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Abstract. In the lattice L(rM) of all submodules of a module rM four operations
are defined using the standard preradicals: a-product, w-product, a-coproduct and
w-coproduct. Some properties of these operations, as well as some connections with
the lattice operations of L(rM) are indicated. For characteristic submodules these
operations were studied in the work [5].
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1 Definitions and preliminary facts

Let R be an associative ring with unity and R-Mod be the category of unitary
left R-modules. For an arbitrary module M € R-Mod we denote by L(zM) the
lattice of all submodules of M. A submodule N € L(zM) is called characteristic
(fully invariant) in M if f(N) C N for every R-endomorphism f: M — pM.
The lattice of all characteristic submodules of ;M will be denoted by L (,M).

A preradical v of R-Mod by definition is a subfunctor of identity functor of
R-Mod (i.e. (M) C M and f(r(M)) C (M) for every module M € R-Mod and
every R-morphism f: M — M’). Obviously, (M) is a characteristic submodule
of kM. Moreover, the submodule N € L(zM) is characteristic in zM if and only
if there exists a preradical r of R-Mod such that N = r(M).

If r(r(M))=r(M) for every M € R-Mod, then r is called idempotent prera-
dical; if r(M /zM)) =0 for every M € R-Mod, then r is called a radical.

We denote by R-pr the family of all preradicals of the category R-Mod. Two
operations ,,A” and ,,vV” are defined in R-pr by the following rules:

( A Ta)(X) = ) ra(X), ( V Ta)(X) = > ra(X)

ac ac acd acd

for every X € R-Mod and every family of preradicals {r,|a € A} C R-pr. Then
R-pr (A, V) possesses all properties of a complete lattice with the exception that it is
not necessarily a set (in general case R-pr is a class), so it is called the ”big lattice”
of preradicals of R-Mod. In this lattice a special role is played by the following two
types of preradicals. For every pair N C M, where N € L(zM), we define the

functions a) and w} by the rules:

© A.I.Kashu, 2011
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ay(X)= X V), wy(X)= N [N,

fiM—>X f:X—>M

for every X € R-Mod. The following facts are well known ([1,2]).

Proposition 1.1. 1) o) and w) are preradicals of R-Mod;
2) ol (M) is the least characteristic submodule of kM containing N ;
3) wy (M) is the largest characteristic submodule of pkM contained in N. O

Proposition 1.2. If N € L(,M), then o¥(M) = N and w¥(M) = N.
Moreover, for a preradical r € R-pr we have:
r(M)=N & o < r < wy. O
So for a submodule N € L(zM) the preradical X is the least among
preradicals 7 € R-pr with the property (M) = N. Dually, w) is the largest
among preradicals r € R-pr with (M) = N.
Now we mention two particular cases:
a) the idempotent preradical r™, defined by module zM
r™(X)= > Imf —the trace of M in X (i.e. 7™ = a}l);
fiM—X
b) the radical r,; defined by M
ru(X)= () Kerf - the reject of M in X (i.e. ry = w{).

fiM—X
The following two operations in R-pr are very important in the theory of preradicals:

1) the product of preradicals r, s € R-pr:
(r-s)(X) =r(s(X));
2) the coproduct of preradicals r, s € R-pr:

(r: s)(X)/r(X) = s(X/r(X))
for every X € R-Mod.

2 a-product of submodules

Using preradicals of the form ol the following operation is introduced in the
lattice L(zM) of all submodules of an arbitrary module M € R-Mod.

Definition 2.1. Let M € R-Mod and K,N € L(zM). The following submodule
of M:
KN-ad(N)= ¥ 5
f*M—N

will be called the a-product in M of submodules K and N.

This operation was considered in [3] for the investigation of prime modules. The
continuation of these studies can be found in [4]. For characteristic submodules
K,N € L*(,M) this operation coincides with the a-product defined in [5] by the
rule: K- N = off a¥ (M).

Some simple properties of a-product are indicated in the following statement.
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Proposition 2.1. 1) K-N C N and K - N is a characteristic submodule in N;
2) If NeL"xM), then K-N & L"M) for every K € L(zM);
3) If K e L"(xM), then K-N C K, therefore K- N C KN N;
4) If K =0, then 0-N =0 for every N € L(zM); if N =0, then
K-0=0 forevery K € L(zM);
5) If N =M, then for every K € L(zkM) the submodule K-M = > f(K)

f*M—>M
is the least characteristic submodule of M containing K;

6) If K =M, then for every N € L(zM) we have M-N = > f(M)=
f:M—N

= rM(N). 0
Proposition 2.2. The operation of a-product is monotone in both variables:
Ki C Ks = Ki-N C Ky-N VN € L(zM);
Ny C N = K-Np C K-Ny VK € L(xM). O

The following two results explore the associativity of a-product and are indicated
in [3] (Lemma 2.1). For convenience we give also the sketch of proofs.

Proposition 2.3. The following relation is true:
(K-N)-L € K-(N-L)
for every K, N, L € L(zM).

Proof. Every pair of morphisms f: M — N, g: M — L determines a morphism
h=gf:M — L and since by definition N-L= 3 g(N) we have g(f(m)) €
g:M— L

N - L. So we can consider that h € Homgz(M, N - L). For every a € K we have
f(a) € K-N and g(f(a)) € (K-N)- L. Therefore we obtain g¢(f(a)) = h(a) €
K- (N-L)= >, h(K), proving the statement. O

h:M — N-L
Proposition 2.4. If M is a projective module, then the operation of a-product in
L(zM) is associative:

(K-N)-L=K-(N-L)

for every K, N, L € L(zM).
Proof. We consider the module U = E Ny, Ny = N, with canonical projections

g:M—L

pg : U — Uy. We can define the mapping:
h:U — N-L, h(z)= Z g(pg(x)) EN-L = Z g(N), z € U.
g:M— L g:M—L
Then h is an epimorphism, since every element of N - L by definition has the form

t
> 9i(ng;). By projectivity of zM forevery f: M — N-L there exists a morphism
i=1
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f: M — U such that f = hf. For every a € K we have f(a) € K - (N - L)
and f(a) = hf(a) = Y. 9g(pgf(a)). Since py f € Homp(M,N), we obtain

g:M—L

pg f(a) € K - N and then by definition Y g(py f(a)) € (K - N) - L, therefore
-

g:M—L
f(a) € (K- N)-L. This proves that K - (N - L) C (K - N) - L, and the inverse

inclusion follows from Proposition 2.3. ]

In continuation we will study some relations between the operation of a-product
and the lattice operations of L(;M). For that we need the following fact on the
operation ,,V” (join) in the lattice R-pr.

Lemma 2.5. For every submodules N, K € L(zM) the following relation is true:

M _ M M
Qg =0y V 0.

Proof. For every X € R-Mod by definitions it follows:
(an V o) (X) = ay(X) + ax (X) =

(T W)+ (X SE)= T JIN+EK)=ad, (X). 0

f:M—-X fTM—-X f:M—-X

Proposition 2.6. For every module M € R-Mod the operation of a-product is left
distributive with respect to the sum of submodules:

for every Ki, Ko, N € L(zM).
Proof. Using Lemma 2.5 and definitions, we obtain:
(K1+ K2) N = oy, (N) = (o, V az,)(N) =

— al (N) +al (N) = (K - N) + (Kz - N). 0

1

Proposition 2.7. For every submodules K, N1, No € L(zM) the following rela-
tion is true: K -(Ny+Ng3) D (K-Ni)+ (K -N2). If NyN Ny =0, then we have:

K- (N1®Nz) = (K-Ni) @& (K- Na).

Proof. The first relation follows from the monotony of a-product (Proposition 2.2).
In the second relation it is sufficient to verify the inclusion (C). Let iy, i2 (p1,p2)
be the canonical injections (projections) of a direct sum N; @ Ny. Every morphism
f: M — Ny® Ny can by uniquely represented as i1g + ioh, where ¢g = pif :
M — Ny, h=paf : M — N. For every a € K we have f(a) € K- (N1 @ Na).
But at the same time

fa) =pifla) +p2f(a) = gla) + h(a) € (K- N1) & (K- Na),

proving the needed inclusion. O
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We conclude this section with the remark on the particular case when M = R,
i.e. L(xR) is the lattice of left ideals of the ring R. For every I, J € L(zR) we have:

I-J=ai(J)= > fU)=>T-j=1J,

f:R—J JjeJ
so the a-product of left ideals coincides with the ordinary product of left ideals in R.

3 w-product of submodules

In a similar mode as in the previous case we will now define another operation
in the lattice L(zM) with the help of preradicals of the forme w) (Section 1).

Definition 3.1. Let M € R-Mod and K, N € L(zM). The following submodule
of M:

KoN=wl(N)= 1 fK)
fN—-M

will be called the w-product in M of submodules K and N, ie. K® N =
{neN|f(n)e K forevery f:N — M}.

In the case when K, N € L (r M) this operation coincides with the w-product
of characteristic submodules, defined in [5] by the rule: K ® N = wy wi (M).
Now we formulate some elementary properties of w-product in L(zM).

Proposition 3.1. 1) K® N C N and K ® N is a characteristic submodule in N;
2) If N & L (xM), then K® N € L*(xM) for every K € L(xM);

3) K® N CK, therefore K© N C KNN;
) 06 N=0, K& 0=0;
5 Ko M=wM(M)= () f YK) is the largest characteristic submodule
of M contained in I(Jf,"Mt;ejr\’/éfore if KeLMyM), then KO M=K;
6) Mo N=wM(N)= (O fYM)=N. O
fiN—M

Proposition 3.2. The operation of w-product is monotone in both variables:
Ki € Kg = KON C KaGON VN € L(xM);
Ny € Na = KON C KONy VK € L(zM). O

We remark that if K € L"(,M), then K- N C K ® N for every N € L(zM),
since af < w¥ and a}f(N) C w¥(N), so we have:

K-NCKoN C KNN.

Proposition 3.3. For every submodules K, N, L € L(zM) the following relation
1s true:

(KoON)OL 2 Ko (N6 L).
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Proof. Let | € K® (N ® L). By definition this means that:
1) le(N® L), ie. g(l) e N forevery g: L — M,

2) h(l) e K forevery h:N® L — M.
We must verify that

le(KON)®L ={zeL|f(9(x))e K Vf:N - M, Vg:L — M}.

For every pair of morphisms ¢ : L — M and f : N — M we can define the
morphism h: N ® L — M by the rule:

h(m) = f(g(m)) YVmeNQO® L,

using the fact that g(m) € N by the definition of N ® L.
From [ € (K® N)® L it follows h(l) € K, therefore h(l) = f(g(l)) € K for
every f:N — M and ¢g:L — M, but this means that lE( ®N)e L O

For the study of relation between w-product and intersection in L(zM) the
following remark is useful.

Lemma 3.4. For every submodules N, K € L(zM) the following relation is true:
Wi = w¥ A Wi
Proof. By definitions, for every module X € R-Mod we have:
(Wi A wi) (X) = wy(X) M wi (X) =
={zeX|f@)eNVf: X > M} N{zeX|fl)e K Vf: X - M} =
={zeX|f@eNNK Vf:X - M}=wh(X). O

Proposition 3.5. For every module M € R-Mod the operation of w-product is left
distributive with respect to the intersection of submodules:

(K1 | K2) © N = (K10 N) () (K2 ® N).

Proof. Applying Lemma 3.4 we obtain:
= wi, (V) N wi,(N) = (K10 N) ) (K20 N). O

In the particular case when M = R we have the specification of w-product
in the lattice L(zR) of left ideals of the ring R. For every left ideals J, I € L(zR)
we obtain:

Jol=wi= (N fYN={(ecl|f@)e]J Vf:d — xR} € JNI
f:I—R
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4 a-coproduct of submodules

The following two operations which will be introduced in continuation are in some
sense dual to the previous operations (a-product and w-product) and are obtained
by replacing the product of preradicals with its coproduct (Section 1).

Definition 4.1. Let M € R-Mod and N, K € L(zM). The following submodule
of M:

(N:K)=ny'(a(M/N))={meM|m+N € f:M;M/Nf(K)}

will be called the a«-coproduct in M of submodules N and K, where
M — M / N is the natural morphism. In other form:

(N:K)/N=a}(M/N).

Some properties of a-coproduct are collected in

Proposition 4.1. Let M € R-Mod and N, K € L(zM). Then:
1) (N:K) O N+ K;

2) (N :K) /N isa characteristic submodule in M / N; if N € Ly M), then
(N : K) € LN(xM);

3) If N+K =M (in particular, if N=DM or K =M), then (N:K)=M;

4) If N =0, then for every K € L(zM) the submodule (0: K) is the least
characteristic submodule of M containing K; therefore if K € LCh(RM),
then (0:K)=K;

5) If K=0, then (N:0)=N forevery N € L(zM). O

Proposition 4.2. The operation of a-coproduct is monotone in both variables:
N1 C Ny, = (NlK) - (NQK) VKEL(RM),
KiCKy = (N:Kj) C (N:Ky) VN € L(xM). O

Proposition 4.3. If the module M € R-Mod is projective, then for every submo-
dules N, K, L € L(zM) the following relation is true:

(N:K):L) € (N:(K:L)).

Proof. Let m € ((N : K) : L). Then by definition we have m + (N : K) €

(M /(N : K)), ie. m+(N:K)= > 9i(l;), where [; € L.
gi:M — M/(N:K)

Since zM is projective, for every morphism g¢g; : M — M/(N : K) there

exists a morphism f; : M — M/N such that ¢f; = g;, where ¢ : M/N —

M /(N : K) is the epimorphism determined by the inclusion N C (N : K)

(le. @(m+ N)=m+ (N :K)). Therefore:
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m—l—(N:K): Z gz(lz) =
gi: M — M/(N:K)

= Y @) = e X R)eM/(N:K).

Considering the inverse image in M / N we have:

(m+N) = X fill) € Kerg = (N:K)/N = alf(M/N),
fi:M— M/N
andso (m+N) — > fill;) = > fj(kj), where k; € K. Therefore:
fi:M— M/N fj: M — M/N
m+N = > i)+ X filky) € alie, (M /N),
fi:M— M/N fj+M— M/N
since [; € L C (K : L) and k; € K C (K : L). By definition this means that
me (N:(K:L)). O

Proposition 4.4. For every submodules N, Ky, Ko € L(zM) the following relation
1s true:

(N : (K1 + K3)) = (N: K1)+ (N : Ky),
i.e. the a-coproduct is right distributive with respect to the sum of submodules.

Proof. By Lemma 2.5 we have aj ,,, = oy V aif , therefore:

(N:(Ki+Ky) /N = o, (M/N) = o’ (M/N) + o’ (M /N)=

= [(N:K1)/N] + [(N:Ka)/N] = [(N:Ki)+(N:K)] /N,

which implies the statement. O

Now we concretize the operation of a-coproduct for the lattice of left ideals
L(zR) of the ring R.

Proposition 4.5. For every left ideals N, K € L(gzR) the following relation is
true:

(N:K) = KR+ N.

Proof. By definition (N : K) = 73" (a®(R/N)), where 7y : R — R /N is the
natural morphism. Since Homgz(R,R/N) = R/ N, we have

ag(R/N) = 3 f(K) = Y K@r+N)=K(Y(r+N)) =
f:R—R/N reER reER

= K(R/N)=(KR+N)/N,

therefore (N :K)= KR+ N. O
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If K is an ideal, then (N : K) = N+ K for every N € L(zxR). So in
the lattice L"(,R) of two-sided ideals of R the a-coproduct coincides with the
ordinary sum of ideals.

In particular from Proposition 4.5 it follows also that

(N:K)L=(KR+N)L=KRL+NL=KL+ NL=

— (K+N)L=(N+K)L=(K:N)L
for every N, K, L € L(zR).

5 w-coproduct of submodules

In this section we consider an operation in L(zM) similar to the a-coproduct

replacing ay by wi'.

Definition 5.1. Let M € R-Mod and N, K € L(zM). The following submodule
of M:

(NO K)=n3'(wl(M/N)={meM|m+Ne () fHK)} =
f:M/N—-M

= {meM|fim+N)eK Vf:M/N — M}

will be called the w-coproduct in M of submodules N and K, where
M — M / N is the natural morphism. Therefore:
(NO K)/N =wl(M/N)= (1 [fHE)
f:M/N—M
The w-coproduct (N ® K) can be expressed in other form ([3]), using the fact
that there exists a bijection between the morphisms g : M — M with the condition

g(N) = 0, and all morphisms f : M / N — M. Taking this into account, we can
present the w-coproduct as follows:

(NO K) = {meM|gm)e K VYg:M — M, g(N) = 0}.

If N,KeL®" (rM) then this operation coincides with the w-coproduct of charac-
teristic submodules defined in [5] by the rule:

(N K)=w : wlf) ().

This operation (in other notations and other order of terms ) was used in [3] for the
study of coprime modules. The continuation of these studies is in [6], where coprime
preradicals and coprime modules are investigated. As in the previous cases we start
with some elementary properties of this operation.

Proposition 5.1. 1) (N® K) 2 N and (N ® K)/N s a characteristic
submodule of M/N;

2) If N=M, then (M ® K)=M forevery K € L(zM);
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3) If K=M, then (N ® M)=M forevery N € L(zM);
4) If N =0, then (0 ® K) is the largest characteristic submodule contained
in K for every K € L(zM); soif K € L"(zM), then (00 K)=K;

5) If K =0, then (N ® 0) :wgl( N Kerf) for every N € L(zM),
f:M/N—M

where wy : M — M / N is the natural morphism;
6) If Ne L"xM), then (N® K)e& LM M) for every K € L(zM);
7) If N, K € L*(xM), then (N ® K) D K, therefore (N ® K)D N+ K. O

Proposition 5.2. The operation of w-coproduct is monotone in both variables:
Ny € Ny = (N1 ® K) - (N2 ® K) VK € L(R]\4)7
Ky C Ky = (N ® Kl) - (N ® KQ) VN e L(RM) O

Two results on associativity of this operation are mentioned in [3] (Lemma 4.1).
We remind these statements with short proofs.

Proposition 5.3. For every M € R-Mod the relation
(NOK)®L) C (NO(KOGL)

is true, where N, K, L € L(zM).

Proof. By definition we have:

me(NO@K)OL) & gm)eL Vg:M — M, g(N@® K)=0;

me(NO (KOL) & fme(K®L) Yf:M— M fN)=0
< hfm)e L YVh:M — M, h(K)=0and Vf: M — M, f(N)=0.

If m e ((N ® K)o L) and we have a pair of morphisms f,h : M — M
such that f(N) = 0 and h(K) = 0, then by definition f(N ® K) C K and so
hf(N ® K) = 0. By assumption, hf(m) € L for every such pair of morphisms, and
by definition this means that m € (N O (KO L)) O

Proposition 5.4. If ;M is injective and artinian, then the operation of w-coproduct
in L(zM) is associative:

(NOK)O L) = (NGO (K0 L),
for every N, K, L € L(zM).

Proof. Since M is artinian there exists a finite number of endomorphisms

fi,ooos fn: M — M with f;(N) =0 such that (N ® K) = () fj_l(N). We define
j=1

the morphism t: M /(N @ K) — ﬁ(M/K) by the rule: t(m+ (N @ K)) =
1

= (film) + K,..., fa(m) + K) and observe that ¢ is a monomorphism.
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Let m € (N® (K @ L)), ie. hf(m) € L for every f,h : M — M with
f(N) = 0 and h(K) = 0. Let ¢ : M — M be an arbitrary morphism with
g(N ® K) = 0. Then g can be expressed in the form g = ¢'- 7 o, where
Tworx ' M — M/(N® K) is natural and ¢’ € Homyp(M /(N ® K),M).
Since M is injective and ¢ is mono, there exists a morphism ¢ : [[ (M / K)—- M

1
such that ¢’ = qt.

n
Now we consider the morphisms u; = i;7, : M — H(M/K) (j=1,...,n),
1

n
where 7, : M — M / K is natural, and i; : M / K — [[ (M / K) are the canonical
1

injections. Then:

g9(m) = qt iy g (M) = qt(m + (N @ K)) = q(fi(m) + K, ..., fu(m) + K) =
ZQ(WKfl(m)v---ﬂTKfn ) (Zlﬂ'Kfl )+"'+in7TKfn(m)):

= Q(ulfl(m)v cee aunfn(m)) =qul fl(m) + ...+ quy fn(m)7

where the morphism h; = quj : M — M has the property h;(K) = 0, and
the morphisms f; are given with f;(IN) = 0. From the assumption that m €
(N ® (KOG L)) we obtain qu; fj(m) € L for every j =1,...,n, so g(m) €
L for every ¢ : M — M with g(N ® K) = 0. By definition this means that

€ (N ® K) ® L), proving the inclusion (2), the inverse inclusion is true by
Proposition 5.3. O

Now we will prove the right distributivity of w-product in L(zM) with respect
to the intersection of submodules.

Proposition 5.5. For every submodules N, K1, Ko € L(zM) the following relation
18 true:
(N ® (K1 N KQ)) = (N ® Kl) N (N ©) Kg)

Proof. By Lemma 3.4 we have wy ., = wi| A wy,, therefore:
(N@ (K1 N Ko) )/N = lesz M/N) = wﬁ’l(M/N N wK M/N =
= [N® Ky)/N|] n[(NO® K3)/N| = [([N® K1) n (NO Ky)] /N,
which implies the statement. O

Remark. The distributivity relations from Propositions 2.6, 3.5, 4.4 and 5.5 can be
generalized to infinite distributivity, i.e. the following relations are true:

(S Ka)-N = S(Ka-N). () Ka)ON = () (Ka®@N),

aell acll acll acA
(v:(ZH) = Bk (o () = giwo k)
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Finally, we will specify the form of w-coproduct in the lattice L(zR) of left ideals
of R. Let N, K € L(zR). By definition we have:

(N® K) = {a€R|gla)e K Vg: xR — xR with g(N) = 0}.

If for g : RR — zrR we denote a4 = g(1lz), then g(a) =a-a4 for every a € R
and Kerg={a€ R|a-ay=0}=(0:ay); (left annihilator of a,). The condition
g(N) =0 means that N-a, =0, ie. a4 € (0:NN), (right annihilator of N).

If a € (N©® K), then g(a) € K, ie. a-a, € K or a € (K : ag), for every
g : rRR — RR with a4 € (0 : N),. So we obtain that a € (K : (0 : N),),.
Therefore:

(NGO K)=(K:(0:N),),
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Abstract. Let X be a finite set and 7 be a topology on X which has precisely m
open sets. If ¢(7) is the number of possible one-point expansions of the topology 7 on
Y = X U{y}, then w—l > t(1) > 2:m+logam—1 and w—l =t(7)
if and only if 7 is a chain (i.e. it is a linearly ordered set) and t(7) = 2-m + logam — 1
if and only if 7 is an atomistic lattice.
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1 Introduction

The present article is a continuation of the article [1].

The basic result of this article is Theorem 2, in which for any topology given on
a finite set, estimations of the number of one-point expansions are obtained.

To the proof of this theorem we applied the following algorithm, which is proved
in the article [1] and which allows to obtain any topology 71 that is a one-point
expansion of the topology 7y given on a finite set.

Let 19 be some topology given on a finite set Xy and Y = X (J{y}-

1. We choose arbitrarily Vy € 7p.

2. We choose arbitrarily Uy € 79 such that Uy C N V' ( consider that
VGTo,VgVO
N V= Xo).
Ved

3. We determine the topology

71(Vo,Up) ={Ver|VCWu{Uu{y}|Uect,U2Uy}.

2 Main results

Assume that (X, 7) is a topological space.

© V.I. Arnautov, 2011
*TY = X J{y} then a topology 7 on the set Y is called a one-point expansion of the topology
T = 7~'|X .
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Definition 1. A subset B C 7 is called a base of the topological space (X,7) if any
open set is a union of some sets from B.

Definition 2. A weight of the topological space (X, 7) is the minimal cardinal num-
ber m for which there exists a base of the topological space (X, 7) of cardinality
m.

Definition 3. The minimal base of the topological space (X, 7) is any base which
has cardinality equal to the weight of the space (X, 7).

Theorem 1. If X is a finite set and T is a topology on X, then the topological space
(X, 7) has the unique minimal base.

Proof. For each element z € X we consider the set V(z) = () U and let
Uer,xcU

B={V(z)|zeX}.

Let’s show that B is a base in the topological space (X, 7).

From the finiteness of the set 7 it follows that V(x) € 7 for any x € X, and
hence, B C .

If now U € 7, from the definition of the set V' (x) it follows that V(z) C U for

any © € U. Then U = U{ZE}C U V(xz) C U, and hence, |J V(z)="U.
xzelU
From the randomness of U 1t follows that B is a base in the topological space

(X, 7).

Let’s show that B is a minimal base in the topological space (X, 7), i.e. that its
cardinality is equal to the weight of the topological space (X, 7).

Let B’ be some minimal base of the topological space (X,7) and z € X. As
V(z) € 7 and z € V(z) then there exists V' € B’ such that 2 € V' C V(x). From
the definition of the set V(z) it follows that V(x) C V', and hence, V(z) =V’ € B'.
From the randomness of the element € X it follows that B = {V(x) |z € X} C B'.

Then BC B or B=B'.

If B C B/, then from the finiteness of the set B’ it follows that cardinality of the
set B will be less than cardinality of the set B’. We have received a contradiction
with the choice of the base B'.

Hence B = B'.

From the randomness of the base B’ it follows that the minimal base of the
topological space (X, 7) is unique, and moreover, this minimal base can be received
by the method which is specified in the beginning of the proof of the theorem. [J

Proposition 1. Let X be a finite set and 7 = {() = W1,...,W,, = X} be a topology

on the set X. If the topology T is a chain (i.e. it is a linearly ordered set), then T

n-(n+3)

has precisely — 1 one-point expansions.

Proof. As 7 is a chain we can consider that W; C W;y; for all 1 < < n.
If1 <i<n-—1andVy =W, (designations for Vj and Uy are given in Algo-
n
rithm 1), then N V= () W; =Wy Then Uy can take i + 1 values,
VETo,VgWi Jj=i+1
namely, it can be any W; for 1 < j <i+ 1.
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If Vo = X then (N V=) V=X. Then Uy can take n values. As

VETo,VgX Ve
n—1
. n+2)-(n—1
Z(Z+1)+n=( )2( ) fn=
i=1
n?+n—2 n4+n+2n—-2 n-(3+n)
———— +n= = -1
2 2 2
: 3
then we have w — 1 various pairs (Vp,Up) and hence the topology 7 has
. n-(n+3) . . .
precisely ————= — 1 various one-point expansions.
The proposition is completely proved. O

Definition 4. As it is usual (see, for example, [3]), a lattice (L,<) is called a
distributive lattice if inf{a,sup{d, c}} = sup{inf{a,b},inf{a,c}} for any a,b,c € L.

Definition 5. As it is usual, a nonzero element a of a lattice (L, <) with zero is
called an atom if between 0 and a there are no other elements of the lattice (L, <).

Definition 6. As it is usual, a lattice (L, <) with zero is called (see, for example,
[2]) an atomistic lattice if for any nonzero element a € L there exists a finite set
S C L of atoms of the lattice L such that a = sup S.

Remark 1. From ([3, VIII, §2, Lemma 2] it follows that in any distributive, atomistic
lattice (L, <) for any element a € L there exists the unique set S C L of atoms of
the lattice L for which a = infS.

Remark 2. Tt is known that if (X, 7) is a topological space then (7, <) is a distributive
lattice with zero 0 = (), in which sup{U,V} =U|JV and inf{U,V} =UNV.

Proposition 2. Let X be a finite set and T be a topology on the set X. If T is an
atomistic lattice and {Wy,..., Wy} is the set of all atoms of the lattice T, then the
topology T has precisely 20" 4+ n — 1 one-point expansions.

Proof. Let Y ={y1,...,yn} and 7/ = {M | M C Y} be the discrete topology on the
set Y.

If we map each subset M = {y;,...,y;,} € 7 of the set Y on the subset

k
U Wi, € 7 of the set X, then we define a mapping 1 : e
j=1

As the lattices 7/ and 7 are distributive and atomistic lattices, then (see Re-
mark 1) in each of them we shall present any element uniquely as the supremum of
some set of atoms. And as the sets {Wy,..., W, } and {{y1},...,{yn}} are sets of
all atoms in the lattices 7 and 7/, accordingly, then the mapping v : 7/ — 7 is a
lattice isomorphism. Then (see [1], Theorem 2.6) the topologies 7 and 7 have the
same number of one-point expansions and hence (see [1], Theorem 2.7) the topology
7 has precisely 2t 4y —1 one-point expansions.

