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Abstract. We give a survey of results on the theory of semiprime semidistributive
rings, in particular, serial rings. Besides this we prove that a serial ring is Artinian
if and only if some power of its Jacobson radical is zero. Also we prove that a serial
ring is Noetherian if and only if the intersection of all powers of Jacobson radical is
zero. These two theorems hold for semiperfect semidistributive rings.
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1 Introduction

Artinian uniserial, or primary decomposable serial rings were first introduced
and studied by G.Kothe in the paper [9], where he proved that any module over
such a ring is a direct sum of cyclic modules (he called such rings “Einreihige Rin-
gen”). This result was generalized for Artinian serial rings by T.Nakayama, who
called these rings “generalized uniserial rings” (see [16] and [17]). In these papers
T. Nakayama proved that any module over such a ring is a direct sum of unise-
rial submodules each of which is a homomorphic image of an ideal generated by
a primitive idempotent. T.Nakayama also showed that, conversely, these are the
only rings whose indecomposable finitely generated modules (both left and right)
are homomorphic images of ideals generated by primitive idempotents.

Artinian principal ideal rings were studied in papers of G. Ko6the and K. Asano
(see [1] and [2]), where it was proved that any Artinian principal right ideal ring
is right uniserial. In fact, K. Asano proved that an Artinian ring is uniserial if
and only if each ideal is a principal right ideal and a principal left ideal. The
classical proof of this theorem is given in the book [7]. For such rings K. Asano also
proved an analogue of the Wedderburn-Artin theorem, namely, he proved that any
Artinian uniserial ring can be decomposed into a direct sum of full matrix rings of
the form M, (A), where A is a local Artinian ring with a cyclic radical. A one-sided
characterization of Artinian principal ideal rings and its connection with primary
decomposable serial rings is given in theorem 2.1 of the paper [4]

L. A. Skornyakov studied serial rings, which he called “semi-chain rings”, in his
paper [18]. There he proved that A is a right and left Artinian serial ring if and only
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if every left A-module is a direct sum of uniserial modules. His result generalizes a
theorem proved by K. R. Fuller (see [5]), to the effect that if each left module over a
ring A is a direct sum of uniserial modules, then A is a serial left Artinian ring.

The first serial non-Artinian rings were studied and described by R.B. Warfield
and V. V. Kirichenko. In particular, they gave a full description of the structure of
serial Noetherian rings. We follow the papers [12] and [10], where the technique of
quivers was used systematically.

It is well known that many important classes of rings are naturally character-
ized by the properties of modules over them. As examples, we mention semisimple
Artinian rings, uniserial rings, semiprime hereditary semiperfect rings and semidis-
tributive rings.

There is the following chain of strict inclusions:

semisimple Artinian rings C generalized uniserial rings C serial rings C semidis-
tributive rings.

In this chain the first three classes of rings are semiperfect. The example of the
ring of integers Z shows that a distributive ring is not necessarily semiperfect.

The reduction theorem for SPSD-rings and decomposition theorem for semiprime
right Noetherian SPSD-rings were proved in the paper [14].

Quivers and prime quivers of SPSD-rings were studied in [13].

A semilocal ring A is called semiperfect if idempotents of the ring A can be
lifted modulo R.

Semiperfect rings were introduced by H. Bass in 1960.

To understand the definition of a semilocal ring we need some additional defini-
tions and propositions.

A nonzero ring A is called local if it has the unique maximal right ideal.

The intersection of all maximal right ideals of a ring A is called the Jacobson
radical of A. The Jacobson radical is denoted R = rad A.

The following theorem contains the list of properties which are equivalent for
any local ring.

Theorem 1.1. The following properties of a ring A with the Jacobson radical R are
equivalent:

1. A is local;

2. R is the unique maximal right ideal in A;

3. all non-invertible elements of A form a proper ideal;

4. R is the set of all non-invertible elements of A;

5. the quotient ring A/R is a division ring.

Proposition 1.2. Let ¢ = e € A. Then rad(eAe) = eRe, where R is the radical
of A.

Recall that a module M is called distributive if for any submodules K, L, N

KNn(L+N)=KnL+KnNN.
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Clearly, a submodule and a quotient module of a distributive module are dis-
tributive. A module is called semidistributive if it is a direct sum of distributive
modules. A ring A is called right (left) semidistributive if the right (left) regular
module A4 (4A) is semidistributive. A right and left semidistributive ring is called
semidistributive.

Obviously, every uniserial module is a distributive module and every serial mo-
dule is a semidistributive module.

Example 1.1. Let S = {aq,..., an} be a finite poset with ordering relation < and
let D be a division ring. Denote by A(S, D) the following subring of M,(D):

A(S, D) = Z dijeij| dij eD
a; <oy

It is not difficult to check that A(S, D) is a semidistributive Artinian ring.
In particular, the hereditary semidistributive ring

diy diz di3
A3 = 0 d22 0 |dij eD
0 0 ds3
s of the form:
As = A(Ps, D),

where P3 is the poset with the diagram

Qe o3

NS

le

It is also clear that As is a semidistributive ring which is left serial, but not right
serial.

Proposition 1.3. Let M be an A-module. Then M is a distributive module if and
only if all submodules of M with two generators are distributive modules.

Proof. Suppose that all two-generated submodules of M are distributive modules.
Let K,L,N be submodules of M and k =l+n € KN(L+ M);l € L,n € N.
Obviously, kA C IA+ nA and KA = kAN (IA+nA) = KANIA+ kAN nA.
Therefore, k€ KNL+ KNN,ie. KN(L+N)C KnNL+ KNN. The inclusion
KNL+KNNCKN(L+ N) is always valid. O

Lemma 1.4. Let M be a distributive module over a ring A. Then for anym, n € M
there exist a,b € A such that 1 = a+ b and maA + nbA C mANnA.
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Proof. Write t = m +n and H = mA N nA. Obviously, tA C mA + nA and
Tan (mA+nA) =tA=(tA+mA)N (tA+nA). So there exist b,d € A such that
tb € mA, td € nAand t = tb+td. Then nb = tb—mb € H and md = td—nd € H. Let
a=1-band g =1-b—d. Hehavetg = t—tb—td = 0and ng = tg—mg = —mg € H.
So ma = md + mg € H and maA 4+ nbA C mANnA. O

Lemma 1.5. Let M be an A-module. Then M is a distributive module if and only
if for any m,n € M there exist four elements a,b,c,d of A such that 1 =a+b and
ma = nc, nb = md.

Proof. Necessity follows from Lemma 1.4. Conversely, let £ € K N (L + N), where
K,L, N are submodules of M. Then kK = m + n, where m € L and n € N. By
assumption there exist a,b € A such that 1 = a+b and ma € mANNA, nb € mANnA.
Consequently, ka = ma +na € kAN nA and kb = mb+ nb € kAN mA. Therefore,
k=ka+kbe (EAnnA)+ (kAnmA) Cc KNL+KNN,ie, KN(L+N) =
KNL+KNN. O

Let M be an A-module. Given two elements m,n € M we set
(m:n) ={a € Alna € mA}.
Theorem 1.6 (W. Stephenson). A module M is distributive if and only if
(m:n)+(n:m)=A
for allm,n e M.
Proof. This immediately follows from Lemma 1.5. O

A module M has the square-free socle if its socle contains at most one copy
of each simple module.

Theorem 1.7 (V. Camillo). Let M be an A-module. Then M is a distributive
module if and only if M/N has the square-free socle for every submodule N .

Proof. Necessity. Every quotient and submodule of a distributive module are dis-
tributive, so that if M /N contains a submodule of the form U & U, then M is not a
distributive module. Simply because U @ U is not a distributive module. Indeed, for
the diagonal D(U & U) = {(u,u)ln € U} of U U we have D(U)N(U s U) = D(U)
and D(U)N (U & 0)=0and D{U)N (0 U) =0.

Conversely. Let m,n € M. We show that (m : n)+ (n : m) = A. Let K be
a maximal right ideal of A and U = A/K. Consider the quotient module mA +
nA/mK + nK. The socle of mA +nA/mK + nK doesn’t contain U @& U if one of
the following conditions holds:

(1) m e nA+mK +nK =nA+ mkK;

(2) menA+mK +nK =nA+mkK;

In the case (1) we have m = na+nK or m(1&k) = na. So (1&k) € (n : m). Since
(l®k) ¢ K, we have (n: m) Z K. In the case (2) analogously (m :n) Z K. O
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Theorem 1.8. A semiprimary right semidistributive ring A is right Artinian.

Proof. 1t is sufficient to show that each indecomposable projective A-module
P = eA is Artinian (e is a nonzero idempotent of A). Let m be the minimal natural
number with PR = 0. Since the module P is distributive, by Theorem 1.7, the
quotient module PR?/PR*! decomposes into a finite direct sum of simple modules
(¢t =1,...,m —1). Thus, the module P possesses a composition series and the
module P is Artinian. O

We write SPSDR-ring (SPSDL-ring) for a semiperfect right (left) semidis-
tributive ring and SPSD-ring for a semiperfect semidistributive ring.

Theorem 1.9 (A. Tuganbaev). A semiperfect ring A is right (left) semidistribu-
tive if and only if for any local idempotents e and f of the ring A the set eAf is a
uniserial right fAf-module (uniserial left e Ae-module) ([6], Theorem 14.2.1).

2 Q-lemma and Annihilation lemma

Recall the definition of the Gabriel quiver for a finite dimensional algebra A
over a field k. We can restrict ourselves to basic split algebras. (An algebra A
is called basic if A/R is isomorphic to a product of division algebras, where R is
the Jacobson radical of A. An algebra A over a field k is called split if A/R ~
My, (k) x My, (k) x ... x My (k).) All algebras over algebraically closed fields are
split.

Let Pi,..., Ps be all pairwise nonisomorphic principal right A-modules. Write
R, = PR (i =1,...,s) and W; = R;/R;R. Since W; is a semisimple module,

S
W, = @ U;ij, where U; = P;/R; are simple modules. It is equivalent to the
j=1

S P
isomorphism P(R;) ~ P;”. To each module P; assign a point ¢ in the plane and
j=1

join the point 7 with the point j by ¢;; arrows. The so constructed graph is called
the quiver of A in the sense of P.Gabriel and denoted by Q(A).

A semiperfect ring A is called reduced if its quotient ring by the Jacobson
radical R is a direct sum of division rings.

Let A be a semiperfect ring such that A/R? is a right Artinian ring. The quiver
of the ring A/R? is called the quiver of the ring A and is denoted by Q(A).

Theorem 2.1. Let A be an arbitrary ring with an idempotent > = e € A. Set
f=1—¢e,eAf =X, fAe=Y, and let

ede X
= (5 )
be the corresponding two-sided Peirce decomposition of the ring A. Then the ring
A is right Noetherian (Artinian) if and only if the rings eAe and fAf are right

Noetherian (Artinian), X is a finitely generated fAf-module and Y is a finitely
generated e Ae-module.
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For further reasonings we will need the following proposition.

Proposition 2.2. Let A be a ring. For an A-module P the following statements
are equivalent:

1) P is projective;

2) every short exact sequence 0 — N — M — P — 0 splits;

3) P is a direct summand of a free A-module F'.

Let Ay = P/"" & ... @ P be the decomposition of a semiperfect ring A into a
direct sum of principal right A-modules and let 1 = f;+...4 f5 be the corresponding
decomposition of the identity of A into a sum of pairwise orthogonal idempotents,
ie., fiA=P" . Then 4A=Afi®.. dAfs = Q' ®...®QY* is the decomposition of
the semiperfect ring A into a direct sum of principal left A-modules, i.e. Af; = Q" ,
where Q; is an indecomposable projective left A-module (i = 1,...,s). Now consider
the two-sided Peirce decomposition of the ring A

A A o Ay

Aoy Aoy - Ao,
oo e
Anl An2 e Ann

Consider also the two-sided Peirce decomposition of the Jacobson radical R of A :
R =@ fiRf;. Since R is a two-sided ideal, f;Rf; C R for all 4, j. By Proposition 1.2
i,j
we have R;; = fiRf; = rad(f;Af;) for i = 1,...,n. We shall show that f;Rf; =
fiAf; for ¢ # j. Indeed, multiplying on the left elements from f; A by an element
fiafj we obtain a homomorphism ¢j; of the module f;A to f;A. If Im(pj;) = fiA,
then ¢j; is an epimorphism. Since f; A = Pz."i, [iA= Pj”j are projective modules, by
Proposition 2.2, and P;** is isomorphic to a direct summand of the module ij . But
this is impossible, since the indecomposable modules P; and P; are non-isomorphic.
Therefore Im(yj;) C fiA. We can write the homomorphism ¢j; in the form of a
matrix ¢j; = (¢7;), where ¢7¥ : P; — P, are homomorphisms of indecomposable
non-isomorphic projective modules P; and P; for r =1,...,n;, s =1,...,n;. Since
Im(p}) # P, we have Im(¢}i) C PR. Therefore Im(¢}f) C fiAR = fiR, ie.,
fiAf; C fiR. Hence A;; = f;Af; = fiRf; for i # j. Thus, we obtain the following

result.

Proposition 2.3. Let A = P™" @ ... ® P’ be the decomposition of a semiperfect
ring A into a direct sum of principal right A-modules and let 1 = f1 + ...+ fs be a
corresponding decomposition of the identity of A into a sum of pairwise orthogonal
idempotents, i.e., f;A = P". Then the Jacobson radical of the ring A has a two-
sided Peirce decomposition of the following form:

Ri1 Rig -+ R
Ro1 Roo -+ Ray
R = ) . ]

Rnl Rn2 Rnn



SERIAL RINGS AND THEIR GENERALIZATIONS 9

where Rii = rad(fiAfi), Az'j = fZAf] fOT i,j = 1, ey n.

Lemma 2.4. (Annihilation lemma) Let 1 = f1 + ...+ fs be a canonical decom-
position of 1 € A. For every simple right A-module U; and for each f; we have
Uifj = 60U, 1,5 = 1,...,s. Similarly, for every simple left A-module V; and for
each fj, f]V; = (Sij‘/i, i,j = 1, Lo, S,

Proof. We shall give the proof for the case of right modules. From the previous
proposition we obtain that f;Rf; = f;Af; for i # j. Hence P f; C f;R. But
fiA/ fiR ~ U.". Therefore U" f; = 0 and so U; f; = 0 for i # j.

We are going to show that U;f; = U;. Let u € U;. Thenu-1=u(fi+...+ fs) =
uf; since uf; = 0 for ¢ # j. The lemma is proved. O

Let A be a reduced semiperfect ring, and let 1 = e; +...+es be a decomposition
of 1 € A into a sum of mutually orthogonal local idempotents.
Set U; = ¢;A/e; R and V; = Ae;/Re;.

Lemma 2.5. (Q-Lemma) The simple module Uy, (resp. Vi) appears in the direct
sum decomposition of the module e;R/e;R* (resp. Re;/R%e;) if and only if e;R%ey,
(resp. epR%e;) is strictly contained in e;Rey (resp. epRe;).

Proof. If Uy is a direct summand of the module W; = ¢; R/e; R?, then by Lemma 2.4,
Wiey, # 0. Therefore e; Rej, does not equal e; R%ej, and the inclusion e; Rey, D e; R%ey,
is strict.

Conversely, suppose that e;R?ey, is strictly contained in e;Rej,. Consider a sub-
module X contained in e; R,

Xy =¢Re,;,®... De;Rep_1 D eiRQek DeRepir1®...Pe;Reg

(here the direct sum sign denotes a direct sum of Abelian groups).

From the inclusions e;R O X; DO e;R? it follows that e;iR/ X} is a semisim-
ple module. We have the equalities e;R/Xy = e;Rex/e;R%e;, = (e;R/X}))er. By
Lemma 2.4 the module e; R/ X} decomposes into a direct sum of some copies of the
module Uy. Since e; R/ X}, is isomorphic to a direct summand W;, the module Uy, is
contained in W; as a direct summand.

For left modules V; the statement is proved analogously. The lemma is
proved. ]

Lemma 2.6. Let A be a semiperfect ring, and e, f be nonzero idempotents of the
ring A such that @ = f € A. Then there exists an invertible element a € A such that
f=aea "'

The quiver Q(A) of a ring A is called connected if it cannot be represented in
the form of a union of two nonempty disjoint subsets J1 and Qs which are not
connected by any arrows.



10 VLADIMIR KIRICHENKO, MAKAR PLAKHOTNYK

Theorem 2.7. The following conditions are equivalent for a semiperfect Noetherian
ring A:

(a) A is an indecomposable ring;

(b) A/R? is an indecomposable ring;

(c) the quiver of A is connected.

Proof. Obviously, the conditions of the theorem are preserved by passing to the
Morita equivalent rings. Therefore we can assume that the ring A is reduced.

(a) = (b). Let A= A/R? ~ A} x Ay and let T = P+1+ P3 be the corresponding
decomposition of the identity of the ring A/R? into a sum of orthogonal idempotents.
Let g1,92 € A be elements such that g, + R?> = f; and go + R? = f,. There are
idempotents fi, fo € A such that fi = g1 + 7 and fo = go + 79, where 7,79 € R2.
Since f;Afy =0 and foAf; = 0, we have giags € R? and goag; € R? for any a € A.
Clearly, fi = figifi + firifi (i = 1,2). Then the element fiafo = figifiafagafo +
figrfraforafo + firifiafagefo + fir1 frafora f2 belongs to R? for any a € A. This is
immediate from Proposition 2.3. Exactly in the same way foAf; € R2. Therefore
foAfi = faRafi and f1Afs = fiR?fo. By Proposition 2.3, the two-sided Peirce
f;l %22 > where R, — Rad(f,Af,)
(i =1,2) and A;j = f;Afj for i # j. Calculating R* we obtain

decomposition of R has the form: R = <

R2 = ( R% + A12A9 RiAys + A1oRs >
AgiRi + RoAy AnAin+ R3

From the above we have: Ajo = R1A1s + A1oRo and Ay = R Ao + As1 Ry. By
Theorem 2.1, taking into account Nakayama’s lemma, we obtain that A;53 = 0 and
A21 = 0 and therefore A = AH X AQQ, where A“ = szfz (7, = 1, 2)

(a) = (c). Let the quiver of the ring A be disconnected. Then Q(A) = Q1 U Q2
and @1 N Q2 = &, and the points of the sets )1 and Q)2 are not connected by any
arrows. Renumbering, if necessary, the principal right A-modules P, ..., Ps one
may assume that Q1 = {1,...,k} and Q2 = {k+1,...,s}. Let A=P&...®P; be
a decomposition of the ring A into a direct sum of principal right A-modules (where
P, =¢;A, 612 =e¢ €A, 1=e1+...4es) and 1 = fi + fo, where fLA=P ®...®F;
and foA= Py 1®...0 Ps. We set Aij = fiAij R; = radA;; (Z =1, 2) If Ao #0,
then by Theorem 2.1, taking into account Nakayama’s lemma, we obtain that the
inclusion A9 O RiA19 + AjaRy is strict. But Ry Ao + AjoRy = fi1R?fy. Therefore
there are local idempotents e; and e; such that e; is a summand of f; and e; is a
summand of f» and eiRer is strictly contained in e;Re;. By Lemma 2.5 we obtain
that there is an arrow which connects the point ¢ with the point j. A contradiction.
Analogously it can be proved that A = 0.

(c) = (a). If the ring A is decomposable then A/R? is also decomposable.
Clearly, in this case Q(A) is disconnected.

(b) = (a) is trivial.

The theorem is proved. O
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Remark. Theorem 2.7 is not true for semiperfect one-sided Noetherian rings. As
an example one can consider the ring A = ( Z(()p) g ) The quiver of this ring
consists of two points and one loop near one of them.

As R? = ( p 2%(7)) g ) then the ring A/R? decomposes into a direct product

of rings:
A/R? ~ Ty [9° Ly % Q.

However, the ring A itself is indecomposable into a direct product of rings.

Theorem 2.8. Let the ring A be a serial ring such that the intersection of all powers
of its radical N7 R™ = 0 is equal to zero. Then A is right and left Noetherian ring.

Proof. Let M € P and N2 R" = 0.

Then the inclusion MR C M is strong. If M = MR then M C R and the
equality M = M R™ gives that M C R for all n i.e. M = 0.

Let e be an arbitrary idempotent of the ring A. Then eRe = Rad eAe and
eAe C R, (eRe)™ C R™ and that is why N(eRe)™ = 0.

So for any local idempotent e the ring eAe is uniserial and the intersection of
natural powers of the radical R is equal to 0. That is why the ring eAe is discrete
valuated as it is Artinian. Assume that all rings eAe are Artinian. Then A is
also Artinian. Let at least one ring of the form e;Ae; be discrete valuated. Then
there exists a local idempotent e; such that the ring (e; + e;)A(ej + a;) is of the
form ( 1;1/3 g){ ), where X is an infinitely generated right O;-module. According

7
2
to Lemma 3.28 < R;/X }};2 ) = ( Y]})%ll—:—);}ng R}lf)‘g(t_);ib > and X Ry = X.
Consider the following module M = (XY, X), which belongs to (41 X). It is obviousl

that (XY, X) ( 1;1 1)%(
2

MR C M, whence X is a finitely generated right Os-module, and in the same way
Y is a finitely generated left O;-module.
So according to Theorem 2.1 the ring (e; + ) A(e; + e;) is right Noetherian.
O

) = (XY, X). This contradicts to the strong inclusion

3 Semiperfect semidistributive rings
Theorem 1.9 has the following corollary.

Corollary 3.1. Let A be a semiperfect ring, and let 1 = e1 4+ ...+ e, be a decompo-
sition of 1 € A into a sum of mutually orthogonal local idempotents. The ring A is
right (left) semidistributive if and only if for any idempotents e; and e; of the above
decomposition, the set e;Ae; is a uniserial right ejAej-module (left e;Ae;-module).
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Corollary 3.2. (Reduction Theorem for SPSD-rings) Let A be a semiperfect
ring, and let 1 = e1 + ... 4+ e, be a decomposition of 1 € A in a sum of mutually
orthogonal local idempotents. The ring A is right (left) semidistributive if and only
if for any idempotents e; and ej (i # j) of the above decomposition the ring (e; +
ej)A(e; + ej) is right (left) semidistributive.

Proof. 1t is sufficient to prove the corollary for a reduced ring A. If A is a right
semidistributive, then e;Ae; is right uniserial e;Aej-module (i # j) and the ring
ejAe; is right uniserial for ¢ = 1,...,n. By Corollary 3.1, the ring (e; + €;)A(e; +
ej) is right semidistributive. Conversely, if the ring (e; + e;)A(e; + €;) is right
semidistributive, then, by Theorem 1.9, the set e; Ae; is a uniserial right A;;-module
and, by Corollary 3.1, the ring A is right semidistributive. O

Corollary 3.3. Let A be a Noetherian SPSD-ring, and let 1 = e1 4+ ...+ e, be a
decomposition of the identity 1 € A into a sum of mutually orthogonal local idem-
potents, let A;; = e;Ae; and let R; be the Jacobson radical of the ring Ay. Then
RzAz] = Ainjj fOT i,j = 1, oo, n.

