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of a ring
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Abstract. Let R be a commutative ring with identity. We topologize q.Spec(R), the
quasi-primary spectrum of R, in a way similar to that of defining the Zariski topology
on the prime spectrum of R, and investigate the properties of this topological space.
Rings whose q.Zariski topology is respectively 1o, 11, irreducible or Noetherian are
studied, and several characterizations of such rings are given.
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1 Introduction

Let R denote a commutative ring with identity. The Zariski topology on the
prime spectrum Spec(R), the set of prime ideals of R, play an important role in the
fields of commutative algebra, algebraic geometry and lattice theory. For each ideal I
of R, the set V(I) = {p € Spec(R) | p D I} satisfies the axioms for the closed sets of
the Zariski topology on Spec(R) (see for example, Atiyah and Macdonald [1]). In the
literature, there are many different topologies of commutative or noncommutative
rings ([2,5,6]).

About a quarter of a century later, in [3] the notion of quasi-primary ideals as
a generalization of the notion of primary ideals was introduced. A proper ideal g
of R is called quasi-primary if rs € ¢, for r,s € R, implies that either r € /q or
s € /q. Equivalently, ¢ is quasi-primary if and only if /g is prime [3, Definition
2, p. 176]. In this case, ¢ is said to be p-quasi-primary where p = ,/g. In the
sequel, we introduce and study a topology on quasi-primary spectrum q.Spec(R),
the set of all quasi-primary ideals of R, such that the Zariski topology is a subspace
of this topology. We investigate the interplay between the properties of this space
and the algebraic properties of the ring under consideration. In particular, assuming
suitable conditions for each result, we investigated when this space is T (Theorem
4(4)), Ty (Theorem 4(5)), Noetherian (Theorem 5) or irreducible (Theorem 6 and
Corollary 1).

© M. Samiei, H. Fazaeli Moghimi, 2021



4 M. SAMIEI H. FAZAELI MOGHIMI

2 Main Results

Throughout, R is a commutative ring with 1z # Or. We denote the set of all
quasi-primary ideals of R by q.Spec(R) and define the variety of an ideal I of R as
follows:

VAI) = {q € q.Spec(R) | \/q 2 I}.

The following lemma shows that the set 7(R) = {V(I) | I is an ideal of R} satis-
fies the axioms for closed sets in a topological space on q.Spec(R), called q.Zariski
topology.

The proof of the next result is easy and so it is omitted.

Lemma 1. For any ideals I, J and I\ (A € A) of a ring R, the following hold.
(1) VYR) =0 and V9(0) = q.Spec(R).

() ,0,V(1) = V(L 1)

(3) VI)uVaJ)=VaINJ).

Let Y be a subset of q.Spec(R) for a ring R. We will denote the intersection
of all elements in Y by £(Y) and the closure of Y in q.Spec(R) with respect to the
q.Zariski topology by cl(Y). Also the set of all p-quasi-primary ideals of a ring R is
denoted by q.Spec,(R).

Next we offer some descriptions for the two proper ideals I and J of R that will
be useful in the sequel.

Lemma 2. Let I and J be proper ideals of a ring R. Then the following hold.
(1) Va(I) = VW),

(2) VA(I) C V) if and only if V.J C VI, and
if J C I, then V(I) C VI(J).

3) V1) = U .S R).
(3 V)= U aSpec,(R)

(4) LetY be a subset of q.Spec(R). Then' Y C V(L) if and only if I C \/&(Y).

Consider the surjective map ¢ : q.Spec(R) — Spec(R) given by ¢(q) = /q for
every q € q.Spec(R). In the following result we ghather some properties of this map.

Proposition 1. Let R be a ring.

(1) The map ¢ is continuous with respect to the q.Zariski topology; more precisely,
¢~ N (V(I)) = VA(I) for every ideal I of R.

(2) ¢(VAI)) =V (I) and ¢(q.Spec(R) — V(1)) = Spec(R) — V(I) i.e. ¢ is both
closed and open.
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(8) & is injective if and only if it is a homeomorphism.
Proof. (1). Let I be an ideal of R. Then
ge ¢ (V) & olg) eV(I)

& g2 I
& qe V).

(2). As we have seen in (1), ¢(VI(I)) = ¢p(¢p~ (V1)) = pod " (V(I)) = V(I) as ¢
is surjective. Similarly,

¢(a.Spec(R) —VI(I)) = ¢(¢~"(Spec(R)) — ¢~ (V(I)))
= 6(¢”'(Spec(R) — V(D))
= ¢0¢7 (Spec(R) — V(1))
= Spec(R) — V()
(3). This follows from (2). O

Theorem 1. For any ring R, the following are equivalent:
(1) q.Spec(R) is connected;
(2) Spec(R) is connected;
(8) The ring R contains no idempotent other than 0 and 1.

Proof. (1) = (2). Suppose q.Spec(R) is a connected space. By Proposition 1, the
map ¢ is surjective and continuous and so Spec(R) is also a connected space.

(2) = (1). Suppose, on the contrary, that q.Spec(R) is disconnected. There
exists a non-empty proper subset W of q.Spec(R) that is both closed and open.
By Proposition 1, ¢(W) is a non-empty subset of Spec(R) that is also clopen. To
complete the proof, it suffices to show that ¢(W) is a proper subset of Spec(R),
and so Spec(R) is disconnected, a contradiction. Since W is an open set, we have
W = q.Spec(R) — V4(I) for some ideal I of R and hence Proposition 1 shows that
»(W) = Spec(R) — V(I). It follows that ¢(WW) is a proper subset of Spec(R).
Otherwise, if ¢(W) = Spec(R), then V(I) = (), and so I = R. We conclude from
this fact that W = q.Spec(R) which is impossible.

(2) & (3) is a well-known fact, for example [1, Exercise 22, p.14]. O

For any ideal I of R, we define Ar(I) = q.Spec(R) — V9(I) as an open set of
q-Spec(R). Also for any a € R, we mean Ag(a) by Ag(Ra). Clearly, Ar(0) = () and
ARr(1) = q.Spec(R). Following result shows that the set B = {Agr(a) | a € R} is a
base for the q.Zariski topology on q.Spec(R).

Theorem 2. Let R be a ring and B = {Agr(a) | a € R}. Then the set B forms a
base for the q.Zariski topology on q.Spec(R).
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Proof. We may assume that q.Spec(R) # ). Let O be an open subset in q.Spec(R).
Thus O = q.Spec(R) — V9(I) for some ideal I of R. Therefore

O = q.Spec(R)—VYI) = q.Spec(R) — Vq(ZRa)

acl
= q.Spec(R) — QIVq(Ra)
= UAg(a).
ael

It follows that the set B forms a base for the q.Zariski topology on q.Spec(R). O
Theorem 3. Let R be a ring and a,b € R.

(1) Ar(a) =0 if and only if a is a nilpotent element of R.

(2) Ag(a) = q.Spec(R) if and only if a is a unit element of R.

(8) For each pair of ideals I and J of R, Ar(I) = Ar(J) if and only if VI =+/J
if and only if VI(I) = VI(J).

(4) Ar(ab) = Ag(a) N Ag(D).
(5) q.Spec(R) is quasi-compact.

(6) For any ¢ € R, Ag(c) is qusi-compact, that is, every open covering of Ar(c)
has a finite subcovering.

(7) An open subset of q.Spec(R) is quasi-compact if and only if it is a finite union
of sets Ag(a).

Proof. (1). Let a € R. Then

0 = Ag(a) =q.Spec(R) — VI(Ra)
V9(Ra) = q.Spec(R)

V4 2 Ra for every q € q.Spec(R)
a 1s in every prime ideal of R

a is a nilpotent element of R.

Agr(a) = q.Spec(R)
& a¢.\/q for all q € q.Spec(R)
= a¢q forall g€ Mazx(R)

= a 1s unit.

Conversely, it is clear that a unit element a of R is not contained in any quasi-
primary ideal of R. That is, Ar(a) = q.Spec(R).
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(3) is clear by Lemma 2(2).
(4). Let ¢ € VI(Rab). Then

VRaNVRb

& Vg2 vV Ra or Va2 VRb
< g€ VYRa) or ¢ € VIRD)
< g€ VIY(Ra) UVI(RD).

Va 2 VRab

It follows that V9(Rab) = V9(Ra) U VA(RD), as required.
(5). Let q.Spec(R) = ,UIAR(Ji)7 where {J; }ier is a family of ideals of R. We clearly
1€

have Ag(R) = q.Spec(R) = Agr(>_J;). Thus, by the part (3), R = />_J; and
iel

el
hence, 1 € > J;. So there exist iy,i2, -+ ,4, € I such that 1 € ) J; , that is
el k=1
R = 3" J;, . Consequently, q.Spec(R) = Ar(R) = Ar(>_ Ji,) = kalAR(Jik).
k=1 k=1 =

(6). Let ¢ € R. For any open covering of Ar(c), there is a family {a; | a; € R,i € I}
of elements of R such that Ar(c) C 'UIAR(aZ-), since B = {Ag(a;) | a; € R,i € I}
1€

forms a base for the q.Zariski topology on q.Spec(R), by Theorem 2.

It is clear that the map ¢ : q.Spec(R) — Spec(R) given by ¢(q) = /q is surjective,

and so there exists a finite subset I’ of I such that Ag(c) C UI ARr(a;), because
el’

#(Agr(a)) = Spec(R) — V(a) is quasi-compact by [1, Exercise 1.17 p. 12]
(7). The sufficiency follows by exactly the same argument as (6). For the necessity,
if an open subspace Y of q.Spec(R) is a union of a finite number of sets Ag(Ra), then
any open cover {Agr(Ra;)}ier of Y induces an open cover for each of the Ar(Ra).
By (6), each of those will have a finite subcover and these subcovers yield a finite
subcover of q.Spec(R).

U

A topological space (X; 7) is said to be a Ty-space if for each pair of distinct points
a,b in X, either there exists an open set containing a and not b, or there exists an
open set containing b and not a. It has been shown that a topological space is Ty
if and only if the closures of distinct points are distinct. Also, a topological space
(X;7) is called a Ti-space if every singleton set {z} is closed in (X; 7). Clearly every
T-space is a Ty-space.

Theorem 4. Let R be a ring, Y C q.Spec(R) and let q € q.Spec,(R). Then
(1) VAEY)) = cl(Y). In particular, cl({q}) = Vi(q).
(2) If (0) € Y, then Y is dense in q.Spec(R).
(3) The set {q} is closed in q.Spec(R) if and only if

(i) p is a mazimal element in {\/q' | ¢ € q.Spec(R)}, and



8 M. SAMIEI H. FAZAELI MOGHIMI

(i) a.Specy(R) = {q}.
(4) The following statements are equivalent:

(1) q.Spec(R) is a Tp-space;
(ii) the map ¢ : q.Spec(R) — Spec(R), given by ¢(q) = \/q, is injective;
(i1i) q.Spec(R) = Spec(R).

(5) q.Spec(R) is a Ti-space if and only if q.Spec(R) is a Tp-space and
q-Spec(R) = Spec(R) = Max(R) (where Max(R) is the set of all mazimal
ideals of R).

(6) Let (0) € q.Spec(R). Then q.Spec(R) is a Ty-space if and only if (0) is the
only quasi-primary ideal of R.

(7) Let R be a domain. If q.Spec(R) is a Ti-space, then R is a field.

Proof. (1). Let ¢ € Y. Then {(Y) € q C /q. Therefore ¢ € VI(£(Y)) and so

Y C VI((Y)). Next, let V4(I) be any closed subset of q.Spec(R) containing Y.
Then /g 2 I for every ¢ € Y and hence \/£(Y) 2 1.

It follows that /¢’ 2 \/&(Y) D I for every ¢’ € V(£(Y)) and so VI(E(Y)) C V(D).
Thus V9({(Y)) is the smallest closed subset of q.Spec(R) containing Y , hence
Va(E(Y)) = d(Y).

(2) is trivial by (1).

(3). Suppose that {¢} is closed. Then, by (1), {¢} = V9 q). Assue that
¢ € q.Spec(R) such that /¢ O p. Hence, ¢ € V9q) = {q}, and so
q.Spec,(R) = {q}. Conversely, assume that (i) and (ii) hold. Let ¢’ € cl({q}).
Then +/¢" D ¢ by (1). It follows from (i) that /¢’ = \/g = p and hence ¢’ = ¢ by
(ii). This yields cl({q}) = {q}.

(4). (i)=(ii) Suppose ¢,q¢' € q.Spec(R) such that \/g = /¢’ and ¢ # ¢'. Since
q.Spec(R) is a Tp-space, there is an element a € R such that ¢ € Agr(a) and
¢ ¢ Agr(a). Thus /g 2 Ra and /¢’ 2 Ra, a contradiction. Thus the map ¢
is injective.

(ii)=-(iii) is clearly true and (iii)=-(i) will be obtained by [1, Exercise 18(iv) p. 13].
(5) is easy to check from the definition and the parts (3), (4).

(6). Let q.Spec(R) be a Tj-space. By the part (5), the ideal (0) is maximal and
hence (0) is the only quasi-primary ideal of R. The converse follows from the defi-
nition and the part (3).

(7) follows from the part (6). O

A topological space X is said to be Noetherian if the open subsets of X satisfy the
ascending chain condition. Since closed subsets are complements of open subsets, it
comes to the same thing to say that the closed subsets of X satisfy the descending
chain condition. Also a nonempty subset C of a topological space X is said to be
irreducible if C' can not be written as the union of two distinct closed sets.
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Theorem 5. Let R be a ring.
(1) If R is a Noetherian ring, then q.Spec(R) is a Noetherian topological space.

(2) VU q) is an irreducible closed subset of q.Spec(R) for every quasi-primary ideal
q of R.

(8) If I is an ideal of R such that VI(I) is an irreducible closed set, then there
exists an irreducible ideal J of R such that VI(I) = V9I(J).

(4) If I is an ideal of R and q.Spec(R) is a Noetherian topological space, then

k
Vi(I) = tL_Jqu(It) where V(1) are irreducible closed sets and Iy, are irre-
ducible ideals of R.

(5) If I is an ideal of a Noetherian ring R, then V(I) can be written as a finite
union of irreducible closed sets V(1}), 1 <t <k such that for each t, I} is an
wrreducible ideal of R.

Proof. (1). Let V4(I;) D V9(Iy) D V9(I3) O --- be a chain of closed sets of
q.Spec(R), where {I;}?2, is a family of ideals of R. We conclude from Lemma 2(2)
that /11 C v/Is C /I3 C ---, and since R is a Noetherian ring, there exists a posi-
tive integer n such that for each positive integer m > n, /I, = v/I,,. Consequently,
again by using Lemma 2(1), we have V4(I,) = VI(/T,) = VU/I,,) = VI(I,,),
which completes the proof.

(2). It is clear that a singleton subset and its closure in q.Spec(R) are both irre-
ducible. Now, the proof will be obtained by Theorem 4.

(3). Let A = {L | L is an ideal of R such that V4(I) = V9(L)}. By Zorn’s
lemma, the set A has a maximal element, say J. We claim that J is irreducible.
Assume, on the contrary, that J = J; N Jy for some ideals J; and Jy of R. Then
VYI) =VUT) = VIJ N Jy) = VI(J;) UVI(J2) and so VI(I) is equal to VI(J;)
or V9(Jy), since V(1) is irreducible. It is a contradiction, since J is a maximal
element of A and J C J; and J C Js.

(4). According to [4, Exercise 4.11], every closed subset can be written as a union
of finitely many irreducible closed sets in a Noetherian topological space. Now the
part (3) completes the proof.

(5). By the part (1), q.Spec(R) is a Noetherian topological space and hence the
assertion follows from the part (4). O

Theorem 6. Let R be a ring and Y C q.Spec(R). Then £(Y) is a quasi-primary
ideal of R if and only if Y is an irreducible space.

Proof. Suppose (YY) is a quasi-primary ideal of R. Let Y C Y; UY; where Y; and
Y5 are two closed subsets of q.Spec(R). Then there exist two ideals I and J of R
such that Yi = V() and Y = V4(J). Thus, Y C V(1) UVI(J) = V(I J). It
implies, by Lemma 2(4), that I NJ C (/£(Y). It follows that either I C /£(Y) or
J C /&(Y), since 1/£(Y) is prime. Again by using Lemma 2(4), we conclude that
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either Y C V4I) =Y, or Y C VA(J) = Ys. Thus Y is irreducible. Conversely,
assume that Y is an irreducible space. Let ab € £(Y) for some a,b € R. Suppose, on
the contrary, that Ra € 1/£(Y) and Rb € 1/¢(Y). By Lemma 2(4), Y ¢ V9(Ra)
and Y ¢ VI(Rb). Let ¢ € Y. Then /g 2 1/£(Y) 2 Rab. This means that either
Ra C \/q or Rb C \/q. So, by Lemma 2(1),(2), we have either V9(q) € V9(Ra)
or V4(q) C VA(Rb). Therefore, Y C V9I(Ra) U VI(Rb) and hence Y C V9(Ra) or
Y C VA(RD) as Y is irreducible. It is a contradiction. O

Corollary 1. Let R be a ring.

(1) Let I be an ideal of R. Then V(I) is irreducible in q.Spec(R) if and only if
I € q.Spec(R).

(2) If R is a domain, then q.Spec(R) is irreducible.

Proof. (1). Since VI = ¢(V(I)), Theorem 6 shows that /T is quasi-primary if and
only if V(I) is irreducible. On the other hand, it is easy to see that I € q.Spec(R)
if and only if VT € q.Spec(R). It completes the proof.

(2). Since (0) is a prime ideal of R, we have £(q.Spec(R)) C (£(Spec(R)) = (0).
Thus £(q.Spec(R)) is a quasi-primary ideal of R and hence the result follows from
Theorem 6. O
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1 Introduction
We letting 2 denote the class of functions f of the form:
f(2) = 2+ ag2® +az2® + ... (1)

which are analytic in U and & the subclass of 2 which includes univalent functions
normalized by conditions f(0) = 0 = /(0) — 1. Let 7 be the subclass of 2l consisting
of functions whose non zero coefficient of the form second on, given by (see [19])

f(z) =2z — Z an 2", (2)
n=2

Kanas and Wisniowska [11] introduced the class 6 —UC'V which includes geomet-
ric aspect in connection with conic domains. The family § — UC'V is of extraordinary
enthusiasm for it contains some notable, just as new, classes of univalent functions.
The class § — UC'V map each circular arc contained in the unit disk U with a cen-
ter &, |£] < 0(0 < 6 < 1), onto a convex arc. The notion of J-uniformly convex
function is straightforward expansion of classical convexity. In 2011, Murugusun-
daramoorthy and Magesh [13] unified the classes S,(7v,0) and UCV (v,0) into the
classes Sp(¢,7,0) and UCV((,~,0) which is defined as, a function f € A is said
to in the class d-uniformly starlike functions of order v, denoted by Sy,((,7,9) if it
satisfies analytic criterion

2'(2)
e {(1 —OfC) + &) ‘”} .

(© Mallikarjun Shrigan, Sibel Yalcin, Sahsene Altinkaya, 2021

2f'(2)
(1=0Q)f(z) +¢zf'(2)

-1, zeU (3)

11
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and the f € A is said to in the class d-uniformly convex functions of order -, denoted

by UCV((,~,9) if it satisfies analytic criterion

£'(z) + 21" (2)
fe {f’(Z) TG 7} ”0

f'(z) +21"(2)

T GaPE)

We note that 7.5,(¢,7,0) = Sp(¢,7,0) N7 and UCT =UCV NT.

, z € U.

