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On the properties of zero-divisor graphs of posets
Mojgan Afkhami, Kazem Khashyarmanesh and Faeze Shahsavar

Abstract. We determine the cut vertices in the zero-divisor graphs of posets and study the
posets with end-regular zero-divisor graph. Also, we investigate the zero-divisor graph of the
product of two posets. In particular, we determine all posets with planar and outerplanar zero-
divisor graphs.

1. Introduction

The investigation of graphs related to various algebraic structures is a very large
and growing area of research. In particular, Cayley graphs have attracted serious
attention in the literature, since they have many useful applications, see [13],
[16], [17], [20], [21], [24] for examples of recent results and further references.
Several other classes of graphs associated with algebraic structures have been also
actively investigated. For example, power graphs and divisibility graphs have been
considered in [14], [15], zero-divisor graphs have been studied in [3], [4], [5], [8],
[9], and cozero-divisor graphs and annihilating-ideal graphs have been considered
in [1] and [2], respectively.

Recently, the zero-divisor graph of a poset was defined and studied in [11],
[12], [19] and [23]. In this paper, we deal with the zero-divisor graphs of posets
based on terminology of [19]. In [19], Lu and Wu defined the zero-divisor graph
for an arbitrary partially ordered set (P, <) (poset, briefly) with a least element
0, as an undirected graph whose vertices consists of all nonzero zero-divisors of P,
and two distinct vertices 2 and y are adjacent if and only if {z,y}* = {0}, where
for a subset S of P, {S}’ denotes the set of lower bounds of S. In this paper,
we denote this graph by I'(P). In Section 2, we study the cut vertices in I'(P).
Also, we investigate some basic properties of I'( Py X P,), where P, and P, are two
finite posets. In Section 3, we study the planarity of T'(P; x P,). In Section 4,
we investigate the outerplanarity in the zero-divisor graphs of posets. In the last
section, we study the posets with end-regular zero-divisor graphs.

Now we recall some definitions and notations on graphs and partially ordered
sets. We use the standard terminology of graphs in [6] and partially ordered sets
in [7]. Let G be a graph with vertex-set V(G) and edge-set E(G). In a graph
G, the distance between two distinct vertices a and b, denoted by d(a,b), is the
length of the shortest path connecting a and b, if such a path exists; otherwise,
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we set d(a,b) := co. The diameter of a graph G is diam(G) = sup{d(a,bd) : a and
b are distinct vertices of G}. A graph G is said to be connected if there exists a
path between any two distinct vertices, and it is complete if it is connected with
diameter one. We use K, to denote the complete graph with n vertices. Also, we
say that G is totally disconnected if no two vertices of G are adjacent. The valency
of a vertex a is the number of the edges of the graph G incident with a. A clique
of a graph is a maximal complete subgraph of it and the number of vertices in a
largest clique of G is called clique number of G and is denoted by w(G). In the
graph theory, a unicycle graph is a graph that has exactly one cycle. The graph
with no vertices and no edges is the null graph.

In a partially ordered set (P, <) with a least element 0, an element a is called
an atom if a # 0, and, for an element x in P, the relation 0 < x < a implies either
x =0 or x = a. Also, for a,b € P, we say that a < b, whenever a < b and a # b.
Assume that S is a subset of P. Then an element z in P is a lower bound of S if
x < sforall s € S. An upper bound is defined in a dual manner. The set of all
lower bounds of S is denoted by S¢ and the set of all upper bounds of S by S*,
that is,

St:={zecP|x<s, forall s € S}

and
S*:={reP|s<u, foral s e S}

We say that a non-empty subset I of P is an ideal of P if, for arbitrary elements
x and y in P, the relations z € I and y < « imply that y € I. Also the ideal I is
prime if x,y € P with {2,y}* € I, then 2 € I or y € I. A mazimal ideal of P is
a proper ideal of P which is maximal among all ideals of P.

2. Cut vertices in the zero-divisor graph of a poset

Throughout the paper, P is a finite poset and A(P) = {a1,as, ...,an} is the set of
all atoms of P. Also, we denote the set of zero-divisors of the poset P by Z(P),
that is,

Z(P)={z € P|{x,y}* =0, for some y € P}.

Clearly, if |A(P)| = 1, then T'(P) is a null graph. Therefore, we suppose that
A(P)] > 2.

A vertex a of a graph G is called a cut vertez if the removal of a and any edges
incident on a creates a graph with more connected components than G.

Theorem 2.1. If a is a cut vertex in I'(P), then {0,a} is an ideal of P.

Proof. One can easily see that {0, a} is an ideal of P if and only if @ is an atom of
P. Hence it is sufficient to show that a = a;, for some i = 1,2,...,n. Assume that
a is not an atom. Since a is a cut vertex, I'(P)\{a} has at least two components
X and Y. We claim that A(P) C X or A(P) CY. Otherwise there are atoms
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a; and a;, where 1 < 4 # j < n, such that a; € X and a; € Y. Now we have
that a; is adjacent to a;, which is impossible. Without loss of generality, we may
assume that A(P) C X. Then, forally € Y, we have y € {a;}*, fori=1,2,...,n.
Thus y € N?_,{a;}*. This implies that y ¢ Z(P), which is impossible. Therefore
a € A(P), and so {0,a} is an ideal of P. O

The following example shows that the converse of Theorem 2.1 is not true in
general.

Example 2.2. Suppose that P is a poset in Figure 1. Then, it is easy to see that
ay is an atom, but it is not a cut vertex in I'(P).

b ¢

a1 az W

0 az

Figure 1. P and I'(P)

Notation. Let i1,is,...,%, be integers with 1 < i; < iy < -+ < i < n. The
notation U, stands for the following set:

{zreP;  zeni_{ai}"\Ujri is....ir {a;}"}

Note that no two distinct elements in U;,;,.. 4, are adjacent in I'(P). Also if the in-
dex sets {i1, 2, ...,ir} and {j1, jo, ..., jr'} Of Usy4y..5, and Uj,j,.. 5, , respectively,
are distinct, then one can easily check that Uji,. 4, N Ujjo..5,, = (. Moreover
P\{0} = Ul_} 1<iy<in<-..<ip<nUiris-ix- Also, if there is no ambiguity, we denote
ur i by Ui, i,...i,- Also by 1---4---n we means that 1--+4 — 14+ 1---n.

ZliQ.HZ

In the next theorem, we provide some conditions under which the converse of
Theorem 2.1 holds.

Theorem 2.3. Let |P| > 4. Then there exists i with 1 < i < n such that a; is a
cut vertez in I'(P), if |U;| =1 and U, £ (), for some 1 < i< n.

Proof. 1t is enough to show that there exist vertices b and ¢ in P such that a; is
in every path from b to ¢ in I'(P). Since U, ; ., # 0, there is an element b in
Ui..;..,- Now, for some j # i, consider ¢ € U;. Thus qa; is in every path from b to

¢ in I'(P), and so it is a cut vertex in I'(P). O

Proposition 2.4. Let a be a cut vertex in I'(P) and X be connected component
of T(P)\{a}. Also suppose that X is complete with at least two vertices. Then
V(X)U {0} is an ideal of P.

Proof. Since a is a cut vertex in I'(P), by Theorem 2.1, a is an atom of P. Suppose
that a = a;. Now, we have the following cases:
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Case 1. A(P)\{a} C X. If X contains an element b such that b is not an
atom, then since X is complete, we have that b € U;. Now, let Y # X be another
connected components of T'(P)\{a} and let ¢ € Y. Clearly, ¢ € Uss. .. Thus b
and c are adjacent which is impossible. So we have that X = A(P)\{a}, and thus
V(X)U {0} is an ideal of P.

Case 2. A(P)\{a} € X. It is easy to see that in this situation X does not
contain any atom. Now, let x and y be distinct elements in X. Then we have
2,y € Uss.. pn, and so x is not adjacent to y, which is impossible. Therefore this
case does not happen. O

The next example shows that the converse of Proposition 2.4 is not true in
general.

Example 2.5. Suppose that P is a poset of Figure 2. Clearly a; is the cut
vertex in I'(P). Let V(X) = {ag,as,c}. Then, by Figure 2, it is easy to see that
V(X)U {0} is an ideal of P, but X is not a complete subgraph of I'(P).

d

b C EIA
a as as

0

Figure 2. P and I'(P)

Definition 2.6. Suppose that x is a vertex in I'(P). Set

ch = {y epP | {xay}e = {O}}

We say that Z, is properly maximal if Z, C Z;, for some b € P\{0,z}, then we
have Z, = Z,.

Theorem 2.7. If a is a cut vertex in T'(P), then Z, is properly mazimal.

Proof. Assume on the contrary that Z, & Z, for some vertices b in T'(P) with
b # a. Then clearly all vertices adjacent to a are also adjacent to b. This is a
contradiction with the fact that a is a cut vertex. O

Let (P1,<1) and (Ps,<2) be two posets with the least elements. Then the
cartesian product P; x P, is also a poset with the following relation. For two
distinct elements (z,y), (¢/,y") € Py x P> we say that (z,y) < (¢/,') if and only
ifx <; 2’ and y <2 y'. Clearly (P; x P, <) has the minimum element (0,0).
Suppose that P; and P, are two finite posets such that A(Py) = {a1,a2,...,a,}
and A(Py) = {b1,ba,...,by}. In the following we study some properties of the
zero-divisor graph I'(P; x P2).

Lemma 2.8. In the poset Py X Pa, we have A(P; x Py) = (A(Py) x {0})U ({0} x
A(PQ)), and so |A(P1 X PQ)‘ = |A(P1)‘ + |A(P2)|
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Proof. Suppose that (a,b) belongs to the set A(P; x Py). If a,b # 0, then we have
(0,0) < (a,0) < (a,b) which is impossible. Then we have a = 0 or b = 0. Without
loss of generally, we may assume that b = 0. If a ¢ A(P;), then there exists an
atom a; € A(Py), for some 1 < i < n, such that a; < a. Hence we have that
(0,0) < (a;,0) < (a,0) which is impossible. Thus a € A(P;), and so the result
holds. 0

We can extend the concept of P; X P, for a product of finite number of posets.

Corollary 2.9. Let P = P; x Py X --- X P, where (P;,<;)’s are partially ordered
sets for i =1,2,...,n. Then A(P) consists of elements (a1, as,...,a,) such that
there exists 1 < j < n with a; € A(P;), and, for all i with 1 <i# j <n, a; =0.

Proposition 2.10. Let P = P; x P, X --- X P, be a poset such that P # P, X Ps,
with |Py| = |P2] = 2. If a = (0,0,...,u;,0,...,0) € Z(P) is a cut vertex with
nonzero component u; such that u; ¢ Z(P;), then |P;| =2 .

Proof. Assume on the contrary that P; has at least three elements and so there
exists v; in P;\{0,u;}. It is easy to see that Z, C Z(g,... v,,0,...,0)- Since a is a cut
vertex, by Theorem 2.7, we have that Z, = Z(gy,... v;,0,..,0), which implies that
a=(0,0,...,v;,0,...,0). Hence u; = v;, which is a contradiction. O

3. Planarity of I'(P, x P»)

Recall that a graph is said to be planar if it can be drown in the plane, so that
its edges intersect only at their ends. A subdivision of a graph is any graph
that can be obtained from the original graph by replacing edges by paths. A
remarkable characterization of the planar graphs was given by Kuratowski in 1930.
Kuratowski’s Theorem says that a graph is planar if and only if it contains no
subdivision of K5 or K3 3.

Theorem 3.1. If (P, x P,) is planar, then |[A(Py)| + |A(P2)| < 4.

Proof. Suppose on the contrary that |A(Py)| + |A(P:)| > 5. Since the induced
subgraph of I'(P; x P,) on the vertex-set A(P; x Py) is a complete graph, one can
find a subgraph of T'(P; x P,) isomorphic to K5, and so, by Kuratowski’s Theorem,
I'(P; x P,) is not planar. Hence we have |A(Py)| + |A(P2)] < 4. O

By Theorem 3.1, we must study the cases that |A(P;)|+|A(P,)]| is equal to 2, 3
and 4. In the following proposition, we state the necessary and sufficient condition
for planarity of I'(P; x Pz), when |A(P)| + |A(P)| = 2.

Proposition 3.2. Suppose that |A(P1)| + |A(P2)| = 2 such that |A(P1)| =1 =
|A(Py)|. Then T'(Py X Py) is planar if and only if |P1| < 3 or |Ps| < 3.

Proof. Since |A(Py)|+]A(P2)| = 2, we have that T'(P; x P3) is a complete bipartite
graph. Now one can easily see that I'(P; x P») is planar if and only if |P;| < 3 or
|P| < 3. O
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Now, suppose that P; and P are posets such that |A(Py)| + |A(P2)| = 3. Let
|A(P1)] =1 and |[A(P,)| = 2. If |P1|, | P2| > 4, then we can find a copy of K33 in
the graph I'(P; x P3). Thus, by Kuratowski’s Theorem, I'(P; x P») is not planar.
Therefore, if I'(P; x P,) is planar, then |P;| < 3 or |P| < 3. Now, we have the
following cases:

Case 1. Suppose that |P;| = 2 and |U/?| > 2, for all 1 < i < 2. In this
situation we can find a subdivision of K3 as in Figure 3, where y; € U2\ {b;}, for
all 1 <4< 2, and so I'(P; x P) is not planar.

(a1,0)

(0,y2) (0,b1)
(a1.y1) (a1,b2)
(0,b2) (0,y1)
Figure 3.

If |Uipz| =1 and |U]P2| > 3, for some 1 < i # j < 2, then one can find a copy
of K33 with vertex-set {(a1,0),(0,b1),(a1,01)} U {(0,b2), (0,92), (0,y5)}, where
Yi,yi € Uip2\{bi}, for all 1 <i <2, and so I'(P; x P,) is not planar.

Now, if |U/?| = 1 and |U/?| < 2, for all 1 < i # j < 2, then I(P; x P,) is
pictured in Figure 4, and so I'(P; x P») is planar.

(0-,’7l>

(a1.y2)
((11 ,(JQ)

Figure 4.

Case 2. Suppose that |P;| = 3 and |U;/?| > 3, for some 1 < i < 2. In
this situation one can find a copy of K33 with vertex-set {(a1,0), (0, b2), (z,b2)} U
{(0,b1), (0,31), (0,44}, where = € P\{0,a1} and y;, v} € U\ {b;} for some 1 <
i < 2, and so I'(P; x P5) is not planar.

Now, if \UiP"’| < 2, for all 1 <4 < 2, then one of the following situations happen:

(i) If \UiP"’| = 2, for all 1 <7 < 2, then we can find a subdivision of K5 as in
Figure 3, where y; € U2\ {b;} for all 1 <4 < 2, and so I'(P; x P) is not planar.
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(i) If |U2| = 2, [U2] = 1, for all 1 < i # j < 2 and UJ} # §, then we can
find a subdivision of K as in Figure 5, where y; € U;/?\{b;} for some 1 < i < 2
and c1o € Ulpf. So I'(P; x P,) is not planar.

(aJ 10)

(0,¢12)

(0,y2) (x,0)

(z,b1)

(Ul)g) (Ofl)l)

Figure 5.

If U] =2, |U*| =1,forall 1 <i+#j<2and Uj2 =0, then T(P; x Py) is
pictured in Figure 6, and so I'(P; x P») is planar.

(ay,0)

(,b1)

..
(0,b1) (0.b2)

(ay.b2)
(a1.y2)
(a.b2)
(2.y2)

Figure 6.

(iii) If |UiP2\ =1, for all 1 <7< 2, then I'(P; x P5) is pictured in Figure 7, and
so I'(Py x P») is planar.

(a1,0)

(4
Ty

(ai.bs) /
(a,b2)

Figure 7.

(0} x Ufz

(2,0)

(0,b1)

Case 3. Suppose that |P;| = 3. In this situation I'(P; x P») is pictured in
Figure 8, and hence T'(P; x P) is planar.
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UL x (b}

Figure 8.

Thus we have the following theorem.

Theorem 3.3. Suppose that |A(Py)| + |A(P2)| = 3 such that |A(P1)] = 1 and
|A(P2)| = 2. ThenT'(PyXxPs) is planar if and only if one of the following conditions
hold.

(i) 1P| =2, |[U?[ =1 and |U*| <2, for all 1 <i#j <2

(i) |Pi| =3 and |U™| =1, for all 1 <i < 2.
(#1) |Py| =3, |U?| =2 and |UJP2| =1, for some 1 <i#j<2and U2 =
(iv) |Bs] =3.

Finally, in order to complete the study of planarity of I'(P; x P»), we assume
that |[A(Py)| + |A(P)| = 4. Now, we have the following cases:

Case 1. Suppose that |[A(P1)] = 1 and |A(P:)] = 3. In this situation if
I'(Py x P») is planar, then |P;| < 3. Note that if I'(P; x P) is planar and
|P1| > 4, then one can find a copy of K3 3 with vertex-set {(a1,0), (z,0), (2’,0)} U
{(0,b1),(0,b2),(0,b3)}, where z,2’ € P1\{0,a1}. Thus T'(P; x P») is not planar.
Therefore |P;| < 3.

Now, we investigate the planarity of I'(P; X P,) whenever, |P;| < 3. To this
end, we consider the following situations:

(i) Suppose that |Py| = 2. If [U[?| > 2, for some 1 < i < 3, then we can find a
subdivision of K as in Figure 9, where y; € U2\ {b;} for some 1 < i < 3.

(07b]>
(a1,b2)

(0,y1) (a1,0)

(0,b3) (0,b2)
Figure 9.
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If |U52| > 1, for some 1 < i # j < 3, then one can find a copy of K33 with
vertex-set {(a1,0), (0,b3), (a1,b3)} U {(0,b1),(0,b2),(0,c12)}, where ¢;; € Uil;z for
some 1 <i#j <3. SoT'(P, x P,) is not planar.

Now, if [U2] =1, for all 1 <4 < 3 and U/? =0, for all 1 < i # j < 3, then
['(P; x P,) is pictured in Figure 10, and so I'(P; x P,) is planar.

(a1,b3)

Figure 10.

(ii) Assume that |P,| = 3. If |U?| > 2, for some 1 < i < 3, then we can find a
subdivision of K as in Figure 9, where y; € U2\ {b;} for some 1 <4 < 3.

If |U£-2| > 1, for some 1 < i # j < 3, then one can find a copy of K33 with
vertex-set {(a1, 0), (O, bg), (al, bg)} U {(0, bl), (O, bg), (O, 812)}, where Cij S sz;’z, for
some 1 <i#j < 3. SoT'(P; x P,) is not planar.

If U2 # 0, then we can find a subdivition of K5 as in Figure 11, where
c123 € Ujsy. So I'(Py X P») is not planar.

((11 .,O)

(0,b1)

(0,b2)

Figure 11.

Now, if |U2| =1, for all 1 <i < 3 and Uf?_j =, for all 1 < ¢ # j < 3, then
I'(Py x P») is pictured in Figure 12, and so I'(P; x P») is planar.

Figure 12.
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Case 2. Assume that |A(P1)] =2 = |A(P,)|. In this situation we can find a
subdivision of K3 3 as in Figure 13, and so I'(P; x P,) is not planar.

(a1,02) (a1,0) (ay,b1)

(az,br) M (ag,bo)

(UA()Q) (a2,0) (0.1)1)

Figure 13.

Hence we have the following theorem.

Theorem 3.4. Suppose that |A(Py)| + |A(P2)| = 4 such that |A(P1)| = 1 and
|A(Py)| = 3. Then (P X Py) is planar if and only if one of the following conditions
hold.

Q) [P =2 and|UiP2|:1foralll<i<3andUiI;Q:(Z)foralllgiyéng.

(i6) |Po| =3, |U| =1 for all1<i<3 and US>, =0 for all 1 <i+# j < 3.

4. Outerplanarity of I'(P) and I'(P; X P,)

A directed graph is outerplanar if it can be drawn in the plane without crossing
in such a way that all of the vertices belong to the unbounded face of the drawing.
There is a characterization for outerplanar graphs that says a graph is outerplanar
if and only if it does not contain a subdivision of K4 or K5 3.

In the following, we characterize all posets P such that I'(P) is outerplanar.

Lemma 4.1. IfT'(P) is outerplanar, then |A(P)| < 3.

Proof. Assume to the contrary that |A(P)| > 4. Since the induced subgraph of
['(P) on vertex-set A(P) is a complete subgraph, one can find a copy of K, in
I'(P), and so I'(P) is not outerplanar. Hence we have |A(P)| < 3. O

By Lemma 4.1, we must study the cases that |A(P)| is equal to 2 and 3.
In the following proposition, we state the necessary and sufficient condition for
outerplanarity of I'(P), when |A(P)| = 2.

Proposition 4.2. Suppose that |A(P)| = 2. Then T'(P) is outerplanar if and only
if [Uil =1, for some 1 <i <2, or U] <2, forall 1 <i<2.

Proof. Since |A(P)| = 2, we have that T'(P) is a complete bipartite graph. Now one
can easily see that I'(P) is outerplanar if and only if |U;| = 1, for some 1 <7 < 2,
or |U;| <2,forall 1 <i<2. O
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In the sequel of this section, we investigate the outerplanarity of I'(P), when
|A(P)| = 3. If |U3_; U] > 5, then we can find a copy of Ky 3 in the structure
of I'(P), and so I'(P) is not outerplanar. Therefore, if I'(P) is outerplanar, then
| U3, U;| < 4. Now, we have the following cases:

Case 1. Suppose that | U3_; U;| = 3. In this situation I'(P) is a unicyclic
graph which is in pictured in Figure 14, and so it is outerplanar.

Figure 14.

Case 2. Suppose that | U?_, U;| = 4. Suppose that |U;| = 2. If |Uj| > 1,
for some 1 < ¢ # j # k < 3, then we can find a copy of Kj3 with vertex-set
{a1,a}} U{as,as,co3}, where o) € U;\{a;} and c¢;, € Ujy, for some 1 < i # j #
k < 3, and so I'(P) is not outerplanar.

Now, if Ujp = 0, for all 1 < i # j # k < 3, then I'(P) is isomorphic to the
graph which is pictured in Figure 15, and so I'(P) is outerplanar.

Figure 15.

Theorem 4.3. Suppose that |A(P)| = 3. Then T'(P) is outerplanar if and only if
one of the following conditions holds:

(i) | Ui, Uil = 3.

(i) | U, Us] = 4 and if |U;| = 2, for some 1 < i < 3, then Uj, = 0, for all
1<i#j#k<3.

In the following, we characterize all posets P; and P, such that T'(P; x Ps)
is outerplanar. Clearly, if I'(P; x P») is outerplanar, then, by Lemmas 2.8 and
4.1, |A(Py)| + |A(P2)] < 3. In the next two Theorems, we investigate the cases
|A(PL)| + |A(Py)| = 2 and |A(Py)| + |A(Py)] = 3.

Theorem 4.4. Suppose that |A(Py)| + |A(P2)| = 2 such that |A(Py)] = 1 =
|A(P2)|. Then T'(Py x P») is outerplanar if and only if |P;| < 2 or, |P;| < 3 with
|P;| <2, for some 1 <i#j<2.

Proof. Since |A(Py)|+]A(P2)| = 2, we have that T'(P; x P3) is a complete bipartite
graph. Now one can easily see that I'(P; x P,) is an outerplanar graph if and only
if |P;] <2 or, |Pj| <3 and |P] <2, for some 1 <i#j<2. O
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Now, suppose that P; and P, are posets such that |[A(P;)| = 1 and |A(P)| = 2.
If |P;| > 3 and |P;| > 4, for all 1 <14 # j < 2, then we can find a copy of K3 in
the graph I'(P; x P3). Thus I'(P; x P») is not outerplanar. Therefore, if I'(P; x P)
is outerplanar, then |P;| = 2, or |P2| = 3 with |P;| < 3. Now, in the following two
cases, we study the outerplanarity of T'(P; x Py) whenever |P;| = 2, or |P1| < 3
with |Py| = 3.

Case 1. Suppose that |P;| = 2 and |U?| > 2, for some 1 < i < 2. In this
case we can find a subdivision of K as in Figure 16, where y; € U2\ {b;}, and so
['(P; x P,) is not outerplanar.

(a1,0)

(0,b2) (ay,b2)

(0,b1)

Figure 16.

Now, if |UZ-P2| =1, for all 1 < i < 2, then I'(P; x P») is pictured in Figure 17,
and so I'(P; x P,) is outerplanar.

(a1,0)

(ay,b9) /\ (a1,b1)

(0.b1) (0.bo)

Figure 17.

Case 2. Suppose that |Py| =3 and |P1| < 3. If |P1| = 3. Then I'(P; x P,) is
pictured in Figure 18, where z € P;\{0, a1}, and so it is outerplanar.

(a1.0)

(ab2) \/\/ (w.b1)
(ar,br)

(a1.b2) ay.by
m_h\/].lm

(x,0)

Figure 18.
If |Py| =2, then I'(P; x P,) is pictured in Figure 17, and so it is outerplanar.

Theorem 4.5. Suppose that |A(Py)| + |A(P2)| = 3 such that |A(Py)| = 1 and
|A(P2)| = 2. Then T'(Py x P») is outerplanar if and only if one of the following
conditions hold.

(i) |Py| =2 and |U*| =1, for all 1 <i < 2.
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Let G be a graph with n vertices and g edges. We recall that a chord is any
edge of G joining two nonadjacent vertices in a cycle of G. Let C be a cycle of G.
We say C'is a primitive cycle if it has no chords. Also, a graph G has the primitive
cycle property (PCP) if any two primitive cycles intersect in at most one edge.
The number frank(G) is called the free rank of G and it is the number of primitive
cycles of G. Also, the number rank(G)=q — n + r is called the cycle rank of G,
where r is the number of connected components of G. The cycle rank of G can be
expressed as the dimension of the cycle space of G. By [10, Proposition 2.2], we
have rank(G) < frank (G). A graph G is called a ring graph if it satisfies in one
of the following equivalent conditions (see [10]).

(1) rank(G)= frank(G),

(i) G satisfies the PC'P and G does not contain a subdivision of K4 as a sub-
graph.

Clearly, every outerplanar graph is a ring graph and every ring graph is a planar
graph.

Now, in view of the proofs of Proposition 4.2 and Theorem 4.3 we have the
following result.

Theorem 4.6. The zero-divisor graph T'(P) is a ring graph if and only if it is an
outerplanar graph.

5. End-regularity of zero-divisor graphs of posets

Let G and H be graphs. A homomorphism f from G to H is a map from V(G)
to V(H) such that for any a,b € V(G), a is adjacent to b implies that f(a) is
adjacent to f(b). Moreover, if f is bijective and its inverse mapping is also a
homomorphism, then we call f an isomorphism from G to H, and in this case
we say G is isomorphic to H, denoted by G = H. A homomorphism (resp, an
isomorphism) from G to itself is called an endomorphism (resp, automorphism) of
G. An endomorphism f is said to be half-strong if f(a) is adjacent to f(b) implies
that there exist ¢ € f~1(f(a)) and d € f~1(f(b)) such that c is adjacent to d.
By End(G), we denote the set of all the endomorphisms of G. It is well-known
that End(G) is a monoid with respect to the composition of mappings. Let S be a
semigroup. An element a in S is called regular if a = aba for some b € S and S is
called regular if every element in S is regular. Also, a graph G is called end-regular
it End(QG) is regular.
Now, we recall the following Lemma from [18].

Lemma 5.1. [18, Lemma 2.1] Let G be a graph. If there are pairwise distinct
vertices a,b,c in G satisfying N(c) G N(a) € N(b), then G is not end-regular.

Jj <k <t<mn, then I'(P) is not end-regular.
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ow, we have N(c a) C , and so, by Lemma 5.1, is not end-
N h N ;N N(b d by L 5.1, I'(P) i d

regular. If Ui...j; UzijUljkt 7& (Z), for some 1 < 7 < J < k<t<n, then

N(c) & N(b) € N(a). Hence T'(P) is not end-regular. O

Proposition 5.3. Suppose that |A(P)| = 2. Then T'(P) is end-regular.

Proof. Clearly I'(P) is a complete bipartite graph. Now, by [22, Theorem 3.4], we
have that T'(P) is end-regular. O

Lemma 5.4. Suppose that x,y € Z(P). Then N(z) C N(y) if and only if Z, C Z,,
and {z,y}" # {0}.

Proof. First assume that N(z) C N(y). Then Z, C Z,. Also, suppose to the
contrary that {z,y}’ = {0}. Then z is adjacent to y. This means that y € N(z) C
N(y), and so y € N(y), which is a contradiction.

Conversly, one can easy to see that result holds. O

Proposition 5.5. Suppose that P = Py X Py x---X P,,. Then we have the following
statements.

(1) If n > 3, then T'(Py X Py X --- X P,) is not end-regular.
i )] =1= 2)|, then L X P2) is end-regular.
(id) If[A(P1)] = 1= |A(P,)|, then T(P1 x Py) is end-regul

Proof. (i) Suppose that A(P;) = {a1,az2,...,an}, A(P2) = {b1,bs,...,by} and
A(Ps) ={c1,¢2,...,c1}, where m,n,t > 1.

Set z := (a;,0,...,0), y := (a;,b;,0,...,0) and z := (a;,b;,¢,0,...,0), for
some 1 <i<n, 1<j<mand1l<k<¢t Then N(z) g N(y) ; N(z). Now, by
Lemmas 5.1 and 5.4, T'(P) is not end-regular.

(74) Note that in this case, I'(P; X P,) is a complete bipartite graph and, by
[22, Theorem 3.4], every complete bipartite graph is end-regular. O

Lemma 5.6. Assume that T'(Py) has distinct vertices x and y such that x,y ¢
A(P3) and N(z) C N(y). Then I'(Py x Py) is not end-regular.

Proof. Suppose that b € A(P,). Then it follows from the fact that N(0,b) &
N(0,z) & N(0,y). O

Acknowledgments. The authors are deeply grateful to the referee for careful
reading of the manuscript and helpful suggestions.
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Continuous homomorphisms, the left-gyroaddition

action and topological quotient gyrogroups
Watchareepan Atiponrat and Rasimate Maungchang

Abstract. Recently, many properties of gyrogroups have been discovered. In this work, we
investigate some properties of topological gyrogroups, specifically, the continuity of some homo-
morphisms, the canonical decomposition, and the continuity of the left-gyroaddition action.

1. Introduction

A gyrogroup is a generalization of a group of which the associative law is replaced
by a more generalized version called, the left gyroassociative law and an additional
property called, the left loop property, see Section 2 for more details and examples.
Its structures were discovered by A. A. Ungar from the study of the Einstein
velocity addition, see [13] and the references therein. Since then, many properties
of gyrogroups have been discovered by active researchers in the field, see [3], [4],
(71, [8], [9], [11], [12], [14]. A large portion of its algebraic properties was studied
by T. Suksumran, for example, the isomorphism theorems, Cayley’s Theorem,
Lagrange’s Theorem, gyrogroup actions, etc., see [7], [8], [11]. He is now extending
his study to metric aspect of the gyrogroups, see [10].

From the topological aspect, W. Atiponrat, R. Maungchang, and T. Suksum-
ran have been studying the separation axioms of the topological gyrogroups, see
[1], [2], [15]. In this work, we continue the study of topological gyrogroups, in
particular, we investigate the continuity of some homomorphisms, the canonical
decomposition, and the continuity of the left-gyroaddition action.

2. Definitions and background

In this section, we include basic definitions, examples, and theorems involving the
topological gyrogroups. Readers are recommended to see [1], [§], [11], and [14] for
further details and examples.

Let (G1,®1) and (G2, ®2) be groupoids. A function f : Gy — G5 is a called
a homomorphism if f(x &1 y) = f(x) B2 f(y) for any z,y € G1. A Dbijective
homomorphism is called an isomorphism. An isomorphism of a groupoid (G, @)

2010 Mathematics Subject Classification: 54H99; 22A22.
Keywords: continuity; gyrogroup; topological gyrogroup; gyrogroup action.
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to itself is called a groupoid automorphism and we denote the set of all groupoid
automorphisms of a groupoid (G, ®) by Aut(G,®).

Definition 2.1 (Definition 2.7 of [14]). Let (G,®) be a nonempty groupoid. We
say that (G, ®) or just G (when it is clear from the context) is a gyrogroup if the
following hold:

1. There is a unique identity element Og € G such that

Oc®Pzrz=2=23d0q for all x € G
2. For each x € GG, there exists a unique inverse element ©x € G such that
or®z=0s=1z® (Ox);
3. For any z,y € G, there exists gyr[z, y] € Aut(G, ®) such that

@ (y@2) = (zdy) S gyrfz,yl(2)
for all z € G; (left gyroassociative law)

4. For any z,y € G, gyr[z @ y,y] = gyr[z, y]. (left loop property)

We give an example of a gyrogroup which is not a group. It is called a Mdbius
gyrogroup.

Example 2.2. Let D be the complex open unit disk {z € C: |z| < 1}. Define a
Mdébius addition @y : D x D — D by

a+b

b:
@ ®m 1+ab’

for all a,b € D. This map is well defined and its image lies in D, see Theorem 5.5.2
of [5] for the proof. It is obvious that 0 is the identity and —a is the inverse of a, for
any a € D. (D, ®,/) is not a group because the associative property does not hold.
For example, if a = 1/2,b =i/2, and ¢ = —1/2, then a® s (bDpsrc) = (104+15¢)/26
but (a ®ns b) Bar ¢ = (8 + 15i)/34. However, (D, @) is a gyrogroup with

_ 1—|—ch
1+4ab

as proved in section 3.4 of [14].

gyr|a, b)(c) for any a,b,c € D,

Adding a topology to a gyrogroup motivates the following definition.

Definition 2.3 (Definition 1 of [1]). A triple (G,T,®) is called a topological
gyrogroup if and only if

1. (G,T) is a topological space;
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2. (G,®) is a gyrogroup; and

3. The binary operation & : G x G — G is continuous, where G x G is endowed
with the product topology, and the operation of taking the inverse, i.e.,
o(-): G— G, x+— O, is continuous.

Sometimes we will just say that G is a topological gyrogroup if the binary operation
and the topology are clear from the context.

From the previous example, if we consider D as a subspace of C endowed with
the standard topology, then it can be shown that @;; and &), are continuous. So
D is a topological gyrogroup.

The following are some basic algebraic and topological properties of gyrogroups
and topological gyrogroups which will be needed later in our work.

Proposition 2.4 (Proposition 6 of [11]). Suppose (G, ®) is a gyrogroup and A C
G. Then the following are equivalent:

1. gyr[z,y](A) C A for all z,y € G.
2. gyr[z,y](A) = A for all x,y € G.

Lemma 2.5 (Proposition 32 of [7]). Let (G1,®1) and (G2, ®2) be gyrogroups, and
let f: Gy — Go be a homomorphism. Then the following are true:

1. f(0G1) = OGQ'
2. For any x € Gy, f(&12) = 2 f ().

Following the notation in [14], for any pair of elements z,y in a gyrogroup
(G, ®), we let xHBy denote x ®gyr[x, Oy|(y), and let By denote z ® gyr[z, y|(Sy).

Theorem 2.6 (Theorem 2.10, 2.22 and 2.35 of [14]). Let (G, @) be a gyrogroup.
For any x,y,z € G, the following are true:

1. (Cx)d(zdy) =y. (left cancellation law)
2. (zBy)oy=m=. (right cancellation law)
3. gyr[z,y)(z) =6(xd®y) @ (z& (y® 2)). (gyrator identity)
4. (z®y) @ z=2d (ydegyrly, x](2)). (right gyroassociative law)

Akin to the case of topological groups, topological gyrogroups admit the fol-
lowing properties.

Proposition 2.7 (Proposition 3 of [1]). Let (G,T,®) be a topological gyrogroup.
Then, for each a € G, the maps x — x ® a and v — a ® z, where x € G, are
homeomorphisms.
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Proposition 2.8 (Corollary 5 of [1]). Suppose that (G,T,®) is a topological gy-
rogroup, * € G, and A, B C G. Then the following are true:

1. A is open if and only if A, x ® A and A @ = are open.
2. If A is open, then A@® B and B ® A are open.

Next we introduce subgyrogroups and necessary concepts. This also leads us
to the definition of quotient gyrogroups and the left-gyroaddition action.

Definition 2.9 (Section 4 of [11]). Let H be a nonempty subset of a gyrogroup
(G,®). Then H is called a subgyrogroup of G and denoted by H < G if (H, ®gx i)
is a gyrogroup and gyr[a, b]|g € Aut(H, D gxp) for all a,b € H.

A subgyrogroup H is called an L-subgyrogroup and denoted by H < G if

gyrla,h](H) = H,
foralla € G,h € H.

It is easy to see that {0} is trivially an L-subgyrogroup. For a nontrivial
example, see Example 18 of [11].

Proposition 2.10 (Proposition 14 of [11]). Let H be a nonempty subset of a
gyrogroup (G,®). Then H < G if and only if ©h € H and h @ k € H for all
hkeH.

Lemma 2.11. Let H be a subgyrogroup of a gyrogroup (G,®). Then hé H = H
for each h € H.

Proof. Let h € H. By Proposition 2.10, h® H C H. On the other hand, if k € H,
then kK = h & (©h @ k) by the left cancellation law. Again, by Proposition 2.10,
Oh®ke Hsok=hd(Ohdk) € h®H which implies H C h @ H. As a result,
h@® H=H. O

When H is a subgyrogroup of a gyrogroup (G, @), we use the notation G/H to
stand for the set of all left cosets of H, i.e. G/H = {x ® H : © € G}. The notion
of L-subgyrogroups enables us to work with the set of all left cosets easily.

Proposition 2.12 (Proposition 19 of [11]). Let H be an L-subgyrogroup of a
gyrogroup (G,®). Then, for any a,b € G, a® H = bD H if and only if Sa®b € H.

Proposition 2.13 (Proposition 20 of [11]). Let H be an L-subgyrogroup of a
gyrogroup (G, ®). Then the set G/H = {x ® H : x € G} forms a partition of G.

Being a subgyrogroup and an L-subgyrogroup are preserved by homomor-
phisms in the following sense.

Proposition 2.14 (Proposition 24 of [11]). Let f : G — H be a homomorphism
between gyrogroups, and let K < G. Then f(K) < H. Moreover, if K <; G and
f is surjective, then f(K) <y H.
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Proposition 2.15 (Proposition 25 of [11]). Let f : G — H be a homomorphism
between gyrogroups, and let K < H. Then f~'(K) < G. Moreover, if K <1 H,
then f~Y(K) < G. In particular, ker f <z, G.

Upcoming, trying to obtain a nice object like normal subgroups, we define
normal subgyrogroups which allow a familiar binary operation on the set of all left
cosets.

Definition 2.16 (Section 5 of [11]). Let H be a nonempty subset of a gyrogroup
(G,®). Then H is called a normal subgyrogroup of G and denoted by H < G if
H = ker f for some homomorphism f : G — K where K is a gyrogroup.

Lemma 2.17 (the paragraph after Proposition 25 of [11]). Let (G,®) be a gy-
rogroup. If H < G, then gyr[z,y|(H) = H for all x,y € G. In particular, H is an
L-subgyrogroup of G.

Theorem 2.18 (Theorem 27 of [11]). Let (G,®) be a gyrogroup, and let H < G.
Then the function @ : G/HxG/H — G/H defined by (x®H,y®H) — (xDy)®H
is a binary operation. Furthermore, (G/H,@) becomes a gyrogroup such that H
is the identity element and ©x ® H is the inverse of x ® H for each c®H € G/H.

Definition 2.19 (Section 5 of [11]). Let (G, ®) be a gyrogroup, and let H < G.
The gyrogroup (G/H,@) in Theorem 2.18 is called the quotient gyrogroup, and
the function ¢ : G — G/H such that  — x @ H is called a canonical projection.

Theorem 2.20 (Theorem 28 of [11] (The first isomorphism theorem)). Let (G1, 1)
and (Ga,®2) be gyrogroups, and let f : G — H be a homomorphism. Then the
map g ® ker f — f(g) gives rise to an isomorphism between G/ker f and f(G).

We end this section with the definition of the left-gyroaddition action.

Definition 2.21 (Definition 3.1 of [§]). Let (G, @) be a gyrogroup, and let X be
a set. A function -: G x X — X, written -((a,z)) = a-z, is a (gyrogroup) action
of G on X if

1. 0g -x =z for all x € X, and
2.a-(b-z)=(a®b) -xforalabeGuzeX.

Theorem 2.22 (Theorem 4.5 of [8]). Let H be a subgyrogroup of (G,®). Then
the function - : G x G/H — G/H such that for all g € G,z ® H € G/H,

g-(z@0H)=(g9dz)®H
defines a gyrogroup action of G on G/H if and only if

gyrla,bj(x ®H) Cax @ H
foralla,be G,x® H € G/H.

Definition 2.23 (Definition 4.4 of [8]). Following the language of Theorem 2.22,
the function - : G x G/H — G/H is called the left-gyroaddition action if it is a
gyrogroup action.
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3. Continuous homomorphisms

In this section, we prove the continuity of some homomorphisms and the canonical
decomposition of topological gyrogroups.

Proposition 3.24. Let (G1,T1,®1) and (Ga, T2, P2) be topological gyrogroups.
Let f : G1 — Gy be a homomorphism. Then f is continuous if and only if it is
continuous at Og, .

Proof. (=) Obvious.

(<) Let « € Gy. If U is a neighborhood of f(z), then ©f(z) @2 U is a
neighborhood of 0g, by Proposition 2.8. So there is a neighborhood W of 0¢g,
such that f(W) C 6sf(x) @2 U. As a result, x &; W is a neighborhood of z
such that f(z &1 W) = {f(z @1 w) : w € W} = {f(z) &2 f(w) : w € W} =
f(@) &2 f(W) C f(z) B2 (S2f(2) B2 U) = {f(2) ®2 (62f(2) D2u) :u €U} =U
by the left cancellation law (see Theorem 1). Hence f is continuous at z. Since x
is arbitrary, f is continuous. O

Lemma 3.25. Let H be a subgyrogroup of a topological gyrogroup (G, T,®) such
that gyr[a,b)(z®H) C 2®H for alla,b € G,xa®H € G/H [orlet H I G]. Suppose
G/H is equipped with the quotient topology induced by q. Then the canonical
projection q : G — G/H is a continuous open map.

Proof. Since G/H is endowed with the quotient topology induced by ¢, ¢ is con-
tinuous. Next, let U C G be an open set. Then q(U) = {u® H : v € U}. We
will show that ¢~ 1(q(U)) =U ® H. If a € ¢~ (q(U)), then ¢(a) =a® H =u® H
for some u € U. As a result, ©u @ a € H by Proposition 2.12. Thus Su ®a = h
for some h € H so a=u®h € U® H by the left cancellation law. On the other
hand, if z € U ® H, then x = v ® k for some v € U, k € H. We obtain that
q(z) =@ H = (vok)®H =v® (kdgyrlk,v|(H)) =vd(koH)=vd H € q(U);
the fourth and fifth equalities come from our assumption together with Proposi-
tion 2.4 [or come from Lemma 2.17 for the case H < G] and Lemma 2.11. So
x € ¢ 1(q(U)) and we can conclude that ¢~!(¢(U)) = U & H which is an open set
by Proposition 2.8. Hence ¢ is an open map. O

Theorem 3.26. (Canonical decomposition) Let (G1,T1,®1) and (Gz, Tz, ®2) be
topological gyrogroups. Let f : G1 — G5 be a continuous homomorphism. Then
the following are true:

NNy

g J J i
G1/k€1‘f—~> f(Gl)
f
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(1) The above diagram commutes where q : G1 — Gi/ker f is the canonical
projection, f: Gi/ker f — f(G1) is a function defined by g B ker f — f(g)
for all g € Gy, and i : f(G1) — Gs is the inclusion map.

(2) i: f(G1) — G2 is an injective continuous homomorphism, and f is a con-
tinuous isomorphism.

(3) f is an open map if and only if f(G1) is open in G and f is an open map.

(4) f is an open map if and only if f(U) is open in f(G1) for all open subset U
Of G1 .

Proof. To see (1), we first show that fis well defined. If a,b € G are so that
a®r ker f = by ker f, then ©10@; a € ker f by Proposition 2.12. Thus f(©1b) B2
fla) = f(©1b@1a) = 0g, so O2f(©1b) = f(a) by the left cancellation law. Hence
f(b) = f(a) by Lemma 2.5. Next, the diagram commutes because for any a € G,
#(a) = i(f(a) = i(F(a @1 ker £)) = i(F(a(a)).

To prove (2), ¢ is injective and continuous because it is a restriction of the
identity map. Moreover, it is a homomorphism since f(G7) is a gyrogroup by
Proposition 2.14. On the other hand, fis an isomorphism by the first isomorphism
theorem. Next, we show that f is continuous. Let U be an open subset of f(G1).
Then there is an open subset W of G5 such that U = W N f(G1). Since f is
continuous, f~1(W) is open in G1. Then g(f~*(W)) is an open subset of G/ ker f
by Lemma 3.25. Now observe that

FHO) = F W f(G) = FHETHW N f(G) = fFHGEH (1))
= J7H N (o o) (1)) = a(f (W),

So f~1(U) is open in G1/ker f, and hence f is continuous.
Now we prove (3). (=): Suppose that f is an open map. Then f(G;) is open

in Go. To see that f is an open map, let U be an open subset of G/ ker f. Since ¢
is continuous, ¢~!(U) is open. Moreover, f(¢~1(U)) is open because f is an open

map. Then f(U) = (i~ o foq 1)(U) is open because i, ¢ are continuous.
(«<): Let f(G1) be open in G, and let f be an open map. We will show that f is

an open map. Let U be an open subset of G7. Then (f o ¢)(U) is open in f(G1)
because ¢ and f are open maps. Since f(G1) is open in G, (f o ¢)(U) is open in

Gs. Notice that f(U) = (i0 fo q)(U) = i((J o )(U)) = (Foq)(U). Hence f(U) is
open in Gy which implies that f is an open map.
Finally, we prove (4). (=): Assume that f is an open map. Let U be an open

subset of Gy. Then (f o ¢)(U) is open in f(G;) because g and f are open maps.

