IQ — o0). (14)

i=1 j=1
Remark 3. If additions of the corresponding components of vectors x and y can

be implemented in parallel then time complexity for computation the element x+vy
can be reduced to

T, = O( max max dijlogp;) (|Q] — 00). (15)

i=1,..m j=

If an Abelian group G = (Q, +) (|Q| > 2) satisfies to (12) then

m k;
Aut(G) = ®Am(®(zp% s +is))- (16)
i=1 j=1 ’
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Besides, for any ¢ = 1,...,m (see Theorem 4.1 in [5]) holds the equality

ki ki

i ] — L‘l, i— 1,

AR GO V DRL
j=1 j=1

where «;; = max{h|d;, = dij} and f;; = min{h|d;, = d;;} foralli=1,...,m and
j=1,...k. Due to (16) and (17), for any Abelian group G = (Q,+) (|Q| > 2)
that satisfies to (12) holds the equality

kq
|AUt(®(Zp{iu s +ij))

Jj=1

\lt:jw

k;

m kg ki
|Aut<g>|=HH N | [ Rl [ [ i A ¢ )
i=1j=1 j=1

J=1

>

ki 23
Since Aut((Zpdij,—l—ij)) is a subgroup of the group Aut() (Z d”,—&—u))
j=1 i j=1

K

m  k; i
then @ & Aut((Z d,J,JrU)) is a subgroup of the group ® Aut( (Z E +i5)).

i=1j=1 i=1 j=1
Besides, |Aut((Zpdij s +ii)) =p; ”(1 i G=1,...,m; j=1,...,k;). Hence
5

\®®Aut Zdtja+lj |—|Q|H L=p (19)

=1 j=1

By comparing (18) and (19), we conclude that ® ® Aut( (Z E +i;)) is a non-
1=175=1
trivial subset of the set Aut(G).

ks
For any x = (X11,-«+s X1k« -+ Xmls« -y Xmk,,) € ® ut((Zpgm—i—ij)) and
: J

R
®w
uQ@g

Il

-
<.
Il

2= (2115« s Zkys v o3 Zmly -y Zmk,,) € (Z d,7,+”) we get

% 1

X(2) = (x11(211)5 -+ -5 X1k (Z1k1 )5 - - s Xm1 (Zm1)s -+ s Xomker, (2 )

i.e. computation the vector x(z) can be reduced to independent computations of its
components. From here it follows that for any Abelian group G = (Q,+) (|Q] > 2)
that satisﬁes to (12), time and space complexity for computation the element x(z)

(z € ® ®(Z d”,—hj) X € ® ® Aut((Z d”,—l—”))) are equal, correspondingly,
i=1j= 1=1j=

to

m  k;
— 0> dislogps) (1Q] = o0), (20)

i=1 j=1

=00 dijlogp;) (IQ| = o0). (21)

i=1 j=1
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Remark 4. If computations of components can be implemented in parallel then
time complexity for computation the element x(z) can be reduced to

T, = O( max max dijlogp;) (|Q] = 00). (22)

i=1,...m j=

Comparing (13), (14) with (1), (2), and (20), (21) with (3), (4), we conclude
that for any Abelian group G = (@, +) (|Q| > 2) that satisfies to (12) it is reason-
able to consider the set of T-quasigroups

m  k;
86 ={(Q.1.6.¢,0)l6.¢ € QR A(Z a1, +ij))sc € Q).

i=1 j=1

Due to (18) and (19), Fg is a non-trivial subset of the set Fg for any Abelian
group G = (Q,+) (|Q| = 2) that satisfies to (12).

2.3. Elliptic curves over finite fields

At present, Abelian groups associated with elliptic curves over finite fields are
widely used for solving information protection problems. This is due to the high
complexity of identification the elements of these groups. So, it is it is reasonable
to consider the sets of T-quasigroups defined by Abelian groups associated with
elliptic curves over finite fields.

