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On topological semi-hoops
Mona Aaly Kologani, Nader Kouhestani and Rajab A. Borzooei

Abstract. We investigate topological structuers on a semi-hoop A and under conditions show
that there exists a topology 7 on A such that (A,7) is a topological semi-hoop. We prove
that for each cardinal number «, there exists a topological semi-hoop of order . Finally, the
separation axioms on topological semi-hoops are study and show that for any infinite cardinal
number o there exists a Hausdorff topological semi-hoop of order a with non-trivial topology.

1. Introduction

Algebra and topology, the two fundamental domains of mathematics, play com-
plementary roles. Topology studies continuity and convergence and provides a
general framework to study the concept of a limit. Algebra studies all kinds of
operations and provides a basis for algorithms and calculations. Many of the most
important objects of mathematics represent a blend of algebraic and of topological
structures. Topological function spaces and linear topological spaces in general,
topological groups and topological fields and topological lattices are objects of this
kind. Very often an algebraic structure and a topology come naturally together.
The rules that describe the relationship between a topology and algebraic opera-
tion are almost always transparent and natural the operation has to be continuous,
jointly continuous, jointly or separately. In the 20th century many topologists and
algebraists have contributed to topological algebra. In this paper, we introduce
the notion of topological semi-hoop and derive here conditions that imply a semi-
hoop to be a topological semi-hoop. We prove that for each cardinal number «,
there exists at least a topological semi-hoop of order a. Also, we study separation
axioms on topological semi-hoop and show that for any infinite cardinal number
« there exists a Hausdorff topological semi-hoop of order o with non-trivial topol-
ogy. We prove that a Hausdorff topological semi-hoop algebra exists and we try
to study some properties of it. Also, we investigate that under what conditions a
topological semi-hoop can be a Hausdorff, connected, Ty and T3-spaces.
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2. Preliminaries

In this section, we recollect some definitions and results which will be used in this
paper and we shall not cite them every time they are used.

Definition 2.1. An algebra (4,®, —, A, 1) of type (2,2,2,0) is called a semi-hoop
if it satisfies the following conditions:

(SH1) (A,A,1) is a A-semilattice with upper bound 1,

(SH2) (A,®,1) is a commutative monoid,

(SH3) (z0y)—=z=z— (y— 2), for all x,y,z € A.

On a semi-hoop A we define x < y if and only if z — y = 1. It is easy to see
that 7 <7 is a partial order relation on A and for any = € A, x < 1. A semi-hoop
A is bounded if there exists an element 0 € A such that 0 < z, for all z € A. We
let 2° =1, 2" = 2" ! ®@ux, for all n € N. In a bounded semi-hoop A, we define the
negation ' on A by, 2’ =a — 0, for all z € A. If (a’) = z, for all 2 € A, then the
bounded semi-hoop A is said to have the Double Negation Property, or (DNP) for
short. A semi-hoop A is called a hoopif x®(z — y) =yO(y — z), forall z,y € A.
A semi-hoop A is called a U-semi-hoop, if tUy = ((z = y) > y) A((y = z) = )
and Ll is a join operation on A.

The following proposition provides some properties of semi-hoops.

Proposition 2.2. (cf. [7]) Let A be a semi-hoop. Then the following hold, for all

(i) zOy<zifand onlyifx <y — z,
(i) zOy< Y,
(1)) z<y—x,

(iv) zO(x—y) <y,

v) x <y implies z— x <z — vy,

) x <y impliesy — z2<x— 2,
(vii) (z—=y)<(y—=2)—(x—2),
(wiii) (z—=y) Oy —2) < (z— 2).

Remark 2.3. (cf. [7]) U-semi-hoop (A,U, A) is a distributive lattice.

Definition 2.4. Let A be a semi-hoop. A non-empty subset F' of A is called a
filter of A if|

(F1) z,y € Fimpliesz Oy € F,

(F2) z<yandzé€ Fimply y € F, for any z,y € A.

We use F(A) to denote the set of all filters of A. Clearly, 1 € F, for all
F € F(A). F € F(A) is called a proper filter if F' # A. It can be easily seen
that, if A is a bounded semi-hoop, then a filter is proper if and only if it is not
containing 0.

Let (A, ®,—,A,1) be a semi-hoop and F' € F(A). We define a binary relation
~ponAby x ~pyifand only if z -y, y > x € F, for any z,y € A. Then ~p
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is a congruence on A. Let A/F = {«z/F | x € A}, where /F ={y € A |z ~F y}.
Then the binary relation < on A/F which is defined by:

2/F <y/F if and only if x — y € F.

is a partial order relation on A/F. Thus (A/F,®,~,M,14,F) is a semi-hoop,
where for any z,y € A:

lyp=1/F, 2/F@y/F = (x©y)/F, 2/F ~y/F = (z = y)/F

and z/Fny/F=(xAy)/F.

Recall that a set X with a family T of it’s subsets is called a topological space,
denoted by (X,T), if X,0 € T and T is closed under finite intersections and
arbitrary unions. The members of T are called open sets of X and the complement
of U € T, that is U¢, is said to be a closed set. If B is a subset of X, the smallest
closed set containing B is called the closure of B and denoted by B. A subfamily
{Uq} of T is said to be a base of U if for each x € U € T, there exists an « such
that z € U, C U, or equivalently, each U € T is the union of members of {U,}. A
subset P of topological space (X, T) is said to be a neighborhood of x € X if there
exists an open set U such that x € U C P. Now, let (A, T) be a topological space.
We have the following separation axioms in (A, 7):

Ty: For each z,y € A and x # y, at least one of them has an open neighborhood
not containing the other.

Ti: For each z,y € A and = # y, there exists two open sets U and V' such that
xeUandy¢U,andyeV and x ¢ V.

Ts: For each z,y € A and x # y, both have disjoint open neighborhoods U
and V such that z € U and y € V.

3. Topological semi-hoops

Definition 3.1. Let 7 be a topology on semi-hoop (A, ®,—, A, 1) and let * be
one of the operations ®, —, A. Then

(1) (A,#,1) is called right topological semi-hoop if for each a € A, the map
rq : A — A, defined by x — z*a is continuous, or equivalently, for any =z € A
and each open neighborhood U of z x a, there exists an open neighborhood
V of x such that V xa C U. In this case, we also call that operation * is
continuous in first variable.

(7i) (A,*,7T) is called topological semi-hoop, if x : A x A — A is continuous, or
equivalently, if for any x,y € A and any open neighborhood W of z xy, there
exist two open sets U and V such that r e U,y e Vand UV C W.

(791) (A, T) is called (right)topological semi-hoop, if (A, ®, —, A, T) is (right) topo-
logical semi-hoop.
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For U,V C A we define U ©@ V,U — V and U AV as follows:
UoV={z0y|lzecUyecV}, U=V={s—ylzelyeV}

and UANV ={axAy|zecUyecV}
Example 3.1. (cf. [4]) (i) Let A={0,a,b,¢,1} and
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Ay = 2O (x — y). By routine calculations, A with these operations is a bounded
semi-hoop. Define the topology 7 = {0, {0}, {a, b}, {1,c},{a,b,c,1}, A}. Then it
is easy to see that (A, T) is a topological semi-hoop.

(i) Let A = {a,b,1} be a chain. Then define, for any z,y € A, z Ay =
min{x, y} and the operations ® and — on A as follows:

[ =
= = g

ool
oo

It is easy to see that A with these operations is a semi-hoop. We define the
topology T = {0,{a}, A}. Then by routine calculations, (4, ®,—, A, T) is a right
topological semi-hoop. But (A,—,7) is not one topological semi-hoop. Because
1 — a =a € {a} such that A and {a} are two open sets of 1 and a, respectively,
such that A — {a} = A € {a}.

Theorem 3.2. Let (A,—,T) be a topological semi-hoop. If {1} is an open set,
then (A, T) is a topological semi-hoop.

Proof. Let {1} be an open set and = € A. Since (A, —,7T) is a topological semi-
hoop and x — x = 1 € {1}, there is an open sets U such that z € U, x — U = {1}
and U — ¢ = {1}, which implies that U = {z}. Hence, T is a discrete topology
on A and so (A, T) is a topological semi-hoop. O

Theorem 3.3. Let (A,0,—,A,1) be a semi-hoop and F be a family of filters
which is closed under intersections. Then there exists a topology T on A such that
(A, T) is a topological semi-hoop.

Proof. Define T = {U C A | Vo € U, 3IF € F(A) such that /F C U}. For
each x € A and F € F, the set z/F € T, because if y is an arbitrary element
of /F, then y € y/F = z/F. Tt is easy to see that T is a topology on A. We
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prove that x € {®, —, A} is continuous. For this, suppose xxy C U € T such that
* € {®©,—,A}. Then for some F € F, (r*y)/F C U, and so «/F xy/F C U.
Since z/F and y/F are two open neighborhoods of = and y, respectively, such
that /F xy/F C (x*y)/F C U. Hence, * is continuous. Therefore, (A4,7) is a
topological semi-hoop. O

Theorem 3.4. Let (A,®,—,\,T) be a topological semi-hoop such that, for any
0AUeT,1€Uanda¢ A. Suppose A, = AU{a}. Then there exists a topology
Ta on A, such that (Ay, Ta) is a topological semi-hoop.

Proof. Define the operation M, ® and ~» on A, as follows,

rQy ifxeAyecA x—y fzeAdyecA
TRY = a ifreAg,y=a ,x~y= a ifreAjy=a
a ifx=a,y € A, 1 ifx=a,y € A,

zNy=z®(z~y)

By routine calculation, we can see that (A,, ®,~»,M,1) is a semi-hoop. It is easy
to verify that 7, = {U U{a} | U € T} U {0} is a topology on A,. Now, we prove
that (Ag,7Ts) is a topological semi-hoop. For this, we prove that ® and ~- are
continuous.

Let  ® y € U U {a}. In the following cases, we find two sets V,W € 7, such
that € V,ye Wand VoW C U U/{a}.

Case 1. If z,y € A, then 2 @ y = 2 ®y € U. Since ® is continuous,
there exist VW € T such that z € V, y e Wandz oy e VoW CU. If
z1 € VU{a} and 2z € W U {a}, then z; ® 2o € {z1 ® 22,a} C U U {a}. Hence,
VUu{a}@WuU{a} CUU{a}.

Case 2. If x =aand y € A, then x = a € {a} € Ta, y € Ay € T, and
{a} ® A, = {a} CU U{a}.

Case 3. f t =y =a, thenz =y =a € {a} € T, and {a} ® {a} = {a} €
UU{a}.

These Cases prove that (A,, ®,7,) is a topological semi-hoop.

Now, we prove that ~ is continuous. For this, let x ~ y € U U {a}. In
the following cases, we find two sets VW € 7T, such that z € V, y € W and
VW CUU{a}.

Case 1. If z,y € A, then z ~ y =2z — y € U. Since — is continuous, there
exist VW € T suchthatz e V,ye Wanda -y eV - W CU. If z; € VU{a}
and zo € W U {a}, since, for any U € T, 1 € U, then z1 ~ 29 € {21 = 292,a,1} C
UU{a}. Hence, VU {a} ~ WU {a} CUU{a}.

Case 2. fox=aandy € A, thenz =a € {a} € Ty, y € A, € T, and
{a} ~ A, = {1} CU U {a}.

Caseg 3. f z € Aand y = a, thenz € A, € Ty, y = a € {a} € T, and
Ay~ {a} ={a,1} CU U{a}.

Case 4. If x =y =a, then z =y = a € {a} € T, and {a} ~ {a} = {1} €
UU{a}.
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These Cases prove that (A,,~,7,) is a topological semi-hoop. According to
definition of M, since ® and ~- are continuous, it is clear that M is continuous, too.
Therefore, (A, 7,) is a topological semi-hoop. O

Theorem 3.5. For any n > 2 there exists a topological semi-hoop of order n.

Proof. Let A be a semi-hoop of order n > 1. It is clear that, 7 = {A,0} is a
topology on A, and so (A,7) is a topological semi-hoop. Now, suppose = ¢ A.
Define A, = AU {z}. Then by Theorem 3.4, there exist the operations M, ®,
~» and topology T, on A, such that (A4,,7;) is a topological semi-hoop. Since
T. = {0,{z}, A;}, it is clear that T, is a non-trivial topology on A,. O

Theorem 3.6. For any countable set A such that 1 € A, there exists a topological
semi-hoop algebra on A.

Proof. Consider A = {xy = 1,21,x2,...} as a countable subset and define the
operation A, ® and — on A as follows,

1 ifi>j
TiNTj =T O Tj = Tmax{i,j} and  z; = :{ o, ifi<j

z; < x; if and only if x; — z; = 1.

By routine calculation, we can see that (A,®,—, A, 1) is a semi-hoop. The set
F, = {l,21,...,z,}, for any n > 1 is a filter of A. Let B = {F, | n > 1}.
By Theorem 3.3, there is a non-trivial topology 7 on A such that (A,7) is a
topological semi-hoop. O

Theorem 3.7. Let (A,®,—,A,1,T) be a topological semi-hoop and « be a cardi-
nal number. If | A |< «, then there exists a topological semi-hoop (B, ®,~,M,1,U)
such that | B |> a, 1 € U €U and A is a subalgebra of B.

Proof. Let T be a collection of a topological semi-hoops (H,o,--+,MN,1,U) such
that for any A C H we have o 4= ®, --+|4=— and N |4= A.
The following relation is a partial order on I':

(H,0,--+,N,1,U) < (K;x,%,M,1,V) & HC K, *|g=o0,%|g=--+N|g=nN, UC V.

Let ) = {(Hi,0i,--*;,Ni, 1,U;) | i € I} be a chain in I'. Put H = |J;.; H; and
U=J;c;U. If x and y are two elements of H, since ) is a chain, then for some
1 €1, z,y € H;. Define zoy=xzo0;y,x -—-»y=x --»yand zNy =zN;y.
We prove that o, --» and N are operations on H. Suppose z,y € H; N H;. Since
>~ is a chain, H; C H; or H; C H;. Without the lost of generality, assume that
H; C Hj. Let * € {o,--»,N}. Then *; |g,= *;. So x*;y = x*;y. This proves that
* is an operation on H. Now, it is easy to see that (H,o,--+,M,1) is a semi-hoop
such that o |4= ®, --+|4=— and N |4= A.

On the other hand, since ) is a chain, I/ is a topology on H. We prove that
(H,o0,--+,M,1,U) is a topological semi-hoop. Let * € {o,--», N} and zxy € U € U.
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Then there exists an ¢ € I such that xxy = x*;y € U € U;. Since *; is continuous
in (H;,U;), there are VW € U; such that x € V, y € W and V x; W C U. This
proves that * is continuous in (H,U). Thus, (H,o,--+,N,1,U) is an upper bound
for . By Zorn’s Lemma, I' has a maximal element. Suppose (B, ®,~>,M,1,U)
is a maximal element of I'. We prove that | B |> «a. If | B |< a, then for some
non-empty set C;, | BUC |= a. Take a € C — B and put H = BU {a}. Then by
Theorem 3.4, it is easy to see that H with the following operations

r®y ifxreByeB z~y ifrxeByeB
rey= a ifre Hy=a TNy = a ifreBy=a
a ife=a,yec H 1 ifr=a,yec H

and zMy=ze(xny)

is a semi-hoop. The set D = Y/U{{a}} is a subbase for a topology V on H. Similar
to the proof of Theorem 3.4, we can see that, (H,V) is a topological semi-hoop.
But (H,e,~,M1,V) is a member of T' that (B, ®,~,M,1,U) < (H,e,~, M, V),
which is a contradiction. Therefore, | B |> a and A is a subalgebra of B. O

Theorem 3.8. Let o be an infinite cardinal number. Then there is a topological
semi-hoop of order c.

Proof. Let X be a set of cardinality a, 0,1 € X, A = {x90 = 1,21,29,...} —
a countable subset of X such that 0 ¢ A. Similar to Theorem 3.6, define the
operation A, ®, — and < on A as follows,

1 ifi>j
TiNTj =T ©Tj = Taxqijy  and  z; = x5 = { i 2]‘

z; < x; if and only if x; — z; = 1.

By routine calculation, we can see that (A,®,—,A,1) is a semi-hoop. The set
F, = {l,z1,...,z,}, for any n > 1 is a filter of A. Let B = {F,, | n > 1}.
By Theorem 3.3, there is a non-trivial topology 7 on A such that (A,7) is a
topological semi-hoop. Now, define the binary operation ®, ~» and M on X as
follows,

x—y fzeAyecA
roy freAyeA 4 %fajEA’ygéA
. 1 ife¢d Ajye A
x ifrxgAyed i
TRY = . Ty = 1 ifr,y¢d A,x=y
Yy ifeeAygA .
’ 1 ife=0,y¢ AU{0}
0 ife¢d AU{0},y=0

B 0 if x,y¢ AU{0},z#vy
and xl‘ly{ T ® (z ~y) otherwise.
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By routine calculation, we can see that (X, ®,~+,M,0,1) is a bounded semi-hoop
of order o and the set C =T U{{z} | = ¢ A} is a subbase for a topology U on
X. Since {1} ¢ U, U is a non-trivial topology on X. In the following cases we will
show that (X, ®,~,M,U) is a topological semi-hoop. For this, let z®@y € U € C.

Case 1. If z,y € A, thenz®y =20y € U € 7. Since ® is continuous in
(A, T), there are VW € T containing z,y, respectively, such that Vo W C U.
Hence, V @ W C U, which implies that ® is continuous in (X, ).

CasE 2. If x ¢ Aand y € A, then z ® y = {z} C U. Now {z} and A, both,
belong tof and z € {z},y€ Aand {z} @ A={z} CU.

Cast 3. If x € A and y ¢ A, then A and {y} are two elements of U/ such that
v€A ye{ytandz®y={y}, andso A® {y} ={y} CU.

CasE 4. If 2,y ¢ A, then z ® y = {0} C U. Then {z} and {y} are two open
sets in U which contains z,y, respectively, and {z} ® {y} = {0} C U.

These Cases prove that (X, ®,U) is a topological semi-hoop.

Now, we prove that ~~ is continuous. For this, let x ~» y € U. In the following
cases, we find two sets V,W € U such that c € V,ye Wand V ~~ W CU.

CAsE 1. If z,y € A, then z ~y =z — y € U € T. Since — is continuous in
(A, T), there are VW € T containing z,y, respectively, such that V" — W C U.
Hence, V ~» W C U, which implies that ~> is continuous in (X,U).

Case 2. Ifx € Aand y ¢ A, then x ~ y = {y} C U. Thus, A and {y}
are two elements of U such that x € A, y € {y} and =z ~ y = {y}, and so
A~-{yt={yy cU.

CasE 3. If x ¢ Aand y € A, then x ~ y = {1} CU. Now {z} and A, both,
belong to U and = € {z}, y € Aand {z} ~» A= {1} CU.

Case 4. If z,y ¢ A and x =y, then & ~ y = {1} C U. Then {z} is an open
set in & which contains x and {z} ~ {z} = {1} C U.

CasE 5. If 2,y ¢ AU{0} and = # y, then & ~» y = {1} C U. Then {z} and {y}
are two open sets in U/ which contains z, y, respectively, and {z} ~ {y} = {1} C U.

Case 6. If z =0 and y ¢ AU {0}, then « ~» y = {1} C U. Then {0} and {y}
are two open sets in U/ which contains z, y, respectively, and {z} ~ {y} = {1} C U.

Case 7. If x ¢ AU{0} and y =0, then z ~» y = {0} C U. Then {z} and {0}
are two open sets in I/ which contains z, y, respectively, and {x} ~ {y} = {0} C U.

These Cases prove that (X,~-,U) is a topological semi-hoop. According to
definition of I, since ® and ~» are continuous, then M7 is continuous, too. Therefore,
there is a topological semi-hoop of order a. O

Theorem 3.9. Let o be an infinite cardinal number. Then there is a right topo-
logical semi-hoop of order o, which is not a topological semi-hoop.

Proof. Let A be a set with cardinal number « such that 0,1 € A. Consider a
countable subset A; = {xg = 1,21, 22,...} of A and define

1 ifi>j

TiNTj =2 ©Tj = Tyaxfiyy  and xi%xj{x‘ iti<
J
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z; <z ifand only if 2; = 2; =1

By routine calculations, we can see that (A;,®,—,A,1) is a semi-hoop. If
U; = {xs,xiy1,Ti42,...}, then B ={U; |i=1,2,3,...} is a base for a topology
Ta, on A;. We prove that (A;,®,—,A,1,7T4,) is a right topological semi-hoop.
For this, let z; ®x; € U € Ta,. If i < j, then x; ©x; = 2; € U. Since x; € U;, we
have z; € U; NU, then z; ©x; = 2; © (U;NU) = U;NU C U. By the similar way,
ifi > j, then z; ®x; = z; € U. Since ® is commutative, z; O x; € x; © (U;NU) =
U;NU CU. Hence, (A1,®,Ta,), and so (A1, ®, A, Ta, ) is a topological semi-hoop.
Now, suppose z; = x; € U € Ta,. If i > j, then 2; = x; =1 € U. Since A, is
only open neighborhood of {1}, U = A;. Clearly, z; € A; and z; — Ay C A, =U.
If i < j, then ; = x; = x; € U. Since B is a base for 74,, z; € U; C U. Since
i < j,x; — Uj =U; CU. Therefore, (A1,—,7Ta4,) is a right topological semi-
hoop. But this space is not a topological semi-hoop, because z; € Uy, zo € Us
and &1 — x9 = x9 € Uy, but 1 = 29 — w9 € U; — Uy ¢ Us. Similar to Theorem
3.8, let A with the following operations,

r—y feeA,yed
' ifreA,y¢A
rOy ifrecA,yeA ?{ ;f§¢Alz§Al
- T ifed Ar,ye Ay 1) — 1 if ¢ ¢1;4 :CZl
Y=Y oy ifzedLygd YT Ao}
v ifx¢A, i 1 ifr,y¢ AAU{0}z#y
1,Y 1 1 ifx=0,y¢ A, U{0}
0 ifx¢g A U{0},y=0
B 0 if z,y¢ AU{0},z#y
and xl‘ly—{ T ® (z ~y) otherwise.

Then (A, ®,~»,M,0,1) is a bounded semi-hoop. As the proof of Theorem 3.8, we
can prove that B = Ta, U{{z} |« ¢ A1} is a subbase for a topology U on A such
that (A, ®,~»,M,0,1,U) is a right topological bounded semi-hoop. But ~- is not
continuous in (A,U), because — is not continuous in (A, 74, ). O

4. Hausdorff topological semi-hoops

Theorem 4.1. Let (A, T) be a topological semi-hoop and F(A) a basis of T.
Then, for all x € A, 2% = x if and only if (A, T) is a Ty-space.

Proof. (=) Let 22 = x, for all x € A. Then 2™ = x, for all n € N. Suppose
z,y € Aand z # y. Since F(A) is a basis of T, the filters (x) and (y) are two
open neighborhoods of = and y, respectively. If y € (z) and « € (y), then there
exist n,m € N such that 2" < y and y™ < z. Hence, x < y and y < z, and so
x =y, which is a contradiction.

(<) Let (A, T) be a Ty-space and = € A. If 2% # z, then there exists U € F(A)
such that z € U and 22 ¢ U or there exists V € F(A) such that z ¢ V and
z? € V. But both statements are not correct, because U and V € F(A). O
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Theorem 4.2. Let (A, T) be a topological semi-hoop and U be an open neighbor-
hood of 1. Then,

(1) if for each x € A, U — x is an open neighborhood of x, then (A,T) is
To-space,
(i7) if for each x € A, UGz is an open neighborhood of x, then (A, T) is Ty-space.

Proof. (i). Let z,y € Aand x #y. Then U - 2z € T and U —» y € T. If
x €U — yand y € U — x, then by Proposition 2.2(v), y < « and = < y. Hence,
x =y, which is a contradiction. Therefore, (A, T) is Ty-space.

(#7). The proof is similar (7). O

Theorem 4.3. Let (A,—,T) be a topological semi-hoop. Then (A,—,T) is Ty-
space if and only if for any 1 # x© € A, there exist U € T such that x € U and
1¢U.

Proof. Let x,y € A and z # y. Then x — y # 1 or y — x # 1. Without the lost
of generality, suppose x — y # 1. Then there exist a U € T such that © — y € U
and 1 ¢ U. Since — is continuous, there are P, € 7 such that x € P, y € Q and
P—->QCU. Ifze@,thenl=2—2€ P — @ CU, which is a contradiction.
So, ¢ Q. Hence, (A, —,T) is Tyo-space. The proof of converse is clear. O

Theorem 4.4. If « is an infinite cardinal number, then there is a Ty topological
semi-hoop of order o, which it’s topology is non-trivial.

Proof. Let (A,®,—,A,T) and (X, ®, ~,M,U) be topological semi-hoops in Theo-
rem 3.8. It is clear that U is non-trivial. Let x € X — {1}. If 2 € A, then for some
n>1,z¢F, Hence,z€x/F,elUand 1¢ x/F,. Hx¢ A, thenz € {z} el
and 1 ¢ {z}. Now, by Theorem 4.3, (X, ®,~>,M,U) is a topological semi-hoop of
order a. O

In the next example, we have a topological semi-hoop that is T;-space.

Example 4.2. Let A be a U-semi-hoop such that 22 = z, for all € A. Suppose
A ={rx € Az >a} and B={A, | a € A}. We claim that B is a basis of a
topology on A. For this, it is clear that z € A, for all z € A. Suppose z € A,NAy,
for a,b € A. Then a < x and b < z. Since A is a Ll-semi-hoop, we have a Ub < x,
and so v € Ay p. Also, if z € Ay, then a,b < alUb < x. Hence, x € A, N Ap.
Thus, A, N Ay = Aqp- Therefore, B is a basis of a topology 7 on A. Now, we
prove that (A,®,7T) is a T topological semi-hoop. For this, let z,y,c € A such
that 2 © y € A.. Then ¢ < x ®y. By Proposition 2.2(ii), ¢ < ¢ ©®y < z,y, then
z,y € Ac. Thus, x Oy € A, ® A.. Let z € A, ©® A.. Then there exist a,b € A,
such that z = a ® b. Since a,b > ¢, we have a ® b > ¢ ® ¢. Then by assumption,
a®b>c Hence, z=a®bec A, and so A. © A, C A.. Then (A,,7T) is a
topological semi-hoop. Now, suppose =,y € A such that x # y. Then z € A, and
ye Ay, Ifye A, and z € Ay, then z < y and y < 2. This implies that = y,
which is a contradiction. Therefore, (A, ®,T) is a Ty topological semi-hoop.
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Theorem 4.5. Let (A,—,T) be a topological semi-hoop. Then (A, T) is a T1-
space if and only if it is a Ty-space.

Proof. Let (A,T) be a Ty-space and x # y. Then 2 - y # lory — x # L.
Without the lost of generality, suppose  — y # 1. Then there exist a U € T
such that t -y € Uand 1 ¢ Uor z — y ¢ U and 1 € U. First assume that
x —y €U and 1 ¢ U. Since — is continuous, there are P,Q) € T such that
re€PycQand P—-QCU. fzxe@,thenl =2 —2x€ P— @ CU, which
is a contradiction. Similarly, y ¢ P. Now, if 1 € U and « — y ¢ U, then since
l=2—>x=y—y €U, there are V,IW € T such that x € V and y € W such
that V - VCUand W - W CU. Ifye V,thenx -y €V — V C U, which
is a contradiction. Similarly, ¢ W. Therefore, (A, T) is a Ti-space. The proof
of converse is clear. O

Corollary 4.6. If « is an infinite cardinal number, then there is a Ty topological
semi-hoop of order o which it’s topology is non-trivial.

Proof. By Theorems 4.4 and 4.5, the proof is clear. O

Theorem 4.7. Let (A,—,T) be a topological semi-hoop. Then the following state-
ments are equivalent:

(1) (A,—,T) is Hausdorff.
(17) {1} is closed.
(#it) for any 1 # x € A, there exist two open sets U and V of 1 and x, respectively,
such that UNV = 0.

(v) (A,—,T) is T1-space.

Proof. (i) = (ii). Since A is Hausdorff, it is clear that {1} is closed.

(#7) = (i13). Let {1} be closed and z # 1. Then 1 wx =2 € A— {1} € T.
Since — is continuous, there exist two open neighborhoods U and V of 1 and =z,
respectively, such that U = V C A—{1}. Ifze UNV,thenl =2 5 2€ U —
V C A— {1}, which is a contradiction. Therefore, U NV = ().

(#i1) = (iv). Let ,y € A and  #y. Then ¢ — y # 1 or y — = # 1. Without
the lost of generality, suppose x — y # 1. By (iii), there exist two disjoint open
sets U and V which contain x — y and 1, respectively. Since — is continuous,
there are P,QQ € T such that x € P, y € Q and P —» Q C U. If x € @Q, then
l=xz—x € P — Q CU, which is a contradiction. So, x ¢ Q. Similarly, y ¢ P.
Hence, (A, —,T) is T1-space.

(iv) = (7). Let z,y € Aand x # y. Then x -y # 1 or y — = # 1. Without
the lost of generality, suppose z — y # 1. Since T is a Tj-space, there exist two
open neighborhoods U and V' of x — y and 1, respectively, such that 1 ¢ U and
x — y ¢ V. Since — is continuous, there exist P,@Q € T such that z € P,y € Q
and P> Q CU. If z€ PNQ, then 1 = z — 2z € U, which is a contradiction,
and so PN Q = (). By the similar way, other case is clear. Therefore, (A, —,T) is
Hausdorft. O
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Corollary 4.8. If « is an infinite cardinal number, then there is a Hausdorff
topological semi-hoop of order o, which it’s topology is non-trivial.

Proof. By Corollary 4.6 and Theorem 4.7, the proof is clear. O

Suppose A is a semi-hoop algebra and F' is a proper filter of A. Define > =
{UeF(A) |3 F e F(A) such that F CU} and f: > — F(A/F) is a map such
that f(U) =U/F, for all U € Y. Then it is easy to prove that f is a one to one
corresponding among > and F(A/F).

Let T be a topology on semi-hoop algebra A, F € F(A) and 7 : A < A/F be
canonical epimorphism. Then the set 7 = {U C A/F | x=1(U) € T} is a topology
on A/F. T is called quotient topology.

It is easy to see that 7p : (4, 7) < (A/F,T) is continuous. Also, it is easy to
prove that if x € {®, =, A} and (A, x,T) is a topological semi-hoop algebra, then
(A/F, *,’7~') is a topological quotient semi-hoop algebra provided np : A — A/F
is an open map.

Proposition 4.9. Let (A,—,T) be a topological semi-hoop, F € F(A) and T be
quotient topology on A/F. If tp : A — A/F is an open map, then

(i) F is open if and only if (A/F,T) is discrete.
(i) F is closed if and only if (A/F, %,’7’) is Hausdorff.

Proof. (i). Let F be open. Since np : A — A/F is an open map, the set
7#(F) = 1/F belongs to 7. Since (A/F,—,T) is a topological semi-hoop, by
Theorem 3.2, (A/F,T) is discrete. Conversely, suppose (A/F,T) is discrete. Then
1/F is an open set. Since mp : A < A/F is continuous, F = np"1(1/F) € T.

(i4). (=) By assumption, F' is closed, then F* is open. Thus, for any x,y € A,
if x — y € F¢, then there are two open neighborhood U and V of x and y,
respectively, such that U — V C F€, because — is continuous. Also, since 7 is
open, so 7(U) and 7 (V') are two open neighborhoods of 2/ F and y/F', respectively,
such that 7(U) — (V) C n(U — V) C «n(F°). If z/F € n(U) Nn7w(V), then
1/F=2z/F = z/F € n(U) = n(V) C n(F°), which is a contradiction. Therefore,
(A/F,—,T) is Hausdorft.

(<) Since A/F is Hausdorff, the set {1/F} is closed in A/F, and so F =
7 Y(1/F) is closed in A. O

5. Connected topological semi-hoop

A topological space A is said to be disconnected if it is the union of two disjoint
non-empty open sets. Otherwise, A is said to be connected. Also, (A, T) is called
locally connected at x € A, if for every open subset V' containing x, there exists
a connected, open subset U with x € U C V. Connected component, a maximal
subset of a topological space that can not be covered by the union of two disjoint
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open sets. The components of any topological space X form a partition of X,
they are disjoint, non-empty, and their union is the whole space. A topological
space X is totally disconnected if the connected components in X are the one-point
sets. Also, we know that the image of a connected space under a continuous map
is connected and a finite cartesian product of connected spaces is connected (cf.

[10]).

Proposition 5.1. Let (A,T) be a topological semi-hoop. If C is connected com-
ponents of 1, then C' is a closed filter of A.

Proof. Let C be connected component of 1 and z € C. Since ® is continuous, x®C'
is a connected set which contains z. Since z € (x®C)NC, the set (xt©C)UC is a
connected set containing 1. Hence, (z®C)UC C C. This implies that z©C C C,
so Co®C C C. Now, suppose ¢ < y and x € C, then 1 =z - y € C — .
Since — is continuous, C' — y is a connected set. Hence, C — y C C. So,
y=1—yeC —y CC. Therefore, C is a filter of A. Since C is component,
clearly it is closed. O

Recall a semi-hoop A is locally finite if only filters of A are {1} and A.

Theorem 5.2. Let (A,T) be a topological locally finite semi-hoop. Then (A, T)
1s connected or totally disconnected.

Proof. Suppose (A,T) is not connected. Let C be connected component of 1.
Then by Proposition 5.1, C' is a closed filter of A. Since (A, T) is not connected,
C = {1}. Let C, be connected component of x € A. Since — is continuous,
z — C, is a connected set containing 1 = = — z. Hence, z — C, C C = {1}.
Thus, x — C, = 1. By the similar way, C;, — = = 1. This implies that C, = {«},
and so (4, T) is totally disconnected. O

Lemma 5.3. Let A be a semi-hoop and F € F(A). Then x ®a =y ®b, for some
a,b € F if and only if x/F = y/F in A/F.

Proof. (=) Let x®a = y®b, for some a,b € F. Since z®a < y©®b, by Proposition
22(),a <z — (y©b). Since FF € F(A) and a € F, by (F2), z — (y©b) € F.
Moreover, by Proposition 2.2(ii) and (v), y©b< y,andsoz = (y®@b) <z — y.
Since F' € F(A) and z — (y®b) € F, by (F2), x — y € F. By the similar way,
y — x € F. Therefore, z/F = y/F.

(«<) Let «/F = y/F, for z,y € A. Thenz — y € F and y — = € F. Thus,
there exists a € F such that y — z = a. Since ¢ — (y — z) = 1, by (SH3),
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[a® (@ —y)] = [z = (a®y)] by (SH3)
(z—=y)—=la—(z—(a0y)] by (SH3)
= (@—=y) > [(z0a) = (a®y))] by (SH3)
= (z—=>y)—>[r—=(a—=(a0y))] by (SH3)
= (zo0(x—y) = (a— (a®@y)) by Proposition 2.2(iv) and (vi)
> y—=(a—(a0y)) by (SH3)
= (a0y) = (aOy)

1

Then a ® (z — y) < * = (a ®y). Since F € F(A), a,x — y € F, by (F1),
a®(x —y) € Fand by (F2), 2 — (a®y) € F. Then there exists b € F such that
r— (a®y)=>. Thus, b = [r = (a©y)] =1. By (SH3), (bOz) = (aOy) =1,
and so bOx < a®y. By the similar way, a©y < b®z. Therefore, a©Oy = boz. O

Proposition 5.4. Let (A, T) be a topological semi-hoop and C be a connected
component of 1 in A. Then the following statements hold,
(i) if D is a closed subset of A/C such that 7=1(D) is disconnected, then D is
disconnected,

(i1) if (A, T) is disconnected, then (A/C,T) is disconnected.

Proof. (i). 7=Y(D) = XUY, where X, Y are two non-empty disjoint closed subsets
of #=1(D) and hence, A. It is clear that X C 7 1(7(X)). Let 2z € 7~ 1(n(X)).
Then there exists € X such that /F = z/F. By Lemma 5.3, 2 ®a = 2z ® b,
for some a,b € C. Given C, and C,, two connected component of = and z,
respectively. Then t©a € 0 C C Cp and z0b € z0C C C,. Since zOb =z ®a,
C,NC, # 0. Hence, C, U, is connected. This means that C, = C,, and so
z € X. Therefore, X = 7~!(w(X)). Since X is closed in A, 7(X) is closed in A/C.
By the similar way, Y = 7~ 1(7(Y)) and 7(Y) is a closed subset of A/C. On the
other hand, 7= 1(7(X) N7(Y)) = X NY = ) implies that 7(X)N=(Y) = 0. So,
D =7n(X)Un(Y), where 7(X) and 7(Y") are two disjoint closed subsets of A/C.
Hence, D is disconnected. B
(ii). Let (A,T) be disconnected. Since 7~1(A4/C) = A, by (i), (A/C,T) is
disconnected. O

Theorem 5.5. Let (A, T) be a topological semi-hoop, C be a connected component
of lin A and w: A — A/C be open canonical epimorphism. Then A/C is totally
disconnected.

Proof. Let C be the connected component of 1 in A. Then by Proposition 5.1,
C is a closed filter of A. Let K be a connected component of 1/C in A/C.
If 1/C # x/C, for some z/C € A/C, then C is a proper subset of 7—1(K).
Hence, 7~!(K) is not connected. Since K is closed in A/C, by Proposition 5.4,
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K is disconnected, which is contradiction. Therefore, K = {1}. Suppose K, is
connected component of z/C in A/C. Since — is continuous in A/C, K, — z/C
is connected and 1/C € K, — 2/C. Then K, — z/C C K = {1/C}. Similarly,
z/C = K, C K = {1/C}. Hence, for each y/C € K., y/C — x2/C = 1/C and
x/C — y/C =1/C. So, x/C = y/C. This implies that K, = {x/C}. Therefore,
A/C is totally disconnected. O
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On some generalized ideals in ternary semigroups

Mohammad Yahya Abbasi and Sabahat Ali Khan

Abstract. We characterize the relationship between minimal m-right, minimal (p, ¢)-lateral,
minimal n-left ideal and m-right simple, (p, ¢)-lateral simple, n-left simple ternary semigroups.
Further, some existing results of regular ternary semigroups are studied.

1. Preliminaries

The idea of invesigation of n-ary algebras i.e., the sets with one n-ary operation
was given by Kasner [5]. Investigation of ideals in ternary semigroup was initiated
by Sioson [8]. He also defined regular ternary semigroups.

A non-empty set S with a ternary operation S x S x S — S, written as
(x1,x2,23) — [x1, T2, 23], is called a ternary semigroup if it satisfies the following
identity, for any x1, zs2, x3, 4,25 € S,

[[T122x3)Ts5] = |21 [X22324]25] = [[T122[232475]].

For any positive integers m and n with m < n and any elements z, zo, ..., Ton41
of a ternary semigroup, we can write

[1‘1552 cee x2n+1] = [xl'IQ cee ~Hzmxm—&-l$77L+2]xm+3x7n+4] e x2n+1]-

Example 1.1. [1] The set

G D000 )6}

is a ternary semigroup under matrix multiplication.

Definition 1.2. A non-empty subset I of a ternary semigroup S is called:
a left ideal of S if SSI C 1,

a lateral ideal of S if SIS C I,

a right ideal of S if 1SS C I,

a two-sided ideal if it is left and right ideal of S,

an ideal of S if I is a left, right and lateral ideal of S.

An ideal I of a ternary semigroup S is called proper if I # S and idempotent
if 111 =1.

2010 Mathematics Subject Classification: 20N10, 06B10
Keywords: Ternary semigroup, generalized ideal.
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Proposition 1.3. Let S be a ternary semigroup and a € S. Then the principal
(1) left ideal generated by 'a’ is given by L(a) = SSa U {a}

2)
(3) lateral ideal generated 'a’ is given by M(a) = SaS U SSaSS U {a}

(4) ideal generated by 'a’ is given by I(a) = aSSU SaSUSSaSSUSSaU{a}.

Definition 1.4. An element a in a ternary semigroup S is called regular if there
exists an element = € S such that aza = a.

right ideal generated by 'a’ is given by R(a) = aSS U {a}

2. Main results

Definition 2.1. Let S be a ternary semigroup. Then a ternary subsemigroup
e R is called an m-right ideal of S if RS*™ C R.

e M is called a (p, q)-lateral ideal of S if (SPM ST U SPHLMSIHL) C M.

e L is called an n-left ideal of S if S?"L C L.

where m,n, p, q are positive integers and p + ¢ is an even positive integer.

S is called an m-right (resp. (p, ¢)-lateral, n-left) simpleif S is a unique m-right
(resp. (p, ¢)-lateral, n-left) ideal of S.

Example 2.2. Let S be a set of all strictly lower triangular matrices of order 6
over Zg , the set of all non-positive integers, i.e.,

S = {(aij)(;Xﬁ | Qij = 0 Zf 1< g and aij; € Za Zf 7> j}

Then S is a ternary semigroup under the usual multiplication of matrices over
Zy while S is not a semigroup under the same operation. It is easy to see that

Mgen ={(ai;) € S:as3 =a € Zy and a;; =0 otherwise}.
is a ternary subsemigroup of S and Mg, is a (3, 1)-lateral ideal of S. Now
SMyenS = {(aij) | as1, as2, a61, a62 € Zy and a;; = 0 otherwise} ¢ Myep,.
Therefore M., is not a lateral ideal of S.

Example 2.3. Let S be a set of all strictly upper triangular matrices of order 7
over Zg , i.e.,

S = {(aij)7><7 | Qij = 0 Zf =] and ai; € Za Zf 1< j}

Then S is a ternary semigroup under the usual multiplication of matrices over Z;
while S is not a semigroup under the same operation. Then it is easy to see that

M = {(a;;) € S|ass € Zy and a;; =0 otherwise}



Generalized ideals in ternary semigroups 183

is a ternary subsemigroup of S and M is a (3, 3)-lateral ideal of S. Now

SMS = {(ai;j) € S|ae, a17, az, asz, ase, asr € Zy and a;; = 0 otherwise} ¢ M,
S2MS? U S MS? = {(aij) € S|arr,asr € Zy and a;j = 0 otherwise} ¢ M,
S3MS U S*MS? = {(ai;) € S|as,a17 € Zy and a;; = 0 otherwise} ¢ M.

Therefore M is not an (1, 1)-lateral, (2, 2)-lateral and (3, 1)-lateral ideal of S.

Remark 2.4. We know that for a right ideal R, a lateral ideal M and a left ideal
L of a ternary semigroup S, RML C RN M N L. But this result is not true
for an m-right ideal R, an (p, ¢)-lateral ideal M and an n-left ideal L of a ternary
semigroup S.

Lemma 2.5. Let S be a ternary semigroup.

(1) Let {R; =i € I} be a family of m-right ideals of S. Then (\,c; R; is also an
m-right ideal of S if (\;c; Ri # 0.

(2) Let {M; : i € I} be a family of (p,q)-lateral ideals of S. Then
a (p, q)-lateral ideal of S if (;c; M; # 0.

(3) Let {L; : i € I} be a family of n-left ideals of S. Then
ideal of S if (V;ey Li # 0.

Theorem 2.6. Let S be a ternary semigroup. Then

(1) Every m-right ideal is an (m+my)-right ideal of S, where m;y is a non-negative
integer.

ier M is also

i1 Li is also an n-left

(2) Every (p, q)-lateral ideal is a (p + p1,q + q1)-lateral ideal of S, where p1 and
q1 are non-negative integers and p1 + qq s even.

(3) Every n-left ideal is an (n + ny)-left ideal of S, where ny is a non-negative
integer.
Proof. (2). We have

SptpifQatar |y §p+pitlprgatai+l — gp+pi—2 )5 Ga+ai—2 | gp+pi—1}5gatqi—1
C...C SPHIMSIHLUSPMST C M,

if p1, ¢, are odd, and
Sptpi pfQeeatar y gpteitlprgatat+l - o~ gPAfSe |y SPHLIpfS9tY M,

if p1, ¢ are even.
Hence in all the two cases, M is a (p + p1,q + ¢1)-lateral ideal of S.
Proofs of (1) and (3) are similar. O

Corollary 2.7. Let S be a ternary semigroup and A be its ternary subsemigroup.
If A is a (p,q)-lateral ideal of S. Then, for any positive integer n:

(1) A will be an (np, nq)-lateral ideal of S.
(2) A will be a (p™,q™)-lateral ideal of S.



184 M.Y. Abbasi and S.A. Khan

Lemma 2.8. For any non-empty subset A of a ternary semigroup S
(1) AS?™ is an m-right ideal of S,

(2) SPASTU SPHLASIHL s a (p, q)-lateral ideal of S,

(3) S?"A is an n-left ideal of S.

Lemma 2.9. For any non-empty subset A of a ternary semigroup S

(1) (AUABUASU.. .UA?=1YUAS?™ js the smallest m-right ideal of S containing
A,

(2) (AUA3BUASU. . .UAPTI- L)y (SPTLASITLUSP ASY) is the smallest (p, q)-lateral
ideal of S containing A,

(3) (AUASUASU...UA" 1)U S?" A is the smallest n-left ideal of S containing
A,

where m,n,p,q are positive integers and p + q is an even positive integer.

Proof. (1). Let R = (U;~, A* 1)U AS?™ and z,y, z € R. Clearly A C R.

If 2,y,2 € U~ A?71, then zyz € A". So, xyz € J;-; A%~ for r < 2m — 1,
and we have zyz € AS?*™ for r > 2m — 1.

If z,y,2 € AS?", then obviously zyz € AS?™. Therefore R is a ternary
subsemigroup of S.

To show R is an m-right ideal of S. We have

Rs2m — 7": A2i71 UASQm SZm — 7’; A2i71 SZmU A52m S2m
=1 =1
C AS?™ C R.

