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Abstract. In the recent past, Grecu and Syrbu (in no order of preference) have
jointly and individually reported some results on isostrophy invariants of Bol loops.
Also, the Bryant-Schneider group of a loop has been found important in the study
of the isotopy-isomorphy of some varieties of loops (e.g. Bol loops, Moufang loops,
Osborn loops). In this current work, the Bryant-Schneider group of a middle Bol
loop was linked with some of the isostrophy-group invariance results of Grecu and
Syrbu. In particular, it was shown that some subgroups of the Bryant-Schneider
group of a middle Bol loop are equal (or isomorphic) to the automorphism and pseudo-
aumorphism groups of its corresponding right (left) Bol loop. Some elements of the
Bryant-Schneider group of a middle Bol loop were shown to induce automorphisms
and middle pseudo-automorphisms. It was discovered that if a middle Bol loop is of
exponent 2, then, its corresponding right (left) Bol loop is a left (right) G-loop.
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Keywords and phrases: right Bol loop, left Bol loop, middle Bol loop, Bryant-
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1 Introduction

Let @ be a non-empty set. Define a binary operation “” on Q. If z -y € Q for
all z,y € @, then the pair (Q,-) is called a groupoid or magma. If the equations:
a-x =band y-a = b have unique solutions x,y € @ for all a,b € @, then (Q, ") is
called a quasigroup. Let (Q,-) be a quasigroup and let there exist a unique element
e € @ called the identity element such that for all x € @), z-e = e-x = x, then
(Q,-) is called a loop. We write zy instead of x - y and stipulate that - has lower
priority than juxtaposition among factors to be multiplied.

Let (@, ) be a groupoid and let “a” be a fixed element in @, then the left and
right translations L,, R, of a € @ are respectively defined by zL, = a - x and
xR, = x-a for all x € Q. It can now be seen that a groupoid (@, ) is a quasigroup
if its left and right translation mappings are permutations. Thence, the inverse
mappings L' and R;! exist. Thus, for any quasigroup (Q,-), we have two new
binary operations: right division (/) and left division (\) and middle translation P,
for any fixed a € Q.

m\y:yL;1 =P, and ac/y:aL‘R;1 :yPgC_1
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and note that
Ny=z<=zx-2=y and xfy=z<=z-y=n=x.

Consequently, (Q,\) and (Q,/) are also quasigroups. The symmetric group
SYM(Q) of @ is defined as SYM(Q) = {U : Q@ — @ | U is a permutation}.
For a loop (@, -), the group generated by its left (right) translations is called the left
(right) multiplication group Multy,)(Q,-) < SY M(Q).

(z/y)(2\z) = x(zy\z) (1)

Middle Bol loops (MBLs) were first studied in the work of Belousov [9], where
he gave identity (1) characterizing loops that satisfy the universal anti-automorphic
inverse property. After this beautiful characterization by Belousov and the laying
of foundations for a classical study of this structure, Gvaramiya [19] proved that
a loop (@Q,o) is middle Bol loop if there exists a right Bol loop (@,-) such that
roy = (y-zy Yy for all z,y € Q. If (Q,0) is a middle Bol loop and (Q, ) is the
corresponding right Bol loop, then

roy=y\e and z.y=y/ja’ (2)

where for every z,y € Q, ‘//’ is the left division in (@, o).
Also, if (@, o) is a middle Bol loop and (@, -) is the corresponding left Bol loop,
then

voy=a/y  and  a-y=—a/ly" (3)

where ‘//’ is the left division in (Q,o). The relations in (2) and (3) and their
translational forms shall be of tremendous use in the proofs of results in this current
work.

Grecu [16] showed that the right multiplication group of a middle Bol loop co-
incides with the left multiplication group of the corresponding right Bol loop. After
that, middle Bol loops resurfaced in literature in 1994 and 1996 when Syrbu [40,41]
considered them in relation to the universality of the elasticity law. In 2003,
Kuznetsov [39], while studying gyrogroups (a special class of Bol loops) established
some algebraic properties of middle Bol loop and designed a method of constructing
a middle Bol loop from a gyrogroup.

In 2010, Syrbu [42] studied the connections between structure and properties of
middle Bol loops and of the corresponding left Bol loops. It was noted that two
middle Bol loops are isomorphic if and only if the corresponding left (right) Bol
loops are isomorphic, and a general form of the autotopisms of middle Bol loops was
deduced. Relations between different sets of elements, such as nucleus, left (right,
middle) nuclei, the set of Moufang elements, the center of a middle Bol loop and left
Bol loop were established. In 2012, Grecu and Syrbu [17] proved that two middle Bol
loops are isotopic if and only if the corresponding right (left) Bol loops are isotopic.
In 2012, Drapal and Shcherbacov [13] rediscovered the middle Bol identities in a new
way. In 2013, Syrbu and Grecu [44] established a necessary and sufficient condition
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for the quotient loop of a middle Bol loop and of its corresponding right Bol loop
to be isomorphic. In 2014, Grecu and Syrbu [18] established that the commutant
(centrum) of a middle Bol loop is an AIP-subloop and gave a necessary and sufficient
condition when the commutant is an invariant under the existing isostrophy between
middle Bol loop and the corresponding right Bol loop and the same authors presented
a study of loops with invariant flexibility law under the isostrophy of loop [43]. Osoba
and Oyebo [31] further investigated the multiplication group of middle Bol loop in
relation to left Bol loop while Jaiyéola [26, 27] studied second Smarandache Bol
loops. Second Smarandache nuclei of second Smarandache Bol loops was further
studied by Osoba [30] while more results on the algebraic properties of middle Bol
loops using its parastrophes was presented by Oyebo and Osoba [34].

For any non-empty set @, the set of all permutations on @ forms a group
SY M(Q) called the symmetric group of Q. Let (Q,-) be a loop and let A, B,C €
SYM(Q). If

then the triple (A, B,C) is called an autotopism and such triples form a group
AUT(Q,-) called the autotopism groups of (Q,-). If A= B = C, then A is called an
automorphism of (Q,-) which forms a group AUM(Q,-) called the automorphism

group of (Q,").
Grecu [16] showed that right multiplication group of a middle Bol loop coincides
with the left multiplication group of the corresponding right Bol loop.

Definition 1. Let (Q,-) be a loop.

1. A mapping 6 € SYM(Q,-) is called a right special map for @ if there exists
f€Qsothat (0,0L;",0) € AUT(Q, ).

2. A mapping 0 € SYM(Q,-) is called a left special map for @ if there exists
g € @ so that (0R;',0,0) € AUT(Q, ).

3. A mapping 6 € SYM(Q) is called a special map for @ if there exist f,g € Q
so that (R, 1, 0L}, 0) € AUT(Q,").

From Definition 1, it is clearly seen that
(OR, 0L, 0) = (6,0,0)(R, " L7, 1),
which implies that 6 is an isomorphism of (Q,-) onto some f, g-isotope of it.

Theorem 1. [36] Let the set BS(Q,-) = {6 € SYM(Q) : 3 f,g € Q >
(0R;',0L;',0) € AUT(Q, )}, then BS(Q,-) < SYM(Q).

Theorem 1 is associated with Theorem 2.

Theorem 2. (Pflugfelder [35])
Let (G,-) and (H,o) be two isotopic loops. For some f,g € G, there exists an
f, g-principal isotope (G,*) of (G,-) such that (H,o) = (G, *).
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In a loop (Q,-), the set of right special maps shall be represented by BS,(Q, )
and will be called the right Bryant-Schneider set of the loop (@, ). Similarly, the
set of left special maps shall be represented by BS)(@Q, ) and called the left Bryant-
Schneider set of the loop (@, ). Also, the set of special maps shall be represented by
BS(Q,-) and called the Bryant-Schneider set of the loop (@, -). Going by Theorem 1,
BS(Q,-) forms a group called the Bryant-Schneider group of the loop (@, ).

Adeniran [1-3] studied the Bryant-Schneider group of conjugacy closed loops.
Jaiyéola [20] and Jaiyéola et al. [21,22] used the Bryant-Schneider group to study
Smarandache loop, Osborn loop and its universality. For more on quasigroups and
loops, see Jaiyéola [28], Shcherbacov [38] and Pflugfelder [35].

In 2015, Adeniran et al. [6] carried out a study of some isotopic characterisation
of generalised Bol loops. In 2017, Jaiyéold et al. [23] studied the holomorphic struc-
ture of middle Bol loops and showed that the holomorph of a commutative loop is
a commutative middle Bol loop if and only if the loop is a middle Bol loop and its
automorphism group is abelian. Adeniran et al. [7,8], Jaiyéold and Popoola [29]
studied generalised Bol loops.

In 2018, Jaiyéol4 et al. [24], in furtherance to their exploit obtained new algebraic
identities of middle Bol loop, where necessary and sufficient conditions for a bi-
variate mapping of a middle Bol loop to have RIP, LIP, RAP, LAP and flexible
property were presented. In 2020, Syrbu and Grecu [43] considered loops with
invariant flexibility under the isostrophy. Additional algebraic properties of middle
Bol loops were announced by Jaiyéola et al. [25] in 2021.

In furtherance to earlier studies, the first two authors in their work [33] unveiled
some algebraic characterizations of right and middle Bol loops relative to their cores.
Drapal and Syrbu [14] studied middle Bruck loops and total multiplication group.

Definition 2. A groupoid (quasigroup) (@, -) is said to have

1. left inverse property (LIP) if there exists a mapping Iy : = — z* such that
2 xy =y forall z,y € Q.

2. right inverse property (RIP) if there exists a mapping I, :  — 2 such that
yx-xP =y for all x,y € Q.

3. a right alternative property (RAP) if y - xx = yx - for all z,y € Q.
4. a left alternative property (LAP) if y - xx = yx - x for all z,y € Q.
5. flexibility or elasticity if zy - ¢ = x - ya holds for all z,y € Q.

Note that I : 2 — z~! when I = I, =1,.

Definition 3. A loop (Q,-) is said to be

1. an automorphic inverse property loop (AIPL) if (xy)~! = 27 ly~! for all

T,y € Q.
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2. an anti-automorphic inverse property loop (AAIPL) if (zy)~! = y~lz~! for
all z,y € Q.

Definition 4. A loop (Q,-) is called a
1. right Bol loop if (zy - 2)y = z(yz - y) for all z,y,z € Q.
2. left Bol loop if (z -yz)z = x(y - x2) for all z,y,2z € Q.

3. middle Bol loop if (z/y)(z\z) = (z/(2y))z or (z/y)(z\x) = z((2y)\z) for all
Ty, 2 € Q.

Definition 5. Let (Q,-) be a loop.

1. ¢ € SYM(Q) is called a left pseudo-automorphism with companion a € Q if
(¢Lq, ¢, dLs) € AUT(Q,-). The set of left pseudo-automorphisms PSy(Q, -)
forms a group called the left pseudo-automorphism group of (@, -). See [35].

2. ¢ € SYM(Q) is called a right pseudo-automorphism with companion a € @ if
(¢,0R4, 9R,) € AUT(Q, ). The set of right pseudo-automorphisms PS,(Q, -)
forms a group called the left pseudo-automorphism group of (@, -). See [35].

3. ¢ € SYM(Q) is called a middle pseudo-automorphism with companion a € @
if ((bRgl,(bL;},qb) € AUT(Q,-). The set of middle pseudo-automorphisms
PS,(Q,-) forms a group called the middle pseudo-automorphism group of
(@, ). See [44].

Definition 6. Let (Q,-) be a loop.
1. The left nucleus of Q is Ny ={a € Q:ax-y=a- -2y ¥ z,y € Q}.
2. The right nucleus of Q is Ny ={a € Q:y-za=yx-aV z,y € Q}.
3. The middle nucleus of Qis Ny ={a € Q :ya-z=y-ax V z,y € Q}.
4. The nucleus of @ is N(Q, -) = NxN N, N N,,.
5. The centrum or commutant of @ is C(Q,-) = {a € Q : ax = xa Vx € Q}.
6. The centre of Q is Z(Q, ) = N(Q,-) N C(Q, ).

Theorem 3. [35] Let (Q,-) be an inverse property loop or MBL. Then, for any
a€Q:

1. I\Rol, = L.
2. I,RyI, = Lap.
3. I,Lol, = Rp.

4. I\LoI, = Rx.
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Lemma 1. [35]
1. Let 0 be a right (left) pseudo-automorphism of a loop, then e = e.

2. Let 0 be a right (left) pseudo-automorphism of a LIP (RIP) loop. Then,
10 =01.

Here are some existing results on some isostrophy invariants of Bol loops.

Theorem 4. (Grecu and Syrbu [17])
Let (Q,0) be a middle Bol loop and let (Q,-) and (Q,*) be the corresponding
right and left Bol loops, respectively.

1. AUM(Q,0) = AUM(Q,-) = AUM(Q, *).
2. AUT(Q,0) = AUT(Q,) = AUT(Q, *).

3. PS\(Q,0) = PS,(Q,-) = PS\(Q, *).

Theorem 5. (Syrbu and Grecu [44])
Let (Q,0) be a middle Bol loop and let (Q,-) and (Q,*) be the corresponding
right and left Bol loops, respectively.

1. PS,(Q,0) = PS,(Q,").
PS5,(Q,0) = PS\(Q, ).
PS,(Q,0) = PS,(Q, ).
a € PS\(Q,0) & Ial € PS,(Q,0).

e e

In the current work, we shall be linking the Bryant-Schneider group of a middle
Bol loop with some of the isostrophy-group invariance results in Theorem 4 and
Theorem 5. In particular, it will be shown that some subgroups of the Bryant-
Schneider group of a middle Bol loop are equal (or isomorphic) to the automorphism
and pseudo-aumorphism groups of its corresponding right (left) Bol loop.

2 Main Results

Lemma 2. Let (o, 3,7) be an autotopism of a middle Bol loop (Q,0). Then
(IBI,Ial, IyI) is also an autotopism of (@, o).

Proof. Let (Q,0) be a middle Bol loop and («, 3,7) be the autotopism of (@, o),
then for all z,y € @), we have

zaoyf = (zoy)y = [racyfll = (zoy)yl = [(yB) o (za)l] = (z oy)yl.
Doing y — yI and x — zI in the last equation, we get
yIploxlal = [(xl oyl)y|I = yIploxzlal = [(yox)Ivy]I.
Thus, (181, Ial,1y]) € AUT(Q,o). 0
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Theorem 6. Let (Q,0) be a middle Bol loop and let § € BS(Q,0) be such that
0:er—e. For some f,g € Q:

1. L7 = P/ RyR Py and Ry' = Py Ry L, Pyt

2.0=0(f,9)=0(f,f") and 0 =0(f,9) =0(97",9).

Proof. Suppose that (Q,o) is a middle Bol loop, then
B = (IP;YIP,,IP,'R,) is an autotopism of (Q,o) for all x € Q. Since
A= (0R;',0L;",0) € AUT(Q,0) for some f,g € Q , then

A= (I0L;'I,I0R, T, 10T) € AUT(Q, o) for some f,g € Q. (4)

Thus,
AB = (I0L;' 1P, IR, ' [1P,, I011P; ' R,)

= (I6L;'P; ' I6R, P, IOP; ' R,) € AUT(Q, o). (5)

Writing this in identical relation, for all z,y € @, we have
ylOL; ' Pyl o z2I0R TPy = (y o 2)IOP, 'R,
— y 0L P o 2T ORIP, = (yo 2) HOP R,
= z/(f\(y"H)8) o ((z710)/9)\e = (x/(z" oy )f) 0. (6)

Here, setting y = e and = f in (6), we have

[F/(F\e)lo (=71 0)/\f = (f/z"'0)f

— f/f?ozR;'P; = zP;'R;
- -1
= R, 'PiLy/po = P;'Ryf
= R;' = P;'RL;, P/

— R, = PfR;'LpP;

So, x0 g = {[f*(z\f)]/f}\f. With z = g, we get g = f~".
Thus, 6 = 0(f,g) =0(f, f1).

Analogously, if we repeat the same procedure by setting z = e and = g in (6),
we have

g/(F\y ) o(e/a\g = (9/(y")0)g
— yL;'P,'Rpy\g = yP, 'R,
— L;'P'R} = P'R,

= L;' = P;'RyR,'P,

So, f\z = {[(9/2)gl/g° }\g- With = = f, we get f = g".
Thus, 0 = 0(f,q) = 0(g7 ", ). O
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Corollary 1. Let (Q,0) be a middle Bol loop. Any 6 € BS(Q, o) such thatf :e— e
induces ® = IHPg_le € SYM(Q) for some g € Q and the following hold:

1. ® € BS(Q,o0).
2. ® is a middle pseudo-automorphism with a square companion.

Proof. Replacing R;l = Py lRfLJZQle_ ! and L;l = Py 1R9R;21Pg in (5) gives
(I0P,'RyR ' PP, " 10P; 'Ry L) Py Py IOP, ' R,) which is an autotopism  of

(@, 0).
Put o = g to get (10P; 'RyR_,\, I0P 'Ry L, Py Py, 0P ' Ry) € AUT(Q,0).

Setting f = g gives (I@Pg—lejo,I@Pg—leL;;,mPg—le) € AUT(Q, o). Letting
o = IHngle, gives (@R;QI, <I>Lg_21, ®) is also autotopism of (@, o). O

Corollary 2. Let (Q,0) be a middle Bol loop and 0 = 0(f,g) € BS(Q,0) for some
fyg € Q (in which either is of order 2 i.e. |f| =2 or |g| = 2) such that 6 : e — e.
Then, 0 induces an automorphism ® = IHPg_le € SYM(Q) for some g € Q.

Proof. This follows from Corollary 1. O
Theorem 7. Let (Q,0) be a middle Bol loop. Then,
BS'(Q,0) = {9 € BS(Q,0) | 6: ¢ e and (z0)"! = (1:_1)49}
_ {9 eSYM(Q)3 f€Q > (9R;L,0L;",0) € AUT(Q), ef = e and
@0) ' = (2 )9V e Q} - {9 eSYM@QPBgeQ > (9R,'0L1,0)
€ AUT(Q), ef = ¢ and (26)" = (z~ 1)V z € Q} < BS(Q, 0).

Proof. Let
BS'(Q0) = {0 € BS(Q.0) | 8: ¢ — e and (20)"" = (¢71)8} C BS(Q,0).
Going by Theorem 6,
BS'(Q,0) = {0 € BS(Q,0) | 0: ¢ e and (26)~! = (gfl)e}
- {9 €ESYM@QE feQ > (0R,
(20) 1= ()9 V z € Q} - {9 €SYM(Q)3geQ > (6R,'.0L71,0)

9LJ21, 0) € AUT(Q), e = e and

€ AUT(Q), ef = e and (z0)~ = (z71)0 V 2 € Q}.

Suppose that I is the identity mapping on @, then, el = e and (gI)~! = (¢ 1)I
Vg € Q and (IR;YLIL;Y, 1) = (ILI,I) € AUT(Q,0). So, I € BS'(Q,0). Thus,
BS'(Q,0) # 0.

Let a, 3 € BS(Q,0). Then, a, 3 € BS(Q,0) and ea = e and (za)~! = (z71)a,
ef=eand (z8)7! = (z71)3, Vr € Q.
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Furthermore, there exist fi,g1, f2,92 € Q with g1 = f{' !, g2 = f5 ! such that

A= (aR' oL} o), B = (BR,, AL}, B), B~ =

(RguB7 Ly, 874, 571 € AUT(Q, 0).

AB7! = (aRg_ll,aL;ll,a)(RQQB_l,Lf2ﬂ_1,ﬂ_1) =

(aRy'Ry, 87", aL} Ly, 87" af™") € AUT(Q,0).

Let p = ﬁRg*llRQQﬁ*]L and o = ﬁLJleLbﬁ*]L so that (a3 1p,af lo,aB7t) €
AUT(Q, o) if and only if for all z,y € Q

zaf 'poyaf o = (zoy)af ", (7)

Setting x = e in @ and replacing y by yBa~! in (7), we have
(eaﬁ_lp) o(yo) =y = Yo Leap-1p) =y = 0 = L(_e(llﬁ,lp).

Similarly, setting y = e in @ and replacing = by zB8a~! in (7), we have

-1

(zp) o (eaf™ o) =1 = TpReap-15) =T = p= R(mﬁ_la)-

Thus, ¢ = ea3'o = eoc = eﬂLﬁthB_l = [fao (fi\e)]B™ = [fa0 ffl]ﬂ_l and
f = cap™lp = ep = R L Ryt = Ry LRy 67! = [(e/ f ) o )57 =
(frofy )B~" Then, f~' =[(frofy )BT = (frofy )18 = (faofy )8 =4

Hence,

AB™!' = (af 7 p,af T o a7 = (BT R a7 L a7 € AUT(Q, 0),
eaf ™l =eand (z7V)af ™t = (za8 )PV 2 e Q. So, af ! € BS'(Q,0).
Therefore, BS'(Q,0) < BS(Q,0). O

Corollary 3. Let (Q,0) be a middle Bol loop. Then,
AUM (Q,0) < BS'(Q,0) < BS(Q,0).
Proof. This follows from Theorem 7. ]

Theorem 8. Let (Q,0) be a middle Bol loop and (Q,-) be the corresponding right
Bol loop. Then, BS'(Q,0) = PS)\(Q,") .

Proof. We shall show that § € BS'(Q,o) if and only if § € PS)\(Q,:). Let
6 € BS'(Q,0), then # € BS(Q,0) such that e = e. Thus, for some f,g € Q,
we have (H]R;l,@]LJIl,H) € AUT(Q). For all z,y € Q, we have
l‘HR;l onIL]Tl = (zovy)d
& x0Ly o;yH(IPf)f1 = (xoy)b
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& (yo(IPy) ) I\wfL,-1 = (y "\a)0.

L. 2. Then we have

Set z=y Nz r=y"
(yo(IP;) ™) 20 = (y ' 2)0L,1 & (yIO(IP) ") - 20 = (y - 2)0L,

Putting z = e, we have (yI0(IP;)"")I-ef = yOL,+ < (yI0(IP;) )1 =
YLy, & ylo(IP;)~'1 = y0Lg,—1. Thus, (0L,1,0,0L,1) € AUT(Q,-) which
means that 6 is a left pseudo-automorphism with companion ¢—*

Conversely, suppose that § € SYM(Q) is a left pseudo-automorphism of (@, -)
with companion g, then (0L, 6,0L,) € AUT(Q,-). Note that ef = e by Lemma 1.
For all z,y € @, we have

x0Lg - y0 = (x - y)0L,
& 2R 1 - yo = (vy)0R 1,
& y@//(a:GRg__ll)I = (y//a:fl)HRg__ll.
Set y//x ' =2 y=zo0z"! for 2 € Q. This leads us to

(zoal)f = 2R o 2R L1 < (z02l)f = 2R o 2fIL, " (8)

Substituting z = e, I = eR i) OJ:HIIL S zlf =g oa:HIIL & zlf =
20IL; 'L, < 216 = x0I. So, (8) becomes (z o 2l)§ = 26R_ o zIfL;" &
(eﬂzag—El,aL;, 0) € AUT(Q,0) = 6 € BS(Q, o). Thus, § € BS'(Q,0). O

Lemma 3. Let (Q,-) be a loop.

2. BS)(Q,) = {9 €BS,(Q,) | 0: e e} < BS,(Q,) < BS(Q,").

3. BS\(Q,") {9 € BS\(Q,") | 0: e e} < BS\(Q,) < BS(Q, ).

4. BS;(Q Z{HEBS (@,") \9:e|—>eand(1‘¢9)_1:(x_l)HVxEQ}S
BS’(Q
5. BSY(Q {49 € BS\(Q,)) |0:e— eand (z0)' = (z71)0V z € Q} <
BS; (Q
Proof.

1. The proof is similar to that of Theorem 1.

2. This follows from 1.
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3. This follows from 1.
4. This follows from 2.
5. This follows from 3.
O

Theorem 9. Let (Q,0) be a middle Bol loop and let (Q,-) and (Q,*) be its corre-
sponding right and left Bol loops respectively. Then,

1. BS;)(Q,O) =AUM(Q,0) = AUM(Q, ) = AUM(Q, *).
2. BS{(Q,0) = AUM(Q,0) = AUM(Q, ) = AUM(Q, *).
Proof. 1. Let 6 € BS,(Q,0), then® € BS(Q,0)i.e. forsome f € Q, (H,HLJZI,H) €
AUT(Q,0) and 6 : e — e. So, for all z,y € Q, we have
xf o y@]L;l = (zroy)l
S abho y@(IPf)fl = (xoy)d
& (y@(IPf)_l)I\xG = (y N\z)b.

Set z=y Nz x=y! zfor z€Q in order to get
yIO(IP;) ' - 20 = (y2)0. 9)

Substitute z = e into (9), then we have yI0(IP;)~'1 = y0 < 6 = 10(1P;) "' 1.
Put this into (9) to have (0,0,0) € AUT(Q,-). Thus, # is an automor-
phism of right Bol loop (@,-). Thus, BS;)(Q,O) < AUM(Q, ). By The-
orem 4, AUM(Q,") = AUM(Q,0), so, BS,(Q,0) < AUM(Q,0). But,
AUM(Q,0) < BS)(Q,0) by Corollary 3. Thus, BS)(Q,0) = AUM(Q,0) =
AUM(Q, ) = AUM(Q, *).

2. Let 8 € BSY(Q,0), then § € BS(Q,0) i.e. for some f € Q, (HRQ_I,H,H) €
AUT(Q,0), 0 :e— e and 16 = 0I. So, for all z,y € @, we have
x@R;l oyl = (zoy)ld
S alLp10yd = (voy)d
& yoI\z0L ;1 = (y~"\z)b.
Set z=y Nz x=y! zfor z€Q in order to get
YOI - 20 = (y~L- 2)0L
S ylol-20 = (y-2)0L;
Syt 20=(y-2)0L;. (10)

Substitute z = e into (10), then we have 0L, = 6. Put this into (10) to
have (6,0,6) € AUT(Q,-). Thus 6 is an automorphism of right Bol loop (@, -).
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Thus, BSY(Q,0) < AUM(Q,-). By Theorem 4, AUM(Q,-) = AUM(Q,©), so,
BSY(Q,0) < AUM(Q, o). But, AUM(Q,0) < BSY(Q,0). Thus, BS{(Q,0) =
]

Theorem 10. Let (Q,0) be a middle Bol loop and (Q,-) be the corresponding right
Bol loop. Then, PS,(Q,-) = PS\(Q,0) = PS,(Q,0).

Proof. 1f § is right pseudo-automorphism of (Q, -) with companion g, then (6,6Ry, 0 R,) €
AUT(Q,-). For all z,y € @, we have

x0 - ydRy = (z - y)0Ry = x6 - y@[IP’;l = (z- y)HIIP’g_1
= y0IP, "/ /x01 = (y//=1)0IP,". (11)

Set z =y//xl =y = zoxl. So, (11) becomes

(zo0 mI)HIIP’;l = zHIIP’;l oxfl = (z o0 :L‘)HI]P’;l = zHIIP’;l oxlfI
= (zoa)0IP," = 20IP, " o . (12)

Set z = e in (12) to get OIP;' = OLGQIP;1 = OLy. Thus, (12) becomes
(zox)0Ly = 20Ly o x = (0Lg,0,0Ly) € AUT(Q,0). Thence, 6 is left pseudo-
automorphism of (Q, o) with companion ¢'.