=5 ¢)

as an R-algebra (R is the field of real numbers, C is the field of complex numbers).
The Peirce decomposition of the Jacobson radical R = R(A) has the form

=(35)

and the R-algebra A is right serial, i.e., right semidistributive.

The left indecomposable projective Qo = ( E(C: ) has the socle < SC ), which

Example 3.1. Consider

is a direct sum of two copies of the left simple module Consequently, by

R
0
Proposition 1.3, the R-algebra A is an SPSDR-ring but it is not an SPSDL-ring.

3.1 Quivers of SPSD-rings

Recall that a quiver without multiple arrows and multiple loops is called a simply
laced quiver. Let A be an SPSD-ring. By Theorem 1.8, the quotient ring A/R? is
right Artinian and its quiver Q(A) is defined by Q(A4) = Q(A/R?).

Theorem 3.4. The quiver Q(A) of an SPSD-ring A is simply laced. Conversely,
for any simply laced quiver Q there exists an SPSD-ring A such that Q(A) = Q.

Proof. We may assume that A is reduced and R> = 0. Let Ay = P, ® ... ® P,
where Pi,..., P; are indecomposable. Then P;R is a semisimple A-module:

PR = @ U
j=1



SERIAL RINGS AND THEIR GENERALIZATIONS 13

where U; = Pj/P;jR are simple. The A-module P;R is a submodule of a distributive
A-module and, therefore, P;R is distributive. By the definition of Q(A) we have
[Q(A)] = (ti;) and, by Theorem 1.7, 0 < t;; < 1. So Q(A) is a simply laced quiver.

Conversely, let kQ be the path k-algebra of a simply laced quiver @) and J be its
fundamental ideal, i.e., the ideal generated by all arrows of Q. Write B = kQ/J>
and m : kQQ — B for the natural epimorphism. Let w(g;) = e;, where €1,...,¢5
are all paths of length zero. Then B = e1B @® ... ® e;B, where e1B,...,e;B are
indecomposable. Let R be the Jacobson radical of B and AQ = {o;;} be the
set of all arrows of (). The elements m(0y,y), where o, € AQ, form a basis of
emR. Obviously, e,,R? =0 for m =1,...,s. So, e, R is a semisimple module and
emR = @®,U, for all those p, where 0,,, € AQ. Therefore Q(B) = @ and e, R is a
distributive module, by Theorem 3.27. Thus, B is a right semidistributive ring. The
analogous arguments show that B is a left semidistributive ring.

So B = kQ/J? is an SPSD-algebra over a field k and Q(B) = Q. O

Corollary 3.5. The link graph LG(A) of an SPSD-ring A coincides with Q(A).

Proof. For any SPSD-ring A the following equalities hold: LG(A) = Q(A,R) =
Q(A). O

Theorem 3.6. For an Artinian ring A with R?> = 0 the following conditions are
equivalent:

(a) A is semidistributive;

(b) Q(A) is simply laced and the left quiver Q'(A) can be obtained from Q(A) by
reversing all arrows.

Proof. (a) = (b). By Theorem 3.4 it is sufficient to show that @Q'(A) can be
obtained from Q(A) by reversing all arrows. One can assume that A is reduced.
Write A4 as a direct sum A4 = Py & ... & P,, where the P; are indecomposable
projective and let 1 = e; + ... + e be the corresponding decomposition of 1 € A
into a sum of mutually orthogonal local idempotents. If A;; = e;Ae; # 0, then, in
view of Corollary 3.3,

Al'jRj = RzAZJ and Aij C R for i 75 7.

Hence, Aj;R; = R;A;; = 0 for @ # j and, in view of the Q-Lemma, it follows
that there is a loop at the vertex i both in Q(A) and in @Q'(A). Thus the left quiver
Q'(A) can be obtained from Q(A) by reversing all arrows.

S
(b) = (a). By the Peirce decomposition for R we have: R = '@1 e;Rej,
1,)=
eiRe; = Ry and e;Re; = A, it # 54,5 =1,...,s.
It follows that

PR = (Ai,..., Aii—1,Ri, Ajiy1, ..., Ais)

fori = 1,...,s. If A;; # 0, for ¢ # j, then, in view of the Q-Lemma, A;; is a
simple right A;;-module and a simple left A;-module. If R; # 0, then R; is a simple
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Aj;-module and a simple left A;;-module. Thus, in view of Theorem 1.9, the ring A
is semidistributive. ]

Remark. The implication (b) = (a) isn’t true even in the case of finite dimensional
algebras as is shown by the following example.
Let A = kQ4 be the path k-algebra of the quiver Q4

A
N/

The basis of /ﬂQ4 is £1,€2,€3,&4, 012,013,024,034,012024,013034. The indecom-
posable projective A-modules are: P1 = {6170'12, 0'13,(7120'24,0'130'34}; Pg = {82, 0'24};
P3 = {e3,034}; Py = {e4}. Obviously, socP, ~ Py & P;. By Theorem 1.7, P; is not

distributive, but Q(A) = Q4 and
2
[ ]
N / \. 1
\. /
3

i.e., A satisfies condition (b) of Theorem 1.5.
Note that if we identify routes o12094 and o13034 then obtain the distributive
algebra, which is isomorphic to the matrix algebra My (k) of the following form

Q1=

Y

(

k k k k
0 kK 0 k
0 0 k k
00 0 k

A semiperfect ring A such that A/R? is Artinian will be called Q-symmetric
if the left quiver Q'(A) can be obtained from the right quiver Q(A) by reversing all
arrows.

Corollary 3.7. Every SPSD-ring is Q-symmetric.

Remark. Example 1.9 shows that an SPSDR-ring is not always Q-symmetric.
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Theorem 3.8. The intersection of all natural powers of Jacobson radical of SPSD-
ring is equal to zero.

Proof. Obviously we can consider the ring to be reducible. Denote

R ApRE - A RE

Ay RF RE ... Ay RE
Ik = P .« . .« . )
AgRY ApRE .. RE

Obviously [Ij is two-sided ideal of the ring A. It is easy to check that
1.1, = Ik+1 and RQ C I.

So, R** I}, whence
o o
(NR"c ()R
n=0 k=0

As all rings A;; are Noetherian chain rings then [12] it follows that they are either
discrete valuation rings or uniserial Artinian rings Kiote rings. The intersection of
all powers of the Jacobson radical of such rings is equal to zero [12]. According
to Theorem 1.9 the ring A;; is a cyclic chain Aj;-module and a cyclic left chain
Aj;-module. But in this case

(0.)
() ARy =0, ij=1,...,s
k=0

This means that the intersection of I} for all natural k is equal to zero. Whence,
the intersection of all natural powers of Jacobson radical is equal to zero. ]

3.2 Semiprime semiperfect rings

In this section we shall describe the minors of first and second order of right
Noetherian semiprime SPSD-rings.

The endomorphism ring of an indecomposable projective module over a semiper-
fect ring is called a principal endomorphism ring.

Proposition 3.9. An Artinian principal endomorphism ring of a semiprime semiper-
fect ring is a division ring.

Proof. This ring is an Artinian prime local ring and, consequently, is a division
ring. O

Lemma 3.10. Let Ay = P[" @ P)*&...® P be the decomposition of a semiprime
semiperfect ring A into principal modules and let End(Py) = D1 be a division ring.
Then A = M,,(D1) x End(Py? & ... & P).
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Proof. Let 1 = f1 + ...+ fs be a canonical decomposition of 1 € A into a sum of
pairwise orthogonal idempotents, i.e., f;A = P" for i = 1,...,s. Let fiAfi = Ay,
(1 — fl)A(l — fl) = AQ, X = flA(l - fl), Y = (1 — fl)Afl If either X 75 0 or

0 X
Y #0, then K = <Y VX
So X =0, Y =0, proving the lemma. O

> is a nilpotent ideal and we have the contradiction.

Theorem 3.11. (Decomposition theorem for semiprime semiperfect rings)
A semiprime semiperfect ring is a finite direct product of indecomposable rings. An
indecomposable semiprime semiperfect ring is either a simple Artinian ring or an
indecomposable semiprime semiperfect ring such that all its principal endomorphism
rings are non-Artinian.

A proof immediately follows from Lemma 3.10.

Let 1 = g1 4+ g2 be a decomposition of the identity of A into a sum of the
mutually orthogonal idempotents, and let A = (A;;) be the corresponding Peirce
decomposition of A, ie., A;; = ¢;Agj, 1,5 = 1,2. Similarly, if M is a two-sided
ideal of A, then M = (M;;) is the Peirce decomposition of M, where M;; = g;Mg;,
i,j=1,2.

Lemma 3.12. Let M = (M;;) be a two-sided ideal of a semiprime ring A. If
M;; # 0 for i # j, then Mj; # 0. Moreover, if M;; # 0 for i # j, then M;jMj; # 0
and MjiMij 75 0.

Proof. Let M;;M;; = 0. Clearly, Z = Ml‘jAji + Aiiji + M;; + Mj; is a two-sided
ideal and Z® = 0. The remaining cases are treated analogously. O

Corollary 3.13. Let 1 =ej +...+ e, be a decomposition of the identity of A into a
sum of the mutually orthogonal idempotents, A;; = e;Aej, i,j = 1,...,n, and let M
be a two sided ideal in A, M;; = e;Me;, i,5 =1,...,n. If M;; #0 for i # j, then
Mj; # 0 and M;jM;; # 0, Mj;M;; # 0. Moreover, from the equality A;;Aj; = 0 it
follows that A;; =0 and Aj; = 0.

Proposition 3.14. Let A be a prime (resp. semiprime) ring, e> = e € A. Then
the ring eAe is prime (resp. semiprime).

Theorem 3.15. For a semiprime semiperfect ring A the following conditions are
equivalent:

(1) A is a finite direct product of prime rings;

(2) all principal endomorphism rings of A are prime.

Proof. (1) = (2) follows from Proposition 3.14.

(2) = (1) Obviously, we can assume that A is indecomposable and reduced.
Let 1 =e;+...+e, be a decomposition of 1 € A into the sum of pairwise orthogonal
local idempotents. We shall prove the theorem by induction on n. The case n =1
is obvious. Suppose that A is not prime. Then there exist two-sided nonzero ideals
M, N such that MN = 0. Let hy = e1 + ...+ e,_1 and hy = e,. We have
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the equality hiMhiNh; = 0. By the induction hypothesis either hiMh; = 0 or
hiNhi = 0. Let hiMh; = 0, then by Corollary 3.13 hiMho = 0 and hoMhy, = 0.
If hoMhy = 0, then the theorem is proved, so hoMhs # 0 and haNhy = 0. We
have again hoNh; = 0 and hi{Nhy = 0. One can assume that e;Ne; # 0 for
i=1,...,tand ejNe; =0 for j =t+1,...,n. So NjA;; =0 fori=1,...,¢t and
Jj=t+1,...,n. Consequently, N;;A;;Aj; = 0 for the same 7 and j. Since the A;
are prime, it follows that A;;A; = 0. By Corollary 3.13, we obtain A;; = 0 and
Aj=0fori=1,...,tand j =t+1,...,n. Hence, the ring A is decomposable and
we obtain a contradiction, which proves the theorem. O

Let A be a ring, P a finitely generated projective A-module which can be de-
composed into a direct sum of n indecomposable modules. The endomorphism ring
B = End4(P) of the module P is called a minor of order n of the ring A.

Proposition 3.16. Every minor of an SPSD-ring is an SPSD-ring.
The proof follows from Theorem 1.9 and Corollary 3.1.

Corollary 3.17. Every minor of a right Noetherian semiprime SPSD-ring is a right
Noetherian semiprime SPSD-ring.

The proof follows from Theorem 2.1 and Proposition 3.14.
From Theorems 1.9 and 2.1 we obtain the following statement.

Corollary 3.18. FEvery minor of a Noetherian SPSD-ring is a Noetherian SPSD-
TIng.

Proposition 3.19. A minor of the first order of a right Noetherian SPSD-ring is
uniserial and it is either a discrete valuation ring or an Artinian uniserial ring.

Let O be right local uniserial Noetherian ring with the unique maximal ideal .
Consider the following descending chain of two-sided ideals.

O>MoM>>o... oMo ...

By Nakayama Lemma " strictly contains M*! for any k € N. As O is serial
ring then right factor module M* / ML s simple if MF £ 0.

Assume that M =£ 0. In this case if 7 € M\mz then 7O + M? = M and according
to Nakayama Lemma M = 7 O.

Consider left ideals Om and M. The local property of the ring O gives that
M D Or.

The strong inclusion Ow D M? follows from that O is serial. Factor module
jﬂ%l/;m2 is semisimple right O-module and is left O-module. As the ring O is serial
then M/ M? is simple from both sides. Whence O = 7O = M.

The next proposition immediately follows from this fact.

Proposition 3.20. Let O be a right local Noetherian serial ring with the unique
mazimal ideal M #£ 0. Then M = 7O = Ox and the ring O is both sides Artinian if
and only if the element 7 is nilpotent.
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That is why in future we will assume that the element 7 is not nilpotent.
Consider the endomorphism 7 of the right O-module Op which multiplies & € O
with the element 7 from the left, i.e. 7(a) = ma.

[e.@]
Step 1. kerm C [ M"™.
n=1
Proof. Let kerm = {a € O| ma = 0}. It is obvious that kerr is two-sided ideal.
Really, if a € kerm then 7(aa;) = (ma)ay =0, i.e. aa; € kermn.
Let a € kerm and 5 € O. Consider 7(fa) = (78)a = (fim)a = fi(ma) = 0.
If kerm = M™ for some n then 7M™ = 7OM" = M = 0, whence 7! = 0. So,
o0
kerm C M" for any natural n, whence kerm CY = [ M". O]

n=1

Step 2. kerm = 0.
Proof. Let X = kerm # 0. Then there exists ascending chain of ideals
kerm C kerm®> C ... C kern™ C .. ..

Let us show that ker 7% # kern**1 for all k. Let ker 7% = kern**1 for some k and
o

r € X, 2 #0. So, 7x = 0 and x € () M". This is followed by 2 = 7*ay, =
n=1

7oy 1. The equality 7z = 0 implies 7 ag; = 0 ie. oy € kern**1 and this

means that oy € kerm® and 7Fa, = 0 = x. That is why there exists strongly

ascending chain of two-sided ideals

+

kerm C kern® C ... Ckern™ C ....

and this is a contradiction with the property of the ring O to be right Noetherian.
The proposition is proved. O

Step 3. () M" =0.
n=1

Proof. Let Y = [ M"™ # 0. Consider two-sided ideal Y M of the ring O which is
n=1

the unique maximal submodule of M as the ring O is right Noetherian.
Considering the factor ring O/Y M one may assume that the intersection ¥ =

o

() M" is a simple right O-module in the former ring @. The property of ¥ to be a

n=1

two-sided ideal and the equality kerm = 0 imply that 7Y =Y.

Let W ={a € O| ar € Y}. Obviously W # 0 because y € M, y € Y, y # 0 and
Yy = Q.

Let us show that W is a two-sided ideal of the ring O. Obviously o+ o1 € W if
a, a1 € W.

Let « € W, ie. ar € Y. Then (Ba)r = fy1 € Y, ie. Ba € W for any
B € O. Moreover, (af)r = a(fr) = a(rf) = (am)py € Y. f W ¢ Y then
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W =7a"0=0r"and Wr €Y, ie. Wr=M""' CY. The obtained contradiction
shows that W C Y and so W =Y. Let € Y and y # 0. Then y = y;7 for some
y1 € Y. But Y7 = 0, whence y = 0. The obtained contradiction proves that O is
a discrete valuation ring with the unique maximal ideal M = 7O = O=. For more
details see Warfield [1975]. O

Corollary 3.21. A minor of the first order of a right Noetherian semiprime SPSD-
ring is either a discrete valuation ring or a division ring.

A ring A is called semimaximal if it is a semiperfect semiprime right Noetherian
ring such that for each local idempotent e € A the ring eAe is a discrete valuation
ring (not necessarily commutative), i.e., all principal endomorphism rings of A are
discrete valuation rings.

Proposition 3.22. A semimazimal ring is a finite direct product of prime semi-
mazximal rings.

A proof follows from Theorem 3.15.
So, a semimaximal ring A is indecomposable if and only if A is prime.

Proposition 3.23. A semiperfect reduced indecomposable ring B is a second order
minor of a right Noetherian semiprime SPSD-ring if and only if B is semimazximal.

Proof. Let 1 = e; + e5 be a decomposition of 1 € B into a sum of local idem-
2
potents, let B = €@ e;Be; be the corresponding two-sided Peirce decomposition,
ij=1
and let B;; = e;Be; (i,j = 1,2). The Jacobson radical R of B has the form:

R= < ]_L];l %2 >, where R; is the Jacobson radical of B;; (i = 1,2). Obviously,
21 2

R2 — ( R+ B12Ba1  RiBiz + Biz2Ry >
RoBoy + BaiR1 R3+ Bo1Bio

By Corollary 3.19, B;; is either a discrete valuation ring or a division ring. If By; = D
e 0 B . 0 312).
is a division ring, then R = . Obviously, J = is a

8 <BQI Ry ) Y <B21 Bo1 B2
nonzero ideal in B and J, = 0. So B is semimaximal.

Let’s now show that a semimaximal ring B is semidistributive. We can assume
that B is prime. Let R, = mB;; = Bym; (i = 1,2). Now bigbe # 0 for any
b12 # 0 and by # 0 (bi2 € Bi2,by € Bgg). Indeed, we can suppose that by =

0 b2 Bi1 B 0 0
m mo__
m4'. Then < 0 0 > < Byy Doy 0 by # 0 and, consequently, bjo Baopy' =
b12p5'Baa # 0. So, biapy® # 0. Analogously, b;;b; # 0 and b;b;; # 0 for 4,5 = 1,2.
Further b;;bj; # 0 for i # j and both factors are nonzero. We shall prove that

0 b1o Bi1 Bio 0O O
b21b12 75 0 for b12 75 0 and b21 75 0. Indeed, < 0 0 > ( B21 322 ) < b21 0 > 75
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0. SO, b12B22b21 7é 0 and thus there exists bg € B22 such that blzbggbgl 7é 0. If
bo1b12 = 0, then bo1b1ab9bs; = 0 and we obtain a contradiction.

Next Bjo is a uniserial right Bes-module and a uniserial left Bjj-module. By
Theorem 2.1, Bjs is a finitely generated Bgs-module. Consequently, if Big isn’t
uniserial, then By = Bg) &) Bg), where Bg) and Bg) are nonzero Bog-submodules
of B12. Let bgl 75 0. Then b21Bl2 = bngg) EBmeg), where leBg) and bngg) are
nonzero right ideals in Q. This is a contradiction. Consequently, Bio is a uniserial
right Bos-module.

Finally Bis is a uniserial left Bij-module. If this isn’t true, then there exists
a left Bjj-submodule Nj3 with two noncyclic generators in Bis. Consequently,
N1y = Nl(%) @ Nl(g) is a direct sum of two nonzero left Bji-submodules and so

Nigboy = Nl(;)b21 ® Nl(g)bgl is a direct sum of two nonzero left ideals in By for
any nonzero bgp. This is a contradiction and so B12 is a uniserial left Bii-module.
Analogously, Boi is a uniserial right Byi-module and a uniserial left Bos-module.
Thus, by Theorem 1.9 B is semidistributive. The proposition is proved. O

Corollary 3.24. An intersection of a finite number of nonzero submodules of an
indecomposable projective module over a Noetherian prime SPSD- ring is nonzero.

Lemma 3.25. A local idempotent of a Noetherian prime SPSD-ring A is a local
idempotent of its classical ring of fractions.

Note that an example of semimaximal rings is non-Artinian both sides Noethe-
rian semiprime hereditary rings. They are exactly semimaximal hereditary rings.
The article [19] contains a condition for the prime semimaximal ring A to be of
finite type. This condition is as follows. As an arbitrary prime semimaximal ring
A can be included into the prime ring of fractions @, let M(A) be the partially
ordered set (in the sense of inclusion) of all projective A-modules which belong to
some prime ()-module. So, the equivalent condition for the prime semimaximal ring
to be of finite type is the nonexistence of critical subsets in the set #A(A). Here a
subset of a partially ordered set is called critical if it is one of the following sets:
(1,1,1,1), (2,2,2), (1,3,3), (1,2,5), R = {a1 <ag >by <byycp <eg<eg< 64}.
Here we denote by (l1,..., l,,) the cardinal sum of m linearly ordered sets which
contain lq,..., [, elements correspondingly.

For proving Lemma 3.25 we need the following proposition [6, Prop. 9.3.10].

Proposition 3.26. Let Q be a semisimple ring and A be a right order in Q. Then
Q is a simple ring if and only if A is prime.

Proof of Lemma 3.25. By Proposition 3.26 A is a right order in the simple Artinian
ring Q = M, (D). One can assume that the local idempotent e € A is a sum of matrix
idempotents e = e;,;; + ...+ €;,4,. Let £ > 2. Then there exist q1,...,q € Q such
that e;4,q1,...,€i,4,qx € A and, consequently, e;;,q1A4,...,€;4.q:A are nonzero
right submodules of the right indecomposable projective module eA and €;,,;,, ¢mnAN
€iyi,@pA = 0 for m # p. We obtain a contradiction with Corollary 3.24. O
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3.3 Right Noetherian semiprime SPSD-rings

The following is a decomposition theorem for semiprime right Noetherian
SPSD-rings.

Theorem 3.27. The following conditions for a semiperfect semiprime right Noethe-
rian ring A are equivalent:

(a) the ring A is semidistributive;

(b) the ring A is a direct product of a semisimple Artinian ring and a semimaz-
mal ring.

Proof. (a) = (b). From Theorem 3.11 it follows that A is a finite direct product
of indecomposable semiprime rings. Every indecomposable ring is either a simple
Artinian ring or a semiprime semiperfect ring such that all its principal endomor-
phism rings are non-Artinian. In the second case, by Corollary 3.21, such a ring is
semimaximal.

(b) = (a). Obviously, a semiprime Artinian ring is a semiprime SPSD-ring. A
semimaximal ring is an SPSD-ring, by Proposition 3.11 and the reduction theorem
for SPSD-rings. O

Lemma 3.28. The right uniserial modules over the ring H,,(O) are exhausted by
the D™, all principal Hy,(O)-modules and quotient modules of these modules.

Theorem 3.29. Fach semimaximal ring is isomorphic to a finite direct product of
prime rings of the following form:

o0 7120 ... e
o Q2n

a=| 7O o o 1)
1) g2 ... o0

where n > 1, O is a discrete valuation ring with a prime element 7, and the oy; are
integers such that auj + o > g for all i, j, k (ay; =0 for any ©).

Proof. By Proposition 3.10 a semimaximal ring is a finite direct product of prime
semimaximal rings. We shall show that a prime semimaximal ring is isomorphic to
a ring of the form (1).