The proposition is completely proved. O
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Theorem 2. Let X be a finite set and T be a topology on X which has precisely m
open sets. If t() is the number of possible one-point expansions of the topology T
on the set Y = X |J{y}, then the following statements are true:

A) w 1> () > 2 m+ logam — 1;
m - (m + 3) . e o .

B) — 1 =t(7) if and only if T is a chain (i.e. it is a linearly ordered
set);

C) t(r) =2-m+logam — 1 if and only if T is an atomistic lattice.

Proof. A) Let (see Theorem 1) {V1,...,Vi)} be the minimal base in the topological

space (X, 7).

As any U € 7 can be presented as the union of some sets from {Vi,...,Vi},
then the number of all open sets in the topological space (X, 7) does not exceed the
number 2% of all subsets of the set {Vi,...,V,}, and hence, m < 2.

For every 1 <1¢ < k we consider the set U; = U U.

Uer,V;¢U

From the construction of minimal base (see the proof of Theorem 1) it follows

that there exists a subset {x1,..., 2z} of theset X such that V; =V(z;) = (| U

ver,x;€U
for 1 < ¢ < k. Then for any 1 < i < k it follows that z; € U if and only if V; C U
for any U € 7, and hence, U; = |J U.

Uer,x;¢U
Prove first that U; # U; for i # j.
We assume the contrary, i.e. that Us = U; for some s # .
Then from the minimality of the base {Vi,...,Vk)} in the topological space
(X, 7) it follows that V # V]. Let (for definiteness) Vi € V;. Then x5 ¢ V; (otherwise
Vs= [ UCV),and hence, V;C |J U=Us=U;. Thenz; €V, CU,.

Uer,xseU Uer,zs¢U
We obtain a contradiction with the construction of the sets U;, and hence, U; #
U;j for i # j.

Now let’s apply Algorithm 1 for calculation of the number ¢(7) of one-point
expansions of the topology 7.

The following 3 cases are possible:

1. Vo =X;

2. Vo =U; for some 1 <i <k;

3. Vo {X} U{U;|1<i<k}.

Consider each of these cases separately.

1. Let Vj = X. Then () V = (| V = X, and hence, Uy can take n values.

174A%) Vel

Then the number of all pairs (X, Up), where Uy C X, is equal to m.

2. Now let Vi = U; for some 1 < i < k. Then

U v= U v= U v=vi#0

Uer,U¢Vy Uer,ULU; verxi¢U;
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and hence, in this case the set Uy can take not less than two values.

Then the number of all pairs (U;,Up) for 1 <i<kand Uy C (] V isnot
Ver,VeU;

less than 2 - k.

3. Let Vy ¢ {X}UJ{Ui,...,Ux}. Then 0 C (N V, and hence, Uy can

Vervev

take not less than one value. Then the number of all pairs (Vp, Up) is not less than
I-(m—k—1)=m—k—1.

Then the number of all pairs (Vj, Up) will be not less than

m+2-k+m—-k—-1=2m+k—12>2m+log,m—1.

Then (see [1], Theorem 2.7) the topology 7 has not less than 2m + logam — 1
one-point expansions, i.e. t(7) > 2m + logym — 1.

Now let’s show that ¢(7) < m-(m+3) 1.

Let 7 = {Wy,...,W;,} be such2a numbering of the set 7 that W; ¢ W; for
j <1 (such a numbering of the set 7 is possible as the set 7 is finite). Then the set
{W; € 7 | W; C W;} has no more than ¢ subsets for every 1 <i¢ <m .
IfVo=W;forl1<i<m—1, then Uy C (N V € Wiy, and hence it has
Ver,Vew;
no more than ¢ + 1 subsets. And as for V; = X the set Uy C X has m subsets, then
the number of all pairs (Vp, Up) is no more than

m—1

224—1 :(m+2)é(m—1)+m:

m?2+2m—m—2+4+2m m-(m+3)

= -1
2 2
(3
Then the topology 7 has no more than M — 1 one-point expansions.
. 1
So, we have proved that 2-m + logaom — 1 < (1) < % +m—1
The statement A) is proved.
. 3
B) If 7 is a chain then (see Proposition 1) m-(m+3) 1=t(r).

If 7 is not a chain, then Wy, & Wy, (the definition of W; at the end of the proof
of the statement A) ) for some 1 < k < m. Then the number of possible values for
the set Uy if Vj = Wy, is strictly less than k£ 4+ 1, and hence,

m—1
2) - -1
< () (i+1) fm= M )2(m ) 4m =
i=1
m?2+2m—m—2+4+2m m-(m+3)

= -1
2 2
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The statement B) is proved.

C) If 7 is an atomistic lattice and n is the number of atoms, then (see Proposi-
tion 2) t(7) = 2" £ 5 — 1. So in this case m = 2", then (1) = 2-m + logom — 1.
If 7 is not an atomistic lattice, then the set of all atoms is not a base of a
topological space (X, 7), and hence, there exists 1 < i < k such that V; (definition
of sets Vj see in the beginning of the proof of statement .A) ) is not an atom. Then

there exists ) # V' € 7 such that V' C V;. As  |J U =V, (see the beginning of
U€T7xi¢Ui
the proof of the case 2 of the statement A) ), then theset {U 7 |U¢Z | U}
UET,Z‘@%U@

contains not less than three subsets from 7, instead of two as we considered in
the proof of the statement A) (see the case 2). Hence, in this case we have that
t(t) > 2m +logy m — 1.

The statement C) is proved, and hence, the theorem is proved completely. O

References

[1] ArNAuTOV V.I., KOCHINA A.V. The method of construction of one-point expansions of
a topology on a finite set and its application, Buletinul Academiei de Stiinte a Respublicii
Moldova. Matematica, 2010, No. 3(64), 67-76.

[2] SKORNYAKOV L.A. Elements of the theory of structures, Moscow, Nauka, 1982, 147 p.
(in Russian).

[3] BIRKGOFF G., Theory of lattices, Moscow, Nauka, 1984, 567 p. (in Russian).

V. 1. ARNAUTOV Received May 24, 2011
Institute of Mathematics and Computer Science Revised September 21, 2011
Academy of Sciences of Moldova

E-mail: arnautov@math.md



BULETINUL ACADEMIEI DE STIINTE

A REPUBLICII MOLDOVA. MATEMATICA
Number 2(66), 2011, Pages 23—40

ISSN 1024-7696

Convex Solids with Hyperplanar Midsurfaces
for Restricted Families of Chords

Valeriu Soltan
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that involve hyperplane supports and plane quadric sections.
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1 Introduction

A classical result of convex geometry states that a convex body K C R™, n > 2, is
a solid ellipsoid (solid ellipse if n = 2) provided the middle points of every family
of parallel chords of K lie in a hyperplane (see Brunn [4, pp.59-61] for n = 2,
Blaschke [3, p.159] for n = 3, and Busemann [5, p.92] for all n > 3). Gruber [7]
refined this result by proving, in particular, that a convex body K C R” is a solid
ellipsoid if there is an open nonempty subset 7" of the unit sphere S*~! ¢ R” such
that for every unit vector e € T', the middle points of all chords of K parallel to e
belong to a hyperplane. Another refinement was suggested in 2009 by Erwin Lutwak,
who posed the following problem: Is it true that a convex body K C R" is a solid
ellipsoid provided there is a point p € int K and a scalar 6 > 0 such that, for every
chord [u,v] of K through p, the middle points of all chords of K which are parallel
to [u,v] and lie at a distance ¢ or less from [u,v] belong to a hyperplane?

In this paper, we establish similar characterizations of convex quadric hypersur-
faces (briefly, convex quadrics) among all convex hypersurfaces in R™. By a convez
solid in R™ we mean an n-dimensional closed convex set K C R"™ distinct from the
whole space. A convexr hypersurface in R™ is the boundary of a convex solid. This
definition includes a hyperplane and a pair of parallel hyperplanes.

In a standard way, a quadric (or a second degree hypersurface) in R™ is the locus
of points = = (&1, ..., &,) that satisfy a quadratic equation

n n
F(z) = Z aik&ilr + 2 Z bi§i +c=0, (1)
ik=1 i=1
where at least one a; is distinct from zero and a;; = ay; for all i,k =1,...,n. We

say that a convex hypersurface S C R" is a convex quadric provided there is a real

© V. Soltan, 2011
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quadric @ C R™ and a connected component U of R \ @ such that U is a convex
set and S is the boundary of U. As proved in [17], a convex hypersurface S C R" is
a convex quadric if and only if there is a Cartesian coordinate system &1, ..., &, for
R™ such that S can be expressed as the locus of points z = (&1, ...,&,) € R™ which
satisfy one of the equations

ar€} + -+ apéh =1, 1<k<n,
wéf —asy — - —app =1, & 20, 2<k<n,
a1&f =0,

ar1& —als — - —apdp =0, & >0, 2<k<n,
a& 4+ a8y = &, 2<k<n,

where all scalars a; involved are positive. In particular, convex quadrics in R” that
contain no lines are ellipsoids, elliptic paraboloids, sheets of elliptic hyperboloids on
two sheets, and sheets of elliptic cones. Various characteristic properties of convex
quadrics are given in [13,15-17]. In particular, the following assertions will be of
use below.

(A) ([15]) The boundary of a convex solid K C R™, n > 3, is a convex quadric if
and only if there is a point p € int K such that every section of bd K by a
2-dimensional plane through p is a convex quadric curve.

(B) ([16]) Given a line-free convex solid K C R™ and a point p € R, n > 3,
all proper bounded sections of bd K by 2-dimensional planes through p are
ellipses if and only if the set bd K\ ((p+rec K)U (p —rec K)) lies in a convex
quadric, where rec K denotes the recession cone of K (see definitions below).

2 Main Results

We need some definitions to formulate the main results. A chord of the convex solid
K is a line segment [u,v], u # v, such that [u,v] = K N (u,v), where (u,v) denotes
the line through v and v. We will say that both [u,v] and (u,v) are parallel to a
unit vector e € R™ if u — v is a nonzero multiple of e. A convex solid K has chords
if and only if it is distinct from a closed halfspace. By a plane of dimension m we
mean a translate of an m-dimensional subspace of R™. A plane L properly intersects
the solid K if L intersects both the boundary bd K and the interior int K of K.
The recession cone of a convex solid K C R™ is defined by

recK ={y e R" : z + ay € K whenever x € K and o > 0}.

It is well-known that rec K is a closed convex cone with apex o, the origin of R";
furthermore, rec K is distinct from {o} if and only if K is unbounded. The subset
S"1\ (rec K U —rec K) of the unit sphere S"~! C R" consists of non-recessional
unit vectors for K. Equivalently, a unit vector e € R™ is non-recessional for K if
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and only if the intersection of K with any line parallel to e is either bounded or
empty. Obviously, K has non-recessional unit vectors if and only if K is distinct
from a closed halfspace of R™.
For any plane L C R™ which is complementary to the linearity space of K,
defined by
lin K =rec K N (—rec K),

the convex solid K can be expressed as the direct sum
K=linK® (KNL),

and K N L is a closed convex set containing no lines (see, e.g., [19] for general
references on convex sets).

Theorem 1. Given a conver solid K C R™, n > 2, distinct from a closed halfspace
of R™ and an open nonempty subset T of SP*~1\ (rec K U —rec K), the following
conditions are equivalent:

1) for every unit vector e € T, the middle points of all chords of K which are
parallel to e belong to a hyperplane,

2) bd K is a convezr quadric.

Problem 1. Is it true that Theorem 1 still holds if condition 1) is replaced by the
following weaker condition:

1") for every unit vector e € T, there is a scalar A = A(e) € (0,1) such that the
points dividing in the same ratio A all chords of K which are parallel to e
belong to a hyperplane.

The answer to Problem 1 is affirmative in the following two cases: K is a convex
body in R™ (see [7]), K is a convex solid in R® and 7' = S"~!\ (rec K U —rec K)
(see [15]). The papers [7,15] also contain results which involve a weaker version of
1"), with A € [0, 1] instead of A € (0,1).

Cs(h)

/’U/

=

p—rec K p+rec K
p

R

™~~~

In what follows, we consider double cones (p + rec K) U (p — rec K') with apices
p € R™, as depicted above.
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Definition 1. Let § be a positive scalar, K C R" a convex solid, p a point in int K,
and h = [u,v] a chord of K through p. Denote by Cs(h) the closed circular cylinder
of radius ¢ centered about the line (u,v), and by Fs(h) the family of all chords of
K which are parallel to h and lie in C5(h). Furthermore, let

Qs(p) = U (Cs(h) Nbd K),
where the union is taken over all chords h of K that contain p.

Clearly, Qs(p) is a closed neighborhood of bd K \ ((p +rec K) U (p — rec K)) in
bd K.

Theorem 2. Given a conver solid K C R™, n > 2, distinct from a closed halfspace
of R, a point p € int K, and a scalar § > 0, the following conditions are equivalent:

1) for every chord h of K that contains p, the middle points of all chords from
Fs(h) belong to a hyperplane,

2) the set Qs(p) lies in a convex quadric.

If K is a convex body in R™, then rec K = {0}, implying the equality Qs(p) =
bd K for any given point p € int K. Therefore Theorem 2 implies the following
corollary, which gives an affirmative solution to Lutwak’s problem.

Corollary 1. A convex body K C R", n > 2, is a solid ellipsoid if and only if there
is a point p € int K and a scalar 6 > 0 such that for every chord h of K which
contains p, the middle points of all chords from Fs(h) belong to a hyperplane.

Remark 1. We observe that the scalar 6 in Theorem 2 and Corollary 1 cannot be
chosen as a function of h. Indeed, if K is a 3-dimensional octahedron, given by

K ={(£1,8,&) € R? ¢ |&1] + €| + &3] < 1},

then for any chord h of K that contains the origin o, there is a scalar § = 6(h) > 0
such that the middle points of all chords from F5(h) belong to a plane through o.

Problem 2. Is it true that Theorem 2 still holds if condition 1) is replaced by the
following weaker condition:

1) for any chord h of K that contains p, there is a scalar A = A(e) € (0, 1) such
that the points dividing in the same ratio A all chords from F5(h) belong to a
hyperplane.

The proofs of Theorem 1 and 2 are based on some auxiliary statements. The
first one complements Theorem 1 from [17] by giving new characteristic properties
of quadrics @ C R™ with at least one convex connected component of R\ @ in terms
of local convexity and local supports. In what follows, a quadric @ C R" is called
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proper provided its complement R™ \ @ has two or more connected components,
which happens when @, given by (1), is a hyperplane or both sets

{r eR": F(z) >0} and {xzeR":F(x)<0}

are nonempty.

We will say that a proper quadric Q C R™ is locally convex at a point u € @ if
there is an open ball U,(u) C R™ with center u and radius p > 0 such that QN U, (u)
is a piece of a convex hypersurface. Similarly, a proper quadric Q@ C R" is locally
supported at u € @ if there is an open ball U,(u) C R™ and a hyperplane H C R"
through u such that Q@ NU,(u) lies in a closed halfspace of R™ bounded by H.

Theorem 3. For a proper quadric Q C R™, n > 2, the following conditions are

equivalent:
1) Q is locally convex at a certain point u € @,

2) Q s locally supported at a certain point u € Q,

)
)
3) at least one of the connected components of R™\ Q is a conver set,
)
)

4) Q is the union of at most four convex quadrics,

5) there is a Cartesian coordinate system &1,...,&, for R™ such that Q) can be
expressed as the locus of points x = (§1,...,&,) € R™ which satisfy one of the
equations

Fl(x)za1§%++ak§l2c:17 1Sk§n7 (2)
Fy(r) = a1&f —asés — -+ — apéjp = 1, 2<k<n, (3)
F3(z) = a1é} =0, (4)
F4($)Ea1£%_a2£§__ak£l%:07 ZSkénv (5)
Fs(x) = a&f + - + ap-1&f 4 = &, 2<k<n, (6)

where all scalars a; involved are positive.

There is a certain analogy between Theorem 3 and respective properties of convex
hypersurfaces. Indeed, if S is the boundary of an open nonempty connected set
X C R™, then S is a convex hypersurface provided X is locally supported at every
point w € S (see [6]). Similarly, S is a convex hypersurface if X is locally convex
at every point u € S (see [10,18]). On the other hand, Theorem 3 deals with local
convexity and local support of Q) at a single point.

The next two results characterize convex quadrics in terms of their 2-dimensional
planar sections.

Theorem 4. Let K C R", n > 3, be a convex solid, p a point in int K, and T
an open nonempty subset of S"1\ (rec K U —rec K). The following conditions are
equivalent:
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1) bd K is a conver quadric,

2) for every 2-dimensional plane L through p which properly intersects K such
that the subspace L — p meets T, the section L N bd K is a convexr quadric
curve.

Remark 2. Theorem 4 refines, with essential modifications of proofs, the respective
statements from [15], given there for the case T = S"~ !\ (rec K U —rec K). It is
unknown whether Theorem 4 remains true for any choice of the point p in R”
(compare with Problem 1 from [17]).

Obvious changes in the proof of Theorem 4 allow us to generalize the following
assertion of Petty [12]: the boundary of a convex body K C R"™ is an ellipsoid
provided there is a line [ C R™ such that all proper sections of bd K by 2-dimensional
planes parallel to [ are ellipses. Given a line [ C R™ and a scalar 4 > 0, denote by
Ps(1) the family of all 2-dimensional planes in R™ which are parallel to [ and whose
distance from [ is less than 4.

Theorem 5. Let K C R™, n > 3, be a convex solid, | a line that meets int K and is
parallel to a unit vector from S*~1\ (rec K U —rec K), and 6 a positive scalar. The
following conditions are equivalent:

1) bd K is a convezr quadric,

2) for any 2-dimensional plane L € Ps(l) properly intersecting K, the section
LNbdK is a convex quadric curve. O

Remark 3. The condition that [ is parallel to a unit vector from S"~1\ (rec K U
—rec K) is essential in Theorem 5. Indeed, let C' be the unit cube in the coordinate
hyperplane £, = 0 of R™ and [ be the &j-axis of R™. Denote by K the Cartesian
product of C' and [. Clearly, K is a convex solid with rec K = [ and any proper
section of bd K by a 2-dimensional plane parallel to [ is a pair of parallel lines, which
is a degenerate convex quadric curve.

Alonso and Martin [1] proved that if L1, Lo, Ls C R™, n > 3, are three pairwise
distinct (n — 1)-dimensional subspaces and K C R™ a centrally symmetric convex
body such that every proper section of bd K by a hyperplane parallel to one of
these subspaces is an (n — 1)-dimensional ellipsoid, then bd K is an ellipsoid itself.
They also observed that the assumption on central symmetry of K here cannot be
omitted. Indeed, if K, C R3 0 < |a| <2, is a convex body, given by

Ko ={(z,y,2) € R® :2® +y* + 2* + awyz < 1, max {[a], |yl, ||} < 1},

then any proper section of bd K, by a plane parallel to one of the coordinate sub-
spaces x = 0, y = 0, and z = 0 is an ellipse (see [1] for other examples). Our next

theorem extends the result of Alonso and Martin to the case of any convex body in
R™.
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Theorem 6. If Li,Ls, L3, Ly C R™, n > 3, are four pairwise distinct (n — 1)-
dimensional subspaces and K C R™ a convex body such that every proper section of
bd K by a hyperplane parallel to one of these subspaces is an (n — 1)-dimensional
ellipsoid, then bd K is an ellipsoid itself.

It would be interesting to generalize Theorem 6 to the case of convex quadrics.
In what follows, rbd M and rint M denote, respectively, the relative boundary and
the relative interior of a closed convex set M C R™.

3 Auxiliary Lemmas

If a proper quadric @ C R"™ is given by (1), then a point u € @ is called regular
provided the gradient vector

OF (u OF (u
VF(’U,): ( 35(1)"”’ 6€(n))’

the normal to Q) at u, is distinct from the zero vector o; otherwise u is singular. The
standard classification of quadrics in R™ (see, e.g., [2]) immediately implies that a
description of a proper quadric @ C R"™, given by (1), can be reduced to one of the
canonical equations

@& 4+ apsd =1, 1<k<n, (7)
€t —ap € — o — gt =1, 1<r<k<n, (8)
a1&f =0, 9)
a1§%+---+ar§3—ar+1gf+l—"'—akgg:0, 1<r<k<n, (10)
aﬁ% + 4 ak_léﬁ_l =&, 1<k <n, (11)
W&+ @& =&~ — & =&, 1<r<k—1<n, (12)

where all scalars a; involved are positive. The following lemma routinely follows
from (7)-(12).

Lemma 1. A proper quadric Q C R™ has singular points if and only if its canonical
equation is expressed by (9) or (10). The set of singular points of Q is given by
& = 0 if Q is described by (9) and by & = -+ = & = 0 if Q is described by
(10). ]

If u = (p1,...,p,) is a regular point of a proper quadric @ C R™, then the linear
equation in x = (&1,...,&,),

VF(u) (z —u) = 25006 — ) + -+ B (& — i) =0, (13)

n

defines the hyperplane through u which is orthogonal to V F'(u); it is called tangent to
Q@ at u. Since a proper quadric is differentiable at any regular point, we immediately
obtain the following lemma.
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Lemma 2. If a proper quadric Q C R"™ is locally supported by a hyperplane G at a
reqular point u € Q, then G is tangent to Q at u. O]

Lemma 3. The middle points of all chords of a quadric Q C R™ which are parallel
to a given chord |a,c] of Q belong to a hyperplane.

Proof. Assume that @ is given by (1). The line [ = (a, c) can be expressed as
l={z4+tveR": teR}, v#o,

where z is the middle point of [a,c] and v = a — ¢. Equivalently, = (1,...,&,) €1
if and only if

L=¢i+ty, teR, i=1,...,n, (14)
where z = (¢1,...,¢,) and v = (v1,...,v,). To determine the values of ¢ for which

x € 1N Q, we substitute &1,...,&, from (14) into (1) and arrange the powers of t.
The result is a quadratic equation in ¢,

A()t* 4+ 2B(v,2)t + C(z) = 0, (15)

where

=Y awvivk, B(v,2) 228 vi, C(z)="F(z). (16)

ik=1

Then a and ¢ correspond to opposite non-zero solutions ty and —tq of (15), which
is possible if and only if A(v) C(z) < 0 and B(v, z) = 0. Hence

Z (Zazkﬁbk + b ) =1 655(%2- = B(v,2) = 0.

i=1 k=1 =1
Equivalently,
Z(Zazkyz)(bk"’_zb Vz—o (17)
k=1 =1
Interpreted as an equation in ¢1, ..., ¢,, (17) describes a hyperplane, H, because at

least one of the scalars

n
ckzg arvi, k=1,...,n,
i=1

is distinct from zero. Indeed, assuming ¢; = --- = ¢, = 0, we would obtain
AWw)=cv1 + -+ epvp =0,

which is impossible because of A(v) C(z) < 0. If [@/, ¢/] is a chord of @ that is parallel
to [a, ¢], then v is a nonzero multiple of @’ — ¢/, which implies that

(d,c)y={7 +tv e R": t € R},

where 2" = (¢, ..., ¢} is the middle point of [/, ¢'|. Repeating the argument above,
we obtain that ¢,..., ¢, satisfy (17), which gives 2’ € H. O
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4 Proof of Theorem 3

1) = 2) Assume that Q is locally convex at a point u € Q; that is, @ N U,(u) is a
piece of a convex hypesurface S C R" for a suitable scalar p > 0. By a convexity
argument, there is a hyperplane H supporting S at u. Therefore, @ NU,(u) lies in
a closed halfspace of R"” bounded by H, which implies that @ is locally supported
at u.

2) = 3) Choosing a suitable orthonormal basis e, . . ., e, for R™, we may suppose
that @ is described by one of the equations (7)—(12). Put u = (u1,...,pun) and
denote by H a hyperplane that supports @ N U,(u) for a suitable choice of p > 0.

(a) If @ is expressed by (7), then @ itself is a convex quadric and the connected
component {z € R": Fi(z) < 1} of R™\ @ is an open convex set.

(b) Suppose that @ is given by (8). From Lemma 1 it follows that u is a regular
point of Q. Choosing suitable orthogonal bases €/,... e} and e]_,..., e, for the
subspaces span (eq, . .., e,) and span (€,41, . . . , €,), respectively, we may assume that
@ is still expressed by (8) and

u:(#1707"'a07MT+1707"'a0)7 M1>07 /Lr+1207

with alu% — ar+1,u% 41 = 1. The section of @ by the 2-dimensional subspace L; =
span (e1, e,41) is a hyperbola, whose arm E; containing u is given by

a1l —a, 18, =1, &4 >0, ==& =8ua= =&, =0.

By Lemma 2, H is tangent to @ at u. Due to (13), H is expressed as

arpr (& — p1) = argprpirg1 (&1 — porg1) = 0.

Equivalently,
a1 p1é1 — Gy plr1&r+1 = L.

We are going to show that » = 1. Indeed, assume for a moment that » > 2. Then
the section of () by the r-dimensional plane

Lo :{(617"'>£n):£?+1 :MT+17£7"+2 = :én :0}

is the r-dimensional ellipsoid, Fs, described by

@€+ + &l =1+ arppii, &1 = frg1s o= =&, = 0.

From a1 + - - + a,&2 = a7 it follows that [&] < .
We state that Fq and FEs lie in the opposite closed halfspaces of R™ determined
by H. Indeed, since the set B; C L; given by

& — a1 > 1, § >0, = =6 === =0,
is strictly convex, the point

(8542 0,0, Sttt g ()
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belongs to rint By provided the point z = (£1,0,...,0,&.41,0,...,0) € Ej is distinct
from u. Hence
a1(51-|2-u1)2 _ ar+1(§r+1-i2-ur+1)2 > 1,
which results in
a1p1él — ary1flrr1&r41 > 1,
with equality if and only if & = puq and &4+1 = pirt1.
If © € Es, then from |§1]| < 1 and & 41 = pr+1 We obtain

2 2
a1 11 — Qrpi 1§41 < QIUT — Qrg1flpyq = 1,

with equality if and only if {&; = p1. Summing up, E1NU,(u) and EsNU,(u) lie in the
opposite closed halfspaces of R bounded by H such that £y N H = E; N H = {u},
in contradiction with the choice of U,(u). Hence r = 1, and, by proved in [17], the
connected component {x € R" : Fo(z) > 1} of R™\ @ is an open convex set.

(c) If @ is given by (9), then @ is the hyperplane described by £ = 0 and both
open halfspaces ; > 0 and & < 0 are the connected components of R™ \ Q.

(d) Assume that @ is expressed by (10). Since any point

$:(07"'>07£k+17"'a£n)GQ

is the apex of a “double cone” @ N span (egy1,...,e,), which cannot be locally
supported at x, at least one of the coordinates pu1,...,ur of v must be distinct
from 0. From Lemma 1 it follows that u is a regular point of Q. By Lemma 2, H is
tangent to @ at u. Choosing suitable orthogonal bases €/, ..., e, and €] 4, ..., e, for
the subspaces span (e, ..., e,) and span (€,41,. .., e,), respectively, we may assume
that @ is still expressed by (10) and

U:(Ml,o,...,O,MT+1,O,...,0), ,LL1>0, NT’+1>07

with ajp? — app1p2 41 = 0. Clearly, the section of Q by the 2-dimensional subspace
Ly = span (e1,e,41) is a double cone. Denote by E; the arm of this cone given by

a1§%—ar+1§f+120, §1>07 §r+1>07 62:"':§r:§r+2:”’:§n:0-

Then u € Fq. Hence H is given by

arpr (& — p1) = arprpirg1 (&1 — prg1) = 0,

or
a1 p1&1 — Grp1plr1&r+1 = 0.

We are going to show that » = 1. Indeed, assume for a moment that r» > 2. Then
the section of @) by the r-dimensional plane

L2 = {(fla"wgn):fr—kl :/’LT+17€T+2 = :fn :0}
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is the r-dimensional ellipsoid, Fo, described by

al&% +oeeet ar&?‘ = aT+1:u72"+17 gr—l—l = fr+1, 5?—1—2 == gn =0.

Similarly to case (b) above, one can show that Ey N U,(u) and Ey N Upy(u) lie in
distinct closed halfspaces of R™ determined by H such that FyNH = E;NH = {u},
in contradiction with the choice of U,(u). Hence r = 1. As shown in [17], the
connected component {z € R™ : Fy(z) > 0} of R™\ @ is a convex set.