Finally it remains to prove that R is the smallest m-right ideal of S containing A.
For this suppose that R; is an m-right ideal of S containing A. Then

R= (U, AP YU AS*™ C (UM, R URS*™ C RyUR, = Ry.

Hence R is the smallest m-right ideal of S containing A.

(2). Let M = (UL, A% U (SPAST) U SPTLASTTY), where p + g = 2m, and
x,y,z € M. Clearly A C M. Now we have following two cases:

CaASE 1: x,y,z € J;-; A?71, then zyz € A™. If n < p+ ¢ — 1, then we have
zyz € (UL, A% 1. If n>p+q—1, then zyz € (SPAST U SPH1ASTHL),

CASE 2: z,y,2 € SPASTU SPT1ASTHL. Then, as it is easy to show, xyz €
SPASTU SPHLASITL

Therefore M is a ternary subsemigroup of S. It is easy verify that M is a
(p, q)-lateral ideal of S.

Finally it remains to prove that M is the smallest (p,q)-lateral ideal of S
containing A. For this suppose that M; is a (p, g)-lateral ideal of S containing A.
Then

M = (PH T AT U (SPAST U SPHLASTTLY)

C (UM Mi U (SPM, ST U SPHM, StY)) C M.
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Hence M is the smallest (p, ¢)-lateral ideal of S containing A.
The proof of (3) is analogous. O

Furthermore, for any a € S we have:

R(a) = aS?*™ U{a,a3,a’,...,a®™ 1} is an m-right ideal generated by a;

M(a) = (SPT1aST+L U SPaST) U {a,a®,a’,...,aPT97 1} is a (p, ¢)-lateral ideal
generated by a;

L(a) = S?>"aU{a,a®,a®, ... ,a® 1} is an n-left ideal generated by a.

Theorem 2.10. Let A and B be ternary subsemigroups of S such that A C B
and B3 = B. If A is a (p,q)-lateral ideal of S, then it is a lateral ideal of B.

Proof. Suppose A and B are two ternary subsemigroups of S such that A C B and
B? = B. If Ais an (p, ¢)-lateral ideal of S, then SPT1AS9T1 U SPASI C A. Now
we have BABU B?AB? = BAB®> UB3>BABB? or B>ABU B>*BABB3. Proceed
in this way, we get BAB U B2AB? = BPABY U BPt'ABIt!. Now

BAB U B?AB? = BPABY U BPT1ABIt! C SPAS7 U SPTLASITL C A.
This shows that A is a lateral ideal of B. O

Corollary 2.11. If S is a ternary semigroup such that S = S, then every its
(p, q)-lateral ideal is its lateral ideal.

Corollary 2.12. An idempotent (p,q)-lateral ideal of a ternary semigroup S is
its lateral ideal.

Theorem 2.13. Let S be a ternary semigroup. Then:

(1) An m-right ideal R is minimal if and only if aS*™ = R for all a € R.

(2) A (p,q)-lateral ideal M is minimal if and only if (SPaS9U SPH1aS9H) = M
for alla € M.

(3) An n-left ideal L is minimal if and only if S*"a = L for all a € L.

Proof. (2) Suppose that a (p, g)-lateral ideal M is minimal. Let a € M. Then
SPaST U SPTeSett C SPM ST U SPHIM ST C M. By Lemma 2.8(2), we have
SPaSe U SPH1aSetl is a (p, q)-lateral ideal of S. As M is minimal (p, ¢)-lateral
ideal of S therefore SPaS? U SPH1a St = M.

Conversely, suppose that SPaS? U SP+1qS9t = M for all a € M. Let M’
be a (p, g)-lateral ideal of S contained in M. Let m € M'. Then m € M. By
assumption, we have SPmS? U SPHimSatl = M for all m € M. Now M =
SPmSe U SPHimSett € SPM' S U SPHIM ST C M. This implies M C M.
Thus, M = M'. Hence, M is a minimal (p, q)-lateral ideal of S.

Proofs of (1) and (3) are similar. O



186 M.Y. Abbasi and S.A. Khan

Theorem 2.14. Let S be a ternary semigroup. Then:
(1) S is an m-right simple if and only if aS*™ = S for alla € S.

(2) S is a (p,q)-lateral simple if and only if SPaS? U SPT1aSitL = S for all
a€Ss.

(3) S is an n-left simple if and only if S*"a =S for alla € S.

Proof. (2) Assume that S is a (p, ¢)-lateral simple, we have that S is a minimal
(p, q)-lateral ideal of S. By the Theorem 2.13(2), SPaS9 U SPT1aS9t1 = S for all
a€sb.

Conversely, suppose that SPaS? U SPT1aS%*t!t = § for all a € S. By the
Theorem 2.13(2), S is a minimal (p, ¢)-lateral ideal of S, and therefore S is a
(p, q)-lateral simple.

Proofs of (1) and (3) are analogous. O

Lemma 2.15. If R is an m-right ideal of S and T is a ternary subsemigroup of
S and if T is an m-right simple such that TN R # 0, then T C R.

Proof. Assume that T is an m-right simple such that TN R # 0. Let a € TN R.
By Lemma 2.8, we have aZ7?™ N T is an m-right ideal of T. This implies that
aT?*NT =T. Hence T C aT?™ C RS> C R, 50 T C R. O

Lemma 2.16. If M is a (p,q)-lateral ideal of S and T is a ternary subsemigroup
of S and if T is a (p,q)-lateral simple such that TN M # (), then T C M.

Proof. Proof is similar to the Lemma 2.15. O

Lemma 2.17. If L is an n-left ideal of S and T is a ternary subsemigroup of S
and if T is an n-left simple such that TN L # 0, then T C L.

Proof. Proof is similar to the Lemma 2.15. 0
Theorem 2.18. Let S be a ternary semigroup. Then:

(1) If an m-right ideal R of S is an m-right simple ternary semigroup, then R
is a minimal m-right ideal of S.

(2) If a (p,q)-lateral ideal M of a ternary semigroup S is a (p, q)-lateral simple
ternary semigroup, then M is a minimal (p, q)-lateral ideal of S.

(3) If an n-left ideal L of a ternary semigroup S is an n-left simple ternary
semigroup, then L is a minimal n-left ideal of S.

Proof. (2) Assume that M is a (p, q)-lateral simple. Let A be a (p, ¢)-lateral ideal
of S such that A € M. Then ANM # (), it follows from Lemma 2.16, that M C A.
Hence A = M, so M is a minimal (p, ¢)-lateral ideal of S.

(1) and (3) can be proved analogously. O
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Theorem 2.19. Let S be a regular ternary semigroup. Then:
(1) Every m-right ideal is a right ideal.
(2) Ewvery (p,q)-lateral ideal is a lateral ideal.
(3) Every n-left ideal is a left ideal.

Proof. (2) Let M be a (p, q)-lateral ideal of S and a € SMS U SSMSS. Then
there exists 1, 2,23, 24,25,26 € S and mqi,my € M such that a = x1mixs
or a = T3TysmoxsTg. Since S is regular, for any mqi,mo € M there exists
x7,r8 € S such that m; = mixymy or mg = maoxgms. Hence a = zymizrmizs
Or a4 = T3T4MoTsMeTsxs. Therefore a € SMSMS C S3MS ora € S2MSMS? C
S4MS?. Thus, by the property of regularity, we see that a € SPMS? or a €
SPHLAISIFY implies a € SPM ST U SPHLMSIHL, As M is a (p, ¢)-lateral ideal, it
implies @ € SPMS? U SPTIN ST C M. Therefore SMS U S?2MS? C M and
hence M is a lateral ideal of S.

Proofs of (1) and (3) are similar. O

Theorem 2.20. If a ternary semigroup S is an m-right and an n-left simple.
Then it is reqular.

Proof. Suppose that S is an m-right and an n-left simple. Let a € S. Then by
the Theorem 2.14(1) and (3), aS?*™ = S and S?"a = S. Now

a €S =aS? =q82(m=-1g2 — 552(m=1)gg2n, — 62(m—1)g3g2(n—1); C 594,

This shows that a € aSa. Hence for any a € S there exists x € S such that a =
aza. Therefore a is regular. Hence S is regular. O
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Unit and unitary Cayley graphs

for the ring of Gaussian integers modulo n

Ali Bahrami and Reza Jahani-Nezhad

Abstract. Let Zy[i] be the ring of Gaussian integers modulo n and G(Zx[i]) and Gz, |; be the
unit graph and the unitary Cayley graph of Zy[i], respectively. In this paper, we study G(Zn[i])
and Gz, ;- Among many results, it is shown that for each positive integer n, the graphs G(Zn [z])
and Gz, ;) are Hamiltonian. We also find a necessary and sufficient condition for the unit and

unitary Cayley graphs of Zy[i] to be Eulerian.

1. Introduction

Finding the relationship between the algebraic structure of rings using properties
of graphs associated to them has become an interesting topic in the last years.
There are many papers on assigning a graph to a ring, see [1], [3], [4], [5], [7], [6],
[8], [10], [11], [12], [17], [19], and [20].

Let R be a commutative ring with non-zero identity. We denote by U(R),
J(R) and Z(R) the group of units of R, the Jacobson radical of R and the set of
zero divisors of R, respectively. The unitary Cayley graph of R, denoted by Gg,
is the graph whose vertex set is R, and in which {a,b} is an edge if and only if
a —b € U(R). The unit graph G(R) of R is the simple graph whose vertices are
elements of R and two distinct vertices a and b are adjacent if and only if a + b
in U(R) . There are many papers where these two concepts have been discussed.
See for examples [4], [8], [19], [20], [22] and [23].

The following facts are well known, see for examples Silverman (2006), [2] and
[16]. The set of all complex numbers a + ib, where a and b are integers, form an
Euclidean domain with the usual complex number operations and Euclidian norm
N(a+ib) = a®+b2. This domain will be denoted by Z[i] and will be called the ring
of Gaussian integers. Let n be a natural number and let (n) be the principal ideal
generated by n in Z[i], and let Z, = {0,1,2,...,n — 1} be the ring of integers
modulo n. Then the factor ring %i)] is isomorphic to Z,[i], which implies that
Zy 7] is a principal ideal ring. The ring Z,[7] is called the ring of Gaussian integers
modulo n. Let p be a prime integer. Then p = 1(mod 4) if and only if there are
integers a , b such that p = a? +b? if and only if there exists an integer c such that

2010 Mathematics Subject Classification: 13A99, 16U99, 05C50
Keywords: Unit graph, unitary Cayley graph, Gassian integers, girth, diameter, Eulerian
graph, Hamiltonian graph



190 A. Bahrami and R. Jahani-Nezhad

c? = —1(mod p). Moreover, if n is a natural number, then there exist integers a

and b, relatively prime to p such that p” = a® + bz,iand there exists an integer z
such that 22 = —1(mod p"). It was shown that @+ ib is a unit in Z,[4] if and only

. 72 . o . . . s
if @22+ b is a unit in Z,. If n = szl af’ is the prime power decomposition of

the positive integer n, then Z,i] is the direct product of the rings Z x; [i]. Also
if m = t* for some prime ¢ and positive integer k, then Z,,[i] is local ring if and
only if t = 2 or t = 3(mod 4).

In this article, some properties of the graphs G(Z,[i]) and Gz, [; are studied.
The diameter, the girth, chromatic number, clique number and independence num-
ber, in terms of n, are found. Moreover, we prove that for each n > 1, the graphs
G(Zy[i]) and Gz, are Hamiltonian. We also find a necessary and sufficient
condition for the unit and unitary Cayley graphs of Z,[i] to be Eulerian.

A local ring is a ring with exactly one maximal ideal. A local ring with
finitely many maximal ideals is called semi — local ring. For classical theorem and
notations in commutative algebra, the interested reader is referred to [9].

Throughout this paper all graphs are simple (with no loop and multiple edges).
For a graph G, V(G) and E(G) denote the vertex set and edge set of G respectively.
The set of vertices adjacent to a vertex v in the graph G is denoted by N(v). The
degree deg(v) of a vertex v in the graph G is the number of edges of G incident
with v. The graph G is called k —regular if all vertices of G have degree k, where k
is a fixed positive integer. A walk (of length k) in a graph G between two vertices
a, b is an alternating sequence a = vg, €1, v1, €a, .. ., €k, Vg = b of vertices and edges
in G, denoted by

a=v9g — v —> ... — Vg =D,

such that e; = {v;_1,v;} for all 1 < i < k. If the vertices in a walk are all distinct,
it defines a path in G. A trail between two vertices a, b is a walk between a and
b without repeated vertices. A cycle of a graph is a path such that the start and
end vertices are the same. A Hamiltonian path (cycle) in G is a path (cycle) in G
that visits every vertex exactly once. A graph is called Hamitonian if it contains
a Hamiltonian cycle. Also a graph G is called connected if for any vertices a and
b of a graph G there is a path between a and b. A connected graph G is called
Eulerian if there exists a closed trail containing every edge of G. For distinct
vertices a and b of a graph G, let d(a,b) be the length of a shortest path from a
to b; if no such paths exists, we set d(a,b) = co. The diameter of G is defined as

diam(G) = sup{d(a,b);a,b € V(GQ)}.

The girth of G, denoted by gr(G) is the length of a shortest cycle in G, (¢gr(G) =
if G contain no cycle ). For a positive integer r, a graph is called r — partite if
the vertex set admits a partition into r classes such that vertices in the same
partition class are not adjacent. A r—partite graph is called complete if every
two vertices in different parts are adjacent. The complete 2 — partite graph (also
called the complete bipartite graph) with exactly two partitions of size n and m,
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is denoted by K, .. A graph G is called a complete graph if every two distinct
vertices in G are adjacent. A complete graph with n vertices is denoted by K.
A clique of a graph is a complete subgraph. A maximum clique is a clique of the
largest possible size in a given graph. the cligue number, w(G) of a graph G is
the number of vertices in a maximum clique in G. An independent set in a graph
is a set of pairwise non-adjacent vertices. The independence number, «(G) of a
graph G is the size of a largest independet set of G. A subset M of the edge set
of G, is called a matching in G if no two of the edges in M are adjacent. In other
words, if for any two edges e and f in M, both the end vertices of e are different
from the end vertices of f. A perfect matching of a graph G is a matching of
G containing n edges, the largest possible, meaning perfect matchings are only

possible on graphs with an even number of vertices. A perfect matching sometimes
called a complete matching or 1 — factor. A coloring of a graph is a labeling of
the vertices with colors such that no two adjacent vertices have the same color.
The smallest number of colors need to color the vertices of a graph G is called its
chromatic number, and denoted by x(G). Let G; and G5 be two vertex-disjoint
graphs. The tensor product or Kronecker product of G; and Gs is denoted by
G1 ® Gy. That is, V(G; ® G3) = V(G1) x V(G>); two distinct vertices (a,b) and
(c,d) are adjacent if and only if a is adjacent to ¢ in Gy and b adjacent to d in Gs.
We refer the reader to [13] and [15] for general references on graph theory.

2. The unit and unitary Cayley graphs for Z;.|i

In this section we find the diameter and girth of the unit and unitary Cayley
graphs of Z[i] where ¢ is a prime integer. Three cases are considered: When
t=2,t=3(mod 4) or t = 1(mod 4). In this article p and ¢ will denote prime
integers such that p = 1(mod 4) and ¢ = 3(mod 4).

2.1. The unit and unitary Cayley graphs for Z.|i]
Proposition 2.1. [4, Proposition 2.2]
(a) Let R be a ring. Then G is a regular graph of degree |U(R)]|.

(b) Let S be a local ring with mamazimal ideal m. Then Gg is a complete muti-
partite graph whose partite sets are the cosets of m in S. In paticular, Gg is
a compelete graph if and only if S is a field.

Lemma 2.2. For each positive integer n, Gz,,[; is a complete bipartite graph
K22n71’22n—1.

Proof. For each positive integer n, Zon [i] is a local ring with its only maximal ideal
m = (I +1i) and the number of units in Zonp;) is 22771, see [2] and [14]. Since

Zoyn [4]
|(T2+Ti)
graph Koan—1 g2n-1. O

| = 2, by Proposition 2.1, we conclude that Gz,,[; is a complete bipartite
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Lemma 2.3. [20, Lemma 4.1] Let R be a finite ring. For j € R, the following
statements are equivalent:

(a) j € Jr
(b) j+ueU(R) for any u € U(R).

Theorem 2.4. [19, Theorem 2.6] Let R be a finite ring. Then the following
statements hold.

(a) If (R,m) is a local ring of even order, then G(R) = Gp.
(b) If R is a ring of odd order, then G(R) 2 Ggr

Proposition 2.5. [19, Corollary 2.3] Let R be a finite ring. Then 2 € U(R) if
and only if |R| is odd.

Theorem 2.6. Let R be a finite ring and R =2 Ry X Ry X -+ X R,. Then the
following statements are equivalent:

(1) 2 € J(R).
(i1) Gr = G(R).
(#i7) For every i with 1 <i < n, |R;| is even.
Proof. Let 2 € J(R) and a, b be two distict elements of R. Since
(a—b)+ (a+b) =2a.
By Lemma 2.3,
a—beU(R) ifand onlyif a+becU(R).

This means that Gr = G(R).

Now supoose that Gg = G(R) and R = Ry X Ry X -+ x R,,. If n = 1 then
by Proposition 2.5, we deduce that |R| is even. Now assume that n > 1. Since
Gr = G(R), we have for every i with 1 <7 < n, Gr, = G(R;). Hence by the first
case, for every i with 1 < i < n, |R;| is even.

Finally, if for every ¢ with 1 < i < n, |R;| be even. Then by Proposition 2.5, we
have 2 ¢ U(R;); 1 <4 < n. This implies that 2 € J(R;), and therefore 2 € J(R).
This completes the proof. O

Corollary 2.7. For each positive integer n, Gz,,.[;] = G(Zan[i]).

Proof. Since |Zan[i]] is even, by Proposition 2.5, we have 2 ¢ U(Zx[i]). Therefore
2 € J(Zan[i]). By using Theorem 2.6 we conclude that Gz,,.[; = G(Zz»[i]). O

Corollary 2.8. Let n be a positive integer. Then the following statements hold:
(i) diam(Gz,,p)) = diam(G(Zan[i])) = 2
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(i) gr(Gzonpiy) = g7(G(Zan[i])) = 4.

Proof. For each positive integer n, Gz,, = G(Zax[i]) is a complete bipartite graph
with |Zan [i]| > 4, Hence

diam(Gz,,.1;)) = diam(G(Zan|i])) = 2
and

97(Gzyntiy) = gr(G(Zan i) = 4. -

2.2. The unit and unitary Cayley graphs for Z.[i], ¢ = 3(mod4)
Theorem 2.9. Let n be a positive integer. Then the following statements hold:
(i) Gz,.19 s a complete > partite graph.
(1) Gznpi) 2 G(Zgnli])

Proof. 1If ¢ = 3(mod 4), then Z,[i] is a field with ¢? elements see [2]. By Proposition
2.1, Gz, is a complete graph with q? vertices. If n > 1, then Lgnii) = é[nl]) is a
local ring with maximal ideal m = (g) see [2]. Also, the number of units in Zg»[4]

is ¢®" — ¢®" 2, see [14]. Clearly, |Z%lm\ = ¢. Hence by proposition 2.1, Gz, nli 18

a complete ¢?— partite graph.
Since |Zgn[i]| is odd, by Theorem 2.4, Gz, ,, 15y Z G(Zqgn[i]) O

Corollary 2.10. For each positive integer n, the following statements hold:

1 for n=1

() diam(Gz,n, _{ 2 for n>1"

(’LZ) dzam(G(an[l])) =2.

(i11) gr(Gzny) = gr(G(Zgnli])) = 3.
Proof. Let n = 1, then G(Gz, ;) is a complete graph with q? vertices. This implies
that diam(Gz,[;)) = 1 and gr(Gz, ;) = 3. Also in this case G(Z,[i]) is a complete

#— partite graph. Thus
diam(G(Z4[i])) = 2 and gr(G(Z4[i])) = 3.

Now suppose that n > 1. In this case, Gz, [; is a complete ¢*>— partite graph.
Therefore,

diam(Gy,,.15) = 2 and gr(Gz,.[) = 3.
Zgn i)
q)

Since, G( ) is a complete #— partite graph, we obtain that

diam (G (Zgnp)) = 2 and gr(G(Zgnpy)) = 3. O
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2.3. The unit and unitary Cayley graphs for Z,.[i],p = 1(mod4)
Theorem 2.11. Let n be a positive integer. Then the following statements hold:
(1) diam(Gan i) = diam(G(Zyn[i])) = 2.
(#) gr(Gz,npi) = gr(G(Zpn[i])) = 3.

Proof. Let p be a prime integer that is congruent to 1 modulo 4. Then there exist
integer numbers a, b such that

p=a’+b®>=(a+ib)(a—ib)

and
0~ Ll
Zpli] = B =

Z[i)
(a +1ib)

Z]i]
(a —ib)

) < ( )-

Also the ideals (a + ib) and (a — ib) are the only maximal ideals in Z,[i] see [2].
The number of units in Z,[i] is (p — 1)?, see [14]. By [19, Theorem 3.5], we have

diam(Gz,. ;) = diam(G(Zyni])) = 2.

On the other hand, in view of the proof of [8, Proposition 5.10] and [4, Theorem3.2],
we obtain

97(Gzynp)) = gr(G(Zp-[1])) = 3.

To investigate the more general case, let p = 1(mod 4), n > 1. By an argoment
similar to that above, we conclude that

Z[i) Z[i] Z[i)
@) (a+ib)*)” “((a—ib)")
The number of units in Z,n[i] is (p" —p"~')?, see [14]. Note that, Z,~ is a local ring

an [’L] = =~ ( ) X ( ) = an X an.

Zoyn
with only maximal ideal, m = (p), and hence |%| = p. Hence by [19, Theorem
3.5], we have that

diam(Gz,,. ;) = diam(G(Zyni])) = 2.

On the other hand, in view of the proof of [8, Proposition 5.10] and [4, Theorem3.2],
we obtain gr(Gz, . (i) = gr(G(Zp[i])) = 3. O

3. The unit and unitary Cayley graphs for Z,]i]
In this section, the integers ¢; and p, are used implicitly to denote primes congruent

to 3 modulo 4 and primes congruent to 1 modulo 4 respectively. The general case
is now investigated.
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3.1. Diameter and girth for the graphs Gz, ; and G(Z,]i])

Now we find the diameter and girth of the unit and unitary Cayley graphs of
G(Zy[i]) where n > 1 is an integer.

Remark 3.1. If R is a finite commutative ring, then R & Ry X Ry X -+ X Ry,
where each R; is a finite commutative local ring with maximal ideal m; by [9,
Theorem 8.7]. This decomposition is unique up to permutation of factors. Since
(uq,...,ut) is a unit of R if and only if each w; is a unit in R;, we see immediately
that

Gr =GR, ®Gp, - ®Gg, and G(R) =2 G(R1)®G(R2) - ® G(Ry)

R
We denote by K; the (finite) residue field — and f; = |K;|. We also assume
m;
(after appropriate permutation of factors) that f1 < fo <... < fi.

Remark 3.2. If n = 2% x I, q?j X HIS:1 p?s is the prime power decomposition

of the positive integer n, then Z,|i] is the direct product of the rings
L [i] =2 Zor[i] x Hj:1 Zq;"j [i] x [Ty L. [4].
Also the number of units in Z,[i] is

_ 20 202 1 _
2R Ty (g™ = ¢ 7)) X Tamy (08 — pfo1)? see [2] and [14].
Theorem 3.3. Let n > 1 be an integer with at least two distinct prime factors.

Then diam(Gz, 1)) = diam(G(Zyi])) = { § }CZ:: ;\T;L%

Proof. Let n = 2% x [T, ¢ x T'_, p%. By Remark 3.2,
Lni] & Zor i) x [}, Zq;‘j [i] x T,y Z,5s [2].

This shows that, Z,[i] is isomorphic to a direct product of finite local rings, R;
R

such that for every i, |—| = 2 or qj2- or ps. Since n > 1 is an integer with at least
ms

two distinct prime factorls, we have J(Z,[i]) # {0}.
By [4, Theorem 3.1], we conclude that

‘ 2 for 21{n,
dwm(GZn[ﬂ){ 3 for 2|n.

On the other hand, by [8, Theorem 5.7] we have

diam(G(Z,[1])) _{ 3 igi gﬁ:’ -

Theorem 3.4. Let n > 1 be an integer with at least two distinct prime factors.
Then
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4 for 21n
gT(GZnM):{ 3 fOT‘ 2‘1/7’7,

and
gr(G(Zali])) € {3,4}.
Proof. By an argoment similar to that above, we conclude that

Znli) 22 Zoe[i] x T2, Z, i) [Tey Z,p.[d).

Thus, by [4, Theorem 3.2], we obtain

4 for 2+1n,
gr(Gan){ 3 for 2|n.

Ou the other hand, J(Z,[i]) # {0}. Thus, in view of the proof of [8, Theorem
5.10], we have gr(G(Z,[i])) € {3,4}. O
3.2. When are Gy,;) and G(Z,[i]) Hamiltonian or Eulerian?

In the following, we prove that for each integer n > 1, the graphs G(Z,[i]) and
Gz, q) are Hamiltonian

Theorem 3.5. For each integer n > 1, the graphs G(Z,[i]) and Gy, };) are Hami-
tonian.

Proof. Let n > 1 be an integer. By Corollary 2.10, Corollary 2.8, Theorem 2.11
and Theorem 3.3, the graphs ,G(Z,[i]) and Gy, [; are connected. Thus by [23,
Theorem 2.1], G(Z,[i]) is Hamiltonian graph. On the other hand, by [21, Lemma
4], we conclude that Gz, [; is Hamiltonian graph. O

Now, we are going to find a necessary and sufficient condition for G(Z,[¢]) and
Gz,.[q) to be Eulerian. we recall the following well-known propossition.

Proposition 3.6. A connected graph G is Eulerian if and only if the degree of
each vertex of G is even.

Theorem 3.7. Let n > 1 be an integer. Then the following statements hold:
(i) The graph G(Zyli]) is Eulerian if and only if 2| n.
(ii) The graph Gz, 1 is Eulerian if and only if 2|n.

Proof. First Suppose that G(Zy[i]) and Gz, [;) are Eulerian. Since these graphs
are connected, by Propossition 3.6 we deduce that the degree of each vertex of
G(Zyi]) and Gz, };) are even. On the other hand

Znli) 2= Zop [i) < [Ty 22 [ % Tl 2. ]
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and so
) _ m , 2a; 20, —2 ! _
U@ali)] = 27 5 T (6™ = ™) x Tlama (08" — 9512

Since Gy, ;) and G(Zy[i]) are |U(Zyi])|—regular graph by Proposition 2.1, and [8,
Proposition 2.4], we deduce that Z,[i] has a direct factor of the form Z,x[i], and
so 2| n. Conversely, suppose that 2| n. Thus |Z,[i)| is even. Hence by Proposition
2.5, 2 ¢ U(Zy[i]). On the other hand, Gz, ;) and G(Zy,[i]) are connected and
|U(Zy,[i])|—regular graphs by Proposition 2.1 and [8, Proposition 2.4]. This means
that

. — m 20 205 —2 l —
\U(Zn[i])| = 2%k % Hj:1(Qj —4; ) X Hs:1 (pgs _pgs 1)2

is even and so the degree of each vertex of Gz, ;) and G(Z,[i]) are even, and
therefore these graphs are Eulirian. O

3.3. Some graph invariants of Gz, and G(Z,[i])
In the following, we study chromatic, clique and independence numbers of the
Graphs Gz, [ and G(Zy[i]).
Theorem 3.8. Let n > 1 be an integer and n = 2% x H;"Zl q;-lj X Hl521 ps.
n2
(i) If 2|n, then x(Gz, ;) = w(Gz,) = 2 and a(Gz,[)) = -
(i¢) If 21 n, then
X(Gz,11) = w(Gz, 1) = min{ps,q7 | 1 <s <1, 1<j<m, psln,q|n}

and
2

a(Gg ) = — - ;
(Cz,10) min{p,,q; | 1 <s <1, 1<j<m, ps|n, gjln}

Proof. Let 2|n, and k, be the biggest positive integer such that 2% |n. Since

l

L i) & Lok [i] x ]‘[;”:1 Zq;j [i] x TTs=1 Z,. [3],
. . T Lo [4]
thus Z,[i] has a direct factor of the form Zyx[i]. Since |——| = 2, by [4, Propo-
m

n2

sition 6.1], we conclude that x(Gz, ;) = w(Gz, ;) = 2 and a(Gz,[;)) = OR
Now suppose that 2 ¢ n. This yields that Z,[i] is isomorphic to a direct product of
finite local rings, R; such that for every 1, |—Z| = qj2 or ps. Thus by [4, Proposition
m;
6.1], we have
X(Gz,1i) = w(Gz, ) = min{p,,q7 | 1 < s <1,1<j<m,ps|n,q;|n}

and
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n2

a(G i) — N =
(Gz.) min{p,,q; | 1 <s <11 <j<m,ps|n,q|n}

Proposition 3.9. [13, Corollary 16.6] Every nonempty regular bipartite graph has
a perfect matching

Lemma 3.10. [18, Lemma 2.3] If G is a bipartite graph with a perfect matching

H
and H is a Hamiltonian graph, then o(G ® H) = V(G)] ; Vi )l
Theorem 3.11. Let n > 1 be an integer and n = 2F x HJ 1qj7 X HS (Pl
2
(@) If 2|n, then x(G(Znli])) = w(G(Znli])) = 2 and o(G(Z,]i])) = %
(i¢) If 21 n, then
m l
. . ]- Qcj Qj— —
X(G(Zuli) = w(G(Znli) = g X[ [(a; "= 7)< [l )2 mt-21
7j=1 s=1
n2
and o(G(Zyli])) < ER

Proof. Let n = 2" x [, ¢}’ XHS P2, Then
q . m : J )
Lo [i] &2 Zor[i] x Hj:1 Zq;"j [i] x [Ty L. [4].

Assume that 2|n. Then by Proposition 2.5, 2 ¢ U(Z,[i]). Hence, in view of the
proof of [22, Theorem 2.2|, we have

X(G(Znli]) = w(G(Znld])) = 2.

Since 2|n, Z,[i] has a direct factor of the form Z,x[i]. Moreover, G(Zyx[i]) is
a nonempty regular graph. Thus, by Proposition 3.9 G(Z,x[i]) has a perfect
matching. On the otherhand, by Theorem 3.5, G(]_[;n:1 L5 [i] % Hi:1 Z, [i])
is Hamiltonian graph. Therefore, by Lemma 3.10, ’

Now suppose that 2 4 n. Thus 2 € U(Z,[i]). By an argoment similar to that
above, we conclude that

m l
2 2 -—2
o) (R | (Ve

s=1

and so we have
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Zoli) X Zinli) 2 Zfi] x TT5y Zigges i) % [Taey Z, - [i]-

Thus,

UG(Zali] X Zy[1])) = AG(Z2li] X TTGZ1 2,5 [i] [Toe1 Z,s. [1))-

Now by part (i), we coclude that

a(G(Zz[i] x Zyli])) = 2n2.

On the other hand,

a(G(Zeli] X Zpli))) = a(G(Z2i])) x |Znli]] = 4 x a(G(Znld]))-

(
n2

This implies that o(G(Z,[i])) < — O

5
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On ordered semigroups

containing covered one-sided ideals
Thawhat Changphas and Pisan Summaprab

Abstract. In this paper, the notion of covered left ideals of ordered semigroups will be intro-
duced, and it is proved that the set of all covered left ideals of a given ordered semigroup is a
sublattice of the lattice of all left ideals if the ordered semigroup. And then the structure of
ordered semigroups containing covered left ideals will be studied. For the results of covered right
ideals of ordered semigroups can be considered similarly.

1. Preliminaries

A proper left ideal M of a semigroup (without order) S is said to be a covered left
ideal of S if
M C S(S\M).

This notion was first introduced and studied by I. Fabrici [2]. Indeed, the author
studied the structure of semigroups containing covered one-sided ideals. The pur-
pose of this paper is to extend Fabrici’s results to ordered semigroups. In fact,
we introduce the concept of covered one-sided ideals of ordered semigroups, and
study the structure of ordered semigroups containing covered one-sided ideals. For
the concept of covered two-sided ideals of ordered semigroups can be found in [1].

A partially ordered semigroup (or simply an ordered semigroup) is a semigroup
(S, -) together with a partial order < that is compatible with the semigroup oper-
ation, meaning that, for any z,y,z € S,

r <y implies zz < zy and zz < yz.

For A, B nonempty subsets of an ordered semigroup (S, -, <), the set product
AB is defined to be the set of all elements xy in S where z € A and y € B. We
write (A] for the set of all elements x in S such that = < a for some a € A4, i.e.,

(Al ={z € S|z < afor some a € A}.

In particular, we write Az for A{x}, and similarly for {z}A. Tt is observed that
the following hold:

2000 Mathematics Subject Classification: 06F05

Keywords: ordered semigroup, left ideal, right base, maximal left ideal, covered left ideal.
The research was supported by International Visiting Scholar, Khon Kaen University, 2017
and Centre of Excellence in Mathematics, CHE., Si Ayuttaya Rd., Bangkok 10400, Thailand.
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Let (S,-, <) be an ordered semigroup. Analogousely to the concept in lattice
ordered rings (see [4], p. 142), a non-empty subset A of S is called a left (resp.
right) ideal of S if it satisfies the following conditions:

(i) SAC A (resp. AS C A);
(ii) for any z € A and y € S, y < = implies y € A.

If A is both a left and a right ideal of S, then A is called a two-sided ideal, or
simply an ideal of S. A left ideal A of S is called a proper left ideal of S'if A C S.
The symbol C stands for proper subset of sets. For proper right ideals and proper
ideals of S are defined similarly. A proper left (resp. right, two-sided) ideal A
of S is said to be mazimal if for any left (resp. right, two-sided) ideal B of S,
A C B C S implies B = S. Finally, if S does not contain proper left (resp. right,
two-sided) ideals, we call it left (resp. right, two-sided) simple. It is easy to see
that the union or intersection of two two-sided ideals of S is a two-sided ideal of
S. For any element a of S the principal left ideal generated by a of S is of the
form

L(a) = (aUSa].

Analogousely to the concept of Green’s relations in semigroups, the equivalence
relation L is defined on S by, for any a,b in S,

alb <= L(a) = L(b).

The L-class containing a in S will be denoted by L,. The set of all £-classes of S
forms a quasi-ordered:
L, 2 Ly, < L(a) C L(b).

The symbol L, < L, means L, < L, but L, # L.

Let a be any element of an ordered semigroup (.5, -, <). If L, is not maximal,
then L, < Ly for some b in S. Then L(a) C L(b). We now have the following
lemma.

Lemma 1.1. Let a be any element of an ordered semigroup (S,-,<). If L(a) is
not proper subset of any principal left ideal of S, then L, is maximal with respect
to the quasi-order <.
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Lemma 1.2. Let L be a subset of an ordered semigroup (S,-,<). Then L is a
mazimal L-class (with respect to <) of S if and only if S\L is a mazimal left ideal
of S.

Proof. Assume first that L is a maximal L-class of S. Let L = L, for some
a€S. Letye€ Sand z € S\L,. If yv € L,, then, by z ¢ L,, we have
L(a) = L(yx) C L(z). That is L, < L,, which contradicts to the assumption.
Hence S(S\L,) C S\L,. Let = € S\L, and y € S be such that y < . Then
Ly < L,. If y € L,, then L, is a maximal £L-class of S; hence L, = L,. This is a
contradiction. Thus y € S\L,. This shows that S\L, is a left ideal of S. To show
that S\ L, is a maximal left ideal of S, we suppose that there is a left ideal A of S
such that (S\L,) C A. Let z € A\(S\L,), and thus L(a) = L(z). If b € L,, then

L(b) = L(a) = L(2) C A.

Thus L, C A, and S = A.
Conversely, assume that S\ L is a maximal left ideal of S. Choose a in S\(S\L).
We have L = L,. To see this, let © € L,. If x € S\L, then

a € L(a) = L(z) C S\L.

This is a contradiction. Thus « € L, and L, C L. Let = € L. Since S\L C
(S\L)U L(x), we have (S\L)|JL(z) = S. Similarly, (S\L)|JL(a) = S. Since
x € (S\L)|J L(a), we have z € L(a), and so L(x) C L(a). Similarly, L(a) C L(x).
Thus L(z) = L(a), and € L,. Therefore, L C L,. Finally, by Lemma 1.1, it
suffices to show that L(a) is not proper subset of L(z) for all  in S. Let « € S.
If ¢ € L, then L(a) = L(z). If x € S\L, then L(z) C S\L; hence L(a) € L(z).
This completes the proof. O

2. Covered left ideals in ordered semigroups

We begin this section with the definition of covered left ideals of an ordered semi-
group. For the concept of covered right ideals of an ordered semigroups can be
defined dually, and the results for ordered semigroups containing covered right
ideals are left-right dual.

Definition 2.1. A proper left ideal L of an ordered semigroup (S, -, <) is called a
covered left ideal of S if

L C (S(S\L)].
In this example we consider an ordered semigroup from [7] and [8].

Example 2.2. Let (S, -, <) be an ordered semigroup such that S = {a,b, c,d, e}
and
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a b c d e
ala b a a a
bla b a a a
cla b a a a
dla b a a a
ela b a a e
< ={(a,a),(a,b),(a,e), (b,b),(c,b), (c,c), (ce), (d,d), (d,b), (d,e), (e,e)}.

The covering relation is given by:

<= {(av b)v (a7 e)v (Cv b)v (Cv 6)7 (da b)’ (dv e)}

The left ideals of S are {a}, {a,c}, {a,d}, {a,c,d},{a,b,c,d},{a,c,d,e} and S. Tt
can be observed that the covered left ideals of S are {a}, {a,c}, {a,d}, {a,c,d}.

In this example we consider an ordered semigroup from [9].

Example 2.3. Let (S5,-,<) be an ordered semigroup such that S = {a,b,¢,d, f}
and

D QoA
D AU U T

O QU O R

Qo QSR
D AU Q|0
DO

< = {(a,a), (b,), (b, ¢), (b €), (¢, ¢), (d; a), (d, d), (d, ), (e, €) }.

The covering relation is given by:

<= {(bv C)v (bv 6), (da a)v (da 6)}

The left ideals of S are {b,d, e}, {a,b,d,e} and S, and the covered left ideal of S
is {b,d, e}.

Now, we will prove that the set of all covered left ideals of an ordered semigroup
is a sublattice of the lattice of all left ideals.

Proposition 2.4. If Ly and Lo are different proper left ideals of an ordered semi-
group (S,-,<) such that L1|J L = S, then both L1, Lo are not covered left ideals
of S.

Proof. Assume that Ly and Lo are different proper left ideals of an ordered semi-
group (S, -, <) such that Ly |JLs = S. Sine Ly |J Ly = S, we have S\L; C Lo and
S\Ls C L;. If L; is a covered left ideal of S, then

Ly € (S(S\L1)] € (SL2] € Lo.
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Since Ly |JLs = 5, it follows that S = Ls. This is a contradiction. Similarly,
L5 is a covered left ideal of S implies S = Ly. This is a contradiction. Thus the
assertion is proved. O

The following corollary is a consequence of Proposition 2.4.

Corollary 2.5. If an ordered semigroup (S, -, <) contains more than one mazimal
left ideals, then non of them is a covered left ideal of S.

Proposition 2.6. Let (S,-, <) be an ordered semigroup. If L1 and Lo are covered
left ideals of S, then Ly|J L is a covered left ideal of S.

Proof. Assume that L; and Lo are covered left ideals of S; thus Ly C (S(S\L1)]

and Ly C (S(S\L2)]. Let € Ly|JLo. If € Ly, then, by Ly C (S(S\L1)], we
have x € (Sa] for some a € S\L;. If a € S\(L1 |J L2), then z € (S(S\(L1J L2))].
If a € L1 | Lo, then a € La; hence a € (Sb] for some b in S\ Ly. We have

z € (Sa]  ((S](Sb] = (SSb] C (Sb.

If b € Ly, then a € Ly. This is a contradiction. Thus b € S\(L1 | L2), and so = €
(S(S\(L1U L2))]. Similarly, z € Lo implies = € (S(S\(L1JL2))]- This proves
that Ly |J Lo is a covered left ideal of S. O

Proposition 2.7. Let L be a left ideal of an ordered semigroup (S,-,<). If Ly is
a covered left ideal of S, then Ly N L is a covered left ideal of S.

Proof. If Ly is a covered left ideal of S, then L; C (S(S\L1)]; hence
LiNLC Ly C(S(S\L1)] C (S(S\(LynL)).
This shows that L; N L is a covered left ideal of S. O

Corollary 2.8. Let (S,-,<) be an ordered semigroup. If L1 and Lo are covered
left ideals of S, then Ly N Lo is a covered left ideal of S.

We now state the main theorem of this section followed by Proposition 2.6 and
Corollary 2.8.

Theorem 2.9. The set of all covered left ideals of an ordered semigroup (S, -, <)
is a sublattice of the lattice of all left ideals of (S, -, <).

3. Ordered semigroups with covered left ideals

The purpose of this section is to study the structure of ordered semigroups con-
taining covered left ideals.

Theorem 3.1. An ordered semigroup (S, -, <) with the cardinal |S| > 1 contains
no covered left ideals if and only if S is a union of disjoint minimal left ideals.
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Proof. Assume first that S contains no covered left ideals. Let a € S. If a ¢
(Sa], then (Sa] C (S(S\(Sa])]. Thus (Sa] is a covered left ideal of S. This is a
contradiction. Hence a € (Sa]. Let L be a proper left ideal of S. If L C (Sa], then
L is a covered left ideal of S. This is a contradiction. Hence (Sa] is a minimal left
ideal of S. Let a,b € S such that a # b and (Sa] # (Sb]. If L = (Sa] N (Sb], then
L is a proper subset of (Sa] or (Sb]. Thus L is a covered left ideal of S. This is a
contradiction. Hence (Sa] N (Sb] = 0. Therefore, S = (J;c;(Sa;].

Conversely, assume that S = |J,c; L; where, for each ¢ € I, L; is a minimal
left ideal of S. We set

A= UieJ Li, B= UieIfJ L.

Then S = A|J B. By Proposition 2.4, neither A nor B is a covered left ideal of S.
This completes the proof. O

Theorem 3.2. Let (S,-, <) be an ordered semigroup. If S is not left simple, then
S contains a covered left ideal.

Proof. Assume that S is not left simple. Then S contains a proper left ideal L.
Since (S(S\L)] is a left ideal of S, we have L N (S(S\L)] is a proper left ideal of
S. By

L (S(S\L)] € (S(S\L)] € (S(S\(L N (S(S\L))))],

it follows that L N (S(S\L)] is a covered left ideal of S. O
The concept of right bases of an ordered semigroup was defined in [3] as follows:

Definition 3.3. A subset A of an ordered semigroup (S, -, <) is called a right base
of S if it satisfies the following conditions:

(i) §=(AUSA];
(ii) if B is a subset of A such that S = (B|JSB], then B = A.

Here, we provide some more examples: In this example we consider an ordered
semigroup from [6].

Example 3.4. Let (5,, <) be an ordered semigroup such that the multiplication
and the order relation are defined by:

Lo e
Q Q2 2 2|2
Q00 0|
O 000 ola
ISR SRS WS H S H
SN W T G I

S = {(a, a)7 (a, d)7 (b7 b), (Cv C)? (C7 6)7 (d7 d), (e, 6)}
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The covering relation is given by:

<= {(av d)a (C, 6)}
We have {b,d} is the right base of S.
In this example we consider an ordered semigroup from [5].

Example 3.5. Let (5, -, <) be an ordered semigroup such that the multiplication
and the order relation are defined by:

O QO o
QU QU 2 o

¥
d
<= {(ava)a (a’ b)a (a,c), (a’d)v (aa e)a (b> b)a (bv C)a (b7 d)

The covering relation is given by:

< ={(a,b),(b,c), (b,d), (c,e),(d,e)}.
The right bases of S are {e} and {c}.

A covered left ideal L of an ordered semigroup (5, -, <) is called the greatest
covered left ideal of S if every covered left ideal of S contained in L. If an ordered
semigroup contains the greatest covered left ideal, we shall denote it by LY.

To give a necessary condition so that an ordered semigroup contains one-sided
bases we need the following lemma.

Lemma 3.6. Let (S, -, <) be an ordered semigroup containing the greatest covered
left ideal LI. If L9 C (S?], then the following conditions hold:

(1) for every L-class in (S*|\LY is maximal;
(2) L(a) = (Sa] for all a in (S?)\LI.

Proof. Assume that L9 C (S?]. Then (S?]\LY is non-empty. Frits we prove the
second assertion. Let a be an element of (S2]\L9. Since LY is an left ideal of S,
it follows that L, C (S?]\LY. Then a € (Sb] for some b in S. Sine (Sb] C L(b),
we have L(a) C L(b). Suppose that b ¢ L,; thus L, # Ly. If b € L(a), then
L(a) = L(b); hence L, = Lp. This is a contradiction. Then b € S\L(a). This
implies L(a) C (S(S\L(a))]. Thus L(a) is a covered left ideal of S. By Proposition
2.6, L9|J L(a) is a covered left ideal of S. Since a ¢ L9, L9 C LI9|J L(a). This is
a contradiction. This shows that b € L,. Hence L(a) C (Sb] C L(b) = L(a). Then
L(a) = (Sb] = L(b). Clearly, (Sa] C L(a). If b < a, then L(a) = (Sb] C (Sal;
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hence L(a) C (Sa]. If b € (Sa], then Sb C S(Sa] C (S(Sa]] € (SSa] C (Sa).
Therefore, L(a) = L(b) = (Sb] C (Sa].