Conversely, if 6 is a left pseudo-automorphism of (Q, o) with companion g, then
(0,0Lg4,0L,) € AUT(Q,0). For all z,y € Q, we have

x6 o yOL, = (x0)0Ly = x0IP, 0yl = (xz o y)0IP,
= y0I\z0I P, = (yI\x)0IP,. (13)

Set z = yI\x = x = yI - z. So, (13) becomes

(yl - 2)0IP; =yOI - 201 Py = (y - 2)01 P, = 2101 - 201 P,
= (y-2)0IP; = 20 - 201 P,. (14)

Set z = e in (14) to get 0IP, = ORep, = ORy. Thus, (14) becomes
(y-2)0Ry = 20 - 20 Ry = (0,0Ry,0Ry) € AUT(Q,-). Thence, 6 is right pseudo-
automorphism of (Q,-) with companion ¢’. So, PS,(Q,-) = PS\(Q,0) = PS,(Q,0)
by Theorem 5. O

Theorem 11. Let (Q,0) be a middle Bol loop and let (Q,-) and (Q,*) be its cor-
responding right and left Bol loops respectively. Then, BS'(Q,-) = PS,(Q,0) =
PSP(Q> ) = PSM(Qv ) = PS)\(Q) ) = PSM(Qv O) = PSA(Q? O) = PSA(Q)*)

Proof. We shall show that § € BS'(Q,-) if and only if 6 € PS,(Q,0). Let
0 € BS'(Q,-), then 8§ € BS(Q,-) such that ef = e. Thus, for some f,g € Q,
(0R,;',0L;",0) € AUT(Q). For all z,y, € Q, we have
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PR (yHqu)//(a:GIP’gI)I = (y//mfl) [
& yoR ;1 = (y//x_l)ﬁoxm?’g. (15)

Set z=y//z7! & y=2z0z"1. So, (15) becomes

(z o :c_l) OR -1 = 20 o 20,
= (z0w)0Rs1 = 20 0 x10OP,. (16)
Put z = e in (16) to get R, = [0P;,. Hence, (16) becomes (z o 2)0R;1 =
20 0 x0R ;1 & (0,0R;-1,0R ;1) € PS,(Q,0).

Conversely, suppose that § € SY M (Q) is a right pseudo-automorphism of (Q, o)
with companion f~!, then (6,0R;-1,0R;-1) € PS,(Q,0). Note that ef = e. For all
xz,y € @, we have

0o yR ;1 = (zo y)H}Rf_l & xfo y@L;l =(zo y)@LJIl
& (yHL;l)I\:UH = (yI\;z:)HL;]L & xf = (y@LJIl)I : (yI\x)HL;l.

Put z = yI\z < x = yI - z. Thus, the last equality is true
& (yHL;l)I- zﬁL;l = (yl - 2)0 yIHL;ll- zﬁL;l = (y-2)0.

Putting z = e in the last equation, we get IGL?I = HRf_lf_l and consequently,
YOR, L - 20LF = (y-2)0 & (OR;1,,0L;1.0) € AUT(Q,-) = 6 € BS(Q,").
Thus, # € BS'(Q.-). So, by Theorem 4, Theorem 5, Theorem 8 and Theorem
10, BS'(Q,") = PSp(Q,0) = PS5,(Q,-) = PSu(Q,") = PSA\(@Q,") = PSu(Q,0) =
PS)\(Q,O) %PS)\(Q,*) |

Theorem 12. Let (Q, ) be a middle Bol loop of exponent 2 and let (Q,-) and (Q, *)
be its corresponding right and left Bol loops respectively. (Q,-) and (Q,*) are left
G-loop and right G-loop respectively.

Proof. (Q,0) is a middle Bol loop if and only if
(et e, IP,L,) € AUT(Q, o). (17)

Let IP,LL, = 6, then this implies that IP, = L' and yIP,I = ydL_ 'I =
("\\o) ™t = (@\\yd) " = 2y = WO)I//a7t = Pt = 0IR; = 1P =
IOIR;Y.  Thus, IP;' = IOIR,;'. Thence, (17) becomes (IOIR;, 0L 0) €
AUT(Q,0). For all a,b € @, we have

alOIR o ALt = (a0 b)f
— al@IL,—1 o b0(IP,) " = (a o b)d
— bO((IP,) ) I\alOIL,—1 = (b""\a)d
— bO((IP,) I - (b "\2)0 = alOIL, 1.
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Put c=b"'"\a = a=>b""1-cfor c € Q. So, from the last equation,
bO((IP,) I -c = (b1 e)I0IL,—1 = bIO((IP,) ) -cf = (b-¢)IOIL 1.

Note that e = e < (Q,o) is of exponent 2. Thus, setting ¢ = e, then
bIO((IP,) Y = bIOIL,~+ = ((IP,) ") = IL,1. Thence, bIOIL,—1 - cf =
(b-c)IOIL,—1. Now, set b = e to get eL -1 -cf = cI@IL,—1, which implies that
6 = 1601. Hence, bOLy - c = (b-c)0L, = (0L,,0,0L,) € AUT(Q, ) for all z € Q.
Thus, 6 € PS)\(Q, ) with companion z € Q. Therefore, (Q,-) is a left G-loop.

The proof for (@, ) is similar. O
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Abstract. In the paper we study a class of two-dimensional integral equations on
a quarter-plane with monotone nonlinearity and substochastic kernel. With specific
representations of the kernel and nonlinearity, an equation of this kind arises in var-
ious fields of natural science. In particular, such equations occur in the dynamical
theory of p-adic open-closed strings for the scalar field of tachyons, in the mathemat-
ical theory of the geographical spread of a pandemic, in the kinetic theory of gases,
and in the theory of radiative transfer in inhomogeneous media.

We prove constructive theorems on the existence of a nontrivial nonnegative and
bounded solution. For one important particular case, the existence of a one-parameter
family of nonnegative and bounded solutions is also established. Moreover, the asymp-
totic behavior at infinity of each solution from the given family os studied. At the
end of the paper, specific particular examples (of an applied nature) of the kernel and
nonlinearity that satisfy all the conditions of the proven statements are given.

Mathematics subject classification: 45G10.
Keywords and phrases: two-dimensional equation, nonlinearity, Carathéodory con-
dition, monotonicity, convergence, bounded solution.

1 Introduction

Consider the following class of two-dimensional integral equations on the first
quarter of the plane with monotone nonlinearity:

[e.elNe ]
ﬁ(xlaxQ) :/ P(x17y17$27y2) G(x17x27ﬁ(pl(l‘hyl)upQ(anyQ)))dyl dy?:
0 0
(z1,12) € Ry :=R" xR, R*":=[0,+00)

(1)

with respect to an unknown measurable and bounded function .Z (z1,z2) on R .
In the equation (1), the kernel P(x1,y1,x2,y2) is a measurable real-valued func-

tion on R} := Rt x RT x RT x R* satisfying the following conditions:

a) (minorant condition)

there exist continuous on R} functions K (y1, y2) and A(z1,72) with properties
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a1) K(y1, y2) >0, (y1, 12) € Ry, K € Li(Ry) N M(RY),

//K Y1, y2) dy1 dyz = 1, (2)
00

az) 0 < Ax1,22) <1, (z1,22) €ERS, A1 byzjonRY, j=12
(1= M1, x2)) af'ah € Ly (RF), m,£=0,1, (3)

such that
P(z1,y1,22,92) > Mz, 22) K (y1, y2), (4)

b) (substochasticity condition)
oo o0
(1, z2) //77(9617%79627?!2)6191 dys <1, p(z1,29) #1, (1,22) € Ry
0 0

and sup  pu(zy,x2) = 1.
(x1,22)ERT

Nonlinearity G(z1,72,u) is a measurable real-valued function on Ry x R
(R := (—o00,+00)) satisfying Carathéodory condition with respect to the argument
u (i.e., for every u € R the function G is measurable in (z1,72) € RJ and for al-
most every (r1,79) € Ry this function is continuous in u on set R ) and some other
conditions (see the statement of the main result).

The functions {p;(u,v)},_; 5 in the right side of (1) satisfy the following condi-
tions:

) 0, (u,v) € R;—? Pj € C(R;—)? Jj=12,
2) (u,v)
3) pi(u,0)

The equation (1), apart from its purely mathematical interest, has numerous
important applications. First of all, we should single out the problems of mathe-
matical physics and mathematical biology. So, very important in practical terms is
a special case of the equation when p;(u,v) = u+v, j = 1,2, (u,v) € RJ with
specific representations of the kernel P and the nonlinearity G. Such equations arise
in the dynamical theory of p-adic open-closed strings for the scalar field of tachyons,
in the mathematical theory of space-time (geographical) propagation of pandemics,
in the kinetic theory of gases, in the theory of radiative transfer in inhomogeneous
media [1-8].

In the particular case p;(u,v) = u+v, j = 1,2, (u,v) € Ry, when the func-
tions G and P do not depend on the variables (1, z2), the equatlon (1) was stud-
ied in [8-10] under various restrictions on nonlinearity. It should be noted that

T inwonRT and p;(u,v) TinvonRT, j=1,2,
>u

w, pi(u,1) >u+1, ueRF, j=1,2.
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in the one-dimensional case the corresponding nonlinear integral equation with
the difference kernel P(x — y) on the semiaxis, for various representations of the
nonlinearity was studied in detail in the papers [11-13]. We also note there are
scientific papers devoted to the study of one-dimensional nonlinear integral equa-
tions on a semiaxis with a sum-difference kernel P(x,y) = Po(x — y) — Po(z + y),
(z,y) € Ry and with convex nonlinearity (see for instance [2,14-16] and references
therein).

In the present paper, under sufficiently general restrictions on the nonlinearity
G, we prove a constructive theorem on the existence of a nonnegative nontrivial
(nonzero) bounded solution on the set R;’ . In one important particular case, we
also construct a one-parameter family of bounded solutions and establish the inte-
gral asymptotics of the constructed solutions. The proofs of the formulated theorems
are based on the construction of invariant cone segments for the corresponding non-
linear monotone integral operator in the space of essentially bounded functions on
the set }R;, as well as on the methods developed during the systematic study of
corresponding homogeneous and non-homogeneous linear integral equations on R;r
with operators of almost Volterra type (when p;(u,v) = u+wv, j=1,2, (u,v) € RS
these operators turn into two-dimensional Volterra operators with variable lower
limits). At the end of the paper, we provide concrete particular examples of the
functions P, K, A and G, which are of both applied and purely theoretical interest.

2 Auxiliary facts and notations

Before we prove the main result, we first study auxiliary equations and establish
important and useful results for them, which will be used later.

2.1 Summable solution of a linear inhomogeneous auxiliary integral
equation on a quarter-plane

Consider the following linear inhomogeneous two-dimensional integral equation:

[o el e

f(x1,22) = g(x1, 22 +//K y1,y2) f (p1(x1,91), p2(22, y2)) dy1dys,
00
(z1,22) € RY,

with respect to a nonnegative and measurable on R} function f(z1,72). Here
g(w1,79) is a measurable function on R} and

9(1:171:2) Z Ou (1:171:2) S R;a g(x17$2)l in Jj] on ]R+7 j =1 27

oo 0
//gml,:cg mledaclda:2<—|—oo m,{=0,1.
0 0
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For the equation (5) we consider the following simple iterations:

fros1(z1,22) = g(z1, 22 +//K y1,y2) fn (p1(x1,y1), p2(22,y2)) dy1 dyo,
0

/ 7)
fo(z1,22) = g(z1,72), n=0,1,2,..., (v1,72) € RJ.
Applying the method of mathematical induction it is easy to check that
fa(z1,22) T in n. (8)
Now we prove that
fo(z1,22) | in z; on RT, §=1,2, n=0,1,2,.... (9)

Indeed, the monotonicity of the zero approximation immediately follows from (6).
Assume that (9) holds for some positive integer n. Then taking into account the
conditions (6), a1) and 2), from (7) for arbitrary z1,7; € R", z1 > T we will have

fat1(z1,22) < g(T1,22) +//K(y1,y2)fn (p1(Z1,91), p2 (22, y2)) dy1 dys =

= fu41(T1,12), @2 € RT.

By analogy, for arbitrary zo, 7o € RT, z9 > Ts we get fri1(71,72) < frri(w1, 22),
x1 € R*. Therefore, (9) is valid.
Applying again induction on n we prove that

fn€Li(RY), n=0,1,2,.... (10)

In the case when n = 0 the validity of (10) follows obviously from definition of zero
approximation and its property (6). Assume that f,, € Li(R3) for some n € N, then
g+ fn € L1(R). On the other hand, taking into account (9), 2) and a;), from (7)
we derive the following estimation:

g(z1,22) < for1(x1, z2) < g(x1, 2)+

o0
o
0
00

o0
< g(z1, z2)+ fr (21, 22 / K (y1,y2)dyr dys = g(z1,22)+ fn(1,22), (71,72) € Ry,
00

/K y1,y2) fn (p1(21,0), p2(22,0)) dy1dys <
0

whence it follows that f,11 € Ll(}R;).
Next we prove the existence of a such constant C' > 0 that

oo o0
//fn(:vl,xg)dxl dre <C, n=1,2,.... (11)

0 0
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Let r1 > 0, r2 > 0 be arbitrary numbers. Then taking into account the conditions
ai),az),1) —3) and (6), from (7) we get

//fn+1(x1,a:2)da:1 da:gg//g(xl,xg)dxldxg—l—

1 T2 T2 T1
"‘////K(yhyZ)fnJrl (p1(x1,91), p2(22,Y2)) dy1 dyodxy dxe =
rory 0 O

o0 0O
// 1, T2 dl’ldl‘2+//Ky1 Y2) X
0 0

ro T1
//fn+1 (p1(x1,y1), p2(22,y2)) dxq drady: dys < // (21, x2)dxy dao +
72 T1 T2 T1

[ee] oo o0
+ /K(y1,y2)//fn+1 (p1(x1,91), p2(22,0)) dy dxo dy1 dys +
0

T2 T1

o _

oo o0
-l-//K Y1, Y2 //fn+1 (p1(x1,y1), p2(2,1)) dxy dos dyy dys <
10

T2 T1

o0 00 1 1
<//g(x1,x2)da:1da:2—|—//K Y1, Y2) X
00

ro T1

oo o0
X//fn+1 p1(x1,0), p2(x2,0)) dxy dxo dyy dys +

ro T1

o0 oo o0
/K Y1, Y2) //fn-l—l p1(x1,1), p2(x2,0)) dzy dre dy; dys +
1

o _

.
oo 1 oo 00

[ [ K [ [ s (01(00,0).pali. 1)) dan s di dys +
1 0 ro T1
. .

4 [ [ K [ [ fus (a0, pali 1)) day o di dys <
1 1 ro T1



24 KH. A. KHACHATRYAN, H.S. PETROSYAN, S.M. ANDRIYAN

o0 00 1 1
S//g(ﬂn,xz ) dxy dl‘2+//K Y1, y2) dyr dyz//fn+1 x1,x2) dxy dee +
T2 T1 0 0 ro T1
1 oo oo 00
+//K Y1, y2) dy dyz/ / frot1(z1, 22) doy dag +
01 T2 Tl
oo 1 oo 00
+//K(y1,y2)dy1 dys / /fn+1($1,$2)d331 dxo +
1 0 ro+1 11
oo o0 o
+/ K (y1,y2) dy1 dy» / / frt1(x1, 22) doy dag .
1 1 ro+1ri+1

Hence, combining similar integrals and taking into account (2), we obtain

oo 00 1 1 1 o©
//fn+1 x1, x2)dxry drs (//K Y1, y2) dy1 dyz+//K Y1, y2) dyr dya+
0 0 0 1

r2 T1

oo 1
+//K Y1, y2)dy1 dys +
1 0
(oo} o0

1 oo
S//g(l“h@ ) dxy dl’2+//K Y1, Y2 dyldy2/ / fr1(x1, z2) doy deo+
01

o0

H\

(&%) 1 1
K (y1,y2) dy1 dy2 —//K(yhyz)d?ﬂ dyz) <
1 0 0

ro 1 ro r1+1
oo 1 co 00
+//K Y1, y2) dy1 dys / /fn+1 x1,x2) dry dre+
1 0 ro+1 71
oo 0 o0 o0
+//K Y1, y2) dy1 dys / /fn+1($1,$2)d961d332-
11 ro+1ri+1
We introduce the following notations
1 oo
11
= [ [ Ky, y2)dy1dy2, a1 Z//K(yb Yy2) dy1 dya,
00 01
oo 0
oo 1
= [ [ K(y1, y2) dyr1dys,  az ://K(yb y2) dy1 dys.
10
11
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Then the last inequality in the above notations can be written as follows:

(Oél —|—Oé2—|—0é3) //fnJrl(l‘l,l‘Q)dxl dxg §//g(x1,1:2) dl‘l d$2+

ro T1 r2 T1
o o0 [ee] o0
+Oé1/ / Jnt1(x1, x2) day dog + rp / /fn+1(9517962)d331d332+
r2 r1+1 ro+1 71
o0 o0
+CM3 / / fnJrl(xl, xg) dl‘l dl‘g.
ro+1ri+1
After some transformations we get
oo r1+1 ro+1 oo
Oél/ / fr+1(z1, 22) dry drotan / /fn+1(96‘1,$2)d331 dzo+
ro T ro i
ro+1r1+1 ro+1 oo
+C¥3 / / fn+1(.1‘1,.1‘2) dl‘l dl‘2+063 / / fn+1(.1‘1,.1‘2) dl‘l dl‘Q—i- (12)
T 71 r2 ri+l1
oo ri+1 0o 00
+ag / / Jrt1(z1, 22) day doo <//g(a:1,x2)dx1 dzs.
ro+1 71 T2 T1

By virtue of (9), from (12) it follows, in particular, that

ai / Jny1(r1 + 1, 22)dzs + Oé2/fn+1(96‘1,7“2 + 1)dz1+

T2 T1

+agfor1(r1 +1ra +1) + g / fnr1(z1,m2 + 1)da1+ (13)
ri+1

“+as / fn+1(7“1—|—1,x2)dx2§//g(x1,x2)dx1dx2.

ro+1 T2 T1

Taking into account the condition (6), by Fubini’s theorem [17] we can state that

xr1

00 00 00 0O 00 00 T2
////g(ml,wg)dazl dacgdrldrgz//g(ml,mg)/drl/drgdml dxoy =
00 0 0 0 0

ro T1

oo o0
//961 w2 (1, x2) dry drgy := My < +00,
0 0
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[o o le el o] [o o lNe elNe o]
///g x1,x9) dry dre dr; = ///g(a:l,;rg)dacl drydze <
0

T2 T1 T2 T1

0
(e oo o] oo oo
§//g T1, X9 /drldazldaz ://$1g x1,x2)dxy dre := Miy < +00,

0 0 0 0

[e.olNe olNe o] oo 0
///g x1,x9) dry drg drg < //xgg x1,x9) dry dre := My < +00.
0 0 0

Therefore, from (13) we get

M
//fn—H l‘l,l‘g) dl‘l d.l‘g 055131 (14)
1
oo 0 M
//fn+1($17$2)d331 dxo < a—io’ (15)
01
oo 0 M
//fn+1(55‘1,$2)d961 dxy < a—zl (16)
1

0
Integrating both parts of (7) over the set [0, 1] x [0, 1] and then using the estimates
(14)—(16), we have

11 11
//fn+1 x1,x2) dxy dro §//g x1,x9) dry dre+
00 00
0o 00 1
+//K(y1,yz /
0 0 0
11
//g x1,x9)dr1dry +
00

oo o0
+/ K(y1,y2)
10

1 1 1 1 1 1
<//g x1,22)dx) dar2+//K(y1,y2) //fn+1(x1,x2)dx1 dzo dyy dys+
0 0 0 O 0 0

1 oo 11
+//K(y1,y2) //fn+1($1,$2+1)d961 dxo dy1 dys+
01 00

Jnt1 (p1(x1,91), p2(22, y2)) doy des dyy dys <

o _

11
K(y1,y2 //fn+1 x1, p2(22,y2)) dridrody i dys+
00

fr1 (@1 + 1, pa(x2,y2)) dry dro dyy dys <

o O~ _
o _ 0\8
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oo 1 11
+//K(y1,y2) //fn+1 (x1 + 1, 22) dxy dxg dy; dyz+
10 00
00 00 1 1
+//K(y1,y2) //fn+1 1+ 1,29 + 1) dzy dzo dyy dys <
11 00

g(x1,x2) dry drs + ayg frnr1(x1, x2) dry deo+

o —__
O\H O\H O\H

+o fr+1(z1, 22) dry drs + oo fr1(x1, z2) doy deo+

/I
/I

+as frt1(x1, 22) doy dag < g(x1,2) dry dro+

/
g

+ag fr+1(z1, 22) doy dao + M01 + M1o + My,

S— . i —

7
1
1
0
from which we get

11 11
//fn+1 x1,22)drydry < (1 —ap)” {//g x1,2) dxy dre+
00 00

—l-ﬂMOl + %Mlo'i_Mll} =C"< 400, n=0,1,2,....
a9 a1

(17)

Finally, summing the inequalities (14)—(17) we obtain

oo o0

My My M
//fn+1(:c1,:c2)dx1dxz<0*+ 0,20 7 oo, n=0,1,2,..., (18)
0 0

(65} a9 Qs

i.e. the proving inequality (11), where C' = C* + Mo + Mo + MH.
aq a2 as
Consequently, the sequence of summable and monotone functions { f,, (1, z2) }72
as n — oo almost everywhere on R} converges to the summable function f(x1,z2).
This fact follows from (8)—(10) and (18) by B. Levi’s theorem [17]. Using again
B. Levi’s theorem it can be stated that limit function f(x1,x2) satisfies the equation
(5) almost everywhere on Rj .

From (8), (9) and (18) we also get

f(z1,22) > g(z1,22), (x1,22) € Ry, (19)
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f(z1,22) | in x; on RY, j=1,2 (20)
i Mo My M
//f l‘l,l‘g dl‘l dl‘g < C* 10 + ol + 11. (21)
a1 a9 Qs
0

The foregomg implies

Theorem 1. Let the function g satisfy the conditions (6), and let the kernel K have
the properties a1). Then under conditions 1) — 3) the equation (5) has a nonneg-

ative and monotonically non-increasing in each argument and summable solution.
Moreover, the estimates (19) and (21) hold for the solution.

2.2 A nontrivial solution of a linear homogeneous auxiliary integral
equation on a quarter-plane

Let us introduce into consideration the inhomogeneous auxiliary integral equa-
tion
f*(xl,xg) =1- )\($1,$2)+
+ (22)
A1, 22) K(y1,y2) I" (p1(z1,91), p2(22,92)) dy1 dy2, (z1,22) € Ry
0
with respect to the unknown measurable function f*(x1,22), where the functions A
and K possess the properties az) and a) respectively.
Due to ag) the function 1 — A(x1,x9) satisfies the conditions (6). Therefore,
according to Theorem 1, the equation (5) with the free term g(x,z2) = 1— (21, x2)
has a nonnegative and monotone (with respect to each argument) and summable

solution on RJ. We denote this solution by fj(x1,z2).
For the equation (22) consider the following iterations:

frpi(zr,@2) =1 = A1, 22)+
A1, 2) / / Ky y2) £ (01 (20, 00), pol2, o) dys dya, (23)

fo(zy,22) =1 — Na1,22), n=0,1,2,..., (v1,72) € R].
By induction it is easy to show that

f:(xlva) T in n, (l‘l,l‘g) ER;, (24)
fo(x1, o) < min{l, fy(z1,22)}, n=0,1,2,..., (x1,22) € R; (25)

Therefore, the sequence of functions {f;(x1,22)}72, has a pointwise limit as
n — oo lim f¥(x1,x2) = f*(x1,22). In accordance with B. Levi’s theorem, the
n—oo
limit function f*(x1,z2) satisfies the equation (22). It follows from (24) and (25)
that
1-— A(.’El,.’EQ) S f*($17$2) S min{17 f>\(l‘17$2)}, (1:171:2) € R;’ (26)
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whence, in particular, we obtain
e Li(RI)n M(RY). (27)

Further, we consider the corresponding homogeneous integral equation
o0 O
S(z1,22) = A1, 22 //K y1,42)S (p1(21,91), p2(w2,y2)) dyrdyz,  (28)
0 0

(z1,m2) € RS, with respect to the measurable and bounded function S(z1,z2).
Using a1), we can check directly that f; (x1,22) = 1 is a solution of the equation
(22). On the other hand, we have proved that the equation (22), in addition to such
a trivial solution, also has an integrable and bounded solution f*(x1,z2) (with the
property (26)). It is obvious that

S(x1,m2) = fre(1,22) — [ (21, 22) = 1 = f*(21,22), (1,72) € RS
is a solution of the homogeneous equation (28). From (26), in particular, we get
125(1‘1,1‘2) 20, S(l‘l,xg)?éo, S(l‘l,xg);él, (l‘l,xg)ER;, (29)

and from (27)
1-Se€Li(RY)nM(RY). (30)

Thus, for the auxiliary linear homogeneous equation (28), the following theorem
holds:

Theorem 2. Under the conditions ay),a2) and 1) — 3) the linear homogeneous
integral equation (28) has a nonnegative nontrivial measurable and bounded solution
S(x1,72) on Ry . In addition, S(x1,x2) possesses the (29) and (30) properties.

Remark 1. It is interesting to note that the proved Theorem 2 generalizes and sup-
plements the corresponding result from [18], devoted to the study of one-dimensional
integral equations with p(u,v) = u+v, (u,v) € RJ.

3 Solubility of the main nonlinear equation. Examples

In this section, we begin to study the initial nonlinear integral equation (1), first
highlighting one special case (important in applications).

3.1 One-parameter family of bounded solutions of the equation (1)
in one particular case

Let the nonlinearity G(z1,x2,u) admit a representation of the form
G(x1,29,u) = u + w(x1,T9,u), (T1,72,u) € RY X R, (31)

where w(z1, z2,u) satisfies the following conditions:
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I) w(xy,z2,u) T in u on R,

IT) w(xy,x2,u) satisfies the Carathéodory condition with respect to the argu-
ment u on R x R (see the introduction about the Carathéodory condition),

III) w(z1,22,u) >0, (z1,72,u) € R,
IV) the supremum of w with respect to u on R :

B(z1,22) == sup w(wy,w2,u), (v1,72) € RS, (32)
uERT

possesses following properties: S(x1,22) | in z; on RY, j=1,2
xah B(wy, 2) € Ly (R;’) ,m,{=0,1.

Suppose also that the kernel P(x1,y1,x2,ys2) is linked with the functions A and K
by the relation

77(96‘173/173?273/2) = )‘(ml?mQ)K(yl? Z/2)’ (xl’th?va) € RI (33)

Then the equation (1) will take the following form:

oo o0
F(x1,22) = M1, 22 //K(yh y2){Z (p1(z1,91), p2(22,y2))+
00

(34)
+ w(z1, 22, Z (p1(x1,91), p2(22,42))) } dyr dyo, (21, 22) € RS
We construct special successive approximations
yn+1($1,$2 Ay, 2 //K Y1, y2){«%¥(01(3«“1,y1),,02(96‘2’92))4‘
0 (35)

(1‘171‘27 Y(p1(x1,y1), p2(22,92))) } dy1 dys,
Fo (x1,22) = vS(x1,22), n=0,1,2,..., (@1,22) € R;,

where v > 0 is an arbitrary numeric parameter.
Along with iterations (35), consider a linear inhomogeneous integral equation
(5) with a free term of the form

g(x1,22) = Bx1,m2), (v1,72) €R]. (36)

Due to conditions IIT) and IV), according to Theorem 1 the equation (5) with a free
term of the form (36) has a nonnegative monotonically non-increasing and summable
on Ry solution fs(z1,z2).