We remind, that an elliptic curve «y over any field F = (F,+, ) can be defined
as the set of all solutions of an equation

Y2 + a1y + azy = 2° + axx® + az + ag (a1,a2,a3,a4,a6 € F),

such that A = d3 —8d3 —27d%+9dadsdg # 0, where dy = a3 +4as, dy = 2a4+aqas,
d¢ = a2 + 4dag, and dg = alag + 4asas — ajazas + aza3 — a3. With this elliptic
curve can be associated the Abelian group G, = (yU{0}, +¢_ ), where 0+ 0 =0,
O+g P=P+g 0=P (Pevy),and P = (2,y) €v= —¢, P = (z,~y—ai1x—a3).
For any two points P; = (x;,¥;) € v (i = 1,2), such that P, # —g_P», the point
P3 = Py +g, P, can be computed as follows
Tr3 = —I1 — 29+ a? +aa; — ay
ys = —y1 +a(r; — x3) + a1x3 — az
where
_ ) (8a% 4 2a0m1 + s — 1) (291 + vz +az) T if a1 =2
(y1 — o) (w1 —x2) ™Y, if @1 # @
For any non-negative integer m and any element P € v U {0} we set
0, if m=0
mP = P—|—gw~--+ng, if m=1,2,...
| ———

m times
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Let ~ be an elliptic curve over any finite field F = (F, +, ).

We define the mappings xm : v U {0} — yU {0} (m = 0,1,...,]7y|) by the
equality xm(P) =mP (P € vU{0}).

It is evident that x,, € Aut(G,) (m = 1,...,|y|) if and only if the integer m
is not a multiple of the order of any element P € . Hence, we can define the set
of T-quasigroups §g, = {(y U {0}, +g,,&, ¢, P)|§, ¢ € Aut(G,), P € yU{0}}, and
apply to it all results obtained in Subsection 2.2.

3. Families of SA in finite abstract quasigroups

For any abstract finite quasigroup Q = (Q,0) € Qg the following families of SA
QI(QZ) (i=1,...,22) can be defined, at least:

A5 = (M) = (Q.Q,8))18)(¢,2) = (aog) o (box) (¢,7 € Q)}apeq

1Y = (M) = (Q,Q,82))16%)(q,2) = (box) o (a0q) (4,7 € Q)}apeq
A = (M) = (Q,Q.8%)16%) (¢.2) = (goa) o (hox) (4.7 € Q)}apeo
A = (M%) = (Q.Q. 86" (q.2) = (hox) o (qoa) (4,2 € Q)}apeq
A = (M) = (Q.Q.8°)160)(q.2) = (a0 g) o (x0b) (4,2 € Q)}apeq
A9 = (M) = (Q.Q,8))8%) (¢,2) = (zob) o (a0q) (9,7 € Q)}apeq
A9 = (M) = (Q,Q.8N)167)(¢.2) = (goa) o (z0b) (4,2 € Q)}apeq
A = (M) = (Q,Q. 85D} (g, 2) = (zob) o (goa) (4,2 € Q)}apeq,
A = (MO = (Q, Q66 (¢,2) = (a0 q) o (0,7 € Q)}aca,
A5Y = (MU0 = (Q,Q, (19619 (q,2) =z 0 (a0 q) (¢, € Q)}uca
A5 = (MWD = (Q,Q, 8061V (g, 2) = (goa) oz (¢, € Q)}ucq
m”’” (MO = (Q,Q,69)[5(2 (q,2) =z 0 (goa) (¢,2 € Q)}aco,
A5Y = (MU = (Q,Q, ()60 (q.2) = go (aox) (¢, € Q)}uca
AP = (M = (Q,Q,60 160 (g,2) = (a0 x) o g (¢.2 € Q)}acq,
A5Y = (MU = (Q,Q, 509615 (q,2) = go (x0a) (¢, € Q)}uca
A7 = (M9 = (Q,Q,5(19)[65) (¢, ) = (z0a) o q (¢, € Q)}ucq
m“” (MO = (Q,Q,607)[8{ (q,2) =ao (go ) (¢,2 € Q)}aco,
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Q((le) = {M® = (Q,Q,58™)|5® (g, 2) = (gox) oa (g2 € Q)}acq:

Ql(ng) = (M =(Q,Q,5(!9)619(¢,2) =ao (z0q) (¢;7 € Q)}acq,

A0 — (M) = (Q,Q,62)[53) (g, 2) = (rog)oa (¢, € Q)}acos
AGY = {MPY = (Q, Q625 (¢ 2) = gox (g0 € Q)},
A5 = {ME) = (Q,Q. 60 (g 2) =woq (g7 € Q).

It is evident that any family Ql(gi) (i =1,...,8) consists of |Q|? elements, any
family Q[(Qi) (i=9,...,20) consists of |Q| elements, and any family Q[(Qi) (i=21,22)
consists of a single element.