Observe that f(U) = i((f o q)(U)) = (f o q)(U). So f(U) is open in f(G1).
(«=): Suppose that f(U) is open in f(G1) for all open subset U of G1. To see that

f is an open map, let W be an open subset of G/ ker f. Then (i o foq )(W) =
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(foq HY(W) = f(¢ 1 (W)) is open in f(G1) by the assumption and the fact that

q is continuous. Since f(W) = (it o foq 1) (W), f is an open map. O

4. Action and topological quotient gyrogroups

In our last section, we consider the set of all left cosets of an L-subgyrogroup
H in a topological gyrogroup (G, T,®). According to Proposition 2.13, we can
assign the quotient topology induced by canonical projection to G/H and study
the continuity of the left-gyroaddition action - : G x G/H — G/H where G x G/H
is endowed with the product topology. In addition, if H < G, then (G/H, D) is a
gyrogroup so we can examine the continuity of €p.

From now on, let ¥ denote the quotient topology induced by the canonical
projection ¢ : G — G/H. In addition, we will assume that G/H is endowed with
T in our proof when the topology is needed to be specify. We begin this section
by providing some basic facts of G/H in the following proposition which the proof
in topological group version can be adopted.

Proposition 4.1. Let (G, T,®) be a topological gyrogroup, and let H < G be such
that gyr[a,b)(z ® H) C x @® H for all a,b € G,o ® H € G/H. Then the following
are equivalent:

1. (G/H,%T) is Ts.
2. (G/H,%) is Ty.
3. H is a closed subset of G.

Proof. (1 = 2): Trivial.

(2 = 3): Observe that H = ¢~ 1({H}) because of Lemma 2.11 and Proposition
2.12. Since q is continuous and {H} is closed because (G/H, %) is T1, we gain the
result.

(3 = 1): We will show that the set {(x® H,y® H): 2 ® H =y ® H} is closed
in G/H x G/H together with the product topology. Notice that {(zx& H,y® H) :
c@H=yeoH} C{(z®oHydH): cxdyc H} by Proposition 2.12. On the
other hand, {(z® H,y®oH): cxdyece H} C{(xdH,y®H) :2a®H =y®d H} by
the fact that gyr[a,b](x ® H) Cx @ H for all a,b € G, ® H € G/H, Proposition
2.4 and, again, Proposition 2.12. So {(t® Hy ® H) : t ® H = y® H} =
{zx® H,y® H) : ©x ®y € H}. Next, observe that G/H x G/H — {(x ® H,y ®
H):2z60H=y®H}=G/HxG/H-{(z®H,y®H) : 6xdy € H} =
{zeHyoH):cx®y ¢ H = (¢ xq) o (S(:) x Id) o (&7 1)(G — H), where
q X q is the product of two open quotient maps and Id : G — G is the identity
function. Since @ is continuous and H is closed, ®~!(G — H) is open. Moreover,
o) x Id: G x G — G x G is a homeomorphism so (S(-) x Id) o (&~ 1) (G — H)
is open. Finally, it is a well-known fact in topology that the product of two open
maps is an open map. Hence (¢ x q) o (&(:) x Id) o (&7')(G — H) is open. This
implies that {(z® H,y® H) : « ® H = y & H} is closed. O
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Lemma 4.2. Let H be a subgyrogroup of a gyrogroup (G, ®), gyr[a,b|(x @ H) C
x®H foralla,b € G,x®H € G/H. Then, foralla € G and x®H,y®H € G/H,
(a@z)DH=(a®y)®H ifand only if ct D H =y ® H.

Proof. («<): Use Theorem 2.22.

(=): Suppose (a ®z) @ H = (e ®y) ® H. We will show that oy @z € H
which implies x ® H =y & H. Let (a® z) ® hy € (a ® x) @ H. By assumption,
gyrla,b](H) C H, for all a,b € G. So gyr[a,b](H) = H, for all a,b € G, by
Proposition 2.4. Then, for some ho, hs, hy, hs € H,

(adx)Dh=(a®y) D ho,
a®(x®dhs)=a® (y® hy),
@ hs =y ®D hy,

Sy ® (x @ hg) = hy,
(Y ® ) ® hs = hy,
Oy @z = hy B hs.

Moreover, hy B hs = hy @ gyr[hy, hs](Shs) € H. Hence Sy ® x € H. O

Theorem 4.3. Let H be a subgyrogroup of a topological gyrogroup (G, T,®) such
that gyr[a,b](zx ® H) C « & H for all a,b € G,ox ® H € G/H. Then the left-
gyroaddition action - : G x G/H — G/H is transitive. Furthermore, for each a €
G, the function f, : G/H — G/H defined by fo(x®H) =a-(x®H) = (adz)dH
for all x & H € G/H is a homeomorphism.

Proof. To begin with, we show that the action is transitive. Let x @ H,y @& H €
G/H. Then (yBz)- (2@ H) = ((yBx)®x)® H = y&® H, by the right cancellation
law.

Next, we prove the last sentence of the theorem. Let a € G. We first show that
the function f, : G/H — G/H defined by f,(z®H) =a-(x®H) = (a®z)® H for
each z® H € G/H is a continuous bijection. Lemma 4.2 shows that f, is injective.
Moreover, for any e ® H € G/H, fo((Sa®z)DH) = (a®(Cadz))dH =2 H.
So f, is bijective. To see the continuity of f,, let L, : G — G be such that
Ly(z) =a®x for all x € G. Then L, is a homeomorphism by Proposition 2.7.
Observe that go L, = f, o g where ¢ : G — G/H is the canonical projection. So,
for each open set U C G/H, we have f,1(U) = q(L;'(¢7*(U))) which is open
by Lemma 3.25. We conclude that f, is a continuous bijection. It is not hard to
check that f; ! = fo, which is a continuous bijection by similar proof. Thus f, is
a homeomorphism. O

In some special occasion, the continuity of the left-gyroaddition action is es-
tablished.

Theorem 4.4. Suppose that H is a compact subgyrogroup of a topological gy-
rogroup (G, T, ®) such that gyr[a,b)(z®H) C x®H for alla,be G,x®H € G/H.
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Then the left-gyroaddition action of G on G/H s transitive. Moreover, it is con-
tinuous when G x G/H is endowed with the product topology.

Proof. The action is transitive by Theorem 4.3. Next, we show that the map
:G x G/H — G/H defined by -((a,z® H)) =a- (t® H) = (a®x)® H for all
a € G,x@® H € G/H is continuous when the topology on G x G/H is the product
topology. Suppose (a,2®H) € GxG/H. Let U C G/H be an open set containing
((a,z® H)) = (a®x)® H. Observe that a® (z ® H) = (a ® x) ® gyr[a, z](H) =
(a ® z) ® H by our assumption and Proposition 2.4. Moreover, ¢((a ® z) ® H) =
q{(adx)dh:he H}) ={((a@x)Dh)DH:he H} ={(adz)® (h®gyr[h,a®d
z|](H)):heH}={(a®z)®(h@H):he H ={(a®zxz)®H:hec H} CU;the
fourth and fifth equalities come from our assumption together with Proposition
2.4 and Lemma 2.11. Soa ® (x® H) = (a® x) ® H C ¢~ (U) which is an open
set because ¢ is continuous. Thus, for each h € H, there are open sets Uy, V), of
G such that a € Uy, z ®h € V},, and Uy ® Vj, € ¢ 1(U) because @ is continuous.
It is clear that * @ H C (J,cy Vi Since H is compact, x & H is compact by
Propos1t10n 2.7. Hence x @ H C Vj,, U ... UV}, for some hl, ,h; € H)l € N. Let
U=UnN..0Up and V=V, U..U v,” Then U@V C q—l(U), a €U and
t®HCV where U V are open in G Notice that 2 € 2 ® H C V which implies
2 @® H = q(z) € q(V). Moreover, q(V) is open by Lemma 3.25. Hence U x q(V) is
a neighborhood of (a,z ® H) such that

(UXQ( ) =A{u-q(v): ueﬁandvef/}
={u-(wdH):ueUandv eV}
={(u®v)®H:ueUandveV}
Z{Q(u®v):ue(7andve‘7}
—g(UeV)Cq(g (V) =U.

We conclude that the action is continuous. O

Next, we will explore the continuity of @ when H < G. Let us start with the
following theorem.

Theorem 4.5. Let H be a subgyrogroup of a topological gyrogroup (G, T,®) such
that gyr[a,b(zx® H) Cx & H for alla,b € G,x®H € G/H [orlet H < GJ. Then
T is a discrete topology if and only if H is an open subset of G.

Proof. (=) Suppose ¥ is a discrete topology. We obtain that { H} is an open subset
of G/H. Since q is continuous, ¢~ *({H}) is open. It is not hard to prove that
¢ '({H}) = H by using Lemma 2.11 and Proposition 2.12. The result follows.
(<) We will show that for each = € G, the singleton set {x & H} is open. Since
H is an open subgyrogroup of G, x ® H is open in G by Proposition 2.8. Observe
that (e @ H) = {(zx @ h)® H : he€ H} ={x® (h P gyrlh,z|(H)) : he H} =
{z® (h® H):he H} ={x® H},; again, the third and fourth equalities come
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from our assumption together with Proposition 2.4 [or come from Lemma 2.17 for
the case H < G] and Lemma 2.11. Since ¢ is an open map, {x S H} = q(z ® H)
is open in G/H. O

When H is a normal subgyrogroup of a topological gyrogroup (G, T, ®), it is
possible that (G/H, T, @) turns into a topological gyrogroup. Fortunately, we can
show that this is the case.

Definition 4.6. Let (G, T,®) be a topological gyrogroup, and let H < G. Then
the quotient gyrogroup (G/H,ED) is called the topological quotient gyrogroup if
(G/H,%, D) is a topological gyrogroup.

Theorem 4.7. Let (G, T,®) be a topological gyrogroup, and let H < G. Then
(G/H,%, D) is a topological quotient gyrogroup.

Proof. Tt is a well-known result in topology that the product of two open quotient
maps is also a quotient map. So ¢ X ¢: G x G — G/H x G/H is a quotient map.
To prove that € is continuous, it is enough to show that € o(g x ¢) is continuous
by Theorem 22.2 of [6]. Notice that (Po(g x ¢))((z,y)) = q(z) Pqly) = (z @
HPyeH) =(xdy) ®H = (qo®d)((z,y)) for all z,y € G. Since ¢ and @ are
continuous, we have that @ o(¢q X ¢) is continuous which implies the continuity of
. Next, for each x® H € G/H, Sx @ H is its inverse element by Theorem 2.18.
As a result, the inverse operation x & H — &x @ H is continuous since it is equal
to ¢ composed with &( - ). O

A careful reader might ask for the continuity of the left-gyroaddition action
in general settings. On one hand, this problem is still open for us. On the other
hand, we provide an easy example of occasion that the action is continuous without
employing compactness of the subgroup H.

Remark 4.8. Consider (D, T,®y) where T is the discrete topology on D or
the subspace topology of C endowed with the standard topology. It is clear that
(D, T,®n) is a topological gyrogroup which is not compact. Let H =D. Then H
is not compact, and H is a normal subgyrogroup of D such that gyr[a,b](x® H) C
x @ H for all a,b € D, ® H € D/H. Since D/H is a singleton set, the left-
gyroaddition action is continuous when D x D/H is equipped with the product
topology.

Finally, we would like to end our work with the succeeding question.
Question 1. Is the left-gyroaddition action continuous in general?
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From quotient trigroups to groups
Guy Biyogmam, Simplice Tchamna and Calvin Tcheka

Abstract. In this paper, we study the notion of normality in the category of trigroups, and
construct quotient trigroups. This allows us to establish analogues for trigroups of some useful
results on groups, namely, the first, second and third isomorphism theorems as well as some of
their related corollaries. Our construction provides a new functorial link between the categories
of groups and trigroups.

1. Introduction

The concept of digroups originated from the work of J. L. Loday on dialgebras
[9], and were formally axiomatized by M. Kinyon in his contribution to the Co-
quecigrue problem; an analogue of Lie’s third theorem which consists to associate
a grouplike object to a given Leibniz algebra by “antidifferentiation”. More pre-
cisely, Kinyon showed in [4] that conjugating digroups equipped with a manifold
structure differentiate to Leibniz algebras [7]. Digroups was also independently
introduced by K. Liu [5] and R. Felipe [3], and further studied in [10].

In their study of trialgebras and families of polytopes [8], Loday and Ronco
provided an axiomatic definition of associative trioids. This led the authors to
introduce the category of trigroups as associative trioid — also called trisemigroups—
equipped with bar-units and in which each element has a bar-inverse. Trigroups
are generalizations of digroups to algebraic structures with three operations, since
forgetting one operation of a trigroup yields a digroup structure. Analogue to the
relationship between digroups and Leibniz algebras provided by Kinyon in [4], it is
shown in [2] that conjugating linear trigroups yields Lie 3-racks [1], which produce
Leibniz 3-algebras [6] when differentiated with respect to the distinguish bar-unit.

At the beginning of the last century, Evarist Galois introduced in the classical
theory of groups the notion of normal subgroups which played a fundamental role
in defining quotient groups and in the so-called isomorphism theorems which are
very important in the general development of Group Theory (see [12]). In 2016,
Ongay, Velasquez and Wills-Toro defined normal subdigroups [11] and studied a
construction of quotient digroups and the corresponding analogues of Isomorphism
Theorems. Our aim in this paper is to conduct a similar study on trigroups using
a different approach. Our study produces a different quotient on the underlying
digroup associated to a trigroup. More precisely, we use the notion of conjugation

2010 Mathematics Subject Classification: 17A99; 20M99.
Keywords: Digroup, trigroup, subtrigroup, normal subtrigroup.
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of trigoups provided in [2] to define the concept of normality on trigroups. This
allows us to define a congruence for which the quotient set has a group structure,
i.e. a trivial trigroup structure. It is worth mentioning that our construction of
quotient trigroup produces a functor from the category of trigroups to the category
of groups, other than the functor provided in [2].

2. Trigroups

Recall from [2] that a trisemigroup (A,F, L, ) is a set A equipped with three
binary associative operations I, 1 and - respectively called left, middle and right,
and satisfying the following conditions:

zb(ykF2z)=(@dy)kFz (

xh(ykFz)=(@@LlykFz (

xh(ydz)=(ky) 4z (
ch(yLlz)=@ky Lz (ps

( (

(

(

(

x4 (ydz)=z-(y L 2)
(xly)dz=2a 1l (y-dz)
(rdy) Lz=a L (y+ 2)

for all z,y, z € A.
A trisemigroup A is a trigroup if there exists an element 1 € A satisfying

lFz=xz=241 forall z€ A (I
and for all z € A, there exists 27! € A (called inverse of z) such that
sz t=1l=2""'42 and s L2z ' =1=2"" Lz

Let Iy :={e€ A:ekax=a=aeforall x,y € A} be the set of bar-units of A.

Recall also that a morphism between two trigroups is a map that preserves the
three binary operations and is compatible with bar-units and inverses.

Remark 2.1. [2, Lemma 4.5]
(a) The set J4 = {z~!': 2 € A} is a group in which F=1=.

(b) The mapping ¢ : A — J defined by z — (z7!)~! is an epimorphism of
trigroups that fixes J4, and Ker¢p = 4.

(c)zbFl=1lrx=zll=142z=(z7 ) tforalxe A

(d) (x Ly t=y ! Lalforalaye A
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e) (zhry)t=ytraotl=ytH42t=(x 4y ! forall z,y € A. Conse-
quently, ((z=1)~H)~! =271
f) e 'Fabty=akFatry=y foral o,y € A

The following results are consequences of Remark 2.1 and will be heavily used
without reference throughout the paper to simplify proofs.

Remark 2.2.
(a) 7 'Fl1=at=142" forall z € A.
(b) zFy=(x"Y) " Fyforall z,y € A
() zdy=a-(y 1)t foral z,y € A.

Proof. The assertion (a) follows by Remark 2.1(c). For (b) and (c¢), we have again
by Remark 2.1(c), (z ) '+t y=(@F 1) Fy=2F (1Fy) =2F yand
rA(y Hl=z40Hdy) =(@41)dy=a-y. O

3. Subtrigroups

In this section we define sub-objects in the category of trigroups, and study the
concept of normality on these sub-objects.

Definition 3.1. We say that a trigroup A is trivial if A = J4.

Proposition 3.2. A trigroup (A,+, 1, ) is trivial if and only if (x=*)~ =z for
all x € A.

Proof. The proof is straightforward by Definition 3.1. O

For the rest of the paper, all trigroups are assumed to be non-trivial unless
otherwise stated.

Definition 3.3. Let (A,+,L,d) be a trigroup with distinguish bar-unit 1. A
subset S of A is said to be a subtrigroup of A if (S,F, L,) is a trigroup with
distinguish bar-unit 1.

Proposition 3.4. Let (A,F, L, ) be a trigroup with distinguish bar-unit 1, and
H a nonempty subset of A. H is a subtrigroup of A if and only H is closed under
the operations -, L, -, and x=' € H for all x € H.

Proof. The proof of the forward direction is obvious. For the converse, it is enough
to verify that 1 € H. Indeed, since H is nonempty there is some zg € H, which
yields 2y € H, and thus 1 = 2o F 2, € H. O

Proposition 3.5. Let A be a trigroup. Then (Ja,F=-=1) and (4a,F,, L) are
subtrigroups of A.
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Proof. J4 is a subtrigroup of A since by Remark 2.1(a), J4 € A and J,4 is a
group in which F=1=-. To show that i1, is a subtrigroup of A, notice that for
alle,e’ € Uy, eFe =€, ede =e, (eJ_e’)l—ngel—(e’l—x)zel—x:x
andzH4 (e Le)BrzHd(ede)=(xHde)de =z Hde=uzforall z € A So 4y
is closed under the operations I, 1, . In addition, e~ € {4 by [2, Lemma 4.6].
The result follows by Proposition 3.4. O

Proposition 3.6. Let ¢ : A — A’ be a morphism of trigroups. Then:
(a) Ker¢ is a subtrigroup of A.
(b) If S is a subtrigroup of A, then ¢(S) is a subtrigroup of A’
(c) If S" is a subtrigroup of A, then ¢=1(S’) is a subtrigroup of A.

Proof. To prove (a), first notice that ¢(14) = 14/, so Ker¢ # (). Now Let =,y €
Kerg. Then ¢(x F y) = ¢(x) F ¢(y) = 1a b 1a0 = 1ar, d(x 4 y) = ¢(z) 4
dy) =1a A1 =14, ¢(x Ly) = d(z) L d(y) =14 L 14 =1and ¢(z™!) =
(¢(x))~! = 14.. Thus by proposition 3.4, Ker ¢ is a subtrigroup of A. The proofs
of (b) and (c) are similar. O

Consider the following sets: xS = {xxs, s € S} and Sxxz = {s*z, s € S},
where x € {F, L,4}. In [2], the operation [—-,—,—] : A X A X A — A given by
[7,y,2] = (x L y) F 2+ (y=! L 271), was defined as a generalization of the
conjugation on digroups [4, Equation (13)] to trigroups. Using this operation, we
define normality of subtrigroups as follows:

Definition 3.7. Let (A,+,1,d) be a trigroup with distinguish bar-unit 1. A
subtrigroup S of A is said to be normal if (z L y) - S+ (y=* La1) C S for all
x,y € A.

This definition extends the following definition of normality in digroups to
trigroups.

Definition 3.8. [11, Definition 4] A subdigroup S of a digroup (A,+, ) is said
to be normalif z =S H4z~1 C S for all =z € A.

It turns out that normality in a trigroup is completely determined by its un-
derlying digroup structure, as proven in the following Lemma.

Lemma 3.9. Let (A,b, L,) be a trigroup with distinguish bar-unit 1 and S a
subtrigroup of A. Then S is a normal subtrigroup of A iff S is a normal subdigroup
of the underlying digroup (A,+, ).

Proof. Let (A,+, L,) be a trigroup and S a normal subtrigroup of A. Then for
all x € A,
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cFSHz =2 (1FS) 4 Bz L) St
=@zl D)F(SHA)Hz =@ L )FSH (1427
Ba@inyrsH4aLzhHcs.
The converse is obvious since for all x,y € A we have by setting z =z L y,
(x Ly)FSH@ Ly t=2FSHz71CS O

Lemma 3.10. Let (A,F, L, ) be a trigroup with distinguish bar-unit 1. A subtri-
group S of A is said to be normal if and only if (x Ly) =S =5-(x Ly) for all
x,y € A.

Proof. Assume that S is a normal subtrigroup of A. Let z,y € Aandset z = x 1L y.
For all s € S, we have: z s 4271 = &' for some s’ € S, ie, 2 s=2F (s-1)
=z (sdGTH2)=2F(s42z)42) B GrFsHdz)42=45 42 So
(x Ly)FSCSH(xzLy).

For the reverse inclusion,

SHz=(zFzHFSHAD) 42=(F(z'FS)41)Hz2

=zF(z7'ES) AN H2)=2F (27 S H(142))
=zF(PESH(EHTY) C 2 S since S is normal.
Conversely, assume that (x L y) .S =5 (x Ly) for all z,y € A. Then,
(xly)FSHAytLla ) =(zLy)FS) 4Ly
=(SH@@Ly) ALy
=SH4(zLy) 4Ly ™)
=8 since (z Ly)H(z Ly) ey
Therefore S is a normal subtrigroup of A. O
The following Lemma is the normality transfer condition for trigroups.

Lemma 3.11. Let (A, L, ) be a trigroup. If S is a subtrigroup of A and R is
a normal subtrigroup of A, then S N R is a normal subtrigroup of S.

Proof. The proof is obvious since for all s € S, we have s - SN R s C S due
to closure under the operations -, -, and s - SN R 4 s~! C R since R is normal
in A. The result follows by Lemma 3.9. O

Remark 3.12. Let (A,F, L, ) be a trigroup and S a normal subtrigroup of A.
Then S L~ ' =271+ Sforall x € A

Proof. Let x € A. Since 27 F z € {4, we have
Slat=@'ro)F S LaY)=a F(zkF (S La™"))
Yo tb((eFS)LaHY)=at-((SHz) Lz™h)
=z 'FS L) =2'F(SLl)=2"'F(148S)
Baltrnd4S=a"145.
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This completes the proof. O

Lemma 3.13. Let ¢ : A — A’ be a morphism of trigroups. Then Ker¢ is a
normal subtrigroup of A. Consequently, the set L4 of bar-units of A is a normal
subtrigroup of A.

Proof. By Proposition 3.5, Proposition 3.6 and Lemma 3.9, it remains to show
that for all z € A, x F Ker¢ 4 27 C Ker ¢. Indeed, let z € Ker ¢,

dlxkz42™Y) =¢(z) F o(2)
= (¢(z) 1) -

~

oz = p(x) 14 ()
(@)™ = ((¢() ™) H (¢(a) " = 1.

So xz F 2z 427! € Ker¢. Consequently, {4 is a normal subtrigroup by Remark
2.1. 0

Lemma 3.14. Let A be a trigroup. Then the group Ja of inverses of elements in
A is a normal subtrigroup of A.

Proof. By Proposition 3.5 and Lemma 3.9, it is enough to show that if x € A,
then  F J4 427! C J4. Notice that for all y € A,

rhy=azF(QFy)=@FD)Fy=("H""Fy.

SoxkJadz b= ()t FJaHda7 CJy since 271 (z7H) " € Ja. O

Lemma 3.15. Let ¢ : A — A’ be a morphism of trigroups. Then,

(a) If S is a normal subtrigroup of A and ¢ is surjective, then ¢(S) is a normal
subtrigroup of A’.

(b) If S"is a normal subtrigroup of A’, then ¢—YS’) is a normal subtrigroup of
A.

Proof. To prove (a), assume that S is a normal subtrigroup of A and ¢ is surjective.
By Proposition 3.6 and Lemma 3.9, it remains to show that y - ¢(S) 4y~ C ¢(S)
forallye A’. let y € A’ and s € S. Then, y = ¢(x) for some x, € A. We have

yFo(s) Hy™ = o(a) - ¢(s) 4 (6(z) ™" = o(x) F o(s) 4 p(a™)
d(xsHdx™t) € ¢(S) since S is normal in A.

The proof of (b) is similar. O
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4. Quotient trigroups

4.1. From quotient trigroups to groups

In an effort to study the notion of quotient of a given trigroup by a normal subtri-
group, we define an equivalence relation for which the equivalence classes are the
cosets of the normal subtrigroup, and the equivalence class of the identity element
is the normal subtrigroup.

Lemma 4.1. Let (A,F, L, ) be a trigroup, and S a subtrigroup of A. Then the
following assertions are true:

(a) g S=8 = g teS < SHg=S forall ge A
(b) gk S=hFS < g 14hes.
() SHg=SHh, = gF-h7teS

Proof. For (a), it is clear that for all g € A, (¢7}) ' =gF1€gF S Soif gt
S =S, then (¢g71)~! € S which implies g=! € S. Conversely, let g € A such that
gteS Sogkl=(g1)teS Thengrk-S=9gF-(1FS)=(@gF1)FSCS
since S is closed under the operation F . For the reverse inclusion, we have for all
s€ S thats=1Fs=(gFgl)Fs=gkF (g7t Fs) €ghr S This proves that
gk S =S8 <= ¢! €S. The proof of the other equivalence is similar.

To prove (b), let g,h € A such that g - .S = h F S, then there exists s € S such
that hF1=gF s. So

g A h =gt HGRADE g A () =g H (g s)
Byld(gHds)=(gtH4g) 4s=14s€8S.
Conversely, let g, h € A such that g~' 4 h € S. Then
hS=(gFg " HFRFS=(gF(g"'Fh)FS
=gF (g ' FRES)=gF (g ' F(hES))
Bor((gtH4h)FS)CgtkS.

The reverse inclusion holds alsosince h™* 4g=h"t 4 (g7t = (gt Hh)"L S
The proof of (¢) is similar to the proof of (b). O

Proposition 4.2. Let (A,+, L, ) be a trigroup and S a subtrigroup of A. Define
the relation: For x,y € A,

r~y <= z 4y e S

Then ~ is an equivalence relation and the equivalence classes are the left cosets
z kS, x € A (orbits of the action of S on A.)
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Proof. For all x,y,z € A, we have

i)z ldx=1€S8,

i) if e~ ! Hdye Stheny tHor =y tH (@ H =@ 14y tes,

iii) if 27! 4y € Sand y~! 42z € S, then

clHdz=(@ ' FD)Hz=(a ' Fwry ) 422 (@t Hy) Fy HH2)
Bat4dyk(ytH42)es.

These prove that ~ is respectively reflexive, symmetric and transitive, and by
Lemma 4.1(b), the equivalence classes are left cosets x - S O

By the fundamental theorem of equivalence relations, the relation ~ partitions
A into the left cosets - S, z € A. Let A/S be the set of left cosets. Define the
following binary operations >, A, <1: A/S x A/S — A/S by:

(gFS) > (hES)=(htg) kS

(gFS)<(hES)=(hHdg)ES

(gFS)A(hES)=(hLg) kS
We have the following result.

Lemma 4.3. Let (A,F, L, ) be a trigroup and S a normal subtrigroup of A. Then
forallz,yc A,z ~y < xz 'FSHyCS.

Proof. Let z,y € A such that x ~ yie. 27! 4y € S. Since y 4y~ ! € Uy, it
follows that for all s € S,
@ lhs) =@y ) Fs) dy= @k Fs) Hy
2@ HY F @ ) Ay R @ Ay F (T F(sHy)es
since S is normal and S is closed under |- . For the converse, if z,y € A such that
v lFSHyC S thena 1 Hy=(z"'F1)Hdye(z"t-S)HyCS. O

Proposition 4.4. Let (A,F, L, ) be a trigroup and S a normal subtrigroup of A.
Then the binary operations >, A, <1 are well-defined and equip A/S with a structure
of a group with unit S and the inverse of the class g = S is the class g~ - S.

Proof. First we verify that the operations >, A, and < are equal, then we verify
their well-definition and their compatibility with the equivalence relation ~ . In-
deed, let 2,y € A. Then, since y ' Foz ' =y ' 4ol =y 1 L2t asb=-4=_
in J4, It follows that

(zFy) tHE@Hdy) =@ Ly) ' H@Hdy) =yt H@dy)=1€8.
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So (zFy) ~ (x Ly)~ (z1y). Therefore,
FES)>(yFS)=@@FS)a(yFS)=@FS) <ykS).

To show the well-definition, let x,y,a,b € A such that x ~ y,a ~ b.
Soz:=a"'4bec S and thus ! 2z 4y € S by Lemma 4.3. Then

(aFa) 4y =@ Fa ) A0y Baml F (0 H b Ey)
o'k @ HbHy) =27 (a7 Hb) Hy)
:gg—ll—(z—|y)€S

So (aFz) ~ (bt y).
To show that S is the unique bar-unit , we prove that £,/ = {S}. Indeed,
notice that for all a,z € A,

(zHda) 'Hr=(a'H4e HH4z=a'H4 @@ ' H2)=a 41 =0a""!
and
(abz) ' Hz=@E ' Fa ) Hdz=(a e H)H42Ba (@ Hz)=a 1.
Sox-Ha ~x < a'€8S <= alr x~ x. Therefore,
Ups={atS:ateS}={S}

by the first property of Lemma 4.1. That the inverse of the class g - S is the class
g~ ' S is straighforward. We can now conclude that if (4,F, L, ) is a trigroup,
then (A/S,>=A=<) is a group. O

Remark 4.5. Proposition 4.4 provides another functor from the category of tri-
groups to the category of groups.

Remark 4.6. Note that every normal subtrigroup is the kernel of some trigroup
homomorphism. More precisely, if S is a normal subtrigroup of a trigroup A, then
the natural projection A — A/S is a homomorphism with kernel equal to S.

4.2. A First Isomorphism Theorem for trigroups

Lemma 4.7. Let ¢ : A — A’ be a morphism of trigroups and S a normal subtri-
group of A containing Ker ¢. If t € A such that ¢(t) € ¢(S), thent=1 € S.

Proof. Under the hypothesis, we have ¢(t) = ¢(s) for some s € S. So ¢(t - s71)
é(t) F ¢(s7!) = 1. Thus t - s71 € Kerg C S. Therefore t=! = ((¢t~1)71)~! ¢
since (t ) l=tk1l=tk(s1Hs))=(tFs ) Hds €8

0w |l
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Proposition 4.8. Let A and A’ be two trigroups and S a normal subtrigroup of
A. Let ¢ : A — A’ be a morphism of trigroups such that Ker (¢) C S. Then there

is an isomorphism of groups ¢ : A/S — Im¢/@(S). In particular, if S = ker(¢)
then this isomorphism becomes ¢ : A/ker(¢) — Im¢p/{1}.

Proof. Since S is a normal subtrigroup of A and ¢ : A — A a morphism of
trigroups, then ¢(S) is normal subtrigroup of Im¢ by Lemma 3.15. Moreover

z~y a2y eSS o(aT Hy) € 6(S) = d(z7) 4 (y) € ¢(S)
= (6(2)) 7 H6(y) € 8(S) = ¢(x) ~ $(y).

Note that the implication 27! 4y € S <= ¢(z~! 4 y) € ¢(S) above is due to
Lemma 4.7 since y ! 4oz =yt 4 (271) "t = (27! Hy)~! € S and the relation ~
is symmetric. Therefore ¢ induces the isomorphism: ¢ : A/S — I'm¢/¢(S) such
that x F S+ ¢z S) = ¢(z) - ¢(S). O
Corollary 4.9. Let A be a trigroup. Then there is a group isomorphism

AJiha = J4.

Proof. By the assertion (b) of Remark 2.1, the mapping A — J4 defined by = —
(x71)~1 is an epimorphism of trigroups with kernel ${4. Moreover Ja/{1} = Ja
since J4 is a group. We conclude the proof using Proposition 4.8.

Corollary 4.10. Let A be a trigroup. Then there is a group isomorphism
A/{1} =2 A/Md4.

Proof. Clearly, the map A = A/, a+— al i, is a trigroup epimorphism
whose kernel is ker(m) = {1} since by the first property of Lemma 4.1, we have
ab Uy =4y < ateldsny={1} < a=1. By proposition 4.8, there

is a group isomorphism A/{1} = A/ 4. O
Corollary 4.11. Let A and B be two trigroups. Then A can be identified with a
normal subtrigroup A x Ug of A X B and there is a group isomorphism fxxui =

B/{1}.

Proof. Assume that (A4,+,4, 1) and (B,F', -, L) are two trigroups. Then clearly
(A x B,>,<,>) is a trigroup with operations given by

(al,bl) > (G,Q,bg) = (a1 - ag,bl - bg),

(al,bl) < (ag,bz) = (a1 = ag,bl - bg),

(CL],bl) E (CLQ,bg) = (a1 1 G,Q,bl J_/ bg)

It is easy to verify that the map A x B 4, B/, (a,b)— bF Upisa
trigroup epimorphism whose kernel is ker(f) = A x Up by the first property of
Lemma 4.1 and since e € i <= e~ € Up. By proposition 4.8, there is a group
isomorphism fxxui =~ B/Up. Now since B/ip = B/{1} thanks to Corollary 4.10,
the proof is complete. O
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4.3. A Second Isomorphism Theorem for trigroups

In this section, we use our construction of quotients on trigroups to prove an
analogue of the second isomorphism theorem for trigroups. Consider the following
set:

SxS" ={x*xa', v €S and ' € S’} where x € {F,H}.

Lemma 4.12. Let A be a trigroup, and S, R two subtrigroups of A such that
sk R=RHs for all s € S. Then the following hold:

(a) The set R = {xe A : 27t € R} is a subtrigroup of A containing R.
(b
(

C

S F R is a subtrigroup of A.

R is a normal subtrigroup of S + R.

)
)
)
(d) Sn R is a normal subtrigroup of S.

Proof. The proof of (a) is straightforward since R is a subtrigroup of A.

To show (b), we verify the properties of Proposition 3.4. Indeed, Let s,s, € S
and 7,71 € R. Since R 4 s1 = s1 F R, it follows that r 4 sy = s; F ro for some
ro € R.

1

=

1) (skEr)k(s1Fmr)

o~~~

(skEr)d4s)Fr 2 (sk(rds))Fr
sk(sikr))kFri=(sksi))F(rebFm)€eSER.

IIs

2) (skr)d(s1Fr) sl—(r—|(sl}—Tl))gsl—(r—wsl—(rl))
sk ((r-dsy)dr)=sk ((s1Fre) 4m1)
(sk(siFr))dri=((sks1)Fry) 4r

2(sks1) b (ro4r) €SFR.

s 1S 1l

]

3)  (skr)L(sibr)Z((skr)ds) Lr B (st (r4s)) Lr
(sk(sikre)) Lr=((sksi)bFry) Lr

2 (sks1)F(ro L) €SFR.

e 1l

4) Since R4s '=s"1F R, then r! 4571 =51 Fry for some 79 € R. So
(skr)yt=rtlhst=rtd4stl=s"trge SFR
To show (c), we first notice that R C S+ R since r =1+ r for all r € R. Now
let s € S and r,rg € R. Then

(skryFrod(skr) t=(skFr)Frod(r s
BskrkFrd@Et—4s™
=sk(rbrgdr ) 4s'esFR4s " CR

To show (d), we first notice that S N R+#0as1eSNR. Also it is clear that
SNRCS Nowforallse Sandt € SNR, we have s - ¢t 4 s7! € § since



40 G. Biyogmam, S. Tchamna and C. Tcheka

S is a subtrigroup of A. Also, since s - R =R s, s t"! =t + s for some
€R Sosktldst=@#As)As =t H4(s4s1) =1t € R We now
have (s Ft 4 s )t = (sH Pkt 145t =5kttt 45! €R, and thus
s}—t—|s*1GRTherefore,s}—t%sflGSQR O

Corollary 4.13. Let A be a trigroup, and S and R two subtrigroups of A such
that sk R= R s for all s € S. Then there is a group isomorphism

(SFR)/R=S/(SNR).

Proof. By Lemma 4.12, S+ R is a subtrigroup of A having R as a normal subtri-
group, and that S N R is a normal subtrigroup of S. The map

S— (SFR)/R, s—sFR

is clearly a surjective homomorphism. Its kernel is S N R by the first property of
Lemma 4.1. The result now follows using Proposition 4.8. O

Corollary 4.14. Let A be a trigroup, R a normal subtrigroup of A and S a
subtrigroup of A such that A= S+ R. Then

A/R~S/(SNR).
Proof. The proof is straightforward as a direct consequence of Corollary 4.13. [

Corollary 4.15. Let A be a trigroup. Then there are group isomorphisms
(JaFUa)/ta=Ja and (Yat Ja)/Ja = {8a}

Proof. By Lemma 3.13 and Lemma 3.14, J4 and 44 are normal subtrigroups of
A. This implies that e - J4 = J4 deand j - Uy = Uy -5 for all e € U4 and
J € Ja. So, H4 and J, are respectively normal subgroups of J4 i 4 and U4 = Ja
by Lergma 4.12. Note that J4 = A, thus 44 NJ4 = Uu. Also, since J4 is a group,
JanNiUy = {1} We now have (JA H ﬂA)/ﬂA = JA/{I} ~ J4 and (L[A H
Ja)/Ja 2 Ua/lhs =2 {Us} by Corollary 4.13. O

4.4. A Third Isomorphism Theorem for trigroups

Lemma 4.16. Let A be a trigroup, and S, R two normal subtrigroups of A such
that S is a subtrigroup of R. Then R/S is a normal subgroup of A/S.

Proof. By Lemma 3.11, S'is a normal subtrigroup of E, and }A%/S is a subtrigroup of
A/S.Now,let a € A. Thenforallr € R,7~' € R.So, (aFr-Ha )t =(a"H)~ 1+
r~! 4a~! € R since R is a normal subtrigroup of A. Hence a -r 4a~! € R. We
now have

(aFS>(rFS)<(@*FS) =((akFr)FS)<(atr29)
=(atr-aY)FSeR/S

Hence ]TE/S is a normal subtrigroup of A/S. O
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Proposition 4.17. Let A be a trigroup, and S and R two normal subtrigroups of
A such that S is a normal subgroup of R. Then, there is a group ismorphism

(A4/5)/(R/S) = A/R.

Proof. Under the hypothesis of the proposition, S is also a normal subtrigroup of
R. Now consider the map: A/S — A/R, (a+ S) — (a - R). Then 7 is obviously
a surjective morphism of groups whose kernel is ker (1) = R/S, by the first property
of Lemma 4.1. We now conclude by proposition 4.8 that (4/S)/(R/S) = A/R. O
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The transitivity of primary conjugacy

in a class of semigroups
Maria Borralho

Abstract. Elements a, b of a semigroup S are said to be primarily conjugate or just p-conjugate,
if there exist =,y € S! such that a = xzy and b = yx. The p-conjugacy relation generalizes
conjugacy in groups, but for general semigroups, it is not transitive. Finding the classes of
semigroups in which this notion is transitive is an open problem. The aim of this note is to show

that for semigroups satisfying zy € {yz, (xy)"} for some n > 1, primary conjugacy is transitive.

By a notion of conjugacy for a class of semigroups, we mean an equivalence re-
lation defined in the language of that class of semigroups such that when restricted
to groups, it coincides with the usual notion of conjugacy.

Before introducing the notion of conjugacy that will occupy us, we recall some
standard definitions and notation (we generally follow [4]). For a semigroup S, we
denote by S! the semigroup S if S is a monoid; otherwise S' denotes the monoid
obtained from S by adjoining an identity element 1.

Any reasonable notion of semigroup conjugacy should coincide in groups with
the usual notion. Elements a,b of a group G are conjugate if there exists g € G
such that a = g~ 'bg. Conjugacy in groups has several equivalent formulations that
avoid inverses, and hence generalize syntactically to any semigroup. For many of
these notions including the one we focus on here, we refer the reader to [2, 5, 8].

For example, if G is a group, then a,b € G are conjugate if and only if a = uwv
and b = vu for some u,v € G. Indeed, if a = g~ 'bg, then setting v = g~ 'b and
v = g gives uv = a and vu = b; conversely, if ¢ = uv and b = vu for some u,v € G,
then setting g = v gives ¢~ 'bg = v~ tvuv = uv = a.

This last formulation was used to define the following relation on a free semi-
group S (see [9]):

an~pb — Juwest a=wuv and b = vu.

If S is a free semigroup, then ~y, is an equivalence relation on S [9, Cor.5.2], and
so it can be considered as a notion of conjugacy in S. In a general semigroup
S, the relation ~, is reflexive and symmetric, but not transitive. If a ~, b in
a semigroup, we say that a and b are primarily conjugate or just p-conjugate for
short (hence the subscript in ~},); a and b were said to be “primarily related” in [8].

2010 Mathematics Subject Classification: 20M99
Keywords: semigroups, primary conjugacy



44 M. Borralho

Lallement [9] credited the idea of the relation ~, to Lyndon and Schiitzenberger
[10].

In spite of its name, ~} is a valid notion of conjugacy only in the class of
semigroups in which it is transitive. Otherwise, the transitive closure ~,* of ~
has been defined as a conjugacy relation in a general semigroup [3, 7, 8]. Finding
classes of semigroups in which ~, itself is transitive, that is, ~,=~*, is an open
problem. The aim of this note is to prove the following theorem.

Theorem. Let n > 1 be an integer and let S be a semigroup satisfying the
following: for all x,y € S,
ay € {yz, (zy)"} .

Then primary conjugacy ~, is transitive in S.

There are various motivations for studying this particular class of semigroups.
First, it naturally generalizes two classes of semigroups in which ~y, is transitive.

Proposition. Let S be a semigroup.
(1) If S is commutative, then ~, is transitive.
(2) If S satisfies vy = (zy)? for all z,y € S, then ~, is transitive.

Proof. (1). In a commutative semigroup, ~, is the identity relation and hence it
is trivially transitive.

(2). If a ~p b, then a = uv and b = vu for some u,v € S*. Thus a* = (uv)
uv = a and b? = (vu)? = vu = b so that a, b are idempotents. In particular, a, b are
completely regular elements of S. The restriction of ~}, to the set of completely
regular elements is a transitive relation [6]. O

2:

The other motivation for studying this class of semigroups is that it has been
of recent interest in other contexts. In particular, J. P. Aradjo and M. Kinyon [1]
showed that a semigroup satisfying 2® = x and xy € {yz, (vy)?} for all z,y is a
semilattice of rectangular bands and groups of exponent 2.

The proof of Theorem was found by first proving the special cases n = 2,3,4
using the automated theorem prover Prover9 developed by McCune [11]. After
studying these proofs, the pattern became apparent, leading to the proof of the
general case. Note that Prover9 and other automated theorem provers usually
cannot handle statements like our theorem directly because there is not a way to
specify that n is a fixed positive integer. Thus the approach of examining a few
special cases and then extracting a human proof of the general case is the most
efficient way to use an automated theorem prover in these circumstances.

Proof of Theorem. Suppose a,b,c € S satisfy a ~, b and b ~, c¢. Since a ~ b,
there exist a1, as € S' such that a = ajas and b = asa;. Similarly, since b ~p G,
there exist by, by € S! such that b = b1by and ¢ = byb;. We want to prove there
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exist z,y € S* such that a = zy and ¢ = yz. If @ = b or if b = ¢, then there is
nothing to prove. Thus we may assume without loss of generality that ajas # asa;
and b2b1 7& blbz.

Assume first that n = 2. Then

a = ajas = (a1az)(a1az) = ay(azay)as = arbag = (a1b1)(baas),

and
Cc = b2b1 = (bzbl)(bgbl) = b2(b1b2)b1 = bzbbl = (bgag)(albl) .

Thus setting © = a1b; and y = baas, we have a ~, ¢ in this case.
Now assume n > 2. We have

a=ajag = (a1az2)" = (a1az) - - - (ara2)
_n,_/
= a;(aza1) - - - (aga1)as
T
a1 b tay
a1bb” 2ay
a1(bybo)b" 2ay

(albl)(bgb”_zag)

and

Cc = b2b1 = (bgbl)n = (bgbl) R (bgbl)
~—_——

= ba(b1ba) -+ (b1b2)bs
—_———

n—1
= bob" by
= byb" by
= byb" " 2(agay )by

= (bgbn_Qag) (albl) .

Thus setting z = a1b; and y = bab"2as, we have that a ~y, c. O
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Hyperidentities with permutations leading to the

isotopy of invertible binary algebras to a group

Sergey S. Davidov and Davit A. Shahnazaryan

Abstract. Using the second-order formulas we obtained characterizations of binary invertible
algebras principally isotopic to a group or to an abelian group.

1. Introduction

A binary algebra (Q; X) is called an invertible algebra or system of quasigroups if each operation
in ¥ is a quasigroup operation. Invertible algebras with second order formulas first were con-
sidered by Shaufler [12, 13] in connection with coding theory. He pointed out that the resulting
message would be more difficult to decode by unauthorized receiver than in the case when a single
operation is used for calculation. Later such algebras were investigated by Aczel [1], Belousov
[3, 4], Sade [11], Movsisyan [8, 9, 10] and others.
It is well known [5] that with each quasigroup A the next five quasigroups are connected:
AT TRA, THATY), (AT, A

where A*(z,y) = A(y,z). These quasigroups are called inverse quasigroups or parastrophes.
Like this, with each invertible algebra (Q;X) the next five invertible algebras are connected:

(@27, (@7'Y), (@'ETY), (@), (T,
where
v l={A"l|4A e},
"z ={"'A|Aex},
HEHY={"AHlAexy,
('SP ={(4) 7 Aex},
¥ ={A*|Aex}.

Each of these invertible algebras is called a parastrophe of the algebra (Q;X).
Let us recall that the following absolutely closed second-order formula:

VX1, .., XmVT1,...,2n (UJ1:W2)7
Vle--kaHXk-QJ ---7X7nvxlv---7xn (wl :w2)7

where w1, wa are words written in the functional variables, X1,..., X, and in the objective
variables, x1,...,xn, are called V(V)-identity or hyperidentity and V3I(V)-identity. For see [8].

The groupoid Q(A) is isotopic to the groupoid Q(B) if exist three permutations «, 3,v of Q
such that vB(z,y) = A(ax, By) for all z,y € Q. The isotopy of the form T = («, 5,¢), where ¢
is the identity map, is called a principal isotopy.