(4)

Remark 1. From among the many choices of ¢, v, § which would provide the follow-

ing known subclasses:

1) T5,(0,7,0) =T Sp(7,6) (see [4]),

2) T.5,(0, 0 d) =T Sp(0) (see [20]),

3) T5p(0,7,1) = TSp(7) (see [4]),

£) TS (C7,0) = T(C,) (see [21,16]),
5) T5p(0,7,0) = T(7) (see [19)),

6) UC’Z'(O,’y, 3) =UCT(v,6) (see [4]),
7) UCT(0,0,6) = UCT(0) (see [21]),
8) UCT(0,7,1) =UCT () (see [4]),
9) UCT((,7,0) = C(¢,7) (see [2]),
10) UCT(0,7,0) = C(y) (see [19]).

2 Preliminary Results

A remarkably large number of special functions (series) have been presented in
geometric function theory. Among those special functions, due mainly to greater
abstruseness of their properties, Bieberbach conjecture have found special atten-
tion in various problems of geometric function theory. Recently, a large number of
special functions involving hypergeometric functions and their various extension (or

generalizations) have been investigated, see also ([3],[5],[6],[8],[9],[15],[18],[2

Recently, Porwal [16] introduced a power series as
p7 _Z+Z ’I’L—l N ZGU,
n= 2
where p > 0. Further Porwal [16] defined a series

n—1

o0
ep
#(p2) =22 = X(p,2) =2 = Y ", 2 €U

= (n—1)!

The convolution (or Hadamard product) of two series

(Fxg)(z) = (g*f)(2 Zan n?"

2],[23]).

(5)
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Porwal and Kumar [17] introduced the linear operator J(p)f : 2 — 2 defined by
using the Hadamard product as

n—1

I(p)f = x(p, 2 =z+ Z ‘ pp 2", z€U. (7)

Altinkaya and Yalcin [1] gave obligatory conditions for the Poisson distribution
series belonging to the class 7 (y,0). Murugusundaramoorthy et al.[14] investigated
some characterization for Poisson distribution series. In recent times, the univalent
function theorists have shown good affinity towards Possion distribution series by
relating it with the area of geometric function theory (see also,[10] [12],[16],[17]). To
prove our results, we will need the following results.

Theorem 1. [13] A function §(z) of the form (1) is in TS,(¢,~,0) if and only if

o0

Z[ (146) = (7 + (A +nC = )] laal < 1 -7, (8)

Theorem 2. [13] A function §(z) of the form (1) is in UCT ({,~,9) if and only if

[e.9]

> n|n(t+8) = (v + )1 +n¢ = )] laa <1 -1 9)

n=2

Inspired by results between various subclasses of analytic univalent functions by
utilizing hypergeometric functions ([9],[15],[22]), Bessel functions ([3],[5],[6],[8]) and
Struve functions ([23]), we established connections between the classes UCT ((, 7, J)
and 7.S,(¢,7,0) by applying the above mentioned results (8), (9) and convolution
operator given by (7).

3 Main Results
Theorem 3. The function x(p, z) is in T .Sy(C,~,0) if

pe![(1+6) —C(y+9)] <1—~ (10)
holds for p > 0. Moreover ¢(p, z) belongs to T Sp((,7,9) if and only if (10) holds.

Proof. In view of Theorem 1, it is sufficient to show that

o n—1

> [n148) = O L+ nC = Q)] e <

n=

Let

o n—1

Q(p,¢,v,9) Z[ (1+6) - 7+5)(1+n4—4)} f_

n=2
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[e%s) n—1
—e—PZ[ (140) — 7—!—5)(1—1—71(—()}(”_1)!
o n—1
—e P |{(1+6)— ’y+5}z W)Zh]
n=2 :

= ¢ [{(1+6) = C(y+ ) }pe? + (1 = 7)(e” — 1))
= [(146) = C(v+ O)p + (1 —7)(1 —e7P).

But the last expression is bounded above by 1 — ~, if (10) holds. Since

o n—1

p(p,2) =22 —x(p,2) =2— Y C (11)

= (n—1)!

the necessary of (10) for 2z — x(p, z) to be in T5,(¢,~,6) follows from Theorem
1. ]

Remark 2. Putting 6 = 0 in Theorem 3, we obtain the result investigated by Porwal
[16] Theorem 3.

Corollary 1. The function x(p, z) is in T .Sp(v,0) if
peP(1+06) <1—x (12)
holds for p > 0.
Corollary 2. The function x(p,z) is in T Sp(7y) if
pe? <1—7 (13)
holds for p > 0.

Corollary 3. The function x(p,z) is in T .S,(,7,6) if

e [{(1+08) = Cr+a)p] <1-1 (14)
holds for p > 0.

Theorem 4. The function x(p,z) is in UCT (¢,~,9) if

({148 = Cr+aW + (31 +6) — (1+20( +9)kp) <1—7  (15)

holds for p > 0.
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Proof. In view of Theorem 2, it is sufficient to show that

. n-1
;n[n(1+6)—(7+5)(1+né—0] (f_ mie st
Let
m<%>
_Z [ (146)— fy+5)(1+nC—C>} (fi_i);e_p
—e pz (14 6) = (v +6)(1 +n¢ ~ Q)| (fn__i)!
=P {(1+5)—<(v+5)}<g%+3g(i—;)! +§:2(5n—_1)!>
R T R
+{<(7+6)—(w+5)}<;h+§2h>
= e ({(1+8) = (v + O)}Pe” + {3(1+ ) — (1 +20) (7 + 6) }pe?
+(1=9)(e - 1))
_ ({(1 +0) =y + NP+ {31 +6) — (1+20) (v +6)}p
+(1=9)(1 =),
But the last expression is bounded above by 1 — 7, if (15) holds. U

Remark 3. Putting 6 = 0 in Theorem 4, we obtain the result investigated by Porwal
[16] Theorem 4.

Corollary 4. The function x(p,z) is in UCT (v, 9) if
pep[(1+5)p+26—’y+3]§1—’y (16)

holds for p >0 .
Corollary 5. The function x(p,z) is in UCT (vy) if

peP(p—y+3)<1—v (17)
holds for p > 0.
Corollary 6. The function x(p,z) is in UCT ((,7,9) if
@(10+6) = Ca+ W + BB1+6) ~ (1 +20(+ D)) S1-7  (18)

holds for p > 0.
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4 Inclusion Properties
A function f € A is said to in the class R](9), if it satisfies the inequality

(-0 +vf(z) -
2r(1—6) + (1 - )2 1 v pr(z) -1

<1, (€0

where 7€ C\ {0},0 < 1,0 <v <1

The class was introduced by Swaminathan [18]. for v = 1 the class is reduces to
familiar class introduced by Dixit and Pal [7]. Making use of following lemma, we
will prove inclusion result on the class UCT ((, 7, 9).

Lemma. If f € R](0) is of the form (1) then
_ 2n(=9)
‘a"‘_l—ky(n—l)’ n e N\ {1}. (19)
The bounds given in (4) is sharp.

Theorem 5. Let p > 0, 7 € C\ {0}, < 1land0 < v < 1. If f € R}(9), then
J(p,2)f € UCT((,7,0) if and only if

_ v(l—v)
1 — 1-—- l—-e?)| < ——————, 2
{148 = ch+ak+ 1= -] < 5o (20)
Proof. In view of Lemma 4 it is sufficient to show that
o] n—1

> 2(14+0) = (3 8)(1+ ¢ = O] e Mlanl < 1=

Since f € R(9), then by Lemma 4, we have

‘CL ‘: 2|T|(1_5)
Yl —1)
Let
Q3(p7C>/7¢5)
00 n—1
-3 n [n(l +6) — (v+0)(1 +nC — g)] (:— e lanl 1=

3
||
N

Pl (- 9)
n—1° T+vn-1)

n|n(l+6) = (v +8)(1 +n¢ — )|

3
[|
¥

Since 1 +v(n —1)

Q3(p7 C7 v, 5)

| \/
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o n—1

< wz [n(1+5) — (7+5)(1+”<_O} (5— 1)!e_p

n=2
2|T|(1 =0 _
< 2MQ=D 046y~ o+ o+ (-1 - D).
But the last expression is bounded by 1 — 7, if (20) holds. O
Corollary 7. Let p > 0, 7 € C\ {0},0 < 1. If f € R7(), then J(p,z)f €
UCT(C,7,0) if and only if

—p (1 _7)
(A4 o+ Dlp+ (1= =) < 5ot (21)

Corollary 8. Letp >0, 7 € C\{0},d < 1. If f € R](9), thenTJ(p,z)f € UCT (v,9)
if and only if
1—
[+ =@ -en] < 20

Theorem 6. Letp > 0, 7 € C\ {0},6 < 1and0 < v < 1. If f € R}()), then
3(p,2)f € TS)(C,7,6) if and only if

(22)

[{(1—1—6)—1—(1—()(fy+5)}(1_e—p)_M(l_e—p_pe—p) < v(1—7)

) Sara—s @)

Proof. The proof of Theorem 6 is similar to the proof of Theorem 5, therefore we

omit the details involved. O

Corollary 9. Let p > 0, 7 € C\ {0},0 < 1. If f € R7(9), then J(p,z)f €
T75,(¢,7,9) if and only if

[{(14+6)+ (1= Oy +8)}(1—e) - ”;‘”u—e-p—pe-p)} < % (24)

Corollary 10. Letp > 0, 7 € C\{0},0 < 1. If f € R{(9), thenJ(p,2)f € TSp(7,0)
if and only if

(v +9)
p

(-7 —pe)] < 20D (a5)

_ e Py I SV
[{+8) + (v + )1 —e) Tt
5 An Integral Operator

In this section, we define a particular integral operator Z(p, z) as follows:

I(p, =) = /0 P9 (26)

S

Theorem 7. Ifp > 0, then Z(p, z) defined by (26) is in UCT (¢, ~,9) if and only if

pe![(1+0)+ (1 -+ <1 —7. (27)
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Proof. 1t is easy to see that

X  _—p,n—1
Z(p,2) :z—ze 7];' 2", (28)
n=2 :
In view of Theorem 1 it is sufficient to show that
i [n(1+0) = (v +)(1 +nC g)]p"_le—p <1-
~ 7 n! - i
Let
0 pn—l B
U(p.€.7.0) = 3 [nl14+8) = (14 )14 n¢ = O e
3 e pn—l
:ep§:[1+5 y+®u+n<—ohn_ml
OO pn—l
=P {(1+0) - 7+5}Z v);(n_l)!]
—" [{(1 +6) = Gy + ) e + (1= 7)(e” — 1)]
=[1+0)=Cy+a)lp+ (1 -7 —e™).
But the last expression is bounded by 1 — 7, if (27) holds. O

Theorem 8. Ifp > 0, then Z(p, z) defined by (26) is in T S,(C,7,9) if and only if

O+ g _ -

{+0) + (1= Oy + 01— ) =

P—pe?) <(1—-7). (29)

Proof. The proof of Theorem 8 is similar to the proof of Theorem 7, therefore we
omit the details involved. O
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Numerical Implementation of Daftardar-Gejji and
Jafari Method to the Quadratic Riccati Equation

Belal Batiha and Firas Ghanim

Abstract. The solution of quadratic Riccati differential equations can be found by
classical numerical methods like Runge-Kutta method and the forward Euler method.
Batiha et al. [7] applied variational iteration method (VIM) for the solution of Gen-
eral Riccati Equation. In the paper of El-Tawil et al.[19] they used the Adomian
decomposition method (ADM) to solve the nonlinear Riccati equation. In [3] Ab-
basbandy applied Iterated He’s homotopy perturbation method for solving quadratic
Riccati differential equation. In [2] Abbasbandy used the Homotopy perturbation
method to get an analytic solution of the quadratic Riccati differential equation, and
a comparison with Adomian’s decomposition method was presented. In [1] Abbas-
bandy employed VIM to find the solution of the quadratic Riccati equation by using
Adomian’s polynomials. Tan and Abbasbandy [30] employed the Homotopy Analysis
Method (HAM) to find the solution of the quadratic Riccati equation. Batiha [5] used
the multistage variational iteration method (MVIM) to solve the quadratic Riccati
differential equation.

Mathematics subject classification: 65L05.

Keywords and phrases: Daftardar-Gejji and Jafari method, Riccati equation, Vari-
ational iteration method, Adomian decomposition method; Homotopy perturbation
method.

1 Introduction

A strong tool to introduce real-life phenomena is differential equations but, in
most cases, numerical or theoretical solutions are difficult to find, in recent years
many numerical methods have been introduced to solve nonlinear differential equa-
tions,[4, 8, 31].

The solution of quadratic Riccati differential equations can be found by classical
numerical methods like Runge-Kutta method and the forward Euler method. Batiha
et al. [7] applied variational iteration method (VIM) for the solution of General Ric-
cati Equation. In the paper [19] El-Tawil et al. used the Adomian decomposition
method (ADM) to solve the nonlinear Riccati equation. In [3] Abbasbandy applied
Iterated He’s homotopy perturbation method for solving quadratic Riccati differ-
ential equation. In [2] Abbasbandy used the Homotopy perturbation method to
get an analytic solution of the quadratic Riccati differential equation, and a com-
parison with Adomian’s decomposition method was presented. In [1] Abbasbandy
employed VIM to find the solution of the quadratic Riccati equation by using Ado-
mian’s polynomials. Tan and Abbasbandy [30] employed the Homotopy Analysis
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Method (HAM) to find the solution of the quadratic Riccati equation. Batiha [5]
used the multistage variational iteration method (MVIM) to solve the quadratic
Riccati differential equation.

The purpose of this paper is to use the Daftardar-Gejji and Jafari method (DJM)
to get the solution of quadratic Riccati differential equations and to present a com-
parison between VIM, ADM, HPM, and exact solution to prove the power of DJM
to solve nonlinear differential equations.

2 The Daftardar—Gejji and Jafari Method

Daftardar-Gejji and Jafari method (DJM) was first introduced by Daftardar-
Gejji and Jafari [16] in 2006, it has been proved that this method is a better tech-
nique for solving different kinds of nonlinear equations [6,9-11, 1315, 20-23, 29].
DJM has been used to create a new predictor-corrector method [17,18]. Noor et
al. [24-28] used DJM to create numerical methods to handle algebraic equations.

Here the Daftardar-Gejji and Jafari method will be discussed, which was suc-
cessfully used to solve differential equations and nonlinear equations in the form:

y=f+L(y) + N(y), (1)

where L, N are linear and non-linear operators, respectively, and f is a given func-
tion. The solution of Eq. (1) has the form:

Y= Zyi- (2)
i=0

Suppose we have

Hy = N(y())v (3)

m m—1
H, = N (Zyz) - N <Z yz) ) (4)

i=0 =0

then we get

Hy = N(y0)7 (5)
Hy = N(yo+wy1)— N(wo), (6)
Hy = N(yo+y1+y2) — N(yo+ 1), (7)
Hy = N(yo+vy1+y2+ys) = Nyoty+y2)+---. (8)

Thus N (y) is decomposed as:

N (Zyz) = N(yo) + N(yo +y1) = N(yo) + N(yo + y1 +y2) — N(yo + v1)
i=0
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+N(yo+y1 +y2+y3) — N(yo+y1 +y2) +---. 9)

So, the recurrence relation is of the following form:

vo = f
vi = L(yo) + Ho (10)
Ym+1 = L(ym)+Hm7 m = 1727"' .

Since L is linear, then:

ZL(yi) =L <Z yz> : (11)

=0 1=0

So,

m+1 m m

Doy = Y L)+ N <Z yi)

i=0 i=0 i=0

= L Zyi>+N<Zyi>, m=1,2,---. (12)
i=0 i=0

Thus,

v = f‘|‘L<Zyi)+N(Zyi)- (13)
i=0 i=0 i=0

The k— term solution is given by the following form:

y= Zyz (14)

3 Convergence of the DJM
In this section, we will introduce the condition of convergence of DJM.

Lemma 1. [9] If N is C(*) in a neighborhood of ug and ||N™ (ug)|| < L, for any n
and for some real L >0 and ||u;|| < M < e71,i =1,2,..., then the series Y oo o Hy,
1s absolutely convergent and

||Hy|| < LM"e" e —1), n=1,2,...

Lemma 2. [9] If N is C() and |[N™(u)|| < M < e~1,Vn, then the series
Yool o Hy is absolutely convergent.
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4 Numerical Implementation

4.1 Example 1

In this example, we shall consider the quadratic Riccati equation in the form:
Y1) =2y(t) — (1) +1, y(0) = 0. (15)

The exact solution was found to be (see Fig. 1) [19]:

y(t) =1+ V2tanh (\/§t+%log <£;1>> (16)

If you expand Eq. (16) by Taylor expansion about t = 0 we get:

1 1 7 7 53 71

D=t+t2+=t2 -t — =P — 54+ "4 — B4 ... 17
e L T L T (7

Bulut and Evans [12] applied the decomposition method to solve Eq. 15 and they

found:

1. 1 7 1. 163 62
D=t +t2 43— St P 6 T S 18
e e e T LT L (18)

Abbasbandy [2] used Homotopy perturbation method (HPM) for quadratic Ric-
cati differential equation and got:

1, 1 7 7 53 221
yt) =t + 124 23 — ot — P — S T 8

1
3 3 15 45 315 1260 (19)

Abbasbandy [1] applied three iterates variational iteration methods (VIM) for
Eq. (15) and found the result:

1. 1 7 7 53 673
) =t+t2+ 13— St P S T 8y 20
YO) =t gt — ot = et et et m ot (20)

To solve quadratic Riccati differential equation (15) by DJM, we integrate Eq.
(15) and use initial condition y(0) = 0, to get:

t
y(t) = / 2y(t) — y(t)? + 1dt. (21)

0

By using algorithm (10) we have:

3 (5% —35¢% +21¢% 4+ 210¢ — 210)
315 ’

1
yo=0, 1 =t, y2:—§t2(t—3), Y3 = —
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Figure 1. The exact solution of Fq.15

1
170270100

+2234232¢5 + 11171160 > — 6891885 t* — 41081040 3 + 3783780 >+
+90810720 ¢ — 56756700),

Yy = t4(2860 ¢ — 42900 ¢1° 4 189420 ° + 90090t — 2388204 ¢ +

Thus,

1 3 (5t —35¢3 +21¢2 + 210t — 210
Su = t-pe-y- = :

t4(2860 1 — 42900 ¢1° + 189420 % + 90090 ¢

170270100
—2388204 7 + 22342325 + 11171160 t°> — 6891885 t*

—41081040 > 4 3783780 % + 90810720t — 56756700). (22)

Using Taylor expansion to expand yg about ¢t = 0 gives:

1. 1 7 7 7 83
t)y=t+t2+ -t — ot — —t% — 0 T — 5.
O A e L T TT-
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4.2 Example 2

Here, we will check the following Riccati equation:

y(t)=—y*t) + 1, y(0)=0. (24)

The exact solution for the Riccati equation above is [19]:

et — 1
)= — . 2
vt = Sy (25)
When we expand Eq. (25) by Taylor expansion about ¢t = 0 we get:
14 25 17 5 62 4 1382 21844 5
t)=t— =t —1° — —t — t t 26
y(t) 3 15 315 * 2835 155925 6081075 (26)

To solve quadratic Riccati differential equation (24) by DJM, we integrate Eq.
(24) and use initial condition y(0) = 0, to get:

0.9

0.5

0.7

0.6

] 0.3 1 1.3

Enact Soluiion DIM Solution |

Figure 2. The comparison between the y4 of DJM and the ezact solution

t
y(t) :/ —y(t)? + 1dt. (27)
0
By using algorithm (10) we have:
1 t° (51% — 42)
=0 =1 = —— t3 =V
yo ) yl ) y2 3 7 y3 315 )
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¢ (715¢% — 13860¢° + 109746 t* — 570570 > + 1621620)

= 42567525
Thus,
Z‘*: _ _1/se t5(5¢% - 42)
L% 315
1=0
¢ (715¢® — 13860 ¢° + 109746 t* — 570570 % + 1621620)
42567525

Using Taylor expansion to expand y4 about ¢t = 0 gives:

1, 2. 17,
)=t —t34+ —t> — —t

5 Numerical Results and Discussion

In this section, we will show the numerical solutions of quadratic Riccati differ-

ential equation.