Let Set(mg)) (1 =1,...,22) be the set of all SA that are elements of the family
ng). Then |Set(i’lg))| =1 (i = 21,22). Besides, since Q € Qg is a cancellative
magma, it is not difficult to prove that |Set(2l(é))| > Q| (¢ = 1,...,8), and
1Set@AD)| = Q| (i =9,...,20), L.e. elements of the family A3 (i =9, ...,20) are
pair-wise different SA.

It follows from definition of the families QIS) (1 =1,...,22) that the following
proposition is true.

Proposition 2. Let Q € Qg be any abstract finite quasigroup. Then any SA
M € Ql(gi) (i = 1,...,8) is functioning by 1.5 times more slowly than any SA
M € ng) (i =9,...,20), and three times more slowly than the SA M" € Ql(gi)
(i = 21,22). Besides, any SA M’ € Ql(Qi) (1=09,...,20) is functioning twice more
slowly than the SA M" € 91(5) (1 =121,22).

Applying (1) and (2) it is not difficult to prove the following theorem.

Theorem 2. Let Q € Q¢ be any abstract finite quasigroup. Then for any SA

M € Ql(gi) (i=1,...,22) time and space complezity for computing the value of the
transition mapping are equal, correspondingly, to

Tn = 0(|Q[og Q) (|Q] = o0), (23)

Var = 0(1Q*1og Q) (1Q — o). (24)

Any abstract finite quasigroup Q € Q¢ is a cancellative magma. Hence, the
diagram of any SA M € QI(QZ) (i =1,...,22) is completed labeled directed graph
with a single loop in each vertex, such that for any vertex ¢ € @, all |Q| arcs started
in ¢ terminate in pair-wise different vertices, and exactly |Q| arcs are terminated in
q and labels of these arcs are pair-wise different. From here we get that Theorem 1
is true for any SA M € Q((é) (i=1,...,22), and it can be reformulated as follows.
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Theorem 3. Let Q € Qg be any be any abstract finite quasigroup. Then for any
SA M € QI(QZ) (i=1,...,22) hold equalities:

Pilgm(@) =1Q7" (0.4 €Qim=1.2,...), (25)

2 _ m _
Pilom = 1@ 0= QI -D(Q" - D™ (@€Qm=12..).  (26)
Due to Theorems 2 and 3, we can consider ng) (i=1,...,22) as basic families

of SA defined by a recurrence relation in an abstract finite quasigroup Q € Qq.

Let us characterize the structure of the families Ql(é) (i=1,...,22) with addi-
tional restrictions on the operation in an abstract finite quasigroup Q € Q.

Based on the definition of the left unit, the right unit and the unit in a quasi-
group, it is not difficult to prove the following three propositions.

Proposition 3. Let Q € Q¢ be any abstract finite quasigroup with the left unit.
Then the following inclusions hold:

Set(AY)) C Set(AG)) (1=9,13,21),  Set(AY)) C Set(AG)) (i = 10,14,22),
Set@9Y) C Set(2),  ser(@L?) € Set@G)),  Set(5Y) C Set(AY),
Set(@5%) C Set(AS)),  Set@AGY) C Set(AY)) (i =9,13,17),
Set(A5Y) C Set(AY)) (i = 10,14,19).

Proposition 4. Let Q € Qg be any abstract finite quasigroup with the right unit.
Then the following inclusions hold:

Set(@AY) C Set(@AG)) (i =11,15,21),  Set(AY)) C Set(AY) (i = 12,16,22),
Set(@5Y) € Set (@), Set@AGY) C Set(AY),  Set(AY) C Ser(AY)),
Set@5”) € Set(2S)),  Set(@AGY) C Ser(AD) (i = 11,15,18),
Set(A5V) C Set(AY)) (i = 12,16,20).

Proposition 5. Let Q € Qg be any abstract finite loop. Then the following
inclusions hold:

Set(AY)) C Set(AG)) (1=9,13,21),  Set(AY)) C Set(AS)) (i = 10,14,22),
Set(@AY) C Set(@A)) (i =11,13,21),  Set(AY)) C Set(AY)) (i = 12,14,22),
Set(AY)) C Set(AS)) (1 =9,15,21),  Set(AY)) C Set(AS)) (i = 12,14,22),
Set(@Y)) C Set(AT)) (1 =11,15,21),  Set(AY) C Set(AY) (i = 12,16,22),
Set(A5Y) C Set(AY)) (i =9,11,13,15,17,18),
Set(A5Y) C Set(AY)) (i = 10,12, 14,16, 19, 20).
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Proceeding from definitions of associative and/or commutative magma, it is
not difficult to prove the following three propositions.