2010 Mathematics Subject Classification: 20N05, 03C85, 20N99.
Keywords: invertible algebra, second-order formula, hyperidentity, isotopy.
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The class of quasigroups isotopic to groups first were considered by Belousov [4]. Varieties of
quasigroups isotopic to groups have been considered by Glukhov, Gvaramia, Sokhatsky and oth-
ers. In [6] the concept of identities with permutations was introduced and isotopies of quasigroups
to groups was characterized by these identities.

We introduce the notion of the hyperidentity with permutations and using these hyperiden-
tities we obtain characterizations of binary invertible algebras principally isotopic to a group.

2. Auxiliary concepts and results

We start with some concepts and results, which are necessary for further considerations.

Definition 2.1. The triplet T' = (a, 8,) of permutations of the set Q is called an autotopy of
the groupoid Q(-), if the identity vy(z - y) = ax - By is true for for all z,y € Q. f T = (v, B,7) is
an autotopy of the groupoid Q(A), then we write AT = A.

In the case a = 8 = ~ the triplet T = (o, a, ) is an automorphism. It is easy to see that
the set of autotopies of Q(-) forms a group.

Definition 2.2. The third component 7 of the autotopy T = («, 8,7) of the groupoid Q(-) is
called a quasi-automorphism of Q(-).

Lemma 2.3. (cf. [3]) Any quasi-automorphism v of a group Q(-) has the form:
v=Rsv0, (v=Lsdo) (1

where vo (d0) s an automorphism of the group Q(-), Rsx = z-s (Lsx = s-x), s € Q and,
conversely, the map ~ defined by the equality (1) is a quasi-automorphism of the group Q(-).

Lemma 2.4. (cf. [3]) Let v be a quasi-automorphism of the group Q(-). Then v is an auto-
morphism if and only if y1 = 1, where 1 is the identity element of the group Q(-).

Lemma 2.5. (cf. [3]) Let a, 8,7, 6, 0,7 be permutations of the set Q, such that the equality

Bla(z - y) - z) =y - 6(oy - 72)
is wvalid in the group Q(-) for all x,y,z € Q. Then the permutations «,,v,0,0,T are quasi-
automorphisms of the group Q(-).
Lemma 2.6. (cf. [3]) A permutation o of Q is a quasi-automorphism of the group Q(-) if and
only if for all z,y € Q the equality

a(zy) = ax - (a1)~! - ay,

where 1 is the identity of Q(-), is valid.
Theorem 2.7. (cf. [3]) If a non-empty set Q is a quasigroup under each of four operations
A1, Ag, Az, Aa satisfying the identity:

A1(Az2(z,y), 2) = Az(z, Aa(y, 2)), 2
then there exists the operation () such Q(-) is a group isotopic to all these four quasigroups.
Theorem 2.8. (cf. [2]) if a non-empty set Q is a quasigroup under each of siz operations
A1, Ag, Az, Ay, As, Ag satisfying the identity:

A1(Az2(z,y), A3(z,u)) = As(As(z, 2), As(y, u)), (3)
then there exists the operation (-) such that Q(-) is an abelian group isotopic to all these siz
quasigroups, i.e.,

Az, y) =ax- By,  As(z,y) =Xz @Y,

Az(z,y) = a vz -by),  As(e,y) =x""(va - Oy),

As(z,y) = B (0 - dy),  As(z,y) = ¢ (52 - Yy),
where o, B,7,0, X, p, ¥, 0 are permutations of Q.
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Definition 2.9. We say that a binary algebra (Q;X) is isotopic to the groupoid Q(-), if each
operation in X is isotopic to the groupoid Q(:), i.e., for every operation A € ¥ there exists
permutations a4, 84,74 of Q such that:

'YAA(w}y) = QAT 6Ay’
for every x,y € Q.

Theorem 2.10. (cf. [7]) The invertible algebra (Q;X) is principally isotopic to a group if and
only if for all A, B € ¥ the following second-order formula

A(TTA(B(z, B~ (y, 2)),u),v) = B(z, B~ (y, A(" M A(z, 1), v))),

is valid in the algebra (Q; X UL~ 1U™1 X).

3. Main results

We denote by L4, and Ry o the left and right translations of the binary algebra (Q;X):
Lag:xz— A(a,z) (Ra,q:z— A(z,a)).

If (Q;X) is an invertible algebra, then these translations are bijections for all a € Q.
We will consider second order formulas (called hyperidentities with permutations or hyperi-
dentities in (Q; X)) of the following form:

BB ABs P BB e, 5 Py), 5P 2) = B(5 P, 7P AGB Py, 550 2)),

where z,y, z are objective variables, B?’B(i =1,...,9) are permutations on @ dependent on
A,B € X. By doing paremeter replacement those formulas may be transformed into second
order formulas with less number of paramaters:

af’BA(a’;’BB(x, y),z) = B(agl’Ba:, af’BA(a?’By, aé’Bz)). 4)

Theorem 3.11. If the second order formula (4) is valid in the algebra (Q;X) for all A,B € X
and for some permutations a?’B(i =1,...,6), then the algebra (Q;X) is principally isotopic to
a group.

Conversely, if the invertible algebra (Q;X) is principally isotopic to a group Q(-), then for
all A, B € ¥ there exist permutations aiA’B(i =1,...,6) such that the second order formula (4)
is valid in the algebra (Q;X).

Proof. Let (4) hold in (Q;X) for all A,B € ¥ and for some permutations af’B(z‘ =1,...,6).
The second order formula (4) is a particular case of (2), where

As(z,y) = o PA(zy),  As(z,y) = a5 PB(x,y),
A,B A,B AB_ _AB
As(z,y) = Blaz "z,y),  Aalz,y) =ay " Alag " z,057"y).
According to Theorem 2.7, the quasigroups A1, A2, A3, A4 are isotopic to the same group Q(-):
Ai(z,y) = a N (Br-yy),  As(z,y) =i (Biz-my),
As(z,y) = X" Huz-vy),  Aa(e,y) = A7 (mz - v1y).
Having in consideration the last equalities and (2) we get:
a”N(Bar Bz - y) - yz) = A (pr - vATH (y - vi2))

or
Ao (Bay @ y) - 2) = pBy ta - vAT (v ty iy ).
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According to Lemma 2.5, Aa~! = 0 is a quasi-automorphism of the group Q(-). Fixing the
operation A, we fix the permutation «, too. Then, every operation B € ¥ has the form:

A,By— _
B(z,y) = A3((ag ") " 'z,y) = As(¢z,y) = A\~ (ugz - vy)
or
B(z,y) =a 107 (¢'z-vy).
Since the permutation =1 is a quasi-automorphism of the group Q(-), then
B(a,y) =a (07 ¢z (67'1)7" 07 wy) = a7 (9" z - py),
where ¢z = 0~ 1¢’2(0~ 1)1, 9px = 6~ vz and 1 is the identity element of the group Q(-).
Consider the operation:
zoy=a Y(az ay).
Q(o) is isomorphic to the group Q(-). Thus, (Q(o) is a group and
B(z,y) = a~'¢"zoa "y
or
B(z,y) = fzogy.
Hence, Q(B) is principally isotopic to the group Q(o) and since B is an arbitrary operation from
Y, this proves the statement.

Conversely, if an invertible algebra is principally isotopic to a group, then according to
Theorem 2.10 the following formula is valid:

AT A(B(a, By, 2)),u),v) = Bla, B~ (y, A"  A(z,u), v).
Taking into account that
ANz, u) = Ry-1,0=Lj-1,u and LA, z) = L1y ,®=R-1,,v
the above formula may be re-written in the form:
A[R-14 , B(z,2),v] = B[x,LBf1ﬁyA(R71A’uLJ_31717yz,v)].

This for u = a,y = b, where a,b € Q are fixed, gives (4), where

A,B AB _ _AB _ A,B _ AB _ A,B _ -1
a7 =ag’t =ag =€ ay =Roiy ., a7 =Lgo1y, o 7R*1A,aL371Yb7
and completes the proof. O

Corollary 3.12. (cf. [6]) The class of quasigroups isotopic to a group is characterized by the
identity:

z(b\((z/a)v)) = ((z(b\z))/a)v,
where a and b are fized.

Theorem 3.13. The invertible algebra (Q;X) is principally isotopic to an abelian group if and
only if for all A, B € ¥ the second-order formula

A(THA(B(2,2),9), Ay, B(w,w))) = A(THA(B(w, 2),9), A (y, B(x,u))). (3)

Proof. Let (Q;%) be an invertible algebra principally isotopic to an abelian group Q(-), i.e.,
every operation A € ¥ has the form:

A(IE, y) = QAT - 6Ay7 (6)
where a4, B4 are permutations of the set Q. Then from (6) we obtain:
A Na,y) =B, (@az-y) and  TMA(z,y) = ay'(z- Bay), (M

where T is the inverse element of x in the group Q(-).
Using the identities (6) and (7) we can prove that left and right sides of (5) are the same.
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Conversely, let (5) be satisfied in (Q; X UX "1 UL ) for all A, B € ¥. For y = a it has the
form:

A(C(z, 2), D(w,u)) = A(C(w, 2), D(z,u)), (8)

where C(z,y) = ' A(B(z,y),a) and D(z,y) = A~} (a, B(x,y))-
Let’s write (8) in the form:

A(C*(z,z), D(w,u)) = A(C*(z,w), D(z,u)). (9)

Obviously, the operations C, C* and D are inverse operations. According to Theorem 2.8, the
quasigroups Q(A), Q(C*) and Q(D) are isotopic to the same abelian group Q(-). Hence,

A(I,y) :ax6y7 C*(I,y) :ail(’yxéyx D(Ivy) :ﬁil(exwy)v

for some permutations «, 3,7, 0,60, of Q.
Fixing the operation A, we also fix the permutation a. Then:

C*(yv :E) = C(Jj,y) = 71A(B(1‘7y)7a) = R—lA,aB(xvy) = ail('yy . 5x)7

or
B(z,y) = R_,, o '(yy-0x), Bla,y) =R, a (I8 Iy),

where I(x) = T assigns to z its inverse T calculated in the group Q(:). Then the permutation

¢p=1IaR-1,, depends only on A. Thus, Q(o), where x oy = ¢~ (pz - py), is an abelian group

is isomorphic to the group Q(:). In the group Q(o) the operation B has the form:

B(z,y) = fxogy,

where f = =118, g = ¢~ 17y are permutations of Q. Thus, Q(B) is principally isotopic to the
group Q(o) and since B is an arbitrary operation from ¥, this proves the theorem. O

Theorem 3.14. If the second order formula
a’{l’BA[a;’BB(OzSA‘B:E, af’Bz),a?’BB(ag"Bw, a?’Bv)} = A[oz’SL"BB(w7 z), aéq’BB(a:,v)] (10)

is valid in the invertible algebra (Q;X) for all A, B € ¥ and for some permutations a?’B where
i=1,2,...,9, then the algebra (Q;X) is principally isotopic to an abelian group.

Conversely, if the invertible algebra (Q;X) is principally isotopic to an abelian group Q(-),
then for oll A, B € X there are permutations a?’B, i=1,2,...,9, such that the second order
formula (10) is valid in the algebra (Q;X).

Proof. Let (10) holds in (Q;X) for all A, B € ¥ and for some permutations a?’B, i1=1,2,...,9.
Then (10) is a particular case of (3), where

A,B A,B A,B A,B A,B A,B A,B
Ar(z,y) = o] A(z,y),  As(z,y) = oy’ B(a37 x, Q)" y), Ag(x,y)=a5’ B(a(a’ z,07’ Y)s

As(z,y) = A(z,y),  As(z,y) =ag"PB(z,y),  As(z,y) = a5 P B(z,y).

According to Theorem 2.8, the quasigroups A, Aa, A3, Aa, As, A are isotopic to the same
abelian group Q(-):
Al(‘r7y) :0435@/7 AQ(xvy) :ail(’yx'(sy% A3(I7y) :¢71(Ax6y)7

A4(I,y) :wm'ayv A5(5L’,y) :wil(')/'r)‘y)’ Aﬁ(x’y) 2071(6‘73'634)'
Fixing B, we obtain As(z,y) = a?’BB(x, y) = ¥~ (yx - Ay). Thus ¢ is fixed too. Then
Q(o), where
Toy= wilx o wily.
is an abelian group and A(z,y) = A4(z,y) = Yx - oy = x op~ loy. Thus, Q(A) is principally
isotopic to the group Q(o) and as A € ¥ is an arbitrary operation, this proves the statement.
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Conversely, if the invertible algebra (Q;X) is principally isotopic to an abelian group, then
according to Theorem 3.13 the formula is valid:

A(TTA(B(x,2),y), A7 (y, B(w,w))) = A(TTA(B(w, 2),y), A (y, B(z, u))).
Then,
AlR-1 4 ,B(z,2), Ly—1 , B(w,u)] = A[R-14 , B(w,2), L 41 , B(z,u)].
This for fixed y = a € Q gives (10) with
ar=az=ag=ag=ar=¢€ ag=az=Ro1,,, as=ay=L,i1,. O

Corollary 3.15. The class of quasigroups isotopic to an abelian group is characterized by the

identity:
(zz/y)(y\wu) = (wz/y)(y\zu),
where y is fized.
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Translatability determines the structure

of certain types of idempotent quasigroups

Wieslaw A. Dudek and Robert A. R. Monzo

Abstract. We prove that in certain types of k-translatable idempotent quasigroups, the value
of k determines all possible orders of k-translatable idempotent quasigroups of a particular type.
From this, all k-translatable idempotent quesigroups of that type can be calculated, as well as
their parastrophe types. Four operators on the collection of all idempotent, translatable quasi-
groups are defined and formulae determining relationships amongst them are given. Necessary
and sufficient conditions are given for particular types of idempotent, translatable quasigroups
to be perpendicular to their dual quasigroup.

1. Introduction

The notion of a k-translatable groupoid was an outcrop of the observation that
certain quadratical quasigroups are translatable [6]. This led to the determination
of the structure of idempotent, translatable quasigroups in general and of types
of idempotent, translatable quasigroups in particular (Theorems 4.2 and 4.27 [5]).
These results and Theorem 4.2 [7] inspired the work in this paper.

To say that an idempotent quasigroup (Q,-) of order n is k-translatable is a
powerful statement. It implies that = - y = [ax + by],, for some a € {2,3,...,n}
and odd n > 1, where [a +b], = 1, [a + kb], = 0 and [t],, equals ¢ calculated
modulo n (cf. [5]). In addition, the greatest common divisor of @ and n is 1, as is
that of b and n and k and n. Also, there exist unique values a’, b’ and %’ such that
[aa’], = [bb], = [kK'], = 1, where k£ is the value of the translatability of the dual
quasigroup (@, ) and x * y = [bx + ay],. Therefore, [b + k’a],, = 0. The products
of the parastrophes of (Q,-) and their translatability can also be determined (cf.
[5]). We note that idempotent k-translatable quasigroups are medial, that is they
satisfy the identity zy - zw = xz - yw, and therefore they are what is called in the
literature IM-quasigroups (cf. [9]). We denote the collection of all idempotent,
medial quasigroups as IMQ. We define IKQ as the collection of all idempotent,
k-translatable quasigroups. By Corollary 4.5 [5], IKQ C IMQ.

To simplify the size of some of the tables we will sometimes let (a,b) denote the
idempotent k-translatable quasigroup z -y = [ax + by|,, where [a + b],, = 1. For

2020 Mathematics Subject Classification: 20N02; 20N05
Keywords: Quasigroup; pentagonal quasigroup; translatability; idempotent.
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example, (3,3) denotes the idempotent 4-translatable quasigroup z-y = [3z+3y]s,
and (2,10) denotes the idempotent 2-translatable quasigroup = - y = [2z + 10y]11.

In this paper we examine certain types of idempotent k-translatable quasi-
groups. Each type T in Table 3.1 satisfies a single identity uwy = wvp, with
ur = ur(x,y) and vr = vr(x,y). Each identity yields a function Fr(a) such
that [Fr(a)], = 0. This formula allows us to calculate the possible values of n;
that is, for each value of a, the formula determines the possible orders of the
members of T. Also, the value of ¢’ and k' are determined by the value of k.

The function Hp denotes the function Hy = Hr(k), where [Hr(k)], = 0.
The products of the parastrophes of a given (Q,-) € T and the value of their
translatability can also be determined by k, the value of the translatability of
(Q,-). Also, in any type T we can calculate all k-translatable quasigroup members
of T, for any value of k. We give tables of such quasigroup members for each type
T and each value of k, for k € {2,3,...,10}. The main results are given in Tables
3.1, 3.2, 3.3 and 3.4, from which most other results and tables follow.

We examine, for each T, the dual collection T* and the inverse collection —T
and prove that the above analysis also applies to these collections of quasigroups.
Some interrelationships between different types of idempotent k-translatable quasi-
groups, their dual collections, their inverse collections and the collections T+ and
T~ are also given.

We will show how these results link with the work of Belousov. He proved that
any minimal non-trivial identity in a quasigroup is parastrophically equivalent to
one of seven identity types [1]. We prove that five of those identities determine
types of idempotent k-translatable quasigroups and that the remaining two iden-
tities do not. We prove in Corollary 6.4 that if T is the collection of quadratical
quasigroups or the collection of affine regular octagonal quasigroups, then any
quasigroup member of T is perpendicular to its dual quasigroup.

2. Preliminary definitions, examples and results

A groupoid (in other terminology: a magma) is a non-empty set () with a binary
operation (called a multiplication) defined on @ and denoted by dot or juxtapo-
sition. For clarity of record we will limit the number of parentheses. Instead of
(z-y) -z, we will write zy - z.

Let us recall that a groupoid (,-) is a quasigroup if for every a,b € @ there
exist unique elements z,y € @Q such that ax = b and ya = b. An element x of
a groupoid (Q,-) is idempotent if x - & = x. A finite groupoid Q = {1,2,...,n}
is called k-translatable, where 1 < k < n, if the second row of its multiplication
table is obtained from the first row by inserting the last k entries of the first row
into the first k entries of the second row and the first n — k entries of the first
row into the last n — k entries of the second row. This operation is repeated from
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the second row, to obtain the entries of the third row, and so on until the table is
filled (cf. [5]).

The following are the Cayley tables of a 2-translatable idempotent quasigroup
of order 3, a 3-translatable idempotent quasigroup of order 5 and a 4-translatable
idempotent quasigroup of order 7.

1 2 3 45 6 7

1 2 3 4 5 111 357 2 4 6
111 3 5 2 4 217 2 4 6 1 3 5
215 2 4 1 3 3/6 1 3 5 7 2 4
3114 1 3 5 2 415 7 2 4 6 1 3
413 5 2 4 1 5/4 6 1 3 5 7 2
5/2 4 1 3 5 63 5 7 2 4 6 1
712 4 6 1 3 5 7

It is known that an idempotent k-translatable quasigroup of order n is induced
by the additive group of integers modulo n, where, for simplicity of our calcula-
tions, 0 is identified with n, i.e., instead of @ = {0,1,...,n — 1} we consider the
set @ = {1,2,...,n}. In this convention, an idempotent k-translatable quasigroup
of order n has the form

z-y=lax+ (1 —a)yl,, where [a+k(l—a)l,=0

and the greatest common divisor of k and n is 1. Obviously, the greatest common
divisor of a and n (also a — 1 and n) must be 1. The value n must be odd and
greater than or equal to 3, while k > 2 (cf. [5, Lemma 4.1]).

It follows that idempotent k-translatable quasigroups satisfy particular identity
types if and only if [Fr(a)], = 0 for some function Fr(a) that is determined by
the identity that defines the type T

The identity types here explored determine well-known types of quasigroups,
such as quadratical (Q : zy - x = zx - yz), hexagonal (H: zy - © = y), golden
square (GS: (zy-z) -z = y), right modular (RM: 2y -z = zy - ) and left modular
(LM: z-yz = z-yx), affine regular octagonal (ARO: zy-y = yz-x) and pentagonal
(P: (zy-x)y-x =y). In addition we examine the identities (yx - z)x = y (denoted
as C3) and z(y - yz) = y (denoted as U).

For a given collection T of idempotent k-translatable quasigroups we define
the following collection of quasigroups

T* ={(1-a,a) € IMQ} | (a,1 - a) € T},
~T ={(—a,1+a) € IMQ | (a,1 —a) € T},
T+ ={(a+t,1-a—1t) € IMQ| (a,1—a) e T},
T t*={(a—t1+t—a)cIMQ]|(a,1—a)c T},

where ¢t € {1,2,...}.
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These two theorems, that are a modification of Theorems 4.26 and 4.27 from
[5], will be used later.

Theorem 2.1. A k-translatable, naturally ordered quasigroup (Q,-) of order n
with the multiplication defined by = -y = [axz + (1 — a)y|,, where a € Z, and
[a+ (1 —a)k], =0 is

(1) quadratical if and only if [2a*> — 2a + 1],, = 0,
(2) hexagonal if and only if [a®> —a + 1], =0,
(3) GS-quasigroup if and only if [a®> —a — 1], = 0,
(4) right modular quasigroup if and only if [a®> + a — 1], = 0,
(5) left modular quasigroup if and only if [a* — 3a + 1],, = 0,
(6) ARO-quasigroup if and only if [2a%],, = 1,
(7) C3 quasigroup if and only if [a®], = 1.
Theorem 2.2. A naturally ordered quasigroup (Q,-) of order n with the multipli-

cation defined by x -y = [ax + (1 — a)y],, where a € Z,, and [a+ (1 —a)k], =0 is
a k-translatable

(1) quadratical quasigroup if and only if k = [1 — 2a],,
(2) hexagonal quasigroup if and only if k = [1 — al,,

(3) GS-quasigroup if and only if k = [a + 1],

(4) right modular quasigroup if and only if k = [—1 — a],,
(5) left modular quasigroup if and only if k = [a — 1],
(6) ARO-quasigroup if and only if k = [—1 — 2a],,

(7) C3 quasigroup if and only if [(1 — a?)k],, = 1.

We will also need the following characterization of a pentagonal quasigroup
proved in [7].

Theorem 2.3. A groupoid (Q,-) of order n > 2 is a pentagonal quasigroup induced
by the group Z,, if and only if v-y = [ax+ (1 —a)y], and [a* —a®+a®—a+1], =0
for some a € Z,, such that a and n, also a — 1 and n, are relatively prime. Such
a quasigroup is k-translatable for k = [1 — a — a?]

n-
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3. The main theorem

In this section we find identities amongst various types of idempotent, k-translatable
quasigroup types T and their dual and inverse collections T* and —T. We then
find the values of Hr(k), a, o’ and k' as functions of k.

Theorem 3.1. The following identities between classes of idempotent quasigroups
induced by the additive groups Z.,, are valid:

1) Q=Q,

(2) H=H* = —C3,

(3) GS = GS*=—RM,
(4) RM = —(GS¥),

(5) LM = RM*,

(6) ARO = —ARO,
(7) C3=—H = —(H").

Proof. In the proof we use Theorem 2.1.
(1): (a,1—a)eQ&e 2> —2a+1], =0 [21-a)?—2(1—a) + 1], =0&
(1—a,a) e Q< (a,1—a) e Q.
(2): (a,1—a)eH& [a®>—a+1],=0<[(1-a)?-(1-a)+1],=0&
(1-a,a)eH& (a,1 —a) e H*
and
(a,1—a)eC3 = [’ +a+1],=0%[(-a)? - (—a)+ 1], =0%
(—a,a+1)eH & (a,1 —a) € —H. So,H* =H = —(—H) = —C3.
(3): GS=GS*=-RM and RM = —GS.
(a,1—a)eGS & [a>—a-1],=0&[1-a)?-(1-a)-1],=0&
(1-a,a) e GS < (a,1 —a) € GS*
(4): (a,1—a)eRM & [a’+a—-1],=0& [(-a)? = (—a) - 1], =0&
(—a,a+1) € GS < (a,1 —a) € —GS. So, -RM = —(—GS) = GS.
(5): RM = LM* and LM = RM*.
(a,1—a) eRM & [a®>+a—-1],=0<[(1-a)?-31-a)+1], =0«
(1—-a,0) e LM < (a,1 —a) € LM*.
(6): (a,1—a) € ARO & [2a®2 — 1], =0 [2(-a)? - 1], =0
(—a,a+1) € ARO < (a,1 —a) € —ARO.

(7) is a consequence of the above facts. O
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Theorem 3.2. If T is any one of the following types: Q, H, GS, RM, LM,
ARO, ARO*, C3, C3*, P, P*, U, U*, -LM, —(C3*), -U, —(U*), —(ARO"),
—P or —(P*), then the values of Fr(a), Hr(k), k, a, o’ and k' are as indicated
in the tables below, where all entries are calculated modulo n.

Table 3.1.
T Fr(a) k Hr(k)
Q 2a%> —2a+1 1—2a K +1
H a?—a+1 1—a E—k+1
GS a?—a—-1 a+1 k2 -3k+1
RM a’+a—1 ~1-a k*+k—1
LM a?—3a+1 a—1 K —-k—-1
ARO 2a% — 1 —1—2a k% + 2k —1
ARO* 2a% —4a +1 2a — 1 k2 —2k—1
C3 a?+a+1 ta —t 3k? —3k+1
Cc3* a’>—-3a+3 3—a k? —3k+3
P a*—ad+a’>—a+1 1—a3—a k* —2k3 +4k%2 -3k + 1
P* a* —3a®+4a®> —2a+1|1—-a®>+2a%>—2a | k* —3k3 +4k? -2k + 1
U a®—3a%2+2a—1 a’>—2a+1 B —2k24+ k-1
U* a®—a+1 1-a2—a k3 — k2 +2k—1
Table 3.2.
T a a K
Q 2a=1—k k+1 —k
H 1—k k 1—-k
GS k—1 k—2 3—k
RM -1—-k —k k+1
LM k+1 2—k k—1
ARO 20 =-1—-k —k—-1 k42
ARO* 2a=k+1 3—k k—2
C3 1—3k 3k —2 3-—3k
C3* 3—k —tk tk+1
P —k34+k*—3k+1 | k> —2k? +4k — 2 | —k® +2k? — 4k + 3
P* | —k3+2k% —2k+1 | k3 —3k>+4k—1| —k3 +3k? — 4k +2
U k3 — k2 2k — k2 k2 -2k +1
U* —1— k2 —k?+k—1 k* —k+2
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Table 3.3.
T Fr(a) k Hr (k)
~-LM a?+3a+1 Sk=1-a 5k? — 5k + 1
—(C3¥) a’?+3a+3 Tk=3-a Tk? — 9k + 3
-U a®+3a®>+2a+1 | Th=—-a>—4da+1 7k3 — 10k + 5k — 1
—(U") a®—a—1 a’>+a+1 k3 —5k? + 4k — 1
—(ARO%) 2a% +4a + 1 Thk=1-2a 7k? — 6k + 1
-P a*+ad+a’+a+1 | bk=a*—a®—2a+2 |5k*—10k>+10k?—5k+1
—(P*) |a*+3a®+4a®+2a+1|11k=—a’~4a®-8a+1|11k*~21k3+16k*—6k+1

Table 3.4.
T a a’ k'
~-LM 1 -5k 5k —4 5— 5k
—(C3¥) 3— Tk 3a' =Tk —6 3k =9 Tk
-U —Tk? + 3k — 1 —Tk? + 10k — 4 7k* — 10k + 5
—(U*) k? — 4k +1 —k* + 5k — 3 k* — 5k +4
—(ARO") 20 =1-T7k Tk —5 6 — Tk
-P —5k3 + 5k% — 5k + 1 | 5k3—10k*+ 10k—4 | —5k3+ 10k*—10k+ 5
—(P*) |—11k34 10k®—6k + 1| 11k>—21k?+16k—5 | —11k>+ 21k%—16k+ 6

Proof. The values of k listed in Table 3.1, column 3, can be checked using the
fact that [a + k(1 — a)], = 0. In the case of P, [a + (1 —a — a3®)(1 — a)], =
[a* — a® + a? — a + 1],, = 0. Note that C3 quasigroups have order n = 3t + 1 (cf.
[2]) and so [2t],, = [-1—t],,. Therefore, [a+(ta—t)(1—a)], = [~ta*+2ta—t+a)l, =
[~t(a®+a+1)], = 0, which proves that k = [ta—t],, in C3 quasigroups with order
n=3t+ 1.

Once the values of k in Table 3.1 have been verified, these can be used to check
the values of a, listed in Table 3.2, as a function of k, using also the value of
Fr(a). For example, in the case of P* since k = [1 — a® + 2a? — 2al,,, using the
fact that [a* — 3a® + 4a® — 2a + 1],, = 0 it follows that k? = [—a® + a® — a],, and
k3 = [-2a® + a — 1],,. Then, we get [—k3 + 2k*> — 2k + 1], = [(2a> —a + 1) +
(—2a3 + 2a® — 2a) + (=2 + 2a® — 4a® + 4a) + 1],, = a. Similarly, for U we can
calculate that k2 = [a? — a],, and k® = [a?],,. Hence, a = [k® — k?],,. Using these
values of a as a function of k, substituting them into the formula 0 = [Fr(a)],
gives the value of Hp(k) listed in column 3 of Table 3.1. Alternatively, we can
substitute the value of @ as a function of k into the formula [a + k(1 — a)],, = 0.
So, with P for example, [a+ k(1 —a)], = 0 and a = [—k3 + k? — 3k +1]. Therefore,
0=[-k>+k?—=3k+1+k(k’—k*>+3k)], = [k* — 2k3 + 4k* — 3k + 1],,.
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The listings of the values of a’ in Table 3.2 can be checked using the fact that
[ka], = [k + a],. For example, in Q, [2a®> —2a + 1], = 0 and k = [1 — 2a],.
Then [a(k + 1)}, = [(1 — 2a) + 2a],, = 1 and so ¢’ = k + 1. In the case of C3*,
[(—tk)a], = [tk + a)]n = [-t((3 — a) + a)], = [-3t], = 1 and so o’ = [—tk], in
a C3* quasigroup of order n = 3t + 1.

The values of £ in Table 3.2 follow from the fact that k£’ = [1 — a'],,, which in
turn follows from the fact that 0 = [b+ k'a],, = [F'a+ (1 —a)], = [k + (1 —a)d']».

—LM: If (a,1 — a) € —LM, then (—a,a + 1) € LM and, by Theorem 2.1, 0 =

[(—a)?=3(—a)+1], = [a®>+3a+1],. Now 1 = [a(—a—3)], and so, a’ = [-a—3],.
But ¥’ = [1 — @], = [a + 4],. Then, 1 = [kK], = [k(a + 4)], = [5k + al, and so,
[5k], = [1 — a], and a = [1 — 5k],,. Therefore, a’ = [—a — 3], = [5k — 4],, and

k' = [a+4], = [5—5k],. Finally, 1 = [kk'],, = [5k—5k2],, and so, 0 = [5k2—5k+1],.

—(C38*): If (a,1 —a) € —(C3*), then (—a,1 + a) € C3* and, by Theorem 2.1,
0 = [(—a)® = 3(=a) + 3], = [a® + 3a + 3],. But k = [a(k — 1)],, and so, 0 =
[(k — 1)a® + 3(k — 1)a + 3(k — 1)],, which, using the fact that [ka],, = [k + al,,
implies 0 = [7k + a — 3],. Therefore, [7k], = [3 — a], and a = [3 — Tk],,. Now,
1 = [kK'], = [alk — VK], = [(3 = Tk)(k — 1)k],, = [10 — Tk — 3k'],, and so
[3k'],, = [9 — Tk],. The last gives 3 = [9k — 7k?],, and so, 0 = [7k? — 9k + 3],.
Moreover, k' = [1—a'],, implies [3k'],, = [3—3d],, and [3a'],, = [3—3K'],, = [Tk—6],,.

-U: If (a,1 —a) € —U, then (—a,a + 1) € U and, according to Table 3.1,
0=[(-a)® - 3(—a) + 2(—a) — 1], = [a® + 3a® + 2a + 1],,. Using this fact and the
fact that k = [a(k — 1)],,, the identity 0 = [(k — 1)3(a® + 3a® + 2a + 1)],, implies
0 = [Tk — 10k% + 5k — 1],,. Then, 1 = [7k® — 10k? + 5k],, = [k(Tk? — 10k + 5)],,
implies ¥’ = [7k? — 10k + 5],,.. Consequently, a’ = [1 — k'], = [-Tk? + 10k — 4],,.

Using the fact that [ka), = [k + a],, the identity 0 = [k(a® + 3a® + 2a + 1)],,
implies [7k],, = [—a% —4a+1],,. Also, since 1 = [Tk+a?+4al,, a’ = [Tka' +a+4],
we obtain a = [a' — 4 — Tka'],, = [(=7k?® + 10k — 4) — 4 — Tk(—Tk* + 10k — 4)],, =
[49Kk3 — TTk? + 38k — 8], = [7(Tk® — 10k? + 5k — 1) + (—7k? + 3k — 1)],,. Thus,
a=[-Tk?+ 3k —1],.

—(U*): If (a,1 —a) € —(U*), then (—a,1 + a) € U*. Hence, by Table 3.1,
0=[(-a)?® - (-a) + 1], = [a® —a—1],. Then, [a + (a®> + a+ 1)(1 — a)], =
—a®+a+1], = 0 implies k = [a® + a + 1],,. But k = [a(k —1)],,, so [(k — 1)k],, =
(k—1)(a®*+a+1)], = [3k+a—1],. Hence, a = [k*>—4k+1],. Also, k = [a(k—1)], =
(k* —4k+1)(k —1)],, = [k® —5k* + 5k —1],, and so, [k® —5k +4k —1],, = 0. Then,
k(k*—5k+4)], = 1. Thus, k¥’ = [k —5k+4], and o’ = [1—K'],, = [-k*+5k—3],,.

—(ARO*): If (a,1—a) € —(ARO*), then (—a,1+a) € ARO* and, by Table 3.1,
0 = [2(—a)? — 4(—a) + 1], = [2a® + 4a + 1],,. Since k = [a(k — 1)],, we also have
0= [(k—1)2(2a% + da +1)]n = [Tk? — 6k + 1],.. So, 1 = [6k — 7k?],, = [k(6 — TK)]n
and therefore, k' = [6 — 7k],, and o’ = [Tk — 5],. Now, 0 = [k(2a® + 4a + 1)],,
together with [ka],, = [k + al,, imply 0 = [2a + 7Tk — 1],,. So, [2a], = [1 — 7k],, and
[Tk], = [1 — 2a],.
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—P: If (a,1 — a) € —P, then (—a,1 + a) € P. Hence, by Table 3.1, we have
0= [(—a)* - (=a)® + (—a)? — (—a) + 1], = [a* + a® + a® + a + 1],,. Using the
fact that [ka], = [k + a],, the identity 0 = [k(a* + a® + a® + a + 1)],, implies
0 = [5k + a® + 2a% + 3a — 1],,. Applying k& = [a(k — 1)],, to the identity 0 =
[(k—1)*(a*+a®+a?+a+1)], we obtain 0 = [5k* — 10k® + 10k? — 5k +1],,. Thus,
1 = [k(—5k3 4+ 10k* — 10k + 5)],,. Consequently, k' = [—5k3 + 10k? — 10k + 5],
and o’ = [5k® — 10k? + 10k — 4],,. Now, from [(—5k% + 5k* — 5k + 1)ad’],, =
[—25k0 + 75k5 — 125k* + 125k — 80k? + 30k — 4], = [—5k?(5k* — 10k® + 10k* —
5k +1) + 5k(5k* — 10k% + 10k — 5k + 1) — 5(5k* — 10k® +10k? =5k + 1) + 1], = 1
we conclude that a = [—5k3 + 5k? — 5k + 1],,.

—(P*): If (a,1—a) € —(P*), then (—a,1+a) € P*. Hence, by Table 3.1, we have
0=[(—a)* - 3(—a)® +4(—a)? — 2(—a) + 1],, = [a* + 3a® + 4a® + 2a + 1],,. Using
the fact that [ka],, = [k +a],, the identity 0 = [k(a* + 3a® +4a% +2a +1)],, implies
0 = [11k+a®+4a®+8a—1],,. Then, using the fact that k = [a(k—1)],,, the identisty
0 =[(k—1)*(a*+3a>+4a®> + 2a+1)],, implies 0 = [11k* — 21k3 + 16k — 6k + 1],,.
This means that 1 = [~11k®+21k% —16k+6],,. So, k' = [-11k* —21k3 +16k>+6],,
and o’ = [11k% —21k% + 16k —5],,. Finally, using 0 = [11k* —21k3 +16k? — 6k +1],,,
we can calculate that [aa/], = 1 for a = [-11k3 + 10k? — 6k + 1],,.

This completes the proof of Theorem 3.2 O

Theorem 3.3. Let (Q,-) be an idempotent k-translatable quasigroup of order n.
If m divides n, then (Q,-) has an idempotent k’-translatable subquasigroup of order
m, where k' = [k],.

Proof. An idempotent k-translatable quasigroup (@, -) of order n is induced by the
group Z,, and its automorphism ¢(x) = [az],, where a and n are relatively prime.
If m divides n, then Z,, has a subgroup (H,+) of order m. It is isomorphic to the
group Z,,. Since a and m are relatively prime too, ¢ calculated modulo m, is an
automorphism of the group Z,, and [a + (1 — a)k'],,, = 0 for &’ = [k],,- So, (H, ")
is an idempotent k’-translatable quasigroup induced by Z,, and consequently by
the subgroup (H,+). O

4. Idempotent k-translatable quasigroups for k£ < 10

Using our Theorem 3.2 for each value of k& we can calculate all idempotent k-
translatable quasigroups for the types of quasigroups discussed in the previous
section. To calculate the orders of these quasigroups we bear in mind that the
order n is odd and that the values of Fr(a) and Hr(k) calculated in Tables 3.1
to 3.4 are equivalent to 0 modulo n. For example, for ¥ = 5 in H, we have
0=[k*—k+1], =[21], = [3- 7]n. This means that for k = 5 the possible orders
n > k are 7 or 21. Using Table 3.2 we see that for n =7, a = [1 — k|7 = [-4]7 = 3;
for n =21, a = [—4]21 = 17. Thus, (3,5) and (17,5) are members of H. Similarly
for C3* and k = 6 we have Hr(6) = 21, so possible order n of a 6-translatable C'3*
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quasigroup is 3, 7 or 21. But, in this case should be n > 6 and n = 3t + 1. Thus a
6-translatable C'3* quasigroup has order 7. Then, by Table 3.2, a = [-3]; = 4 and
[Fr(4)]7 = 0. Hence a multiplication of a 6-translatable C3* quasigroup of order
7 is given by x - y = [4x + 4y];. Therefore (4,4) € C3*.

Calculations for other cases are similar and we skip them. Obtained results
are presented in Tables 4.1 and 4.2.

Table 4.1.
T k=2 k=3 k=4 k=5 k=6
Q (2,4) (4,2) (7,11) (11,3) (16,22)
H (2,2) (5,3) (10,4) (3,5), (17,5) (26, 6)
GS - - (3,3) (4,8) (5,15)
RM | (2,4) (7,5) (14,6) (23,7) (34,8)
LM — (4,2) (5,7) (6,14) (7,23)
ARO | (2,6) , (9,15) (14,4) (20, 28)
ARO" - — (6,2) (3,5) (15,9)
C3 (2,6) (11,9) (26,12) (47,15) (4,4),(9,5)
(74,18)
c3* — — (6,2) (11,3) (4,4)
P (2,10) | (4,2),(7,5) (122,60) (347,115) (794, 198)
29,27)
P* (2,4) | (17,15) (5,7),(82,40) | (4,8),(9,23) | (10,2), (58,14)
(257,85) (626, 156)
U - (7,5) (3,3), (6,2) (21, 59) (31,119)
(13,23)
U* (2,6) | (13,11) (3,3), (5,7) (83,27) (154, 38)
(38,18)
LM | (2,1 (17,15) (42, 20) (77,25) (122,30)
—(C3*) | (2,12) |(8,6),(21,19) (54, 26) (3,5), (6,14) (28, 40)
(101,33)
—(ARO")| (2,16) |  (13,11) (31,59) (56,18) | (26,6), (88,130)
-U (2,4) (58, 56) (206, 102) (4,8),(16,44) | (946, 236)
(2,24) (488,162)
—(U") - — - (6,14) (13,47)
—P | (2,30) | (107,105) | (5,7),(25,47) |[(4,8),(49,143)| (3722,930)
(522, 260) (1577, 525)
(3,3),(5,7)
(P*) | (2,60) | (7,5),(22,20) | (22,10),(38,18) | (3467,1155) |(26,6), (266,66)
(227,225) [(53,103),(115,327) (8210, 2052)
(1138, 568)
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Table 4.2.
T k=T k=28 k=9 k=10
Q (22,4) (3,11), (29, 37) (37,5) (46, 56)
H (37,7) (12,8), (50, 8) (65,9) (4,10), (82, 10)
GS (6, 24) (7,35) (8,4), (8,48) (9,63)
RM (3,9), (47,9) (62, 10) (79,11) (98, 12)
LM (8,34) (9,3), (9,47) (10, 62) (11,79)
ARO (27,5) (35, 45) (44, 6) (3,15)
ARO* (4,14) (28,20) (5,27) (45,35)
C3 (107,21) (3,11), (146, 24) (5,27) (242, 30)
Cc3* (27,5) (38,6) (13,7), (51,7) (66, 8)
P (27,5), (52, 10) (190, 472) (8,4), (308,184) | (6,6), (593, 169)
(1577,315) (2834, 472) (4727,675) (7442,930)
(53,259) (5,27),(20,132) | (6,6),(35,27)
P* (1297, 259) (2402, 400) (4097,585) | (28,94), (523, 148)
(6562, 820)
U (43,209) (6,12), (11,13) | (4,20),(23,3) (91,719)
(57,335) (73,43), (73, 503)
(13,7), (23,13))
U (257,51) (398, 66) (13,83), (51, 83) (818,102)
(583, 83)
-LM (177,35) (242, 40) (13,7),(317,45) | (6,6),(33,9)
(402, 50)
—(C3%) (237,47) (326, 54) (103,61), (429,61) (546, 68)
—(ARO") (127, 25) (173, 229) (226, 32) (286, 356)
-U (66, 324) (12,8), (46,112) (3796, 542) (19,5), (118146)
(1622, 324) (2558, 426) (5378, 672)
—(U*) (22,4) (33,191) (46,314) (6,6), (12, 38)
(61,17), (61,479)
—P | (3,9),(138,684) | (9,3),(623,829) | (37,5),(562,80) | (8,24),(735,587)
(7527, 1505) (13682, 2280) (22997, 3285) (36402, 4550)
(P*) | (13,59), (48,234) | (30242, 5040) (4359,7263) | (6,6), (6403, 1829)
(16627, 3325) (50843, 7263) (80482, 10060)

Note that similar results can be obtained for negative values of k. Obtained
quasigroups will be [k],-translatable quasigroups of order n > 2, where n is a
divisor of Hr (k).

For example, for U*, where 0 = [k — k? + 2k — 1],,, substituting k = —5 gives

0 = [-161], = [161],, = [7-23],. If n = 7, then a = [-1 — k%], =

[_26]7 = 27

which gives x -y = [22 + 6y]7. Since [23 —2 + 1] = 0, (2,6) € U*. If n = 23,
then a = [—26]o3 = [—3]23 = 20 and [(—3)3 — (=3) + 1]23 = 0. So, (20,4) € U*.
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In this case, k = [—5|a3 = 18. Finally, if n = 161, then a = [—26]161 = 135,
(135,27) € U* and k = [—5]161 = 156.

In a similar way we can calculate analogous results for quasigroups other types
T mentioned in the previous sections.

Below we present obtained results for U*, where k € {—1,-2,...,—10}, once

again omitting the detailed calculations.

Table 4.3.
k n a U” [k]n
~1 5 3 (3,3) 4
-2 17 12 (16, 6) 15
-3 43 33 (33,11) 40
—4 89 72 (72,18) 85
5| 161=7-23 | [-26]. | (2,6),(20,4),(135,27) | 2,18,156
—6 | 265=5-53 | [=37n | (3,3),(16,38),(228,38) | 4,47,259
—7 | 407=11-37 | [=50], | (5,7),(24,14),(357,51) | 4,30,400
-8 593 528 (528, 66) 585
-9 829 AT (747,83) 820

—10 | 1121 =19-59 | [-101], | (13,7), (17,43), (1020, 102) | 9,49,1111

In [10] Vidak proved that if (Q,-) is a pentagonal quasigroup then (@, o),
defined as z oy = (yx - z)x - y, is a golden square quasigroup. If the pentagonal
quasigroup (@, ) is also translatable and of order n then, as we have seen, = -y =
[az+(1—a)yn, with [a*—a®+a?—a+1], = 0 and zoy = [(a—a*)x+(1+a*—a)y],.
We can easily check that (Q, o) € GS using Table 3.1. Since [a®+1],, = 0, we have
also [(a — a*) + (1 — a* + a)(1 + a* — a)], = 0. Therefore, (Q,0) is [1 — a* + a],-
translatable. So, for every translatable pentagonal quasigroup of order n there
is a translatable golden square quasigroup of order n. Note that by [7] a finite
pentagonal quasigroup has order 5s or 5s + 1. By Table 4.1, a 6-translatable
GS-quasigroup has order 19. Hence, it is not pentagonal.

Notice that {(3,9), (9,3)} C —P. Accordingly, we have the following definition.

Definition 4.1. The set dp(T) = {(a,1 —a)|(a,1 —a),(1 —a,a) € T} is called
the set of T dual pairs.

If T € {Q,H,GS} then, by Theorem 3.1, T = T* and dp(T) = T = dp(T*).
From Table 3.1, it follows that if (a,1 —a) € RM N RM* = RM N LM, then
0=la®+a—1], =[a®> — 3a + 1], and so [4a], = 2. Thus 0 = [4(a®> +a — 1)}, =
[2a — 2],, gives [2a], = 2. Hence, 2 = [4a],, = [2(2a)],, = 4 and so [2],, = 0. This
is impossible because 2 < a < n. Similarly, LM N LM* = (). In this way we have
proved:

Proposition 4.2. dp(LM) = () = dp(RM).
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Proposition 4.3. dp(C3) = {(4,4)} = dp(C3*).

Proof. C3 and C3*-quasigroups have order n = 3t + 1.