Below we establish several important properties that characterize the sequence
{F] (x1,22)}22, both for each value of the parameter v > 0.

By induction on n we prove

Fl(x1,22) T in n, v>0, (x1,22) € ]R;r, (37)
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yg(l‘l,l‘g) < ’)/S(.Tl,.l‘g) +fﬁ($1,$2), Yy > 0’ n = 0’172""> (.1‘1,.1‘2) € R;— (38)

We first prove that F](z1,22) > % (z1,22) and F(z1,22) < vS(z1,22) +
fa(z1,22), (x1,29) € RF, 7 > 0. Indeed, taking into account (28), (32), as well as
the conditions a1), as), I1I), from (35) we have

oo

o0
F(x1,22) > NMx1, 79 / K (y1, y2) Z) (p1(z1,31), p2(x2, y2)) dyr dys =
00

oo

A1, 22 / K(y1, y2)S(p1(z1, 1), p2(w2,y2)) dy1 dyz =
0 0
= vS(z1,x2) = F# (21, 22),
F (21, 3) = Mz, 22) X

X //K(yla yz){75(01(951791)&2(332,?;2)) +fﬁ(ﬂl(ﬂb‘hyl),Pz(@,yz))—F
0 0

+w (1‘171‘2,VS(Pl(ﬂﬁlyyl)aP2(332,y2)) + fﬂ(P1($17y1)7P2($2,y2))> } dyy dys <

oo 0
< YA (21, 22 //K y1, ¥2)S (p1(@1,51), p2(@2, y2)) dyr dyz+
0 0
o0 0O
Ay, 22 //K y1, y2) fa(p1(z1,m1), p2(@2,y2)) dy1 dys+
0 0
oo o0
+06(x1, z2) N (21, 22 //K Y1, Y2) dyy dyz < vS(x1, x2) + B(w1, x2)+
00

+//K(y1, y2) fa(p1(@1,y1), pa(@2,y2)) dyr dys = vS(z1,22) + fa(z1,22).

Assume that the statements (37) and (38) are true for some n € N. We use again
(28), (32), a1),a2) and IIT). Then from (35) by virtue of I) we obtain

o0

o
F o (x1,0) > Ny, 2 //K 1, y2 _1(p1(x1,91), pa(2, y2))+
00

+ wlan, e, Zy (o1 (w1, ), p2<x2,y2>>>}dy1dy2:fm,xz),
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ﬁlﬂ(wl,xg) <AS(x1,22) + fa(x1,22), n=0,1,2,..., (x1,22) € R;, v >0,

whence the required assertions (37) and (38) follow.

Based on the Carathéodory condition for the function w (see II)) it is easy
to prove that for every v > 0 each element of the sequence {.%,) (z1,72)}32, is a
measurable function on RJ.

Thus, in view of (37) and (38) we can assert that the sequence of mea-
surable functions on R {Z)(z1,22)}%%, has a pointwise limit as n — oo:
nhlrologz (x1,22) = 3”(3:1,352). By Levy’s theorem, the limit function .#7(x1,x2)

satisfies the equation (34) for every v > 0. Moreover, from (37) and (38) we get
that .#7(x1,x9) satisfies the following double inequality:

vS(x1,29) < FV (w1, 22) < ¥S(21,22) + fa(z1,20), (21,22) ERS, 7> 0. (39)

Now we note one more important and useful property of the sequence of functions
{F (21,22) 22, on RS for different values of the parameter v > 0. We prove by
induction that if 71, v2 € (0, 4+00), 71 > 72 are arbitrary parameters, then

T (w1, m0) = F )2 (21, 22) > (11 —72)S(21,22), n=0,1,2,..., (x1,22) € RY. (40)

Indeed, when n = 0 the required inequality is obvious. Suppose (40) is satisfied
for some n € N. Then, using the conditions ), aq), a2) and taking into account (28),
from (35) we have

[ olNe o]
T (1, 09) =T (01, 22) = A(J«“l’@)//K(yl, y2){3?,?1 (p1(z1,91), p2(x2,2))—
0 O

=72 (p1(x1, Y1), p2(22, y2)) + w(@, 2, F) (p1(21, Y1), p2(72,y2)))—
—w(z1, 2, F,? (p1(x1,y1),p2(9:27y2)))} dyy dya > ANz, z2) X

o0 o0
X//K Y1, Y2) fyl(ﬂl(xl’yl) p2(x2,92)) — 0732(01(931,y1)702(932,y2))}dy1dy2 >
0 0

> (1—72)A(w1, 22)

o0
/K y1, y2)S (p1(z1,y1), p2(22,y2) ) dyrdys = (11 —72)S (21, 2).
0

Letting the number n — oo into (40), we get
y"ﬂ (.’,1;'1,.1'2) - 3?’72 (.’,1;'1,.1'2) Z (71 - 72)5($1,$2), (.’,1;'1,.1'2) S R; (41>

Since 1 — S € Li(Ry) N M(RJ) and f3 € L1(RF), then in view of (39) from the
estimate below

|y — F7(z1,22)| = |y — ¥S (21, 22) +vS(21,22) — F7 (21, 22)| <

< (1 = S(x1,22)) + f(x1,22), v> 0, (x1,22) ERJF

we obtain the following important fact: for each v > 0 the function y—%7 € L1 (R5).
Thus the following theorem is true.
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Theorem 3. Under conditions ai),as),I) — IV) and 1) — 3), the nonlinear inte-
gral equation (34) has a one-parameter family of nonnegative nontrivial measurable
solutions {F7(x1,72) }ye(0, +00) and

o for all v € (0, +00) the inequalities (39) hold,

o for all v1, v2 € (0, +0), 71 > 72, (41) takes place,

e for all y € (0, +00) functions v — F7(x1,22) are summable on R .

Remark 2. Under the assumptions of Theorem 3, if moreover the following conditions
are fulfilled

p1) pj(0,0) > v, veRT, j=1,2,

p2) B € M(Ry),
then for any v > 0 the solution .#7(x1,x2) is bounded on the set R .

Proof. First, we verify that fg3 € M(RJ). Indeed, given the monotonicity of
fa(z1,22) inz; on RT, j =1,2, and also conditions 2),a1),p1), p2), from the equa-
tion (5) with free term g(x1,x2) = B(x1,x2) we get

fa(zi,22) < sup Bz, x2)+
(2517252)€]R2+

oo OO
+ sup  K(y1, y2) //fﬁ(pl(l‘l,yl),p2(9€2,y2)) dy1 dys <
(y1,y2)ERT 00

[e el e
< sup  fB(z1,22)+  sup  K(yi, y2) //fﬁ(p1(07y1),p2(0792)) dy1 dys <
(z1,22)ERT (y1,92)ERS 0 0

oo 0
< sup  B(xi,x2)+  sup  K(y1, y2) //fﬁ(yby2)dyl dy2 < +00,
(z1,22)ERT (y1,y2)ERT 00

whence it follows that f3 € M(RJ). Consequently, from (29) and (39) we have

0< (a1, m2) <y+ sup  fa(w1,22) < +o0, ¥ >0, (z1,22) € Ry.
(9617562)€]R2+

3.2 Main result

Let us turn to the study of the original equation (1) with a common kernel P
and a common nonlinearity G(z1,x2,u).

First, to represent the main conditions imposed on the function G, we introduce
a new function. Let Go(u) be a continuous on the set R™ function and

Cl) GO(U) T uon RJra GO(O) =0,

c2) Go(u) is upward convex on Rt, Gy € C(R™),
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c3) there exists a number n > sup  fg(z1,22) := By such that
(2317232)€]R2+
Go(u) > u, u €0, n).

The properties of ¢1) — ¢3) imply the existence of a single number £ > n such that
Go(§) = € — Bo. (42)

The approximate graph of the function Gg is shown in the figure.

Y y=u y=u— By
Go(€) oo L 7y = Go(u)
U} e , i
0 | i u
o 7 3
—By

Figure. The approximate graph of the function Gy on [0, &].

Regarding the nonlinearity of G(z1,x2,u), we assume that the following condi-
tions are satisfied:

n1) G(x1,x2,u) T inuon R and G(x1,xs,u) satisfies the Carathéodory condition
on R; x R by argument u,

712) G(.’El, x2, ’LL) >u+ w($17 x2, ’LL), (.’El, x2, U) € R:—S’—7

where w has properties I) — IV) and po),
ng) G(x1,z2,u) < Go(u) + B(z1,22), (x1,22,u) € R x [0, &].
The next theorem is valid.

Theorem 4. Let conditions a),b),1) — 3),p1),c1) — c3) and ny) — ng) be satis-
fied. Then the nonlinear integral equation (1) has a nonnegative nontrivial solution
bounded on ]RJF.

Proof. Let v* := n — By > 0. By Theorem 3 and Remark 2, to the num-
ber v* the bounded solution .#7" (21, 22) of the equation (34) corresponds, where
v — F7 € Li(RY) and the double inequality takes place

VS(x1,m0) < FV (w1, 29) < 7 S(a1,32) + f(21,32), (z1,22) € RF. (43)
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By the definition of the number v* and the inequality S(z1,z2) < 1, (71,72) € RS
from (43) it follows that

F (x1,22) <+ By =1, (v1,72) € RY. (44)

Let us proceed to the construction of a solution to the equation (1) by successive
approximations

Fns1)(T1,72) / P(z1, 91,72, y2) X
0 0 (4_5)
x G(x1, 22, F(ny (p1(21, Y1), p2(22, y2))dy1dy2,
F (o) (71, 72) = FV (21,29), n=0,1,2,..., (z1,22) € Ry .
We prove by induction that
y(n) ($1,$2) T in n, (ml,mg) S R%—. (46)

First, note that, based on (4), (34) and condition ng), the following chain of inequal-
ities holds:

oo 0
Fa)(x1,22) //7’(3317?;179627.@2) (3;7*(/71(1‘17yl),p2($2,y2))+
00

/K(yh y2) X
0

X (gw* (p1(x1,91), p2 (22, y2)) + w(x1, T2, F" (p1(x1,91), pa(2a, y2)))> dyy dys =

o0

+w(wy, zo, FT (p1(3317y1)702($27y2)))> dy1 dys > Mz, x2)

o\

— tgi’y*(xl’x2) — 9}0)(1‘1,332), (x17$2) € R;

Assuming F ) (21, 72) > F_1)(21,72), (71,72) € RJ for some positive integer n,
due to the non-negativity of the kernel P and the condition n;) from (45) we obtain
that Z(,41)(21,22) > F(n) (21, 22), (21,22) € RF.

Let now prove that

Fmy(x1,02) <& n=0,1,2,..., (z1,22) € R]. (47)

When n = 0 the inequality (47) is an obvious consequence of the inequalities (44)
and n < £. Suppose (47) holds for some n € N. Then, in view of the conditions
b),n1),n3) and the definition of the number £ (see (42)), from (45) we will have

[e.elNe ]
Fny1)(T1,72) < //77(3317311,562&2)G(l‘hﬂ?%f) dyy dy2 <
00
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< (Go(§) ‘|’5(3317372))//P(xl,yl,x2ay2)dyl dys <
0 0

< (Go(€) + Bo) plx1,22) < Go(§) + Bo =&, (x1,22) € RS

Thus, given that (46) and (47) hold, one can assert that the sequence of mea-
surable on RJ functions {.Z(,(z1,22)}52, has a pointwise limit as n — oo
lim F,)(z1,72) = F (71, 22), and the limit function .7 (1, z2) satisfies the equa-
n—oo

tion (1) (due to B. Levi’s theorem) and the double inequality
F (w1, m9) < F(w1,19) <&, (w1,72) € RY.

This completes the proof. O

3.3 Examples

In the end of the work, we provide concrete illustrative examples of the func-
tions {p;}j=12, w, A, K, Go, G and P satisfying all assumptions of the formulated
theorems.

Examples of functions {p;} ;=1 o:

Al) ,oj(u,v) =u+w, (u?v) GR;—a ]: 1)27

AQ) p](u,v) = u(l + Oéj’l)) + ﬁjva (U,U) € R;a ] = 172>
where a; > 0, 3; > 1 are numerical parameters, j = 1,2,

A3) pj(u,’U) = (u + 5j)ev + 2(1 - eiv)v (u,v) € R;a J=12,
where €; > 1 is a numerical parameter, j =1,2.

Examples of functions w:
B1) w(wy,ma,u) = Bz1,x9)(1—e™), (21,22,u) € RY,

u
u+1’

By) w(z1,22,u) = B(z1,22) (1, m2,u) € RY.

Examples of functions A:
Dl) /\(%1,%2) =1- 6_($1+$2), (1‘171‘2) S R;,
Dy) Az, m0) =1 — e~ @142 (31, 15) € Ry, 0<e <1 isa parameter.

Examples of kernel K:

4
E1) K(y1, y2) = ;ef(y%yg)’ (y1, y2) € RY,

b
Ey) K(yr, yo) = [ e~ @1t25Q(s)ds, (y1, y2) € RS,

a
where Q(s) > 0 is a continuous function on [a, b),0 < a < b < +o0, and
b

52
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Examples of nonlinearity Gy:

Hy) Go(u) = ¥/u, w € RT, p> 2 is an arbitrary odd number,

Hy) Go(u)=d(1 —e¥), ue R, d>1isanumeric parameter.

Examples of kernel P:

Li) Plzi,yi,22,92) = Az, 22) K (y1, y2), (1,91, 22,92) € RY,

L) P(1,y1,%2,y2) = M1, 22) K (y1, y2)+ Koz, y1, w2, y2), (z1,91,72,92) € R,

where Ko(z1,y1,%2,y2) >0, (z1,y1,%2,y2) € R and

o0 OO
| | Ko(z1,y1,22,92) dy1 dya = £(1 — A(x1,22)), 0 < e < 1is a parameter.
0 0

Examples of nonlinearity G :

U) G(z1,z9,u) = Go(u) + w(z1, z2,u), (x1,72,u) € R;r x R,

UQ) G(l‘l,l‘g,u) = \/(u—i—w(acl,xg,u))(Go(u) +W(l‘1,$2,u)), (.1‘1,.1‘2,U) € R;XRa
Us) G(z1,z2,u) = %(Go(u) +u) +w(zy, x2,u), (r1,22,u) € ]R;r x R.

In conclusion, we note that among the above examples, the most important and
most frequently encountered in applications of mathematical physics and mathe-
matical biOlOgy are Al), Bl), Dl), El), EQ), Ll), Hl), Hg) and Ul)

Remark 3. Unfortunately, the question of the uniqueness of the solution of the

general nonlinear integral equation (1) in certain cone segments (functions bounded
on RY) is still open problem.

The work was supported by the Science Committee of the RA, in the frame of
research project No 21T-1A047.

References

[1] BREKKE L., FREUND P. G. O., OLsoN M., WITTEN E. Non-archimedean string dynamics.
Nucl. Phys. B, 302(3) (1988), 365-402.

[2] VLADIMIROV V. S. Nonlinear equations for p-adic open, closed, and open-closed strings. Theor.
Math. Phys. 149 (2006), No. 3, 1604-1616.

[3] DIEKMANN O. Thresholds and traveling waves for the geographical spread of infection. J. Math.
Biol. 6 (1978), 109-130.

[4] DIEKMANN O., KAPPER H. G. On the bounded solutions of a nonlinear convolution equation.
Nonlinear Anal., Theory Methods Appl. 2 (1978), 721-737.

[5] CERCIGNANI C. The Boltzmann equation and its applications. Applied Mathematical Sciences,
Springer-Verlag, New York, 67 (1988), 455 pp.

[6] KHACHATRYAN A. KH., KHACHATRYAN KH. A. Solvability of a nonlinear model Boltzmann
equation in the problem of a plane shock wave. Theor. Math. Phys. 189 (2016), No. 2, 1609
1623.



38

[7]
8]

[9]

[10]

KH. A. KHACHATRYAN, H.S. PETROSYAN, S.M. ANDRIYAN

SOBOLEV V. V. Milne’s problem for an inhomogeneous atmosphere. Dokl. Akad. Nauk SSSR,
239 (1978), No. 3, 558-561.

SERGEEV A. G., KHACHATRYAN KH. A. On the solvability of a class of nonlinear integral
equations in the problem of a spread of an epidemic. Trans. Mosc. Math. Soc. (2019), 95-111.

KHACHATRYAN KH. A., PETROSYAN H. S. On bounded solutions of a class of nonlinear integral
equations in the plane and the Urysohn equation in a quadrant of the plane. Ukr. Math. J. 73
(2021), No. 5, 811-829.

KHACHATRYAN KH. A., PETROSYAN A. S. Alternating bounded solutions of a class of non-
linear two-dimensional convolution-type integral equations. Trans. Mosc. Math. Soc. (2021),
259-271.

[11] ARABAJIAN L. G. On existence of nontrivial solutions of certain integral equations of Ham-
merstein type. Izv. Nats. Akad. Nauk Armen., Mat. 32 (1997), No. 1, 21-28.

[12] KHACHATRYAN KH. A. Positive solubility of some classes of non-linear integral equations of
Hammerstein type on the semi-azxis and on the whole line. Izv. Math., 79 (2015), No.2, 411—
430.

[13] DIEKMANN O. Run for your life. A note on the asymptotic speed of propagation of an epidemic.
J. Differ. Equations, 33 (1979), 58-73.

[14] JOUKOVSKAYA L. V. Iterative method for solving nonlinear integral equations describing rolling
solutions in string theory. Theor. Math. Phys., 146 (2006), No.3, 335-342.

[15] KHACHATRYAN KH. A. On the solubility of certain classes of non-linear integral equations in
p-adic string theory. Izv. Math., 82 (2018), No. 2, 407-427.

[16] KHACHATRYAN KH. A. On the solvability of a boundary value problem in p-adic string theory.
Trans. Mosc. Math. Soc. (2018), 101-115.

[17] KoLMOGOROV A. N., FomIN V. C. Elements of the theory of functions and functional anal-
ysis. FIZMATLIT, Moscow, 2004.

[18] ARABADZHYAN L. G. On an integral equation of transport theory in an inhomogeneous
medium. (in Russian) Differ. Uravn., 23 (1987), No. 9, 1618-1622.

KH. A. KHACHATRYAN Received April 10, 2022

Yerevan State University
1, Alex Manoogian St., Yerevan, 0025, Armenia

E-mail: khachatur.khachatryan@ysu.am

H. S. PETROSYAN, S. M. ANDRIYAN

Armenian National Agrarian University

74, Teryan St., Yerevan 0009, Armenia

E-mail:  Haykuhi25@mail.ru, smandriyan@hotmail.com



BULETINUL ACADEMIEI DE STIINTE

A REPUBLICII MOLDOVA. MATEMATICA
Number 2(99), 2022, Pages 39-58

ISSN 10247696, E-ISSN 2587-4322

Nuclear Identification of Some New Loop Identities of
Length Five

Olufemi Olakunle George and Temitopé Gbodlahan Jaiyéola

Abstract. In this work, we discovered a dozen of new loop identities we called
identities of ’second Bol-Moufang type’. This was achieved by using a generalized and
modified nuclear identification model originally introduced by Dréapal and Jedlicka.
Among these twelve identities, eight of them were found to be distinct (from well
known loop identities), among which two pairs axiomatize the weak inverse property
power associative conjugacy closed (WIP PACC) loop. The four other new loop
identities individually characterize the Moufang identities in loops. Thus, now we
have eight loop identities that characterize Moufang loops. We also discovered two
(equivalent) identities that describe two varieties of Buchsteiner loops. In all, only
the extra identities which the Drépal and Jedlicka nuclear identification model tracked
down could not be tracked down by our own nuclear identification model. The dozen
laws {Q;}i2, induced by our nuclear identification form four cycles in the following
sequential format: (Q4i,j)?=1, j=0,1,2,3, and also form six pairs of dual identities.
With the help of twisted nuclear identification, we discovered six identities of lengths
five that describe the abelian group variety and commutative Moufang loop variety
(in each case). The second dozen identities {Q}}72, induced by our twisted nuclear
identification were also found to form six pairs of dual identities. Some examples of
loops of smallest order that obey non-Moufang laws (which do not necessarily imply
the other) among the dozen laws {Q;}i2; were found.

Mathematics subject classification: 20N02, 20NO05.
Keywords and phrases: Bol-Moufang type of loop, nuclear identification, Moufang
loop, extra loop, Bol loop, left (right) conjugacy closed loop, Buchsteiner loop. .

1 Introduction

The first classification of the varieties of loops of Bol-Moufang was done by Fenyves
in [11,12] and concluded by Phillips and Vojtéchovsky in [34, 35]. Jalyéola et al.
[25-27] and Ilojide et al. [14] used the identities therein to classify varieties of quasi
neutrosophic triplet loops (called Fenyves BCI-Algebras) and also to study their
isotopy and holomorphy. We shall refer to the identities described by the Bol-
Moufang type of loops as ’first Bol-Moufang type’ while we shall introduce what we
call ’second Bol-Moufang type’ of loops.

An identity of length four is said to be of Bol-Moufang type (first Bol-Moufang

type) if:

1. It has 3 distinct variables with one of them appearing twice on both sides.
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2. The variables appear in the same order on both sides.

Coté et al. [7] and Akhtar et al. [2] classified loops of generalized Bol-Moufang type.
An identity of length four is said to be of generalized Bol-Moufang type if:

1. It has 3 distinct variables with one of them appearing twice on both sides.

2. The variables do not necessarily appear in the same order on both sides.
One of such loops of generalized Bol-Moufang type, namely Frute loops were studied
by Jaiyéola et al. [24,28].

An identity of length five will be said to be of second Bol-Moufang type if:

1. It has 3 distinct variables with one of them appearing 3 times.

2. The variables appear in the same order on both sides.

Two of such loops of second Bol-Moufang type are described by the identities

(xy-z) -zz =2((yr - x)z), (LWPC)

zx - (x-yx) = (z(z - 2y))z (RWPC)
which Phillips [32] showed axiomatize the variety of loops that are weak inverse
property power associative conjugacy closed (WIP PACC) loops. George et al. [13]

studied loops that obey LWPC (RWPC) identity and were able to link them up with
some loop identities that are not of Bol-Moufang type.

Theorem 1.1. (George et al. [13] )
Let Q) be a loop.

1. @ is an LWPC-loop if and only if Q is an LCC-loop and (zy - x)x = z(yx - x).

P)\(Ivy)

2. Q is a RWPC-loop if and only if Q is an RCC-loop and x(x - yz) = (x - zy)z.

Pp(ﬂ%y)

3. A CC-loop Q is a power associative WIP-loop if and only if Q fulfills the laws
P)\(l',y) and Pp(xay)

Drapal and Jedlicka [9] investigated interactions between loop nuclei and loop
identities. With the aid of nuclear identification, they considered some varieties of
loops of first Bol-Moufang type and non-Bol-Moufang type in which not all the nuclei
necessarily coincide. Drapal and Kinyon [10] recently used nuclear identification to
obtain the identities of Osborn loops.
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2 Preliminaries

A quasigroup (@,-) consists of a non-empty set () with a binary operation - on
Q@ such that given a,b € @), the equations ax = b and ya = b have unique solutions
x,y € @ respectively. We shall sometimes refer to (Q,-) as simply Q.

For any = € @, define the right translation map R(x) and left translation map
L(z) of z in (Q,-) by yR(z) =y -z = yzr and yL(x) = x - y = xy, respectively. It is
clear that (Q,-) is a quasigroup if and only if the left and right translation maps are
bijections. Since the translation maps are bijections, then the inverse maps R~!(x)
and L~!(x) exist and are thus defined by yR~(z) = y/z and yL~!(x) = z\y.

A loop (@, ) is a quasigroup with an identity element, 1, such that 1z = 21 = x,
for all € Q. The right and left inverse maps p : « — 2” and A : £ — 2> are unary
operations that take an element z in a loop to its right and left inverses z” and x*
respectively, such that z-2” =1 = z*-z. A loop in which z” = 2z for all elements z
is said to have 2-sided inverse. See [5,6,17,31] for a general overview on quasigroups
and loops.

A loop is a weak inverse property loop if it satisfies any one of the following
identities:

z(yx)’ =y or (wy)z =y (1)

A loop (@Q,-) is called a left Bol (right Bol) loop if for all x,y,z € @ it satisfies

(z-yx)z = x(y - x2), (LB)
(yz-2)z =y(xz - x). (RB)

A loop (Q,-) is called a Moufang loop if for all z,y,z € @Q any of the following
identities is satisfied

(xz - x)y = x(z - zy), (LM)
(yx - 2)x = y(x - zz), (RM)
xy - zx = (v - yz)x, (MM2)
xy - zx = x(yz - ). (MM1)

A loop is said to be conjugacy closed (CC-loop) if it satisfies the two identities:
(zy)/x - xz = 2(y2), (Lec)

zx - x\(yr) = (zy)z. (RCC)
A loop (@, -) is called a left central loop (LC-loop) if it satisfies the following identity
for all z,y,2€ @ :
(v )z = alz - y2). 2)

A loop (@Q,-) is called a right central loop (RC-loop) if for all z,y,z € @ it satisfies
the identity

y(zz ) = (y2 - 2)a. (3)
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(Q, ) is called a central loop (C-loop) if it satisfies the identity

(yz - z)z = y(z - z2). (4)

LC-loops, RC-loops and C-loops are among the varieties of loops of first Bol-Moufang
type. Phillips and Vojtéchovsky [35,36], Kinyon et al. [37], Ramamurthi and So-
larin [38], Jaiyéola [15,16], Adéniran and Jaiyéold [1], Jaiyéold and Adéniran [19-22]
and Solarin [40], Beg [3,4] have studied them. Fenyves [12] gave three equivalent
identities that define each of LC-loops and RC-loops, and only one identity that
defines C-loops. But, Phillips and Vojtéchovsky [35] gave four equivalent identi-
ties that define each of LC-loops and RC-loops. Three of the four identities given
by Phillips and Vojtéchovsky are the same as the three already given by Fenyves.
Jalyéola [18] introduced and studied the generalized forms of LC-loop, RC-loop and
C-loops. Jaiyéold and Adéniran [23] characterized Osborn-Buchsteiner loops with a
new identity that is obeyed by LC-loop.
A loop (@Q,-) is called a Buchsteiner loop, if for all z,y,z € Q

(BUCH) a\(zy - 2) = (y - zx) /. (5)

A loop is power associative if subloops generated by every single element are
groups.

The left alternative property (LAP) of a loop is defined as zz -y = x - xy, the
right alternative property (RAP) is given by y - zz = yx - x. A loop is an alternative
loop if it is left and right alternative. Flexible loops satisfy x - yx = xy - . A loop
@ is said to have the 3-power associative (3-PA) property if zx - 2 = x - zx.

A loop @Q satisfies the left inverse property (LIP) if 2* - zy = y and the right
inverse property (RIP) if zy-y” = z. An inverse property loop is a loop that satisfies
both the (LIP) and the (RIP).

The left nucleus Ny, the middle nucleus N, and the right nucleus N, of a loop
() are defined by

N\(Q)={a€eQ: a-xy=azx-y Vz yeQ},
N,Q)={a€eQ: za-y=z-ay Yz, yeQ}
N,(Q)={a€eQ: zy-a=z-ya Yz, yecQ}
The intersection
N(Q) = N,(Q) N NA(Q) N NL(Q)

is called the nucleus of Q.