Proposition 6. Let Q € Qg be any finite associative quasigroup. Then the
following equalities hold:

Set@)) = Set (@57, Set(@5”) = set(@25Y),  Ser(@5Y) = ser(25?),

Set@5?) = Set(@5”),  Ser(@hY) = Set(@5”),  Ser(@hY) = Ser(2LY).

Proposition 7. Let Q € Qg be any finite commutative quasigroup. Then the
following equalities hold:

Set@W)) = Set(@A)) (1,7 =1,...,8), Set(@Y)) = Set@AF) (4,5 =9,...,12),

Set(AY)) = Set(A)) (1,5 = 13,...,16), Set(AY) = Set(AY)) (i,j =17, ..., 20),
Set(AY)) = Set(A)) (i, = 21,22).
Proposition 8. Let Q € Qg be any finite associative-commutative quasigroup.
Then the following equalities hold:
)y _ a7y (i —
Set(Ag') = Set(Ag") (i=1,...,16,18,19,20).

It should be noted, that if Q@ € Q¢ is a finite associative commutative quasi-
group, then for all elements a,b € @ any SA M € Set(AU )) (t=1,...,8)

appears as an element of the family Set(Ql(Q)) (1= 97 ...,20) exactly |Q| times.

4. Families of SA in finite T-quasigroups

Let G = (@, +) (JQ| > 2) be given Abelian group.
For any T-quasigroup Q — (Q,0) = (Q, +,,, ) € §g, applying (1), we can
redefine the families of SA Ql(é) (i=1,...,22) as follows:

1 1 1
QlEC;,+,§,<,c) = {Mé,b),c,g,g =(Q.Q 75((1 Z €, c)| a, b €, g(qv z) =

= &C(g) + P () + €(a) + CE(b) +£(c) +¢(e) + ¢ (0.2 € Q)}aveq

2 2 2
Q[E +.6.¢0) T { ab('fg_(Q’Qv(s((zg('gg)ks((z}))('g((q?x)

Q
= (*(q) +&C(@) + ¢&(a) + € (b) + &(c) +¢(c) + ¢ (¢,7 € Q)}aseq
3

3 3
Q[EQ),JrSCC) { abcfg_(Q 7651205(” z(zl)w,c,g,((q7$):
)+

¢*(x) +&C(a) + CE(b) +&(c) +¢(0) + ¢ (0,2 € Q)Yapeq

—

£(q
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A e = MY o =(@Q0% N e cla.0) =
= C&(q) + &C(x) + ¢P(a) + £2(b) + &(c) + ¢(e) + ¢ (¢, 2 € Q)}apeq;
A ey = ME) e =(@Q.Q.8%) 6T cla,2) =
= £C(q) + C&(x) + &%(a) + CP(b) + &(c) + ¢(c) + ¢ (¢, 2 € Q)}Yabeq;
A e = M) e =(@Q.Q.85) . IO e c(a,7) =
Cg) + €(x) + CE(a) + EC(b) +&(c) +C(0) + ¢ (4.7 € Q)}aneq
A e = M) e =(@Q.Q.87 . 6T e c(a,2) =
= £%(q) + C&(x) + £C(a) + C2(b) + £(c) +¢(e) + ¢ (¢, 2 € Q)}aeq;
A ey = M) e = (Q.Q6%) L ) e cla.0) =
= C&(q) + &3 (x) + P(a) + £Cb) + &(c) + ¢(e) + ¢ (¢, 2 € Q)}apeq;
QLEQQ),Jr,&,C,c) = {Mé?c),ﬁ,c =(@Q, 5§?2,5,<)|5£?2,5,4(q’ ) =
= £¢(q) +¢(x) + &%(a) +£(0) + ¢ (g, € Q)}acq
A o = (M0 = (Q.Q.00% IOV, (g,7) =
= %(g) +£(x) + C€(a) +¢(e) + ¢ (0.7 € Q)Yacq
Uk eco = Micte = (Q Q5% o (o) =