We now prove the rest of the assertion. Let L, be a £-class in (S?]\L9. Suppose
that L(a) C L(c) for some cin S. Then a € (¢|J S¢]; thus a € (] or a € (Sc]. Each
of the cases implies (Sa] C (S¢], so L(a) C (S¢]. Sine ¢ € S\L(a), it follows that

L(a) is a covered left ideal of S; hence LY C L9|J L(a). This is a contradiction.
This proves that any £-class in (S?]\LY is maximal. O

Theorem 3.7. Let (S,-,<) be an ordered semigroup containing the greatest cov-
ered left ideal LY. Then S contains a right base if satisfies the following two
condition:

(1) L9  (8%];
(2) any two element a,b in S\(S?], neither L, < Ly nor Ly < L,

Proof. Assume that L9 C (S5?] and for any two elements a, b in S\ (S?] are incom-
pairable. By

L9 C (S(S\L9)] C (S?] C S

there are two families of L-class to consider: C; = {L,|a € S\(S?]},

Cy = {Lgla € (S?]\L9}. We take one element from each L-class in C; and Cs,
and let A be the set of all elements we take, we claim that A is a right base of S.
For convenience we let L(A) = (A|JSA]. To show that S = L(A), it suffices to
show that L9, (S?]\LY and S\(S?] are subset of L(A).

a) Let € L9. Then z € (S(S\LY)], or equivalent x € (Sb] for some b in S\ LY
We have b € L, for some a € S\(S?] or a € (S?]\L9. Then by the constructing A
we have b € L(A). Thus z € L(A).

b) If z € (S?]\LY, then there exists a; € A such that z € L(ay); hence z € L(A).

¢) If z € S\(S?], then there exists az € A such that z € L(ag) C L(A).

Finally, we show that A is the minimal subset of S such that S = L(A). By
Lemma 1.2, it follow that for every L, in C5 is maximal. Moreover, every L,
in C} is also maximal since for any elements a,b in S\(5?], neither L, < L; nor
Ly, X L,. Now, let B be a proper subset of A such that S = (B|JSB]. Let
x € A\B. Then x < y for some y € B|JSB. Since y € L(b) for some b in B, it
follows that L(x) C L(b). This contradicts to the constructing of A. The proof is
completed. O

Let (S, -, <) be an ordered semigroup. An left ideal L of S is called the greatest
leftideal of S if every proper left ideal of S contained in L. If an ordered semigroup
(S, -, <) contains the greatest left ideal, we denote The left ideal by L*.

Theorem 3.8. Assume an ordered semigroup (S, -, <) contains only one mazimal
ideal L. If L is a covered left ideal of S, then L is the greatest left ideal of S'.

Proof. This is easy to see because if T' is a proper left ideal of S, then T" C L.
Hence L = L*. O
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Theorem 3.9. Let (S, -, <) be an ordered semigroup with the property every proper
ideal of S is a covered left ideal of S. Then either

(1) S contains L*, or

(2) S = (S?] and for any proper left ideal L and for every left ideal L(a) C L,
there is b in S\L such that L(a) C L(b) C S.

Proof. If L, and L, are maximal L-classes of S such that L, # L,, then by Lemma
1.2, we have L¢ = S\L, and Ly = S\ L, are maximal proper left ideals of S such
that non of them is a covered left ideal of S. This is a contradiction. Then S
contain no different maximal L£-classes; hence S contains one maximal £-class or
S does not contain maximal £-class.

If S contains one maximal £-class L,. Then LS = S\L, is a maximal proper
left ideal of S. By assumption, LS is a covered left ideal of S. By Theorem 3.8,
L =L*.

Assume that S does not contain maximal L-classes. We will show that S =
(S?].Suppose (S?] € S. Then there exists y in S\(S?. If L(y) = S, then S
contains a maximal £-class. This is impossible. Then L(y) C S, and thus L(y) C
(S(S\L(y))]. Then y € (S?]. This is a contradiction.

Let L be a proper left ideal of S and let L(a) C L. Since L C (S(S\L)], there
exists b in S\ L such that a € (Sb], and hence L(a) C L(b) C S. Since b € S\M,
so L(a) C L(b). By assumption, L(b) C S. O

Theorem 3.10. Assume an ordered semigroup (S, -, <) satisfies one the following
two condition:

(1) S contains L* which is a covered left ideal of S.

(2) S = (S?] and for any proper left ideal L and for every left ideal L(a) C L,
there is b in S\L such that L(a) C L(b).

Then every proper left ideal of S is a covered left ideal of S.

Proof. Let L be a proper left ideal of S. First we assume that S satisfies (1). Then
L C L*. Since S\L* C S\L, it follows that L C L* C (S(S\L*)] C (S(S\L)]. This
shows that L is a covered left ideal of S.

Secondary, we assume that S satisfies (2). Let « € L; thus L(z) C L. Then
there is b in S\L such that L(z) C L(b). We have S = (S?], so b € (9d] for some
din S. Since b € S\L, d € S\L. Hence z € (Sd] C (S(S\L)]. This shows that
L C (S(S\L)]. O

Definition 3.11. We say that the principal left ideals of an ordered semigroup
(S,-, <) are updirected if for every a,b € S there is c € S such that {a,b} C L(c).

Theorem 3.12. If all proper left ideals of an ordered semigroup (S, -, <) are cov-
ered, then the principal left ideals of S are updirected.
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Proof. Suppose that there exist two elements a,b € S such that there is no c € S
with {a,b} C L(c). It is sufficient to show that there exists a left ideal of S which
is not covered. Let

L={zeS|a¢ Lx)}

We have L # () because a € L. If x € S and y € L, then zy € L. Otherwise, we
have a € L(xy) C L(y). This is a contradiction. If x € S and y € L such that
x <y, then L(x) C L(y). Since a ¢ L(y), a ¢ L(x). Thus z € L. Hence L is a left
ideal of S. Moreover, b € L. Indeed, if b ¢ L, then a € L(b); hence {a,b} C L(b).
This is a contradiction. Finally, we have to show that b ¢ (S(S\L)]. Suppose that
b € (S(S\L)] such that b < xy for some x € S and y € S\L. This implies that
{a,b} C L(y) which is a contradiction. O
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On the lattice of congruences

on completely regular semirings
Rajib Debnath and Anjan Kumar Bhuniya

Abstract. A semiring S is called completely regular if it is the disjunctive union of its subrings.
If S is a completely regular semiring, then the Green’s relation H* is a congruence on S and S/H+
is an idempotent semiring. Let V be a variety of idempotent semirings. Here we characterize the
lattice C(S) of all congruences on S when S is completely regular and S/Ht € V. The lattice
C(S) can be embedded into the product of the lattice V(S) of all V-congruences on S and the
lattice M (S) of all additive idempotent-separating congruences on S if and only if S is T-modular
completely regular semiring such that S/Ht € V.

1. Introduction

A semigroup is called completely regular if it is the (disjunctive) union of its
subgroups. Completely regular semigroups were introduced in [3] by A. H. Clifford,
though he used the terminology ‘semigroups admitting relative inverses’ to refer to
such semigroups. Such semigroups have been studied extensively. For an account
of the theory of completely regular semigroups, we refer to the book [13].

A semiring is a (2, 2) algebra (S, +, -) such that both the additive reduct (S, +)
and the multiplicative reduct (.S, -) are semigroups and connected by the distribu-
tive laws

x(y+z)=zy+azz, (x+y)z =xz+yz.

An element e € S is called an additive idempotent if e + e = e. The set of all
additive idempotents of S is denoted by E1(S). A semiring S is called additive
regular if the additive reduct (S,+) is a regular semigroup. By an idempotent
semiring we mean a semiring S such that both the additive reduct (S,+) and
(S,-) are bands. If moreover, the reduct (S, +) is commutative then S is called a
b-lattice. Also we refer to [5] for the undefined terms and notions in semirings and
[6] for background on semigroups.

Let us denote the Green’s relations £, R, D and H on the additive reduct (.5, +)
by £t, RT, Dt and H™T, respectively. Also we denote the £+, RT, DT and H*
classes of x € S by L}, R}, D} and H, respectively. A semiring S is called an
idempotent semiring (b-lattice, distributive lattice) of rings if there is a congruence

2010 Mathematics Subject Classification: 16Y60.
Keywords: Semiring, ring, completely regular, idempotent, modular lattice.
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p on S such that the quotient semiring S/p is an idempotent semiring (b-lattice,
distributive lattice) and each p-class is a ring.

Rings and distributive lattices both are semirings with commutative regular
addition. So, it is interesting to consider the semirings which are subdirect pro-
ducts of rings and distributive lattices. Such semirings were studied by Bandelt
and Petrich [1]. The study was continued by Ghosh [4] and he characterized the
Clifford semirings, equivalently, the semirings which are strong distributive lattices
of rings. Pastijn and Guo [12] proved that the semirings which are disjoint unions
of rings form a variety and they established various structure theorems for such
semirings. They proved that if S is a disjoint union of its subrings then H7 is an
idempotent semiring congruence on S. The term ‘completely regular semiring’ was
first used by Sen, Maity and Shum [16] to mean the semirings which are disjoint
union of skew-rings (rings without commutativity of addition).

In [2], we establish several equivalent characterizations for the semirings which
are the disjunctive unions of rings. Let (S,+,) be the disjunctive union of its
subrings. Then the additive reduct (S, +) is the disjunctive union of its subgroups.
For every z € S, denote the zero in the subgroup (H;,+) of (S,+) by z° and
the unique inverse of z in H by 2’. Then x2° = z + 2’ = 2’ + z. Hence S can
be treated as an algebra (S, +,-,”) of type (2, 2, 1), where the reduct (S,+,-) is a
semiring and the reduct (S,+,") is a completely regular semigroup. The following
result is useful.

Lemma 1.1. [2] Let S be a semiring. Then the following conditions are equivalent:
(i) S is the (disjunctive) union of its subrings;

(i1) for every x,y € S there exists unique &’ € S such that
r=x+a' 4z, e+’ =a"4z, (@) =z, x+y°+2°+y=a°+y+z+y°

and xx° = x°, where 2° = x + x';
(15i) HT is an idempotent semiring congruence on S and each HT -class is a ring;
(iv) S is an idempotent semiring of rings.

Definition 1.2. A semiring S is called completely reqular if it satisfies either of
the four equivalent conditions in Lemma 1.1.

Throughout the rest of this article, unless otherwise stated, S stands for a
completely regular semiring.

It follows from a result of Kapp and Schneider [8] that the lattice C(S) of
all congruences on a semigroup S can be embedded in the product of certain
sublattices if the semigroup S is completely simple. The problem of embedding
the lattice C(S) in a product of sublattices, when S is an arbitrary band of groups,
was characterized by C. Spitznagel [17]. The principal tool used in these two texts
is the 7-relation introduced by Reilly and Scheiblich [14]. In this last article, this
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relation is marked with 6 ([14], Theorem 3.4). Also there are many other articles
devoted to these directions [6], [7], [11].

The set of all congruences on a semiring S is a complete lattice, which we
denote by C(S). A sublattice L of C(S) is called a modular sublattice if the
lattice L is modular. It is well known that if the congruences in L commute then
L is modular. The trace of a congruence p on a completely regular semiring S is
defined by:

tr p=pN(ET(S) x ET(9)).
Define a relation 7 on the lattice C'(S) by: for p,o € C(9),
pro if tr p=tr o.

In Section 2, we characterize completely regular semirings S in terms of the
maximum additive idempotent-separating congruence on S. In Section 3, we show
that each 7-class in the lattice C'(S) of all congruences on an additive regular
semiring S contains at most one V-congruence on S, where V is a variety of idem-
potent semirings. We also have a necessary and sufficient condition for the greatest
element of each 7-class to be a V-congruence. In Section 4, we prove that the lat-
tice C(S) of all congruences on a 7-modular completely regular semiring S can be
embedded in a certain product lattice.

Now let us fix the following notations:

C(S): the lattice of all congruences on Sj;
M(S): the lattice of all additive idempotent-separating congruences on S;
DT (8S): the lattice of all congruences on S that are contained in DT;
V(S): the lattice of all V-congruences on S;
p the minimum V-congruence on S;

the minimum idempotent semiring congruence on S;

the minimum b-lattice congruence on S;

the minimum distributive lattice congruence on .S;

the maximum additive idempotent-separating congruence on S.

T2 >2oT

2. Additive idempotent separating congruences

A congruence p on S is called additive idempotent-separating if each p-class con-
tains at most one additive idempotent, i.e., for every e, f € ET(S), epf implies
e = f. In this section, we characterize a completely regular semiring S by the
maximum additive idempotent-separating congruence p on itself.

In [10], Lallement proved that on a regular semigroup S, a congruence p is
idempotent separating if and only if p C H on S. Since S is a completely regular
semiring, the additive reduct (S, +) is a regular semigroup, and so it follows that
pCH.

Now we have the following result.
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Theorem 2.1. Let S be an additive regular semiring and V be a variety of idem-
potent semirings. Then the following statements are equivalent:

(i) S is a completely regular semiring such that S/H™ € V;
(i) p=HT=pyandxz+y° +2°+y=a°+y+x+y° for every z,y € S;
(iii) p=py andx+y° +2°+y=a°+y+x+y° for every x,y € S.

Proof. Equivalence of (ii) and (iii) is trivial and so we omit the proof.

(i) = (ii): Suppose that aH b in S. Then apyH bpy in S/HT. Since each
HT-class contains at most one additive idempotent, apy = bpy. Hence HT C py
and it follows that uy C H™ C py. Now S/H™T € V implies that py, C HT. Since HT
is an additive idempotent separating congruence, H* C u. Thus p = HT = py.

(#4) = (i): Suppose that the condition (ii) holds. Then H* = py, implies that
S/H* € V. Let H be an H*-class in S. Since H* is an idempotent semiring
congruence on S, H is an additive regular subsemiring of S and, by Lallement’s
Lemma, contains an additive idempotent. Hence (H,+) is a group. Now for every
z,y €S, x+y°+2a°+y=x°+y+x+y° implies that (H,+) is an abelian group.
Thus H is a subring of S and so S is a completely regular semiring. O

Now we have the following immediate consequence. Though it is a particular
case of the above lemma, but useful.

Corollary 2.2. Let S be any additive reqular semiring. Then the following state-
ments are equivalent.

(1) S is a completely reqular semiring (b-lattice of rings, distributive lattice of
Tings);

(it) u=HT=p(6n) andx+y°+2°+y =2°+y+x+y° for everyx,y € S;

(i) u=p (6, n)andx+y°+a°+y=a°+y+ax+y° foreveryx,y€eS.

3. The relation 7 on C(S)

The relation 7 on C(S) has many interesting properties when S is a completely
regular semiring. Before coming into the main features let us first prove some
lemmas.

The proof of the following result is similar to Lemma 2.1 [15], still for the sake
of completeness we would like to include a proof.

Lemma 3.1. Let S be an additive reqular semiring and « be an additive idempo-
tent separating congruence on S. Then for every v € C(S), (aV~,v) € 7.
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Proof. Let v € C(S). Consider the relation h = {(a,b) € S x S : (ay,by) € HT}
on S. Then h is an equivalence relation on S and H™ C h and v C h. Let
(e,f) € hnN (ET(S) x E*(S)). Then (ey) HT (fv). Since HT is an additive
idempotent separating congruence, ey = fv and hence (e, f) € v N (ET(S) x
E*(S)). Therefore h N (ET(S) x ET(S)) C v N (ET(S) x ET(S)). Since «
separates additive idempotents, v C a Vv C H* Vv C h and consequently
Y NV(ET(S) x ET(S)) = hn (EF(S) x ET(S)) = (a V)N (ET(S) x EF(S)).
Therefore (aV v,7v) € 7. O

Since HT is an additive idempotent separating congruence on a completely
regular semiring, we have, in particular:

Corollary 3.2. Let S be a completely regular semiring. Then for every o € C(S),
(aVHY o) eT.

We omit the proof of the following result, since it is similar to the proof of
Theorem 2.2 [15].

Lemma 3.3. If S is an additive regular semiring, then the relation T is a complete
lattice congruence on C(S).

Let V be a variety of idempotent semirings. Then a congruence o on an additive
regular semiring S is a V-congruence if and only if o contains py, the minimum
V-congruence on S. Therefore we have:

Theorem 3.4. Let S be an additive reqular semiring and V be a variety of idem-
potent semirings. Then each T-class in C(S) contains at most one V-congruence
on S. In addition, if S is a completely reqular semiring such that S/H™ €V, then
each T-class contains exactly one V-congruence.

Proof. Let «,~ be two V-congruences on S such that («,v) € 7. Then py C « and
py C 7. Let zay. Since S/py is an idempotent semiring it follows, by Lallement’s
Lemma, that there exist e, f € ET(S) such that epyx and fpyy. Then epyzaypy f
which implies that (e, f) € a. Since («,7) € 7 it follows that (e, f) € ~, and so
py C v implies that zyy. Therefore o C «. Similarly we have v C «, and finally
a=r.

Now suppose that S is a completely regular semiring such that S/H*T € V.
Then for every o € C(S), py € HT C oV H* implies that a V HT is a V-
congruence. Also it follows from Lemma 3.1 that o V H* is in the 7-class of
Q. O

In particular, we have:

Corollary 3.5. Let S be an additive regular semiring. Then each T-class in C(S)
contains at most one idempotent semiring (b-lattice, distributive lattice) congru-
ence. If moreover, S is a completely reqular semiring (b-lattice of rings, distribu-
tive lattice of rings), then each T-class contains ezxactly one idempotent semiring
(b-lattice, distributive lattice) congruence.
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Following result shows that for every congruence o on S, the join oV H™ in
C(S) gives important information about «.

Theorem 3.6. Let S be a completely regular semiring and o,y € C(S). Then
(a,7) € T if and only if aVHT =~V HT.

Proof. First suppose that (a,v) € 7. Then, by Corollary 3.2, («VHT,a) € 7 and
(yVHT,v) €7 and it follows that (a VH',vVHT) € 7. Also both a V HT and
vV HT are idempotent semiring congruences and so, by Theorem 3.4, it follows
that a VHT =~y VHT.

Conversely suppose that a V HY = vV H*. Then (o« VH',a) € 7 and
(vyVHT,v) € 7 implies that (a,v) € 7. O

Following result can be proved similarly to Theorem 3.4 (ii) [14]. So we omit
the proof.

Lemma 3.7. Let S be an additive regular semiring. Then each 7-class in C(S)
is a complete modular sublattice of C(S) with the greatest and least elements.

The following theorem gives a necessary and sufficient condition for the greatest
element of each 7-class in C(S) to be a V-congruence on S, where V is a variety
of idempotent semirings.

Theorem 3.8. Let S be a completely reqular semiring and V be a variety of
idempotent semirings. Then the greatest element of each T-class in C(S) is a
V-congruence if and only if S/HT € V.

Proof. First suppose that S is a completely regular semiring such that S/H™ € V.
Then H*™ = py, by Theorem 2.1. Let o € C(S) and ~ be the greatest element of
the 7-class of a. Now, by Corollary 3.2, (¢ VH",a) € Tand so HT C aVHT C .
Thus « is a V-congruence.

Conversely, suppose that the greatest element of each 7-class is a V-congruence.
Since p is the greatest element of the 7-class of Ag, p is a V-congruence. Also,
on every additive regular semiring, y C H* C py. Therefore = H* = py and it
follows, by Theorem 2.1, that S/H* € V. O

Now we have the following important corollary.

Corollary 3.9. Let S be a completely regular semiring. Then the greatest element
of each T-class is an idempotent semiring congruence.

Moreover, the greatest element of each T-class is a b-lattice (distributive lattice)
congruence if and only if S is a b-lattice (distributive lattice) of rings.

4. Embedding of C(S) in a product lattice

Let V be a variety of idempotent semirings and S be a completely regular semiring
such that S/H* € V. Then for every a € C(S), H" C oV H™T implies that
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aVHT eV(S) and a AHT C HT implies that « A HT is an additive idempotent
separating congruence. Thus we have a mapping ¢ : C(S) — V(S) x M (S) defined
by: for every a € C(S),

d(a) = (aVHT , a AHT).

Lemma 4.1. Let V be a variety of idempotent semirings and S be a completely
reqular semiring such that S/H* € V. Then ¢ is one-to-one.

Proof. Suppose that a,y € C(S) are such that ¢(a) = ¢(7). Then aVH' = yVHT
and a AHY =y AHT. Tt follows, by Theorem 3.6, (a,y) € 7. Let (x,y) € a and
ec EY(S)NHS, fe EY(S)NH, . Then e = z° o y° = f implies that (e, f) € a,
and so (e, f) € v. Now 2z = (z +e)y(z + f) and y = (f + y)y(e + y) together with
eaf imply that (e + y)a(f +y) = yax = (z +e)a(x + f), and so (e + y)a(z + f).
Also e H' z and y H* f imply that (e +y)H'(z+ f). Thus (e+y)HT Aa(z+ f)
and so (e+y)YyAHT (z+ f). Hence xy(z+ f)y(e+y)vyy and it follows that o C .
Similarly v C . Thus a = ~. O

Theorem 4.2. Let S be a completely regular semiring and o € C(S). Then
a=aV (aANHT), where & is the smallest element of T-class of .

Proof. Let a € C(S). Then o A H™ is an additive idempotent separating congru-
ence, which implies that « A Ht7H* and so, by Corollary 3.2, @V (a« AHT) 7
aVHT 7 a1 a Therefore, by Theorem 3.6, o VHT = [aV (a AHT)|VHT.
Now &, A HT C « implies that [a V (@ AHT)AHT CaAHT. Also, a ANHT C
aV (e ANHT),H" and hence a A HT C [@V (o AHT)] AHT. Thus we have
aANHT = ]aV (aAH)] AHT. Therefore ¢p(a) = ¢(aV (e A H')) and so
a=aVv(aAHT). O

Theorem 4.3. Let S be a completely regular semiring such that S/H™ € V. Then
¢ 1s N\-preserving.

Proof. We have (¢ VHT)A(yVHT) 7 (aAvy) and (e« Ay)VHT 7 (e Av). Then
it follows that (¢ Ay) VHT 7 (aVHT) A (yV HT). Since both (a A7)V HT
and (o V HT) A (yV HT) are V-congruences it follows, by Theorem 3.4, that
(aAY)VHT = (aVHT)A(yVHT). Also we have (aAY)AHT = (aAHT)A(YAHT).
Therefore ¢ is A-preserving. O

Corollary 4.4. Let S be a completely reqular semiring such that S/H* € V. Then
V(S) is lattice isomorphic with C(S)/T.

Let V be a variety of idempotent semirings and S be a completely regular
semiring such that S/H™ € V. Denote the restriction of ¢ to D*(S) by ¢. Thus
the mapping ¢ : DV(S) — V(S) x M(S) is given by: for every a € DT (S),

q~5(a) =(aVHT,aNHT).
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Theorem 4.5. Let V be a variety of idempotent semirings and S be a completely
regular semiring such that S/H* € V. Then ¢ is \V-preserving.

Proof. Let o,y € DT(S). Then a AHT, y AHT C (V) AHT implies that
(e AHT)V (yAHT) C (aVy) AHT. Suppose that (z,9) € (V) AHT. Then

(z,y) € oV~ implies that there exists a positive integer n and z;,y; € S, i =
1,2,...,n such that

TAT1YVY1QT2YY20 - - - AL YYp = Y-

Since a,y € DY, it follows that z;, y; € D = D;. Also 2H%y implies that
H} = H/. Suppose that ¢ is the identity element in H,. Then

x = (e+z+e)ale+zit+e)T(e+yr1t+e)a- - alet+z,+e)y(e+yn+e) = (e+y+e) =y.

Since D} = D, is a completely simple semiring, ¢ + z; +-¢, e+ y; +¢ € e+
D} +e = H} for each i. Therefore we have (x,y) € (¢ AHT)V (y AHT) and so
(aVAY)AHY C(aAHT)V (yAHT). Hence (V) AHT = (aAHT)V (y AHT).
Also we have (a V) VHT = (aVHT)V (yVHT). This completes the proof. [

Let L be a lattice, and ¢ a lattice congruence on L. We say that L is (- modular
if for every a, b, ¢ € L, the conditions a > b, (a,b) € (, aAc =bAcand aVe=DbVe,
imply that @ = b. A semiring S is said to be 7-modular if the lattice C(S) of all
congruences on S is 7-modular. Thus:

Definition 4.6. A semiring S is called T-modular if for every p,o,& € C(S), the
conditions 0 C p, otp, pANE =0 NE& and pV & =0 V& imply that p=o.

Lemma 4.7. Let S be a T-modular completely reqular semiring. Then for every
a,yeC(S), aV[(aANH)V(yAHT)]=aV]aVy) AHT].

Proof. Let a,y € C(S). Then (a AHT)V (yAHT) C (V) AHT implies that
aV[(aAHT)V(yAHD)] CaV[(aVy)AHT]. Also aV [(a AHT)V (yAHT)] =
[aV(aAHD)V(AHT)=aV (yAHT). Now (Y AHT)T(aVy) AHT implies
that [V (yAHT)] 7 aV[(aVy) AHT]. Thus by 7-modularity, it suffices to show
Wav(yAHT)] = yV[aVv[(@vy) AR and yA[aV (YART)] = yA[aV[(@Vy) AR ]
Now yvaCyVaV(yAHN)] CyViaV[aVy) AHT]CyViav(aVvy)]=
vV (aV7y) =~V a, implies the first equality. For the other equality, we have
YAV (YAHRT) CyAfaV(@Vy) AHT)]] CvAaV HT]. Hence it suffices
to show that v A [a VHT] € v AfaV (y AHT)]. For this, it is sufficient to
show that y A (o« VHT) C aV (y AHT). Suppose that (z,y) € v A (aVHT).
Then (2°,94°) € aVHT. Since (o,aVHT) € 7, we have (2°,4°) € a. Thus
20 = (2°+2°) a (z°+y°) HT (z+y) HT (x+y)°, so that (22, (x+y)°) € aVHT.
Then (o, VHT) € 7 implies that (z°, (x + y)°) € «, and so (y°, (z +y)°) € a.
Since the D¥-class D, ) is completely simple, we have ((z+y)°+z+(z+y)°) HT
(@+y)°+y+(x+y)°). Thusz = (2°+z+2°) a (z+y)°+z+(x+y)°)
ANHY((z +y)° +y + (2 +9)°) a (¥ +y+9°) =y, and so (z,y) € aV (Y AHT).
This completes the proof. O
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Theorem 4.8. Let V be a variety of idempotent semirings and S be a T-modular
completely regular semiring such that S/HY € V. Then ¢ is \V-preserving.

Proof. Let o,y € C(S). Then (¢ AHT)V(yAHT) C (aVy)AHT. Since both (aA
HIOWVAYAHT), (aVy)AHT are contained in HF, (aAHT)V(YAHT) 7 (aVy)AHT.
Therefore, by T-modularity, it suffices to show that a V [« AHT)V (y AHT)] =
aVilaVvy) AHT and a A [(a AHT)V (Y AHT)] = aA(aVy) AHT]. First
equality holds by Lemma 4.7. Since a A HT C (e« AHT)V (v A HT), we have
aANHT =anA(aAHT) CaA[(aANHT)V(YAHT)) Can[(aVy) AHT] =
[@A(aVy)|AHT] = aAHT. Therefore (pVY)AHT = (pAHT)V (yAHT). Also
we have (p V) VHT = (pVHT)V (yVHT). This completes the proof. O

Theorem 4.9. Let V be a variety of idempotent semirings and S be a completely
reqular semiring. If ¢ : C(S) — V(S) x M(S) is an embedding, then S is 7-
modular.

Proof. Let o, p be two congruences on .S such that o C p, o7p and £ is a congruence
such that cVE&é=pVvand o A& =p A& Clearly o AHY C p AHT, and since ¢
is an embedding, we have (c AHT)V (EAHT) = (e VO AHT = (pVEAHT =
(PAHT)V(EAHT). Also, (G AHD)AEAHT) = (0 ANE)AHT = (pANE)AHT =
(pPAHT)AN(EAHT). Since, by Lemma 3.7, the 7-class of H* is a modular sublattice
of C(S), we have o AHT = p AHT. Also o 7 p implies that o VHT = pVHT, by
Theorem 3.6. Since ¢ is one-to-one, ¢ = p. Thus S is 7-modular. O

Now combining Theorem 4.1, 4.3, 4.8 and 4.9, we get the following result.

Theorem 4.10. LetV be a variety of idempotent semirings and S be a completely
regular semiring such that S/H™ € V. Then the function ¢ : C(S) — V(S) x M(S)
defined by ¢p(a) = (aVHT, a AHT) is an embedding if and only if S is T-modular.

References
[1] H.J. Bandelt, M. Petrich, Subdirect products of rings and distributive lattices,
Proc. Edin. Math. Soc. 25 (1982), 155 — 171.
[2] A.K. Bhuniya, R. Debnath, On band orthorings, arXiv:1706.02670v1.

[3] A.H. Clifford, Semigroups admitting relative inverses, Annals Math. 42 (1941),
1037 — 1049.

[4] S. Ghosh, A characterisation of semirings which are subdirect products of a dis-
tributive lattice and a ring, Semigroup Forum 59 (1999), 106 — 120.

[5] J.S. Golan, The Theory of Semirings with Applications in Mathematics and The-
oretical Computer Science, Pitman Monographs and Surveys in Pure and Applied
Mathematics 54, Longman Scientific (1992).

.M. Howie, The mazimum idempotent separating congruence on an inverse semi-
6] J.M. Howie, Th ; id ing cong ; ;
group, Proc. Edinburgh Math. Soc. 14 (1964), 71 — 79.



220 R. Debnath and A.K. Bhuniya

[7] J M. Howie, G. Lallement, Certain fundamental congruences on a reqular sems-
group, Proc. Glasgow Math. Assoc. 7 (1966), 145 — 150.

[8] K.M. Kapp, H. Schneider, Completely 0-simple Semigroups, New York, 1969.

[9] T. Kepka, Structure of triabelian quasigroups, Comment. Math. Univ. Carolin. 17
(1976), no. 2, 229 — 240.

[10] G. Lallement, Congruences et équivalences de Green sur un demi-groupe régulier,
C. R. Acad. Sci. Paris 262 (1966), 613 — 616.

[11] W.D. Munn, A certain sublattice of the lattice of congruences on a regular semi-
group, Proc. Cambridge Philosophic Society 60 (1964), 385 — 391.

[12] F. Pastijn, Y.Q. Guo, Semirings which are unions of rings, Science in China Ser.
A: Math. 45 (2002), 172 — 195.

[13] M. Petrich, N. R. Reilly, Completely Regular Semigroup, Wiley, New York,
(1999).

[14] N.R. Reilly, H.E. Scheiblich, Congruences on regular semigroups, Pacific J.
Math. 23 (1967), 349 — 360.

[15] H.E. Scheiblich, Certain congruence and quotient lattices related to completely
0-simple and primitive regular semigroups, Glasow Math. J. 10 (1969), 21 — 24.

[16] M.K. Sen, S.K. Maity, K.P. Shum, On Completely Regular Semirings, Bull.
Cal. Math. Soc. 98 (2006), no. 4, 319 — 328.

[17] C. Spitznagel, The lattice of congruences on a band of groups, Glasow Math. J.
14 (1973), 187 — 197.

Received November 5, 2016
R. Debnath
Department of Mathematics, Kurseong College, Kurseong-734203, India
E-mail: rajib.d6@gmail.com

A.K. Bhuniya
Department of Mathematics, Visva-Bharati, Santiniketan-731235, India
E-mail: anjankbhuniya@gmail.com



Quasigroups and Related Systems 25 (2017), 221 — 229

On prime and primary avoidance theorem

for subsemimodules
Manish Kant Dubey and Poonam Sarohe

Abstract. We study some important results of prime and primary subsemimodules. We also

prove the primary avoidance theorem for subsemimodules.

1. Introduction

Prime and primary submodules play crucial role in ring and module theory. These
concepts were widely studied in [1], [2], [3], [6], [8], [9]. C. P. Lu in [8], proved
the prime avoidance theorem for submodules. El-Atrash and Ashour in [7], proved
primary avoidance theorem for submodules. Several authors have studied and
explored these concepts in semimodule theory. In this paper, we study the con-
cepts of prime and primary subsemimodules and prove several results analogous
to module theory.

By a semiring, we mean an algebraic structure (S,+,0g) such that (S,-) is
a semigroup and (5, +,0g) is a commutative monoid in which the multiplication
is distributive with respect to the addition both from the left and from the right
and Og is the additive identity of S and also Ogx = 20s = Og for all x € S. A
nonempty subset I of a semiring S is called an ideal of S if a,b € [ and s € 5,
then a + b € I and sa,as € I. An ideal I of a semiring S is called subtractive if
a,a+bel,be S, thenbe I. An ideal I of a semiring S is called prime if ab € I,
then either a € I or b € I. If I is an ideal of S, then the radical of I is defined as
Rad(I) =T ={a €S :a® € I}. Anideal I of a semiring S is called a primary
ideal of S if ab € I, then either @ € T or b € VI. Let S be a semiring. A left
S-semimodule M is a commutative monoid (M, +) which has a zero element Oy,
together with an operation S x M — M; denoted by (a,x) — az such that for all
a,be Sand z,y e M,

a(z +y) = ar + ay,
(a +b)x = ax + bz,
(ab)x = a(bx),

Osx = OM = CLOM.

==

2010 Mathematics Subject Classification: 16Y30, 16Y60
Keywords: Semimodule, aubtractive subsemimodule, prime subsemimodule, primary sub-
semimodule.
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A proper subsemimodule N of an S-semimodule M is called subtractive if
a,a+be€ N, be M then b € N. The associated ideal of a subsemimodule N of
M is defined as (N : M) ={a € S:aM C N}. A proper subsemimodule N of an
S-semimodule M is said to be strong subsemimodule if for each x € N there exists
y € N such that z +y = 0.

We shortly summarize the content of the paper: In the first section, by applying
the prime avoidance theorem for subsemimodules [10], we prove the extended
version of prime avoidance theorem for subsemimodules. In the second section,
we prove some results on primary subsemimodules and by using the technique of
efficient covering of subsemimodules, we prove the primary avoidance theorem for
subsemimodules.

Throughout this paper, S will always denote a commutative semiring with
identity 1 # 0 and S-semimodules means semimodules.

2. Prime subsemimodules

A proper subsemimodule N of an S-semimodule M is called prime if whenever
rm € N then rM C N or m € N.
We start with the following obvious results

Theorem 2.1. If N is a mazimal subsemimodule of an S-semimodule M, then
N is a prime subsemimodule of M. O

Corollary 2.2. Let M be an S-semimodule and N be a proper subsemimodule of
M. If N is a subtractive subsemimodule of M and m € M\ N. Then the following
statements holds:

1. (N : M) is a subtractive ideal of S.
2. (0: M) and (N : m) are subtractive ideals of S. O

Corollary 2.3. Let N be a prime subsemimodule of an S-semimodule M. Then
for each m € M\ N, (N : M) and (N : m) are prime ideals of S. O

Theorem 2.4. Let Ni,Ns,...,N, be subsemimodules of an S-semimodule M

and let N be a prime subsemimodule of M. If ﬂ N; C N, then there exists an
1< i< n such that Ny C N or (N; : M) C (N : m) where m € M\ N.

Proof. Suppose N; ¢ N and (N; : M) ¢ (N : m) where m € M \ N and for all
1 < i < n. For particular, ¢ = k, we have Ny ¢ N, then there exists an my € M
such that my € Nj but my ¢ N. Also, there exist a; € (N; : M) such that
a; ¢ (N : my) for all ¢ # k. This gives a;my, € N; and a;my, ¢ N. Therefore,
a;my € N; NNy for all i # k. So ajas...ap—16k+1...apmi € NyN...NN, CN.
This implies, aj1as ...ax_10k41 ... 0y € (N myg). By Corollary 2.3, (N : my) is a
prime ideal. Therefore we have a; € (N : my) for ¢ # k, a contradiction. Hence
there exists an ¢ such that N; C N or (N; : M) C (N : m), where me M\ N. O
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Theorem 2.5. Let M be an S-semimodule, N be an arbitrary subsemimodule
of M and Ni,Ns,...,N, be subtractive prime subsemimodules of M. Suppose
(Nj : M) & (N; :m) for allm € M\ N; withi # j. If N ¢ N; for all i, then
there exists an element x € N such that x ¢ UN;; hence, N ¢ UN;.

Proof. Since N ¢ N, then there exists m; € N such that m; ¢ N; for all i. By
Corollary 2.3, (N; : m;) is a prime ideal of S. By the given hypothesis, there exists
Tj S (NJ : M) and Ty ¢ (Nz : ml) for 7 7é ] Let Si = T1ro ... r—1rj41...-Tp =
H#i rj. Let x; = mys; for all i. Then z; = m;s;, € N; for all j #i. But 2; ¢ N;
because, if z; € N; then m;s; € N;, so s; € (N; : m;), a contradiction. Let
r=x1+22+...+x, Then z = x; + Z#il’j- Since Z#i x; € N;, therefore
x ¢ N, otherwise we would have x; € N; which is a contradiction, so ¢ UN;.
Also, m; € N for all 4, therefore € N and hence N ¢ UN;,. O

Let N1, Na, ..., N, be subsemimodules of M. Define a covering N C N;UN;U
...UN, is efficient if no N; is superfluous for 1 < i < n. In otherwords, we say
N =Ny UNyU...UN, is an efficient union if none of the N/s may be excluded.
Any cover or union consisting of subsemimodules of M be reduced to an efficient
one, called an efficient reduction, by deleting any unnecessary terms.

Theorem 2.6. (cf. [5]) Let N = Ny UN2 U...UN, be an efficient union of

subtractive subsemimodules of an S-semimodule M. Then (| N; = (| N; for any
i=1 i=1
i)

je{l,2,...,n}. O

Proposition 2.7. (cf. [10]) Let N € Ny U Ny...UN, be an efficient covering
consisting of subtractive subsemimodules of an S-semimodule M, where n > 2. If
(Nj : M) Z (N : M) for every j # k, then no Ny, for k € {1,2,...,n} is a prime
subsemimodule of M. O

Theorem 2.8. (The prime avoidance theorem, cf. [10])

Let M be an S-semimodule, N1, Na, ..., N,, a finite number of subtractive subsemi-
modules of M and N be a subsemimodule of M such that N C Ny UNs...UN,,
(n = 2). Assume that at most two of the N;’s are not prime and that (N; : M) ¢
(Ni : M) for every j # k. Then, N C Ny, for some k. O

Now, we come to our main theorem which is a more general form of the above
theorem.

Theorem 2.9. (Extended prime avoidance theorem for subsemimodules)
Let M be an S-semimodules and N1, N, ..., N, be subtractive prime subsemimodues
of M such that (N; : M) & (N; : M) fori# j, r> 1. Let m € M be such that

mS + N ¢ |J N;. Then there ezists n € N such that m+n ¢ |J N;.
i=1 i=1

K2 =
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Proof. Suppose that m lies in each of Ny, ..., N but none of N1, Nito,..., N;.

If k=0, then m =m+0 ¢ |J N; and so there is nothing to prove. Assume that it
i=1

k
is true for k > 1. Now, N ¢ (J N, for otherwise by prime avoidance theorem for
i=1
semimodules, we would have a contradiction. Therefore, there exists p € N\ (N; U
NoU...UNy). Also, we have Ni41N...NN, € N1U...UNj. Otherwise, since N, is
a prime subsemimodule, by prime avoidance theorem, we have Ny 1N...NN, C N;
for some 1 < j < k. This implies (Ngy1 N...N N, : M) C (N; : M) for some
1<y <k, thatis, (Ngqy1 : M)N...N (N, : M) C (N; : M) for some 1 < j < k.
Therefore, (N; : M) C (N; : M) where k+1 < ¢ < r and 1 < j < k, which
contradicts to the hypothesis that (N; : M) ¢ (N, : M) for i # j. Thus, there
exists b € (Ng41 : M)N...N(Np : M)\ (N1 : M)U...U(Ng: M). Let n =0bp € N.
Also,ne () Njandn=bp¢g N1 U...UN; (if n =0bp € Ny U...U N, then
j=k+1
we have n € N; for some i € {1,2,...k}, since N; is prime, either b € (N; : M) or
p € N; for 1 < i < k), a contradiction. Thus, n € (Ni41N...NN)\ (N1 U...UNy).

Consequently, m +n ¢ |J N;. O
i=1

1=

Next, we prove that if N is a finitely generated subsemimodule of an S-
semimodule M satisfying the assumption of prime avoidance theorem for sub-
semimodules, then there is a linear combination of the generators of N also avoids

U N
=1

Theorem 2.10. Let M be an S-semimodule and N = (mq, ma, ...,m,) be a finitely
generated subsemimodule of M. Let Ny, No, ..., N, be subtractive prime subsemi-
modules of M such that N ¢ N; for eachi, 1 <i<nand (N;: M) ¢ (N, : M) for
each i # j. Then there exist by, ...,b. € S such that x = mq +bama + ...+ b.m, ¢

U N
=1

Proof. We prove assertion by induction on n. Without loss of generality, we sup-
pose that N; € N, for all i # j. If n = 1, then clearly = mq +bama+...+bym, ¢
Ni. So, we have done. Assume that the result is true for (n — 1) subtrac-
tive prime subsemimodules of M. Then there exist co,c3,...,¢,. € S such that

n—1
y=mi+comao+..+cm. ¢ |J N;. If y ¢ N, then there is nothing to prove.
i=1
So assume that y € N,. If ma,...,m, € N,, then from the expression for y, we
have m; € N,, (as N, is a subtractive), which is a contradiction to the fact that
N ¢ N,. So for some i, m; ¢ N,. Without loss of generality, suppose i = 2.
By given hypothesis (N; : M) ¢ (N, : M) for i # n. Therefore, there exists

r; € (N; : M) such that r; ¢ (N, : M) where i # n. Let r = rirorg...7 ;.
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n

Then ¢ =my + (ca + 7)ma + ...+ ¢omy ¢ |J Ny, which is a contradiction to our
i=1

assumption. O

3. The primary avoidance theorem

In this section, we study some properties of primary subsemimodules and prove
primary avoidance theorem for subsemimodules.

Definition 3.1. A proper subsemimodule N of an S-semimodule M is called
primary if whenever am € N for some a € S and m € M, then m € N or
a€+/(N: M), where \/(N: M)={a€S:a'M C N, for some t € Z+}.

Theorem 3.2. If N is a primary subsemimodule of M and m € M \ N, then
(N:m)={reS:r"mée N, for somen € Z*} is a prime ideal of S.

Proof. Let rs € /(N :m) for some r,s € S. Then (rs)” € (N : m) for some
positive integer n. Therefore, r™(s™m) € N. Since N is primary, we have either

e (N : M)or s"m e N. Thus, r € /(N: M) or s € y/(N:m). Since
VIN:M)C /(N :m),wegetr e /(N:m)ors€/(N:m). Hence /(N : m)

is a prime ideal of S. O

Theorem 3.3. Let N be a primary subsemimodule of an S-semimodule M. Then
(N : M) is a primary ideal of S, and hence /(N : M) is a prime ideal of S.

Proof. The proof is easy and hence omitted. O

Definition 3.4. Let N be a primary subsemimodule of an S-semimodule M. Then
N is called a P-primary subsemimodule of M, when P = /(N : M) is a prime
ideal of S.

Proposition 3.5. Let M be an S-semimodule and N be a strong subsemimodule
of M and suppose a € S. If P is a prime ideal of S, a ¢ P such that Q = (N : a)
is a P-primary in M, then N = Q N (N + aM). Furthermore, N is a P-primary
in N +aM, where (N :a) ={m € M :am € N}.

Proof. Clearly, N C QN (N +aM). Let z € (N+aM)NQ. Then © = n+ am
where n € N and m € M. Since N is strong, there exists n; € N such that
n+ny = 0. Now, x = n + am implies x + ny = (n + ny) + am = 0 + am. Thus,
we have z + ny = am € @, as x and ny both are in . Since @ is a P-primary
and a ¢ P, we have m € @, which implies am € N. Therefore, xt =n+am € N.
Hence, (N +aM)NQ C N.

Next, we show that N is a P-primary in (N + aM). Let ra € N for some
reSand z € (N+aM)\ N. Then z = n + am for some n € N and m € M.
Since N is a strong subsemimodule of M, therefore there exist n; € N such that
n + n; = 0. Now, adding n; on both sides, we have z +n; = n+ n; + am. This
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implies, r@ + rny = ram where r € S. Since ram € N gives rm € (N : a) = Q
and @ is P-primary. If m € @Q, then x = n 4+ am € N, which is a contradiction.
Hence, m ¢ Q. Therefore, r € P. Therefore, N is a P- primary in (N +aM). O

The following theorem can be proved easily.

Theorem 3.6. Let M and M' be S-semimodules, f : M — M’ be an epimor-
phism and N is a proper subsemimodue of M'. Then N is a primary subsemimo-
dule of M' if and only if f=*(N) is a primary subsemimodule of M. O

Theorem 3.7. Let M and M' be S-semimodules, f : M — M’ be an epimor-
phism such that f(0) = 0 and N be a subtractive strong subsemimodule of M. If
N is a primary subsemimodule of M with kerf C N, then f(N) is a primary
subsemimodule of M’

Proof. Let N be a primary subsemimodule of M and az € f(N) for some a € S and
x € M’. Since ax € f(N), there exists an element 2’ € N such that ax = f(a').
Since f is an epimorphism and x € M’, then there exists y € M such that
fly) = x. As 2z’ € N and N is a strong subsemimodule of M, therefore there
exists 7 € N such that 2’ + 2/ = 0, which gives f(z’ + z”) = 0. Therefore,
ax + f(z") =0 or f(ay) + f(2”") = 0 implies ay + z” € kerf C N. Thus, we have
ay € N, since N is a subtractive subsemimodule of M. Since N is a primary, we
conclude that a € \/(N : M) ory € N. Thus, a € f(/(N: M)) C\/f(N: M) or
f(y) € f(N) and hence a € \/(f(N): M’) or z € f(N). Thus, f(N) is a primary

subsemimodule of M. O

Theorem 3.8. Let Ny, No, ..., N, be subsemimodule of an S-semimodule M and
let N be a primary subsemimodule of M. If (| N; C N, then there exists an
i=1

1< i< n such that Ny C N or (N; : M) C /(N : m) where m € M\ N.