(e) If @ is expressed by (11), then @ itself is a convex quadric and the connected
component {z € R" : F5(z) < &} of R™ \ @ is a convex set.

(f) Finally, assume that @ is expressed by (12). From Lemma 1 it follows that u is
a regular point of Q. So, H is tangent to () at u. Choosing suitable orthogonal bases
€,...,e.ande,.,..., e, for the subspaces span (ei,...,e,) and span (e,41,...,ey,),
respectively, we may assume that @ is still expressed by (12) and

U = (M1707"'a07NT+1707"'aonuk)Ov""O)v

where a1 — ap+1p2, 1 = pu. Due to (13), H is expressed as

2a1p11(&1 — p1) — 200111 (§rp1 — prg1) — (§p — px) = 0.

Equivalently,
§k = 2011181 — 20741 1641

The section of @ by the 2-dimensional plane L; = u+span (e1, ex) is a parabola,
FE4, given by

& = 18l — argatiiy1, &1 = g1, G=0forallie {1,...,n}\{1L,r+1,k}.

Similarly, the section of @ by another 2-dimensional plane, Ly = u + span (e,41, €x)
also is a parabola, Fs, given by

&= a1y — ar1€2,, & =1, & =0forallie {1,...,n}\ {1,r +1,k}.

Clearly, EyNU,(u) and EoNU,(u) lie in distinct closed halfspaces of R™ determined
by H such that £y N H = E; N H = {u}, in contradiction with the choice of U, (u).
Hence @) cannot be given by (12).

Equivalence of conditions 1), 3)-5) follows from the proof of Theorem 1 from [17].

5 Proof of Theorem 4

The statement 1) = 2) immediately follows from the fact that a proper section of
a convex quadric by a 2-dimensional plane is a convex quadric curve. Conversely,
assume that condition 2) of the theorem holds. Translating K on the vector —p, we
may suppose that o = p € int K. We observe that K is distinct from a halfspace,
since otherwise rec K U —rec K = R" in contradiction with the choice of T. Also,
we eliminate the trivial case when K is a slab between two parallel hyperplanes
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(implying that bd K is a degenerate convex quadric). Therefore we may assume
that dim (lin K) <n — 2.

We observe that the proof of 2) = 1) can be reduced to the case dim (lin K') = 0;
that is, to the case when K contains no lines. Indeed, assuming the inequality
dim (lin K') > 1, choose a subspace M C R™ complementary to lin K and intersecting
T. Put K' = MNK and T = TNM. Clearly, lin K’ = M Nlin K = {0} and 7" is an
open nonempty subset of (M NS" 1)\ (rec K’ U —rec K’). Choose a 2-dimensional
subspace L C M that meets 7" and properly intersects K’. From the equality
K =1lin K @ K', we obtain LNrbd K’ = LNbd K. Hence condition 2) implies that
LNrbd K’ is a convex quadric curve. Therefore, K’ satisfies condition 2) of the
theorem (with M and 7" instead of R™ and T, respectively). Finally, the equality
bd K = lin K @ rbd K’ shows that bd K is a degenerate convex quadric provided
rbd K’ is a convex quadric.

Our further consideration of the case dim (lin K) = 0 is organized by induction
on n (> 3). Let n = 3. Since K is line-free, there is a 2-dimensional subspace L’
through [ properly intersecting K such that L' N K is bounded. Choose a pair of
distinct planes L and Lo both containing [ and placed so close to L’ that the sets
Ly N K and Ly N K are bounded. By condition 2), both sections Fy = L1 Nbd K
and Fo = Lo Nbd K are convex quadric curves, whence they are ellipses. Let ¢ be
the midpoint of the line segment [ N K and ¢; and co the centers of E7 and Fo,
respectively. Applying a suitable affine transformation, we may assume that both
Fq and E5 are circles and the planes L; and Lo are orthogonal. Clearly, the image
of K under this transformation, also denoted by K, satisfies condition 2) of the
theorem. Let 26 be the length of [ N K.

Choose a coordinate system (&1,&2,&3) such that [ is the £3-axis, the points
¢, c1, co lie in the coordinate plane {3 = o3, where o3 is a suitable scalar, and

1 = (01,0,03), c2=(0,02,03), ¢=(0,0,03), o1,09,03>0.
Then F; and E5 are described as

By ={(&,0,&) : (& —01)* + (& — 03)* = 0] + 6},
By ={(0,6,&3) : (o — 02)* + (&3 — 03)* = 05 + 0°}.

Clearly, L1 and Lo are given by the equations £ = 0 and & = 0, respectively.
Choose a point v € bd K \ (L1 U L2) so close to [ that v/|[v|| € T and a certain
2-dimensional plane L through (o,v) meets K along a bounded set and intersects
each of the ellipses F1, Fo at precisely two points. As above, L Nbd K is an ellipse.
We state the existence of a quadric surface Q C R? that contains {v} U Ey U Es.
For this, consider the family of quadrics Q(u) C R3, given by

£+ &3 4 &5 + u&r&s — 201€1 — 209€y — 20383 + 03 — 6% =0,

where p is a scalar parameter. Obviously, F; = L; N1 Q(u), i = 1,2, for all u € R.
If v = (v1,v2,v3), then v ¢ Ly U Ly if and only if vyve # 0. Hence v € Q = Q(uo),
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where

5% — 03 4 20101 + 20903 + 20303 — v — V5 — V3

Mo =
V102

Next, we observe that LNbd K C Q. Indeed, a planar quadric curve is uniquely
determined by any five points which do not belong to a line (see, e. g., [11, pp. 395—
397]). Hence the ellipse LNbd K is uniquely determined by the five-point set {v} U
(ExNL)U(E2NL). Since LNQ is a quadric curve containing {v}U(E1NL)U(E2NL),
one has LNbd K =LNQ C Q.

Slightly rotating L about the line (o, v), we obtain a family of ellipses L N bd K
that cover an open subset V of bd K, which consists of two open “lenses” with a
common endpoint v. As above, V C ). Repeating this argument for the points
w € VNQ with (o, w) sufficiently close to I, we obtain that both endpoints ¢; and ¢
of the line segment K N[ are interior to an open set W C bd K such that WNQ = W.

Finally, to show the inclusion bd K C @), choose any point € bd K and denote
by N the 2-dimensional subspace through {z}Ul. Since the quadric curve NNQ and
the convex quadric curve N Nbd K coincide along the non-collinear set N "W and
are uniquely determined by this set, one has N N"bd K C N N Q. Varying N about
[, we conclude that bd K C . Since @ is locally convex at any point z € bd K,
Theorem 3 implies that bd K is a convex quadric.

Let n > 4. As above, we assume that o € int K. To prove that bd K is a
convex quadric in R"”, it suffices to show that the intersection of bd K with any
2-dimensional subspace L C R" is a convex quadric curve (see statement (A) from
the introduction). Choose a vector e € T'\ L and put M = span(e U L). Then
M is a 3-dimensional subspace of R”. Since the set TN M is open in S*~!' N M,
there is a scalar € > 0 such that any 2-dimensional subspace N of M that forms
with (o, e) an angle of size less than ¢ intersects 7'N M. By condition 2), N Nbd K
is a convex quadric curve. From the case n = 3 it follows that M Nbd K is a 3-
dimensional convex quadric. Hence LNbd K (= LN M Nbd K) is a convex quadric
curve. Therefore bd K is a convex quadric.

6 Proof of Theorem 1

Since Lemma 3 shows that 2) = 1), it remains to prove the converse assertion. In
what follows, given a vector e € T', denote by H/(e) a hyperplane that contains the
middle points of all chords of K which are parallel to e.

First, we consider the case n = 2. Choose a vector ¢y € T' and a chord [pg, qo]
of K in direction eg. Then [pg, qo] cuts K into two planar convex solids, say Ky
and K. If both Ky and K|, are unbounded, then, as easily seen, K is a closed
slab between a pair of parallel lines, which implies that bd K is a degenerate convex
quadric. Assume that at least one of the sets Ky and K|, is bounded. Denote by P
a closed halfplane of R? determined by the line (pg, go) for which K N P is bounded.
Let e,,, m > 1, be the unit vector forming with ey an angle of size w/m such that the
chord [pg, ¢1(m)] of K in direction e, lies in P. Clearly, there is a positive integer
mo with the property that e,, € T for all m > mg. Denote by p;(m) and g2(m) the
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points in P Nbd K so that [p1(m), q1(m)] and [p1(m), g2(m)] have directions ey and
em, respectively. By the assumption, H(ep) contains the middle points of the chords
[P0, qo] and [p1(m), q1(m)], while H(e,,) contains the middle points of the chords

[0, q1(m)] and [p1(m), g2(m)].
Since the set

X5(m) = {po, qo, p1(m), q1(m), g2(m)}

does not belong to a line, there is a unique quadric curve QQ(m) containing Xs5(m)
(see, e.g., [11, pp.395-397]). If a point gx(m), k > 2, is chosen and the line through
gr(m) in direction ey intersects H(eg) N K, then denote by pi(m) the point in
bd K for which the line segment [pg(m),qr(m)] has direction ep. Similarly, if a
point px(m),k > 2, is chosen and the line through pg(m) in direction e,, intersects
H(e,,) N K, then denote by gi11(m) the point in bd K for which [pg(m), gxr1(m)]
has direction e,,. By Lemma 3 and condition 1) of the theorem, the set

Xokt1(m) = {po, g0, p1(m), q1(m), ..., pr(m), gx(m), gr+1(m) }

belongs to @Q(m)Nbd K. Clearly, there is an increasing sequence of positive integers
k(m), m > myg, such that Xop(m)4+1(m) exists and the sequence of sets

Xok(mo)+1(M0)s Xok(mo+1)+1(mo + 1), ..+,

tends to a dense subset of PNbd K. Hence the arcs PN Q(mgp), PNQ(mo+1),...
converge to P N bd K, which shows that the arc P N bd K is a piece of a quadric
curve. Continuously translating [pg, qo] away from P, we express bd K as the union
of an increasing sequence of convex quadrics, implying that bd K is itself a convex
quadric.

Let n > 3. Choose a point p € int K, and let L be a 2-dimensional plane through
p which properly intersects K such that the subspace L — p meets T'. Then L NT is
an open subset of LN (S* 1\ (rec KU—rec K)). If e € LN (S" 1\ (rec K U—rec K)),
then, by condition 2) of the theorem, the middle points of all chords of K in direction
e belong to a hyperplane H (e). Clearly, LN H(e) is a line in L such that the middle
points of all chords of K N L in direction e belong to L N H(e). By the proved
above, LNbd K is a convex quadric curve. Theorem 4 implies that bd K is a convex
quadric.

7 Proof of Theorem 2

2) = 1) Translating K on —p, we may assume that p = o. Denote by h is a chord of
K which contains o. Then h is parallel to a unit vector e € S*~!\ (rec K U —rec K).
If Q5(p) is the neighborhood of bd K \ ((p + rec K) U (p — rec K)) in bd K that lies
in a convex quadric, @, then the cylinder Cs(h) of radius § centered about the line
(0,e) intersects bd K within ). By Lemma 3, the middle points of all chords from
Fs(h) belong to a hyperplane.

1) = 2) As above, we can reduce our consideration to the case when p = o. Fur-
thermore, we may suppose that K is a line-free. Indeed, assume that dim (lin K') > 1.
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Choose a chord h of K that contains 0. Let M C R"™ be a subspace which is comple-
mentary to lin K and contains h. Put K’ = M N K. Clearly, in K’ = M Nlin K =
{o}. If H is a hyperplane that contains the middle points of all chords from Fj(h),
then H N M contains the middle points of these chords that lie in M. So, if we prove
the existence of the neighborhood §(0) of the set rbd K'\ (rec K'U—rec K') in rbd K’
which lies in a convex quadric Q' C M, then from the equality bd K = lin K ¢rbd K’
we will conclude that the neighborhood Qs(0) of bd K \ (rec K U —rec K) in bd K
lies in the convex quadric lin K & Q.

First, we consider the case n = 2. Choose a chord h = [pg, qo] of K that contains
o and denote by ey the unit vector which is a positive scalar of gy — pg. As above,
Cs(h) stands for the closed slab of R? of width 2§ centered about the line (po, qo)-
Denote by e,,, m > 1, the unit vector forming with ey an angle of size 7 /m. Clearly,
there is a positive integer mg with the property that both chords [po,¢1(m)] and
[p—1(m), qo] of K in direction e,, lie within Cs(h) for all m > my.

Denote by p1(m), m > myg, the point in Cs(h) Nbd K so that [pi(m),q1(m)] has
direction eg. By condition 1), there is a line H(ey) which contains the middle points
of the chords [po, go] and [p1(m), ¢1(m)]. Similarly, there is a line H(e,,) containing
the middle points of the chords [p_1, go(m)] and [pg, g1 (m)].

Since the set

Y5(m) = {po, g0, p—1(m), p1(m), q1(m)}

does not belong to a line, there is a unique quadric curve Q(m) containing Y5(m)
(see, e.g., [11, pp.395-397]). If a point gx(m),k > 2, is chosen in Cs(h) N bd K and
the line through gi(m) in direction eq intersects H(eg) N K, then let py(m) be the
point in Cs(h) N bd K for which the line segment [pr(m),qr(m)] has direction ey.
If a point pg(m),k > 2, is chosen in Cs(h) N bd K and the line through pi(m) in
direction e, intersects both H(e,,) N K and Cs(h) Nbd K, then denote by gr11(m)
the point in Cs(h) Nbd K for which [pg(m), gx+1(m)] has direction ey,.

Similarly, if a point p_g(m), k > 1, is chosen in Cs5(h)Nbd K and the line through
p_r(m) in direction ey intersects H(ep) N K, then denote by ¢_x(m) the point in
Cs(h)Nbd K for which the line segment [p_x(m), ¢_x(m)] has direction eg. If a point
q—r(m),k > 1, is chosen in Cs(h) N bd K and the line through ¢_x(m) in direction
em intersects both H(e,, )N K and Cs(h)Nbd K, then denote by p__1(m) the point
in Cs(h) Nbd K for which [p_r_1(m), g_(m)] has direction e,,.

By Lemma 3 and condition 1) of the theorem, the set

Yopt2(m) = {po, g0, p1(m), q1(m), ..., pk(m), qx(m),
p—l(m)7 q—l(m)7 e 7p—k(m)7 q—k(m)}

belongs to Q(m)NCs(h) Nbd K. Clearly, there is an increasing sequence of positive
integers k(m), m > my, such that Yoi(;,)42(m) exists for all m > mg, and the sets

Yok(mo)+2(10)s Yor(mo+1)4+2(mo + 1), ...,
tend to a dense subset of Cs5(h) Nbd K. Hence the curves
Cs(h) N Q(mo), Cs(h) N Q(mo + 1), ...
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converge to Cys(h) N bd K, which shows that Cs(h) N bd K is a piece of a quadric
curve (consisting of one or two arcs). Continuously rotating h about o, we cover
bd K\ (rec KU —rec K) by the family of overlapping pieces Cs5(h)Nbd K of the same
quadric curve. Hence the neighborhood Q5(0) of bd K \ (rec K U —rec K) in bd K
lies in a convex quadric.

Let n > 3. Choose any 2-dimensional subspace L such that L N K is bounded
(this is possible since K is assumed to be line-free). Then rec (L N K) = {o}. If h
is a chord of LN K and H C R" is a hyperplane containing the middle points of all
chords of K which are parallel to h and lie within the cylinder Cs(h), then Cs(h)NL
is a slab of width 20 centered about the line containing h and L N H is a line that
contains the middle points of all chords of L N K that belong to F5(h). Hence LN K
satisfies condition 1) of the theorem (with L instead of R™) By the proved above
(see the case n = 2), rbd (L N K) is a convex quadric; so, it is an ellipse.

Because the argument above holds for any choice of a 2-dimensional subspace L,
the set bd K \ (rec K U —rec K) lies in a convex quadric @ (see assertion (B) from
the introduction). If K is bounded, then rec K = {0} and the whole hypersurface
bd K is a convex quadric. Assume that K is unbounded and choose a halfline ¢
with endpoint o that lies in int K. Then (see the case n = 2) for any 2-dimensional
subspace L that contains ¢, the neighborhood Qs(0) of (LNbd K)\ (rec KU—rec K) in
rbd (LNK) lies in LNQ). Therefore the neighborhood Q25(0) of bd K\ (rec KU—rec K)
in bd K lies in Q.

8 Proof of Theorem 6

The proof is organized by induction on n (> 3). Let n = 3. Consider the 1-di-
mensional subspace | = L N Ly and choose a longest chord [z, z] of K in direction
I. Translating K on a suitable vector, we may suppose that the origin o of R? is
the middle point of [z, z]. By the assumption, both sections E; = L; Nbd K and
E; = LyNbd K are ellipses. Due to the choice of [z, z], there are parallel planes M,
and M, both supporting K such that K N M, = {z} and K N M, = {z} (see, e.g.,
[14]). Applying a suitable linear transformation, we may suppose that (i) Ly and Lo
are orthogonal to each other, (ii) both ellipses E; and Fjy are circumferences with
diameter [z, z], (i73) both planes M, and M, are orthogonal to [z, z]. Clearly, the
image of K under this transformation still satisfies the hypothesis of the theorem.

Choosing suitable Cartesian coordinates &1, &2, &3 for R?, we may consider that
x shows a positive direction of the £3-axis and

E1={(1,0,&) : &+ & =p*}, Era={(0,&,&):& + & = p*},

where p = ||z||. Clearly, L; and Lo are given by the equations & = 0 and & = 0,
respectively. Furthermore, M, and M, are described by &5 = p and &3 = —p.

Choose a point v € (Ls Nbd K) \ (L1 U Ly) and consider the family of quadrics
Q(p) defined by

G+E+E+ps&—p* =0,
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where p is a scalar parameter. Clearly, E; = L; N Q(u), ¢ = 1,2, for all p € R. If
v = (v1,v2,v3), then v ¢ Ly U Lo if and only if vjve # 0. Hence v € Q = Q(uo),

where ) ) ) )
_pT v vy

Mo =

V1V2

Since v lies within the slab —p < &3 < p and does not belong to the interior of
conv (E1 U Es), the quadric @ is either a cylinder or an ellipsoid.

We state that the ellipse F3 = L3 N bd K is symmetric about o and lies in Q.
Indeed, if L contains [z, z], then [z, 2] is the longest diameter of Es3, which shows
that F3 is uniquely determined by [z, z] and v. In particular, F5 is symmetric about
0. Since L3 N Q is an ellipse containing {v,z, z} and supported by both planes M,
and M,, we conclude that F3 = L3N Q. If Ly does not contain [z, z], then Lj
meets each of Fq, o at a pair of points symmetric about 0. Because Fs3 is uniquely
determined by v and the four points of intersection with E; U E5, the ellipse F3 is
symmetric about o and lies in Q.

Considering separately the cases I C Lg and | ¢ L3, we observe that a certain
plane ug + L4, ug € bd K, intersects the union Fy U Fy U E3 at precisely six points,
which do not belong to a line. Since the ellipse E4(ugp) = (uo+ L4)Nbd K is uniquely
determined by these six points and since (ug + L4) N Q is also an ellipse determined
by these points, one has Ey(ug) C . By continuity, there is a small neighborhood U
of ug such that the argument above holds for all u € U. Clearly, the ellipses F4(u),
u € U, cover an open “belt” 2 of bd K which lies in ). Repeating this consideration
for the subspace L1 and all points u € €2, we obtain a wider “belt” of bd K which
also lies in ). Since the whole bd K can be expressed as the union of an increasing
sequence of such “belts” obtained by the alternating consideration of translates of
L, and Lo, we conclude that bd K C Q. Therefor @ is a bounded convex quadric;
that is, bd K = @ is an ellipsoid.

Let n > 4. Assume that the theorem is true for all R™ m < n—1, and let K C R™
be a convex body which satisfies its hypothesis. Translating K on a suitable vector,
we may suppose that o € int K. Choose an (n — 1)-dimensional subspace P C R™
such that the (n—2)-dimensional subspaces PNL;, i = 1,2, 3, 4, are pairwise distinct.
From the hypothesis it follows that all proper sections of P N bd K by translates
of the subspaces P N L;, i = 1,2, 3,4, within P are (n — 2)-dimensional ellipsoids.
The inductive assumption gives that P N bd K is an (n — 1)-dimensional ellipsoid.
Because the family of (n — 1)-dimensional subspaces P C R™ with the property

PnLl#PmLm ’575]7 2’36{1727374}7

is dense in the family of all (n — 1)-dimensional subspaces of R™, we obtain, by
continuity, that every section of bd K by an (n — 1)-dimensional subspace is an
(n — 1)-dimensional ellipsoid. This implies that bd K is an ellipsoid itself (see [5]).
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Abstract. The present Note is a survey of the authors’ papers [11,12,14,16-18], con-
cerning the introduction and study of the notion of the abstract Cech cohomology, as
well as its applications. Here we have investigated: projective systems, injective sys-
tems, covering of a directed partially ordered set, abstract Cech cohomology, abstract
Cech homology, Cech cohomology space, simplicial projective systems, de Rham co-
homology space of projective systems, J-resolution of a projective system and acyclic
resolution.
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1 Introduction

The Cech cohomology is a cohomology theory based on the intersection proper-
ties of open covers of a topological space. It is named for the mathematician Eduard
Cech who in 1932 introduced it [2]. Let X be a topological space, and let I be an
open cover of X. Define a simplicial complex N (U) called the nerve of the covering,
as follows: the vertices of N(U) are all elements of U, each pair Uy, Uy € U such
that Uy N Uy # 0 determines one edge, in general, there is one g-simplex for each
(q + 1)-element subset {Up, ..., Uy} for which Uy N ...N U, # 0. Geometrically, the
nerve N (U) is essentially a ”dual complex” (in the sense of a dual graph, or Poincaré
duality) for the covering &. The idea of Cech cohomology is that, if we choose a
cover U consisting of sufficiently small, connected open sets, the resulting simplicial
complex should be a good combinatorial model for the space X. For such a cover,
the Cech cohomology of X is defined to be the simplicial cohomology of the nerve.
This idea can be formalized by the notion of a good cover, for which every open set
and every finite intersection of open sets is contractible. However, a more general
approach is to take the direct limit of the cohomology groups of the nerve over the
system of all possible open covers of X, ordered by refinement. For a more precise
description see [20], Chap. 6, Sec. 7. Let X be a topological space, and let F be a
presheaf of abelian groups on X. Let I/ be an open cover of X. A g-simplex o of U
is an ordered collection of ¢ 4+ 1 sets chosen from U such that the intersection of all
these sets is non-empty. This intersection is called the support of ¢ and is denoted
|o|. Now let o = (Uy,...,U,) be such a g-simplex. The j-th partial boundary of o
is defined to be the (¢ — 1)-simplex obtained by removing the j-th set from o, that
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is: 9j0 := (Ui)igfo,....q},ij- The boundary of o is defined as the alternating sum of

q .
the partial boundaries: 9o := Y (—1)7719;0. A g-cochain of U with coefficients in
5=0
F is a map which associates to each g-simplex o an element of F(|o|) and we de-
note the set of all g-cochains of U with coefficients in F by C4{(U,F). C1U,F) is an
abelian group by pointwise addition. The cochain groups can be made into a cochain
complex (C*(U,F), ) by defining a coboundary operator (also called codifferential)

q+1
5y CUU,F) — CTHU,F) : w — Sw, (§,w)(0) := Z(—l)jreslij"alw(aja),
§=0
(where 7’63}30| is the restriction morphism from F(|0;0|) to F(|o|)), and showing
that 62 = 0 (i.e., 69t 087 = 0). A g-cochain is called a g-cocycle if it is in the kernel
of 6, and Z9(U,F) := ker(d,) is the set of all g-cocycles. Thus a g-cochain w is a
g+l . -
cocycle if for any (¢+ 1)-simplex o the cocycle condition ) (—1)]7'68}2]‘ |w(8j0’) =0
§=0
holds. For example, w is a 1-cocycle if VA, B,C € U, w(B N C)|anpnc —w(AN
C)| anBne + w(AN B)|anpne = 0, where, for U’ C U”, w(U")|yr denotes resg:/.

A g-cochain is called a g-coboundary if it is in the image of 6,1 and BY(U,F)
is the set of all g-coboundaries. For example, a 1-cochain w is a 1-coboundary if
there exists a 0-cochain w such that VA,B € U, w(AN B) = dy(w)(AN B) =
S(A)]ans — =(B) ans.

The Cech cohomology of U with values in F is defined to be the cohomology of
the cochain complex (C(U, F),d). Thus the ¢-th Cech cohomology is given by

HYU,F) = HY((CU,F),5) = Z9U,F)/BU,F).

The Cech cohomology of X is defined by considering refinements of open covers.
If V is a refinement of & then there is a map in cohomology H*(U,F) — H*(V, F).
The open covers of X form a directed set under refinement, so the above map leads
to a direct system of abelian groups. The Cech cohomology of X with values in F
is defined as the direct limit F*(X,F) =lim H*(U,F) of this system. Actually, the

u
original Cech cohomology of X with coefficients in a fixed abelian group A, denoted

H*(X; A), is defined as H* (X, Fa) where F4 is the constant sheaf on X determined
by A.

An excellent presentation of Cech cohomology was made by Kostake Teleman
n [21] (Chp. II, Sect. 18). Probably it was one of the reasons why his book
was translated in German and Russian, shortly after appearing in Romanian (see
[Zbl 018953902], [Zbl 018953904]). In particular, K. Teleman proved that if X is
homotopy equivalent to a CW-complex, then the Cech cohomology H (X5 A) is
naturally isomorphic to the singular cohomology H*(X; A). (For an arbitrary space
X this fact is false: if X is the closed topologist’s sine curve, then H(X;Z) = Z,
whereas H(X;Z) = Z ® Z). Also, K. Teleman proved that if S is a locally finite
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simplicial polyhedron, then the singular cohomology H*(S;Z) and Cech cohomology
H*(S;Z) are isomorphic with the cohomology H*(X,Z), associated to the cover X
of § with stellar neighborhoods.

If X is a differentiable manifold and the cover U of X is a good ”cover” (i.e., all
the sets U € U are contractible to a point, and all finite intersections of sets in U/
are either empty or contractible to a point), then H*(X;R) is isomorphic to the de
Rham cohomology.

If X is compact Hausdorff, then Cech cohomology (with coefficients in a discrete
group) is isomorphic to Alexander-Spanier cohomology.

In the articles [5] and [6], René Deheuvels develops a theory of homology of or-
dered sets which is a generalization of the Cech homology and cohomology. This
author starts with an Abelian category C, with products and enough injectives,
and with an ordered set £. He considers £, as a category in the usual way, having
the objects all elements of £ and a morphism a; — as being a relation a1 < as.
He denotes by C(€) the category of covariant functors from the category & to the
category C. Let C- be the category of cochain complexes in the category C and let
the functor C*(€,—) : C(£) — C" be defined by: C™(€,A) = IT Alagp),

ap>...>an,a; €E

d:CME,A) — C”“(g A), where if f = (fap>..>a,) € C"(E, A), d(f)ag>...>an1 =

nao (fa1> >an+1)+ Z fa0> >Ai>. >an 10 nao being the morphism A(al) - A(CLO) cor-

responding to the relatlon a1 < ag. The author proves that this functor is a resolving
functor, i.e., for every n there is a canonical isomorphism R"T'¢ ~ H"(C"(E,—)),
where I'¢ is the inverse limit functor I'e Z:liil. The construction and this result have

obvious duals. Let M be a ”schéma simpficial” and let F be the set of simplices
of M ordered by inclusion. If A is a constant functor then the author proves that
R"T'¢(A) is isomorphic to the usual simplicial cohomology of M with coefficients
in A. To define a generalized Cech cohomology and homology theory, Deheuvels
introduced the notion of ”order” of the ordered set £ in the ordered set &’. This is
a function p in & with values in the set of subsets of £ such that if as < a; then
plaz) 2 p(a1) and if @), < a},d), € p(a), then a} € p(a). Given an "order” p of £
in £, the author defines a functor p=! : C(£') — C(E*), where £* is the dual of &,
by p~Y(A")(a) = L p(a)(A’). Modulo technicalities the generalized Cech cohomology
in the sense of Deheuvels is now the hyperderived of the composed functor Lg«p™?
with Lg =lim. The dual construction yields a generalized Cech homology theory.