A triple of bijections (U, V, W) is called an autotopism of a loop @ provided
that
aU - yV = (zy)W (6)

for all x, y € Q. The set of such triples forms a group Atp(Q) called the autotopism
group of Q.
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It is easy to see that

a € NA(Q) & (L(a), I, L(a)) € Atp(Q), (7)
a € Ny(Q) = (R} (a), L(a), I) € Atp(Q), (8)
a € N,(Q) & (I, R(a), R(a)) € Atp(Q). 9)

Denote the autotopisms of (7), (8) and (9) by ax(z), o, (x) and a,(x) respectively.
By generalizing and modifying the nuclear identification model in [9], we say
a loop identity is nuclear identifiable if it can be expressed using autotopisms

ag(x)aj(m)alg(m)ail(x), where i, j, k, l € {—1, 1} and a, b, ¢, d € {\, p, p}.
We now state some existing results which we shall be using in this work.

Lemma 2.1. [33/
Let Q) be a loop. The following are equivalent for any x € Q:

1. Q is a WIPL. 2. R7Y(z) = pL(z)\. 3. LY (z) = AR(x)p.

Theorem 2.2. [33]
Let Q be a WIPL. If (U, V, W) € Atp(Q):

1. (V, \WWp, XUp) € Atp(Q). 2. (pWA, U, pV ) € Atp(Q).

In this work, we shall consider some loops of second Bol-Moufang type. We shall
investigate loops of length five with two coinciding nuclei relative to weak inverse

property.

3 Main Results

3.1 Nuclear Identification

Definition 3.1. Let QQ be a loop which obeys an identity Id = Id, where Id
is equivalently expressible by the autotopism «. Let ay(x) = (L(z), I, L(x)),
ap(x) = (I, R(z), R(z)) and ay(z) = (R~ Y(x), L(z), I). Then the iden-
tity Id = Id, is said to be nuclear identifiable in Q if a can be expressed as
a;(x)a‘g(a:)a;(x)a?(x), where €, w, Kk, Y € {—1, 1} and n, &, x, ¢ € {\, p, u}.

We shall code such identity Id = Id, as (n, &, x, ¢ ;€, w, K, ©) and replace 1
and —1 by 4+ and — in concrete instances. Using Definition 3.1, a dozen identities
of second Bol-Moufang type which are directly or indirectly affiliated with the loop
identities induced by nuclear identification in [9] (except the extra identities) are
presented (cf. Table 4).

Lemma 3.2. Let Q be a loop satisfying an identity (n, &, X, ¢; € w, K, 1) such
that ¢ =n =& # x. Then N,y = N,.



44 0. O. GEORGE AND T. G. JAIYEQLA

Proof. Let @ be a loop satisfying an identity (n, &, x, (; €, w, K, ©) which is
equivalently expressible by the autotopism «. Then o = a%(m)a‘é’(m)a;(m)a? (x),
where €, w, k, ¥ € {—1, 1} and n, & x, ¢ € {\, p, p}. With the hypothesis

CZUZ&#X,anNX- O

Definition 3.3. A triple a € SYM(Q)? of a loop Q is said to be an I-shift of an
U, V, W) € Atp(Q) if a = (pWA, U, pVA).

Theorem 3.4. The dozen loop identities {Q; Zlil of Table 4 induced by the nuclear
identification of Definition 3.1 form the following cycles in a WIPL:

(Qla Q5> Q9)7 (QQ» Qﬁv Q10)7 (Q37 Q?a Q11)> (Q47 Q8> QIZ) in which each Of the iden-
tities is the I-shift of the preceding.

Proof. Based on Definition 3.3, for any loop , the I-shift of any
(U, V, W) € Atp(Q) will give a triple (pWA, U, pVA) € SYM(Q)? which is
not necessarily in Atp(Q). For (pW A, U, pV ) € Atp(Q), @ must be a WIPL going
by Lemma 2.1 and Theorem 2.2. Note that p = A in all the loops identified by
nuclear identification in Definition 3.1.

The autotopic equivalence of Q1 is (R™2?(x)L~!(x)R(z), L(z), L=!(x)) and its
I-shift is

(pL™ (@)X, R™(2)L™ (2)R(x), pL(x)) = (R(z), R™*(x) L™ (z)R(z), R™'(z))

which is the autotopic equivalence of Q5. Furthermore, the I-shift of the autotopism
of Qs is (L(z), R(z), L*(z)R(x)L~!(x)) and this characterizes Q. The I-shift of the
autotopism of (Jg gives the autotopism of ().

Similarly, the autotopism of Qs is (R(z),L™2(z)R™*(z)L(z), R~ (z)) and the
I-shift of this autotopism is

(prl (2)\, R(x), pL 2 (2)R™* (:L‘)L(:L‘))\) = (L(a:), R(z), R*(z)L(x)R™! (a:))

which is the autotopism that characterizes QJ¢. Computing the I-shift of the auto-
topism of Qg gives (L~ 2(z)R™(x)L(x), L(z), L' (z)) which is the autotopism for
®Q10. The I-shift of the autotopism of Q19 gives the autotopism for Q)s.

The arguments for the other two cycles are similar. U

Lemma 3.5. The dozen loop identities {Q; }il of Table 4 induced by the nuclear
identification of Definition 3.1 are made up of six pairs of dual identities:

{Q17 Q2}7 {Q37 Q4}> {Q57 QlO}v {Q67 Qg}a {Q77 Ql?}a {Q87 Qll};
Proof. This follows by checking the identities of {Q;};2; in Table 4 for duality. O

Corollary 3.6. Let QQ be a loop. The following are equivalent to each other:
(a) Q obeys Q1 and WIP, (b) Q obeys Q2 and WIP, (c) Q is a Moufang loop.

Proof. This follows from Theorem 3.4. O
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3.2 Loops of Second Bol-Moufang Type

Lemma 3.7.
1. In a loop, each of the following identities Q1, Qs, Q7, Qg implies P\(x,y).
2. In a loop, each of the following identities Q2, Q4, @11, Q12 tmplies Py(z,y).
3. A loop in which any of the identittes Qs, Qg, Qo, Q10 s obeyed is a flexible loop.
4. A flezible loop obeys Py(x,y) and Py(z,y).
5. Any loop that obeys P\(x,y) or P,(x,y) has 2-sided inverse.
Proof. This is easily achieved by using the identities in a loop. U
Theorem 3.8. Let Q be a loop.
1. Q is a Qq-loop if and only if Q is a left Bol loop and Py(x,y) is satisfied.
2. Q is a Qa-loop if and only if Q is a right Bol loop and P,(x,y) is satisfied.
3. Q is a Qs-loop if and only if Q is an LCC-loop and Py(z,y) is satisfied.
4. Q is a Qu-loop if and only if Q is an RCC-loop and P,(x,y) is satisfied.
5. @ is a Qs-loop if and only if Q is a right Moufang loop.
6. Q is a Qg-loop if and only if Q is an MM1-loop if and only if Q is a MM2-loop.
7. Q is a Qr-loop if and only if Q is an RCC and Py(x,y) is satisfied.
8. Q is a Qg-loop if and only if Q is a Buchsteiner loop and Py(z,y) is satisfied.
9. Q is a Qqg-loop if and only if Q is an MM1-loop if and only if Q is an MM2-loop.
10. Q is a Qqo-loop if and only if Q is an LM-loop.
11. @Q is a Q11-loop if and only if Q is a Buchsteiner loop and P,(x,y) is satisfied.
12. Q is a Qq2-loop if and only if Q is an LCC-loop and P,(x,y) is satisfied.

13. Q is a WIP PACC-loop if and only if Q is a Q3-loop and a Q4-loop if and only
if Q is a Q7-loop and a Q12-loop.

14. Q is a Qg-loop if and only if Q is a Q11-loop.

Proof. 1. Let @ be a Qq-loop, then by Lemma 3.7(1), P\(z,y) is satisfied. Note
that

z(y-xz) = (z - yx)=z.
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Conversely, suppose @ is a left Bol loop and Py (x,y) is satisfied. Then,

x(y-xz) = (r-yx)z =
yr-xz) = (z(yx - x))z =

. This follows from the mirror argument of 1.

. Let @ be a @3-loop, then by Lemma 3.7(1), P\(z,y). So, identity Q3 becomes

(@\((zy - 2)x))2) =
(z\(yr))z) =
(zy)/x - w2z = x(y2).

(zy-x)-zz =2

y-xz=x(

For the converse, suppose () is an LCC-loop, then

y- 2z = 2((2\(y2))2) =
(2y-2) - vz = o((2\((2y - ©)2))2).

This last identity becomes ()3 since @ also satisfies z\((zy - )z) = yx - x.

. This can be proved by mirroring the argument in 3 above.

. Assume @ is a Q5-loop, then by Lemma 3.7(3), @ is flexible. Thus,

(yx - zx)x = y((xz - x)x) =

(yx - zx)x = y((x - zz)x) =
(yz - 2)x =y(zz - x)
=y(z - zx).

(yz-2)z =y(x - 2z) =

(yr-2)r =y(rz - -z) =
(yx - zx)x = y((x - zz)x) =
(ya - ze)e = y((zz - x)x)

. Let @ be a Qg-loop, then by Lemma 3.7 (3), @ is flexible, and by Lemma 3.7,

Qg satisfies Py(z,y). Therefore,
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Conversely, suppose @ is an MM2-loop, then

(xy - zx) = (x - y2z)r =
(xy - zx)x

(zy - 22)

(z-yz)r)r =
z(yz - x)xr = z((yz - z)x).

Again, if Q) is a Qg-loop, then

(xy - zz)r = 2((yz - x)x) =
(zy - zx)x = (z(yz - x))z =

xy - zx = x(yz - ).
Thus, @ is an MM1-loop. Conversely, suppose @ is a MM1-loop, then

(zvy - zx) = x(yz - x) =
(zy - zx)x = (z(yz - x))z =
(zy - zx)x = z((yz - x)x).

7. Let Q@ be a @Qr-loop, then by Lemma 3.7(2), @ satisfies Py(x,y) or
z\(zy - x)x) = (yz - x). Thus,

(y(zz-x))x =yx - (20 -x) =

yz-x =yx - r\zr.

Conversely, let @) be an RCC-loop, then
yz-x =yx-r\zx =
(y(zz - z))z = yz - 2\((z2 - 2)7)
and the result follows since @ also satisfies z\(zy - x)x) = (yx - ).
8. Suppose @ is a Qg-loop, then () satisfies

z((y - za)x) = ((zy - 2)w)x =
z(yz-x) = ((zy - z/z)x)r =

((x(yz - x))/x) /v =zy - 2/ (10)
By Lemma 3.7(4), @ satisfies Py(z,y) or equivalently,
((z-yx)/zx)/z = 2(y/z). (11)

Use (11) in (10) to get

w((yz)/x)) = 2y - 2/ =
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w((y - ze)/z)) = xy -z =
(y-2x)/z = 2\(zy - 2).

Conversely, suppose ) is a Buchsteiner loop and Py(z,y) or equivalently
(z - yo)/2) /z = a(y/x), then

(y-zz)/w = z\(ry - 2) =
2((y - z2)/x)) = wy -2 =
w((yz)/x)) = 2y - z/x =
((z(yz - 2))/z)/x = xy - 2]z =
z((y - zx)z) = ((zy - 2)z)z.

Suppose @ is a Qg-loop, then

= (z(z-yz))r =
=z((z-yz)z) =
xy - zx = (x - yz)x.

Thus, @ is a MM2-loop. Conversely, suppose @) is MM2-loop, then
xy-zx = (z-yz)r =

Therefore, @ is an Qg-loop. Now, suppose @ is (9, then by Lemma 3.7(1),
x(xy - zzx) =
czr =

Ty

2(yz ) =
Yz - x).

(
(
Thus, @ is an MM1-loop. Conversely, suppose ) is MMI-loop, then just reverse
the process to get Qg.

The proof is similar to the one in 5.

The @11 identity is mirror to Qg identity, so a mirror argument will suffice.
Suppose @ is Q12-loop, then using Lemma 3.7(2) in the Q12 identity, we have
r((z-yx)z) = (2(( - yx))/x - vz =

x-yz = (zy)/x - x2.

The converse is easy if we reverse the process and use the fact that @) also
satisfies P,(x,y).
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13. This follows from 7 and 12 of above and Theorem 1.1.

14. Let @ be a Qs-loop. Then, @ is a Buchsteiner loop in which Py(z,y) holds by
8. By Lemma 3.7(5), @ is a Buchsteiner loop with 2-sided inverse, hence, a
WIP Buchsteiner loop. Applying Theorem 3.4, @ is a Q12-loop and so P,(x,y)
holds. Thus, @ is a Q11-loop by 11. The converse is similar. Therefore, @) is
a Qg-loop if and only if Q) is a Q11-loop.

]
Lemma 3.9.
1. In an LC-loop the identity P,(x,y) is satisfied.
2. In an RC-loop the identity Py(z,y) is satisfied.
3. In a C-loop the identities P,(x,y) and Py(x,y) are satisfied.
4. In an extra loop, the identities P,(x,y) and Py(x,y) are satisfied.
Proof. 1. Put z =z in (2).
2. Put y =z in (3).
3. A loop is a C-loop if and only if it is an LC-loop and RC-loop.
4. An extra loop is a C-loop.
]
Code Identity Label | Equivalent Form(s) (<)
(s s A pis 34, = =) | @(ya-x2) = ((xy - 2)r)z | G LB + Py(z,y)
(1 1, py 15— — —7+) (yr-z2)r =y(z(z-22)) | Q2 RB + P,(z,y)
(g oy Ay 3+, +, -l—, =) | (@y-z)-zz=2((yr-z)z) | Q3 | LWPC=LCC + Py(z,y)
(N M Py s —5 —, +, ) yzx - (.T ’ Z‘T) - (y(x ) .TZ)).T Q4 RWPC=RCC + Pp(xay)
(pyp, s p5——,—+) | (yz-zz)z =y((zz - x)x) Qs RM
(pyps Ny ps+,+,+,—) | (zy-zz)r =2((yz - x)x) Qs MM1 or MM2
(p Py s Py — 7+>+) (’y({CZ.I‘)).T:yI' (Z.T.I‘) Q7 RCC + P)\(.I‘,y)
(P A pito 4, = —) | #((y - zx)x) = ((wy - 2)z)z | Qs BUCH + Py\(z,y)
AN p A+, +, —i—, ) | z(zy - zx) = (x(z - yz))x Q9 MM1 or MM2
A 1, A —, —, +, —l—) x(zy-xz) = (x(z-yz))z | Qo LM
(A A + +,—, ) | (x(zy-2)x=x(z(y-22)) | Qu BUCH + P,(z,y)
MNA N — — — ) | z((x-yx)z) = (x-2y) -2z | Q12 LCC + P,(x,y)

Table 1. Summary of new loop identities induced by nuclear identifications and their
equivalent forms
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Theorem 3.10. The variety (n, &, x, €€, w, K, ¥)* consists of all commutative
loops in the variety (n, &, x, ¢ ;€, w, K, V), whenever ¢, w, K, ¥ € {—1,1} and

n, & X, C € {p, A\, 1}, such that ( =n =& # x.

Proof. Let Q be a commutative loop.

If (A, B,C) € Atp(Q), then (B, A,C) € Atp(Q). Let (A(x), B(z),C(x)) be the
autotopisms of the loop varieties described by identities (1, &, x, (€, w, K, ) as
given in Table 4 and let (1, &, x, (;€, w, K, ©¥)* be the loop varieties determined
by (B(z),A(x),C(x)) for all z € Q. Table 5 highlights the identities obtained
for these varieties (where ABG stands for the variety of abelian groups and CML
represents commutative Moufang loop). It can be easily verified that each of these
laws describes a variety of commutative loops (abelian grousp and commutative
Moufang loops). O

Corollary 3.11. Let QQ be a loop.
1. The following are equivalent:

(a) Q is a commutative Moufang loop.
(b) Q obeys Q7 or Q% or Qf or Qf or Q§ or Q7.
2. The following are equivalent:

(a) Q is an abelian group.
(b) Q obeys Q% or Q4 or Q% or QF or Q7 or Q7s.
Proof. This follows from Theorem 3.10 and Table 5. U

Lemma 3.12. The dozen loop identities {Q;}12, of Table 5 induced by twisted
nuclear identification are made up of six pairs of dual identities:

{Qfa Q;}a {QE;a QZ}» {ng QTO}? {an QS}» {Q#’;v QT2}7 {ng QTI}
Proof. This follows by checking the identities of {QF}12; in Table 5 for duality. O

3.3 Examples and Constructions

We shall be using the GAP Package [30] and Library of GAP-LOOPS Package [29]
to get some examples of non-Moufang, non-extra loops and non-CC-loops that are
of second Bol-Moufang type. In GAP-LOOPS, "LeftBolLoop(n, m)’ returns the mth
left Bol loop (LBL) of order n < 17 while 'RightBolLoop(n, m)’ returns mth right
Bol loop (RBL) of order n < 17 in the library. Similarly, '/RCCLoop(n, m)’ returns
the mth right conjugacy closed loop (RCCL) of order n < 27 while 'LCCLoop(n, m)’
returns the mth left conjugacy closed loop (LCCL) of order n < 27 in the library.

L. Any Moufa‘ng lOOp obeys Q17 Q27 Q57 Q67 Q97 Q10~

2. Any extra loop obeys any of the identities in the set {Q; 1121
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10.

'LeftBolLoop( 8, 1)’, i = 1,2,--- ,6, is an LBL, which is a non-Moufang loop
(i.e. does not obey @5, Qs, Q9, Q10) and obeys Py(z,y) (hence a Qq-loop). It
also obeys P,(x,y) but is not an RBL. So, it is not a Q2-loop. See Proposition
3.2 of [13].

LeftBolLoop( 8,1 ), i = 1,2,--- ,6, is an LCCL, which is non-Moufang and
non-CC loop that obeys Py(x,y) (hence a Q3-loop). It also obeys P,(z,y) but
is not an RCCL. So, it is not a Q4-loop. Since it obeys P,(x,y) and it is an
LCCL, then, it is a Q12-loop. Though, it obeys Py (z,y) but it is not an RCCL,
hence, not a Q7-loop. See Proposition 3.2 of [13].

According to ([9], Lemma 3.6), a Buchsteiner loop is an LCCL iff it is an
RCCL. Assume by contradiction that LeftBolLoop( 8, i), i = 1,2,--- ,6, is a
Buchsteiner loop. Since it is an LCCL, then it should be an RCCL which will
be a contradiction. So, LeftBolLoop( 8, i), 7 =1,2,--- ,6, is not a Buchsteiner
loop. Hence, LeftBolLoop( 8, i), i = 1,2,--- ,6, is neither a Qg-loop nor a
(Q11-loop.

Consider the opposite loop of LeftBolLoop( 8, i), i = 1,2,---,6, i.e. Left-
BolLoop( 8, i)*= RightBolLoop( 8, i), i = 1,2,---,6. It is an RBL, which
is non-Moufang loop (i.e. does not obey Qs,Qs, Qy, Q10) and obeys P,(x,y)
(hence a Q2-loop). It also obeys Py(z,y) but is not an LBL. So, it is not a

Q1-loop.

RightBolLoop( 8,1 ), i =1,2,---,6, is an RCCL, which is non-Moufang and
non-CC loop that obeys P,(z,y) (hence a Q4-loop). It also obeys Py(z,y)
but is not an LCCL. So, it is not a Q3-loop. Since it obeys Py(x,y) and it
is an RCCL, then it is a Q7-loop. Though, it obeys P,(x,y) but it is not an
LCCL, hence, not a (Q12-loop. One of such loops was constructed in Example
2.1 of [39].

According to (]9], Lemma 3.6), a Buchsteiner loop is an RCCL iff it is an
LCCL. Assume by contradiction that RightBolLoop( 8, i), ¢ = 1,2,--- ,6, is
a Buchsteiner loop. Since it is an RCCL, then it should be an LCCL which
will be a contradiction. So, RightBolLoop( 8, i), i = 1,2,---,6, is not a
Buchsteiner loop. Hence, RightBolLoop( 8, i), ¢ = 1,2,---,6, is neither a

Qs-loop nor a ()11-loop.
For n = 6:

(a) When m =1, both Py(z,y) and P,(x,y) are satisfied by RCCLoop(n, m).

Hence, it is a Q4-loop and Q7-loop. But it isnot a Q1, Q2, Q3, Qs, Q11, Q12-
loop.

(b) When m = 2,3, none of Py(x,y) and P,(z,y) is satisfied by RCCLoop(n,
m). Thus, it does not satisfy any of {Q;}}2;.

For n = 8:
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(a) Whenm =1,2,3,7,8,9,13,15,16, 17, 18, 19, none of Py(x,y) and P,(z,y)
is satisfied by RCCLoop(n, m). Thus, it does not satisfy any of {Q;}12,

(b) When m = 4,5,6,10,11,12, both P\(x,y) and P,(z,y) are satisfied by
RCCLoop(n, m). It is also an RBL. Hence, it is a 2, Q4-loop and Q7-
loop. But it is not a Q1, Q3, Qs, @11, @12-loop.

(¢) When m = 14, RCCLoop(n, m) satisfies Py(z,y) but does not satisfy

Pp(xv y) Hence7 itisa Q7_100p but it is not a Qh Q27 Q37 Q47 QS; th Ql?‘
loop.

11. In Theorem 3.1 and Theorem 3.4 of [13], methods of construction of @3 loops
were described.
Example 3.13. Let G = {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16} and define
on G as shown in Table 2. (G,x*) is a Q3-loop, Q4-loop, Q7-loop, Q12-loop, Qs-loop,
Q11-loop that is power associative, not diassociative, not (Moufang, left Bol, right
Bol, LC, RC, C, extra), not (left or right power alternative), right A-loop and left

A-loop, not middle A-loop. (G,*) is not a Q1,Q2, @5, Qs, Qg, Q10-loop.

* |1 2 3 4 5 6 v 8§ 9 10 11 12 13 14 15 16
171 2 3 4 5 6 7 8§ 9 10 11 12 13 14 15 16
212 3 4 1 6 7 8 5 10 11 12 9 14 15 16 13
313 4 1 2 7 8 5 6 11 12 9 10 15 16 13 14
414 1 2 3 8 5 6 7 12 9 10 11 16 13 14 15
5/!5 6 7 8 1 2 3 4 13 14 15 16 11 12 9 10
6|16 v 8 5 2 3 4 1 14 156 16 13 12 9 10 11
T|{7 8 5 6 3 4 1 2 15 16 13 14 9 10 11 12
8|18 &5 6 7 4 1 2 3 16 13 14 15 10 11 12 9
919 10 11 12 16 13 14 15 1 2 3 4 8 5 6 7
(10 11 12 9 13 14 15 16 2 3 4 1 &5 6 7 8
11f{11 12 9 10 14 15 16 13 3 4 1 2 6 7 8 5
1212 9 10 11 15 16 13 14 4 1 2 3 7 8 5 6
3113 14 15 16 12 9 10 1 7 &8 5 6 4 1 2 3
4114 15 16 13 9 10 11 12 8 5 6 7 1 2 3 4
5115 16 13 14 10 11 12 9 5 6 7 8 2 3 4 1
616 13 14 15 11 12 9 10 6 7 8 5 3 4 1 2

Table 2. A @Q3-loop, Q4-loop, Q7-loop, Q12-loop, Qs-loop, Q11-loop (G, *)

Example 3.14. Let G = {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16} and define %
on G as shown in Table 3. (G, *) is a Q3-loop, Q4-loop, Q7-loop, Q12-loop, Qs-loop,
Q11-loop that is power associative, not diassociative, not (Moufang, left Bol, right
Bol, LC, RC, C, extra), not (left or right power alternative), right A-loop and left
A-loop, not middle A-loop. (G,*) is not a Q1,Q2,Qs,Qs, Qg, Qro-loop. (G,*) and

(G,x) are neither isomorphic nor isotopic.
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3.4 Discussion, Conclusion and Future Study

Note that P,(x,y) and Py(x,y) are satisfied by any dissociative loop (e.g. Mo-
ufang or extra loop). In fact, each of the identities in {Q;}}2, generalizes the extra
law in loops, but this is not true of the Moufang law in loops. Among all the loop
identities tracked down by the nuclear identification code in (Table 1, [9]), only the
Moufang identities got tracked down distinctively as new loop identities by the nu-
clear identification code introduced in this work (see Q5, Qg, Q9, Q10 in Table 1). The
importance of P,(x,y) and Py(z,y) in this current work is the fact that they are as-
sociated to equivalent forms of the new loop identities which were not tracked down
distinctively by our nuclear identification code (see Q1, @2, @3, Q4, Q7, Qs, Q11, Q12
in Table 1). Among all the loop identities tracked down by the nuclear identification
code in (Table 1, [9]), the left (right) Bol, LCC (RCC) and Buchsteiner identities
got tracked down non-distinctively as new loop identities by our nuclear identifica-
tion code (see Q1,Q2,Q3,Q4, Q7,Qs, Q11, Q12 in Table 1). Among the 12 identities
tracked down by the nuclear identification code in (Table 1, [9]), only the extra
identities are missing in our own work. But our work has been able to discover:

1. eight new loop identities (i.e. Q1,Q2,Q3,Q4,Q7,RQs, Q11,12 ) among which
the two pairs (Q3,Q4) and (Q7,Q12) axiomatize the weak inverse property
power associative conjugacy closed (WIP PACC) loop, while Qg and Q11 were
found to be equivalent.

2. four new loop identities which individually characterize the Moufang identities

/1 2 3 4 5 6 7 8§ 9 10 11 12 13 14 15 16
171 2 3 4 5 6 7 8§ 9 10 11 12 13 14 15 16
212 1 4 3 6 5 8 7 100 9 12 11 14 13 16 15
313 4 1 2 7 8 5 6 11 12 9 10 15 16 13 14
414 3 2 1 8 7 6 5 12 11 10 9 16 15 14 13
5|5 6 &8 7 1 2 4 3 13 14 16 15 10 9 11 12
6|16 5 7 8§ 2 1 3 4 14 13 15 16 9 10 12 11
T|7 8 6 5 3 4 2 1 15 16 14 13 12 11 9 10
8|18 7 5 6 4 3 1 2 16 15 13 14 11 12 10 9
919 10 12 11 15 16 14 13 1 2 4 3 7 8 6 5
(10 9 11 12 16 1 13 14 2 1 3 4 8 7 5 6
1111 12 10 9 13 14 16 15 3 4 2 1 5 6 8 7
12|12 11 9 10 14 13 15 16 4 3 1 2 6 5 7 8
3113 14 15 16 12 11 100 9 6 S5 8 7 4 3 2 1
4114 13 16 15 11 12 9 10 5 6 7 & 3 4 1 2
5115 16 13 14 10 9 12 11 8 v 6 o5 2 1 4 3
616 15 14 13 9 10 11 12 7 8 5 6 1 2 3 4

Table 3. A @Q3-loop, Q4-loop, Q7-loop, Q12-loop, Qs-loop, Q11-loop (G, *)
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in loops (i.e. @s5,Qs,RQ9,Q10). Thus, we now have eight loop identities that
characterize Moufang loop.

Therefore, we have been able to identify a dozen second Bol-Moufang type identities
via nuclear identification, among which are first Bol-Moufang type identities (e.g.
Moufang) or relations of first Bol-Moufang type identities (RB, LB) or non-Bol-
Moufang type identities (LCC, RCC, Buchsteiner).

In [9], loop identities that split into at least two other loop identities (with at
least three variables) were nuclear identified (e.g. extra and Moufang). Also, loop
identities that do not split into at least two other loop identities (with at least
three variables) were also nuclear identified (e.g. left Bol, right Bol, LCC, RCC and
Buchsteiner). But, with our own nuclear identification model, loop identities that
split into at least two other loop identities (with at least three variables) were nuclear
identified (only Moufang) without the company of P,(z,y) or Py(x,y). While, loop
identities that do not split into at least two other loop identities (with at least
three variables) were also nuclear identified (e.g. left Bol, right Bol, LCC, RCC and
Buchsteiner) with the company of P,(z,y) or P\(z,y). Thus, Py(z,y) and Py(z,y)
are distinguishing features between our own nuclear identification model and that
of [9].