Proof. Suppose N; € N and (N; : M) ¢ /(N : m) where m € M \ N and for all
1 <i< n. For,i=Ek, we have N}, Q N, then there exists an my € M such that
myg € Ni but my ¢ N. Also, there exist a; € (N; : M) such that a; ¢ /(N : my)
for all ¢ # k. This gives a;my € N; and for every positive integer p;, a my ¢ N.
Therefore, at'my € N; N Ny, for all i # k. So (a}*ab?. ..ai’“_’llaz’f‘_ﬁl cooabmymy €
NyN...N, CN. Let I = max{p1,p2, -+, Pk—1,DPk+1,---,Pn}- Therefore,
(ajag...ag_1ap41--.a,)'my € N. This implies, (ajas...ap_1aps1-..a,)! €
(N : my) and hence ajas...ak—10541-..an € /(N :my). By Theorem 3.2,
(N :my) is a prime ideal. Therefore, we have a; € /(N : my) for i # k, a
contradiction. Hence there exists an ¢ such that N; C N or (N; : M) C /(N : m)
where m € M \ N. O

Theorem 3.9. Let N be a P-primary subsemimodule of M. Then (N : 1) is a
P-primary subsemimodule of M containing N for all v € /(N : M)\ (N : M).
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Proof. Let r € \/(N: M)\ (N : M). Clearlyy, N C (N : r). Let s € S and
m € M be such that sm € (N : r). Therefore, srm € N. Since N is primary,
we have either s € /(N : M) or rm € N, that is s"M C N or m € (N :r)
for some positive integer n. Hence s™ € (N :r): M) or m € (N : r) for some
positive integer n. Thus, (N : r) is a primary ideal of M. Next, we show that
V(N:M)=/(N:r): M. Since, N C (N : r), we have (N : M) C (N :7) : M)
and therefore, /(N : M) C \/((N :r): M). Let s € \/((N : ) : M). Therefore,
s € (N :r): M), for some positive integer n. This gives, rs” C (N : M).
Since N is a primary subsemimodule of M, (N : M) is a primary ideal of S.
Therefore, rs™ C (N : M) implies s € /(N : M), since r ¢ (N : M). Thus,
VN :r): M C /(N :M). Hence, \/(N : M) = /(N :r): M. O

Theorem 3.10. Let N be a subsemimodule of an S-semimodule M such that
N C Ny U Ny for some subtractive subsemimodules N1, No of M. Then either
N Q N1 or N Q NQ.

Proof. The proof is straightforward. O

Now, by using Theorem 2.6, we prove the following proposition.

Proposition 3.11. Let N C NyUNyU...UN, be an efficient union of subtractive
subsemimodules of an S-semimodule M, wheren > 1. If \/(N; : M) ¢ /(N : M)
for every j # k, then no Ny for k € {1,2,...,n} is a primary subsemimodule of
M.

Proof. Suppose that Ny is a primary subsemimodule of M for some 1 < k < n.
Since N C NyUNsU...UN,, is an efficient covering, N = (NN N7)U(NNN3)U
...U(NNN,) is an efficient union, otherwise for some i # j, NN N; € NN N;
and this 1mp1y N = (NﬂNl) U...u (NﬂNZ_l) U (NﬂNi+1) @] (NﬂNn)
and thus we get N C Ny U...UN;_1 UN;41 U...UN,, a contradiction. Hence
for every k € {1,2,...,n} there exists an element ¢, € N \ Ni. Also, by Theorem
2.6, we have [ (NN N;) € N N Ng. Since Ny is a primary subsemimodule of
ik
M, by Theorem 3.2, we have /(Ny : M) is a prime ideal of S. By hypothesis, if
j#k,/(N;j: M) ¢ /(N : M) so there exists an s; € \/(N; : M)\ /(Ni : M).

Now, s = [[ s; € /(N; : M) but s = [[ s; € /(Ng: M). Since s = [[ s; €

ik 37k ik
V(N1 M)\/(Ny: M)../(Nig—1 : M)\/(Njs1 : M)...n/ (N, : M) but s = 1;[k s; &

(N : M), where s; € \/(N; : M), where 1 < j < n. Therefore, for some pos-
itive integers mq,ma,...m,, we have s7"* € (N1 : M),s5> € (Ny : M), ..., s €
(N, : M). Let | = max{mi,ma,....,my}. Then for j # k, s' € (N; : M) but
st ¢ (Ny : M). Therefore, s'l, € N N N; for every j # k but sl ¢ (NN Ny)
because if s'l;, € (N N Ny,), then sl € Ny. This gives, [y € Nj, or s € /(N : M),
since N}, is primary. Therefore, s'l;, ¢ (N N Ny,), which is a contradiction to the
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fact that () (NN N;) € N N Ni. Therefore, no Ny, is primary subsemimodule of
i#k
M. O

Now, we come to our main theorem of this paper.

Theorem 3.12. (The Primary Avoidance Theorem)

Let N1, Ns, ..., Ny, be subtractive subsemimodules of an S-semimodule M and let N
be a subsemimodule of M such that N C NyUNsU...UN,. Suppose that at most
two of Ni’s are not primary subsemimodule of M and \/(N; : M) ¢ \/(Ny : M)
for every j # k. Then N C Ny for some k.

Proof. Assume that the covering is efficient. Then n # 2. Also by Proposition
312, n < 2 (as /(N; : M) ¢ \/(Ni : M) for every j # k). Therefore, n = 1.
Hence N C N, for some k. O

Theorem 3.13. (Extended Version of Primary Avoidance Theorem)
Let M be an S-semimodules and N1, Ny, ..., N, subtractive primary subsemimodues
of M such that \/(N; : M) ¢ V(Nj : M) fori# j,r>1. Let m € M be such

that mS + N ¢ |J N;. Then there exists n € N such that m+n ¢ |J N;.
i=1 i=1

Proof. Suppose that m lies in each of N1, N, ..., Ni but in none of N1, Niya,...
, Ny If k = 0, we have m = m+0 ¢ |J N; and so there is nothing to prove. Assume
i=1

P
k
that it is true for k¥ > 1. Now, N ¢ |J N, for otherwise by primary avoidance

=1

theorem for semimodules, we would h;we a contradiction. Therefore, there exists
p € N\ (NyUNyU...UNg). Thus, we have Nyy1 N...N N, € Ny U...U Ny.
Otherwise, since NV ]' s are primary subsemimodules, by primary avoidance theorem,
we have N1 N...N N, C N; for some 1 < j < k. This implies (Nk41N...NN, :
M) C (Nj : M) for some 1 < j < k, gives \/(Nyps1: M)N...N (N, : M) C

/(N : M) for some 1 < j < k. This gives, \/(Ngt1: M)N...N+/(N,: M) C
V(N; : M) for some 1 < j < k. Therefore, \/(N; : M) C /(N;: M), (since

(N; : M)’s are subtractive prime ideals for all i) where £k +1 < ¢ < r and
1 < j < k, which contradicts to the hypothesis that \/(N; : M) ¢ \/(N; : M) for
i # j. Thus, there exists b € (N1 : M)N...N(N; : M)\ (Ny : M)U...U(Ng : M).
Let n = bp, then n € N. Also,n € () Njandn =bp ¢ N1 U...UNy

j=k+1
(since if n = bp € Ny U...U Ng, then n = bp € N; for some 1 < i < k and
since N; is primary, either b € /(N;: M) or p € N; for 1 < i < k). Thus,
n€ (Nggp1 N...NN)\ (N U...UNg). Also, m € Ny, Na,... Ny , it follows that
m+né¢ U N;. O
i=1

7
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Normal submultigroups and comultisets

of a multigroup
Paul Augustine Ejegwa and Adeku Musa Ibrahim

Abstract. We study properties of normal submultigroups. It is shown that if A is a multigroup
of a group X and B is a submultigroup of A, the union and intersection of comultisets of B in
A are identical and equal to B.

1. Introduction

The notion of multigroup was first mentioned in [3] and defined as algebraic system
that satisfied all the axioms of group except that the binary operation is multi-
valued. This perspective is neither in conformity with the idea of multisets nor in
alignment with other non-classical group studied in [8]. Also, the generalizations
of group theory as multigroup in [5, 7, 9] are not within the framework of multiset.

The perspective of multigroups in [10, 11] seem to be better off because the
notion of multiset was captured but however, do not define multigroup via count
function of multiset. In [6], the concept of multigroups was introduced via count
function of multiset and some properties were discussed. Further studies on the
concept of multigroups via multisets can be found in [1, 2, 4].

In this paper, we study some properties of normal submultigroups, propose
conjugate and normalizer in multigroups, and obtain some results. The homo-
morphic properties of normal submultigroups are explicated. Finally, we explore
the idea of comultisets of a multigroup mentioned in [6] and deduce some results.
We show that the union and intersection of comultisets of a submultigroup of a
multigroup are identical and equal to the submultigroup.

2. Preliminaries

In this section, we present some existing definitions and results that are useful in
the subsequent sections.

Definition 2.1. Let X = {z1,22,...,%,,...} be a set. A multiset A over X is a
cardinal-valued function, that is, C4 : X — N such that for € Dom(A) implies

2010 Mathematics Subject Classification: 03E72, 06D72, 11E57, 19A22.
Keywords: Abelian multigroup, comultiset, multiset, multigroup, submultigroup, normalizer,
normal submultigroup.



232 P.A. Ejegwa and A.M. Ibrahim

A(x) is a cardinal and A(z) = Ca(z) > 0, where C4(x) denoted the number of
times an object x occur in A. Whenever C4(x) = 0, implies © ¢ Dom(A). We
denote the set of all multisets over X by MS(X).

A multiset A = [a,a,b,b, ¢, c,c] can be represented as A = [a, b, ¢|2 2,3. Different
forms of representing multiset exist other than this.
Definition 2.2. Let A and B be multisets over X. Then A is called a submultiset
of B written as A C B if Cy(x) < Cp(x) for all z € X. Also, if A C B and
A # B, then A is called a proper submultiset of B and denoted as A C B. Thus

A = B means that C4(z) = Cp(z) for all x € X. A multiset A with the property
Ca(z) = Cpl(y) for all z,y € X, is called regular. Otherwise it is irregular.

Definition 2.3. Let A and B be multisets over X. Then the intersection and
union of A and B, denoted by AN B and A U B respectively, are defined by the
rules that for any object = € X,

(1) Canp(x) = Ca(z) A Cp(),
(1i) Caup(x) = Ca(z)V Cp(z),
where A and V denote minimum and maximum respectively.

Definition 2.4. Let X be a group. A multiset G is called a multigroup of X if it
satisfies the following conditions:

(i) Calzy) = Calz) ACa(y) Yo,y € X,
(ii) Cg(z~t) = Cg(x) Vr € X,
where Cg denotes count function of G from X into a natural number N.
For any multigroup A its inverse A~! is defined by
Cyui(z)=Ca(z™) VazeX.

The set of all multigroups of X is denoted by MG(X). It is worthy of note
that every multigroup is a multiset but the converse is not true.

Definition 2.5. Let A € MG(X). A submultiset B of A is called a submultigroup
of A denoted by B C A if B form a multigroup. A submultigroup B of A is a
proper submultigroup denoted by B A, if BC A and A # B.

Definition 2.6. Let {A;};cr,I = 1,...,n be an arbitrary family of multigroups
of X. Then
Ch,,a(@) = /\ Cy,(x) VeeX
icl
and
Cy,., 4. () =\/ Ca,(z) VzeX.
iel
The family of multigroups {A;};cr of X is said to have inf/sup assuming chain if
either Ay C A, C...C A,or A1 D Ay D ... D A, respectively.
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Definition 2.7. Let A, B € MG(X). Then the product of A and B denoted as
Ao B, is defined by

Caop(z) = \/{Ca(y) ACB(2) |z = yz,y,2 € X}.
Proposition 2.8. Let A € MG(X). Then
(i) Av ={z € X | Ca(x) >0},
(17) A* ={x € X | Ca(z) = Cale)},
where e is the identity element of X, are subgroups of X. O

Definition 2.9. Let A and B be multisets over groups X and Y and f: X — Y
be a homomorphism. Then

(1) the image of A under f, denoted by f(A), is a multiset of Y defined by

_ [V, f—l(r)CA(I)a fHy) #0
Crenly) = { 0, o otherwise

for each y € Y.

(ii) the inverse image of B under f, denoted by f~1(B), is a multiset of X
defined by Cy-1(p)(z) = Ca(f(z))Vr € X.

Definition 2.10. Let X and Y be groups and let A € MG(X) and B € MG(Y),
respectively.

(1) A homomorphism f from X to Y is called a weak homomorphism from A to
Bif f(A) C B. If f is a weak homomorphism of A into B, then we say that,
A is weakly homomorphic to B denoted by A ~ B.

(74) An isomorphism f from X to Y is called a weak isomorphism from A to B
if f(A) C B. If f is a weak isomorphism of A into B, then we say that, A is
weakly isomorphic to B denoted by A ~ B.

(#7) A homomorphism f from X to Y is called a homomorphism from A to B if
f(A) = B. If f is a homomorphism of A onto B, then A is homomorphic to
B denoted by A ~ B.

(iv) An isomorphism f from X to Y is called an isomorphism from A to B if
f(A) = B. If f is an isomorphism of A onto B, then A is isomorphic to B
denoted by A = B.

Theorem 2.11. Let X and Y be groups and f : X — Y be an isomorphism. If
A€ MG(X) and B € MG(Y), then f(A) € MG(Y) and f~Y(B) € MG(X). O
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3. Properties of normal submultigroups

Let A € MG(X) is said to be abelian if Cy(xy) = Ca(yx) for all z,y € X. If
A, B e MG(X) and A C B, then A is called a normal submultigroup of B if

Ca(zyz™") = Caly) Va,y € X.

Example 3.1. Let X = {e,a,b, c} be a Klein 4-group such that

ab=c,ac=b, bc=a, a> =b>=c =e.

Suppose A = [e,a,b,c|32,32 and B = [e,a,b, c]5,2.4,2 are multigroups of X satisfy-
ing the axioms in Definition 2.4. Clearly, A C B. Then A is a normal submulti-
group of B since
Calaba™') = C4(b) =
CA(CbC_l) = CA(b) =

Ca(b), CA(babfl) =Cyula) =22 Cala),
CA(b) CA(be_l)ZCA(C): }CA( )

\\/ \\/

Definition 3.2. Let A € MG(X) and 2,y € X. Then x and y are called conjugate
elements in A if
Ca(z) = Calyzy™) Va,yec X.

Two multigroups A and B of X are conjugate to each other if for all x,y € X,
Ca(y) = Cp(zyz~"') and Cp(x)= Calyzy™'), ie.,
Ca(y) = Cp=(y) and Cpg(z) = Cav(x).

Remark 3.3. If A,B € MG(X) and A is a normal submultigroup of B. Then
A, is a normal subgroup of B, and A* is a normal subgroup of B*. Moreover, A
is normal if and only if A~! is normal.

Proposition 3.4. Let A, B € MG(X). Then the following statements are equiv-
alent.

(i) A is a normal submultigroup of B,
(i1) Ca(zyz™") = Caly) Va,y € X,
(13i) Ca(xy) = Calyx) Vr,y € X.
Proof. Straightforward. O

Proposition 3.5. Let A,B € MG(X) such that A C B and Ca(x) = Ca(y) for
all z,y € X. Then the following assertions are equivalent.

(i) A is a normal submultigroup of B.

(i1) Ca(yx) = Calay) ANCp(y) Va,y € X.
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Proof. (i) = (ii). Since A is a normal submultigroup of B and C(z) = Ca(y),
by Proposition 3.4 we have Ca(yz) = Ca(y(zy)y~1) = Ca(zy) A Cp(y) for all
z,y € X.

(#7) = (4). Since Ca(yz) = Ca(zy) A Cp(y), Ca(zy) = Calyz) A Cg(y), it
implies C'4(zy) = Ca(yx). Proposition 3.4 completes the proof. O

Proposition 3.6. Let X be a group, A a submultigroup of G € MG(X) and B a
submultiset of G. If A and B are conjugate, then B is a submultigroup of G. [

Proposition 3.7. Let A, B,C € MG(X) such that A and B are normal submulti-
groups of C. If AC B C C, then AN B and AU B are normal submultigroups of
C. O

Proposition 3.8. Let A be a submultigroup of B € MG(X). Then A is a normal
submultigroup of B if and only if x € X is constant on the conjugacy classes of

A. O

Proof. Suppose that A is a normal submultigroup of B. Then
Ca(y 'zy) = Ca(ryy™") = Calz) Yo,y € X.

This implies that, x € X is constant on the conjugacy classes of A.

Conversely, let x € X be constant (that is, fixed) on each conjugacy classes of
A. Then Ca(xy) = Ca(zyzx=?) = Ca(z(yz)z™!) = Ca(yx) Vz,y € X. Hence,
A is normal. O

We now give an alternative formulation of the notion of normal submultigroup
in terms of commutator of a group. First, we recall that if X is a group and
x,y € X, then the element x~1y~lzy is usually depicted by [z, ] and is called the
commutator of x and y.

Theorem 3.9. Let A,B € MG(X) such that A C B. Then A is a normal
submultigroup of B if and only if

(1) Ca([z,y]) = Ca(z) Vr,y € X.
(1) Ca(lz,y]) = Cale) Va,y € X, where e is the identity of X.
Proof. (i). Suppose A is a normal submultigroup of B. Let z,y € X, then
Ca(z 'y ay) > Ca(z™') A Caly'ay) = Calz) A Ca(x) = Ca().
Conversely, assume that A satisfies the inequality. Then for all x,y € X,
Caz™'yz) = Calyy 'z~ yz) = Caly) A Ca(ly,z]) = Caly).

Thus, Ca(z~tyx) > Ca(y) for all z,y € X. Hence A is normal.

(ii). Let =,y € X. Suppose A is a normal submultigroup of B. We know
that A is a normal submultigroup of B < Ca(zy) = Ca(yz) & Ca(z "ty tz) =
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Caly™) & Calzlytayy™) = Caly™') & Callz,yly™") = Ca(y™!) for all
z,y € X. Consequently, Ca([z,y]) = Caly~ty) = Cale) for all 2,y € X.
Conversely, assume C 4 ([x,y]) = Ca(e) forallz,y € X. Then C4(z~ly~lay) =
Cal(e), so, Ca((yx)~tay) = Cale). That is, Ca(zy) = Ca(yz) for all x,y € X.
Thus, A is a normal submultigroup of B. O

1

Theorem 3.10. Let A be a normal submultigroup of G € MG(X). Then (), A"
is mormal and is the largest normal submultigroup of G that is contained in A.

Proof. Suppose A* € MG(X)Vx € X. Then for all y € X, we observe that
{A% |z € X} = {A* |z € X}. Thus,

N Cas(yzy™) = N Calwyzy™ ') = )\ Cal(zy)z(ay)™)

zeX zeX zeX
= /\ Caev(z) = /\ Ca=(2) Yy,z € X.
zeX reX

Hence, (,cx A” is a normal submultigroup of G.

Now let B be a normal submultigroup of G such that B C A. Then B =
B* C A*x € X. Thus, B C(),cx A”. Therefore, [, .y A® is the largest normal
submultigroup of G that is contained in A. O

Definition 3.11. Let A be a submultigroup of B € MG(X). Then the it nor-
malizer of A in B is the set given by

N(A) ={g € X | Calgy) = Calyg) Yy € X}.
We now note that
N(A)={g€ X [Cas(y) = Caly) Vy € X}.

It suffices to note that, C'a(gy) = Ca(yg) for all y € X implies Cx (g~ yg) = Ca(y)

for all y € X. Then Ca(g~'yg) = Caly) gives Calg'(gy)g) = Calgy), ie.,
Ca(yg) =C(gy) for all y € X.

Example 3.12. Let X = {g1, 92,93, 94, 95, 96, g7, gs } such that

(10 (0 -1 (-1 0 (0 1
g1 = 0 1 92 = 1 0 ;93 = 0 -1 ,d4 = -1 0)°
(10 (-1 0\ (01 (0 -1
g5 = 0 -1 » g6 = 0 1 y g1 = 10 » 98 = 1 0

be a group under matrix multiplication, and A C B € MG(X) such that

A=191°,95,9%.95. 95,93, 97, 93]

satisfying the axioms in Definition 2.4. Using Definition 3.11, N(A) = {g1, 93, 97, 9s }-
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Theorem 3.13. Let A be a submultigroup of B € MG(X). Then the following
assertions hold.

(i) N(A) is a subgroup of X.
(1) A is a normal submultigroup of B if and only if N(A) = X.

Proof. (i). Let g,h € N(A). Then Cyon(z) = Canys(x) = Cpn(z) = Ca(z) for
all x € X since Cas(z) = Ca(g twg) = Ca(x). Hence gh € N(A). Again, let
g € N(A). We show that g~ € N(A). For all y € X, Ca(gy) = Ca(yg) and so
Ca((gy)™") = Ca((yg)~"). Thus for all y € X, Ca(y 'g~") = Calg~'y™") and
so Ca(yg™!) = Ca(g~'y) since Cx(y) = Ca(y~'). Thus, g~' € N(A). Hence,
N(A) is a subgroup of X.

(7i). Let A be a normal submultigroup of B and g € X. Then for all z € X,
we have

Cas(z) = Calg'zg) =Cal((g~'2)g) = Caly(g'x)) = Ca(x).

Thus, Cas(z) = Ca(x) and so g € N(A). Therefore, N(A) = X.
Conversely, suppose N(A) = X. Let z,y € X. To prove that A is normal, it
is sufficient we show that C4(zy) = Ca(yz). Now

Ca(zy) = Ca(zyze™) = Ca(x(yx)z™") = C o1 (yx) = Ca(yx),

where the last equality follows since N(A4) = X and so 2~ ! € N(A). Consequently,

C4o-1(y) = Ca(y). Thus, A is a normal submultigroup of B. O
Remark 3.14. Let A be a submultigroup of B € MG(X). Then S =N(A) =T,
if

§ = {x € X | Calay(yz)™!) = Cale) ¥y € X}
and

T={xcX|Calzyz™") = Cu(y) Yy € X}.

Theorem 3.15. Let A, B and C' be multigroups of an abelian group X such that
AC BCC. Then
N(A)NN(B)C N(ANB).

Proof. Let y € N(A) N N(B). Then for any z,y € X, we get Canp(zy) =
Canp(yx). thus, Canp(ryz=1) = Canp(y). Now

C’AQB(zy:cfl) = C’A(xyx7 ) A C’B(xymfl) = CA(yx:zfl) A CB(yx:cfl)
= Ca(y) NCB(y) = Canp(y).
Thus, y € N(AN B). Hence, N(A)NN(B) C N(ANB). O

Corollary 3.16. Let A, B,C € MG(X) such that A C B C C and Cyle) =
Cp(e). Then
N(A)NN(B) = N(ANB).
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Proof. Recall that
N(A) ={z € X | Ca(zy) = Calyz) Vy € X}
={2€ X |Calzyr ty™!) = Cale) Vye X}.
Let y € N(AN B). Then from the definition of N(A), for all z € X we get
Canp(aya™'y™") = Calzyz™'y™") ACp(ayz™'y™") = Cale) A Cp(e),

implies y € N(A) N N(B). Since Ca(zyz~ly=1) = Ca(e) we obtain Cy(zy) =
C(yz). Similarly in the case of B because Cy(e) = Cp(e). Hence N(A)NN(B) =
N(ANB). O

Corollary 3.17. Let A, B,C € MG(X) such that AC B C C. Then
N(A)NN(B) C N(Ao B).
Proof. Let y € N(A)NN(B), that isy € N(A) and y € N(B). Then for all z € X,

Caos(y) = \/ {Cala) ACp(b)|Va,be X}

y=ab

= \/ {Ca(z az) A Cp(z~ bx) | Va,b € X}

y=ab

<V {Ca(0)ACp(d) | Ve, de X}

x~lyr=cd
- CAOB(x_ly(E)v

which gives Cuop(y) < Caop(x~lyr). The inequality holds since y = ab =
r7tabr = cd = ab = zedr™! = (zex!)(xdr™1) and since a = xez~! and b =
xdx~! imply 2 'ax = ¢ and 27 'bx = d. Again,

Caop(z'yz) < Caopla(z'yz)z™") = Cusn(y).

So, Caop(y) = Caop(x~tyx). Thus, Caop(y) = Caop(x~lyz), which proves,
y € N(Ao B). Therefore, N(A)N N(B) C N(Ao B). O

Remark 3.18. If A, B,C € MG(X) such that A C B C C. Then N(A) C N(B).

4. Homomorphism of normal submultigroups

In this section, we present some results on the homomorphic properties of normal
submultigroups.

Theorem 4.1. Let f be a homomorphism of an abelian group X onto an abelian
group Y. Let A and B be multigroups of X such that A C B. Then

f(N(A)) € N(f(4)).
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Proof. Let x € f(N(A)). Then f(u) = z for some v € N(A). So, for all y,z € Y,

A(fHaya™h)) = Calf 7 (@) f T W) @)

(@) W @)™ = CalfH @) f T ) (F )™
(f 1( @) F @) F @) ™) = Caluvu™)
alvuu™) = Ca(v) = Ca(f~ (1)) = Ca(v),

where v € X such that f(v) = y. Thus, x € N(f(A)), and consequently
F(N(A)) € N(f(A)). O

|
Q

Cf(A)(xyx_l)

I
s

Theorem 4.2. Let f : X — Y be homomorphism of abelian groups X and Y. Let
A and B be multigroups of Y such that B C A. Then

fTHN(B)) = N(f~1(B)).
Proof. Let x € f~1(N(B)). Then for all y € X,
Cr-1(p)(wyz™) = Cp(f(zyz™")) = Cp(f(x ) W) f(27) = Co(f(2)f(y)(f(2))7)
= Ca(fW)f(@)(f(@)™") = C(f(y)) = Cr-1(m) ().

Thus z € N(f~(B)). So, f~H(N(B)) € N(f~}(B)).
Again, let z € N(f~!(B)) and f(x) = u. Then for allv € Y,

Cp(uvu™) = Cp(f(2)f()(f(2)™") = Co(f (W) f (@) (f()7")
= Cs(f(y)) = Cp(v),

where y € X such that f(y) = v. Clearly, u € N(B), that is, x € f~}(N(B)).
Thus, N(f~1(B)) € f~'(N(B)). Hence, f~1(N(B)) = N(f~(B)). ]

Theorem 4.3. Let f : X — Y be an isomorphism of groups and let A be a
normal submultigroup of B € MG(X). Then f(A) is a normal submultigroup of
f(B) e MG(Y).

Proof. By Theorem 2.11, f(A), f(B) € MG(Y) and so, f(A) C f(B). We show
that f(A) is a normal submultlgroup of f(B). Let z,y € Y. Since f is an
isomorphism, then for some a € X we have f(a) = z. Thus,

Creay(zyz™) \/ {Ca(b) =ayr '} = \/ {Ca(a™"ba) | fla™ " ba) =y}
beX beX
> \/{Ca) | F(0) =y} =\/{Ca(S " W) | F(b) =y} = Cyay ()-
a=lbaeX beX
Hence, f(A) is a normal submultigroup of f(B). O

Theorem 4.4. Let Y be a group and A € MG(Y). If f is an isomorphism
of X onto Y and B is a normal submultigroup of A, then f~'(B) is a normal
submultigroup of f~1(A).



240 P.A. Ejegwa and A.M. Ibrahim

Proof. By Theorem 2.11, f~1(A), f~1(B) € MG(X). Since B is a submultigroup
of A, s0 f~Y(B) C f~*(A). Let a,b € X, then we have
Cy-1py(aba™) = Cp(f(aba™)) = C(f(a) f(0)(f(a)™")

= Cp(f(a)(f(a)) "' f(b)
> Cp(e) NCp(f(D) = Cp-1(m)(b),

which completes the proof. O

5. Comultisets of a multigroup

In this section, we assume that if G is a multigroup of a group X, then G, = X.
That is, every element of X is in G with its multiplicity or count.

Definition 5.1. Let X be a group. For any submultigroup A of a multigroup G
of X, the submultiset yA of G for y € X defined by

CyA(m) = CA(yflx)V{E € A,

is called the left comultiset of A. Similarly, the submultiset Ay of G for y € X
defined by

Cay(x) = Ca(zy ')Va € A,
is called the right comultiset of A.
Example 5.2. Let X = {pq, p1, p2, p3, p4, p5} be a permutation group of {1,2,3}
such that po = (1),p1 = (123),p> = (132), ps = (28),ps = (13),p5 = (12) and
G = [p5, 3, 5, p3, p3, p3] be a multigroup of X. Then H = [pf, p}, 3, p3, p3, p3] is
a submultigroup of G.

Now, we find the left comultisets of H by pre-multiplying each element of G
by H.

poH = [p0, 1. P35, p3,p3. 03] prH = [p3, p5, P, 03, P35, 3]
poH = (03,03, 05, 3. P2, 3] psH = [p3, 3. P31, P, 3, 03
psH = [p3, 3. 03,0300, 03] psH = [p2, 03, p3, P3, p3, PG

Similarly, the right comultisets of H are

Hpo = (05, 01,5, 3,03, 03)  Hp1 =[5, 05, 01, P3, 03 93]
Hp2 [plap27p07p57p37p4] Hp = [pgap?hpg?p&p?vpg}
Hps = [p3, 3. 03, 0% P4, 03] Hps = [p2, 03, p1, P3, p3, PY)]

From Example 5.2, we notice that H = yH for all y € X because a multigroup is
an unordered collection. Consequently, xtH = yH for all z,y € X.
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Proposition 5.3. Let X be a group. If A is a submultigroup of a multigroup G
of X, then yA = Ay for all y € X.

Proof. Assume A is a submultigroup of G. Then Vz € A, we have
Cya(z) = Caly™'x) = Ca(y) A Ca(z) = Ca(z) A Caly) = Calz) ACaly™").
Suppose by hypothesis, Ca(xz) ACa(y) = Ca(zy). Then Cya(z) > Cay(z). Again,
Cay(x) = Calzy™) = Calx) ACa(y) = Caly) A Calx) = Caly™") A Cal).

By the same hypothesis, we get Cay(z) > Cya(x). Hence, Cya(z) = Cay(x), that
is, yA = Ay. O

Remark 5.4. If A is a submultigroup of a multigroup G of a group X, then each
yA (and Ay) are submultigroups of G.

Proposition 5.5. If H is a submultigroup of A € MG(X), then the number of
comultisets of H equals the cardinality of H.,.

Proof. Recall that H, = {z € X | Cy(x) > 0}, that is, H, is a set. Since
comultisets of H is formed by pre-multiplying each element of X (since 4, = X)
by H and Cyy(z) = Cy(y~'z)Vy € X must exist, hence the result follows. O

Proposition 5.6. Let H be a submultigroup of A € MG(X). The union and
intersection of the comultisets of H are comparable to H.

Proof. H = yH for all y € X. Hence, the union and intersection of yH for all
y € X are equal to H. O

Proposition 5.7. Let X be a group. Any submultigroup A of a multigroup G and
for any z € X, the submultiset zAz=1, where C, 4,1 (z) = Ca(z7122) for each
z € X is a submultigroup of G.

Proof. Let z,y € X, then we have C, 4,-1(e) = Ca(e) and
Cope1(zy™) = Calzray t2) = Calz tazzty ™ 12)
> Ca(zle2) ANCa(zly 2) = Coaz1(2) AConaa(y ™)
=Coaz1(2) NCoaz1(y)
for all z € X. Hence zAz~! is a submultigroup of G. O
Corollary 5.8. Let {A;}icr € MG(X), then
(1) Mg 2Aiz™' € MG(X) for all z € X,

(1) Usep 2Aiz™! € MG(X) for all z € X provided {A;}ic; have sup/inf assum-
ing chain. O
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Proposition 5.9. Let A € MG(X) and for all g,h € X, then the following
statements hold:

(i) Ago Ag= Ay,
(ii) Ago Ah = Aho Ag,

) (Ago Ah)~! = (Ah)~' o (Ag)!,
(iv) (Ago Ah)~' = Ago Ah.

(iii

Proof. Let g,h € X.
(7). From Definition 2.7, we have

Cagong(®) = \/{Cug(y) A Cag(2) | & = yz,¥y, 2 € X}

- \/ {CAg(xyil) NCag(y) |z € X} =Cay(x).
yeX

Hence, Ago Ag = Ag.

(i1). Cagoan(z) = \/{CAg(y) ANCan(z) |z =yz,Vy,z € X}
= \V{Can(2) A Cag(y) | & = yz,y,2 € X} = Canoag(2).
Hence, Ago Ah = Ah o Ag.
(7i7). We show that, the left and right hand sides are equal. By Definition 2.4
Clagoan-1(x) = Cagoan(z™") = Cagoan(x).

Again, from the right hand side we get

Ciany-1o(ag)—1(x) = \/ {Clany-1(y™") A Crag—1 (yz) |z € X}
yeX

= \/ {CAh(yil) /\CAg(yx) |z € X}
yeX

= Cahoag(x) = Cagoan(x).
Hence, (Ago Ah)~!' = (Ah)~1o (Ag)~'.
(iv). Straightforward from (#4i). O
Proposition 5.10. Let A be a commutative multigroup of a group X. Then
(1) Ayo Az = Ayz forally,z€ X,
(1i) yAozA=yzA forally,ze€ X.
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Proof. (i). Let A€ MG(X) and z € X, then we have

Cayoaz (@) = \/ {Cay(2) A Casly) | Vy, z € X}

T=2yY

= \/ {Ca(zy™ YA Ca(yz™") | Vy, 2 € X}

T=2yY
= {Cana((zy™)(yz™")) | ¥y, 2 € X}
= {OA(mzilyil) | T = yZ,Vy,Z € X} = {CAyZ(x) | L= yzvvyaz € X}

Hence, Ay o Az = Ayz.
(¢4). Similar to (7). O

Corollary 5.11. Let A be a multigroup of a group X andy,z € X. The following
statements are equivalent.

(i) (Ayo Az)~t = Ayo Az,
(i1) Ayo Az = Ayz.
Proof. Combining Proposition 5.9 and Proposition 5.10, the result follows. O

Theorem 5.12. Let A be a commutative multigroup of a group X and g,h € X,
then Ag o Ah = Agh if and only if gA o hA = ghA. Consequently, Agh = ghA.

Proof. Let A€ MG(X) and g,h € X. Suppose Ag o Ah = Agh. Then

Coagh () = Cagorn(@) =\/(Cagn)ACan(y™" ) =\/(Calyg™)ACaly'ah ")

yeX yeX
=\/(Calg 'y)ACa(h 'y 7)) =\/(Coa(y) A Chaly'2))
yeX yeX

= nghA(x) :CghA(x)'

So, gA o hA = ghA.
Conversely, let gA o hA = ghA. Then

Cyna(@) = Cyaona(@) =\/(Cya(y) AChaly™'2)) =\/(Calg™"y)ACa(h 'y x))

yeX yeX
=\/(Calyg ™ HACaly™ wh™")) =\/(Cag(y) A\Can(y~ "))
yeXx yeX

= Cagoan(z) = Cagn(z).

Thus, Ag o Ah = Agh. Hence, Ago Ah = Agh < gA o hA = ghA. It follows that
Agh = ghA. O

Proposition 5.13. Let A be a normal submultigroup of B € MG(X). Then
Cypa(xz) = Cya(zx) = Ca(2) for all z,z € X.
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Proof. Let x,z € X. Suppose A is a normal submultigroup of B, then by Propo-
sition 3.4 and the fact that Ca(zz) = Ca(zz), we get Cpoa(zz) = Cra(zz) =
Ca(z7'zx) = Ca(z). Hence, Cpa(x2) = Cpa(zx) = Ca(z) for all z € X. O

Theorem 5.14. Let A,B € MG(X) such that A C B. Then A is a normal
submultigroup of B if and only if for all x € X, Ax = zA.

Proof. Suppose A is a normal submultigroup of B. Then for all x € X, we have
Caz(y) = Ca(yz™!) = Ca(z~ty) = Cra(y) for all y € X. Thus, Az = zA.

Conversely, let Az = zA for all x € X. Then, Ca(zy) = Cp-14(y) =
Caz—1(y) = Ca(yx) for all y € X. Hence A is a normal submultigroup of B
by Proposition 3.4. O
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Note on the cyclic subgroup

intersection graph of a finite group

Elaheh Haghi and Ali R. Ashrafi

Abstract. The cyclic subgroup intersection graph of a finite group G, I'csr(G), is a simple
graph with non-trivial cyclic subgroups as vertex set. Two cyclic subgroups are adjacent if and
ounly if they have a non-trivial intersection. It is easy to see that I'cs7(G) is a subgraph of the
intersection graph was introduced by Csakadny and Polldk many years ago. In this paper the
main properties of this new graph is studied. The graph structure of the cyclic groups, dihedral
groups, generalized quaternion groups and the group Z,o x Zpg are completely determined.

1. Introduction

Throughout this paper all groups are assumed to be finite and graphs will be
finite and simple. For notations not defined here, we refer the reader to [4, 7, 8].
The greatest common divisor and least common multiple of integers a and b are
denoted by (a,b) and [a,b], respectively. The number of positive divisors of an
integer n is denoted by d(n). Our calculations are done with the aid of GAP [2].
The intersection graph of a finite group G was introduced many years ago by
Csakany any and Polldk [1]. The vertex set of this graph is all proper non-trivial
subgroups of G and two vertices H and K are adjacent if and only if H N K # 1,
where 1 denotes the trivial subgroup of G. In the mentioned paper, the authors
proved that if G is abelian and there are two subgroups H and K in G such that
there is no chain of subgroups which unites them, then G is the direct product
of two simple cyclic groups. As a consequence, they proved that the diameter of
this graph is at most 2, when G is an abelian group. The diameter of non-abelian,
non-simple groups is at most 4. Some interesting open questions are also included
in [1]. Zelinka [10], continued the study of this graph and conjectured that two
finite Abelian groups with isomorphic intersection graphs are isomorphic.
Tamizh Chelvam and Sattanathan [9] continued the seminal paper of Cséakany
any and Polldk to introduce the subgroup intersection graph of a finite group G
denoted by T's;(G). The vertex set of this graph is G\{e}, and there is an edge
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Keywords: Cyclic subgroup intersection graph, subgroup intersection graph,

generalized quaternion group.
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between two distinct vertices x and y if and only if (x) N (y) # 1. As a consequence
of a result in this paper, the subgroup intersection graph of a finite group G is
complete if and only if G is a cyclic p—group or a generalized quaternion 2—group.
Moreover, the subgroup intersection graph of a finite abelian p—group is a union
of complete graphs.

The cyclic subgroup intersection graph of G, 'csr(G), is another simple graph
with proper non-trivial cyclic subgroups as vertex set. Two cyclic subgroups are
adjacent if and only if they have a non-trivial intersection. It is easy to see that
Tesr(G) is a subgraph of T's7(G).

Suppose A is a simple graph. Following Sabidussi [6], the A—join of a family
F ={T, | x € V(A)} of simple graphs is another simple graph I" with the following
vertex and edge sets:

V() ={(z,y) [z € V(A) &y e V(T,)},
EI) ={(z,y)(a,b) | za € E(A) or x =a & yb € E(T)}.

V(A)={z1,...,z,} and F = {T1,...,T,} then the A—join of the family F is
denoted by A[Th,...,Ty].

An independent set of a simple graph I' is a subset of its vertices, no two of
which are adjacent. The cardinality of an independent set in T" of largest possible
size is called the independence number of I'. This number is denoted by «(I'). We
refer to the famous book of Harary [4] for our graph theory notations.

The aim of this paper is to investigate the main properties of the cyclic sub-
group intersection graph. It is proved, among other things, that if G = Z,a x Zs,
where p is prime and «, 8 are two positive integers such that o < § then g7 (G)
is a union of the complete graphs K(B*Q)p"“l*% together with p copies of Kpa%ll,

and Ig;(G) is a union of the complete graphs Kpa+a_

p
p20+1 1, together with p
p+1

copies of K 2a_, .
p+1

2. Main results

Suppose G is a non-cyclic group and A = T'¢g7(G). For each (a) € V(A), we
define T,y = Ky(|a|), Where ¢ denotes the Euler totient function. Then one can
easily see that I's7(G) is an A—join of {Ty, | (x) € V(A)}.

Lemma 2.1. Let G be a group of order n. Then |V (Tesi(G))| = d(n) — 2 with
equality if and only if G is cyclic.

Proof. By [5], the number of cyclic subgroups of a group G of order n is at least
d(n) with equality if and ounly if G = Z,,, as desired. O

By Lemma 2.1, the cyclic subgroup intersection graph of a cyclic group of order
p™*t1 has exactly m vertices. This proves that for each positive integer m, there
exists at least a group with an m—vertex cyclic subgroup intersection graph.
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Example 2.2. Suppose SmallGroup(n,i) denotes the i—th group of order n in the
small group library of GAP [2]. Define G = SmallGroup(168,46) = (Z7 x A4) : Za,
H = SmallGroup(168,38) = (Zsa X Z3) : Zy and K = SmallGroup(168,42)
=PSL(3,2). ThenT¢sr(G) 2Tesi(H) 2 Tegr(K), but G, H and K are mutually
non-isomorphic.

The previous example shows that if I'cs7(G) and I'csy(H) are isomorphic then
we cannot deduce that G and H are isomorphic, even in the case that one of these
groups is simple.

Example 2.3. In this example the cyclic subgroup intersection graph of a dihedral
group of order 2n will be computed. The dihedral group of order 2n can be
presented as Dy, = (2" = y?> = e,y lzy = 2~ 1). Suppose ki, .. -, kg are all

divisors of n. Then

V(FCSI(DQR)) = {<ak1>a cey <akd(n)_1>a <b>7 <ab>7 sy <an71b>}'

It is easy to see that (b),(ab),...,(a""'b) are pendant vertices of T'csr(Day)-
Moreover, (a*') and (a*i) are adjacent if and only if [k;, k;] < n.

Theorem 2.4. The cyclic subgroup intersection graph of a finite group G is com-
plete if and only if G is cyclic or a generalized quaternion 2—group.

Proof. 1t is well-known that a p—group G has a unique subgroup of order p if and
only if G is cyclic or a generalized quaternion 2—group. By this theorem, if G
is cyclic or a generalized quaternion 2—group then the intersection of non-trivial
subgroups H and K contains the unique subgroup of G and so H N K # 1. This
proves that I'cs7(G) is complete. Conversely, if T'cgr(G) is complete and p, ¢ are
two prime divisors of |G| then there are elements a and b of orders p and ¢ in G,
respectively. Since (a) N (b) = 1,we lead to a contradiction. So, G is a p—group.
Since I'cs7(G) is complete, there is a unique subgroup of order p and by mentioned
well-known result G is cyclic or a generalized quaternion 2—group. O

Lemma 2.5. Let G be a finite group. Then o(Lcsi(G)) is the number of cyclic
subgroups of a prime order.

Proof. Suppose a = a(Tcs1(G)), {{a1),...,{ax)} is the set of all cyclic subgroups
of G of a prime order and B = {{(b1), ..., (bs)} is a given independent set of largest
possible size for G. Since A is an independent set for T'cs7(G), k < a. Choose
i, 1 < i < «, and element ¢; of a prime order such that (¢;) C (b;). Since B is
an independent set, ¢; # ¢;, when ¢ # j. This shows that o < k, proving the
lemma. O

Suppose m and n are positive integers. Define:
Imn ={(a,b,t) € N? x Ny | a|m, bln, 0 <t < (a,

)71}7

-1}, (a,b,t) € Iy p.

Sl

jta

(a; %)

Hape = {(ia + b 0<i< ™ —1,0<5<
a

Sal RS
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For the sake of completeness, we mention here a result in [3] which is crucial
in our next result. If ns = 0 then we define (mb, na,ns) = (mb, na).

Theorem 2.6. [3, Theorem 2] Suppose s = o ta 5 Then,

n
b

1. H < Zy, x Z,, if and only if there exists (a,b,t) € I, , such that H = Hy p,.
2. Hgpy is cyclic if and only if ab = (mb, na, ns).

3. The number of cyclic subgroups in Z,, X Z, is Z (a,b).

alm,bln, (2, %)=1

Theorem 2.7. Suppose G = Zpa X Z,s, where p is prime and «, 3 are two
positive integers such that « < . Then Tcsi(G) is a union of the complete
graphs K,, . . pe—1 and p copies of Kpa_1.

(B—a)p>+ p—1 p—1

Proof. By definition of H,;, and Theorem 2.6, it can easily see that for each d,
1 < d < p—1, the subgroups

Hpe ps-1.4;

Hpa’pﬂ—k’t,

a,t=d,p+d,...,(p—1Dp+d;

<k<
Hyopoir 3 <K <oyt =p* +dp*+p+d,....p°+ (" ' +p—1)p+d,
are cyclic subgroups containing (dp®~1, p~1) which gives p — 1 cliques isomorphic
to Kpafl These complete subgraphs are denoted by I',...,I',—1. On the other
hand, the cyclic subgroups Hpk,pap, 0<k<a—-1land Hpa_z7p[-]_k/,t, 1<K <a—
<l<a—k,1<t<p" —1,t#0(mod p) have a common element (p®~*,0)

and so we will have another clique of size pp__ll. Note that for each k', there are

(a— k’)(pk' fpk/’l) cyclic subgroups H,o—i -« , that gives a clique of size p;__ll.