If (a,1—a) € dp(C3), then, by Table 3.1, we have 0 = [(1 —a)?+ (1 —a) + 1],
= [a®—3a+3],, which together with 0 = [a®+a+1],, gives [4a],, = 2. Consequently,
0= [4(a® + a + )] = [20 + O, L., [2a)n = [~6Jn. S0, 2 — [Ha], = [2(2a)] —
[—12],, which means that 0 = [14],,. But n = 3t+1, so n = 7. Therefore, [2a); = 1
and a = 4.

If (a,1 —a) € dp(C3*), then, by Table 3.1, we have 0 = [a® — 3a + 3],.
Also, 0 = [(1 — a)? — 3(1 — a) + 3], = [a® + a + 1],, and consequently, 0 =

[a* —3a+ 3], = [(a*+a+1) —4a+ 2], = [~4a + 2],. So, [4a], = 2. Thus
0 = [4(a®? - 3a+3)], = [2a+ 6], i.e., [2a], = [~6],. Hence 2 = [2(2a)],, = [~12],.
So, [14],, = 0 and, as in the previous case, n =7, a = 4. O

Proposition 4.4. dp(ARO) = () = dp(ARO*).

Proof. 0 = [2a® —1],, and 0 = [2(1 — a)? — 1],, = [2a®> —4a + 1],,. So, [4a —2],, =0
and 2 = [4a?],, = [2a],,. Hence, 1 = [2a?],, = [2a],, = 2, contradiction. O

Proposition 4.5. dp(U) = {(3,3)} = dp(U*).

Proof. If (a,1 — a) € dp(U), then 0= [(1 —a)® — 3(1 — a)? + 2(1 —a)—1], =
[~a®+ a — 1], which gives [a3],, = [a — 1],,. Therefore, 0 = [a® — 3a® + 2a —1],, =
[—3a?+3a—2],, i.e., [3a®], = [3a—2],. Hence, [3(a— )] = [3a®],, = [3a%>—2d],, =
[a — 2],,. So, [2a], = 1. Thus [a?], = [2a(a2)]n 2(a = 1)]n = [2a — 2], = [-1]n-
Consequently, a = [(2a)a),, = [~2],. This together with [a®],, = [a — 1],, implies
n=>5and a=3.

Now, if (a, 1—a) € dp(U*), then 0=[a®—a+1],, and 0 = [(1—a)®—(1—a)+1], =
[—(a®—a+1)+3a%—3a+2], = [3a®—3a+2],, by Table 3.1. Thus, [3a?], = [3a—2],

and 0 = [3a? — 2a + 3], = [(3a — 2)a — 3a + 3], = [-2a + 1],,. Hence, [2a], =1 =
[4a?],. So, [a + 1], = [(2a)a + 4a?],, = [6a?],, = [6a — 4], = [3 — 4], = [-1],. So,
a =[-2], and 1 = [2a],, = [-4],,. Thus, 0 = [5],, and a = 3. O

Proposition 4.6. dp(—LM) = {(6,6)}.

Proof. 1f (a,1—a) € dp(—~LM), then 0=[a*+3a+1], and 0=[(1—a)?*+3(1—a)+1],
= [a® — 5a + 5], = [(a® + 3a + 1) — 8a + 4],, = [-8a + 4],,. Hence, [8a], = 4 and
0 = [8(a® + 3a + 1)], = [4a + 20],,. Thus, 4 = [2(4a)],, = [-40],, and so [44],, = 0.
Since n must be odd (cf. [5, Lemma 4.1]), n = 11 and [8a];; = 4. This equation
has only one solution a = 6. O

The proofs of the next two propositions are very similar to the proof of Propo-
sition 4.6.

Proposition 4.7. dp(—(C3*) = {(10,10)}.

Proposition 4.8. dp(—(U*)) = {(6,6)}.
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Proposition 4.9. dp(—(ARO*)) = {(4,4)}.
")

Proof. For (a,1 — a) € dp(—(ARO*)) we have 0 = [2a* + 4a + 1],. Also 0 =
2(1 —a)? +4(1 —a) + 1], = [2a®> — 8a + 7], = [(2a®> + 4a + 1) — 12a + 6], =
[~12a + 6],,. Hence, [12a], = 6 and 0 = [6(2a® + 4a + 1)], = [6a + 18],. Thus,
6 = [2(6a)], = [—36],, and so [42],, = 0. Since, n must be odd, n is equal to 3, 7
or 21. For n = 3 the possible values of a are 1 or 2. These values do not satisfy
the condition [2a% + 4a + 1]3 = 0, so the case n = 3 is impossible. For n = 21
the equation [12a]a; = 6 is solved only by a = 4, but then [2a% + 4a + 1]1 # 0,
This also is impossible. The equation [12a]7; = 6 has only one solution a = 4. It
satisfies the equation [2a” + 4a + 1]; = 0. Hence dp(—(ARO*)) = {(4,4)}. O

Proposition 4.10. dp(—-U) = {(12,12)}).

Proof. For the pair (a,1 — a) € dp(—=U) we have 0 = [a® + 3a® + 2a + 1],, and
0=[1-a)*+3(1-a)?+2(1—a)+1], = [-a®+6a* —11la+7], = [9a* —9a+8],,.
Hence, [9a2],, = [9a — 8],, which together with 0 = [9(a® + 3a® + 2a + 1)],, gives
[46a], = [23],. Consequently, [a®],, = [-22a + 40],, and [207a],, = [368],. So,
[23a],, = [230a — 207a],, =[115 — 368, = [~253],.. Thus, [23],, = [46a],, = [~506],..
Therefore n = 529 or n = 23.

For n = 529 we have [23a]s29 = [~253]529 = 276 and a = 12. But such a does
not satisfy [a® + 3a? + 2a + 1]529 = 0. If n = 23, then from [a?]a3 = [~22a + 40]23
it follows that a = 12. Such a satisfies [a® + 3a® + 2a + 1]a3 = 0. O

Proposition 4.11. dp(P) = {(6,6)} = dp(P*).

Proof. If (a,1—a) € dp(P), then 0 = [a* —a® +a® —a+1],, i.e., [@°], = [-1],. In
this case also 0 = [(1—a)*— (1—a)*+(1—a)®*— (1—a)+1], = [-2a®>+3a®—a],. So,
[2a3],, = [3a® — a],,, whence, multiplying by a3, a® and a we obtain, respectively,
[, = [2a — 3], [a®], = [3a* + 2], = [6a — 7], and [a?], = [3a® — 2a%], =
[14a — 15],,, which together with [a* — a3+ a% —a+1],, = 0 gives [9a],, = 10. Thus,
[10a], = [9a%], =5 . So, a = [-5],, and [55],, = 0. Hence n is equal to 5, 11 or
55. The case n = 5 is impossible because in this case a = 0, Also the case n = 55
is impossible since a and n should be relatively prime. For n = 11, a = 6 satisfies
these conditions.

If (a,1 —a) € dp(P*), then 0 = [a* — 3a® + 4a® — 2a + 1],,. In this case also
0=[1-a)*-3(1-a)*+4(1-a)®>-2(1—a)+1], = [a* —a®+a® —a+1],. So,
(a,1—a) e PNP* Also (1 —a,a) € PNP*. Thus, dp(P*) C dp(P) = {(6,6)}.
Direct computation shows that (6,6) € dp(P*). Therefore dp(P) = dp(P*). O

Proposition 4.12. dp(—P) = {(3,9), (9, 3), (16, 16), (47, 295), (295, 47)}.
Proof. If (a,1 — a) € dp(—P), then, by Table 3.3,

[a* 4+ a®+a® +a+1], =0, (1)
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which implies [a®],, = 1. Then also, 0 = [(1—a)*+(1—a)*+(1—a)*+(1—a)+1], =
[a* — 5a3 4+ 10a? — 10a + 5], i.e.,

[a*],, = [pa® — 10a* 4 10a — 5],,. (2)

From this, multiplying by a and 4, we obtain [5@4]n = [10a3 —10a2 + 5a + 1], and
[4a%],, = [20a® — 40a® + 40a — 20],,. So,

[a%],, = [-10a® + 30a® — 35a + 21],,.

Therefore, [~50a® + 150a? — 175a + 105],, = [5a], = [10a® — 10a? + ba + 1],,
whence, as a consequence, we get

[60a3],, = [160a® — 180a + 104],,.

On the other hand, (1) together with (2) imply [6a%],, = [9a* —11a+4],,. Thus,
[90a? — 110a + 40],, = [60a%],, = [160a2 — 180a + 104],,. So,

[70a?],, = [70a — 64],,. (3)

From this, multiply successively by a*, a and a? we get [70a],, = [70 — 64a*],,,

[70a3],, = [6a — 64],, and [70a%],, = [6a® — 64a],, which, together with (1), gives
0=[70(a* + a®+ a® + a+ 1)}, = [6a® + 82a — 58],, i.e.,

[6a%],, = [58 — 82a],. (

e
=

Since [64a?],, = [70a—6a?—64],, by (3), we also have [4a?],, = [64a®—60a?],, =
[(7T0a — 6a% — 64) — (580 — 820a)], = [890 — 6a2 — 644],, and so, [890a — 644],,
[4a? + 6a?],, = [4a® + 58 — 82a],,. Hence, [4a?],, = [972a — 702],,. Then [2a?],
[6a2—4a?], = [760—1054al,,. Thus, [972a—702], = [2(2a%],, = [1520—2108a],.. So,
[3080a),, = [2222],, and [3080a?],, = [2222a],,. Now, using this equation and (3),
we obtain 0 = [44(70a2 —70a+64)],, = [3080a —3080a+2816], = [~858a+2816]..
Thus, [858a],, = [2816],,, which implies, [2574a], = [3(858a)], = [8448],. Hence,
[506a), = [3080a — 2574a] = [~6226],, [352a], = [858a — 506a] = [9042], and
[308a],, = [2(858a) — 4(352a)], = [—30536],,. Consequently,

[44a),, = [352a — 308a),, = [39578],,. (5)

But [39578],, = [44a],, = [308a — 6(44a)],, = [—30536 — 237468],, = [—268004],,. So,
[307582],, = 0. Since 307582 = 2 x 112 x 31 x 41 and n must be an odd number,
the possible values of n are 11, 31, 41, 121, 341, 451, 1271, 3751, 4961, 13981
and 153 791.

We will consider each case separately. Note first that (a,b) € dp(—P) if and
only if both a and b satisfy (1) and [a+b],, = 1. Then a and b satisfy the congruence
(5) too.
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(n = 11). Since k < n = 11, from Tables 4.1 and 4.2 it follows that in this case
only pairs (3,9) and (9, 3) are dual.

(n = 31). Then (5) reduces to the congruence 13a = 22(mod 31). Since the
greatest common divisor of 13 and 31 is 1, this congruence has only one solution
a = 16. This solution satisfies (1). Obviously, (16, 16) € dp(—P).

(n = 41). Then (5) has the form 3¢ = 13(mod 41) and has only one solution
a = 18. The pair (18,24) € —P, but 24 does not satisfies the above congruence.
Thus for n = 41 the set dp(—P) is empty.

(n = 121). Then 44a = 11(mod 121). Since the greatest common divisor of 44
and 11 is 11, this congruence has 11 solutions. Any a satisfying the congruence
44a = 11(mod 121) satisfies also the congruence 4a = 1(mod 11), which has only
one solution a = 3. Thus the set S of solutions of 44a¢ = 11(mod 121) consists of
the numbers the form 3 4+ 11k, £k = 0,1,2,...,10. Since for any a,b € S we have
[a + bl11 = 6, so [a+ b]121 # 1. This means that for n = 121 the set dp(—P) is
empty.

(n = 341). Then 44a = 22(mod 341). This congruence has 11 solutions. Any
a satisfying this congruence satisfies also the congruence 4a = 2(mod 31), which
has only one solution a = 16. Thus the solutions of 44a = 22(mod 341) have the
form x = 16 4+ 31k, k = 0,1,2,...,10. Direct calculations shows that only pairs
(47,295) and (295, 47) are dual.

(n = 451). Then 44a = 341(mod 451). This congruence has 11 solutions. Any
a satisfying this congruence also satisfies the congruence 4a = 31(mod 41), which
has only one solution a = 18. Thus S = {18 + 41k |k = 0,1,...,10} is the set of
solutions of 44a = 341(mod 451). Since [a + bla; = 36 for all a,b € S, in the case
n = 451 there no dual pairs.

(n = 1271). Then 44a = 177(mod 1271). This congruence is satisfied only by
a = 264. The pair (264,1008) € —P, but 1008 does not satisfy this congruence.
So, for n = 1271 the set dp(—P) is empty.

(n = 3751). Then 44a = 2068(mod 3751). This congruence has 11 solutions. Any
a satisfying this congruence satisfies also the congruence 4a = 188(mod 341), which
has only one solution x = 47. Thus S = {47+ 341k|k =0,1,...,10} contains all
solutions of the congruence 44a = 2068(mod 3751). Since [a + b]z4; = 94 for all
a,b € S, in this case there no dual pairs.

(n =4961). Then 44a = 4851(mod 4961). This congruence has 11 solutions. Any
a satisfying this congruence satisfies also the congruence 4a = 441(mod 451), which
has only one solution a = 223. Thus S = {223 + 451k |k = 0,1,...,10} contains
all solutions of the congruence 44a = 441(mod 4851). Since [a + b]451 = 446 for all
a,b € S, also in this case there no dual pairs.

(n = 13981). Then 44a = 11616(mod 13981). This congruence has 11 solutions.
Proceeding as in previous cases we can see that S = {264+1271k |k =0,1,...,10}
contains all solutions of this congruence. Since [a + b]1271 = 528 for all a,b € S, in
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this case there no dual pairs too.

(n =153791). Then 44a = 39578(mod 153791). Analogously as in previous cases
we can see that the set S = {7890+ 13981k |k = 0,1,...,10} contains all solutions
of this congruence and [a + b]13951 # 1 for a,b € S. So, in this case there no dual
pairs.

This completes the proof. O

Proposition 4.13. dp(—(P*)) ={(3,3),(5,7),(6,6),(7,5)}.
Proof. If (a,1 — a) € dp((—P)*), then, by Table 3.3,
[a* + 3a® + 4a® +2a + 1], = 0 (6)

and 0 = [(1—a)*+3(1—a)3+4(1—a)?>+2(1—a)+1], = [a* —Ta>+19a® —23a+11],,
ie.,
]

[a*],, = [7a® — 19a* + 23a — 11],,. (7)

Comparing (6) with (7) we obtain
[10a%],, = [15a® — 25a + 10],,. (8)

Multiplying this equation by 11 and a we obtain [110a3],, = [165a® — 275a + 110],,
and [10a?],, = [15a® — 25a* + 10a),,.

From (6) we have [10a%],, = [-30a® — 40a? — 20a — 10],,, which together with
the last equation implies [45a3],, = [~15a® — 30a — 10],,. Comparing this equation
with (8) multiplied by 4 we obtain

[5a%],, = [~75a* + 70a — 50],,. (9)

Consequently, [~150a?+140a—100],, = [10a?],, = [15a%>—25a+10],,. So, [165a?],, =
[165a — 110],,. Thus,

[110a®],, = [165a? — 275a + 110],, = [~110a),, (10)

and [110a*],, = [~110a?],,. Now, multiplying (6) by 110 and applying the last two
expressions we obtain [330a?],, = [110a — 110],,. This and (10) imply [-330al,, =
[330a3],, = [110a?® — 110a],,. So, [110a?], = [-220a],, and [110a3],, = [~220a?],.
Hence [-110a],, = [110a®],, = [-220a?],,. Thus [110a],, = [220a?],,. Consequently,
[110a — 110],, = [330a2],, = [220a2 + 110a2],, = [110a + 110a2],. Hence [110a], =
[~110],,. Therefore, [110a], = [220a%],, = [-220], and [-110], = [110a?] =
[—220a],, = [440],, i.e., [550],, = 0. Since n must be odd, the possible values of n
are 5, 11, 25, 55 and 275.

(n = 5). Direct calculation shows that in this case only (3,3) € dp(—(P)*).
(n = 11). In this case only (5,7),(6,6), (7,5) € dp(—(P*)).
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(n = 25). Any a satisfying (6) and (7) satisfies also (9), which for n = 25 has
the form [5a®]a5 = [20a]as. Solutions of this equation also satisfy the equation
[a®]s = [4a]s. This equation has two solutions that are relatively prime to 5,
namely a = 2 and a = 3. Thus the solutions of [5a%]25 = [20a]25 should be in one of
the following sets: S" = {2+ 5k|k =0,1,2,3,4} or S” = {3+5k|k=0,1,2,3,4}.
For (a,b) € dp(—(P*)), [a + bl2s = 1. This is possible only for a,b € S”. But it is
easy to check that none of a € S” satisfies (6). (Also none of a € S’ satisfies (6).)
Hence for n = 25 the set dp(—(P*)) is empty.

(n = 275). The number of solutions of the congruence (9) calculated modulo
275 = 11 x 25 is equal to t; X tg, where ¢; is the number of the solutions of
(9) calculated modulo 11 and ¢ is the number of the solutions of (9) calculated
modulo 25 (cf. [11]). Since ty = 0, for n = 275 the set dp(—(P*)) is empty. O

5. Moving from one type to another

The mappings T — T*, T+ —T, T+ T** and T+ T~t transform one type
of idempotent k-translatable quasigroups to another. We already know that H =
H*=-C3, GS=GS*=-RM, RM =LM* = -GS, LM = RM*, ARO =
—ARO and C3 = —H. These formulae allow us to move from certain types to
others. For example, to move from GS to RM we convert any (a,1 —a) € GS to
(—a,1+a) and then (—a, 14+a) € RM. Similarly, to move from C3 to H we convert
any (a,1—a) € C3 to (—a,1+a) and then (—a,1+4a) € H. To move from RM to
LM we convert any (a,1 —a) € RM to (1 —a.a) and then (1 —a,a) € LM. Also,
(GS)™ = LM, (LM)~! = GSand LM = (GS)*! = (-RM)*! = (—(LM*))*?!
We prove below that T = (—(T*))*?! for any type T C IKQ.

Notice that T = T* does not imply —(T*) = (—T)* because, H = H* and
—H = C3 and so, (-H)* = C3* # C3 = —(H*). This proves the following
proposition.

Proposition 5.1. In general, (—T)* # —(T*).
Theorem 5.2. For any type T of idempotent k-translatable quasigroups
—T=(T*)"! and T =—((T*)"") = (=(T*))**

Proof. We have (a,1 —a) € (T*)™! & (a+1,—a) E T* & (—a,a+1) €
(a,1—a) € —T. Since —(—T)=T, from —T = (T*)~* it follows T = —((T*)~
Also, (a,1—a)eT < (1—a,a)eT* < (a—1,2—a) e —(T*) & (a, 1—a) € (—(T*)) L.

T &
1

)
O
Corollary 5.3. T* = —(T~1) = (- T)*+! = (T~1)")~1 = ((—(T*))*)!
Proof. As a consequence 0fTheorem52we get T = —(—(T%)) = ((—(T*))*) L.

Also, —(T*) = ((T*)*)"! = T~ implies T* = —(T~1) = ((T 71)*) 1 Flnally,
T = (-T)*. O
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Corollary 5.4. T = (—(T*))*t = —((T*)~1).

Proof. Observe that (a,1—a) e T (1-a,a) e T* < (a—1,2—0a) € -(T*) &
(a,1—a) € (~(T*)) ™. S0, T = (—(T*))*1. Also, ()" = ((—T)*)~1 = T,
by Corollary 5.3. Hence, T = —((T*)™1). O

Corollary 5.5. —(T*) =T~ and (—-T)* =T*!.

Proof. From Corollary 5.3 it follows that —(T*) = T~!. Then, (a,1—a) € (-T)*
s (1-aa)e-Ts(@-1,2-a)eT (a,1—a)ec T O

We can now answer the question, when does —(T*) = (=T)*?
Theorem 5.6. (-T)*=—(T*) T =T 1< T=T2T=T"72

Proof. Indeed, by Corollary 5.5, (—T)* = —(T*) & T+ = T~1. We also have,
TH=T'!' T=T"2 & T=T"2 0

Theorem 5.7. —(T™) = (-T)"' & (T 1) =(-T) ' (T = (T ) &
(T)™H=(T7H)" & (-T)" = —(T").

Proof. We have (a,1—a) € —(T*!) & (—a,
(24+a,—1—a) € T* & (a,1—a) € (T*) 2 =

lary 5.3. Therefore, —(T™') = (-T)™ & T* = (-T) ' < —(T"') = (-T)"*.
But by Corollary 5.3 we also have (—=T)* = —((-T)71), so T* = (-T)"! &
(=T)" = —(T"). O

1+a) e T & (-1-a,2+a) e T &
(—=T)~! and (-T)*™* = T*, by Corol-

\ /\

6. Orthogonality

Definition 6.1. Two quasigroups (Q,-) and (@, o) are called orthogonal if, for
every s,t € @, the equations -y = s and x oy = ¢ have unique solutions x,y € Q.

Not every pair of idempotent translatable quasigroups of the same order are
orthogonal. The criterion of orthogonality of such quasigroups is given by the
following theorem that also can be deduced from results obtained in [8].

Theorem 6.2. The quasigroups (Q,-) and (Q,0), where x -y = [ax + (1 — a)y]n
and z oy = [cx + (1 — ¢)y], are orthogonal if a — ¢ and n are relatively prime.

Proof. Since z -y = [axz + (1 — a)y], and x oy = [cx + (1 — ¢)y], are quasigroup
operations, a and n (also ¢ and n) are relatively prime. So, there are a’,¢’ € Q
such that [ad'],, = [cd], = 1.

Let s,t € (). Suppose that

{x~yz[am+<1—a>y]n=s,
zoy=[cx+ (1 —c)yl, =t
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Multiply the first equation by a’ and the second by ¢/, we obtain the following
system of equations

that will be written as
[(a = )y|n = sa’ —tc,
{ [+ (¢ = 1y], =tc.

This system has a unique solution if and only if the mapping ¢(y) = [(¢/ — ¢')y]n
transforms ) onto ). This is possible only in the case when o’ — ¢’ and n are
relatively prime. Since p divides a’ — ¢ if and only if p divides a — ¢, a’ — ¢ and n
are relatively prime if and only if a—c and n are relatively prime. This observation
completes the proof. O

Corollary 6.3. A quasigroup (Q,-), where x -y = [ax 4+ (1 — a)y|,, and its dual
quasigroup (Q, x) are orthogonal if and only if 2a — 1 and n are relatively prime.

Applying this corollary to Table 3.1 we obtain

Corollary 6.4. Quasigroups from Q and ARO are orthogonal to their dual quasi-
groups.

7.Belousov’s identities

Belousov in [1] proved the following Theorem.

Theorem 7.1. Any minimal nontrivial identity in a quasigroup is parastrophically
equivalent to one of the following identity types: x(xz - xy) =y, x(y - yz) = vy,
TTY =Y, TY T =Y TY, TY - Yyr =y, vy -y = Yy and yr -y =Y.

We now explore these identities within IKQ. Observe first that the identity
xz(z - zy) = y defines the type C3, the identity x(y - yz) = y defines the type U
and the identity z - xy = yx defines the type LM.

Proposition 7.2. In IKQ each of the identities zy -z =y - zy and xy - yxr =y
define a quadratical quasigroup.

Proof. Since z -y = [ax + (1 — a)y],, each of these identities implies the identity
2a% — 2a + 1, = 0. So, by Theorem 2.1, (G,-) is quadratical. O

Proposition 7.3. There are no quasigroups in IKQ that satisfy either of the
identities Ty -y == - Y or yx - xY = Y.

Proof. In TKQ each of these identities imply the identity [2a% — 2a],, = 0. This
implies 0 = [k(2a% — 2a)],, = [2(ka)a — 2ka],, = [2(k + a)a — 2(k + a)], = [2a?], =
[2a],. So, 0 = [2ak],, = [2(k + a)],, = [2k]», and consequently 2 = [2kk'],, = 0, a
contradiction. O
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8. Parastrophes

Each quasigroup @ = (Q, ) determines five new quasigroups @; = (Q, o;) (called
parastrophes or conjugate quasigroups), where the operation o; is defined as follows:

ToO1Y=2 & x-2=y,
TOoY=2 & z2-Yy==c,
To3y=2 & z-T =y,
ToYy=2 & y-z=uc,
TogYy=2 & Y- =2

It is not difficult to observe that these parastrophes are pairwise dual. Namely,
Q" =05, Q=04 and Q5= Qs.

In general, such defined parastrophes are not isotopic, but if (@, ) is an idem-
potent k-translatable quasigroup of order n, then all its parastrophes are isotopic
(cf. [5]) and have simple form.

Theorem 8.1. Parastrophes of a k-translatable idempotent quasigroup (Q,-) with
the multiplication defined by x -y = [ax + by],, are t-translatable idempotent quasi-
groups of the form:

zory=[(1-0)z+Vyln,
royy=[d'z+ (1—a)yl,
zozy=[(1—-a)x+dyn,
xogy =[x+ (1—0)yn,
zosy=[(1-a)r+ayl,

Q1 is t-translatable for t = a, Qo fort =V, Q3 fort = b, Q4 fort =d/, Q5 for
t=Fk.

Proof. By simple computations we can see that the parastrophes of (Q), -) have the
above form. So they are idempotent quasigroups. Their t-translatability follows
from the fact that [a + 0], =1 and [0/ + V'], = [@'V],. O

Corollary 8.2. Parastrophes of a k-translatable quadratical quasigroup (Q,-) with
the multiplication x - y = [ax + byl,, have the form:

xoyy=[kxr+ (1—k)yln,
zoy = [(k+ 1)z — kyln,
zosy = [~k + (k + 1)y,

zogy =[(1—k)z+ kyln,

zosy=[(1-a)r+ ayln.

Theorem 8.3. If (Q,-) with x -y = [ax + by], is a k-translatable quadratical
quasigroup, then its parastrophe types are as in the table below, where (u,v) in the

column xo;y and the row T means that the parastrophe xo;y of (Q,-) is of type
T only fora =u and b =v.
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z-y |xoiy zory zo3y zosy | wosy
Q always | (2,4) (4,2) (2,4) (4,2) | always
H never | never never never never | never
GS never (4,2) (2,4) (4,2) (2,4) never
RM (2,4) (2,4) never never (4,2) (4,2)
LM (4,2) never (4,2) (2,4) never (2,4)
ARO never | never (11,7) (7,11) never | never
ARO" never | (7,11) never never (11,7) | never
C3 (3,11) | never (3,11) (11,3) never | (11,3)
Cc3* (11,3) | (11,3) never never (3,11) | (3,11)
P (4,2) never (4,2) (2,4) never (2,4)
P (2,4) (2,4) never never (4,2) (4,2)
U never (4,2) (2,4) (4,2) (2,4) never
ur never (4,2) (2,4) (4,2) (2,4) never
—-LM (5,37) | never (5,37) (37,5) never | (37,5)
—(C3%) | (60,38) | (3,11) (56, 6) (6,56) (11,3) | (38,60)
—(ARO")| never | (11,7) |(11,3),(62,28)|(3,11),(28,62)| (7,11) | mnever
(596, 562) (562, 596)
-U never (2,4) (46, 56) (56,46) 4,2) never
—(U") never (2,4) (7,11) (11,7) (4,2) never
-P (37,5) | never (37,5) (5,37) never | (5,37)
(P*) | (153,89) | (4,2) never never (2,4) | (89,153)

Proof. In the proof we will use conditions given in Table 3.1 and the fact that an
idempotent k-translatable quasigroup (Q,-) is quadratical if and only if -y =
[az + (1 — a)y],, where n > 1 is odd, [2a* — 2a + 1], = 0, k = [1 — 2d],, and
[k?],, = —1. Moreover, since Q* = Q5, Q% = Q4 and Q3 = Q3, it is sufficient
verity only when @, @1 and @ are fixed type T, i.e., for which values of (a,b)
Q7 Qh QQ e T.

T =Q.

e Since, Q = Q* (Theorem 3.1), the quasigroup @5 always is quadratical.

e z0yy = [kx + (1 — k)y],. Thus, 0 = [2k? — 2k + 1], = [4a — 3], = [-2k — 1],,.
So, 0 = [(—2k — 1)k], = [2 — k],,. Hence k =2, n =k*>+1 =15 and [2a]5 = 4,
which gives (2,4).

ezoyy = [(k+ 1)z — kyl,. Then 0 = [2(k;)?> —2(k +1) = 1],, = [2k — 1], So,
0=[(2k — 1)k], = [-2 — k],,. Hence, n = k* +1 =5, [2a]5 = 3 and a = 4, which
gives (4,2).

T =H.
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If Q € H, then 0 = [2a® —2a +1},, = [a® —a+1],,, which is impossible. So, Q ¢ H.
o If Q1 € H, then 0 = [k — k + 1], = [-1 — k + 1],, = [~k]n, a contradiction.

e If Q> € H, then 0 = [(k+1)?—(k+1)+1], = [k*+k+1], = [k]s, a contradiction.
T = —(ARO*). If Q € —(ARO"), then 0 = [2a% — 2a + 1],, = [a® + 4a + 1],,.
This gives [6a], = 0. But then 0 = [3(2a% — 2a + 1)],, = 3. So, must be n = 3 and
a = 2, which is impossible

o If Q1 € —(ARO"), then 0 = [2k? + 4k + 1],, implies [4k],, = 1. Thus [—4],, = k,
n =k?+1 =17 and [2a]17 = [1 — k]17 = 5. So, a = 11, which gives the pair
(11,7).

¢ IfQ, € —(ARO*), then 0 = [2(k+1)2+4(k+1)+1],, = [8k+5],.. Hence, [8k], =
[—5], [=5k]n = [~8]n and k = [16k — 15k],, = [~34],. Thus 0 = [k2 + 1], = 1157
means that the possible values of n are 13, 89 and 1157. For n = 13 we obtain
k =[-13]13 =5 and 2a = [1 — k]13 = 9. So, a = 11, which gives the pair (11, 3).
By similar calculations, for n = 89 we get k = 55 and (62,28), for n = 1157 we
obtain k = 1123 and (598, 562).

For other types the proof is analogous, so we omit it. O
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Characterization of inverse ordered semigroups

by their ordered idempotents and bi-ideals
Kalyan Hansda and Amlan Jamadar

Abstract. We prove that an ordered semigroup is complete semilattice of group-like ordered
semigroups if and only if it is completely regular and inverse. The relation between principal bi-
ideals generated by two inverses of an element in an inverse ordered semigroup has been presented
here. Furthermore we bring the opportunity to study complete regularity on an inverse ordered
semigroups by their bi-ideals.

1. Introduction

Inverse semigroups have a natural ordering which has deep impact on their struc-
ture. The study of behavior of inverses of an element in ordered semigroups had
been an area of interest among the semigroup theorists since last fifty years. Bhu-
niya and Hansda [1] have deal with ordered semigroups in which any two inverses
of an element are H-related. Class of these ordered semigroups are natural gen-
eralization of class of inverse semigroups (without order). We call these ordered
semigroups as inverse ordered semigroups.

We characterize inverse ordered semigroups by their ordered idempotents. We
study complete regularity in an inverse ordered semigroup and explore the look
of resulting ordered semigroup. Keeping in mind that bi-ideals have been studied
more, we give several characterizations of inverse ordered semigroups by their bi-
ideals.

2. Preliminaries

An ordered semigroup is a partially ordered set (5,<), and at the same time a
semigroup (S, -) such that for all a,b,z € S a < b implies za < zb and ax < bzx. It
is denoted by (S, -, ).
For every H C S, we define (H] = {t € S : ¢ < h, for some h € H}.
Throughout this paper unless otherwise stated S stands for an ordered semi-
group. An equivalence relation p is called a left (right) congruence on S if for
a,b,c € S apb implies capcb (acpbc). By a congruence we mean both left and

2010 Mathematics Subject Classification: 06F05; 20M10
Keywords and Phrases: ordered inverse element, ordered idempotent, completely regular,
inverses, bi-ideals.
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right congruence. A congruence p is called a semilattice congruence on S if for
all a,b € S apa® and abpba. By a complete semilattice congruence on S we mean
a semilattice congruence o on S such that for a,b € S a < b implies that acab.
An ordered semigroup S is called a complete semilattice of subsemigroups of type
7 if there exists a complete semilattice congruence p such that (z), is a type 7
subsemigroup of S.

Let I be a nonempty subset of an ordered semigroup S. I is a left (right) ideal
of S, if ST CI (IS CI)and (I] =1. Iis an ideal of S if it is both a left and a
right ideal of S.

Following Kehayopulu [4], a nonempty subset B of an ordered semigroup S
is called a bi-ideal of S if BSB C B and (B] = B. Here our aim is to study
completely regular and inverse ordered semigroups by their bi-ideals.

The principal [5] left ideal, right ideal, ideal and bi-ideal [4] generated by a € S
are denoted by L(a), R(a), I(a)and B(a) respectively and have form

L(a) = (aUSal, R(a) = (aUaS], I(a) = (aUSaUaSUSaS]| and B(a) = (aUaSal.

Kehayopulu [5] defined Greens relations £, R, J and H on an ordered semi-
group S as follows:

alb if L(a) = L(b),

aRb if R(a)= R(b),

aJb if I(a) =1(b),
H= LN R.

These four relations are equivalence relations on S.

A regular ordered semigroup S is said to be a group-like (resp. left group-
like) [1] ordered semigroup if for every a,b € S, a € (Sb] and b € (aS] (resp.
a € (Sb]). A right group-like ordered semigroup can be defined dually. Two
elements a,b € S are said to H-related if aHb. An ordered semigroup S is called
an regular (completely reqular ) [3] if for every a € S, a € (aSa] (a € (a%Sa?)).
An element b € S is inverse of a if a < aba and b < bab. The set of all inverses
of an element a € S is denoted by Vg(a). Two elements a,b € S are said to
H-commutative [1] if ab < bza for some = € S. A regular ordered semigroup S is
called inverse [1] if for every a € S and d’,a” € V(a), a’Ha", that is, any two
inverses of a are H—related.

By an ordered idempotent [1] in an ordered semigroup S, we shall mean an
element e € S such that e < e2. We denote the set of all ordered idempotents of
S by Eg(S)

For the convenience of readers we state the following three results from [1].

Lemma 2.1. Let S be completely reqular ordered semigroup. Then for every a € S
there is x € S such that a < axa? and a < a?za.

Theorem 2.2. An ordered semigroup S is completely reqular if and only if for
all a € S there exists o’ € Vg (a) such that aa’ < d'ua and a’'a < ava’ for some
u,v € 8S.
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Lemma 2.3. Let S be a completely regular ordered semigroup. Then following
statements hold in S:

1. J is the least complete semilattice congruence on S.

2. S is a complete semilattice of completely simple ordered semigroups.

3. Inverse ordered semigroup

Let S be an ordered semigroup and p be an equivalence on S. We say thatl an
ideal I of S is generated by a p-unique element b € S if bpx for any generator x of
1.

Definition 3.1. A regular ordered semigroup S is called inverse if for every a € S,
any two inverses of a are H-related.

Example 3.2. The ordered semigroup S = {a,e, f} with the multiplication de-
fined below and with the discrete order is an inverse ordered semigroup.

alelf
alal|el|f
el flela
flelalf

We present a role of ordered idempotents in an inverse ordered semigroup in
the next theorem.

Theorem 3.3. An ordered semigroup S is inverse if and only if every principal
left ideal and every principal right ideal of S are generated by an H-unique ordered
idempotent.

Proof. Suppose that S is inverse. Let I be a principal left ideal of S. Then
there exists e € E<(S) such that I = (Se]. If possible let I = (Sf] for some
f € E<(S). Then eLf and thus e < zf and f < ye for some z,y € S. Now
e < ee < eee < exfe. Therefore exf < exfexf so that exf € E¢(S). Also
exf < exferf < exf(felexf and fe < feee < fexfe < fe(exf)fe. Therefore
fe € Ve(exf). Also exf € Vg(exf). Since S is inverse, we have feHexf. Then
e <eeLexffe < fezexf for some z € S, and so e < fz1, where z; = ezexf.
Similarly f < ezy for some zo € S. So eRf. Hence eH f. Likewise every principal
right ideal of S generated by certain H-unique ordered idempotent.

Conversely assume that given condition holds in S. Let a € S and d’,a” €
V< (a). Clearly (Sa] = (Sa’a] = (Sa”a]. Since d’a,a”’a € E<(S) we have that
a’aHa’a, by given condition. Then there are s,t € S such that ' < a”asa’ and
a" < d'ata”. Thus a’Ra”. Likewise a’La”, that is a’Ha”. Hence S is an inverse
ordered semigroup. O
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In the following we show that an ordered semigroup S is inverse if and only if
any two ordered idempotents of S are H-commutative.

Theorem 3.4. The following conditions are equivalent on an ordered semigroup

S.
(1) S is an inverse semigroup;
(2) S is regular and its idempotents are H-commutative;
(3) For everye, f € E<(S), eLf(eRf) implies eHf.

Proof. (1) = (2): Obviously S is regular. Let us assume that a € S and a’,a” €
Vg (CL)

Consider e, f € E<(S). Since S is regular, so there is € S such that = €
V<(ef). Now z < xzefx implies that fxe < fre(ef)fze and ef < efzef implies
ef <ef(fre)ef. Thus ef € V(fze). Also fre < frefxe that is fre € E¢(S).
So fzre € V< (fze). Since S is inverse, so freHef. Then there are si,s5 € S
such that ef < fzes; and ef < sofre. Now ef < efzef implies that ef <
f(zesyzsafx)e. Therefore ef < fye, where y = xesiassfa. Similarly there is
z € S such that fe < ezf. Hence any two idempotents are H-commutative.

(2) = (3): Let e, f € E¢(S) be such that eLf. Then e < xf and f < ye
for some z,y € S. Now e < zf implies e < ez f, and so e < ee < exfe which
implies that exf < exfexf. So exf € E<(S). Similarly fye € E<(S). Now
e<exrf <exff <exffye Since exf, fye € E<(S), by condition (2) we have
exffye < (fye)z(exf) for some z € S . Hence e < ft, where t = yezexf.
Similarly f < ew for some w € S, so that eRf. Hence eH f. If eRf then eH f can
be done dually.

(3) = (1): Let a € S and o', a” € Vg (a). Now ad’ < aa”aa’ and aa” < ad’aa”.
So aa’Raa” which implies that aa’Haa”, by the condition (3). Also a’aHa’a.
Then o’ < a’aad’ gives that a’ < a”aza for some x € S. Therefore a’ < a”’t where
t = azxa. In similar way it is possible to obtained u,v,w € S such that a’ < ua”,

a’ < a'vand a’ <wd'. So a’Ha". Hence S is an inverse ordered semigroup.
O

Lemma 3.5. Let S be an inverse ordered semigroup. Then following statements
hold in S.

(1) aLlb if and only if a’aHb'b for some a,b € S and a’ € V(a) ' € V(b);
(2) aRb if and only if aa’HbY for some a,b € S and a’ € V(a) V/ € V< (b);

(3) for any a € S and e € E<(S) there are x,y € S such that aexd’,d’eya €
E<(S); where a’ € V(a).

(4) for any a,b € S there are x,y € S such that ab < abb/za’ab and b'a’ <
b'a'aybb'a’, where o’ € V(a) and V' € V¢ (b).
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Proof. (1): Let a,b € S be such that alb. Let o’ € Vc(a), b’ € Vg(b). Since
a < ad'a and a’a < d’ad’a, we have aLa’a which implies that bLa’a. Also bLV'b.
Hence a’alb'b. Since a’a,b'b € E<(S) and S is inverse we have a’aHb'b, by
Theorem 3.4(3).

Conversely suppose that given condition holds in S. Let a,b € S with a’ €
V< (a) and b’ € V¢ (b). Then by given condition aa’Hbb'. Also we have aLa’a and
bLY'b so that aLlb.

(2): This is similar to (1).

(3): Let a € S and e € E<(S). Also a’a € E<(S). Since S is an inverse, there
is an x € S such that a’ae < exa’a, by Theorem 3.4(2). Now aexa’ < ad'aeexa’ <
aexd’aexa’. So aexa’ € E<(S). Likewise a’eya € E<(S); for some y € S.

(4): Let a,b € S with o’ € Vg(a), b’ € Vg(b). So d'a,b'b € E<(S). Now
ab < aad’abb’b < and d'abb’ < b'bxa’a, by Theorem 3.4(2). Thus ab < abb'za abd.
Likewise b'a’ < b'a’aybb’a’; for some y € S. O

In the following theorem an inverse ordered semigroup has been characterized
by the inverse of an element of the set (eSf].

Theorem 3.6. Let S be an ordered semigroup and e, f € E<(S). Then S is
inverse if and only if for every x € (eSf] implies ©' € (fSe], where 2’ € V¢(z).

Proof. First suppose that S is an inverse ordered semigroup and = € (eSf]. Then
z < esyf for some s; € S. Let 2’ € V(). Now 2’ < 2’za’ < 2'esyfa’, and so
es1fr’ < esifr’esyfa’. Hence esyfr’ € E<(S). Similarly a’es1 f € E<(S). Now
there is so € S such that 2'es; fa' < 2'esi ffa’ < fsox'esy fo', by Theorem 3.4(2)
Also fsox'esifr' < fsox'eesifx’ < fsox'esifx'sze, for some s3 € S. Then
o' < o'z’ implies that o’ < fsea'es; fa' < fsox'es) fa'sze. Hence 2’ € (fSe].
Conversely assume that the given conditions hold in S. First consider a left
ideal L of S such that L = (Se] = (Sf] for e, f € E<(S). Then eLf, so that
e < ee < ezf for some z € S. Therefore e € (eSf]. Since e € V¢ (e) we have
e € (fSe], by given condition. Likewise f € (eSf]. This implies that eRf and
so eH f. Similarly it can be shown that every principal right ideal of S generated
by H-unique ordered idempotent. Thus by Theorem 3.3, S is an inverse ordered
semigroup. O

Corollary 3.7. The following conditions are equivalent on a regqular ordered semi-
group S.

1) S is an inverse ordered semigroup;
2) for any a € S and for any a’ € V(a), ad’,d’a are H-commutative;

(1)
(2)
(3) for any e € E<(S), any two inverses of e are H-related;
(4)

4) for any e € E<(S) and all its inverses are H-commutative;
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5) for any e € E<(S) and €' € V<(e), ee’ and €'e are H-commutative.

Proof. (1) = (2), (2) = (3), (3) = (4), and (4) = (5): These are obvious.

(5) = (1): Let e, f € E<(S) and = € V(ef). So ef < efref < ef freef and
x < zefx implies that fre < fxeeffre. So ef € V(fxe). Also fre € E<(S5).
Now ef < efzxef <effreef <effrefreef < freziefzsfre, for some 21,29 € 5,
by the given condition. So ef < fzse where z3 = xemefnfx. Similarly fe < ezyf,
for some z4 € S. So e, f are H-commutative. Hence by Theorem 3.4 S is inverse
ordered semigroup. O

We study inverse ordered semigroup together with complete regularity in the
following theorem.

Theorem 3.8. The following conditions are equivalent on a regular ordered semi-
group S.

1) S is inverse and completely regular;

2) S is a complete semilattice of group like ordered semigroups;

3) abHba whenever ab,ba € E<(S);

5) for any e, f € E<(S) eJ f implies eH f;

(1)
(2)
(3)
(4) any ordered idempotent of S is H-commutative to any element of S;
()
(6)

H=L=R=J.

Proof. (1) = (2): Let S be a completely regular and inverse ordered semigroup.
Then by Lemma 2.3, J is the complete semilattice congruence on S and every
H-class is a group-like ordered semigroup. We now prove H = J. Let a,b € S be
such that aJb. So there are x,y,u,v € S such that a < zby and b < uav. Since
S is completely regular, so there are h,g, f € S such that x < z2hxz, b < b?gb,
b < bgb?, y < yfy?, by Lemma 2.3. Now a < 22hab?gby fy? < 22haxb?gbgb®y fy>.
Let p € Ve (z2hab?g). So
22hab?g < 22hab®gpr’hab®g < 22hab®g(b?gpr?h)z?hab?g
and
b2gpx?h < b2gpx?hab?gpx?h < b?gpx?h(z?hab?g)b? gpa?h.
This shows that b?gpz2h € Vg (2?hab?g). Also
22hab?g < 22hab®gpr’hab?g < 2?hab?g(x®hab?gp?)x2hab’g
and
22hab?gp? < 2?hab?®gpar’hab®gp? < x?hab?gp? (x®hab?®g)x*hab?gp?,
which implies that 22hab’gp? € Ve (x?hab?g). Similarly p?2?hab’g € Ve (22hab?g).
Since b2gpz?h, 22hxb?gp? € Ve (22hxb?g) and S is inverse, so there is ¢ € S such
that 22hab?gp?® < b2gpx2ht. Thus
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22hab?g < 2?hab’gprhab?g < 22hab?gp? (22hab?g)?
implies that 22hab’g < b?>gpar?hat(z?hab®g)? = bs where s = bgpx?ht(x2hab?g)?.
Similarly there is s; € S such that b2gy fy? < s1b. Hence a < z2hzb?gby fy? <
bsby fy? = bsy, where s, = sbyfy?. Similarly a < s3b for some s3 € S. Likewise
b < s4a and b < ass, for some s4,85 € S. So aHb. Thus J C H. Also H C 7,
and Hence J = H. Therefore S is complete semilattice of group-like ordered
semigroups.

(2) = (3): Suppose that S is a complete semilattice Y of group like ordered
semigroups {Sy }acy. Let a,b € S such that ab,ba € E<(S). Let p be the corres-
ponding semilattice congruence on S. Then there is o € Y such that ab,ba € S,.
Since S, is group like ordered semigroups, so abHba.

(3) = (4): Let a € S and e € E¢(S). Since S is regular there is an
z € S such that ¢ < aza. Clearly az,za € E¢(S). Thus by condition (3)
axHza. So za < azru and ax < vza, for some u,v € S. Then we have a <
ara < arara < ararara < aqrurvraa = a2ta2, where ¢t = zuxvx. Now
a < da*ta® < a(a*ta’ta’ta®)a < a?(a’ta*ta’ta*ta®)a, that is a < a?ya, where
y = a*ta’ta*ta*ta®. Similarly a < aya®. Clearly a’y,ya® € E<(S).