Let 1 = e + ...+ e, be a decomposition of 1 € A into a sum of pairwise
orthogonal local idempotents, A;; = e;Ae; for i, j =1,...,m. Denote by B;; (i # j)
iii iij ) If B;; isn’t reduced, then

Ji Jj
Bij ~ M3(A;;) and B;j is left Noetherian. If B;; is reduced, then A;jaj; C Ay, @ji -
A;j — Ay being the monomorphism of left Aj-modules (for any nonzero aj;) such
that ¢ji(ai;) = aijas;. If Ay isn’t finitely generated, then A;; contains a non-finitely
generated left A;-submodule A;jaj;, where a;; # 0. This gives a contradiction. So,
by Lemma 3.28, A;; ~ A;; and B;; is left Noetherian, by Theorem 2.1. Applying
induction on m and Theorem 2.1, we see that A is left Noetherian. Consequently, A

the following second order minor: B;; = (
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is a prime Noetherian SPSD-ring. By Proposition 3.26, A is a right order in a simple
Artinian ring Q = M, (D). Suppose that every local idempotent e; from the above
decomposition 1 = e + ...+ ey, is local in M, (D). Hence, the two decompositions:
l=e1+...+epand 1 =e1; + ...+ ey, are conjugate. Consequently, m = n and
we can assume that the matrix idempotents are the local idempotents of A.
n
Denote A;; by A;. Wehave Q@ = ) e;;D (D is a division ring, the e;;, are matrix
ij=1
n
units commuting with the elements from D) and A = ) e;;A4;;, where A;; C D.
ij=1

All A; are discrete valuations rings, A;; A, C Ag, and A #0fori,j=1,...,n (A
is prime and 67;7;A€jj = Aij 75 0)

We shall prove that A;; = d;jA; = Ajd;j, where d;; € A;; C D. Indeed, let
R; be the Jacobson radical of A; and let m;A; = A;m; = R;. By corollary 3.3,
RiAij = Ainj. Take an element 0 7'5 dij S Aij so that Ald” + Rz'Aij = Aij- By
Nakayama’s Lemma A;; = dj;A; = Aidi;. Let T = diag(dl_zl,déz,),... d-! 1).

» YUn—1n>
Consider TAT—1. One can assume that the following equalities dio = ... = dp_1n
hold in A, hence A1 = Ay = ... = A,. Write A1 = O, where O is a discrete

valuation ring (non-necessarily commutative). Consequently, A;; D O for i < j.
From A;;Aj; C O we have A;;A;; D Aj; and Aj; C O for j <. So, one can assume
that dj; = %%, where M = 70O = O is the unique maximal ideal of O, a;; > 0
for j > 4. Obviously, d;; = ¥, where a;; > —aj;. Hence, we obtain a ring of
the form 3.27. The converse assertion follows from the definition of a semimaximal
ring. O

A ring A is called a tiled order if it is a prime Noetherian SPSD-ring with
nonzero Jacobson radical.

Remark. Let O be a discrete valuation ring. Then from Theorem 3.29 it follows
that each tiled order is of the form (1).

The ring O is embedded into a classical ring of fractions D, which is a division
ring. Therefore (14.5.1) denotes the set of all matrices (a;;) € M, (D) such that
a;j € 90 = e;; Aejj, where the eqq, ..., ey, are the matrix units of M, (D). It is
clear that M, (D) is the classical ring of fractions of A.

According to the terminology of V.A.Jategaonkar and R.B.Tarsy, a ring
A C M,(K), where K is the quotient field of a commutative discrete valuation
ring O, is called a tiled order over O if M,,(K) is the classical ring of fractions of A,
ei; € A and e;;Ae; = O for i = 1,...,n, where the eqq, ..., e,, are the matrix units
of M, (K) (see [8]).

Denote by M, (Z) the ring of all square n X n-matrices over the ring of integers
Z. Let & € Mn(Z). We shall call a matrix £ = («;;) an exponent matrix if
aij+ o > ag fori, j,k=1,...,nand oy =0 fori = 1,...,n. A matrix £ is called
a reduced exponent matrix if a;; +aj; > 0for¢,7=1,...,n.

We shall use the following notation: A = {O,E(A)}, where £(A) = (ayj) is the
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n
exponent matrix of a ring A, i.e., A = ) e;;7* O, where the e;; are the matrix
5,5=1
units. If a tiled order is reduced, then o;; +aj; > 0 for i,5 = 1,...,n, ¢ # j, ie.,

E(A) is reduced.

Let O be a discrete valuation ring. A right (resp. left) A-module M (resp. N)
is called a right (resp. left) A-lattice if M (resp. N) is a finitely generated free
O-module.

For example, all finitely generated projective A-modules are A-lattices.
Given a tiled order A we denote by Lat,(A) (resp. Lat;(A)) the category of right
(resp. left) A-lattices. We denote by S;(A) (resp. S;(A)) the partially ordered set
(by inclusion), formed by all A-lattices contained in a fixed simple M, (D)-module
U (resp. in a left simple M, (D)-module V). Such A-lattices are called irreducible.
Note that every simple right M, (D)-module is isomorphic to a simple M, (D)-
module U with D-basis e, ..., e, such that e;e;r = d;jer, where e, € M,(D) are
the matrix units. Respectively, every simple left M, (D)-module is isomorphic to a
left simple M, (D)-module V' with D-basis e1, ..., e, such that e;je;, = d;re;.
Let A={0,E(A)} be a tiled order, and let U (resp. V') be a simple right (resp.
left) M, (D)-module as above.
Then any right (resp. left) irreducible A-lattice M (resp. N) lying in U (resp.
in V) is an A-module with O-basis (n{e1,...,m%" ey ), while
{ a; + a;; > « , for the right case; )
aij + o > o, for the left case.

Thus, irreducible A-lattices M can be identified with an integer-valued vec-
tor (au,...,q,) satisfying (3.29). We shall write [M] = (ai,...,a,) or M =
(041, cee ,an).

The order relation on the set of such vectors and the operations on them corre-
sponding to sum and intersection of irreducible lattices are obvious.

Remark. Obviously, two irreducible A-lattices M7 = (aq,...,ap) and My =
(61, ..., 0n) are isomorphic if and only if o = 8; + 2z for i = 1,...,n and (a
fixed) z € Z. We shall denote by (a,...,a,)" the column vector with coordinates
Aly...,0p.

Note that the posets S,(A) and S;(A) do not depend on the choice of simple
M, (D)-modules U and V.

Proposition 3.30. The posets Sy(A) and Si(A) are anti-isomorphic distributive
lattices.

Proof. Since A is a semidistributive ring, S, (A) (resp. S;(A)) is a distributive lattice
with respect to the sum and intersection of submodules.

Let M = (a1,...,0,) € Sp.(A). We put M* = (—ayq,...,—a,)’ € Sj(A). If
N = (B1,...,0.)" € Sj(A), then N* = (=f41,...,—B,) € S.(A).
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Obviously, the operation * satisfies the following conditions:

1. M™ = M; 2. (My+Msy)* = M{NMs; 3. (MiNMy)x = M+ M in the right
case and there are analogous rules in the left case. Thus, the map * : S,.(4) — S;(A)
is the anti-isomorphism. O

Remark. The map * defines a duality for irreducible A-lattices.

If My C Ma, (M, Ms € Sp(A)), then My C M7. In this case, the A-lattice M»
is called an overmodule of the A-lattice M; (resp. M is an overmodule of MJ).

3.4 Quivers of tiled orders

Recall that a quiver is called strongly connected if there is a path between any
two vertices. By convention, a one-point graph without arrows will be considered a
strongly connected quiver. A quiver ) without multiple arrows and multiple loops
is called simply laced, i.e., ) is a simply laced quiver if and only if its adjacency
matrix [@] is a (0, 1)-matrix.

Theorem 3.31. Let A be a semiperfect two-sided Noetherian ring with the quiver
Q(A). Suppose the matriz [Q] is block upper triangular with permutationally irre-
ducible matrices By, ..., By on the main diagonal of the Peirce quiver of A. Then
there exists a decomposition of 1 € A into a sum of mutually orthogonal idempotents:
1=g1+...g¢ such that

t
A= @ giAg;
ij=1
is the two-sided Peirce decomposition with g;Ag; = 0 for j < i, moreover, the

adjacency matrices of the quivers Q(A;) of the rings A; = g;Ag; coincide with B,
i=1,...,t

Theorem 3.32. The quiver Q(A) of a right and left Noetherian indecomposable
semiprime semiperfect ring A is strongly connected.

A proof follows from Theorem 3.31 and Proposition 3.14. We use notations from
Theorem 3.31. If Q(A) isn’t strongly connected, then the ring (g1 + g2)A(g1 + g2)

isn’t semiprime. Indeed, for the nonzero ideal J = 8 916192 > we have J? = 0.

Let I be a two-sided ideal of a tiled order A. Obviously,

n
U= Z 6@'7‘(““’“0,
ij=1
where the e;; are matrix units. Denote by E(I) = (i) the exponent matrix of the
ideal I. Suppose that I and J are two-sided ideals of the ring A, £(I) = (15), and
E(J) = (vi5). It follows easily that E(I.J) = (d;5), where 6;; = ming{ i + vi;}-

Theorem 3.33. The quiver Q(A) of a tiled order A over a discrete valuation ring O
is strongly connected and simply laced. If A is reduced, then Q(A) = £(R?) — E(R).
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Proof. Taking into account that A is a prime Noetherian semiperfect ring, it follows
from Theorem 3.32 that Q(A) is a strongly connected quiver. Let A be a reduced
order. Then [Q(A)] is a reduced matrix. We shall use the following notation:
g(A) = (Oéij); E(R) = (ﬁij); where B” =1 for ¢ = 1,...,n and 57;]' = 4y for
i#j (i,5 =1,...,n); E(R?) = (vij), where v;; = minygp<n{ar + Bx;} for i,j =
1,...,n. Since, £(A) is reduced, we have o;; + oy > 1 for 4,5 = 1,...,n, ie.,
Yii — minlgkgn; k#id‘{aik + Oé]ﬂ'} = minlgkgm k#:i{aik + Oékz‘}. Hence Yii is equal to
1or2. Ifi#j, then 8;; = ayj and 7 = min{min)pcn prij{ir + g}, oy + 1},
i.e., vi; equals aj; or aj; + 1.

To any irreducible A-lattice M with O-basis (mq,e€1,...,7m"€,) associate the
n-tuple [M] = (o, ...,a,). Let us consider

[Pz] = (Oéil,‘..,o,...,am),

[PiR] = (1, .-, 1,0, qin) = (Bits -+, Bin)-
Set [P;R?] = (Yi1,---,%in). Then ¢; = [P;R?] — [P;R] is a (0, 1)-vector. Suppose

that the positions of the units of ¢’ are ji,...,jm. In view of the annihilation
lemma, this means that P,R/P,R?> = Uj, @ ...® Uj, . By the definition of Q(A) we
have exactly one arrow from the vertex ¢ to each of ji, ..., j,. Thus, the adjacency

matrix [Q(A)] is:
[Q(A)] = E(R?) — E(R).

The theorem is proved. ]

A tiled order A ={0,E(A)} is called a (0, 1)-order if £(A) is a (0, 1)-matrix.

Henceforth a (0, 1)-order will always mean a tiled (0, 1)-order over a discrete
valuation ring O.

With a reduced (0, 1)-order A we associate the partially ordered set

Py={1,...,n}

with the relation < defined by i < j < «;; = 0.

Obviously, (P, <) is a partially ordered set (poset).

Conversely, to any finite poset P = {1,...,n} assign a reduced (0, 1)-matrix
&, = (Ajij) in the following way: A;; = 0 & i < j, otherwise A;; = 1. Then
A(P) ={0,&p} is a reduced (0, 1)-order.

We give a construction which for a given finite partially ordered set P =
{p1,...,pn} yields a strongly connected quiver without multiple arrows and mul-
tiple loops.

Denote by Pz (respectively Ppp) the set of the maximal (respectively mini-
mal) elements of P and by P4z X Ppip their Cartesian product.

The quiver @(P) obtained from the diagram Q(P) by adding the arrows o;; :
i — j for all (pi, pj) € Pmaz ® Ppin is called the quiver associated with the
partially ordered set P.

Obviously, @(P) is a strongly connected simply laced quiver.



26 VLADIMIR KIRICHENKO, MAKAR PLAKHOTNYK

Theorem 3.34. The quiver Q(A(P)) coincides with the quiver Q(P).

Proof. Recall that [Q(A(P))] = &(R?) — E(R). Suppose that in Q(P) there is
an arrow from s to t. This means that as = 0 and there is no positive integer
k (k # s,t) such that ag = 0 and ag; = 0. The elements (s and [y of the
exponent matrix £(R) = (8;;) are equal to 1. We have that £(R?) = (v;;), where
Yij = mini<k<n(Bsk + Bre) = 1. Thus, in [Q(A(P))] at the (s, t)-th position we have
Vst — Bst =1 —ag =1 —0=1. Consequently, Q(A(P)) has an arrow from s to ¢.

Suppose that p € Py,4,. This means that oy, = 1 for k # p. Therefore the entries
of the p-th row of £(R) are all 1, i.e., (Bp1,---,Bpp,---:0pm) = (1,...,1,...,1).

Similarly, if ¢ € Prin, then the g-th column (Big,---,B4q> - - Ong)’ of E(R) is
(1,...,1,...,1)T. Hence, vpq = 2, Bpy = 1, and Q(A(P)) has an arrow from p to q.
Consequently, we proved that Q(P) is a subquiver of Q(A(P)).

We show now the converse inclusion. Suppose that 7,, = 2. Then obviously

(Bprs-- s Bppy -+ Bpg) = (1,...,1,...,1)

and
(Bugs -+ Bags -+ Bng) T = (1,...,1,..., )T,

Therefore p € Praz, ¢ € Prin and there is an arrow, which goes from p to q.
Suppose 7pq = 1 and 3,; = 0. Consequently, p # q, Bpq = g = 0 and p < q.
Since Ypg = mini<e<n(Bpk + Brp), then Byp + Brg = 1 for k = 1,...,n. Thus, for
k # p,q we have By, + Biq = 1, whence we obtain oy + ay, > 1. Therefore, there
is no positive integer k (k # p, q) such that opr = apq = 0. This means that there
is an arrow from p to ¢ in @(P), and this proves the opposite inclusion. O
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Abstract. The article considers the problem of existence and uniqueness of a cen-
trally symmetric convex body in R™ for which the projection curvature radius function
coincides with given function. A necessary and sufficient condition is found that en-
sures a positive answer. Also we find a representation for the support function of a
centrally symmetric convex body.
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1 Introduction

Let F be a function defined on 2-dimensional unit sphere S%. The existence and
uniqueness of convex body B C R? for which the mean curvature radius at the point
on 0B with outer normal direction w coincides with F'(w) was posed by Christoffel
(see [4]). The corresponding problem for Gauss curvature was posed and solved by
Minkowski. A.D. Aleksandrov and A.V.Pogorelov generalized these problems for
a class of symmetric functions G(R;(w), R2(w)) of principal radii of curvatures [4].

Let B C R™ be a convex body with sufficiently smooth boundary and let
Ri(w),..., Ry—1(w) signify the principal radii of curvature of the boundary of B at
the point with outer normal direction w € S*~!. In n-dimensional case a Christoffel-
Minkowski problem was posed and solved by Firay (see [6]) and Berg (see [8]): what
are necessary and sufficient conditions for a function F, defined on S*! to be the
function ) R, (w)--- R;,(w) for a convex body, where 1 < p < n — 1 and the sum
is extended over all increasing sequences i1, --- ,%, of indices chosen from the set
1=1,...,n—1.

In this paper we consider a similar problem posed for the 2-dimensional pro-
jection curvature radii of centrally symmetric convex bodies in R". We use the
following notation. By B, we denote the class of convex bodies B C R" that have a
center of symmetry at the origin O € R™. For two different directions w,& € S™71,
w # & we denote by B(w, &) the projection of B € B, onto the 2-dimensional plane
e(w, &) containing the origin and the directions w and &.

We define R(w, §) = curvature radius of 0B (w, §) at the point whose outer normal
direction is w, and call it 2-dimensional projection curvature radius of the body.
Since R(w,&1) = R(w, &), where w, &1, & € S"1) are linearly dependent vectors, we
assume where necessary that £ is orthogonal to w.

© R.H.Aramyan, 2011
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Let F be a function defined on the space of ”flags” an ordered pairs of orthogonal
unit vectors {(w,¥) : w € S"7 1 ¢ € S,}. By S, we denote the great (n — 2)-
subsphere of S"~! with pole w € S”~!. In integral geometry the concept of a flag
was first systematically employed by R.V.Ambartzumian in [1]. In this paper we
study:

Problem 1: what are necessary and sufficient conditions for a function F' to
be the 2-dimensional projection curvature radius function of a centrally symmetric
convex body and

Problem 2: reconstruction of that centrally symmetric convex body.

In this paper we find a necessary and sufficient condition on F'(w, 1) that ensures
a positive answer. Note that the uniqueness (up to parallel shifts) follows from the
classical uniqueness result on Christoffel problem.

Also we find a simple representation for the support function of a 2-smooth cen-
trally symmetrical convex body in R" in terms of 2-dimensional projection curvature
radius function.

Now we describe the main result. Let F' be a nonnegative function defined on
the ordered pairs of orthogonal unit vectors § = {(w,v) : w € S" 1, ¢ € S, }.

Theorem 1. A nonnegative n times continuously differentiable function F defined
on § is the 2-dimensional projection curvature radius function of a centrally sym-
metric convex body if and only if there is an even continuous function f defined on
S"=1 such that

Flw, ) = 2/S < ou> 2 F(u) Ano(du), (1)

for allw € S" ! and allyp € S, here A\,_s is the Lebesque measure on S"2, < -,- >
denotes the Euclidean scalar product.

Note that in [3] the same problem was considered in R? and a different necessary
and sufficient condition was found.

Radon transform provide a technique for studying the Christoffel problem for
centrally symmetric convex bodies. The solution of that problem is of different
nature for even and odd values of n (see [§]).

To reconstruct the convex body we find (by means of another method) a simple
representation for the support function of a centrally symmetric convex body in
terms of 2-dimensional projection curvature radius function.

Theorem 2. The support function of 2-smooth centrally symmetric convexr body
B C R” has the following representation

G p— /S R\ (dw), eest (2)

- 20—’!7,72 n—1 Sinnfg (u/):\é_)

Here (;,\g is the angle between w and &, oy = A\p_o(S"72).

We need the following results from the convexity theory.
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2 Preliminaries

It is well known (see [7]) that the support function of every sufficiently smooth
convex body B € B, has the unique representation

7O = [ 1<605 h@)h(d), s Q

with some unique even continuous function h(Q) defined on S"~!, not necessarily
nonnegative, called the generating density of the body.

R. Schneider (see [8]) has showed that the smoothness of order n yields the
representation with a continuous generating density.

Below we use the following result of N. F. Lindquist (see [8]).
An even continuous function h defined on S"! is the generating density of a convex
body B € B, if and only if

/ (< by > h(u) An_a(du) > 0, (@)
for all w € S™ and all ¢ € S,,.

The author of the present paper gave a clear geometrical interpretation for inte-
gral (4). In [2] has proved the following theorem (here we present a short version of
the proof for completeness).

Theorem 3. For any sufficiently smooth convex body B € B,

R(w,€) :2/ < &0 > h(u) Ay_o(du), (5)

where £, w € S"1, € 1w, h(u) is the generating density of B.

Proof. We need some special representation for the element of Lebesgue measure on
S"~1. Given an orthonormal system of unit vectors 21, 29, 1, X2, ..., Tn—2 in R?, we
represent w € S"! as w = (v, p,u), where v is the angle between w and e(z1, 22),
¢ is the angle between z; and the projection of w onto e(z1,z22), while u is the
direction of the projection of w onto the (n — 2)-dimensional subspace containing
x1,22,...,Tn—2. The corresponding Jacobian for n > 4 is (see [6])

A—1(dw) = sin™ 3 v cos v dv dp \,_3(du). (6)

The support function of B(w, &) is the restriction of H () (the support function
of the body) onto the circle S"~! Ne(w,&). We consider some orthonormal system
of unit vectors 21, 29,1, ..., Tn_2, Where z1 = w, 29 = £. Let ¢ be the angle between
direction w(¢) in e(w,§) and w. We have w(¢) = (cos ¢, sin@, 0, ...,0). According
to the formula for curvature radius in 2-dimensional case (see [5]) we have

R(w,§) = H(0) + H"(¢) =0, (7)



RECONSTRUCTION OF CENTRALLY SYMMETRIC CONVEX BODIES IN RV 31

where H(¢) = H(w(¢)). Using (3) we get

H(¢) = / < w(®),Q>] h(Q)dQ2 = 2/ (Q1 cos ¢ + Qo sin @) h(Q2) dS2,
sn—1 {9 (0,Q)>0} -
8

where Q = (Q1,Q2,...,Q,). Now we represent  as Q = (v, p, ), where § € "3, v
is the angle between Q and e(w, £), and ¢ is a direction in e(p, £). Using (6) for the
second derivative we get

H'(¢) = 2 / (=1 cos & — Q sin ¢) h(Q) 2 + ()
{Q (w.)>0}
+2/ (—Qysin g + Qg cos ) h(v, ¢ + g, 8) sin™ 3 v cos v dv,_3(dd).
Sw(g)
Substituting (9) into (7) and taking into account that sin® ?vdv A, 3(df) =
An—2(du) where u = (v,0), u € S, and Qs = cosv = cos(u, §) we get (5). O

3 Proofs of Theorems 1 and 2

Proof of Theorem 1. Necessity: let R(w,1) be the projection curvature radius of
a convex body B € B,. We have to prove that there is an even function f defined
on S"~! such that condition (1) satisfies for R(w,v). It follows from (3) that for a
sufficiently smooth convex body the generating density exists. As a function f, we
take the generating density of centrally symmetric convex body B. It follows from
Theorem 3 that equation (1) is satisfied.