The complete subgraph induced by this clique is denoted by I',. We now consider
the cyclic subgroups Hpe pr 4, 0 < k< f—a—1,0 <t <p*—1 and the cyclic

subgroups H,a Pt 1<k<a, 0<t<p’*—1andt =0 (modp). These are

(8 —a)p* + p L cyclic subgroups containing element (0,p”~1) which gives us a

clique of order (5 a)p®+ ’;%11. Define I 1 to be the complete subgraph induced
by the las clique. By Theorem 2.6(3), these are all cyclic subgroups of Zj« x Z,s
and we have to show that I'cs7(Zpe X Z,s) is the union of 'y UT, U... UT 1.
To complete the proof, we will shows that there is no edge in I'cis7(Zpe X Z,5)
connecting a vertex in I'; to a vertex in I';, i # j. Suppose vertices v1 = (a1) €
V(T;) and va = (ag) € V(I';) that are not adjacent in I'cs;(G). We prove that
there is no vertex u; = (b1) in I'; to be adjacent with a vertex us = (bo) in I';. If
w1 and ug are adjacent in I'cgy(G) then b and by will be adjacent in I'g; (G) and
since I's7(G) is a union of complete graphs, a; and a)2 will be adjacent in T'g7(G)
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and so v; and v are adjacent in I'cgy(G) which is impossible. To complete our
argument, we consider the following cyclic subgroups:

Hypo pi1 g = {(jdp® ", jp" 1) |0<j<p—1} (1<d<p—1),
Hy pio = {(ip",0) | 0 < i < p*F =i},
Hp‘l,pﬁ—l,o = {(Ovjp ) | 0 .] pﬁ — 1}

We now prove that these vertices are not adjacent. Suppose (jdp>~ 1, jp°~!) €
Hyk s o N Hya o1 4. Then jp? 1 =0,0< j <p-—1,and so j = 0. This
shows that (jdp®~',jp®~!) = (0,0). It is also clear that Hyk ps o N Hpo ps-1 =
{(0,0)}. If (jdp*~t,jp®~') € Hpa po-10, 1 < j,d < p—1, then j = 0 and so
Hpaypﬁ—l’o M Hpa’pﬂ—l,d = {(0, 0)}

We now assume that d’ # d. Choose a common element in two cyclic subgroups
of the first type, say (jdp®~,jp?") = (7'd'p"",jp°~). Then jar—* = j/p~"
where 0 < 7,7 < p— 1. Thus j = j' and since jdp®*~! = jd'p*~' (mod p®).

Therefore, d = d’ which completes our proof. O
Theorem 2.8. Suppose G = Zpa X Z,s, where p is prime and o, are two
positive integers such that o < . Then T's1(G) is a union of the complete graphs
K 5 p2otin and p copies of K 2o ;.

L T

Proof. By Theorem 2.7, the graph I'cs7(Zpe X Z,s) is a union of p + 1 complete
graph and by definition of I's; and I'csy, a given component of I'g; is constructed
from a component of I'cg; by adding some vertices corresponding to generators of
vertices in I'cgr. So the components of I'g; will also be a complete graph. Suppose
1 < d < p—1. By the proof of Theorem 2.7, the vertices of p — 1 components of
I'csr are as follows:

Hyo o109 = {(tp* 1, jp" 1) 0<j <p—1},
Hype o p = {(jtp® %, ™", 0<j < pF =1},
Hepo pow o = {(Gt'p* %, jp" %), 0 <G <ph =1,

where t € A ={d,p+d,...,(p—Dp+d}, 2<k<a and
teB={p*+d,....p°+ (" 1—p—1)p +d}, <k <a
On the other hand, |Hpn,p[f—17d| =D, ‘Hp(v7p[i—k7t| = pk, |A| =D, |Hpa,p5*k’,t" =
pkl, |B| = pk/ — p and by considering the number of generators, we will have p — 1
complete graph K 2o ;.
p+1

By the proof of Theorem 2.7, the cyclic subgroups

Hye oo = {(ip*,0), 0<i<p* " —1}0<k<a—1,
Hpet oy = {(ip* "+ tp™ 175, jpP7F), 0<i<pl =1, 0< i <pP = 1)
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p*—1
p—1

one can see that the number of generators of vertices are equal to
consider the component K ()

constitutes a —vertex component of I'cs7(Zpe X Z,5). By an easy calculation,

2a
p~t—1
RS We now

pe—1 of Dogr(G) with the following vertices:
p—1

Pt

PP -1}

j<p?
<j<pt —1},

Hpo pry = {(jt, "ty |0 <
Hpo oy = {Gt'p* ", "), 0

where 0 < k< f—a+1, 0<t<p*—1, 1 <K < a, Ogt’gpk/—land
t' = 0 (mod p). By counting the number of generators, a component isomorphic

to Kpaw »20+1,, is obtained, as desired. O
— T
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Representation of monoids

in the category of monoid acts

Abolghasem Karimi Feizabadi, Hamid Rasouli and Mahdieh Haddadi

To Bernhard Banaschewski on his 90th Birthday

Abstract. The study of monoids in the category of monoid acts leads to the notion of power
action. In this paper, for a monoid 7', we investigate the relationship between the category T-Act
of all T-acts and the category T-Pwr of all T-power acts. For a T-power act M on a commutative
monoid T, we introduce the covariant functor MM~ from T-Act to T-Pwr and show that the
family of assignments (n4 : A — MMA)AET_ACt constitutes a natural transformation. Moreover,
the Hom-functor (M ~)~ and the tensor functor M ~®~ from T-Act x T-Act to T-Pwr are

naturally equivalent.

1. Introduction and preliminaries

Representation of mathematical structures is a way for better seeing of them to
study. Analyzing the internalized concepts in a topos captured the interest of
some mathematicians. The general notion of a mathematical object in a topos (or
a category with some properties) introduces a lot of conceptions and structures
obtained from its classical versions in Set, the category of sets ([4]). For instance,
“Algebras in a Category” are some of these structures such as groups and group
actions in a topos (see [2, §]).

For a monoid T, let T-Act denote the category of all T-acts and act homo-
morphisms between them. Considering the monoid T as a category T with one
object, T-Act is isomorphic to the functor category Set” (or [T,Set] in another
notation), hence it is a (presheaf) topos (see [3]). Here we study the structure of
monoids in the category T-Act, so-called T-power acts, or actions over monoids
in the sense of [5] which were used to construct the hypergroups. First we verify
some basic properties of the power acts. In particular, the free objects in the
category T-Pwr of all T-power acts are constructed. For a T-power act M and a
T-act A over a commutative monoid 7, it is shown that the set M4 of all T-act
homomorphisms from A to M is a T-power act which gives the two functors M~
(contravariant) and M~ (covariant) from T-Act to T-Pwr. Also the family of

. A . .
assignments (74 : A — MM") ocr_act constitutes a natural transformation from

2010 Mathematics Subject Classification: 08B30, 20M30, 20M32, 20M50, 20M99
Keywords: Act over a monoid, monoid in the category of acts, power act, tensor product
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the identity functor to UM™ | where U is the forgetful functor. Finally, we prove
that (M4)B and MA®P are naturally isomorphic in T-Pwr for every T-acts A
and B.

Now let us briefly recall some needed notions in the sequel.

Let T be a monoid and A be a (non-empty) set. A right T-act on A is a map
AXT — A, (a,t) ~ at, such that for every a« € A and t,s € T, (at)s = a(ts)
and al = a. The notion of left T-act is defined similarly. Here by a T-act we
mean a right T-act unless otherwise stated. An element 6 in a T-act A is said
to be a fized element if 0t = 6 for each t € T. Let A, B be two T-acts. A
map f : A — B is called a T-act homomorphism or simply act homomorphism if
f(at) = f(a)t, for every a € A and t € T. The class of all T-acts together with
the T-act homomorphisms between them forms a category which is denoted by
T-Act. For a monoid M, H(M) denotes the monoid of all endomorphisms of M
with the composition of mappings as its operation. To denote the image of x € M
under o € H(M) we will use the postfix notation. An equivalence relation 6 on a
T-act A is called a T-act congruence if x0y implies that xtfyt, for every z,y € A
and t € T. The free T-act on a non-empty set X is the set X x T with the action
(z,t)s = (x,ts), for every x € X and ¢,s € T. Let A be a right T-act and B be a
left T-act. The tensor product of A and B is the set A® B := (A x B)/0, where 6
is the equivalence relation on the set A x B generated by the pairs ((at, b), (a, tb))
fora € A,b € B,t € T. We denote (a,b)/0 € A® B by a®b. In the case that T is
a commutative monoid, every T-act can be considered as a T-biact so that there
is naturally a T-act structure on the tensor product A ® B for any two T-acts A
and B (see [6, Proposition II.5.12]). For more information on the theory of acts
over monoids, see [6]. Also for some required categorical ingredients we refer to
[7]. Throughout the paper T stands for a monoid unless otherwise stated.

2. Monoids in the category of acts: Power action

Algebra in a category is a subject for mathematicians to study algebraic structures
categorically. In this theory, a base category C is replaced to the category Set and
all algebraic operations are the morphisms of C, and homomorphisms are those
morphisms in C such that preserve the operations in the sense of commutative
diagrams in C. Note that equations in algebras are explained as commutative
diagrams. For more information we refer to [2, 4, 8].

Here we study the notion of monoid in the base category T-Act, where T is
a monoid. Let us first recall the notion of a monoid in an arbitrary category.
Let C be a category with finite products. A monoid (M, -, 1,/) in C is an object
of C together with two morphisms - : M x M — M called multiplication and
1p : T — M called identity, in which T is the terminal object of C such that the
following diagrams commute:

e Association law ((z-y)-z=z-(y- 2)):
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-Xid]v[

MxMxM-—>MxM

idwi l

MxM-——= M
e Identity law (x - 1y = = 1ps - x):

1 Xidar

TXMHMXM(LM—XIMMXT

S

Now let M, N be two monoids in a category C. A homomorphism from M to
N is a morphism f: M — N in C such that the following diagrams commute:
e Preserving the multiplication:

MxM——sM

o

e Preserving the identity:

1ar

T—M

NN

N

All monoids in a category C with homomorphisms between them make a cate-
gory denoted by Mon(C).

Here we are going to explain objects of the category Mon(T-Act) for a monoid
T with identity 1. Let M be an object in this category. Then there is a T-action
M xT — M, (m,t) ~ mt, with a T-act homomorphism - : M x M — M. So for
every t,s € T and m,n € M we have (mt)s = m(ts), ml = m and (m-n)t = mt-nt.
Since 1p; : T — M is a T-act homomorphism where T is considered as the one-
element T-act, 15t = 1. Finally, by the diagrams of associativity and identity,
M is a monoid. Because of the kind of these equations, we use the notation m!
for mt and give the following definition. If no confusion arises, the identities of M
and T are denoted by the same symbol 1.

Definition 1. Let T be a monoid. By a (right) T-power act, we mean a monoid M
equipped with a map M x T' — M, (m,t) ~ m’, in such a way that the following
conditions hold for all ¢, s € T' and m,n € M:

(mn)t =min', (M) =m', m'=m, 1"=1
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If T contains a zero, then m? is clearly a fixed element of M where M is considered
as a T-act.

Note that the notion of power act is also appeared in [5] under the name of
“action over monoids”.

Now we describe the morphisms of the category Mon(T-Act). Let M and
N be two objects of Mon(T-Act). It is easy to see that a map f : M — N is
a morphism in Mon(7-Act), so-called a T-power act homomorphism or simply
power act homomorphism if and only if f(mn) = f(m)f(n), f(1) =1 and f(m') =
f(m)t, for all m,n € M and t € T. The category of all T-power acts with T-power
act homomorphisms between them is denoted by T-Pwr which is isomorphic to
the category Mon(T-Act).

In the following, we give some examples of power acts.

Example 1. 1. Consider the monoid (N, -). Then every commutative monoid
M with mF to be mm---m, k-times, for every m € M and k € N, is an
N-power act.

2. Given a monoid M, let T be a submonoid of H(M). Then we define m? to
be mo, for all m € M and o € T. Then M is a T-power act which is called
the natural power action.

3. Given two monoids M and T with 0 € T, let ¢ : T — H(M) be a monoid
homomorphism and v € M. For every m € M and ¢t # 0 in T, define
m! = mo(t), and m® = u. Then M is a T-power act if and only if up(t) = u
for all t € T and u? = u. This is called the (¢, u)-power action. In particular,
the (id, 1)-power action is said to be an identity power action where id : T —
H(M) is the constant homomorphism mapping every ¢ € T to idyy.

Proposition 1. Let M and T be two monoids and 0 € T. Then each T-power
act M is of the form (¢, u)-power act (in the sense of Example 1(3)) for a unique
monoid homomorphism ¢ : T — H(M) and some v € M.

Proof. Let M be a T-power act and t € T. Define o3 : M — M by mo; = m? for
every m € M. We show that the map o; is a monoid homomorphism. Indeed, we
have (mn)o; = (mn)t = mint = moyno;, and 1oy = 1 = 1 for every m,n € M.
Now, define ¢ : T — H(M) by ¢(t) = o,t € T. The map ¢ is a monoid
homomorphism. To see this, for any ¢,s € T and m € M, moys = m'® = (m!)® =
moios. Thus ¢(ts) = o = o105 = G(t)P(s). Also ¢(1) = o1 = id. Now take
u = ¢(0). It is clear that u? = u and u¢(t) = u for all t € T. Then M is
a (¢, u)-power act (see Example 1(3)). For the uniqueness of ¢, suppose that
¢ : T — H(M) is a monoid homomorphism with m' = ma)(t), for all m € M and
t € T. This implies that my(t) = me(t) for all m € M and ¢t € T which means

= ¢. O

Here we define the notion of a bipower act.
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Definition 2. Let T and S be monoids. By a (T, S)-bipower act M we mean a
monoid M which is both (right) 7" and S-power acts simultaneously, in such a way
that (m')* = (m®)!, for every m € M,t €T and s € S.

Remark 1. Every (T, S)-bipower act M for two monoids 7" and S can be consid-
ered as a T x S-power act. To this end, we define the power action m®*) to be
(m?)* for every m € M, t € T and s € S. Then we have:

L mbY = (mhH! =m,
2. 19 = (1Y) =1,
3. m(t,s)n(t,s) _ (mt)s(nt)s — (mtnt)s _ ((mn)t)s _ (m’n)(t’s),

4. (m(t1,81))(t2782) _ (((mtl)sl)tZ)SZ _ (((mtl)tQ)sl)sQ _ (mt1t2)8182 —
m(t1:s1)(t2,82)

By a power act congruence on a T-power act M we mean a monoid congruence
as well as a T-act congruence on M.

Suppose that M is a T and S-power act for monoids 7" and S. We construct
a quotient of M which is a (T, S)-bipower act. To do this, let 6 be the power act
congruence on M generated by the set = {((m')*, (m*)!) :m € M,t € T,s € S}.
Define (m/0)(m’/6) = (mm')/0, (m/0)" = m'/6 and (m/0)* = m*/6 for m,m’ €
M,t € T,s € S. It is easily seen that M/6 is a (T, S)-bipower act. Hence, it
follows from Remark 1 that M /6 is a T x S-power act.

Lastly, we show that the power act is a universal algebraic structure and verify
the existence of the free power acts. The reader is referred to [1] for some required
details on universal algebra.

Let M be a T-power act. Then M can be considered as an algebra of the type
(-, (A\t)ter, 1), where - is the binary operation, \; is the unary operation given by
Ai(m) = mt, for every t € T,m € M, and 1 is the nullary operation on M such
that the following equations hold for every t,s € T and =,y € M:

Ae(z-y) = Me(@) - Ae(y), As(Me(@)) = Ais (@), M) =2, M(1) =1

Therefore, the category T-Pwr is an equational class and then the free objects
over T-acts exist in this category. We explain the construction of free T-power
acts in the following.

Let A be a T-act. Consider the free monoid Fm(A) = {x129---x, : x; €
Ane N}U{l} on the set A. Now we define a T-action on Fm(A) by (z1---z,)! =
zl- ,1t =1forallt € T and z; € A, then one can easily see that Fm(A)isaT-
power act and the inclusion map i : A — Fm(A) is a T-act homomorphism. If M
is a T-power act and f : A — M is a T-act homomorphism, we define f : Fm(A) —
M tobe f(z1---x,) = f(x1)--- f(x,). Clearly, f is a T-power act homomorphism
with fi = f. Alsoif g : Fm(A) — M is a T-power act homomorphism with gi = f,
then we have g(z1 - 2n) = g(1) - g(n) = f(31) - f(@n) = (31 2n), for
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every x1,Ts,...,T, € A, that is, f is unique. Hence, F'm(A) is a free monoid in
the category T-Act on a T-act A. Then the assignment A ~ F'm(A) defines the
free functor Fm : T-Act — T-Pwr. It is worth noting that the composition of
Fm to the free functor F : Set — T-Act, given by X ~~ X x T, gives the free
functor Fpwr : Set — T-Pwr, X ~» Fm(X x T). Consequently, Fm(X x T) is
the free T-power act on a set X.

3. Power acts over commutative monoids

This section is devoted to study T-power acts for which T is a commutative monoid.
This kind of power acts displays a close relationship between Hom-functors and
tensor functors.

For a T-power act M and a T-act A, let us denote M4 := Homp.acs (A, M),
the set of all T-act homomorphisms from A to M where M is considered as a T-
act. It is easily seen that the set M is a monoid under the operation (f-g)(a) :=
f(a)g(a), for every f,g € M“,a € A. Note that the identity element of M4 is
1: A — M mapping every a € Ato 1 € M. Now we get the following:

Lemma 1. Let M be a T-power act and A be a T-act, where T is a commutative
monoid. Then the monoid M* is a T-power act together with the action f(a) :=
(f(a))t, for every f € MA,t € T,a € A.

Proof. Take any f € M# and t € T. First note that ft € M4. Indeed, for every
t,s € T,a € A, the commutativity of 7" implies that

fias) = (f(as))" = ((f(a))*)" = (f(a))™ = (f(a)" = ((f()))" = (f'(a))".
Moreover, for every f,g € M4,t,s € T and a € A, we have:

L (f9)'(a) = ((f - 9)(@)" = (Fl@)g(a))’ = (F(a))(g(a))" = f*(a)g"(a) =

(f*-g")(a).

2. (f)(a) = (f'(@))* = (f(a)))* = f(a)* = f**(a).

3. fHa) = (f(a))" = f(a).

4. 1%(a) = (1(a))t =1t = 1.
This means that M4 is a T-power act. O

We carry on this section with studying of the connections between the cate-
gories T-Act and T-Pwr for which T is a commutative monoid.

Proposition 2. Let M be a T-power act on a commutative monoid T. The
following assertions hold:

(i) There is a contravariant Hom-functor M~ = Homp.pct(—, M) : T-Act —
T-Pwr assigning each T-act A to M*, and each T-act homomorphism h : A — B
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to M" : MB — M* mapping each f € MP to f o h. Moreover, this yields
a covariant Hom-functor MM = Homq.pwe(M~, M) : T-Act — T-Pwr in a
natural way.

(ii) The family of assignments (na : A — MMA)AeT_Act each of them assigning
arsa:MA— M, a(f) = f(a) for every a € A, f € M4, constitutes a natural
transformation from the identity functor Idp.act to the functor UMM ™ where U :
T-Act — T-Pwr is the forgetful functor.

Proof. (i) For every T-act A, M4 € T-Pwr by Lemma 1. Considering a T-
act homomorphism A : A — B, we claim that M" is a T-power act homomor-
phism. Clearly, M" is a monoid homomorphism. Let t € T and f € MZ. Then
MM (f1)(a) = (f' o h)(a) = f'(h(a) = f(h(a)t) = F(h(at)) = (MP(f))(at)
(M"(£))t(a), for every a € A. So M"(f*) = (M"(f))!, as desired. Assume that
h:A— Band k: B — C are homomorphisms in T-Act and f € M. It follows
that M*"(f) = fo(koh) = (fok)oh = M"MFE(f)) = (M" o M¥)(f). That is,
MPFoh = MP o MF*. Also clearly M*®4 = idy;a. Therefore, M~ is a contravariant
functor. For the second part, it suffices to note that MM = M~ oU o M~ where
U : T-Pwr — T-Act is the forgetful functor.

(ii) First we show that the map a : M4 — M is a morphism in T-Pwr, for
each a in a T-act A. Let f,g € M% and t € T. Then a(f-g) = (f - g)(a) =
f(@)gla) = a(F)alg), and a(f*) = f'(a) = (f(a))! = (a(f))". Moreover, cach 1.4
is a morphism in T-Act because at(f) = f(at) = fi(a) = a(f*) = (a)'(f) for
alla € A;t € T, f € MA. Hence, na(at) = (na(a))t. It remains to prove the
commutativity of the following diagram:

A ppMt

fi Jsr

B—— MM”®
nB

Let a € A, B € MP. We have MM’ o na(a)(8) = (a0 MT)(B) = a(Bo f) =
(Bo f)la) = B(f(a)) = f(a)(B) =ns o f(a)(B), as required. 0

Remark 2. (i) Let T" be a subclass of morphisms in T-Act and M be a T-power
act for a commutative monoid 7. Then one can easily check that M is a I-injective
object in T-Act, i.e. injective with respect to all [-morphisms, if and only if the
contravariant functor M~ maps every I'-morphism to an onto morphism in 7T-
Pwr.

(ii) Let C be the category of all contravariant functors from T-Act to T-Pwr
for a commutative monoid 7', and natural transformations between them. Then
the assignment M ~~ M~ gives a covariant functor 7-Pwr — C. More explicitly,
for every morphism « : M — N in T-Pwr, one can define a natural transformation
Q= (Qa)Aer-Act : M~ — N~ to be as(f) = ao f, for all f € M4. That is, for
every T-act homomorphism h : A — B, the following diagram commutes:
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Indeed, N"oap(f) = N"(aof) = (aof)oh = ao(foh) = @a(foh) = aaoM"(f),
for every f € MPB.

At the end, we give the following theorem which shows the relationship between
Hom-functors and tensor functors.

Theorem 1. For a T-power act M on a commutative monoid T, the Hom-functor
(M™)™ : T-Act x T-Act — T-Pwr is naturally equivalent to the tensor functor
M=%~ :T-Act x T-Act — T-Pwr.

Proof. For every T-acts A and B, we define ¢ = ¢4 5 : MA®E — (M4)B mapping
each T-power act homomorphism f : A® B — M to ¢(f) : B — M*, where
o(f)(b) : A — M, for every b € B, maps every a € A to f(a ® b). It follows
from [6, Corollary I1.5.20] that ¢ is a T-act isomorphism. Moreover, it is clear
that ¢ is a monoid homomorphism. Hence, ¢ is an isomorphism in T-Pwr. It
remains to prove the naturality of (¢4 p)ap : M~ ®~ — (M~)~. Consider any
T-act homomorphisms f : A —+ A’ and g : B — B’. We show that the following
diagram commutes:

MA®B ba.B (MA)B

Mf®yT T(Mf)g

MA/®B/ ¢A’,B’

Indeed, for every a € A and b € B, we have

((pa,p 0o MI®9)(a))(b)(a) = ¢a,5(MI®9(a))(b)(a) = MI®9(a)(a ®b)
=(ao(f®g))(a®b)
= a(f(a) ® g(b)).
On the other hand,
(M) 0 ar,p)()(b)(a) = (MT)9(par,5(a))(b)(a)

= (M7 o p(a)og)(b)(a)
= M (par,5()(g(b)))(a)
= (4B (a)(g(b)) © f)(a)
=¢ap (a)(g(b)))(f(a))

= a(f(a) @ g(b)).
Hence, ¢4 50 Mf®9 = (M) 0 ¢a p. O
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On left strongly simple ordered hypersemigroups
Niovi Kehayopulu

Abstract. We present a structure theorem referring to the decomposition of ordered hypersemi-
groups into left strongly simple components, that is, into subhypersemigroups which are both
simple and left quasi-regular. We prove that an ordered hypersemigroup is a semilattice of left
strongly simple hypersemigroups if and only if it is a complete semilattice of left strongly simple
hypersemigroups and we characterize this type of hypersemigroups in terms of intra-regular and
semisimple hypersemigroups. We also characterize the chains of left strongly simple ordered
hypersemigroups.

1. Introduction and prerequisites

The concept of the hypergroup introduced by the French Mathematician F. Marty
at the 8th Congress of Scandinavian Mathematicians in 1933 is as follows: An
hypergroup is a nonempty set H endowed with a multiplication zy such that (i)
xy C H; (i) z(yz) = (zy)z; (iil) «H = Hx = H for every z,y,z in H (cf.
[9]). Hundreds of papers appeared on hyperstructures since Marty introduced
this concept, and in the recent years, many groups in the world investigate the
hypersemigroups in research programs using the definition given by Marty. Being
impossible to give a complete information regarding the bibliography, we will refer
only some recent books and articles such as the [1-7, 9-11].

The present paper deals with the decomposition of ordered hypersemigroups
into their hypersemigroups which are left strongly simple, that is, both simple and
left quasi-regular. In this respect, we characterize the ordered hypersemigroups
which are semilattices of left strongly simple hypersemigroups. We prove that for
ordered hypersemigroups, the concepts of semilattices of left strongly simple hyper-
semigroups and complete semilattices of left strongly simple hypersemigroups are
the same. Moreover, we prove that an ordered hypersemigroup S is a semilattice
of left strongly simple hypersemigroups if and only if it is a union of left strongly
simple hypersubsemigroups. We show that an ordered hypersemigroup S is a semi-
lattice of left strongly simple hypersemigroups if and only if every left hyperideal
of S is an intrarregular hypersubsemigroup or a semisimple hypersubsemigroup
of S. This type of ordered hypersemigroups are the ordered hypersemigroups in
which a € (Soa?o0Soa] for every a € S. Finally, we prove that the chains and the
complete chains of left strongly simple ordered hypersemigroups coincide and they

2010 Mathematics Subject Classification: 20N20, 06F05
Keywords: Ordered hypersemigroup, simple, quasi left (right) regular, left strongly
simple, intra-regular, semisimple.
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are characterized as the ordered hypersemigroups in which, for every a,b € S, we
have a € (SoaoboSoalorbe (SoaoboSobl. The corresponding results for
hypersemigroups (without order) can be also obtained as application of the results
of this paper, and this is because every hypersemigroup endowed with the equality
relation is an ordered hypersemigroup. Left strongly simple semigroups (without
order) have been considered in [8].

Let (S, 0,<) be an ordered hypersemigroup. For a hypersubsemigroup T of S
and a subset H of T', we denote by (H|r the subset of T defined by

(Hlp:={teT|t<hforsome he H}.
In particular, for T' = S, we write (H| instead of (H]s. So, for H C S, we have
(H] :={te S|t < hfor some h € H}.

A nonempty subset A of S is called a left (resp. right) hyperideal of S if (1)
SoAC A (resp. AcoSCA)and (2)ifac Aandbe S, b<a,thenbec A. Ais
called a hyperideal of S if it is both a left and a right hyperideal of S. We denote
by L(a) (resp. R(a)) the left (resp. right) hyperideal of S generated by a, and
by I(a) the hyperideal of S generated by a (a € S). We have L(a) = (aU S o q,
R(a) = (aUao S] and I(a) = (aUSoaUaoSUSoaocS] for every a € S.
A left (resp. right) hyperideal A of S is clearly a hypersubsemigroup of S i.e.
Ao A C A. S is called simple if for every hyperideal T of S, we have T' = S.
A hypersubsemigroup L of S is called intra-regular if for each a € L there exist
x,y € L such that a < z 0 a? oy, equivalently if a € (L o a? o L], for every a € L
or A C (Lo A%0 L], for every nonempty subset A of L. An equivalence relation o
on S is called congruence if (a,b) € o implies (aoc,boc) € o and (coa,cob) €0
for every ¢ € S, in the sense that for every x € a o ¢ and every y € bo ¢ we have
(z,y) € o and for every x € coa and every y € co b, we have (z,y) € 0. A
congruence o on S is called semilattice congruence if, for every a,b € S, we have
(a?,a) € o meaning that x € a o a implies (x,a) € o and (aob,boa) € o in the
sense that if z € aob and y € boa, then (z,y) € 0. If o is a semilattice congruence
on S, then the o-class (z), of S containing x is a hypersubsemigroup of S for
every x € S. A semilattice congruence o on S is called complete if a < b implies
(a,a0b) € o, that is, if z € a o b, then (a,z) € 0. Recall that if o is a complete
semilattice congruence on S then, the relation a < a implies (a?,a) € o, so the
complete semilattice congruences on S can be also defined as the congruences on
S such that (aob,boa) € 0 and a < b implies (a,a 0 b) € o for every a,b € S.
A hypersubsemigroup F' of S is called a hyperfilter of S if (1) for any a,b € S,
(aob)N A +# D implies a,b € F and (2) a € F and S > b > a implies b € A. We
denote by N the relation on S defined by N := {(z,y) | N(z) = N(y)} where
N(a) denotes the hyperfilter of S generated by a (a € S). The relation N is
the least complete semilattice congruence on S. We say that S is a semilattice
of left strongly simple hypersemigroups (resp. complete semilattice of left strongly
simple hypersemigroups) if there exists a semilattice congruence (resp. complete
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semilattice congruence) o on S such that the o-class (z), of S containing z is
a left strongly simple hypersubsemigroup of S for every x € S. An equivalent
definition is the following: The ordered hypersemigroup S is a semilattice of left
strongly simple hypersemigroups if there exists a semilattice Y and a nonempty
family {S, | @ € Y} of left strongly simple hypersubsemigroups of S such that

(1) SaNSg =0 for every o, €Y, a #

(2)S= U S.

acY

(3) Sa 0S5 C Sap for every o, €Y.

In ordered hypersemigroups, the semilattice congruences are defined exactly as in
hypersemigroups (without order) so the two definitions are equivalent. An ordered
hypersemigroup S is a complete semilattice of left simple hypersemigroups if and
only if in addition to (1), (2) and (3) above, we have the following:

(4) Sg N (Sa] # 0 implies 8 = af.

We say that S is a chain (resp. complete chain) of left strongly simple hy-
persemigroups if there exists a semilattice congruence (resp. complete semilattice
congruence) o on S such that the o-class (z), of S containing x is a left strongly
simple hypersubsemigroup of S for every = € S, and the set S/o of (all) (x),-
classes of S endowed with the relation (), <X (¥)o <= (¥)o = (x 0 Y), is a
chain.

2. Main results

Definition 2.1. A hypersubsemigroup L of an ordered hypersemigroup S is called
left (vesp. right) quasi-regularif a € (Loao Loalr (resp. a € (ao Loao L)) for
every a € L.

Definition 2.2. An ordered hypersemigroup S is called left (resp. right) strongly
simple if it is simple and left (resp. right) quasi-regular.

Definition 2.3. A hypersubsemigroup L of an ordered hypersemigroup S is called
semisimple if a € (Loao Loao L] for every a € L.

It might be noted that an ordered hypersemigroup S is semisimple if and only
if the hyperideals of S are idempotent, that is, for every hyperideal A of S, we
have (Ao A] = A.

Lemma 2.4. An ordered hypersemigroup S is simple if and only if (SoaoS] =S
for every a € S.

Proof. (=). For an element a of S, the set (Soao.S]is an hyperideal of S. Indeed,
the set (S o ao S| is a nonempty subset of S, So(SocaoS]=(S]o(SoaoS]C
(S20ao0S]C(Soaos],(ScaoS]SC(Soaos],and ((SoaocS]|]=(ScaoSs].

Since S is simple, we have (Soao S] = S.
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(«<). Let T be an hyperideal of S. We get an arbitrary element b of T (such
an element exists since T is nonempty). Then SoboS C SoT oS C T, so
(Sobo S]C (T)=T. On the other hand, by hypothesis, we have (Sobo S| = S.
Thus we have S C T, and T = S. O

Lemma 2.5. An ordered hypersemigroup S is left strongly simple if and only if
a € (SoboSoal for every a,be S.

Proof. (=). Let a,b € S. Since S is simple, by Lemma 2.4, we have (SoboS] = S,
then a € (S oboS]. On the other hand, since S is left quasi-regular, we have
a € (SoaoSoal. Thus we get

a€(SoaoSoa)C(So(SoboS]oSod
=(So(SoboS)oSoal
C(SoboSoal.

(«<).If a € S, by hypothesis, we have a € (SoaoSoal, so S is left quasi-regular.
If a,b € S, by hypothesis, we have

a€ (SoboSoalC(SoboSo(SoboSoal
=(SoboSo(SoboSoa)
C(Sobod],

thus we have S C (Sobo S| and (Sobo S] =S, and so S is simple. O

Lemma 2.6. If S is an intra-regular ordered hypersemigroup, then for the com-
plete semilattice congruence N on S, the class (x)n is a simple hypersubsemigroup
of S for every x € S.

Which means that the intra-regular ordered hypersemigroups are complete
semilattices of simple hypersemigroups.

Theorem 2.7. Let (S, 0, <) be an ordered hypersemigroup and o a complete semi-
lattice congruence on S. Then S is left quasi-reqular if and only if (a), is a left
quasi-reqular hypersubsemigroup of S for every a € S.

Proof. (=). Let b € (a),. Then there exist elements u,v € (a), such that b <
uobovob. In fact: Since b € S and S is left quasi-regular, b < sobotob for some
s,t € S. Then we have

b<soboto(sobotob)<sobotosoboto(sobotob)
= (sobotos)obo(tosobot)ob.

Moreover we have sobotos,tosobot € (a),. In fact, since b < sobotob and
o is a complete semilattice congruence on S, we have (b,bosobotobd) € o, then
(b,sobotob) € 0. Since (a,b) € o, we have (a, sobotob) € ¢. Since (tob,bot) € o,
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we have (sobotob,sob?ot) € o, then (a,s0bot) €0, (a,s0botos) € o, and
sobotos € (a),. Moreover, since (a,s0bot) € o, we have (a,s0bot?) € o,
(a,tosobot)€o,andtosobot € (a),.

(«<). Let a € S. Since (a), is left quasi-regular, we have

a € ((a)goaoc(a)soalq), C(SoaoSoadl,
so S is left quasi-regular. O

Theorem 2.8. Let (S,0,<) be an ordered hypersemigroup. The following are
equivalent:

(1) S is a complete semilattice of left strongly simple hypersemigroups.

(2) S is a semilattice of left strongly simple hypersemigroups.

(3) S is a union of left strongly simple hypersubsemigroups of S.

(4) a € (Soa?oSoa] for everya € S.

(5) Every left hyperideal of S is an intra-regular hypersubsemigroup of S.

(6) Every left hyperideal of S is a semisimple hypersubsemigroup of S.

Proof. The implications (1) = (2) and (2) = (3) are obvious.

(3) = (4). Let S be the union of the left strongly simple hypersubsemigroups
Sq, @ € Y, and let @ € S. Suppose a € S, for some a € Y. Since S, is a left
strongly simple hypersemigroup and a,a® € S,, by Lemma 2.5, we have

ae(SaOGQOSaOG]SQ Q(SOQQOSOQ],

(4) = (5). Let L be a left hyperideal of S and a € L. Since a,a? € S, by (4),
we have

a€(Soa’0Soal C(So(Soa*oSoa?loSod]
(So(Soa*oSoa?)oSoad]
C((Soa*)oa?o(Soa’*o0Soa).

Since a® € L, we have Soa?> C SL C L and Soa?0Soa C SoL C L. Thus we
have a € (Loa?o L] = (Loa?o L]r, and L is intra-regular.

(5) = (6). Let L be a left hyperideal of S and a € L. Since L is intra-regular,
we have

a€(Loa’oL], C(Loao(Loa?oL]polL]pL
=(Loao(Loa*oL)oL]p
(LoaoLoao(SolL)|L
(LoaoLoaolL]L,

and L is semisimple.
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(6) = (1). Let a € S. By (6), L(a) is a semisimple hypersubsemigroup of S i.e.
x € (L(a)oxoL(a)oxoL(a)lr = (L(a) oxoL(a) oxoL(a)] for every x € L(a).
Thus we have

L(a)oao L(a)oao L(a)]
(aUSoa]oao(aUSoaloaoc(aUSoad]
(aUSoa)oao(aUSoa)oao(aUSoa)

=(a*0Soa*USoa?oSoal.

(
=
(
(

Then
a> € (a*>0Soa’USoa?oSoalo(a] C(a?0Soa’USoca?oSoad?,
and

a’?0So0a*USoa?o0Soa? o(Soa’
(a*>0Soa*USoa?o0Soa?)o(Soa’)]

a2oSoa4oSoaSUSoazoSoazoSoa?’]

Thus we have a € ((Soa?0SoalUSoa?0Soa] = ((Soa?0Soa]] = (Soa?o0Soad.
Since a € (Soa?0Soa] C (Soa?0S],(SoaoSoa] for every a € S, S is both intra-
regular and left quasi-regular. Since S is intra-regular, by Lemma 2.6, (z), is a
simple hypersubsemigroup of S for every x € S. Since S is left quasi-regular and
N a complete semilattice congruence of S, by Theorem 2.7, (z)x is a left quasi-
regular hypersubsemigroup of S for every x € S. Since N is a complete semilattice
congruence on S and (z)r a left strongly simple hypersubsemigroup of S for every
x € S, S is a complete semilattice of left strongly simple hypersemigroups. O

Theorem 2.9. An ordered hypersemigroup S is a chain of left strongly simple
hypersemigroups if and only if, for every a,b € S, we have

a€(SoaoboSoalorbe (SoaoboSobl.

Proof. (=). Suppose o is a semilattice congruence on S such that (z), is a left
strongly simple hypersubsemigroup of S for every « € S and the set S/o endowed
with the relation

(2)o 2 (Y)o == (2)o = (T0Y)s

is a chain. Let now a,b € S. Since (S/0,=) is a chain, we have (a), < (b),
or (b)y < (a)s. Let (a)y = (b)y. Then (a), = (aob), and {a},aob C (a),.
Since (a), is a left strongly simple hypersemigroup, by Lemma 2.5, we have a €
((a)goaobo(a);oalq, € (SoaoboSoal. If (b), < (a),, similarly we obtain

be(SoaoboSobl.
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(«<). Let a € S. By hypothesis, we have a € (Soa?o0Soa]. For the semilattice
congruence N, the N-class (x), is a left strongly simple hypersubsemigroup of S
for every x € S (cf. the proof of (6) = (1) in Theorem 2.8). Let now (2)ar, (y)nr €
S/N. By hypothesis, we have z € (SozoyoSozjory e (SoxoyoSoy|. Let
x € (SoxoyoSox]l. Since x € N(z) and x < tozoyohoux for some t,h €5,
we have z oy C N(x), then N(zoy) C N(x). Let y € (SozxoyoSoy]. Since
y € N(y) and y < zoxoyokoy for some z,k € S, we have z oy C N(y), so
N(zoy) € N(y). On the other hand, x oy C N(z o y) implies z,y € N(z o y),
then N(x) C N(zoy) and N(y) C N(z oy). Hence we have N(z oy) = N(z) or
N(zoy) = N(y). Thus (z)p = (xoy)n or (y)nv = (zoy)ny = (y o x)ur, that is,
(@)v 2 (Y or (Yv =2 (T)n- O
Remark. An ordered hypersemigroup is a chain of left strongly simple hypersemi-

groups if and only if it is a complete chain of left strongly simple hypersemigroups.

Let us finish with the following examples which correspond to the definitions
2.1-2.3.

Example 2.10. We consider the ordered hypersemigroup S = {a,b,c,d, f} de-
fined by the hyperoperation given in the table and the order below.

a b c d f
{a.f} {b.f} {c.d, [} {d} {f}
{o, f} {a, f} {e.d, f} {d} {/}

{e.d, f} | {ed fy | {e,dif} | {ed f} | {ed f}
fe.d, f} | {ed f} | {ed f}y | {ed f} | {ed f}
{r} {r} {c.d, [} {d} {r}
<:={(a,a),(b,0),(c,c), (d, c), (d, d), (f,a), (f,0), (f, ), (f, )}

The covering relation of S is the following;:

<={(d,¢), (f,a), (f,b), (f,c)}.

This is a left quasi-regular ordered hypersemigroup. As the left quasi-regular
ordered hypersemigroups are also semisimple, this is an example of an ordered
semisimple hypersemigroups as well. It is not simple as (Soco S| # S.

S| || O

Example 2.11. The ordered hypersemigroup defined by the hyperoperation and
the covering relation below is left quasi-regular (also right quasi-regular) and sim-
ple.

o a b c d e
a {a} {a} {a,b, ¢} {a} {a,b,c}
b ol [ | dobd | {a [ {aba
¢ {a} {a} {a,b, ¢} {a} {a,b,c}
d | {a,bd} | {a.bd} S Ta,b,d} S
e {a,b,d} {a,b,d} S {a,b,d} S



268

N. Kehayopulu

<= {(a, b), (b7 C)a (b7 d)v (C7 6)7 (d7 6)}

We wrote this paper in the usual way, and we will come back to this paper in

a forthcoming paper.
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A note on semisymmetry

Aleksandar Krapez and Zoran Petri¢

Abstract. J.D.H. Smith showed how to replace homotopies between quasigroups by homo-
morphism between semisymmetric quasigroups. This is a semisymmetrization and it replaces
a quasigroup by a semisymmetric structure defined on its Cartesian cube. The reason for a
semisymmetrization is that homomorphisms behave more regularly than homotopies.

A thorough survey of properties of Smith’s semisymmetrization is given in this paper. Also,
new semisymmetrizations, which replace a quasigroup by semisymmetric structures defined on

its Cartesian square are suggested.

1. Introduction

For a plausible category of quasigroups, it seems that homotopies between quasi-
groups, taken as morphisms, are better choice than homomorphisms (see [3] and
[9]). However, homomorphisms are sometimes easier to work with. For example,
isotopies (bijective homotopies) do not preserve units — every quasigroup is iso-
topic to a loop (quasigroup with a unit) but is not necessarily a loop itself. This
note is about turning homotopies into homomorphisms.

Smith, [6], proved that there is an adjunction from the category of semisymmet-
ric quasigroups with homomorphisms to the category of quasigroups with homo-
topies. Also, he proved in [6] that the latter category is isomorphic to a subcategory
of the former category, and in [7], that every T algebra, for T being the monad
defined by the above adjunction, is isomorphic to the image of a semisymmetric
quasigroup under the comparison functor.

These results, especially the embedding of the category of quasigroups with
homotopies into the category of semisymmetric quasigroups with homomorphisms,
could be of interest to a working universal algebraist. Our intention is to make
them more accessible to such a reader and to indicate a possible misusing. Also,
we give a proof that the comparison functor is full, which completes the proof of
monadicity of the adjunction.

At the end of the paper, we show that there is a more economical way to embed
the category of quasigroups with homotopies into the category of semisymmetric
quasigroups with homomorphisms. One could get an impression, due to [6], that
for such an embedding it is necessary to have a semisymmetrization functor that
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is a right adjoint in an adjunction. If one is interested just in this embedding and
not in reflectivity (see the end of Section 4), then this new semisymmetrization
suits as any other.

We assume that the reader is familiar with the notions of category, functor
and natural transformation. If not, we suggest to consult [5] for these notions.
All other relevant notions from Category theory are introduced at the appropriate
places in the text.

2. Quasigroups

We start by recapitulating a few basic facts about quasigroups.
One way to define a quasigroup is that it is a grupoid (Q;-) satisfying:

Vabdiz (r-a=0b) and VYab3diz (a-x =0b)

Uniqueness of the solution of the equation z-a = b (a-x = b) enables one to define
right (left) division operation = b/a (x = a\b) which is also a quasigroup (short
for: (@;/) is a quasigroup). We can define three more operations:

TxYy=y-T vy =y/v r\y = y\v

dual to -, /, \ respectively. They are also quasigroups. The six operations -, /, \, %, /
and \\ are parastrophes of - (and of each other).

A function f: @ — R between the base sets of quasigroups (Q;-) and (R, -) is
a homomorphism iff:

f@) - fly) = flz-y)
and isomorphism if f is a bijection as well.
A triple f = (f1, f2, f3) of functions (f; : @ — R) is a homotopy iff:

fi(@) - f2(y) = f(x-y)
which implies (and is implied by any of):

f3(x)/ f2(y) = fi(x/y) f2(2) ) f3(y) = fi(z/y)
fi(@)\f3(y) = fa(x\y) f3(2)\ f1(y) = f2(z\y)

If all three components of f are bijections, then f is an isotopy.

*kk

We can also define a quasigroup as an algebra (Q;-, /,\) with three binary op-
erations: multiplication (-), right and left division. The axioms that a quasigroup
satisfies are (zy is short for (z - y)):

ry/y == r\wy =y

(w/y)y = 2(2\y) =y Q)
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For obvious reasons, such quasigroups are called equational, primitive or equasi-
groups.

Thus, we have the variety of all quasigroups. Another important variety is
the variety of semisymmetric quasigroups, defined by one of the following five
equivalent axioms (in addition to (Q)):

T yr=y (2.1)
Yy -r=y (2.2)
x/y = yx
r\y = yz
z\y =z/y

Smith, [6], defined a semisymmetrization of a quasigroup Q = (Q;-,/,\) as a
one-operation quasigroup Q® = (Q3;0) where the binary operation o is defined
by:

(1,22, 23) © (Y1, Y2, y3) = (Y3/22,y1\T3, T1Y2) (2.3)

and proved that, for any quasigroup Q, the semisymmetrization Q2 of Q is a
semisymmetric quasigroup.