Let e,f € E<(S) and z € Vg(ef). Then we have z < zefz. So fre <
frefre < freeffrxe and ef < efxef < effweef. So ef € Vg(fxe). Also
ef < effxeef implies that ef fxe < ef fzeef fxe, and freef < freef freef.
So ef fre, freef € E<(S) and thus ef fxeH fxeef, by the condition (3). Then
there are u,v € S such that ef fre < freefu and fzeef < veffre. Now ef <
ef frefzeef < freefuveffxe = fce; where ¢ = ze? fuvef?x. Likewise fe < edf,
for some d € S.

Now ae < a?yae. Let z € V(a?yae). So

a’yae < a’yaeza’yae < a’yae(eza’y)a’yae.

Clearly a?yaeeza’y, eza’ya?yae € E<(S) and thus a’yaeeza’yHeza’ya’yae,
by condition (3). Now ae < a?yae < a’yaeeza’ya’yae < ezays,a’yaea’yae, for
some 51 € S. So ae < esgae, where sy = za’ysia?yaca’y. Again ae < essaya’e <
esqaeszya®, for some sz € S, since ya?,e € E<(S). That is ae < essa, for some
s4 € S. Similarly ea < asse, for some s5 € S. So a, e are H-commutative.

(4) = (5): Let e, f € E<(S) such that eJ f. Then there are z,y,z,u € S such
that e < zfy and f < zeu. Now e < zfy implies that e < fhzy and e < zykf
by the given condition for some h,k € S. Similarly f < zeu gives f < esyzu and
f < zusse for some s1,s € S. Hence eH f.

(5) = (6): Let a,b € S such that aJb. Then there are s,t,u,v € S such
that a < sbt and b < wav. Since S is regular so a < azra and b < byb for some
z,y € S so that ar < azazr and by < byby. Now azxax < axsbtx < axsbybtx
that is ax < axsbybtz. Likewise by < byuazxavy. Thus axJby, and so from given
condition axHby. Similarly xaHyb. So there is ¢ € S such that ax < byc, that is
a < byca = bd, for some d = yca € S. Likewise a < pb, b < qa for some p,q € S.
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Thus aHb. So H=J. Now J =H =LNTR gives J C L and J C R. Therefore
L=J=TR.

(6) = (1): Let @ € S. Since S is regular so there exists a’ € V¢ (a). Clearly
ala'a and aRaa’. So by the given condition aRa’a and aLaa’. Now a < ad’a <
ad'ad’a < ad'ad’ad’a < aasia’ssaa for some si,s9 € S. So a < a’pa? where
p = s1a’s3. So S is completely regular.

Also let @', a” € V(a). Now ala’ala”a implies that aRa’aRa"a. Also by the
given condition we can show that alaa’La"a. So it is to check that a'Ra” and
a'La”. So a'Ha". Hence S is inverse ordered semigroup. O

4. Bi-ideals in inverse ordered semigroups

Following Hansda [2] an ordered semigroup S is completely regular if and only if for
every a € S there is some e € E<(S) such that a < ae, a < ea and B(a) = B(e).
Here our approach allows one to see the role of principal bi-ideal generated by an
inverse of an element in an inverse ordered semigroup.

Lemma 4.1. Let S be a regular ordered semigroup. Then the following conditions
are equivalent.

(1) S is a completely regular ordered semigroup;
(2) for any a € S there is a’ € V¢(a) such that B(a) = B(d');

(3) for any a € S there is ' € V(a) such that B(aa') = B(a) N B(a') =
B(a’) N B(a) = B(d'a);

(4) B(a) = B(a?) for anya € S.

Proof. (1) = (2): First suppose that S is completely regular ordered semigroup.
Let a € S. Then by Theorem 2.2 there is a’ € V¢ (a) such that aa’ < a’ua and
a'a < ava' for some u,v € S. Let x € B(a). Therefore x < a or x < asya for some
s1€8. If z <athen x < ad’a < ad’ad’a < duaaava’ = a’za’ where z = uaaav.
Again if z < asja then there is t € S such that < a’ta’. Therefore in either case
z € B(a’). Also a € B(a’). So B(a) C B(a’). Similarly B(a’) C B(a). Hence
B(a) = B(d').

(2) = (3): Suppose that condition (2) holds. Let a € S. Then there is
a’ € V¢ (a) such that a < ad’a. Let © € B(aa’). Then x < ad’ or x < aad’sad’ for
some s € S. By given condition a’ € B(a). So @’ < a or there is y € S such that
a < aya. If v < aa’sad’ and @’ < aya then z < aad’saaya. If x < aa’saa’ and
a’ < athen z < aa’saa. If z < aa’ and o’ < a then z < aa. Also if z < aa’ and
a’ < aya then © < aaya. Therefore in either case € B(a). Hence B(ad’') C B(a).
Likewise B(aa') C B(a’) and hence B(aa’) C B(a) N B(a').

Let w € B(a) N B(a'). So w € B(a) and w € B(a'). Therefore w < a or w <
asza and w < o’ or w < a’sza’ for some so, s3 € S. Since S is regular, thereis d € S
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such that w < wdw. If w < a and w < @’ then w < wdw < ada’ < ad’ada’aa’.
If w < asqa and w < @' then w < wdw < asyada’ < ad’assada’aa’. If w < asqa
and w < a’s3a’ then w < wdw < asqada’sza’ < aa’assada’ssa’aa’. If w < a and
w < a’'s3a’ then w < wdw < ada’sza’ < aa’ada’ssa’aa’. Therefore in either case
w € B(aa'). Hence B(a) N B(a’) C B(aa'). Thus B(aa’') = B(a) N B(a').

(3) = (4): Suppose that condition (3) holds. Let a € S. Then there exists a’ €
Vg (a) such that B(aa’) = B(d’a). Now a < ad’a < ad’ad’a = a(d’a)a’(aa’)a. Now
by condition (3) a’a < aa’zad’ and aa’ < a’awd’a for some z,w € S. Then a <
a(a’a)a’(aa’)a implies that a < a(aa’zaad’)a'(a’awad’a)a = a?(a’zaa’a’a’ awa’)a?.
Thus B(a) C B(a?). It is evident that B(a?) C B(a) and hence B(a) = B(a?).

(4) = (1): Suppose condition (4) holds. Therefore a < a? or a < a%s2a® and
a? < a or a® < asza for some S5, s5 € S. Therefore in either case aHa?. Since S is
regular, so a < aza for some z € S. So a < aza < a%syzs5a® for some sy, 55 € S.
Hence S is completely regular ordered semigroup. O

Corollary 4.2. A regular ordered semigroup S is completely regular if and only
if for any a € S there is o’ € V¢(a) such that B(aa') = B(a) N B(d') = B(d'a) =
B(a) = B(d').

Proof. This follows from Lemma 4.1 . O

Theorem 4.3. Let S be a reqular ordered semigroup. Then the following condi-
tions are equivalent.

1) S is an inverse ordered semigroup;

3) for any e, f € E<(S), B(ef) = B(e) N B(f);

(1)
(2) for any a € S, B(a') = B(a") for every a’,a" € V¢ (a);
3)
(4) for any e € E<(S) and x € V¢(e), B(ex) = B(xe).

Proof. (1) = (2): First suppose that S is an inverse ordered semigroup. Let a € S
and a’,a” € Vg (a). Suppose x € B(a’). Therefore x < o’ or x < a’ya’ for some
y € S. Since S is inverse, so a’Ha”. If z < o’ then z < a’aa’ < a”’syas.a” for
some S1,52 € S. Therefore x < a”'sa” where s = syas,. Again if x < a’ya’ then
there is s3 € S such that x < a”ssa”. Therefore in either case x € B(a”). Also
a' € B(a"). So B(a’') C B(a”). Similarly B(a”) C B(a’). Hence B(a’) = B(a”).

(2) = (3): First suppose that condition (2) holds and let e, f € E<(S). Let
x € Vg(ef). Therefore ef < efzef and = < zefz. So fre < frefxe. Therefore
fre € E<(S). Also ef < ef(fre)ef and fxe < frze(ef)fre. Therefore ef, fre €
V< (fze). So by the condition B(ef) = B(fxze). Clearly efH fxe.

Let w € B(ef). Therefore w < ef or w < efsief for some sy € S. f w < ef
then w < ef < efref < efrssfre for some so € S. Again if w < efsjef then
w < efsief <efsisafxe. Soin either case w € B(e). Similarly w € B(f). Hence
w € B(e) N B(f). Therefore B(ef) C B(e) N B(f).
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Again let y € B(e) N B(f). Soy < eory <esgeand y < fory < fssf,
for some s4,85 € S. Since S is inverse, there exists z € V¢ (y) such that z < zyz
and y < yzy. If y < esqe and y < fs5f then z < zyz < zesgez. Therefore
esqez < esgezesgez. So esyez € E(S). Similarly zfssf € E<(S). Now esgez <
esqezesgez < esgez(yz)esqez and yz < yzyz < yz(esqez)yz. Therefore esgez, yz €
Vg (essez). So condition (2) B(essez) = B(yz). Similarly B(zfssf) = B(zy).
Clearly esqezHyz and zfssfHzy. Now y < yzy < esgezfssf < esgezyzfssf <
eesgezyzfssff < eyzseysrzyf < efssfzsgysrzesgef for some sg,s7 € S. If y < e
and y < f then clearly B(ez) = B(yz) and B(zf) = B(zy). Now y < yzy <
ezf < eezyzff < eyzssysozyf < efzssysgzef for some sg,s9 € S. If y < e
and y < fssf then zfssf € E<(S). Now y < yzy < ezfssf < eezfssff <
ezfssfsioef < ezfssffsioef < efsiizfssfsioef for some s1g,811 € S. Again if
y < esge and y < f then esgez € E<(S). Now y < yzy < esgezf < eesqezff <
efsigesqezf < efsigeessezf < efsipesgezsizef for some si9,s13 € S. Therefore
in either case y € B(ef) and so B(e)NB(f) C B(ef). Hence B(e)NB(f) = B(ef).

(3) = (4): First suppose that condition (3) holds in S. Let e € E¢(S) and
x € Vg(e) so e,ze,ex € E¢(S). By condition (3) B(exe) = B(e) N B(xe) ,that is,
B(e) = B(e)NnB(xe). Therefore B(e) C B(ze). Again B(zee) = B(e)NB(ze) that
is B(xze) = B(e) N B(xze). So B(xe) C B(e). Therefore B(e) = B(xe). Similarly
B(e) = B(ex). Therefore B(ze) = B(ex).

(4) = (1): Suppose that condition (4) holds in S. Now ex € B(e) and ex €
B(xz). So ex < e or ex < ebje, and ex < x or ex < xbox for some by, by € S. If
ex < e and ex < x then ex < exex < ze < zexe = zae where a = ex. If ex < e
and ex < zbox then ex < exexr < xbyxe = xbe where b = byx. If ex < ebje and
ex < x then ex < exexr < xebje = wce where ¢ = eby. Again if ex < ebje and
exr < xbox then ex < exex < zboxebie = xde where d = byxeb,. Therefore in
either case ex < xse for some s € S. Similarly ze < etx for some ¢t € S. Hence e,
are H-commutative. So S is an inverse ordered semigroup, by Corollary 3.7. [

Corollary 4.4. A regular ordered semigroup S is inverse if and only if for any
e € E<(S) and x € V¢(e), B(ex) = B(e) N B(z) = B(ze) = B(e) = B(x).

Corollary 4.5. A regular ordered semigroup S is inverse if and only if for any
e, f € E<(S), eLf(eRf) implies B(e) = B(f).

Proof. Let S be an inverse ordered semigroup. Since S is inverse, eLf(eRf)
implies eH f by Theorem 3.4. So it is easy to check that B(e) = B(f).
Conversely suppose that the condition holds in S. Now B(e) = B(f) gives
that e € B(f) and f € B(e). Therefore e < for e < faf and f < eor f < eye.
In either case eRf. So eLf implies eH f. Hence S is inverse ordered semigroup
by Theorem 3.4. O

Lemma 4.6. Let S be an inverse ordered semigroup and o’ € V¢(a), b’ € V(b),
where a,b € S. Then following conditions hold on S:
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(1) aLb if and only if B(a'a) = B(b'D).
(2) aRb if and only if B(aa’) = B(bV').

Proof. (1): Let S be an inverse ordered semigroup and o’ € V¢ (a), ' € Vg (b)
where a,b € S. So by Lemma 3.5 a’aHb’'b. Let € B(a’a). Therefore x < a'a
or z < d'asja’a for some s; € S. So it is easy to verify that © € B(d'b). Also
a'a € B(V'b). So B(a'a) C B(b'b). Similarly B(b'b) C B(a'a). So B(a'a) = B(V'D).
The converse statement is obvious.
(2): Analogously as (1). O

Characterization of ordered semigroups which are both completely regular and
inverse have been presented in the next theorem.

Theorem 4.7. Let S be a reqular ordered semigroup. Then the following condi-
tions are equivalent.

1) S is completely regular and inverse ordered semigroup;

3

(1)

(2) for any a,b € S, B(ab) = B(ba) = B(a) N B(b);
(3) B(ab) = B(ba) where a,b € S and ab,ba € E<(S);
(4)

4) for any a,b € S, aLb implies B(a) = B(b).

Proof. (1) = (2): First suppose that S is completely regular and inverse ordered
semigroup. Then any ordered idempotent of S is H commutative to any element
of S by Theorem 3.8 . Let a,b € S. Since S is regular, so there are p,q,r € S
such that a < apa, b < bgb and ab < abrab. Clearly bg,pa € E<(S). Now
ab < abrab < abgbrapab < bgprabrabpspa = bssa where so = gpiabrabpspa. Let
x € B(ab). Therefore x < ab or x < absyab for some s; € S. If x < absyab,
then x < absibssa. So x < aya where y = bs1bss. Again if x < ab, then
x < abrab < abrbsga. So in either case € B(a). Also ab € B(a). Similarly
x € B(b) and ab € B(b). Hence B(ab) C B(a) N B(b).

Again let y € B(a) N B(b). Soy < aory < asqa and y < b or y < bssb
for some s4,s5 € S. Since S is regular, So there is z € S such that y < yzy.
Now if y < asga and y < bssb then y < yzy < asqazbssb < asqazbgbssb <
abgsgssazbssb < abqs684apazb55b < abq5684azb8537pab for some sg, 87 € S. Again
if y <aandy < bthen y < yzy < azb < apazbgb < abgsgpazb < abqsgzsgpab
for some sg,s9 € S. Again if y < a and y < bssb then y < yzy < azbssb <
apazbgbssb < abgsigpazbssb < abgsigzbsssiipab for some s1p,511 € S. Also if
y < asqa and y < b then y < yzy < asgazb < asgapazbgb < abgsiasiapazb <
abqsi284azs13pab for some s19, s13 € S. Therefore in either case y € B(ab). Hence
B(a) N B(b) C B(ab). Therefore B(ab) = B(a) N B(b) = B(b) N B(a) = B(ba).

(2) = (3): Suppose that the given condition (2) holds. Therefore B(ab) =
B(a) N B(b) = B(b) N B(a) = B(ba).
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(3) = (4): First suppose that condition (3) holds and let afb. So there
exists s,t € S such that a < sb and b < ta. Since S is regular, a < aza and
z < zaz for some z € V¢(a). Clearly az,za € E<(S). Now z < zaz < zsbz.
So zsb < zsbzsb. Therefore zsb € E¢(S). Similarly bzs € E<(S). So by the
condition (3) B(zsb) = B(bzs). Clearly zsbHbzs. Similarly zaHaz. Let = € B(a).
Therefore x < aor z < asja for some s; € S. If r <athen z <a <aza <azshb <
zaso8b < zsbsosb < bzssgsosh for some so, 83 € S. Similarly if x € asja then
x < bsab for some sy € S. So in either case x € B(b). Therefore B(a) C B(b).
Similarly B(b) C b(a). Therefore B(a) = B(b).

Conversely suppose that the given condition holds, that is a£b implies B(a) =
B(b) for any a,b € S. Now B(a) = B(b) implies that aRb. So aLb implies that
aRb. Therefore L C H. Also H C L. Hence £L = H. So S is completely regular
and an inverse ordered semigroup by Theorem 3.8. O

Corollary 4.8. A regular ordered semigroup S is completely reqular and inverse
if and only if for any e € E<(S) and for any a € S, B(ea) = B(e) N B(a).

Proof. For b = e we obtain the result. O
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The equivalence graph

of the comaximal graph of a group

Atefeh Hasanvand and Rashid Rezaei

Abstract. Let G be a finite group. The comaximal graph of G, denoted by 'y, (G), is a graph
whose vertices are the proper subgroups of G that are not contained in the Frattini subgroup of
G and join two distinct vertices H and K, whenever G = (H, K). In this paper, we define an
equivalence relation ~ on V(I'p, (G)) by taking H ~ K if and only if their open neighborhoods are
the same. We introduce a new graph determined by equivalence classes of V(I'n,(G)), denoted
I'g(G), as follows. The vertices are V(I'g(G)) = {[H]|H € V(I'm(G))} and two equivalence
classes [H] and [K] are adjacent in I'g(G) if and only if H and K are adjacent in I'y, (G). We
will state some basic graph theoretic properties of I'g(G) and study the relations between some
properties of graph I'y,(G) and TI'g(G), such as the chromatic number, clique number, girth
and diameter. Moreover, we classify the groups for which I'g(G) is complete, regular or planar.
Among other results, we show that if the number of maximal subgroups of the group G is less
or equal than 4, then 'y, (G) and I'g(G) are perfect graphs.

1. Introduction

The study of algebraic structures using the properties of graphs has been an excit-
ing research topic, leading to many fascinating results and questions. Associating
a graph to a group or a ring and using information on one of the two objects
to solve a problem for the other is an interesting research topic, for instance, see
[?, ?, ?]. For example, in [?] Sharma and Bhatwadekar defined a graph on a
non-zero commutative ring with identity R, I'(R), with vertices as elements of R,
where two distinct vertices a and b are adjacent if and only if Ra + Rb = R. In
[?] the authors introduced and studied the comaximal graph of a finite bounded
lattice, denoted by T'(R). They investigated some graph-theoretic properties of
I'(R). It is shown that for two finite semi-local rings R and S, if R is reduced,
then I'(R) 2 T'(S) if and only if R = S.

Let G be a group and L(G) be the set of all subgroups of G. We can associate
a graph to G in many different ways (see, for example, [1, 2, 3, 14]). Here we
consider the following way: Let ®(G) be the Frattini subgroup of G. Associate a
graph T',,,(G) to G, the comaximal graph of G, as follows: The vertex set is all
proper subgroups of G that are not contained in ®(G) and two distinct vertices H

2010 Mathematics Subject Classification: Primary: 05C25; Secondary: 20F99
Keywords: comaximal graph, equivalence graph, complete graph, planar graph, perfect graph.
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and K joined by an edge if and only if G = (H, K). Note that if G = Cp», a cyclic
group of order p”, then ®(G) = Cpn-1 and so I',,(G) is a null graph. Recently,
this graph was investigated by H. Ahmadi and B. Taeri in [?, ?, ?], in which it is
referred to as the graph related to the join of subgroups.

For a simple graph T', two vertices H, K are equivalent if and only if their
open neighborhoods are the same, i.e., H ~ K if and only if N(H) = N(K)
where N(H) = {L € V(') | H and L are adjacent in I'}. Tt is clear that ~ is an
equivalence relation on V(I') and we denote the class of H by [H]. The graph of
equivalence classes of I', denoted by I'g, is the simple graph whose vertex set is
V(ITg) = {[H]|H € V(I')} and two distinct equivalence classes [H| and [K] are
adjacent in 'y, denoted [H] — [K], if H and K are adjacent in I'. The remarkable
thing is that I'p can be considered as a subgraph of I', and it can inherit many
properties of I'. In particular, in many cases, some graph theoretic properties of I'
and I'g are the same, such as the chromatic number, clique number and diameter.
For example, in [?] the authors considered the graph of equivalence classes of
the non-commuting graph of a group G and investigated some graph-theoretic
properties of this graph.

In this paper, we will introduce the graph of equivalence classes of I',,(G) and
we will state some of basic graph theoretical properties of T'g(G), for instance
determining diameter, girth, dominating set, planarity of the graph and we give
some relation between the graph properties of T',,,(G) and T'g(G). We will classify
all solvable groups G for which I'g(G) is a complete graph. Furthermore, we show
that for a non-nilpotent group G, I'g(QG) is planner if and only if |G| = 2"3™ and
G/®(G) =2 S3. In Section 3, some results on groups whose equivalence graph of
comaximal graphs are complete are given. In Section 4, we will state some results
on planarity of I'g(G). Finally, in Section 5 we will study on the perfection of
I'e(G) and we will show that if |[Max(G)| < 4, then I'g(G) is a perfect graph and
conclude if [Max(G)| < 4, then I',,(G) is a perfect graph, too, where Max(G) is
the set of all maximal subgroups of the group G.

2. Definitions and basic results

For a simple graph T', we denote the sets of the vertices and the edges of T by V(")
and E(T"), respectively. A graph I' is said to be connected if there exists a path
between any two distinct vertices. The distance between two distinct vertices H
and K, denoted by d(H, K), is the length of the shortest path connecting H and K,
if such a path exists; otherwise, we set d(H, K) := co. The degree of H, denoted by
deg(H), is the number of edges incident with H. The graph T is regular if and only
if for any two distinct vertices of graph have a same degree. Moreover, the diameter
of a connected graph I', denoted by diam(T"), is sup{d(H,K) : H, K € V(I')}. A
graph in which each pair of distinct vertices is joined by an edge is called a complete
graph. We use K, for the complete graph with n vertices. For a positive integer
r, an r-partite graph is one whose vertex-set can be partitioned into r subsets so
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that no edge has both ends in any one subset. A complete r-partite graph is one
in which each vertex is joined to every vertex that is not in the same subset. The
complete bipartite graph (2-partite graph) with part sizes m and n is denoted by
K, n- The girth of T', denoted by girth(I'), is the length of the shortest cycle in
T, if ' contains a cycle; otherwise, we set girth(T') := co. A subset X of V(T') is
called a clique if the induced subgraph on X is a complete graph. The maximum
size of a clique in a graph T is called the clique number of I" and denoted by w(T").
The chromatic number of a graph T', denoted by x(I"), is the minimal number of
colors which can be assigned to the vertices of I" in such a way that every two
adjacent vertices have different colors. A subset X of the vertices of I" is called an
independent set if the induced subgraph on X has no edges. The maximum size
of an independent set in a graph I' is called the independence number of I" and
denoted by a(I"). A subset D of V(T') is a dominating set of I' if every vertex in
V(T')\ D is adjacent to some vertex in D. The domination number A(T") of I is the
minimum cardinality of a dominating set. The complement of a graph I', denoted
by T, is the graph with the same vertex set such that two distinct vertices H and
K are adjacent in T if and only if they are not adjacent in I
Let T';,,(G) be the comaximal graph of a group G and

N(H)={L € V(I',(G)) | H and L are adjacent in I",,,(G)}

be the open neighborhood of the vertex H in I',,,(G). Two vertices H and K are
equivalent in T',,(G) if and only if their open neighborhoods are the same, i.e.,
H ~ K if and only if N(H) = N(K). One can see that ~ is an equivalence
relation on V(TI',,,(G)) and we denote the class of H by [H].

Definition 2.1. Let G be a group and T',,,(G) be its comaximal graph. The graph
of equivalence classes of T, (G), denoted by T'g(G), is the graph whose vertex set
is VITe(Q)) = {[H] : H € V(I',(G))}, and two distinct equivalence classes [H]
and [K] are adjacent in I'g(G) if and only if H and K are adjacent in I',,(G).

Proposition 2.2. Let C,, be a cyclic group of order n = p{*ps?...p%m, where
a; € N and m > 2. Then Tg(C,) ZTr(Cpy.. p,.)-

Proof. Assume that C,, = (a). It is easy to check that

N((aP 7% -7 y)

— N(<apz'1:ﬂi2 -Piy >)

b1, P2 B
where {i1,42,...9x} C {1,2,...,m} and 1 < 3; < ;. Therefore [(ap'illpi;"'pi:>] =

[(@PirPiz-Pix )] and so the result follows. O

Let 7(G) be the set of all prime divisors of |G|. By Proposition 2.2 we have
the following result.

Proposition 2.3. Let C,, and Cy, be two cyclic groups of order n,m. If 7(C),) =
W(Cm) = {ph N 7pk}; then FE(Cn) = FE(Cm) = FE(Cplpk)
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Let H be a proper subgroup of G. Set M(H) = {M € Max(G)|H C M}.
Lemma 2.4. Let H and K be proper subgroups of G. Then
(1) [H] and [K] are adjacent in U'g(G) if and only if M(H) N M(K) = 0.
(i) [H] = [K] if and only if M(H) = M(K).

In particular, if H is only contained in a single mazimal subgroup M, then [H| =
[M].

Proof. (i). Assume that H and K are adjacent in I'y,(G). If M is a maximal
subgroup of G that contains both of them, then (H, K) # G, a contradiction.
Conversely, assume that the intersection of M (H) and M (K) is the empty set and
[H] and [K] are not adjacent in I'g(G). Then (H, K) is a proper subgroup of G
and so H and K lie in a maximal subgroup of G which is a contradiction.

(i7). Let [H] = [K] and M be a maximal subgroup of G such that M €
N(H) = N(K). Then M is adjacent to both of H and K, which implies that for
any maximal subgroup N of G, H C N if and only if K C N. Therefore M(H) =
M(K). Conversely, assume that M (H) = M(K) and [H] # [K]. Then H ~ K and
so N(H) # N(K). Therefore there is a vertex L in I',,(G) such that G = (L, H)
and (L, K) lies in a maximal subgroup of GG, which is a contradiction. O

Remark 2.5. Let G be a group and Max(G) = {My,...,M,}. For I, =
{1,...,n} we put

‘/i1i2~--ir = {H € V(FW(G))lM( ) { i1 12’ . '7MiT}}

where i1,19,...,4, € I, and r < n— 1. By Lemma 2.4 we have H,H' € V; ;,. ; if
and only if [H] = [H']. Now if V;,;,..; # 0, we may denote the vertex V;,;,. ; in
I'e(G) by [vi4y...4,]. Furthermore, for 1 < ¢ < n we denote the class of V; by [M;].
Then we have

V(Ce(@) ={[M] : 1 <i<n} Uy {[viigi,] 1 1< g, i <m0, Vigsy i, # 0}

Furthermore, It is clear that [v;,,,. ;.| and [vj,;,.. ;.] are adjacent in I'g(G) if and
only if {i1,42,...,4r} N{J1,72,.--,7s} = 0 where 1 < r,s <n—1.

Proposition 2.6. Assume that G is a finite group. Then

(1) w(e(G)) = wl'm(G)) = x(F'm(G)) = x(Te(G)) = [Max(G)].

(1) diam(T'g(G)) = diam(I',,(G)) < slant3. In particular, T'g(G) is connected.
(#3t) If IMax(G)| = 3, then girth(T'g(G)) = 3.
)

(iv) a(Te(G)) < al'm(G)).
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Proof. (i). Let [Max(G)| = n. We claim that {[Mi],...,[M,]} is a maximum
clique in T'g(G). Let {[Hi],...,[H,]} be a clique in graph I'g(G). Since [H;]
and [H,| are adjacent, by Lemma 2.4, M (H;) N M(H;) = (), thus every subgroup
H; is contained in a maximal subgroup of G and so r < n. By the same way
we have {Mi,...,M,} is a maximum clique in I',,,(G). Therefore w(I'g(G)) =
w(Tm(GQ)) = [Max(G)|. Moreover, it is clear that for any graph I', w(T") < x(T).
Now assume that w(I',,(G)) = t and Max(G) = {M1,--- , M;}. Thenfor 1 < i <t,
S; = L(M;)\ L(®(G)) is an independent set and V (I',,,(G)) = U!_, S;, where L(X)
is the set of all subgroups of a group X. Hence x(I') < w(T') and the proof is
complete.

(ii). Assume that [H] and [K] are two distinct vertices in Tg(G). f HNK ¢
®(G), then there is a maximal subgroup M of G such that G = (M, H) = (M, K)
and so d([H], [K]) < 2. Now assume that HNK C ®(G). Then there are maximal
subgroups M7 and Ms of G such that

G = (M, H) = (M2, K) = (My, M>)

and so d([H], [K]) < 3. Therefore diam(I'g(G)) < slant3. By the same way one
may have diam(T,,(G)) < slant3, as required.

(¢i7). Suppose that a group G contains at least three maximal subgroups Mj,
My and Mj. Then {M;, Ms, M3} and {[Mi], [Mz], [M3]} are triangles in I, (G)
and T'g(G) respectively and so girth(T',,,(G)) = girth(T'g(G)) = 3.

(). Tt is clear that if {Hy,...,H,} is an independent set in the graph
I, (G), then {[H1],...,[H;]} is an independent set in I'g(G). Thus a(T'g(G)) <
(T (G)). 0

3. On the completeness of I'5(G)

Let G be a finite group. In [14], the authors have introduced the concept of
mazximal graph, denoted by TM(G), as the graph whose vertices are the maximal
subgroups of G and join two distinct vertices My and Ms, whenever My N My # 1.
If the intersection of every pair of distinct maximal subgroups of G is trivial, then
the graph I'M(G) has no edges. Now we may recall the following theorem.

Theorem 3.1. [14, Proposition 1.3] Let G be a finite group. The intersection of
every pair of distinct maximal subgroups of G is trivial if and only if G is solvable
and one of the following holds:

(1) G 'on (D is prime).
(i) G = Cpq (p, q different primes).
(131) G = C), x Cp (p is prime).
(iv) G = P x Q, where P is an elementary abelian p-group of order p™ (p a

prime), |Q| = q, where q is a prime different from p, and Q acts irreducibly
and fized point freely on P.



94 A. Hasanvand and R. Rezaei

In the following theorem, we characterize all groups whose graph of equivalence
classes of comaximal graph of G are complete.

Theorem 3.2. The equivalence graph of the comazximal graph of G is complete if
and only if G is solvable and one of the following holds.

(1) G = Cpn (p is prime).
(17) G = Cprys (p, q different primes).

(13i) G is a p-group, where G/®(G) = C, x Cp (p a prime). In particular, if G is
an abelian p-group then G = Cyr X Cps and T'p(G) = Kpi1.

(iv) G/®(G) =2 PxQ, where P is an elementary abelian p-group of order p™ (p is
prime), |Q| = q, where q is a prime different from p, and Q acts irreducibly
and fized point freely on P. Moreover, in this case, G is not nilpotent.

Proof. Let T'g(G) be a complete graph and Max(G) = {M;,..., My}. Since M;
and M; N M; are not joined by an edge, then [M; N M;] is not one of the vertices of
I'z(G). Hence M; N M; = ®(G) and so V(I'g(G)) = {[Mi],...,[M]}. Moreover,
the intersection of every pair of distinct maximal subgroups of G/®(G) is trivial.
Now by Theorem 3.1 we have the following cases:

(1). If G/®(G) = Cpn, then n =1 and G = Cpm, for some integer m. Thus in
this case I'g(G) is an empty graph.

(i7). If G/®(G) = C,y, then G is a cyclic group with two maximal subgroups.
Therefore G =2 Cpyrys.

(t43). If G/®(G) = C, x Cp, then G is nilpotent. Therefore

G=85(p1) x...x S(p),

where S(p;) is the Sylow p;-subgroup of G and n(G) = {p1,...,px} is the set of
all prime divisors of |G|. Assume that k& > 2. We know ®(G) = ®(S(p1)) X ... X
®(S(pr)) and @(S(p;)) # 1. Therefore

G . S S(pr)

®(G)  o(S(p) (S’

which contradicts 7(G) = n(G/®(G)). Hence k =1 and so G is a p-group, where
G/®(G) = C), x Cp. In particular, if G is an abelian p-group, G/®(G) = C, x C,
follows that G = Cpr x Cps and so I'g(G) = Kpi1.

(). If G/®(G) = P x @, Since @ is a non-normal maximal subgroup of G,
then G is non-nilpotent.

Conversely, If G = Cpn or Cprys, then it is clear that I'y(G) is complete.
Now assume that G is a p-group of order p”, where G/®(G) = Cp, x Cp,. Then
|®(G)| = p™ and for all M, and M; in Max(G), |M;NM,| = |®(G)|. Therefore M;N
M; = ®(G) for all M; and M; in Max(G) and so V(I'g(G)) = {[Mi],...,[M]}.
Thus I'g(G) is a complete graph.

1%

Cp x C,
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For the last case there is a bijection between Max(G) and Max(G/®(G)) and

we may assume that G/®(G) = P'/®(G) x Q'/®(G), where P = P'/®(G) and
Q = Q'/®(G). Then V(I'g(G)) = {[P],[Q'],[Q7]| g € G} and so T'g(G) is a
complete graph. O

Proposition 3.3. A(T'g(G)) =1 if and only if Tr(G) is a complete graph.

Proof. Let D = {[H]} be a dominating set. It is easy to show that H is only
contained in a single maximal subgroup M and so [H] = [M] by Lemma 2.4.
On the other hand, one can see that M N N = ®(G) for all N € Max(G) \
{M?}. Therefore M/®(G) N N/®(G) = {®(G)} and so the maximal graph of
G/®(G),TM(G/®(G)), is nonconnected. Thanks to Theorem 1.2 in [14], G/®(G)
is isomorphic to one of the groups Cp x Cp, Cpq or P x @, where P is an elementary
abelian p-group of order p" (p a prime), |Q| = ¢, where ¢ is a prime different from
p, and @ acts irreducibly and fixed point freely on P. Now the result follows by
Theorem 3.2. O

Proposition 3.4. T'g(G) is a regular graph if and only if Tg(G) is a complete
graph.

Proof. Let I'g(G) be a regular graph and let, for a contradiction, there is maximal
subgroups M; and M; of G such that ®(G) C M; N M;. Then [M,; N M;] is one
of the vertices of I'g(G). But deg([M; N M;]) < deg([M;]), which contradicts the
regularity of I'g(G). Therefore ®(G) = M; N M; and so V(I'g(G)) = Max(G) and
the result follows. O

Proposition 3.5. If G is a finite p-group which has a mazimal cyclic subgroup,
then T g(G) is a complete graph.

Proof. Thanks to Theorem 5.3.4 in [?], G is one of the following groups:
(1) Cpn
(i1) Cpn x Cpn—r

(iii) Don =< z,ylz?" =42 = (zy)2=1>, n > 3.
iv) Qon =< 9L‘,y|31:2n71 =1,2=2""av=2"1> n>3.

v) SDgn =< z,alz? =1=a?""",a* =a®" "
(v) ; :

n—2

(vi) My(p) =< z,ala? =1=a"""" 0" =a'*"" > n>3.

Now by using the parts (i) and (iii) of Theorem 3.2, T'g(G) is a complete
graph. O

Proposition 3.6. T'g(G) = K4 if and only if one of the following holds.
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(1) G is a 3-group and G/®(G) = C3 x Cs. In particular, if G is an abelian
3-group then G = Csr x C3s, 1,8 > 1.

(i1) G/®(G) = S.

Proof. Assume that I'g(G) = K. Since I'g(G) is complete graph, then |V (T'g(G))| =
|[Max(G)| = 4. Then we have the following cases:
(¢). By part (i7i) of Theorem 3.2, G is a 3-group and G/®(G) = C5 x C3. In
particular, if G is an abelian 3-group then G = C3r x C3s,7,5 > 1.
(ii). By part (iv) of Theorem 3.2, assume that G/®(G) = P x @, where P
is an elementary abelian p-group of order p" (p a prime), |Q| = ¢, where ¢ is
a prime different from p. One can see that the number of Sylow g¢-subgroups
and Sylow p-subgroup of G/®(G) are ¢ + 1 = 3 and 1 respectively. Therefore
G/‘P(G) = 03 X 02 = 53.

O

Proposition 3.7. I'ry(GQ) = K5 if and only of G/®(G) = Ay.

Proof. Assume that I'g(G) = K. Since I'p(G) is complete graph, then |V (T'g(G))| =
[Max(G)| = 5 and so by the last part of Theorem 3.2 the number of Sylow g¢-
subgroups and of G/®(G) are ¢+1 =4 and so G/P(G) = (CayxCy)xC5 = Ay. O

4. On the planarity of I'g(G)

In this section, we will investigate the planarity of the equivalence graph I'gp(G).
First we recall the following well-known theorem of Kuratowski.

Theorem 4.1. [13, Theorem 4.4.6] A graph is planar if and only if it has no
subdivisions of K5 or K3 3.

In the following theorem, we characterize all cyclic groups whose equivalence
graph are planar.

Theorem 4.2. Let C,, be a cyclic group of order n. T'g(C,,) is planar if and only
if |m(Cy)| =2 or 3.

Proof. Since |Max(C,)| = |7(C,)|, then |[Max(Cy)| < 4, otherwise I'g(G) will
have a subgraph isomorphic to K5 which is a contradiction. First we assume that
[Max(C,)| = 4. According to Proposition 2.3 if #(C,) = {p1,...,ps}, we have
I'e(Cn) =Tg(Cp) =TE(Cy,.. p,). Hence the induced subgraph on vertices

{<aP* >, <aP? >, <a’® > <P >, < a3 > < aP?P >}

contains a subgraph isomorphic to K33 and so I'g(C),) is not planar. Now, one
can check that if |7(C,,)| = 2 or 3, then I'g(C},) is planar. O
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Theorem 4.3. Assume that G is a p-group of order p™ where p is a prime and
n > 2. Then T'g(G) is planar if and only if G/®(G) = Cy x Cy or C3 x Cs.
In particular, if G is an abelian non-cyclic p-group of order p"™ and n > 2, then
T'r(G) is planar if and only if G = Csr x Css or G = Cyr x Cas, where r,s > 1.

Proof. Let G be a p-group of order p"” and I'g(G) be planar. Then G/®(G) =
Cp % - -+ x Cp with rank r, |[Max(G)| = (p" —1)/(p — 1) and |Max(G)| < 4. Hence
we must have p = 2 or p = 3 and r = 2 and so by Theorem 3.2 I'g(G) = K3 or
K4, which they are planar.

Agsume that G is a group isomorphic to Dan,Qon or SDon, n > 3. Then
G/®(G) = Cy x Cy. Furthermore, M, (p)/®(M,(p)) = C, x C, for p = 2 or 3.
Thanks to Theorem 4.3 we have the following result. O

Corollary 4.4. Let G be a group isomorphic to one of the group Daon, Qon, S Don,
n >3 or M,(p), p=2 or 3. Then I'g(G) is planar.

Theorem 4.5. Let G be a non-nilpotent group. T'g(G) is planar if and only if
|G| =2"3™ and G/®(G) = S5, where n,m > 1.

Proof. Assume that I'y(G) is planar. Then |Max(G)| < 4. On the other hand,
since G is not nilpotent by Lemma 3, in [9], we have |[Max(G)| > 4. So Max(G) = 4
and by theorem 3 in [9], G is a supersolvable group of order 2"3™ n,m > 1 and
G/®(G) = S3 and the result follows. O

5. On the perfection of I'g(G)

In this section, we will study the perfection of the equivalence graph. We show
that if [Max(G)| < 4 then I'g(G) and T, (G) are perfect. First, we recall the
following definitions and theorems.

Definition 5.1. A graph T is perfect whenever w(I") = x(I"), for all induced
subgraphs IV of T.

Definition 5.2. A graph is chordal (or triangulated) if each of its cycles of length
at least 4 has a chord, i.e., if it contains no induced cycles other than triangles.

Proposition 5.3. [13, Proposition 5.5.1] Every chordal graph is perfect. In par-
ticular, complete graphs, empty graphs and k-partite graphs are perfect.

Theorem 5.4. [?, Theorem 1.2] A graph T' is perfect if and only if neither I' nor
I’ contains an odd cycle of length at least 5 as an induced subgraph.

Theorem 5.5. If [Max(G)| < 3, then I'g(G) is chordal.

Proof. If |[Max(G)| = 1, then ®(G) is the maximal subgroup of G and so I'g(G)
is empty. Furthermore, if |Max(G)| = {M;, M5}, then V(T'g(QG)) = {[M1], [Ma]}
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and so I'g(G) = K, . Hence by Proposition 5.3 they are perfect. Now assume
that Max(G) = {My, M3, M3} and

[H1| — [Ho] = -~ = [Hn] = [H1]

be a cycle of length n in I'g(G). Since for all 1 < ¢ < 3, deg([M;]) =2 or 3 and
by Remark 2.5 deg([v;;]) = 1, then n < 3 and so I'g(G) is chordal. O

Corollary 5.6. If |Max(G)| < 3, then I'g(G) is perfect.

It must be noted that if |[Max(G)| > 4, then there exists a finite group like G
such that I'g(G) is not chordal. For example, assume that G = (a) = C),. ,,,
where pq,...,ps are primes, then

Cy : [a”] = [aP?] — [aP1P?] — [aP2P4] — [aPY)
is a cycle of length 4 without a chord.

Theorem 5.7. If |Max(G)| = 4 then T'g(G) is perfect.

Proof. We use Theorem 5.4 and show that I'p(G) and I'g(G) do not contain an
odd cycle of length at least 5 as an induced subgraph. For I'g(G), by Remark 2.5
we have

V(FE(G)) = {[M1]7 [M2]’ [M3L [M4]’ [vij]v [’Uijk]‘i,j, ke {1’ 2, 374}}

In the general case, we may assume that all of [v;;]’s and [v;;1]’s are not empty. It
must be noted that there is not a cycle of length at least 5 which contains [v;;x],
because each [v;;i] has degree 1 and cannot be part of a cycle. Therefore, if n > 5
and Cy, : [Hy] — [H) — -+ — [Hy] — [H1] is an odd cycle in V(I'g(G)), then for
1 <i< n, [H;] is equal to either [M;] or [v;;]. Without loss of generality, we may
assume that [H;] = [M;] or [Hy| = [v12].
If [Hq] = [M,], there are two choices for [Hs)].

Case 1: [Hs] = [M3], [M3] or [My]. If for example [Hz] = [Ma], then we can
choose just [U13] or [’1}14] for [H3] If [Hg] = [’1}13], then [H4] = [’1}24} and so [Hl], [H4]

are adjacent. Hence n = 4, a contradiction. On the other hand, if [H3] = [v14],
then there is no choice for [Hy], a contradiction too.

Case 2: [Hjy] = [vag] or [vay]. Then [Hs3] = [v14] or [v13] respectively and we
have no choice for [Hy4] which is a contradiction.

Now assume that [H;] = [v12]. We have two choices for [Hy].

Case 1: [Hy] = [M3] or [My]. Let for example [Hs] = [M3]. If [H3] = [Mi]
or [Ms], then [Hy| = [veg] or [vi] respectively and there exists no choice for
[Hs], a contradiction. Similarly, if [H3] = [v14] or [va4], then [Hy4] = [vas] or [v13]

respectively and there exists no choice for [Hj], a contradiction too.
Case 2: [H] = [vusa]. Then [Hj] = [M;] or [Ms]. If for example [Hs] = [M],
then [Hy] = [veg] or [va4] and so [Hs] = [v14] or [v13] respectively. Now there exists
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no choice for [Hg] and so this case does not hold. Consequently, I's(G) does not
contain an odd cycle of length at least 5 as an induced subgraph.

Now, we prove the same result for I'g(G). First we note that since [v;;;] has
degree 1 in I'g(G), all but one vertex of the complement are neighbors of [v;;1],
and so it cannot be contained in a chordless cycle of length at least 3. Let n > 5
and C, : [H1] — [H2] — -+ — [Hyp] — [H1] be an odd cycle in T'g(G). Then for
1 <i < n, [H;] is equal to either [M;] or [v;;].

Without loss of generality, we may assume that [Hy] = [M;y] or [Hy] = [v12]-
First assume that [Hy] = [M;]. Then [H3] = [v12], [v13] or [v14]. If for example
[Ho] = [v12], then [Hs] = [ves], [vaa] or [Ms]. If [Hs] = [Mas], then we have no
choice for [Hy). Let [H3] = [va3] (or [H3] = [va4] ), then [Hy] = [Mj3] or [vs4]. If
[H4] = [M3], then there is no choice for [Hs] and if [Hy] = [vs4], then [Hs] = [My]
and we have no choice for [Hg]. Therefore in this case we have a contradiction.

Now assume that [H;] = [v12]. We have the following cases for [Hs] :

Case 1: If [Hs] = [M;] or [Ms], then [Hs] = [v13] or [veg] respectively and so
we have a cycle of length at most 3, a contradiction.

Case 2: [H3] = [v13], [via], [v2s] or [va4]. If for example [Ha] = [v13], then
[H3] = [M3] or [vs4] and finally we have the paths [v1a] — [v13] — [M3] or [via] —
[v13] — [vs4] — [M4] respectively, which they are not cycles in I'g(G). Then we get
a contradiction in this case too.

Therefore T'g(G) does not contain an odd cycle of length at least 5 and so

I'r(Q) is a perfect graph. O
One can easily check that if C), : H; — Hy —---— H, — H; is a cycle of length n
in T',,,(GQ), then C), : [H1] — [Ha] —- - - — [H,] — [H1] is a cycle of length n in T'g(G).

Then by Corollary 5.6 and Theorem 5.7 we have the following result for I',,(G).
Corollary 5.8. If |Max(G)| < 4, then I',,(G) is a perfect graph.
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Matched pairs of m-invertible Hopf quasigroups
Mohammad Hassanzadeh and Serkan Siitlii

Abstract. The matched pair theory (of groups) is studied for a class of quasigroups; namely,
the m-inverse property loops. The theory is upgraded to the Hopf level, and the m-invertible
Hopf quasigroups are introduced.

1. Introduction

One of the main motivations of the theory of quasigroups may be considered to
be the extension of the representation theoretical properties of the groups on the
level of quasigroups; such as the character theory [27, 58], module theory [57], or
homogeneous spaces [59, 60]. See also [19, 22, 23].

Not much later, it was discovered that there are a plethora of areas for quasi-
groups to apply. Among others, an incomplete list may consists of the coding
theory (see, for instance, [20] for the quasigroup-based MDS codes, and [42, 43]
for the quasigroup point of view towards the codes with one check symbol, as well
as [21]), cryptology [18, 24, 54], and combinatorics [9, 25, 30, 37].