Let X be a fcgopological space, let £ be the dual of the set of non-empty open sets of
X ordered by inclusion, and let D be the ordered set of all open coverings R of X. It
is supposed that if O C O’ and O’ € R then O € R. The category C(£) is then the
category of presheaves on X. The "order” p of D in £ is defined by p(R) = R. The
corresponding generalized Cech cohomology in the Deheuvels sense is then shown
to coincide with the usual Cech cohomology, at least when C has exact inductive
limits. If X is a compact metric space and C' is the category of abelian groups the
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author shows that the generalized Cech homology coincides with Steenrod homology
theory.

We can see from this summary of the work [6] of René Deheuvels that this theory
is indeed a very consistent generalization of the homology and cohomology Cech the-
ories. But at the same time, it is clear that Deheuvels’s theory is very sophisticated
and difficult to apply and to find other examples. In addition, even the construction
of this theory is very little similar to the construction of the Cech theory. This is the
reason for which in 1974 the first and the third author proposed a theory of abstract
Cech cohomology in [11] and [12], and not a generalization of the Cech theory as
constructed Deheuvels, but simply following the Cech’s construction. It is more eas-
ily applicable in other important situations. In the third chapter of the book [12],
entitled ”Simplicial complexes. Abstract Cech cohomology”, this theory is devel-
oped in detail as follows: §3 Cohomology groups associated with a projective system
or Cech abstract cohomology groups, §4 The exact cohomology sequence associated
with a pair of projective systems, §5 Canonical projective systems, §6 Resolutions of
a projective system, §7. Homology groups associated with an injective system. And
in Chap. VII, the Cech homology and cohomology for a topological space are ob-
tained as a ”concretization” of the abstract Cech homology and cohomology. Then,
in the thesis of the second author [15] and in his papers [14,16,17], as well as in the
paper [18] of the third author, a number of examples and applications are given.

The present article is a synthesis paper including the results of the three authors
about the abstract Cech homology and cohomology.

Finally, the authors wish to emphasize that they are impressed by recent research
concerning multy-ary relations homology, studied by Academician Petru Soltan in
[19] and [1]. They believe that this subject can be expanded by using abstract Cech
(co)homology, as well as the theory of abstract Cech (co)homology can find one new,
interesting and important application in the above mentioned field investigated by
Academician Petru Soltan.

2 The authors’ construction of the abstract Cech cohomology

Let P = (H;, aé-),-7j61 be a projective system of abelian groups. For our purpose
we suppose that the partially ordered set (I, <) of the indices over which the pro-
jective system P (or an inductive system Z) is given fulfills the following conditions:

(1) For every pair 4, j € I there exists infimum inf(é, j), which is denoted by 7 A 7;

(2) For every subset J of I there exists sup J, the supremum with respect to the
relation <;

(3) There exists a minimal element 6 € I, i.e., § < i for every i € I, (but this
condition is not essential).

Definition 1. A subset J of I is called a covering of (I, <) if for every i € I there
exists J; C J such that ¢ < sup J;.

In the set of coverings of (I, <) a partial ordering can be introduced, namely, if
J,J' are coverings of (I,<), then J' < J if for every i’ € J' there exists an i € J
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such that 7/ < q.

In order to define the cohomology groups of a projective system P = (H; aé)me I,
also we assume the condition

(4) The set of coverings of (I, <) is directed with respect to the relation <, i.e.,
if J, J" are two arbitrary coverings of (I, <), then there exists a covering J” of (I, <)
such that J” < J and J” < J'.

In these conditions ((1)-(4)) on the ordered set (I, <), for a covering J of (I, <)
we can consider the cochain complex

C*(J,P): ... — CUT,P) L 0T, P) — .,

where C4(J,P) := II Hig....ni,> and the boundary homomorphism d¢
§0yeeyiq€EJ3iON. .. Nig#0

is defined by

g+1

q+Y. . _ _1\p io/\.../\’ip/\.../\iq+1 N
(d%)ig..igr1 = Z( 1) Qi A Nigi1 tio/\-../\ip/\.../\z'qﬂ

p=0

for t € CI(J,P).

The cohomology groups of this cochain complex are denoted by {(HY(J, P)},.
If J' is another covering of (I,<) such that J' < J, one obtains, for every
q > 0, a well defined homomorphism af%,_, : HI(J,P) — H?(J',P) such that
{H(J, P),oz?],J}J,J/eA(Ié) is an inductive system over the set (Ay, <) of all cover-
ings of (I, <).

In the imposed conditions there exists  lim H 2(.J,P), and this group, denoted

JEA(1,<)

by H?(P) or H((I,<),P), is called the ¢g-th cohomology group of the projective
system P.

If (I, <) is an ordered set satisfying the conditions (1)-(4), denote by (I, <) (Ab)

—

the category of projective systems of abelian groups indexed over (I,<) and of
morphisms of projective systems.

Proposition 1. (12, Cor. 3.3, p. 100). For every integer ¢ > 0 we can define a
covariant functor
Hq((lv S)v _) :(Iv S) (Ab) - Ab7

which assigns to every projective system P indexed over (I,<) the q-th abstract Cech
cohomology group HI(P).

Proposition 2. ([12], Prop. 4.1, p. 101). For any exact sequence 0 — P’ =
PP 0 in the category (I,<) (Ab) we get the following exact sequence of

—

abstract Cech cohomology

0 — AO(1,<),P") L5 HO((1,<),P) Y5 HO((I,<),P") — H'(I,<),P")....
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Let P = (H;, ;) be an object in the category (I, <)(Ab). An element t; € H;

is called a section of P over the index i. A system of sections {t;}icjcr is called
coherent if a;pjiti = g t;, for any 4,5 € I.

Definition 2. A projective system P = (H;, a;) is called complete if for any coher-
ent system of sections {t;};cs, there exists a section t; € Hy, k = supJ, such that
oty = t;, for all 1 € J.

The projective system P = (H;, o;;) is called essential if the following property
is satisfied: for k € I and tp € Hp, there exists J C [ such that k¥ = supJ and
a;ktr = 0 for every ¢ € J implies t,=0.

The projective system P = (H;, ;) is called canonical if it is complete and
essential.

Proposition 3. ([12], Prop. 5.2, p. 103). If P = (H;, a;j) is a canonical projective
system over (I, <) for which there exists k = sup I, then HO(P) ~ Hy.

Let P = (H;, a;5) be a projective system over (I, <) satisfying the conditions

(1)-(4)-

Definition 3. A cohomological resolution of P = (H;, cij) is an exact sequence in
the category (I, <)(Ab),

(RP):...> Pt 25 pn D% pntt

such that: )

. P =P 2. PP =0forn < —1,3. HI(I,<),P") =0, for all ¢ > 1 and
n > 0.

A resolution (RP) of a projective system P = (H;, ;) over (I,<) induces a
superior semiexact sequence (i.e., a cochain complex)
o 0)* Iys 2\ *
(). — FO(PY) LL fgo(pty 2 pop2y O
Theorem 1. ([12], Th. 6.1, p. 104) The abstract Cech cohomology groups of a

projective system P = (H;, auj) are isomorphic to the cohomology groups of the
cochain complex (*) associated to a cohomological resolution (RP) of P.

Remark 1. If a projective system P = (H;, a;;) admits a cohomological resolution
whose terms are canonical projective systems, then, by Proposition 3 and Theorem
1 the abstract Cech cohomology groups of P can be immediately determined.

The abstract Cech homology is defined by categorical duality. Let 7 =
{Gi, aij}(1,<) be an inductive system of abelian groups over a directed partially or-
dered set (I, <) satisfying conditions (1)-(4). For a covering J C I a chain complex
Cy(J,Z) is defined by taking

Cq(J, 1) := EB Gig...nig

(io,...,iq)eEq
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and dy : Cy(J,Z) — Cy—1(J,Z) given by

q
dtion...nig = Z(_1)paioA...A§pA...Aiq,ioA...AiqtioAmAiq'
p=0
The groups Hy(C.(J,Z)) are denoted by Hy(J,Z). If we consider two coverings
J,J" with J' < J, then for every q > 0 there exist natural homomorphisms a /s :
Hy(J',T) — Hy(J,T) such that a projective system (Hy(J,Z)a <y is obtained. The
projective limit lim Hy(J,Z) is called the g-th abstract Cech homology of the
JeAr
inductive system T and it is denoted by H,(Z) or by H,(|I|,Z). The properties of
abstract Cech homology are dual to those of the abstract Cech cohomology.

3 Examples

Example 1. Let (X, A) be a pair of topological spaces, with A a closed subspace
of X, and let T be a presheaf over X. Consider the set I := {U|U open subset of X
and U D A}. This ordered set (by the inclusion relation) satisfies the conditions (1),
(2) and (4). Then we consider the restriction I'/I, and denote the g-th cohomology
group of this projective system by H?([X,A];T). One can prove that, for every
q > 0, there exists a commutative diagram

HO((X,A);T)

/

HY([X, A];T)

\

H(X;T4)
where H?((X, A);T) and H?(X;T 4) are the Cech cohomology groups with

[ TU) UNAZD,
FA(U)_{O ifUCX—A

for every open subset u of X.
Moreover, for these cohomology groups an excision theorem can be proved too:

HY([X -~ V,A-V];T) ~ HI([X, A;T).
Example 2. Let

1 2
GGy &Gy — Gy & Gy —

be a sequence in the category of abelian groups. We obtain a projective system
(sequence) P := {G, 0 m }nmen by taking am m = @n 0 @ny10... 0 @m_1.
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Let us denote I = {J,, = {m,m +1,....}}, with N D J; D Jy; D ....
For every J, € I we define @, = @1 Gy, and if J, C J,,, then we obtain a

keJn
homomorphism «, ;. : Qj,, — @, . For the projective system Q :={Q,,ayJ, ..}

, we have:

H°(Q) =lim P =lim G,
N N

and
ﬁq(Q) =0

for ¢ > 1.

Example 3. If the sequence of abelian groups considered above is semiexact, we
consider the projective system P = {Gj, agn }n wen With agp =0 for h >k + 1.

A covering of N (in the sense of our definition) has the form J = {n; < ... <n; <
...}, and we can prove that any two such coverings are cohomologically equivalent.
In this case we obtain H%(P) = 0, and H'(P) is the factor group of the group of
infinite dimensional matrices of the form

0 Y12 Y13 Y13
A= —Y12 Yio Y23 Y24 Y24
—y13 —Y23+ Y3 VYhs Y4 Y35 Y3s...

by the group of infinite dimensional matrices of the form

0 Y12 Y12+ p1(y23) yiz2 + ©1(y23)
B— —Y12 0 Y23 Y23 + ©2(y34)
—y12 —@1(y23) —y23 O Y24 Y34 + ©3(Ya5)

where y;;, € G; and y, € Kery;.

Example 4. Let X be a Hausdorff topological space, and C7 the set of the closed
subsets of X. This set satisfies the conditions (1)-(4), with AA B = AN B and
sup A, = %, 0 =0, for A,B,A, € Cr. If T is an inductive system over the set

Cr, then H,(Z) = lim H,(M,I), where D is the set of all dense parts M in X. In

. MeD
particular,

Ho(I)=lim ( & Z(x)).
(D =lm (g T()

In general, we cannot consider the cohomology since the coverings in the above
sense do not form a directed set. However, the problem is possible in the case of some
topological spaces which are not Hausdorff. For example, let X be a set with the
”excluded point topology”, i.e., the topology which is obtained by declaring open,

in addition to X itself, all sets which do not include a given point p € X. In this
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case the Cech cohomology and homology are less interesting than the cohomology
and homology with coefficients in projective and inductive systems over the closed
subsets of X.
If P is a projective system and Z is an inductive system over the set of closed
parts of X, then:
HY(P) =] P{=,p}), HI(P)=0for ¢ >1,and
zeX

(@) = & T({a.p}). () =0 for g = 1.

Finally, we mention that if the topological space (X, 7) has the property that for
every open covering U of X there exists an open covering U’ of X such that U’ is a
refinement of U and CU is a closed covering of X, then for every presheaf I' on X
there exists an isomorphism of the group H?(X,T) with the group H,(Z), where T
is the inductive system defined by Z(A) :=I'(CA) for every A € Cr.

4 Application [18]

In this section, as an application of our abstract Cech cohomology, we consider
some projective systems associated with a standard simplex A"™ by taking as the
indices the faces of A”. As examples of such projective systems are the simple
cellular sheaves considered in [3,4,7] and [13], and whose cohomology groups appear
in the calculation of the Kg-groups of some particular G-spaces, by using the Atiyah-
Hirzebruch spectral sequences. The cohomology groups of a linear simplex X with
coefficients in a simple cellular sheaf are computed in [3] and [4] by means of a finite
closed covering of X and using a Corollary of Leary’s theorem ([9], p. 209).

We replace these coverings (which are rather complicated and which require
the verification of some difficult acyclicity conditions) by a covering in the sense
considered in [11] and [12], and which in fact consists only of the vertices of the
standard simplex A". In this way we can calculate the cohomology groups with
coefficients in a simple cellular sheaf for every linear simplex.

Let A™ be the n-dimensional standard simplex and let ¥ be the set of the (closed)
faces of A" to which we add the empty set (). If Ag, Ay, ..., A, are the vertices of
A", denote by A'. . the face of A" spanned by the vertices 4;,, A;,,..., A

10%1...9p

If o = A o' = A" . €3, we define the relation

10...0p" J0---Jq
o < ¢’ if and only if jo, ..., j; @0, ...,7p , L.e., 0’ is a face of 0.

This is a partial ordering on the set .

ip*

Definition 4. A projective system P = (Ho,ozg,)g,g/eg over the above partially
ordered set (3, <) is called a simplicial projective system.
Lemma 1. The partially ordered set (X, <) satisfies the conditions (1)-(4).
Proof. (1) It o' = A} ;. 0" = A% . . then for o = AR with {ko,....k} =
{i0,-.esip} U {Jo, .-y Jq}, we have 0 = 0’ A ¢” (o is sometimes the joint o’ * o).

(2) If ¥ C X, we have sup ¥’ = (] o/. Here it is necessary to suppose that %

o'ex’

contains the empty set (.
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Now we say that a subset ¥’ of the set ¥ is a covering if for every face o € X
there exists a subset X/ C ¥/ such that sup X # () and o < sup /.

If ¥, 3" are two coverings, then we have ¥/ < X" if and only if for every face
o’ € Y there exists a face ¢” € X" such that o/ < ¢”, i.e., 0" is a face of /. Now the
condition (4) is verified because if ¥/, 3" are two coverings, then /(X" satisfies
the relations ¥’ (X" < X/ and X' N Y < ¥". O

By Lemma 1 we can consider the abstract Cech cohomology groups H9(P,,) of
a simplicial projective system P, = (H,, agl)o,ofeg.
Now we recall from [7] and [4] that a cellular sheaf over A™ is a sheaf F on

the topological space A™ with the property that for every open face & of A" the
(o]
restriction F/ oisa simple sheaf. For such a sheaf, if o and o’ are two open faces of
o
A" with & No’ # () then there exists a homomorphism @yor : F / o F / o satistying

the condition that if @ N’ N 6" # @ and o' No” # 0, then Yyrgr © Yoo = Pagr ([7],
Prop.1). Also, from the definition of the above homomorphisms ¢, one deduces
that ¢, is the identity. Together with the Prop. 3 of [7] and remarking that if o, o’

are two faces of A™ then o No’ # () if and only if o is a face of o', i.e., if and only if
o’ < o, we obtain the following theorem.

Theorem 2. FEvery simple cellular sheaf F over the standard simplex A™ defines
a simplicial projective system P(F) = Py, and conversely, any simplicial projective
system Py, induces a cellular simple sheaf over A™.

Theorem 3. The abstract Cech cohomology groups of a simplicial projective system

- Z'O/\“,/\/Z'\p/\.../\iq
Prn = {Hign...nig» QoA Aig t

are given by :

Z’i()il...iq+1
. 0<ip<i1<...<ig+1<n
HY(P,) =
Bigiy..igia
0<ip<i1<...<igr1<n
forq=0,1,....n (and O otherwise), with
q+1
Zio---iq+1 = Hil/\---/\iq+1HH_ ) EBHiO/\.../\?,,/\.../\qu
g Aigy1 =1

q .
o oA Aig J0A- NipA...Nig
Big...igp1 = Imo‘z'o/\.../\iqﬂ I Imo‘io/\.../\z'q
q+1 =1

where A[[¢B denotes a fibered product of A and B over S.

igA..AG
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Remark 2. If the homomorphisms azgf\ﬁg NMNMaare all injective, then the formulas

from Theorem 3 become more simple. For example, in this case we have

Hoi2..n
Hy+ H, + .. + H,

1

HO(Py) = () Hi, H"(Pn)
=0

where H), = Hy_p. n-
Remark 3. For n = 1,2,3 we find some results of [3],[4]. Thus, if n =1 we obtain

HO(Py) = HOHH01H1
and

Hoy,
0 10
Imag, + Imag,

HY(Py) =

which coincide respectively with the cohomology groups HY(A', F), ¢ =0, 1.

We can establish a general result. Let F be a simple cellular sheaf over A™. The
calculation of the groups HY(A",F) in [4] uses a closed covering U = {Uy,...,Up}
with the acyclicity property HY(Us, N...NU;,; F)) = 0,q > 1. Then, by Cor. 1 of [9],
p. 209, the natural homomorphism HY(U,F) — HI(A™ F) is an isomorphism.
Then the cochain complex C*(U, F) is given by

U, F) =[F Ui, n..00;,)

and
iy UioN...nUs,N...NU;
q — _ ol et Mapt el g4l R
(d t)UiOﬂ..-ﬁUiq - Z( 1) fUioﬂ...ﬂUqurl ! tUiOﬁ...ﬂUipﬂ...ﬁUiq+1’
p=0
By the choice of the covering U and because F is a simple cellular sheaf one verifies
easily that C*(U, F) is equivalent to the cochain complex which appears in the proof
of Theorem 3. Thus we have the following result.

Theorem 4. If F is a simple cellular sheaf over the standard simplex A™ and if
P(F) is its associated projective system by Theorem 2, then there exists a natural
isomorphism

H(A", F) = HI(P(F))
for every integer q.

Remark 4. If we replace the standard simplex A™ by an arbitrary CW-complex, then
a simple cellular sheaf also defines a projective system having as the set of indices the
set of cells, but unfortunately this set does not satisfy the condition (1). But in [§]
a method for the calculation of the cohomology groups of an arbitrary polyhedron
with coefficients in a simple cellular sheaf by using the simplicial cohomology with
local coefficients was given. This leads us to believe that it is possible to extend our
method, that of abstract Cech cohomology, from the case of standard simplex A”
to the general case of an arbitrary polyhedron.
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5 De Rham type theorems

5.1 J-resolutions of a projective system [14]

In this section we assume that (I, <) satisfies (1)—(4) (see Section 2) and for
J € I we put ¥4(J) = xsJ. Let P = (H;,;j)ijer be a projective system (of
abelian groups) over I and consider the cochain complex of projective systems over
1

0-pLpopl L piDpatt (1)

where j = (ji)rer and D? = (D]);e;.

Definition 5. A J-resolution of the projective system P over [ is a cochain complex
(1) satisfying the following conditions:

a. there exists J € Aj such that for any s > 0 and (ig, i1, ...,is) € Xs(J),

JigAiqA.. Ais
=

0
0 — Higniy A nis Hiopiinnis = -

q
1A A Ais 1
— HT — ...

q
— H, ioAi1 A Ais

(YA A WANAY
is an exact sequence;

b. the sequence (1) is exact with respect to P and P°.

Remark 5. 1. Let f: P — @ be a projective systems isomorphism. If J € A, then
f induces an isomorphism from HY(J, P) to H1(J,Q), hence

H(|1], P) ~ H(|1],Q)

for any q > 0.
2. If the sequence (1) is a J-resolution of the projective system P then its
projective limit

limyj; ling
piminaia piaa
. icl . . el .
0 —lim H; “Slim H? — ... —lim H? "< lim HIT" — | (2)
pmi— — “— (2 “— (2
el iel el el

is a cochain complex and it is exact with respect to the terms lim H; and lim HY.
iel iel
Let (1) be a J-resolution of the projective system P and denote by C*(J, P7)
and C(J, P) the s—dimensional cochain groups associate to the systems P? and P,
respectively. By Remark 5 we can assume that C*(.J, P) < C*9(J, P) by the inclusion
morphism j°. Then the sequence

0—C(J,P) L 0O, P) — ... — c*(J, P) & 089t (g, Py — ... (3)

is exact for each s > 0, ¢ > 1, and we have the following
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Proposition 4. If the projective system P has a J-resolution (1) then (3) is a
resolution for its p—dimensional cochain group.

Definition 6. A J-resolution of the projective system P is acyclic if H*(J, P?) =0
for any ¢ < 0 and s > 1.

We remark that if for any J € Ay, (1) is an acyclic J-resolution of the projective
system P then it is a resolution of P. Conversely, if there exists J € Ay such that
J < J' for each J' € A; then any resolution of P is a J-resolution.

Now, we can state

Theorem 5. If the projective system P admits an acyclic J—resolution of canonical
projective systems then

HY(J, P) ~ ker lim DY?,
P

el
H4(J, P) ~ ker lim D{ /Tm lim D for q>1.
el i€l

We notice that in [15], the above isomorphism is effectively exhibited.
Denote by P* = @,>0P? the differential projective system associate to (1), with
the codifferential d = @©4>¢D?. We have the following generalization of Theorem 5.

Theorem 6. [17] Let P be a projective system over the A—semilattice (I,<), J € Ay
and (1) be a J-resolution of P by canonical projective systems. If HP(H1(.J, P*)) =0
for allp >0 and q > 1 then
HP(J,P) ~ HP(lim H{P*).
el
Now, we present some applications of this result. The first one is the following
de Rham type theorem:

Theorem 7. If for any J € Aj, the sequence (1) is an acyclic J-resolution of
canonical projective systems for P, then the following isomorphisms occur:

HO(|1], P) ~ ker lim H{ D},

el
H9(|I|, P) ~ ker lim D /Im lim Dg_l for q>1.
i€l i€l

From Remark 5 we deduce that the conclusion of Theorem 7 is still valid if there
exists J € Ay such that J < J' for any J' € Aj.

On the other hand, if the set I has a supremum k then from Theorem 5 we
obtain

H°(J,P) ~ Hy,  HYJ,P)~kerd!/Imdi™" for ¢>1 (4)
and, moreover, if k € J then H%(J, P) =0 for any ¢ > 1.

Proposition 5. Under the hypotheses from Theorem 7, if there exists supl = k
then § §
H(|I|,P)~ Hy,,  HY(|I|,P)=0 for ¢q>1.
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5.2 Existence of J—resolutions

We remark that, in order to obtain de Rham type theorems for projective sys-
tems, the existence of a J-resolution is essential. This problem is solved in [16], at
least partially. First, we assume (I, <) to be a A—semilattice and fori € I and J C T
we put i AJ = {i A j}jcs. Then the group of g-dimensional cochains of P relative
toi A J, is

Ki(iNJT) = H Hipign...nig-
Zq

If ' € I, ¢/ <1, then for (ig,...,i4) € ¥, and t € K9(i A J) we put

*q _
()it NioA...Nig = Qi Nigh...NigyilioA...Nigtinion...Aig-

Thus we obtain the projective system K9(J, P) = {K9(i A J),a;}; ver and denote
by 97 : K9(J,P) — K9T1(J, P) the coboundary operator. Moreover it induces a
morphism of projective systems. Another such morphism is f = (f;)ier : P —
K@i A J, P), where [fi(h;)]inj = inj,i(h;) for h; € H; and j € J. Then we have

Proposition 6. Assume that there exists supl and let P be a canonical projective
system on I. Then the sequence

0
0— P kP D ki P k(P —

is an acyclic J-resolution of P for any cofinal subset J of I.

5.3 Canonical system associate to a projective system [15]

The determination of these groups is a hard and subtle problem and we know
them explicitly in very few cases.

It is well-known that under some additional restrictions on the set (I, <), to any
projective system we can associate a canonical projective system. More precisely,
we have the following

Proposition 7. (/10], Prop. 5.1, p. 102) If (I,<) is a filter at left then to any
projective system P over (I,<), a canonical projective system P* can be associated.

Under some stronger conditions on (I, <) we can get a simple relation between
Cech cohomologies of P and P*.

Theorem 8. Let (I,<) be a A—semilattice such that any J € A admits a refinement
J € Ay with the property that for every (ig,...,iq) € 34 there exist ig,...,i; € J
such that EQ, cosig € Jighonig-
Then the Cech cohomology groups of P and P* are isomorphic in each dimension,
that is

q(|1|, Py = H(|1|, P*)

for all ¢ > 0.
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5.4 Examples

Now, we use the above results to recover some classical theorems (see Introduc-
tion).

Example 9. Let M be a smooth n-dimensional manifold and denote by A9 its
q—forms sheaf and by R the sheaf associated to the constant presheaf on M. If
U = {U,}icr is an open cover of M then the sheaves sequence

0—R-LA LA AL R (5)

is a cochain complex with respect to the exterior derivative d. (5) is exact for the
terms R, A% and HS(L{,K‘I) =0 for s > 1 and ¢ > 0. If, moreover, the cover U
is contractible then (5) is an acyclic U-resolution of the sheaf R and we can apply
the isomorphisms (4). On the other hand, any open cover of M can be refined by a
contractible one, so the set A° of contractible covers of M is cofinal in the set of all
open covers and then
HY(M,R) ~ lim HIU,R)
UcAe

and therefore from the isomorphism H9(M,R) ~ H49(M,R) we deduce the classical
de Rham theorem.

Example 10. Let (X, 7) be a topological space and

AU): o A (U) B8 Ay (U) — .. — Ag(U) — 0

the singular chain sequence associate to U € 7. Denote by A?(U) the group of
g—dimensional singular cochains with coefficients in an abelian group G and for
I € AYU) we put df;(I) = ldgr1,y. For V e 7, V O U, we define the morphism
aqUV : A4(V), which, to each cochain on V, associates its restriction to U. Then for
each ¢ > 0, A? = {AY(U), o, }u,ver is a complete projective system and we obtain
the cochain complex

A* 0—>A0—>...—>Aq£>Aq+1—>0

where d? = (df,)uer : A7 — AT and df; (1) = ldg41,0-

Now, if U = {U,}aer is an open cover for X and U NY is its trace on U then
we consider the group A,(U NU) spanned by all singular simplexes whose images
belong to U, € U for some o € I. Denoting by A?(UNU) the group of all morphisms
from A (U NU) to G, as above, we can construct a complete projective system
AN = {AYUNU ), @ Ju,ver and the associate cochain complex A", obtained from
A*.

Let L{; be the subgroup of all elements of A?(UNU) vanishing on Ay(U'NU) for
all U’ in some cover of U and consider the quotient group AY(UNU) = AYUNU)/ L.
Then Egjv and the differential E[[]] naturally induce the quotient morphisms &gJV and
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cquj, respectively. Thus, from A" we obtain the following cochain complex of canonical
projective systems

A* 0—>£0—>...—>ﬁqﬂ>£q+l—>0

Moreover, for any cover of X, the sequences A" and A* are homotopy equivalent.
Also, the sequence

O—>ker670:>£0—>...—>£qﬂ>ﬁq+l—>0

is an acyclic U-resolution of the projective system ker 4 , for any contractible cover
U of X and from the isomorphisms (4) and since the projective systems A? are
canonical, we deduce

HY U, ker &) ~ HIU,G) ~ H(X,G)

and we find a Leray’s theorem,[10], asserting that the Cech cohomology groups
relative to a contractible cover of the topological space X and with coefficients in the
abelian group G, are isomorphic, in each dimension, with the singular cohomology
groups of X, with coefficients in G.