8

(Q.+€, a,c,€.¢ 1 %,c,6,¢/1%,c,6,¢

= &%(q) + ¢(x) + &C(a) +£(e) + ¢ (g, € Q)}acq
UGk o = Mot e = (Q Q3% IO ((a.) =

= C&(q) +&(x) + ¢P(a) +C(0) + ¢ (g7 € Q)}aco
U eco = Macke = (@ Q6.5 IO c(a.) =

= &(g) + C(2) + ¢(a) + ¢(c) + ¢ (g7 € Q)}Yacqs
%Eiﬂ,s,c,c) = Mélféc = (QvQ’583,2,4)|5z(:§)£7<<q7x) =

= ((q) +&¢(x) + %(a) + £(c) + ¢ (¢, € Q)}acq,
U eco = Mo = (@ Q8.7 N0 c(a.) =

= &(g) + C&(x) + (a) + ¢(e) + ¢ (42 € Q)}acqs
UGk o = ik e = (Q QI I ((a.) =

= ((q) + & (x) + &C(a) +€(c) + ¢ (¢,7 € Q)}acq,
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W eco = LT = Q@000 OBLT ((0.2) =
= C&(q) + () + &(a) + () + ¢ (g7 € Q)}Yaco
W e = M0 = (Q.Q 00 )60 ((a,2) =
= &%(q) + &¢(x) + ¢(a) + £(0) + ¢ (4,7 € Q) }acqs
W o = MU = Q@01 IO (0, ) =
= (@) + ¢&(x) + &(a) + () +¢ (g7 € Q)}Yaco
UG ecor = Myt = (Q QI 00k (a.2) =

= £C(q) + €(2) + C(a) + £(0) + ¢ (4.7 € Q)Yaco,
A e =ML =(Q.Q. 08005 (a,2) = £lg) + C(2) + ¢ (.2 € Q)
UG, e coy = AMEeh = (Q.Q,87201070 (g,0) = C(a) + £(2) + ¢ (g7 € Q).

It is evident that for any family of SA Q[Eg,Jr,&,C,c) (i =1,...,22) all results
obtained in Section 3 are true. Moreover, due to Remark 2, for T-quasigroups,
Proposition 8 is the strongest one among Propositions 5, 6, and 8. Therefore, for
a T-quasigroup (Q, +,&,(, ¢) € §g with additional restrictions on the operation in
it (see subsection 2.2), Propositions 3, 4, 7, and 8 can be reformulated as follows:

In Proposition 3, the phrase "Let Q € Qg be any abstract finite quasigroup
with the left unit" can be replaced by "Let G = (Q,+) (|Q] = 2) be any finite
Abelian group, and (Q, +,§,£0, ¢) € Fg be any T-quasigroup with the left unit".
Besides, in all inclusions the symbol Q can be replaced by (Q,+,&, 0, ¢).

In Proposition 4, the phrase "Let Q € Q¢ be any abstract finite quasigroup
with the right unit" can be replaced by "Let G = (Q,+) (|@Q| = 2) be any finite
Abelian group, and (Q,+,&,¢q, ¢) € §g be any T-quasigroup with the right unit".
Besides, in all inclusions the symbol Q can be replaced by (Q, +,&, ¢, ¢).

In Proposition 7, the phrase "Let Q € Q¢ be any abstract finite commutative
quasigroup" can be replaced by "Let G = (Q,+) (|Q| = 2) be any finite Abelian
group, and (Q,+,&,eg,c) € §g be any commutative T-quasigroup". Besides, in
all inclusions the symbol Q can be replaced by (Q,+,&,e0,¢).

In Proposition 8, the phrase "Let Q € Qg be any abstract finite loop" can
be replaced by "Let G = (Q,+) (|Q| > 2) be any finite Abelian group, and
(@, +,&,eq,¢) € Fg be any loop". Besides, in all inclusions the symbol Q can be
replaced by (Q,+,&,e0,¢).

Fundamental theorem for finite Abelian groups (see Subsection 2.2) makes it

possible to represent SA M € ngg 6.600) (i = 1,...,22) by the parallel com-

position of SA over T-quasigroups determined by cyclic groups of prime-power
order.