3. Twisted quasigroups

For our purpose, there is a better way to define a quasigroup. In this definition the
twisted quasigroup is an algebra (Q; /,\,-) satisfying appropriate paraphrasing of
the above quasigroup axioms (Q):
ylzy = y\z =y
/)y == z(y\z) =y
We have the following symmetry result, lacking for quasigroups defined as
(@ /,\)-
Proposition 3.1. An algebra (Q; //,\,-) is a twisted quasigroup iff (Q;\,-, /) is
a twisted quasigroup iff (Q;-, /,\) is a twisted quasigroup.

Analogously, we have the paraphrasing of axioms for semisymmetric twisted
semisymmetric quasigroups: (2.1),(2.2) and

zfy =y

r\y = zy
r\y=z/y

The last three identities we shorten to symbolic identities: J =-\ =-,\ = /.
There is also a result corresponding to Proposition 3.1:
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Proposition 3.2. An algebra (Q; //,\,*) is a semisymmetric twisted quasigroup
iff (Q;\\,+, /) is a semisymmetric twisted quasigroup iff (Q;-, /,\) is a semisym-
metric twisted quasigroup.

*3kk

Using twisted quasigroups we can see how a (twisted) semisymmetrization
(defined below), which we call V, *works’.

Let us start with three single—operation quasigroups (Q;-), (Q; /) and (@Q;\),
where // and \\ are duals of appropriate division operations of -. We can define
direct (Cartesian) product (Q; /) x (Q;\\) x (Q;-) and an operation ® on Q3 such
that

(z1,22,23) ® (y1,Y2,Y3) = (T1//y1, 22\Y2, T3Y3) (3.4)
defines multiplication in the direct product. Therefore (Q?; ®) is a quasigroup.

Define also a permutation ' : Q3 — Q3 by (1, 22, 73) = (22, x3,21). It follows
that (z1,22,23)" = (z3,21,22) and (21,29, 23)" = (r1,22,23). Define another
operation V3 : Q3 x Q% — Q3 by #V3y = ¥’ @ ¥”, where 4 = (uy, us,u3). The
groupoid (Q3; V3) is also a quasigroup, so there are appropriate division operations
of V3 and their duals V; and Vj:

Vs =z iff gViz=z iff zZV,z=7.

Therefore (Q3; V1, Vo, V3) is a twisted quasigroup.
Let us calculate V;.

"

Z = (21,22,23) = V3§ = (1,22, 23)" ® (Y1, Y2,Y3)
= (22,73,71) ® (y3,y1,y2) = (x2//y3, £3\Y1, T1Y2)-

Therefore

= (y2/ 23, Y3\ 21, y122) = (y2, Y3, Y1) @ (23,21, 22) =y @ 2" = yV3z

i.e. Vi = V3 (and consequently V, = V3) hence (Q?; V1, Vg, V3) is semisymmet-
ric twisted quasigroup. So we recognize V3 as a twisted analogue of Smith’s o (see
identity (2.3)). Let us call QV = (Q3; V1, Vs, V3) a twisted semisymmetrization

of Q.
For (f1, f2, f3) being a homotopy from Q to R, we also have:

(fi x fa x f3) (&V3y) = (f1 x fa x f3) (@' ®y")
= (fi(2/y3), f2(zs\wn), fa(z1 - y2))
= (faza/ f3ys, f323\ fry1, frz1 - faye)
= (faw2, f3x3, fiz1) @ (f3y3, fry1, foyz)
= (fiz1, fowa, f323) @ (fr21, fowa, f323)"
= (fi x fa x f3) (@)V3(f1 x fa x f3) (),

S0 f1 X fa X f3is a homomorphism.



A note on semisymmetry 273

4. The categories Qtp and P

This section follows the lines of [6] with some adjustments. The main novelty is
a proof of [6, Corollary 5.3]. We try to keep to the notation introduced in [6].
However, we write functions and functors to the left of their arguments.

For a fixed, large enough universe U, a quasigroup Q = (@;-,/,\) is small
when @ belongs to U (see [5, 1.2]). Let Qtp be the category with objects all small
quasigroups Q = (Q;-,/,\) and arrows all homotopies. The identity homotopy
on Q is the triple (1g,1¢,1¢g), where 1¢ is the identity function on @, and the
composition of homotopies (f1, fo, f3): P — Q and (g1,92,93): Q — R is the
homotopy (g1 © f1,92 © fa,930 f3): P — R.

Let P be the category with objects all small semisymmetric quasigroups and
arrows all quasigroup homomorphisms. For every arrow f: Q — R of P, the triple
(f, f, f) is a homotopy between Q and R.

Let X be a functor from P to Qtp, which is identity on objects. Moreover, let
Y f, for a homomorphism f, be the homotopy (f, f, f)-

The category P is a full subcategory of the category Q with objects all small
quasigroups and arrows all quasigroup homomorphisms. The functor X is just a
restriction of a functor from Q to Qtp, which is defined in the same manner.

An adjunction is given by two functors, F': C — D and G: D — C, and two
natural transformations, the unit : 1¢ - GF and the counit £: FG — 1p, such
that for every object C' of C and every object D of D

GEDO"IG’D:]-GD7 and EFCOFUC:]-FC-

These two equalities are called triangular identities. The functor F is a left adjoint
for the functor G, while G is a right adjoint for the functor F'.

That ¥: P — Qtp has a right adjoint is shown as follows. Let / and \\ be
defined as at the beginning of Section 3. For Q a quasigroup, let V3: Q% xQ? — Q3
be defined as in Section 3, i.e., for every Z = (x1,z2,23) and § = (y1,¥y2,¥3)

tV3y = (x2/y3, z3\y1, 21 - y2).

That (Q3; V3) is a semisymmetric quasigroup follows from the fact that the struc-
ture (Q3; V1, Va, V3) is a semisymmetric twisted quasigroup, which is shown in
Section 3. The semisymmetric quasigroup (Q3; V3) is the semisymmetrization Q4
of Q defined at the end of Section 2 (see (2.3)).

Let A: Qtp — P be a functor, which maps a quasigroup Q to the semisymmet-
ric quasigroup (Q3;V3). A homotopy (fi1, f2, f3) is mapped by A to the product
f1 x fa X f3, which is a homomorphism as it is shown at the end of Section 3. By
the functoriality of product, we have that A preserves identities and composition,
and it is indeed a functor. A proof of the following proposition is given in [6,
Theorem 5.2].

Proposition 4.1. The functor A is a right adjoint for 3.
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Moreover, every component of the counit of this adjunction is epi (i.e. right
cancellable) and the semisymmetrization is one-one. This is sufficent for Qtp to
be isomorphic to a subcategory of P. This is one way how to establish this fact
using the previous proposition. However, if the goal was just to establish that Qtp
is isomorphic to a subcategory of P, this adjunction is not necessary at all, which
is shown below.

A functor F': C — D is faithful when for every pair f,g: A — B of arrows of
C, Ff = Fg implies f = g. An arrow f: A — B of C is epi when for every pair
g,h: B — C of arrows of C, the equality go f = ho f implies g = h. The following
lemmas will help us to prove that Qtp is isomorphic to a subcategory of P.

Lemma 4.2. The functor A is faithful.

Proof. For homotopies (f1, fa, f3) and (g1, g2, 93) from Q to R, if f1 x fo x f3 and
g1 X g2 X g3 are equal as homomorphisms from AQ to AR in P, then for every
i € {1,2,3}, fi = g;- Hence, these homotopies are equal in Qtp. O

Alternatively, by [5, IV.3, Theorem 1, Part (i)] (see also [2, Section 4, Proposi-
tion 4.1] for an elegant proof of a related result) one may establish that A is faithful
by relying on Proposition 4.1. Tt suffices to prove that for every object Q of Qtp,
the component g of the counit of the adjunction established in Proposition 4.1 is
epi. The arrow g is defined as the triple (1, w2, 73), where 7;: Q% — @Q is the ith
projection. Let g,h: Q — R be a pair of arrows of Qtp such that goeg = hoeg.
This means that for every ¢ € {1,2,3} we have that g; o m; = h; o m;. Hence, the
function g; is equal to the function h;, since the function 7; is right cancellable.
(However, the homotopy g need not have a right inverse in Qtp.)

Lemma 4.3. If (Q;-,/,\) and (Q;-',/",\') are two different quasigroups, then
there are x,y € Q such that

x-y#axy.

Proof. Suppose that for every z,y € Q, x-y = -’y holds. Then for every z,t € Q

we have

z/t=((z/t) 1)/t = ((z/1) - 1)/'t) = z/'t.
Analogously, we prove that for every u,v € @, u\v = u\'v. Hence, (Q;-,/,\) and
(Q;-,/',\') are the same, which contradicts the assumption. O

Lemma 4.4. The functor A is one-one on objects.

Proof. Suppose that (Q;-,/,\) and (Q';-",/’,\’) are two different quasigroups. If
Q and Q' are different sets, then AQ and AQ’ are different. If Q = @', then,
by Lemma 4.3, there are x and y in this set such that = -y # = -’ y. Hence, the
operations V3 for AQ and AQ’ differ when applied to (z,z,z) and (y,y,y). O

As a corollary of these two lemmas we have the following result.
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Proposition 4.5. The category Qtp is isomorphic to a subcategory of P; namely,
to its image under the functor A.

As we have shown by the proof of Lemma 4.2, Proposition 4.5 is independent
of Proposition 4.1. The adjunction, together with this embedding of Qtp in P,
says that the category P reflects in Qtp in the following sense. A subcategory A
of B is reflective in B, when the inclusion functor from A to B has a left adjoint
called a reflector (see [5, IV.3]). The adjunction is called a reflection of B in A.

Propositions 4.1 and 4.5 say that Qtp may be considered as a reflective sub-
category of P. The functor ¥ is a reflector and the adjunction between ¥ and A
is a reflection of P in Qtp. However, this does not mean that the A-image of
Qtp is an iso-full subcategory of P, i.e. that two quasigroups are isotopic in Qtp
if and only if their semisymmetrizations are isomorphic in P. Im, Ko and Smith,
[4, first paragraph in the introduction], refer to [6] for this iso-fullness. However,
this is not considered at all in [6] and the question of fullness or iso-fullness of the
image of Qtp in P remains open. The reader should be aware of this potential
missusing of these results.

5. Monadicity of A

For F': C — D a left adjoint for G: D — C, and 7 and ¢, the unit and counit
of this adjunction, a GF-algebra is a pair (C, h), where C is an object of C and
h: GFC — C'is an arrow of C such that the following equalities hold.

hOGFh:hOGé‘Fc, hO’I]C:lc.

A morphism of GF-algebras (C,h) and (C’,}’) is given by an arrow f: C — C’
of C such that foh=h' o GFY.

The category C“F has GF-algebras as objects and morphisms of GF-algebras
as arrows. The comparison functor K: D — CYT is given by

KD = (GD,Gep), Kf=GYf.

In many cases the comparison functor is an isomorphism or an equivalence (i.e.
there is a functor from C® to D such that both compositions with K are naturally
isomorphic to the identity functors). The right adjoint of an adjunction or an
adjunction are called monadic when the comparison functor is an isomorphism
(see [5, VL.3], also [8, Section 4.2]). Some other authors (see [1, Section 3.3]) call
an adjunction monadic (tripleable) when K is just an equivalence.

In the case of adjoint situation involving ¥ and A, the comparison functor
K: Qtp — P2% s just an equivalence. To prove this, by [5, IV.4, Theorem 1]
it suffices to prove that K is full and faithful, and that every G F-algebra is iso-
morphic to KQ for some quasigroup Q. The faithfulness of K follows from 4.2
since the arrow function K coincides with the arrow function A. That every GF-
algebra is isomorphic to KQ for some quasigroup Q is proven in [7, Section 10,
Theorem 33].
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A functor F': C — D is full when for every pair of objects C; and Cs of C and
every arrow ¢g: F'Cy — F(Cs of D there is an arrow f: C; — Cy of C such that
g = Ff. It remains to prove that K is full. For this we use the following lemma.

Lemma 5.1. Every arrow of P~ from KQ to KR is of the form fi X fo X f,
for (f1, f2, f3) a homotopy from Q to R.

Proof. For quasigroups Q and R we have that KQ = (AQ,m X me X 73) and
KR = (AR,Wl X g X 773). SO, let

f(AQ,m X w2 X w3) = (AR, 71 X 72 X 73)
be an arrow of PA¥. Since f is a morphism of AXY.-algebras, we have that

fo(m xXmyxmg)=(m xmaXxms)o(fxfxf)

as functions from (Q3)? to R3.

For i € {1,2,3} and u € @, let fi(u) = m(f(u,u,u)). Moreover, let (z,y, z)
be an arbitrary element of Q3. Apply the both sides of the above equality to
(z,2,7), (y,9,9), (2, 2,2)) € (Q*)? in order to obtain

f(@,y,2) = (m(f (2, 2, 2)), 2 (f(y,9,9), m3(f (2, 2, 2))) = (f1(2), f2(y), f3(2)).

Hence, f = f1 X fo X f3 and since it is a homomorphism from AQ to AR, we have
for every z,y € Q3

(f1 X fa x f3)(Z) V3 (f1 % fo x f3)(5) = (f1 X f2 x f3)(Z V3 7).

By restricting this equality to the third component, we obtain fi(x1) - fo(y2) =
fa(z1 - y2), and hence (f1, f, f3) is a homotopy from Q to R. O

6. A new semisymmetrization

Definition 6.1. An algebra (Q; /,\) is a biquasigroup iff J/(\)) is the dual of the
right (left) division operation of a quasigroup operation - on Q.
A biquasigroup is semisymmetric iff \\ = /.

Proposition 6.2. An algebra (Q; //,\) is a biquasigroup iff (Q;\,-) is a biquasi-
group iff (Q;-,\) is a biquasigroup.

Proposition 6.3. An algebra (Q; //,\) is a semisymmetric biquasigroup iff (Q;\\, )
is a semisymmetric biquasigroup iff (Q;-,\) is a semisymmetric biquasigroup.

Let us start with three single—operation quasigroups (Q;-), (Q; /) and (@Q;\),
where // and \| are duals of appropriate division operations of -. We can define
direct (Cartesian) product (Q; /) x (Q;\\) and an operation ® on Q2 such that

(z1,72) ® (y1,92) = (21 //y1, 22\ y2)
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defines multiplication in the direct product. Therefore (Q?; ®) is a quasigroup.
Define also a permutation ’ : Q? — Q2 by (x1,22)" = (w2,71). Define an-
other operation V : Q% x Q* = Q? by 2V§ = Ry(2') ® Lz (9'), where @ is (u1,uz),
L;(9) = (x1-y1,y2) and Ry(2) = (z1,x2-y2). The groupoid (Q?; V) is also a quasi-
group, moreover a semisymmetric one. Therefore (Q?;V,V) is a semisymmetric
biquasigroup.
Let us define:

rQy=xz/y r@y=uxz\y rQ@y=z-y

Then the definition of Vi3, which we abbreviate just by V, is:

(z1,22)V12(y1,92) = (22 © (21 @ y2), (1 @ y2) @ y1)-

There are two more alternative semisymmetrizations with corresponding defini-

tions in (Q?;\,-) (respectively (Q?;-, /)):
(z1,22) Va3 (y1,y2) = (22 @ (21 D y2), (21 D y2) @ 1)
(21, 22) V31 (y1, ¥2) = (22 @ (21 @ ¥2), (21 D y2) D y2).

The indexing of operations is used to emphasize the symmetry.

In this section we introduce a new semisymmetrization functor from Qtp to
P. This leads to another subcategory of P isomorphic to Qtp. We start with an
auxiliary result.

Lemma 6.4. The third component fs of a homotopy is determined by the first
two components f1 and fo.

Proof. Let Q be a quasigroup. For every element = € @ there are y,z € @ such
that 2 =y -2 (e.g. @ = y - ()\a)). Hence, fy(x) = fi(y) - fal2). O

Let I': Qtp — P be a functor defined on objects so that I'Q is a semisymmetric
quasigroup (Q?%; V) whose elements are pairs (z1,¥2), abbreviated by 2, and V is
defined so that

(z1,22)V(y1,y2) = (T2/ (71 - y2), (1 - y2)\y1)-

(It is straightforward to check that (§VZ)Vy = §V(2Vg) = Z, hence TQ is a
semisymmetric quasigroup.)

A homotopy (f1, f2, f3) is mapped by I' to the product f; x fo, which is a
homomorphism:

(fr x f2)(@) V (f1 x f2)(§) = (fa(@2) [ (fr(21) - f2(y2)), (Fr(@1) - fa(y2))\f1(y1))
= (fi(@ef (21 - y2)), f2((21 - y2)\1))
= (f1 x f2)(2Vg).
By the functoriality of product, we have that I" preserves identities and composi-
tion, and it is indeed a functor.



278 A. Krapez and Z. Petri¢

The functor I' is not a right adjoint for ¥ since a right adjoint is unique up to
isomorphism and I'Q is not isomorphic to AQ for every object Q of Qtp. However,
this adjunction is not necessary for the faithfulness of T'.

Lemma 6.5. The functor I is faithful.

Proof. We proceed as in the second proof of Lemma 4.2. If (f1, fo, f3) and
(91,92, g3) are two homotopies from Q to R, then T'(f1, f2, f3) = I'(g1, 92, g3) means
that f1 x fo = g1 Xg2. Hence, f; = g1 and fo = g2, and by Lemma 6.4, f3 = g3. O

The functor I', as defined, is not one-one on objects. For example,
({071}7+7+5+) and ({071}7@7@7 @)a

where + is addition mod 2 and z ® y = « + y + 1, are mapped by I' to the same
object of P. To remedy this matter, one may redefine I so that

rQ=(Q*x{Q}, V),

where Q, as the third component of every element, guarantees that I" is one-one on
objects. The operation V is defined as above, just neglecting the third component.
Hence, Qtp may be considered as another subcategory of P.
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The congruence #*

on completely regular semirings
Sunil Kumar Maity

Abstract. We investigate the congruence generated by # on completely regular semirings and
get that #* € [¢,v] on completely regular semirings.

1. Introduction

The study of the structure of semigroups and semirings are essentially influenced
by the study of the congruences defined on them. We know that the set of all
congruences defined on a semiring or a semigroup is a partially ordered set with
respect to inclusion and relative to this partial order it forms a lattice, the lattice
of congruences €(S) on S. In 1999, Petrich and Reilly [8] defined a relation % on
a completely regular semigroup S by: for a,b € S;

a?b if and only if V(a) =V(b).

Under certain special conditions of semigroups, % was proved to be the least
Clifford congruence on S. It was proposed by them as an open problem that, what
can be said about #*, the congruence generated by % on a completely regular
semigroup. Recently, in 2011, C. Guo, G. Liu and Y. Guo solved this open problem
in their paper [1]. They proved that #™* € [¢, v] on completely regular semigroups.
Furthermore, they gave a description of Z™* on completely simple semigroups and
normal cryptogroups, respectively. The main aim of this paper is to further extend
these ideas on completely regular semirings.

The preliminaries and prerequisites we need for this paper are discussed in
Section 2. In Section 3 we study some properties of orthodox completely regular
semirings and finally in Section 4 we characterize the relation #* on completely
regular semirings.

2. Preliminaries

A semiring (S,+,-) is a type (2, 2)-algebra such that the semigroup reducts (S, +)
and (S, -) are connected by distributive laws, i.e., a(b+c¢) = ab+ac and (b+c)a =

2010 Mathematics Subject Classification: 16A78, 20M10, 20M07, 16Y60.
Keywords: Completely regular semiring, completely simple semiring, Rees matrix semiring,
skew-ideal, b-lattice of skew-rings.
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ba + ca for all a,b,c € S. Here the additive reduct (S, +) of the semiring (S, +, -)
is not necessarily commutative. An element a in a semiring (.5, +, ) is said to be
additively reqular if there exists an element x € S such that a + x + a = a.

Following [5], we say that an element a of a semiring (5,+,) is completely
regular if there exists x € S such that a = a+x+a, a+z = r+a and a(a+2x) = a+x.
A semiring S is said to be completely reqular if every element of S is completely
regular.

Let 7 be a relation on a semiring S. Define the relation 7¢ on S by: for a,b € S;

ar®b if and only if a =x+c+y, b=x+d+y for some z,y € S° and crd.

t
Also, we define 79 by 79 = ((TUT’l Ue)e> , where € is the equality congruence

and 7' denotes the transitive closure of 7.

Following [5], a semiring (S, +,) is called a skew-ring if its additive reduct
(S,4+) is a group, not necessarily an abelian group. A semiring (S, +, -) is said to be
a b-lattice [5] if (S,-) is a band and (S, +) is a semilattice. If (S, +, ) is a semiring,
we denote Green’s relations on the semigroup (S,+) by £, Z*, 7+, 2T and
. In fact, the relations £, Z*, 71, 2T and s are all congruences on the
multiplicative reduct (.S,-). Thus, if any one of these happens to be a congruence
on the additive reduct (S,+), it will be a congruence on the semiring (S, +,-). A
completely regular semiring S is said to be completely simple [5]if #T =SxS. A
congruence & on a semiring S is called a b-lattice congruence (idempotent semiring
congruence) if S/€ is a b-lattice (respectively, an idempotent semiring). A semiring
S is said to be a b-lattice (idempotent semiring) Y of semirings So(a € Y) if S
admits a b-lattice congruence (respectively, an idempotent semiring congruence)
& on S such that Y = S/¢ and each S, is a &-class. We write S = (Y; 5,).

First we prove the following result.

Theorem 2.1. The following conditions on a semiring are equivalent:
(7) S is completely regular;
(1) every S+ -class is a skew-ring;
(#i) S is union (disjoint) of skew-rings;
(iv) S is a b-lattice of completely simple semirings;
(v) S is an idempotent semiring of skew-rings.

Proof. From [5, Theorem 3.6], it follows that first four conditions are equivalent.

(1) = (v): Let S be a completely regular semiring. Then by [5, Theorem 3.6],
it follows that each % -class is a skew-ring. Let 2° be the zero of the skew-ring
H,, where H, is the J#T-class containing the element x € S. To complete the
prove it suffices to show that % is an idempotent semiring congruence on S.
For this let a T b and ¢ € S. Then a’ = t°. Now (a +¢)° = (a +¢)(a+¢)° =
a(a+c)’+cla+c)? =a(a+c)’+cla+c)® = (a®+c)(a+c)’ = (a®+¢)°(a+c) =
(a® +¢c)%a+c) = (a® + ¢)%a+ (a® + ¢)% = (a® + ¢)%° + (a° + )% = (a® +
¢)%(a® + ¢) = (a® + ¢)°. Similarly, we can show that (b+ ¢)? = (b° + ¢)°. Thus,
(a+¢) = (a®+¢)° = (B° 4+ ¢)° = (b+¢)°. This implies a + ¢ #* b+ c. Dually,
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c+a## T c+b. Hence ST is a congruence on (S, +). Since ST is a congruence
on (S,), it follows that ##7 is a congruence on the semiring S. Clearly, 2a 5 a
and a? #*+ a. Hence S/2#% is an idempotent semiring. Consequently, S is an
idempotent semiring of skew-rings.

(v) = (4): This is obvious. O

Throughout this paper, we always let ET(S) be the set of all additive idempo-
tents of the semiring S. Observe that the distributive laws imply that whenever
the set E*(S) is non-empty, it forms an ideal of the multiplicative reduct (.5, -) of
S. If a € S is additively regular, we denote the set of all inverse elements of a in
the semigroup (S,+) by VT (a). Also we denote the least skew-ring congruence by
o and the least b-lattice of skew-ring congruence by v on a semiring S. We always
let S = (Y;S,) be a completely regular semiring, where Y is a b-lattice and S,
(e €Y) is a completely simple semiring. For other notation and terminology not
given in this paper, the reader is referred to the texts of Howie [3], Golan [4], and
Petrich and Reilly [8].

Next we introduce some results which can be proved in a similar way as com-
pletely regular semigroup (see for example Theorem II.4.5 in [8]).

Theorem 2.2. Let S = (Y; S,) be completely reqular semiring. Then ¢+ = P,

Lemma 2.3. For any completely reqular semiring S,

v={(f.9)| f.g € E*(S) and f 7" g}".

Proof. Let n = {(f,9)| f,9 € ET(S), f 2% g}".
Clearly, n C 27 and each 2*- class of S/n contains a unique additive idempo-

tent. Hence S/n is a b-lattice of skew-rings and v C 5. On the other hand, S/v is
a b-lattice of skew-rings so that {(f,g)|f,g € ET(S), f 2" g} C v, which implies
{(f:9)| f,9 € ET(S), f 2% g} Cv. Thus, v={(f,9)| f.g € ET(S), f2T g}*. DO

Lemma 2.4. Let S = (YV;S,) be a completely reqular semiring and a € S,,
b e Sg, where 8 < . Then,

(1) aZt(b+a), aZ* (a+Db),

(ii) a=a+ (b+a)=(a+b°+a.

Proof. Follows similarly from [8, Corollary 11.4.3.]. O

3. The relation %

We call a semiring (S, +,-) an orthodox semiring if the additive reduct (S, +) is
orthodox, i.e., ET(S) forms an ideal of S. We show that the relation % and v are
equivalent on an orthodox completely regular semiring.

Let S be a completely regular semiring. Define a relation % on S by: for
a,be S,

a? b if and only if VT (a) = VT (b).
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We need the following result.

Lemma 3.1. Let S = (Y;S,,) be an orthodox completely reqular semiring, where Y
is a b-lattice and S, (a € Y) is a completely simple semiring. Then <E+ (Sa)s —1—) is

a rectangular band for all & € Y and for any two elements a,b € Sy, e € ET(S3),
a+b=a+e+b, where a,B €Y such that 5 < «.

Proof. Follows similarly from [8, Lemma I1.5.2]. O

Theorem 3.2. Let S = (Y;5,) be an orthodox completely regular semiring and
a,b € S. Then the following conditions are equivalent:
(1) a?b.
(it) There exists e, f,g,h € ET(S) witha=e+b+ f and b= g+ a+ h.
(iii) a=a’+b+a’ and b=10"+a+0°.

Proof. (i) = (ii): At first we suppose that a @ b for a,b € S. Then V*(a) =
V*t(b). Let z € V*(a). Then z € V*(b),ie,a=a+x+a, x+a+x=x and
b=b+x+b, x+b+x=u1x.

Thus, a = (a+x)+b+ (v +a) = e+b+ f, where e = a+x, f =x+a € ET(S).
Similarly, b = g + a + h, for some g, h € ET(S).

(ii) = (iii): We have a®+e+b+ f+a’ = a®+a+a® = a for some e, f € E+(9).
Then a 2% b. Let a,b € Sy, e € Sg and f € S,. Then 8,7 < a. Now, by Lemma
3.1, a°+e+b=a®+0b. Similarly, b+ f +a® = b+ a®. Hence, we have, a® + b+ a®
= a. Similarly, b° + a + b = b.

(i13) = (i): Let, x € VT (a). Then, using Lemma 3.1, we have

b=0"+a+°=0"+a+z+a+b’
=0 +a+")+2+ @ +a+b") =b+x+b.

Similarly,  + b+ 2 = z. Hence, x € V' (b) and thus, V*(a) C V*(b).
By symmetry, it follows that V' (b) C V*(a). Thus, a % b. O

Theorem 3.3. Let S = (Y;S,) be a completely reqular semiring. Then % is the
least b-lattice of skew-rings congruence on S if and only if S is orthodoz.

Proof. By [1, Theorem 1.6], we have % is the least semilattice of groups congruence
on the semigroup reduct (S,+) if and only if (S, +) is orthodox. To complete the
proof it remains to show that % is a congruence on (.5,-). For this let a % b and
ce€S. Then a =a®+b+a’ and b = % +a+1°. This implies ca = ca® + cb+ca® =
(ca)® + cb + (ca)® and cb = cb® + ca + cb® = (¢cb)® + ca + (cb)? and hence ca Z cb.
Similarly, we can show that ac % be. Consequently, % is a congruence on S. Since
S is completely regular, it follows that S/# is also completely regular. Moreover,
since (S/#, +) is semilattice of groups, one can easily prove that S/% is a b-lattice
of skew-rings, i.e., % is the least b-lattice of skew-ring congruence on S. O

Theorem 3.4. Let S = (Y;S,) be an orthodoz completely reqular semiring. Then
9t =Y.
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Proof. Let a 2 b for a,b € S. Now, we have, by Lemma 3.1, b =04+ b+ b =
b+ (a® +b+a%)+b°. Again, (a°+b+a®)°+b+(a®+b+a)° = a® +b+a°. Hence,
(a® + b+ a®) # b. Again, since a® = (a® + b+ a®)? we have a 7 (a® + b + a°).
Thus we have, a (+ #)b and hence 21 C #T % . The reverse inclusion is
obvious. This completes the proof. O

We highlight a very interesting result based on the congruences that we have
discussed so far.

Theorem 3.5. Let S = (Y;S,) be a completely reqular semiring, where Y is
a b-lattice and S, (o« € Y) is a completely simple semiring. Then the following
conditions are equivalent:
(7) S is orthodoz,
(i4) S is a spined product of an idempotent semiring and a b-lattice of skew-
Tings,
(i11) S satisfies the identity a® + b° = (a + b)°.

Proof. (i) = (ii): Let m; (respectively, m2) be the natural projection of S/#+
(respectively, S/#) onto Y. Let A be the spined product of S/t and S/#%.
Then, for any a € S,, m(a#T) = m3(a¥) = a.

We define a mapping, ¢ : S — A by ¢(a) = (as#'t,a?) for all a € S. Clearly,
¢ is a semiring homomorphism.

Let a,b € S such that ¢(a) = ¢(b). This implies (a3#+,a¥) = (b, b%),
ie,astband a @ b,ie., a® =b" and a = a® +b+a’, b = b +a +b°. Therefore,
a=a’+b+a’ =0+ b+ b = b and hence ¢ is injective.

To show ¢ is surjective, let b, c € S such that (b1, c#) € A. Then, 71 (bs#T)
= ma(c¥) = a, say, so that b,c € S,. Hence, b2* c. Now, by Theorem 3.4,
b(+ %) c. This implies b # T a# c for some a € S, ie., b = at and
o =c¥.

Hence, ¢(a) = (ast't,a¥) = (b, c%), which implies that ¢ is surjective.
Consequently, ¢ is an isomorphism.

(i) = (iii): Let S be a spined product of an idempotent semiring I and a
b-lattice of skew-rings 7". Since every idempotent semiring and every b-lattice of
skew-rings satisfies the identity 2" + y° = (z + y)° and therefore so does S.

(iii) = (i): If S satisfies the identity a® + b° = (a + )°, then for any two
elements e, f € ET(S), we have e® + f0 = (e+ f)°, ie, e+ f = (e+ f)° € EF(9).
Hence S is orthodox. O

Corollary 3.6. Let S be an orthodox completely regular semiring. Then €+ N
% = €, where € is the equality relation on S.

4. The interval which #* belongs to

So far we have discussed the nature and properties of the relation 2" on a special
kind of completely regular semirings. In the following section, we try to describe



284 S. K. Maity

%* on completely regular semirings without any other special conditions.
Following [6, Theorem 3.1] we describe the structure of completely simple
semiring.

Let R be a skew-ring, (I,-) and (A,-) are bands such that TN A = {0} and
P = (py,;) be a matrix over R, ¢ € I, A € A under the assumptions
(Z) Px,o = Po,i = 07

(1) Prpkj = Prawij — Pomij + Ponkj
(2”) Pux,jk = PuX,ji — Puv,ji + Puv,jks
(iv) apxi = pria =0,
(U) ab + Pop,io = Pop,io + ab,
(vi) @b+ Prooj = Pro,oj +ab, for all 4,5,k € I, A\, p,v € A and a,b € R.

On S=1x R x A, we define ‘+’ and ‘-’ by
(i;a,A) + (4,6, 1) = (4,0 + paj + b, 1)
and ' . B
(Za a, >‘) ' (]7 b7 ,U,) = (Zjv —PAp,ij + ab7 AM)

Then (S,+,-) is a semiring which is called a Rees matriz semiring and is
denoted by .# (I, R, A; P). The authors in [6] proved (Theorem 3.1) that a semiring
S is a completely simple semiring if and only if S is isomorphic to a Rees matrix
semiring.

Next, we give a description of least skew-ring congruence to determine the
interval of #* on completely regular semirings.

Lemma 4.1. Let S = (Y;S,) be a completely regular semiring, where Y is a
b-lattice and S, (a €Y) is a completely simple semiring and a,b € S,. Then the
following statements are equivalent.
(1) a@'b,
(1) a=e+b+f andb=g+a+h foranye, f,g,h € EY(S) withe Z" a LT f
and gZT b LT h,
(iii) a= (a+2)°+ b+ (z+a)? and b= (b+2)° +a+ (x+b)° for anyx € S,.

Proof. (i) = (#i): Let a = (4,s,A), b = (j,t,u) € So and a @ b. For any e =
(i,—psi,0), f=(k,—pxrk,\) € ET(S,), we have e Z+ a L7 f.
Let ¢ = (k, —pxr — 8 — D5,i,0) € S. Then

atct+a= (i757/\)+ (kv —P\k _5_p5,i75)+ (i,S,)\)
= (1,8 +Pxk —Pak — 5 — Psi +Psi + 5, A)
= (i,8,A) = a.

Since, S, is a completely simple semiring, we have ¢+ a + ¢ = ¢. This implies,
c € V*t(a).

Since a % b, we have ¢ € V*(b). Hence b+ c+b =b, i.e., (j,t, )+ (k, —pxrx —
§ — Déis 5) + (jvtvﬂ) = (jat + Puk —Prxk— S —Dsi + D55+ t, ,U,) = (jvtvﬂ)'

So we get, t = —ps ; + Ps,i + 5+ DPak — Puk- Then
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e+b+ f=(t,—ps,i,0) + (J, —psj +Dsi + 5+ DPake — Pues b) + (ky =Dk, A)
= (4, —Ps,i + Ds,j — Ps,j +Psi + 5+ Dxjk — Duk + Duk — Paks A)
= (i,8,A\) = a.

Similarly, we can prove for any g,h € ET(S,) with g2+ b2 h,b=g+a+h.

(1) = (4i1): For x,a,b € S,, by Lemma 2.4(i), we have (a +x) ZT a L (z +
a) and (b+ ) ZTb £ (x + b). This implies (a + 2)°Z" a £ (z + a)° and
+2)°ZT b L (x +b)°. Hence by (ii), a = (a +2)° + b+ (x +a)® and b =
+2)°+a+ (z+0b)°.

Y+a+(c+b)°

Y+a+c+a+(c+b)°
"+a+0)+b+(c+a)+c+(a+c)+b+(c+a)+ (c+b)°
Y+a+e)+b+(cta)+ec+(a+e)+b+(c+a)l+ (c+b)°
"+ (@+e)+b+c+b+(c+a)+ (c+b)°
=0B+c)+b+c+b+(c+b)° [by Lemma 2.4 and Lemma 3.1]
=b+c+b.

This implies ¢ € V¥ (b) and hence V' (a) C VT (b). By symmetry, we get VT (a)
V*(b). This completes the proof.

o

Following [6, Definition 5.1] a normal subgroup N of (R,+) (where R is a
skew-ring) is said to be a skew-ideal of R if a € N implies ca,ac € N for all ¢ € R.

Notation 4.2. Let S = .# (I, R, A; P) be a Rees matrix semiring over a skew-ring
R. Let (P) denote the smallest skew-ideal of R generated by the elements of P.

Lemma 4.3. Let S = #(I, R, A; P) be a completely simple semiring. Define a
relation o on S as: for all a,b € S;

acb if and only if (g —h) € (P),
where a=(i,g,\), b=(j,h,u) € S. Then o is the least skew-ring congruence on S.

Proof. The relation ¢ is obviously reflexive and symmetric.

Let acb and bo ¢ where a,b,c € S. Also, let a = (i,9,\), b = (4, h, ) and
c¢= (k,t,0) € S. Then (g—h) € (P) and (h—t) € (P). This implies (g —t) € (P).
Hence a o c. Thus, o is transitive and hence o is an equivalence relation on S.

Next we prove that o is compatible with respect to the operations in S. Let
a,b € S such that acb. Then we have, (¢ — h) € (P), where a = (i,9,)),
b= (j,h,u) €S. Let ¢ = (k,t,8) € S be arbitrary. Therefore, a + ¢ = (i,g,\) +
(k,t,0) = (1, g+pak+t,0). Similarly, b+c = (4, h, u)+(k,t,0) = (j, h+pur+t,0).

Now, (g + Dkt t) - (h + Duk + t) = g+ Drk— Puk — h. Againa (g - h) €
(P) implies —h + g € (P), i.e., pxr — Puk — h + g+ pur — Pax € (P), ie,
g+ DPak = DPuk —h+g+puk—pak—9g € (P). Also, g+ pur —pakr — g € (P).
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Thus, g+ pxr —puk —h € (P). Hence, (a+c)o (b+c). Similarly, it can be shown
that (c+ a) o (c+b).

Again, ac = (i,9,A)(k,t,0) = (ik, —pxsir + gt, A0) and be = (jk, —pus jr +
ht, ;16). Now, (g —h) € (P) implies (gt — ht) € (P), i.e., —pxs,ik + gt — ht +pxrs.ir €
(P),i.e., —=pxs,ik+gt—ht+pus jk—Dus,jk+Prs,ik € (P). Since, —pps jx+prs.ik € (P)
it follows that —pxs,ix + gt — ht + pus,jr € (P). Therefore, (ac) o (be). Similarly,
(ca) o (cb). Consequently, o is a congruence on (S, +, ).

Next we show that o is a skew-ring congruence on S. If we can show that there
is a unique additive idempotent in S/o, then we are done. For this it is enough to
prove that all additive idempotents of S are o related.

Let e, f € ET(S). Then e = (i, —px,i, A) and f = (j, —pu,j. 1). Now, —px; +
Pu,j € (P) implies that eo f. This proves that o is a skew-ring congruence on S.

At last, we prove that o is the least skew-ring congruence on S. For this let
& be any skew-ring congruence on S. Then both ¢ and £ are group congruences
on (S,+). Moreover, by [1, Lemma 2.3|, it follows that o is the least group
congruence on (S,+). Thus, we must have 0 C £. Consequently, o is the least
skew-ring congruence on S. This completes the proof. O

Lemma 4.4. Let S = (Y;S,) be a completely reqular semiring where Y is a b-
lattice and S, (o € Y) is a completely simple semiring. If v is the least b-lattice
of skew-rings congruence on S, then #* C v.

Proof. Let a,b € S and a?'b. Then there exists some « € Y such that a,b € S,.
Let a = (i,g,\), b= (4, h, ). By Lemma 4.1, we get

(i7gv >‘) = (Za _p5,i7 6) + (]v h?M) + (kv —DPX.k )\);

since (i, —ps,i,0) RT (4,9, \) LT (k, —px .k, A)-

It follows that g = —ps,; + ps,j + h + Puk — Pk Whence g +pyx —pur —h —
ps,; + ps,s = 0, where 0 is the zero of R. Taking k = 6 = o, we have (g —h) =0 €
(P). Then by Lemma 4.3, it follows that a o, b, where o, is the least skew-ring
congruence on S,. Hence #|g, Co, forallaeY.

Let v|s, = v,. Then v = U v_. Since S_/v_ is a skew-ring, it follows that

acY
o, _ for all @ € Y. Therefore, #|s, C 0, C v, for all & € Y and hence

Cv
@y C . O
Definition 4.5. A congruence £ on a semiring S is said to be an additive idem-

potent pure congruence if a £ e with a € S and e € ET(S) implies that a € E*(S).

Theorem 4.6. Let S = .# (I, R, \; P) be a completely simple semiring. Then %
is the greatest additive idempotent pure congruence on S.

Proof. Clearly, % is an equivalence relation. Let a,b € S and a % b. By Lemma
4.1, for any z,c€ S,a=(a+x+¢c)°+b+(z+c+a) and b= (b+z+¢c)°+a+
(x +c+b)°.
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Hence, c+a = c+(a+x+¢)' +b+(z+c+a)’ = (c+a+z)+c+b+ (z+c+a)°,
by Lemma 2.4 (ii). Similarly, c+b= (c+b+2)° + (c+a) + (z + ¢+ b))°. This
implies (¢ + a) % (c+ b). Dually, it follows that (a + ¢) # (b + ¢).

We now show that (ac) % (be). Let a,b,c € S and a @ b. Then there exists
some a € Y such that a,b € S,. Let a = (i,x,\), b = (j,y, 1) and ¢ = (k, z,v).

By Lemma 4.1, a = e; +b+ f1 for all ey, f; € EV(S) with e Z a £7 f1, ie.,
(4,2, A) = (4, —pr,ist) + (J,y, 1) + (s, —pxrs, A), for all ¢ € A and for all s € I, i.e.,
(4,2, A) = (4, —pri +Pt,j + Y+ Pus —Prs, A), for all t € A and for all s € I, ie.,
T=—Pii+Dij+Yy+Dus—Prs foralteAandforall sel. (1)

We also note that zz = yz for any z € S. -(2)
Again, (7,2, \)(k, z,v) = (4, —pri, t) (k, z,v)+ (G, y, ) (k, 2, V) +(s, —pa.s, A) (K, 2, V),
i'e'a (ik77p)\1/,ik +xz, )‘V) = (ikvfptu,ilm ty)+(jkv7pul/,jk +yz, ,u’l/)+(5k77p>\l/,sk7 )‘V)a
ie., (ik, —Piwv,ik T 22, Av) = (ik, —puv,ik + Ptv,jk = Puv,jk T Y2+ Duv,sk — Drv,sks Av)
ie., —Pav,ik T T2 = —Duw,ik + Ptv,jk — Puv,jk + Y2 + Duv,sk — Pav,sk»
ie., —DPrv,ik T T2 = —Duik +ptu,jk — Puv,jk +pp,1/,sk — Pav,sk T Yz. (3)
Now, let e = (ik, —psik,96), f = (I, =prv1, W) € ET(S). Then e Z" (ac) LT f.

?

Now, e+be+ f = (ik,—ps,ik, 0) + (Jk, —puv,jr + vz, ) + (I, =prv,i, Av)
= ik, —Ds,ik + Ds,jk — Puv,jk + YZ + Duvi — Daw,i, AV)
= (ik, =Dsv,ik + Dsv,i — Psi + Ds,j — Dsv,j + Pov,jk — Puv,jk+
YZ + Duwik — Pk + Pu — Pag + Drik — Pavlk, AV)

ie., e+ be+ f = (ik, —psv ik + Psv,jk — Puv,jk + Y2 + Puvik — Pav,iks AV), .(4)
[By putting once t = § and ¢t = év and equating in (1) and again by putting
s =1 and s = lk and equating in (1) we obatin (4)]
Now, by substituting ¢ = § and s = in (3) we can obtain

—Pav,ik + T2 = —Dsv,ik + Psv,jk — Puv,jk T Puv,ik — Piv,ik + Y2
= —Dsv,ik + Psv,jk — Puv,jk T Y2 + Duvik — Pav,lk-

Therefore,

e+be+ f = (ik, —Psv,ik + Dsv,jk — Puvjk + Y2 + Puvik — Pav,ik, AV)
(Zk, _p)\v,ik + Tz, )‘V)
= ac.

Thus, we see that ac = e+bc+ f for any e, f € ET(S) with e Z* (ac) £* f. Sim-
ilarly, we can show that bc = g+ac+h for any g,h € E*(S) with g Z* (bc) £ h.
Consequently, % is a congruence on the semiring S.

Next we show that % is an additive idempotent pure congruence on S. Let
a€ S with a=(i,9,\) € S, e = (k,—prx,A) € ET(S) and a@ e. Then V*(a) =
V*(e). By Lemma 4.1, for f = (i,—pri,A), h = (k,—pak,\) € ET(S) with
fRYaLlth,wehave a = f+e+h=(i,—pxri, A) + (k, —pas; A) + (b, =pr g, A) =
(i, —px,is A) € ET(S). Thus # is an additive idempotent pure congruence on S.

Let n be any additive idempotent pure congruence on S. Let a,b € S such
that anb. Then by [1, Theorem 2.5], it follows that a % b. Hence, n C %, which
proves that & is the greatest additive idempotent pure congruence on S. O
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Theorem 4.7. Let S = (Y;5,) be a completely regular semiring, where Y is a
b-lattice and S, (o € Y) is a completely simple semiring. Then #%* = ¢ on S if
and only if for each a € Y, €, is the unique additive idempotent pure congruence
on S,, where € is the trivial congruence.

Proof. First suppose that for each a € Y, €, is the unique additive idempotent
pure congruence on S,. Since % is the greatest additive idempotent pure congru-
ence on S, it follows that #'|s, = €, on S,. Hence #* = e.

Conversely, let Z* — e. Now since & C #* = ¢ and % is reflexive on S, it
follows that %" = € on S. This implies #'|s, = €, and hence by Theorem 4.6, it
follows that €, is the unique additive idempotent pure congruence on S, for each
acY. O

Combining Theorem 3.4, Lemma 4.4 and Theorem 4.7 we get the following
result.

Theorem 4.8. Let S be a completely reqular semiring. Then %* € [e,v], where
€ is the equality congruence and v is the least b-lattice of skew-ring congruence on

S.

Acknowledgement: The author expresses his sincere thanks to the learned ref-
eree for valuable suggestions that definitely helped to improve the presentation of
this paper.
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Behrends-Humble simple maps are regular

Lon Mitchell

Abstract. We consider simple binary operations in the sense of Behrends and Humble. We prove
that a groupoid (magma) with such a map is regular. As a consequence, a division groupoid
with simple binary operation is a quasigroup.