Note that a Qg-loop and ()11-loop are both Buchsteiner loops with 2-sided in-
verse. Hence, they are linked to Buch2SI in the following chain of varieties of
Buchsteiner loops (Csorgo [8]):

BuchCS C Buch2SI ¢ BuchWIP C BuchCC

where BuchCS, Buch2SI, BuchWIP and BuchCC represent the varieties of
Buchsteiner with central square, Buchsteiner with 2-sided inverse, Buchsteiner with
WIP and Buchsteiner that is a CC-loop respectively. The identities that describe
Qs-loop and @11-loop form two varieties of Buchsteiner loops. But we are not sure
if the varieties BuchCS, Buch2SI, BuchWIP and BuchCC have single identities
that describe them.

Just like the dozen laws of (Proposition 1.3, [9]) form four cycles, our dozen
laws also form four cycles as well (but in a sequential manner) and also form six
pairs of dual identities. Using twisted nuclear identification, the authors in [9] were
able to identify six identities of lengths four that describe the abelian group variety
and commutative Moufang loop variety (in each case). We also achieved a similar
result in this work with the discovery of six identities of length five that describe the
abelian group variety and commutative Moufang loop variety (in each case). This
second dozen of identities were also found to form six pairs of dual identities.



Code Autotopism Identity Label

(o s A i+ 4, — =) | (R2*(@)L ' (2)R(2), L(x), L' (2)) | a(yz-22) = ((xy - 2)r)z | O

(s s p s =, =, =, +) | (R(x), L %(@)R M (2)L(x), R (x)) | (yz-z2)r =y(a(z-22) | Qo

(b s As 3+, 4+, —) (R—*(z)L(z)R(z), L(x), L(x) (zy-z)-zz=2((yz-2)2) | Qs

(i potis == 1) | (B(@), L 2@ R@)L(2), Rx) |y (o -20) = (y(z - o2z |_Qu

(0.9, 10,05 == — 1) | (R(2), R @)L () R(z), B (2) | (yo - za)e = y((wz-a)) | Qs

(p,p, )\,P;+,+ +7—) ( (Z),R(Z),R2($)L($ R .I)) (xy'zx)'r:x((yz‘x)x) QG

(0,010 05 == +7) | (R (), R 2@ L(@)R(z), B () | (w2 o))a —yo- oz -2) |G

(0,00, 5152 —, =) | (L @), R@), @)L @B (@) | ally -22)e) = (g - 2)a)e |_ Qs

()‘7)‘ap7)‘;+7+3+7_) (:L‘),R(:L‘),LQ(Z')R(Z')L_l(SL‘ fL‘(l'y i Zl’) — (fE(l’ ) yz) z Q9

A= =+ 4) | (L2 @)R(@)L(x), L(x), L' (2)) | a(ey 2z) = (e(z-yx))z | Quo

A p A+, — =) | (L(x), R (@), L ()R (2) L~ (2)) | (2(wy - 2))z = 2(a(y - 22)) | Qu

A== —4) | (L2 (@)R@)L(), L (), L~ (2)) | 2((z-yx)z) = (z-ay) 2z | Qu

Table 4. Summary of new loop identities induced by nuclear identifications
Code Autotopism Identity Variety | Label

(s gt =) | (@), R 2@ L (@) R@),L (@) | o(ay-ze) —y((ez-w)s) | CML | @
(1 o135 = = — 1" | (L 2(@)R (@) L(w), Rw), R (2)) | (oy - z0)e = (a(e yo))> | CML | Q3
(ot ho i oot | (L), R 2@ L@R@), L) | oy (@z-2) = a(y(ze ) | ABG | Q4
(1 o, py 15—, =, 4, +)* (L=%(x)R(z)L(z), R(x), R(z)) (x-yx)-zx = ((z-zy)z)x | ABG 1
(ps s 1y 03— — —,+)* | (R72(x)L~Y(z)R(z), R(z), R () | (yx-z2)r = ((zy - z)z)2 CML :
(s A i+ +,+,—)" | (R(2), L(z), R*(z) L(x) R~ (x)) (yz-zz)z =x((yz-x)r) | CML | Q
(p,ps s p; — —+,H)* | (R2(x)L(x)R(x), R (z), R~ z)) | (zy-2)2)x = (yz-2)- 22 | ABG Q%
(0, s A po i+, — =) | (R(z), L~ (2), R*(2) L~ (@) R"'(2)) | 2((yz - 2)z) = ((y -2z)x)z | ABG | QF
MNP+, 4,4, ) (R(z), L(x), L?>(z)R(xz) L~ (x)) z(yx - x2) = (x(z - yz))x CML Q5
(>‘ )‘7“7)‘;_7_ +7+)* (L(l‘),L_2($)R_1($)L($),L_1($)) x(my-xz) :y(x(x~zx)) CML TO
O o s s = =) | (R (@), L), P@)R ()L @) | (aly - 22))7 = aelyz-2)) | ABG | Qi
A A —, — —+)* | (L7Yx), L 2(z)R(x)L(x), L~ (z)) | z(y(z-22)) =2y (z-22) | ABG Q79

Table 5. Loop Identities obtained by twisted nuclear identifications

GG HAIL HILONHT A0 SHILILNHAI JOOT MHUN HINOS 4O NOILLVOIAILNAAI YVATONN
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In the conclusion of [9], the authors pointed out the prospect of possibly using
another nuclear identification model to track down the LC, RC and C-loop identi-
ties which their own nuclear identification model could not track down (except if a
restriction in their code is expunged). It is worth mentioning that even though our
own nuclear identification model could not track down the LC, RC and C-loop iden-
tities, but Lemma 3.9 informs us that LC, RC loop identities imply P,(x,y), Px(z,¥)
respectively. Thus, some other nuclear identification models for identities of length
five that could track down the LC, RC and C-loop identities might exist.

Future Studies Definitely, the dozen identities discovered in this work are not the
only identities of second Bol-Moufang type. There is the need to know if there are
some more others that can be nuclear identified like the twelve of this work. Perhaps,
the extra law which we could not nuclear-identify could be nuclear-identifiable among
the future loop identities of second Bol-Moufang type.
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B-spline approximation of discontinuous functions
defined on a closed contour in the complex plane
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Abstract. In this paper we propose an efficient algorithm for approximating piece-
wise continuous functions, defined on a closed contour I' in the complex plane. The
function, defined numerically on a finite set of points of I', is approximated by a
linear combination of B-spline functions and Heaviside step functions, defined on I'.
Theoretical and practical aspects of the convergence of the algorithm are presented,
including the vicinity of the discontinuity points.
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Keywords and phrases: piecewise continuous function, closed contour, complex
plane, approximation, B-spline, step function, convergence.

1 Introduction and problem formulation

Let I' be a simple closed contour in the complex plane that includes inside it the
origin of coordinates and f : I' — C is a function defined at the points of this
contour. Let the function f € PC (I'), where PC (I') is the set of all continuous or
piecewise continuous functions on I'. If the function f € PC (T') is discontinuous on
I', we consider that it has finite jump discontinuities, being left continuous at the
discontinuity points.

In multiple practical situations the function f is not defined analytically, but
by its values on a finite set of points. In this paper we aim to develop an efficient
algorithm for approximating the function f € PC (T"), defined numerically on the
set {t;} of points belonging to the contour I'.

The proposed approximation algorithm is based on the concept of B-spline func-
tions, defined on the contour I'. The spline functions, defined on the Jordan curve
I' in the complex plane, have been introduced in the paper [1] and the B-spline
functions — in [2]. For B-spline functions, some properties analogous to those that
occur for B-splines defined on a segment of the real axis have been proved.

For two points t1,to € I' we use the notation t; < t9 if when traversing the
contour I" in counterclockwise direction we meet first the point ¢1, and then ty (see
Figure 1). Let t; <t2 < ... <t, (< t1) be a set of distinct points of the contour T'.
We denote by I'; := arc|tj,tj+1] the set of points of the contour I', located between
the points ¢; and ;1.

Let the positive integers m,n > 2. The spline function s (¢) of order m, defined
on the contour I'; satisfies the following properties:

(© Maria Capcelea, Titu Capcelea, 2022
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Figure 1: The type of contour and notations used

a) s € C™2(I);

b) the restriction of s on I'; for j = 1,...,n is a polynomial of degree m — 1.

The set of all spline functions of the order m forms the linear space Sy, . In [1]
it is shown that any continuous function on I' can be approximated uniformly on I'
with a linear (m = 2) or cubic (m = 4) spline function.

In [2] the B-spline functions of order m > 2 on the contour I' are defined, based
on the recursive formula

m t—1; t; —t
B, i (t) := J B _1.:(t gm0
i (1)1 2 (T B () + 22

Bm,LjJrl (t)) 5 j = 1, ey N
(1)

if t€arclt;,t; o
s t5+1) Also, it is shown that the set of

1
where By (t) = ¢ fi+17l )
’ 0 otherwise

B-splines {By. 1, ..., Bmn} forms a basis of the space Sy, ,, of spline functions on I'.
It follows that any continuous function on I' can be uniformly approximated on I' by
a linear combination of B-spline functions. Now we intend to study what happens
when the approximated function f has discontinuities on I'.

The case when the piecewise continuous function is defined on a closed interval
[a,b] of the real axis is examined in [3]. In this paper it is shown that at the
approximation of the discontinuous function f € PC ([a,b]) with spline functions
of order m > 2, we do not have uniform convergence, because in the vicinity of
the discontinuity points we have strong oscillations of the spline values around the
values of the function f. When amplifying the number of nodes on which the spline
is built, the amplitude of the oscillations does not tend to zero. When we move
away from the points of discontinuity, the approximation becomes uniform and the
error can be evaluated based on the relationships established at the approximation of
continuous functions. Also, in [3] it is shown that the oscillating effect in the vicinity
of discontinuity points can be annihilated if the approximation is constructed as a
linear combination of m-order B-spline functions. Moreover, in order to construct a
piecewise continuous approximation, which converges uniformly to the function f, a
linear combination of B-spline functions and Heaviside step functions is considered.

Next, we apply the approach proposed in [3] and study the convergence of the
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linear combination of B-splines on I" to the function f € PC (T'), and as a result we
present an algorithm for approximating the function f. The algorithm is efficient
in the sense that it achieves a uniform approximation of the function f on the
whole contour I', but also due to the fact that it consumes a limited amount of
computational resources.

2 Approximation of function by a linear combination of B-splines

Let a closed and piecewise smooth contour I' be the boundary of the simply con-
nected domain Q7 C C. Let the point z = 0 € Q7. Consider the Riemann function
z = 1 (w), that performs the conformal map of the domain D~ from the outside
of the circle I'y := {w € C: |w| =1} onto the domain Q~ from the outside of the
contour T, such that 1 (00) = oo, 9’ (00) > 0. The function 9 (w) transforms the
circle I'g onto the contour I'. Next, we consider that the points of the contour I' are
defined by means of the function 1 (w).

Let {t; };.“:31 be the set of distinct points of the contour I' where the values of the
function f € PC (I') are defined. We consider that the points t; are generated based
on the relation

ti =1 (w;), wj = ' 0;=2m(j—1)/np, j=1,...,np.
Thus, the variation of the parameter # ensures a uniform coverage of the interval

[0,27] and the points t; are distributed over the entire contour I'.
As a set of nodes on which the B-spline functions of order m (m <mnpg) are

. B np+m B
constructed (see formula (1)), we consider the set {tj} , where t7 = t;,
i=1
j=1,..np,and t§ . =tP 8 =47 5 . =tD.

We construct the approximation of the function f(¢) in the form
Ong (t) = D05, B (t), where the coefficients ay, € C, k= 1,...,np, are deter-
mined imposing the interpolation conditions

f (tjc) = Qng (tjc) , j=1,...,np. (2)

The set of nodes of the B-spline, arranged in a certain order, is considered as inter-
polation points tjc.

The system of equations (2) can be written as BZ = f, where
_ _ C = _ F_ Cc\\"B
B = {mj,k}?ﬁ:p Mk = Bk (tj ) » T= {O‘k}ZEw f= {f (tj )}j:1'
To approximate the function f(¢) we use the B-spline functions of order

m € {2,3,4}. Based on formula (1) one can deduce the following explicit repre-
sentations for the B-splines By, (t) (k=1,...,np):
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For m = 2:
2(t —t8 )
T )
Boy (t) = 2(t8 ., —t .
T iy e it
0 otherwise
For m = 3:
3(t—tB)? , .
(B —iF) (s~ ) (1, i) el ti)
3(ILi+ L) iftearc|th ,t8,,)
B3,k (t) = B 2
3 (tk+3 - t) if ¢ tB tB
By 10 (B ) (g 1By el tiss)
0 otherwise
where s
Il — (t - tk ) (tk+2 - t)
(s =) (e —tF) (the — th)
L (t—1f0) (Fey 1)
T (P —tD) (B — ) (P — 1)
For m = 4:

1 -p)°
(t£+4 o th) (th+3 - tf) (t£+2 - tf) (tfﬂ o th)
A(Is+ 1) ift € arc [t 18,
By (t) =< 4(I5+Is) if t € arc[t5, 4,8, 4
4(tg, , —t)

(t£+4 - th) (th+4 - tfﬂ) (t£+4 - th+2) (th+4 - th+3)
0 otherwise

ift € arc [tf,tEH)

oN—"—

if t € arc [tf+3,tf+4)

where
e 178 (131 . (1= 1f21) (tFis —1) )
. s bl
g — (P —t7) (s — 1) (e — t21)
o (t =) (th,r 1)
’ (t1§+3 - tf) (tE+2 - tl?) (t1§+2 - tl?—l—l)
I = (th+4 B t) (t B th+1)2
4=

(tl?+4 - tE) (tf+4 - tl?—f—l) (tl?+3 - tf+1) (tf+2 - tf+1) 7
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(tRes —1)° (t = 1)

I5 =
(th+4 - tf) (tf+3 - th) (th+3 - th+1) (tf+3 - tf+2) ’
fy oo tEea =t <I61 . (t = ths) (tPrs— 1) )
o=t \ 7 (R — ) (s — tFe) (s — 1))
(t B tfﬂ) (t£+3 B t)
I =

) B B B B B B\’
(s = ti) (s — t01) (s — 1)
It can be seen that the B-spline functions B,, j (t) have the support on the curve

np
arc [tf, t£+m)' This leads to a sparse matrix B = {Bmk (tjc) }j - in the system

of equations (2). On the one hand, it can be considered as an advantage because
small computational resources can be involved when calculating the solution to the
system (2). On the other hand, it is possible that the determinant of the matrix B
to be equal to zero.

The location of the interpolation points tjc on the contour I' has a direct influence
on the conditioning of the matrix B = {mj,k}?ﬁ:l in the system (2). In order to
ensure the good conditioning of the matrix B, it is proposed the interpolation points

t]C to be selected as follows.

For m = 2 we consider tjc = tfﬂ, 7 =1,...,np, and in this case the matrix B

has a diagonal structure with non-zero elements on the main diagonal, that means
most often in practice that it is a well-conditioned matrix.

For m = 3 and m = 4 we consider t]C = tf+2, j=1,...,np, and in this case, for
m = 3, the matrix B has a bidiagonal structure, and for m = 4 it has a tridiagonal
structure. Matrix B has non-zero diagonal and codiagonal elements and, as a rule,
it is well conditioned.

After determining the solution aj € C, kK = 1,...,np to the system (2), we
construct the approximation @y, (t) == > 32, apBpk (t) of the function f (t) and
calculate its values at points ¢ € I'. In the presented approximation algorithm there
are two problems:

1. The graph of the function ¢y, (t) passes through the origin of coordinates,
even if f(t) # 0, Vt € T'. To overcome this problem, we proceed as fol-
lows. If f(tg) # 0, where ty = ¥ (ewo), fp = 0, then from the table with
generated values of the approximation ¢, , (t) (calculated for the parameter
9 € [0,2), starting with 6§y = 0), we eliminate the first values ¢y, () for which
|<Pn3 &) —f (t0)| > €1, where 1 is a small value, for example, €1 = 0.01.

2. The approximation curve ¢, , (t) is continuous, being generated as a linear
combination of continuous B-spline functions. Therefore, at the points of dis-
continuity of the function f (), we have no "breaks” of the graph of the func-
tion ¢, (t), but continuous connections of its values. Thus, often the graph
of the function ¢, (t) has a distorted aspect compared to the graph of the
approximated function f(t). Next, we present an algorithm that allows to
overcome the mentioned difficulty.
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3 Approximation of function through a linear combination of B-
spline and Heaviside functions

We admit that the values of the function f are known at the discontinuity points
td, r =1,...,npd, on the contour I'. For the function f, defined numerically, in [4]
and [5] several algorithms have been proposed for establishing the locations of the
discontinuity points on T'.

We construct the approximation ¢, in the form

npd

Pl (1) = 3 kB (0 + 30 B (1= 1) @
k=1 r=1

where H is the Heaviside function on the contour I', defined as follows

H(t—td> |0 ift€F1U...UF3_1Uarc[tSB,tf)
") L iftearc [t tB ) Ul U Uy,

I's=arc [tSB,tSB+1] , tf els.

We determine the coefficients o, k=1,...,npg, and 8., r =1,...,npd, from the
interpolation conditions

FE) =l (t5), §=1,...,n,

where n := np + npd, and the interpolation points tjc, j =1,...,n, are chosen as
follows:

e the first np points tjc, j =1,...,np, are identical to those used to determine
the solution to the system (2);

e the remaining npd points are considered as discontinuity points of the function

f.

If among the points tjc, j = 1,...,np, there are points of discontinuity

t‘; = (eieg ) of the function f on I', then instead of them we consider the points

t~‘; =1 (ei(%’i*@)), where €5 > 0 is a small value, for example, e2 = 0.01. Since the
function is left continuous, for a sufficiently small 9, it can be considered that the
value of the function f at point tN? coincides with its value at point t?.

The term >~ 2; By, i, (t) in relation (3) defines a continuous function on I, that
approximates the aspect of the pieces of the graph of the function f corresponding
to the arcs of the contour I" between the points of discontinuity. The coefficients
Or, 7 =1,...,npd, define the "jumps” of the pieces of the graph at the discontinuity
points tZ, so that each term 8, H (t — tf) determines the displacement of the piece
of the graph Y /', ay By, i (t), corresponding to the points of ', which are located
after the discontinuity point t¢ when traversing the contour I' in a positive direction.
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4 Numerical example

Consider the Riemann function z = 1 (w) that performs the conformal transforma-
tion of the set {w € C: |w| > 1} on the domain Q™ from the outside of the contour
I as ¢ (w) = w+ 1/ (3w?). Thus, ¢ (w) transforms the unit circle Ty onto the
astroid T" (see Figure 2).

051

Im(z)
o

-05¢

Re(z)

Figure 2: The contour and discontinuity points

For testing purposes, we consider the function of a complex variable f given
analytically on I':
t3if 6 € (0, 1]
—cos (t) if 6 € ({1, ()
ft)y=q e if 0€ (¢, G ;
t?Re (2t) if 0 € (¢3, (4]
t?Re (2t) if 0 =0

where (; = /4, (o = 3n/4, (3 ="Trw/4, {4 = 27. The function f has npd = 4 jump
discontinuity points on the contour I' corresponding to the points t? = (eigﬂ'),
j=1,...,4 (see Figure 2 and Figure 3).

2 2
—The arc corresponding to F‘
! == == The arc corresponding to I'.
15 15¢ z 9ty
....... The arc corresponding to F3
i = = == The arc corresponding to T,
1 1t It
.
.
S
Y
0.5 05+ LY
.
- *
' LA
- Al

0 Or :- ¥ -
< ~ - o _—"
B -
05 05} PR o
2

Figure 3: Graph of the function Figure 4: Combination of B-splines
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The approximation algorithm takes as initial data the values f; of the function
f at the points

t; =1 (eiej) €l, 0;=2r(j—1) /np, np €N, k=1,...,np.

Let the number of points where the values of the function f on I' are given be
np = 320. Considering the approximation by linear combination of the form (3),
where B-spline functions of order m = 4 are involved, we determine the solution
to the system of equations BT = g, where T = (al,...,anB,ﬁl,...,ﬁnpd)T, g =

(f (ti) )y f (t%))T’ n=npg-+ npd, and

Bui () Bung () H(5—t) o H(tg—1,,)

Bui (t&) -+ Bumng (t9) H(t5—tf) - H(lf%—tﬁpd)

The coefficients aj, ..., an, specify the linear combination of B-splines (see the
graph in Figure 4), and the coefficients

By = —0.7744 + 0.0439i, o = 1.1119 — 0.01264,
B3 = 0.2962 + 0.2465i, By = —2.2529 — 0.0033i,

n
establish approximations of displacements of the pieces of the graph ZB ar B,k (1),
k=1
corresponding to the arcs between the discontinuity points (compare the data in
Figure 2 and Figure 3).
For values np = 160 and np = 320 in Figure 5 and Figure 6 the error obtained
at the approximation of the function f by gonHB is presented. It can be seen that the
maximum error decreases significantly for np = 320.

0.25 0.035
0.03-
0.2
- . 0.025F
= 015 = oo02f
oF =
- = 0.015-
g 2
0.01
0.05
0.005
0 l 0
0 500 1000 1500 2000 0 500 1000 1500 2000
Number of the point t Number of the point t

Figure 5: The approximation error for  Figure 6: The approximation error for
nB=160 nB=320

This work is an outcome of research activity performed as a part of the project
20.80009.5007.13 ”Deterministic and stochastic methods for solving optimization
and control problems”.
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On recursively differentiable k-quasigroups

Parascovia Syrbu, Elena Cuznetov

Abstract. Recursive differentiability of linear k-quasigroups (k > 2) is studied
in the present work. A k-quasigroup is recursively r-differentiable (r is a natu-
ral number) if its recursive derivatives of order up to r are quasigroup operations.
We give necessary and sufficient conditions of recursive 1-differentiability (respec-
tively, r-differentiability) of the k-group (@, B), where B(z1,...,x5) = 1 - T2 -
Tk, VT1,22,..., 2k € Q, and (Q,-) is a finite binary group (respectively, a finite abelian
binary group). The second result is a generalization of a known criterion of recursive
r-differentiability of finite binary abelian groups [4]. Also we consider a method of
construction of recursively r-differentiable finite binary quasigroups of high order r.
The maximum known values of the parameter r for binary quasigroups of order up to
200 are presented.

Mathematics subject classification: 20N05, 20N15, 11T71.
Keywords and phrases: k-ary quasigroup, recursive derivative, recursively differ-
entiable quasigroup.

The notions "recursive derivative” and ”recursively differentiable quasigroup”
were introduced in [1], where the authors considered recursive MDS-codes (Maxi-
mum Distance Separable codes). The recursive derivative of order ¢ > 0 of a k-ary
groupoid (Q, A) is denoted by A® and is defined as follows:

A0 = 4,
AD (k) = A(wpypq, ooz, AQ (2F), ., A (@R if 1 <t < Ky

AW (k) = A(AER) (k) A (2h)) if t > k Vo, .., 2 € Q,

where we denoted the sequence 1,2, ...,zx by z¥. A k-ary quasigroup (@, A) is

called recursively r-differentiable if the recursive derivatives A©), AM . A" are
quasigroup operations (r > 0).
The length n of the codewords in a k-recursive code

C(n, A) = {(z1, ..., zp, A (&F), ..., ACE=D (k) |2y, . 2 € Q)

given on an alphabet @ of ¢ elements, where A : Q¥ — @ is the defining k-ary
quasigroup operation, satisfies the condition n < r + k+ 1, where r is the maximum
order of recursive differentiability of (Q, A). On the other hand, C'(n, A) is an MDS-
code if and only if d = n — k + 1, where d is the minimum Hamming distance of
this code. At present it is an open problem to determine all triplets (n,d,q) of
natural numbers such that there exists an MDS-code C' of lenght n, on an alphabet
of ¢ elements, with |C| = ¢* and with the minimum Hamming distance d, for each
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k > 2. This general problem implies, in particular, the problem of determining the
maximum order of recursive differentiability of finite k-ary quasigroups (k > 2).

t
Let (Q,*) be a binary quasigroup. Denoting by * the recursive derivative of
order t of the operation *, we have:

0

XY =T %1,

1
rxy=yx*(x*y),

miy:(:vtfy)*(xt;ly),Vt22ande,y€Q.

It is known that there exist recursively 1-differentiable binary finite quasigroups
of any order, except 1, 2, 6, and possibly 14, 18, 26 and 42 [1]. Some estimations of
the maximum (known) order r of recursive differentiability of finite n-quasigroups
(n > 2) are given in [1-4]. General properties of recursively differentiable binary
quasigroups are studied in [4,6,7].

The recursive differentiability of k-ary quasigroups is closely connected to the or-
thogonality of the recursive derivatives [1,4,6]. It is shown in [1] that a k-quasigroup
defines an MDS-code of length n if and only if its first n — k — 1 recursive derivatives
are strongly orthogonal. Hence the defining k-quasigroup operation of a recursive
MDS-code of length n is recursively (n — k — 1)-differentiable. On the other hand,
it is known that a system of binary quasigroups is strongly orthogonal if and only
if it is (simply) orthogonal [5]. Another ”special property” of binary quasigroups is
given in [1]: the recursive derivatives of order up to r of a finite binary quasigroup
(Q, x) are quasigroup operations if and only if (Q, *) defines a recursive MDS-code
of length r + 3. So, a finite binary quasigroup (Q, *) is recursively r-differentiable if
and only if its recursive derivatives of order up to r are mutually orthogonal. The
last statement implies the fact that there do not exist recursively 1-differentiable
quasigroups of orders 2 and 6 and that r < ¢ — 2, where ¢ = |@Q| and r is the order
of the recursive differentiability of the quasigroup ). Recall that there do not exist
orthogonal latin squares of order 2 or 6, and the number of mutually orthogonal
latin squares on a set of ¢ elements does not exceed ¢ — 1 [5]. The mentioned above
results imply the following lemma.

Lemma 1. The mazimum order r of recursive differentiability of a finite binary
quasigroup of order q satisfies the inequality r < q — 2.

It is shown in [1] that there exist recursively (¢ — 2)-differentiable finite binary
quasigroups of every primary order ¢ > 3. However, it is an open problem to find the
maximum order r of recursive differentiability of finite k-ary quasigroups of order ¢,
for k > 2 and non-primary gq.

Recursive differentiability of linear n-ary quasigroups (n > 2) is studied in the
present work. In particular, we give necessary and sufficient conditions of recur-
sive 1-differentiability (respectively, r-differentiability) of an n-group (Q, B), where
B(z}) = x1 - x2 - ... - Ty, V21, X2, ..., Ty € Q, and (Q, ) is a finite binary group (re-
spectively, a finite abelian binary group). The second result is a generalization of
a known criterion for finite binary abelian groups, given in [4]. Also we consider a
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method of construction of recursively differentiable finite binary quasigroups of high
(in particular, maximum) order r. The maximum known values of the order r of
recursive differentiability of finite binary quasigroups of order up to 200, are given
in Table 1.