332 V. G. Skobelev and V. V. Skobelev

Remark 5. The parallel composition of SA M; = (Q;, X;,0;) (i =1,...,n) is the
n n n
SA ® Ml = (® Qi, ® Xi7(5), where
i=1 =1

i=1

@1y s qn)s (T1, .-y xn)) = (01(q1,21), -+ -, 0n(Gn, Tn))

for all (g1,...,¢qn) € Q Q; and (z1,...,2,) € Q X,.
i=1

i=1
Indeed, let G = (Q,+) (JQ| = 2) be an Abelian group that satisfies to (12),
and (Q? +a€7 Ca C) € Sg- Setting

a = (a117"'7a1k‘17"'?a7n17"'7a’mkm)7 b - (b117~'~7b1k:1a-~'ab7n15-~-ab7nkm)a
é-: (6117"'7€1k17"'7£m17"'1£mkm)7 C: (4117"'1C1k17"'7Cm17"'7<mkm)7
c:(cllv" clklv" yCmly - cmkm)7

we get the following representations of SA M € QI(Q FE00) (i=1,...,22) by the
parallel composition of SA over cyclic groups of prime-power order:

LIEMY) e €UD L oo (i=1,...,8) then
m kj
¢= ®® o i EmCon- (27)
2. 1t M), . EQL(Q+£CC) (i=09,...,20) then
m  kj
M2 e = QQMY e (28)
j=1 h=1
3.1 MU eul) | (i=21,22) then
m  kj
= QM e (29)
j=1 h=1

Applying (13), (14), (20) and (21) to the representations (27)-(29), the follow-
ing theorem can be proved.

Theorem 4. Let G = (Q,+) (|Q| > 2) be an Abelian group that satisfies to (12),
and (Q,+,¢,¢,¢) € Sg. Then for any SA M € Ql(Q+£<c) (i=1,...,22) time

and space complexity for computation the value of the transition mapping are equal,
correspondingly, to

Ta =00 ) dijlogpi)  (1Q] — o), (30)

i=1 j=1
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m  k;
Var =00y ) dijlogpi)  (1Q] = o). (31)
i=1 j=1
Remark 6. If computations of transition mappings for components in the parallel
composition of SA M € ngg’+7€7c7c) (i=1,...,22) can be implemented in parallel,
then, due to (15) and (22), for SA M time complexity for computation the value
of the transition mapping can be reduced to

T = O(, max max di logp;) (|Q = o0). (32)

i=1,...m j=1,...k;
By comparing (30), (31) with (23), (24), we conclude that for any T-quasigroup
(Q,+,&,(,c) € Fg it is reasonable to use SA M € %Eg+€<c) (1=1,...,22) as

mathematical models for the families of fast iterated hash functions.

5. Families of SA in elliptic curves over finite fields

Let v be any elliptic curve over a finite field, and (yU{0}, +g.,, Xm, s Xm», P) € g,
be any T-quasigroup. To transform the families () (i =1,...,22) into

(Q,+,€,¢,0)
the families mé:)u{o} g ot X o) it is sufficient to substitute:
sF Gy Xmy X

1) v U {0} instead of Q;

2) Py, Py, P € v, correspondingly, instead of a, b, c € Q;

3) Xmys Xms € Aut(Gy), correspondingly, instead of &, € Aut(G);
4) +¢, instead of +.

It is evident that for the families of SA Q[E?U{P}H‘gwxm Xy o) (1=1,...,22)all
results obtained in Section 4 are true. Hence, A" (i=1,...,22)

(YU{0}, 46 Xmy Xmy:C)
can be considered as basic families of SA defined by a recurrence relation in a T-
quasigroup (PY U {0}7 +G.,5 Xmas Xmas P) € SGW-
The following another approach to definition families of SA in an elliptic curve
~ over a finite field has been proposed in [22].
Let 7y = {xm|m = 1,...,|v|}. For any fixed integer I € {1,...,|y|} we can
define the family of SA

2,1 ={My,, p=(yU{0},Zi11,0x,, P)xmeF, Peys

where
Oy, P(0,2) = Xm(q) +g, Xa(P) (¢ € yU{0}, 2 € Zy1). (33)
Let Ordr(P) be the order of the element P in the Abelian group G,.

Theorem 5. Let v be any elliptic curve over a finite field, | € {1,...,|v|} be any
fized integer, and M, p = (YU{0},Zi11,6y,,,p) € Ay be any SA. Then for any
state g € v U {0} and any two different input symbols x1,x € Z;41 the inequality
Oy, P(q, 1) # Oy, P(q, x2) holds if and only if Ordr(P) > 1.
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Proof. Suppose that there exists an SA M, p = (yU{0},Z;41,0y,,.p) € Ay,
such that Ordr(P) > I, and for some state ¢ € vU {0} and some two different
input symbols x1,x2 € Z; 41 holds the equality 6,,, p(q, 1) = dy,..p(q, 2).