Table 1. Numerical comparisons between exact solution and y5 of DJM

38
315 2835

A M

t  Exact solution  y5 of DJM  absolute error
0.1 0.1102951967 0.1102951631 3.360E-8
0.2 0.2419767992  0.2419752509 1.548E-6
0.3 0.3951048481  0.3950932308 1.162E-5
0.4 0.5678121656 0.5677733164 3.885E-5
0.5 0.7560143925 0.7559368137 7.758E-5
0.6 0.9535662155 0.9534634383 1.028E-4
0.7 1.1529489660  1.1528561200 9.285E-5
0.8 1.3463636550 1.3463068680 5.679E-5
0.9 1.5269113120 1.5268938270 1.748E-5
1.0 1.6894983900 1.6895510560 5.266E-5

Table 1 shows the comparison between the y5 of DJM and the exact solution for
example 1. Figure 2 shows the comparison between the y4 of DJM and the exact
solution for example 2. We can see the good accuracy of DJM compared to the
exact solution, but we can note that it’s accurate only for small ¢.
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6 Conclusions

In this paper, we show a new application of the Daftardar-Gejji and Jafari
method (DJM) to get the solution of the quadratic Riccati differential equation.
In this paper, we use the Maple Package to calculate the series obtained from the
DJM. It may be concluded that DJM is a powerful tool for finding analytical and
numerical solutions for the Riccati differential equation.
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Abstract. The paper is devoted to the investigation of the notion of a differentially
prime subsemimodule of a differential semimodule over a commutative semiring, which
generalizes the notion of differentially prime ideal of a ring. The characterization of
differentially prime subsemimodules is given. The interrelation between differentially
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is studied.
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1 Introduction

The notion of a derivation for semirings is defined in [3] as an additive map
satisfying the Leibnitz rule. Recently in [2,13] and [11] the authors investigated
different properties of semiring derivations, differential semirings, i.e. semirings
considered together with a derivation, and differential ideals of such rings. Prime
subsemimodules of semimodules over semirings were introduced and studied in [1].
Differentially prime ideals were introduced in [8] for differential, not necessarily
commutative, rings. Differentially prime submodules of modules over associative
rings were studied in [10].

The rapid development of semiring and semimodule theory in recent years mo-
tivates a further study into properties of differential semirings, differential semi-
modules, semiring ideals and subsemimodules defined by similar conditions. The
objective of this paper is to investigate differentially prime subsemimodules of semi-
modules equipped with derivations over commutative semimodules, and their inter-
relation with other types of subsemimodules.

For the sake of completeness some definitions and properties used in the paper
will be given here. For more information see [3-5,9].

Let R be a nonempty set and let + and - be binary operations on R. An algebraic
system (R, +, ) is called a semiring if (R, +,0) is a commutative monoid, (R, -) is a
semigroup and multiplication distributes over addition from either side. A semiring
(R, +,-) is said to be commutative if - is commutative on R.

Zero Or € R is called (multiplicatively) absorbing if a -0 = Og - a = 0 for all
a € R. An element 1g € R is called identity if a - 1g = 1p - a = a for all a € R.
Suppose 1p # Og, otherwise R = {0} if zero is absorbing.
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Throughout the paper, we assume that all semirings are commutative with iden-
tity, N denotes the set of positive integers and Ny = N|J{0} denotes the set of
non-negative integers.

An ideal of a semiring R is a nonempty set I # R which is closed under addition
+ and satisfies the condition ra € I for all a € I, r € R. An ideal I of a semiring R
is called subtractive (or k-ideal) if a € I and a+b € I imply b € I.

Let R be a semiring with 1 # Og. A semimodule over a semiring R (or R-
semimodule) is a nonempty set M together with two operations +: M x M — M
and -: R x M — M such that (M, +) is a commutative monoid with Oy, (M, -) is a
semigroup, (r+s)m = rm+sm for allr,s € R, m € M, r(my+ms) = rmy +rmy for
allre R,mi,meoe M,0p-m=7r-0yy=0p forallre Randme M, 1g-m=m
for all m € M.

A subset N of an R-semimodule M is called a subsemimodule of M if m+n € N
and rm € N for any m,n € N, and r € R. A subsemimodule N of an R-semimodule
M is called subtractive or k-subsemimodule if mqy € N and m; + mo € N imply
mg € N. So {0p} is a subtractive subsemimodule of M.

Let R be a semiring. A map 6: R — R is called a derivation on R [3] if
d(a+0b) =d(a)+0(b) and ¢ (ab) = d(a)b+ ad (b) for any a,b € R. A semiring
R equipped with a derivation ¢ is called a differential semiring with respect to the
derivation ¢ (or d-semiring), and is denoted by (R, J) [2].

For an element r € R denote by 0 =7, v/ =6 (r), 7" =6 ('), r™) =4 (7‘("_1)),
for any n € Nyp. An ideal I of the semiring R is called differential if the set I is
differentially closed under 0, i.e. d(r) € I for any r € I. The set of all derivations
of an element 7 € R 7(®) = {rM|n = 0,1,2,3...} is differentially closed. The
ideal [r] = (r("o)) = (r,7',7",...) of R, generated by the set 7(°) is differentially
generated by r € R; it is the smallest differential ideal containing the element
r € R [11].

Let M be a semimodule over the differential semiring (R,d). A map d: M — M
is called a derivation of the semimodule M, associated with the semiring derivation
0: R — R (or a d-derivation), if d(m+mn) = d(m)+d(n) and d(rm) = § (r)m +
rd(m) for any m,n € M, r € R. A R-semimodule M together with a derivation
d: M — M is called a differential semimodule (or d-0-semimodule) and is denoted
by (M,d).

A subsemimodule N of the R-semimodule M is called differential if d(N) C N.
Any differential semimodule has two trivial differential subsemimodules: {0/} and
itself.

For an element m € M denote by m(®) = m, m' = d(m), m" = d(m/), m") =
d (m"=1), for any n € Nyg. Moreover, let m(®) = {m™|n € Np}. It is easy to
see that the set m(>) is differentially closed. The subsemimodule [m] = (m(oo)) =
(m,m’,m”...) is the smallest differential subsemimodule of M containing m € M.

A subsemimodule P of a subsemimodule M is called prime if for any ideal I of R
and any submodule N of M the inclusion IN C P implies N C Por I C (P: M).
Prime subsemimodules are extensively investigated in [1].
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2 Differentially prime subsemimodules

Definition. Let S be a multiplicatively closed subset of R. A non-empty subset X
of the semimodule M is called an S-closed subset of M if sx € X for every s € S
and x € X.

Quasi-prime ideals of differential rings were introduced and studied in [6,7], its
generalizations to differential modules, semirings and semimodules were studied by
different authors, e.g.[11,12,14,15].

Definition. A differential subsemimodule N of the left differential semimodule M
is called quasi-prime if it is maximal differential subsemimodule of M disjoint from
some S-closed subset of M.

For instance, every prime differential subsemimodule is quasi-prime, because the
complement of the prime subsemimodule is an S-closed subset of M, where the role
of S is played by the set {1}.

In the case of a regular semimodule, we obtain the notion of quasi-prime ideal of
a semiring. For differential semiring ideals it is known that every maximal among
differential ideals not meeting some multiplicatively closed subset of the semiring
is quasi-prime. The analogue of this fact holds for differential semimodules: every
maximal among differential subsemimodules of an arbitrary differential semimodule
is quasi-prime.

Definition. A differential k-subsemimodule P of M is called differentially prime if
for any r € R, m € M, k € Ng, rm®) € P implies r € (P : M) or m € P.

Theorem 1. Every quasi-prime k-subsemimodule N of M 1is differentially prime.

Proof. Let N be a quasi-prime subsemimodule of M. Suppose that there exist
r € R, m € M such that r € R\ (N : M), m € M\ N and [r] - [m] C N. Since
N is maximal among the differential submodule not meeting some S-closed subset
X of M, for differential ideal (IV : M)+ [r] and differential subsemimodule N + [m]
the maximality of N implies (N : P)+[r])NS # @ and (N +[m|)NX # @. As a
result, there exist s € S, € X such that s € (N : M)+ [r] and x € N + [m]. Since
X is an S-closed subset of M and s € S, x € X implies that there exists n € Ny
such that sz(™ € X. Then sz(™ € (N : M)+ [r]) - (N 4 [m]) C N. It follows that
sz € XN # @, which contradicts the original assumption. Therefore, N is
differentially prime. O

Definition. Let S # @ be a subset of R. A subset S is called d-multiplicatively
closed if for any a,b € S there exists n € Ny such that ab™ € S.

Definition. Let S be a d-multiplicatively closed subset of R. A subset X C M is
called Sd-multiplicatively closed if for any s € S, x € X there exists n € Ny such
that sz(™ € X.
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Proposition 1. A k-subsemimodule N C M is differentially prime if and only if
M\ N is Sd-multiplicatively closed.

Proof. Suppose X = M\ N, S =R\ (N : M), N C M is differentially prime and
there exist s € S and # € M \ N such that for all n € Ny, sz(™ ¢ M\ N. Then
€ (N : M) or x € N, which contradicts s € S.
Conversely, suppose X = M \ N is Sd-multiplicatively closed, and for all n € Ny,
sz(™ ¢ X for some s € S and x € X. Then sz(™ € N, and so s € (N : M), which
is a contradiction. O

Theorem 2. For a differential k-subsemimodule P of M, P # M the following
conditions are equivalent:

1. P is differentially prime;
Foranyre R, me M, k,l € Ny, rOm®) e P implies r € (P:M) orme P;

For anyr € R, me M, [r]-[m] C P impliesr € (P: M) orm € P;

e e

For any differential k-ideal I of R and any differential k-subsemimodule N of
M, IN C P implies NC P orI C(P:M).

Proof. (1 = 2) Suppose rOm*) ¢ P for any k,I € Ny. Denote t = | + k. For
t = 0 we have r(©m( = rm € P. Therefore, d(rm) = (rm)’ € P. For a subtractive
subsemimodule P, we have (rm) = r'm +rm’ € P, rm’ € P. Hence, 'm € P.

Consider (rm®)) = r'm®) + rm&+D) for all k € Ny. As before, (rm*®) e P,

m*+D) e P imply »'m®*) e P, by subtractiveness of P.

In a similar way, from (r'm®*=1) = ¢"m&*=1 4 /m®) ¢ P, v'm*) ¢ P and
subtractiveness of P we obtain r"m*) € P, etc.

(2= 1) Obvious when [ = 0.

(2 = 3) Note that [r] = >y, Rr®), [m] = > keNo Rm®) | and so [r] - [m] =
> rten RrWpm (k)

If [r] - [m] C P then } ) o, RrOm®) C P in particular rOm®*) € P. Hence,

€ (P:M)ormeP.

(3 = 2) Suppose for any r € R, m € M, [r]-[m] C P implies r € (P : M)
or m € P. Prove that for any r € R, m € M, k,l € Ny, rOm®) e P implies

€(P:M)ormeP.

If T()m(k) € P, then 3 1oy, Rrm®) C P. Therefore, [r] - [m] € P, which
follows r € (P )ormGP

(3=4). Suppose for any r € R, m € M, [r] - [m] C P implies r € (P : M) or
m € P, and let IN C P, where [ is an arbitrary differential ideal of R and N is an
arbitrary differential subsemimodule of M.

Suppose N ¢ P or I € (P : M). There exists x € N, ¢ P, and r € I,
r & (P:M). Clearly, [r] - [x] C IN C P. Therefore, r € (P : M) or m € P, which
is a contradiction.

(4 = 3) is obvious. O



34 I. MELNYK

Theorem 3. Let S be d-multiplicatively closed subset of R, X be Sd-multiplicatively
closed subset of M, and let N be a differential subsemimodule of M, maximal in
M\ N.

If the ideal (N : M) is differentially maximal in R\ S, then N is a differentially
prime subsemimodule of M.

Proof. Suppose that there exist r € R, m € M and k € Ny such that rm(k)) € N,
r¢ (N:M),and m ¢ N. It is clear that N C N+[m] and (N : M) C (N : M) +[r].

Since N is maximal among the differential subsemimodules not meeting some
Sd-closed subset X, (N 4+ [m]) N X # &. Since (N : M) is maximal among the
differential ideals of R not meeting some d-multiplicatively closed subset S, ((N :
M)+ [r]) NS # @. Therefore there exist a € S, x € X such that a € (N : M) + [r]
and € N + [m]. On the other hand, since X is a Sd-multiplicatively closed subset,
then a € S, z € X implies the existence of n € Ny such that az(™ € X. Therefore
™ € (N +[m])NX. Then az™ € (N : M)+ [r]) - (N + [m]) = (N : M)N + (N :
M)-[m]+[r]- N +[r]-[m] C N. Therefore, az(™ € N X # @, but it contradicts the
assumption that X (| N = &. Hence N is a differentially prime subsemimodule. [

Corollary 1. Let P be differentially prime ideal of R, S = R\ P, X be Sd-
multiplicatively closed subset of R, let a differential subsemimodule N be mazimal
in M\ X. If N is prime, then (N : M) = P.
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Abstract. A multicriteria investment Boolean problem of minimizing lost profits
with parameterized efficiency and different types of risks is formulated. The lower and
upper bounds on the radius of the strong stability of efficient portfolios are obtained.
Several earlier known results regarding strong stability of Pareto efficient and extreme
portfolios are confirmed.
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1 Introduction

Many problems of making multi-purpose decisions (individual or group) in man-
agement, planning and design can be formulated as multicriteria discrete optimiza-
tion problems. A characteristic feature of such problems is the inaccuracy of the
initial parameters. This inaccuracy is due to the influence of various factors of un-
certainty and randomness: the inadequacy of the mathematical models used real
processes, measurement or rounding errors and other factors. To manage financial
investments, G. Markovitz [1] developed an optimization model that demonstrates
how an investor, choosing a portfolio of assets, can minimize the degree of risk for
a given expected income level. This formulation involves the use of statistical and
expert assessments of risks (financial, environmental, etc.) as input data. It is well
known that complex calculations of such quantities are accompanied by large num-
ber of errors, which leads to a high degree of uncertainty of the initial information.
Under these conditions, the question naturally arises about the plausibility of results
obtained in solving such problems, which makes necessary to conduct a post-optimal
analysis of the stability of solutions to perturbations of parameters.

Modern research on the stability of multicriteria discrete optimization problems
is carried out in two directions: qualitative and quantitative. Within the framework
of the first direction, the authors concentrate their attention on the definition and
study of various types of stability (see monograph [2], and surveys [3,4]), establishing
a connection between different types of stability as well as on the search and descrip-
tion of the region of stability of the problem [5,6]. The second direction is focused
on obtaining estimates of permissible changes in the initial data of the problem, at
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which a certain predetermined property of optimal solutions is preserved [7-12], and
on the development of algorithms for calculating these estimates [13-15].

Our current work continues research towards a similar direction, with focus on a
different optimality principle, namely, the so-called parameterized efficient solutions
and their strong stability properties are investigated. The paper is organized as fol-
lows. In Section 2, we introduce basic concepts and formulate the problem. Section
3 contains auxiliary technical statements required for the proof of the main result.
As a result of the parametric analysis, in Section 4 the lower and upper bounds
on strong stability radius are obtained in the case with arbitrary Holder’s norms
specified in the three spaces of the problem’s initial data. Some previously known
facts are confirmed in Section 5.

2 Problem formulation and basic definitions

Consider a multicriteria discrete variant of the investment optimization problem
with the following parameters specified below: let

N,={1,2,...,n} be a variety of alternatives (investment assets);

Ny, be a set of possible financial market states (market situations, scenarios);

Ny be a set of possible risks;

rijk be a numerical measure of economic risk of type k£ € Ny if investor chooses
project j € N, given the market is in state i € Ny,;

R= [rijx] € R™ ™" be a matrix specifying risks;

x= (1, x2,... ,xn)T € E” be an investment portfolio, where E={0,1}, and

e 1 if investor chooses project j,
771 0 otherwise;

X C E” be a set of all admissible investment portfolios, i.e. those whose real-
ization provides the investor with the expected income and does not exceed his/her
initial capital;

R™ be a financial market state space; R™ be a portfolio space; R® be a risk
space.

In our model, we assume that the risk measure is addictive, i.e. the total risk of
one portfolio is a sum of risks of the projects included in the portfolio. The risk of
each project can be measured, for instance, by means of the associated implemen-
tation cost.

Efficiency of a chosen portfolio (Boolean vector) x € X, |X| > 2, is evaluated
by a vector objective function

f(@,R) = (f(z, R1),f(z, Ra), ..., f(z, Ry))",

with each partial objective representing minimax Savage’s risk criterion [17]:

f (z, R) =max r;z = max Z rijkr; — min, k€ N,
iENm iENm ) re
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Tik= (Tilky Tidky - arink‘) € Rn7 1€ va k € NS'

In the formula above, R, € R™*" represents the k-th cut of the risk matrix
R= [ri] € R™* ™ with rows 7.

Certainly, the problem has practical interest due to its multicriteria nature and
the criteria that could be interpreted as maximum risk minimizing attitude of an
investor to market instability and uncertainty.

For arbitrary v € N (dimension of a space), we define the Pareto dominance
[16] between two vectors as the following binary relation in the real vector valued
space RV y = ¢ < y >y & y # y,where y = (y1,92,...,%)" € R?, and
v =W vh-.. )" €RC.

Let ) # I C N,. Denote R; a submatrix of the risk matrix R= [r;;;] € R™*"**
consisting of h=|I| cuts with numbers of the set I, i.e.

Rr = (RklaRk2, - 7Rkh)T c Ranxh7
I:{k17k27-.-,kh}, 1§k1<k2<<kh§8

Thus for a fixed non-empty I and chosen x € X, we have a vector function

f(ﬂj‘,R[) = (f(:pv Rk1)7f(x>Rk2)7 sy f(x>Rkh))T7
with components being type of Savage’s minimax risk criterion [17]:

f (z, Rg) :i%lj%: TiET — Imléi)l(l, kel

An investor in the conditions of economic instability and uncertainty of the
market state is extremely cautious, optimizing the total risk of the portfolio in the
most unfavorable situation, namely when the risk is maximum. Such caution is
appropriate because any investment is the exchange of a certain current value for a
possibly uncertain future income. Obviously, this approach is dictated by the safest
and most protective rule prescribing to assume the worst.

Let u € Ns and Ns = [U,cn, I» be a partition of the set N in u non-empty
subsets (types of risks), i.e. I, #0,v € Ny, and i #j = L1, = 0.

Such partition may naturally arise in the situation when risks can be classified
to the different groups, e.g. financial, industrial, ecological etc. Another situation
with different types of risks may appear if risk measurement scales are different, e.g.
some risks are measured on a monetary scale whereas the others are measured on
various subjective preference scales.

As following definition shows, inside a group of a certain type, Pareto domi-
nance binary relation is used while comparing portfolios. For the given partition,

we introduce a set of (Iy,Is,...,I,)-efficient portfolios according to the following
formula:

Gy (R, I, I5,...,I,) ={zr € X: v e N, (X(z,Ry,) =0)}, (1)
where

X (z,Rr,)={2"€ X: f(z,Ry,) ~f («/,Rr,) } . (2)
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For brevity, we sometimes refer to the set of (I, Is,..., I,) — efficient portfolios as
G;¥ (R) and name them efficient. It is easy to see that the set of efficient portfolios
is non-empty.
In one particular case, if u = 1, i.e. [I=N,, any N,; — efficient portfolio
x € G5, (R, Ny) is also Pareto efficient (optimal). Therefore, the set G, (R, N;)
is identical to the Pareto set [18] defined as follows:
P (R)={r € X: X(z,R) =0},

m

where

X(:E,R):{:E/EXZf(l‘,R)Zf(l‘/,R) & f(x,R);éf(X/,R)}.