6 Spectral sequence [17]

Let P* = ®4>0P7 be a differential projective system over I, with the codifferen-
tial d = ©¢>0D?. For J C I we consider the coboundary homomorphism associated
to the projective system P9, denoted by di¢ = (dP)? : CP(J, P1) — CPTL(J, P?) (see
Section 2) and the homomorphism dh! = (=1)P(D2)P : CP(J, P1) — CP(J, PT),
where (ﬁz)p is induced by the codifferential D?. Then the following equalities hold

p+1,9 jpq __ D,q+1 pg __ p,q+1 jpq p+1,q9 jpq _
dig "dig =0, dpy dyy =0, dpy T dyg+dig Tdy; =0 (6)

These equalities show that for any J C I, the codifferentials dj{ and dj] define on
the group

C(J, P*) = @p>0,4>0C" (J, P?)

a double complex structure and then we consider its first and second filtration given
by
'Cy(J, P*) = 22007 (g, PY),  "C,(J, P*) = &PZ0cP(J, PY).

p=p q>q
We remark that the first filtration 'C)(.J, P*) is regular if P? = 0 for ¢ < ¢o for some
qo, while the second filtration "CP(J, P*) is always regular.
Now, assume that J € A; and denote by 'EX?(J, P*) and " EF?(J, P*) the terms
of the spectral sequences corresponding to the first filtration and the second filtration
of the complex C(J, P*), respectively. Then we have
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Proposition 8. If (I,<) is a A—semilattice then
'EY(J, PY) = CP(J, HA(PT)), 'EYY(J, PY) = HP(J, HI(P"))
"EY!(J,P*) = HP(J, PP), "EY(J, P*) ~= HP(H(J, PY))

where HI(P*) = ker D1/D11(P9=Y) and HI(J, P*) = ®,>0H4(J, PP) is endowed
with the differential induced by do; .

One more interesting result can be obtained for the term ” EfO(J, P*), namely:

Theorem 11. If the projective systems PP are canonical for allp > 0 and (I,<) is
a AN—semilattice then for J € Ar we have

"B (], P*) = HY(tim (P")).
el
Assuming that (I, <) is a A-semilattice, for the term ” EgO(J, P*) we can prove

the existence of a homomorphism ”EL°(.J, P*) — HP(C(J, P*) if (I,<). But if,
moreover, all projective systems are canonical then we also get the homomorphisms

W+ HP (i (P*)) — HP(C(J, P")
i€l
and we can state the following

Proposition 9. Let P and Q) be two projective systems over the A—semilattice (I, <)
and J € A;. If P and Q have J-resolutions of the form (1) by canonical projective
systems then for any differential projective systems morphism f : (P*) — (Q*) the
following diagrams are commutative

HP (fim (P*)) —""— H?(J, P)

el
HP(lim
| o
HY (i (Q7) — HAJ.Q)
1€

where gP are induced by the morphism j corresponding to the J-resolution of Q) and
fO is the component P° — Q° of f.

The homomorphisms pP are also used to prove the following

Theorem 12. If the projective systems PP are canonical for all p > 0 and the
sequences HY(J, P*) are acyclic for all ¢ > 1 then there exists a spectral sequence
with the term Ey given by

By ~ HP(J, HY(P"))
and whose term E, is the graded group associated to some filtration of the sequence
lim (P*).
patt
i€l
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Finally, we notice some related results concerning projective systems admitting
a J-resolution. The first one is concerning the term 'EY?(.J, P*).

Proposition 10. Let P be a projective system over the N—semilattice (I,<) and
J € A;. If P has a J-resolution (1) then

"EXY(J, P*) =0
forq>1.

Now, using Proposition 10, we obtain the following characterization of the groups

HP(C(J, P*)).

Proposition 11. If the projective system P over the A—semilattice (I,<) has a
J-resolution (1) then
HP(C(J,P*) ~ HP(J,P)

forp > 0 and J € A, where P* = @,>0P? is the differential projective system
associated to (1).

Also, we have a result similar to the Theorem 12.

Proposition 12. Let P be a projective system over the N—semilattice (I,<) and
J € Ar. For any J-resolution (1) of P with canonical projective systems there exists
a spectral sequence with the term FEo given by

EP ~ HP(HI(J, P*))

and whose term Eo is the graded group associated to the abstract Cech cohomology
of P.

References
[1] CATARANCIUC S., SOLTAN P. Abstract complexes, their homologies and applications, Bul.
Acad. Stiinte Repub. Moldova. Matematica, 2010, No. 2(63), 31-58.

2] CECH E., Théorie générale de I’homologie dans un espace quelconque, Fundam. Math., 1932,
19, 149-183.

[3] CosTINESCU N. C. Cohomologie a valeurs dans un faisceau cellulaire simple, Analele Stiintifice
ale Univ. " AL I. Cuza” Iasgi, Seria Noua, Sectiunea I a, 1984, 30, 59-62.

[4] CostiNEscu N. C. Contributii in Topologia Algebricd. Sirul spectral Atiyah-Hirzebruch si
K-teorie. Thesis, Univ. Bucuregti, 1982.

[5] DEHEUVELS R. Homologie & coefficients dans un antifaisceau, C. R. Acad. Sci., Paris, 1960,
250, 2492-2494.

[6] DEHEUVELS R. Homologie des ensembles ordonnés et des espaces topologiques, Bulletin de la
Soc. Math. de France, 1962, 90, 261-321.

[7] DoGARU O. Fascicule celulare simple, Studii si Cercetdri Matematice, 1975, 5, No. 27,
535-545.



8]

ON THE ABSTRACT CECH COHOMOLOGY 99

Docaru O., TELEMAN K. Sur une classe de faisceauzr, Rev. Roum. Math. Pures Appl., 1983,
28, 577-581.

[9] GODEMENT R. Théorie des faisceaux, Ed. Hermann, Paris, 1958.

[10] GODEMENT R. Topologie algébrique et théorie des faisceaur, Hermann, Paris, 1972.

[11] MIiroN R., Pop I. On the abstract Cech homology and cohomology, Proc. of the Institute of
Math., lagi, 1974, 57-60.

[12] MIrRON R., Pop 1. Topologie Algebricd. Omologie. Spatii de acoperire. Ed. Acad. RSR,
Bucuresti, 1974.

[13] NGUYEN V.D. Calculul unor grupuri K(S*"~'/G), II, Studii si Cercetiri Matematice, 1974,
26, No. 6, 899-928.

[14] Prtis GH. Une méthode de calcul des groupes de cohomologie de Cech abstraite, Memoriile
Sectiilor Stiintifice ale Academiei Romane, Series IV, 1979, 2, 87-96.

[15] Prtis GH. Coomologia structurilor integrabile. Ph. D. Thesis, University ”Al. 1. Cuza”, Iasi,
1981.

[16] PiTis GH. J-resolutions of a projective system. Bul. Univ. Bragov, Ser. C, 1981, 23, 85-88
(in Romanian).

[17] PiTis GH. Suites spectrales and J-résolutions d’un systéme projectif. An. Stiing. Univ.
7 Al 1. Cuza”, Tagi, N. Ser., Sect. Ia, 1984, 30, 89-94.

[18] Pop 1. An application of the abstract Cech cohomology, Bull. Math. Soc. Sci. Math. Repub.
Soc. Roum., Nouv. Sér., 1984, 28, No. 76, 369-374.

[19] SoLTAN P. On the Homologies of Multy-ary relations and Oriented Hipergraphs, Studii in
metode de analizd numericd si optimizare, 2000, 2, No. 1(3), 60-81.

[20] SPANIER E.H. Algebraic topology, McGraw-Hill Series in Higher Math. New York etc.:
McGraw-Hill Book Co, 1966.

[21] TELEMAN C. Elemente de topologie si varietdts diferentiabile, Editura Didactica si Pedagogici,
Bucuresti, 1964.

R. Miron, I.Popr Received June 21, 2011

Faculty of Mathematics ” Al.I. Cuza” University
700505-1agi, Romania
E-mail: radu.miron@uaic.ro, ioanpopQuaic.ro

GH. PIT1§

Faculty of Mathematics and Informatics
”Transilvania” University
500091-Brasov, Romania

E-mail: gh.pitis@Qunitbv.ro



BULETINUL ACADEMIEI DE STIINTE

A REPUBLICII MOLDOVA. MATEMATICA
Number 2(66), 2011, Pages 60-69

ISSN 1024-7696

Some addition theorems for rectifiable spaces
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Abstract. We establish that if a compact Hausdorff space B with the cardinality less
than 2“! is represented as the union of two non-locally compact rectifiable subspaces
X and Y, then X, Y and B are separable and metrizable.
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1 Introduction

It is well-known that if the cardinality of a compact topological group X does
not exceed 2* and the continuum hypothesis is satisfied, then X is separable and
metrizable (see [8]). Extending this result, we show that if the cardinality of a
compact Hausdorff space X is less than 2“!, then X cannot be represented as the
union of two non-locally compact rectifiable spaces. Recall that every topological
group is a rectifiable space (see the definition below). Some other results in this
direction are also obtained.

We use the terminology and notations from [12]. A remainder of a Tychonoof
space X is the subspace bX \ X of a Hausdorff compactification bX of X.

A space X is of countable type (respectively, of pointwise countable type) if every
compact subspace P (respectively, any point p) of X is contained in a compact
subspace ' C X with a countable base of open neighbourhoods in X. All metrizable
spaces and all locally compact Hausdorff spaces, as well as all Cech-complete spaces,
are of countable type [1,2,12].

A famous classical result on duality between properties of spaces and properties
of their remainders is the following theorem of M. Henriksen and J.Isbell [14]:

Theorem 1. A Tychonoff space X is of countable type if and only if the remainder
in any (in some) Hausdorff compactification of X is Lindeldf.

It follows from this theorem that every remainder of a metrizable space is
Lindelof.
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2 Addition theorems for rectifiable spaces

Recall that a space X is rectifiable if there exists e € X and a homeomorphism
g: X xX — X x X such that g((z,e)) = (x,x), for every x € X, and the restriction
of g to the subspace X, = {(z,y) : y € X} is a homeomorphism of X, onto itself,
for every x € X. Every topological group is rectifiable, and every rectifiable space
is homogeneous (see [9,10]).

Theorem 2. Suppose that B is a compact Hausdorff space such that |B| < 2.
Suppose further that B = X UY, where X and Y are non-locally compact rectifiable
spaces. Then the spaces B, X, and Y are separable and metrizable.

Proof. Clearly, Y and X are non-empty, since they are not locally compact. Hence,
B is non-empty. By Cech-Pospisil Theorem ([3,15], [12], Problem 3.12.11), there
exists a point a € B such that B is first-countable at a. Without loss of generality,
we may assume that a € X. Put Z =B\ X and H = B\ Y. The spaces X and Y
are nowhere locally compact, since they are homogeneous and non-locally compact.
It also follows that Z and H are nowhere locally compact. Hence, X, Y, Z, and H
are dense in B.

Since X is homogeneous and X is first-countable at a, it follows that the space
X is first-countable. Therefore, X is metrizable, since X is rectifiable [13]. Hence,
X is a space of countable type [1], which implies that the remainder Z of X in B is
Lindel6f [14].

By the Dichotomy Theorem for remainders of rectifiable spaces (see [6]), the
remainder H of Y in the Hausdorff compactification B of Y is either pseudocompact,
or Lindel6f. Notice that H is metrizable in any case, since, obviously H C X.

Case 1: H is pseudocompact.

Then H is compact, since H is metrizable. Therefore, H is closed in B. Hence,
Y is open in B, which implies that Y is locally compact, a contradiction. Thus,
Case 1 is impossible.

Case 2: H is Lindelof.

Then H is separable, since H is metrizable. Hence, B is separable, which implies
that the Souslin number of Y is countable, since Y is dense in B. It also follows
that X is separable, since H is dense in X.

Lindel6fness of H also implies that Y is a space of countable type, by the theorem
of Henriksen and Isbell [14]. Therefore, we can fix a non-empty compact subspace F
of Y with a countable base of open neighbourhoods in Y. We have: |F| < |B| < 2¥1.
Applying one more time the Cech-Pospisil Theorem [3,12,15] we conclude that there
exists a point b € F' such that F' is first-countable at b. Since F' has a countable base
of open neighbourhoods in Y, we can now conclude that the space Y is first-countable
at the point b. Therefore, the space Y is first-countable, since it is homogeneous.
Hence, Y is metrizable, since it is rectifiable. Finally, it follows that Y is separable,
since the Souslin number of Y is countable. O
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A family 7 of non-empty open subsets of a space X is said to be a m-base of X at
a point a € X if every open neighbourhood of a in X contains some V' € n (see [7]).

Here is another restriction on a compactum B under which we can obtain even
a stronger conclusion:

Theorem 3. Suppose that B is a compact Hausdorff space of countable tightness
and that B = U{Y,, : n € w = {0,1,2,...}}, where each Y,, is dense in B and is
rectifiable. Then B and each Yy, are separable and metrizable.

Proof. Take any y € Y,,. Then there exists a countable 7w-base & of B at y, since the
tightness of the compactum B is countable (see [18] and [3]). Then n = {V NY,, :
V € &} is a countable m-base of the subspace Y,, at y, since Y, is dense in B.
Since Y, is rectifiable and Y;, has a countable m-base at y, it follows from a result
of A. Gul’ko [13] that the space Y, is metrizable. Therefore, each Y, has a o-
disjoint open base. Since Y,, is dense in B, it follows that B is first-countable and
that o-disjoint open bases in the subspaces Y,, can be extended, in a standard way,
to a point-countable base in B. It remains to use a well-known deep theorem of
A.S. Mischenko that every compact Hausdorff space with a point-countable base is
separable and metrizable (see [12], Problem 3.12.22(f)). O

The next result considerably generalizes Theorem 2.

Theorem 4. Suppose that B is a compact Hausdorff space which doesn’t admit a
continuous mapping onto the Tychonoff cube I“1. Suppose further that B = X UY,
where X and Y are non-locally compact rectifiable spaces. Then B, X, and Y are
separable and metrizable.

Proof. Clearly, Y and X are non-empty. Hence, B is non-empty. Since B cannot
be continuously mapped onto the Tychonoff cube !, it follows from a Theorem
of B.E. Shapirovskij (see [18], [3], Theorems 2.2.20 and 3.1.9) that there exists a
point @ € B such that B has a countable m-base at a. Without loss of generality,
we may assume that a € X. Put Z =B\ X and H = B\ Y. The spaces X and Y
are nowhere locally compact, since they are homogeneous and non-locally compact.
Clearly, the subspaces Z and H are nowhere locally compact as well. Thus, X, Y,
Z,and H are dense in B.

Since X has a countable 7m-base at a and X is rectifiable, it follows that the space
X is metrizable [13]. Hence, X is a space of countable type [1], which implies that
the remainder Z of X in B is Lindel6f [14].

By the Dichotomy Theorem for remainders of rectifiable spaces (see [6]), the re-
mainder H of Y in the compactification B of Y is either pseudocompact, or Lindelof.
Notice that H is metrizable, since H C X.

If H is pseudocompact, then H is compact, since H is metrizable. Therefore,
H is closed in B and Y is open in B, which implies that Y is locally compact, a
contradiction.

Hence, H is Lindel6f. Then H has a countable base, since H is metrizable.
Hence, B has a countable m-base, since H is dense in B, which implies that Y also
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has a countable 7-base, since Y is dense in B. Since the space Y is rectifiable, using
again a theorem of A. Gul’ko in [13], we conclude that Y is metrizable. Clearly, Y
is separable. It also follows that X is separable, since H is dense in X. Therefore,
B is separable and metrizable, as the union of two separable metrizable subspaces
(see [12], Corollary 3.1.20). O

The proof of Theorem 2 obviously contains a proof of the next statement:

Theorem 5. Suppose that B is a compact Hausdorff space and that B = X UY,
where X and Y are non-locally compact spaces. Suppose further that X is metrizable
and Y is rectifiable. Then B, X and Y are separable and metrizable.

3 On k-gentle paratopological groups

A group G with a topology 7 is called a paratopological group if the multiplication
(z,y) — x -y is a continuous mapping of G x G onto G.

Let us call a mapping f of a space X into a space Y k-gentle if for every compact
subset F' of X the image f(F) is also compact.

A group G with a topology will be called k-gentle if the inverse mapping r — x~
is k-gentle.

1

Proposition 1. Suppose that B is a compact Hausdorff space in which any non-
empty Gs-subspace has a point of countable character in this subspace. Suppose
further that B = X UY, where each Z € {X,Y} is a space with the following
properties:

— the space Z is not locally compact;

— if the space Z contains some point of countable character in Z, then the space
Z is metrizable;

—if bZ is a Hausdorff compactification of Z, then the remainder bZ \ Z is either
pseudocompact or Lindelof.

Then B, X, and Y are separable and metrizable.

Proof. Clearly, Y and X are non-empty, since they are not locally compact. Hence,
B is non-empty. Moreover, the sets X and Y are dense in B. Thus, B is a com-
pactification of the subspaces X and Y. There exists a point a € B such that B is
first-countable at a. Without loss of generality, we may assume that a € X. Then
the space X is metrizable.

If b € XNY, for some b, then the space Y is metrizable, as a space with the
countable character at b. In this case the proof is complete.

Assume that X NY = (). Clearly, X is a space of countable type [1], since X is
metrizable. It follows that the remainder Y of X in B is Lindelof [14].

Clearly, the space X is a remainder of the space Y in B. Hence, X is either
pseudocompact or Lindelof.

Case 1: X is pseudocompact.
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Then X is compact, since X is metrizable. Therefore, X is closed in B, a
contradiction. Thus, Case 1 is impossible.

Case 2: X is Lindelof.

Then X is separable, since X is metrizable. Hence, B is separable, which implies
that the Souslin number of Y is countable, since Y is dense in B. Lindel6fness of
X also implies that Y is a space of countable type, by the theorem of Henriksen
and Isbell [14]. Therefore, we can fix a non-empty compact subspace F' of Y with
a countable base of open neighbourhoods in Y. By the assumptions, there exists
a point ¢ € F such that B is first-countable at c¢. It follows that the space Y is
first-countable at c¢. Thus Y is a metrizable space with a countable Souslin number.
Hence, X and Y are separable and metrizable. It follows that B is separable and
metrizable, since B is compact and Hausdorff ([12], Corollary 3.1.20). O

Corollary 6. Suppose that B is a compact Hausdorff space such that |B| < 2“!.
Suppose further that B =X UY, where X and Y are non-locally compact k-gentle
paratopological groups. Then B, X, Y are separable, metrizable spaces, and X, Y
are topological groups.

In view of Proposition 1, this statement follows from the next proposition:

Proposition 2. Let G be a Hausdorff k-gentle paratopological group such that G is
first-countable at some point. Then:

1) the space G is metrizable;

2) G is a topological group;

3) any remainder of G in a Hausdorff compactification bG of G is either pseu-
docompact or Lindeldf.

Proof. Since G is a homogeneous space, the space G is first-countable. Every first-
countable Hausdorff space is a k-space ([12], Theorem 3.3.20). Hence G is a k-
space. It is obvious that if a k-gentle paratopological group is a k-space, then
this paratopological group is a topological group. Hence, 2) holds. Every first-
countable topological group is metrizable (see [8]). Therefore, 1) holds. By the
Dichotomy Theorem for remainders of topological groups (see [4,5]), since G is a
topological group, any remainder of GG in a Hausdorff compactification of G is either
pseudocompact or Lindel6f. Therefore, 3) holds. O

Example 7. Let X; be the space of all rational numbers of the interval I = [0, 1].
Clearly, X7 is homeomorphic to a topological group. The space Y7 = I\ X; is
also homeomorphic to a topological group. Take also the topological group D“!.
Put B=1IxD“, X =Xy xD*“ andY =Y, x DY, Then X and Y are dense
non-metrizable nowhere locally compact topological groups, B is a homogeneous
compact Hausdorff space with the cardinality 2¢!, and B = X UY. The space
B admits a continuous mapping onto I“' and the tightness ¢(B) = R;. Thus the
respective cardinal assumptions in Theorems 2, 3, 4 and Corollary 6 are essential.

We could also modify the definitions of B, X, and Y above so that each of the
spaces B, X, Y would admit a structure of a topological group.
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4 On Mal’cev spaces. Some questions

A Mal’cev operation on a space X is a continuous mapping p : X3 — X such
that p(z,x,z) = z and p(z,y,y) = z, for all x,y,z € X. A space is called a Mal’cev
space if it admits a Mal’cev operation (see [9-11,16,19]).

A homogeneous algebra on a space GG is a pair of binary continuous operations
p,q: G x G — G such that p(z,z) = p(y,y), and p(x, q(z,y)) =y, q(z,p(z,y)) =y
for all z,y € G. If the above conditions are satisfied, then the ternary operation
w(z,z,z) = q(x,p(y, z)) is a Mal’cev operation (see [9,10]).

A biternary algebra on a space G is a pair of ternary continuous operations
a,f: Gx Gx G — G such that a(x,z,y) = vy, a(f(x,y,2),y,2)) = z, and
Bla(x,y,2),y,2)) =z, for all z,y,z € G (see [16]).

In [9,10] (see also [19]) it was proved that for an arbitrary space G the following
conditions are equivalent:

1) @G is a rectifiable space;
2) G is homeomorphic to a homogeneous algebra;

3) There exists a structure of a biternary algebra on G.

A structure of a topological quasigroup on a space G is a triplet of binary con-
tinuous operations p,l,7 : G X G x G — G such that p(x,l(z,y)) = p(r(y,z),x) =
lz,p(x,y)) = l(r(x,y),z) = r(p(y,z),z) = r(z,l(y,z)) =y, for all z,y € G. If
there exists an element e € G such that p(e, ) = p(z,e) = z for any = € G, then we
say that G is a topological loop and e is the identity of G. Any topological quasigroup
admits the structure of a topological loop (see [16]). If e € G and p(e,z) = x for
any = € G, then x +y = p(y,x) and = -y = r(y, x) is a structure of a homogeneous
algebra.

If (G,-) is a topological group with the neutral element e, then the mapping
o(r,y) = (z,271 - y) is a rectification on the space G with the neutral element e,
and the mappings p(z,y) = ™'y and ¢(z, y) = z-y form a structure of homogeneous
algebra on G. Therefore, every topological quasigroup is a rectifiable space.

A space X is called k-perfect if the closure of any open subset of X is a G-set
in X.

Proposition 3. Let X and Y be any pseudocompact k-perfect subspaces of a Ty-
chonoff space Z such that Z = X UY, and X, Y are dense in Z. Suppose further
that X andY are Mal’cev spaces. Then the space Z is also k-perfect.

Proof. Let U be an open subset of the space Z. Weput V=XNU and W =Y NU.
There exist two sequences {V,, : n € w} and {W,, : n € w} of open subsets of the
space Z such that:

—cdxV={V,NX :new} and cdyW =n{W,,NY :n € w};
- Vo1 €V, and Wy C W, for any n € w.

Obviously, clzU = clzV = clzW. We put F + cl,U.
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We affirm that N{V,, : n € w} C F. Assume that H = (N{V,,: n € w}) \ F # 0.
By construction, H is a Gg-subset of Z and H C Y. Fix a point b € H. There
exists a continuous function f : Z — [0,1] such that b € f~1(0) C H. Then
the function g(z) = 1/f(x) is a continuous unbounded function on the space X, a
contradiction. Thus N{V,,:ne€w} CFN{W, :nec€w} CF. IfU, =V, UW,, then
W, :new}=F. O

Proposition 4. Let X and Y be pseudocompact subspaces of a compact Hausdorff
space B such that X and Y are dense in B and Z = X UY . Suppose further that
X and Y are Mal’cev spaces. Then:

1) The space B is a k-perfect Mal’cev space.

2) There exist Mal’cev operations p,n : B3 — B on B such that u(X3) = X
and n(Y3) =Y.

3) If X is rectifiable, then B is also rectifiable, and there exists a structure of
homogeneous algebra {+,-} on B such that X is a subagebra of B.

4) If X is a topological quasigroup, then there exists a structure of a topological
loop on B such that X is a subloop of B.

5) If the space X is a topological group, then on there exists a structure of a
topological group on B such that X is a subgroup of B.

6) B=pX =pY.

Proof. Since X is a pseudocompact Mal’cev space, the Stone-Cech compactification
BX of X is a compact Mal'cev space [17]. Any compact Mal’cev space is k-perfect
[10]. Thus, X and Y are s-perfect spaces, since they are dense subspaces of k-perfect
spaces. By Proposition 3, the space B is k-perfect. Now we need the following known
fact:

Fact 1: If Z is a pseudocompact subspace of a k-perfect compact Hausdorff
space B such that Z is dense in B, then B = 7.

Really, let F} and F5 be two closed subsets of Z and f : Z — R be a continuous
function such that Fy C f~(—2) and Fc f~1(2). There exist two open subsets U and
V of B such that UNZ C f~1(—=3,—~1)and VNZ C f~1(1,3). Then H = clgUNclgV
is a Gg-subset of B and, by construction, H C B\ Z. Since Z is pseudocompact,
we have H = (). Since F; C U and F» C V, we have clgF}| NclgFy = (. Therefore
B =pZ.

Thus, B = X = BY. Statements 1 and 6 are proved. The space X" is pseu-
docompact for any n € w. Hence, by virtue of Glicksberg’s Theorem ([12], Problem
3.12.20(d)), any continuous binary operation on X admits continuous extension on
B. Statements 2, 3 and 4 are established. O

Proposition 5. Let X be a subalgebra of a homogeneous algebra G. If the space
G is regular and Lindeldf, and the space X is of pointwise countable type and is
dense in G, then there exist a separable metrizable homogeneous algebra G’ and a
homomorphism g : G — G’ such that X = g~'(g(X)) and the mapping g is open
and perfect. In particular, it follows that X is a Lindelof p-space.
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Proof. By the assumptions, there is a pair of binary continuous operations p,q :
G x G — G on the space G such that:

= plz, ) = p(y,y), and p(z,q(z,y)) =y, q(z,p(z,y)) =y for all 2,y € G;

— p(z,y) € X and q(z,y) € X for all z,y € X.

We put e = p(z,z). If a € G, then p,(x) = p(a,z) and g,(x) = g(a,x) for any
r € G. We have ¢;! = p, and g,(e) = a. Thus, p, and ¢, are homeomorphisms.
Moreover, po(X) = gqo(X) = X for each a € X.

Let F' be a non-empty compact subspace of X with a countable base of open
neighbourhoods in X. We can assume that e € F. Since X is dense in G, the set
F' also has a countable base of open neighbourhoods in the space G. Therefore, X
and G are p-spaces (see [6], Proposition 2.1).

Since F'is a compact Gg-subset of the Lindelof algebra G, there exist a separable
metrizable homogeneous algebra G’ and a homomorphism g : G — G’ such that
F = g '(g(F)) and g is a perfect mapping [10]. The quotient homomorphism of a
Mal’cev algebra is an open mapping [10]. Thus, the mapping ¢ is open. We can
assume that ¢/ = g(e) and p(z,2) =€’ for any z € G'.

Let b€ g(X) C G Fixae XNg '(b). If H=g '(e/, then H C F C X and
0(H) = g~ (ap(¢') € X. Thus, g='(b) = g~ ' (q(¢') € X. Therefore, g~'(9(X)) =
X. The proof is complete. U

Since a pseudocompact rectifiable space X can be considered as a subalgebra of
the compact homogeneous algebra G = X, Proposition 5 yields

Corollary 8. If G is a pseudocompact rectifiable space of pointwise countable type,
then G is compact.

Theorem 9. Suppose that B is a compact Hausdorff space, B = XUY and XNY =
0, where X and Y are non-locally compact rectifiable spaces. Then X and Y either
are both pseudocompact, or are both Lindelof p-spaces.

Proof. Clearly, X is the remainder of Y in the Hausdorff compactification B of Y
similarly, Y is the remainder of X in the Hausdorff compactification B of X.

By the Dichotomy Theorem for remainders of rectifiable spaces (see [6]), each
of the spaces X and Y is either pseudocompact, or Lindelof. If both of them are
pseudocompact, then we are done.

Assume now that at least one of the subspaces X and Y, say X, is Lindelof.

By the Dichotomy Theorem for remainders in [6], the remainder Y of X in B is
either pseudocompact or Lindelof.

Case 1: Y is pseudocompact.

Lindel6fness of X implies that Y is a space of countable type, by the theorem of
Henriksen and Isbell [14]. Then Corollary 8 implies that Y is compact. Therefore,
Y is closed in B. Hence, X is open in B, which implies that X is locally compact,
a contradiction. Thus, Case 1 is impossible.

Case 2: Y is Lindelof.
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Lindel6fness of X and Y implies that X and Y are spaces of countable type, by
the theorem of Henriksen and Isbell [14]. Therefore, by Proposition 2.1 from [6], X
and Y are Lindelof p-spaces. The proof is complete. O

Observe that Theorem 9 doesn’t generalize to homogeneous Mal’cev spaces. In-
deed, a non-metrizable compactum can be represented as the union of two disjoint
dense copies of Sorgenfrey line (take the ”double arrow” space). It was shown in [17]
that Sorgenfrey line is a Mal’cev space. It is well-known that Sorgenfrey line is not
a p-space (see [5]). It is also clear that Sorgenfrey line is not pseudocompact.