Let G be a groupoid (magma) with binary operation ¢. The map ¢ induces
maps @, : G"Tt — G" by

©n(50,81,...,8n) = (80(50,51)7@(51752), .. -,<P(5n—1,5n))~

Let ®,, be the composition ¢ 0 g 0---0,. For an integer k > 2, we say that ¢
is k-simple if i (so,...,sk) = p(so,sk) for all sg,...,sp € G and that ¢ is simple
if it is k-simple for some k.

Simple maps were first studied by Ehrhard Behrends and Steve Humble [1].
Michael Jones, Brittany Shelton, and the author recently proved that any groupoid
with simple binary operation is medial [4]. In this note, we establish that any
groupoid with simple binary operation is regular and show that any division
groupoid with simple binary operation is a quasigroup. We also offer remarks
on cancellation groupoids and 2-simple maps.

Theorem 1. If G is a groupoid with simple binary operation p, then G is reqular.
Proof. Suppose that ¢ is n-simple for some integer n, a,b € G and ¢(a, z) = ¢(b, )
for some x € G. Given any other y € GG, we find that

(P(a, y) = q)n(aa Ly..ooy T, y) - q)n—l (@(a’a Cﬂ), QD(ZL', .’ﬂ), ) (P(,CE, ZL’), 90(35; y))
= (I)nfl (@(bv LU), 90(1.7 x)a SR @(‘rv x)v (P(x, y)) = (bn(bv Z,...,T, y) = @(ba y)
Similarly, p(z,a) = ¢(z,b) implies p(y,a) = ¢(y,b) for all y € G. O
Theorem 2. A division groupoid with simple binary operation is a quasigroup.

Proof. If (G, -) is a division groupoid with simple binary operation, it is medial [4]
and regular. Thus there exists a binary operation + on G such that (G, +) is an
Abelian group and there exist commuting surjective endomorphisms f and g of
(G,+) and an element ¢ € G such that 2y = f(z) + g(y) + ¢ for all z,y € G [2].

2010 Mathematics Subject Classification: 20N02
Keywords: Simple binary operation, groupoid
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Let 0 be the identity element of (G, +). For qo, ..., ¢, € Q, by simplicity,
flao) +9(qn) +c =
f™(q0) + (Y) (@) -+ (nn 1) Fg" Han-1) + 9" (an)
+((f+9)+ T+’ ++(F+9)" () +e

If we let the g; all be 0, we find ((f+g)+(f+g)2+~ . ~+(f+g)"_1)(c) = 0. Next,
letting all of the g; except qg or ¢, be 0, we find g = ¢” and f = f". Since f and g
are also surjective, they must be automorphsims. By the Bruck-Murdoch-Toyoda
Theorem [3], (G, ¢) is a quasigroup. O

Theorem 3. If (G, p) is a groupoid and ¢ is 2-simple, then (G, ) is a semigroup.
Proof. If ¢ is 2-simple, (G, ¢) is medial [4]. Then, for any a,b,c € G,

p(a,p(b,c)) = P2(a, p(b,b), 0(b,¢)) = (p(a, (b,0)), (b, c))
= 90(50(@7 b)7 @(‘P(bv b)’ C)) =& ((p(a7 b)7 (p(b7 b)7 c) = 90(50(@’ b)7 C)7

so that ¢ is associative. O

If G is a cancellation groupoid with simple binary operation, then G is me-
dial [4]. As a result, there exists a medial quasigroup (@, -) such that G is a dense
subgroupoid of @; moreover, G and @ satisfy the same identities [5, 2]. In particu-
lar, ) has simple binary operation. Let n be a positive integer such that the opera-
tion of (@, -) is n-simple. Define ®,, as above using p(z,y) = zy. lfz,y € G, ¢ € Q,
and zq € G, then yq € G, since yq = @, (y,,...,2,q9) = ®p_1(yz, x2,...,22,2q)
and yx, xx,xq € G. Can G # Q?
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Regularity of ternary semihypergroups

Krisanthi Naka and Kostaq Hila

Abstract. We study some properties of regular ternary semihypergroups, completely regular
ternary semihypergroups, intra-regular ternary semihypergroups and characterize them by using
various hyperideals of ternary semihypergroups.

1. Introduction and preliminaries

In 1965, Sioson [14] studied ideal theory in ternary semigroups. In [4, 5] Dudek et.
al. studied the ideals in n-ary semigroups. In 1995, Dixit and Dewan [3] introduced
and studied some properties of ideals and quasi-(bi-)ideals in ternary semigroups.
Other important results on ternary semigroups are obtained in [12, 13, 16, 15].

Hyperstructure theory was introduced in 1934, when F. Marty [11] defined hy-
pergroups based on the notion of hyperoperation, began to analyze their properties
and applied them to groups. In the following decades and nowadays, a number
of different hyperstructures are widely studied from the theoretical point of view
and for their applications to many subjects of pure and applied mathematics by
many mathematicians. In a classical algebraic structure, the composition of two
elements is an element, while in an algebraic hyperstructure, the composition of
two elements is a set. Davvaz et al. in [2] considered a class of algebraic hypersys-
tems which represent a generalization of semigroups, hypersemigroups and n-ary
semigroups.

In this paper we extend the notion of regularity in ternary semihypergroups and
we study some properties of regular ternary semihypergroups, completely regular
ternary semihypergroups, intra-regular ternary semihypergroups and characterize
them by using various hyperideals of ternary semihypergroups extending those for
ternary semigroups.

Recall first the basic terms and definitions from the ternary semihypergroups
theory.

Definition 1.1. A map f: H x Hx H — P*(H) is called ternary hyperoperation
on the set H, where H is a nonempty set and P*(H) denotes the collection of all
nonempty subsets of H.

A ternary hypergroupoid is called the pair (H, f) where f is a ternary hyper-
operation on the set H.

2010 Mathematics Subject Classification: 20N20, 20N15, 20M17.
Keywords: ternary semihypergroup, left (right, lateral, bi-, quasi-) hyperideal, completely
regular, intra-regular, regular, completely semiprime.
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If A, B,C are nonempty subsets of H, then we define

f(A7 B7 C) = U f(a7 b? C)'

a€AbeEB,ceC

A ternary hypergroupoid (H, f) is called a ternary semihypergroup if for all
ai,az,...,as € H, we have

f(f(ai,a2,a3),a4,a5) = f(a, f(az,a3,a4),a5) = f(a1, a2, f(as, as,as)).

A nonempty subset T' of H is called a ternary subsemihypergroup of H if and
only if f(T,T,T)CT.

Definition 1.2. Let (H, f) be a ternary semihypergroup. Then H is called a
ternary hypergroup if for all a,b,c € H, there exist x,y, z € H such that:

c€ f(z,a,b)N f(a,y,b) N f(a,b,2).
Definition 1.3. Let (H, f) be a ternary hypergroupoid. Then
1. (H, f)is (1, 3)-commutative if for all ay, as, a3 € H, f(a1,as,a3) = f(as,aq,a1);
2. (H, f)is(2,3)-commutative if for all a1, as, a3 € H, f(a1,az2,a3) = f(a1,as,a2);

3. (H, f)is (1,2)-commutative if for all ay, as, a3 € H, f(a1,a2,a3) = f(az,a1,a3);

~

. (H, f)is commutative if for all a1, as, a3 € H and for all 0 € S3, f(a1,az,a3) =
f(aa'(l)a A5 (2)5 ad(3)‘

Definition 1.4. A ternary semihypergroup (H, f) is said to have a zero element
if there exists an element 0 € H such that for all a,b € H, f(0,a,b) = f(a,0,b) =
f(a,b,0) = {0}. An element e € H is called left (right) identity element of H if
for all a € H, f(a,e,e) = {a}(f(e,e,a) = {a}). An element e € H is called an
identity element of H if for all a € H, f(a,e,e) = f(e,e,a) = f(e,a,e) = {a}.

Definition 1.5. Let (H, f) be a ternary semihypergroup. A nonempty subset I
of a ternary semihypergroup H is called a left (right, lateral) hyperideal of H if

F(H,H,I) CI(f(I,H,H)C I, f(H,I,H)CI).

A nonempty subset I of H is called a hyperideal of H if it is a left, right and
lateral hyperideal of H. A nonemtpy subset I of H is called two-sided hyperideal
of H if it is a left and right hyperideal of H. A lateral hyperideal I of H is called
a proper lateral hyperideal of H if I # H. A left hyperideal I of H is called
idempotent if f(I,I,1)=1.
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Example 1.6. Let H = {a,b,¢,d,e,g} and f(x,y,2) = (zxy)xzforall z,y,z € H,
where * is defined by the table:

x| a b c d e g
ala {a,b} ¢ {c,dt e {e g}
bl b d d g g
cle {ed} ¢ {c,d} ¢ {cd}
d|d d d d d d
ele {egt ¢ {cd} e {eg}
glg g d d g g

Then (H, f) is a ternary semihypergroup. Clearly, I = {c,d}, I = {¢,d, e, g} and
H are lateral hyperideals of H.

Let (H, f) be a ternary semihypergroup. It is clear that the intersection of all
lateral hyperideals of a ternary subsemihypergroup T of H containing a nonempty
subset A of T is the lateral hyperideal of H generated by A.

For every element a € H, the left, right, lateral, two-sided and hyperideal
generated by a are respectively given by

(a), ={a} U f(H, H,a),
(@), ={a} VU f(a, H, H),
(a),, ={a}VU f(H,a,H)U f(H,H,a,H, H),
(@), ={a}VU f(H,H,a)U f(a,H,H)U f(H,H,a,H, H),
(a) ={a} U f(H,H,a)U f(a, H, H)U f(H,a,H)U f(H,H,a,H, H).

Definition 1.7. Let (H, f) be a ternary semihypergroup. A proper hyperideal P
of H is called prime hyperideal of H if f(A, B,C) C P implies A C Por BC P
or C' C P for any three hyperideals A, B,C of H.

A proper hyperideal P of H is said to be strongly irreducible, if for hyperideals
T and K of H, TNK C P implies that T C Por K C P

A proper hyperideal A of a ternary semihypergroup H is called a semiprime
hyperideal of H if f(I,I,I) C A implies I C A for any hyperideal I of H.

A proper hyperideal A of a ternary semihypergroup H is called completely
semiprime hyperideal of H if f(x,z,x2) C A implies that = € A for any element
x € A

Definition 1.8. A ternary subsemihypergroup B of a ternary semihypergroup H
is called a bi-hyperideal of H if f(B,H,B,H,B) C B.
2. Regular ternary semihypergroups

Definition 2.1. A ternary semihypergroup H is said to be regular if for each
a € H, there exists an element z € H such that a € f(a,z,a).
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A ternary semihypergroup H is called regular if all of its elements are regular.

It is clear that every ternary hypergroup is a regular ternary semihypergroup.

The ternary semihypergroup of the Example 1.6 is regular ternary semihyper-
group.

We note that every left and right hyperideal of a regular ternary semihyper-
group may not be a regular ternary semihypergroup; however, for a lateral hyper-
ideal of a regular ternary semihypergroup, we have the following lemma:

Lemma 2.2. FEvery lateral hyperideal of a regular ternary semihypergroup H is a
regular ternary semihypergroup.

Proof. Let L be a lateral hyperideal of a regular ternary semihypergroup H. Then
for every a € L, there exists © € H such that a € f(a,z,a). Now a € f(a,z,a) C
fla,z, f(a,z,a)) C f(a, f(x,a,z),a) C f(a,L,a). So there exists b € L such that
a € f(a,b,a). This implies that L is a regular ternary semihypergroup. O

Obviously, every hyperideal of a regular ternary semihypergroup H is a regular
ternary semihypergroup.

Theorem 2.3. Let (H, f) be a ternary semihypergroup. Then the following state-
ments are equivalent:

(1) H is regular.

(2) For any right hyperideal R, lateral hyperideal M and left hyperideal L of H,
f(R,M,L)y=RNMn L.

(8) Fora,bc€ H, f((a), , (), {c),) = {a), N (B}, N (c).
(4) Forac H, f((a), . (a),, . (a),) = (a), N {a},, N (a),.

Proof. (1) = (2). Let H be a regular ternary semihypergroup. Let R, M and L
be a right hyperideal, a lateral hyperideal and a left hyperideal of H respectively.
Then clearly, f(R, M,L) C RNMNL. Now fora € RNMNL, we have a € f(a,x,a)
for some x € H. This implies that a € f(a,z,a) C f(f(a,x,a),z, f(a,z,a)) C
f(R,M,L). Thus we have RONMNL C f(R,M,L). So we find that f(R,M,L) =
RNMNL.

Clearly, (2) = (3) and (3) = (4).

It remains to show that (4) = (1).

Let a € H. Clearly, a € (a),N{a),,N(a), = f({a), ,(a),,(a),). Then we have,
a € f(fla,H H)U{a}, f(H,a, H)U f(H,H,a,H,H) U {a}, f(H,H,a) U{a}) C
f(a,H,a). So we find that a € f(a, H,a) and hence there exists an element x € H
such that a € f(a,x,a). This implies that « is regular and hence H is regular. [

Corollary 2.4. Let (H, f) be a ternary semihypergroup. Then the following state-
ments are equivalent:

(1) H is regular.
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(2) For any right hyperideal R and left hyperideal L of H, f(R,H,L) = RN L.
(3) FOT‘ avb € H} f(<a>r7H7 <b>l) = <a>7- n <b>l
(4) Fora€ H, f((a),,H,{a);) = (a), N (a);.

Theorem 2.5. A ternary semihypergroup H is reqular if and only if every hyper-
ideal of H is idempotent.

Proof. Let H be a regular ternary semihypergroup and I be any hyperideal of H.
Then f(I,I,I) C f(H,H,I) C 1. Let a € I. Then there exists € H such that
a € f(a,z,a) C f(a,z, f(a,x,a)). Since I is a hyperideal and a € I, f(x,a,z) C I.
Thus a € f(a,z,a) C f(a,z, f(a,z,a)) C f(I,1,I). Consequently, I C f(I,I,I)
and hence f(I,1,I)= 1, that is I is idempotent.

Conversely, suppose that every hyperideal of H is idempotent. Let A, B and
C' be three hyperideals of H. Then f(A,B,C) C f(A,H,H) C A, f(A,B,C) C
f(H,B,H) C Band f(A,B,C) C f(H,H,C) C C. Thisimplies that f(A, B,C) C
ANBNC. Also, f(ANBNC,ANBNC,ANBNC) C f(A, B,C). Again, since
ANBNC is ahyperideal of H, f(ANBNC,ANBNC,ANBNC)=AnBNC.
Thus ANBNC C f(A,B,C) and hence ANBNC = f(A, B,C). Therefore, by
Theorem 2.3, H is a regular ternary semihypergroup. O

Theorem 2.6. A commutative ternary semihypergroup H is reqular if and only
if every hyperideal of H is semiprime.

Proof. Let H be a commutative regular ternary semihypergroup and I be any
hyperideal of H such that f(A, A, A) C I for any hyperideal A of H. From
Theorem 2.3, it follows that f(A, A, A) = A. Consequently, A C I and hence T is
a semiprime hyperideal of H.

Conversely, suppose that every hyperideal of a commutative ternary semihy-
pergroup H is semiprime. Let a € H. Then f(a, H,a) is a hyperideal of H. Now
by hypothesis, f(a, H,a) is a semiprime hyperideal of H. If f(a, H,a) = H, then
we are done. Now suppose that f(a, H,a) # H. Then

fa),{a),(a)) = f(f(H,H,a)Uf(a,H,H)U f(H,a, H)U
Uf(H,H,a,H,H)U{a}, f(H,H,a)U f(a,H,H) U
Uf(H,a,H)U f(H,H,a,H,H)U{a}, f(H,H,a) U
Uf(a,H, H)U f(H,a,H)U f(H,H,a,H, H) U {a})
c fla,H,a)
that is, f({a),{a),{a)) C f(a,H,a). This implies that (a) C f(a, H,a), since

f(a,H,a) is a semiprime hyperideal of H. Consequently, a € f(a,z,a) for some
x € H and hence H is a regular ternary semihypergroup. O

Let N be the nuclear hyperideal of a ternary semihypergroup (H, f), that is
the intersection of all hyperideals in H, N, the intersection of all right hyperideals
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in H, N,, the intersection of all lateral hyperideals of H, and N; the intersection
of all left hyperideals of H.

Theorem 2.7. Let (H, f) be a ternary semihypergroup and let N = N, = N,,, =
Ny # 0. Then H is reqular if and only if N is reqular ternary semihypergroup.

Proof. If H is regular, then clearly N is also regular as a hyperideal.
Conversely, suppose that NV is a regular hyperideal of H, so that for any right
hyperideal R, lateral hyperideal M, and left hyperideal L of H,

NUf(R,M,L)=RNMnNL.
Since f(IN, N, N) is both a right and left hyperideal, then
f(R,M,L) C f(N,N,N) C N.
Whence f(R,M,L)=RNMnN L. O

Corollary 2.8. Let (H, f) be a ternary semihypergroup and let N = N, = N,,, =
Ny # (. Then H is reqular if and only if every hyperideal of H is regular.

Proof. If H is regular, then N is a regular hyperideal. Hence any hyperideal I
which necessary contains N is also a regular hyperideal.

Conversely, if every hyperideal of H is regular, then N is regular. Thus by the
previous Theorem 2.7, H is regular ternary semihypergroup. O

Theorem 2.9. Let (H, f) be a ternary semihypergroup and I a hyperideal of H.
The following statements are equivalent:

(1) I is a regular hyperideal of H;
(2) For everyac H, IU f({a),,(a}),,,(a);) =TU((a),.N{a),, N{a),);

(3) For every a € H\I, either a € f(a,a1,a,as,a) or a € f(a,by,ba,a,bs, by, a),
for some ay1,as,b1,b2,b3,b4 € H.

Proof. (1) = (2). Suppose that I is a regular hyperideal. Then for each a € H,

Ty (@), N(a), N{a)) ST U{a),),  (TU(a),,),, (T U{a)),

Moreover, since each of the three sets on the right side contains I, then we have

TU ((a)r N {@)m N (@) S (T U (a)r)r O (LU (@)m)m O (LU (a)i)
=TUf(IU{a)r,IU{(a)m,I U a)

= LU f(LIU(a)m, TU(a))Uf((a)r, I, TU{a)) U f((@)r,{a)m, D)Uf(a)r, (@) m,(a)i)
= TU f({a)r; (@)m, (a)) € TU ((a)r N (a)m N (a)1)
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(2) = (3). We note that

(IU(a),), = Ua),), NHNH=T1Uf((IU(a),),,H H)
=IUf(I,H H)U f({a), ,H,H)U f(I,H,H,H,H) U
Uf({a),,H,H,H, H)
=IUf(I,H H)U f(a,H,H H)U f(a,H H,H,H) U
Uf(I,H,H H H)U
Uf(a,H,H,H,H)U f(a,H,H,H,H,H, H)
=IUf(I[,H,H)U f(a,H,H)U f(a,H,H,H, H)
={Uf(a,H H)), =1U f(a,H,H).

In the same manner, we obtain

(Iufa),,),, =IUf(HaH)), =1Uf(HaH)Uf(H Ha H H),
<IU <a’>l>[ = <IUf(HaHaa)>l = IUf(HaHaa)

Then

({U f(a,H,H)), NIV f(H,a H)), N{U[f(H Ha)),
=1Uf((IU f(a,H,H)),, ,(IUf(H a H)),, (IUf(HH,a)))
=IUf(a,H,H Hya, H H Ha)U f(a,H H H H,a,H, H,H H,a)
=IUf(a,H,a,Ha)U f(a,H,H,a,H, H,a).
The result now follows.
(3) = (1). Let R be an arbitrary right hyperideal, M an arbitrary lateral

hyperideal, L an arbitrary left hyperideal of H all containing I. Let us assume
that I satisfies the condition (3). It is clear that,

TUf(RRM,L)CRNMnNL.

Let « € RNM N L. By (3), then a € T or a € f(f(a,a1,a,a2,a) or a €
f(a,b1,ba,a,b3,by,a) for some ay,as,by,be,b3,by € H. We note also that in the
second and third cases we have:

ac f(aaalvaaalaava%aa a23a) = f(f(avalva’?)af(a17a7a2)7f(a7a27a))7
ac f(aab17627a'a blab27a‘7b3ab4aa7b3;b4aa’) =

= f(f(a’7 b1> b2)7 f(a‘a bla b2)a a, f(b37 b47 a)7 f(b3; b4a a))
Hence in the last two cases we have

a € f(f(a'a x2ax3)7f(ylva7y3)v f(zlv'ZQva)):

for some xo, x3, Y1, Y2, 21, 22 € H. Whence, in any case we have:

a€lUf(R ML)
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and therefore TU f(R,M,L) = RNMnN L. O

Theorem 2.10. Let (H, f) be a ternary semihypergroup and I a regular hyperideal
of a H. Then, for any right hyperideal R, lateral hyperideal M, and left hyperideal
LofH,if f(R,M,L)C I, then ROMNLCI.

Proof. Suppose f(R,M,L) C I and I is a regular hyperideal. Then
RNMNLC(IUR) N{IUM) N{IUL),
IUf(<IUR>r7<IUM>m,<IUL>l) :IUf(Iv<IUM>mv<IUL>Z)

Corollary 2.11. A regular and strongly irreducible hyperideal is always prime.

Corollary 2.12. Every regular hyperideal is prime.

Definition 2.13. Let (H, f) be a ternary semihypergroup and @ a nonempty
subset of H. Then @ is called a quasi-hyperideal of H if and only if

FQ H,H)N f(H,Q,H)N f(H,H,Q) € Q and
fQH H)Nf(H,H Q H H)N f(H,H,Q) CQ.

Theorem 2.14. Let (H, f) be a regular ternary semihypergroup and Q be a
nonempty subset of H. Then Q is a quasi-hyperideal if and only if

f(Q7H7Q7H7Q)mf(QaHaHanHvHvQ) QQ

Proof. Let H be a regular ternary semihypergroup and @ be a quasi-hyperideal of
H. Then

fQH,QH,Q)Nf(QH HQ H, H Q)

C f(H,H,Q), f(Q H,H), and
f(HQH)Uf(HHQH )

and hence
f(Q.H,Q H,Q)NfQ HHQHHQ)C
CfHHQN(f(H,QH)Uf(H HQHH)Nf(QH H)CQ.
Conversely, suppose that H is regular and
f(QﬂHaQ>H>Q)ﬁf(QaHaH7Q7H7HaQ) g Q
Then
fQHH)N(f(H,Q H)U f(H H,Q H H))N f(H, H,Q)
= f(f(Q’H’ H)?f(H7 Q’ H) Uf(H7 H7 Q7H7H)7f(H7 H7 Q))

= f(f(Q’H’ H)7f(H7 Q’ H)?f(H? H? Q)) U f(f(Q7 H7 H)’ f(H’ H’Q7H7 H)7
f(H7H7Q)) g f(Q7H7Q7H7Q) Uf(Q7H7H7Q7H7H7Q) g Q D
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Theorem 2.15. Let (H, f) be a regular ternary semihypergroup and Q1,Q2, Q3
be three quasi-hyperideals of H. Then f(Q1,Q2,Qs3) is a quasi-hyperideal.

Proof.

F(f(Q1,Q2,Q3), H, f(Q1,Q2,Q3), H, f(Q1,Q2,Q3)) U f(f(Q1,Q2,Q3), H, H,
f(Q1,Q2,Q3), H, H, f(Q1,Q2,Q3))

= f(f(Q1, f(Q2,Q3,H),Q1, f(Q2,Q3, H),Q1), Q2,Q3) U

Uf(f(Qr1, f(Q2,Q3, H), H,Q1, f(Q2,Q3, H), H,Q1),Q2,Q3) C

C f(Q1,Q2,Q3). O

Corollary 2.16. The family of all quasi-hyperideals of a reqular ternary semihy-
pergroup s a ternary semihypergroup.

Theorem 2.17. Let (H,f) be a ternary semihypergroup. If for every quasi-
hyperideal Q of H, f(Q,Q,Q) = Q, then H is a regular ternary semihypergroup.

Proof. Let R be a right hyperideal of H, L be a left hyperideal of H and M be a
lateral hyperideal of H. By Theorem 2.2 [9], RN M N L is a quasi-hyperideal of
H. Then by hypothesis, we have

RNMNL=fRNMNLRAMNLRANMANL)C f(R,M,L).

On the other hand, f(R,M,L) C RN M N L. Therefore we have f(R,M,L) =
RN M N L. By Theorem 2.3(2), H is a regular ternary semihypergroup. O

Theorem 2.18. Let (H, f) be a ternary semihypergroup. The following statements
are equivalent:

(1) H is regular;
(2) For every bi-hyperideal B of H, f(B,H,B,H,B) = B;

(3) For every quasi-hyperideal Q of H, f(Q,H,Q,H,Q) = Q.

Proof. (1) = (2). Let us assume that H is regular and B be a bi-hyperideal
of H. Let b € B. From regularity of H, there exists x € H, such that b €
f(b,x,b). Thus, B C f(B,H,B). We have b € f(b,z,b) C f(b,x, f(b,z,b)) C
f(B,H, f(B,H,B)) = f(B,H,B,H,B). Therefore, B C f(B,H,B,H,B). On
the other hand, since B is a bi-hyperideal of H, we have f(B,H,B,H,B) C B.
Thus, f(B, H, B, H,B) = B.

(2) = (3). It is clear by Lemma 4.2 [9] since every quasi-hyperideal is a bi-
hyperideal.

(3) = (1). Let R be a right hyperideal of H, L be a left hyperideal of H and
M be a lateral hyperideal of H. By Theorem 2.2 [9], @ = RN M N L is a quasi-
hyperideal of H. By (3) we have f(Q,H,Q,H,Q)=Q. Thus RNMNL=Q =
f(Q,H,Q,H,Q)=C f(R,H/M,H,L)C f(R,M,L). But f(R,M,L) C RNMNL.
Therefore, since f(R, M, L) = RNMNL, by Theorem 2.3(2), H is a regular ternary
semihypergroup. O
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Corollary 2.19. Let (H, f) be a ternary semihypergroup. The following state-
ments are equivalent:

(1) H is regular;
(2) For every bi-hyperideal B of H, f(B,H,B) = B;
(3) For every quasi-hyperideal Q of H, f(Q,H,Q) = Q.

Theorem 2.20. Let (H, f) be a ternary semihypergroup. If for every bi-hyperideal
B of H, f(B,B,B) = B, then H is a regular ternary semihypergroup.

Proof. The proof is a corollary of Theorem 2.17. O

Theorem 2.21. Let (H, f) be a regular ternary semihypergroup. Then a ternary
subsemihypergroup B of H is bi-hyperideal if and only if B is a quasi-hyperideal
of H.

Proof. Let H be a regular ternary semihypergroup and B a bi-hyperideal of H.
By Theorem 2.3, we have f(RN M N L) = f(R, M, L) for every right hyperideal
R, lateral hyperideal M and left hyperideal L. Thus

f(B,H,H)n (f(H,B,H)VU f(H,H,B,H,H))N f(H,H,B)
(f(B,H,H), f(f(H,B,H)U f(H,H,B,H,H)), f(H,H, B, H, H))
(

(

B’ f(H’ H’ H)7B7 f(H7H7H)’B) Uf(B7 f(H7 H7 H)7H7B’f(H’ H’ H)7H7 B)
B,H,B,H,B)U f(B,H,H,B,H,H,B)
BUf(B,H,B)=BUB = B.

f
f
f

N 1N

Therefore, B is a quasi-hyperideal of H.
Conversely, let B be a quasi-hyperideal of H. Then, by Lemma 4.2 [9], B is a
bi-hyperideal of H. 0

Corollary 2.22. Let (H, f) be a regular ternary semihypergroup. A ternary sub-
semihypergroup B of H is bi-hyperideal of H if and only if B is the intersection
of a right hyperideal, a lateral hyperideal and a left hyperideal of H.

Theorem 2.23. Let (H, f) be a ternary semihypergroup. The following statements
are equivalent:

(1) H is regular;

(2) MNB = f(B, M, B) for every lateral hyperideal M and for every bi-hyperideal
B of H;

(3) MnQ = f(Q, M, Q) for every lateral hyperideal M and for every bi-hyperideal
Q of H.
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Proof. (1) = (2). Let M be a lateral hyperideal of H and B a bi-hyperideal
of H. We have f(B,M,B) C f(H,M,H) C M. By Corollary 2.19, we have
f(B,M,B) C f(B,H,B) = B. Therefore, f(B,M,B) CMNB. Let a e M NB.
Since H is regular, there exists h € H such that a € f(a,h,a). We have a €
fla,hya) C f(f(a,h,a),h,a) = f(a, f(hya,h),a) C f(B,M,B). It follows that
M N B C f(B,M, B). Therefore f(B,M,B) =M N B.

(2) = (3). It is clear since every quasi-hyperideal is a bi-hyperideal.

(3) = (1). Let @ be a quasi-hyperideal of H. By (3) it follows that @ =
HNQ = f(Q,H,Q). By Corollary 2.19, it follows that H is a regular ternary
semihypergroup. O

In the sequel, the following results hold. The proof of them is straightforward,
so we omit it.

Theorem 2.24. Let (H, ) be a ternary semihypergroup. The following statements
are equivalent:

(1) H is regular;

(2) BNLC f(B,H,L) for every bi-hyperideal B of H and for every left hyper-
ideal L;

(3) QN L C f(Q,H,L) for every quasi-hyperideal @ of H and for every left
hyperideal L;

(4) BN R C f(R,H,B) for every bi-hyperideal B of H and for every right
hyperideal R;

(5) QN R C f(R,H,Q) for every quasi-hyperideal Q of H and for every right
hyperideal R.

Theorem 2.25. Let (H, f) be a ternary semihypergroup. The following statements
are equivalent:

(1) H is regular;
(2) ByNBy C f(B1,H,B2)N f(Ba, H, By) for every bi-hyperideals By, B2 of H;

(3) BNQ C f(B,H,Q)N f(Q,H,B) for every bi-hyperideal B and for every
quasi-hyperideal Q of H;

(4) BNL C f(B,H,L)Nf(L, H, B) for every bi-hyperideal B of H and for every
left hyperideal L;

(5) QNLC f(Q,H,L)n f(L,H,Q) for every quasi-hyperideal Q of H and for
every left hyperideal L;

(6) RNL C f(R,H,L)N f(L,H, R) for every right hyperideal R of H and for
every left hyperideal L;
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() BNR C f(R,H,B)N f(B,H,R) for every bi-hyperideal B of H and for
every right hyperideal R;

(8) QNRC f(R,H,Q)N f(Q, H,R) for every quasi-hyperideal Q of H and for
every right hyperideal R.

3. Completely regular and intra-regular
ternary semihypergroups

Definition 3.1. Let (H, f) be a ternary semihypergroup. An element a € H is
said to be left (resp. right) regular if there exists an element x € H such that
a € f(z,a,a) (resp. a € f(a,a,z)). An element a € H is said to be completely
regular if it is left regular, right regular and regular.

If all the elements of a ternary semihypergroup H are left (resp. right, com-
pletely) regular, then H is called left (resp. right, completely) regular.

The ternary semihypergroup of the Example 1.6 is a completely regular ternary
semihypergroup.

Theorem 3.2. A ternary semihypergroup (H, f) is left (resp. right) regular if and
only if every left (resp. right) hyperideal of H is completely semiprime.

Proof. Let H be a left regular ternary semihypergroup and L be any left hyperideal
of H. Suppose that f(a,a,a) C Lfora € H. Since H is left regular, there exists an
element x € H such that a € f(z,a,a) C f(z, f(z,a,a),a) C f(z,z, f(a,a,a)) C
f(H,H,L) C L. Thus L is completely semiprime.

Conversely, suppose that every left hyperideal of H is completely semiprime.
Now for any a € H, f(H,a,a) is a left hyperideal of H. Then by hypothesis,
f(H,a,a) is a completely semiprime hyperideal of H. Now f(a,a,a) C f(H,a,a).
Since f(H,a,a) is completely semiprime, it follows that a € f(H,a,a). So there
exists an element x € H such that a € f(z,a,a). Consequently, a is left regular.
Since a is arbitrary, it follows that H is left regular.

Similarly, it can be proved the theorem for the right regularity. O

Proposition 3.3. A ternary semihypergroup (H, f) is completely regular if and
only if a € f(a,a,H,a,a) foralla € H.

Proof. Suppose that H is a completely regular ternary semihypergroup. Let a €
H. Then, by the definition, we have that a € f(a,a, H) and a € f(H,a,a), that is
a € f(a,a, H)N f(H,a,a). Since H is completely regular, there exists an element
x € H such that a € f(a,z,a). So we have

a € f(a,z,a) C f(f(a,a,H),x, f(H,a,a)) C
C f(aya, f(H,z,H),a,a) C f(a,a,H,a,a).
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Conversely, suppose that for any a € H, a € f(a,a,H,a,a). Then

1. a € f(a,a,H,a,a) C f(a, f(a, H,a), (a, H,a), that is H is regular.

2. a€ f(a,a,H,a,a) C f(f(a,a,H),a, (H,a,a), that is H is left regular.

3. a € f(a,a,H,a,a) C f(a,a,f(H,a,a)) C f(a,a,H), that is H is right
regular. Therefore H is completely regular. O

a)C f
a)C f

Theorem 3.4. A ternary semihypergroup (H, f) is completely reqular if and only
if every bi-hyperideal of H is completely semiprime.

Proof. Suppose that H is completely regular ternary semihypergroup. Let B be
any bi-hyperideal of H. Let f(b,b,b) C B for b € B. Since H is completely
regular, from Proposition 3.3, it follows that b € f(b,b, H,b,b). This implies that
there exists x € H such that

b e f(bb,x,b,b) C f(b, f(b,b,2,b,b),x, f(b,b,x,b,),b) =
= f(b7 b’ b’ f(x7b7 b? x)’b’ f(b7 b? x’ b? b)7x7 b’ b’ b)
= f(b7 b’ b?f(z7b7 b’x)7b7 b7 b’ f(x’ b7b7x)’b7b7 b) g f(B7 H7 B7 H7 B) g B'

This shows that B is completely semiprime.

Conversely, suppose that every bi-hyperideal of H is completely semiprime.
Since every left and right hyperideal of a ternary semihypergroup H is a bi-
hyperideal of H, it follows that every left and right hyperideal of H is completely
semiprime. Consequently, we have from Theorem 3.2 that H is both left and right
regular.

Let a € H. We consider f(a,H,a). Let ,y,z € f(a,H,a) and hy,hy € H.
Then for some hq, hy, hy € H we have:

g f(f(a,h(),a)ahlaf(aa h;)aa)vh%f(aa hlolaa))
g f(avf(h07a7hlvaa hé,a,hma,hg),a)
C f(a,H,a).

f(l',hl,y,hQ,Z)

This implies that f(f(a,H,a),H, f(a,H,a),H, f(a,H,a)) C f(a,H,a). That is,
f(a,H,a) is a bi-hyperideal of H. Since f(a,a,a) C f(a,H,a) and f(a,H,a) is
completely semiprime, it follows that a € f(a, H,a), for all a € H. That is H is
regular. This completes the proof. O

Theorem 3.5. If (H, f) is a completely regular ternary semihypergroup, then
every bi-hyperideal of H is idempotent.

Proof. Let H be a completely regular ternary semihypergroup and B be a bi-
hyperideal of H. Since H is a completely regular ternary semihypergroup, it is
also a regular ternary semihypergroup. Let b € B. Then there exists x € H such
that b € f(b,z,b). This implies that b € f(B, H, B) and hence B C f(B, H, B).
Also f(B,H,B) C f(B,H,B,H,B) C B. Thus we find that B = f(B, H, B).
Again, we have from Proposition 3.3 that b € f(b,b, H,b,b) C f(B,B, H, B, B).
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This implies that B C f(B, B, H, B, B) = f(B, f(B,H,B),B) = {(B,B,B) C B.
Consequently, f(B, B, B) = B. O

Definition 3.6. A ternary semihypergroup (H, f) is called intra-regular if for
each element a € H, there exist elements z,y € H such that a € f(z,a,a,a,y).

Theorem 3.7. [9, Theorem 6.4] Let (H, f) be a ternary semihypergroup. Then
the following statements are equivalent:

(1) H is intra-regular;

(2) For every left hyperideal L, lateral hyperideal M and right hyperideal R of
H,LNnMnNRC f(L,M,R).

Proposition 3.8. Let (H, f) be an intra-regular ternary semihypergroup. Then a
non-empty subset I of H is a hyperideal of H if and only if I is a lateral hyperideal
of H.

Proof. Clearly, if I is a hyperideal of H, then I is a lateral hyperideal of H.
Conversely, let I be a lateral hyperideal of an intra-regular ternary semihy-
pergroup. Let a € I and s,t € H. Then a € H and hence there exist elements
x,y € H such that a € f(x,a,a,a,y). Now f(s,t,a) C f(s,t, f(z,a,a,a,y)) C
f(H,I,H) C T and f(a,s,t) C f(f(z,a,a,a,y),s,t) C f(H,I,H) C I. This im-
plies that I is both a left hyperideal and a right hyperideal of H. Consequently, I
is an hyperideal of H. O

Lemma 3.9. Every lateral hyperideal of an intra-reqular ternary semihypergroup
(H, f) is an intra-regular ternary semihypergroup.

Proof. Let L be a lateral hyperideal of an intra-regular ternary semihypergroup
H. Then for each a € L, there exist x,y € H such that a € f(x,a,a,a,y). Now
ac f(x,a,a,a, y) - f(;v,f(m,a,a,a,y),f(a:,a,a,a,y),f(x,ma,a,y),y)

- f(f(x,x,a,a,a,y,y),f(a,a,a),f(y,x,a,a,a,y,y)) - f(va(a’aaa’)vL)' This
implies that there exist u,v € L such that a € f(u, f(a,a,a),v). Consequently, L
is an intra-regular ternary semihypergroup. O

From the Proposition 3.8 we have the following corollary:

Corollary 3.10. Every hyperideal of an intra-regular ternary semihypergroup H
is an intra-regular ternary semihypergroup.

Theorem 3.11. Let I be a hyperideal of an intra-regular ternary semihypergroup
H and J be a hyperideal of I. Then J is a hyperideal of the entire ternary semi-
hypergroup H.

Proof. 1t is sufficient to show that J is a lateral hyperideal of H. Let a € J C I
and s,t € H. Then f(s,a,t) C I. We have to show that f(s,a,t) C J. From
Corollary 3.10, it follows that I is an intra-regular ternary semihypergroup. Thus
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there exist u,v € I such that f(s,a,t) C f(u, f(s,a,t), f(s,a,t), f(s,a,t),v) C
f(f(u,s,a,t,8),a, f(t,s,a,t,v)) C f(I,J,I) € J. Consequently, J is a lateral
hyperideal of H. O

Theorem 3.12. A ternary semihypergroup (H, f) is intra-regular if and only if
every hyperideal of H is completely semiprime.

Proof. Let H be an intra-regular ternary semihypergroup and I be a hyperideal
of H. Let f(a,a,a) C I for a € H. Since H is intra-regular, there exist =,y € H
such that a € f(z, f(a,a,a),y) C I. Consequently, I is completely semiprime.

Conversely, suppose that every hyperideal of H is completely semiprime. Let
a € H. Then f(a,a,a) C (f(a,a,a)). This implies that a € (f(a,a,a)), since
(f(a,a,a)) is completely semiprime.

Now (f(a,a,a)) = f(H, H, f(a,a,a))Uf(f(a,a,a), H, H)Uf(H, f(a,a,a), H)U
f(H,H, f(a,a,a), H H) U f(a,a,a). So we have the following cases:

If a € f(H,H, f(a,a,a)), then f(a,a,a) C f(H, H, f(a,a,a),a,a). Hence a €
f(H’ H’ H’ H’f(a7a’ a)7a7 a) g f(Hﬂ H’ Hﬂa7a” a7H) g f(H7 f(a" a7a)’H)'

If a € f(f(a,a,a),H,H), then f(a,a,a) C f(a,a, f(a,a,a), H, H). Hence a €
fla,a, f(a,a,a), H H H H) C f(H,a,a,a, H H,H) C f(H, f(a,a,a), H).

If a € f(H, f(a,a,a), H), then we are done.

Ifae f(H,H, f(a,a,a),H, H), then f(a,a,a) C f(a,H, H, f(a,a,a),H, H,a).

Hence

a E f(H7H7a’7H7H7f(a7a7a/)’H)H7a7H7H)
C f(H,H,H, f(a,a,a), H,H,H) C f(H, f(a,a,a), H).

If a € f(a,a,a), then

a € f(a,a,a) C f(f(a,a,a), f(a,a,a), f(a,a,a)) C f(H, f(a,a,a), H).

So we find that in any case, H is intra-regular. O
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On state equality algebras
Masoomeh Zarean, Rajab Ali Borzooei and Omid Zahiri

Abstract. We show that every state-morphism operator on an equality algebra is an internal
state operator on it and prove that the converse is correct for the linearly ordered equality algebras
under a special condition. Then we show that there is a one-to-one correspondening between
congruence relations on a state-morphism (linearly ordered state) equality algebra and state-
morphism (state) deductive systems on it. Moreover, we define the notion of homomorphism on
equality algebras and we investigate the relation between state operators and state-morphism
operators with equality-homomorphism. Finally, we characterize the simple and semisimple
classes of state-morphism equality algebras.

1. Introduction

Equality algebras were introduced in [8] by Jenei, that the motivation cames from
EQ-algebra [13]. State MV-algebras were introduced by Flaminio and Montagna
as MV-algebras with internal states [6]. Di Nola and Dvureenskij introduced
the notion of state-morphism MV-algebra which is a stronger variation of a state
MV-algebra [4]. State BCK-algebras and state-morphism BCK-algebras have been
defined and studied by Borzooei, Dvurecenskij and Zahiri [2]. Recently, the state
equality algebras and state-morphism equality algebras have been introduced in
[3]. Now we prove that every state-morphism operator on an equality algebra is
an internal state operator on it, and we prove the converse is true for a linearly
ordered equality algebra under a special condition. Also, we remove the condition
of [3, Th. 6.8] and [3, prop. 5.7(3)] and state them in general case. We introduce
a deductive system on state (state-morphism) equality algebra and we investigate
some related results. Then we show that for any linearly ordered sate (state-
morphism) equality algebra (A, o), there is a one-to-one correspondence between
Con(A,o) and IDS(A,) (SDS(A,)). We show that every internal state operator
on an equality algebra is a state-morphism if it is equality-homomorphism. Finally,
we study some classes of state-morphism equality algebras such as simple and
semisimple state-morphism equality algebras.
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Keywords: Equality algebra, state operator, state-morphism operator, state deductive system,
equality-homomorphism.
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2. Preliminaries

In this section, we recall basic definitions and results relevant to equality algebra
which will be used in the next sections.

Definition 2.1. (cf. [8]) An equality algebra is an algebra (A, A,~,1) of type
(2,2,0) such that the following axioms are fulfilled for all a,b,c € A:

(A4; A, 1) is a meet-semilattice with top element 1,
a~b=>b~a,

a~a=1,

a~1=a,

a<b<cimpliesa~c<b~canda~c<a~b,
a~b<(anc)~ (bAc),
a~b<(a~c)~(b~c),

where a < biff a Ab=b.
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Let (A,A,~,1) be an equality algebra. A subset D C A is called a deductive
system of A if for all a,b € A, (DS1): 1 € D, (DSs): a € D and a < b implies
be D, (DS;): a,a~be D implies b € D.

A deductive system D of an equality algebra A is proper if D # A. The
set of all deductive systems of A is denoted by DS(A). An equality algebra A is
called simple if DS(A) = {{1}, A}. A non-empty subset S of an equality algebra
(A, A, ~, 1) which is closed under ~ is called a subalgebra of A and the set of all
subalgebras of A is denoted by Sub(A). We know that ~ is higher priority than
the operation A (it means that first we calculate the operation A then apply the
operation ~). For simplify, some times we write a ~ (e Ab) = a ~ a Ab. The
operations — (called implication) and <> (called equivalence) on equality algebra
A are defined as follows:

a—=b=a~(aAbd) , acb=(a—=bA(Db—a)

If there exists zero element 0 € A such that 0 < a (i.e, 0 > a=1), for all a € A,
then A is called a bounded equality algebra and it is denoted by (A, A, ~,0,1).

Proposition 2.2. (cf. [3, 8]) Let (A,A,~,1) be an equality algebra. Then the
following hold for all a,b,c € A:
(Eg) a~b<a—b<a+b,
(Bo) a< (a~b)~b
(E19) a~b=1iffa=0b,
(E11) a—=b=1iffa<b,
(E12) a—=b=1andb— a=1 impliesa =b,
(E13) a<b— a,
(E1s) a< (a—b)—b,
(E15) a=b< (b—c¢) = (a— o),
(Eig) a<b—=ciffb<a—c,
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(E17) a—>(b—>c):b—>(a—>c),

(E1g) = <y impliesy =z <z — z,

(E19) = <y impliesz >z < z—vy,

(Eg) b<a~aAb,a~b<a~aAlb,

(E91) a<(a~aAb)~b,b<(a~aAb)~b,
(E22) ((a—b)—=b) —>b=a—b.

Proposition 2.3. (cf. [3, 5]) Let (A,A,~,1) be an equality algebra and D €
DS(A). Then the following hold for all a,b € A:
(1) if a,a —>be D, thenb e D,
(i) if a,b € D, thena~be D and aNb € D,
(i1) if A is linearly ordered, thena ~b € D iffa < b€ D iffb - a,a - b€ D.