Lemma 2. Letn > 2 and let (Q;, A;) be a recursively r;-differentiable n-quasigroup,
i=1,...,m. Then the direct product (Q1 X ... X Qm, B),

B((x11")s - (2p1")) = (A1 (211), ooy Am (2T0), (1)
V(zim), ., () € Q1 X ... X Q, is a recursively r-differentiable n-quasigroup, where
r= mm{rl, oy T )

Proof. Remind that an n-ary groupoid (Q, B) is an n-ary quasigroup if each element
u; in the equality B(uq,...,un) = Up41 is uniquely determined by the remaining n
elements. Hence, we get from (1) that (Q1 X ... X @, B) is an n-quasigroup. To
find the recursive derivatives of B we’ll consider the following two cases:

(i) 1<t<n
BO((2{), ..., (")) =

= B((z iﬂﬁn) (@), BO((2AT), oy (@3)), ey B (247, oo, (a7)) =

B((z tim (@), (A (@), ooy AR (@), ey (AL (@), A (@) =
= (AP (@), .., AR (2m);

(ii) t>n

BO((@), . (227)) = BBUM (@), (225)), ooy, BED (), ooy (a2))) =

= B(AY (@), oy AN (2, ey (A (2 AR () =
= (A (AT @), e AT @), ey A (AT (@, ASTD (2 =
= (AV (@), ooy A (2.
Hence, B xl T = '), .. Apl (2 , for every t > 1 an
O(@}p), s (23) = (AP @), s AR (@), £ d

nl

every (z{T), ..., (2 ) € Q1 X ... X Qm. As each of the operations Ay, ..., A, is
recursively 7- dlfferentiable, where r = min{ry, ..., }, we get that B is recursively
r-differentiable. O

Proposition 1. Let (Q,-) be a finite binary group and n > 2. The n-ary group
(Q, B), where B(z) = x1-x2-...-Ty, VX1, T2, ..., Ty € Q, 15 Tecursively 1-differentiable
if and only if the mapping x — x2 is a bijection in (Q,-).

Proof. The n-group (Q, B) is recursively 1-differentiable if and only if the recursive
derivative B is a quasigroup operation, i.e. if and only if in the equality

BW(zq,...,x,) = b, (2)

every n elements uniquely determine the remaining (n+1)-th one. Taking z; = a; €
Q@ in (2), for every j = 2,...,n, we get the equation x; - ag - ... - a, = b, which has
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a unique solution in Q. For i € {2,...,n}, taking x; = a; € Q,Vj #1, j € {1,...,n},
we have:

B(l)(al, ey A1, Ty A1, ...,an) =b&
= B((ZQ, ey A1, T4, A4 11, ...,an,B(al, ey A1, T4, Q511 ...,Cbn)) =b&
<:>a2-...'ai_1-xi-aiﬂ-...-an-al-...-ai_l-xi-aiﬂ-...-an:b@
~ ((11 RETTR ¢ 7 B o7 R T B an)2 =aj - b.

Hence, denoting aq - ... - a;—1 * ; - Gjtq - ... - Gy by y, we get that the n-group (Q, B)

is recursively 1-differentiable if and only if, for each b € @, the equation y? = b has
a unique solution. O

Corollary 1. There exist finite recursively 1-differentiable n-quasigroups of any odd
order q > 3, for every n > 2.

Proof. This statement follows from the fact that the mapping x — =2 is a bijection
in every finite binary group of odd order ¢ > 3. U

Theorem 1. Let (Q,-) be a finite binary abelian group and let n > 2,7 > 1 be

two natural numbers. The n-ary group (Q, B), where B(z}) = x1 - xg - ... - Tp, for
EVETY X1,X2,...,Tyn € @, is recursively r-differentiable if and only if the mappings
x — 2% are bijections in the group (Q,-), Vi = 1,...,n and Vk = 1,...,r, where

the sequences (s¥)i>o are defined as follows:

1. k=0
si=..=80=1;
2.1<k<n
sfzsg—i-...—i—sf*l, Vi=1,...,k;
sE=14s)+. .+ Vi=k+1,... n;
3. k>n
sf=si "4 s =1, n.
Proof. As (Q,) is an abelian group and B (z}) =z - ... - z,, the recursive deriva-
tives B(Y and B® as follows:

BW(z7) = B(xg, .o, BO@)) =20 - oo -y -1 - ooy = 1 - 25 - - T2
B®@(27) = B(x3, ..., 0, BO(2}), BW(2})) =23 .- Ty -1 - o - Ty - Ty - TF - 22 =
—2adeah
Let denote B(k)(a:’f) = xi}f . x;éc Ce a:fﬁ, for every k > 0. To find the sequences

(sf)kzo, where 1 = 1,...,n, we will consider the following two cases:
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1. 0<k<n
B®(a7) = B(gy1, ..o tn, BO(a]), .., BE=D (21)) =

s9 sY sh=1 k—1
= Thgl oo Ty n T e T T X =
_ _ k—1 _
— st syt . . 82+'~~+5£ ! . 1+52+1+"'+5k+1 . . 1480+ Asht
=T e T Ty et T X

2. k>n

B®(at) = B(B* ™ (a}), .., B* D (af)) = B*M(af) - ... BED(af) =

k—n k—1 _ _
e R
The recursive derivatives B®) where k = 1,2.....r, are quasigroup operations
b ) b ) )

if and only if the mappings z — 2% are bijections in the group (Q,-), Vi=1,...,n
and Vk=1,...,r.
]

Corollary 2. [4] A finite binary abeliankgmup (Q,-) is recursively r-differentiable
(r > 1) if and only if the mappings x — x® are bijections, Vi = 1,2 and Yk = 1,...,r,
where the sequences (s¥)i>0 and (s§)k>o are defined as follows:

=s8=1; sl =1,s1 =2 sf :sf_2—|—sf_1,Vk >2,Vi=1,2.

Note that (s¥)g>0 and (s5)x>0 are Fibonacci sequences.

We will give bellow an algorithm of construction of binary linear (over Z,) quasi-
groups, which are recursively differentiable of high order.

Lemma 3. [7] If (Q,*) is a binary quasigroup then, for every x,y € Q and ¥s > 1,

xiy:ysgl(az*y). (3)

Lemma 4. Let a € Z\{0} and  xy = ax + y,Vx,y € Z. The following statements
hold:

1. There exist us, vs € Z such that x o Y = usT + vy, Vr,y € Z,Vs > 1;

2. Ifn > 2 is a natural number, k € {1,....n—1} and a = n—k, then there exists
bs+2 € Z such that vsyo = nbs_o + (—kcs + cs41), for Vs > 1, where ¢s and
cs+1 are the rests from dividing vs and vsy1 by n, respectively.

1
Proof. 1. In this case * x y = y * (x xy) = ax + (a + 1)y,Vo,y € Z. Denoting
-1
z "% Yy = us—1Z + vs—1y and using the mathematical induction and (3), we get

S
TH Y =Us—1Y + Vs—1(aT + Y) = avs 17 + (us—1 + vs-1)Y.

2 1
2. Asz % y=(x % y)* (x % y) = (aus +usy1)x + (avs + vs11)y, the following
equalities hold:
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Vsyo = Vs + Vg1 = (n — k)(nbs + ¢5) + (nbsy1 + cs11) =
= n(nbs + ¢s — kbs + bs+1) + (—kcs + cs41),

where ¢s and cg41 are the rests from dividing vs and vsy1 by n, respectively.
O

Now, let consider the operation z *y = ax + y on the ring Z,, of integers modulo
n, where (a,n) = 1. Then (Z,,*) is a quasigroup and, according to the previous
lemma, there exist ug, s € Z, such that = ¥ Y = Usx + Ugy, Vs > 0.

Theorem 2. Let n > 2,a = n — kk € {l,..n — 1},(a,n) = 1 and

x*xy = ar +y,vr,y € Zy. If, for some s > 1, the recursive derivatives (Zn,i)

1 2
and (Zn, % ), where x ¥ Yy =Wr + Ty, i = 8,5+ 1, are quasigroups, then (Zy, % )

is a quasigroup if and only if (—kcs + csy1,n) = 1, where ¢s and cs11 are the rests
from dividing vs and vsi1 by n, respectively.

s+2 _
Proof. We have: x "% y = Usi2% + Us12y = QUs112 + (Ust1 + Ust1)Y, SO Usy2 =
Ust1 + Usy1 = —kcs + csy1, where ¢ and cg41 are the rests from dividing vs and

1
vs+1 by n, respectively. If (Z,, i) and (Z,, % ) are quasigroups, then (avsyq1,n) =1,
2
hence (Zy, * ) is a quasigroup if and only if (—kcs + cs41,n) = 1. O

Using Theorem 2, we get, for example, that the quasigroups (Z7, %), x*xy = 4z+vy,
and (Z11, %), xxy = 3x+y, are recursively 5- and 9-differentiable, respectively. Recall
that the order r of recursive differentiability of a binary quasigroup, defined on a set
of q elements, satisfies the inequality » < ¢g—2. The following corollary gives all values
of the element a such that the quasigroup (Zy, *), where z xy = @z + y,Vz,y € Zy,
is recursively differentiable of maximum order, for each odd prime p, up to 19.

Corollary 3. Let (Zy,*), where x xy = ax + y,Vx,y € Zy,, be a quasigroup. The
following statements hold:

1. (Zs,*) is recursively 1-differentiable if and only if a = 1;

2. (Zs,*) is recursively 3-differentiable if and only if a = 3;

3. (Z7,%) is recursively 5-differentiable if and only if a =1 or 4;

4. (Z11,%*) is recursively 9-differentiable if and only if a = 3 or 4;

5. (Zy3,*) is recursively 11-differentiable if and only if a = 5,8 or 11;
6. (Z17,%) is recursively 15-differentiable if and only if a =7 or 10;

7. (Zy9,*) is recursively 17-differentiable if and only if a = 1,5 or 7.
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The known estimations ry < r of the order r of recursive differentiability of
binary finite quasigroups of order ¢ < 200 are given in the following Table 1. In
the cell with coordinates (m,k) we give the known value of the parameter r for
quasigroups of order m + k. Remark that the cell (0,0) contains the known value
of r for the quasigroups of order 200. An analogous table containing the maximum
known length of recursive MDS-codes, defined by quasigroups of order up to 100, is
given in [2] and we use it in the first ten lines of Table 1.

o] 1] 2 AT 5] 6] 7] 8[ 9
0200) [r=2| o] o 1| 2| 3[ 0| 5| 6] 7
10 1 o 1| 1| 2| 1| 15| 2] 17
20 o 2| 1| 21| 2| 23| 2| 25| 2] 27
30 1] 2930 1| 1| 3| 1| 3| 1| 2
40 1] 39 2| 41| 2| 1| 1| 45| 1| 47
50 Al 1] 2| 51| 3| 3| 5| 4| 4| 57
60 2 59| 3| 562 4] 3| 65| 3| 3
70 a6 6| 71| 3 3| 3| 5[ 4| 77
80 51 79[ 3| 81| 4| 4| 4 3| 6| 87
90 3| 5[ 4| 3| 4| 4| 4 95| 4| 7
100 2 99| 1101 | 6| 1| 1[105| 1] 107
110 1| 1] st | 1| 3 2| 1| 1[ 5
120 1[119] 1| 1] 2123 1[125]126] 1
130 1[129] 1| 5[ 1| 1| 6[135| 1] 137
140 2 1| 1| o 1| 3| 1| 1| 2]147
150 1[149] 6| 1] 1| 3| t|155] 1] 1
160 3 5| 1|61 2| 1] 1|16 1] 167
170 1| 1] 21| 1| 35| 1| 1177
180 2179 1| 1 6 3] 1| o 2| 1
190 1189 1|10t 1| 1| 2[195| 1]197

Table 1. Estimations of the parameter r
(order of recursive differentiability) in the case of binary quasigroups
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Limits of solutions to the semilinear plate equation
with small parameter
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Abstract. We study the existence of the limits of solutions to the semilinear plate
equation with boundary Dirichlet condition with a small parameter coefficient of the
second order derivative in time. We establish the convergence of solutions to the
perturbed problem and their derivatives in spacial variables to the corresponding
solutions to the unperturbed problem as the small parameter tends to zero.
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1 Introduction

Let Q C R™ be an open and bounded set with the smooth boundary 0€2. Consider
the following initial boundary value problem for the plate equation:

cug(x,t) +ug(w,t) + A%u(z,t) + B(u(t)) = f(z,t), (z,t) € Qx (0,7T),

u|t:0 = ug(z), ut|t:0 =uy(x), =€Q, P.)
,pg = ae| =0, t>0,
€N OV lweon

where 7 is the outer normal vector to 0f2 and ¢ is a small positive parameter.

We study the behaviour of the solutions to the problem (P:) as ¢ — 0. It is
natural to expect that the solutions to the problem (FP.) tend to the corresponding
solutions to the following unperturbed problem:

v(m,t) + A%v(z,t) + B(v(t)) = f(z,t), (z,t) € 2x (0,T),

|,y = uo@(x), x €, ()
V|, = oo =0, t>0,
T€ Jplzean

as e — 0.
We investigate two cases: the first case when the operator B is Lipschitzian and
the second case when the operator B is monotone.
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The main results are contained in Theorems 8 and 9. Under some conditions on
ug, w1 and f we prove that

u—wv in C([0,T); L*(Q)) N L>(0,T; H*(R)), as e — 0. (1)

This means that the perturbation (F:) of the system (Fp) is regular in the indicated
norms. At the same time, we prove that

u —v —ae = 0in C([0,T); L*(Q)) N L=(0,T; H(Q)), o #0, as € — 0. (2)

It means that the derivatives of the solutions to the problem (P.) do not converge
to the derivatives of the corresponding solutions to the problem (Fp), as ¢ — 0.
The relation (2) shows that the derivative «’ has a singular behaviour, as ¢ — 0, in
the neighborhood of ¢ = 0. This singular behaviour is determined by the function
ae /¢, which is the boundary layer function and the neighborhood of t = 0 is the
boundary layer for u'.

The proofs of the relations (1) and (2) are based on two key points. The first
one is the relationship between the solutions to the problem (Fy) and (FP:) in the
linear case (see Lemma 3 and Theorem 7). The second key point is the a priori
estimates of the solutions to the problem (P.), which are uniform relative to the
small parameter ¢ (see Lemmas 1 and 2).

The singularly perturbed nonlinear problems of hyperbolic-parabolic type were
studied by many authors. Without pretending to a complete list of the papers in
this area, we mention the works [4-11] containing a wide list of references.

In what follows, we use some notations. For m € [1,00) denote by

L(Q) = {f 200 — C; /Q F(2)|™ dz < o0},

the Banach space, endowed with the norm

1llmey = ( [ 1@ dz) "

and for m = oo denote by
L>(Q) ={f:a.e.Q — C;ess supq |f(x)| < oo}
the Banach space, endowed with the norm

|1l oo () = ess supg | f ()]

By L2.(€2) denote the space of integrable functions on each compact K CC .
Denote by W5™(Q) the Banach space of all elements of L™(Q) whose derivatives
0%u in the sense of distributions up to the order [ belong to L™(€2). The norm in
Wh™(Q) is defined as

/m
lallweniey = ([ 3 foum o)™,

Q lao<i
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By W5 (Q) denote the local Sobolev space, i.e. a function u € W/:™(Q) if

loc loc

u E WH™(K) for every compact K CC €.
For k € N we denote by H*(Q) (H°(Q) := L?(Q)) the usual real Hilbert spaces
equipped with the following scalar product and norm:

1/
(57) e /28“ D v()dz, Nl = ([ 3 oru)ar) "

o <k o lal<k

Denote by HE(S2) the closure of C§°(9) in the norm of the space H*(Q2). By
H=F(Q) denote the dual space of H}(Q), i.e. H *(Q) = (HE(Q)).

Denote by V the space V = {u € H*(Q);u|sq = &—Qf|3g = 0}, endowed with the
v

norm of the space H?(2), and by V' the dual space of the space V. We will write
(+,+) to denote the pairing between V' and V. Also denote by

(u,v)Z/U(ﬂf)v(fC)dﬂc, ul = [[ullL2 (@), [lull = [lullg2(@)-
Q

Let X be a Banach space. For k € N, p € [1,00) and (a,b) C (—o00,+00)
we denote by W*P(a,b; X) the usual Sobolev space of the vectorial distributions
WhP(a,b;X) = {f € D'(a,b,X); f¥ € LP(a,b;X),l = 0,1,...,k} equipped with

the norm
1 llweaasx) = (Zuflumbx)

For each k € N, WW"*(a,b; X) is the Banach space equipped with the norm

— ®
[ koo apix) = Iglagiﬂf I 220 (a,b5x) -

For s € R, k € N and p € [1, 00| we also denote by
WEP(a,bs H) = {f : (a,b) — H; fO(-)e*" € LP(a,b;X),1 = 0,... Kk}

the Banach space, endowed with norms ||f|[;».»(a, b; X) = ‘|f€StHWk,p(a7b;X).

2 Solvability of the problems (F.) and (F)

The framework of our investigations will be determined by the following condi-
tions:

(B1)  The operator B : D(B) C L*(Q) — L2() verifies the condition:
V' C D(D) and there exists a constant L > 0 such that

|B(u1) — B(ug)| < L|jur — uo||g2(), VYur, uz € V;

(B2) The operator B possesses the Fréchet derivative B' in V', so that there
exist some constants Ly > 0 and Ly > 0 such that

|(B'(u1) — B'(ug)) v| < Ly [Jur — wall g2y vl g2i),  Yu, ug, v €V,
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|B'(u)v| < Lolv|, YueV, Vve L*();

(B3) The operator B : D(B) C L?(Q) — L2(Q) is H?(Q) local lipschitzian, i.e.
V C D(B) and for every R > 0 there exists L(R) > 0 such that

|B(u1) — B(ug)| < L(R) [[ur — ug|lp2(0),  Vui €V, |luillpz) < R, i=1,2,

and B s Fréchet derivative of some conver and positive functional B with
V. c D(B).
The hypothesis that operator B is Fréchet derivative of some convex and positive
functional implies, in particular, that the operator B is monotone and verifies the
condition

d
—Bu() = (B(u(®), /(1)) te€ o] CR,
for u € C([a,b], V) N C([a,b], L?(Q)) (see [13]).

(B4) The operator B possesses the Fréchet derivative B' in 'V and for every
R > 0 there exists a constant L1(R) > 0 such that

|(B’(u1) — B/(’LLQ))U| S Ll(R) H’LL1 — ’LLQHHz(Q) HUHHQ(Q), Vul, ug2, v S V,

Firstly we remind the definitions of solutions to the problems (P:) and (FPp) and
the existence theorems for solutions to the considered problems.

Definition 1. Let T > 0, f € L*(0,T;V') and B : D(B) C L?(Q) — V'. A
function uw € L*(0,T;V ( D(B)) with v’ € L*(0,T; L*(Q)) and u" € L*(0,T : V') is
called solution to the problem (P.) if u satisfies the equality

eu”(t),n) + (u'(t),n) + (Au(t), An) + (B(u(t)),n) = (f(t),n),
VneV, ae tel0,T], (3)
u(0) = ug, u'(0) = uy.

Definition 2. Let T > 0, f € L*(0,T;V’) and B : D(B) C L*Q) — V.
A function v € L?(0,T;V N D(B)) with v' € L*(0,T; V") is called solution to the
problem (Py) if v satisfies the equality

{(’L/(t),m + (Av(t),An) + (B(’U(t)),n) = (f(t),n),Vn eV, ae.tel0,T], (1)

UO): 0-

Remark 1. For u € L?(0,T;V),u’ € L*(0,T;L*(Q)), and u" € L*(0,T;V")
it follows that u € C([0,T]; L*(Q)) and v’ € C([0,T); V). Consequently, the initial
conditions from (3) are understood in the following sense:

u(t) —uol = 0, [[u/(t) —wi|ly» — 0, as t — 0.
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Similarly, forv € L?(0,T;V) withv' € L*(0,T : V'), it follows that v € C([0,T]; V),
consequently, the initial conditions from (4) are understood in the following sense
|v(t) —ug] — 0 as t — 0.

Using the methods developed in [2] and [3], in [8] the following theorems are
proved.

Theorem 1. Let T > 0. Suppose that condition (B1) is fulfilled.
If ug € HQ)NV,uy € V, and f € WHY0,T;L%(Q)) then there ea-
its a unique solution to the problem (P.) such that uw € W2°(0,T;L*(Q)),
Awe WHe(0,T;L*(Q)), A%u e L>®(0,T;L*()).

The function t € [0,T) ~— /(t) € L*(Q) is derivable to the right and the
equalitiy

dtu

dt
is true. The function t € [0,T] — A2u(t) is weakly continuous in L*()) and the
equality

(t) = f(to) — A%u(t) — B(u(t)) —u'(t), t€0,T),

%(A%(zﬁ),u(t)) =2 (A%(t),d (1), te0,T),

18 true.

If, in addition, u; € H*Q) NV, f0) — Blug) — A%ug — w3 € V,
f € W240,T;L?(Q)) and condition (B2) is fulfilled, then u € W3°°(0,T; L?(Q))
and Au € W2(0,T; L3(Q)).

Theorem 2. Let T > 0. Suppose that condition (B3) is fulfilled.
Ifup € H(Q)NV,uy € V and f € WH(0,T; L*(2), then there exists a unique
solution to the problem (P.) such that u € C2([0,T]; L*(Q)), v € C([0,T);V),
A2y € C([0,T]; L*(Q)).

If, in addition, u; € H*Q) NV, f0) — Blug) — A%ug — w3 € V,
f e W20, T; L*(Q)) and condition (B4) is fulfilled, then u € W3°°(0,T; L*()),
Au € W22(0,T; L?(52)).

Theorem 3. Let T > 0. Suppose that condition (B1) is fulfilled.
Ifug € H*(Q)NV and f € WH(0,T; L%(Q)), then there exits a unique solution to
the problem (Py). The function t € [0,T) — v(t) € L2(Y) is derivable to the right,
verifies the equality

dtv

——(6) + A%(t) + B(u(t) = f(t), te[0,T),

and the estimates
o) lleo.g:.2@)) + V20,6 + 110 L 0.452(02)) + 11V 120,67y <

< C My(t)e't, vt € [0, T,

are true with C' and v depending on L, n, ), and

Mo(t) = |uo| + |B(uo)| + |A%uo| + || fllwr2(0.1.220)-
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Remark 2. In the conditions of Theorem 3, v € C([0,T];L*(Q)),
v’ € L>®(0,T; L?(2)), the term (v'(t),n) in (4) can be expressed in the form (v'(t),n).

Theorem 4. Let T > 0. Suppose that condition (B3) is fulfilled. If
ug € HX(Q) NV and f € WHH0,T; L3()), then there exists a unique solution
to the problem (Py) such that v € C1([0,T); L*(2)) N C([0,T); V) and the following

estimates
HUHCI([O,t};LQ(Q)) + HUHC([O,t};V) + HUIHLQ(O,t;V) < Cﬁl(t)7 vt € [O,T],

hold, where M (t) = luo| + [A2ug| + [ f w10, 4 5y + [ B(O)[ ¢

3 A priori estimates for the solutions to the problem (P.)

In this section we prove some a priori estimates for the solutions to the problem
(P:), which are uniform relative to the small values of the parameter ¢.

Firstly we remind the following theorems.

Theorem 5. [14] Let Q@ C R™ be an open and bounded set with the compact
boundary of class C%. If u, Au € L?*(), then u € H?(Q2) and there exists a constant
Co(n, Q) such that

[ull g2y < Co (I|Aul| 20y + [ullr2(0))- (5)

Theorem 6. [1] Let Q@ C R™ be an open and bounded set. For n > ml if

" and forn=ml, Vq, the following inequality
n—ml

q=

l[ullLa@) < Clg,m,n, Q) [[ullim@y, Yué€ Wwhm(Q)

18 true.
For n < ml we have

max [u(z)| < C(q,m,n, Q) [Jullyimy, YueWH™Q),
z€Q

In what follows, denote by u(t) = u(t,-), v/ (t) = w(t,-).

Lemma 1. Let ug € H*(Q)NV, u; € V, f € WH2(0,00; L?(Q)) and condition
(B1) s fulfilled. Then there exist some positive constants C = C(n,Q,L) and
~v(n,Q, L) such that for every solution u to the problem (P:) the following estimates

ulloro,;22@)) + AU [wee0,522(0)) + ullw22(0,42200) <

1
oM, t20, =e (0,5, (6)

hold, where
M(t) = |A%uo| + [ur| + |B(uo)| + || fllwr20,602()- (7)
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If, in addition, condition (B2) is fulfilled and wg, ui, « € H* NV,
f € W22(0,00; L2(R2)), then there exist some positive constants v = y(n,Q, L, Lo, L1),
C =C(n,Q, L, Ly, Ly) such that for the function z, defined by

2(t) =u/(t) +ae™e, = f(0) —ur — A%ug — Blup), (8)
the following estimates

[2]lwiee (0,6:02(02)) + 2l lwree 0,61 + 12llw22(0,60200)) <

<CMt), t>0, ce (0, %} (9)
are true with
Moft) = [ A% + [ A% + %] + [[llyso sy + MHO ST (10)

If B=0, then v=0 in (6) and in (9).

Proof.  Proof of the estimate (6). In what follows let us agree to de-
note all constants depending on n, Q, L, Ly and L; by the same constant C.
Due to Theorem 1 we have that u € W2°°(0,¢; L*(Q)), Au € Wh*(0,¢; L*(Q)),
A2y € L>(0,t; L3(Q)) for every ¢ > 0.