In another particular case, if u=s, ie. I, = {v} for v € N, = Ng, the set
G, (R, {1},{2},...,{s}) is a set of all the so-called extreme portfolios (see e.g.
[19]). The set of extreme portfolios is defined as

E’ (R)={z € X: 3k € N; (X(z, Ry) =0},
where
X (z, Ry) :{x/ € X: f(x,Rg) > f (:E/,Rk)}.

The choice of extreme portfolios can be interpreted as finding best solutions for
each of s criteria, and then combining them into one set. The vector composed of
optimal objective values constitutes the ideal vector that is of great importance in
theory and methodology of multiobjective optimization [19].

The problem of finding the set of efficient portfolios

GS (R, I, ..., 1)) = GS* (R)

is referred to as multicriteria investment Boolean problem with Savage’s risk criteria
of different types and denoted by Z3, (R, I1, Io, ..., I,), or shortly, Z3* (R).
For the fixed non-empty I C N, we introduce the following sets:

P(R;)={x € X: X (x,R;) =0},
E(Ry)={z e X: 3k el (X(zx,Ry) =0},

where
X (z,Ry)={2" € X: f(z,Rr)~f («',Ry)}.

In particular, for fixed k € Ny and I = {k}, |I| =1, the two sets P (Ry) and E (Ry)
are identical. Both sets represent a set of optimal portfolios for the scalar problem
with respect to the k-th risk:

z, Rp) =max r;zx — min .
f (@, By) €Ny, ok z€X

Due to (1), we have the following equality:
G5 (R I Io,... . I)={zr e X:weN, (xeP(R))}. (3)
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Therefore, we have

Gy (R L,....I,)= ) P(Ry,), | L=N..
’l)eNu UENU

Obviously, all the sets specified above are non-empty for any risk matrix
R c RanXs‘

We will perturb the elements of the three-dimensional risk matrix R € R™*"**
by adding elements of the risk perturbing matrix R’ € R™*"™**. Thus the problem
Z5"(R + R') with perturbed risks has the following form:

/ .
f(z,R+ R) — min.
The set of (I1,1s,...,1I,) — efficient portfolios in the perturbed problem is denoted
by G5, (R+ R, I1, I, ...,1I,), or shortly GS*(R + R/).
Recall that Holder’s norm [, (also known as p-norm) in vector space R" is the

number
1

llall,= <Zj€Nn |<1j|p>p if 1< p<oo,
max {|a;| :j € N,} if p=oo,

where a= (a1, as, ...,an)T € R".
In the spaces R", R™ and R* we define three Holder’s norms [, [, and l;, where
p,q,t € [1,00]. So, the norm of matrix R € R"™*"*? is the following number:

HRHpqt:”(HRlHpq7HR2Hpq7 "'7HR8”pq)Ht7

with cuts
HRk”pq:”(Hrl]fH;mHTyC”p? "'7|’ka”p)”q7 k S NS’

For any numbers p, ¢,t € [1,00] the following inequalities are valid:

17irll, < [[Rell,g < 2] i€ N, k&N, (4)

pgt?

While solving investment problems, it is necessary to take into account the inac-
curacy of the input information (statistical and expert risks evaluation errors) that
are very common in real life. Under these conditions, it is highly recommended
to get numerical bounds of possible changes to the input data that for any small
perturbation the efficiency of at least one originally extreme portfolio is preserved.

Following [3], the strong stability (in terminology of [4], T}-stability) radius of
Zs (R, I, 1Is,...,1,), s,m & N, with Holder’s norms [,, [, and [; in spaces R", R"™
and R?, respectively, is defined as:

Sup=,,e if Z, £ 0,
_su £ — pat 1 =pg
P pm (p7q7 ) { O lf ‘:pqt:@-

where
Ept={e>0 : VR € Quu(e) (G (R+ R)NG(R) # 0)};
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Qpge(e) ={R € R™™* | R, ,<e} is the set of perturbing matrices R’ with
cuts R’y e R™™, k€ Ng;

G2“(R 4+ R') is the set of (Iy,Is,...,I,)-solutions of the perturbed problem
Zi(R+ R));

| R'|[ 4 is the norm of matrix R'= [r';;x].

Thus the strong stability radius of the problem Z5“(R) is an extreme level of
independent perturbations of elements of matrix R € R"™*"™*® such that the sets
GY(R) and G2*(R + R') are never disjoint.

Obviously, if GS¥(R) =X, then the strong stability radius is not bounded. For
this reason, the problem with X\ET"(R) # 0 is called non-trivial.

3 Auxiliary statements and lemmas

Let v be any of the above-numbers p, ¢, t. For the number v, let v* be the
number conjugate to v and defined as:

Ijv+1/v*=1, 1 <v<oo.

We also set v*= 1 if v=00, and v*=00 otherwise. We assume that v and v* be taken
from [1,00], and conjugate. In addition to the above, we assume that 1/v= 0 if v=00.
Further we will use the well-known Hélder’s inequality

v ()

that is true for any two vectors a and b of the same dimension.

la”b] < llall, [Ib

It is also well-known that Holder’s inequality becomes an equality for 1 <v<oo
if and only if

a) one of a or b is the zero vector;

b) the two vectors obtained from non-zero vectors a and b by raising their compo-
nents’ absolute values to the powers of v and v*, respectively, are linearly dependent
(proportional), and sign (a;b;) is independent of 4.

When v= 1, (3) transforms into the following inequality:

1D aibi| < max |b;| > lail.
i€N, S EN,

The last holds as equality if, for example, b is the zero vector or if a; # 0 for some
J such that |b;| =||b|| ., # 0, and a;= 0 for all i € N,\{j}.
When v=00, (3) transforms into the following inequality:

1D aibi] < max |a;| > lbil-
i€N, S eN,

The last holds as equality if, for example, b is the zero vector or if a;=csign(b;) for
all i € N,, and o > 0.
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It is easy to see that for any a= (a1, ag, ..., an)T € R" with
‘a]’ :Oé, j e N7h

the following equality holds
lall,=an'/” (6)

for any v € [1,00].
The following two lemmas can easily be proven.

Lemma 1. Given two portfolios x, 2" € X, two market states 1,7 € N,, and a fized
risk k € Ng, the following statement is true for any p,q € [1,00]:

ring = rok2” > = | Rillpgll(l2llpe, 12°p) o,

where Ry, € R™*™ is the k-th cut of matriz R € R™ ™5 with rows 11k, 9k, .- s "mk,
v = min{p*,¢"}.
Proof. Let i # i'. Then, using Holder’s inequality (5), we get
rige = rine” > =(||rikllp el + lrakllpllz/lp) >
p*) q* =
¢ 2 — I Rellpg I([I2lp~, ”xo )

For i = 4/, using inequalities (4), and Holder’s inequality (5) we deduce

> [Nl lranllp) g (12 lpe, ll”

> =1 Bkllpg [I(ll

v

|

p*s p*)

Tik® — Ti’kﬂfo > —||7‘z'ka |z — xOHp* > _HRkaq |z — 5170||p* >

»*)

¢ = _HRk”pq H(Hx”p*a ”xo |u-

> _”Rkaq T4 ‘330

p* p*)

O

From the definition of G, (R, Iy, Is, ..., I,), the following claim holds straight-
forward.

Lemma 2. A portfolio x ¢ G5, (R, I1,1s,...,1,) if and only if x ¢ P (Ry,) for any
index v € N,,.

4 Main result

For non-trivial problem Z3*(R) = Z3*(R, I, I2, ..., I,), we introduce the follow-
ing notation

o= ¢M(pg)= min  min  max min— 9@ PN
r@Gs¥(R) vENy 2/'€P(z,Ry,) k€l H(HZEHp*,Hl‘/

)

)y

! +
b=t = max  max min ST ERTe
2'€G3t(R) veN, z¢Gs(R) ||(]|x 2|y

p*s
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/
R
X = Xfr,lll(p7 q7 t) - nl/pml/qsl/t min max max max M’
cEGE(R) vENy z'€GSH(R) kE€ly Hx — x/Hl

where
g(z, 2, Ry) = f(x,Ry) — f(2/,Rg), k € I,
g(z,2',Ry,) = f(x,R1,) - f(z', Ry,),
P(z,Rr,) = P(Rr,) N X(z, Ry,),
7 = min{p", ¢"}.
Here [yt = (yfr , y; - ,y;[) is a positive projection of vector

y = (y1,92,---,un) € R" ie. yf = max{0,yx}, k € Nj. It is easy to see that
(707 1)[)7 X Z 0'

Theorem 1. Given s,m € N, u € Ny and p,q,t € [1,00], for the strong stability
radius p = pit(p,q,t) of s-criteria non-trivial problem Z3*(R), the following bounds
are valid:

0 < max{py'(p,q); ¥ (p,q,t)} < p"(pq:t) < min{xy;'(p,q,t), [|Rlpgt}-
Proof. Since
V' e GI¥(R) V€ GSY(R) Fwe N, (f(z,Rp) = f(2',Ry)),

the inequalities ¥, x > 0 are evident.
Now we show that

P =P (P, q:t) = or (P, q) = ¢.

If o = 0, the inequality above is evident, so we assume ¢ > 0.

Let the perturbing matrix R’ = [rgjk] € R™*"XS with cuts R}, k € Ny, be taken
from the set Q,q(¢). According to the definition of the number ¢, and due to
inequality (4), we obtain

Yo e N, VorgGR) 32°c P(x,R;) Vkel,
< g(xeraRk)
It

255 [12°1lp) 1

> 0> R lpet > HR;HM) |

p*>

Thus, due to Lemma 1, for any criterion v € N, there exists a portfolio 2° # x
such that
g(,2°% R + Ry) = f(w, Rp + Ry) — f(a°, R + Ry,) =
0
= max (r, +rip)T — max (r, + rig)e =

. ! 0 / 0
= min max (7T + 7 T — TykT — Tyl ) >
€Ny P'EN, ( 1 ik 1 i'k )

|

> f(z, Ry) — f(xoka) - ”R;chq (1] p*s ) ‘*/ =
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= g($,$0,Rk) - HR;CHPQ ||(||3§‘

p* |$0||p*)H“{ > 07 ke Iva

where 7/, is the i-th row of the k-th cut R}, of the matrix R’. This implies

z & P(Ry, + R}), veEN,.

Therefore according to Lemma 2, we obtain that

v & G(R+R).

Summarizing and taking into account that z ¢ G:¥(R), we conclude that for any

perturbing matrix R’ € Qpu(¢), any portfolio z € GZ¥(R+ R’) is also an element of
G (R), i.e. inequality p > ¢ is true.

Further, we prove the lower bound

P =P (P, 0, t) > ¥ (P g, t)

.
We already know that i) > 0. Therefore in order to prove p > 1, it suffices to show

that there exists a portfolio z* belonging to G¥(R)NG:Y(R+ R') for any perturbing
matrix R’ = [rj;] € Qpgi(1)).

Since the problem Z3“(R) is non-trivial, according to the definition of ¢, we have

2% € GSY(R) Jw € N, V¢ GS(R)

(Mg, 2°, RE)T (e = 2, |2°1pe) 1y > 0) - (7)
Further we show that the formula

Vo ¢ Gr(R) VR € Qpqu(y) (z & X(2°, R, + Ry,))

(8)
holds.

We prove this by contradiction. Assume the opposite, i.e. that formula

37 ¢ GU(R) TR E Qu(v) (2 € X(2°, Ry, + Ry,))
holds. Then we get

f(z, Ry, + le) < f(xO,ij + R[w).

Using Lemma 1 for any index k € I,,, we obtain

0> g(#,2° Ry + Ry) = f(Z, R, + Ri) — f(2°, R, + Ry) =

— ) S\ ) -3 0 _
= ilg\ié(nk + k)T iléljf\iﬁ(?‘zk + k)

= min max (rgT — ripa® + Fipd — firkxo) >
1€ENm t'€ENp

> 9(&,2°%, Ri)) = 1 Billpq (12l 2l
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Therefore, we get

9(%,2% Ri) < || Rellpq II(|Z

o

e )y, k€ L.

Then we continue

l9(, 2% R)]* < [ Rellpg (112

’xo”p*)”% ke I.

p*
As a result we get a formula contradicting (7)
lg(@, 2, Re, )" e < 1Rz, llpge 1CIZ 1+

< Rllpge U2l 12151y < 2l(1IZ

This confirms the validity of (8).

Further we show a way of selecting a portfolio z* € G5¥(R) N G2“(R + R') where
R € Qugt(¥). If 2° € GSY(R + R'), then we get 2* = 20. If 20 ¢ GS%(R + R'), then
due to Lemma 2 we obtain 2° ¢ P(R;, + R} ) for any v € N, and in particular for a
fixed w € N, we have 2 & P(Ry, + R} ). Then due to external stability (see [16])
of the Pareto set P(Rj, + R} ), one can chose a portfolio 2* € P(R;, + R} ) (and
hence x* € G5%(R+ R')) such that z* € X (2°, Ry, + R} ). Taking into account (8),
it is easy to see that 2* € G5¥(R). Thus, we just have p > 1 proven.

Further, we prove the upper bound

|2l <

|2

»*)

p*>s v

P =P at) < xom (P a,t) = X

According to the definition of y and due to assumption about problem’s non-
triviality, we have

320 = (29,29,...,20)T ¢ GS(R) Vv e N, VzecGU(R) Vkel,

<XHJJO — x| > nl/pml/qsl/tg(azo,a:,Rk)> . 9)

Let € > ¥, and let the elements of perturbing matrix R? = [r?jk] € R™*"%5 he
defined as:
0 —6 if i€ Ny, 29=1, ke N,

0

J

/)".. =
RTINS i e Ny, 20 =

where ¢ satisfies

X < ont/Pmt/agt/t < ¢, (10)

From the above according to (6), we get
Irfillp = 6n'/?, i € Ny, k € N,
|RY||py = on'/Pm/9, ke N,
| Bllpge = on'/Pmt/0s1t,

RO S qut(E).
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In addition, all the rows r?k, 1 € Ny, of any k-th cut Rg, k € N, are constructed
identically and composed of § and —d. So, setting ¢ = T?k, i € Ny, k € Ng, we
deduce

c(z® —z) = —6)ja® — z|; <0
that is true for any portfolio x # 2. Using (9) and (10), we conclude that for any
portfolio z € G#¥(R) and any v € N,, the following statements are true:

9(z°, 2, R + RY) = f(2° Ry + RY)) — f(z, Ry + RY)) =

= g‘aﬁ(”’“ + )2’ — fnj%i(% + )z = max rapa’ — max 1 +c(2® —x) =

= g(2%, z, Ry) + c(2° — ) < <X(n1/pm1/qsl/t)_1 - 5) [2° — 2|l <0, k € I,.

This implies « ¢ P(Ry, + R} ) for any v € N,. Then due to Lemma 2 we have
z ¢ G54 (R+ RY). Thus, for any ¢ > y there exists a perturbing matrix R® € Q,4(¢)
such that G5%(R) N GS4(R + R%) = 0, i.e. p < ¢ for any £ > . Hence, p < x.
Finally, we show
p= pfr?(pv Q7t) S ||RHpqt-

Let 20 = (29,29, ...,20)T ¢ G5*(R) and & > ||R||pqt, and let us fix § satisfying
condition
0 < on'PmasYt < ¢ —||R||pg- (11)

We introduce an auxiliary matrix V' = [v;;,] € R™*™*® with cuts Vi, k € N,
defined as follows:

I —6 if i€ Np, 29=1, keN,,
TS i i€ N, 20=0, ke N,
Using (6), we obtain
[Villpg = 6n/Pm/, k e N,
1V || pgt = on/Pmt/ast/t, (12)

It is easy to see that all rows of Vi, k € Ny, are identical and composed of § and
—d. So, we get that for any v € N, the following formula

(@ Vi) — flz, Vi) = =6]j2° — 2|1 <0, k € I, (13)

is true for any x # 2%, and in particular for z € G(R).
Further, let R? € R™*"%% be a perturbing matrix with cuts Rg, k € N, defined
as:
R} =Vi — Ry, k € N, (14)

ie. R® =V — R. Using (11) and (12), we deduce

HROHPqt < |[Vllpgt + [ Rllpgt = ont/rmt/ast/t 4 [ Rllpgt < e,
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i.e. RO € qut(€).
Additionally, using (13) and (14) for any index v € N,, we have

= f(xovvk) - f(xavk) = _5‘|$0 - :EHI < 07 ke Ivv

ie. z ¢ P(Ry, + R?v) for any v € N,,. Therefore, due to Lemma 2 = ¢ G5*(R + R°).
Summarizing, we get

Ve > |Rllpg 3R € Qpuile)  (GSH(R)NGE(R+ R%) =10).

The last implies p < || R||pqt- O

5 Corollaries

From theorem 1 we obtain a series of known results. For the completeness
of description we list most interesting of them below. The first corollary describes
strong stability bounds for an extreme case © = 1 where the set of efficient portfolios
Gy, (R, N;) transforms into the set of Pareto efficient portfolios Py, (R).

Corollary 1. [8] For s,m € N and p,q,t € [1,00], the strong stability radius
psX(p,q,t) of s-criteria non-trivial problem Z5, (R, Ns) of finding the set of Pareto
efficient portfolios P35 (R) has the following valid lower and upper bounds:

0< max{gosml(p, q)7 fr%(p7q7t)} S pir}(p7q7t) é mln{anl,(pv Q7t)7 ||RHpqt}7

where

9081(17 g) = min max 9(x>$,aRk)
(O e = A (PN E T

lg(z, «', Ri)] " e

sl( o
p,q,t) = 7
" vers®)  agbl®) |2l 12 b )l
!
R
anl, (p7 q, t) = nl/pml/qsl/t min max max M

x¢Ps(R) 2'ePs(R)  keNs ||z — 2’|y

Therefore, in particular case where p = ¢ =t = oo, we have

/
0 < max min max M < pf,%(oo,oo,oo) <
@'ePs, (R)z¢Ps(R)  keN, ||z + 2’|
!
R
< min max  max 2@ B

~ 2¢Ps(R)  a/€Ps,(R) keN, |z —a||p

The second corollary describes strong stability bounds for another extreme case
u = s where the set of efficient portfolios G%,(R,{1},{2},...,{s}) transforms into
the set of extreme portfolios E; (R).
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Corollary 2. [20] For s,;m € N and p,q,t € [1,00|, the strong stability radius
pi(p,q,t) of s-criteria non-trivial problem Z% (R,{1},{2},...,{s}) of finding the
set of extreme portfolios ES (R) has the following valid lower and upper bounds:

0< maX{(piri(pv q))ﬂ)fn?(p’ q)} S pf’ri(p7q7t) é mln{Xﬁri(pv Q7t)7 ||RHpqt}7

where
©ys(p,q) = min min g(x, ', Ry,)
IS I Y [(E P e T
: g(x7x,7Rk)
. = max max min
m(p7 q) z'€Es,(R) keNs xz¢E3,(R) H(H$Hp*’ ||3§‘/‘ p*) |77

ss t :nl/pml/qsl/t min max max .
Xm (P ;1) z¢Es (R) keNs az'eEs(R) ||z — 2/

Therefore, in particular case where p = ¢ =t = oo, we have

/
R
0 < min min max M < pi3(00,00,00) <
v¢B3(R)  keNs w/eB(Ry) ||+ 2|1

< : g(‘ra ‘T/7 Rk)
< min  max max
©¢Es (R)  keNs w'eEp(R) ||z — |1

6 Conclusion

As a summary, it is worth mentioning that the bounds proven in Theorem 1 and
corollaries, are mostly theoretical due to their analytical and enumerative structures.
Even for a single objective, the difficulty of stability radius exact value calculation is
a long-standing challenge pointed out in [13,14]. In practical applications, one can
try to get reasonable approximation of the bounds using some meta-heuristics, e.g.
evolutionary algorithms or Monte-Carlo simulation. Another possibility to continue
research in this direction is to specify some particular classes of problems where
computational burden can be drastically reduced due to a unique structure of the
set of efficient portfolios.
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Second order state-dependent sweeping process with
unbounded perturbation

Doria Affane, Nora Fetouci and Mustapha Fateh Yarou

Abstract. We establish, in the setting of an infinite dimensional Hilbert space,
results concerning the existence of solutions of second order "nonconvex sweeping
process” for a class of uniformly prox-regular sets depending on time and state. The
perturbation considered here is general and takes the form of a sum of a single-valued
Carathéodory mapping and a set-valued unbounded mapping. We deal also with a
delayed perturbation, that is the external forces applied on the system in presence
of a finite delay. We extend a discretization approach known for the time-dependent
case to the time and state-dependent sweeping process.