Sufficiency: let F' be a nonnegative function defined on § for which there is an
even continuous function f defined on S®~! such that

Flw, ) = 2/5 < u> P fu) An_o(du), (10)

for all w € S"~! and all ¢ € S,,. Since F is nonnegative the right hand side of (10)
is nonnegative. Hence according to Theorem 3 there exists a centrally symmetric
convex body B for which even function f is the generating density of B. It follows
from Theorem 3 that the right hand side of (10) is the 2-dimensional projection
curvature radius function of B. Hence F' is the 2-dimensional projection curvature
radius of B. O

Proof of Theorem 2. Let u € S¢ be a direction perpendicular to § € Sn—1 We
approximate B(u,{) C e(w,§) from inside by polygons that have their vertices on
0B(u, ). We denote by a; sides of the approximation polygon, by v; (v; is the angle
between the normal direction and ) the direction normal to a; within e(u, ). Let
Hp(y¢) be the support function of B(u,§). We have

AH(€) = 4Hp(ug (€) = lim Y Jai] sin(€, vi) = (1)
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= limZRu(Vi)|Vi+l — 4] Sin(ﬁ/,\yi) = 2/ R, (v) sinvdy,
/L' 0

R, (v) is the radius of curvature of 0B(u, &) at the point with normal v. Integrating
both sides of (11) in A,_2(du) over S¢, and using standard formula \,_;(dw) =
sin® 2 v dv A\p_2(du), where w = (v, u) we obtain

20,9H(§) = /Sﬁ /07r R, (v)sinvdv A\p—o(du) =

= " Fuly) sin 2 v dv u) = _Bw. w
_/S5 dv Ao (du) / — A1 (dw). 0

o sin" 3y sn-1 sin" 3 (w,

Note that replacing 2H(-) by the width function W (-) in (2) we get a formula
for the width function for all convex bodies (not only centrally symmetric).
I would like to express my gratitude to Professor R. V. Ambartzumian for helpful
discussions.
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Abstract. In this paper we consider analogues of Cohen’s theorem. We introduce
new notions of almost prime left (right) submodule and dr-prime left (right) ideal, this
allows us to extend Cohen’s theorem for modular and non-commutative analogues. We
prove that if every almost prime submodule of a finitely generated module is a finitely
generated submodule, then any submodule of this module is finitely generated.
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1 Introduction

The aim of this paper is to generalize Cohen’s theorem for wider class of rings.
In 1950 studying the structure of a commutative ring I. Cohen showed that if an
arbitrary prime ideal in a commutative ring with 1 # 0 is finitely generated (prin-
cipal), then any ideal in R is finitely generated (principal) [1]. This theorem has a
rich history. In particular, R. Chandran proved it for duo-ring [2]. G.Mihler showed
that if an arbitrary left (right) prime ideal is finitely generated in an associative
ring, then an arbitrary left (right) ideal in a ring is finitely generated [3]. Another
non-commutative analogue of Cohen’s theorem was proved by B. Zabavsky [6] using
a weakly prime left (right) ideal. Also in [4 — 5] some attempts were made to extend
this theorem for module, but with some restrictions on this module.

In this paper we prove analogues of Cohen’s theorem for module over arbitrary
associative ring with 1 # 0, for this we introduce a new notion of almost prime
left (right) submodule. So if every almost prime submodule of a finitely generated
module is a finitely generated, then any submodule of the module is finitely gener-
ated. Notice that in a commutative ring and duo-ring the notions of almost prime
submodule and prime submodule coincide.

In the next section we consider the commutative ring with 1 # 0 which is not
a noetherian ring, the notion of a maximal non-finitely generated ideal and a finite
element are investigated here. Also some important corollaries are considered in this
section.

The last section deals with non-commutative analogue of Cohen’s theorem. A
new notion of dr-prime left (right) ideal is introduced. Thus if any dr-prime left
(right) ideal of a ring R is principal, then any left (right) ideal in R is principal.

© 8S.I.Bilavska, B.V.Zabavsky, 2011
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2 Preliminaries

Let M be a finitely generated left module considered over an associative ring
R with 1 # 0. Suppose that there is at least one submodule which is not finitely
generated, we call it a non-finitely generated submodule. We denote by S the set of
all non-finitely generated submodules and by {N;};ca any chain of submodules of a

module M which belong to the set S, moreover N = [J N;.
1EA
We show that N € S. Suppose that N ¢ S, then there exist elements
ni,Na,...ng € N such that

N:Rn1+Rn2+...+Rnk.

Since N = |J N; for every nj, j = 1,2,...,k, there exists s such that n; € N;,.
€N

Since {N;}iea is a chain of submodules, there exists ¢ such that ny,na,...,ng € Ny.

Then Rnq + Rns + ...+ Rni, C N;. Since

N, CN=|JN;=Rnm+Rny+ ...+ Ry,
1EA
this is a contradiction to Ny € S. This contradiction shows that N € S, therefore
the set S is inductive with respect to the order of submodules inclusion as a set.
According to Zorn’s lemma there exists at least one maximal element in the set
S. Therefore we have a submodule which is contained in the maximal element of S,
we call it the maximal non-finitely generated submodule of the module M.

Definition 1. An element a of a ring R is called a duo-element if aR = Ra.

Definition 2. A left ideal P of a ring R is called an almost prime left ideal if from
the condition ab € P, where a is a duo-element of the ring R it follows that either
a€ PorbeP.

Definition 3. A submodule N of a module M is called an almost prime left sub-
module if
(N:M)={rlre R,rM C N}

is an almost prime left ideal of a ring R.
Proposition 1. Any mazimal left ideal of a ring R is an almost prime left ideal.

Proof. Let M be an arbitrary maximal ideal of a ring R and let M be not almost
prime. Then there exist elements a € R\M, b € R\M, where a is a duo-element
such that ab € M. If M is maximal then we have M + bR = R and hence there
exist elements m € M, r € R such that m + br = 1. Hence am + abr = a € M. But
this is a contradiction with the choice of the element a. O

Remark that any maximal submodule of a module is an almost prime submodule
[5]. We consider just a finitely generated submodule, so it is obvious that maximal
submodules exist in it. It is easy to see that in module under consideration there
always exist almost prime submodules.
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3 Analogue of Cohen’s theorem for modules

Suppose that for a module M there exists at least one non-finitely generated
submodule. Then according to what was proved above there exists a maximal non-
finitely generated submodule. If there exists a maximal non-finitely generated sub-
module, then there exists an almost prime submodule.

Theorem 1. Every mazimal non-finitely generated submodule of a finitely generated
module over a ring is an almost prime submodule.

Proof. Let M be a finitely generated module, N be a maximal non-finitely generated
submodule, N C M. According to restrictions on a ring R, N could not be an almost
prime ideal, that is there exist elements a,b € R, where a is a duo-element such that

(6%
abN C M, but a ¢ N and b ¢ N. Then we assume that N + aM = > Rz; is a

i=1
finitely generated submodule of the module M. Notice that N +bM C (N : a),
where (N : a) = {m|lam € N}. Thus (N : a) is a finitely generated submodule of

B a

a module M, and let (N : a) = ) Ry,. Since N C N +aM = ) Rux;, for any
j=1 i=1

n € N there exist elements r; € R, i = 1,2,...«, such that n = riz1 + ... 4+ roza.

o
As N +aM = Y Rux;, there exist n) € N and s; € M, where i = 1,2,...q, such
i=1
that z; = n? + as;. We show that
n:rln?+...—|—7‘ang—|—r1asl + ...+ TrqaSq.

As a is a duo-element, for every r; € R, i = 1,2,...q, there exists 1, € R, i =
1,2,...a, such that r;a = ar,. Hence

n=rnd+.. . drend Fa(ris . rhsi . Frlsa).

Thus

n—rnl —...—ren® =a(risi +... 41 5,) € N.

B
If (N :a) = ) Ryj, we obtain ris1 + ...+ 1),sqa = tiy1 + ... + tgyg, for some
j=1
t1,...t3 € R such that at; = t}a,...atg = tja, and then

nzrln(1)+...+rang+t1ay1 + ... +igayg.
Since n is an arbitrary element, we proved that
NQRn?+...+Rng+Ray1—|—...—|—Ray5.

Ify; € (N:a),i=1,2,...,8 then ay; € N,...,ays € N, and if n?,...,nd € N,
then Rn{ + ...+ Rn + Ray; + ...+ Rays C N. Thus

N:Rn(l)—l—...+Rng—|—Ray1+...—|—Ray5

is a finitely generated submodule N, but this is a contradiction with N € S. Thus
N is an almost prime submodule. O
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Remind that if R is a commutative ring or duo-ring, then the notion of almost
prime submodule coincides with the notion of a prime submodule [4-5].

Also from Theorem 1, as a consequence, we obtain the modular analogue of
Cohen’s theorem. This theorem is the main result of the section.

Theorem 2 (Modular analogue of Cohen’s theorem). If every almost prime
submodule of a finitely generated module is a finitely generated submodule, then any
submodule of this module is finitely generated.

Proof. Let M be a finitely generated module, and all almost prime submodules of
the module M are finitely generated. If M does not contain non-finitely generated
submodules, then everything is clear. In another case, for the module M there exists
at least one non-finitely generated submodule. Then, according to what was proved
above for M there exists at least one maximal non-finitely generated submodule.
According to Theorem 1, N is an almost prime submodule. But all almost prime
submodules of the module M are finitely generated, that is NV is finitely generated
as an almost prime submodule and N is not finitely generated as a maximal non-
finitely generated submodule at the same time. But this is not possible, therefore
M does not contain non-finitely generated submodules. O

4 Maximal non-finitely generated ideals of commutative ring

Let R be a commutative ring with 1 # 0. Assume that R is not a noetherian
ring, that is there exist non-finitely generated ideals in R. Consider a ring R as a
module over itself, that is pR.

Definition 4. An ideal I in R which is maximal in a set of non-finitely generated
ideals is called maximal non-finitely generated ideal in R.

We can say that there exists at least one maximal non-finitely generated ideal
in R. Moreover, using the theorem for the module pR we obtain that all maximal
non-finitely generated ideals are prime ideals. Thus, the following theorem takes
place.

Theorem 3 (see [3]). Let R be a commutative ring which is not noetherian, then
any mazximal non-finitely generated ideal of the ring R is a prime ideal.

Hence, as an obvious corollary we obtain the known Cohen’s theorem.

Theorem 4 (see [1]). If all prime ideals of a commutative ring R are finitely
generated, then R is a noetherian ring.

Consider the case when R is a commutative ring but is not a noetherian ring.
According to above there exists at least one maximal non-finitely generated ideal in
R. Denote by N(R) the intersection of all maximal non-finitely generated ideals of
the ring R.
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Definition 5. We say that a nonzero element a of a ring R is a finite element if any
chain of ideals which contain the element a is finite. That is for any chain of ideals
Iy C Iy C ... such that a € Iy, there exists a number n for which I,, = I,,41 = ...

All invertible elements and all factorial elements are examples of the finite ele-
ment a [6]. Thus we obtain the following corollary.

Corollary 1. Let R be a commutative ring and a be an arbitrary element of the
ring R. Then the following statements are equivalent:

1) a is a finite element ;

2) any ideal which contains the element a is finitely generated;

Proof. 1) = 2). Let I be any ideal of a ring R which contains the element a.
If aR = I, everything is clear, but otherwise there exists an element i; € I such
that i1 ¢ aR. Consider the ideal aR + i1 R, it is obvious that aR C aR + i1 R. If
aR+1i1 R # I, then there exists an element iy € I such that iy ¢ aR+1i; R. Consider
the ideal aR + i1 R+ i9 R, it is obvious, that aR C aR+ i1 R C aR+ 11 R+ i2R. This
inclusion can be continued, but taking into account the definition of the element a,
this chain can not be infinite. This means that there exist elements i1,14s,...,4, € I
such that

aR+ iR+ ... +i,R=1,

that is [ is a finitely generated ideal.

2) = 1). Conversely, show that if any ideal which contains the element a is
finitely generated, then a is a finite element of the ring R.

Let {I4}aecn be any chain of ideals, and all ideals of such type of this chain

contain the element a. Show that this chain is finite. Let I = |J I,. Obviously,
acA
a € I. As we assumed, [ is a finitely generated ideal, that is there exist elements

i1,-..,0 € I such that I = i1 R+ ...+ it R. Since I = |J I,, there exist numbers
a€el
ai,...,af such that iy € In,,... i € Io,. If {Io}aca is a chain of ideals, there

exists a number t such that i;,...,i; € I,,, that is WR + ... + 4R C I,,. As

U In=9R+ ...+ iR, then 1R+ ... + iy R = I,,, that is the chain {I,}aep is
acA
finite. O

Corollary 2. Suppose that an element a does not belong to any mazximal non-finitely
generated ideal of a ring R. Then a is a finite element in R.

Proof. Use Corollary 1 and the fact that the element « is not contained in any non-
finitely generated ideal. Thus, as it is proved above, the element a is contained in
at least one maximal non-finitely generated ideal. O

Corollary 3. Let n be an arbitrary element from N(R). Then for any finite element
a € R and any element x € R, the element a + nx is finite.
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Proof. We will prove it by contradiction. Let the element a + nz be not finite, then
it belongs to some maximal non-finitely generated ideal N of the ring R. Since n
is an element from N(R), we see that n € N and z is an arbitrary element of the
ring R, then nz € N. From the definition of ideal we obtain (a + nz) — nz € N,
whence a € N. However, the element a is finite and as proved above, the element a
belongs to a maximal non-finitely generated ideal, which is impossible, according to
Corollary 1. We obtain a contradiction. O

Corollary 4. Let R be a commutative ring with only one maximal non-finitely
generated ideal N = N(R). Then the following statements hold:

a) all non-finite elements from R form an ideal which coincides with N ;

b) an arbitrary divisor of a finite element is a finite element of the ring R;

¢) for an arbitrary non-finite element n and any finite element a, we obtain that
a+n is a finite element.

Proof. a) From Corollary 1 it is known that any finite element does not belong to N
and every element which does not belong to N is finite. Then all non-finite elements
form the ideal which coincides with V.

b) Let a be a finite element of the ring R such that a = bc, b ¢ U(R) and
¢ ¢ U(R), where U(R) is the group of units of the ring R. If b is not finite, then
b € N. Hence we see that bc = a € N, but this is impossible, because the element a
is finite. Corollary 1 completes the proof.

c) If n € N and a is a finite element, then obviously a + n is not contained in N
(because there are only finite elements in N). Thus, a + n is a finite element. [

5 Analogue of Cohen’s theorem for principal ideals of
noncommutative ring

In this section, we denote by R an associative ring with 1 # 0.

Definition 6. A left (right) ideal in R which is maximal in the set of non-finitely
generated left(fight) ideals is called maximal non-finitely generated left (right) ideal
in the ring R.

Definition 7. A left (right) ideal in R which is maximal in the set of non-principal
left (right) ideals is called maximal non-principal left (right) ideal in the ring R.

Corollary 5. Any left (right) non-finitely generated ideal of ring R is contained in
at least one mazximal non-finitely generated left (right) ideal.

Proof. Let I be an arbitrary non-finitely generated left ideal of a ring R. Denote
by S the set of all non-finitely generated left ideals of the ring R which contain the
ideal I. We show that the set S is inductive with respect to the order of ideals

inclusion. If {I,}aca is any chain of left ideals from the set S, denote J = |J I,.
a€N
It is obvious that J is an ideal of the ring R. Moreover, J € S. Indeed, according to

the definition of a left ideal, I € S. If J ¢ S, then there exist elements ji,...,jx € J
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such that J = Rj1 + ...+ Rji, and there exist elements «q,...,q; € A such that

J1 € 1oy, Jk € In,. Since {Io}aca is a chain, there exists t such that ji,...,j; €

I,,. As I,, € | I, then I,, = Rj1 + ...+ Rjg, but this is impossible, because
a€el

I, € S. Zorn’s lemma completes the proof of the corollary. O

In the same way we can consider the case of a right non-finitely generated ideal.
In the case of a principal left (right) ideals the following corollary takes place.

Corollary 6. FEvery left (right) non-principal ideal of a ring R is contained in at
least one mazximal non-principal left (right) ideal.

Proof. Using the previous proof of Corollary 5 for any left (right) non-finitely gener-
ated ideal, we can prove in the same way for any left (right) non-principal ideal. [

Definition 8. Remind that an ideal P of a ring R is called prime left (right) ideal
if the condition aRb C P implies that either a € P or b € P.

According to a result of [3] we have the following theorem.

Theorem 5. Any mazimal non-finitely generated left (right) ideal of a ring is a
prime left (right) ideal.

In [6] a noncommutative analogue of Cohen’s theorem was proved, using weakly
prime ideals.

Definition 9. We say that left (right) ideal P of a rind R is a weakly prime left
(right) ideal, if from the condition (a + P)R(b+ P) C P if follows that either a € P
orbe P.

Using a result of the paper [7], the folowing theorem holds.

Theorem 6. Any mazximal non-principal left (right) ideal of a ring R is a weakly
prime left (right) ideal.

Definition 10. Remind that an element of a ring R is called an atom if it is non-
inverse and non-zero and cannot be presented as the product of two noninvertible
elements [8].

Theorem 7. Let N be an arbitrary mazximal non-principal left ideal for which there
exists a duo-element ¢ such that N C Rc. Then for any n € N, from n = cx it
always follows © € N.

Proof. Consider the set J = {z|cx € N}. Since ¢ is a duo-element, J is a left ideal.
Obviously N C J. If there exists an element y such that cy € N, but y ¢ N, this
means that N C J, but N # J. Using the definition of left ideal N we see that
J = Rd. We show that N = Recd. Indeed, since N C Rc = ¢R, for any n € R there
exists t € R such that n = c¢t. Since t € J, we have t = sd. Hence n = ¢sd. As ¢
is a duo-element, then there exists s’ € R such that c¢s = s'c. Thus n = s'cd, that
is N C Red. Since 1 € R and d € J, we obtain ¢d € N. Hence dcR C N. Thus
N = dcR. We obtain a contradiction to the choice of the left ideal. O
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Definition 11. A left (right) ideal P of an associative ring R with 1 # 0 is a dr-
prime left (right) ideal if P C Rc(P C cR), where c is a duo-element, and for any
p € P, the condition p = yc = cx(p = cx = yc) implies © € P (y € P).

Proposition 2. Any mazimal left (right) ideal M of a ring R is a dr-prime left
(right) ideal.

Proof. Let M be a maximal left ideal. Since there is only one two-sided ideal in R
which contains M, for arbitrary m € M it always follows m = 1m.
A similar proof could be made for a maximal right ideal. O

Theorem 8 (Non-commutative analogue of Cohen’s theorem). If any dr-
prime left (right) ideal of a ring R is principal, then any left (right) ideal from R is
principal.

Proof. Let R be a ring in which any dr-prime left ideal is principal, but R is not a
principal left ideal I. By Corollary 6, I is contained in a maximal non-principal left
ideal N. According to Theorem 9, N is a dr-prime left ideal, since any dr-prime left

ideal is principal. But this is a contradiction.
O

Definition 12. A two-sided ideal P is called a completely prime ideal if the condi-
tion ab € P, where a,b € R, implies either a € P or b € P [8].

Notice that in the case of a commutative ring the notion of completely prime
ideal coincides with the notion of prime ideal.

Theorem 9. If a maximal non-finitely generated left (right) ideal of a ring R is
two-sided, then it is a completely prime ideal.

Proof. Let N be a maximal non-finitely generated left ideal of a ring R which is
two-sided. If R/N is not a ring without zero divisors, then there exist elements
a ¢ N and b ¢ N such that ab € N in R. Thus, the left ideal J = {z|z € R,2b € N}
contains the ideal N and the element a. Hence, the inclusion N C J is strict,
and according to the restriction on NV, the left ideal J is finitely generated. Let
J = Rey + ... + Rey. Since b ¢ N, according to the definition of the maximal
non-finitely generated left ideal N, we obtain

N+ Rb=Rdy + ...+ Rdj

for some elements di,...,d;r € R. Hence d; = n; + r;b, where n; € N, r; € R,
1=1,2,..., k. As N C Rdy+...4+ Rdy, then any element m € N can be represented
in the following form

m281d1+...+8kdk,

where s1,...,s; € R.
Using what is written above, we obtain

m:sld1+...+skdk:sl(nl+7’1b)+...+sk(nk+7’kb):
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=811+ ...+ 8Nk + 810+ ...+ sprib.
Since m € N and ny,...,ni € N, we have
m—sing —...— Sgng = (s111 + ... + sgrr)b € N,
then according to the definition of left ideal J we have siry + ... + spri € J, that

is there exist elements ¢1,...,t, € R such that syrqy +... + sprp = t1c1 + ... +tpcn,
because J = Rcy + ...+ Rc,. Hence

m=sn;+...+ sgnp +tictb+ ...+ tpcyb.
Using the fact that element m is arbitrary, we obtain
N CRni+...4+ Rng+ Rcib+ ...+ Repb.

However, ny,...,n € Nandcy,...,c, € J, sothismeans that c1b € Ny,...c b € N,
that is Rnq + ...+ Rng + Reib+ ... + Rep,b C N. Thus

N=Rni+ ...+ Rnp+ Rcib+ ...+ Reyb,
but this is a contradiction to the choice of . O
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On 2-primal Ore extensions over Noetherian o (*)-rings

Vijay Kumar Bhat

Abstract. In this article, we discuss the prime radical of skew polynomial rings over
Noetherian rings. We recall o(x) property on a ring R (i.e. ac(a) € P(R) implies
a € P(R) for a € R, where P(R) is the prime radical of R, and ¢ an automorphism of
R). Let now ¢ be a o-derivation of R such that §(o(a)) = 0(d(a)) for all @ € R. Then
we show that for a Noetherian o(*)-ring, which is also an algebra over Q, the Ore
extension R[z;0,d] is 2-primal Noetherian (i.e. the nil radical and the prime radical
of R[z;0,d] coincide).

Mathematics subject classification: 16536, 16N40, 16P40, 16532, 16 W20, 16 W25.
Keywords and phrases: Minimal prime, 2-primal, prime radical, automorphism,
derivation.

1 Introduction

A ring R always means an associative ring with identity 1 # 0. The fields of
complex numbers, real numbers, rational numbers, the ring of integers and the set
of natural numbers are denoted by C, R, Q, Z and N respectively unless otherwise
stated. The set of prime ideals of R is denoted by Spec(R). The set of minimal
prime ideals of R is denoted by Min.Spec(R). The prime radical and the nil radical
of R are denoted by P(R) and N(R) respectively. Let R be a ring and o an auto-
morphism of R. Let I be an ideal of R such that ¢™(I) = I for some m € N. We
denote N, 0%(I) by I°. For any two ideals I, J of R, I C .J means that I is strictly
contained in J.

This article concerns the study of skew polynomial rings (Ore extensions) in
terms of 2-primal rings. Recall that the skew polynomial ring R[z; o, d] is the set of
polynomials

{>iyz'ai, a; € R, n € N}

with usual addition of polynomials and multiplication subject to the relation
ax = xzo(a) + d(a) for all a € R. We take any f(x) € R|[x;0,0] to be of the form
f(z) = Y% y2%a;, a; € R as in McConnell and Robson [15]. We denote R[z;a, ]
by O(R). In case 0 is the zero map, we denote R[z;o] by S and in case o is the
identity map, we denote R[z;d] by D. The study of Ore-extension O(R) = R|x; 0, 0]
and its special cases S and D have been of interest to many authors. For exam-
ple [6-8,10,13,14,16].

© Vijay Kumar Bhat, 2011
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2-primal rings have been studied in recent years and are being treated by authors
for different structures. In [14], Greg Marks discusses the 2-primal property of
R[z;0,0], where R is a local ring, o an automorphism of R and ¢ a o-derivation of
R. In Greg Marks [14], it has been shown that for a local ring R with a nilpotent
maximal ideal, the Ore extension R[x; o, d] will or will not be 2-primal depending on
the d-stability of the maximal ideal of R. In the case where R|x;0,d] is 2-primal, it
will satisfy an even stronger condition; in the case where R[z;0,d] is not 2-primal,
it will fail to satisfy an even weaker condition.

Minimal prime ideals of 2-primal rings have been discussed by Kim and Kwak
in [11]. 2-primal near rings have been discussed by Argac and Groenewald in [1].
Recall that a ring R is 2-primal if and only if N(R) = P(R), i.e. if the prime
radical is a completely semiprime ideal. An ideal I of a ring R is called completely
semiprime if a® € I implies a € I for a € R. We also note that a reduced ring is
2-primal and a commutative ring is also 2-primal. For further details on 2-primal
rings, we refer the reader to [1-3,11,14].