Let us denote by

E(ust) = e|u/(t)]* + |u@®)]® + 2 (u(t), v/ (t)) + |Au®) >+

t

—|-2(1—E)/|u'(5)\2d8—|—2/\Au(5)\2d5, t>0. (11)
0 0

The direct computations show that for every solution to the problem (P:) the fol-
lowing equality

@Bt =2 (1) - B u(t) +4/ (1)), ae teo),  (12)

is fulfilled. According to the condition (B1) and (5), we have
[B(u)| < [B(0)| + L|[u(®)]] < |B(0)| + L Co (Ju(t)| + [Au(t)])

and
u(t)? + [Au(t)? <
<2[e [/ (8)* + |u(t)* + 2¢e(u(t),u'(t)] + |Au(t)]? < 2E(ust), € (0, %}
Then, we get

|(76) = B, u(t) + @' @)| < (1@ + 1BO) + LI liy) ()] + 1/ 0)]) <
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FO+ BO)| +2VELCy BV (i )| (V2 EV2(w31) + |/ ()]) <

1—¢
<

<5 W @F+

< S WP + o [14 822 GF) B(wst) + C (1) + [BO))? <

%5 [2B(ust) + (7)) + |BO)| +2V2 L Cy B (u t)ﬂ <

<y E(ust) + C(If ()] +BO))*+

> —
/\ s)|?ds, t>0, ce¢ (0,2], (13)

where v = 8 (1 + 8 L2 C2).
Therefore, from (12) it follows that

% E(u;t) — (1 —¢) / [/ (5)]? ds} <
0

<y E(uit) + C(If(0)] + [BOD?, t20, ee(0,5]: (14)
As

¢
E(u;t) < 2Ep(u;t), where FEy(u;t) = E(u;t)—(1—¢) / lu'(s)|?ds,  (15)
0

then from (14) we obtain

d

et mo] <cUrol+BOP e, 20, 2 (03],

2
Integrating this inequality, we get

1
Eo(u;t) < Eo(u;0)e?'! +C /(\f(s)| +]B(0)))2 27" ds, t>0, ee€ (o, 5].

From the last inequality it follows that
lu(t)| + [Au(t)] + [|u]] 120 :220)) + AUl 20,4 02(0)) <

<OM@®)!, t>0, cc (0, %} (16)

To prove the estimate (6) let us denote by uy(t) = h=1(u(t + h) — u(t)), h > 0.
For every solution to the problem (P:) the equality

& Bunst) = 2 (Eu(t). uh (1) +un(), e 1€ [0,00) (17)
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is true, where
Fu(t) = fu(t) = b~ (Bu)(t + h) + (Bu)(t)). (18)

Due to the condition (5), proceeding as in the proof of the estimate (13), we get
|(Fu(®),ut, () + un(®) | < (lun @)+ b)) (O] + L llun (@) l1r2(0)) <
< (lun®)] + g (0)) (1] + L Co (jun(®)] + |Aun(®)]) ) <

t

l1—e¢d 1

<y Blunst) + CLROP + £/|u§l(s)\2ds, 120, z< (03] (9
0

Consequently,
—|:€ 2 tEo(uh’t)] <C“h(t)‘2€ 2yt t>0 €c (0 —:|.
lt ) — ) - b 72

Integrating the last equality on (0,t), we get

t
1
Eo(uh;t)gEo(uh;O)eZW+C/\fh(s)|2627(tS)ds, t>0, 56(0,5]. (20)
0

Since for 1 < p < 00,k € N and u € WHP(0,T; H*(Q2)) the inequality

t t
| Ol yir < [ 0@ gy € 0.00), (21)

is true (see [2]), then

/ Fu(s) P ds < / F(s)2ds, te0,00). (22)
0 0

As u'(0) = uy, eu”(0) = £(0) — ug — A?ug — B(ug), then
Eo(u',0) < C M(t). (23)

Using the estimates (22), (23) and passing to the limit in the inequality (20) as
h — 0 we obtain the estimate

' ()] + 1A' ()] + v L2 0,020 + 1AW ]| 120,422 (0)) <

<OM@®)!, t>0, cc (0, %} (24)

Finally, from (16) and (24) the inequality (6) follows.
It is easy to see from the proof, that in the case of B =0, v = 0.
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Proof of the estimate (9). Under the conditions of the Lemma, if u is a solution
1
to the problem (F;), then (B(u)), € WL0,t L?(Q)) for every t > 0 and ¢ € (0, 5}
Indeed, due to the conditions (B2) and (5), we have

|(Bu(®))'| = |B'(wt)' ()] < Lol (1)], >0, (25)
and for uy(t) = b~ (u(t + h) — u(t)), h > 0 and t > 0, the estimate
(h—l ((B’(u(t))) u'(t))h( <
< ‘hfl (B'(u(t + 1) = B'(u() ) /(¢ + h)( + (B’(u(t)) (1) <

< L G (|aun(®)] + [un(®)] ) (180 @+ B)| + 1 (L4 D)) + Lo (1), 20, (26)

is valid.
Using the estimate (6) and inequality (21), from (25) and (26) we deduce that
(B(u)) € WhH(0,; L*(Q)) and

(B @)

<
L2(0,T5L%(Q))

S C M(t) e’Yt (HAUIHLQ(O,t;LQ(Q)) —|— HU/HL2(0,t;L2(Q))> + LO Hu//HL2(O7t;L2(Q))7

1
< CM?*(t)e*7t, t>0, EE(O,ﬂ.

1
Therefore, (B(u))/ € WH 0,4 L%(Q)) for ¢ € (0, 5] and every t > 0.

If uy +a € HY(Q) NV and f € W2(0,t; L?(Q2)), then, in virtue of Theorem 1,
the function z, defined by (8), is the solution in L?(2) to the problem

e2"(t) + 2'(t) + A%z(t) = F(t,e), a. e t>0,
{ 2(0) =u +a, 2Z(0)=0, (27)
with ,
Flt,e) = f(t) — (B (u(t))) +emtE A2 (28)

and z possesses the properties:
2 € W22(0,T; LA(Q)), Az e WH®(0,T;L*(Q)), A%z € L™(0,T; L*()).

Furthermore

1
IF(t)lizonrzay < CUI lw2aourzay + M2 ), 120, =€ (0,5].
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In the same way, as the estimate (16) was obtained in the case B = 0, we get
the estimate

IN

(O] + 1Az()] + |12 L2 0402(0)) + A2 20,6220

1
<COM(t), t>0, cc (o, 5}. (29)

Also, similarly as the estimate (24) was proved in the case B = 0, we prove the
estimate
') + 122" @) + 112" r2(0,602(0)) + 122 120,622(0)) <

<CMy(t), t>0, ec (0, %} (30)

Finally, from (29) and (30) the inequality (9) follows. Lemma 1 is proved.

Lemma 2. Suppose the condition (B3) is fulfilled. If ug € H*(Q) NV,
up €V and f € WH2(0,00; L3(2)), then for every solution u to the problem (P:)
the following estimates

lullon o, 120 + 1Aullo o, g:z2@)) + (1A | 20 412y + 1B <
<c y(m) ¢ 1
<Cm) M) ™t >0, ce (0,5}. (31)
are true, where
M) = |A%0] + [Aut] + (][ preamy + 1B) |2 (32

and

m = |Aug| + [u1| + |B(ug)|*/* + [ £1] 22 0,00:L2(02))-
If, in addition, condition (B4) is fulfilled and ug,u;, a0 € H*(Q) NV and
f € W22(0,00; L?(Q)), then for the function z, defined by (8), the estimates

1A%, 422009 + 112 lleqo, 22y + 182 ]] 20,4 2y <

1
<CMy(t) ™t >0, ce (o, 5]. (33)

are true, where C = C'(m, ||B’'(0]|) and
My(t) = ME () 70+ || fllwez (020 + 1A%, (34)
Proof.  Proof of the estimate (31). Due to Theorem 2 we have that

u € C*([0,T); L3(2)), u' € CL([0,t]; V), A%u € C([0,t]; L3(£2)) for every ¢ > 0.
Denote by

t
Ey(u;t) = e|u'(t))* + |Au(t)]* + 2 / [ (s)|*ds 4 2 B(u(t)).
0
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Then for every solution u to the problem (FP.), we have

%El(u;t) =2(F(0).(1), 0.

Integrating this inequality, we obtain

¢ ¢ t
Eq(ust) < Eqp(u;0) 4 2 / If(s)| v/ (s)]ds < / |£(s)]* ds —l—/ W' (s)|*ds, t>0.
0 0 0
Therefore, we get the estimate

1/2
Al oo 200y + 101|220, 22()) + (B(“(t))> =

< C (B (u,0) + || fll20ssz2(oy) + 1Buo)[V2),  £>0, =€ (0,1].

As lullr2) < C(n, Q) [|Au||p2(q) for u € V, then from the last inequality the
estimate

1/2
ullogo.gr2y) T 1A% o022y + 1 N2 0200 + (B(u(t))) <

<Cm, t>0, c€(0,1), (35)
follows.

Let up(t) = A=t (u(t + h) — u(t)), h > 0,t > 0 and the functional E(u,t) is
defined by (11). For every solution u to the problem (P.) the equality (17) is true
with F},(t) defined by (18).

Due to (5), conditions (B3) and the estimate (35), proceeding as in the proof of
the estimate (19), we obtain

[(Bn®), b0+ un(®) | < (fun(®)] + [h O]) (O] + L) [un (D] 172(0) <

< (jun(®)] + [, 0)1) (10 + L0m) (fn(0)] + | Aun () ) <

t
1—¢e¢d

1
e / 2 > ( _:|‘
5 dt/\uh(s)| ds, t>0, e¢ 0,2
0

< ~(m) E(up;t) + C(m) |fh(75)|2 +

Consequently, for Ey(u;t), defined by (15), we have

d

1
= (720 By(wyit)] < Cm) (@), £20, e (0,5].

2
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Integrating the last equality on (0,t), we get

t

1
Eo(un;t) < Eo(up; 0)e*Y™ 4+C(m) / Fals) 2V ds, 1>0, ce(0,5).
0

In what follows, proceeding as in the proof of the estimate (24), we get the
estimate

1’|l eqo,.9:2 ) + 1A leqo,:02(0)) + AU 220,422 (0)) <
1
< Cm) Myt ™, >0, se (03], (36)

with M (t) from (32). Finally, from (35) and (36) the inequality (31) follows.

Proof of the estimate (33).  Under the conditions of Lemma we have
(B(u))/ c Whl(0,t; L?(Q)) for every t > 0. Indeed, due to Thorem 2,
u € W3(0,t; L3(Q)) and Au € W2>(0,t; L*(Q)) for every t > 0. Therefore,
using the condition (B4) and the estimate (31), we deduce

(Bu(®)'| = | B (u(t) o' ®)] < C(Lx(m) + |B'O)]]) [[6/()ll 2y, ¢ > 0.

For h >0, t > 0 and u(t) = h~" (u(t + h) — u(t)) we have

< ‘h* (B'(u(t + 1)) = B (u(t)) ) w'(¢ + h)( + (B'(u(t)) u;(t)\ <
< Ly (m) My () €™ |[up, (1) || 20 + C (L1(m) + [|B(0)]]) [Juh 2 () <
< € (L1(m) My () ™ [IB'O) (Jun(8) Loy + i llsgen), > 0. (3)

/
In virtue of (22), (31) and (37), we conclude that ((B’(u))) € WL2(0,t; L3(Q)) for
every t > 0 and

(B @)

1
< C(m, ||B'0])) M2(t) ™ >0, ece (o, 5}. (38)

<
L2(0,6L2(Q)

From (38) it follows that the function F, which is defined by (28), belongs to
W(0,t; L2(2)), for every t > 0, and

1
1t 20220 < Clm, B0 Ma(t) ™1, 220, ce(0,5].  (39)
According to Theorem 2, for every ¢ > 0, the function z possesses the following
properties: z € W2>(0,¢; L2(Q)), Az € W1°(0,t; L3(Q)), A%z € L*(0,t; L?(Q2)).
The estimate (33) is obtained in the same way as the estimate (9) was obtained,
using (31) and (39). Lemma 2 is proved.
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4 Relationship between solutions to the problems (P.) and (/%) in
the linear case

In this section we establish the relationship between solutions to the problems
(P:) and (FPp) in the linear case, i.e. in the case when the term B(u) in the problems
(P:) and (FPp) is missing. This relationship was inspired by the work [12]. Firstly
we give some properties of the kernel K (¢, 7,¢) of the transformation which realizes
this connection.

For £ > 0 denote by

K(t77—7 E) = (Kl(t77—7€) + 3K2(t77—7€) - 2K3(t77—7€))7

1
2\me

where

3t—27} (Qt—T 3t+67'} <2t+7-)’

Ki(t, 7€) = exp ). Ka(t.re) = e {

4e 2+/et 4e 2vet
(e}
T t+7 _
Kg(t,T,s):exp{g})\(Q\/a>, )\(s):/e ” dn.

S

The properties of the kernel K (¢, 7,¢) are collected in the following lemma.
Lemma 3 [9] The function K(t,T,¢) is the solution to the problem

Ki(t,r,e) = eKr(t,1,6) — K, (t,1,¢), Vt>0, Vr>0,
e K:(t,0,e) — K(t,0,e) =0, Vt>0

1 T
K ;1,8 = 5~ {_ _}7 > )
(0,7,¢ 55 XP 5 V>0
from C([0, 00) x [0,00))NC%((0,00) x (0,00)) and possesses the following properties:

(i) K(t,7,e) >0, Vt>0, Vr>0, and / K(t,r,e)dr =1, Vt>0;
0

[ee)
(ii) Let ¢ € ]0,1]. Then/ K(t,T,¢) |t—T\da§C(E—|—\/E_t)q, Ve > 0, Vt > 0;
0

(iii) Let v > 0 and q € [0,1]. There exist C1,Cy and o, all of them positive and
depending on v and q, such that the following estimates are fulfilled:

e¢]
/ K(t,7,e) e |t — 7]%dr < Cy e 2 Ve € (0], Vt > 0;
0
(iv) Letp € (1,00] and f: [0, 00) — H, f(t) € WHP(0,00; H). Then

(f(t)—/o K(t,7,8)f()dr| < CO) 1|00 0oy (HVED) T, Ve > 0, ¥t > 0,
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Theorem 7.[9] Suppose that f € L,OYO(O,OO;LZ(Q)), u € W«?’OO(O,OO;LZ(Q))
NLL(0,00; V) and A?u e L2>(0,00 : V') is the solution to the problem

{E(U”(t)m) + (' (1), m) + (Au(t), An) = (F(t),n), ¥ €V, a. et €[0,00),
u(0) = ug, '(0) = ur,

then for 0 < e < (47)~! the function

o
/KtT, dr
0

1s solution to the problem
(wé)(t)>77) + (Awo(t)>A77) = (F()(Yf,&) Uh"?)» V77 € ‘/7 a.e. t € [0¢OO)>
Wy = Pe,

where

Fy(t,e) = f0t€u1+/Kth T)dr,
0

fo(t,e) :\/LE[Q eXp{z—z}/\( g) —A(% é)}, (pEZ/eTU(QET)dT.

Moreover, wy € W2>°(0, 0o; L2(Q)) N L

loc loc

(0,00; V).

5 Behaviour of solutions to the problem (F.)

In this section we prove the main results concerning the behavior of the solutions
to the problem (P.) as ¢ — 0 relative to solution to the corresponding unperturbed
problem (FP).

Theorem 8. Let T > 0 and p € [2,00]. Assume that (B1) is fulfilled. If
up € HXQ) NV, uwy € V and f € WIP(0,T; L%(Q)), then there exist constants
C=C(L,T,p,Q2n)>0 and eg = eo(L,p, 2, n) such that

lw = vlloqorrz@) < CM(T)e?, te€(0,T], &€ (0,e), (40)

HU_'UHLOO(O’T;V) <CM(T) z-:ﬂ, te[0,T], €€ (0,¢e0], (41)

where u and v are solutions to the problems (P.) and (Py), respectively,

M(T) = |A%ug| + |[ur]| + [B(uo)| + || fllwno,7;02(0): (42)
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5= 1/2if f =0,
(p—1)/(2p)if f #0.
If, in addition, condition (B2) is fulfilled and ug,u1,a € H*(Q) NV and
f € WP(0,T;L?(Q)), then there exist constants ¢g = eo(L,Lg), g0 € (0,1),
~v=~(L, Lo, L1), C = C(p, L, Lo, L1) such that

' ="+ ae™ 5o 71020 + 10— V' + ae™ 5 20,7520 <

<CMy(T)e'teP, >0, e€ (0,2, (43)

with Mo(T) defined by (10).

Proof. In this section, we agree to denote by C all constants depending on
T,p,Qn, L, Ly and Ly. For every f € WkP(0,T; L*(Q)) then there exists the
extension f : [0,00) — L?(Q) such that

| Fllwen0.00:L2()) < C(T50) [1f llwewo.1:12(2))- (44)

If we denote by ﬁNthe unique solution to the problem (P:), defined on (0, c0)
instead of (0,7) and f instead of f, then, from Theorem 1 and Lemma 1, it follows
that U € W2°°(0,00; L*(2)), U" € L?(0,00; L*(Q)), A*U € L*(0, 00; L*(€2)). Due

to the estimates (24), for U we obtain the following estimates

Js n T HA[THLw(o,t;m(Q))

HC([O,t};LQ(Q <CM(T)e", t>0, eec (0, 5}7 (45)

with M(T) from (42) and ~ from (13).
00 ~
By Theorem 7, the function W defined by W (t) = / K(t,7,p)U(r)dr, is a
0

solution to the problem

(46)

{W’(t) + A2W(t) = F(t,e), ae. t>0, in L%(Q),
W(O) = Pe;

where

Flt,e) :fo(t,s)ul—i—/K(t,T,s) f(T)dT—/K(t,T,s)B(ﬁ(T))dT,
0 0

o
Ve = / e TU(2eT) dr.
0

Denote by R(t,¢) = V (t) — W(t), where V is the solution to the problem (P,) with
f instead of f, T' = oo and W is the solution to the problem (46). Then, due to



92 A. PERJAN, G. RUSU

Theorem 2, R(-,¢) € T/Vlifo(o, oo; L2(Q)) N L2(0,00; V) and R is a solution in L?(£2)
to the problem

{ R/(t,e) + A’R(t,e) + B(V(t)) — B(W(t)) = F(t,e), a.e. t>0, (47)

R(0,2) = ug — W(0),

where

Flte) = f(t) - /0 T K(tre) f(r) dr — folt.e)urt

+B(U(t)) — B(W(t)) + /O T k(e [B(ﬁ(T)) - B(ﬁ(t))} dr.  (48)

In what follows, we need the following two Lemmas, which will be proved after
the proof of the estimates (40) and (41).

Lemma 4. Assume the conditions of Theorem 8 are fulfilled. Then there exist
constants C = C(L,Q,n), Cy = Co(L,Q,n) and g9 = o(L,Q2,n) such that following
estimates

U#) — W) <CMT)Y?e0t >0, ee(0,e0, (49)

1T () = W)l osv) < CM(T) 2@t >0, e€(0,50),  (50)

are true with M (T) from (42).

Lemma 5. Assume the conditions of Theorem 8 are fulfilled. Then there exist
constants C = C(L,Q,n), co = co(L,Q,n) and €9 = o(L,Q,n) such that for the
solution to the problem (47) the following estimates

IRl e o, 4; 22(0)) + AR 22(0,4,22(0)) <

< CM(T)e*te®=0/Cr) >0, e (0,2, (51)
R|| oo 0, 120 < C M (T) et e®P=D/CEP) ¢ >0, £ € (0,e0], (52)

are true with M (T) from (42).
From the last two lemmas we deduce that

T = Vlleqog:zz@) < 10 = Wlloqo.g.z2)) + [1Rllcqogz2) <

<CM(T)e%teP, t>0, ee(0,e).

Since u(t) = U(t), v(t) = V(t), for all t € [0,T], then we have
lu(t) —v(t)| = |Ut) - V()| < CM(T)e’, te[0,T], € (0,e) (53)

Concequently, from (53) the estimate (40) follows. Similarly, using (50) and (52),
we obtain the estimate (41).
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Proof of Lemma 4. Using the properties (i), (ii) and (iii) from Lemma 3, the
estimate (45) and the Holder’s inequality, we get

T(t) - W) < / K(t,7.) |0(t) - 0(r)|dr <
0

< [ K(t,7,¢) U'(&)|d¢| dr < C M(T) OOK(t,T,) tevfdg dr <
0/ e\/\ g / E‘/ |

o
/KtT, T —t| [+ €] dr <
0

[e.e]
<CM(T ew/KtT, |T—t\dT—|—/KtT, e)|lr —tle?"Tdr| <
0

< OM(T)e? e 2, >0, ee(0,e)]. (54)

Thus, the estimate (49) is proved.
In the same way, using properties (i), (i) and (iii) from Lemma 3, the estimate
(45) and the Holder’s inequality, we get

|AU(t) - K(t,7,e) |AU(t) — AU(7)| dr <

IN
0\8

§/K(t,7,5)‘/ |Aﬁ’(g)\dg(d7gCM(T)eCQtsl/Q, t>0, € (0,2 (55)

Due to Theorem 5, we have that

1T = Wiz = 1T = Wllpoeom20)) <

< C U = Wl onzz@) + 1AT = AW || oo 0,222

From the last inequality, using (49) and (55), we get (50). Lemma 4 is proved.

Proof of Lemma 5. Proof of the estimate (51). Multiplying scalarly in L?(Q)
the equation (47) by R and using the condition (B1) and Theorem 5 we obtain the
inequality

@\R(tﬁ)\Z +2|AR(te)* < 2|F(t )| [R(t,e)| + 2 L||R(t,€)l| 120 | BRIt )| <
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< 2|F(t,e)||R(t, )| + Co L (|R(t,e)| + |AR(t,€)|) |R(t,e)], t>0,

from which it follows that

d
E|R(zt,s)|2 + |AR(t,e)]> < 2|F(t,e)> + 241 |R(t,e)]?, t>0,

or

d
= [|R(t,g)|2 em2m t] VARt )P e 2t < 2| F(te)Pe 2, £ >0,

with some ;7 depending on L and constant Cj from Theorem 5. Integrating on (0, t)

the last equality, we deduce
|R(t,e)| + [|AR(, &)l L2 (0,402(0)) <

<cC [|R(0,€)| + HJ:(VE)‘L?(O,t;LQ(Q))} ent, vt >0,

(56)

where F(t,¢) is defined by (48). In what follows, we will estimate the right side of

(56). Using (45), we get

fe'e) fe'e) 2eT
|R(0,¢)| < [ eT|UQReT) —uo|dr < [ e [ |U'(¢)|dedr <
/ S

r 1
< COM(T)e / reTdr=CM(T)e, cc (0, 5].
0
Using the property (iv) from Lemma 3 and (44), we deduce

70~ [ Kt.r i@ dr| < Ol €+ VEDEIP <
0

< Clf w2 (€ + Ve)P P i >0, e>o0.
Since 65)\(\/5) < C, VE&>0, then the following estimates

jexp{%}A(@)dﬁﬁCe]oe5/4d§§C€, £>0, >0,
0 0

s

1 /& < /1
/A(i\/;)dfgs/o A(i\/é)dggc/‘e, t>0, >0
0
hold. Consequently

t

fo(&,e)urdé| < Celuy|, t >0, 0.
‘0/ 0ls,€) U1 ‘ gluy >

(59)
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Using (B1), (5) and the estimates (49) and (50), we get the following estimates
|B(U(1)) - BW(t))| <

SL|U(t) = W)l < CM(T)eV/2 et t>0,e€ (0,e).  (60)

Similarly as the estimate (54) was obtained, we get

/ K(t,7,e)|B(U(r)) — B{U®))|dr < CM(T)e2 Y2, t>0, &€ (0,e0)-
0

(61)
Using (58), (59), (60) and (61), from (48) we get

| F(r,e)| < C M(T) eC2teP=D/C2P) >0, £ e (0,g).

Consequently,

t
1/2
(/ \f(T,e)de) < OM(T)eC2teeD/CP) 1 >0, ce(0,5)  (62)
0

From (56), using (57) and (62) we get the estimate (51).
Proof of the estimate (52). From Theorem 3 it follows that
R € WE2(0,V) N WE(0,¢; L*(Q)) and A2R € L2, (0, 00; L*(Q)). Moreover the
function t — (AZ2R(t,¢), R(t,€)) is an absolutely continuous function on [0, 7] for
every T'> 0 and
d

a(AQR(t,E),R(t,E)) = 2(A%R(t,e),R'(t,e)), a.e t>0.

Multiply the equation (47) by A2R(t,e) and then integrate on (0,t) to get

? 12 !AQR(5,5)|2ds:
/

|AR(t,e

t
— |AR(0,2)[* + 2 / (F(s,2) — B(V(s)) + B(W(s)), A2R(s,e)) ds, 1> 0.
0

Therefore,

t
IAR( &) +/ |A%R(s,e)[*ds <
0

t
<|aRO.0] + [ |72 + BT ) - BOWE)]ds, 20
0
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From the last inequality, using (62) and (51), we obtain

|AR(t,e| + [|A*R]|12004:22()) <

< C[|AR©.8)| + 1] 2o sz + LRI 20uszoc@n)| <

<C [|AR(O,5)| + M(T) eCQte(p*U/@p)], t>0, ee€(0,¢).

Using (45), we get

|AR(0,¢)] < / e S |A(U(2¢e5) — ug))|ds <
0
00 2es
g/es / |AU(7)| dr ds < C M(T)e, sgg.
0 0

From (63) and (64) it follows that
|AR(t,e|] < CM(T) eC2teP=D/CP) 450, £ e (0,g).

As, due to Theorem 5, we have that

(63)

(64)

(65)

R Lo 0.6:v) = IRl Lo 0,6:12(02)) < Co [[I1R] oo (0,6:22(0)) + AR Lo 0.:12(0) ) »

then using (51) and (65) we get (52). Lemma 5 is proved.

Proof of the estimate (43). According to Lemma 1, the function Z, defined as

) =U'(t) +ae¥®, a=f(0)—u — A%ug — Blug),
is solution to the problem (27) with
F(t.e) = (1)~ (BO®)) + e A%
and Z satisfies the following estimate
2] [wee 0,622 (0)) + |Zlwree 0,4y + 12l lw22(0,602(0)) <

1
< CM(t), t>0, se(o,ﬂ,

wherein, due to inequality (44), with the same M(¢) from (10).
As Z'(0) = 0, then according to Theorem 7, the function

wi(t) = / K(t,7,2) 5(r) dr,
0
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is solution to the following problem:

{ wi(t) + A%wy(t) = Fi(t,e), a.e t>0, in L*Q),
wl(o) = P1e,

for 0 < € < gy, where

oo [ee]
/K (t,7,¢ /K (t,7,¢ U))/(T) dr+
0 0
+/K(t,7',€) e T/E dr A%a, @15:/6_72(257')d7'.
0

Using the properties (i), (ii) and (iii) from Lemma 3 and the estimate (66) and
proceeding as in the proof of estimate (54), we get

t

|2(t) — wy(t /OO K(t,T¢) —5(T)|dTg7K(t,T,s)(/\z'(s)\ds
0 0

dr <

T

< CMy(T)e2te 2, t>0, ee(0,e0)]. (67)

In the same way, using (66), we obtain the estimate

|2 - leLoo(o,t;HQ(Q)) <CMy(T)e'e"?, 120, &€ (0,2 (68)
Let vi(t) = v/(t), where v is solution to the problem (Py) with f instead of f,
T = 0.
Denote by Ry(t,e) = v1(t) — w1 (¢). Then the function R;(t,¢) is solution to the
problem

{ R (t,e) + A2R1( e) =Fi(te), a.e. t>0, in L)
Rl(O,E) = Rijg= ( ) AQUO — B(ug) — ¥1¢,

where
Fi(t,e K(t,r,e) f'(r)dr + | K(t,7,e)e” /% dr A2a—
o[ x /
+ / h K(t,7,¢) (B(U:)) (1)dr. (69)
0

Due to the conditions of Theorem 8, similarly as the inequality (56) was obtained,
and the estimates (57), (62), we get the inequality

tleo,; m) lz22@) <
|| Ry ] + [|AR, ] <
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< C[\Rm + \|f1(-,e)\L2(07t;L2(m)] Nt V>0, (70)
and the estimates
| Rio| < / e "|Z(2eT) — 2(0)|dr <
0
2eT

< / e T / ‘2;(8” dsdr < CMy(T)e, €€ (0,e0], (71)

J 0
[[F1(s )l L2 0,02 (0)) < € Mo(T) eC2te®=1/C2P) ¢ >0, €€ (0,e). (72)

From (70), using (71) and (72), we get the estimate
|1 R1lleqoaz2 ) + AR z2(0 020y < C Mo(T) et = /@p), (73)

t>0, e€(0,¢0]

Finally, due to (5), from (67), (68) and (73) the estimate (43) follows. Theorem 8
is proved.

Similarly, using Theorems 3 and 4 instead of Theorems 1 and 2 and Lemma 2
instead of Lemma 1, the following theorem is proved.

Theorem 9. Let T > 0 and p € [2,00]. Assume that (B3) is fulfilled. If
ug € HXQ) NV, uwy € V and f € WIP(0,T;L%(Q)), then there exist constants
C=Cm,T,p,Qn)>0 and g9 = eo(m, p,Q,n), such that

Hu - UHC([O,T];LQ(Q)) < CM(T) 516? te [O’T]v €€ (0’50]7 (74)

lu —v|[pervy < CM(T)e?, t€[0,T], €€ (0,e), (75)

where w and v are solutions to the problems (P:) and (Py), respectively,
M(T) = |A%up| + [|us | + | B(uo)| + 1B(uo) " + || fllww o120
1/2if f =0,

(p—1)/(2p) if f #0.