Mathematics subject classification: 34A60, 49J53 .
Keywords and phrases: Differential inclusion, uniformly prox-regular sets, un-
bounded perturbation, Carathéodory mapping, delay.

1 Introduction

The second order perturbed state-dependent nonconvex sweeping process has
been a particular attraction for many authors during the last years, it takes the
following form: let H be a Hilbert space, Ty and T' be two non-negative real numbers
with 0 < Ty < T, and D(t,z) be a nonempty closed subset of H for each t € [Tp, T
and z € H. Given b € H and a € D(1p,b), we have to find two absolutely continuous
mappings u, v : [Ty, T satisfying

—ﬂ(t) S ND(t,U(t))(u(t)) + F(t, U(t), u(t)), ae.te [TO, T]

(Pp){ v(t) =b+ /T u(s)ds, u(t)=a-+ /T u(s)ds, vVt € [Ty, T,
"u(t) € D(t, (b)), Vi € [To,T),

where Np 1)) (u(t)) denotes the normal cone to D(t,v(t)) at the point wu(t),
F :[T),T) x H x H— H is a set-valued mapping. Such problem is an extension of
the so-called Moreau’s sweeping process for Lagrangian system to frictionless unilat-
eral constraints. The differential inclusion (Pg) was studied for the first time when
the sets D(t,v(t)) are convex and compact and F' = 0 by [9], then by [17] and [21].
The nonconvex case has been considered by [16], the authors proved the existence
of solutions to (Pp) for uniformly prox-regular sets D(t,v(t)) with absolutely con-
tinuous variation in space and Lipschitz variation in time and with a single-valued
perturbation. By means of a generalized version of the Shauder’s theorem, [12]
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STATE-DEPENDENT SWEEPING PROCESS o1

provided another approach to prove the existence for uniformly prox regular and
ball-compact sets D(¢,v(t)) with absolutely continuous variation in time, without
perturbation and for the perturbed problem (even in presence of a delay). The ex-
istence of solution for such problem is established by proving the convergence of the
Moreau’s catching-up algorithm. For other approaches, we refer to [1-6,11,24,25].

Our main purpose in this paper is to study, in an infinite dimensional Hilbert
space, the second order sweeping process with two perturbations

—(t) € Np(eo(ey (ult)) + F(E v(t), u(t)) + f(t,0(t), u(t)), a. e t € [To, T};
(P) v(t) =10 +/ u(s)ds; u(t) =a +/ u(s)ds, Vt € [To, T);
T() TO
u(t) € D(t,v(t)), vt € [To, T},

where F : [Ty, T] x H x H — H is an upper semicontinuous set-valued map with
nonempty closed convex values unnecessarily bounded and without any compactness
condition and f : [Ty, T] x H x H — H is a Carathéodory mapping satisfying the
linear growth condition. This work is motivated by the recent results obtained for the
same problem by [20] and [22], where reduction approaches have been used. In [20],
only a single-valued ” Lipschitz” perturbation is considered, the authors reduced the
problem for second order time and state-dependent sweeping process to a first order
time-dependent one. They make use of the Shauder’s fixed point argument in the
line of the approach of [16]. Whereas the reduction approach of [22] is valid only
in finite dimensional setting. Our aim in this paper is to generalize all the results
obtained in the two cases, using a different approach, we weaken the hypotheses
on the perturbation by taking a Carathéodory mapping satisfying a linear growth
condition and an unbounded set-valued perturbation for which only the element of
minimum norm satisfies a linear growth condition.

On the other hand, we extend another reduction approach, known for the time-
dependent sweeping process in presence of delay; it consists to reduce a second order
sweeping process with delayed perturbation to a problem without delay. We show
that this approach is still valid in the case of time and state-dependent sweeping
process. The paper is organized as follows. In Section 2, we recall some basic
notations, definitions and useful results which are used throughout the paper. In
Section 3, we provide the existence results for the problem (P). The delayed problem
is studied in the last section.

2 Notation and Preliminaries

We begin with some notations used in the paper. Let H be a real separable
Hilbert space whose inner product is denoted by (-,-), and the associated norm
by || - ||. We denote by By the unit closed ball of H, L([Ty,T]) the o-algebra of
Lebesgue measurable subsets of [Ty, T] and by B(H) the Borel tribe on H. We de-
note also by Lk ([Tp, T]) the space of all Lebesgue-Bochner integrable H-valued map-
pings defined on [Ty, T, by Cx ([T, T]) the Banach space of all continuous mappings
w: [Ty, T] — H endowed with the norm of uniform convergence.
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For any nonempty closed subset S, S’ of H, we denote by:
e d(-,S) the usual distance function associated with S;

e 0*(2',8) = sup(z’,y) the support function of S at 2’ € H. If S is closed convex
yes

subset d(z,S) = sup ((2',z) — 6" (', 9));
SL"EEH
e Projg(u) the projection of u onto S defined by

Projs(u) ={y € S: d(u,S) = |lu—yll},

is unique whenever S is closed convex;

e H the Hausdorff distance between S and S’, defined by

H(S,S") = max{supd(u, S’), sup d(v, S)};
u€esS ves’

e co(S) the convex hull of S and @o(S) its closed convex hull, characterized by
co(S)={r e H: V2 € H (2 ,z) <5, 9)}.

Recall that f : [To,T] x H — H is called a Carathéodory mapping if f(-,u) is
measurable on [Ty, T'] for all w € H and f(¢,-) is continuous on H for every t € [T, T.
A set-valued mapping G : H — H is called :

e upper semicontinuous if, for any open subset V C H, the set {x € H : G(z) C V}
is open in H;

e scalarly upper semicontinuous on H if for every h € H, §*(h,G(:)) is upper
semicontinuous on H.

We need in the sequel to recall some definitions and results that will be used
throughout the paper. Let A be an open subset of H and ¢ : A — (—o00,+00]
be a lower semicontinuous function, the proximal subdifferential 07 ¢(z), of ¢ at x
(see [19]) is the set of all proximal subgradients of ¢ at x, any { € H is a proximal
subgradient of ¢ at x if there exist positive numbers 7 and ¢ such that

e(y) — (@) +nlly — z|* = (£, y — x), Yy € x + By

Let = be a point of S C H, we recall (see [19]) that the proximal normal cone to S
at x is defined by N¥ (z) = 9" Ug(z), where ¥g denotes the indicator function of S,
ie. Ug(x) =0if x € S and +oo otherwise. Note that the proximal normal cone is
also given by

NE(zx)={¢ e H: 30>0 s.t. z € Projg(z + 0f)}.

When S is a closed set one has 0'd(z,S) = N (z) N By.
If ¢ is a real-valued locally-Lipschitz function defined on H, the Clarke subdifferential
0% p(z) of ¢ at z is the nonempty convex compact subset of H given by

0%(x) ={¢ € H: ¢°(z;0) > (§,0), Vv € H},



STATE-DEPENDENT SWEEPING PROCESS 53

where .
P (:v) = lim sup ey +tv) — oY)
Y=, 110 t

is the generalized directional derivative of ¢ at z in the direction v (see [19]). The
Clarke normal cone Ng(x) to S at « € S is defined by polarity with TS, that is,

N§(z)={¢ € H: () <0, Yo e T},
where T, SC denotes the clarke tangent cone, and is given by
TS ={ve H: d°(x,S;v) = 0}.

Recall now, that for a given r €]0, +o0] the subset S is uniformly r-prox-regular
(see [19]) or equivalently r-proximally smooth ([23]) if and only if for all 7 € S and
all 0 # ¢ € NL'(Z) one has

ﬁ,m—@ < Dz —m

for all x € S. We make the convention % = 0 for r = 4-00. Recall that for r = +oo the
uniform r-prox-regularity of S is equivalent to the convexity of S. It’s well known
that the class of uniformly r-prox-regular sets is sufficiently large to include the
class of convex sets, p-convex sets, C! submanifolds (possibly with boundary) of
a Hilbert space and many other nonconvex sets (see [15, 20]). Furthermore, the
following properties hold for a closed uniformly r-prox-regular set S:
o for any N1 (z) = N§ (z) = Ng(2);
e the proximal subdifferential of d(.,S) coincides with its Clarke subdifferential at
all points x € H satisfying d(z,S) < r;
o for all z € H with d(z,S) < r, Projg(z) is a singleton of H.

The next proposition provides an upper semicontinuity property of the sup-
port function of the proximal subdifferential of the distance function to uniformly
r-prox-regular sets.

Proposition 1. Let D : [Ty, T| x H — H be a uniformly r-prox reqular closed valued
mapping satisfying

|d(u, D(t,2)) = d(v, D(s, )| < [lu—vl|[+v(t) = v(s) + Lz -yl

for all u,x,v,y in H and for all s < t in [Ty, T], where v : [Ty, T] — R* is a
nondecreasing absolutely continuous function and L is a positive constant. Then the
convex weakly compact valued mapping (t,x,y) — OPd(y, D(t,x)) satisfies the upper
semicontinuity property: let (t,,x,) be a sequence in [Ty, T] x H converging to some
(t,z) € [Ty, T) x H, and (y,) be a sequence in H with y, € D(t,,x,) for all n,
converging to y € D(t,x), then, for any z € H,

limsup 6" (z, Pd(yn, D(tn,xyn))) < 8*(z,0°d(y, D(t,x))).

n—oo
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3 Main results

The following assumption will be useful.
Assumption 1: Let D : [Ty, T] x H — H be a set-valued mapping with nonempty
closed and uniformly r-prox regular values such that:

(A1) There is a positive constant L and a nondecreasing absolutely continuous func-
tion ¢ : [Tp,T] — Ry such that, for all s <t in [Ty, T] and z;,y; € H(i = 1,2),

|d(z1, D(t,y1)) — d(z2, D(s,y2))| < [lo1 — @2 + ¢(£) — C(s) + Lllyr — v2l;

(Ag) for all (¢,z) € [Ty, T] x H, D(t,x) is contained in a compact set I'.

Let us start with an existence result for second order state-dependent sweeping
process without perturbations, it will be used in the next theorem. The proof is
a careful adaptation of Theorem 3.2 and 3.4 in [12]. Remark that, here the sets
D(t,u) are with absolutely continuous variation in time while in Theorem 3.2 of [12]
the variation in time is Lipschitz.

Theorem 1. Assume that Assumption 1 holds. Then, for every b € H and for
every a € D(Tpy,b), there exist two absolutely continuous mappings u : [Ty, T| — H
and v : [Ty, T| — H satisfying

—’L.L(t) € ND(t,v(t)) (u(t))7 a.c;. te [T(]aT];

v(t) =b+ /T u(s)ds, u(t)=a+ /T u(s)ds, vt € [Ty, T);
w(t) € D(t,o(t)), Vi e [Ty, T,

with .
la(®)] < ()1 + La) a.e. te [Tp,T].
Proof. By assumption (Az), for some o > 0 we have D(t,z) C I' C aBp. Consider

a partition of [Ty, T] by the points t} = Ty + ke, e, = T_nTO,k; €{0,1,2,...,n} and
set

and
c" = max oj.
0<k<n—1
As the sequences (¢™) and (e,) converge to 0, one can fix a positive integer ng such
that for any n > ng
(c" +en)(1+ La) <.

Construction of approzimate solutions: For each t € [t},t}], we define
un(t) =b+ (t—t7)a
¢(t) — ¢(t5)

up(t) = xp +
n(t) 0 oy +en

(xyll - .’L’g),
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where 2 = a € D(Tp,b) and 7 = Projpm 4, (i) (25). Despite the absence of the
convexity of the images of D, the last equality is well defined. Indeed, we have

d(xg, D(t1, vn(t7)))

|d(zg, D(tg, va(tg))) — d(xg, DT, vn(t7)))]
C(#7) = C(tg) + Lllvn(t1) — valtg)l]

<
< oy + Ley|lzg|| < (6" 4+ en)(1+ La) <.

Hence vy, (t7) = b, un(ty) = a and for ¢ €]ty, ][, we have 0,,(t) = a and

rf — g
oy +en

i (1) = C(t)

€ —Np(n va (1)) (21),
with ‘
[un(®)]] < C(#)(1 + Lav).
By induction, suppose that (vy), (u,) are well defined on J¢f, t7] with u,(t}) = 2},
and [|[4,(t)|| < ¢(¢)(1 + La). For each ¢ €]t} t}, ], we define
on(t) = on(t5) + (¢ = t7)un(ty)

and

¢(t) — ¢(ty)
op+en

where 2} | = PrOjD(t}gH,vn(tﬁH))(fnz) and d(xp, D(t} 1, vn(ti ) < T

Then for ¢ €]t} 17, ], we have 0, (t) = u,(t}}) and

un(t) = i + (T1 — 7)),

T — Ty
- n
€ —Npgp, oatty, )) (@ks1)s

(1) = 1) AR
with ‘
[an(®)]] < ¢(¢)(1+ La) and  [|on(t)] < c.

Defining for each ¢ € [Ty, T| and each n > ny,

i e [
pn(t):{ kT i t:[kT'kH[

Ty if t =1
qn(t): { 0 0

teer i tEND ],
we get
Un(t) € =ND(g,(t),0n(an (1)) (Un(Gn(t))) a.e. [To,T];

un(Qn(t)) € D(Qn(t)avn(Qn(t))7 V[T07T]§
vp(t) =b+ /TZ un(pn(s))ds, V[To, T;
lim pn(t) = nh_{lolo Qn(t) =1, V[T(%T];

n—oo
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[on (D) = [Jun(pn) )] = [l2gll < @, VE <n, Vt € [To, T]

and

in (8)]] < C(8)(1+ La) = p(t). (1)
Thus

i [[un(p(8)) — ua(8)]] = 0. (2)

Convergence of approzimate sequences:

We have uy, (pn(t)) € D(pn(t), vn(pn(t))) C T, so that; u,(pn(t)) is relatively compact
for every t € [Ty, T] in H, so is (uy(t)) thanks to (2). By (1), (u,(+)) is equicontin-
uous. Thus (uy,) is relatively compact in Cy([Tp,T]), consequently (u,) converges
in Cy([To,T]) to the absolutely continuous mapping u. By (1) again, (u,) weakly
converges in L [Ty, T to a function z with [|2(t) < p(t) a.e. in [Tp, T (see Proposi-
tion 6.2.3 in [10]) and (u,) converges pointwise on [Ty, T’ with respect to the weak
topology to an absolutely continuous function u and

u(t) = a—l—/T u(s)ds, V[Ty, T

with & = z. From the convergence of (u,) we deduce that of (v,) to an absolutely
continuous function v with

v(t) =b+ /Otu(s)ds, V[T, T).

For the rest of the demonstration we can consult the proof of Theorem 2 below. [
Now, we give the main result in this section.

Theorem 2. Assume that Assumption 1 holds. Let F : [Ty, T] x H x H — H be a
set-valued map with nonempty closed convex values such that:

(Ap) F is L([To,T]) @ B(H) ® B(H)-measurable and for all t € [Ty, T], F(t,-,-) is
scalarly upper semicontinuous on H x H,;

(Ap,) there exists a real 5> 0, such that, for all (t,u,v) € [Ty,T] x H x H,
d(0, F(t,u,v)) < B(L+ [ful + [|v]]).

And let f: [Ty, T) x H x H — H be a Carathéodory mapping satisfies

(Ay) there exists a non-negative function v € L%1+([T0,T]) such that, for all
t € [Ty, T) and for all (u,v) € H x H,

[1f (s w o) <A@+ [Jull + [[o]]).

Then, for any a,b € H with a € D(Ty,b), there exist two absolutely continuous
mappings u,v : [To, T| — H satisfying (P).
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Proof. Step 1. We begin by a single-valued integrable mapping m € L}{([TO,T D).
Put for all ¢ € [T, T,

t t
mi(t) = [ m(s)ds and ma(t) = [ mq(s)ds
T() TO

and consider the set-valued map C': [Ty, T| x H — H defined by
C(t,z) = D(t,z —ma(t)) + mi(t) YV (t,2)€ [Ty, T] x H.

Obviously, C' satisfies (Asg), let verify (A;). For any wy, we, 21, 22 in H and any
s < tin [Ty, T], we have

|d(wy,C(t,21)) — d(ws, C(s, 22))]
= |d(w1 — ma(t), D(t, 21 — ma(t))) — d(wz — ma(s), D(s, z2 — ma(s)))|
< lwy —wz|| + [ma(t) — ma(s)|| + Lllma(t) — ma(s)|| + C(t) — ¢(s) + Lllz1 — 2|
< lwy —wa|| + ¢ () — Gi(s) + Ll[z1 — 22|

where

6= [ (¢ @+ [ tr)lar )

To

is an absolutely continuous nondecreasing mapping. Hence, C satisfies (A;), as
a € C(Ty,b) = D(Tp,b), from Theorem 1, there exist two absolutely continuous
mappings z : [Ty, T] — H and y : [Ty, T] — H such that

—3'1(152e € Nere() (U(1), ac t€ [To, T7;
z(t) =10 —I—/ y(s)ds, y(t)=a —I—/ y(s)ds, Vt € [Ty, T];
To To
y(t) € C(t,x(t)), Vt € [To,T).
Let u(t) = y(t) — mq(t) and v(t) = x(t) — ma(t), the mappings u(-) and v(-) satisfy
—u(t) € fVD(t,v(t))(u(t)) + m(t),t ae. t € [To, T];
v(t) =b+ /Tou(s)ds, u(t) =a+ /Tozl(s)ds, vt € [To,T);
u(t) € D(t,v(t)), Vt € [Ty, T].
with
[a@)] < <1 + La) (C(t) + 2[[m(t)]| + L/TO Hm(T)lldT> ds.