Before proving the main result, we find a relation between the minimal prime ide-
als of R and those of the Ore extension R[z;0,d], where R is a Noetherian Q-algebra,
o an automorphism of R and § a o-derivation of R such that 6(c(a)) = o(d(a)) for
all a € R. This is proved in Theorem 3.

o(x)-rings: Let R be a ring and o an endomorphism of R. Then o is said to be
a rigid endomorphism if ao(a) = 0 implies that a = 0, for a € R, and R is said to
be a o-rigid ring (Krempa [12]).

For example let R = C, and o : C — C be the map defined by o(a+ib) = a —ib,
a, b € R. Then it can be seen that ¢ is a rigid endomorphism of R.

In Theorem 3.3 of [12], Krempa has proved the following:
Let R be a ring, let ¢ be an endomorphism and § a o-derivation of R. If ¢ is a
monomorphism, then the skew polynomial ring R[x; o, d] is reduced if and only if R
is reduced and o is rigid. Under this conditions any minimal prime ideal (annihilator)
of R[x;0;0] is of the form P[z;o;d] where P is a minimal prime ideal (annihilator)
in R.

In [13], Kwak defines a o(*)-ring R to be a ring in which ao(a) € P(R) implies
a € P(R) for a € R.

F F

Example 1. Let R = < 0 F

), where F' is a field. Then P(R) = ( 8 IS’ ) Let

0:R—>Rbedeﬁnedbya< a b ): a 0 . Then it can be seen that o is
0 ¢ 0 ¢

an endomorphism of R and R is a o(x)-ring.

We note that the above ring is not o-rigid. For let 0 # a € F'. Then

(o) loo)=(oa)m (i) (o0)
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Kwak in [13] also establishes a relation between a 2-primal ring and a o (x)-ring.
The property is also extended to the skew-polynomial ring R[z;o]. It has been
proved in Theorem 5 of [13] that if R is a 2-primal ring and o is an automorphism
of R, then R is a o(x)-ring if and only if o(P) = P for all P € Min.Spec(R). In
Theorem 12 of [13] it has been proved that if R is a o(x)-ring with o(P(R)) = P(R),
then R[x;o] is 2-primal if and only if P(R)[z; 0] = P(R[z;0]).

It is known that if R is a 2-primal Noetherian QQ-algebra, and § is a derivation
of R, then R[x;d] is 2-primal Noetherian. (Theorem 2.4 of Bhat [3]).

Let now R be a ring, ¢ an automorphism of R and § a o-derivation of R. Recall
from Bhat [2] that R is said to be a d-ring if ad(a) € P(R) implies a € P(R) for
a € R. It is known that if R is a §-Noetherian Q-algebra, o an automorphism of R
and § a o-derivation of R such that §(o(a)) = o(d(a)) for all @« € R, o(P) = P for
all P € Min.Spec(R) and §(P(R)) C P(R), then Rx;0,d] is 2-primal Noetherian
(Theorem 2.4 of Bhat [2]).

In a sense we generalize the above results of Bhat [2,3] when o is an automor-
phism of R and ultimately investigate the 2-primal property of R[x; o, ] when R is
a o(x)-Noetherian Q-algebra and prove the following, even without the hypothesis
of R being a J-ring;:

Let R be a Noetherian o(*)-ring, which is also an algebra over Q. Further
P € Min.Spec(O(R)) imply that PN R € Min.Spec(R). Then Rx;0,0] is 2-primal
Noetherian, where §(o(a)) = o(d(a)) for all a € R.

This result is proved in Theorem 5. We note that for a Noetherian o(x)-ring,
o(P) = P for all P € Min.Spec(R) (Theorem 2), and this is crucial in proving
Theorem 4 and, therefore, the main result (Theorem 5).

We generalize Theorem 7 of [5] which states the following:

Theorem 7 of [5]. Let R be a Noetherian ring, which is also an algebra over Q.
Let o be an automorphism of R such that R is a o(*)-ring and § be a o-derivation
of R such that R is a é-ring and d(o(a)) = o(d(a)) for all @ € R. Further let
P € Min.Spec(O(R)) imply that PN R € Min.Spec(R). Then R[z;0,d] is 2-primal
Noetherian.

2 Ore extensions

Recall that an ideal I of a ring R is called o-invariant if o(I) = I. Also I is
called completely prime if ab € I implies a € I or b € [ for a,b € R. ([13])

In commutative case completely prime and prime have the same meaning. We
also note that every completely prime ideal of a ring R is a prime ideal, but the
converse need not be true.

The following example shows that a prime ideal need not be a completely prime
ideal.
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7 7
7 7
ideal P = M>s(pZ) is a prime ideal of R, but is not completely prime, since for

az(é 8>andb:<8 (1)>,wehaveabeP,eventhougha¢Pandb§éP.

Example 2. Let R = < ) = M>s(Z). If p is a prime number, then the

We also recall that an ideal J of a ring is called a o-prime ideal of R if J is
o-invariant and for any o-invariant ideals K and L with KL C J, we have K C J
or L CJ.

We also note that if R is a Noetherian ring, then Min.Spec(R) is finite (Theorem
2.4 of Goodearl and Warfield [10]) and for any automorphism o of R and for any
U € Min.Spec(R), we have o*(U) € Min.Spec(R) for all i € N, therefore, it follows
that there exists some m € N such that " (U) = U for all U € Min.Spec(R). As
mentioned earlier we denote N 0" (U) by U°.

We now prove the following Theorem. This Theorem has not been used to prove
the main Theorem, but gives an idea to find a relation between Min.Spec(R) and
Min.Spec(O(R)) (namely Theorem 3) which is crucial in proving the main result
(Theorem 5):

Theorem 1. Let R be a Noetherian ring and o an automorphism of R. Let S =
R[z; 0] be as usual. Then:

1. If P € Min.Spec(S), then P = (PN R)S and there exists U € Min.Spec(R)
such that PN R = U°.

2. If U € Min.Spec(R), then U°S € Min.Spec(S).
Proof. See Theorem 2.4 of Bhat [6]. O

Proposition 1. Let R be a ring and o an automorphism of R. Then R is a o(x)-ring
implies R is 2-primal.

Proof. Let a € R be such that a®> € P(R). Then ac(a)o(ac(a)) = ac(a)o(a)o?(a) €
o0(P(R)) = P(R). Therefore ac(a) € P(R) and hence a € P(R). O

A necessary and sufficient condition for a Noetherian ring to be a o(*)-ring is
given by Bhat in Theorem 2.4 of [4]:

Theorem 2. Let R be a Noetherian ring. Then R is a o(x)-ring if and only if for
each minimal prime U of R, o(U) =U and U is completely prime ideal of R.

Proof. Theorem 2.4 of [4]. O

We now give a relation between the minimal prime ideals of R and those of
R[z;0,6], where R is a Noetherian Q-algebra, o an automorphism of R and § a
o-derivation of R. This is proved in Theorem 3. Towards this we have the following;:
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Proposition 2. Let R be a Noetherian Q-algebra, o an automorphism and 0 a
o-derivation of R such that §(c(a)) = o(6(a)) for all a € R. Then € is an auto-
morphism of T = R|[t,0]], the skew power series ring.

Proof. The proof is on the same lines as in Seidenberg [16] and in the non-
commutative case on the same lines as provided by Blair and Small in [8]. O

Henceforth we denote R|[[t,o]] by T'. Let I be an ideal of R such that o(I) = I.
Then it is easy to see that T C IT and IT C TI. Hence TI = IT is an ideal of T.

Lemma 1. Let R be a Noetherian Q-algebra, o an automorphism and § a o-
derivation of R such that d6(o(a)) = o(d(a)) for all a € R. Let I be an ideal of
R such that o(I) = I. Then I is §-invariant if and only if IT is e -invariant.

Proof. Let IT be e-invariant. Let a € I. Then a € IT. So €”(a) € IT; ie.
a+té(a)+ (t26%/2")(a) + ... € IT. Therefore §(a) € I.

Conversely suppose that §(I) C I and let f = > t'a; € IT. Then e?(f) =
FA6(f) + (1252/20)(f) + ... € IT, as 6(a;) € I. Therefore ! (IT) C IT. Replacing
et by e we get that e (IT) = IT. O

Assumption A: Henceforth we assume that R is a ring and T as usual such
that for any U € Min.Spec(R) with o(U) = U, UT € Min.Spec(T).

Proposition 3. Let R be a Noetherian Q-algebra. Let o be an automorphism of
R and ¢ be a o-derivation of R such that §(o(a)) = o(d(a)) for all a € R. Then
P € Min.Spec(R) with o(P) = P implies §(P) C P.

Proof. Let T be as usual. Now by Proposition (2) €' is an automorphism of 7.
Let P € Min.Spec(R)). Then by assumption PT € Min.Spec(T). Therefore there
exists an integer n > 1 such that (e!®)*(PT) = PT, i.e. ¢™(PT) = PT. But R is
a Q-algebra, therefore, '9(PT) = PT and now Lemma 1 implies 6(P) C P. O

Proposition 4. Let R be a o(x)-ring, which is also an algebra over Q and U €
Min.Spec(R). Then U(O(R)) = Ulz;0,90] is a completely prime ideal of O(R) =
Rlx;0,0], where ¢ is a o-derivation of R such that §(o(a)) = o(d(a)) for all a € R.

Proof. Let U € Min.Spec(R). Then o(U) = U by Theorem 2, and 6(U) C U by
Proposition 3). Now R is 2-primal by Proposition 1 and furthermore U is completely
prime by Theorem 2. Now we note that o can be extended to an automorphism @ of
R/U and § can be extended to a o-derivation § of R/U. Now it is well known that
O(R)/U(O(R)) ~ (R/U)[x;7, ] and hence U(O(R)) is a completely prime ideal of
O(R). O

Theorem 3. Let R be a Noetherian Q-algebra. Consider O(R) as usual such that
R is a o(x)-ring and §(o(a)) = o(d(a)) for alla € R. Then P, € Min.Spec(R) with
o(Py) = Py implies that O(Py) € Min.Spec(O(R).
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Proof. Let Pi € Min.Spec(R). Now by Theorem 2 o(P;) = Py, and by Proposition 3
0(P1) C Pi. Now Proposition (3.3) of [9] implies that O(P;) € Spec(O(R)). Suppose
O(P1) ¢ Min.Spec(O(R)) and P» C O(P;) be a minimal prime ideal of O(R). Then
P, =O(PoNR) C O(P1) C Min.Spec(O(R)). Therefore (P, N R) C P; which is a
contradiction, as (P> N R) € Spec(R). Hence O(P;) € Min.Spec(O(R)). O

We now prove the following Theorem, which is crucial in proving Theorem 5.

Theorem 4. Let R be a Noetherian o(x)-ring, which is also an algebra over Q, o
an automorphism of R and ¢ a o-derivation of R such that §(c(a)) = o(d(a)) for
all a € R. Then R[x;0,0] is 2-primal if and only if P(R)[z;0,0] = P(R[z;0,0]).

Proof. Let R[x;0,d] be 2-primal. Now by Proposition 4 P(R[z;0,d]) C P(R)[x;0,0].
Let

@) =377 2'aj € P(R)[z;0,0).
Now R is a 2-primal subring of R[z; o, ] by Proposition 1, which implies that a; is
nilpotent and thus

aj € N(R[z;0,0]) = P(R[x;0,0]).

So we have z/a; € P(R[z;0,6]) for each j, 0 < j < n, which implies that
f(z) € P(R|x;0,6]). Hence P(R)[z;0,0] = P(R[z;0,0]).

Conversely suppose that P(R)[z;0,0] = P(R[x;0,0]). We will show that
R[z;0,0] is 2-primal. Let

g(x) = > x'b; € Rlx;0,6], by, # 0
be such that

(9(x))? € P(R[z;0,0]) = P(R)[;0,0].
We will show that g(x) € P(R[z;0,6]). Now leading coefficient 02"~ 1(b,)b, €
P(R) C P, for all P € Min.Spec(R). Also o(P) = P and P is completely prime by

Theorem 2. Therefore we have b, € P, for all P € Min.Spec(R), i.e. b, € P(R).
Now §(P) C P for all P € Min.Spec(R) by Proposition 3, we get

(27 2'b;)? € P(R[z;0,6]) = P(R)[x; 0,9]

and as above we get b,_1 € P(R). With the same process in a finite number of
steps we get b; € P(R) for all 4, 0 < i < n. Thus we have g(z) € P(R)[z;0,0],
ie. g(r) € P(R[x;0,0]). Therefore, P(R[x;0,d]) is completely semiprime. Hence
Rz;0,6] is 2-primal. O

Theorem 5. Let R be a Noetherian, which is also an algebra over Q. Let o be
an automorphism of R such that R is a o(x)-ring and § a o-derivation of R such
that §(o(a)) = o(d(a)) for all a € R. Further let P € Min.Spec(O(R)) imply that
PN R e Min.Spec(R). Then O(R) = Rx;0,0] is 2-primal Noetherian.
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Proof. R[x;o,0]is Noetherian by Hilbert Basis Theorem (Theorem 1.12 of Goodearl
and Warfield [10]). We now use Theorem 3 to get that P(R)[x;0,0] = P(R[z;0,0]),
and the result now follows from Theorem 4. O]

We note that the hypothesis that R is a o(x)-ring can not be deleted as can be
seen below:

Example 3. Let R = K & K, where K is a field. Then the Ore extension O(R) =
R[z;0,0], where o is an automorphism of R defined by o((a;b)) = (b;a), is a prime
ring. Thus P = 0 is a minimal prime of O(R). But PN R = 0 is not a prime ideal
of R.

The following example shows that if R is a Noetherian ring, then R[x; 0, ] need
not be 2-primal.

Example 4. Let R = Q & Q with o(a,b) = (b,a). Then the only c-invariant
ideals of R are {0} and R, and so R is o-prime. Let § : R — R be defined by
d(r) = ra—ao(r), where a = (0, ) € R. Then ¢ is a o-derivation of R and R|x; 0, 0]
is prime and P(R[x;0,d]) = 0. But (z(1,0))?> = 0 as §(1,0) = —(0, ). Therefore
R[z;0,0] is not 2-primal. If § is taken to be the zero map, then even R[z;0o] is not
2-primal.

The following example shows that if R is a Noetherian ring , then even R[x] need
not be 2-primal.

Example 5. Let R = M5(Q), the set of 2 x 2 matrices over Q. Then R|x] is a prime
ring with non-zero nilpotent elements, and so can not be 2-primal.

From these examples we conclude that if R is a Noetherian ring, then even R[]
need not be 2-primal. But it is known that if R is a 2-primal Noetherian Q-algebra
and ¢ is a derivation of R, then R[x;d] is 2-primal Noetherian (Theorem 2.4 of
Bhat [3]), and therefore, we have the following question:

Question: If R is a 2-primal ring, is R[z; 0, §] 2-primal (even if R is commutative
or the special case when R is Noetherian)?
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1 Introduction

In this paper we study the construction of a free topological universal algebra and
show that this construction preserves the class of submetrizable ANR(k,,)-spaces.

To give a precise formulation of our main result, we need to recall some definitions
related to topological universal algebras. For more detailed information, see [5-7].

Definition 1. Let (E,),c, be a sequence of pairwise disjoint topological spaces.
The topological sum E = @, ., Ey is called a continuous signature. The signature
is called discrete (countable) if so is the space E.

A topological universal algebra of signature E or briefly, a topological E-algebra is
a topological space X endowed with a family of continuous maps e, x : £, x X" —
X, new.

A topological E-algebra (X, {en x}new) is called Tychonoff if the underlying
topological space X is Tychonoff.

Homomorphisms between E-algebras are defined as follows.

Definition 2. A function h : X — Y between two topological E-algebras
(X, {en x tnew) and (Y, {eny }new) is called an E-homomorphism if

eny (2, h(z1),...,h(zyn)) = hien x (2, 21,...,2n))

for any n € w, z € E,, and z1,...,z, € X.

Such a function h is called an algebraic isomorphism (topological isomorphism)
if h is bijective and both functions h and h~! are (continuous) E-homomorphisms
of the F-algebras.
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Next, we define some operations over F-algebras.

Definition 3. For topological FE-algebras X,, a € A, the Tychonoff product
X =[I,ca Xa is a topological E-algebra endowed with the structure mappings

enx(z,21,...,2p) = (en,Xa(z,pra(acl), .. ,pra(azn)))aeA

where n € w, z € Ey,, x1,...,2, € X, and pr,, : [[,c 4 Xa — X4 is the a-coordinate
projection.

Definition 4. A subset A C X of a topological E-algebra (X, {e,}new) is called a
subalgebra if e, (E, x A™) C A for all n € w.

Since for any subalgebras A; C X, i € Z, of a topological E-algebra X the
intersection A = (,c7 A; is a subalgebra of X, for each subset Z C X there is a
minimal subalgebra (Z) of X that contains Z. This is the subalgebra generated by
the set Z. The structure of this subalgebra (Z) can be described as follows.

Given a subset L C E and a subset Z of a topological E-algebra (X, {e,}new),
let

(2)5 =2,

(205 =25 U | exx (Br N L) x ((Z)5)F) for n € w, and
kew

2)5=U@n

By induction, one can check that for compact subspaces L C E and Z C X the
subset (Z)X of X is compact for every n € w. Consequently, (Z)
subset of X.

Writing the signature E and the space Z as the unions E = |J

Z = U, ew Zn of non-decreasing sequences of subsets, we see that

(2)= U <Zn>£n

new

is a o-compact

L, and

new

is the subalgebra of X, generated by Z. If the spaces Z,, and L,, n € w, are
compact (finite), then each subset (Z,).» n € w, of X is compact (finite) and hence

the algebraic hull (Z) of Z in X is o-compact (at most countable).
Definition 5. A class K of topological F-algebras is called a complete quasivariety
if

1) for each topological E-algebra X € K, each E-subalgebra of X belongs to the

class KC;

2) for any topological E-algebras X, € K, a € A, their Tychonoff product
[Ioca Xa belongs to the class K;

3) a Tychonoff E-algebra belongs to K if it is algebraically isomorphic to a topo-
logical E-algebra Y € K.
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A complete quasivariety K is non-trivial if it contains a topological E-algebra X
that contains more than one point.

Finally, we recall the notion of a free topological E-algebra.

Definition 6. Let I be a complete quasivariety of topological F-algebras. A free
topological E-algebra in K over a topological space X is a pair (Fj(X),n) consisting
of a topological E-algebra Fic(X) € K and a continuous map 7 : X — Fi(X) such
that for any continuous map f : X — Y to a topological F-algebra Y € K there is
a unique continuous E-homomorphism A : Fic(X) — Y such that f = hon.

The construction Fi(X) of a free topological E-algebra has been intensively
studied by M. M. Choban [6,7]. In particular, he proved that for each complete qua-
sivariety K of topological E-algebras and any topological space X a free topological
E-algebra (Fic(X),n) exists and is unique up to a topological isomorphism. Also he
proved the following important result, see [6, 2.4]:

Theorem 1 (Choban). If K is a non-trivial complete quasivariety of topological
E-algebras, then for each Tychonoff space X the canonical map n: X — Fy(X) is
a topological embedding and Fic(X) coincides with the subalgebra (n(X)) generated
by the image n(X) of X in F(X,K).

Since 1 : X — Fy(X) is a topological embedding, we can identify a Tychonoff
space X with its image n(X) in Fx(X) and say that the free E-algebra Fic(X) is
algebraically generated by X.

In fact, the construction of a free topological F-algebra Fi(X) determines a
functor Fix : Top — K from the category Top of topological spaces and their
continuous maps to the category whose objects are topological E-algebras from the
class JC and morphisms are continuous F-homomorphisms.

In [5-7] a lot of attention was paid to the problem of preservation of various topo-
logical properties by the functor Fi. In particular, it was shown that the functor Fi
preserves (submetrizable) k,-spaces provided the signature E is a (submetrizable)
k.-space, see 7, 4.1.2].

A Hausdorff topological space X is called a k,-space if X = li_n)an is the direct
limit of a non-decreasing sequence of compact subsets (X, )ncw of X in the sense
that X = J,,c,, X» and a subset U C X is open if and only if U N X, is open in X,
for each n € w. Such a sequence (X,,)new is called a ki, -sequence for X.

An s,,-space is a direct limit li_I)an of a k,-sequence (X, )ne. consisting of second
countable compact subspaces of X. It is easy to see that a k,-space X is an s,-space
if and only if it is submetrizable in the sense that X admits a continuous metric.

Theorem 2 (Choban). Let K be a complete quasivariety of topological E-algebras
whose signature E is a (submetrizable) k. -space. Then for each (submetrizable) k.-
space X the free topological E-algebra Fy(X) is a (submetrizable) k,,-space. More-
over, if B = li_I)nLn and X = h_n)an for some k,,-sequences (Lp)new and (Xp)new,
then ((N(Xn))En)pew is a ky-sequence for Fx X and thus FiX = lil>n<n(Xn)>L".

n
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The principal result of this paper asserts that the functor Fic preserves ANR(k,,)-
spaces.

Definition 7. A k. -space X is called an absolute neighborhood retract in the class
of k,-spaces (briefly, an ANR(k,)) if X is a neighborhood retract in each k,-space
that contains X as a closed subspace.

In Theorem 10 we shall show that a submetrizable k,-space X is an ANR(k,,)-
space if and only if each map f : B — X defined on a closed subspace of a (metriz-
able) compact space A extends to a continuous map f : N(B) — X defined on a
neighborhood N(B) of B in A.

A topological space X is called compactly finite-dimensional if each compact
subset of X is finite-dimensional.

The following theorem is the main result of this paper.

Theorem 3. If K is a complete quasivariety of topological E-algebras of count-
able discrete signature E, then for each submetrizable (compactly finite-dimensional)
ANR(k,)-space X so is its free topological E-algebra Fic X in the quasivariety K.

2  ANR(k,)-spaces

In this section we collect some information about ANR(k,,)-spaces. Such spaces
are tightly connected with ANE-spaces.

Following [11] we define a topological space X to be an absolute neighborhood
extensor for a class C of topological spaces (briefly, an ANE(C)-space) if each map
f + B — X defined on a closed subspace B of a topological space C' € C has a
continuous extension f : N(B) — X defined on some neighborhood N(B) of B in
C. If any such f can be extended to the whole space C, then X is called an absolute
extensor for the class C.

By the Dugundji-Borsuk Theorem [8],[4] each convex subset of a locally convex
linear topological space, is an absolute extensor for the class of metrizable spaces.
This theorem was generalized by Borges [3] who proved that a convex subset of a
locally convex space is an absolute extensor for the class of stratifiable spaces. This
class contains all metrizable spaces and all submetrizable k,-spaces, and is closed
with respect to many countable topological operations, see [3],[10].

An important example of an ANR(k,,)-space is the space

Q% = {(wi)icw € R™ 1 sup |z < oo}
1€W

of bounded sequences, endowed with the direct limit topology li_n)l[—n, n]* generated
by the k,-sequence ([—n,n|*),en consisting of the Hilbert cubes. Being a locally
convex linear topological space, Q°° is an absolute extensor for the class of stratifiable
spaces.