If, in addition, condition (B4) is fulfilled and ug,ui,o € H*(Q) NV and
f € W2%P(0,T;L%(Q)), then there ewist constants g9 = eo(L,Lg), €0 € (0,1),
~v=~(L, Lo, L1), C = C(p, L, Lo, L1) such that

m = |Aug| + [ur] + [Bluo)|'? + fllr20.m:020), 8= {

I’ — v+ ae™ |0, 1:n2 () + U — V' + @ e |20, 712 (0)) <

<CMy(T)e'teP, t>0, ee(0,e) (76)
with My (T) defined by (34).
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6 An Examples

In this section, we present some applications of Theorems 8 and 9, which are
determined by different operators B.
The Lipschitzian case. Let the operator B be one of the following: B(u) = |u|, or
= |Vu|, or B(u) = sinu. In these cases it is easy to check that for the operator B
the conditions (B1) are fulfilled. Consequently, for every 7' > 0 and every p € [2, 00|,
if up € H*(Q) NV, u; € V and f € WH2(0,T; L?(Q2)), then from Theorem 8 the
estimates (40) and (41) follow.
For B(u) = sinu, due to Theorem 6, condition (B2) is fulfilled if 1 < n < 12.
Indeed, for n = 1,2,3,4, Theorem 6 ensures the fulfillment of the condition (B2).
For n > 4, using the Holder’s inequality and Theorem 6, we have that

/| (u1) — B'(un)) o’ da:</|cosu1)—cos(u2)v| de <

Q

<4/‘sm up — u2) /2)1}! da;<C’/|u1—u2||v| dx <

<C</ |U1—u2‘2n/(n74) da:) n— 4)/2n /|v|4"/(”+4 )(n+4)/(2n) _
Q

< Cllur =zl 2@ 1011 L ans/mn gy < Cllur = walliz(o) [[ollf2) 1 5<n <12
Therefore, if ug,u1, a0 € HX(Q) NV and f € W2P(0,T; L*(2)), then the estimate
(43) also holds. It means that

u—v in C([0,T];L*(Q)) N L¥(0,T; H*(Q)), as &— 0. (77)

At the same time, the relation (43) shows that in this case the derivative u' of the
solution to the problem (P.) does not converge to the derivative v" of the solution
to the problem (P). In this case the derivative v’ has a singular behavior in the
neighborhood of the point t = 0 as ¢ — 0. This singular behavior is described by
the function ae~/¢, which is the boundary layer function for u'. If & = 0, then

u' — in CO([0,T); L*(R)), as e —0. (78)

The monotone case. Let B : D(B) = L*(Q) N L2¢tD)(Q) — L?(Q),
B(u) =blu|?u, b > 0.

Then the operator B is the Fréchet derivative of the convex and positive func-
tional B, defined as follows

D(B) = L2(Q) N L*(Q), q+2/\u )92 da

and the Fréchet derivative of the operator B is defined by the relations

D(B'(v)) ={ve L*(Q) :ulve L*(Q)}, B'(wv=>b(g+1)ullv.
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In what follows, to check the fulfillment of the condition (B3) for the operator B
we apply Theorem 6.

If n >4 and g € [0,4/(n—4)], then using the Holder’s inequality and Theorem 6,
we get

2
1Bur — Buslfiagy =¥ [ [Jur(a)fur (@) — ua(o) s (o) <

Ca.b) [ fun@) = @) (Jun @) + us(w)]**) d <
Q

< Clg, W)t = wlZaimsy qy (112 + 12l B yagy) <

< Clg, b, s — sl Bpogey (1111 oy + 123y ) w1, w2 €Ve (79)

Similarly, using the Hoélder’s inequality and Theorem 6, it is not difficult to prove
the estimate (79) in the case g € [0, 0] for n = 1,2, 3,4.
Thus, if
b >0,
g€ [0,4/(n—4)], if n>4, (80)
g€ 0,00, if n=1,234

then the operator B verifies condition (B3).

Finally, if ug € H*(Q) NV, u; € V and f € WHP(0,T; L?(Q2)) and conditions
(80) are met, then, by virtue of Theorem 9, the estimates (74) and (75) and hence
the relations (77) and are also valid.

If n >4 and g € [1,4/(n — 4)], then, according to Theorem 6, we have

(B (w) = Bw)elagy = #a+ 1 [ [lia(@ = (o)l fo(@)P da <

< Cla.t) [ fur(e) = @) @PO + @) PO ) o) d <

< C(g,b) HUHim/(n%) Q) lJur — U2H%2n/(nf(nf4>q> @) %

2 1)
(H’LL1HL2”/(2 4)(9 + HUZHL(gqn/n 4)(Q)) S

< C(n,,0,2,0) llur — sl s g 1ol Bz (113 + sl BiEq))- (81)

Involving the Hoélder’s inequality and Theorem 6, we get the inequality (81) in the
cases n = 1,2,3,4 and q > 1. Therefore, if

b> 0,
gel,4/(n—4)] if n>4,
g€ [l,00 if n=1,2,34,
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then the operator B verifies the condition (B4). Therefore, if ug, u1, € H*(Q) NV
and f € W2P(0,T; L?(12)), then the estimate (76) is fulfilled. Also, as in the Lips-
chitzian case, this relationship shows that the derivative u’ of solution to the problem
(P:) does not converge to the derivative v" of solution to the problem (Py). In this
case the derivative v’ has a singular behavior in the neighborhood of the point t = 0
as € — 0. This singular behavior is described by the function ae~%/¢, which is the
boundary layer function for u’. If « = 0, then as in the Lipschitzian case the relation
(78) is true.
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Abstract. In this paper the impact of small perturbations on asymptotic evolution
of homogeneous linear recurrent processes is investigated. Analytical methods for
describing homogeneous linear recurrent systems, from convergence, periodicity and
boundedness perspective, are presented. These methods are based on Jury Stability
Criterion and the classification of the roots of minimal characteristic polynomial in
relation to unit disc.

Mathematics subject classification: 39A05, 39A06, 39A22, 39A30, 39A60.
Keywords and phrases: Homogeneous Linear Recurrence; Characteristic Polyno-
mial; Perturbation; Asymptotic Behavior.

1 Introduction

The main goal of this paper is to study the impact of small perturbations on
asymptotic evolution of homogeneous linear recurrent processes.

It is started with definitions and main properties of homogeneous linear recurrent
processes. The direct formula for the states and the formula for generating function
are given. Also, the linear combination and the product are presented as algebraic
operations over the set of homogeneous linear recurrences.

Next, the definition of minimality, over a given set, is introduced. Inequalities for
the dimension of the linear combination and product are presented. We formulate
the minimization method based on matrix rank definition and the minimization
method by elimination of characteristic zeros.

After that, we are interested in asymptotic behavior of homogeneous linear re-
currences. The convergence criteria and the efficient formula for calculating the limit
are given. The Jury Stability Criterion is proposed as alternative, for the case when
the characteristic roots are not known.

Next, we continue with investigation of the main probabilistic characteristics of
homogeneous linear recurrent distributions. The top of interest is represented by
efficient methods for finding the expectation, the variance, the standard deviation,
the moments of order n, the median and the mode of these distributions.

The last section is devoted to the perturbations generated by deviations in initial
state or deviations in generating vector components. Also, mixed perturbations
are considered. The asymptotic stability is studied and the maximal perturbation
impact is estimated.
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2 Homogeneous Linear Recurrent Processes

The homogeneous linear recurrences and their main properties were intensively
studied in [3] and [4]. Next, they will be briefly recalled and new extensions will be
presented. These results will represent the ground of a new analytical method for
studying the small perturbations and their impact on asymptotic evolution.

2.1 Main Definitions and Properties

A non-degenerate homogeneous linear m-recurrence over a set K is defined as a
sequence a = {ay }o>, C C that satisfies the recurrence

m—1

ap = E qr0n—1—k, Vn > m,
k=0

for a given positive integer m, generating vector ¢ = (qk)?:_ol € K™ and initial state
L = (an)7=, where g1 # 0.
[ee]

The function Gl9(z) = 3 a,2" is the generating function and the function
n=0

t—1
Gga}(z) = Y a,2z" is the partial generating function of order ¢ of the sequence a.
n=0
For this sequence a with generating vector ¢, the unit characteristic polynomial

H,[g](z) =1-2GY (z) and the characteristic equation ol (z) = 0 are defined. Every
]

polynomial Hk{,a(z) = ozH,[ﬂ](z) is, also, considered a characteristic polynomial of a.

The set G[K][m|(a) represents the set of all generating vectors of length m
and H[K][m](a) represents the set of characteristic polynomials of degree m of the
sequence a. The set Rol[K][m] is the set of all non-degenerate homogeneous linear
m-recurrences over K.

o0
Additionally, the sets Rol[K] = |J Rol[K]|[m], G[K](a) =

m=1

H[K]|(a) = @1 H[K][m](a) are considered.

X G[K][m|(a) and

et

Next, it is considered that the set K is a subfield of C. The following theorem,
theoretically grounded in [4], describes the generating function as a simple formula:

Theorem 1. Let a € Rol[K|[m] and ¢ = (q)}=) € G[K][m](a). The generating
function is a rational fraction for which the following formula holds:

m—1
CHOREPWELGHIING

= e

Also, the following result presents us the direct formula for calculating the terms of
a homogeneous linear recurrence:



HOMOGENEOUS LINEAR RECURRENT PROCESSES AND THEIR PERTURBATIONS$05

Theorem 2. Let a € Rol[K][m] with generating vector ¢ € G[K][m|(a) and cha-

p—1
racteristic polynomial H,[fi]a(z) = [ (2 — 2x)°%, where z; # zj, Vi # j. Considering

for convenience 0° = 1, the direct formula for calculating the terms of sequence a is
ap = I - (BE)T) 71 (BT, ¥n €N,

,Vn €N, and Bl = (ﬂz[a]);nol.

lal _ (5.~
where By = (”]Zk )k =0,p—1, j=0,s5,—1

Another important result from [4] is the fact that the linear combination and
product are algebraic operations over Rol[K]. More exactly, the next theorems hold.

Theorem 3. Let a¥) € Rol[K], Pj(z) € H[K](aY)) and a; € C, j = 1,t. Then
a= Z ara®) € Rol[K] and P(z) = lem(Py(2), Po(2), ..., Py(2)) € H[K](a).

Theorem 4. Consider that a € Rol[K][m], b € Rol[K][1], (q0) € G[K][1](b) and
P(z) € HK|[m|(a). Then, ab= (anby)s>, € Rol[K|[m] and P(qoz) € H[K|(ab).

Theorem 5. Consider a € Rol[C][m1], b € Rol[C][mz], u € G|[C|[mi](a) and
v € G[C][mg](b). Let zy,z21,...,2p—1 be all distinct complex roots, of multiplicity
[u]

50,81, .. ,8p—1 correspondingly, of the polynomial Hy, (2); 205 215y e be all
distinct complex roots, of multiplicity s, s7,...,sy«_q correspondingly, of the poly-

1 °p
nomial HE]Q (). Then, ab € Rol[C] and

P(z) =lem({(z — zkz:)sk+5:71|k =0,p—1,7r=0,p* —1}) € H[C](ab).

2.2 Minimization Methods

The non-zero sequence (with at least one non-zero element) a € Rol[K] is called
m-minimal over K if a € Rol[K][m| and a € Rol[K][t], Vt < m. In this case, the
number m represents the dimension of the sequence a over K and it is denoted
dim[K](a) = m. The dimension of the zero sequence is considered 0.

It is obvious that dim[K](a) < m, Va € Rol[K|[m]. Also, if K3 C K, and
a € Rol[K1], then a € Rol[K3] and dim[K3](a) < dim[K1](a).

According to Theorem 3, if a*) € Rol[K] and ay € C, k = 1,1, then

t t
dim[K] (Z aka(k)> < Zdzm[K a®)
k=1 k=1

Additionally, from Theorem 5, for Va*) € Rol [C], k = 1,t, we have the inequality

dim|[C] <H a(’“)) < [] dim(c](a®
k=1 k=1
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It is known from [4] that the minimal generating vector is unique, i.e.
|GIK][dim[K](a)](a)] = 1.

This unique minimal generating vector determines the unique minimal unit cha-
racteristic polynomial P(z) € H[K][dim[K](a)](a). We may omit the word "unit”
and consider P(z) as the minimal characteristic polynomial of a. This polynomial
allows us to describe the set of all characteristic polynomials in the following way:

H[K](a) ={Q(2) € K[2] | Q(2):P(2), Q(0) # 0}.

The minimization problem consists in finding the dimension of the non-zero
sequence a and its minimal generating vector over K. According to [4], there are
two minimization methods over C: the minimization method based on matrix rank
definition and the minimization method by elimination of characteristic zeros.

Theorem 6. If a € Rol[C|[m], then dim|[Cl](a) = R = rank:(AL‘ﬂ) and the minimal
genemtmg vector is ¢ = (qo,q1,---,qr—1) € G[C][R](a), where the reverse vector
= (qr-1,9R-2,---,q0) 1S the unique solution of the system with linear equations

Aa] T (f[a) with free terms fg] = (aRr,aR+1,.-.,02Rr—1) and the system matriz

]
AR = (aH-J)i,j:m'

Theorem 7. Let a € Rol[Cl[m], z = Iy (BI")T)™" = (A j)i_oo-1. o=t bk

p—1
E=0,p—1andt= > t.

be the number of zeros from the end of (Ak,j)jzo,srl;

P(z)

Then dim|[C](a) = m —t and Q(z) = € H[C][m — t](a), where z,

p—1

[T (z = 2)"

k=0
k=0,p—1, are all distinct roots of the polynomial P(z) € H[C][m|(a).

These methods also can be used for minimization over a subset K of C. Having
determined the minimal characteristic polynomial over C, the second step is to find
a multiple of minimal degree for it, through the divisors of characteristic polynomial
over K, which has the free term —1 and the rest of coefficients belonging to K.

The minimization method based on matrix rank definition is more applicable
than the minimization method by elimination of characteristic zeros, because it
does not suppose to know the complex roots of the characteristic polynomial.

3 Asymptotic Behavior of Homogeneous Linear Recurrences

In this section, the asymptotic behavior of homogeneous linear recurrences is
studied. The convergence criteria and the efficient formula for calculating the limit
are given. The Jury Stability Criterion is proposed as alternative, for the case when
the characteristic roots are not known.
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3.1 Convergence Criterion Based on Characteristic Zeros

According to [4], the convergence criterion is given by the following theorem.
Practically, the classification of the roots of minimal characteristic polynomial gives
us the information about the asymptotic behavior of given homogeneous linear re-
current process.

Theorem 8. Consider a € Rol[C][m] a non-zero sequence with dim[C](a) =m and
P(z) € H[C][m](a). Let 29, z1,...,2p—1 be all distinct roots of the polynomial P(z),
of corresponding multiplicity so,s1,...,sp—1. The sequence a is convergent if and
only if |2k >1 or (zx =1 and sy =1), k=0,p — 1.

In other words, the minimal characteristic polynomial of the convergent sequence
a € Rol[C][m] has at most one simple root equal to 1. The rest of the roots lie outside
of the unit disc.

Moreover, if a is convergent, the limit can be easily calculated. We have

lim a, = 0 in the case when P(1) # 0, and lim a, = (I%]((B[a])T)’l)tO in the
n—oo

n—odo
case when P(1) = 0. Next, according to minimization method by elimination of

characteristic zeros, we have lim a,, # 0 when P(1) = 0. In this situation, to avoid
n—oo

the need for knowing the roots of minimal characteristic polynomial, the sequence
a is transformed into a linear (m — 1) — recurrence with a constant inhomogeneity.

Theorem 9. Let
a € Rol[C][m], P(z) = HIP/(z) € H[C][m](a), P(1) =0,

where m = dim|[C|(a) > 2. Then, the sequence a is a linear (m — 1) — recurrence

over C, generated by vector ¢ = (qo,q1, - - - ,qm—2) and inhomogeneity
m—2
"m—1 = Gm—1 — Z qkam—2—k,
k=0
where
k
qk:ij—l, k‘:O,m—Q.
§=0

If, additionally, a is convergent, then

. "m—1
Jim ap = — —=—F#0.
1- Z gk
k=0

If there is at least one root, of the minimal characteristic polynomial, which lies
inside of the unit disc, then a diverges to infinity. The same thing happens when
there is at least one multiple root on the unit circle. Instead, if all the roots are
simple roots of unity, then a is periodic. When all the roots are simple roots of unity
or lie outside of the unit disc, then a is bounded.
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3.2 Jury Stability Criterion

Let a € Rol[C][m] with minimal characteristic polynomial
P(z) = H)(2) € H[C][m](a).

The Jury Stability Criterion, described in [1] and [2], can be applied for studying
the localization of the roots of reciprocal polynomial P*(z) of P(z) in relation to
unit circle, without finding the roots. Basically, the calculations are organized as a
table, where

e the columns correspond to monomials of P*(z), ordered in descending order
by exponent;

e the first row contains the coefficients of P*(z);

e each further even row 2k 42 contains the numbers from previous row in reverse
order;

e each further odd row 2k + 3 is calculated by subtracting « times the previous
even row from the previous odd row, where o = [oxy9/0ok+1, Pok+2 is the
first element from previous even row 2k + 2 and (o541 is the first element from
previous odd row 2k + 1;

e the table is expanded until the last row of the table contains only one non-zero
element.

Since #; = 1 > 0, then for every negative value from the sequence 31, 33, 35, . . .
the polynomial P*(z) has one root outside of the unit disc, i.e. the polynomial
P(z) has one root inside the unit disc. So, for stability, it is needed all these values
51, B3, Bs, - . . to be non-negative.

A particular additional result, which is involved from [1], is the fact that we
need to have at least P(1) > 0, P(—1) > 0 and |p;,,—1] < 1 in order all the roots
of P(z) lie outside of unit disc. For instance, based on [3], this does not happen
when P(z) € Z[z]. Instead, the homogeneous linear recurrent distributions satisfy
this property.

4 Homogeneous Linear Recurrent Distributions

Let consider a nonnegative integer random variable £ with probabilistic distri-
bution rep(§) = a = (a,)52,. This means that a, represents the probability that
random variable ¢ has the value n, for each n = 0,1,2,..., i.e. a, = P(§ = n),
n =0, co.

According to [4], the main probabilistic characteristics of random variable &
are: the expectation E(¢), the moments v,(£) = E(£") (n = 1,00), the variance
V() = 12(€) — v2(€) and the standard deviation o(¢) = 1/V(£). Two additional
probabilistic characteristics, that are useful for solving various stochastic problems,
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are the mode p, for which a,, = maIiI( an, and the median myg, that satisfies the double
ne

1 mo—1 1 mo
inequality P(§ < myp) < 3 < P(€ < my), equivalent with Y ap < 3 < > ag.
k=0 k=0
Both, the mode p and the median mg, can be found by successive search algo-

rithm, i.e. by checking consecutively the values ag, a1, ao, ..., until the median is
found or the maximum number of iterations for finding the mode is reached.

For finding the median, the maximum number of iterations of the successive
search algorithm is N (&) = [E(¢) 4+ o(£)v2]. The algorithm starts with setting
9 = ag and continues with calculation of the value 1, = ¥,_1 + a,, at each step

1
n =1,2,..., until the inequality v,, > 3 becomes true.

Similarly, for finding the mode, the maximum number of iterations of the suc-

a(£)
Vas
dex for which as > 0. The mode p is that index which satisfies the equality

a, = max ap.
a s<n<ns(€)

We can easily note that the successive search algorithm for finding the mode
of the random variable £ depends on the main probabilistic characteristics E(¢)
and o(£). In general case, these values can be obtained from generating function
Ge¢(2) = Gl9(2) using the formulas:

cessive search algorithm is ng(§) = |E(§) + , where s is the smallest in-

E(§) = Ge(1), V() = G{(1) + Ge(1) = (GL(1))?, a(€) = VV(E).

Next, we consider the homogeneous linear recurrent distributions, i.e. the case
when a = rep(§) € Rol[C]. It is known that a € Rol[R] and dim[R][a] = dim[C][a].
Moreover, since distributions are convergent to 0, the minimal characteristic poly-
nomial does not have the root z = 1. In this case, the moments can be found in an
easier way, using the following theorem from [4]:

Theorem 10. Let £ be a random variable with distribution a = rep(§) € Rol[R][m]

and generating vector ¢ € G[R][m](a). Then ¢*) = (n*a,)°%, € Rol[R][My],
¢*) € GR][Mj)(c*)) and

v(€) = Gl (1), vk > 1,
where My, = m(k + 1) and
(k)
H]\g[k ](2’) = (HL?L](z))k—H c H[R][Mk](c(k))

In consequence, E(§) and o(§) can be calculated too, using the relations

E(€) = n1(£), V(€) = 12(&) — 11 (&), o(&) = VV(9).
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5 Perturbations and Their Asymptotic Behavior

We consider the homogeneous linear recurrence a € Rol[R|[m] with initial state
1ld = (an)™=, generating vector ¢ € G[R][m](a) and the corresponding characte-

ristic polynomial HM( ) € H[R][m|(a). Perturbations are defined as deviations in
the evolution of a, caused by small deviations in the parameters, i.e. deviations of
initial state elements and deviations of generating vector components.

5.1 Perturbations Generated by Deviations in Initial State

Initially, we consider only deviations in initial state L[ﬁf] of the homogeneous
linear recurrence a, without any change in generating vector ¢. In this case, the
perturbed recurrence represents a new homogeneous linear recurrence b € Rol[R][m]
with initial state I} = (bp)™4 and the same generating vector ¢ € G[R][m](b),
where

b, =anp+ A, n=0,m—1.

The perturbation is given by the sequence € = (€,)7°,, where €, = b, — ap,
n = 0,00. We have ¢, = A,, n = 0,m — 1. Also, applying Theorem 3, we obtain
€ € Rol[R][m] and ¢ € G[R][m](¢). So,

¢ € Rol[R][m], q € G[R]fm](c), Il = (A,)7.

The perturbation € = (€,)72, is considered asymptotically stable if and only if

lim €, = 0. The convergence of ¢ can be studied according to Section 3.
n—oo

As a remark, the asymptotical stability of perturbation € does not depend on de-
viation in initial state. Since the components of generating vector ¢ are not changed,
the characteristic roots are not changed too. This means that the asymptotic be-
havior of the perturbed recurrence is exactly the same as asymptotic behavior of the
original recurrence.

The maximal impact of the perturbation € is represented by the positive value

¥

€ = max |e,|. Even if € is asymptotically stable, it might have a big enough
n=0,00

maximal perturbation impact.

In order to study the maximal impact of the asymptotically stable perturbation
e, we can consider the sequence €2 = (e2)%,. Since €2 = ¢ - € and € € Rol[R][m], we
have

¢? € Rol[R], dim[R][¢*] < (dim[R][e])* < m?.

In consequence, €2 € Rol[R][m?] and its minimal generating vector can be obtained
using the minimization method based on matrix rank definition.

Next, using Theorem 1, the value s = Z €2 = GI?°I(1) can be calculated. If &
is a random variable with distribution p = 62 / s, then its mode p and its probability

pu can be found using the successive search algorithm, described in Section 4. In
the end, we obtain the maximal perturbation impact €* = , /sp,.
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5.2 Perturbations Generated by Deviations in Generating Vector

Now, we consider only deviations in generating vector g of the homogeneous
linear recurrence a, without any change in initial state L[g]. In this case, the per-
turbed recurrence represents a new homogeneous linear recurrence b € Rol[R][m]
with initial state IlY = 2 and the generating vector r = (r,)5%, € G[R][m](b),
where

Tn=Gn+0n, n=0,m—1.

The perturbation is given by the sequence € = (&,)72, where ¢, = b, — ap,

n = 0,00. Applying Theorem 3, we obtain

e € Rol[R], dim[R](e) < dim[R](a) + dim[R](b) < m + m = 2m.

In consequence, € € Rol[R][2m] and its minimal generating vector can be obtained
using the minimization method based on matrix rank definition.
The perturbation € = (€,)52, is considered asymptotically stable if and only if

lim e, = 0. The convergence of € can be studied according to Section 3.
n—oo

As a remark, the perturbation € can be asymptotically stable even if the initial
recurrence a is not convergent. This happens when dim[R](¢) < dim[R](a) and all
roots of the minimal characteristic polynomial of a over R which are not greater than
1 in absolute value disappear from the list of all roots of the minimal characteristic
polynomial of € over R.

Similarly to Section 5.1, in order to study the maximal impact e = max |e,]
n=0,00

of the asymptotically stable perturbation e, we can consider the sequence €2, ob-
taining €2 € Rol[R][4m?]. Tts minimal generating vector can be obtained using the
minimization method based on matrix rank definition too.

5.3 Mixed Perturbations

Mixed perturbations are generated by both types of deviations: deviations
in initial state L[Z] and deviations in generating vector ¢ of the homogeneous
linear recurrence a. The perturbed recurrence represents a new homogeneous

linear recurrence c¢ € Rol[R]|[m] with initial state 119 and the generating vector
r = (rn)pzo € G[R][m](c), where

Cn=apn+An, Th =qn+6p, n=0,m— 1.

The perturbation is given by the sequence € = (¢,,)22 ), where

En = Cp — Ay, N =0,00.

We can study mixed perturbations using results from Section 5.1 and Section
5.2. The deviation in initial state and the deviation in generating vector can be
performed consecutively, one by one, in the following way.
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Let b € Rol[R][m] be the perturbed recurrence, generated by deviation in initial
state, i.e.
¢ = (@) € GRI[mI(b),
b, =an+2A,, n=0,m—1.

Its perturbation is represented by the sequence € = (€,,)02, where

€n = b, —ap, n=0,00.

Next, the perturbed recurrence ¢ € Rol[R][m] is obtained from b € Rol[R][m] by
applying the given deviation in generating vector ¢ = (¢,)22, € G[R][m](b):

Cn="bn, T =QGn+0p, n=0,m — 1.

The corresponding perturbation is represented by the sequence ¢ = ()5, where

Cn:C'n_b’nv ’I?,:0,00.

The mixed perturbation € = (g,,)72, represents the sum of these two perturba-
tions from decomposition:

En =¢Cp —ap = (¢n —bp) + (b — ap) = G + €n, n =0, 00.

So, based on Theorem 3, it is also a homogeneous linear recurrence. As consequence,
the asymptotic behavior and the maximal perturbation impact can be studied si-
milarly.

References

[1] Jury E. L. On the roots of a real polynomial inside the unit circle and a stability criterion for
linear discrete systems, IFAC Proceedings Volumes, 1 (1963), No. 2, 142-153.

[2] KATSUHIKO O. Discrete-Time Control Systems (2nd Ed.), Prentice-Hall, Inc., NJ, USA, 1995,
745p.

[3] LazARI A. Algebraic view over homogeneous linear recurrent rocesses, Bul. Acad. Stiinte
Repub. Mold., Mat. (2021), No. 1(95)-2(96), 99-109.

[4] Lazari A., LozovaNu D., CAPCELEA M. Dynamical deterministic and stochastic systems:
Evolution, optimization and discrete optimal control, Chiginau, CEP USM, 2015, 310p. (in
Romanian)

Alexandru Lazari Received October 22, 2022
Institute of Mathematics and Computer Science,

5 Academiei str., Chiginau, MD—2028, Moldova.

E-mail: alezan.lazari@gmail.com



	y2022-n2-(pp3-18)
	y2022-n2-(pp19-38)
	y2022-n2-(pp39-58)
	y2022-n2-(pp59-67)
	y2022-n2-(pp68-75)
	y2022-n2-(pp76-102)
	y2022-n2-(pp103-112)