Question 1. Is every rectifiable space of countable type paracompact? Normal?
Question 2. Does every rectifiable space of countable type admit a perfect
mapping onto a metrizable (rectifiable) space?
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Abstract. An extension of the concept of saddle point, a continuous property of two
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1 Introduction

Let A and B be nonempty sets and f : A x B — R be a function. We remember
that a point (a,b) € A x B is said to be a saddle point of f on A x B if

f(z,0) < f(a,b) < f(a,y), forall(z,y) € Ax B. (1)
The condition (1) is equivalent to

max min f(z,y) = &iggleagf(:v,y)- (2)

Let us consider a two-person zero-sum game Gy generated by the function f.
This means that the first player selects a point x from A and the second player
selects a point y from B. As a result of this choise, the second player pays the first
one the amount f (z,y). Then a point (a,b) € A x B is a solution of the game G
if and only if it is a saddle point of f on A x B.

The first saddle point theorem was proved by von Neumann [11]. Von Neumann’s
theorem can be stated as follows: if A and B are finite dimensional simplices and f is
a bilinear function on Ax B, then f has a saddle point; i.e (2) holds. M. Shiffman [14]
seems to have been the first to have considered concave-convex functions in a saddle
point theorem. H.Kneser [10], K. Fan [6], and C.Berge [1] (using induction and the
method of separating two disjoint convex sets in Euclidian space by a hyperplane)
proved saddle point theorems for concave-convex functions that are appropriately
semicontinuous in one of the two variables. H.Nikaido [12], on the other hand,
using Brouwer’s fixed point theorem, proved the existence of a saddle point for a
function satisfying the weaker algebraic condition of being quasi-concave-convex, but
the stronger topological condition of being continuous in each variable. M. Sion [16]
proved a very general saddle point theorem for a function which is quasi-concave and
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upper semicontinuous in its first variabile and quasi-convex and lower semicontinuous
in its second variable in a topological vector space.

Most of the effort has been spent on relaxing the assumptions on the concave-
convexity of f and also on the compactness condition for one of the sets A and
B. As examples we can give the papers of H. Tuy [17-19], J. Hartung [8], U. Passy
and E.Z.Prisman [13], G. H. Greco and C.D. Horvath [7], S. Simons [15], J. Yu and
X.Z.Yuan [20], etc.

A little less study was dedicated to the case when the function f is defined on a
proper subset M of A x B (for example P.S. Kenderov and R. E. Lucchetti [9].

This problem arises, for instance, in connection with the following two-player
game. The first player wants to choose a strategy a € A such that his payoff f(z,y)
is maximum. This choice depends on the choice y € B of the second player. Once
the leading player chooses some strategies x € A, the "move” of the second player
is to choose some y in the set of all the feasible strategies y € M5 C B. Then the
value
v = max min f(z,y)
is the maximum payoff that can be guaranteed for the first player.

Analogously, for the second player, the value

U= mip max f(z,y)
is the minimum loss that can be guaranteed for the second player.

Do v and U exist ? If so, is v = T equivalent to (1)? Therefore, in this paper we
study this problem by means of the notion of saddle point with respect to a set.

In Section 2 we give the definition of saddle point with respect to a set and we
show that this notion is effectively a generalization of the notion of saddle point. In
Section 3 some properties of the function f and f defined by (4) and (5) are given.
The existence of saddle point of bi-(1gm, Ign) strictly concave-convex functions is
studied in Section 4. The paper ends with an example which shows that the proved
theorems are consistent.

2 Saddle points with respect to a set

Let A and B be nonempty sets and M be a nonempty subset of A x B. We put
M, = praM = {x € A| 3y € B such that (z,y) € M},

My = prgM = {y € B| dz € A such that (z,y) € M}.
For each x € M; we denote by

My = {ye My|(z,y) e M} C B
and for each y € My we denote by
MY = {z € M|(x,y) € M} C

N
B
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Throughout the paper, My, My, MZ M}, where x € M; and y € Mo, will always
have this meaning.
Definition. Let A and B be nonempty sets, M be a nonempty subset of A x B and
f: M — R be a function. A point (a,b) € M is called a saddle point of f with
respect to M if

fz,b) < fla,b) < fla,y), (3)
for all x € M{’ and ally € M.
Example 1. Let

M = {(z,y) € [0,1] x [0,1] : = <y’} CRxR,

and f : M — R be defined by f (z,y) = —2% +¢*, for all (z,y) € M. For (a,b) =
(0,0) € M, we have f (z,0) = —22 < 0= f(0,0) < y?* = f(0,y), for all z € M} =
{0}, and y € MQ = [0, 1]. It follows that (a,b) = (0,0) is a saddle point of f with
respect to M.,

Example 2. Let A = [173]7 B = [172]7 M = {($72)|$ € [173]}U{(27y)|y € [172]}
and f : M — R, f(z,y) = = -y, for all (x,y) € M. Because for the point
(a,b) = (2,1) € M we have f(z,1) = =z < 2 = f(2,1) < 2y = f(2,y), for all
r € M} = {2}, and y € M§ = [1,2], this point is a saddle point of f with respect
to M.,

If M =Ax B, then M; = A, Ms = B and, for each x € M7 and each y € Ms,
we have M, = A and M, = B. It follows that if f: Ax B — R is a function, then
condition (3) is equivalent to condition (1). Hence the notion of saddle point with
respect to a set is a generalization of the notion of saddle point.

Remark 1. If f : A x B — R is a function and (a,b) € A x B is a saddle point
of f, then (a,b) is also a saddle point of f with respect to M, for each subset M of
A x B which has the property that (a,b) € M.
Usually, the converse is not true, as it can be seen below:
Example 3. Tet A= [1,3], B =[1,2), M = {(,2) | € [1,3)} U{(2 ) |y < [1,2))
and f: Ax B — R, f(z,y) = x -y, for all (z,y) € A x B. Then, the point
(a,b) = (2,1) € M is a saddle point of f with respect to M (see Example 1), but
(a,b) = (2,1) € A x B is not a saddle point of f (in the classical sense) because

f3,2)=6£2=f(21).

3 Some properties of the functions f and f

If f: M — R is a continuous function and M is a compact nonempty subset of
R™ x R", we consider the functions f: M; — R and f: My — R defined by

f(x) = min{f(z,y)|ly € My}, for all z € M, (4)

fly) = max{f(z,y)|z € MY}, for all y € Ms. (5)

The following assertion holds.



SADDLE POINTS WITH RESPECT TO A SET 73

Theorem 1. If M C R™ x R™ is a nonempty set, f : M — R is a function and
(a,b) € M is a saddle point of f with respect to M, then

fla) = f(b) = f(a,b). (6)
Proof. From f(z,b) < f(a,b), for all x € M}, we conclude that f(a,b) =
max{f(x,b) |z € M} = f(b), and from f(a,b) < f(a,y), for all y € Mg, we
deduce that f(a,b) = min{f(a,y)|y € M3} = f(a). Hence (6) is true. O

In the case when A C R™ and B C R"™ are nonempty compact sets,
M=AxB CR"xR"

and f : M — R is a continuous function, then the functions f and f are also
continuous on M; = A, respectively, on My = B. If M is not a cartesian product,
this property is not true, as seen in the following example.

Example 4. Let M = ({0} x [0, 1]) U ([0, 3] x {1}) and f : M — R be the
function given by f(z,y) = In(11 — z + %2), for all (x,3) € M. We have M; =
[0,3], My = [0, 1],

. [0,1], ifz=0 [ {0}, ifyelo, 1]
M?"{{u, if z €]0,3] Nﬁ"{[L3L ify=1

The function f: M; — R, given by

In 11, ifz=0
flx) = { In(12 —z), ifz €]0,3]

is not continuous. Moreover, max{f(z)|x € M} does not exist. But the function f
has a saddle point with respect to M; this point is (0,0)..

Remark 2. Let A CR™ and B C R" be nonempty sets, M a nonempty subset
of Ax B, f: M — R be a function and (a,b) € M. The following statements are
true:

i) If a € My is a maximum point of f and M? = {a}, then (a,b) is a saddle
point of f with respect to M. B

ii) If b € My is a minimum point of f and M$ = {b}, then (a,b) is a saddle
point of f with respect to M.

Theorem 2. Let M C R™ x R"™ be a nonempty compact set, a € My, b € Mo
and f: M — R be a continuous function. If

i) M§ = Mo,

it) b is a minimum point of the function f(a,-): My — R,

ii1) there exists a real number 6 > 0 such that

MlmB(CL,(S) - Mfa
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then the function f: My — R defined by
f(@) = min{f(z,y)ly € M3}, for allx € M,

15 continuous at a.

Proof. We begin the proof by noticing that, for each z € M;, y € M, the sets M5
and M/ are compact. In order to show that f is continuous at a, let € > 0. Then,
by the continuity of f on the compact M, there exists a positive real number 6,
such that

€
’f(xay) - f(u,v)] < 57
for each (x,y), (u,v) € M with

I(z,y) = (w, )| < 0.

Let & = min{d.,d0} and z € M; () B(a,d). Then, for each y € My, we have y € M,
because M3 C My = MS. Also, for each y € M5, we have

Fay) = Flay) < 5, ()

because B
It follows that
€

fle.y) > fla,y) = 5 = min{f(a,v)fv € M5} -

€
= a) — -,
fa)~
for each y € M3. Since M3 is compact and f is continuous, we have that

f(x) =min{f(z,y)ly € My} > fa) — 5 > [f(a) —¢,

| ™

l.e.

f(z) — f(a) > —¢, for each x € M; (| B(a,9). (8)

On the other hand, from
Ml ﬂB(aag) - Mf)

we deduce that x € M; () B(a, 5) implies x € M?, i.e. b € M§. Then, by (7), it
follows that -

’f(xab) - f(a7 b)‘ < 57
for each z € M, () B(a, ). Hence

f(@,b) < fla,b) + =,

for each 2 € M; () B(a, 4).
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It follows that, for each = € M; () B(a,d), we have
. . £
f(2) = min{f(z,y)ly € M7} < f(2,0) < fla,0) + 5 =

= win{f(a,y)ly € M§} +5 = fla) + 5,

by hypothesis ii). Consequently,
f(z) = fla) <e, for alla:EMlﬂB(a,g). 9)

By (8) and (9), the theorem follows. O

By analogy we have:

Theorem 3. Let M C R™ x R™ be a nonempty compact set, b € Mo, a € My and
f: M — R be a continuous function. If

i) My = M;,

i) a € My is a mazimum point of the function f(-,b) : M; — R,

iii) there exists a real number 6 > 0 such that

My () B(b,6) € Mg,
then the function f : My — R defined by

f(y) = max{f(z,y)|lz € M{'}, for all ye My,

18 continuous at b.

Remark 3. Let A C R™ and B C R" be nonempty sets, M be a nonempty
subset of Ax B, f: M — R be a function and (a,b) € M. If M = A x B, then the
conditions i) and iii) are self satisfied; therefore, in this case we obtain the classical
theorem with respect to the continuity of the functions f and f.

4 Saddle points of bi-(1gm=, lg~) strictly concave-convex functions

First we recall the notions of bi-(p,1) convex set (see [3]) and bi-(1gm, 1grn)
concave-convex function (see [4] and [5]).

Definition. Let ¢ : R™ — R™ and ¢ : R® — R" be two maps. A subset M
of R™ x R™ is said to be bi-(p,) convex either if M =0 or, if for every (z,vy),
(x,v), (u,y) of M and every t € [0, 1] we have

(p(z), (L —=t)(y) +t(v)) € M (10)

and
(1= t)p(@) + tp(u),¥(y)) € M. (11)
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We remark that if M C R™ x R™ is convex (in the classical sense), then M is
bi-(1gm, 1gn) convex. The converse is not necessarily true (see [4]).

Example 5. The set M = {(z,y) € [0,1] x [0,1] : # < y*} C R x R, is bi-(Ig, 1g)
convex, but not convex. Indeed, let (z,y), (x,v), (u,v) € M, and ¢ € [0,1]. Then
0<z<y?’<1,0<x<0v?<1, 0<u<v?<1. It follows that (x, (1 —t)y +tv) €
[0,1] x [0,1], (1 —t)x + tu,y) € [0,1] x [0,1] , and

(A =ty +tv)> = 1 —t)%y* +2t(1 — t)yv + t20? > (1 — )%z +2t(1 — t)z + t’z =

(1 -tz +tu < (1 —t)w? + tw? = v2. Hence (1g(z), (1 — t)1r(y) + tlg(v)) =
(z, (1-t)y+tv) € M and ((1 —¢) Ir (z) + tlr (u) , 1r (y)) = (1 —t) z + tu,y) € M.
On the other hand, (1 —1/2)(0,0) + (1/2) (1,1) = (1/2,1/2) ¢ M. Consequently,
the set M is bi-(1g, 1r) convex but not convex.,

Definition. Let M C R™ x R™ be a bi-(1gm,1rn) convex set. A function f :
M — R is said to be bi-(1gm, 1grn) concave-convex (strictly concave-convex) if for
every © € My the function f(x,-) : M, — R is convex (strictly convex) and for
every y € My the function f(-,y): M, — R is concave (strictly concave).
Example 6. Let M = {(z,y) € [0,1] x [0,1] : 2 <y?’} CRxR,and f: M — R be
defined by f (z,y) = —2% + y*, for all (x,y) € M. The set M is bi-(1g, 1g) convex
(see Example 5). One can easily show that f is bi-(1g, 1g) strictly concave-convex
(hence bi-(1g, 1g) concave-convex).,

More properties of them can be found in Refs. [3-5].

Theorem 4. Let M be a compact nonempty subset of R™ x R™, (a,b) € M and
f: M — R be a continuous function. If

i) the set M is bi-(1gm, 1gn) convez,

it) the function f is bi-(1gm,1gn) strictly concave-convez,

i) a is a maximum point of the function f : M1 — R defined by

f(z) = min{f(z,y)ly € M3}, for all z € My,
i) b is a minimum point of the function f(a,-): M, — R,

v) M$ = My,
vi) there is a real number 6 > 0 such that

B(b,6)( | M2 € M, for all x e M,

then (a,b) is a saddle-point of f with respect to M.

Proof. From hypothesis iv), we have
fla,b) < fla,y), forallye Mj.

Let us show that
f(a,b) > f(z,b), forall z € M?. (12)



SADDLE POINTS WITH RESPECT TO A SET 77

Assume, by contradiction, that there exists a point # € M such that

fla,b) < f(z,b).

Then, by the continuity of the function f(Z,:) : M3 — R, there exists an open
neighborhood V of the point b such that

fla,b) < f(Z,y), forally € VﬂMé’E
Without loss of generality, we can suppose that
V C B(b;6). (13)
Since # € M?, vi) and (13) imply
V(M € B(b;6)( | My € M3 (14)
From 1) and iv), we deduce that

f(a,b) < f(a,y), forallye Mg\ {b},

and hence
f(a,b) < fa,y), forall ye Mg\V. (15)

On the other hand, from iii) and iv) we have
f(a,b) = min{f(a,y)ly € M5} = f(a) > f(Z) = min{f(Z,y)|y € M3},
and hence there is a point 7 € Mé’z’ such that

f(a,b) = f(z,9).

Consequently, § ¢ V and hence § € M3 \ V.
Then, from v), we obtain that

jEMI\V CMS\V.
Since M§ \ V' is nonempty and compact and the function f(a,-): M§ — R is
continuous, then there exists min{f(a,y)|y € Mg\ V} and, by (15),

min{f(a,y)ly € M5\ V} > f(a,b).

Let
e = min{f(a,y)ly € Mg\ V} — f(a,b).
Then, by the continuity of f and the compactness of M, there exists a real number
© > 0 such that

‘f(xmy) - f(u,v)\ <&, (16)
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for all (x,y), (u,v) € M with

H(‘Tay) - (U,’U)H < u.

Let
. {3 ) i }
t =min § —, — , — ,
472/ — al|” 2[[7 — a|
and
¥ =(1—-t)a+tz. (17)

Obviously 0 < t < 1. We will show that
f(z*,y) > f(a,b), forallye M . (18)

Let y € Mé’” We distinguish two cases.
Case 1) If y € V, by (14), we have
y eV (M3,
ie. (Z,y) € M. Then
f(@,y) > f(a,b).

Also, from v) we have (a,y) € M. In view of i) and (17), we get (z*,y) € M.
Since f is bi-(1gm, 1gn) strictly concave-convex, we have

f(x*vy) = f((l _t)a_‘_tjvy) > (1 _t)f(a¢y) +tf(j7y) >

> (1 - t)f(a, b) + tf(a7 b) = f(a7 b)7
because

fla,y) 2 min{f(a,v)[v € My} = f(a) = f(a,b).
Case 2) If y € MZ" \ 'V, from

16" 9) — @)l = lla* - al] < g
and (16), we have
|f(z",y) — fla,y)| <e.

Then
f(x*vy) = f(x*vy) - f(avy) +f(a7y) > _E+f(a7y) =

= —min{f(a,v)lv € M§\V} + f(a,b). + f(a,y) > f(a,b).

Consequently, (18) is true.
By (18), it follows that

f(@*) = min{f(*,y)ly € M5} > f(a,) = f(a)

which contradicts hypothesis ii7). Then (12) is true and hence (a,b) is a saddle-
point of f with respect to M. O
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Example 7. For
M ={(zy) €0,1]x [0,1] : = <y°} CRXE,
(a,b) =(0,0) € M, and f: M — R defined by
f(x,y) = —2>+4*, forall (z,y) € M,

the hypotheses of Theorem 4 are satisfied.

Indeed, the set M is compact nonempty and f is continuous. Moreover,

i) The set M is bi-(1r, 1r) convex (see Example 5), hence 7) holds.

1) The function f is bi-(1r, 1r) strictly concave-convex (see Example 6), hence
i1) is true.

ii1) For each = € My = [0, 1], we have

f(x) = min{—22 + ytly € MF} = —2? + 22 =0,

hence a = 0 is a maximum point of f on M;.
iv) For each y € MY = [0, 1], we have

f(07y):y220:f(070)7

hence iv) is true.
v) Since MY = My = [0, 1], the hypothesis v) is satisfied.
vi) For each x € MY = {0}, and § > 0 we have

B(0,6) " My € M§ = MY =10,1],

because My = [0, 1], hence vi) holds.
Then, in view of Theorem 4, the point (a,b) = (0,0) is a saddle point of f with
respect to M (see Example 1).,
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A heuristic algorithm for the non-oriented
2D rectangular strip packing problem

V.M. Kotov*, Dayong Cao

Abstract. In this paper, we construct best fit based on concave corner strategy
(BFBcc) for the two-dimensional rectangular strip packing problem (2D-RSPP), and
compare it with some heuristic and metaheuristic algorithms from the literature. The
experimental results show that BFpcc could produce satisfied packing layouts, espe-
cially for the large problem of 50 pieces or more, BFgcc could get better results in
shorter time.

Mathematics subject classification: 34C05.
Keywords and phrases: Rectangular strip packing, Heuristic, Best-Fit, Concave
corner.

1 Introduction

Two-dimensional packing problem (2D-PP) has been proved to be NP-hard ac-
cording to the combinatorial explosion with the problem size increasing [1]. Because
the applications of the problem in business and industry are very extensive, during
recent years, many researchers have provided various methods to process it. These
methods could be broadly categorized into three kinds: exact algorithm, heuristic
algorithm and metaheuristic algorithm [3].

Some exact algorithms could be found in [5-8]. A major drawback of these
methods in that they can not provide good results for large instances of the
problem [2].

During recent years, many heuristic packing algorithms have been suggested in
the literature. Surveys on these methodologies for various types of the 2D rectan-
gular packing problem could be found in [4], and these heuristic algorithms could
produce good packing layout in an acceptable time, especially for large problems.
The most documented heuristic approaches are the bottom-left (BL) [9] and bottom-
left-fill (BLF) methods [10]. Based on these two methods, many improved algorithms
have been presented in literature, see [2,11,12].

Now, metaheuristic algorithms have been important methods in producing pack-
ing layout for 2D-PP. These are usually hybridized algorithms involving the genera-
tion of input sequences interpreting with placement heuristics such as BL, BLF and
other placement strategies, see [2,4,13,14].

© V.M. Kotov, Dayong Cao, 2011
*This author is corresponding author
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In this paper, we construct best fit based on concave corner strategy (BFpcoc)
for the two-dimensional rectangular strip packing problem (2D-RSPP), and compare
it with some heuristic and metaheuristic algorithms from the literature. According
to the category in [15], the problem belongs to the type of RF: the items could be
rotated by 90° and no guillotine constraint is proposed. The experimental results
show that the BFpcc is an efficient heuristic algorithm for 2D-RSPP.

2 The problem

Two-dimensional rectangular strip packing problem (2D-RSPP) could be formu-
lated as follows: Let W denote the width of the strip with infinite height, and
P = {p;j(w;, h;),i =1,2,--- ,n} be a set of n rectangular pieces. Each piece p; has
width w; and height h; (w;, h; € Z1) with at least one edge no bigger than the W.
The objective of the algorithm is to pack all pieces onto the strip orthogonally and
pieces could be rotated by 90°, at the same time, try to minimize the used height h
of the strip with no two pieces overlap, see Figure 1.

yA

h
0,0) i

e W ————————» X

Figure 1. Two-dimensional rectangular strip packing problems

3 A new heuristic algorithm for the 2D-RSPP(BFpgcc)

3.1 Definitions

For describing the algorithm expediently, we put the strip in the Cartesian sys-
tem of coordinates, let the left-bottom vertex be superposed over the origin of the
coordinate, and the right-bottom vertex in the x-axis, see Figure 1.

1. Let C; denote the ” Concave Corner”(CC). The CC is constructed by two
edges, and the size of the angle is 90°, at the same time, the CC does not belong to
any packed pieces and the corner direction is left-top or right-top.

2. The CC includes two kinds, one is ” Real Concave Corner(RCC)” with all
edges belonging to some packed pieces or the strip, it is denoted as C*. The other
kind is ”Sham Concave Corner(SCC)” with at least one edge of the corner being
the elongation line of the edges of some packed pieces, the SCC' is denoted as C'—,
see Figure 2.
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3. Define U = {C4(zC1,yC1), Co(xCo,yCs), - ,Cp(xCyp,yCyr)} to denote a set
of Concave Corner before packing a piece, here, the (zC;, yC;) is the coordinate of
the vertex of the C;. Obviously, every Cj is a candidate position for the new piece.

4. Temp packed height (TH): After packing a piece onto the strip, the used
height of the strip should be computed, which is denoted as T'H for current state of
the strip.

5. For a piece p;(wj, h;), define W_IU = {C;lyC; + h;y < TH,w; > h;},
W_hU = {C,\yC, + h; > TH,w; > hi}, H.IU = {C’Z\yCZ + h; <TH,w; < hz} and
H_hU = {CHyCZ 4+ h; >TH w; < hl}

6. Fitness value of C; for one piece: A new piece p; with w; > h; is packed
onto the board at the position C}, diagnosing whether the p; intersects with some
packed pieces or the edges of the strip, if the p; could be deposited. Let s denote the
number of edges which is touched with some packed pieces and t denotes the number
of concave corner which has been occupied by the piece p;. Then we compute the
parameter W _pF'it_C; using formula W _pFit C; = 2s + ZZZI Q-

If piece p; could be packed onto the strip with corner of the piece at C;, then
s should be computed by querying all packed pieces in the strip. After that check
every CC in U: if p; occupies a real concave corner then g is equal to 2; if p;
occupies a sham concave corner then g is equal to 1. Similarly, we could define the
H _pFit_C; when h; > w;.

yh
C3 Cy o
¢ cj § CireC
- o ¢; scc
C}L C} 11 12 TH
c; ¢ l
(0,0) Cs Cs -
X W X

Figure 2. RCC and SCC

3.2 Best fit based on concave corner (BFpcc) placement strategy

BFpcc heuristic initially adjusts every p; in P such that w; > h; and puts all p;
with w; bigger than the width of the strip into the front of the packing sequence P,
the startPosition denotes the number of such pieces. Then BF Fpcc sorts the P
from the position with subscript startPosition to the end by non-increasing height
(resolving equal height by non-increasing width).

Before any piece is packed onto the strip, the U = {C7(0,0),Cy(W,0)} should
be initialized , here C1 is the left-bottom concave corner of the strip and C5 is the
right-bottom concave corner.

When a piece p; being packed onto the board, the W_{U is computed if |[W_{U| >
0, namely, there exist positions for p; such that the p; does not exceed the T'H and the
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W _hU should not be computed, otherwise, computes the W _hU. Then exchanges
the w; with the h; and computes H_[U, if |H_U]| is zero, then the H_hU should be
computed, otherwise, H_hU need not, the following rules decide the position for the
piece p;.

Selecting Rules:

1) if [W.liU| > 0 and |[HIU| > 0, let W_lps denote the position C; with
highest fitness value W_pFit_C; and lowest yCj + h;, if the positions satisfying this
condition are more than one, then select the first. Then change the w; with h; such
that w; < h; and then the p;(w;, h;) would be denoted as p;-(w;-,h;-) , let H lpes
denote the position C} with highest fitness value H_pFit_C} and lowest yCj + h;.
If W_pFit_C; > H_pFit_Cy, then select the position W _l.s as the best position for
pi(wi, hy), if W_pFit_.C; < H_pFit_C}, then select the H I as the best position for
p;(w;, h;), it W_pFit_C; equals to H_pF'it_C}, then select the position with minimal
value between yC; + h; and yCj, + h;-, it yCj+h; = yCp + h;- then select the position
with minimal value between yC; and yCj,.

2) if [W.U| > 0 and |H_IU| = 0, select the position C; with highest fitness
value W_pF'it_C; and lowest yC; + h; as the best position for the p;(w;, h;).

3) if [W.U| =0 and |H_IU| > 0, exchange the w; with h; such that w; < h;,
then select the position C} with highest fitness value H _pF'it_C}, and lowest yC + h;
as the best position for the piece p;(w;, h;)

4) if [WIU| =0 and |H_IU| = 0, select the position Cy from W_hU and H_hU
with lowest yC; + h; and yCy.

After selecting the best position for the p;(w;, h;) and packing it, updates the
TH and U according to the current packing layout of the strip.

v
Cq Co
+

7, ct Ci RCC

. - cisce
q C; 11 12 TH

¢ ¢

c; G Ps

— W — ¥
Figure 3. An example of BFpc¢ placement strategy

An example is given in Figure 3: before the piece pg arrival, the U =
{cf,Cf - ,CF,Cy,Cy ,-++ ,C1,}, which means that there exist 12 candidate
positions for the piece pg. By checking every C; in U, we could get W_IU =
{Cf,Cyf,CF,Cf,C;,C}, then exchange w; with h;, we have H U = {C}, Cy,
Cy,Cf,C,Cf,Cp, 0L}, according to the rules 1 with [W_IU| > 0 and |H 1U| >
0, the W_hU and the H_hU need not be computed. Then compute Fitness value
for every ” Concave Corner” in W_IU using formula(1l), we have: W_pF it_C’f' =
W _pFit C =10, W _pFit_Ci- = W pFit Cf =6, W_pFit_C;; =5, W _pFit Cy, =
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3,80 Wlpest = W_pF it_C’f' . Then exchange w; with h; such that h; > w; and piece
pg we denoted p%(wé,h%). After that we have H pFit Cy = H_pFit C)} = 10,
H pFit Cd = H pFit Cf =6, H pFit-C;; =3, HpFit_Cy =3, 50 H lpest = C .
Here we found the fitness of W _lpos: and H _lp.s; that are same, but yClJr + hg >
yC'?jr + hé. So, we select C’;’ as the best position for the piece pg(wé, hé). After
packing the piece pg, U should be updated, but TH needn’t be updated because
yC'?jr + hé is no more than T H.

The whole placement heuristic algorithm could be described as Algorithm 1.