Due to (33), we get

(Fq € yU{0})(Fz1, 22 € Zyg1) (21 # 22&0y,, P(q, 21) = dy,, P(q,72)) &

& (Jg e yU{0})(Fz1, 22 € Ziga) (21 # 22&Xm(q) +g, Xay (P) =
= xm(q) +g, Xa (P)) & (321,22 € Ziy1) (21 # 22& X2, (P) = Xo (P)) &
& (3x1, 29 € Zip1) (21 # 22&x P = 22P) &
& (x1, 22 € Zip1) (21 # x2&(max{zy, x2} — min{zy, z2})P =0) &
& (Fxe{l,...,1})(@P =0) < Ordr(P) <.

We get a contradiction, since, by supposition, Ordr(P) > 1.

Therefore, M,,, p = (v U {0}, Zi11,0y,,,p) € Ay, is an SA such that for any
state ¢ € yU{0} and any two different input symbols x1, 25 € Z;11 the inequality
Oy, (¢, 1) # dy,,,p(q, x2) holds if and only if Ordr(P) > L. O

From proof of Theorem 5 we get that the following corollary is true.

Corollary 1. Let v be any elliptic curve over a finite field, I € {1,...,|y|} be
any fized integer, and M, p = (yU{0},Zi41,0y,,,p) € Ay, be any SA such that
Ordr(P) < 1. Then for any state ¢ € v U {0} and for all two different input
symbols x1,x9 € Zj+1 such that the integer max{xy,xo} — min{xy, z2} is some
multiple of the integer Ordr(P) holds the equality dy,, p(q,x1) = dy,..P(q, x2).

Theorem 6. Let v be any elliptic curve over a finite field, | € {1,...,|v|} be any
fized integer, and M, p = (YU{0},Zi11,6y,,.p) € Ay, be any SA. Then for any
two different states q1,q2 € vU {0} and any input symbol x € Z;1 the inequality
O, P(q1,2) # Oy, P(q2, ) holds if and only if xm € Aut(G,).

Proof. Suppose that there exists an SA M, p = (yU{0},Z;41,0y,,.p) € Ay,
such that x,, € Aut(G,), and for some two different states ¢1,¢2 € vU {0} and
some input symbol & € Z; 1 holds the equality é,,, p(q1,x) = by, ,P(q2, Z).

Due to (33), we get

(Fq1,92 € YU {0}) (3w € Ziy1)(q1 # q2&0y,, . p(q1, ) = by, P(q2, 7)) &

& (Jq1,92 € YU{0})(I7 € Zia) (@1 # @2&xm(q1) +g, X2(P) =
= Xm(@2) +g, X=(P)) & (31,2 € YU{0}) (1 # @2&xm(q1) = Xm(q2)) &
& (3q1,q2 € YU{0}) (@1 # e&mqy = mqzP) &
& (3q1, 2 € YU{0}) (1 # @2&m(q1 —g, 2) = 0) &
 (3g € 7)(mg = 0) < (3¢ € 7)(Xm(q) = 0) < xm & Aut(G,).
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We get a contradiction, since, by supposition, x.,, € Aut(G).

Therefore, M,,, p = (v U {0}, Zi11,9y,,,p) € Ay, is an SA such that for any
two different states g1, g2 € U {0} and any input symbol x € Z;;; the inequality
Oy, P(q1,2) # Oy, P(q2, ) holds if and only if x,, € Aut(G,). O

From proof of Theorem 6 we get that the following corollary is true.

Corollary 2. Let v be any elliptic curve over a finite field, I € {1,...,|y|} be
any fized integer, and My, p = (yU{0},Zi41,0y,,,p) € Ay, be any SA such that
Xm € Fy\Aut(Gy). Then for all two different states q1,q2 € v U {0} such that
the integer m is some multiple of the integer Order(q1 —g, q2) any for any input
symbol x € Zy1 holds the equality 6y, p(q1,z) = 0y, pP(g2, 7).