In order to shed further light on the well deserved analysis of the quasigroups,
we shall develop in the present paper the matched pair construction for these
non-associative structures. The matched pair theory was introduced, initially, for
groups in order to recover the structure of a group in terms of two subgroups with
mutual actions, [12, 36, 38, 39, 61, 64]. More precisely, given a pair of groups
(G, H) with mutual actions

>: HxG— G, <:HxG—H
satisfying
yo (z2') = (yrpao)(y<z)> '), y>1l=1,
(yy)az= (<@ >2)(y az), laz=1,
for any x,2’ € G, and any y,y’ € H, the cartesian product Gi< H := G x H is a
group with the multiplication
(z, ), y) = (z(y>a'), (y az)y)),

2010 Mathematics Subject Classification: 20N05; 16T05; 57105; 16S40.
Keywords: Quasigroups, m-inverse property, matched pairs.
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and the unit (1,1) € G x H. In this case, the pair (G, H) of groups is called a
matched pair of groups.

As for the quasigroups, there are many such constructions. To begin with,
there are of course the direct product construction [17, 56, 44, 26, 6, 7], and the
semi-direct product construction [55, 49, 15]. There is also the crossed product
construction [14, 13, 5], which is referred as quasi-direct product in [63]. Consid-
ering these as the binary crossed products, there are, on top of these, the n-ary
crossed products [11]. The other generalizations goes under the titles of the gen-
eralized crossed product [8], and the generalized singular direct product [52, 53].
Finally, there is the Sabinin’s product [48, 51] and its generalization [15, 50]. We
refer the reader also to [16].

More recently, a bicrossed product construction for quasigroups (based on the
mutual interaction of the quasigroups through permutations) is developed in [1,
Sect. 5]. The structure of the resulting bipoduct quasigroup of [1, Thm. 5.1]
encompases to that of the bicrossedproduct group of [40], and is closest to the one
developed in the present manuscript.

The matched pair construction that we shall develop here is also based on
the “mutual actions” of two objects through certain maps, though this time the
objects being m-inverse property loops, and not merely quasigroups. We shall,
furthermore, be able to relate our construction to the matched pair of groups;
which will enable us to produce an ample amount of examples motivated from the
matched pairs of groups.

Let us note that the matched pair theory of groups suit also to Hopf algebras,
the quantum analogues of groups, [40, 41, 62]. Just as well, there will be a Hopf
analogue of the theory we shall develop here.

In [35], see also [34], the authors managed to develop successfully a not-
necessarily associative (but coassociative, counital, and unital) (co)algebra H, that
they call a Hopf quasigroup, with a map S : H — H satisfying compatibility
conditions more general then those satisfied by the antipode of a Hopf algebra. It
is further shown that k£Q is a Hopf quasigroup if @ is an inverse property (IP) loop,
and that for any Hopf quasigrop H, the set G(H) of group-like elements form an
IP-loop.

Considering the Hopf algebras as linearizations of groups, one sees the antipode
of a Hopf algebra as the manifestation of the inversion on a group. This point of
view is precisely what has been studied in [34, 35], where the authors succesfully
developed the correct axioms for the antipode of the quantum analogue of an IP-
loop. Looking from a similar perspective, in the present paper we shall develop the
quantum analogue of a strictly larger family; the m-inverse property loops, which
is general enough to encompass the weak-inverse-property (WIP) of [3], as well as
the crossed-inverse (CI) property of [2]. The resulting quantum objects shall be
addressed as m-inverse property Hopf quasigroups, and their matched pair theory
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(the quantum analogue of the matcehd pair theory developed for the m-inverse
property loops) will be developed.

Finally, it deserves to be mentioned that in the level of Hopf objects there
are constructions that fell beyond the matched pair construction; most notably,
the Radford’s biproduct construction, [45]. However, the Radford’s biproduct con-
struction uses the category of Yetter-Drinfeld objects; that we intend to explore for
the m-inverse property Hopf quasigroups in a separate paper. As such, we expect
also to penetrate into a Hopf-cyclic type (co)homology theory for the quantum
objects constructed here.

The paper is organized as follows.

Section 2 below is about the inverse properties on quasigroups, and serves to
fix the basic definitions of the main objects of study. To this end, in Subsection
2.1 we collect the definitions of quasigroups and loops, while in Subsection 2.2 we
recall briefly the various inverse properties on quasigroups (with a special emphasis
on the m-inverse property).

Section 3 is where we develop the matched pair theory for the m-inverse prop-
erty loops. Based on the lack of literature on semi-direct product of quasigroups
(in the sense that one quasigroup acts on the other, see for instance Proposition
3.3 and Proposition 3.4 below), and for the convenience of the reader, we begin
with a recollection of the basic results (Theorem 3.1 and Theorem 3.2) on the
direct products of quasigroups in Subsection 3.1, and then extend it to the semi-
direct products of m-inverse property loops (Proposition 3.6 and Proposition 3.7).
Finally, we achieve the full generality (proving our main results on the quasigroup
level) in Subsection 3.3, and succeed the matched pair construction for the m-
inverse property loops (Proposition 3.8 and Proposition 3.9). We also discuss the
universal property of this construction in Proposition 3.12, as an analogue of [41,
Prop. 6.2.15] for the m-inverse property loops.

Section 4, finally, is reserved for the quantum counterparts of the main results
of Subsection 3.3. Accordingly, in Subsection 4.1 we introduce the notion of m-
invertible Hopf quasigroup in Definition 4.1. Then, in Subsection 4.2 we establish
the matched pair theory for the m-invertible Hopf quasigroups (Proposition 4.6),
along with a suitable version (Proposition 4.9) of [41, Thm. 7.2.3].

Notation and Conventions

We shall adopt the Sweedler’s notation (suppressing the summation) to denote
a comultiplication; A : A - A® A, A(a) :=a_,. ®a_,. . For the sake of simplicity,
we shall also denote, occasionally, an element in the cartesian product A x B, or

tensor product A ® B as (a,b), rather than a ® b.
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2. Quasigroups with inverse properties

In this section we shall discuss the semi-direct product, and then the matched pair
constructions on two large classes of semigroups; namely the m-inverse loops, and
the Hom-groups. To this end, we review the basics of the quasigroup theory first.
We shall then focus on the inverse-properties (IP) over quasigroups, in order to
be able to recall the (r,s,t)-inverse quasigroups, as well as the m-inverse loops.
Finally, on the other extreme, we shall recall/review the basics of the Hom-groups.

2.1. Quasigroups

A quasigroup is a set () with a multiplication such that for all a,b € @, there exist
unique elements x,y € @ such that az = b, ya =b. In this case, x = a\b is called
the left division, and y = b/a the right division.

Given two quasigroups @ and Q’, a quasigroup homotopy from Q to Q' is a
triple (o, 8,7) of maps Q — Q' such that a(z)B(y) = vy(zy) for all x,y € Q. In
case @ = § = v, then we arrive at the notion of a quasigroup homomorphism. On
the other hand, a quasigroup isotopy is a quasigroup homotopy («, 5, v) such that
all three maps are bijective.

A quasigroup @ with a distinguished idempotent element § € @ is called a
pointed idempotent quasigroup, or in short, a pique, [16]. A pique (Q, ) is called
a loop if the idempotent element § € @ acts like an identity, i.e. zd = dz = z for
any x € Q. It, then, follows that the idempotent element § € @ is unique, and
that any = € Q has a unique left inverse 2> := §/z, x x = § as well as a unique
right inverse x° := x\d, zx” = 4. A loop Q is said to have two-sided inverses
if 2* = 27 for all z € Q. Furthermore, a loop Q is said to have the left inverse
property if 2*(xy) = y for all 2,y € Q, and similarly @ is said to have the right
inverse property if (yx)z® = y, for all z,y € Q. Finally, a loop is said to have
the inverse property if it has both the left inverse property and the right inverse
property. Such loops are also called the IP-loops.

Given a pique (Q, d), there corresponds a loop B(Q) - called the corresponding
loop or cloop - with the multiplication zxy := (z/6)(d\y) for any x,y € Q, and the
identity element § € Q. We note that it is possible to recover the multiplication
on a pique from the one on the cloop as zy := (z) % (dy), see, for instance, [47].

Finally, a pique (Q,J) is called central if B(Q) is an abelian group, and the
set of all left and right multiplications of @) that fix the idempotent element § € Q
is the group Aut(B(Q)).

A convenient way to construct quasigroups, out of groups, is the cocycle-type
group extensions, [4], see also [55, Subsect. 1.6.2].

Example 2.1. Let G be a group, (V,+) an abelian group with a right action
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4:VxG—=V,(v,x) = v<z. Then, given any ¢ : G x G — V, the operation
(z,0) (2, 0") == (22!, p(x,2") + vz’ +0) (2.1)

is associative on G' X, V := G x V if and only if

10

do(z,2',2") == p(a’,2") — p(xa’, 2") + p(z,2'2") — p(z,2") 12" =0, (2.2)

that is, ¢ : G x G — V is 2-cocycle in the group cohomology of G, with coefficients
in V; in other words, ¢ € H?(G, V). As such, giving up the cocycle condition (2.2)
we arrive at the quasigroup G x,, V' with the multiplication (2.1).

Similarly, we may construct a loop.

Example 2.2. Considering the quasigroup G x,, V' of Example 2.1, we see at once
that (1,0) € G x, V acts as unit, with respect to (2.1), if and only if

50(1733) =0= @(1'7 1) (23)
for any « € G. Hence, given a group G, an abelian group (V, +) with a right action

4:V x G — V, and a mapping ¢ : G x G — V satisfying (2.3) is a loop.

We shall, for the sake of simplicity, drop the right action (that is, we shall
assume the right action to be trivial) on the sequel, and consider the examples of
the form G x, V, with the multiplication

(x,v)(2',v") == (x2’, p(x,2") + v+ ). (2.4)

2.2. Inverse properties on quasigroups
In the present subsection we shall recall the inverse properties on quasigroups, and
in particular, on loops.

Along the lines of [33], see also [3], a loop @ is said to have the weak-inverse
property (WIP) if there is a permutation J : Q — @ such that

xJ(x) =94, (2.5)

and that
zJ(yx) = J(y), (2.6)

for any z,y € Q. Dropping the condition (2.5), a quasigroup with 2.6 is called a
WIP quasigroup.

Similarly, a loop/quasigroup @ is said to have the crossed-inverse property (CI
property) if (2.6) is replaced by

(zy)J(z) = y. (2.7)
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We refer the reader to [31] for the applications of the CI quasigroups in cryptog-
raphy.

On the other hand, the loop/quasigroup @ has the m-inverse property if (2.6),
or (2.7), is now substituted with

T (wy) " (@) = T (y), (2.8)

where m € Z, [29].

Finally, we recall that the loop/quasigroup @ is said to have the (r, s, t)-inverse
property if (2.6), (2.7), or (2.8), is exchanged with

J"(zy)J* () = T (y), (2.9)
where 1, s,t € Z, [33].

Remark 2.3. The condition (2.9) generalizes those given by (2.6), (2.7), or (2.8).
More precisely, the weak-inverse property is a (—1,0, —1)-inverse property, [33],
and a crossed-inverse property is nothing but a O-inverse property; where, in gen-
eral an m-inverse property is an (m,m + 1, m)-inverse property.

On the other hand, it is observed in [32] that every (r,s,t)-inverse loop is
an (r,r + 1,7)-inverse loop, that is, an r-inverse loop. Though, on the level of
quasigroups, there are proper (r, s,t)-inverse quasigroups, [33].

Remark 2.4. It is critical to recall from [33, Rk. 2.2] that if Q) is an (r, s, t)-inverse
quasigroup with the permutation .J : Q — @ so that J" € Aut(Q) for some h € Z,
then Q is an (r + uh, s + uh,t + uh)-inverse quasigroup for any u € Z.

Let us finally discuss an odd-invertible loop.

Example 2.5. Let us consider the loop G x,, V' of Example 2.2. Let also
J:Gx,V—=Gx,V, J(z,v) = (271, —v). (2.10)

It is quite clear then that J? = Idgxy € Aut(G x, V). Accordingly, we see at
once that
(z,v)J(z,v) = (1,0)

if and only if
oz, 27') =0 (2.11)

for any z € G, and that for any m = 20 + 1,
I ((z,0) (@', 0") " (@, 0) = T™ (2',0)

if and only if
J((=, U)(LL'/7 v/))($7 v) = J('T/7 ’U/)7
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if and only if
p(a' a7 2) = p(z,2') (2.12)

for any z,2’ € G.

To sum up, we may say that given any group G, an abelian group (V,+), and
any ¢ : G x G — V satisfying (2.3), (2.11), and (2.12), G x, V is an (2¢ + 1)-
invertible loop with (2.10) for any ¢ € Z.

3. Matched pairs of m-invertible loops

In this section we shall introduce the matched pair theory for the quasigroups with
the m-inverse property. The theory that we shall develop here will thus generalize
the direct product theory in [33, Sect. 5], and the semi-direct product theory in
[55, Sect. 1.6.2] for quasigroups.

3.1. Direct products of quasigroups

To this end we shall first recall the direct product theory from [33, Sect. 5]. In the
utmost generality, let Q1 be an (r1, s1, ¢1)-inverse quasigroup with the permutation
Ji: Q1 — @1, and let Qo an (19, $a,t2)-inverse quasigroup with Jy : Q2 —
2. Then the direct product @1 x Q2 is defined to be the quasigroup with the
permutation J; X Jy @ Q1 X Q2 — Q1 X @2, and the multiplication given by
(01, 92)(q1, 43) = (9141, 4245)-

Along the lines of [33, Sect. 5], let J"* € Aut(Q;) and JI? € Aut(Qy). In the
case that 7 is an mq-inverse quasigroup and Qs is an me-inverse quasigroup, the
structure of Q1 X Q2 is given in [33, Thm. 5.1], that we recall below.

Theorem 3.1. Assume that Q1 is an my-inverse quasigroup with the permutation
J1: Q1 — Q1 so that J{“ € Aut(@Q1), and Q2 is an ma-inverse quasigroup with
Js 1 Q2 — Q2 such that J2h2 € Aut(Q2). Then Q1 X Q2 is an m-inverse quasigroup
with J1 X Jo : Q1 X Q2 — Q1 X Q2, for any m € Z that satisfies

m =my (modhy), 3.1)
m = mg (mod hs). '

As is noted in the proof of [33, Thm. 5.1], a solution to (3.1) exists if and only if
there is ¢ € N such that m; — mq = (h1, ho)l. Here (hq, ho) refers to the greatest
common divisor of hy € Z and hy € Z.

If, on the other hand, @, is an (r1, $1,¢1)-inverse quasigroup, and (o is an
(ra, $2,t2)-inverse quasigroup, the structure of the direct product is given by [33,
Thm. 5.2], which we recall now.
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Theorem 3.2. Let Q1 is an (r1, $1,t1)-inverse quasigroup with the permutation
J1: Q1 — Q1 so that J{“ € Aut(Q1), and Q2 is an (ra, sa,t2)-inverse quasigroup
with Js : Q2 — Q2 such that th'2 € Aut(Q2). Then Q1 X Q2 is an (r,s,t)-inverse
quasigroup with J; X Jy : Q1 X Qo = Q1 X Q2, if there are uy,us € Z such that

T*T115751:t7t1:ulh1, T*T218752:t7t2:’UJ2h2.

3.2. Semi-direct products of m-invertible loops

As for the semi-direct products of quasigroups, there seems to be no approach
involving the notion of an action of a quasigroup on another. A semi-direct product
construction, using groups, is the one given in [46, 28], see also [55, Sect. 1.6.2]
which we recall below.

Proposition 3.3. Let (G,+) and (H,-) be two groups, and: G — Aut(H). Then,
G x H is a quasigroup with the multiplication

(9,0)(g', 1) = (g + g'tg") () - I).

The construction given in [51] uses a quasigroup, and its transassociant.

Proposition 3.4. Let Q be a quasigroup, and H be the group generated by {£(q,q") |
q,q € Q}, where ¢(q,q') := Lq_ql, oLgoLy, and Ly : Q — Q, Ly(r) := qr, is the
left translation. Then, Q X H is a quasigroup with the multiplication given by

(¢,h)(d', /') = (qh(q"),£(q, h(q")) o mg (h) o h o h'),
where, for any q € Q and any h € H,

mg(h) =L}

h(q) ohoLq oh™ L.

Let us note also that this was the point of view considered in [34, 35].

None of these constructions lead to a possible discussion on the matched pairs
of quasigroups. We thus adopt the following (more general, given in terms of
quasigroup homomorphisms) definition given in [55, Def. 1.318].

Definition 3.5. A quasigroup Q is called the semi-direct product of two quasi-
groups R and S, if there is a (quasigroup) homomorphism h : @ — S, such that
the kernel ker(h) = R, and that h|s = Idg. In this case, @ is denoted by R x S.

The motivating examples are the ones discussed within the following proposi-
tions below, on the level of (m-inverse) loops, and Hom-groups.
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Proposition 3.6. Let R and S be two loops, and let ¢ : S X R — R be a map
satisfying ©(s,0) = 0 and @(6,7) = r. Then a loop Q is isomorphic to the loop
R x S := R x S with the multiplication given by

(r,8)(r',8") :== (ro(s,r’), s8'), (3.2)

if and only if there are quasigroup homomorphisms is : S = Q, ig : R — Q,
ps:Q — S, and a map pr : Q — R satisfying the Moufang-type identities

pa((ia(r)is()) (ir(r)is(s))) = palin() ((palis(s)in(")prlis())) =
(prlin(r) (pr(is()in() )prlis(s'). (3.3)

as well as proir = Idg and psoig = Idg, such that RxS — Q, (r,s) — ir(r)is(s)
and Q - R xS, g— (pr(q),ps(q)) are inverse to each other.

Proof. Letting ® : Q — R x S to be the (quasigroup) isomorphism, we consider
the mappings

in:R—Q, ig(r):=® *(rd), ig: S —=Q, ig(s):=d,s)
and
pr:Q = R, pr(q) :=m(2(q), ps:Q@—=S, ps(q):=m(P(),
where 7;’s denote the projection onto the ith component. It is evident that
(proir)(r) = m(r,6) =,
for any r € R, as such pgoig = Idg. Similarly, psoig = Idg. We further see that
is(ss) = @7 (6.55) = @71 ((8,5)(6, ) ) = 71 (6.8)271 (0, 8)) = is(s)is (s,
that
in(rr’) = 071 (rr’,8) = 71 ((r,8)(,0)) = @7 (r, )@ (r',6) = in(r)in(r'),
and that
ps(qqd) = p2(2(qq) = m2(®(9)®(¢)) = m2(®(q))m2(2(¢)) = ps(a)ps(d)-

On the other hand, the mapping R x S — @, (r,s) — ir(r)is(s), becomes
1 : RxS — Q, whereas the map Q — R x S, ¢ — (pr(q),ps(q)) becomes
®:Q — R« S. Finally, we note also that

pr((ir(r)is(s)) (ir()is(s)) = pr(®@ 7 (r,s)@7 (', s")) =
p(®7 (rp(s.1") 38)) = rp(s. ') = palin(r) (pm(is (2)in()palis(<)) =

(Prlir(r) (pr(is(s)in(r') )prlis(s).
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Conversely, let ig : S — @, ir : R — @, and ps : Q — S the quasigroup
homomorphisms, together with the map pr : @ — R satisfying (3.3), such that
U:RxS—Q, ¥(r,s):=ip(r)is(s), and ®:Q = R x S, ®(q) := (pr(q),rs(q))
are inverse to each other. Thus, the loop structure on @ induces a loop structure
on R x S. We shall, furthermore, see that this induced loop structure is in fact
one of the form (3.6). Indeed,

(6,5)(',8) = B3, )W (r',8)) = @ ((in(0)is () (in(r")is(0))) = ®(is()in(r"))
= (pr(is()in(r).ps (is(5)in(r") ) = (pr(is()in(r")), ps (is(s))ps (ir()) ) =
(pR(is(s)iR(r’)),s> = (go(ts:ﬂ"'),s)7

where ¢ : S x R — R, ¢(s,1r") := pr(is(s)ir(r’)). On the third equality we
used the assumption that ip,is are quasigroup homomorphisms, while on the
fifth equality we used that of ps : @ — S being a quasigroup homomorphism.
Finally, on the sixth equality we used pg o ig = Idg. Accordingly,

(r,8)(r',s") = ®(U(r,s)V(r',s")) = @((iR(r)ig(s)) (iR(r’)iS(s’))> =

(PR((iR(T)iS(S)) (ir(r)is(s")), ps((ir(r)is(s)) (iR(T/>iS(5/)))) =

(pr(in() ((prlis(s)in("))palis(s) ) 58') = (re(s,r').s8'). O
If we ask the semi-direct product loop to have the m-inverse property, then we

have the following more precise result.

Proposition 3.7. Let (R,d) be an mi-inverse loop with the permutation Jg :
R — R so that Jr(0) = 0, and that ng € Aut(R), and (S,0) is an mg-inverse
loop with Jg : S — S such that Jg(6) = 0, and that ng € Aut(S). Furthermore,
let there be a map ¢ : S x R — R satisfying

@(d,r) =, ¢(s,0) =9,

P(Jg (s8"), (g (s),m)) = (I (s), 1), (34)

(s, T (rr")e(s, T FH(r)) = (s, TR (")),

for any r,v' € R, any s,8' € S, and any m € Z that satisfies

m =my (mod hy),

(3.5)

m = my (mod hs).

Then, (R xS :=RxS, (9, 5)) is an m-invertible loop with the multiplication

(r,s)(r',s") :== (rgp(s, '), ss’) (3.6)
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and the permutation J: R xS — Rx S,
J(r,5) = (6, 5(5))(In(r).6) = (¢(Js(s), Tn(r), Is(s)), (3.7)
if and only if

e(s,m)=r if m =2,
{@(Jgn(ss’), o(s,1m) = @(JG(s'),r) fm=20+1, (38)

for any s,s' € S, and any r € R.

Proof. Assuming the conditions are met, we see at once that

On the other hand, since
@(s,7)Jr(p(s,1)) =0 = p(s,r)e(s, Jr(r)),

we conclude
Jr(e(s,r)) = ¢(s, Jr(r)),

which, in turn, implies that

J((8,5)(r,0)) = J((s,7),5) = (8, Js(s))(JR(¢(s,7)),0) =
(0, J5())((s, Jr(r)), 6) = (#(Js(s), (s, Jr(r))), Js(s)) = (Jr(r), Js(s)),

and then that

m _ )R (r), J§'(s)), if m = 2¢,
"“QLﬁwgmw( 5), ifm=20+1.

Accordingly, in the case m = 2/,

Jm (( )1, 8)) T 1, 5) = T (s, 1), 58T () =
[T (o, 7), 8)(6, TZ (5] [(0, T3 () (T (). 6)] =
(J}q"(w(s ), {6, 75 (s5) [(6. J5 () (TR (1), 9)] | =

(TR (ol 7)), 8) [((0, T8 (s8N (o (T (5), T (), JE 1 ()] =
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O) (T (58'), (TEH (5), T (1)), T (58) T () =

O) (T (58'), (T3 (5), TR (1)), JE (') =

) (P(TE (), TR (1), JE () =

(T3 (s ) (T (), TR 0)), T (s ) =

(T3 s, NI (PUIE (), ), TE()) = (TR 67, T8 () = T (0 s')
(3.9)

where; on the sixth equality we used Remark 2.4, and that m € Z is a solution of
the system (3.5), on the tenth equality we used (3.8), in addition to Remark 2.4
and (3.5). In the case m = 20 41,

J™((r,s)(r, s’))JmH(r,s) = J"™(ro(s,r'),s8) ™ (r,s) =
(s

[(8, 75 (s8") (TR (re(s,1)), )] [(JR T (r),0)(8, Jg (5))] =

((J§'(s8), T (re(s, 1)), J§ (s8) [(JE T (r), )( JgH(s)] =

[(o(J§'(s5), TR (re(s.1))), T§" (85))(Jm“(7’) )] (6,75 (s)) =

(p(J5' (s8), IR (rep(s, 7)) (TG (s8)), T TH(r), TF (58'))(6, g+ (s) = (3:10)
(e (' (s"), TR (p(s,7))), J§" (s5)) (6, Jm“(S))

(p(J§' (s5"), T (0 (s,m))), J5'(s)) = (TR (0 (J§' (s8), 0(s,7"))), &' (s)) =

(TR (p(J&"(s), 7)), J§'(s") = (e (5 (s), TR (")), J§'(s)) =

(0, 75" (N (IR (r'),0) = J™ (', s")

where; in the sixth equation we used (3.4), in the seventh equation we used Remark
2.4 and (3.5), and in the ninth equation we used (3.8).

Let, conversely, R x S be an m-inverse loop with the multiplication (3.6) and
the permutation (3.7).

In the case m = 2/, the tenth equation of (3.9) holds, and we have
Ti (ro(s, ) T (5 ("), 7)) = TR (')
for any 7,7’ € R, and any s,s’ € S. In particular, for r = §, we see that
TR (p(s,1) = JR (1),

and that ¢(s,7’") =1/, for any ' € R, and any s € S.

In the case m = 2¢+ 1, however, we have the ninth equation of (3.10), that is,

Ti (p(J§' (s8'),0(s,1"))) = TR (@(J§' (s), 7).
But then, since Jr : R — R is a permutation, we obtain
w(JS (35 )a @(Sa r )) = SO(JS (5 )a r )

for any ' € R, and any s,s’ € S. O
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3.3. Matched pairs of m-invertible loops

In order to be able to generalize Definition 3.5 in the presence of two quasigroups,
none of which is necessarily the kernel of a quasigroup homomorphism, we adopt
the point of view of [10, 40, 45].

Proposition 3.8. Let R and S be two loops, with the maps ¢ : S X R — R and
¥ : S X R— S satisfying

@(87 5) =4, SD((S? 7”) =T, 7/)(&5) =S, 1/)(57 7”) = 0.

Then a loop @ is isomorphic to the loop R1<1 S := R x S with the multiplication
given by

(r,s)(r',8") = (reo(s, ), ¥ (s, 1")s"), (3.11)
if and only if there are quasigroup homomorphisms is : S — Q, ig : R — Q,
together with the maps pr : @ — R and ps : Q — S satisfying the Moufang-type
tdentities

pr((ir(r)is(s)) (ir(r")is(s"))) :pR(iR(T))((pR(iS(S)iR(T,)))pR(iS(5/))) =

(pr(in(r) (pris(s)in(r') )palis(s") (3.12)
and

ps ((ir()is(9)) (ir()is(s))) = ps(in(r)  (ps(is(2)ir("))ps(is(s)) =

(ps(in() (ps(is()ir())) )ps(is(s"). (3.13)

as well as pr oir = Idg and ps ois = Idg, such that R =<1 S — Q, (r,s) —
ir(r)is(s) and Q — RS, ¢ (pr(q),ps(q)) are inverse to each other.

Proof. Letting ® : Q@ — R > S to be the (quasigroup) isomorphism, we consider
the mappings

in:R—Q, ig(r):=® *(rd), is:S—Q, ig(s):=d,s)
and
pr:Q = R, pr(q)==m(®(q)), ps:Q@—S, pslq):=m(®(q)),
where 7;’s denote the projection onto the ¢th component. It is evident that
(proig)(r) =m(r,0) =,

for any r € R, as such pgoig = Idg. Similarly, psoig = Idg. We further see that

is(ss) = d1(8,58") = B ((5, 5)(6, s/)) = 07L(6,5)0 (3, 5') = ig(s)is(s),
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and that

in(rr’) = 071 (rr’,8) = @71 ((r,8)(1",0)) = &7 (r, )@ (1", 6) = in(r)in(r').

On the other hand, the mapping R <1 S — Q, (r,s) — ir(r)is(s), becomes
1R S — Q, whereas the map Q — RS, ¢ — (pr(q),ps(q)) becomes
®: @ — R S. Finally, we note also that

pR(( r(r)ig )(ZR( Nig(s '))) sz(d)*l(r,s)(Ifl(r’,s’)) =
Pr(®7 (rp(s, ), %(s, )5’ )) ro(s,1') = pR<zR<r>>((pRas(s)z'R(r’)))pR(is<s'>>)
= (PR(iR( ) (pr(is(s )

and that, similarly,

ps((ir(r)is(s)) (ir(r)is(s"))) =ps(iR(T))((ps(iS(S)iR(T')))PS(is(sl))> =
(ps(ir() (ps(is(s)in(r')) )ps(is(s').

Conversely, let ig : S — @ and ig : R — @ be quasigroup homomorphisms,
together with the maps pr : @ — R and ps : Q — S satisfying (3.12) and
(3.13), such that ¥ : R S — @, ¥U(r,s) := ir(r)ig(s), and & : @ — R S,
®(q) := (pr(q),ps(q)) are inverse to each other. Thus, the loop structure on @
induces a loop structure on R x S. We shall, furthermore, see that this induced
loop structure is in fact of the form (3.20). Indeed,

(6,5)(r",6) = B(V(6, 5)¥(r",8)) = ((in(6)is(s)) (in()is(8)) ) = @ (is(s)in(r"))
= (palis(®)ir(").ps(is()ir(") ) = (#(s,1)0(s,7"))
where ¢ : S x R — R, (s, ") :=pr(is(s)ir(r’)), and ¢ : S x R — S, (s, 1) :=

Ps (is(s)iR(r’)). On the third equality we used the assumption that ig,ig are
quasigroup homomorphisms. Accordingly,

(1)) = (e, )W, ) = ((in(r)is(s)) (in(r)is(s) ) =
(o (ir(r"Yis(s))),ps ((i(r)is(5)) (in()is(5)) ) =
(pati (pR is(8)ir(r)pris(s), (ps(in() (ps(is(5)in(r")))ps(is(s)
= (w(s,r ), (s,1)s'). =

Next, we discuss the matched pair construction for the m-inverse property loops.
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Proposition 3.9. Let (R,d) be an mi-inverse loop with the permutation Jg :
R — R so that Jr(0) = 0, and that ng € Aut(R), and (S,0) is an mg-inverse
loop with Jg : S — S such that Jg(6) = 0, and that ng € Aut(S). Furthermore,
let there be two maps ¢ : S x R — R and i : S x R — S satisfying
o6, r)=r, @(s,0) =9, (6, r) =96, ¥(s,0)=s, (3.14)
¢(81 ¢(JS(8)7 'f’)) =T, (315)
(s, T (")), TR (1) = 4 (s, TR (1), (3.16)
O(s, JE (rr") o (W (s, TR (")), Jp 7 (r) = o(s, TR (1)), (3.17)
U(s, ¢(Js(s),7))¢(Js(s),r) =6, (3.18)
for any r,v’ € R, any s,s' € S, and any m € Z that satisfies
m =my (mod hy),

m = mg (mod hy). (8.19)

Then, (R <5 :=R xS, (9, 5)) is an m-invertible loop with the multiplication
()17, ) = (rols, ), (s, 1)) (3.20)

and the permutation

J:RxS — RS,

T(r.8) = (6. T5(6)Tnl0).6) = (6(J5(6). Inr)- 0 (Us(a). Ta)). 20
if and only if
Zi:)) zi if m = 20,
¢(J;'n(¢(57 Jﬁm(r))sl) (b(’(/J(S,J ( )) ) :¢(J§n(3/)ar)v ifm =204 1
[DIE (s 1)), T3 (605, 7)) |27 (5) = D(IE(S"), TR (), ’
(3.22)

for any s,s' € S, and any v, € R.

3.22) are met, we see at once that

8, J5(s))(Jr(r),0)] =
;(Js(s), JR( ) =

Proof. Assuming the conditions (
(r, ) ( s) = [ 8,9)] [(
9] (¢ Jr(r))

T

[(r,

) [<a,s< Tr(r),¥(Js(s), Tu(r)))] =

(r,0) (&(s, 6(Js(5), Tn(r)), (s, (] <> R())6(Js(5), Tn(r))) =
@ ><JR<>> (rJ (r),8) = (,9),
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where on the fifth equality we used (3.15), and (3.18). Next, in view of (3.17) and
(3.16), we have

((8,5)(r, 8)) (Jr(r), Js(s)) = (¢(s,7),(s,7)(Jr(r), Js(s)) =
(6(s,7)d(W(s,7), Tr(r), v ((s, 1), Jr(r))Js(s)) = (6,6),

which implies that
J((8,5)(r,8)) = (Jr(r), Js(s)).

On the other hand, in view of (3.17) we have

¢(s,7)Jr(P(s,7)) = 6 = ¢(s,7)(¢(s,7), Jr(r)),

and hence we conclude

Jr(0(s,7)) = ¢(¢(s,7), Jr(7))- (3.23)
Let us note further that (3.23), together with (3.16), implies

m ) o(s, IR (1)) if m = 2¢,
Ji (@lsr)) = {¢(¢(S?ng(r)), TE(r)) ifmo= 20 1.

Accordingly, in the case m = 2/,

Jm((r,s)(r/,s))JmH(m) T (re(s, "), (s,")s") I (r,5) =

(T3 (o (5,7')), 8) (6, J& (s, 1) D] [(8, T8 () TR+ (1),0)] =
(i (s, ). 0){ (8,2 (v < )6, T T (),6)] | =
(R (6 (5,17, 8) (8 & (s, ) W(@(TE (5), TR (1)) 0 (TE T (), T ()]

= (TR (s, ), 0) (SUIF (W5 7)8"), oI5+ (5), T (1),
BUIE W(s,7)s), (TG (5), TR )ITE (), TR () =
(T3 (o (s, ) B (578", (5 (5), T (),
BITE (W (s,1")), TE T (), T )V IEH (5), T (1) ) =
(TR ("), T8 () = (0, 8, (3.24)
where; on the seventh equality we used (3.22). In the case m = 20 + 1,

J™((r,s)(r',8")) T (r, s) = T (r(s, 1), (s, 7)) T T (r, s) =
(5, Jén(%b(svT')S/))(JE(W(S»?")%5)] [(TRTH(r), 6)(8, J§ T (s))] =
OUEW (5,)8), TR (5,7), WUITR (5,7)8), TR o (5,7 (T T(r),0)(8, T§ ()] =
[@(ng(w(sﬂ”')s')7J§T(T¢(Sa7“/)))7¢(Js (5,7)8), TR (ré(s,rMIEH(r),0)(6, T8+ (s)
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(6078 (W (s,7")8), T (o (s, 7 D)OW(TE (s, 1)), TR (6 (,17))), T (),
G(TE W (s,1)s), TR (s, 7)), TR () | (6, T2 (5)) =

(ST (0 (,7)), TR (D7), BTE ((s,1)s), T (05, 7))) ) (8, TE () =
(ST (W (s,7")), T (93, 7)), (T ((s,7)s), T (93, 7)) TG (s) ) =
(qs (5:0)8) [ (6 (5. T30 ) TR ), DU (5,778 TR ) TE(s) =
(BUTE) TR TE)TE) = (GTEE)TRE),8) = T ') (3.25)

where; in the sixth equation we used (3.17) and the second identity of (3.16), on
the eighth equation we used (3.23), and finally on the ninth equation we used
(both identities of) (3.22), in addition to Remark 2.4 and (3.19).

Let, conversely, R 1 S be an m-inverse loop with the multiplication (3.20)
and the permutation (3.21).

In the case m = 2/, the seventh equation of (3.24) holds, and we have

T (re(s,r")$(J§ (1 (s,1)s"), ¢(J5 T (5), Jg 71 (r))) = TR ()

together with

V(TG @ (s,1")8"), o(Jg ™ (), SR T W (T (s), TR (1)) = J§(8)

for any r,r’ € R, and any s,s’ € S. In particular, for r = 4, the former equality
yields

TR (o(s,7")) = JR ("),

hence ¢p(s,r’) =1/, for any ' € R, and any s € S. For, on the other hand, s = §,
the latter results in

Y(IE(s), JpTH(r) = J§(5)-

Once again, in view of the fact that Jg : R — R and Jg : S — S are both
permutations, we deduce that ¢(s,r) = s for any r € R and any s € S.

In the case m = 2¢ + 1, however, the ninth equation of (3.25) holds, that is,

S(TE (P(s,7")s"), [B((s, T~ (), TR (F)]) = ¢(JE(s"), TR (")),
and
DTG (W (s,m)s"), TR (D5, 7)) TG (s) = D(JE (5), TR ("))

The latter is nothing but the second identity of (3.22), whereas the first identity
of (3.22) is obtained by taking r’ = J;™ () in the former. O
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Definition 3.10. Assume that (R, Jg,dr) is an mj-inverse property loop such
that Jr(dr) = dr, and that ng € Aut(R), and (S, Js,dg) be an mg-inverse
property loop such that Js(ds) = dg, and that ng € Aut(S). Let also m € Z be
a solution of

my (mod hy),

mz (mod hs).

m =
m =
Then, (R, S) is called a matched pair of m-inverse property loopsif (R, Jg,dr) and
(S, Js,dg) satisfy the conditions (3.14) — (3.18).

Remark 3.11. We see that if (R,S) is a matched pair of m-inverse property
quasigroups, then R 0 S := R x S is an m-inverse property quasigroup if and
only if (3.22) holds. From the point of view of the generalization of groups, this
is a manifestation of the fact that any group may be considered as an odd-inverse
property quasigroup, while only commuttative groups fall into the category of even-
inverse property quasigroups. Furthermore, we already know from the theory of
matched pairs (of groups) that the matched pair group is commutative if and only
if the mutual actions are trivial.

The following is an analogue of [41, Prop. 6.2.15].

Proposition 3.12. Let (R,0) be an mi-inverse loop with the permutation Jg :
R — R so that Jr(0) = 0, and that ng € Aut(R), and (S,0) is an mg-inverse
loop with Jg : S — S such that Js(§) = 9, and that ng € Aut(S). Let alsom € Z
be a solution of

my (mod hy),

mz (mod hs).

m
m

and (Q,9) be an m-inverse loop so that (R,0) is an my-inverse subloop of (Q,9),
and (S,9) is an mo-inverse subloop of (Q,9);
(R,0) = (Q,0) = (S,9),

that the multiplication in Q yields an isomorphism

O:RxS—Q, (r,s) = rs, (3.26)
under which the multiplications are compatible as

(rs)g=r(sq),  q(rs) = (qr)s, (3.27)
and the inversions as

Jo(rs) = Js(s)Jr(r),  Jo(sr) = Jr(r)Js(s) (3.28)

for anyr € R, any s € S, and any q € Q. Then, (R,S) is a matched pair of
m-inverse loops, and QQ = RS as quasigroups.
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Proof. Let us begin with the mappings
¢:SXR— R, Y:SXxR—S (3.29)

given by
¢(s,7) = (m 0O ) (sr),  W(s,7) = (M 007 )(s1),

where m : Rx S — R, m: R xS — S are the projections onto the first and the
second component respectively. It then follows at once that

sr = @(qﬁ(s,r),z/i(s,r)) = 0((4, s)(r,9)), (3.30)
that is, the isomorphism (3.26) respect the multiplications in @) and R S.
It remains to show that the mappings (3.29) have the properties (3.14) —(3.18).

The first one, (3.14), follows from the consideration of » = ¢ and s = ¢ in
(3.30), respectively.

Next, in view of (3.28) the property ¢Jg(¢) = ¢ implies (rs)Jg(rs) = 6 for
any r € R and any s € S, which in turn implies (3.15) and (3.18).

On the other hand, (3.27), and Jg(qq')Jg"’l(q) = Jg‘(q’) for any q,¢' € Q
yields, along the lines of (3.25),

(608 (s, 7)), TR (s, 7 ))O((TE (s, 7)), TR (r(s, 1)), T (),
GO(TE W (s,1")s), TR (s, 7)), TR 1)) | (6, 737+ (5)) =

(A(I2 ("), TR (7)), 0 TE (), TE () )

In particular, for s = § then we see that

(6(TE() TR (T2 ) TR )T ), 0 (TE ) TR ) T )|

= (62 (), TR ("), LIE(), TR (D)

which is equivalent to (3.16) and (3.17).

Finally, having obtained (3.14) — (3.18), the condition (3.22) follows from the
ninth equality of (3.25) in the odd case, while it is a result of the seventh equality
of (3.24) in the even case. O

Let us illustrate with an example.

Example 3.13. Given a matched pair of groups (G, H), and two abelian groups
V and W, let

A:(GH)x(GH) — VW, A((m,y), (x’,y’)) = (Lp(x,x'),x(y,y’)), (3.31)
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for such ¢ : G x G — V and x : H x H — W that

oz, 2") = p(z,y>a’) (3.32)
and
X, y) = ply<az,y') (3.33)

for any z,2’ € G, and any y,y’ € H. Then let (G > H) x5 (V x W) be the
(2¢ + 1)-invertible loop of Example 2.5. As such, (3.31) satisfies (2.3), and we
obtain ¢(1,z) =0 = ¢(z,1), x(1,y) =0= x(y,1) for any (z,y) € G x H.

Similarly, imposing (2.11) onto (3.31),

A((x,y), (z,y)fl) = A((x, y), (y ot yTt 4:571)) =0

1

we obtain ¢(z,y 'ea71) =0, x(y,y t<z!) =0 for any (x,y) € G x H.

In particular, for y = 1 € H we obtain ¢(z,27!) = 0, for any = € G, and
setting 2 = 1 € G we arrive at x(y,y~!) =0, for any y € H.

Finally, since (3.31) is bound to satisfy (2.12), that is,

A 9) @) ww) = (@) @),

for any (x,y), (¢',y') € G x H, or equivalently

A((w’,y’)(%y), (%y)‘l) = A((w,y)‘la (m’yy’)‘l),
we have
M@ W e o), 0 a0y, (7 ey aah)) =
A((y_1 >ty e, (YT ey <x"1)),

that is,
p@'(y'ea)y tea ) =py ey e’

and

X(( <z)y,y taz™h) = x(y ezt y T aa’h)

for any x,2’ € G, and any y,y' € H. Nowy=y' =1€ H (resp. c =2' =1 € G)
leads to @(z'z,27") = @(z~" 2" (resp. x(¥'y,y™") = x(y™',y'™")). Asa
result, we have the (2¢; + 1)-invertible loop G X, V, and the (2¢; + 1)-invertible
loop H x, W, for any {1, {5 € Z, in such a way that

Gx, V= (G H)xp (VXW),  (2.0) ((w, 1), (v,O))
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and
Hx, W = (Goa H) xp (V x W), (mmw(@wﬂwﬂ

are quasigroup homomorphisms.
Moreover, the multiplication in (G 1 H) x4 (V x W) yields the isomorphism
O:(Gx, V)x (Hx W)= (GoaH) xp (VxW),
(@ 0), @) = (@y). ©0.w)).

Let us finally show that (3.27) and (3.28) are satisfied. As for the former,
we simply observe for any (z,v) € G x, V, any (y,w) € H x,, W, and any
((@,9), (v, w')) € (Gpa H) xa (V X W),

e ] (), )
(e ) -
)=

(
(ear )0 ﬂ
x,y>,<vw)( w')
') + v+, x(y, y)+w+w’)) =

T ym)+v+v’,x(y,y')+w+w')) =

(L), 0w>)(<x v, (' w)| =
(2.0) [ w) (@), () ) .
32)

where we used (3.32) in the fourth equality. Similarly, (3.33) yields

(@9, @.w) @ )| = [ (@), 0w) @, )| w).

Accordingly, (3.27) holds. As for (3.28), we do note that
JQ%m@wD_JQ )@wQ:«xMAAU w»:

((yilbx cy tazTh), ) ( )( 1,1),(—1},0)):
(v —w) (@™t ) = Jux wly, w) e ( v),

and that
J((y,w)(m,v)) = J((yl>ac y<x), (v, w)) = ((yl>:c yaz) Tt (— v,fw)) =
(@™ (o)) = (@51, (=0,0)) (Ly™), (0.~w) ) =

- y,w).

=)y, —w) = Jax,v(T,v) JEx W(
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We may now say that the hypotheses of Proposition 3.12 hold with R := G x, V,
S = HXXW, Q = (G > H)XA(VXW), m = 2€+1, my = 2£1+1, mo (= 2€2+1,
for any ¢,01,45 € Z, and hy = 2 = ho, that (G x, V, H x,, W) is a matched pair
of (2¢ 4 1)-invertible loops, and that
(G H) xp (VW)= (G x, V) (H x, W).

Indeed, the mutual actions

b1 (Hx W) x (G xp V)= (Gxp V), ((gw), (,0)) = (yoa,0)
and

i (H W) x (G xp V) = (Hx W) ((gw), (@,0)) = (y <z,w)
which fit (in view of (3.32) and (3.33)) into

(G v)s (g w)) (@ 0): () = (@9 (0, 0)) (@), (0 0)) =
(2 0)0 (@ w), () )0, w), @) (0 )

satisfy the compatibilities (3.14) — (3.18), as well as (3.22), merely from the
matched pair compatibilities for groups.

4. Linearizations

Following the terminology and the point of view of [34, 35], we shall consider the
Hopf analogues of the m-inverse property loops, under the name m-invertible Hopf
quasigroup.

4.1. m~invertible Hopf quasigroups

Along the lines of [35, Def. 4.1], see also [34, Def. 2.1], we now introduce what we
call an m-inverse property Hopf quasigroup.

Definition 4.1. Let H be a k-linear space equipped with the linear maps

pHOH—->H,n:k—->H A H—->HRIH, e:H—k,and S:H — H.
Then, the six-tuple (H,u,n,A,¢,5) is called an m-inverse property Hopf quasi-
group if

(i) (H,u,n) is a unital, not-necessarily associative algebra,
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(il) (H,A,¢) is a coassociative and counital coalgebra,
(iii) A:H —-H®H and € : H — k are multiplicative,

(iv) S :H — H is the unique coalgebra anti-automorphism satisfying

h.,.S(h_,.) =e(h)s = S(h_,_)h (4.1)

<1> <2>) <1>) <2>)

so that
S™(heyy 9)S™ (R, ) = €(R)S™ (9) (4.2)
holds for any h,g € H.

Example 4.2. Let (Q,d, J) be an m-inverse property loop. Then the linear space
k@ is a m-inverse property Hopf quasigroup via

(i) the multiplication u : kQ ® kQ — kQ, wu(q,q") := q¢’, defined as a linear
extension of the multiplication on @, the unit 7 : k — kQ, n(a) := ad,

(if) the comultiplication A : kQ — kQ®kQ, A(q) := q®q as the linear extension
of the diagonal map, the counit € : kQ — k, £(¢) =1,

(iii) and the antipode S : kQ — kQ, S(q) := J(q).