Algorithm 1 heuristic packing (packing sequence P, strip width stripWidth)

adjusts every p;(w;, h;) in P such that w; > hy;
startPosition < 0;
for i =1 to |P| do
if w; > stripWidth then
eXChangeS bi with DPstartPosition;
startPosition < startPosition + 1;
end if
end for
sorts the P by non-increasing height (resolving equal height by non-increasing
width) from the position with subscript startPosition to the end;
TH <= 0;
J<=0;
U < {C1(0,0), Co(stripWidth,0)};
while packing sequence P is not null do
WU < o, W_hU <= g;
HIU < @, HhU < g;
gets p; from the packing sequence P;
if w; is bigger than stripWidth then
exchanges w; with hj;
end if
computes the W_IU, W_hU, H_IU and H_hU based on the definitions men-
tioned above;
selects the best position C for p; from W_IU, W_hU, H_IU and H_hU according
to the selecting rules;
packs the p; onto the board at the position C;
removes the p; from packing sequence P;
if the used height of current strip is exceeded than T'H then
updates T H;
end if
updates U such that U includes all CC' at the current state;
J=1+1L
end while
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Obviously, BFpcc algorithm includes the Bottom-left(BL), Best-fit-fill(BLF)
algorithms etc, and it could process the "hole” easily.

4 Experiments

The test program has been coded in c++ language and run on a IBM T400
notebook PC with 2.26 GHZ CPU and 2048 MB RAM, test data coming from [2,4]
are used to compare the BFpcoc with some heuristic and metaheuristic algorithms.
All test results except BFpcoc are obtained from [2], which is performed on a pc
with 850 MHz CPU and 128 MB RAM. For all instances, the best solutions are
shown in bold type.

Table 1 shows that the BFpcc outperforms Bottom-Left, Bottom-Left-Fill and
Best-Fit [2] in almost all test data, even when preordering is allowed (DW means
"decreasing width” and DH means ”decreasing height). The computational results
of metaheuristic approaches (GA+BLF, SA+BLF) and Best-Fit [2] could be found
in Table 2. We can see that BFpcc could gives better results than GA + BLF,
SA+ BLF and Best — Fit quickly.

Table 1. Comparison of the BFpc¢ heuristic with some heuristic algorithm (% over
optimal)

Category: C1 C2 C3 C4 C5 C6 Cr
Problem: P1 P2 P3 P1 P2 P3 P1 P2 P3 P1 P2 P3 P1 P2 P3 P1 P2 P3 P1 P2 P3
Number: 16 17 16 25 25 25 28 29 28 49 49 49 72 73 72 97 97 97 196 197 196

BL 45 40 35 53 80 67 40 43 40 32 37 30 27 32 30 33 39 34 22 41 31
BL-DW 30 20 20 13 27 27 10 20 17 17 22 22 16 18 13 22 25 18 16 19 17
BL-DH 15 10 5 13 73 13 10 10 13 12 13 6.7 44 10 7.8 83 83 92 5 10 7.1
BLF 30 35 25 47 73 47 37 50 33 25 25 27 20 23 21 20 18 21 15 20 17
BLF-DW 10 15 15 13 20 20 10 13 13 10 5 10 5.6 6.7 56 5 42 42 46 34 29
BLF-DH 10 10 5 13 73 13 10 6.7 13 10 5 5 44 56 44 5 25 6.7 3.8 29 3.8
BF 5 10 20 6.7 6.7 6.7 6.7 13 10 5 3.3 3.3 3.3 2.2 3.3 25 1.7 3.3 29 1.7 21

BFgce 5 5 10 6.7 6.7 6.7 6.7 6.7 6.7 5 3.3 3.3 2.2 3.3 1.1 1.7 1.7 1.7 1.7 1.3 1.7

5 Conclusion

In this paper, a new heuristic algorithm (B Fpc¢) for no-oriented 2D-SP problem
has been proposed. The approach is tested on a set of instances taken from the
literature and compared with some heuristic algorithms (Bottom-Left, Bottom-Left-
Fill and Best Fit) and some metaheuristic algorithms (GA + BLF and SA + BLF),
the experimental results show that BFpcc could produce better-quality packing
layouts than these algorithms, especially for the large problem of 50 pieces or more,
BFpcc could get better results in shorter time.



Table 2. Comparison of the BFpc¢ heuristic with BF and some metaheuristic methods (GA + BLF, SA + BLF)

GA+BLF SA+BLF Best Fit BFpcc GApest-BF oo SApest-BFBocc BF-BFpcc

Data set Cat. Problem Number Optimal height Best Time(s) Best Time(s) Sol. Time(s) Sol. Time(s) Abs. %Impv. Abs.  %Impv. Abs. %Impv.
Hopper C1 P1 16 20 20 3.4 20 1.1 21 <0.01 21 0.01 -1 -5.0 -1 -5.0 0 0
P2 17 20 21 0.5 21 0.8 22 <0.01 21 0.01 0 0 0 0 1 4.5

P3 16 20 20 7.1 20 0.8 24 <0.01 22 0.01 -2 -10.0 -2 -10 2 8.3

Cc2 P1 25 15 16 1.3 16 6.5 16 <0.01 16 0.02 0 0 0 0 0 0
P2 25 15 16 2.2 16 139 16 <0.01 16 0.03 0 0 0 0 0 0

P3 25 15 16 1.0 16 13.6 16 <0.01 16 0.02 0 0 0 0 0 0

C3 P1 28 30 32 74 32 20.3 32 <0.01 32 0.03 0 0 0 0 0 0
P2 29 30 32 12.4 32 225 34 <0.01 32 0.05 0 0 0 0 2 5.9

P3 28 30 32 11.6 32 18.3 33 <0.01 32 0.04 0 0 0 0 1 3

C4 P1 49 60 64 35 64 65 63 <0.01 63 0.16 1 1.6 1 1.6 0 0
P2 49 60 63 48 64 46 62 < 0.01 62 0.13 1 1.6 2 3.1 0 0

P3 49 60 62 61 63 70 62 <0.01 62 0.14 0 0 1 1.6 0 0

Cs5 P1 72 90 95 236 94 501 93 0.01 92 0.40 3 3.2 2 2.1 1 1.1
P2 73 90 95 440 95 285 92 0.01 93 0.37 2 2.1 2 2.1 -1 -1.1

P3 72 90 95 150 95 425 93 0.01 91 0.29 4 4.2 4 4.2 2 2.2

C6 P1 97 120 127 453 127 854 123 0.01 122 0.67 5 3.9 5 3.9 1 0.8
P2 97 120 126 866 126 680 122 0.01 122 0.64 4 3.2 4 3.2 0 0

P3 97 120 126 946 126 912 124 0.01 122 0.61 4 3.2 4 3.2 2 1.6

C7 P1 196 240 255 4330 255 4840 247 0.01 244 4.11 11 4.3 11 4.3 3 1.2
P2 197 240 251 5870 253 5100 244 0.01 243 4.31 8 3.2 10 4.0 1 0.4

P3 196 240 254 5050 255 6520 245 0.01 244 3.39 10 3.9 11 4.3 1 0.4
Burke N1 10 40 40 1.02 40 0.24 45 <0.01 44 <0.01 -4 -10 -4 -10 1 2.2
N2 20 50 51 9.2 52 814 53 <0.01 54 0.02 -3 -0.59 -2 -3.8 -1 -0.3

N3 30 50 52 2.6 52 395 52 <0.01 54 0.04 -2 -3.8 -2 -3.8 -2 -3.9

N4 40 80 83 12.6 83 84 83 <0.01 83 0.11 0 0 0 0 0 0

N5 50 100 106 52.3 106 228 105 0.01 106 0.15 0 0 0 0 -1 -1

N6 60 100 103 261 103 310 103 0.01 102 0.19 1 1 1 1 1 1

N7 70 100 106 671 106 554 107 0.01 103 0.35 3 2.8 3 2.8 4 3.7

N8 80 80 85 1142 85 810 &4 0.01 82 0.39 3 3.5 3 3.5 2 2.4

N9 100 150 155 4431 155 1715 152 0.01 155 0.61 0 0 0 0 -3 -2.0

N10 200 150 154 2 x 10* 154 6066 152 0.02 152 2.79 2 1.3 2 1.3 0 0

N11 300 150 155 8 x 10* 155 3 x 10 152 0.03 154 6.68 1 0.5 1 0.6 -2 -0.7

N12 500 300 313 4x10° 312 6 x 10* 306 0.06 306 26.88 7 2.2 6 1.9 0 0

N13 3152 960 - - - - 964 1.37 962 3291.20 2 0.2

THVINDNVIOHY de AHLNHTHO-NON HHI 404 WHLIHODTV DILSTHNHH V
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Evolution Equations
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Abstract. In this paper, we present a few recent existence results via variational
approach for the Cauchy problem
dy

5 O+ AWy > f(t), y(0)=yo, te[0,T],

where A(t) : V — V' is a nonlinear maximal monotone operator of subgradient type in
a dual pair (V, V") of reflexive Banach spaces. In this case, the above Cauchy problem
reduces to a convex optimization problem via Brezis—Ekeland device and this fact
has some relevant implications in existence theory of infinite-dimensional stochastic
differential equations.
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1 Introduction

Consider the Cauchy problem

dy

< O FA@y(E) 3 £(1), te(©0.1),

y(0) = yo,

(1.1)

where y : [0,T] — V, fl—? :(0,7) = V', f:(0,T) — V' and yg € H. Here V is a
real reflexive Banach space with the dual V' and H is a real Hilbert space such that
V C H C V' algebraically and topologically.

The scalar product on H and the duality pairing between V and V' are both
denoted by (+,-) and the latter coincides with the scalar product of H on H x H C
V x V'. Here A(t) : V — V', t € (0,T), is a family of maximal monotone operators

on V x V' of the form (see, e.g.,[4])
A(t) = 0p(t,-) ae. te€(0,T), (1.2)

where @(t,) : V — R =] — 00, +00] is a family of convex and lower-semicontinuous
functions and dp(t,-) : V' — V' is the subdifferential of (¢, ) (see, e.g., [4,5]).

By strong solution to (1.1) we mean a measurable function y : (0,7) — V
which is H-valued continuous and V’-absolutely continuous on [0,7] and satisfies
a.e. equation (1.1) on (0,7") along with the initial value condition y(0) = yg € H.

© Viorel Barbu, 2011
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We recall that
Op(t.y) ={z € V'; o(t,y) < p(t,u) + (y —u,2), Vue vV} y eV, (1.3)
and the conjugate function ¢*(t,-) : V' — R" is defined by (see, e.g., [4,5])
" (t,z) = sup{(y,2) — p(t,y); y€V}, V2 e V' (1.4)
We recall also the duality relations (see [5])

ot,y) + 0" (t,2) > (y,2), VyeV, ze V', (1.5)
et,y) +¢"(t,z) = (y.2) iff 2 €00t y). (1.6)

By virtue of (1.5) and (1.6), we may rewrite equation (1.1) as

il (@) +2(t) = f(t), et,y(t) +¢*( 2(t) = (y(t),2(1)),t € (0,T).

i
Equivalently,
)+ (ni0 -G 0) = (o s0-Fw).
a.e. t € (0,7).

In other words, any strong solution y to (1.1) can be viewed as solution to the
minimization problem

NM{A@mmm+¢QJ@—%aﬁ—@wxw—%aﬁm} (18)

The exact formulation of (1.8) will be given later on, but is easily seen that if one
takes the minimum in (1.8) on the space

1

+==1 1<p<oo},

, 1
W, ={yeroriv), ¥ ero.rvy L

dt

then (1.8) reduces to the convex optimization problem

T
vtinf [ (le.ule) + ¢ 6,50 5 (0~ (0, 50 ) at

1 (1.9)
3 D — ) v €W, -

Conversely, one might expect that every solution y to problem (1.9) is a strong
solution to the Cauchy problem (1.1) and we shall see that this is indeed the case
under suitable assumptions on A(t) = d¢(t, -). This is the fundament idea behind the
variational approach to equation (1.1), which goes back to the influential works [7,8]
of Brezis and Ekeland (see, also, Nayrolles [12]). Now this is known as Brezis &
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Ekeland principle and it was a fertile idea used later on in a variety of situations
(see [1-3,9-11,13,14]). Though, in general, the equivalence of problems (1.1) and
(1.9) is still an open problem and it is not true in general, this principle leads to a
variational formulation of a large class of nonlinear Cauchy problems which, from
the point of view of mathematical physics and numerical computation, represents
a great advantage. As a matter of fact, by this device the Cauchy problem (1.1)
reduces to a convex optimization problem for which a large set of strategies which
belong to convex analysis are applicable. This approach is, in particular, useful
for the time-dependent Cauchy problems of the form (1.1) for which a complete
existence theory is known only in a few situations requiring either time-regularity
of the operator A(t) or polynomial growth conditions from V' to V' (see [4], Section
4.4). In applications to stochastic differential equations of the form

dX + AX(t)dt = dW (1), t € (0,T),
X(0) = yo,

in a probability space {Q, F, F;, P}, where A = 0p and W is a Wiener process on
H, we are lead to an equation of the form (1.1) by the transformation y = X — W}
and get the random differential equation

(1.10)

d
AW+ W) =0, te (),

y(0) = yo.

(1.11)

Since the function ¢ — W (t) is not smooth, we are lead to an equation of the form
(1.1) when A(t)y = A(y + W(t)) for which the standard existence theory is not
applicable but which can be reformulated in terms of (1.9). This problem, which
is discussed in details in [4, 6], represents a viable and promising approach to the
existence theory of infinite-dimensional nonlinear stochastic differential equations.

Notation and definitions

If Y is a Banach space with the norm | - |y, we denote by LP(0,7;Y), 1 <
p < oo, the space of all Y-measurable functions u : (0,7) — Y with ||ully €
LP(0,T). By C([0,T];Y) we denote the space of all continuous Y-valued functions on
[0, 7] and by W1?([0,T];Y) the Sobolev space {y € LP(0,T;Y); & € LP(0,T);Y)},
where % is taken in the sense of vectorial distributions on (0,7"). Equivalently,
WP([0,7];Y) is the space of absolutely continuous functions u : [0,7] — Y which
are a.e. differentiable and 4 € LP(0,T;Y). (See [4,5].)

Everywhere in the following, O is an open and bounded subset of the Euclidean
space R%, d > 1, with smooth boundary 0O (of class C?, for instance) and W¥*P(0),
keN, 1<p< oo, are standard Sobolev spaces on O, i.e.,

WkP(O) = {u € LP(O); D*u € LP(O), |a| < k}. (1.12)

W(f P(0) is the subset of functions in WP () which are of trace zero on 9O.
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We set H} (O) = W,2(O).

A multivalued function (graph) 3 : R — 2% is said to be mazimal monotone if it
is monotone, that is, (v1 —v2)(us + ug) > 0 for v; € B(u;), i = 1,2, and the range of
u — u + B(u) is all of R. Any maximal monotone graph 3 : R — 2% is of the form
B = 07, where j : R —] — 00, 4+00] is convex and lower-semicontinuous. (This is the
potential function corresponding to (3.)

2 Existence for the Cauchy problem (1.1)

2.1 The main results

We study here problem (1.1) under the following hypotheses:

(i) V is a real Banach space with the dual V' and H is a real Hilbert space such
that V.C H C V' algebraically and topologically.

Denote by (-, -) the pairing between V' and V' and, respectively, the scalar product
on H. The norms of V, V/ and H are denoted by || - ||v, || - |lv» and | - |-

(ii) A(t)y = 9p(t,y) a.e. t € (0,T), Yy € V, where ¢ : (0,T) x V — R is
measurable in t on (0,T) and lower-semicontinuous on V with respect to y.
There are a1, 0 > 0, 71,72 € R and 1 < p1 < pa < o0 such that

1+ azlullf < ot u) < vo + asljullf?, Yu eV, ae. t € (0,T). (2.1)

Instead of (ii) we consider the following alternative weaker assumption on .

(iii) A(t) = 0p(t,-), where ¢ : (0,T)x H — R is measurable in t, conver and lower-
semicontinuous in y on H and for each M > 0 there is Cpy > 0 independent
of t such that

o(t,u) < Cuy ae te€(0,7), |lully <M, (2.2)
A+ alullif < etu), YueV, ae te(0,T). (2.3)

It should be mentioned that both hypotheses (ii), (iii) imply that ¢(t, -) is continuous
on V for almost all ¢ € (0,7") but no differentiability conditions so A(t) = dy(t,-)
might be multivalued as well.

Hypothesis (iv) below is a symmetry condition on u — ¢(t,u) for large |jul|y .

(iv) There are C1,C2 € RT such that
o(t,—u) < Crp(t,u) +C2, YueV, ae. t € (0,T). (2.4)

Theorems 2.1, 2.2 below are the main results.

Theorem 2.1. Under hypotheses (i), (ii), (iv), for eachyo € V and f € LP1(0,T; V")
there is a unique strong solution to (1.1) satisfying

y € LPY(0,T; V)N C([0,T); H) N WhP2([0,T]; V'), (2.5)
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wherepii+pi;:1,1<pi<oo,i:1,2.

Moreover, y is the solution to the minimization problem

i [ (et + ¢ (170 - % @) - @050

(2.6)
b (D) w € I O,T5V) W0, ] V), w(0) = o

We have also

Theorem 2.2. Under hypotheses (i), (iii), (iv) for each yo € V and f € LP1(0,T; V")
there is a unique strong solution to (1.1) such that

y* e LPY0,T; V)N C([0,T]; H) n Whi([0,T]; V). (2.7)

Moreover, y* is the solution to the minimization problem (2.6).

2.2 Examples to PDEs

Now, we pause briefly to see how Theorems 2.1 and 2.2 apply to a few standard
parabolic nonlinear boundary value problems.

Example 2.1. (Semilinear parabolic equations) Consider the boundary value
problem

O Ay B(y) 3 1(1,8), 1EOT),E€O,
¥(0,£) = yo(§), £eo, (2.8)
y(t,§) =0, on (0,T) x 00.

Here © C R%, d > 1, is a bounded open domain with smooth boundary 9O and
B:(0,T) x R — 2R is a maximal monotone graph in y for almost all ¢ € (0,T) and
is measurable in t.

Denote by j(t,:) : R — R the potential associated with (¢, ) that is,
orj(t,r) = p(t,r), VreR, te(0,T),
and assume that
Jjt,r) < v+ as|rP2, VreR,

<
- ] (2.9)
< Cyj(t,r) + Co, Vr € R,

Y1 + Oél|7‘|p1
j(t7 _T)

where 1 < p; < py < oo and Cy,aq,a > 0, 1,72, Cs € R.
We apply Theorem 2.1, where V = H}(O) N LP1(O), V! = H-1(O) + L (0),
where H=1(O) = (H}(0))" is the dual of H}(O), and ¢ is the function

ot ) = /O (% Vu()? + j(t,u(g))> dé, YucV, te(0,T). (2.10)

Then, by Theorem 2.1, we obtain that
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Corollary 2.1. Under assumptions (2.8) for each f € LP2(0,T; H~*(O) + LP1(0))
and yo € V there is a unique solution y to (2.8) which satisfies

y € LPY(0,T; H} (O) N LP*(0)) N C([0,T]; L*(0)), (2.11)
% € LP2(0,T; H1(0) 4+ L1 (0)). (2.12)

Similarly, by Theorem 2.2 we have
Corollary 2.2. Assume that, instead of (2.8), the function j satisfies the weaker
assumption j(t,—r) < C1j(t,r) + Cy for all r € R and

4+ as|rPt < j(t,r), VreR, te (0,T),
{71 a7 j(t,r) (0,T) (2.13)

jt,r) < Cm, Ve[ <M, VM >0, t € (0,T).

Then, for f € LP1(0,T; H=1(O) + LP1(O)) and yo € V, there is a unique solution y
to (2.8) satisfying (2.11) and

0 /
a—i{ e LY0,T; H~1(0) + L (0)). (2.14)
The conjugate ¢* to the function ¢ is given by

e'(t0) =sup{ wo) = [ (19 + i) ) ass w e mo)}

and, by Fenchel’s duality theorem, we have after some calculation (see [5], p. 219)
* : 1 2 -
ot (tv) = imf {5 o+ ulfyae) + [ 5w},
w @

which is just the Moreau regularization of the function u — fQ J*(t,u)d¢ in the
space H1(©). Then, by Theorems 2.1 and 2.2 it follows that the solution y given
by Corollaries 2.1 and 2.2 are given by

T
Yy = arg min{/o (gp(t,u)—l-(p* (t,f—i—j))dt—l—%/ﬁu%ﬂﬁ)d&},

where @, p* are as above.

Example 2.2. (The porous media equation) Consider the equation

% —Af(ty) > f i (0,T) %0,
Y(0,£) = yo(§) in O, (2.15)
B(t,y) =0 on (0,T) x HO,

where 3 : (0,T) x R — 2R is measurable in ¢ and maximal monotone in y € R.
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Assume that condition (2.8) holds for

2d

d—_|_2<p1 < pp<oo  ifd> 2, (2.16)
1<pr < pp<oo ifd=1,2.
We shall apply here Theorem 2.1 for
H=HY0), V=1LPO)
and
o2 LitveEtye @ majeyerton )

400 otherwise.

The space V' is, in this case, the dual of V = LP1(0) C H (O) (by the Sobolev
embedding theorem we have this 1nclu510n) with the pivot space H 1(O) endowed
with the scalar product (u,v)_; = [, u(—A)"tvd¢, where D(A) = Hj(O)NH*(O).
It is easily seen that A='V’ C LP2(O). Then, as easily follows, dp(t, y) = —A0Jj(t,y)
(see, e.g.,[4], p. 68), we obtain

Corollary 2.3. Under assumptions (2.16), for each yo € LP*(O) and f €
LP(0,T; H-1(O)) € LPL(0,T; V") there is a unique solution y to (2.15) such that

y € LP1((0,T) x O), Z—i’ € LP2(0,T; V"), (2.18)
@:Anm(OT)XO' n e LP*((0,T) x O)
ot ’ ’ : : (2.19)

n € B(y) a.e. in (0,T) x O.

Example 2.3. (Parabolic nonlinear BVP of divergence type) Consider the
equation

dy . .

a—dlv a(t,Vy)=f in (0,T) x O;
y=20 on (0,7) x 00.

(2.20)

Here a(t,r) = 9j(t,r) : (0,T) x R? — RY, where j(t,-) : R? — R is convex, conti-
nuous y € R? and measurable in t. Moreover, there are o >0, v; € R, i = 1,2, and
1 < p1 < py < o0, such that

IN

rit+an|rlpy < dtr) <ve+az|rlRy, Ve RY

Jbr) C Vre R (2.21)
j(tv _T) ’ ‘

IN
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One applies Theorem 2.1 for V = Wol’pl(O), V = W-bn(0), H = L*(0) if
p1>2and V = Wol’pl(O) NL20)if1 <p <2.
In this case, ¢ : (0,7) x V' — R is defined by

/O J(L V() i (. Vy) € LY(O),

+00 otherwise.

p(ty) = (2.22)

We obtain

Corollary 2.4. Under assumptions (2.21) for all yo € Wol’pl(O) and f €
LP1(0,T; V') there is a unique solution y to (2.20)

y e LP(0,T; V)N C([0,T]; L*(0)), (2.23)
Jy h 72
o L2013V, (2.24)

Remark 2.1. Multivalued functions [ arise naturally if one attempts to treat
parabolic equations with discontinuous monotone nonlinearities. For instance, the
equation

O Ayt olty) = £ i (0.T) x O,
y(0,§) = yO(S)? g € 07
y(t.§) =0, (t,€) € (0,T) € 90,

where  — [y(t,7) is monotonically increasing and discontinuous in = r;, can be
put in the form (2.8), where

t,r), £ T,
ity = { 20T 7&]

[Bo(t,rj —0), Bo(t,r; +0)], r=rj,
and for which Corollary 2.1 is applicable.

Multivalued functions dp(t, -) arise also in the treatment of parabolic problems
with free boundary. For instance, the free boundary problem

9y B .

S Ay=7 in{y>oh
y>0 in (0,7) x O,
y(07£) = y(](é) in Ov

y=0 on (0,7) x 00,

can be written in the form (1.1), where V = H}(O), H = L?(0) and

1
! / VyPde ityeKk,
2 Jo

400 otherwise,

o(t,y) =

where K = {y € H}(0); y > 0 a.e. in O}. (See, e.g., [4], p. 209.)
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Remark 2.2. Equation (2.15) is relevant in dynamics of fluid flows in porous media
as well as in that of underground water flows. In this later case, (2.15) reduces to
the Richards equation which, in presence of a transport term, is written as

Yy

e AB(t,y) +div K(t,y) = 0.

Remark 2.3. In the works [10,13,14] there are several examples of physical problems
which are reduced to variational problems by the above procedure, as well as in
the recent book [11] by N.Ghoussoub. In particular, in the work [13] the doubly
nonlinear equation Ot <Z—§{) +0¢(y) 2 f, y(0) = yo is studied via the above Brezis—
Ekeland principle.

There are some recent extensions of the Brezis—Ekeland principle to nonlinear
equations of the form

d
d—‘z +Ay > f, t€(0,T), y(0) = yo, (2.25)

where A is a maximal monotone operator of potential type. This representation of
the Cauchy problem (2.25) as a variational problem is via Fitzpatrick function [9].
For a presentation of this approach we refer to the work of A. Visintin [14] (See also
the monograph [11].)

3 Proofs

3.1 Proof of Theorem 2.1

Without loss of generality, we may assume that yy=0. This can be achieved by

shifting the initial data y to origin via the transformation y—y—yy.

. o . . /! dy
For simplicity, we shall write y' = = -

As noticed earlier in Introduction, we have (see (1.6), (1.7))

p(t,y(t) + " (¢ £() =y (1) = (F(1) — ¢/ (£),y(t)) ae. t € (0,T),

while

p(t,2(2) + " (t, f(t) = 2'(1) = (F(t) = 2'(1), 2(t)) = 0 ae. t € (0,T),

for all z € LPY(0,T;V)NWP2([0,T); V'). Therefore, we are lead to the optimization
problem

T
ind [ (o(t. ) +0" (0, -5/ (0) - (7O (), 9(0)) s
0 (3.26)
y € LM (0, T; V) N W9 ([0, T]; V'), y(0) = o}.

However, since the integral fOT(y’ (t),y(t))dt might not be well defined, taking into
account that (see, e.g., [4], p. 23)

IO = @ @.u0)  ae te©.1),

N —
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for each y € LP1(0,T; V) N WLP2([0, T); V'), we shall replace (3.26) by the following
convex optimization problem

T 1
Min{/(cp(t,y(t)))w*(t,f(t)—y’(t))—(f(t),y(t))dt+§ ly(T)|13:
0

y € LP1(0,T; V) N WP([0, T); V'), y(0) = 0,y(T) € H}

(3.27)

which is well defined because, as easily follows by Hypothesis (ii), we have, by virtue
of the conjugacy formulae,

T+ m|0I2 < 0*(£,0) < Ty + F|0]7), VO €V ae. t € (0,T). (3.28)

We prove now that problem (3.27) has a solution y*, which is also a solution to (1.1).
To this end, we set d* = inf (3.27) and choose a sequence

{yn} © LP1(0,T; V) N WhP2([0, T]; V')

such that y,(0) = 0 and

T
& < [ (et O+ (1 FO-O) =T O om0 5 T

) (3.29)
<d+—, VneN.
n
By Hypothesis (ii) and by (3.28), we see that
”ynHLpl(O,T;V) + ”y;HLpé(O,T;V’) S Ca Vn S N7
and, therefore, on a subsequence, we have
Yn — Y weakly in LP1(0,7T;V),
y =y weakly in LP2(0,T; V"), (3.30)

yn(T) — y(T)  weakly in H.

Inasmuch as the functions y — fOT o(t,y(t))dt, z — fOT ©*(t, f(t) — 2/(t))dt and
y1 — |y1|% are weakly lower-semicontinuous in LP'(0,T; V), LP2(0,T; V") and H,
respectively, letting n tend to zero into (3.29), we see that

T
| etesee @ O @)= uoNa + 3@ = @31

that is, y is solution to (3.27). Now, we are going to prove that d* = 0. To this
aim, we invoke the duality theorem for optimal convex control problems (see [5]).
Namely, we have

d* + min (P]) =0, (3.32)

where (P7) is the dual optimization problem corresponding to (3.27), that is,
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(ﬂ)Mm{AZﬂtﬂﬂD+¢@J@+W%D+U®W®Dﬁ+%Mﬂ%;
p e LPY(0,T; V) N WhPa (0, T v’)}.
Clearly, for p = —y, we get min (P}) < d* and so, by (3.32), we see that
min (P7) <0. (3.33)
On the other hand, if p is optimal in (P7), we have

1

(IB(T) [ = 5 P(O) %) (3.34)

T
1

Indeed, we have
—(0'(t),p(t)) < (t,—D(t)) + " (L, f(t) + D' () + (f(£),P(t)) ae. t €[0,T]
and

(P'(t) + f(£), (1) < o(t, () + ¢"(t, f(t) + P(t)) ae. t € [0, T].