A topological space X is called a Q*°-manifold if X is Lindel6f and each point
x € X has a neighborhood homeomorphic to an open subset of . The theory
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of Q*°-manifolds was developed by K.Sakai [12],[13] who established the following
fundamental results:

Theorem 4 (Characterization). A topological space X is homeomorphic to (a man-
ifold modeled on) the space Q° if and only if X is a submetrizable k,-space such
that each embedding f : B — X of a closed subset B of a compact metrizable space
A can be extended to a topological embedding of (an open neighborhood of B in) the
space A into X.

Theorem 5 (Open Embedding). Each Q°°-manifold is homeomorphic to an open
subset of Q°°.

Theorem 6 (Closed Embedding). FEach submetrizable k-space is homeomorphic
to a closed subspace of Q°°.

Theorem 7 (Classification). Two Q°°-manifolds are homeomorphic if and only if
they are homotopically equivalent.

Theorem 8 (Triangulation). Fach Q°°-manifold X is homeomorphic to K x Q>
for some countable locally finite simplicial complex K.

Theorem 9 (ANR-Theorem). For each submetrizable ANR(k,,)-space X the product
X X Q* is a Q°-manifold.

We shall use these theorems in the proof of the following (probably known as a
folklore) characterization of submetrizable ANR(k,,)-spaces.

Theorem 10. For a submetrizable k,,-space X the following conditions are equiva-
lent:

1) X is an ANR(k,)-space;

2) X is an ANE for the class of k,-spaces;

3) X is an ANE for the class of compact metrizable spaces;
4) X is an ANE for the class of stratifiable spaces;

5) X is a retract of a Q°°-manifold.

The equivalent conditions (1)-(5) hold if X = lim X, is the direct limit of a k.-
sequence consisting of compact ANR’s.

Proof. (1) = (5) Assume that X is an ANR(k,)-space. By the Closed Embedding
Theorem 6, we can identify the submetrizable k, -space X with a closed subspace
of @>°. Being an ANR(k,,), X is a retract of an open neighborhood N(X) C Q°°.
Since N(X) is a Q°°-manifold, X is a retract of a @*°-manifold.

(5) = (4) Assume that X is a retract of a @Q°°-manifold M. By the Open
Embedding Theorem 5, M can be identified with an open subspace of Q*°. By the
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Borges’ Theorem [3], the locally convex space Q° is an absolute extensor for the
class of stratifiable spaces. Then the open subspace M of Q°° is an ANE for this
class and so is its retract X.

The implication (4) = (3) is trivial since each metrizable space is stratifiable.

(3) = (2) Assume that X is an ANE for the class of compact metrizable spaces.
First we prove that X is an ANE for the class of compact Hausdorff spaces. Let
f : B — X be a continuous map defined on a closed subspace B of a compact
Hausdorff space A. Embed the compact space A into a Tychonoff cube I”. The
image f(B), being a compact subspace of the submetrizable space X, is metrizable.
By [9, 2.7.12], the function f depends on countably many coordinates, which means
that there is a countable subset C' C & such that f = fc o pro where pre : I* — I¢
is the projection onto the face I¢ of the cube I and f¢ : pro(B) — f(B) C X is
a suitable continuous map. Since X is an ANE for compact metrizable spaces, the
map fc has a continuous extension fc : U — X defined on an open neighborhood U
of pre(B) in the cube I€. Tt follows that V = pr;'(U) N A is an open neighborhood
of Bin Aand f = foo pra|V ¢V — X is a continuous extension of the map f,
witnessing that X is an ANE for the class of compact Hausdorff spaces.

Next, we show that X is an ANE for the class of k,-spaces. Let f: B — X be
a continuous map defined on a closed subset B of a k,-space A. Then A = li_rr}An
for some k,-sequence (A, )necw of compact subsets of A. Let A_; = (). By induction,

for each n € w we can construct a continuous map f, : Ny (A4, N B) — X defined on
a closed neighborhood N(B N A,,) of BN A,, in A, and such that

e N, (BNA,) D Ny_1(BN A1),
e fu|BNA,=f|BNnA,and
d fn|Nn—1(B N An) = fn-1.

The inductive step can be done because X is an ANE for the class of compact
Hausdorff spaces. After completing the inductive construction, consider the set
N(B) = U, Na(B N A4,) and the map f = U,c, fn : N(B) — X, which is a
desired continuous extension of f onto the open neighborhood N(B) of B in A.

The implication (2) = (1) trivially follows from the definitions of ANR(k,,) and
ANE(k,,)-spaces.

Now assume that X = liiQXn is the direct limit of a k,-sequence (Xp)new
consisting of compact ANR’s. We claim that X is an ANE for the class of compact
metrizable spaces. Let f : B — X be a continuous map defined on a closed subspace
B of a compact metrizable space A. Since X carries the direct limit topology lim X,,,
the compact subset f(B) lies in some set X,, n € w. Since X, is an ANR, the
map f : B — X, has a continuous extension f : N(B) — X, C X defined on a
neighborhood N(B) of B in A. O
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3 Some subfunctors of the functor Fi

In the proof of Theorem 3 we shall apply a deep Basmanov’s result on the
preservation of compact ANR’s by monomorphic functors of finite degree in the
category Comp of compact Hausdorff spaces and their continuous maps. Let C be
a full subcategory of the category Top, containing all finite discrete spaces.

We say that a functor F': C — Top

e is monomorphic if F' preserves monomorphisms (which coincide with injective
continuous maps in the category Top and its full subcategory C);

e has finite supports (degree deg F' < n) if for each object X of the category C
and each element a € F X there is a map f: A — X of a finite discrete space
A (of cardinality |A| < n) such that a € Ff(FA);

The smallest number n € w such that deg F' < n is called the degree of F' and is
denoted by deg F'. If no such number n € w exists, then we put deg F' = oo.

The following improvement of the classical Basmanov’s theorem [2] was recently
proved in [1].

Theorem 11. Let F' : Comp — Comp be a monomorphic functor of finite degree
n = deg F' such that the space F'n is finite. Then the functor F preserves the class
of compact finite-dimensional ANR-spaces.

We shall apply this theorem to the subfunctors (-)% of the functor Fc. We recall
that IC is a non-trivial complete quasivariety of topological F-algebras of countable
discrete signature . By Theorem 2, Fic can be thought as a functor Fi : K, — K,
in the category K,, of k,-spaces and their continuous maps. By Theorem 2.4 of [6],
for each Tychonoff space X the free topological E-algebra Fy(X) is algebraically
free in the sense that any bijective map ¢ : Xy — X from a discrete topological space
X4 induces an algebraic isomorphism Fii : Fxx Xy — FxX. This fact implies:

Lemma 1. The functor Fi : Tych — Top is monomorphic.

Proof. Let f : X — Y be an injective continuous map between Tychonoft spaces
and fy: X4 — Yy be the same map between these spaces endowed with the discrete
topologies. Let ix : Xy — X and iy : Yy — Y be the identity maps. Let r : Y; — Xy
be any (automatically continuous) map such that o f; = idx,. Thus we obtain the
commutative diagram:

X4f>

Y
ix Tiy
Y

fa
Xdr<:>
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Applying the functor Fi to this diagram we get the diagram

X 2 pey

FKZ’XT TF)CiY
Ficfa

FeXy——=FY
Fxr

The “vertical” maps Ficix : FxXq — FxcX and Fiiy : FxYy; — FxY in this diagram
are bijective because the algebras Fixc X and FY are algebraically free. Taking into
account that FicroFy fqg = Fx(ro fg) = Fxidx, = idp x,, we conclude that the map
Fi fq is injective and so is the map Ficf : FxX — FxY because of the bijectivity of
the maps Fiix and Fiiy. O

Now for every compact subset L C E and every n € w consider the functor ()% :
Comp — Comp which assigns to each compact Hausdorff space X the subspace
(X)L of FixX. The functor (-)L assigns to each continuous map f : X — Y between
compact Hausdorff spaces the restriction (f)% = Fic f[(X)E of the homomorphism
Fxf: FxX — FxY.

Lemma 2. For everyn € N, (-)£: Comp — Comp is a well-defined monomorphic
functor of finite degree in the category Comp.

Proof. First we check that for each continuous map f : X — Y between compact
Hausdorff spaces, the morphism ()L = Fic f|(X)L is well-defined, which means that
Ficf((X)E) c (Y)E. This will be done by induction on n € w.

For n = 0 the inclusion Fic((X)§) = F(X) = f(X) C Y = (V)& follows from
the fact that the homomorphism Fy extends the map f (here we identify X and YV
with the subspaces n(X) and n(Y) in Fx(X) and Fx(Y'), respectively).

Assume that the inclusion Fi f({X)%) C (Y)E has been proved for some n € w.
By definition,

(X)rer = (X0 U erx((Brn L) x ((X)0)").
kew

Fix any element z € (X)%,,. If z € (X)%, then
Fie(x) € Fie((X)z) € (V) € (V)i

by the inductive assumption.
If € (X)L |\ (X)E, then z = ej x (2, 21,...,2)) for some k € w, z € B, N L,
and points z1,. ..,z € (X)X Since Fi f is an E-homomorphism, we get

Fif(z) = Ficf(ex,x (2,71, .., 2k)) = exy (2, Fic f(w1), ..., Ficf (k) €
€ery(BxNL) x (V)M c (k.

Thus for every n € w the functor ()% is well-defined. It is monomorphic as a

subfunctor of the monomorphic functor Fi.
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Next, we show that the functor (-) has finite degree. This will be done by
induction on n € w. Since (X)§ = X, deg(-)§ = 1.

Assume that for some n € w the functor (-)Z has finite degree d. Since L is a
compact subset of E, there is m € w such that LN E, = 0 for all k > m. We
claim that deg(-)%,; < m-d. Take any element z € (X)X . If z € (X)L, then by
the inductive assumption there is a subset A C X of cardinality |A| < d such that
z € (A)L and we are done. If z € (X)L \ (X)L, then = = eg x(z,21,...,z) for
some k € w, z € Ep N L, and points x1,...,7; € (X)L, Since L N Ej, > z is not
empty, £k < m. By the inductive assumption, for every ¢ < k there is a finite subset
A; C X of cardinality |A;| < d such that x; € (4;)%. Then the union A = Ule A;
has cardinality |A| < k-d <m-d and

= epx (2,01, 2x) € e x (LN Eg) x ((A))") € (A
witnessing that the functor (-)%,; has finite degree deg(-)L, | < m - d. O

Lemma 3. If L C E is finite, then for each n € w the functor {-)% preserves finite
spaces.

Proof. Let X be a finite space. By induction on n € w we shall show that the space
(X)L is finite. This is clear for n = 0. Assume that for some n € w the space (X)L
is finite. Since L C FE is finite there is m € w such that L N E,, = 0 for all £ > m.
Then

(X = (X)EU | enx((Ben L) x (X)5))

k<m

is finite as the finite union of finite sets. O
Combining Lemmas 2, 3 with Theorem 11, we get

Corollary 1. For any finite subset L C E and everyn € w the functor (-)L preserves
(finite-dimensional) compact ANR'’s.

4 Proof of Theorem 3

Without loss of generality, the quasivariety K is non-trivial (otherwise, Fy(X)
is a singleton and hence is an ANR(k,,)-space for each non-empty space X).

Let X be a submetrizable ANR(k,,)-space. By the ANR-Theorem 9, the product
X x Q% is a Q*-manifold. By the Triangulation Theorem 8, X x Q*° is homeo-
morphic to T x Q° for a countable locally finite simplicial complex T". This implies
that X x QQ°° can be written as the direct limit X x Q> = lim X, of a k,-sequence
(X1 )new of compact ANR's.

Write the countable discrete space E as the direct limit £ = liL>nLn of a k-
sequence (L, )new of finite subsets of E. By Choban’s Theorem 2, the space Fjc(X X
Q) is the direct limit 11_1’I>1<Xn>£” of the k,-sequence (X, )., By Corollary 1, each

space (X,)En n € w, is a compact metrizable ANR. Consequently, Fic(X x Q) =
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h_r)n(Xn>£” is a submetrizable ANR(k,)-space by Theorem 10. Since X is a retract
of X x Q°°, the space FxX is a retract of Fic(X x Q) and hence FxX is a
submetrizable ANR(k,,)-space.

Now assume that X is a compactly finite-dimensional s,-space. Then X =
li_rr)an is the direct limit of finite-dimensional compact metrizable spaces. By the
Choban’s Theorem 2, the space Fic(X x Q) is the direct limit h_rr)l(Xn)ﬁn of the k-
sequence (X, )L, Corollary 1 implies that each compact space (X,,)En is metrizable
and finite-dimensional. Then the space FiX = hL>n<Xn>,LL" is compactly finite-
dimensional, being the direct limit of finite-dimensional compact spaces.
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On the instability of solutions of seventh order
nonlinear delay differential equations
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Abstract. A kind of seventh order nonlinear delay differential equations is con-
sidered. By using the Lyapunov-Krasovskii functional approach [5], some sufficient
conditions are established which guarantee that the zero solution of the equation con-
sidered is unstable. Our conditions are new and supplement previously known results.
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1 Introduction

Since 1992 till now, by using the Lyapunov’s direct method, the qualitative be-
haviors of solutions of the seventh order nonlinear differential equations without a
deviating argument have been studied and are still being investigated in the litera-
ture. See, for example, the papers of Bereketoglu [2], Sadek [6], Tejumola [7], Tung
[8, 9], Tung and Tung [10]. In the mentioned papers, [6-10], the Lyapunov’s direct
method was used to show the instability of the solutions of some seventh order non-
linear differential equations without a deviating argument. However, to the best of
our knowledge, we did not find any paper relative to the instability of the solutions
of the seventh order linear and nonlinear differential equations with a deviating ar-
gument in the literature. The basic reason related to the absence of any paper on
this topic may be the difficulty of the construction or definition of appropriate Lya-
punov functions or functionals for the instability problems relative to the seventh
order linear and nonlinear differential equations with a deviating argument.

As regards our problem here, in 2000, Tejumola [7] studied the instability of the
zero solution of the seventh order nonlinear differential equation without a deviating
argument

27 4+ a129) + a2 + agz™ + gy (z, 2, ..., 2" + (22" +
+w6($7$/77$(6))+¢7(x) =0. (1)

In this paper, instead of Eq. (1), we take into consideration the seventh order
nonlinear differential equation with a constant deviating argument r:

© Cemil Tung, 2011
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27 4+ a129) + a2 + azz® + (2t —r), 2 2 (E—71), ., 2O (= r))a" +

+ips (@) + pe(a, x(t —r), 2’ ' (t—r), ., 2Ot =)+ r(x(t—7) =0.  (2)

We write Eq. (2) in system form as

/ / / / / /
331 = T2, $2 =3, .',U3 = T4, 334 = Ts, $5 = T¢, xG =x7,

Ty = —a1x7 — agg — azxs — Ya(xr, 21 (6 — 1), ., 27 (t — 7))Ts — Y5(22) 13—
—te(x1, 21(t = 7), 0y 27 (t = 7)) — Pr(w1) + / Yo (x1(s))za(s)ds, (3)

which is obtained as usual by setting z = x1, 2’ = z9, 2" = z3, 2" = x4, 2 =
x5, 20 =24 and 2® = z; in (2), where r is a positive constant, a;, a2 and ag are
some constants, the primes in Eq. (2) denote differentiation with respect tot, t € R,
R, = [0,00); the functions 14, 15, 16 and 1) are continuous on R4, R, R and
R with ¢g(x1, 21(t—7),0, ..., z4(t—7)) = 17(0) = 0, and satisfy a Lipschitz condition
in their respective arguments. Hence, the existence and uniqueness of the solutions
of Eq. (2) are guaranteed (see Elégolfs [1, p. 14, 15]). We assume in what follows
that the function 17 is differentiable, and x1(t), x2(t), z3(t), x4(t), x5(t), x6(t) and
x7(t) are abbreviated as 1, 9, x3, x4, x5, ¢ and x7, respectively.

Here, by defining an appropriate Lyapunov functional, we prove an instability
theorem for Eq. (2). By this work, we improve an instability result obtained in the
literature [7, Theorem 6] relative to a seventh order nonlinear differential equation
without a deviating argument to the instability of the zero solution of a certain
seventh order nonlinear differential equation with a deviating argument, Eq. (2).
Our motivation comes from the papers contained in the references of this paper.

Let r > 0 be given, and let C = C([—r, 0], R") with

1] = _max [é(s)], ¢ € C.
For H > 0 define Cyy C C by
Cu={¢eC: ol <H}
If x : [-r,a] — R" is continuous, 0 < A < oo, then, for each ¢ in [0, A), z; in C

is defined by
zi(s) =x(t+s),—r<s<0, t=0.

Let G be an open subset of C' and consider the general autonomous delay diffe-
rential system

t=F(xy), ze=xz(t+0), —-r<6<0, t=0,
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where F' : G — R™ is continuous and maps closed and bounded sets into bounded
sets. It follows from the conditions on Fthat each initial value problem

t=F(xt), zo=¢€cCG

has a unique solution defined on some interval [0, A),0 < A < oo. This solution will
be denoted by x(¢)(.) so that zo(¢) = ¢.

Definition 1. The zero solution, z = 0, of & = F(x) is stable if for each € > 0
there exists 6 = d(g) > 0 such that ||¢|| < ¢ implies that |z(¢)(t)| < € for all ¢ > 0.
The zero solution is said to be unstable if it is not stable.

Theorem 1. Suppose there exists a Lyapunov function V : G — Ry such that
V(0) =0 and V(z) > 0 if x # 0. If either
(i) V(¢) > 0 for all ¢ in G for which

V[¢(0)] = max Vig(s)] >0

—s<t<0

or
(ii) V(¢) > 0 for all ¢ in G for which

VI[¢(0)] = min Vig(s)] >0,

—s<t<0

then the solution x =0 of & = F(x;) is unstable (see Haddock and Ko [3]).

2 Main result

The following theorem is our main result.

Theorem 2. Together with all the assumptions imposed on the functions g, s, Y
and ¥y in Eq. (2), we assume that there exist constants az < 0, a7 > 0, 69 > 0 and
0 > 0 such that the following conditions hold:

vrlen) 40, (@£ 0, T S (a1 £0), 0< gt <o
Ve (21, ...,5134(t - T)) #0, (z2 # 0)7 %ﬁ() - M >0, (1’2 #0).
a9 i)

Then, the zero solution, x = 0, of Eq. (2) is unstable provided that r < 57'
Remark 1. For the proof of the theorem, under the conditions sated in the theorem, it
suffices to find that there exists a continuous Lyapunov functional V- = V (214, ..., x7¢)
which has the following three properties, Krasovskii properties [4], say (K1), (K2)
and (K3):

(K1) In every neighborhood of (0,0,0,0,0,0,0) there exists a point (1, ...,&7)
such that V' (&1, ...,&7) > 0,
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. d
(K2) the time derivative V = %V(xlt’ ...,Z7¢) along solution paths of (3) is
positive semi-definite,

(K3) the only solution (z1,...,x7) = (z1(t),...,z7(t)) of (3) which satisfies

d
%V(:clt, oy Z7) = 0 (t = 0), is the trivial solution (0,0,0,0,0,0,0).
Proof. Consider the Lyapunov functional V' = V(z1y, ..., x7;) defined by

V = xox7 + a17276 + a272T5 + a3T2T4 — T3Te — A1T3T5 — A2T3T4 + T4T5—

1 T2 0 t
—%agxg + ;alxi+/¢7(s)ds+/¢5(s)sds— )\/ / x3(0)dbds, (4)
0 0

—rt+s
0t
where s is a real variable such that the integral [ [ 23(6)dfds is non-negative and
—rt+s

A is a positive constant which will be determined later in the proof.
From (4) it follows that

V(0,0,0,0,0,0,0) =0
and

V = x0x7 4+ a12026 + a2T2x5 + a3x2L4 — T3Tg — G1T3L5 — A2LIT4 + T4X5—

T1 T2 0 t
1 1
—a3$§+2a1$i—|—/¢7(8)8d8—|—/¢5(8)8d8—)\//x%(é’)d@ds >
0 0

2 S
—rit+s

= ToX7 + A1T2xg + A2T2T5 + A3T2T4 — 3L — A1 T3L5 — A2T3T4 + T4T5—

T2 0 t
1 1 1
—§a333§ + ialxi + 550;10% + /¢5(s)sds — )\/ / x3(0)d0ds.
0 —r t+s

Hence, we get
1
V(e,0,0,0,0,0,0) = 55052 >0
for all sufficiently small e, ¢ € R, so that every neighborhood of the origin in the

(21, ...,x7)—space contains points (1, ..., &7) such that V (&5, ...,&7) > 0.
Let

(371, ...71'7) = (xl(t), ...,a:7(t))

be an arbitrary solution of (3).
Differentiating the Lyapunov functional V' in (4) along this solution, we get

V =122 — asx] — a1, ..., o7(t — 7)) T224 — V6(21, o T7(t — 7)) T2
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t t
+x9 / Uh(x1(5))xo(s)ds — Arzd + X / x3(s)ds.

t—r t

The assumption 0 < ¢4(z1) < a7 of the theorem and the estimate 2 |mn| <
m? 4+ n? imply that

xz/w7 21(s))ea(s)ds |:c2|/w7 £1(s)) |za(s)| ds >

t

1 1

> —§a77‘x§ — 507 / z3(s)ds.
-Tr

t

Hence

) 1 2
V> xg — a2 |:J,‘4 + Elm(xg, oy gt — T)):E2:| +

1
+Ew2(x1, w7t — r))x% —Yg(x1, .., x7(t — 1))T2—
¢

—{(A+ %CW)T}CU% + <)\ - ;a7> / z3(s)ds.

t—r

Let A = %cw. Then, we get

. 1 ?
V>al-a {u + %1#4(961, 7 (t — r))xg] +

+ [ 1 1/14(x1,...,x7(t —7)) — Ve(x1,...,x7(t — 1))

—arr x% =
4ao €2

> (6 —arr)z3 >0

) .
provided that » < —. Thus if the assumptions of the theorem hold then V' is positive
a7
semi-definite.
Now observe that V' = 0 for all £ > 0 necessarily implies that o = 0 and therefore
also that

ro=2" =0, 23=2"=0, 24 =2"=0,

335_56()_0 xG—x(5)—O, :L“7:$(6):0
for all t > 0. Hence

x2:x3:x4:x5:x6:x7:0(t}O).