Proposition 2.4. (cf. [3]) Every deductive system of an equality algebra A is a
subalgebra of A.

Proposition 2.5. (cf. [3, 9]) Let A be an equality algebra and Con(A) be the set
of all congruence relations on A. Then the following hold:
(i) For any D € DS(A), the relation Op on A which is defined by
(a,b) €0p & a~be D, is a congruence relation on A.
(i7) If 0 € Con(A), then [1]g = {a € A : (a,1) € 0} is a deductive system of A.

For D € DS(A) and 0p € Con(A), we denote the set of all equivalence classes
of 0p by A/D ={a/D :a € A}.

Theorem 2.6. (cf. [3, 9]) Let (A, A, ~,1) be an equality algebra. Then there is a
one-to-one correspondence between DS(A) and Con(A).

Theorem 2.7. (cf. [3, 5]) Let (A, A, ~, 1) be an equality algebra and D € DS(A).
Then (A/D,Ap,~p,1p) is an equality algebra with the following operations:

a/DApb/D = (aAb)/D, a/D~pb/D=(a~Db)/D.

In the following we recall definitions of internal state and state-morphism op-
erators and their properties. For more details, see [3].

Definition 2.8. (cf. [3]) Let (A, A,~, 1) be an equality algebra. Then (A,0) is
called an internal state equality algebra if o : A — A is a unary operator on A such
that for all a,b € A the following conditions are satisfied:

(S1) o(a) < o(b), whenever a < b,

(S2) ola~andb)=c((a~aAb)~b)~ab),

(S5) olola) ~ o(b)) = o(a) ~ o),

(S4) o(o(a) No(b)) =a(a) Ao(b).

In the following, we replace internal state equality algebra by state equality
algebra.

For any state equality algebra (A, o), the Ker(o) is defined as {a € Alo(a) = 1}.
The state o is called faithful, if Ker(c) = {1}. The set of all internal states on an
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equality algebra A denote by S(A). Clearly S(A) # 0. In fact, the identity map
14 is a faithful state on A. If A is linearly ordered, then Id4 € S(A).

Proposition 2.9. (cf. [3]) Let (A, A,~,1) be an state equality algebra. Then for
all a,b € A the followmg hold:

(1) o(1) =

(2) (U(G)) o(a),

(3) oc(A)={a€A:a=0(a)},
(4) U(A) is a subalgebra of A,
(5) Ker(o) € DS(A),

(6) Ker(o) is a subalgebra of A,
(1) Ker(o)No(4) = {1}.

Definition 2.10. (cf. [3])Let (A4, A, ~, 1) be an equality algebra. Then (A, o) is
called a state-morphism equality algebra if o : A — A is a unary operator on A
such that for all a,b € A the following conditions are satisfied:

(SMy) o(a~b)=o(a) ~a(b),

(SMsy) o(aNb)=oc(a)Ao(b),

(SMs) o(o(a)) = o(a).

The set of all state-morphisms on an equality algebra A is denoted by SM(A).
Clearly SM(A) # 0. Indeed, if A is an equality algebra, then the constant map
14(a) =1 and the identity map Id4(a) = a are state-morphism operators on A.

Proposition 2.11. (cf. [3]) Let (A,0) be a state-morphism equality algebra. Then
the following hold:

(1) Ker(o) € DS(A),

(2) Ker(c) ={o(a) ~a:a€ A},

(3) If Ker(o) = {1}, then 0 = Id 4,

(4) If A is a simple equality algebra, then SM(A) = {14,IdA}.

3. (State) deductive systems in equality algebras

In this section, by considering the notion of deductive system, we define the concept
of state deductive system on state (state morphism) equality algebras then prove
that the quotient algebra constructed with a state deductive system of a state-
morphism (and linearly ordered state) equality algebra (A, o) is a state-morphism
(and state) equality algebra. Finally, we show that a deductive system on a state-
morphism (and linearly ordered state) equality algebra define a congruence relation
on (A, o) and there is a one-to-one correspondence between SDS(A,) (IDS(A,))
and Con(A, o).

Theorem 3.1. Let X be a subset of an equality algebra A.
(i) The deductive system generated by X which is denoted by (X) is

(X)={a€A|3IneNand z1,...,2, € X st. 11 = (22 = ...(x,, = a)...) =1}
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(#4) If D is a deductive system of A and S C A, then
(DUS)={acA|3IneNand s1,...,5, €S st. 51— (s2 = (...(sp, = a)...)) € D}
Proof. Tt follows from [5, Prop. 4.3] and [11, Prop. 2.2.7]. O

For each x belonging to an equality algebra A, the deductive system generated
by {x} is called principal deductive system. Clearly,

(x)={a€A|z" - a=1, for some n € N},
where 20 —b=ba" >b=x— (xn—l —b).

Definition 3.2. A proper deductive system D of an equality algebra A is called
e primeifa~aANbeE Dorb~bAa€ D, forall a,be A,
e mazximal if there is not any proper deductive system strictly containing D.

An equality algebra A is called semisimple if Rad(A) = m D = {1}. The
DeMax(A)
set of all prime (maximal) deductive systems of an equality algebra A is denoted
by Pr(A)(Max(A)).

Proposition 3.3. Any proper deductive system of a bounded equality algebra A
is contained in a mazximal deductive system of A.

Proof. Tt is an immediate consequence of Zorn’s Lemma. O

Example 3.4. (i). Let A = {0,a,b,1} be a poset with 0 < a,b < 1. Then
(A, A, ~,1) is an equality algebra with the operation ~ on A, given as follows:

N‘O a b 1
01 b a 0
a|b 1 0 a
bla 0 1 b
1 /0 a b 1

Then DS(A) = {{1},{a,1},{b,1}, A}, Pr(A) = {{a,1},{b,1}} and Maz(A) =
{{a,1},{b,1}}. Also by Theorem 3.1, (0) = A, (a) = {a,1}, (b) = {b,1} and
(1) ={1}.

(i4). Let B ={0,b,1} be a chain such that 0 < b < 1. Then (B, A,~,1) is an
equality algebra with the operation ~ on B, given as follows:

b

?—‘U'OZ
o T =IO
—_ T O

b
1
b
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Then DS(B) = {{1}, B}, Pr(B) = {1} and Maxz(B) = {1}. By Theorem 3.1,
(0) = (b) = B, (1) = {1}.

(i4i). Let C = {0,a,b,1} be a poset with 0 < a < b < 1. Then (C,A,~,1) is
an equality algebra with the operation ~ on C, given as follows:

~|0 a b 1
0O]1 a 0 O
ala 1 a a
b |0 a 1 b
1 /0 a b 1

Then DS(C) = {{1},{b,1}, A}, Pr(C) = {{1},{b,1}} and Maz(C) = {{b,1}}.
Also (0) = (a) = C, (b) = {b,1}, (1) = {1}.

Proposition 3.5. Let D be a proper deductive system of an equality algebra A.
Then the following are equivalent:
(1) D is mazimal.
(i3) For allz € A\ D, (DU {x}) = A.
(t4i) For allz € A\ D, 2™ — a € D for any a € A.

Proof. (i) = (i7). ¥z € A\ D, then D C (D U {x}). Since D is maximal, we get
(DU{z}) = A.

(74) = (7). Assume that F is a proper deductive system of A such that D C F'.
Hence there is € F'\ D, and so by (ii), (D U{x}) = A. Then F = A, that is a
contradiction.

(#1) < (i4i). It is clearly by Theorem 3.1(3i). O

Proposition 3.6. Let A be an equality algebra. The subalgebra S of A is a
deductive system of A, ifa € S and b € A\S implies anb € A\S anda ~ b € A\S.

Proof. Let S be a subalgebra of A. Since 1 = a ~ a € S, thus (DS;) satisfied.
Ifae Sand a <b, then aAb=a € S. Assume that b ¢ S. Since a € S and
be A\ S then a A b € A\S, which is a contradiction. Hence b € S. Thus (DSs)
satisfied. Now, let a,a ~ b € S, but b ¢ S. Hence by assumption a ~ b € A\ S,
which is a contradiction. Thus b € S. So (DSs) is satisfied. O

Example 3.7. Let A be the equality algebra in Example 3.4(¢). Then

Sub(A) = {{1},{0,1},{a, 1}, {b, 1}, A}.

Clear that any member of Sub(A) is a deductive system, except {0, 1}. It follows
that Proposition 3.6 is not satisfied for subalgebra {0,1}.

Proposition 3.8. Let A be an equality algebra. Then the following hold.
(1) If A is linearly ordered and a € A, then A(a) ={x € Ala<z} isa
subalgebra of A.
(#) If A is bounded, then Ag = {a € A|a~ 0=0} is a proper deductive
system and subalgebra of A.
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Proof. (i). Let a € A. Clearly, A(a) is closed under A. Put x,y € A(a). Since A
is linearly ordered, we assume = < y. Now by (E;3) and (F3) we get a < & <y —
x=y~(yAz)=y~x=x~y. Hence x ~y € A(a). For y < z, with a similar
way, the result satisfies.

(#). Since 1 ~ 0 =0, we get 1 € Ag. Let a € Ay and a < b. Then by (Ej),
b~0<a~0=0andsob~0=0. Thus b € Ay. Now let a,a ~ b € Ag. By
(B7),b~0< (a~b)~(a~0)=(a~b)~0=0. Hence b ~ 0 = 0 and so
b € Apy. Therefore, Ag is a proper deductive system. Also, by Proposition 2.4, A
is a subalgebra of A. O

Proposition 3.9. Let D be a proper deductive system of an equality algebra A.
Then the following hold:

(1) D is prime iff A/D is a linearly ordered equality algebra,

(#3) if D is prime, then {F € DS(A) | D C F'} is linearly ordered by inclusion.

Proof. (i). For any a,b € A, a ~ aAb € Diff (a ~ aAb)/D = 1/D iff
a/D ~p a/D Apb/D = 1/D iff a/D = a/D Ap b/D iff a/D < b/D. By the
similar way b ~bAa € D iff b/D < a/D. Hence D is prime iff A/D is a linearly
ordered equality algebra.

(i1). Let F,G € {F € DS(A) | D C F}. If F and G are incomparable, then
there exist « € F'\ G and b € G\ F. Since D is prime, by (i), A/D is linearly
ordered. Then we can assume a/D < b/D, and so a ~ aAb € D C F. Since
a € F, by (DS2), aANb € F and since a Ab < b, by (DS7) we get b € F, which is
a contradiction. Hence ' C GG or G C F. O

Proposition 3.10. Let A be an equality algebra. Then A is a linearly ordered iff
each proper deductive systems of A are prime.

Proof. Let A be a linearly ordered equality algebra. Then we have a < b or
b < a, for all a,b € A. Thus for any proper D € DS(A), a ~aAb=1¢€ D or
b~bAa=1¢€ D and so D is prime. Conversely, by the assumption, {1} is prime
and so by Proposition 3.9, A/{1} = A is a linearly ordered equality algebra. O

Corollary 3.11. An equality algebra A is linearly ordered iff the set DS(A) is
linearly ordered by inclusion.

Proof. It follows from Propositions 3.10 and 3.9(i4). O

Proposition 3.12. Let A be an equality algebra. Then D € Max(A) iff A/D is
simple.

Proof. Let D € Max(A). If A/D is not simple, then there is a € A such that
(a/D) #1/D. Soa ¢ D and D C (D U {a}), which is a contradiction with the
maximality of D. Hence A/D is simple. The converse is obvious. O

In the follows, we define the notion of state deductive system on state equality
algebras.
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Definition 3.13. Let (A4,0) be an state equality algebra. A deductive system
D of A is called a state deductive system of A if (D) C D ( i.e., a € D implies
o(a) € D). The set of all state deductive systems on state equality algebra (A4, o)
is denoted by IDS(A,). A proper state deductive system of (A,o) is called a
mazximal state deductive system if there is no proper deductive system strictly
containing it. The set of all maximal state deductive systems of (A, o) is denoted
by IMax(A,). The intersection of all the maximal state deductive system of (4, o)
is denoted by Rad(A, o). Clearly, Ker(o) is a state deductive system of any state
equality algebra.

Example 3.14. (i). Let A be the equality algebra in Example 3.4(¢). Then
o1 : A — A which is defined by 01(0) = 0,01(a) = 1,01(b) = 0,01(1) = 1 is an
state on A. We can check {b,1} € DS(A), but {b,1} ¢ IDS(A,,). Since b € {b,1}
but o1(b) =0 ¢ {b,1}. Then Rad(A) = {1} and Rad(A,o) = {a,1}.

(7). Let C be the equality algebra of Example 3.4(¢i¢). Then oy : C — C
which is defined by ¢1(0) = 0,01(a) = a,01(b) = a,01(1) = 1 is an state on
C. We can check {b,1} € DS(C), but {b,1} ¢ IDS(C,,). Since b € {b,1} but
o1(b) = a ¢ {b,1}. Therefore Rad(A) = {b,1} and Rad(A,c1) = {1}.

Example 3.15. (i). {1} and A are state deductive systems of any state equality
algebra (A4, 0).

(7). In any linearly ordered state equality algebra (A4, Ida), every D € DS(A)
is a state deductive system of (A, ). Then Rad(A) = Rad(A, o).

(#91). If C is the equality algebra in Example 3.4(éii). Then o : C — C which
is defined by 0(0) = 0,0(a) = a,0(b) = 1,0(1) = 1 is an state on C. Then we
can see that D € DS(C) iff D € IDS(C,), Since x € D follows o(z) € D. Then
Rad(A) = Rad(A, o).

(iv). If A is the equality algebra of Example 3.4(i), then o : A — A which
is defined by o(0) = a,0(a) = a,0(b) = 1,0(1) = 1 is an state on A. Then we
can see that D € DS(A) iff D € IDS(A,). Since z € D follows o(x) € D. Then
Rad(A) = Rad(A, o).

Example 3.16. Let (A,As,~4a,14) and (B,Ap,~p,1p) be two equality alge-
bras. Then C = A x B = {(a,b) € AX B |a € A, b€ B} with operations A, ~, 1
as follows : (a,b)A(a',b) = (aAad ,bABD), (a,b) ~ (a' b)) =(a~ad ,b~ph),
1= (14,1p), for all (a,b),(a’,b) € C, is an equality algebra.

Let 01 : A — A and 05 : B — B are states on A and B, respectively. Then
o : C — C which is defined by o(a,b) = (c1(a),o2(b)) is an state on C, for all
(a,b) € C. Let Dy € DS(A) and Dy € DS(B). Then D; x Dy € DS(C) is a state
deductive system of (C, o) if for all (a,b) € Dy x Dy we get o(a,b) € Dy X Ds.
Hence Dy x Dy € IDS(C,) iff Dy € IDS(Acy) and Dy € IDS(Bo).

Proposition 3.17. Let (A, o) be an state equality algebra. Then
(1) o(a — b) < o(a) = o(b), for any a,b e A,
(1) if A is linearly ordered, then o(a~b)<o(a)~a(b) and o(anb) = o(a)Ao(b).
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Proof. (i). By (Fa21) we have a < (a ~ aAb) ~ b, so by (S1), we get o(a) < o((a ~
aAb) ~b). Now (Es) follows o((a ~aAb) ~b) — o(b) < o(a) — o(b). Thus by
(S2), o(a ~andb)=0c((a~aAnb)~b) ~ab) <o(la~aAb)~b) — o). So
ola = b) < o(a) = o(b).

(43). Since A is linearly ordered, assume that @ < b. Then by a ~ b < b — a and
(), we get o(a ~b) =0(b—a) <o(b) = o(a) =o(a) ~ o(b). Moreover, if a < b
(b < a) then by (S1), o(a) < a(b) (o(b) < g(a)). So a(aAb) =c(a) Ao(b). O

Proposition 3.18. Let (A, o) be an state equality algebra and S C A. Then
Fix(S)={a€ A|o(a) = s=s,for all s € S}
is a state deductive system of (A, o).

Proof. Obviously, 1 € Fiz(S). Let a € Fiz(S) and a < b. Then o(a) — s = s.
Hence by Definition 2.8(S1) and (Eig), o(a) < o(b) and so o(b) — s < o(a) —
s = s, which implies that o(b) — s = s. Thus b € Fiz(S). Let a,a ~ b € Fiz(S).
Then o(a) -+ s = s and o(a ~ b) — s = s. Since a ~ b < a — b, by Definition
2.8 and (E1g) we get s < o(a — b) - s < o(a ~ b) = s = s. Hence o(a —
b) — s = s. Now by Proposition 3.17, we get o(a — b) < o(a) — o(b) and so
(o(a) = o(b)) = s = s. Since (o(a) = (b)) = (0(a) = s) = s thus we have
s < ob) - s < (o(a) = a(b)) = (0(a) = s) = s, that follows b € Fix(S).
Finally, let a € Fiz(S). Soo(a) - s =s. By s <o(o(a)) = s=o0(a) = s = s,
we get o(a) € Fiz(S). Hence Fix(S) € IDS(A,). O

Definition 3.19. Let (A, o) be an state equality algebra. If S C A, then ((S)) is
the state deductive system generated by S.

Proposition 3.20. Let (A,o) be an state equality algebra. If D € DS(A),
(D)) ={a€ A|IneN,Ixy,...,x, €D st. o(x1) = (...(c(x,) = a)...) € D}.

Proof. Let
S={a€A|IneN,3xy,...,z, € D st. o(x1) = (o(x2) = (...(c(zp) —a)...)) €D}.

First, we show that D C S. For any d € D, since 1 € D and o(1) =1 € D
we get 0(1) > d=1—d=4d € D and sod € S. Now we prove that S is a
state deductive system of (A,o). Since for all x € D,o(z) - 1 =1 € D, by
definition of S, 1 € S. Now, let « € S and @ < b. Then there are n € N and
x1,Z2,...,Tn € D such that o(x1) — (o(x2) — (...(c(x,) — a)...)) € D. Since
a<band D € DS(A), from (Eg),

o(x1) = (o(z2) = (..(o(zn) = a)...)) < o(x1) = (o(x2) = (...(0(zn) = b)...))

it follows that o(z1) — (o(x2) — (...(c(xn) = b)...)) € D. So b € S. Finally, let
a,a ~ b e S. Then there are m,n € N, x1,xs,...,z,, € D and y1,y2,...,yn € D
such that

o(x1) = (o(x2) = (..(o(zm) = a)...)) € D
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and o(y1) = (o(y2) = (
we get o(y1) = (o(y2) —
and (E17), we have o(xq) a)...)) < o(z1) = (o(x2) —
(..o(@m) = (0(1) = (o(y2) = (..(6(yn) = (Z = b)))...)). So

(
Z = o(x1) = (o(x2) = (..(o(xm) = (6(y1) = (o0(y2) = (...(c(yn) = 1))...)) € D

D. Sincea ~b < a — b,
= Z € D. Now from (Ej9)

and Z € D. Hence by definition of S, b € S. Thus S is a deductive system of
A. Now, we prove that S is a state deductive system of A. For any a € S, there
are ri,Za,...,Tn € D such that o(z1) = (o(z2) — (...(0(zn) = a)...)) =Y € D.
Hence Y — (o(z1) — (o(x2) — (...(0(zy) — a)...))) =1 € D and (Y —
(o(x1) = (o(x2) = (...(c(xn) = a)...)))) = o(1) = 1 € D. By using Propositions
3.17 and 2.9 (2), o(Y) — (o(x1) = (0(x2) — (...(6(zp) — 0(a))...))) =1 € D.
From Y € D, by definition of S, o(a) € S. Finally we show that S is the smallest
state deductive system of A containing D. Let F' € IDS(A,) such that D C F.
Assume a € S, if a = 1, then S C F. Otherwise there are z1,xs,....,x, € D C F
such that o(z1) — (o(z2) — (...(6(zn) — a)...)) € D C F. Since F is a state
deductive system of A, thus o(z1),0(x2),...,0(xy) € F, so a € F. Hence S is the
smallest state deductive system of A containing D, that is ({(D)) = S. O

Proposition 3.21. Let D be a state deductive system of an state equality algebra
(A,0) and x € A. Then

{(DU{z})) ={a€ A|c™(z) = (2 = a) € D, Im,n € N}

A state deductive system M of a bounded state equality algebra is mazimal iff for
any x ¢ M, there are m,n € N such that c™(z) — (2™ — 0) € M.

Proof. Set S ={a € A|oc™(x) — (2™ — a) € D, Im,n € N}. First, we show
that {DU{z}} C S. Let y € {D U {x}}, if y = x then y € S. Otherwise y € D,
from y < x — y follows x - y € D. So y € S. Now we prove that S is a state
deductive system of (A, ). Obviously, 1 € S. Let @ € S and a < b. Then there are
m,n € N such that 6 (z) — (" — a) € D. By (E19), 0™ (x) — (z" — b) € D.
Sob e S. Now, let a and a ~ b € S. Then there are m,n,s,t € N such that
o™(z) = (2" — a) € D and o%(z) — (2' = (a ~ b)) € D. Since a ~ b < a — b,
thus ¢™(z) — (2™ — (a = b)) = Y € D. By routine proof we get ¢ (z) —
(z" — a) < o™(x) = (z" — (0%(z) = (2 — (Y — b))). Thus o™ 5(x) —
(z"** — (Y — b))) € D. On the other hand we have Y € D and so b € S. Hence
S is a deductive system of A. Moreover, for any a € S there are m,n € N such
that c™(z) - (2™ — a) =Y € D. Then Y — (¢™(z) = (z™ — a)) =1 € D.
By Propositions 2.9(1) and 3.17, we have 1 = o(1) = o(Y — (¢™(z) — (2" —
a)) < oY) = (co™(x) = (c0™(x) — o(a))). Since Y € D and D is state, we
get o(Y) € D and so by definition of S, o(a) € S. Hence S is a state deductive
system of A, that is S = ((D U {z})). For proof of the second part, we assume
that M is maximal and = ¢ M. Then by maximality of M, (M U {z})) = A.
Since A is bounded, we get 0 € ((M U {x})). Thus there are m,n € N such that
o™(x) = (¢™ — 0) € M. The converse is evident. O
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Remark 3.22. Obviously, Propositions 3.20 and 3.21 hold for any state-morphism
equality algebra, too.

Definition 3.23. Let (A, 0) be an state equality algebra and 6 be a congruence
relation on A. Then 0 is called a congruence relation on (A, o) if (a,b) € 6 implies
(o(a),o(b)) € 6. The set of all congruence on (4, o) denote by Con(A, o).

In the following, we show that if (A, o) is a linearly ordered state equality
algebra, there is a bijection between IDS(A,) and Con(A, o).

Proposition 3.24. Let (A,o) be a linearly ordered state equality algebra. Then
the following hold:
(1) if D € IDS(A,), then 0p = {(a,b) € Ax A|a~be D} is a congruence
relation on (A, o),
(i7) if @ € Con(A, o), then [1]g = {a € A| (a,1) € 0} is a state deductive
system of (A, o) (that is [1]g € IDS(A, )).

Proof. (i). Let D € IDS(A,). By Proposition 2.5(i), ép is a congruence relation
of A. Let (a,b) € 0p. Then a ~ b € D, by Definition 3.13, we get o(a ~ b) € D.
Now since A is linearly ordered, so by Proposition 3.17, o(a) ~ o(b) € D. Thus
(o(a),o(b)) € Op. Hence 0p is a congruence relation on (A, o).

(73) Let 6 be a congruence relation on (A, o). By Proposition 2.5(i7), [1] is a
deductive system of A. Let a € [1]gp. Then (a,1) € 0. Since 6 € Con(A,o), thus
(o(a),o(1)) € . From o(1) = 1 follows (0(a),1) € 6 and so o(a) € [1]g. Thus [1]y
is a state deductive system of (A, o). O

Theorem 3.25. Let (A, 0) be a linearly ordered state equality algebra. Then there
is a one-to-one correspondence between IDS(A,) and Con(A, o).

Proof. Define f : Con(A,0) — IDS(A,) by f(6) = [l]g. By Theorem 2.6
and Proposition 3.24, f is an one-to-one correspondence between IDS(A,) and
Con(A, o). Then the proof is complete. O

Theorem 3.26. Let (A,o0) be a linearly ordered state equality algebra. If D €
IDS(A,), theno : A/D — A/D is an state on A/D with o (a/D) = o(a)/D.
Proof. First, we show that o is well defined. Let a/D = b/D. Thena ~ b € D and
so o(a ~ b) € D. By Proposition 3.17, o(a) ~ o(b) € D and so o(a)/D = o(b)/D.
Hence o (a/D) = o (b/D). Now we prove o is an state. For the proof of (S1),
let a/D < b/D. Then a/D ~ (a/D ANb/D) =1/D and so a ~ (a Ab) € D. By
Definition 3.13, we get o(a ~ (a Ab)) € D. Also, by Proposition 3.17, o(a) ~
o(b) ANo(b) € D. Thus o(a)/D < o(b)/D and so o (a/D) < o (b/D). For the
proof of (S2),

o (a/D ~a/DAb/D)=0c (

(o((a ~aANb)~Db)~oc(b))/D

o((a~anb)~b)/D~a(b)/D
o ((a/D ~a/D Ab/D) ~b/D) ~ o (b/D).

’

(a~aAnb)/D)=0c(a~aANb)/D
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For the proof of (S3),

o'(0'(a/D) ~ o (b/D)) = 5 (c(a)/D ~ o(b)/D) = o (0(a) ~ a(b))/D)
= (0(a(a) ~a(b)))/D = (a(a) ~ a(b))/D
= 0(a)/D ~0(b)/D =0 (a/D) ~ 0 (b/D).

Also (S4) satisfies since

o'(0'(a/D) Ao (b/D)) = o (o(a)/D A a(b)/D)

= ((o(a) Ao(b))/D)
=o(o(a) Na(b))/D = (o(a) No(b))/D
=0o(a)/DAo(b)/D =0 (a/D) Ao (b/D).

Finally (S5) satisfies since

o (0'(a/D)) = 7' (0(a)/D) = 5(0(a))/D = 0(a)/D = o' (a/ D). O

Note that in Proposition 3.26, ¢ is faithful if Ker(c' ) = {z/D | ¢ (z/D) =
1/D} ={1/D} ie., Ker(c ) ={z/D | o(z) € D}.

Corollary 3.27. Let (A,0) be a linearly ordered state equality algebra. Then
o :A/JK — A/K is an state on A/K such that K = Ker(o).

Proof. Since Ker(o) is a state deductive system of (A, o), so the result follows
from Theorem 3.26. O

Definition 3.28. Let (A,0) be a state-morphism equality algebra. A deductive
system D of A is called the state-morphism deductive system of A if (D) C D,
i.e., if a € D implies o(a) € D.

The set of all state-morphism deductive systems on a state-morphism equality
algebra (A,o) denote by SDS(A,) and the set of all maximal state-morphism
deductive systems of (A, o) denote by SMax(A,).

Remark 3.29. Clearly, by Theorem 4.6(¢) and Definition 2.10, the above results
proved for linearly ordered state equality algebra hold for state-morphism equality
algebra.

Proposition 3.30. Let (A,0) be a state-morphism equality algebra and D be a
deductive system of A. Then D is a prime state deductive system of (A,o) iff
(A/D,o) is a linearly ordered state-morphism equality algebra.

Proof. 1t follows by Proposition 3.9, Remark 3.29 and Theorem 3.26. O

Definition 3.31. Let (4, 0) be a state-morphism (an state) equality algebra. A
subalgebra S of A is called state subalgebra if a € S implies o(a) € S.
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Example 3.32. (i). If A is the equality algebra in Example 3.4(i), then o7 and
o2 : A — A defined by 01(0) =0, o1(a) =1,01(b) =0,01(1) =1 and 02(0) =q,
o2(a) = a,09(b) = 1,02(1) =1 are state-morphisms on A. Also, {0,1} is a state
subalgebra of (A, o1), which is not a state subalgebra of (A, o3), since 03(0) = a ¢
{0,1}.

(7). Let C be an equality algebra. We know that (C,1¢) is a state-morphism
equality algebra. Then every subalgebra of C is a state subalgebra of (C, 1¢).

Remark 3.33. Let (4,0) be a bounded state-morphism equality algebra. If A
is linearly ordered, a € A and a < o(a), then by Proposition 3.8(i), A(a) is a
state subalgebra. Moreover, if o(0) = 0, then by Proposition 3.8(ii), Ao is a
state deductive system. Since for any a € Ay, a ~ 0 = 0. By Definition 2.10,
o(a~0)=oc(a) ~o(0) =0(0), then we get o(a) ~ 0 =0. Thus o(a) € Ap.

Proposition 3.34. Every state deductive system of an state equality algebra (A, o)
is a state subalgebra of (A, o).

Proof. By Proposition 2.4 and Definition 3.31, the proof is clear. O

4. Some properties of state equality algebra and
state-morphism equality algebras

In the following, we state some properties of state equality algebra and state-
morphism equality algebra. We proved every state-morphism operator on an
equality algebra is a state operator on it and the converse is true for a linearly
ordered equality algebra under a condition.

Proposition 4.1. Let (A,0) be a linearly ordered state equality algebra. The map
o : A/Ker(o) = A/Ker(o) defined by o (a/Ker(o)) = o(a)/Ker(c), is a state
on A/Ker(o), for any a € A.

Proof. First, we show that ¢ is well defined. For this, let K = Ker(o) and
a/K =b/K. Then a ~b € K and so g(a ~ b) = 1. Since A is linearly ordered,
by Proposition 3.17, o(a) ~ o(b) = 1 and this conclude that o(a) = o(b). Hence
o (a/K) = o' (b/K). Now by Theorem 2.7, Definition 2.8 and Proposition 3.17,
the proof is complete. O

Proposition 4.2. Let (A,0) be a state equality algebra and Ker(o) be prime.
Then o(A) is linearly ordered.

Proof. For all a,b € A, a ~aAbe Ker(oc)orb~bAa € Ker(c). So o(a ~
aAb)=1orob~bAa)=1 From aAb < a,band Proposition 3.17, we get
o(a) ~o(anb) =1or ag(b) ~a(bAa)=1. Hence o(a) < o(b) or o(b) < o(a).
Thus o(A) is linearly ordered. O
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Example 4.3. Let A be the equality algebra in Example 3.4(i) and o = Id4.
Then (A, 0) is a state equality algebra. But Ker(o) = {1} is not prime. Since by
Proposition 4.2, o(A) is not linearly ordered (c(a) £ o(b)).

Proposition 4.4. Let (A,0) be a linearly ordered state equality algebra. Then the
following statements are equivalent:

(1) o(a = b) = o(a) = a(b),

(i) o(a ~b) = o(a) ~ o(b).

Proof. (i
get o(a)

i (#9). Since A is linearly ordered, we can assume a < b. By (S1), w

)=
< o(b) and so

ob~a)=c(b~bAa)=0c(b—a)=0c(b) = o(a)
=o0() ~ab) ANo(a) =0c(b) ~a(a).

For b < a the proof is similarly.
(#4) = (i). By Proposition 3.17,

ola—=b)=c(a~anb)=0c(a) ~a(anb)=0c(a)~ (c(a) ANa(b)) =o(a) — o(b).
O

Proposition 4.5. Let (A,0) be a state equality algebra, o be faithful and for any
a,be A, o((a~aAb)~b) =c((b~bAa)~a). Then

(1) a < b implies o(a) < o(b),

(ii) if A is linearly ordered, then o(a) = a, for all a € A.

Proof. (i). Let a < b. By (S1) we have o(a) < o(b). Assume o(a) = o(b). Then
by (S2) and assumption,

ola~b)=cb~bAa)=0c((b~bAa)~a)~oc(a)
=o((a~aAb)~b)~oc(a)=0c(b) ~c(a) =1.

Soa~be Ker(o) = {1} and it follows a = b, which is a contradiction with a < b.
Then o(a) < o(b).

(7). Let for all a € A, o(a) # a. Since A is linearly ordered, o(a) < a or
a < o(a). By (i) we get o(0(a)) < o(a) or o(a) < o(o(a)), which is a contradiction
with (S3). Hence o(a) = a. O

Proposition 4.5, is not true for any state equality algebra. In Example 3.4(i1),
with o1 : C — C defined by 01(0) = 0,01(a) = a,01(b) = a,01(1) =1, (C,07) is
a linearly ordered state equality algebra with Ker(o) = {1}. But o(b) = a # b,
since o((a ~aAb) ~b) #£c((b~bAa)~a).

Theorem 4.6. Let A be an equality algebra. Then
(i) any state-morphism on A is a state on A,
(ii) if (A, 0) is a linearly ordered state equality algebra in which for all a,b € A
o((a~aAnb)~b)=c((b~bAa)~a), then o is a state-morphism on A.
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Proof. (i) Let o be a state-morphism operator on A. Clearly, (S1) satisfies. Since
b< (a—b)—b), by (SMy),

ola~anb)=oc(a—b)=0c(((ad —>b) —b) —b)
=o(((a~aAb)~b)~b)=0c((a~aAb)~Db)~a(b).

Thus (S3) satisfies. Also (S3) and (S4) follow from (SM;) — (SMs).
(7). Let o be a state operator on A and a < b. By (S1) we have o(a) < o(b).
Then by (S2),

ogla~b)=cb~bAa)=0c((b~bAa)~a)~ac(a)
=o((a~aAb)~b)~acg(a)=0() ~ac(a) =0c(a) ~ o).

For b < a, with the similar proof, ¢ is a state-morphism operator on A. Finally,
(SM3) and (SM3) follow from Propositions 3.17 and 2.9(2). O

Definition 4.7. (cf. [3]) Let A be an equality algebra and a € A. Then
(1) A is called (~)-involutive, if for all b € A, ((b ~ a) ~ a) = b,
(i) © € A is called a-regularif (x ~a) ~a =z,
(#3i) A is called involutive if A = Reg,(A), for all a € A, where Reg,(A) is the
set of all a-regular elements of A.

Example 4.8. (1). Any equality algebra A is (~1)-involutive and A = Reg;(A)
(forallbe A, (b~1)~1)=0b).

(2). Let A be the equality algebra in Example 3.4(7). Then A is (~,)-involutive,
for all a € A and A = Reg,(A).

(3). Let B be the equality algebra in Example 3.4(ii). Then B is (~g)-involutive
since (0 ~0) ~0) =0, (b ~0)~0)=0b, (1 ~0)~0)=1. But Bisnot
(~p)-involutive, since ((0 ~ b) ~b) =1 #£ 0.

Corollary 4.9. Let A be a linearly ordered involutive equality algebra. Then o is
a state on A iff o is a state-morphism on A.

Proof. Since A is involutive, we get (a ~ b) ~ b = a, for all a,b € A. Then by
Theorem 4.6, the proof is complete. O

Example 4.10. Let C be the linearly ordered equality algebra of Example 3.4(ii7).
Then 01,09 : C — C defined by 01(0) = 1,01(a) = 1,01(b) = 1,01(1) = 1 and
02(0) = 0,02(a) = a,02(b) = 1,02(1) = 1 are two state-morphisms on C. By
Theorem 4.6, o1 and o9 are states on C. Moreover, o3 : C — C which is defined
by 03(0) = 0,03(a) = a,05(b) = a,03(1) = 1 is a state on C but it is not a state-
morphism on C. Since o3(a ~ b) # o3(a) ~ o3(b). Also, Theorem 4.6(i7) is not
satisfied, since o3((b ~bAa) ~a) =03(1) =1 # a=o03((a ~aAb)~D).

Proposition 4.11. Let (A, o) be a state-morphism equality algebra and a € A. If
x € Rega(A), then o(z) € Regy(q)(A).
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Proof. Tt is clearly by Definitions 4.7(iz) and 2.10. O

Proposition 4.12. Let (A, o) be a state-morphism equality algebra. Then Ker(o)
is prime iff o(A) is linearly ordered.

Proof. If Ker(o) is prime, then the proof is similar to the proof of Proposition
4.2. Conversely, assume that for all a,b € A, o(a) < o(b) or o(b) < o(a). Let
a~aAb ¢ Ker(oc). Then o(a ~ a Ab) # 1 and so by (SM;) and (SMs),
o(a) ~ o(aAb) # 1. Thus o(a) £ o(b) and so by assumption, o(b) < o(a). Hence
ob~bAa)=1and b~bAa € Ker(o). O

Proposition 4.13. Let (A,0) be a state-morphism equality algebra and K =
Ker(o). Then
(i) o/ K < b/K iff o(a) < o(b),
(i4) o/ K =b/K iff o(a) = o(b).

Proof. Applying Theorem 2.7 and Definition 2.10, we get

(1). o/ K <b/K iff a/K = (aAb)/K iff (a ~ (aAD))/K =1/K iff a ~ (aAD) €
Kiff o(a~ (anb)) =1iff o(a) ~ (o(a) Aa(b)) =1iff o(a) < o(b).

(#i). a/K = b/K iff (a ~b)/K = 1/K iff a ~b € K iff o(a ~ b) = 1iff
o(a) ~o(b) =1iff o(a) = o(b). O

Proposition 4.14. Let o and p be two state-morphisms on equality algebra A
such that Ker(o) = Kerp and Imo = Imyu. Then o = p.

Proof. By Proposition 2.11, for all a € A, o(a) ~ a € Ker(c) = Keru. Then
p(o(a) ~ a) =1 and so we have p(o(a)) ~ p(a) = 1. From o(a) € Imo = Imu
follows p(o(a)) = o(a). Hence o(a) ~ u(a) = 1, that means o(a) = u(a). O

Theorem 4.15. If (A, o) is a state-morphism equality algebra, then
A = (Ker(o) UImo).

Proof. Obviously, (Ker(c) U Imo) C A. Since Ker(o) € Ds(A) and Imo C
A, thus by Theorem 3.1(ii), (Ker(c) UImo) = {a € A | o(a1) — (o(az) —
(...(oc(an) — a)...)) € Ker(o),for some ay,...a, € A}. Let a be an arbitrary
element of A, by Proposition 2.11, o(a) ~ a € Ker(o). Since o(a) ~ a < o(a) — a,
then o(a) = a € Ker(o) such that o(a) € Imo and so a € (Ker(o)UImo). Hence
A = (Ker(o) UImo). O

5. Equality-homomorphisms and their relation with
the state-morphism operator
In this section, we define a homomorphism between two equality algebras and we

state some related results. Then we prove that an state on an equality algebra, is
a state-morphism if it is an equality-homomorphism.



On state equality algebras 323

Definition 5.1. Let (A, A, ~,1) and (A,,/\/, ~ 1,) be two equality algebras. The
map f: A— A is called an equality-homomorphism, if the following hold, for all
a,be A:

(Hi) fla~Db)=f(a)~ [(b),

(H2) flaAb) = f(a) A (D).

If f: A— A is a homomorphism of equality algebras, then f is called an
equality-endomorphism. The set Kerf={ac A| f(a)=1"} is called a kernel of f.

It is clear that every equality-homomorphism, is a BC'K A-semilattice homo-
morphism.

Proposition 5.2, Let f : A — A" be a bounded equality-homomorphism and
F(0)=0". Then
i) f(1) =

(i) f is monotone o

(iid) f(x ~ 0) = f(z) ~ 0,

(iv) Kerf is a proper deductwe system of A,
(v) Imf is a subalgebra ofA
(vi) f is injective zﬁ Kerf = {1}
(vii) if D" € DS(A"), then f~Y(D") € DS(A),
(viii) if f is surjective and Kerf C D € DS(A), then f(D) € DS(A").

Proof. The proofs of (i) — (vi) are straightforward.

(vii). Assume that D' € DS(A'). Since f(1) =1 € D, thus 1 € f‘l(D/).
Let a € f~(D') and a < b. Then f(a) € D' and f(a) <" f(b). Thus f(b) € D’
Let a,a ~be f~ YD ) Then f(a ~ b) € D', by equality- homomorphism f, we
get f(a )N f()ED So f(a) € D' followsthatf()eD thus b € f~1(D").
Thus f~*(D’) is a deductive system of A.

(viii). Since 1 € D, by (i), 1" € f(D). L ta b eA. Td e f(D)anda <.
Then there exists a € D such that f(a ) =ad. Slnce f is surjective, there exists
b € A such that b = f(b). So f(a) <" f(b) follows that f(a) = f(b) = 1 and
so f(a —b) =1, thusa — b € Kerf CD. Thenb e D,sob = f(b) € f(D).
Let a',a ~ b € f(D). Then there are a,z € D such that f(a) = a and
f(z) = d ~"b. Since f is surjective, so there is b € A, such that f(b) = b
So f(z) =d ~ b = f(a) ~ f(b) = fla~b). Thus I = f(z) ~" f(a~b) =
f(z ~ (a ~b)). Then z ~ (a ~ b) € Kerf C D follows that b € D and so
b = f(b) € f(D). Then f(D) is a deductive system of A’ O

Theorem 5.3. If f : A — A’ is a surjective equality-homomorphism, then there
is a bijective correspondence between {D | D € DS(A), Kerf C D} and DS(A').

Proof. By Proposition 5.2(vii) and (viii), f : {D | D € DS(A),Kerf C D} —
DS(A’) such that D — f(D) and f~': Ds(A") — {D | D € DS(A),Kerf C
D} such that D' — f~1(D’) are well defined functions. Now we will show
f(f~YD")) = D" and f~'(f(D)) = D. Since f is surjective, then f(f~1(D")) =
D'. It is clear that D C f~'(f(D)). Assume that a € f~'(f(D)) then f(a) €



324 M. Zarean, R.A. Borzooei and O. Zahiri

f(D), so there is * € D such that f(a) = f(z) then f(a) ~ f(z) = 1. By
Definition 5.1, f(a ~z) =1soa ~x € Kerf C D. since x € D we get a € D,
thus f=1(f(D)) C D. So f~1(f(D)) = D. O

Theorem 5.4. Let A be an equality algebra. Then f : A — A is a state-morphism
operator iff [ is an equality-endomorphism with f(a) ~a € Kerf, for all a € A.

Proof. Let f be a state-morphism operator. Then by Definition 2.10, (H;) and
(H) satisfies. Also by (SMs), we get, 1 = f(f(a)) ~ f(a) = f(f(a) ~ a). It
follows f(a) ~a € Kerf.

Conversely, let f be an equality-endomorphism. By Definition 5.1, (SM7) and
(SMy) satisfies. By the assumption, for all a € A, f(a) ~ a € Kerf. Thus
F(f(@) ~ a) = 1. From (Hy), we get 1 = f(f(a) ~ a) = f(f(a)) ~ f(a) that it
follows f(f(a)) = f(a). So (SMs3) satisfies. O

Corollary 5.5. If A is a simple equality algebra, then every equality-endomorphism
f:A— A is a state-morphism operator, if f =14 or f = Ida.

Proof. Assume f is an equality-endomorphism. Then By Theorem 5.4, f is a
state-morphism operator if f(a) ~ a € Kero for any a € A. Since A is simple so
Ker(o) ={1} or Ker(oc) = A. Then f =1ds or f =14. O

Example 5.6. Let A be the equality algebra as Example 3.4(¢). Then f: A — A
is an equality-endomorphism by define f(0) =0, f(a) = b, f(b) = a, f(1) = 1. But
f is not a state-morphism operator on A.

Lemma 5.7. Let f: A — A be an endomorphism on equality algebra A and for
alla € A, f(a) ~a € Kerf. Then f is a state operator on A.

Proof. By Theorems 5.4 and 4.6(%), f is an state on A. O

The converse of proposition 5.7 is not true. In Example 3.4(iii), 0 : C — C
which is defined by o(0) = 0,0(a) = a,0(b) = 1,0(1) = 1 is an state on the
linearly ordered equality algebra C, but ¢ is not equality-endomorphism (o2 (a ~ b)

# o2(a) ~ oa(b)).

Lemma 5.8. Let o be an state operator on a linearly ordered equality algebra A
such that for all a,b € A, o((a ~aAb) ~b) =0c((b~bAa)~a). Then o is an
equality-endomorphism with 0% = o.

Proof. By Theorems 4.6(ii) and 5.4, the proof is complete. O

Theorem 5.9. Let f : A — A be an equality-endomorphism on an equality algebra
A. Then the following are equivalent.

(@) f is a state operator on A.

(i1) f is a state-morphism operator on A.

Proof. By Lemmas 5.7 and 5.8 and Theorem 5.4, the proof is clear. O
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Theorem 5.10. Let (A, o) be a state-morphism equality algebra. Then,
(1) o(A) is a simple subalgebra of A iff Ker(c) € SMaz(A,),
(it) (A, o) is a simple state-morphism equality algebra iff A is a simple equality
algebra,
(74i) if o(A) is a semisimple subalgebra of A, then the intersection of all maxi-
mal state-morphism deductive systems of (A,0) is a subset of Ker(o).

Proof. (i). Let (A, o) be a state-morphism equality algebra. Then by Theorem
5.4, o is an equality-endomorphism, which implies that A/Ker(o) = o(A). Thus
Ker(o) € SMax(A,) iff A/Ker(o) is simple iff o(A) is simple.

(i4). Let (A, o) be a simple state-morphism. Then Ker(c) € SDS(A,) and
so Ker(o) = {1} or Ker(c) = A. Hence o0 = Ids or 0 = 14. In this case every
deductive system of A is state. Thus {1} and A are only deductive systems of A.
Therefore, A is simple. Conversely, let A be a simple equality algebra. Then A
has only two deductive systems, {1} and A which they are state. Hence (4, o) is
a simple state-morphism equality algebra.

(#4i). Let o(A) be a semisimple subalgebra of A. Then by Definition 3.2,

N I={1

IeSMax(c(A))

Since A/Ker(c) = o(A), then A/Ker(o) is a semisimple equality algebra. So
N{D : Ker(c) C D € SMax(A)} = 1/Kerc. Now we show that D is state.
Let D € SMax(A,) and Kerc C D. Then by Proposition 2.11, for all a € D,
o(a) ~a € Kero C D. Therefore, o(a) € D. O
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