Step 2. For each (t,u,v) € [Ty, T] x H x H, let P(t,x,y) be the element of
minimal norm of the closed convex set F(t,x,y) of H, that is

P(t,x,y) = PrOjF(t,x,y)(O)v v (t,u,?)) € [T07T] x H x H.
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Since F is L([Tv, T]) @ B(H) @ B(H)-measurable, so P(-,-,-) = d(0,F(--,")), is
measurable. In view of (Ag,)

1Pt @, y)ll < B+ [lz]l + [lyl])- (3)

We put
g(t,z,y) = f(t,z,y) + P(t,x,y)

and
A(t) =~(t) + 5,
by (3) and (Ay), we get for all (¢,u,v) € [To,T] x H x H ,

lg(t, 2, y)I| < A@) L+ [[z]] + [lyl])- (4)

Construction of sequences: Consider, for every n € N, a partition of [Ty, 7] defined
by ti = Tp + z% (0 < i < n). We are going to construct a sequence of maps
(un(+)) and (v, (+)) via Step 1, by considering a perturbation g with fixed second and
third variables in each subinterval [t} ¢} ;]. So, for a € D(Tj,b), let us consider the
following problem on the interval [Tp, 7] :

—u(t) € Npg)) (u(t)) + g(t,b,a) ae. t € [T, t7]
(Po) { o(Tp) = a,sz(TE);): a € D(Ty,b) v

where g(-, b, a) is a mapping depending only on ¢ and is Lk ([Ty, t7]). By Step 1, there
are two absolutely continuous mappings that we denote by ug(.), vy (.) : [To,t}] — H
solutions of (Fp). Now, since ug(t}) € D(t}, v (t])) is well defined in the interval
[t7,t5] the problem

(Pl){ =0y (t) € Np(ep ) (ut (t)) + g(t, 05 (1), ug (1)) ae. t € [t 5];
ug (t7) € Dy, vg (87))-

admits an absolutely continuous solution (uf(-),v}(:)) with u}(t}) = wug(t}) and
vf (t}) = vy (t}). By induction, for each n, there exist two finite sequence of abso-
lutely continuous mappings wj'(-),v;'(+) : [t} ¢} 1] — H with uf(t}') = uj’ | (t}') and
ol (t7) = v {(t1) such that, for each i € {0,...,n — 1},

(P) { — (1) € Npun (o) (uf (1) + g(8, vy (1), wiy (6)) ace. t € [t t744];
ui (1) € D], vy (7)),

i

where v (Tp) = a,v™,(Tp) = b and

o) < (1 n La> (c‘(t) 2l gt () ()]

t
L Hg(nv?_lam,u?_l(t?)nw),

i
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a.e. t € [t} 17, ]. We define the absolutely continuous mappings uy, v, : [To, T] — H

by un(t) = uj (t) and vy, (t) = vj'(t) for all t € [t},t7,], i € {0,---,n}. One can write

Un(t) € _ND(t,vn(t[))(un(t)) + g(t,vn(pn(t)),tun(pn(t))) a.e. t € [Ty, T];
vp(t) = b—l—/ up(s)ds, un(t) = a+/ Un(s)ds, Yt € [Ty, T);
To To
un(t) € D(t,vn(t)), Yt € [Ty, T], un(To) = a, vp(To) =0,
with a.e. t € [Ty, T

Hun(t)H < (1 + Loz) (C(t) + 2Hg(ta'Un(pn(t))vun(pn(t)))u

L Ty Un (Pr (7)), un (Pr(7)))||dT |.
+1 [ Nt vaGon(r). a7
Since for all t € [Ty, T'], un(pn(t)) € D(pn(t), vn(pn(t))), then

[un(pn (D) < o and o (pa (@) < (16} + (T = To)er.

By (4), we get for almost every ¢ € [Tp, T

|MMMW@MMMwm=(uww+@+n@A@=qm. (5)

Then
) T
[in(B)] < <1+La) <C(t)+ (2+L/T A(r)dr)(1 + [[b]] +(T+1)a)> = cz(t). (6)

Convergence of sequences: Since for each t, un(t) € D(t,v,(t)) C T, for alln € N
such that (u,(t)) is relatively compact in H for every t € [Ty, T|. Using Ascoli-Arzela
theorem, (u,) is relatively compact in Cg([Tp, T]). Then there exists a subsequence
again denoted by (u,) which converges to a mapping u. According to (6), we may
suppose that (i, ) weakly converges in L1 ([Tp, T) to a mapping z with ||2(t)|| < c2(t)
a.e. in [Ty, T]. Thus

¢ ¢
lim u,(t) =a+ lim Un(s)ds = a +/ z(s)ds,

oo =0 J, To
t
then, u(t) = a + / z(s)ds. Consequently, u(t) is absolutely continuous with u = z.
Furthermore, &
pal®) — 1] < 1y — ] = =2,

so lim |p,(t) —t| = 0 and
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since cg € L%{+([T0,T]), we get lim ||u, (pp(t)) — un(t)]| = 0, so that
n—oo

nh—>n;o Hun(pn(t)) - U(t)H < nh—>n;o <Hun(pn(t)) - un(t)H + Hun(t) - u(t)H> =0.

The convergence of the sequence (u,(py(+)) to (u(-)) is obtained.
From the convergence of (u,(-)) we deduce that of (v,,(-)) to an absolutely continuous
function v(-) with

u(t) =b+ /Tt u(s)ds, Vt € [Ty, T

and
i [ (pn(t)) — on(t)]| = 0.

Let us set for all ¢ € [Ty, T,
[ vn(pn(t)), un(pn(t))) = la(t)

and
P(t, vp(pn(t)), un(pn(t))) = mn ().

By the continuity of the mapping f(¢,-,-) we get [,(t) converges to
I(t) = f(t,u(t), v(t)) and

WMg(uww+@+n@ww

On the other hand, for all n > ng and for all t € [Ty, T], we have

\mawugu(1+uww+aﬂ+wa)a

0 (1, (+)) is bounded, taking a subsequence if necessary, we may conclude that (1,,(-))
weakly converges to some mapping 1 € L}I([T 0, T]) with

(ol < (1-+161 + (7 + 1)a )5
Now, we proceed to prove that
u(t) € —Npe)(u(t)) + F(t,v(t),u(t)) + f(t,v(t),u(t)) ae. t € [To,T].
First, we check that u(t) € D(t,v(t)). For every t € [Ty, T] and for every n, we have
d(un(t), D(t, v(t))) < [|un(t) = un(pn ()] + d(un(pa(t)), D(t, v(t)))
< Jun(t) = un(pa ()| + H(D(pn(t), valpn(t))), D(E, v(t)))
< Hun(t) - un(pn(t))H + ’C(t) - C(pn(t))‘ + LHUn(pn(t)) - Un(t)H7
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Passing to the limit when n — o0, in the preceding inequality, we get
u(t) € D(t,v(t)). According to (5) and (6), we obtain

| = in(t) +ln(t) + 1 (D) < c1(t) + c2(t) == A),

SO
— Uy () + 1n(t) + 1 (t) € A(¢)Bg
since
—tn(t) + In(t) + 1 (t) € Np(t,0, (1)) (un(t)),
we get

it (£) + L () + 1 (t) € MBI (£), D(t, v, (1))).

Remark that (—y, + 1, + 7, 7, ) Weakly converges in LY, . ([Ty, T) to (—ia+1+n,n).
An application of the Mazur’s Theorem to (—y, + I, + 1, 1, ) provides a sequence
(wp, Cp) with

Wy, € co{—Um +lm + M : m>n} and (, € co{nm : m >n}

such that (wp,(,) converges strongly in Lk ;([0,T]) to (=& + I + n,1). We can
extract from (wy, (,) a subsequence which converges a.e. to (—u + { + n,n). Then,
there is a Lebesgue negligible set S C [0, 7] such that for every ¢ € [0,7] \ S

—a(t) +U(t) +0(t) € [ {wm(t) : m=n}

n>0
C (eod—im(t) + ln(t) +nm(t) - m > n}, (7)
n>0
1) € TG - m=n} € (\eolm(t) : m > n). (®)
n>0 n>0

Fix any t € [0,T] \ S,n > ng and p € H, then the relation (7) gives

(b, —u(t) +1(t) +n(t)) < limsup 6" (p, A(£)0d(un (t), D(t, vn(t))))

< 8 (p, A()Od(u(t), D(t,v(t)))),

where the first inequality follows from the characterization of convex hull and the
second one follows from Proposition 1. Taking the supremum over u € H, we deduce
that

which entails

—u(t) +1(t) +n(t) € A()9d(u(t), D(t, v(t)) C Npe,u()) (u(t))-
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Further, the relation (8) gives

(ko n(t)) < Timsup 6 (p, F(t, v (pn (), un(pn(t)))),

n—oo

since 0*(u, F'(t,-,-)) is upper semicontinuous on H x H then

(o n(t)) < 67 (p, F(E,0(8), ult))),

so, we get d(n(t), F(t,v(t),u(t))) < 0, because F' has closed convex values. Conse-
quently n(t) € F(t,v(t),u(t)) a.e t € [Tp,T]. Then

u(t) € —=Np(w) (u(t)) + F(t,v(t),u(t) + f(¢,v(t), u(t)).
This completes the proof of the theorem. O

Remark 1. As in [22], the result remains valid if we replace the uniformly r-prox
regular sets by a family of equi-uniformly subsmooth sets.

In the next theorem we prove the existence of solution on the whole interval

Theorem 3. Let D : Ry x H — H be a set-valued mapping with nonempty closed
and uniformly r-prozx reqular values such that:

(1) There is a positive constant L and a nondecreasing absolutely continuous func-
tion ¢ : Ry — Ry such that, for all s <t in Ry and x;,y; € H(i = 1,2),

|d(x1, D(t,y1)) — d(x2, D(s,y2))| < |1 — 22|l + C(t) = ¢(s) + Llly1 — v2ll;

(i7) for all (t,z) € Ry x H, D(t,x) is contained in a compact set T.

Let F: Ry x Hx H— H be a set-valued map with nonempty closed convex values
such that:

(13i) Fis L(Ry)®B(H)® B(H)-measurable and for allt € Ry, F(t,-,-) is scalarly
upper semicontinuous on H x H;

(vi) there exists a non-negative function B(-) € L35 (Ry), such that, for all
(t,u,v) € Ry x H x H,

d(0, F'(t, u,v)) < B()(1 + [lull + [[v]]).

Then, for any a,b € H with a € D(Ty,b), there exist two absolutely continuous
mappings u,v : Ry — H satisfying

—u(t) € ND(tiv(t))(u(t)) + F(t,v(t),ut(t)), a.e.t € Ry
(Pry)q v(t)=0b+ /T u(s)ds, u(t)=a +/ u(s)ds, Vt € Ry;

u(t) € D(tv(t)), Vi e R...
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Proof. Since Ry = U [k, k+ 1], for all £ € N applying Theorem 2 on each interval
keN

[k, k 4 1], there exist two absolutely continuous mappings u*, v* : [k, k +1] — H

satisfying

—iF(t) € Npguhy) (UWF (b)) + F(t,07 (), uF (1), ae. t €[k k+1];
{ uk(t) € D(t,vk(t)), Yt € [k, k+1],; uF(k) =u

Let u: Ry — H and v : Ry — H be defined by u(t) = u*(t) and v(t) = v*(t) for
t € [k, k+ 1], k € N, then it is easy to conclude that u,v are absolutely continuous
solutions of the problem (Pgr, ). This completes the proof of the theorem. O

4 Delayed sweeping process

Now, we proceed, in the infinite dimensional setting, to an existence result for sec-
ond order functional differential inclusion governed by the time and state-dependent
nonconvex sweeping process, that is when the perturbation contains a finite de-
lay. This problem was addressed by [22] using the discretization approach based on
the Moreau’s catching-up algorithm. Here, we provide another technique initiated
in [10] for the first order time-dependent case, which consists to subdivide the inter-
val [0, 7] in a sequence of subintervals and to reformulate the problem with delay to
a sequence of problems without delay and apply the results known in this case. For
second order functional problems regarding the time-dependent sweeping process, we
refer to [7,8]. We will extend this approach for the case of time and state-dependent
sweeping process with unbounded delayed perturbation. For a question of clarity
and shortness, we will restrict ourselves to Theorem 2 for uniformly prox-regular
sets and one set-valued perturbation, but it is clear that this remains valid for equi-
uniformly subsmooth sets as well as for the sum of two perturbations.

Let 7 > 0 be a positive number and Cy = Cy ([-7,0]) (resp. Cr = Cy ([-7,T])
the Banach space of H-valued continuous functions defined on [—7,0] (resp.
[—7,T]) equipped with the norm of uniform convergence. Let uw : [-7,T7] — H,
then for every t € [0,7] we define the function uy = 7 (t)u on [—7,0] by
(T(t)u) (s) = u(t+s), Vs € [-7,0]. Clearly, if u € Cp, then u; € Cy and the
mapping u — u; is continuous.

Consider the following problem

—u(t) € ND(t,v(t)) (u(t)) + G(t,T(t)v,T(t)u) a.e. t € [0,T7;

(Pr) u(t) = (0 )+/i)(8)ds, v(t) = ¢(0) —I—/O u(s)ds, Vte[0,T];

o(t) € Dt u(®)), Vt e [0.T);
u=1 and v=¢ on [—T,0].

Theorem 4. Assume that D : [0,T] x H — H satisfies Assumption 1 and let
G :[0,T] x Co x Coy — H be a set-valued mapping with nonempty closed convex
values such that:
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(Ag,) G is L([0,T]) @ B(Cy) @ B(Cp)-measurable and for all t € Ry, G(t,-,-) is
scalarly upper semicontinuous on Cy X Co;

(Ag,) there exists a real 8> 0, such that, for all (t,p,¢) € [To,T] x Co % Co,
d(0,G(t,¢,v)) < B+ [le(0)[ + [l (0)]])-

Then for every (p,1) € Cy x Co verifying ¥ (0) € D (0,¢(0)), there exist two abso-
lutely continuous mappings w: [0,T] — H and v : [0,T] — H satisfying (P-).

Proof. Let a = ¢ (0) and b = ¢(0), then a € D(0,b). We consider the same
partition of [0,7] by the points t} = kep, e, = =,(k=0,1,...,n). For each
(t,u,v) € [-7,t}] x H x H, we define fJ : [-7,t}] x H — H, g§ : [-7,t}] x H - H
by

314

(t) vt € [-7,0],
(0) + 7t (v —¢(0))  Vte]0, 8],
(

¥

P
. () vVt € [-7,0],
90 (t,u)—{ ¥ (0) + %t (u— 1 (0)) vVt €]0,t7].
) =

We have fJ (t},v) = v and gj (t},v
the mapping (u,v) — <’T(t?)f6L ), T () g ( ) from H x H to Cy x Cp is

= u for all (u,v) € H x H. Observe that

nonexpansive since for all (v,v2) € H x H
17 o (o) = TN (5 v2)lle, =

sup || fo" (s + ¢1,v1) — fg' (s + 17, v2) || =
se[—,0]

sup |[fg' (s,01) = o (s, 02) || =

sel-r+2.2]

sup
0<s< L
— —n

Zs (01— (0) = Zs (2 =0 (0))| =

sup

n
—s (v — Ug)” = ||vy — vel .
0<s<T

Similarly, for all (uj,us) € H x H we get
17 (t)g5 (5 u1) = T ()90 (5 u2)lle, = llur — vzl

Hence the mapping (u,v) — (T(t’f)fon (,v),T(gy (-, v) > from H x H to Cy x C

is nonexpansive, so the set-valued mapping with nonempty closed convex values
Gy [0,t}] x H x H — H defined by

Gg (tv u, U) = G(t7 T(t?)f(? ('7 U) ) T(t?)gg ('7 u))
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is globally measurable and scalarly upper semicontinuous on H x H, thanks to by
(Ag,) and

d(07 Gg (tv U, u) = d(07 G(tv T(t?)f(? ('7 U) ) T(t?)g(r)b ('7 u))

< BAA+ ol + full),

for all (t,v,u) € [0,t}] x H x H since, T (t7)f§ (0,v) = u, T (t})g4 (0,u) = v. Hence
Gy verifies conditions of Theorem 2, then there exist two absolutely continuous
mappings ug : [0,t7] — H and v : [0,¢}] — H such that

o (1) = b—i—/tug‘ (s)ds, ul (1) = a—i—/t%‘ (s)ds ¥t € [0,47]:
’ ug(t) € D(t, vy (t)) Vt 60 0,t7];
v5(0) =b=9(0), ug(0) =a=1(0),
with
lvg DI < ol + Tew, flug @) < o, g ()] < e
Set

) vVt € [-7,0],
t) Vtelo,tt],

) vt € [-7,0],
t) VYte]o,tt].

—tin (t) € Np(tv, (1)) (Un(t)) + GO(? on(t),un(t)) aeon [0,t7];
b+

un () ds,
0

Uy (s)ds, Vte0,t7];
t,on (1), Ytel0,t];
=¢(0), up(0) =a=17v(0),

[en]

By induction, suppose that w, and v, are defined on [—7,t}] (kK > 1) with
Up = @, Up = 1 on [—7,0] and satisfy

t
vy (t) =b+ / un(s)ds Vt € [0,t7],
0
¢
o0 = (E) + [ wn(s)ds Ve I8,
’Un(t) = t'iL

t
oy (6) = vn (£2,) + / wn (s)ds Wt e |6, 6],

n
tk*l
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t
ug (t) = b+/ Up, (s)ds Yt € [0,t7];

0

t
G () = (t?>+/ i (3)ds Yt € 10,13
un(t) = t71L
-~

Wy 0= () + [ (o) ds V€ Tty 67],

n
tk:l

u, and v, are solutions of

([ —ita(t) € N 0 (tn(t)) + G(t,T(t;;)fﬁ_l(-,vn<t>>,7<tz>gz_1<-,un<t>>);

t

Uy (t) = vp_y (8) = v (E7_)) + / Uy, (s) ds;

n
k—1
t

up (1) = uf_; (t) =up (1) + / Uy, (s) ds;

u,(t) € D(t, vy (1)) -

\

n ]tZ—lth] , where f}' | and gj_, are defined for any (v,u) € H x H as follows

vp (1) vte [-7, 0],

f’?—l“’”):{vn@z_l)%(t—tz_l)(v—vnuz_l)) veelg g, @

U, (t) vt e [—7,1}7_4]
n (t )_ n k—1
et = () + o (=) (= () VEE T8 8]
(10)
Similarly we can define f7', g; : [—7’, tzﬂ] x H— H as

n . Un (t) vt e [ 4 tn]
fi (tv) = { vy, (E0) + % (t—t2) (v —uv, (t})), vt € ]tZ,tZH] )

Uy, (T vVt € [—T1,t7],
gz<t,u>={ " G

n n n n n
un () + 25 (£ = 8) (u = () W € ], 00,1]

for any (u,v) € H x H. Note that for all (u,v) € H x H,
T(tg 1) [l (0,0) = 7 (ty1,v) = v,

T (t},1)gr (0,u) = g (thq,u) = u
Note also that, for all (uq,v1), (ug2,v2) € H x H, we have

HT k+1 fk ('72} ) ( k+1)fk ,’L)Q)HCO =

sup || £ (s + ther,on) = i (s + iy, v2) || =
s€[—T,0]
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sup e (s,u1) — fi (s,u2)|,
sE[—T—}—Wﬂk*TUT]

and
T (t7)gk (oun) = Tt ) gk (us)|| o, =

sup ||gi (5 + ther ) — gf (s +thyg,u2)|| =
se[—,0]

Sup llgr (s,u1) — gi (s,u2)] .
se[_7—+w7(k+l)T]

n

We distinguish two cases:

kE+1)T kT
(1) if -7+ k+ DT < —, we have
n n
sup 1 (s,v1) = fi (s,02) || =
s€ [—T—i-—(ktll)T,—(ktll)T]
sup [lfg (s,01) = fil (s, v2)|| =
S€|:£7(k+1)T:|
n n
sup 7 (8= 5) (v1 = v2)|| = [lv1 — w2
KT g (DT
and
sup gk (s, u1) — g (s, uz)|| =
s[4 GHUT Ger0T)
sup |lgg (s,u1) — g (s, ug)|| =
SE[kTT’(ktll)T}
n n
sup |2 (5 = ) (= w2)| = s — ]

ET ¢ g< DT
n — — n

(2)if &L < —7 + (ktll)T < (ktLl)T, we have

sup 177 (s, v01) = fi! (s, v2) || =

se[—7+ (Ic+nl)T,(k+n1)T]

sup —|[fi (s,01) = fi' (s, 02) ]| =
kT (k+1)T]
n’ n

se]

n
sup || (s = 1) (01 =) | = o = v
ggsg(H})T
and

Sup ||gl? (Svul) - g;? (S,UQ)H =
56[—7'—}—%7%]
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sup |lgx (s, u1) — gi (s,u2)| =
se[ﬂ (k+1)T}

n’ n

sup

s = 1) (un = u2) | = flus = s
_TS S(Ichl)T

T
So the mapping (v, u) — <’Z'(tz+1)f,? (), T (te1) gy (-, u)) from H x H to Cy x Cy

is nonexpansive. Hence the set-valued mapping G} : [t’kl, ty +1] x Hx H — H defined
by

OF (t,u,v) = G(t, T ) I (1) T )k (2 0) )

globally measurable and scalarly upper semicontinuous on H x H, with nonempty
closed convex values. As above we can easily check that

d(0, Gy (t,v,u) < (L4 Jlull +[loll), ¥ (t,u,0) € [t ] x H x H.