Moreover, in view of V = 0 and the system (4), one can also easily obtain
X1 = Ty = 3 = x4 = T5 = x¢ = x7 = 0, which verifies the property (K3) of
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Krasovskii [4]. It now follows that the Lyapunov functional V' thus has all the
requisite Krasovskii properties, (K1), (K2) and (K3), subject to the conditions in
the theorem. By the above discussion, we conclude that the zero solution of Eq. (2)

is unstable. The proof of the theorem is completed. O
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1 Introduction and Preliminary Results

In this paper we develop a dynamic programming approach for finite Markov
processes and propose polynomial time algorithms for determining the limit state
matrix in Markov chains. A characterization of a simple Markov process and the
basic definitions related to determining the probabilities of state transitions of the
system in such processes can be found in [3-5,9,10]. Here, for the finite Markov
processes, we consider the problem of determining the probability of system’s tran-
sition from a starting state to a final one when the final state is reached at the
time-moment which belongs to a given interval of time. For such a specific case, we
develop dynamic programming algorithms. Furthermore, the asymptotic behavior
of the proposed algorithms are analyzed. Such a characterization of the problem
allows us to apply a new approach for studying Markov chains and to elaborate
polynomial time algorithms for determining the limit state probabilities of the dy-
namical system in such processes. We show that for non-ergodic Markov chains the
limit probability matrix can be found in polynomial time. Therefore, we propose two
polynomial time algorithms. The computational complexity of the first algorithm is
O(n*) and of the second one is O(n?). Note that the well-known algorithm from [9)]
(see also [4,5,10]) in the worst case uses O(n*) elementary operations. Comparing
this algorithm with proposed ones we can conclude that the approach described
below allows us to ground new efficient algorithms for determining the limit state
matrix in Markov chains. Additionally, we develop dynamic programming proce-
dures for the calculation of the state probability transitions in the non-stationary
discrete Markov processes. The proposed calculation procedures and algorithms can
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be used for studying and solving the stochastic version of classical discrete optimal
control problems [2-9].

In this paper we consider discrete Markov processes with a finite set of states
[3,5,7]. We denote the set of states of the dynamical system in such processes
by X = {z1,x2,...,2,}. At the moment of time ¢t = 0 the state of the system
is x;,. For an arbitrary state x € X the probabilities p, , of system’s transitions

from z to another states y € X such that )  p,, = 1 are given. So, we assume
yeX
that the Markov process is determined by the stochastic matrix of probabilities

P = (pzy) and the starting state x;, of the dynamical system. The probability
Py, (z,t) of system’s transitions from the state z;, to an arbitrary state z € X by
using ¢ transitions is defined and calculated on the basis of the following recursive
formula [3]

Py (z,7+1) = Z Py, (Y, T)Pyw, T=0,1,2,... ¢t -1,

yeX

where Py, (4,0) = 1 and Py, o(z,0) = 0 for z € X \ {z;,}. This formula can be
represented in the matrix form by

m(r+1)=n(r)P, 7=0,1,2,...,t—1. (1)

Here 7(7) = (mw1(7), m2(7), ..., 7 (7)) is the vector, where the component i expresses
the probability of the system L to reach from x, the state z; at the moment of time
7, le. m(T) = Py, (%, 7). At the starting moment of time 7 = 0 the vector ()
is given and its components are defined by 7;,(0) = 1 and 7;(0) = 0 for arbitrary
i # 1p. If for given starting vector m(0) we apply our formula for t =0,1,2,...,t—1,
then we obtain

(t)

where P) = P x P x---x P. So, an arbitrary element Pa,y Of this matrix expresses
the probability of system L to reach the state y from x by using ¢ units of times.
Formula (1) can be applied for the calculation of the state probabilities of the
system in finite Markov processes. In the case 7 — oo this formula leads to the
n
relation m = w P which together with the condition ) m; = 1 allows us to determine
i=1
the limit state probabilities in ergodic Markov chains.

2 The Main Results

To solve our main problem we need to develop special calculation procedures for
determining the probability of system’s transitions from a starting state to a final
one when the final state is reached at the time-moment from given interval of time.
We describe such calculation procedures which will allow us to ground polynomial
time algorithms for finding the limit state matrix in aperiodic Markov chains.
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2.1 Calculation of the Probabilities of States Transition of the
System with a Given Restriction on the Number of Stages

In this subsection we show how to calculate the probability of system’s transitions
from the state z;, to the state x when x is reached at the time moment 7'(z) such
that 77 < T'(xz) < Ty where T7 and T3 are given. So, we consider the problem of
determining the probability of the system L to reach the state x at least at one of
the moments of time 77,77 + 1,...,T5. We denote this probability by Pxi0 (x,T1 <
T(x) < T3). Some reflections on this definition allow us to write the following
formula

Poyy (@, Ty <T(x) <T3) =

Further we describe some results which allow to calculate the probability
P.(y,0 < T(y) <t) for xz,y € X and t = 1,2,.... For this reason we shall give
the graphical interpretation of the Markov processes using the graph of state tran-
sitions GR = (X, ER) [1,3,7,10]. In this graph each vertex z € X corresponds to
a state of the dynamical system and a possible system passage from one state x to
another state y with positive probability p,, is represented by the directed edge
e = (z,y) € ER from x to y; to directed edges (z,y) € ER in GR the corresponding
probabilities p,, are associated. It is evident that in the graph GR each vertex

x contains at least one leaving edge (x,y) and ) p,, = 1. As an example the
yeX
graph of state transitions GR = (X, ER) for the Markov process with the stochastic

matrix of probabilities
0.3 03 04 0
05 0 05 0
0 04 0 06
0 03 05 0.2

is represented in Fig. 1.

Fig. 1

In general we will consider also the stochastic process which may stop if one of
the states from a given subset of states of dynamical system is reached. This means
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that the graph of such a process may contain the so-called deadlock vertices. So,
we consider the stochastic process for which the graph of transition probabilities

may contain the deadlock vertices y € X and ) p,. = 1 for the vertices x € X
zeX
which contain at least one leaving directed edge. As an example in Fig. 2 a graph

GR = (X, ER) which contains a deadlock vertex is represented.

Fig. 2

This graph corresponds to the stochastic process with the following matrix of state
transitions

03 03 04 O
05 0 03 02
0 06 0 04
0O 0 0 0

P =

Such graphs do not correspond to a Markov process and the matrix of probability
P contains a row with zero components. Nevertheless the probabilities Py, (z,t) in
this case can be calculated on the basis of the recursive formula given above. Note
that the matrix P can be easily transformed into a stochastic matrix changing the
probabilities p,, = 0 for deadlock states y € X by the probabilities p,, = 1.
This transformation leads to a new graph which corresponds to a Markov process
because the obtained graph contains a new directed edge e = (y,y) with p. = 1
for y € X. We call the vertices y € X in this graph the absorbing vertices and
the corresponding states of the dynamical system in Markov process the absorbing
states. So, the stochastic process which may stop in a given set of states can be
represented either by a graph with deadlock vertices or by a graph with absorbing
vertices. In Fig. 3 represents the graph with absorbing vertex y = 4 for the Markov
process defined by the matrix P given below.

03 03 04 O

05 0 03 02
0 06 0 04
0 0 0 1.0

P=

It is easy to see that the stochastic matrix P in this example is obtained from
the previous one by changing ps 4 = 0 with ps 4 = 1. The corresponding graph with
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Fig. 3

the absorbing vertex y = 4 in this case is obtained from the graph on Fig. 2 by
adding the directed edge e = (4,4) with py4 = 1.

We shall calculate the probabilities P, (y,0 < T'(y) < t) by using the graph with
absorbing vertices.

Lemma 1. Let a Markov process be given for which the graph GR = (X, ER)
contains an absorbing vertexry € X. Then for an arbitrary state x € X the following
recursive formula holds:

Px(?/yOST(y) §T+1) = pr,zpz(yaOST(z) ST)a 7=0,1,2,...,
zeX

where Pp(y0 <T(y) <0)=0ifx #y and Py(y,0 <T(y) <0)=1.

Proof. 1t is easy to observe that for 7 = 0 the theorem holds. Moreover, we can
see that here the condition that y is an absorbing state is essential; otherwise for
x = y the recursive formula from lemma fails to hold. For 7 > 1 the correctness
of this formula follows from the definition of the probabilities P,(y,0 < T'(y) <
T+1),P.(y,0 <T(z2) <7) and from the induction principle on 7. O

The recursive formula from this lemma can be written in matrix form by
m(r+1)=Pr'(r), 7=0,1,2,....

Here P is the stochastic matrix of the Markov process with the absorbing state
y € X and
™ (7)

!
mo(7)
7'(1) = . , 7=0,1,2,...

T (T)
are the column vectors, where an arbitrary component 7/ (7) expresses the probabil-

ity of the dynamical system to reach the state y from x; by using not more than 7
unites of times, i.e. 7 (1) = Py, (y,0 < T(y) < 7). At the starting moment of time
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7 = 0 the vector 7/(0) is given: All components are equal to zero except for the
component corresponding to the absorbing vertex which is equal to one, i.e.

ry ) 0, if @ £y
W(O)_{ 1, ifx;=y.

)

If we apply this formula for 7 =0,1,2,...,t — 1, then we obtain
() = POT(0), t=1,2,....

So, if we denote by j, the column of the matrix P () which corresponds to the absorb-
ing state y then an arbitrary element pl(tj)y of this column expresses the probability
of the system L to reach the state y from z; by using not more than ¢ units of time,
ie. pgt])y = P, (y,0 <T(x) <t). This allows us to formulate the following lemma:

Lemma 2. Let a finite Markov process with the absorbing state y € X be given.

Then:
a) P, (y,7) =Py, (y,0<T(y) <7), for zieX\{y}, 7=1,2,...;

b) Py, Ty <T(y) <T) = p<§z) _pgl_l)-

)

Proof. The condition a) in this lemma holds because

Py (y,7) =p7) =P, (y,0 < T(y) < 7).

isdy
The condition b) we obtain from Lemma 1 and the following properties

T T1—1
Po(y,0 <T(y) <To) = p\2), Po(y0<T(y) <Ti—1)=p{ 7Y,

O]

So, to calculate Py, (y,Th < T(y) < T») it is sufficient to find the matrices
pPTi-1  p(T2) and then to apply the formula from Lemma 2.

The procedure of the calculation of the probabilities P, (y,0 < T'(y) < t) in the
case of the Markov process without absorbing states can be easily reduced to the
procedure of the calculation of the probabilities in the Markov process with the
absorbing state y by using the following transformation of the stochastic matrix P.
We put p;, ; = 0if j # i, and p;,;, = 1. It is easy to see that such a transformation
of the matrix P does not change the probabilities Py(y,0 < T(y) < t). After
such a transformation we obtain a new stochastic matrix for which the recursive
formula from the Lemma 21 can be applied. In general for the Markov processes
with absorbing state these probabilities can be calculated by using the algorithm
which works with the original matrix P without changing its elements. Below such
an algorithm is described.
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Algorithm 1: Determining the state probabilities of the system with
a restriction on number of transitions (stationary case)

Preliminary step (Step 0): Put Py(y,0 < T(y) < 0) =0 for every z € X \ {y}

and Py(y,0 <T(z) <0) =
General step (Step T+ 1,7 > 0): For every x € X \ {y} calculate

Py, 0<T(x) <7+1) =Y pePo(y,0<T(y) <7) 2)
zeX
and then put
Py(y,0<T(y) <7+1)=1 (3)

If 7 <t —1 then go to next step; otherwise STOP.

Theorem 1. Algorithm 1 correctly finds the probabilities P,(y,0 < T'(x) < 7) for
ceX, 1=0,1,2,... t—1

Proof. 1t is easy to see that the probabilities P,(y,0 < T'(z) < 7+ 1) at the general
step of the algorithm are calculated on the basis of formula (2) which takes into
account condition (3). This calculation procedure is equivalent with the calculation
of the probabilities P,(y,0 < T(x) < 7 4+ 1) with the condition that the state y is
an absorbing state. So, the algorithm is correct. O

If in Algorithm 1 we use the notation 7}(7) = P, (y,0 < T(y) < 7), m, (1) =
P,(y,0 < T(y) < 7) then we obtain the following description of the algorithm in a
matrix form:

Algorithm 2: Calculation of the state probabilities of the system in
the matrix form (stationary case)

Preliminary step (Step 0): Fix the vector 7/(0) = (7} (0), 74(0), ..., 7, (0)), where
7;(0) = 0 for i # iy and 7; (0) = 1.

General step (Step T+ 1,7 > 0): For given 7 calculate

7' (r+1) = Pr'(7)

and then put
7r£y (t+1)=1.

If 7 <t —1 then go to next step; otherwise STOP.

Note that the condition 7T£y (T+1) =1 in the algorithm allows us to preserve the
value W;y (t) = 1 at every moment of time ¢ in the calculation process. This condition
reflects the property that the system remains in the state y at every time-step t if
the state y is reached. We can modify this algorithm for determining the probability
P,(y,0 < T(y) <0) in a more general case if we assume that the system will remain
at every time step ¢ in the state y with the probability 7; (¢) = ¢(y), where q(y)
may differ from 1, i.e, ¢(y) < 1. In the following we can see that this modification
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is very important for determining the matrix of limit probabilities in finite Markov
processes. So, ¢(y) < 1, and we can use the following algorithm:

Algorithm 3: Calculation of the state probabilities of the system with
a given probability of its remaining in the final state (stationary case)

Preliminary step (Step 0): Fix the vector #'(0) = (7{(0), 75(0), ..., 7,(0)),
where m;(0) = 0 for i # iy and 7 (0) = q(y).

Genrral step (Step T+ 1,7 > 0): For given 7 calculate

7' (r+1) = Pr'(7)
and then put

™, (T +1) = a(y).
If 7 <t —1 then go to next step; otherwise STOP.

Remark 1. All results and algorithms described above are also valid for the stochastic

processes in the case when ) p, . =1r(z) <1 for z € X.
zeX

2.2 Polynomial time algorithms for determining the limit state
matrix in Markov chains

Denote by S = (s;;) the limit matrix of probabilities for the Markov chain
induced by stochastic matrix P = (p,,). We denote the vector columns of the
matrix S by

S1,5
SI = : , 7=0,1,2,... n,
8”7‘7
and the row vectors of the matrix S we denote by S; = (si1,8i2,...,5in), & =
1,2,...,n. To describe the algorithms for finding the limit matrix S for non-ergodic

Markov process we need to analyze the structure of the graph of transition proba-
bilities and to study the behavior of the algorithms from the previous subsection in
the case t — oco. First of all we note that for the ergodic Markov chain the graph
GR is strongly connected and all vector rows .S;, i =1,2,...,n, are the same. In
this case the limit state probabilities can be found by solving the system of linear
equations

n
T =7P, ij =1,
J=1

ie. S; =m ¢ =1,2,...,n. In general, such an approach can be used for an
arbitrary ergodic Markov process if the limit state probabilities exist.

In the multichain Markov processes the graph GR = (X, ER) consists of several
strongly connected components G! = (X!, EY), G? = (X?,E?), ..., G* = (X*, EF)

k: .
where |J X* = X. Additionally, among these components, there are such strongly
i=1
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connected components G = (X% E'%) p = 1,2,...,q, which do not contain a
leaving directed edge e = (x,7) where z € X% and y € X \ X%». We call such
components G deadlock components in GR. A characterization of the ergodic
classes (recurrence classes) in the Markov process can be made in terms of a graph
of transition probabilities using the deadlock components.

Lemma 3. If G = (X% E') is a strongly connected deadlock component in GR
then X is an ergodic class (recurrence chain) of the Markov process; if v € X \

qu X% then x is a transient state of the system in the Markov process.
p=1

Lemma [3] reflects the well known properties of the Markov chains from [3-5,10]
in the terms of graphs of transition probabilities. The proof of the lemma follows
from [3-5,10].

Below we give some auxiliary results which can be obtained from the algorithmic
procedure from the previous subsection in the case t — oco. Let a Markov process
with a finite set of states X be given. For an arbitrary state x; € X we denote by
X the subset of states x;, € X for which in GR there exists at least a directed path
from zj, to ;. Additionally, we denote N = {1,2,...,n}, I(X;)= {klzy € X;}.

Lemma 4. Let a Markov process with o finite set of states X be given and assume
that x; is an absorbing state. Let 7 be a solution of the following system of linear
equations

™ =Prl; m;=1; m;=0 for i€ N\IX;), (4)
where
)
= 2
Tn,j
Then m = 87, i.e. Tij = Sij, 1=1,2,...,n. If x; is a unique absorbing state of

the Markov process and if x; in GR is attainable from every z; € X (i.e. I(X;) =
N) thenmj=s;;=1, i=1,2,...,n.

Proof. We apply Algorithm 2 with respect to a given absorbing state x; (y; = x;)
when ¢ — oco. Then 7(t)’ — 7/ and therefore we obtain 7/ = Pr/ where 7;; = 1
and m;; = 0 for i € N\ I(Y;r). The correctness of the second part of the lemma
corresponds to the case when I(X;) = N and therefore we obtain that the vector
7J with the components my = 1, 1= 1,2,...,n is the solution of the system
7l = Pni,mj; = 1. So, Lemma 4 holds. O

Remark 2. If x; is not an absorbing state then Lemma 4 may fail to hold.

Remark 3. Lemma 4 can be extended for the case when ) p,, = r(z;) <1 for
yeX
some states x; € X. The solution of the system (4) in this case also coincides

with the vector of limit probabilities S7 if such a vector of limit probabilities exists.
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However, if N = I(X;) then some components 7; ; of the solution 7;; may be less
than 1.

Let us show that the result formulated above allows us to find the vector of limit
probabilities S7 of the matrix S if the diagonal element s;; of S is known. We
consider the subset of the states Y = {z;|s;; > 0}. It is easy to observe that

q .
Y+ = |J X% ; we denote the corresponding set of indexes of this set by I(Y ™). For
p=1
each j € I(Y™) we define the set X in the same way as we introduced it above.

Lemma 5. If a non-zero diagonal element s;; of the limit matriz S in the non-
ergodic Markov process is known, i.e. sj;j = q(xj), then the corresponding vector S’
of the matriz S can be found by solving the following systems of linear equations:

ST =P8I s;j=q(x;); sij=0 for i€ N\I(X;)

Proof. We apply Algorithm 3 with respect to the fixed final state y; = x; € X with
q(y;) = sjj when t — oco. Then for a given y; = x we have 7(t)’ — S’ and therefore
we obtain S = PS7 where q(y;) = s;; and s;; = 0 for i € N \ I(X;). So, Lemma
5 holds. O

Basing on this lemma and Algorithm 3 we can prove the following result.

Theorem 2. The limit state matriz S for aperiodic Markov chains can be found by
using the following algorithm.:
1) For each ergodic class X% solve the system of linear equations

ﬂ_ip _ ﬂ_ippip’ § : ﬂ.;p =1,
JEI(X'P)

where 7' is the row vector with components ﬂ;p for j € I(X%) and P% is the

submatriz of P induced by the class X*». Then for every j € I(X%) put 855 = 7r;-p;
qa
for each j € I(X \ |J X') set sj; =0;
p=1
q .
2) For every j € I(YT), Y+t = |J X% solve the system of linear equations
p=1

ST =P sjj=mg sy =0 for i€ N\I(X;)

and determine the vector S7. For every j € I(X \ Y1) set S/ = 0, where 0 is the
vector row with zero components.
The algorithm finds the matriz S using O(n*) elementary operations.

Proof. Let us show that the algorithm finds correctly the limit matrix S. Item 1) of
the algorithm finds the limit probabilities s; ;. This item is based on Lemma 3 and
on the conditions which each ergodic class X’ and each transient state zc¢X \ Y
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should satisfy. So, item 1) correctly finds the limit probabilities s; ; for j € N.
Item 2) of the algorithm is based on Lemma 5 and therefore determines correctly
the vectors S7 of the matrix S when the diagonal elements s;; are known. So, the
algorithm finds correctly the limit matrix S of the non-ergodic Markov processes
if such a limit matrix exists. The computational complexity of the algorithm is
determined by the computational complexity of solving ¢ < n equations for each
ergodic class X (item 1) and the computational complexity of solving not more
than n systems of linear equations for determining the vectors S/ (item 2). So, the
running time of the algorithm is O(n?). O

Basing on this theorem we can find the limit matrix S using algorithm from
Theorem 2. In the worst case the running time of the algorithm is O(n?*) however
intuitively it is clear that the upper bound of this estimation couldn’t be reached.
Practically this algorithm efficiently finds the limit matrix S. In the following we
show that for determining the limit matrix in aperiodoc Markov chains there exists
an algorithm with computational complexity O(n?).

2.3 An algorithm for the calculation of the limit matrix in aperiodic
Markov chains with running time O(n?®)

We describe another algorithm for finding the limit matrix for aperiodic Marcov
chains which in the most part takes into account the structure properties of the
random graph of the Markov process. We can see that such an approach allows us
to ground an algorithm with computational complexity O(n?).

Algorithm 4: Determining the limit state matrix for non-ergodic
Markov processes

The algorithm consists of two parts: The first part determines the limit proba-

q )
bilities s, for x € |J X* and y € X. The second procedure calculates the limit
p=1

q .
probabilities s, for x € X\ |J X" and y € X.
p=1
Procedure 1:

1. For each ergodic class X% we solve the system of linear equations:
' = ' P'r, E ) =1,
yeXip

where P is the matrix of probability transitions corresponding to the ergodic
class X', i.e. Pir is a submatrix of P, and 7' is a row vector with the com-
ponents 7, for y € X%. If 7, are known then s, , for z € X% and y € X can
be calculated as follows:

Set Sx,y:W;p if r,ye X% and s,, =0 if x€ X, ye X\ X%.
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Procedure 2:

1. We construct an auxiliary acyclic directed graph GA = (X A, EA) which is ob-
tained from the graph GR = (X, ER) by using the following transformations:

We contract each set of vertices X’ into one vertex z% where X% is a set
of vertices of a strongly connected deadlock component G = (X%, E%) in
GR. If the obtained graph contains parallel directed edges e! = (z,2), €2 =
(,2), ..., € = (x,z) with the corresponding probabilities pglw, pg,z, ey Dhs
then we change them by one directed edge e = (z,z) with the probability

r

Prz= . p;Z; after this transformation of each vertex zf, we put equivalently
i=1

1=

a directed edge of the form e = (2, 27) with the probability pl, ,» = 1.

2. We fix the directed graph GA = (X A, EA) obtained by the construction prin-
q .
ciple from step 1 where XA = (X \ (U XZP)) UZzpr, 7P = (24,22,...,29).
p=1
Additionally, we fix the new probability matrix P’ = (p;’y) which corresponds
to this random graph GA.

3. For each * € XA and every 2! € ZP we find the probability 7 (2%) of the
system transaction from the state x to the state zP. The probabilities 7/ (2*)
can be found by solving the following p systems of linear equations:

P,W,(Zl) = W'(zl), ng(zl) =1, ﬂ';z(Zl) =0, ..., ﬂ;q(zl) =0;
P/7T/(2’2) = 71'/(22), 7TZ1(Z2) =0, W/Zg(z2) =1, , F;q(2’2) =0;
P'r'(29) = 7' (29), 71'21 (z7) =0, 7T;2(Zq) =0, ..., mqe(29) =1,

where 7/(z%), i =1,2...,p are the column vectors with components 7’ (z*)
for x € X A. So, each vector 7/ (z") defines probabilities of system transitions
from states x € X A to the ergodic class X".

a A
4. We put s;, = 0 for every z,y € X \ J X% and s,, = m,(2P)my for every
p=1
q . . ) . .
reX\ JUX?andye X, X» C X. Ifz € X and y € X \ X" then we
p=1
fix s, = 0.