The following adaptation of [33, Rk. 2.2] will be instrumental in the construc-
tion of the products of Hopf quasigroups.

Remark 4.3. Let (H, u,n, A, e, .S) be an m-inverse property Hopf quasigroup such
that S” € Aut(H), i.e. S"(hg) = S"(h)S"(g), and A(S"(h)) = S"(h_,. )®S"(h_,.),

for any h € H. Then, (H,pu,n,A,e,S) be an (m + ur)-inverse property Hopf
quasigroup for any u € Z.

Indeed,
ST (h_y g)ST I (R, ) = S™(SY (he, )S T (9)S™ (S (R, L)) =
SIS (). 5 (g)S™ (S (R)...) = ST (S (9)) = 8™ (g).

<2> <1>)

4.2. Matched pairs of m-inverse property Hopf quasigroups

For convenience, let us begin with the tensor product Hopf quasigroups. More
precisely, the following result is the Hopf counterpart of [33, Thm. 5.1], that is,
Theorem 3.1 above.

Theorem 4.4. Let (H1,p1,m1,4A1,€1,51) be an my-inverse Hopf quasigroup so
that S{“ € Aut(H,), and (Ha, p2,n2, A, e2,52) be an ma-inverse Hopf quasigroup
such that Sy € Aut(Hz). Then Hi ® Ho is an m-inverse quasigroup with the
tensor product structure maps, for any m € 7Z that satisfies

m =my (mod hy),

m = my (mod hs). (43)
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Proof. Tt follows at once that

(i) (H1 ® Ha, e, Ng) is a (not necessarily associative) unital algebra via
e = (1 @ p2) o (Id@T @ 1Id) : (H1 @ Ha) @ (H1 @ Ha) = Hi ® Ha,
ne((h@h) @ (999)) = m(h©g)® (k' © )

and 1g 1= m @02 k — H1 @ Ha, ng(a) = an(l) @n2(1),

(il) (H1®Hz2, (Id@7@Id)o(A1®A2),e1®e2) is a coassociative counital coalgebra,
such that

(iii) the coalgebra structure maps
Ag = (Id@T@1d) o (A1 ® Ag) : Hi @ Ho — (H1 @ Ha) @ (H1 @ Ha),
A@(h‘ ® hl) = (h<1> ® h/<1>) ® (h‘<2> ® hl<2>)
and eg 1= £1Qe9 : H1@Ho — k, eg(h®h') = e1(h)e2(R') are multiplicative.
(iv) Finally, in view of Remark 4.3 above, for any solution m € Z of (4.3)
(Sl ® SQ)m((h<2> ® h/<2>)(g ® gl))<sl ® 52)m+1(h‘<1> ® hl<1>) =
S{n(h<2>g)sin+1<h<1>> ® S;n(hl<2>g/)sgn+l(h/<l>> =
ST'(9) @85 (9') = (S1© S2)"(g @ g). O
As for the matched pair construction, Proposition 3.9 upgrades to the following
proposition. However, we shall first need a technical lemma.

Lemma 4.5. Let (H1, p1,m1,A1,€1,51) be an mq-inverse Hopf quasigroup, and
(Ha, pr2,m2, A2, &9, 52) be an mao-inverse Hopf quasigroup. Moreover, let there be
two maps ¢ : Ho @ H1 — H1 and ¥ : Ho ® H1 — Ho satisfying

(S(h/ 1> ) ( <2>’h)> :€2<h/)h:¢(hl<1>7¢(5(h/<2>)7h))a (44)
(w(hlv (h<1>))7h<2>) = El(h)h/ = w(7/1(hlvh<1>)vs(h<2>)) (4.5)
A1(¢(h/ah)) ¢(h,<1>ah<1>)®¢( <2>7h<2>)7 51(¢(h/7h)) :gl(h)€2(h/z7 )
4.6
AQ(w(h/a h)) = ¢(h/<1>7h<1>) oY w(h’/<2>ah<2>)a 52(¢(h/7h)) = 81(h)‘€2(h‘;)7 )
4.7

¢(hl<1>,5(h<2>))[¢(¢(h/<2>,5(h<1> 7 <3 ] )
¢(h/<1>7 <1>)[ ( ( <2> <2>) S( <3>)):|? (48)
[’L/J(S(h/<1>)7¢(h/<2>,h<1>))]¢( <3>) <2 ) ( ) (h,): (4-9)

[(h oSSR o) o (SR ), ),
¢(h/<1>’h<1>)®¢(h/<2>7h<2>):w( <2>) <2>) ( <1>7h<1>) (410)
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for any h,g € Hy, any b/, g € Hy. Then the mapping

Spat H1 @ Ho — H1 @ Ho,
Spa(h @ h') 1= (81 ® S2(h'))(S1(h) ® da) = (4.11)

(¢(52(h/<2>)7 Sl(h<2>)) ® ¢(52(h/<1>)7 Sl(h<1>))>7
satisfies
Spa((01, 1) (1, 02)) = (S1(h), Sa(R))

for any h € Hy, and any h' € Hs.

Proof. For any h € H1, and any &’ € H» we have
Seal(61, 1) (3 82)) = Soa Oy By )y 0 o sy ) =
Sual G ) DL, )= (01, S, )) ) (S1 (0K o 1)), 52) =
CICACITIN S ) I I <2>>><1>)’
(20 b)) SO i ))os) ) =
(620t oy b)) o SO o) o).
OS2 i b)) ern SO ) ) ) =
(¢(sz<w<h’<l><l>7h<1><1>>>,SI<¢<h'<2><l>,h<2><l>>>),
A Y RS ) NCITCCI O S ) ) B
(CICACINS ) NEACTU I )
(S e hs ), S1 O ) ) =
CICACI RIS ) NN (N SRS )}
(S0 oo hewe 1) SO0 oo B ) ) =
(G820 oo hr ) S1 O o i 1)),
AU S ) NCTC O ) ) B
(B(S2 (0 crs s )y UG o B )
(Sa (g b)) SO b)) ) =
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(#(S2(0 s h ) SO B 1), S (B2 ))])

(S sy ), S1 G0, )) =
(S1(her) B (S2( o b)) SUO o B ))) ) =
(S1002 ) (B2 DB s ), SHO (s s )) = (S1(1).Sa(H)).

where on the second, fifth, and ninth equations we used (4.10), on the sixth equa-
tion we used (4.6) and (4.7), on the eleventh equation we used the fact that

Sl(¢(h/7h)) :d)(d}(h’,v <1>) Sl( <2>))a

which follows from (4.8), and on the twelfth equation we used (4.4). Finally, on
the thirteenth equation we used

SQ(w(hlv h)) = ¢(S2(h/<1> )’ ¢<h/<2> ) h))v

which is a consequence of (4.9), and on the fourteenth we used (4.5). O

We are now ready for the main result.

Proposition 4.6. Let (Hi,p1,m1,A1,€1,51) be an my-inverse Hopf quasigroups
such that S1(61) = 01, and that S{” € Aut(Hy), and (Ha, 2, n2, Ao, e2,52) be
an mo-inverse Hopf quasigroup such that Sy(d3) = 02, and that S;““ € Aut(Hsz).
Furthermore, let there be two maps ¢ : Ho @ H1 — H1 and ¥ : Ho @ H1 — Ho
satisfying

¢(02,h) =h, ¢(I',01) =0d1,  P(02,h) = b2, P(h',01) =N’ (4.12)
P(S(h 12 ), oW on s h)) = e2(h ) = (W .., &(S(R' L, ), 1), (4.13)
V(ST (heys 9), ST (heyn)) = (R, ST (9)), (4.14)
P, S(he,s ) heos) = er(Wh = (W, ey ), S(he,.)) (4.15)
Ar(G(W 1) =G(hLrss ey )@ SR <2 heoo),  e1(¢(hh))=ei(h)ea(R),  (4.16)

Do (W, ) =Moo by )@Y (Meyos heys), E2(0 (R h))=e1(h)ea(R)), (4.17)

o(h', S7"(9)) =

Sy STy 90 ))O(W(RL e, ST (R 9212)), ST (RyL)) if m= 20+ 1,
PRy ST (s 9y ) Oy ST (R 900))s ST R L)) i o= 24,
(4.18)

S(W 1oy S(hoy N [SW(H ey S(hoyl)) by )] = e1(h)ea(h') =
S(h oo ho ) [, <2>>,S<h<3>)>], (4.19)
[w<S<h’<1>>,¢(h’<2>,h<1>>>]w<h’<3>,h<2>> 51(h)52(h)
[(h s O(S(R )y o NS (R 50 ) By ), (4.20)
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1/}(h/<1> ’ h<l>) ® ¢(h/<2> J h<2>) = 77[}(]?/,<2> ) h<2>) ® ¢(h/<1> ? h<1>) (4'21)
for any h,g € H1, any I/, g € Ha, and any m € Z that satisfies

m =my (mod hy),

m = mg (mod hs). (4.22)

Then (7—[1 <1 Ho = Hi @ Ha, s, e, Awy Ex, S’N> is an m-invertible Hopf quasi-
group with the multiplication
fa((h@R) @ (g2g")) =: (h@h') (g®g"): =(h¢(h’1>’ ers)s V(hLse, 9<2>)9’), (4.23)
and the antipode
Spa : Hi <t Ho — Hy < Ha,
Sea(h @ h') := (61 @ So(h'))(S1(h) ® b2) =

(4.24)
<¢(‘5’2(h/<2>)751(h<2>)) ® w(SQ(h/<1>)751(h<1>))>7
if and only if
oW, h) = h, } if m = 2¢
(W' h) =R, ’
¢)(S£n(w(h/<2>7g<2>) /)’S ( ( <1>’g<1>))) =
e2(h")o(55"(9'), ST (9)), o —
DSFOOR 0 )9), ST g ST )= Fm T
e2(R)(S5(9"), ST*(9)),
(4.25)

for any h,g € H1, and any b/, g" € Ha.

Proof. Let us first assume that the conditions (4.25) are met. We shall begin with
the observation that

(hero 1oy ) Soa(hge B ) = [(eys, 82) (81, B, )] (61, S2 (h/<2>))(5 (hesn), 02)] =
<1>752 517h/<1>)](¢(52( <3>)7Sl(h<3>))7¢(52( <2>

It
ey 6 >{(61,h'<1>>(¢<sz<h’<3>>,sl<h<3>>>,w<52<h'<z>
(s 82) (00 oo iy S22 ), S1 (B )i ),
B ooy S22 )y S1 (o) s JW(S2 (W o), S1 (s ) =
(s 02) (S0 oo, DS (W o), 1 (e ))),
R DSy ) S1 (g (SR o), S (B ) ) =

)=
)] =

<2>
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(h<1> ) 62) <¢(h/<1> ) ¢(52(hl<4>)7 Sl(h<3>)))7 '(/J(h <2> SQ(h <3>)’ S (h<2>))) =
(h<1> ) 62) <¢(hl<1> ) ¢(S2(h/<2> ), Sl(h’<2> )))7 62) =
(h<1>’52)(Sl(h<2>)7€2(h,)62) ( <1>Sl( )752) = (61(}1)(51,62(}1/)62)7

where on the fifth equality we used (4.16) and (4.17), on the sixth equality (4.20),
and on the eighth equality we use (4.13). Similarly,

<1>) h/<1>)(h<2>’h/<2>) [(51,52( <1>))(S1(h<1>)a 52)] [(h<2>’5 )(51’ <2>)] =
655 h’<2> S1(hs ) 0(Sa (W 1), S0, ) ) [ 82) (G, )] =

(
(6082 02 1 (heae ) B(S2 (0 12 )y S1(hin ) ) (B s 82)] (00, 1) =
(o5

Soa(h

O(S2(R ), S1 (e NS 12 ) S1(hs)) v s P 1),
S 12 )y S ) B ) ) 01 W ) =
(#(S2(h a2 ): S1(hes DEW(S2 W crs i)y S )y P )
YOS i 1)y St i) g 22) ) (1 W ) =
(B(S2(M ), S1(he OS2 (W s ), S1 (R )P ),
SRS (oy2), Sty ) b)) Or W ) =
B(S2(M )y Sulhoa hss ) b (VS22 )y Su(hey))ohes) ) (00, ) =

(1,0 (S hn ), S1 (), s ) ) (B o) = (2101, S (L) ) (61, ) =
(El(h)61752(h/<1>)hl<2>) = (51( )61752( )62)7

using (4.19) on the seventh equality, and (4.15) on the tenth. Furthermore, (4.24)
is unique with the property (4.1). Indeed, if T : H1 ® Ho — Hi1 ® Ha, say
T(h,h') = (T (h, k'), Ta(h,h)), is a coalgebra anti-automorphism so that

(heyos Ly )T (heyos By ) = (e2(R)01, €2(R)02) =T (hey oy By ) (hegss Ipn), (4:26)
then on one hand (from the first equality of (4.26))

(e1(h)o1,e2(W)02) = (hoyo W )T (hege Wy ) =

(o s W) (T s W) ol B o)) =

(h<1>¢(h/<1> <1>’T1(h<2>’ h/<2>)<1>)71/}(h/<1> <2>’T (h‘<2>7 h/<2>)<2>)T2(h<2>’ h/<2> ))
(4.27)

while on the other hand (this time from the second equality of (4.26)),
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(El(h)ala 52(]7‘/)62) = T(h<1> ) h/<1>)(h<2> ) h/<2>) =
(Tl(h<1> ’ W <1>) TQ(h<1> ’ h/<1> )) (h<2> ’ h/<2>) =

(T (h<1>’ hil>)¢( (h<1>’ h21> )<1>7 h<2><1>) ’ 77Z}(TQ(h<1>7 h21> )<2>’ h<2><2>)h22>)
(4.28)

Application of Id ®eq : H1 @ Ha — Hi to (4.27) yields
heo (W oys Tilheye B o)) = ea(R)ea(R)r,
which, in turn, leads to
S 1o, Ta(h I L,)) = ea (W) Sy (h).
But then,
Ta(h, ') = 6(Sa(W ) 6 (W i W) ) = G(S2(R), S1(h)). (4:29)
Similarly, applying 1 @ Id : H1 ® Ho — Ha to (4.28) we derive
To(h,b') = ¥(S2(h'), S1(h)). (4.30)
Now, from (4.29) and (4.30) we conclude T = Syq.

We next proceed to show that (4.24) satisfies (4.2). In case of m =20+ 1, we
have

S;}((h<2>7h <2>)(g g ))SQ+1(h<1>vh/<1>) =

SIZ: (h<2>¢(h/<2>7g<1>)7w(hl<3>7g<2>)g/)SDZL+1(h<1>’h/<1>) =
{(61,52 W20 )9)) (ST (s 6L 1)), 02)] (ST (e, ). S5 L)) =
( <3>7g<2>) )<1>7SI (h<2>¢(h/2>’g<1>))<1>)’
w(S2 (w( <3>7g<2>) )<2>7S{n( <2>¢(h22>’g<1>)><2>))(S?+1(h<1>) Sm+1(h21>))_
(¢(SQ (w( 3>7g<2>) )<1>75m( <2>¢(h/2>’g<1>))<1>)><

(SQ ( <3>) g<2> )g/)<2> <1>? S{n(h<3> ¢(h22> ’ g<1> ))<2> <1>0 Sin+1(h<1> )<1> ))’
m(¢(h23>7g<2> g,)<2><2>’51 (h’<2>¢( 2>’g<1>))<2><2>’Sm+1(h<1>)<2>))Sm+1(h21>))
(

(.

;

(SF WL 19208 ) v [ST s OBl 90 )) i ST ML) ),
ST WL 9209 <o [ ST L 912 )) e ST ) o ) ST AL =

(51(MO(S59)r - ST(9) ) 22 (I (S ) on ST9) ) ) =
(61,22 (R S5(9) (€1 (R ST(g). 62) = &1 (Wea (WSi29. ), (4:31)

o (v
¥ WS
(0
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where on the second and the eighth equalities we used Lemma 4.5, on the fifth
equality we used (4.18) and (4.14), and on the sixth equality we used (4.25). If,
on the other hand, m = 2/

SQ((h<2>’hQ2>)( /))Sm+1(h<1>7h21>)
Sl;rZ(h<2>¢(h/ 2>7g<1>) ¢(h13>’g<2>) )Sm+1( <1>7hil>)
(Sin(h<2> ¢(hi2>’ g<1>)) 52 (77[}( <3>? g<2> ) [ Sm+1 h21> )(S?H‘l( <1>) 52):|

(S7hsn SR 900 ), SE L 922 )9 ) X
(B(STHRL ) ooy ST My )i ) B (ST AL ) oy ST My ) s ) ) =
(S1(hsn bR g.02)) %
[6(SE R 19000 crms (ST ) o ST )1 ))]
[0 (SP@L 129000 ) o (ST ) o ST ) e ]
(SEL, ) o ST L)) ) =
(e1(W)SY(g), 2(HSF(5), (4:32)

where on the second equality we used Lemma 4.5, and on the fifth equality we
used (4.25).

Conversely, let H, and Hso be subject to the hypothesis of the theorem. Then,
in the case of m = 2¢ 4+ 1, the application of Id ®es : H1 ® Ho — H1 to the sixth
equality

(6(S5 (A1 9009 )crn s SO 91D,
w(SQ (d}( 3>7g<2>) )<2>75m(¢( 2>7g<1>))<2>)5m+1(h’21>)) =
(60550 ) 12+ S79)- ) 2B (S50 ) o ST(9)-2))

of (4.31) yields

OS5 (U(hLss s 9202)9"), STUG(L, . 9.02))) = 6(S5'(g"), ST(g))ea (R

for any g € H1, and any ¢', h'e Ha.

Similarly, the application of £; ® Id : H; ® Ha — Ho on the other hand (to the
sixth equality of (4.31)) this times yields

U(S5' (Mg 920 )9) ST(S(RLos 9215 ))) S5 HRL L) = e2(RJ0 (S5'(9), ST(9)).
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Next, if m = 2¢, then we apply Id ®es : H1 ® Ha — Hi to the fifth equality
(S7(hse b g2 )) %
[6(SER 9.0 )0) v O(ST TR ) o ST, ) 10))]
[0 (SFWL 19000 ) o (ST o ST ) a))] X
(S5 L) o ST Ny ) ) ) = (62(W)ST(9), 22 (RIS5(g))

of (4.32) to get

ST(hese d(Plsey9202) [¢(5?(¢(h23>79<2>)9')a¢(5§n+1(h21>)»51““(%»)))} =
e1(h)ST(g)e2(hfea(g’)

for any g,h € Hi, and any ¢’,h'€ Hs. In particular, for h = 1 and ¢’ = 1 we
arrive at

ST(¢(hig)) = e2(R)ST'(9).

from which we conclude that
d(hig) = e2(h)g. (4.33)

Similarly, the application of e; ® Id : H; ® Ho — Ho to the fifth equality of
(4.32) yields

(O (SE L1 92009, S(SFH L1 )i s ST R ) )] X

(SEHHRL L) o ST R, ) o)) =
e1(h)e1(g)e2(h)S5(g").
Now, invoking (4.33), and setting ¢ = 1 and h'= 1, we obtain (in view of (4.12))
¥(S5(g"), ST (h)) = e1(h)S3(9"),
from which the the triviality of the left action follows. O

Definition 4.7. Let (H1, pt1, 71, A1,€1, 51) be an mq-inverse Hopf quasigroup such
that S1(d1) = 81, and that S{“ € Aut(H,), and (Ha, p2,m2, Az, e2,S2) be an mo-
inverse Hopf quasigroup such that Sy(d2) = 02, and that S € Aut(H,). Let also
m € Z be a solution of

mq (IHOd hl),

ma (mod hs).

m
m
Then, (Hi,H2) is called a matched pair of m-inverse property Hopf quasigroups if

the Hopf quasigroups (H1, p1,m1, A1, €1,51) and (Ha, p12, 12, Az, €2, S2) satisfy the
conditions (4.12) — (4.21).
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A remark is in order.

Remark 4.8. Given an mq-inverse property quasigroup (1, an mo-inverse prop-
erty quasigroup ()2, and a solution m € Z of

m =my (mod hy),
m = mg (mod hy).

Let ((Ql, J1,601), (Q2, Ja, 52)) be a matched pair of m-inverse property quasigroups

such that Jy(q)g = 01 for any ¢ € Q1 and J2(¢')¢’ = 09 for any ¢’ € Q2. Then
(kQ1,kQ2) is a matched pair of m-inverse property Hopf quasigroups.

The following result is the universal property of the matched pair construction for
m-inverse property Hopf quasigroups, that is, the analogue of [41, Thm. 7.2.3].

Proposition 4.9. Let (H1, p1,m1,4A1,€1,51) be an my-inverse Hopf quasigroups
such that S1(61) = 01, and that S{“ € Aut(H1), and (Ha, u2, 12, Na,e2,52) be an
ma-inverse Hopf quasigroup such that S3(d2) = b2, and that 532 € Aut(Hsz). Let
also m € Z be a solution of

m =my (mod hy),
m = mg (mod hs).

and G be an m-inverse Hopf quasigroup so that Hi and Ho are m-inverse Hopf
quasi-subgroups of G;
Hi = G < Ha,

such that the multiplication on G yields an isomorphism
O:Hi@Hs = G, h ® h'— hh! (4.34)
of vector spaces, under which the multiplications are compatible as
(hhyg = h(hg), — g(hh} = (gh)h.
for any h € Hy, any h'e Ha, and any g € G, while the antipodes are compatible as
S(hh) = Sa(R)S1(h), S(hh) = Si(h)S2(h) (4.35)

for any h € Hy, any W€ Ha, and any g € G. Then, (H1,Hz) is a matched pair of
m-inverse Hopf quasigroups, and G = Hy < Ho as Hopf quasigroups.

Proof. Let us begin with the mappings
¢:Ho @ H1 — Ha, Y He @ H1 — Ha (4.36)
given by
¢(hih) == ((Id®ez) 0©71)(hh),  ¢(hlh):= ((e1 @ 1d) 0 ©7)(hh),



Matched pairs of m-invertible Hopf quasigroups 133

through
hh = 0O (¢(h.,. h ), W(hl,  h_,.)). (4.37)

<1>97 "P<1> <2>7 T<2>

It then follows at once that the isomorphism (4.34) respect the multiplications in
g and Hl > Hg.

It remains to show that the mappings (4.36) have the properties (4.12) —(4.21).

The first one, (4.12), follows from the consideration of h = ¢; and h'= J3 in
(4.37), respectively.

Next, the linear map ¥ : Hy ® H1 — H1 ® Ho given by
U(H© h) = 07 (hh) = G, h.,.) © (L. by )
being a coalgebra homomorphism, we have
AgoW =(T@W)oAg,  ((c1®e2)0¥)(h®hf=ci(h)ea(h],

for any h € H1, and any h'e Hs. Applying on an arbitrary h'® h € Ho @ H1, we
arrive at

|:¢(h21> ’ h<1> )<1> ® ’(/}(h22> ? h<2> )<1>i| ® |:¢(h21> ) h<1> )<2> ® Q/J(h£2> ’ h<2> )<2>i| =
<¢(hil><l> ) h<l><1>) ® ,lzj(h/il> <2>) h<1><2> )) ®
(¢(hé2><l> ) h<2><1>) ® w<h22><2> ? h<2><2> )) N

Now, Id ®e2 @ Id ®e4 yields (4.16), and 1 ® Id ®e1 @ Id results in (4.17). Further-
more, £1 ® Id ® Id ®¢2 leads to (4.21).

On the other hand, in view of (4.35) the property g_,_ S(g_,. ) = €(g)d implies
(hoyohl, )S(h_y o hl,.) = e1(h)ea(R)d for any h € Hy and any h'€ Ha, which in

<1>7<1> <2> 772>
turn implies

(here bl 0(S2(R,), S1 (),

(AL, (Sa (L2 )y S by )ASa (L ), Su(hes)) ) =
(heyoSi(hess), 02) = (e1(h)d1, e2(R)02).

We then obtain the second equality of (4.13) by applying Id ®¢s, as well as the
second equality of (4.20) via &1 ® Id. Similarly, S(g_,.)g_,. = €(g)d yields

(#0521 ), 1 (b OS2 (L ), S1(Res)) ),

O (Sa(L. )y S1(hoy ) hos L ) =
(El(h)51, 52(h21> )hi2>) = (El(h)517 ‘52(hj62)7
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which in turn implies the first equality of (4.19) by Id ®es, and the first equality
of (4.15) by £; ® Id.

On the next step, J™g(qq')J™o(q) = J"o(¢') for any ¢,q¢' € Q provides,
along the lines of (4.31),

(¢(Sg%(¢(hi3> ? g<2> )gl)<1> ’ S{n(h<2> ¢(h22> ) g<1> ))<1> ) X
¢(f¢) (S;n(’lp(hi3> ) g<2> )g,)<2> <1>? S?L(h<3> ¢(hi2> ) g<1> ))<2> <1>? S?,L+1(h<1> )<1> ) ) ’
77[}(1/)(531(7/}( LB>7g<2>)g,)<2><2>7S{n(h‘<2>¢(h;2>7g<1>))<2><2>7SIH+1(]?’<1>)<2>))S;)/L+1(h21>))

= (51(W) (S50 c12 s ST9)or ) 2 (I (S50 ) o ST(9) ) ) =
(61,3 (RS9 ) (E1 () ST(9), 82) = 1 (h)ea (WS L5, )

In particular, for /= 65 we see that
(¢(S£n(gl)<1> ) Sin(h’<2> g<1> )<1> ) ¢(w (‘S;n(g/)<2><1> ’ Sin(h<3> g<1> )<2> <1>)
S{n+1(h<l> )<l> ) ) ) /ll)(/(b (Sén(g/)<2> <2>) Sin(h<2> g<1> )<2> <2>) S]"Tn+1(h<l> )<2>))) =
(51 (WO (S50 <12+ ST9) -1 ) V(S0 ) o s STY9) ) ).

which implies (4.18) by Id ®ey, and (4.14) by e; ® Id. Let us also remark that
(4.18) implies the second equality of (4.19), and that (4.14) implies the second
equation of (4.15).

Equipped with these now, (4.35) gives

Sea((d1, K (R, d2)) =

(P20 L 1)), S1G( B ) (S (WL ey ), S1 (B )

= (D82 oe s ey ) DL e ) St (e 0))]),
(S by ), SUG(L B ) ) =

(S1(R), S (n)).

Then, the application of Id ®e, yields

S(S2((PLrs s hor ) (S (Lo s hsn )y Si(hesn))]) = 22(R)S1 (M),
in particular,

¢(SQ(1/](1Z)(}L: Sl (h<1> ))<1> ) h<2><1> ))a [¢>(1/J(7/J(hf Sl(h<1> ))<2> ) h<2><2> )7
Sl(h<2><3>))]) = 52("/](h7151(h<1>)))Sl(h<2>)7
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that is,
¢(52(h21>)7 ¢(h22> ) Sl(h))) = 52(h551(h)7

the first equality of (4.13). Similarly, the application of £; ® Id onto

Soal(011) (1,82 = (S1h ) W (S WL s b)) S B B )= (SR, Sel)),

implies
B(S2 (V0L s ), S1 (G b)) ) = 21(1) S (B,

Hence, we see that

¢(1/)(S2(1/’(h21><1> ) h<1><2> ))’ Sl (¢(h21><2> ’ h<1><2> ))) ) ¢(h22> ’ h<2> )) =
€1 (h<1> )1#(52(’12» )7 ¢(h22> ’ h<2> ))v

that is,
Sa(1p(hih)) = ¢ (Sa(hL,.), ¢(h,.  h)).
But then,

[1/)(S(h41>),¢(h22>,h<1> ))] 1[}(hé$>,h<2>) =52 (¢(h;1>7 h<1>))¢(hi2>vh<2>) =€1 (h)52(hr)7
the first equality of (4.20) is satisfied.

Finally, having obtained (4.12) — (4.21), it is possible to derive (4.25) from
(4.31) in the case m = 2¢ + 1, and from (4.32) in the case m = 2¢. O
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Computational approach for intransitive action
of A(2,4,k) on PL(F,)

Tahir Imran, Muhammad Ashiq and Muhammad Asad Zaighum

Abstract In this paper, we have investigated actions of triangle group A(2,4,k) defined by
< rs:72 =35 = (rs)* = 1 >, on projective line over the finite field PL(F,) by using the
concept of coset diagrams. We will parameterize this action and prove that actions of A(2,4,4)
is intransitive on PL(Fy), where g is such a prime that ¢+ 2 gives a perfect square. We have also
developed a useful computational technique to parameterize this action and also to draw coset
diagrams. Throughout —1 represents oco ,in diagrams as these are computer generated.

1. Introduction

The linear-fractional group A(2,4,k) is defined by the transformations r : z — _71
and s : z — 2(2_7Ji1) that satisfies the relations r?> = s* = 1. This group can be
extended by adjoining an involution ¢ : z — 5= such that (rt)? = (st)* = 1. This
extended group is denoted by A*(2,4, k) [1, 2, 6].

Let @ : PGL(2,Z) — PGL(2,q) be a non-degenerate homomorphism. We
know that every non-degenerate homomorphism gives rise to an action. So, this
non-degenerate homomorphism gives rise to an action of PGL (2, Z) on PL (Fy).
The action which arises from this non-degenerate homomorphism not only cor-
responds to the non-degenerate homomorphism but to a conjugacy class of the
homomorphisms [3, 5].

Since, there is one-to-one correspondence between the conjugacy classes of ele-
ments of order greater than 2 in PGL (2, ¢) and the non-zero elements of Fy, such
that the class corresponding to an element ¢ in Fj consists of all the elements
represented by matrices A [6]. It follows that we can actually parameterize the
non-degenerate homomorphisms of PGL (2,Z7) into PGL (2,q), except for a few
uninteresting ones, by the elements of F,. If « is any such non-degenerate ho-
momorphism, and R, S and T are in GL (2,q), which yield the elements 7, 3, ¢
then letting = m3/A (where my = trace(RS), A = det(RS)), we associate the
parameter 6§ with the homomorphism «. This non-zero element ¢ of Fj, provides
a permutation representation of the action corresponding to the homomorphism
a. We draw a coset diagram corresponding to this action which is a diagram cor-
responding to not only one action but to a class of actions whose parameter is 6.

2010 Mathematics Subject Classification: 20G40, 05C25, 20F05
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We are looking for a condition on ¢ and ¢ which ensures action of PGL (2,Z) on
PL (F,) evolving the required coset diagrams [4, 6, 7].

2. Conjugacy classes and coset diagrams

In this section, construction of coset diagrams for the generalized triangle group
<rs,t:r?=st =1 = (rt)?2 = (st)2 = (rs)f = 1 > are considered along-with
certain observations about this case. The coset diagrams for action of A*(2,4, k)
on finite space are defined as follows.

The four cycles of s are represented by squares whose vertices are permuted
anti-clock wise by S. Any two vertices which are interchanged by involution r
is represented by an edge. The action of ¢ is represented by reflection about a
vertical axis of symmetry. For example, action of A*(2,4,k) on PL(F31) gives us
the following permutation representations:

Figure 1: Action of A*(2,4,k) on PL(F3;)

Theorem 2.1. Corresponding to each 0 = my € F there exists a conjugacy class

of non-degenerate homomorphism o« : PGL(2,7) — PGL(2,q) which yields the

homomorphic image of < r,s: 7% = s* = (rs)* =1 > under a.

Proof. Define a homomorphism « : PGL(2,Z) — PGL(2,q) such that 7 = ra,
5 = sa and t = ta satisfying the relations:

Post=F =) = (5)° =1 (1)
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So, there is requirement to see for elements 7, 5, t € PGL(2,q) satisfying the
relations 1 with 75 in given conjugacy class. Let 7, 5 and t be represented by
matrices,

o 1 ]CT'3 _ S1 k83 o 0 —k .
R = {r;}, . ] , 8 = [ s _81_\/5] and T = [ | o | respectively, as
defined in [4], where ry, r3, s1, s3, k € Fy. Let det(R) = A and det(S) = 1, then

det(R) = A = —r} —krs =r} +krs #0 (2)

and,
det(S) =1= —52 — /251 — ks2

s7+v2s +ksi+1=0. (3)

This surely, yields such elements that satisfy the relations (1). Now the product
of matrices R and S is given by,

r1  krs S1 kss r181 + krgss  kriss — krgs; — V/2krs
RS = =
re —ri || ss —s1—1 r3s1—T1s3  krass+risi 4+ V2

As already supposed that tr(RS) = mas, therefore
mo = 27"151 + 2]€T‘383 + \/QT’l. (4)
The matrix RST is given by

RST — [7“181 + krgss kriss — kras; — \/ﬁkrg} {0 —k]

r351 — 183 krsss 4+ 11S1 + V2, 10

. kriss — krss; — \/5]{;7“3 —k(rlsl + k"l“383)
kTgSg + 181 —+ \ﬁ’f’l 7k(7”351 — 7'183)

and so the trace of RST is given by
tr(RST) = kriss — krzs; — V2krs — k(rssy —ri183) = 2kryss — krs (251 + \/5)
and as already considered, msk = trace(RST) so
mgk = 2kryss — krs (251 + \/5)
ms = 2ris3 — 13 (251 + \/i) . (5)
Now squaring equations (4) and (5) we get,

mj = [2r181 + 2krssy + V2r1]? = drist + ARPr3s] + 207 + 8krysirasy
+4V2r 7355 + 4V/2r2 5
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and

mi = [2r1s3 — r3(2s; + \/5)]2 = 4r?s2 4 r2(4s? +2 + 4\/581) — 4ryr3ss3(2s1 + \/5))
= 47“%5% + 47“%5% + 2r§ + 4\/57“581 — 81738153 — 4V/2r1 1383,

Multiplying m3 by k and then adding in m3, we get
m3+km3 =4r?s? + 4k*r3s3 4+ 2r + 8krys1r3ss + 4/ 21 rg 85 + 4\/57“%31
+ 4kris? + 4kr3s? + 2kr3 + 4v/2kr3s) — 8krir3syss — 4v/2krir3ss3
=4r2s? +4k%r2s2 + 2r2 +4\/2r2s) + dkr3s3+4kris? + 2kr3 +4+/2kr3s;
=2(r? + kr2) + 4s2(r? + kr2) 4+ 4v/2s1 (r? + kr2) + 4ks3(r? + kr2)
= (r? + kr2)(2 + 4s? + 4v/2s1 + 4ks?)
= [r} + kr3][2 + 4(s3 4+ V251 + ks?)].
By using equations (3), we obtain
m3 + km3 = [r} + kr3][2 + 4(—1)] = (=A)(-2) = 2A.
That is,
2A = m3 + kmj. (6)
We have

Rflsfl _ l |:T‘181 + \/QT’l + k’f’383 kr153 — kT381:| )

A | r3s1+ \/é’f‘g — 1183 krssy +1181

The product RSR~15~1 is

l r181 + krsss kriss — krzsy — \/ik’f?, r181 + \/i’l"l + krsss kriss — krzsy
A | r3sy —r1s3  krgss + 1181+ \ﬁ’lﬁ r3S1 + \@7’3 —1r183 krssy +1ri81 '

Now further as considered in previous section trace(RSR™1S~1!) = my, then

1
my = —[A — km% — r? — kr3] and consequently, msA = A — km3 —r? — kr3 =
A —km3 — (r? +kr2) = A — km2 — (—A) = 2A — km2, which together with (6)
implies m3 = m4A. This together with m3 = Af gives § = my € F,. Hence 0 is

the permutation representation of the action corresponding to the homomorphism
Q. O

Theorem 2.2. The transformation t has fized vertices in D(6,q) if and only if
0(8 — 2) is a square in Fy.

Proof. Let a: I'* — G*3%(2,q) be a non-degenerate homomorphism that satisfies
the relations ra = 7,sa = 5 and ta = ¢ and o’ be its dual. Choose the matrices,

| krs I ks3 10 -k .
R—{Tg le S—{Ss B 2_51}andT—[1 o | Tepresenting 7,5
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and ¢ respectively, where rq, 3, s1, s3, k € F,, and satisfies the equations (2) to (6).

tra(RST
As we know that, tr(RS) = 0 if and only if (75)? = 1. Also, %) =m3 =0

if and only if (73t)2 = 1. Now det(RS) = 1, gives parameter of 75 as m3 = 6.
Also tr(RST) = kmg and det(RST) = k [Since det(R) = 1, det(S) = 1 and
det(T) = k = det(RST) = k], gives parameter of 75t as km3. Let this parameter
be denoted by ¢. Therefore, 6 + ¢ = %. Putting values from equation (6),
0+ ¢ = 2. Hence, ¢ =60 — 2.

Since change from « to o’ interchanges both 7 and 7¢ and 6 and 6 — 2, so 7t
maps to an element A*(2,4,k) if and only if 6( — 2) is a square in F,. Since
t lies in A*(2,4,k) if both of 7 and 7¢, so ¢ belongs to G*(2,4, k) if and only if
6(0 — 2) is a square in F,. Now ¢ has fixed points in PL(F,) if either ¢ belongs to
A*(2,4,k) and ¢ = —1(mod4) or ¢ does not belong to A*(2,4, k) and ¢ = 1(mod4),
which means that —1 is a square in Fj,. Hence it can be concluded that ¢ has fixed
vertices in D(0, ¢) if and only if —6(2 — 0) = 6(8 — 2) is a square in Fj,. O

3. Action of A(2,4,k) on PL(F,) for § =2

Following computer coding scheme generate parameterizations and coset diagrams
for actions of A(2,4, k) over PL(F}), wherein ¢ is a prime number ¢g+2 gives perfect
square.

3.1. Computer program to parameterize action

m4 = Input["m4"];
delta = Input["Delta"];
m2sq = delta*m4;
While[! (Element[Sqrt[m2sq], Integers]), m2sq += ql;
m2 = Sqrt[m2sql;
m3sq = ((2xdelta ) - (m2sq))/k;
While[m3sq < 0, m3sq += q;];
m3 = Sqrt[m3sq];
s3sq = (-1 - s172 - (Sqrt[2 + ql*s1))/k;
While[s3sq < 0, s3sq += q;];
While[! (Element[Sqrt[s3sql, Integers]), s3sq += ql;
s3 = Sqrt[s3sql;
{c, d} = {a, b} /.
First@Solve[{2*a* sl + 2xkxb*s3 + (Sqrt[2 + q])*a == m2,
2xa*s3 - 2xb*sl - (Sqrt[2 + ql])*b == m3}, {a, b}];
nom = Numerator[c];
denom = Denominator[c];
While[! (Element[nom/denom, Integers]), nom += ql;
rl = nom/denom;
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nom

Numerator [d] ;

denom = Denominator[d];
While[! (Element[nom/denom, Integers]), nom += ql;

r3

riil
ri2
ri3
ri4
sl1
s12
s13
sl4

t2 =

nom/denom;

ril;

k*r3;

r3;

-rl;

sl;

k*s3;

s3;

-s1 - (Sqrtl[2 + ql);
-k;

While[t2 < 0, t2 += ql;
matrix_X = MatrixForm[{{r11, ri12}, {r13, ri14}}]

matrix_Y

MatrixForm[{{s11, s12}, {s13, s14}}]

matrix_T = MatrixForm[{{0, t2}, {1, 0}}]

3.2. Computer program to draw coset diagrams

Following coding scheme using java programming language to draw coset dia-

grams with respect to the primes ¢ for the action of A(2,4, k) has been developed.
The code given below will generate the permutations for R. Similar code is used
for generating the permutations for S and 7.

List<Integer> tmp=new ArrayList<Integer>();

int count=R_values.get(0);

tmp.add (count) ;

while(cycle==true)

{

int permut_temp=(int) calculateFunc_R(count,a,b,c,d);
count=permut_temp;

if (! (tmp.contains(permut_temp))&& tmp.size()<2)
{

tmp.add((int) permut_temp);

}

else

{

Permutation_R.add (tmp) ;

cycle=false;

}

}

Following code separates the fix points from permutation of S.
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for(List<Integer> innerList : Permutation_S) {
if (innerList.size()<4)
{

fixPointS.add (innerList);
}
}

The code given below will make the nodes symmetrical basing on the permutations
of T.

for (List<Integer> innerList : Permutation_T) {

if (innerList.size()==1)

{

fix=(Integer) Permutation_T.get(Permutation_T.index0f (innerList)).get(0);
for(List<Integer> innerSList : Permutation_S)

{

if (innerSList.contains(fix))

{

if ('PermutationS_toDrawCenter.contains(innerSList))
{

PermutationS_toDrawCenter.add(innerSList) ;
toremove_S.add(innerSList);

}

toremove_T.add (innerList) ;

}

}
}
}

The symmetrical nodes will then be drawn by using the code given below:

public Node(Point p,int n_v, int r, Color color, Kind kind,int pos) {
this.p = p;
this.r = r;
this.node_value=n_v;
this.color = color;
this.kind = kind;
this.pos=pos;
setBoundary (b) ;
}
public void draw(Graphics g) {
int x,y,r=5;
if (this.pos==0)
{

x=b.x;
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y=b.y-r;
}
else if (this.pos==1)
{x=b.x-r-8;
y=b.y;}
else if (this.pos==2)
{x=b.x;
y=b.y+r+15;}
else
{
X=b.x+r;
y=b.y;
}
g.setColor(this.color);
if (this.kind == Kind.Circular) {
g.fillOval(b.x, b.y, b.width, b.height);
} else if (this.kind == Kind.Rounded) {
g.fillRoundRect(b.x, b.y, b.width, b.height, r, r);
} else if (this.kind == Kind.Square) {
g.fillRect(b.x, b.y, b.width, b.height);
}
g.setColor (Color.BLACK) ;
g.setFont (g.getFont () .deriveFont (18.0f));
g.drawString(Integer.toString(this.node_value), x, y);
}

Example 3.1. Consider ¢ = 7. Then m3 = myA. Also, my = 0 = 2, m3 = 2A.
Considering A = k = s; = 1, and then by using the code given in section 2.3,
corresponding matrices R, S, and T thus obtained are:

3 5 1 3 0 6

LRI ER IR )
Therefore, linear-fractional transformations are,
3z +5 z+3 6
— S5z , tize —.
5z 44 3243 z

Applying r, s and ¢ transformations on the elements of PL(F7%), the permuta-
tions will be: r act as: (0 3)(1 4)(2 00)(5 6), s act as: (013 4)(26 c0b), tact
as: (0 00)(16)(23)(45).

Obtained coset diagram is as follows.

A d
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This diagram is disconnected and consisting of two diagrams each having 4
vertices. Also note that each vertex of these diagrams is fixed by (rs)* and the

group A (2,4,4) =<r,s:r?=3s*=(rs)* =1>. So G is is abelian and cyclic.

Example 3.2. Consider ¢ = 23. Then m3 = myA. Also, my = 0 = 2, m3 = 2A.
Considering A = k = s; = 1, and then by using the code given in sections 3.1 and
3.2, corresponding matrices R, S, and T thus obtained are:
17 3 1 4 0 22
R_[ 3 6]’5_{4 17}7T_[1 0 }
17243 ) z+4

Therefore, linear-fractional transformations are r : 2 — ———, s: 2+ ———,
3z+6 4z + 17

t:z— —.

Appl)zfing r, s and t transformations on the elements of PL(Fs3), the permu-
tations will be,
ract as: (021)(13)(29)(4 14)(5 11)(6 7)(8 16)(10 20)(12 o) (13 19)(15 22)(17 18)
sactas: (071219)(191511)(23522)(410188)(813)(820)(10 16)(1221)(14 18)
tactas: (000)(122)(211)(315)(417)(59)(6 19)(7 13)(8 20)(10 16)(12 21)(14 18).

The coset diagram generated by using code in section 2.3 is shown in Figure 2,

Valhigie
5 < <

Figure 2: Intransitive action of A(2,4, k) on PL(Fs3)

This diagram is disconnected and has six diagrams each consisting of 4 vertices.
Also note that each vertex of these diagrams is fixed by (rs)* and the group

A(2,4,4)=<rs:r*=st=(rs)t =1>.
So G is an abelian and cyclic.

In Table 1, we have listed few primes and the number of diagrams corresponding
to each prime. Here it can be observed that for each prime ¢, the coset diagram
is disconnected. So the action of A(2,4, k) is intransitive on PL(F,).



148 T. Imran, M. Ashiq and M.A. Zaighum

Table 1: Number of disconnected diagrams

Primes | Diagrams of 4 Vertices
7 2

23 6

47 12

79 20
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On regularities in po-ternary semigroups

Sukhendu Kar, Agni Roy and Indrani Dutta

Abstract. In this paper, we show the way to get into some results of partially ordered (in short,
po-) ternary semigroup based on quasi-ideals, bi-ideals and semiprime ideals. We extend some
results of po-semigroup into po-ternary semigroup under certain methodology. In particular, we
characterize some properties of regular po-ternary semigroup, left (resp. right) regular po-ternary
semigroup, completely regular po-ternary semigroup and intra-regular po-ternary semigroup by
using quasi-ideal, bi-ideal and semiprime ideal of po-ternary semigroup.

1. Introduction

The ideal theory of ternary semigroup was introduced and studied by Sioson in [12].
Dixit and Dewan [2] studied the notion of quasi-ideals and bi-ideals in ternary semi-
group. Later on Santiago, Sri Bala [11] developed the theory of ternary semigroup
and semiheaps. Further Kar and Maity developed the ideal theory on ternary
semigroup in [6]. Some properties of regular ternary semigroup were discussed by
Dutta, Kar and Maity in [4]. Ternary semigroups were studied by many authors,
semiheaps (and similar) by V. Vagner [13], W.A. Dudek [3], A. Knorbel [9] and
many others.

Kehayapulu ([7], [8]) introduced and studied the notion of completely regular
ordered semigroup. In 2012, Daddi and Power [1] studied the concept of ordered
quasi-ideals and ordered bi-ideals in ordered ternary semigroup and also discussed
about their properties. The result on the minimality and maximality theory of
ordered quasi-ideal in odered ternary semigroup was developed by Jailoka and
Tampan in [5].

In this paper, we study the notion of regular ordered ternary semigroups. We
also introduce the notion of completely regular and intra-regular ordered ternary
semigroups. Finally we characterize these classes of ordered ternary semigroups
in terms of ideals, quasi-ideals, bi-ideals, semiprime ideals of ternary semigroup.