Due to Theorems 5 and 6, and Corollaries 1 and 2, it seems promising to
use SA M, p € Ay; (Xm € Fy,P € 4,0rdr(P) > 1) and SA M,,, p € 2y,
(Xm € Aut(G,), P € 7) as mathematical models for the design and implementation
of computationally secured families of iterated hash functions.

6. Discussion

The main aim of the given paper was to explore the feasibility to use SA de-
fined by a reccurence relation in a finite quasigroup as mathematical models for
computationally secure families of iterated hash functions.

Basic families of SA defined by a recurrence relation in an abstract finite quasi-
group Q € Q¢ have been introduced and examined in Section 3. The main results
of these studies are presented in Theorem 1. Their significance is that from a
probabilistic point of view SA M € Ql(é) (¢ =1,...,22) are the best in the class of
SA mathematical models for computationally secure sets 1 = {Hn,q)lq € Q}
of iterated hash functions.

It is known that solving equations in a quasigroup Q € Qg is a hard Problem
when |Q)] is sufficiently large integer. Let the initial state ¢ € Q of a SA M € Q((é)
(i =1,...,22) and the length [ of the hashed input string w € Q' be some part
of the short-term secret key. Suppose that an intruder have intercepted the hash
¢’, and his aim is to find the hashed input string w € Q'. Therefore, he is faced
with the family of equations H(s q)(w) = ¢’ in a situation, when the integer I is
unknown to him. In the absence of additional information this Problem cannot
be solved at all. Even if the integer [ is known to an intruder, then, due to
Theorem 1, any searching based either on deterministic or probabilistic approach
does not guarantee identification of the hashed input string w in the admissible
time. Due to Theorem 1, the similar situation arises if an intruder tries to change
the hashed message. The values of the parameters of SA M € Q((é) (i=1,...,20)
can be considered as some part of the medium-term secret key. In this case, when
an intruder tries to find the hashed input string, he must additionally identify the
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SA M e ng). Besides, some algorithm that determines the selection of the family

Ql(gi) (i=1,...,22) can be designed as the long-term secret key.
Any abstract quasigroup Q € Qg is specified by the Cayley table, as a rule.

Hence, any SA M € QI(QZ) (i =1,...,22) has a sufficiently high time and space com-
plexity (see Theorem 2). It seems promising to define similar families of SA for
some set of quasigroups that can be specified compactly and operations in which
are fast. The set of all T-quasigroups defined by a given finite Abelian group

G = (Q,+) meets these conditions. In Sections 4 the families of SA (Y

(Q:+,6:¢c)
(i=1,...,22) defined in these T-quasigroups have been investigated. The repre-
sentation of SA M € QlEg 6.000) (i=1,...,22) by the parallel composition of SA

over T-quasigroups determined by cyclic groups of prime-power order reduces its
time and space complexity (see Theorem 4 and Remark 6). Investigation of the
families mgg,+,§,c,c) (i=1,...,22) for specific Abelian groups G = (Q,+) (|Q| = 2)
can help to find the most suitable families of SA for mathematical models of fast
computationally secure families of iterated hash functions.

It is known, that elliptic curves over finite fields can be successfully used
for solving information protection problems. In Section 5 it has been shown

how the families ngg,-i-,f,@c)

ilies Q[E?U (O} 46 s X s)? where 7 is an elliptic curve over a finite field, and
) ~ s XmysXmgs

Gy = (yU {0}, +g,) is the Abelian group associated with it. Besides, the families
of SA 2,1 = {M,, p = (vU {0}, Zit1, 0y, ) b er, pey (LE {L,..., 7]}) have
been analyzed. Obtained results justify that it is reasonable to use families of
SA in elliptic curves over finite fields as mathematical models for computationally
secure families of iterated hash functions.

(i = 1,...,22) can be transformed into the fam-

7. Conclusion

In the given paper, some fragment of the Algebraic Theory of SA in finite quasi-
groups has been developed. The main aim of these studies was to elaborate some
theoretic backgrounds for possible using these SA as mathematical models for
the design and implementation of computationally secure families of iterated hash
functions. To achieve this aim, basic families of SA in abstract finite quasigrops, in
finite T-quasigroups, and in elliptic curves over finite fields have been defined and
investigated. Obtained results form some base for developing similar fragment of
the Algebraic Theory of Automata in finite quasigroups with the aim to use them
as mathematical models for families of stream ciphers. This is the main area of
our future research.
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