Applying Theorem 2, there exist two absolutely continuous mappings
up [tz,tzﬂ] — H and vy} : [tz,t;j“] — H such that

—apt (t) € Npur ey (up(t) + ctl;;(t,v,’; (t),up () ae. on [tF, 17, ];
P (t) = vy (1) + /nuz (s)ds, Vte [t} tr];

t
k
t

up (t) = uy () + / ay (s)ds, Vte [tZ,tZH] :

t
up(t) € D(t,up (t) Vte [t i8],

with
ug DI < o, flog @O <ol + T, [lag (B)]] < e2(?).

Thus, by induction, we can construct two continuous mappings
Un, Uy : [—7,T] — H x H with

v (t) — (,D(t) vt € [_7—7 0]7
" vp(t)  Vtetp ], Vk=0,--n—1;

Y (t)  Vte[-7,0],
Un(t) { u (t) Vte]t’kl,tzﬂ],Vk:()’_,,jn_ly

such that their restriction on each interval [t’kl, ty +1] is a pair solution to

—u (t) € ND(t,v(t)) (u(t)) +tG(t7 T(tz+1)fl? ('7 v (t)) 77@%—1—1)92 (’7 u (t)))v

v (t) = vy, (7)) + / w(s)ds, u(t) =wu, (tg)+ [ u(s)ds

tr t

u(t) € D(t,v(t)).



STATE-DEPENDENT SWEEPING PROCESS 69

Let h}} : [tz, ty +1] x Cop x Cp be the element of minimal norm of G7, then

i (v () s ug (8) € GR(t, v (8) v (t )) ae. on [t t7,,],
—up ( ) € N (t7 () (up(t)) + hi (t, v (t),uf (t)) a.e. on [t’kl,t’klﬂ] )
k() = vy (tn) ,UZ (tZ) = uy, (t3)
up(t) € D(t, v (1), Vt e [t th, ]

Let set for notational convenience, h,(t,v,u) = hji(t,v,u), 0,(t) = t},,; and
op (t) =1ty forall t € ]tz, Z+1] Then we get for almost every t € [0, 7]

@

with for all ¢t € [0, T]

(0. G T (60 (O) 5, 10 (0) T (O (D) 0 () )

B+ [lun O + [lon @)]) -
We claim that 7 (6, (t))fn ( n () and 7 (6, (t ))g%(S ® (., up (t)) pointwise con-

verge on [0, 7] to 7 (t)v and T( )Ju respectively in Cp. The proof is similar to the one
given in Theorem 2.1 in [14].
Further, as ||v, (t)|| < ||bll + Tev, [Ju(t)] < c2(t) and

1 (8 0n (8), un () [| < ﬁ(l + lun ()] + ||vn(t)\|>

< BB+ (1 +T)e).

We can proceed as in Theorem 2 to conclude the convergence of (u,) and (v,) to
the solution of (P;). O
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Upper Bounds for the Number of Limit Cycles for a
Class of Polynomial Differential Systems Via The
Averaging Method

S. Benadouane, A. Berbache, A. Bendjeddou

Abstract. In this paper, we study the number of limit cycles of polynomial differ-
ential systems of the form

=y
{ y = —p— E(hl (m) y2a + g1 (ZC) y2a+1 + fl (m) y2a+2)
— &2(h2 () 4" + g2 (2) y** ' + fa () y**F2)

where m,n,k and « are positive integers, h;, g; and f; have degree n,m and k,
respectively for each ¢ = 1,2, and ¢ is a small parameter. We use the averaging theory
of first and second order to provide an accurate upper bound of the number of limit
cycles that bifurcate from the periodic orbits of the linear center & = y,y = —x. We
give an example for which this bound is reached.

Mathematics subject classification: 34C07, 34C23, 37G15.
Keywords and phrases: limit cycles, averaging theory, Liénard differential systems..

1 Introduction and statement of the main results

One of the main problems in the theory of ordinary differential equations is the
study of the existence of limit cycles, their number and stability. A limit cycle of
a differential equation is a periodic orbit in the set of all isolated periodic orbits of
the differential equation. The second part of the 16th Hilbert’s problem (see [8]) is
related to the least upper bound on the number of limit cycles of polynomial vector
fields having a fixed degree.

Many of the results on the limit cycles of polynomial differential systems have
been obtained by considering limit cycles that bifurcate from a single degenerate
singular point (i.e. from a Hopf bifurcation), which are called small amplitude limit
cycles, see Lloyd [14]. There are partial results concerning the maximum number
of small-amplitude limit cycles for Liénard polynomial differential systems. The
number of small-amplitude limit cycles gives a lower bound for the maximum number
of limit cycles that a polynomial differential system can have. There are many
results concerning the existence of small-amplitude limit cycles for the following
generalization of the classical Liénard polynomial differential system

t=y and y=—g(z)— flz)y (1)
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where f(z) and g(z) are polynomials in the variable z of degrees n and m, respec-
tively. We denote by H(m,n) and H(m,n) the maximum number of limit cycles
that system (1) can have and the maximum number of small-amplitude limit cycles
that system(1) can have, respectively. The first number is usually called Hilbert
number for system (1). Since the work of Liénard [10] to the present time several
authors have found particular values of these numbers H and H , to find a survey
about these values see [13]. The authors of [12] computed the maximum number of
limit cycles Hy,(m,n) of system(1) that bifurcate from the periodic orbits of the lin-
ear center & = y,y = —z, using the averaging theory of order k. More specifically it
was found that H;(m,n) = [(n+m—1)/2]. In order to find the maximum number of
limit cycles it is interesting to know what families of system (1) have a center. This
is because we can perturb these centers and control the number of small-amplitude
limit cycles or the number of limit cycles that bifurcate from the periodic orbits of
these centers, (see [5,6]). We recall that a singular point is a center if there is an
open neighborhood consisting, besides the singularity, of periodic orbits. The center
problem consists in determining what families of a given system have a center. For
more information about the Hilbert’s 16th problem and related topics see [9]. Now
we are citing some results about the limit cycles on Liénard differential systems
(see [12]) In 1928, Liénard proved that if m = 1 and F(z) = [ f(s)ds is a continu-
ous odd function, which has a unique root at z = a and is monotone increasing for
x > a, then equations (1.2) have a unique limit cycle. In 1977 Lins, de Melo and
Pugh [11] stated the conjecture that if f(z) has degree n > 1 and g(z) = x then
system (1) has at most [n/2] limit cycles. They prove this conjecture for n = 1,2. In
1998 Gasull and Torregrosa [4] obtained upper bounds for H(7,6), H(6,7), H(7,7)
and H (4,20). In 2010, Llibre et al, computed the maximum number of limit cycles
H;.(m,n) of system (1) that bifurcate from the periodic orbits of the linear centre
T = y,y = —z, using the averaging theory of order k, for k = 1,2,3. In 2014 B.
Garca, J. Llibre, and J. S. Pérez del Rio 1001[3] using the averaging theory of first
and second order, they studied the maximum number of medium amplitude limit
cycles bifurcating from the linear center & = y,y = —x of the more generalized
polynomial Liénard differential systems of the form

T=y
y=—x—¢e(h(z)+p1(2)y+aq (z)y?)
- 52(h2 (z) +p2 () + g2 () y2)

where hi, ha,p1,q1,p2 and g have degree n.

In this work using the averaging theory, we study the maximum number of limit
cycles which can bifurcate from the periodic orbits of a linear center perturbed inside
the class of generalized polynomial Liénard differential equations

T=y
g =—x—e(h (2)y** + g1 (x) y** T+ f1 (x) y** ) (2)
_ 62(h2 (33) y2a + g9 (:17) y2a+1 + f2 (33) y2a+2)

where m,n,k and « are positive integers, h;, g; and f; have degree n,m and k,
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respectively for each ¢ = 1,2, and ¢ is a small parameter.
Let [] denote the integer part function. Our main result is the following one.

Theorem 1. For |e| sufficiently small, the mazimum number of limit cycles of the
polynomial differential systems (2) bifurcating from the periodic orbits of the linear
center & = y,y = —x, using the averaging theory

(a) of first order is
m
=3

(b) of second order is

m m—1 n m—1 k
A-—nwx{[aq,[—if—]+[§}+%L[—ET—}+[§}%—L+a}.
The proof of the above theorem is given in Section 3.

2 The averaging theory of first and second order

In this section we present the basic results from the averaging theory that we
shall need for proving the main results of this paper. The averaging theory up to
second order for studying specifically periodic orbits was developed in [1,2]. It is
summarized as follows.

Consider the differential system

i(t) = eFy(t,z) + 2 Fy(t, z) + 3R(t, z,¢),

where F1,Fp : Rx D — R, R: R x D x (—¢f,6f) — R are continuous functions,
T—periodic in the first variable, and D is an open subset of R™. Assume that the
following hypotheses hold.

(i) Fi(t,r) € C*(D), Fa(t,") € C1(D) for all t € R, Fy, Fy, R are locally Lipschitz with
respect to x, and R is twice differentiable with respect to e.

We define Fg: D — R for £k =1,2 as

T
Fi(z) = l/Fl(s,a:)als,

T
0
1

T
Fy(x) = T/(DmFl(s,x))yl(s,x)—I—Fg(s,x)ds,
0

where
S

m@@z/ﬂ@@w
0

(ii) For an open and bounded set V' C D and for each ¢ € (—ef,ef)\{0}, there
exists a. € V such that Fig(ac) + eFy(a:) = 0 and dp(Fio + Fa, V,ac) # 0.
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Then, for |¢| > 0 sufficiently small there exists a T'—periodic solution z(.,¢) of
the system such that z(0,e) — a. as ¢ — 0.

The expression dp(Fig + £Fa,V,a.) # 0 means that the Brouwer degree of the
function Fig+eFyy : V — R™ at the fixed point a. is not zero. A sufficient condition
of this inequality holding is that the Jacobian of the function Fig+¢eFy at a. is not
Zero.

If Fig is not identically zero, then the zeros of Fig + eFyy are mainly the zeros of
Fyg for e sufficiently small. In this case the previous result provides the averaging
theory of first order.

If Fyg is identically zero and Fbg is not identically zero, then the zeros of Fig+ eFbq
are mainly the zeros of Fyg for ¢ sufficiently small. In this case the previous result
provides the averaging theory of second order.

3 Proof of Theorem 1

For the proof we shall use the first order averaging theory as it was stated in
Section 2. We write system (2) in polar coordinates (r,6) given by x = rcosf and
y = rsinf. In this way, system (2) will become written in the standard form for
applying the averaging theory. If we write

n m k

hi(z) = Zaixi, g1 (z) = Z cxt, fi(x) = Z d;zt,
i=0 i=0 i=0
n m k

ho (x) = Z Azt gy (z) = Z Cixt, fo(z) = Z Dz’
i=0 i=0 i=0

then, system (2) becomes
P =—eFy (r,0) —?Hy (r,0),
2

. g g
0=—-1- ;EZ (7’,9) - ?HQ (7’,9),

where

n k
Ey (’f’, 9) = Z aihi,2a+1 (9) ploti + Z dihi,2a+3 (0) r2a+i+2_|_
=0 i=0

+ " cihigasa ()T,
1=0
Hy (7’, 9) = Z Aihi,2a+1 (9) ploti + Z Dihi,2a+3 (9) 7,2a+z+2+
=0 i=0

m
+ Y Cihigara (0)r?* T,
i=0
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n k
By (r,0) =Y aihis10a (0) 7T+ " dihig1 gate (0) 1?24
i=0 1=0

m
2a+i+1
+ § Cihit1,2a41 (0) r=m T,
=0

k

Hy (r,0) =Y Aihir120 (0)r* T + 12> Dihig pars (0) r** 24
i=0 1=0

m
+> Cihit12a41 (0) P>,
i=0
where h; o (0) = cos’ §sin’ § Taking 6 as the new independent variable, system (2)

becomes J
5 = (1n0) + 212 (1,0) + O (), 3)

where
Fl (7‘,9) = El (7‘,9) s (4)
Fy(r0) = Hy(r0)— %El (r,0) By (r,0).

First we shall study the limit cycles of the differential equation (3) using the
averaging theory of first order. Therefore, by Section 2 we must study the simple
positive zeros of the function

21

Fm(?") = %/Fl (7",9) del.

™
0

For every one of these zeros we will have a limit cycle of the polynomial differential
system (2). If Fig(r) is identically zero, applying the theory of averaging of second
order (see again Section 2) every simple positive zero of the function

27 0
1 d
Fa (1) = 5= [ | 5250 | [ Fatrs)ds | + Fa () | o,
0 0

will provide a limit cycle of the polynomial differential system (2).

3.1 Proof of statement (a) of Theorem 1

Taking into account the expression of (4), in order to obtain Fg is necessary to
evaluate the integrals of the form

/ cos’ 0 sin’ 0do
0

In the following lemma we compute these integrals.
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Lemma 1. Let h; ; (0) = cos @sin? 6 and &; ;(0) = [ h;j (s)ds Then

C—=o

5ij(27T) _ { 0 e o zfz 18 odfl or j is odd,

: (j+i)(j+i—2)...(z‘+2)F(g)ﬂ if i and j are even,
7!

(31)°

Proof. Using the integrals 12 and 13 given at the appendix with § = 27 and taking

into account that h; ;(27) = 0 if j # 0 we have that

where (%) =

52’,2]’ (27‘(’) = (2](_2’_]2)_(12)](_?_1:3))(2_}_2) 5@0(27‘(’), 5i,2j+1 (271') =0. (6)

Again, using the integrals 10 and 11 given in the appendix, with § = 27, we have that
521'70(271') = MZTF and 522'4_1,0(271') = 0, Substituting 521'70(271') and 522'4_1,0(271')

P
given as above into (6) we obtain (5). Using this lemma we shall obtain in the next
proposition the function Fyo(r): O

Proposition 1. We have

F20+1 5] '
Flo(’r’) = 5 Co; 521'720{4_2 (271') 7‘22. (7&)
g =0
Proof. The function Fig(r) is given by
1 2 1 2T
Fio(r) = %/Zaihi,%ﬁ-l (0)T2a+id0+%/zdihi,2a+3 (6) 2 2dg
o =0 o =0

1 2w m
+%/Zcihi,2a+2 (9) 7’2a+i+1d0.
0 =0

Using lemma 1, we obtain

21 2
/hi,2a+1 (0)do = /hi72a+3 (9)dd =0, Vi e N.
0 0

27
1 " .
Flo(’r’) = %/Zcihiﬂa—lﬁ (9)7‘2a+l+1d9
0 =0
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m
_ 2 +i+1 2 +i+1
= / § cih; 2a+2 AT 4 § cih; 2a+2 AT de

zodd zeven
1
252 5 =
_ p20H2i42 | 20241
= g C2z+1/h2z+1 2042 ( / 21,2042 ( do.
=0 9
27

Again, using lemma 1, we conclude that [ hoit1,2q42 (6)df = 0, then
0

m
2

Fio(r) = €2i02i 2042 (27) %

[\~}
o

F
—

O

From Proposition 1, the polynomial Fio(r) has at most Ay = {[2]} positive roots,
and we can choose cy; in such a way that Fjo(r) has exactly Ay simple positive roots,
hence the statement (a) of Theorem 1 is proved.

3.2 Proof of statement (b) of Theorem 1

Now using the results stated in Section 2 we shall apply the second order aver-
aging theory to the previous differential equation. For this we put Fio(r) = 0, which
is equivalent to

¢; =0, for all i even. (8)

We must study the simple positive zeros of the function

2m
1 d
Fyg (r) = o / %Fl (7",9) /Fl(r, S)dé’ + Fh (’f’, 9) do.
0

We split the computation of the function Fyy(r) in two pieces, i.e. we define
21 Fy(r) = ®(r) + U(r), where

0

o (r) = / Fy (r,0) /Fl(r,s)ds e,
0
2m

U(r) = /Fg(rﬁ :/<H1r@)——El(TH)Eg(r9)>d9

0 0

2T
First we compute the integrals [ 6; ;(6)hy 4(8)dd, in the following lemma.
0
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Lemma 2. Let 771577]?1 (2m) = f 8i4( (0)df. Then the following equalities hold:
a) The integral 775;3_170 (2m) is zero if p is odd or q is even, and is equal to
i—1 1:y- .
1 25(7—-1)....(j—1+1)
; _o. 2
2+ 1 <lz_g Bi— D) @ —3).. @i =2 = 1)z (27)

L1
2i + 1

52i+p;q+1 (2m)

if p is even and q is odd.

b) The integral n§§11,2j+1 (2m) is zero if p is odd or q is odd, and is equal
to

1 .
= (=1 .. (-1 + 1)) 024 pt2:2j—214q(27)

2j+2z+2 2j+2z )(2j +2i —2)... (2] +2i — 20 +2)

1

S 2j+ 242

=1

02i4p+2,2j+¢(27)

if p is even and q is even.

¢) The integral 77:517'?2j+1 (2m) is zero if p is even or q is odd, and is equal to

| <j_1 (G 1) lf =L D) daiipriay-aiva (27) )
(

2 +2i+1 24+ 2 —1) (27 +2i —3) ... (27 +2i — 20+ 1)
1
N, g2
% +2i+1 2i+p+1,2j+¢(27)

if p is odd and q is even.

(d) The integral 7712211,% (2m) is zero if p is odd or q is even, and is equal to

1 ‘
]E: (2) = 1) (25 = 3) ... (27 — 2L + 1)) S2i4p2.2j—2114-1(27)
2j+2z+1 2T (2j+ 2~ 1) (2] +2i ). (2] +2i 20+ 1)
1
—m52i+p+2;2j+q+1(277)
925 —1)(2j — 3) .1
35 —1)(% ~3) Bl (2m)

(25 +2i+1)(2) +2i —1)... (20 +3) 2

if p is even and q is odd.
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Proof. Using the integral 12 of the appendix and taking into account
hij (0) hpg (8) = Rivpjrq(0), we have

i—1 Iy 27
1 2j(j-1)...(G-1+1) /
4 _ .
Moo (27) = % + 1 lzg (2i —1)(2i —3) ... (2 — 21 — 1) haitpt21-2;q+1(0)d0

= 0

2
1
+2i 1 /h2i+p;q+1(9)d9-

0

By using lemma 2, statement (a) follows. Using the integral 14 of the appendix and
taking into account h; ; (0) hpq (0) = hiyp j+q (0), we have

2

1
Ugéil,zjﬂ (2m) = _72]._'_22._'_2/h2i+p+2,2j+q(9)d9
0
Jf 21Dl
1 = (25421)(25+2i—2)...(2j+2i—21+2)
2+ 2i+2 27
J * [ hoitpt2:2j—21+4(0)d0
0
and
2
1
Thigj1 (2T) = BT /h2i+p+172j+qw)d0
0
]f 2(j—1)....(G~1+1)
1 £~ (27+2i—1)(25+2i—3)...(27+2i—2{+1)
2+ 241 27

% [ hoitpy1:2j—o1+q(6)d0.
0

Using again lemma 2, statement (b), (c) follows. Using the integral 12 and 13 of the
appendix and taking into account h; ; (8) hy g (6) = hitp j+q (#) and using lemma 2,
we obtain
2j—1)(2j—3)...