Since o(t, —p) € L*(0,T), by Hypothesis (iv), it follows that ¢(¢,p) € L'(0,T), too,
and therefore (7', p) € L1(0,T), as claimed.

Now, since
1 d

5 7 P[5 = @ 1),pt)) ae. t€(0,7T),

we get (3.34), as claimed. This means that
T
min (P}) = /0 (o(t, =p(1) + ¢ (t, f(t) + P'(8)) + (f(t) + P'(¢), B(t))dt

1~
+5 [BO)IIF >0

by virtue of (1.5)—(1.6). Then, by (3.33), we get d* = 0, as claimed.
The same relation (3.34) follows for y* and so,

wwm%—wwﬁaz/«wWﬂwwwm,osSgtgr

N =

This implies that y € C([0,T]; H) and

T
3 17T = [ () @) ()i

Substituting the latter into (3.31), we have that y* is solution to (3.31) and also
that

T
/0 (et ™ (@) + " (& FO W) (1) = (F() = (¥7) (1), 7 (1) = 0.
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Hence,

ety (1) +¢" (¢ FO) ") (1) = (f() — () 1),y (1) =0 aete(0,T)

and, therefore, (y*(t)) + dp(t,y*(t)) > f(t) a.e. t € (0,T), as claimed.
The uniqueness of a solution y* satisfying (1.1) is immediate by monotonicity of
u — O0p(t,u) because, for two such solutions vy, ys, we have therefore

d * *
- i) =@l <0 ae te(0,7)

and, since y; — y; is H-valued continuous and yj(7T") — y5(T) = 0, we infer that
y; —y5 =0, as claimed. This completes the proof of Theorem 2.1.

3.2 Proof of Theorem 2.2
First we note that, by hypothesis (iii), part (2.2), we have for all N > 0
©*(t,v) > N|v||y» — Cn, Vv eV’
This implies that

©*(t,v)
1m
ollyr—oo  [[v][vr

= +oco uniformly in . (3.35)

Now, coming back to (3.29), we see by (2.2) and (3.35) that
lynllLeso,mv) < €, Vn, (3.36)

and, by the Pettis weak compacity theorem in L'(0,T;V;) (see, e.g., [4]), we have
that
{f — 9\, }n is weakly compact in L'(0,T;V". (3.37)

Hence, on a subsequence, again denoted n, we have

Yn — Y weakly in LP1(0,T;V),
vy, — y  weakly in L*(0,T; V).
Then, letting n — oo into (3.29), we see that y € WV([0,T]; V') N LP1(0,T;V) is

solution to (3.27), that is, (3.31) holds.
From this point, the proof is identical with that of Theorem 2.1.
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Abstract. We study the compactification of the Wallman-Shanin type of Tp-spaces.
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1 Introduction. Preliminaries

Any space is considered to be a Ty-space. We use the terminology from [6,9].
By |A| we denote the cardinality of a set A, w(X) be the weight of a space X,
N = {1,2,...}. The intersection of 7 open sets is called a G -set. For any space
X denote by P.X the set X with the topology generated by the G -sets of the
space X.

Let 7 be an infinite cardinal. A space X is called 7-subtle if on X the closed
G -sets form a closed base.

Let X be a dense subspace of a space Y. The space Y is called a compressed
extension of the space X if for some infinite cardinal 7 the set X is dense in the
space P;Y and Y is 7-subtle. The cardinal 7 is called the index of compressing of
the extension Y of X and put ic(X CY) <.

Any completely regular space is Ng-subtle, i.e. is 7-subtle for any infinite
cardinal 7.

Example 1.1. Let 7 be an uncountable cardinal, I = [0, 1] and L be a dense subset
of I™ of the cardinality < 7. Denote by 7; the topology of the Tychonoff cube I7
and 7 is the topology generated by the open base 77 U{U \ L : U € 73}. Denote
by X the set I™ with the topology 7. The set L is closed in X. If m < 7, H is a
Gyn-set of X and L C H, then the set H is dense in X. Thus X is a Hausdorff space
which is not m-subtle for any m < .

Example 1.2. A space X is called feebly compact if any locally finite family of
open non-empty sets is finite. Let Y be an Ny-subtle extension of the feebly compact
space X. Then Y is a compressed extension of the space X and ic(X CY) < 7.
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Example 1.3. A completely regular space X is feebly compact if and only if it
is pseudocompact. Thus any completely regular extension Y of a pseudocompact
space X is compressed and ic(X CY) = N,.

Example 1.4. Let Y be the one-point Alexandroff compactification of an uncount-
able discrete space X. Then ic(X CY) = No.

Definition 1.5. A family L of subsets of a space X is called a WS-ring if L is a
family of closed subsets of X and FNH,F UH € L for any F,H € L.

Definition 1.6. A family £ of subsets of a space X is called a W F-ring if L is a
WS-ring and X \ F =U{H € L: HNF = (} for any F € L.

The family F(X) of closed subsets of a space X is a W S-ring. The family F(X)
is a W F-ring if and only if X is a Tj-space.

Definition 1.7. A g-compactification of a space X is a pair (Y, f), where Y is a
compact Ty-space, f: X — Y is a continuous mapping, the set f(X) is dense in'Y
and for any point y € Y\ f(X) the set {y} is closed in' Y. If f is an embedding, then
we say that 'Y is a compactification of X and consider that X CY, where f(z) =«
for any x € X.

Fix a W S-ring £ of a space X. For any x € X we put {(z,L) ={F € L:x € F}.
Denote by M (L, X) the family of all ultrafilters £ € £. Let w, X = M (L, X)U{¢ C
L: & =¢&(x,y) for some x € X}. Consider the mapping wy : X — w,eX, where
weX = &(x, L) for any x € X. On w,sX consider the topology generated by the
closed base < L >={< H >={{ €w, X :He}: HeL}

Theorem 1.8 (M. Choban, L. Calmutchi [5]). If £ is a WS-ring of a space X,
then:

1. (weX,wr) is a g-compactification of the space X.

2. < H>=cly,xwe(H), H=w;'(< H>) and < H > Nwg(X) = we(H) for
any H € L.

8. L is a WF-ring if and only if w, X is a T1-space.

Definition 1.9. A g-compactification (Y, f) of a space X is called a Wallman-
Shanin g-compactification of the space X if (X, f) = (weX,wr) for some W S-ring
L.

Definition 1.10. A g-compactification (Y, f) of a space X is called a Wallman-
Frink g-compactification of the space X if (X, f) = (weX,wr) for some W F-ring
L.

The compactifications of the Wallman-Shanin type were introduced by N. A.
Shanin [10] and studied by many authors (see [1,5,7,11-14] and the references
in these articles). Any Wallman-Frink g-compactification is a Wallman-Shanin g-
compactification. The Wallman compactification wX = wzrx)X is a Wallman-
Shanin compactification of X. The compactification wX is a Wallman-Frink com-
pactification if and only if X is a Tj-space. There exists Hausdorff compactifications
of discrete spaces which are not Wallman-Shanin compactifications [11,13].
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2  Comparison of the W S-rings

Following [7] and [14] on the family F(X) of closed subsets of a space X consider
the binary relation ~: A ~ B if and only if the set AAB = (A\ B)U (B\ A) is
relatively compact in X, i.e. its closure in X is compact.

For any family £ C F(X) we put mL = {F € F(X) : F ~ A for some A € L}.
A family £ is called maximal if £ =m/L.

Lemma 2.1. If £ is a WS-ring of subsets of a space X, then mL is a WS-ring
too.

Proof. Follows from the relations (AN B)A(FNH) C (AAF)U(BAH) and (AU
B)A(FUH) C (AAF)U(BAH).

Let £ and M be W S-rings of closed subsets of a space X. We put £ < M if
L C M and for each £ € wpmX we have EN L € we X.

Lemma 2.2. Let L and M be W S-rings of closed subsets of a space X and L <
M. Then there exists a unique continuous mapping ¢ : WpmX — weX such that
we(z) = e(wm(z)) for any x € X, ie. wp = powpnm.

Proof. By definition for any £ € wapX we have ENL € weX. We put (&) =N L.
Thus ¢ is a mapping of wyX into weX. Obviously, p(wpmX) = weX.

Ifx € X, then {(z, L) = &(x, M)N L. Hence wr(z) = p(wa(z)). For any F € L
we have ¢ 1({¢ € w X : F € &}) = {n € weX : F €n}. Thus the mapping ¢ is
continuous.

If f:wmX — weX is a continuous mapping and wy = f o wy, then f1({¢ €
weX Fegl)={n€weX :F €n}forany FF € L. Thus f = ¢. The proof is
complete.

Theorem 2.3. Let L be a WS-ring and a closed base of a space X and F € L
for any closed compact subset F' of X. Then (weX,wr) = (WmeX,wme). Moreover,
wr X is a compactification of the space X.

Proof. For any £ € wp X we put p(§) =&N L.

Claim 1. (&) € weX.

Let F € £ and F € . Then there exists H € ¢ such that F N H = (). Since
H € mL, we have H ~ ® for some ® € L. Hence, there exists a closed compact
subset ®1 € L such that HA®PAD;.

Case 1. ¢, € &.

In this case NE # () and there exists a point € ®; C X such that £ = &(z, mL).
In this case ¢(§) = ¢&(x, L) € weX.

Case 2. ¢ £ €.

In this case there exists H; € £ such that H; C H and H; N ®; = (). Since L is
a base, there exists Hy € £ such that H; C Hy and Hy N ®; = (). Then Hy € £ and
HyNF =1. Thus Hy € ¢(€) and Hy N F = (). Hense (&) is a maximal filter in £,
ie. p(§) € weX. Claim 1 is proved.

By virtue of Lemma 2.2, ¢ : w;,s X — w,X is the unique continuous mapping
for which wy = @ o wpr.

Claim 2. If E cw, X, Fe, He L,NE =0 and F ~ H, then H € &.
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There exists a compact subset ® € L such that FAH C ®. Let H ¢ £&. Then
there exists L € £ such that LC F,LNH =0 and LN® = (). Then F C HU® and
LN (HU®) =, a contradiction.

Claim 3. ¢ : wpy,X — we X is a homeomorphism.

Let &1,82 € wineX, &1 # & and 1 = ¢(§1) = ¢(§2). In this case N = 0.
Thus there exist Hy € & \ & and Hy € & \ & such that Hy N Hy = (. Since
Hi N Hy € mL, there exist F1,F>, € £ and a compact subset ® € L such that
Py~ H{,Fy, ~ Hy, FAH, C ®, F,AHy C ®. By virtue of Claim 2, we have F € &
and Fy € &. Then F, F5» € nand F1NE, C @, i.e. ® € 1, a contradiction. Therefore
¢ is a one-to-one mapping. Let H € mL and Hy = {{ € wyc X : H € £}. Assume
that 7 € wy,, X and H € 1.

Case 1. Nn # 0.

In this case n = £(xz,mL) for some x € X and x ¢ H. Since L is a base of X,
there exists F' € £ such that ¢ F and H C F. Thus ¢(n) & clu,.xp(H1).

Case 2. Nn = 0.

In this case there exists F' € £ such that H ~ . We can assume that H C F.
Then F ¢ n and p(n) € cly,.xp(H1) C {€ € weX : F € £}. Therefore the set p(H;)
is closed for any H € mM. Since {H; : H € mM is a closed base of w,sX, the
mapping ¢ is closed. Hence ¢ is a homeomorphism. The proof is complete.

Let £ and M be W S-rings of closed subsets of a space X. We put £L << M
if for any two sets Fy, Fy € £, with the empty intersection Fy N Fy = (), there exist
two sets Hi, Hy € M such that H; N Hy is a compact subset of X, F; C Hy and
Fy, C Hs. If L << M and M << L, then we put £ ~ M.

Proposition 2.4. Let L, M be two W S-rings and closed bases of a space X and
F € LNM for any closed compact subset F' of X. The next assertions are equivalent:
1. L << M.
2. mL << mM.
3. mL << M.

Proof. Let £L << M. Assume that Fy,Fy € mL and F; N Fy = (. By virtue of
Theorem 2.3, we have cl,, . x F1 Ncly,. x F1 = (). Then there exist two sets Ly, Ly € L
such that Ly N Ly = (0, F; C Ly and Fy, C L. Since £ << M, there exist two
sets Hi, Hy € M such that H; N Hy is a compact subset of X, F; C L1 C H;
and Fy C Lo C Hs. Therefore mL£ << M and mL << mM. The implications
1 — 3 — 2 — 3 are proved. Theorem 2.3 completes the proof.

Proposition 2.5. Let we X and wap X be Hausdorff compactifications of a space X
and F' € M for any compact subset F' of X. The next assertions are equivalent:

1. There exists a continuous mapping ¢ : wmX — weX such that o(x) = x for
any x € X.

2. L << M.

3. mL << M.

4. mL << mM.

Proof. Let ¢ : wpmX — weX be a continuous mapping and ¢(x) = x for any = € X.
Fix F1,F; € £ such that F; N F, = (. Then cl,.xF1 Ncly,.xF2 = 0. Since ¢ is a
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continuous mapping, then cl,,, x F1 Nely,, x Fo» = 0 . The family {cl,, xH : H € M}
is a closed base of a compact space waX. Thus there exists Hy, Hy € M such that
HiNHy=0,F C Hy,F, C Hy. Implication 1 — 2 is proved.

Assume that £ << M. There exist two continuous mappings f : 6X — wsX
and g : X — waX of the Stone-Cech compactification 3X of X such that f(z) =
g(x) = z for any x € X. It is sufficient to prove that p(z) = f(g~!(x)) is a singleton
for any © € wpX. Let y € we X and 21,22 € p(y) be two distinct points of wyX.
Obviously, y € wpmX \ X and ¢(y) € weX. There exists Fy, F € L such that
T € ClwcFl,xg S CZWCFQ and 1 N Fy = (. Let H{,H, e M, H= H{NH, bea
compact subset of X, Fy C Hy, Iy C Hy. Then H = cl,,,xHy Necly,,, xHo. Let
@y = f~l(x1) and @y = f1(x3). Then y € g(®1) N g(P3). Since &; C clgx F1
and g(clgx F1) = clu,,xF1 we have g(®1) C clo, xF1 C clo,,xHi and g(®2) C
clyyxFo C cly,xHs. Hence Y € H C X, a contradiction. Implication 2 — 1 is
proved. Proposition 2.4 completes the proof.

Corollary 2.6. Let wp X and wp X be Hausdorff compactifications of a space X.
Then we X = wpmX if and only if L ~ M.

3  On compressed compactification

Teorem 3.1. If (Y, f) is a compressed g-compactification of a space X, then (Y, f)
is a Wallman-Shanin g-compactification of the space X.

Proof. Let T be a cardinal number for which:

— f(X) is dense in P.Y;

— the closed G--subsets of Y form a closed base of the space Y.

We put Z = f(X). Denote by F.(Y) the family of all closed G -subsets of Y.
By construction, £ = {f~1(H) : H € F,(Y)} is a W S-ring of closed subsets of the
space X.

Claim 1. If H € F-(Y), then H = cly(H N Z).

Obviously, cly (HNZ) C H. Let y € H, U be an open subset of Y and y € U.
Then Y = UNH is a G,-subset of Y. Since Z is G,-dense in Y, we have VN Z # ().
Hence UN(HNZ) 2V NZ#( and y € cly(H N Z). Claim is proved.

Claim 2. (Y, f) = (weX,wr).

Let £ € we X.

Case 1. N # 0.

There exists € X such that £ = {(z, £). In this case we put ¢(&) = f(x)

Case 2. N¢ = 0.

In this case ¢ is an L-ultrafilter. Let & = {L, : a« € A}. For each a € A
there exists a unique H, € F,(Y) such that L, = f~!(H,). By construction,
n={Hy:a¢€ A} is an F,(Y)-ultrafilter and Nn = (). There exists a unique point
y € Y \ Z such that y € Nn. We put ¢(§) = y.

The mapping ¢ : wy X — Y of w,X onto Y is constructed. Obviously, the
mapping ¢ is one-to-one. By construction, ¢(wg(z)) = f(x) for any z € X and
o({€ € weX : f7Y(H) € &} = H for each H € F,(Y). Hence the mapping ¢ is a
homeomorphism. The proof is complete.
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Corollary 3.2. Let Y be a Hausdorff compactification of a space X and the space
X is Gy-dense in Y. ThenY is a Wallman-Frink compactification of the space X.

Corollary 3.3 (R. A. Alo, H. L. Shapiro [1], E. Wajch [14]). Let X be a pseudo-
compact space. Then any Hausdorff compactification Y of X is a Wallman-Frink
compactification.

Corollary 3.4. Let (Y, f) be a Hausdorff g-compactification of a feebly compact
space X. Then (Y, f) is a Wallman-Frink g-compactification of the space X.

For any discrete uncountable space the family of compressed Hausdorff com-
pactifications is large. Moreover, this fact is valid for Hausdorff paracompact locally
compact non-Lindelof spaces.

Theorem 3.5. Let X be a Hausdorff locally compact space which contains an
uncountable discrete family of open non-empty subsets. Assume that dimX = 0.
Then the family B of all compressed Hausdorff compactifications of X is uncountable
and BX = supB.

Proof. Fix n > 2. There exists a family {X,, : © € M} of open-and-closed subsets of
X such that for any p € M the set X, is compact and there exist n distinct points
b1y b2y s by € Xy The sets {B; = {bj, : o € M} : i < n} are closed and disjoint.
Fix n distinct points by, bg,...,b, € X \ X. Since the sets {clgxB; : i < n} are
disjoint we can assume that by, & U{clgxB; : j < n,j # i} for any i < n. Fix n
open-and-closed subsets {H; : i < n} of 3X \ X such that b; € H;, H; N H; = 0,
H;NeclgxBj =0 for any i # j and X \ X = U{H; : ¢ < n}. Then there exists a
compactification Y of X and a continuous mapping f : X — Y such that f(z) ==z
for any 2 € X and f~'(f(b;)) = H; for any i < n. The compactification Y is
compressed. By construction, the compressed compactifications B of X separate
the points of 5X. Thus X = supB. The proof is complete.

4 Cartesian products of compactifications

Let A be a non-empty set, {X, : @ € A} be a family of non-empty spaces,
X =1{Xy : a € A}, (baXa,pa) be a family of g-compactifications of given spaces
Xgo. Then bX = II{b, X, : @ € A} and the mapping ¢ : X — bX, where ¢((x, :
a € A)) = (pa(rq) : @ € A) for any (z, : @ € A) € X, is a g-compactification
of the space X. If each b, X, is a compactification of the space X,, then bX is a
compactification of the space X. Let L, be a W S-ring of closed sets of the space
Xo. Weput £ ={lI{H, : € A} : H, € Ly,a € A}, L={HUHyU..UH, :
H{,H,, .. . H, € E’,n S N}

Now we put £ = @{L, : a € A}.
Theorem 4.1. The family L of closed subsets of the space X is a W S-ring and
weX ={we, Xt a € A}

Proof. Obviously, £ is a W S-ring of closed subsets of the space X.
Let £ be an L'-filter. Obviously e(§) = {HUF : H € £, F € L} is a L-filter.
Moreover, ¢ is an L'-ultrafilter if and only if e(£) is an L-ultrafilter.
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Let x = (xq: o€ A}, €0 € Ly and € = {II{H, : aA} : H, € {,,a € A}. Then:
—if any &, is an L,-filter, then & is an L£'-filter;

— &, is an L-ultrafilter if and only if £ is an £'-ultrafilter;

—&o =&(xq, Ly) for any a € A if and only if € = &(x, L") and e(§) = &(z, L£).
These facts complete the proof.

Theorem 4.2. If |A| > 2, wX = [l{wX, : a € A} and any X, is an infinite
T1-space, then any space X is countably compact.

Proof. Fix f € A. Assume that the space Xg is not countably compact. Then Xz
contains an infinite, discrete and closed subset F' = {b,, : n € N}.

Since wZy = cl,z 7 for any closed subspace Z; of a Ty-space Z, we can assume
that XﬁF.

We put Yz = II{wX, : a € A~ {8}}. Obviously, X = Xg x Y3 and wX =
ng X wYﬁ.

If the space Yj is not countably compact, then Y3 contains a discrete infinite
space Z and w(Xg x Z) = clyx(Xg X Z) = (wXp X wZ), a contradiction with the
Glicksberg’s theorem ([6], Problem 3.12.20(d)). Thus we can assume that the space
Y} is countably compact.

In the space Y3 fix a set L = {¢, : n € N}, where ¢, # ¢, for distinct n,m € N.
The set ® = {(bn, cn) : n € N} is closed and discrete in X. Projection p : X3 x Y3 —
Xp is a continuous closed mapping. Fix an ultrafilter { of closed subsets of the
space X for which ® € £ and N§ = 0. Then p(§) = {p(H) : H € &} is an ultrafilter
of closed subsets of the space X. If Np(&) # 0, then there exists a unique point
b € X3 for which {b} = Np(§). In this case {b} x Yz € { and N = (). Since ® € ¢,
there exists a unique n € N such that b = b,, and (by,¢,) € H N ({b} x Yj3) for each
H € &, a contradiction with N¢ = (). Thus Np(§) = 0. Hence there exists a unique
b€ wXg\ Xg for which {b} = N{clx,H : H € p(§)}.

Since wX = wXp X wYj, there exists a unique ¢ € wYp \ Y3 such that (b, c) €
N{cluxH : H € £}. In this case X3 x {c} € £ There exists a unque n € N and
some H € & such that (b,,¢,) € ® N (X x {c}) and H N (Xg x {c}) = 0. Then
(b,c) € clyxH Nelyx (X x {c}) and clyx H Nelyx (X x {c}), a contradiction. The
proof is complete.

Theorem 4.3. Let f : X — Y be a continuous closed mapping of a space X onto a
space Y. Then there exists a unique continuous mapping wf : wX — wY such that
f=wf|X. Moreover, the mapping wf is closed.

Proof. If ¢ is an ultrafilter of closed subsets of X, then wf(§) = {f(H) : H € {} is
an ultrafilter of closed subsets of Y. The mapping w f is constructed.

Let 7 be an infinite cardinal number. A space X is called initial 7-compact if
any open cover v of X of the cardinality < 7 contains a finite subcover.

We say that the sequential character sx(X) < 7 if for any non-closed subset
H of X there exist a subset Y C X and a point z € X \ H such that z € Y,
x€cx(HNY)and x(Y,z) < 7. A space X is sequential if and only if sy (X) < .
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Theorem 4.4. Let T be an infinite cardinal number, X be an initial T-compact
space, Y be a compact space and sx(Y) < 7. Then:

1. The projection p: X x Y — Y, where p(z,y) =y for each (x,y) € X XY, is
a continuous closed-and-open mapping.

2. There ezists a continuous bijection ¢ : w(X X Y) — wX x Y such that
o(z,y) = (x,y) for all (x,y) € X X Y.

Proof. 1t is well known that the projection p is continuous and open.

Let yo € Y, W be an open subset of X x Y and p~'(y9) = X x {yo} C W.
Weput V={y €Y :pl(y) C W} Obviously, yo € V. We affirm that the set
V is open in Y. Suppose that the set V is not open in Y. Then the set ¥ \ V is
not closed in Y. Thus there exist a point z € V' and a subspace Z C Y such that
z€Z, z€dz(ZN(Y \NV)) and x(Z,z) < 7. We fix an open base {V,, : a« € A}
of the space Z at the point z such that |A|] < 7. For any o € A consider the
set Uy = U{U : U is open X, U x V,, € W}. Obviously X = U{U, : a € A}.
Since X is 7-compact and |A| < 7, there exists a finite set B C A such that
X = U{U, : o € B}. There exists an element § € A for which Vg C N{V,, : « € B}.
Then Ug 2 U{U, : @ € B} = X. Hence Us = X and X x V3 =Ugx V3 C W,
Therefore z € V3 C V and z ¢ cly (Y \ V), a contradiction. Assertion 1 is proved.

Consider the projection f: X xY — X. The mappings f and p are continuous
open-and-closed. Then there exist two continuous closed mappings wf : w(X xY) —
wX and wp : w(X X Y) — wY such thatf = wf|X xY and p = wp| X x Y. Consider
the continuous mapping ¢ : w(X xXY) — wX xY for which ¢(2) = (wf(2),wp(z)) for
each z € w(X x Y). By construction, we have ¢(z) = (f(z,y),p(z,y)) = (z,y) = =z
for each z = (z,y) e X XY Cw(X xY). Fix z € w(X xY )~ (X xY). Then there
exists a unique ultrafilter £ of closed subsets of X x Y for which {2} = N{cly,(xxy)H :
H € ¢}. The family p(§) = {g(H) : H € £} is an ultrafilter of closed subsets of the
space Y. There exists a unique point y(z) = wg(z) € N{clyg(H) : H € £}. In this
case X(&) = X x {y(z)} € & Thus £ = {HN X(€) : H € £} C ¢ is an ultrafilter of
closed subsets of the subspace X (§) of X x Y.

Let &, 7 be two ultrafilters of closed subsets of the space X xY', z € N{cly,(xxy)H :
H € &} and 2/ € N{clyxxyyH : H € n}. Assume that y(z) = y(z'). Then
X(¢€) = X(n) and there there exist H € £ and L € 7 such that H N L = .

Since f|X(€) : X(¢) — X is a homeomorphism, f(¢) = f(8), f(n) = f(7) and

FUH) A F(L) = 0. Thus f(€) # f(n) and wf(z) = N{elux f(M) : M € &} #
MN{clyx f(P): P e én} =wf(z). Therefore ¢ is a bijection. The proof is complete.

Corollary 4.6. Let 7 be an infinite cardinal number, X be an initial T-compact
normal space, Y be a compact Hausdorff space and sx(Y) < 7. Then:
1. w(X xY)=wX xY.

2. X XY 1is an initial T-compact normal space.
Remark 4.7. Let X be a first countable normal countably compact not paracom-
pact space and Y = $X. By virtue of Tamano’s Theorem (see [6], Theorem 5.1.38),
the space X xY is not normal. ThenwX = X and w(X xY) # (X xY) = wX xY.
Thus the restriction sx(Y) < 7 in the above assertions is essential.
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5 Remainders of compactifications

The main result of the section is the following theorem.

Theorem 5.1 For any space Y the following assertions are equivalent:

1. Y is a Ti-space.

2. There exists a Ty-space X such that the spaces Y and wX ~ X are homeo-
morphic.

3. There exists a T1-space X such that the spaces Y and wX ~ X are homeo-
morphic.

Proof. Let X be a Tp- space and Y = wX ~ X. Any ultrafilter of closed sets &
represents a point £ € wX for which the set {£} is closed in wX. Thus Y is a T}-
space. Implication 2 — 1 is proved. Implication 3 — 2 is obvious.

Let Y be a non-empty Ti-space. If Y is compact, then we put Z = Y. Let
Y be a non-compact space. Consider a point b ¢ Y. In this case Y is an open
subspace of the space Z = Y U {b}, where the base of the space Z at the point b
is the family {Z \ ® : ® is a closed compact subset of Y}. By construction Z is a
compact Tj-space. Fix an infinite cardinal number 7 > w(Z). Denote by W (77) the
space of all ordinal numbers of the cardinality < 7 in the topology generated by the
linear order. Then W (r™) is a normal initial 7-compact space and wW (1) \ (771)
= {c} is a singleton.

If the space Y is compact, we consider the space X = W (7T) x Y as a subspace
of the compact space wW (77) x Z. Further, if the space Y is not compact, then we
consider the space X = (W(77) x Y)U {(c,b)} as a subspace of the compact space
wW(rt) x Z.

Since the space X is initial 7-compact and sx(Z) < 7, the mapping g : X — Z,
where g(z,y) = y for any (z,y) € X, is continuous and open-and-closed. Hence
wX = wW(r") x Z. By construction, the spaces wX \ X = {¢} x Y and Y are
homeomorphic. The proof is complete.

Any Hausdorff locally compact space is a Wallman remainder of some normal
space.

Question 1. Under which conditions a completely regular space is a Wallman
remainder of some normal space?

Question 2. Under which conditions a T1-space is a Wallman remainder of some
completely reqular (regular, Hausdorff) space?

Other problems about remainders of spaces have been examined recently in [2—4].
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