2. Preliminaries and Prerequisites

Here we provide some definitions and relevant results of po-ternary semigroup
which will be required to develop our paper.

2010 Mathematics Subject Classification: 20M12, 20M99
Keywords: po-ternary semigroup, regular po-ternary semigroup, completely regular po-ternary
semigroup, intra-regular po-ternary semigroup.
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A ternary semigroup S is called a partially ordered ternary semigroup (po-
ternary semigroup) if there is a partial order “ <” on S such that for z,y € S;
T <Y = xx122 < YT1To, T1XT2 < T1YTo, T1xox < w10y for all z1,20 € S.

For a po-ternary semigroup (.5, -, <) and a subset H of S, we define

(H] :={te€ S|t < htorsomehe H}.

A nonempty subset A of S is called a left ideal of S if (i) SSA C A and (i)
(A] = A, a right ideal of S if (i) ASS C A and (i7) (A] = A and a lateral ideal of
S if (i) SAS C A and (i7) (A] = A. A nonempty subset A of S is called an ideal
of S if it is a left ideal, right ideal and lateral ideal of S.

For a po-ternary semigroup S and a € S, we denote by R(a) (resp. L(a), M(a))
the right (resp. left, lateral) ideal of S generated by a and I(a) the ideal generated
by a.

It can be easily proved that for an element a of S the right (resp. left, lateral)
ideal and the ideal I(a) of S generated by a have the form

R(a) = (aUaSS], L(a)=(aUSSa], M(a)=(aUSaSUSSaSS],

I(a) = (aUSSauU SaSUSSaSSUaSS| = (aU S?aU SaS U S?aS? UaS?.

If A, B, C are subsets of a po-ternary semigroup (5, -, <), then (cf. [5])

) AC (4]
If A C B then (A] C (B].
((A]] = (A].
(A)(B](C] < (ABC].
((A(BI(C]] = ((A(BIC] = (AB(C]] = (ABC].
(AU B] = (A] U (B].
(AN B] < (A]n (B].
In particular, if A and B are some types of ideals in S, then (AN B] = (A] N (B].
(8) (SSA4], (ASS], (SAS U SSASS] are left, right and lateral ideal in S.
A nonempty subset Q of S is called a quasi-ideal of S, if (i) (SSQ] N (SQS]N
(QSS) C @, (ii) (SSQ) N (SSQSS] N (QSS] € Q and (i) (Q] = Q.
Every left, right and lateral ideal of a po-ternary semigroup S is a quasi-ideal.
A subsemigroup B of S is called a bi-ideal of S, if (i) BSBSB C B and (ii)
(B] = B.
Every quasi-ideal is a bi-ideal. Since every left, right and lateral ideal is a
quasi-ideal, it follows that every left, right and lateral ideal is a bi-ideal.
A proper ideal T of a po-ternary semigroup S is called semiprime if for any
ideal A of S with A% C T, we have A C T.

(1
(2)
(3)
(4)
(5)
(6)
(7)
ar

3. Regular po-ternary semigroups

A po-ternary semigroup S is said to be regular (left, right reqular) if A C (ASA]
(respectively, A C (SA?%], A C (A4%9]) for every A C S.

Lemma 3.1. A lateral ideal of a reqular po-ternary semigroup is reqular.
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Proof. Let I be a lateral ideal of a regular po-ternary semigroup S. Let A C I.
Since S is regular, A C (ASA]. Now A C (ASA] C (AS(ASA]] = (ASASA] =
(A(SAS)A] C (A(SIS)A] C (AIA]. Consequently, I is regular. O

Corollary 3.2. In a regular po-ternary semigroup S, every ideal is regular.

Theorem 3.3. (cf. [10]) In a po-ternary semigroup S, the following are equivalent:
(7) S is regular,
(#14) (RML] = RNM N L where R, M, L are right ideal, lateral ideal and left
ideal of S respectively,
(i) for every bi-ideal B of S, (BSBSB] = B,
(iv) for every quasi-ideal Q of S, (QSQSQ] = Q.

Theorem 3.4. A po-ternary subsemigroup B of a regular po-ternary semigroup
S is a bi-ideal of S if and only if B = (BSB].

Proof. Let S be a regular po-ternary semigroup and B C S. Let B = (BSB].
Then B = (BSB] = (BS(BSB]| = (BS(BSB)] = (BSBSB]. Thus BSBSB C
(BSBSB] = B. It remains to show that (B] = B. Let z € (B]. Then z €
((BSB]] = (BSB] = B. Thus (B] C B. Hence B is a bi-ideal of S.

Conversely, let B be any bi-ideal of a regular po-ternary semigroup S. Since
S is regular and B C S we have B C (BSB]. Again (BSB] C (BS(BSB]| =
(BS(BSB)] = (BSBSB| C (B] = B. Thus B = (BSB|. O

Theorem 3.5. In a regular po-ternary semigroup S, every bi-ideal of S is a quasi-
ideal of S.

Proof. Let B be a bi-ideal of a regular po-ternary semigroup S. Then BSBSB C B
and (B] = B. Now S2(S2B] C (S](S](SSB] C (S*B] C (SSB] and ((SSBJ]] =
(SSB]. Hence (SSB] is a left ideal of S. Also (BS?]S? C (BS?](S](S] C (BS%] C
(BS?] and ((BS?]] = (BS?]. Thus (BSS] is a right ideal of S. Again S(SBS U
S2BS?S C (8](SBS U S2BS?|(S] C (S?BS? U $3BS®| C (S2BS? U SBS] and
((SBS U S?BS?]] = (SBS U S%?BS?]|. So (SBS U S?BS? is a lateral ideal of S.
From Theorem 3.3, we have (BS?| N (SBS U S?BS?| N (S?B] = ((BS?](SBS U
S2BS?|(S%B]] = ((BS?*)(SBS U S?2BS?)(S?B)] = (BS®BS*B U BS*BS*B] C
(BSBSBUBS?BS?B] C (BSBSBU BSB] = (BSBSB| U (BSB] = BUB = B,
by using Theorem 3.3 and Theorem 3.4. Consequently, B is a quasi-ideal of S. [

Theorem 3.6. Let S be a po-ternary semigroup. Then S is left (resp. right)
regular if and only if every left (resp. right) ideal of S is semiprime.

Proof. Let S be a left regular po-ternary semigroup and L be a left ideal of S. Let
A3 C L for some left ideal A of S. Since S is left regular, we have A C (SA?] C
(S(SA?]A] = (S(SA?)A] = (SSA3) C (SSL] C (L] = L. Thus L is semiprime.
Conversely, suppose that every left ideal of S is semiprime. Let A C S. Then
SS(SAA] C (S](S](SAA] C (S3AA] C (SAA] and ((SAA]] = (SAA]. Therefore,
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(SAA] is a left ideal of S. Now A3 C SA% C (SA?]. Since every left ideal of S is
semiprime, we have A C (SA2]. Thus S is a left regular po-ternary semigroup.
Similarly, we can also prove the same for right ideal of S. O

Theorem 3.7. Let S be a commutative po-ternary semigroup. Then S is regular
if and only if every ideal of S is semiprime.

Proof. Let S be a commutative regular po-ternary semigroup and I be any ideal
of S. Let A3 C I for A C S. Since S is regular and A C S we have A C (ASA] =
(AAS] C (A(ASA]S] = (A(ASA)S] = (A(A%S)S] = (A3SS] C (ISS] € (I] = 1.
Thus I is a semiprime ideal of S.

Conversely, we assume that every ideal of commutative po-ternary semigroup
S is semiprime. Let A C S. Then (ASA] is an ideal of S. If (ASA] = (S] =S,
we get our conclusion. If (ASA] # S, then by hypothesis, (ASA] is a semiprime
ideal of S. Now A% C ASA C (ASA] implies that A C (ASA]. Consequently, S is
regular. 0

Definition 3.8. Let S be a po-ternary semigroup. A nonempty subset B, of S is
called a weak bi-ideal of S, if (i) bSbSb C B,, for all b € B, and (ii) (By] = Buy-

Clearly, we have the following results:
Lemma 3.9. FEvery bi-ideal of a po-ternary semigroup S is a weak bi-ideal of S.

Lemma 3.10. The intersection of arbitrary set of weak bi-ideals of a po-ternary
semigroup S is either empty or a weak bi-ideal of S.

Theorem 3.11. Let S be a po-ternary semigroup. Then S is reqular if and only
if By = ( U bSbSb] for any weak bi-ideal B,, of S.
bEB.,

Proof. Let S be a regular po-ternary semigroup and B,, be any weak bi-ideal of

S. Then bSbSb C B, for all b € B,,. So U bSbSb C B,,. This implies that
bEB,,

( U bSbSb] C (B,] = By. Let b € B,,. Since S is regular, there exists € S

bE B,

such that b < bzb. So b < bxb < bxbxb € bSbSH C U bSbSb. Therefore,

beB,
be (| bSbSh]. Thus B, € (| ] bSbSb]. Hence B, = ( | ) bSbSH].
beB, beB, bEB,,
Conversely, let B,, = ( U bSbSh|, where B,, is a weak bi-ideal of S. Let R be

beBy,
a right ideal, M be a lateral ideal and L be a left ideal of S. Since every left, right

and lateral ideal of a po-ternary semigroup S is a bi-ideal of S, it follows that every
left, right and lateral ideal of a po-ternary semigroup S is a weak bi-ideal of S. So
R, M, L are weak bi-ideals of S. Thus by Lemma 3.10, RN M NL is a weak bi-ideal
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of S. Clearly, (RML|C RNMNL. Nowletae RNMNL. Since RNMNLis

weak bi-ideal of S, by hypothesis we have RN M N L = ( U xSzSx]. Then

z€RNMANL
a < xsixsex for some x € RN M N L and s1,85 € S. So a < xs1x82ys3ysay for

some z,y € RN M N L and sy, 2, 83,84 € S. This implies that a € (RML]. Thus
RNMNL C (RML] and hence (RML] = RNM N L. Consequently, S is a regular
po-ternary semigroup by Theorem 3.3. O

4. Completely regular po-ternary semigroups

In this section, we characterize completely regular po-ternary semigroup by using
quasi-ideals, bi-ideals and semiprime ideals.

Definition 4.1. A po-ternary semigroup S is said to be completely regular if it is
regular, left regular and right regular i.e., A C (ASA], A C (SA?%] and A C (A2%S]
for every A C S.

Example 4.2. Let S = {a,b,c,d, e} be a po-ternary semigroup with the ternary
operation defined on S as abc = a (b c), where the binary operation * is defined
by

*

ol v oy | o

[CHEARE RN R e

[sFjoR o HaN ol ol

Ol Y|

alolofao|lo|o

[l NN Nel Roul -5

and the order defined as

<= {(CL7 a)a (a» C)a (a, d)7 (b7 b)a (b7 d)7 (ba a), (b7 C), (Ca C)7 (C7 d)7 (d7 d)a (67 CL), (6, C)v (6, d)u (67 e)}
Then S is a completely regular po-ternary semigroup.

Theorem 4.3. In a po-ternary semigroup S, the following conditions are equiva-
lent:

(i) S is completely regular;
(ii) A C (A2SA?] for every AC S.

Proof. (i) = (ii). Then for any A C S, we have A C (ASA] C ((A%25]S(SA?]] =
((A%29)S(SA?)] = (A2S3 A% C (A2SA2).

(i) = (i). Let A C S. Then A C (A%2SA%] = (A(ASA)A] C (ASA],
A C (A2SA?] = ((A25)A?] C (SA?] and A C (A%25A4?%) = (A%(SA?)] C (A2%9].
This implies that S is regular, left regular and right regular. Consequently, S is
completely regular. O

In the following result we provide another characterization of completely reg-
ular po-ternary semigroup in terms of quasi-ideal.
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Theorem 4.4. Let S be a po-ternary semigroup. Then S is completely regular if
and only if every quasi-ideal of S is a completely reqular subsemigroup of S.

Proof. Let S be a completely regular po-ternary semigroup and Q be a quasi-
ideal in S. Since ¢ # Q C S and Q* C QSS N SRS N SSQ C (QRSS] N
(SQS] N (SSQ] C Q, Q is a subsemigroup of S. Let A C @ C S. We have
to show that @ is completely regular. Since S is completely regular and A C
S, we have A C (ASA] C ((A%5])S(SA?]] = ((A%9)S(SA?)] = (A2SSSA?] C
(A28A?] = (A(ASA)A] C (A(ASA)SAA] = (A(ASA)SAA] = (A(ASASA)A].
Now ASASA C SSASS C SSQSS, ASASA C SSA C SSQ and ASASA C
ASS C QSS. Therefore, ASASA C SSQNSSQSSNQRSS C (SSQIN(SSQSS]
(QSS] € Q. Hence A C (AQA]. Again A C (ASA] C (AS(SA?%)] = (AS(SA?)]
(ASS(SA%)A] = (AS%(SA?)A] = ((AS3A)A?%] C ((ASA)A?%) C (AS(ASA|AZ]
(AS(ASA)AQ} = ((ASASA)A?%] C (QA?% and A C (ASA] C ((A%S])SA]
((A28)5A4] C (A(A%S]SSA] = (A(AS)SSA] = (A2(ASSSA)] C (A2(ASA)| C
(

T

1N >IN

Az(ASA]SA] (A2(ASA)SA] = (A2(ASASA)| C (A%Q]. Thus Q is regular, left

egular and right regular. Consequently, @ is completely regular subsemigroup.
Conversely, suppose that every quasi-ideal of S is a completely regular sub-

semigroup of S. Since S itself a quasi-ideal in S, S is completely regular. O

Theorem 4.5. Let S be a po-ternary semigroup. Then S is left reqular and right
reqular if and only if every quasi-ideal of S is semiprime.

Proof. Let S be a left regular and right regular po-ternary semigroup and @ be a
quasi-ideal of S. Let A C S and A® C Q. Since S is left regular and right regular,
A C (SA?] and A C (A2S]. Now A C (SA?] C (S(SA?A] = (S(SAH)A] =
(SSA3) C (SSQ], A C (A%S] C (A(A2S]S] = (A(A%9)S] = (A%8S] C (QSS] and
A C (8A%) C (SA(A2%S]] = (SA3S] C (SQS]. Therefore, A C (SSQ]IN (SQS) N
(QSS] C Q. Hence @ is semiprime.

Conversely, suppose that every quasi-ideal of S is semiprime. Since every right
ideal and left ideal of S is a quasi-ideal of S, every right ideal and left ideal are
semiprime. Now by using Theorem 3.6, we find that S is left regular and right
regular. O

Corollary 4.6. If S is a completely reqular po-ternary semigroup then quasi-ideals
of S are semiprime.

The converse of the above result does not hold.
Example 4.7. Let S = {a,b,c,d,e} be a po-ternary semigroup with ternary

operation product defined on S by abc = a (b * ¢), where binary operation * is
defined as
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*
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and the order defined by

:={(a,a), (b,a), (b,b), (b,d), (b,e), (c,a), (c,c), (c,d), (c,e),(d,d),(d,a), (e a),(ee)}.

Then S is a left regular and right regular po-ternary semigroup. So every quasi-
ideal of S is semiprime by Theorem 4.5 but S is not completely regular. In fact it
is not regular since ¢ € S is not regular.

N

Theorem 4.8. A po-ternary semigroup S is completely regular if and only if every
bi-ideal of S is semiprime.

Proof. Let S be a completely regular po-ternary semigroup and B be any bi-
ideal of S. Let A C S and A® C B. Since S is completely regular po-ternary
semigroup and A C S we have A C (A2SA?%] C (A(A2SA?|S(A%2SA%A] =
(A(A2SA?)S(A2SA%)A] = ((A3SA%9)(A%8) A3 C ((A3SA2S)(A2SA?%](A2S A2
SA3] = ((A3S5A2%29)(A%2SA?)(A2SA?)SA3] = (A3(SA2SA%S)A3(ASA2S)A3] C
(BSBSB] C (B] = B. Therefore B is semiprime.

Conversely, suppose that every bi-ideal of S is semiprime. Let ¢ # A C S.
Then we have A2SA? C Sie. (A25A%] C S. Now (A2SA2%)S(A%2SA?|S(A2SA?] C
(A2SA?)(S](A2SA?)(S])(A%2SA?) C (A2SA2S5A%2SA2SA2SA?) C (A2SA?] and also
((A2SA?]] = (A2SA?]. Thus (A%2SA?] is a bi-ideal in S. Now A% = A?(A5)A? C
A2SA? C (A2SA2?. By hypothesis, since every bi-ideal is semiprime, A% =
(A3)3 C (A2542%) = A3 C (A2SA?] = A C (A2SA?2]. Since A is arbitrary,
A C (A25A?] for every A C S. Hence S is completely regular. O

5. Intra-regular po-ternary semigroups

In this section, we characterize intra-regular po-ternary semigroup by using prop-
erties of ideals.

Definition 5.1. A po-ternary semigroup S is called intra-regular if for every a € S,
there exists x,y € S such that a < za®y or equivalently, a € (Sa3S] for all a € S.

In other words, a po-ternary semigroup S is intra-regular if A C (SA3S] for
every A C S.

Lemma 5.2. If S is a left (resp. right) regular po-ternary semigroup, then S is
intra-reqular.
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Proof. Let S be left regular po-ternary semigroup and A C S. Then A C (SA?]
(S(SA2%]A] = (S(SA%)A] C (SS(SA?JAA] = (SS(SA%)AA] = (SSSA3A4]
(SSSA3S] C (SA3S]. Thus S is intra-regular.

Similarly, we can prove the result for right regular po-ternary semigroup. [

NN

But the converse of the above result is not true.

Example 5.3. Let S = {a,b,c,d,e} be a po-ternary semigroup with ternary
operation defined on S by abc = a * (b*c), where the binary operation * is defined
as

*

oo oo o| o
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and the order defined by
< :={(a,a),(a,b), (a,c), (a,e),(bd),(c,c),(cb),(ce),(dd),(eb),(ee)}

Then (5,-, <) is an intra-regular po-ternary semigroup but not left regular, since
¢ and e are not left regular elements of S.

Now we can easily prove the following fact:

Theorem 5.4. In an intra-regular po-ternary semigroup S, LNMNR C (LMR],
where L, M, R are left ideal, lateral ideal and right ideal of S respectively.

Clearly, every ideal of a po-ternary semigroup S is also a lateral ideal of S.
Certainly a lateral ideal of S is not necessarily an ideal of S. But in particular,
for intra-regular po-ternary semigroup S we have the following result:

Theorem 5.5. Let S be an intra-regular po-ternary semigroup. Then a non-empty
subset I of S is an ideal of S if and only if I is a lateral ideal of S.

Proof. Clearly, if I is an ideal of S, then [ is a lateral ideal of S.

Conversely, assume that I is a lateral ideal of an intra-regular po-ternary semi-
group S. Then SIS C I and (I] = I. Since S is intra-regular and I C S we
have I C (SI3S]. Now SSI C (SSI] C (SS(SI3S]] = (SS(SI?S)] = (S3I3S] C
(S3(SI2S)I%S) = (S3(SI?S)I%S] = ((S*I)I(ISIIS)] C (SIS] € (I] = I and
ISS C (ISS] C ((SI3S])SS] = ((SI3S)SS] = (SI3S?] C (SI*(SI3S)S?] =
(SI?(SI3S)S% = ((SIISI)I(1S* C (SIS) C (I] = I. Thus I is a left ideal
as well as a right ideal of S. Consequently, I is an ideal of S. O

Lemma 5.6. Let S be an intra-reqular po-ternary semigroup and I be a lateral
ideal of S. Then I is an intra-reqular po-ternary semigroup.
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Proof. Let S be an intra-regular po-ternary semigroup and I be a lateral ideal of
S. Let AC I CS. Since S is intra-regular, it follows that A C (SA3S]. Now we
have A C (SA3S] C (S(SA3S])(SA3S](SA3S]S] = (S(SA3S)(SA3S)(SA%S)S] =
((SSA35%)A3(S2A35%)] C ((S2AS3)A3(S3AS3)] C ((SAS)A3(SAS)] C

((SIS)A3(S1S)] C (IA%I]. Consequently, I is intra-regular. O

Corollary 5.7. Let S be an intra-reqular po-ternary semigroup and I be an ideal
of S. Then I is an intra-regular po-ternary semigroup.

Theorem 5.8. Let S be an intra-reqular po-ternary semigroup. Let I be an ideal
of S and J be an ideal of I. Then J is an ideal of the entire po-ternary semigroup
S.

Proof. It is sufficient to show that .J is a lateral ideal of S. Now J C I C S
and SJS C SIS C I. We have to show that SJS C J. From Corollary 5.7, it
follows that I is an intra-regular po-ternary semigroup. Also SJS C I. So we
have (SJS) C (I(SJS)31] = (I(SJS)(SJS)(SJS)I| = ((ISJSS)J(SSJISI)| C
((ISISS)J(SSISI)] C ((I1S)J(SII)] C ((ISS)J(SSI) C (IJI] C (J] .

=J
Consequently, J is a lateral ideal of S. O

Theorem 5.9. Let S be a po-ternary semigroup. Then S is intra-regular if and
only if every ideal of S is semiprime.

Proof. Let S be an intra-regular po-ternary semigroup and I be an ideal of S.
Let A3 C I for A C S. Since S is intra-regular po-ternary semigroup, we have
A C (SA38] C (SIS] C (I] = I. Hence I is a semiprime ideal of S.

Conversely, suppose that every ideal of S is semiprime. Let A C S. Since
A3 C I(A3?), where I(A?) is the ideal generated by A% and by hypothesis I(A3) is
a semiprime ideal of S, so A C I(A3).

Now I(A3) = (A3 U SSA3 U SA3S USSA3SS U A3SS] = (A3 U (SSA3 U
(SA3S]U (SSA3SS] U (A389).

1) If A C (A43]. Then A C (A(A3]A] = (A(A3)A] C (SA3S).

2) If A C(S?A3] then A3 C (S2A3)A%. Hence A C (S?%(S%A3)A?%) = (S2(S5%43)A2]

= (S1A4°%] C (S5A438] C (SA39].

3) If A C (SA3S] we get our conclusion.

4) If A C (SSA3SS], then A% C A(S?A3S?)A. Hence A C (S?A(S?A3S5%AS?)

= (S2A(S5%2A35%)A8?%) = (S?AS2A352A8?) C (SPA385] C (SA39].

5) If A C (A3SS], then A% C A%(A3SS]. Hence A C (A%(A3S85]SS] =

(A%(A358)SS) = (A5S4] C (SA3S°] = (SA3S°] C (SA3S).
In each case, S is intra-regular. Consequently, S is an intra-regular. O
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Table of marks and markaracter table
of certain finite groups

Haider Baker Shelash and Ali Reza Ashrafi

Abstract. Let G be a finite group and C(G) be a family of representatives of the conjugacy
classes of subgroups in G. The table of marks of G is a matrix TM(G) = (amk), where
H,K € C(G) and agk is the number of fixed points of the right cosets of H in G under the
action of K. The markaracter table of G is a matrix obtained from the table of marks of G by
selecting rows and columns corresponding to cyclic subgroups of G. In this paper, the table of
marks and markaracter table of some classes of finite groups are computed.

1. Introduction

Throughout this paper all groups and sets are assumed to be finite. Our calcula-
tions are done with the aid of Gap [10] and we refer to the books [5, 6] for notions
and notations not presented here.

Suppose G is a finite group containing subgroups H and K. Define C(H) to
be the set of all conjugates of H in G and K(G) = {C(H,),C(Hz),...,C(H)}
to be a complete set of representatives of the conjugacy classes of subgroups in
G. The right cosets of H in H is denoted by G\H. It is well-known that the
action of G on G\ H is transitive and all transitive actions have such a form up to
isomorphism. The mark B (K) = Bc\g(K) is defined as |Fizg\ g (K)| = [{Hz €
G\H | Hxk = Hz,Vk € K}. The table of marks of G, Table 1, is the square matrix
MT(G) = (Ba\q,(Gy)), where G;,G; € X. The table MT(G) was introduced in
the second edition of the famous book of W. Burnside [2]. We refer the interested
reader to consult an old but interesting paper by Pfeiffer [7] for more information
on this topic.

The markaracter table of a finite group was introduced by a Japanese chemist
Shinsaku Fujita in the context of stereochemistry and enumeration of molecules
[3]. This table can be obtained from the table of marks by removing all rows
and columns corresponding to non-cyclic subgroups. The markaracter table of
dihedral, generalized quaternion and groups of order pqr, p, ¢, r are distinct primes,
were computed in some earlier paper [1, 4, 8]. The aim of this paper is to continue
these works by computing the table of marks and markaracter table of certain
classes of groups.

2010 Mathematics Subject Classification: 20F12, 20F14, 20F18, 20D15.
Keywords: Table of marks, subgroup lattice, markaracter table.
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Table 1. The table of marks of group G

* C(H,) C(H>) C(Hs)
G/Hy | Bu, (K1) B (K2) -+ Bu(Ks)
G/Hz | Buy (K1) By (K2) - By (Ks)
G/H, | B (K) B (K2 - B (K

where K; € C(H;) for all i.

2. Main Results

The aim of this section is to calculate the table of marks and markaracter table of
the dicyclic group Ty, the semi-dihedral group SDs», and the group H(n) that
will be defined later. For the sake of completeness we mention here a known result
about table of marks. The interested readers can be consulted an interesting paper
of G. Pfeiffer [7].

Theorem 2.1. Let G be a finite group, K(G) = {C(H;),C(Hs), - ,C(Hs)} and
MT(G) = (myj;) in which |K;| < |K,|, when K; € C(H;),K; € C(H;) and i < j.
Then,

1. The matriz M(G) is a lower triangular matriz,
2. my; divides my1, for all 1 < 4,5 <

3. mjp =[G : Hyl, for all 1 < i < s,

4. my; = [Ne(H;) : Hyl,

5. If H; 4G, then m;; = m;; whenever K; ﬁ H; and zero otherwise.

2.1. Dicyclic group 7y,

The dicyclic group T}, can be presented as Ty, = {(a,b | a*® = 1,a" = b*,b"tab =
a~1). The present authors [9], obtained the structure and the number of all sub-
groups of the dicyclic group Ty,. Based on the given information on subgroup
lattice of dicyclic group, we know that it has two types of subgroups. The first
type is cyclic subgroups of (a) and the second type is a subgroup H of index
2!d conjugate to Cum : Qﬁ’ where n = 2"m. It is clear that H = (a",a’b),

1< j < n,isa cyclic subgrzoup of order four. Thus, we have 7(2n) subgroups of
the first type and the second type subgroups can be partitioned into two parts.
The first part are subgroups in the form of (a?, a’b), where d is odd. These sub-
groups are all conjugate. If d is even then all subgroups in the form (a?, a’b), 2 | j,
are in a conjugacy class of subgroups and all subgroups in the form (a?, a’b), 21 j,
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are in another conjugacy classes of subgroups. In Table 2 the table of marks are
computed in two different cases that n is a prime number greater than or equal to
five or n = 3.

Table 2. Table of marks when n = p is odd prime.

n=3 e (z3) (2?) (2%,ab) (2) G
Gle 12 0 0 0 0 0
G/z®) |6 6 0 0 0 0
G/Hz?) |4 0 4 0 0 0
G/zab) | 3 3 0 1 0 0
Glz) |2 2 2 0 2 0

e 1 1 1 1 1 1
n=>5 e (aP) (aP,ab) (2 () G
GJe p 0 0 0 0 0
G/{xP) 2p  2p 0 0 0 ©
G/(zP,ab) | p D 1 0 0 O
G/z?) | 4 0 0 4 0 0
G/z) |2 2 0 2 2 0

e 1 1 1 1 1 1

From calculations given in [9, Section 2.2], one can see that this group has
exactly | K(G) | = 7(2n) + 2r7(m) + 7(m) = 7(2n) + 7(m)(r +1) + r7(m) =
7(2n) + 7(n) + r7(m) subgroups. This shows that we have the following lemma:

Lemma 2.2. The order of the table of marks of the dicyclic group Ty,, n =2"m
and m is odd is T(2n) + 7(n) + rr(m).

Proposition 2.3. In the dicyclic group Ty, mio = |G : H;], for any subgroup H;
if (a™) < H. In other case, m;2 = 0.

Proof. To prove m;s = [G : H;], we put Cy = (a™). If Cy < H;, then by definition
miz = [Ng(H;) : Hi]- | {H? | (a") < H? & g € Tun}|.

If H is a normal subgroup then m;, = [G : H]. Suppose H = (a%,a’b), 1 <
j < dand dis even. Then H = Ty» and Ne({a®, a?b)) = (a?,aib) which implies
that [Ng((a?,a’b)) : (a?,a’b)] = 2. On the other hand, [{({a?,a’b))? | (a™) <
((a?,a7b))? & g € Tun}| = 2. Now, since [Ty, : (a?,a’b)] = d, we have that m;»
= [Ty, : (a?,a’b)]. Next we assume that d is odd which shows that (a?,a’b) is
self-normalizer. Therefore, [Nz, ({(a?,a’b)) : (a%,a’b)] = 1. This proves that the
number H—conjugate classes is d. O
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In [6, Lemma 3.5.3(a)], it is proved that if M(G) = [m;;] is the table of marks
of G then m;; = [Ng(H;) : H;|-b;;, where b;; is the number of subgroups conjugate
to H; which contain Hj;. In particular, m;; = [Ng(H;) : H;]. By this result, one
can easily seen that if H; is normal then fg, 5 (K) = [G : H].

Proposition 2.4. Let d is an odd positive divisor and H = (a?,a’b). Then
Bry, a(K) = [Ty : H =d or 1.

Proof. Since d is odd, H is a self-normalizing subgroup of Tj,. We first assume
that K < Tj, is normal. Then B, /g(K) = {HY | K < H9 & g € Tun}| =
{H? | K < H% g € Tun}| = {H? | K < H}| = [T : Na(H)] = [Tay = HJ.
But H = Ty» and so f71,,/r(K) = d, as desired. If K is not normal in Ty, then
K = (a",a/b), where h < d. Thus fr,, ;5 (K) = [{H? | (a",a’b) < HI & g € Ty }|
=1. O

By Lemma 2.2 and Propositions 2.3, 2.4 we have the following theorem:

Theorem 2.5. The table of marks of the dicyclic group Ty, is given in Tables 3
and 4.

Table 3. Table of marks of the dicyclic group T4n, when n = 2"m and 3| m.

2n
* e (a") (am) (a%) (a"b) (a",ab) Kj 1¢j<s
Gle 4n 0 0 0 0 0 e
G/(a™) 2n  2n 0 0 0 0
2n
G/{arr) - on 0 0 0
G/(a?) n n 0 n 0 0
G/{(a™,b) n n 0 0 2 0
G/(a™, ab) n n 0 0 0 2
Table 4. Table of marks of the dicyclic group T4n, when n = 2"m and 3 { m.
* e (a") (a2) (a",b) (a",ab) Kj e<j<s
Gle 4n 0 0 0 0
G/(a™) 2n  2n 0 0 0
G/(a%) n n n 0 0
G/{a™, b) n n 0 2 0
G/{a",ab) n n 0 0 2
G/H2,6<Z<S 51‘]'

In Tables 3 and 4, the quantity J;; can be computed by the following formula:

my if Ky < Hy DTy,
1 if K; < Nr,,(H;)=H,
0 otherwise.
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Suppose K(G) denotes the set of all conjugacy classes of a given group G. By
definition of the markaracter table, one can easily seen that the markaracter table
of G has exactly K(G) rows and columns.

We are now ready to calculate the markaracter table of the dicyclic group Ty,.
The matrix M C(Tyy,) can be obtained from MT(Ty,) in which we select rows and
columns corresponding to cyclic subgroups of Ty,. By Lemma 2.2, the dicyclic
group Ty, n = 2"m and m is odd is 7(2n) + 7(n) + r7(m).

Lemma 2.6. The number of conjugacy classes of dicyclic group Ty, can be com-
puted by the following formula:

_f t(2n)+2 2|n,
K(Tim) | = { T(2n)+1 2¢tn.

Proof. Tt is easy to see that for each 4, i 2n, (a’) is a normal subgroup of Ty,
and so there are 7(2n) conjugacy classes of cyclic subgroups of this type. Suppose
n is even. Among two generator subgroups (a’,a’b) of Ty,, (a™,a’b) is a cyclic
subgroup of order 4 and other subgroups of this form are not cyclic. On the other
hand, all subgroup of the form (a™,a’b), j is odd, are conjugate in Tj,, and all
subgroups of the form (a",a’b), j is even, are conjugate in T},. This shows that
in the case that n is even, we have exactly 7(2n) 4+ 2 conjugacy classes of cyclic
subgroups. If n is even then all subgroups of the form (a™,a’b) (j can be odd or
even) are conjugate in Ty, and so we have exactly 7(n) + 1 conjugacy classes of
cyclic subgroups in T},. This completes our argument. O

By previous lemma the non-conjugate subgroups of Ty, are as follows:

o (C

2n

o C(H)r<ics = (a'd),d # 2,3, where [K(T4,)| = s.

o C(Hy) = (e),
o C(Hz) = (a"),
o C(H3) = (a™),
o C(Hy) = (a%),
o C(Hs) = (
(Hs) = (
)

By Lemma 2.6, the markaracter table of the dicyclic group T}, are recorded in
Tables 5 and 6 in which

myif Ky < H; ATy,

2 if Ky <H; <Typ

1 if K; < Nr,,(H;)=H;
0 otherwise.
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Table 5. The markaracter table of T4,, when n = 2"m and 3| m.

; e (a") (") (aF) (a"b) (a",ab) K reics
GJe In 0 0 0 0 0
G/{a™) 2n 2n 0 0 0 0
G/a%) | o in 0 0 0
G/{a?) n n 0 n 0 0
G/(a",b) | n n 0 0 2 0
G/{a™, ab) n n 0 0 0 2
G/Hi7<i<s 5ij

Table 6. The Markaracter Table of T4, when n = 2"m and 3 { m.

* e (a") (a%) (a",b) (a",ab) Kj s<j<s
GJe in 0 0 0 0
G/(a™) 2n  2n 0 0 0
G/(a%) n n n 0 0
G/{a™, b) n n 0 2 0
G/{a™,ab) | n n 0 0 2
G/Higec, 0ij

2.2. Table of marks of the semi-dihedral group SDsn

In [9, Section 2.5], the present authors studied the structure of subgroups of the
group SDsn. From the results given the mentioned paper, we can see that we
have two types of cyclic subgroups in SDsn. The first type subgroups are in the
form (a?) of order ?, where d | 2"~ 1. The second type of subgroups have the
form (a?, akb), where 1 < k < d. If 2 | k then (a?, a*b) = Dgn, and if 2 1 k then
{ad, a*b) = Q$

Since all subgroups of the first type are normal, there are 7(2"~!) = n conju-
gacy classes of cyclic subgroups. Among subgroups of the second time, it is easy
to see that all subgroups of the form (a’b), 1 < j < 2"~ ! and 2 | j, are conjugate
and so these subgroups constitute a conjugacy class of subgroups in SDy». Choose
the subgroups (a2",a’b), 1 < j < k and k | 2"~3. Fix a positive integer k. Then
all subgroups of the form (azk ,a’b) with even positive integer j are conjugate and
so we have 2(n — 2) conjugacy classes of subgroups of this form. The same will be
happened when j varies on the set of all odd integers with condition 1 < j < k.
Hence there are 2(n —2) +n+2 = 3n — 2 conjugacy classes of subgroups in SDgx.
Therefore, the non-conjugate subgroups of SDsn are as follows:

o C(Hy) = {(e)};
o C(Hs)={(a® ")}
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1

o C(Hs3) = {(a®>" ,a’b) | j is even};

o C(Hyuysi)={(a® "N}, 0<i<n—3;

o C(Hsys) ={(a® """ aib),j is even}, 0 <i<n—3;
szflf'i

o C(Hey3i) = {(a
o C(Hzn2) = {(a,)}.

,alb),j is odd}, 0 <i < n— 3;

Therefore, we proved the following proposition:

Proposition 2.7. The semi-dihedral group SDon has exactly 3n — 2 conjugacy
classes of subgroups.

Theorem 2.8. The table of marks of the semi-dihedral group SDan is given in
Table 7.

Table 7. Table of marks of the dicyclic group SDa».

* K3 Ka K3 Ky Ks Ke K7 Kg K9 Kio K11 Ki2 Ks
G/Hy | 271 =1 0 0 0 0 0 0 0 0 0 0 0
G/Hg | 271 0 2 0 0 0 0 0 0 0 0 0 0
G/Hy | 27—2  2n—2 0 2 =2 0 0 0 0 0 0 0 0 0
G/Hg | 27~2 2n—2 0 0 2 0 0 0 0 0 0 0 0
G/Hg | 27—2 2n—2 2 0 0 2 0 0 0 0 0 0 0
G/H7 | 273 on—3 0 on—3 0 0 on—3 0 0 0 0 0 0
G/Hg | 2n—3  2on—3 0 2n—3 2 0 0 2 0 0 0 0 0
G/Hg | 27=3  2n—3 2 2n—3 0 2 0 0 2 0 0 0 0
G/Hip| 2n—% 2n—4 0 on—4 0 0 on—4 0 0 n—4 0 0 0
G/Hyy| 24 2n—4 0 2n—4 2 0 on—4 2 0 0 2 0 0
G/Hqig| 2n—%  on—4 2 on—4 0 2 on—4 0 2 0 0 2 0
G/Hs 1 1 1 1 1 1 1 1 1 1 1 11

where s = 3n — 2.

Proof. We first calculate the entry m;; in table of marks of semi-dihedral group
SDyn. We claim that

[SDQn : Hz] Zf Kj S] Hl Sl SDQnOI‘Kj < Hi S] SD27L
Mij = B(SDyn /m) (ki) = 2 if Kj <H;<SDan
To prove, we assume that K; < H; < SDyn. Thus

Ny (H) : H]
{H? | K < HY & g € SDy}|

[SDQn : H]
1.

Since H; is normal, m;; = B(spyn /1) (K;) = [SDan : H;]. Next we assume that
K; < H; < SDy» and H; is not normal in SDsn. Then [Ngp,,(H) : H] = 2. We
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write K; = (a",a’b) and H; = (a?,a’b). If r | d, then it easy see to that K; is
contained in a unique conjugate of H;.
Since H; 4 SDan and K; < SDan,

Nsp,. ((a,a?b)) = (a%,a’b),
{K; <H? & g€ SDyn}| = 1.

Finally, if K; £ H; then {H} | K; < H} & g € SDs»}| = 0 and so
/BSDQ"/Hi(Kj) = 0. O

By the proof of the previous theorem, one can see that the number of cyclic
subgroups of the semi-dihedral group SDs» are n + 2773 +27~2, There are two
conjugacy classes of subgroups of index 2"~ with representatives Cy = (a®" )
and Dy = (ab). There are also two conjugacy classes of subgroup of index 272
with representatives Cy = <a2n_3> and Q4 = (a2n_2,ab>. For all other integers
appeared as the index of a subgroup in SDsyn, there exists a unique conjugacy
classes of cyclic subgroups. In an exact phrase, there exists a unique subgroup of
index 273k 0 < k < n — 3, generated by a2" . Therefore, there are n + 2
conjugacy classes of cyclic subgroups. Hence we proved the following proposition:

Corollary 2.9. The order of markaracter table in the group SDon is equal to
s=mn-+2.

Theorem 2.10. The markaracter table of semi-dihedral group SDan is given by
Table 8.

Table 8. Markaracter table of the semi-dihedral group SDan.

* Kl KQ K3 K4 K5 K(; K7 Ks KS
G/H, | 2" 0 0 0 0 0 0 0 0
G/Hy | 2=t 2t 0 0 0 0 0 0
G/Hs | 2™t 0 2 0 0 0 0 0 0
G/Hy | 2772 272 0 2"7% 0 0 0 0 0
G/Hs | 2772 2772 0 0 2 0 0 0 0
G/Hs | 2"=* 2773 o 2773 (o 2773 0 0 0
G/H; | 2"=* 2% o 277* o 277t ont 0 0
G/Hs 2n—5 2n—5 0 2n—5 0 2n—5 2n—5 2n—5 0
G/H; 2 2 0 2 0 2 2 2 2

Proof. Apply Theorem 2.8. O

2.3. The group H(n)

Define H(n) = (z,y, z | 227 = y? =22 =e,[2,y] = [y,2] = e,22 = xy). The aim
of this section is to calculate the table of marks and markaracter table of the group
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H(n). In [9, Section 2.6], the present authors studied the structure of subgroups
of this group and proved that the normal subgroups of H(n) have the following
forms:

o Gy = (a?), where d | 272 and d # 1;

e Gy = (a,b), where d | 272,

(
(
o G3 = (a%), where d | 2”2 and d # 1;
o G4 = {a’c,a’bc), where d | 2"73;

(

e G5 = (a%,b,c), where d | 272,

We now consider non-normal subgroups of H(n). Suppose d | 2"72. Since
a"Ya? c)a = (a?,bc) and a=(a%, a%c)a = (a?b,a’bc), (a?,c), (a?, bc) and also
{a?b,a’c), (a®b, a%bc) are conjugate subgroups of H(n). Moreover, ¢~ !(a)c = {(ab)
and so (a) and (ab) are conjugate. In what follows, we record the representatives
of conjugacy classes of subgroups of H(n). In the case that the conjugacy class has
one or two elements, the complete conjugacy class of those subgroups are recorded.

1. O(Hy) = {{e)}, C(Ha) = {(*" ")}, C(Ha) = ()}, O(H) = {{a""8}},
C(Hs) = {{¢), (be)}, C(Hg) = {{a*" "), (a*" "be)};

2. C(Hris;) = {(a® ")}, 0<

<

VAN
3
|

o

3. C(Hgys;) = {(a® " ,0)}, 0<j <n—5

4. C(Hoysj) = {(a® "0}, 0<j <n—5;

5. C(Hiors;) = {(@® " 7b,a2" " 7be)}, 0 < j < n—5;
6. C(Hytsy) = {(a® " 7,b,0)}, 0 < —5;

<”4J><2““%®L0<j<n—&

7. C(Hi2+s;)

8. C(Hysys;) = {(a® "7, ¢),(a® "7 be)}, 0<j <n—5;

{
{
{7 e,a® ), (@ e b)), 0< < — 5
{

9. C(Hiaysj) =

10. C(Hgn 25) = (a2,b>} C(Hgn 24) = {<CL C, a2b6>} O(Hgn 23) {<a4,b,c>};

11. C(Hsn-22) = {{a), (ab)}, C(Hsn—21)={{ac), (abc) };

12. C(Hgy_20) = {(a?b,a?bc), (a?b,a’c)}, C(Hgn_19) = {{a?,c), (a?, bc)},
C(Hsn—18) = {<a b>}; C(Hsn17) = {{a,0)}, C(Hgn-16) = {(a*b,¢)},
C(Hsn-15) = {{a,b, ) }.
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Among these classes of subgroups, conjugacy classes recorded in the cases
1,2,4,7 and 11 are related to cyclic subgroups. We now record our calculations in
the following lemma:

Lemma 2.11. There are 8n — 15 conjugacy classes of subgroups in the group
H(n) and among them there are 3n — 4 conjugacy classes of cyclic subgroups. In
particular, the order of table of marks and markaracter table of H(n) are 8n — 15
and 3n — 4, respectively.

To calculate the table of marks of H(n), we have to calculate the values
mi;(H(n)).

Proposition 2.12.

[H(n): H;] K;<H;<H(n) or K; < H; <H(n),
0ij = Brmy/m(Kj) = ¢ [Nuw(Hi) - Hi] K < Hi < H(n),
0 Kj f Hz

Proof. Suppose K; < H;. It is easy to see that [Ny, (H;)| = 27~ when H; is a
non-normal subgroup of H(n). On the other hand,

Brmym(Kj) = [Nuw)(H;) : Hi||[{H] | K; < H} & g € H(n)}|
= [N (H;) : Hi,

proving the result. O

Theorem 2.13. The table of marks and markaracter table of the group H(n) are
given in Tables 9 and 10, respectively.

Table 9. Table of marks of the group H(n).

* Ky Ky K3 Ky K K¢ Kj 7<j<8n—15
H(n)/e on 0 0 0 0 0
H(n)/{a®" ) gn—1l gn—1 0 0 0
H(n)/{b m-l o 2nl 0 0
H(n)/{@® ’by |27t 0 0o 21 0 0
H(n)/(bc) n=1 0 0 272
H(n)/{@® ’be) |27t 0 0 0 0 2n2
H(n)/(Hi)r<i<sn—15 0ij
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Table 10. The markaracter table of the group H(n).

K Ko Ky Ky K5 Kg K,
H(n )/ 2" 0 0 0 0 0 0
H(n)/(a®" ") 2n—t 2n-1 0 0 0 0
H(n)/(b) o=l o  on-l 0 0 0
H(n)/{a® "b) 2n=t 0 0 2n! 0 0 0
(n)/< > 2n—1 0 0 0 on—2 0 0
H(n)/{a®" "be) 2=t 0 0 0 0 2»2 0
H(n)/(a®" ") 2n=2  n=2 0 0 0 2n-2
Hm)/@ ') |22 222 0 0 0 0 0
H(n)/{a®" be) 2n=2 on=2 0 0 0 0
H(n)/(a®" 5> gn=3  gn=3 0 0 0 2»3
H(n)/{a®" "b) on=3  on=3 0 0 0 2n3
H(n)/(a®""bc) gn=3  gn=3 0 0 0 2»-3
H(n)/H;, 13<i<3n—4 5,
* Ky Ko Kio Kuii  Ki2  Kj 13<i<3n—4
H(n)/e 0 0 0 0 0
H(n)/(a®" ") 0 0 0 0 0
H(n)/(b) 0 0 0 0 0
Hm)/@ ™) | 0 0 0 0 0
H(n)/(bc) 0 0 0 0 0
Hn)/(@® ) | 0 0 0 0 0
H(n)/(a®" ") 0 0 0 0 0
H(n)/(@® by |22 0 0 0 0
Hn)/@ by | 0 2°3 0 0 0
H(n)/(a®" ") 0 0 223 0
Hm)/@ s | 0 0 0 2v3 ¢
H(n)/(a®""bc) 0 0 0 0 ont
H(n)/Hi13<i<3n—4
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