(9 = (

ei',25 (27) (27 +2i+ 1) (2j + 2i — 1) (2z+3
1
2 +2i41
i1 .. . )
. jz: (27 =1)(2) = 3) ... (2] — 20+ 1)) doitpr2,2j—20+¢-1(2T)
(27 +2i—1)(2) + 20 —3) ... (2] + 21 — 21+ 1)

) 772z+1 0 (277)

=1
1

Tyt (02i4pt2;2j+q+1(2m)) .

Hence statement (d) of lemma 2 is proved. O
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Proposition 2. The integral ® (r) can be expressed by
@ (r) =r*tp (r?).
where P; (7*2)2'5 a polynomial in the variable r? of degree
el [ )
2 2 2 2

Proof. First, we have

n k
2o+ Qa4it2
Fi(r,0) = § ailiza+1 (0) 77T + Z dihi2a+3 (0) 20T
=0 =0
i odd 3 odd
m n
2a-+i+1 2a-+i
+ E ciligat2 (0) 1= + E a;hi a1 (0) 70"
=0 i=0
7 odd 1 even
k m
2a-Hit2 2a4itl
+ g dihi pa+3 (0) r?oT 2 + g cihigay2 (8) 2T
=0 =0
7 even 1 even

2 3]
2 2
= Z agiy1hoi1 2041 (0) P22 + Z asihaizas (0) r2t%
=0 i=0
5] G |
+ Z d2it1h2i41,20+3 (0) P22 4 Z daihg; 2ers (6) r2oT2i+2
=0 i=0
(5]
2
+ Z Coit1h2i+1,2a-+2 (0) T2 T2,
i=0

Next we calculate the terms of this integral. First we have that

[%57]
d . a+21
%F1 (r,0) = ;:o (20 + 2 + 1) agir1h2i 11,2041 (0) 72T

5

+ Z (2a + 2i + 3) doir1h2it1.20+3 (0) P22
(5]

+ (20 4 2i + 2) cair1hoit1 2042 (0) P22

Il
o

3
L

gl

@
Il
=)

—
0|3
-

+ (2a + 2i) agih2i72a+1 (9) 7‘2a+2i_1

@
Il
o
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5]
+) (20 + 20 + 2) daihg 9013 (0) P2
=0

[N

Then

/ [=5]
/Fl (rys)ds = Z 2i+102i+1,2a-+1 () F20+2i+1
0 i=0
(53]
Z d2i4+102i+1,20+3 (0) p20t2i+3
=0
m |
+ Z €2i+102i+1,20+2 (0) pot2i+2
i=0
] .
+ Z 2i52i,2a+1 (9) 7’2""'21
1=0
] .
) dyiboigays (0) 222,
i=0

(SR

[k

By using lemma 2, from the 25 main products of ® (r) only the following 4 are not
zero when we integrate them between 0 and 27. So the terms of @ (r) which will
contribute to Fy(r) are :

Olew

i,2a+1 ;
® (T) = Z Z 200 + ZZ) a2262p+1772p+1§a+2 (271') 7,4a+22+2p+1
i—0 p=0
[5] [=5] |
+Y D (204 20+ 2) daicopraniyy oy (2m) FOTHERES
i=0 p=0

+ 3N (2004 2+ 2) coipragpTny ety (2m) pletREPEL

+ (20 + 2i + 2) coiy1dapTiny ers - (2m) riot2irapts

where P; is polynomial in the variable 72 of degree g,

e[ B2 B )
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Finally, we obtain ® (7) is a polynomial in the variable r? of the form
@ (r) =r'tp (r?).
This completes the proof of the Proposition 2. O

In order to complete the computation of Fyy(r) we must determine the function
U(r).

Proposition 3. The integral ¥(r) can be expressed by
\If(r) — ,r,2a+1 (P2 (’f’2) + 7"2“P3 (7,2))

where Py (7"2) is a polynomial in the variable % of degree

n=[2)

P (r2) is a polynomial in the variable r* of degree

e[ B2 )

Proof. Firstly we calculate,

2w 2 k 2w

/ Hy(r,0)do = > Apx?* / higat1 (0)dO+ Y Dir?etit? / hi2a+3 (0) dO

0 =0 0

hi 2042 (6) db.

+
()=
Q2
3
[\~
Q
T
A
O\g;

2w 2w
Using lemma 2, we conclude that [ h;oa+1(0)d0 = [ hjoa+ys(0)df = 0, and we
0 0

have

2 m 21 [%] 2

/ Hy(r,0)do = Y Ciretit! / higa+a (0)do =) Ciretit / Risata (0) df.
=0 0

=0
0 i even 0

Then
27 [%] |
/Hl (r,0)do = = Ci62i 202 (27) 20241
0 =0

7"2a+1P2 (,r,2)

where P, is a polynomial in the variable 72 of degree ;.
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2
Finally, we shall study the contribution of the second part [ LEj (r,0) Es (r,0) d6
0

of Fy (r,0) to Fyo(r). Using the expressions of Ey (r,0) and Fs (r,0) and taking into
account that ¢; = 0 for all ¢ even, we have :

(2] R |
Bi(r,0) = Y azit1hoizipast (0) 770 4 30 doiyihoig 2a4s (0) r20 23
(7 ik
2 . 2 )
+ > eoit1hoit12at2 (0) 1222 4+ N agiho; 0a41 () r2ot2
=0 i=0

(5] |
+ Z d2ih2i,2a+3 (9) 7‘2a+27,+2

i=0
and
2] N
By (r,0) = > agpr1hopiaa (0) r2oT2PH 4 S doy 1 hopio 2ate (0) r2at23

p=0 p=0

["5] PR .

+ > coprihaprazata (0) rPTPTE 4 37 agphop i 0 () 12T
p=0 p=0

[5]
+ Y dophopi1 2042 (0) r20T2P+2,
p=0

2w
Using Lemma 2, from the 25 main products of [ %El (r,0) E5 (r,0) df, only the

0
following 4 are not zero when we integrate them between 0 and 2w, So the terms
which will contribute to Fy (r) are

2r (3] [2£] |
J 3B (r0) By (r,0)d0 = 30 X asicaps102i2p2,4a+2 (2m) TR
0 ZZO p:O
5] [5] o
+ 2 2 daicypr1ipopragase (2m) et
i=0 p=0
RS -
+ Y Y car1ap02itap2ate (2m) rietHERT
i=0 p=0
[5]

i ME
I Mg

dot-2i42p+3
2z+1d2p522+2p+2 da+2 (2m) plot2rtapt

_ 471+1 Py ( )
where P; is a polynomial in the variable 2 of degree

el [ B2 )

Then, we obtain ¥(r) is a polynomial in the variable 2

U(r) =r* T (P (r?) + r** P (r?))
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of degree
/\\1;(7,) = max {1, \3 + a}.

Finally, we obtain Fbo(r) is a polynomial in the variable 72 of the form

7,2a+1

2

FQQ(T) = (T2aP1 (7’2) + P2 (7’2) + 7’2aP3 (7‘2)) .

To find the real positive roots of Fpy we must find the zeros of a polynomial in
r? of degree A = max{A1, A2 + a, A3 + a}. This yields that Fby has at most \ real
positive roots. Hence, Theorem 1 is proved. Moreover, we can choose the coefficients
a;,¢,d;,A;,C;,D; in such a way that Fyy has exactly A real positive roots. This
completes the proof of Theorem 1. O

4 Example

We consider the differential system 2 with k =n=1,m=3,a=1

An easy computation shows that Fig(r) is identically zero, so to look for the
limit cycles, we must solve the equation Fy(r) = 0 which is equivalent to

1
1280

P (r® = 6rt +117* = 6) =0

This equation has exactly three positive roots 1 = 1,79 = v/2,r3 = /3. According
with Theorem 1, that system (9) has exactly three limit cycles bifurcating from the
periodic orbits of the linear center # = y,y = —x.

5 Appendix

In this appendix, we recall some formulas used during this article; for more
details see [7]. For i > 0 and j > 0, we have

0
- » cos'1hsinft g i1 , :
/cosZ ssin? sds = — + - /COSZ_2 ssin’ sds (10)
1+ 1+«
0

cost 1hsinite a—1

1+ 1+«

cos® ssin’ 2 sds,

I
S — <
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0 -

; sinf = (20 —1) (2 —3) ... (2i — 21 + 1 ol
/C082 sds = 5 Z( 51 ()z(— 0 (z)— 2)(‘(2,_1)—1_ )0052 A=1g  (11)

(20— 1)(2i—3)...1
244!

i—1 o
1 2i \ sin2(@i—10)60 1 [ 2
) 2;< ! ) 2 1) *2%( i )9’

n sin 6
21

cos® 1o + 0

0 i—1
201 gy sin 6 2 (1 —1) . (i 1) 222 (19
/COS o 2z‘+1l§_;(21'—1)(22‘—3)....(21—21—1)COS (12)
J Z
sin 0 2%
o
+2i—|—1 cos
B Lli 2 +1 \ sin(2i —20+1)0
o 2% o l (20 —20+1)
2 ;
where < » ) = p!(%ip)!
0
/cosissin2j sds (13)
0
L cosTeIN (2 - 12 - 3)(2 — 2+ 1) EPTIYE
2j+1 = (2 +i—2)(2j +i—4)..(2 +i—20)
6
(2j —1)(2§ — 3)...1 / :
% d,
@+ )@ +i-2)-+2) J cos oas
6
/cosissin2j+1 sds (14)
0
_ _C'OS—i._G Z _ 2](‘7.—1? ..... (]_l.+1.) nZi-2 g
2j+itle— (2 4+i—1)2j4+i—3)...(27+i—20+1)
50 gy

—= S
2j+1+1
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1 Introduction

Any space is considered to be a Hausdorff space. We use the terminology from [3].
For any completely regular space X denote by 8X the Stone-Cech compactification
of the space X.

Fix a space X. A space eX is an extension of the space X if X is a dense
subspace of eX. If eX is a compact space, then eX is called a compactification of
the space X. The subspace eX \ X is called a remainder of the extension eX.

Denote by Ezt(X) the family of all extensions of the space X. If X is a com-
pletely regular space, then by Ext,(X) we denote the family of all completely regular
extensions of the space X. Obviously, Ext,(X) C Ext(X). Let Y, Z € Ext(X) be
two extensions of the space X. We consider that Z <Y if there exists a continuous
mapping f : Y — Z such that f(x) =z foreachx € X. If Z <Y and Y < Z, then
we say that extensions Y and Z are equivalent and there exists a unique homeomor-
phism f:Y — Z of Y onto Z such that f(z) = z for each x € X. We identify the
equivalent extensions. In this case Ext(X) and Ext, are partially ordered sets.

Let 7 be an infinite cardinal. Denote by O(7) the set of all ordinal numbers of
cardinality < 7. We consider that 7 is the first ordinal number of the cardinality
7. For any a € O(1) we put O(a) = { € O(7) : 8 < a}. In this case O(7) is well
ordered set such that |O(7)| = 7 and |O(«)| < 7 for every a € O(7).

A point z € X is called a P(7)-point of the space X if for any non-empty family
~ of open subsets of X for which z € Ny and |y| < 7 there exists an open subset U
of X such that x € U C Ny. If any point of X is a P(7)-point, then we say that X
is a P(7)-space.

Any point is an Ng-point. If 7 = Xy, then the P(7)-point is called the P-point.

2 Hausdorff extensions of discrete spaces

Let 7 be an infinite cardinal. Let E be a discrete space of the cardinality > 7.

©Laurentiu Calmutchi, 2021
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A family n of subsets of E is called 7-centered if the family #n is non-empty,
Mn =0, 0 &€ n and for any subfamily ¢ C n, with cardinality |(| < 7, there exists
[ € p such that L C NC.

Two families 1 and ¢ of subsets of the space F are almost disjoint if there exist
L enand Z € ( such that LN Z = (.

Any family of subsets is ordered by the following order: L < H if and only if
H C L. Relative to this oder some families of sets are well-ordered.

Proposition 1. Let k = |E| > 7 and 2{k™ : m < 7} = k. Then on E there exists
a set Q of well-ordered almost disjoint T-centered families such that |Q| = k7 and
In| = 1 for each n € Q.

Proof. We fix an element 0 € E. For every o € O(7) we put E, = E and 0, = 0.
Then E™ = II{E, : « € O(7)}. For each x = (2o : « € O(7)) € E™ we put
d(x) = sup{0,a : zq # 0n}. Obviously, 0 < ¢(z) < 7. Let D = {z = (24 :
a € O(r)) € E™ : ¢(x) < 7}. By construction, |D| = ¥{k™ : m < 7} =k
and |E7| = k7. Since |E| = |D|, we can fix a one-to-one mapping f : E — D.
Fix a point z = (z, : @ € O(7)) € E7. For any 8 € O(1) we put V(z,5) =
{y = Wa :a € O(1)) € E" : yo, = x4 for every a < 8} and n, = {L(z,5) =
YD NV(z,8) : 3 € 0(r)}. Then Q = {n, : z € E7} is the desired set of
T-centered families. O

Remark 1. Let |E| = k > 7. Since on E there exists & mutually disjoint subsets of
cardinality 7, on E there exists a set ® of well-ordered almost disjoint 7-centered
families such that |®| > k and |n| = 7 for each n € ®.

Fix a set ® of almost disjoint 7-centered families of subsets of the set ££. We put
eaF = EU®. On eg F we construct two topologies.

Topology T%(®). The basis of the topology T%(®) is the family B*(®) = {UL =
Lu{ne®:HCLforsome Hen}:LCE}.

Topology T,,(®). For each z € E we put By,(x) = {{z}}. For every n € ® we
put By (n) = {Vy,r) = {n} UL : L € n}. The basis of the topology T},,(®) is the
family B,,(®) = U{Bn(z) : x € ea E'}.

Theorem 1. The spaces (eaE,T*(®)) and (eaE,T,,(®)) are Hausdorff zero-
dimensional extensions of the discrete space E, and T*(®) C T,,,(®)). In particular,
(e B,T°(®)) < (ea B, Tin(®))-

Proof. The inclusion T°%(®) C T,,(®)) follows from the constructions of the topolo-
gies T%(®) and T,,(®)). If L € n € ®, then n € clL. Hence the set F is dense
in the spaces (es E,T°(®?)) and (ea E, T,,,(P)). If the families n,{ € ® are distinct,
then there exist L € n and Z € ( such that LN Z = (). Then U, NUz = (. If
L C F and |L| < 7, then L is an open-and-closed subset of the spaces (eq E,T%(P))
and (eqF,T,,(®)). Hence the topologies T%(®) and T,,(P) are discrete on F and
the spaces (eaE,T%(®)) and (eqF,T,,(P)) are Hausdorff extensions of the dis-
crete space E. Since the sets Uy and V{, 1) are open-and-closed in the topolo-
gies T°(®) and T,,,(®)), respectively, the spaces (ea E,T*(®)) and (es E, T),,(P)) are
zero-dimensional. O
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Theorem 2. The spaces (ea E,T°(®)) and (ea E, T),(P)) are P(7)-spaces.

Proof. Fix n € ®. If ( C n and |¢| < 7, then there exists L({) € n such that
L(¢) € N¢. From this fact immediately follows that (eq E,T;,(®)) is a P(7)-space.
Assume that {L, : p € M} is a family of subsets of £, [M| < 7, n € ® and
n € N{Ly :p € M}. Then there exists L € n such that L C N{L, : p € M}. Thus
ne Uy en{Ur, : p € M}. From this fact immediately follows that (eq £, T°(®)) is
a P(1)-space. O

Corollary 1. If T%(®) C T C T,,(®)), then (eaE,T) is a Hausdorff extension of
the discrete space E, and (ea E,T°(®)) < (ea E,T) < (ea E, T;n(P)).

Theorem 3. The space (eqE,T*(R2)), where Q is the set of well-ordered almost
disjoint T-centered families from Proposition 1, is a zero-dimensional paracompact
space with character x(eqE,T*()) = 7 and weight L{|E|™ : m < 7}.

Proof. We consider that £ = D. The family B = {{z} : x € D} U{V(z,8) : z €
E™, 3 € O(1)} is a base of the topology T%(Q2). If U,V € B, then either U C V, or
V cU,or UNV = 0. From the A. V. Arhangel’skii Theorem [1] it follows that
(eqE,T*(R)) is a zero-dimensional paracompact space. O

3 Construction of Hausdorff extensions

Let 7 be an infinite cardinal. Fix a P(7)-space X. Let v = {H, : p € M} be
a discrete family of non-empty open subsets of the space X and 7 < |M|. For any
p € M we fix a point e, € Uy, and a family §,, = {H, ) : @ € O(7)} of open subsets
of X such that e, € N, and H, g C H, ) C H, for all a € O(7) and § € O(«).
Then E = {e, : p € M} is a discrete closed subspace of the space X.

Consider the Hausdorff extension rE of the space E. We put e,p X = XU(rE\E).
In e, X we construct the topology 7 = T'(v, E,&,, ) as follows:

— we consider X as an open subspace of e g y)X;

—let T'x be the topology of X and T,.g be the topology of the space rFE;

—if V€ Typ, then eV =V U{H(,q) e, €V}

~B=TxU{e,V :V €T,g} is an open base of the topology 7 = T'(v, E,&,,T).

Theorem 4. The space (e yyX,T (7, E,&u,7)) is a Hausdorff extension of the
space X.

Proof. If VW € 1,.g, then:
—e W Ce,V if and only if W C V;
—eaW Ne,V =0 if and only if W NtV = 0;
—e VNrE=V.
These facts and Theorem 1 complete the proof. O

Theorem 5. If rE is a P(7)-space, then (e(py)X, T (v, E,&u, 7)) is a P(T)-space
too. Moreover, x(e(py )X, T (7, E,&u, 7)) = x(X) + x(rE) and
w(e(E',Y)X7T(’Ya Eaf/uT)) = w(X) + w(TE)
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Proof. Follows immediately from the construction of the sets e, V. O

Theorem 6. Assume that the spaces rE and X are zero-dimensional, and the sets
H, o) are open-and-closed in X. Then:

1. (e(ey)X, T (v, E,&u, 7)) is a zero-dimensional space.

2. The space (e(g,y)X, T (v, E,§u,T)) is paracompact if and only if the spaces rE
and X are paracompact.

Proof. If the set V' is open-and-closed in 7E and the sets H,,) are open-and-
closed in X, then the sets e,V are open-and-closed in (e(py\X,T(v, E, &y, 7)) If
{Va: A€ L} is a discrete cover of rE, and a(A) € O(7), then {eq\)Va: A € L} is a
discrete family of open-and-closed sets. This fact completes the proof. O

References

[1] ARHANGEL’SKII A.V., FiLipPOvV V.V. Spaces with bases of finite rank. Matem. Sbornik 87
(1972), 147-158 (in Russian); English translation: Math. USSR Sbornik 16 (1972), 147-158.

[2] CaLmuTtcHl L.I. Hausdorff extensions, The 26th Conference on Applied and Industrial Mathe-
matics, September 20-23, 2018, Chiginau, p. 85.

[3] ENGELKING R. General Topology. PWN, Warszawa, 1977.

LAURENTIU CALMUTCHI Received  September 14, 2021
Tiraspol State University,

str. Gh. Iablocikin 5, Chiginau

Republic of Moldova

E-mail: lcalmutchi@gmail.com



	y2021-n3-(pp3-10)
	y2021-n3-(pp11-20)
	y2021-n3-(pp21-29)
	y2021-n3-(pp30-35)
	y2021-n3-(pp36-49)
	y2021-n3-(pp50-71)
	y2021-n3-(pp72-87)
	y2021-n3-(pp88-91)