Theorem 3. The algorithm correctly finds the limit state matriz S and the running
time of the algorithm is O(|X|3).
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Proof. The correctness of Procedure 1 of the algorithm follows from the definition of
the ergodic Markov class (recurrence chain). So, Procedure 1 finds the probabilities

q
Szy for x € |J X and y € X. Let us show that Procedure 2 correctly finds
p=1

a
the rest elements s, , of the matrix S. Indeed, each vertex x € X \ |J X" in
p=1
G A corresponds to a transient state of the Markov chain and therefore we have

q .
Sgy = 0 for every x,y € X\ |J X". If x € X" then the system couldn’t reach
p=1
a state y € X \ X and therefore for arbitrary two states x,y we have Szy = 0.
Finally, we show that the algorithm correctly determines the limit probability s

ifz e X\ fj X% and y € X%. In this case the limit probability s,, is equal to
p=1
the limit probability of the system to reach the ergodic class X% multiplied by the
limit probability of the system to remain in the state y € X, i.e. sz, = 74 (2P)my .
Here 7,7 is the probability of the system to remain in the state y € X% and 7, (2%)
is the limit probability of the system to reach the absorbing state z;, in GA. The
value 7,(2"7) according to the construction of auxiliary graph GA coincides with
the limit probability of the system to reach the ergodic class X%. The correctness
of this fact can easily be obtained from Lemma 3 and Theorem 2. According to

q )
Lemma 3 the probabilities 7, (2P) for z € X \ |J X" can be found by solving the
p=1
following system of linear equations

P'r'(2P) =7'(2P), wi(2P) =0, w.(zP)=0, ..., mu(2P)=1,

which determined them correctly. So, the algorithm correctly finds the limit state
matrix S.

Now let us show that the running time of the algorithm is O(n3). We obtain this
estimation in the item 4 solving ¢ < n systems of linear equations. Each of these
systems contains no more than n variables. All these systems have the same left part
and therefore they can be solved simultaneously applying Gaussian method. The
simultaneous solution of these ¢ systems with the same left part by using Gaussian
method uses O(n?) elementary operations. O

3 Determining the State Probabilities of the Dynamical System
in Non-Stationary Markov Processes

In the case when the probabilities of system’s transitions from one state to an-
other depend on time we have a non-stationary process defined by a dynamic matrix
P(t) = (pay(t)) which describes this process. If this matrix is stochastic for every
moment of time ¢ = 1,2,..., then the state probabilities Pﬂ;i0 (z,t) can be defined
and calculated by using a similar formula obtained from Section 1 changing p, . by
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Pay(T), i€

Py, (z,7+1) = Z Py, (y:T)py(r), 7=0,1,2,...,t -1
yeX

where Py, (2i,,0) =1 and Py, (z,0) =0 for z € X \ {z;,}. In the matrix form this
formula can be represented as follows
m(r+1)=n(r)P, 7=0,1,2,...,t—1

where w(7) = (m1(7),7(7),...,m(7)) is the vector with the components m;(7) =
Py, (zi,7). At the starting moment of time 7 = 0 the vector m(7) is given in the
same way as for the stationary process, i.e. m;,(0) = 1 and m;(0) = 0 for arbitrary
i # ip. If for a given starting vector 7(0) and 7 = 0,1,2,...,¢ — 1 we apply this
formula then we obtain

7(t) =7w(0)P(0)P(1)P(2)... P(t —1).
So, an arbitrary element g, .. (t) of the matrix
Q) =PO)P(1)P(2)...P(t—1)

expresses the probability of system L to reach the state x; from z; by using ¢ units
of times.

Now let us show how to calculate the probability Py, (y,71 < T(y) < T3) in
the case of non-stationary Markov processes. In the same way as for the stationary
case we consider the non-stationary Markov process with given absorbing state y €
X. So, we assume that the dynamic matrix P(t¢) is given which is stochastic for
every t =0,1,2,... and p,,(t) = 1 for arbitrary ¢ is given. Then the probabilities
P,(y,0 <T(y) <t)for x € X can be determined if we tabulate the values P, (y, t —
T<T(y)<t), 7=0,1,2... ¢t using the following recursive formula:

Poly, t =7 —=1<T(y) <t) =poo(t —7 = 1)P:(y, t =7 < T(y) < t)
where for 7 = 0 we fix
Po(y, t <T(y)<t)=0ifz#yand Py, t <T(y) <t)=1.
This recursive formula can be represented in the following matrix form
't—7-1)=Pt—-7-1)r"(r), t=0,1,2,...t—1.

At the starting moment of time ¢t = 0 the vector 7”(0) is given: All components are
equal to zero except the component corresponding to the absorbing vertex which is
equal to one, i.e.
2/(0) _ { 0, %f T # Y
1, ifz;, =y.
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If we apply this formula for 7 =0,1,2,...,¢ — 1 then we obtain
7' (t) = P(O)P(1)P(2)--- P(t — 1)7"(0), t=1,2,....

So, if we consider the matrix Q = P(0)P(1)P(2)...P(t — 1) then an arbitrary
element g; j, of the column j, in the matrix () expresses the probability of the
system L to reach the state y from x; by using not more than ¢ units of time, i.e.
Gigy = Poy, 0 < T(z) < t).

Here the matrix P(t) is stochastic matrix for t = 0,1,2,... where p, ,(t) = 1 for
every t and

i(r)
!
7' (1) = 7r2.(7') , 7=0,1,2,...

()

is the column vector, where an arbitrary component «/(7) expresses the probability
of the dynamical system to reach the state y from x; by using not more than 7 unites
of times when the system start transitions in the sate x at the moment of time ¢ — T,
ie. m/(t) = Pp,(y,t —7 < T(y) < t). This means that in the case when y is an
absorbing state the probability P, (y, T1 < T'(y) < T») can be found in the following
way:

a) find the matrices

Q! = PO)P(1)P(2)- -+ P(Ty — 1) and Q* = P(O)P(1)P(2)- - P(Ty — 1);

b) calculate
Poly, i = T(y) < Tp) =

=Py, 0<T(y) STo) — Po(y, 0ST(y) < Ty —1) =g}, — a7,

The results described above allows to develop algorithms for calculation the
probabilities P, (y, 0 < T'(y) < t) for an arbitrary non-stationary Markov process.
Such algorithms can be obtained if in the general steps of the algorithms we change
the matrix P by the matrix P(t — 7 — 1) and 7/(7) by «" (7).

Below we describe these algorithms which can be grounded in an analogues way
as the algorithms in Section 2.

Calculation of the state probabilities of the system in the matrix form
(non-stationary case)

Preliminary step (Step 0): Fix the vector n”(0) = (7} (0), #5(0), ..., 7 (0)),
where m/(0) = 0 for i # iy and 77 (0) = 1.

General step (Step 7+ 1, 7 > 0): For given 7 calculate

'(r+1)=Pt—7-1)7"(1)
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and then put
7'(';; (t+1)=1.

If 7 <t —1 then go to next step; otherwise STOP.

Calculation of the state probabilities of the system with given proba-
bility of its remaining in the final state (non-stationary case)

Preliminary step (Step 0): Fix the vector 7”(0) = (#{(0), #5(0), ..., 71 (0)),
where m/(0) = 0 for i # iy and 77 (0) = 1.
General step (Step T+ 1, 7 > 0): For given 7 calculate

a'(r+1)=Pt—7—-1)7"(1)

and then put
m (T +1) = q(y).
If 7 <t —1 then go to next step; otherwise STOP.

Note that the algorithm finds the probabilities P,(y, 0 < T'(y) < t) when the
value ¢(y) is given. We treat this value as the probability of the system to remain
in the state y; for the case ¢(y) = 1 this algorithm coincides with previous one.

4 Conclusion

A new approach for studying finite Marcov processes and determining the limit
matrix of probability transitions in Markov chains is proposed. The proposed ap-
proach allows us to develop new algorithms for determining the states probability
in the considered Markov processes. Polynomial time algorithms for finding the
limit matrix of probability transitions of the system in Markov chains are elabo-
rated. These algorithms can be used for determining the average cost per trans-
action of dynamical system in decision Markov processes (Markov processes with
rewards) [3,5,9] and and stochastic discrete optimal control problems [2,6-8].
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Abstract. Basing on Markowitz’s classical theory we formulate a multicriteria
Boolean portfolio optimization problem with Savage’s minimax (bottleneck) risk crite-
ria. We obtain lower and upper attainable bounds for stability radius of the problem
of finding the Pareto set, consisting of efficient portfolios in the case of Chebyshev
metric [ in the risk and state spaces, and linear metric /; in the portfolios space.
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1 Introduction

In paper [1] we obtained lower and upper attainable bounds for the stability
radius of a Pareto optimal portfolio of the multicriteria Boolean investment problem
with Savage’s minimax (bottleneck) risk criteria in the case of Chebyshev metric I
in every operation factors space of the problem. In present paper we obtain results of
similar nature for stability radius of the Markowitz’s investment problem of finding
Pareto set in the case of linear metric [y in the portfolios space, and Chebyshev
metric [, in the risk and market state spaces.

2 Problem statement and basic definitions

Basing on the Markowitz’s portfolio theory [2] we consider the vector variant of
the financial managing problem. To this end, we introduce the following notations:

N, ={1,2,...,n} be a set of assets (stocks, bonds, real estate, etc.);

N,, be a set of market states;

Ns be a set of risks (financial, environmental, industrial etc.);

R be a three-dimensional m x n x s risk matrix (a matrix of missed opportunities)
with elements r;;, € R,

rijk be a risk quantity of assets j € N, chosen by the investor under criterion
(type of risk) k € Ny in the situation when the market was in state i € Np,;

© Vladimir Emelichev, Vladimir Korotkov, 2011
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r = (21,22,...,2,)7 € X CE" be an investment portfolio, where E = {0, 1},

1 if the investor chooses asset j,
Tj =
0 otherwise.

Along with the three-dimensional matrix R = [r;ji] € R "% we use its two-
dimensional cuts R, € R™*", k € N.
Let the following vector objective function

f(l’, R) = (fl(x>R1)7 fg(ZL‘,Rz), Xy fs(xv RS))

estimate efficiency of the choosing portfolio (boolean vector) z € X, |X| > 2 with
Savage’s minimax risk (extreme pessimism) criteria [3]

fr(z, Rx) = max Tijk%; — min, k € N;.
; xeX

Thus, Savage’s bottleneck criteria under uncertainty of the market state recom-
mends choosing the portfolio in which the total risk value takes the smallest value
in the most unfavorable situation, namely, when the risk is the greatest.

Note that minimax (maximin) problems are quite typical for optimization theory.
For example, monographs [4-6] are devoted to similar types of optimization prob-
lems. These problems include also the problem on the best uniform approximation
of functions originally posed by Chebyshev.

A problem of finding the Pareto set P*(R) which contains all efficient (Pareto
optimal) portfolios will be viewed as a multicriteria investment portfolio problem
Z%(R):

P*(R)={x € X: P*(,R) =10},
where
P(z,R)={2" € X: z » 2'}.

Here the symbol > is a binary relation over the set X which is defined as follows:
r =12 & g, ,R)>0 & g(x,2',R) #0,

where
0=(0,0,...,0) € R’

g(ZU,LU/, R) = (gl(ZC,w/,Rl),QQ($,$l, R2)7 ...,gs($,$/, RS))v

gk(z, @', R) = fe(x, Rg) — fr(2', Ry) = max Rjpz — max Riga' =
1€ENm

1€Nm

= min max (Ryzx — Rypx’), k € N,
TEN, iENm( ik i’k )a Sy

and Rip = (Ti1k, ok, - Tink) 1S i-th row of cut R € R™*™.
It is obvious that P*(R) # () for any matrix R € R"™*"*s,
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We define linear metric /; in the portfolios space R"™. We also define metric
loo (Chebyshev metric) in the state space R™ and risk (criteria) space R?, i.e. we
assume that

IRigllr = > Irijel, i € Nin, k€N,
JENR

| Rl = Dax ||Rzk||1 = ax Z rijkl, k€ N,
JENn

1]} = max || Ry [| = max max || Ry [ = max max XN: ikl
JE€ENR

In this notation for any indexes ¢ € N,,, and k € Ny the following inequalities
are obvious:

[Rirlln < [[B]] < (|2

Moreover for any cut R, € R™*"™ and any vectors z,2’ € X the following
inequalities are true:

Rixx — Ripx’ > —||Rirlly — || Riklls > —2||Rll, 4,4’ € Npu, k€ Ny, (1)

Similar to [9-13], the stability radius of problem Z*(R), s > 1, the perturbing
parameters of the vector criteria, i.e. the perturbing elements of the risk matrix R
is defined as:

sup = if 2 #£ 0,

where
E2={e>0: VR eQ(e) (P*(R+R)C P*R))},

Q) ={R e R"™™: |R/|| <}

Thus, the problem stability radius is the supremum level of risk matrix pertur-
bations such that new efficient portfolios do not appear. In other words, p(n,m, s)
is the radius of such type of stability, which is a discrete analogue of the upper
Hausdorff semicontinuity of point-set mapping [14] which puts in correspondence
the set of efficient portfolios to each point of the space of problem parameters.

Here Q(¢e) is the set of perturbing matrizes, and Z*(R + R') is the perturbed
problem.

Obviously, the stability radius p = p(n,m, s) is infinite as the equality P*(R) =
X holds. Further we exclude this case from our consideration. And if the set
X \ P?(R) is non-empty we say that the problem Z*(R) is non-trivial.

3 Problem stability radius bounds

Let

. . . !
Y =pn,m,s) = min max  min min max (Rjx — Ryrx').
(n,m, 5) ©@P*(R) z'€P*(z,R) kENs iENy, i€Nm (R k)
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Considering that for any portfolio z ¢ P*(R) the set P*(x, R) is non-empty, then
the following formula is true:

Vo & P*(R) Vi’ e P°(z,R) (z = ).
Hence, this results in ¢ > 0.

Theorem 1. For the stability radius p(n,m,s), s > 1, of a multicriteria non-trivial
problem Z*(R) the following bounds are true:

p(n,m, s)/2 < p(n,m, s) < ng(n,m, s).

Proof. To prove Theorem 1 it is necessary first to prove that p > ¢/2. It is evident
if p = 0. Let ¢ > 0. According to the definition of ¢ for any portfolio = ¢ P*(R) (if
problem Z*(R) is non-trivial then there exist such portfolios) there exists portfolio
2¥ € P(x, R) such that

; Rixx — Rypa®) > ¢, k€ N,. 2
Z/Tél]l\}; zIél]E\Lffi( ik zkl‘)—@ s ()

Further, taking into account (1) and (2), for any matrix R’ € R™*"** and any
index k € N, we have:

gi(w,2", Ry + Ry) = max Ry, + Riy)w — max (R, + Ry)a =

1€N,

- 0 0 - 0
= min max (Rixz— Ry’ + Rjx—Riya’) > Jnin  max (Riypr—Rypz”)—2||Ry|| >

> ¢ = 2|| Ryl
Hence, in view of R' € Q(p/2), i.e. |R.|| < ¢/2, k € N, we obtain

ge(z, 2% R, + R}) >0, k€ N,.

Thus z is not efficient portfolio of the perturbed problem Z*%(R + R').
Summarizing and considering x ¢ P*(R) we conclude that

VR € Q(p/2) (PY(R+ R') C P(R)).

Hence, we have the inequality p > /2.

Further, we prove the inequality p < ny. Accordance to the definition of ¢ there
exists 20 ¢ P*(R) such that for any z € P*(2°, R) there exists ¢ = q(x) € N such
that

. ) 0 o .
Jnin zgé?\/); (Rioqr” — Rigzr) < . (3)

Now, setting € > ny, we consider a perturbing matrix R = [r%k} e Rmxnxs
whose elements are defined as follows:
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—§ ifi€ Ny, 29=1, ke N,
0
Tijk =
6  otherwise,

where ¢ < § < e/n. Then
IRl = |1 Rl = | B3Il = nd, i € Ny, k € Ny

Therefore R? € Q(e). In addition, all rows R?k, 1 € Ny, of cut Rg are equal and
consist of components § and —J for any index & € Ns. Thus, denoting this row as
B (it only depends on z), we have

|Bll1 = nd,
B(a® —x) = =0lja° —z|i < =6 < —p <0. (4)

Hence, in view of (3) and the structure of perturbing matrix R°, we deduce that for
any portfolio z € P*(2°, R) the relations

0 0y _ , 0 , _
9q(z", 2, Ry + Ry) = irg]%i(qu + B)z® — ngjz\%(qu + B)x =

. 0 0
= ,Onel}\rfin Zrél]f\a;:(qua: — Rioqa}) + B(a: — a:) <0
hold.
As a result we obtain that

Vz e PS(z°,R) (z & P*(z",R+ R")). (5)

Let portfolio x ¢ P*(z", R), i.e. the binary relation

2 - z

is not satisfied. Let us show, that ¢ P*(z°, R + R"). To do it we consider two
possible case:
Case 1. g(z%, 2, R) = 0. Then for any index k € Ny equalities (4) imply
ge(2°, 2, Ry, + RY) = max (Rj; + B)z® — max (R, + B)z =

i€Nm i€Nm
= gp(2°, 2, Ry) + B(2® — 2) < 0.

Case 2. There exists index [ € N such that g;(z°,z, R;) < 0. Then, using (4)
again, we have g;(2°, z, Rj + R)) < 0.

Thus, if z ¢ P*(2°, R) then = ¢ P*(z", R+ R®). Hence, in view of (5) we obtain
P3(2° R + R%) = (). This means that 2" is the efficient portfolio of the perturbed
problem Z*(R + R°). Then, taking into account #° ¢ P*(R), we conclude that

Ve >ne 3R € Q) (P(R+ R°) € P*(R)).

Therefore the inequality p < ny is true. O
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The next statement directly follows from Theorem 1.

Corollary 1. The stability radius p(n,m,s) of problem Z*(R) is zero if and only if
o(n,m,s) = 0.

For m = 1 our problem Z*(R) is transformed into a multicriteria Boolean pro-
gramming problem with linear criteria

ka—>£réi)r(1, k € Ng, (6)
where Ry is k-th row of the matrix R € R**", X C E", while metric 1 in the
solutions space R™ and metric [, in the criteria space R?.

In this case for m = 1 the known theorem on the stability radius of an efficient
solution of the vector integer problem, where the Pareto set has a unique efficient
solution, holds.

Theorem 2 [13]. If X C Z", |X| < oo, 20 is a unique efficient solution of problem
(6), then for stability radius the following formula is true:

n,1,s) =¢(n,1,s) = min  min Ry(z — z°).
pn1,5) = pn 1 5) = min | min Bye—a")

4 Attainability of the lower bound

Let us show that lower bound for the problem stability radius, indicated in
Theorem 1, is attainable.

Theorem 3. Form > 2 and forn > 2 there exists a class of problems Z°(R), s > 1,
such that for stability radius of every problem of this class the following formula is
true:

p(n,m, S) = <p(n, m, S)/Q. (7)

Proof. To prove the equality p = ¢/2 in accordance with Theorem 1, it is sufficient
to identify the class of non-trivial problems for which the inequality p < ¢/2 is true.
In what follows, we scrutinize this.

We consider the class of problems Z°(R) such that the following terms are right

X ={2°72}, P« R) = {7}, (8)

(Ri(:co)q - Ri(%)q)xo > (,0/2, (9)

where
i(Z) = argmax{RjqT : i € Ny},

i(2°) = argmax{R;,2° : i € N,,}.



ON STABILITY RADIUS OF THE MULTICRITERIA VARIANT ... 89

Then the definition of ¢ entails that
0§9q<33075/13\>Rq) :907 (10)

and from inequality (9) we obtain i(x°) # i(Z). Further we suppose that there exist
two indexes p # [ over the set N,, such that xg > T, 2 < Ty, i.e. the inequalities

xg:Alzl, a:?:fp:0 (11)

hold.
For any number ¢ > ¢/2 we define the elements of the perturbing matrix R? =
[r?jk] € R™*™*? by the rule

5 ifi=i(@), j=1 k=g
=4 0 Hie N \{i@} j=p k=0, (12)
0  otherwise,

where
@/2 < § < min {8, (Ri(IO)q - Ri(g)q)xo} . (13)

It is worth to note that the last inequalities are correct because of (9).
Due to the structure of the perturbing matrix R the next equalities are obvious:

R)3),T = 6, (14)

RO =0, i€ Ny\{i@)} (15)
R 2" =—6, i€ Ny \{i(@)}, (16)
R)z,2° =0, (17)

IRl = 1Rl = IR = 6, i € Nin, R® € Qe).

The remainder of the proof will be dedicated to proving that portfolio z° €
P3(R+ R). To this end, in view of (8) it suffices to show that Z ¢ P*(z°, R + R?).
In line with (14) and (15), we have

fo(@, Rq + Ry) = maX{(Ri(as)q + Rij3),)T, max (Riq + R?q)f} =

1#4(T)
- max{ fa(@, Ry) + 9, ma Riqf} = fo(Z, Ry) + 0. (18)
It is easy to see the equality is hold:

fo(@® Ry + R)) = fy(a°, Rg) — 0. (19)
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Indeed from (16) the following relations are true:

fa(a®, Ry + RY) = maX{(RZ’(mO)q + R00)7", i%’é)(&q + R?q)xﬂ} —

= max{fq(:co, R,) -6, max (Rig + R?q)xo}.

i#4(x0)

Thus, taking into account obvious due to (16) relations
fa(a® Rq) = 8 > (Rig + Ri2®, i€ N \ {i(@)},
it remains to prove that

fo(2%, Ry) — 6 = max Riga® — 6 > (Rigz)q + Ryz),)2"-

€Ny,
Using (13) and (17), we have
fo(@® Rg) =6 — (Riz)q + Rijz))2" = (Ri(a0)g — Ri(a)q)z° — 8 > 0.

So, the equality (19) is true.
Finally, consistently applying (18), (19), (10) and (13), we obtain

9q(2°, %, Ry + Rg) = gy(2°,%,Ry) — 26 = ¢ — 26 < 0.

Therefore 7 ¢ P*(2° R + R?). It proves that 20 is efficient portfolio of the
perturbed problem Z%(R + R°). Hence, because of 2° ¢ P*(R) we derive

Ve > /2 3R e Q(e) (P*(R+ R°) ¢ P*(R)).
Thus p < ¢/2. In summary, we have just proven that (7) is valid. O

We give a numeric example proving existence of scalar problem Z'(R), R €
R"*™ which stability radius p(n,m,1) is ¢(n,m,1)/2.

Example. Let m=3,n=3,s=1; X = {7,2°}, 7 = (1,1,0)7, 2° = (0,1,1)7;

1 -1 2
R=|-4 0 4
1 -1 2

is risk matrix with rows R;, ¢ € N,,. Then

L, 7’(1'0) =4
=0, f(=",R)=4.
Hence, 7 € PY(R), 2° ¢ P1(R), ¢ = 4 and inequality (9) implies

(Ry— Ry)2’ =3>2= /2.
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The perturbing matrix

§ 0 0
R'=[0 0 =8|, 2<6<3,
00 —6

with rows R;, i € Ny, is constructed according (12).
Thus, taking into account the equality

146 -1 2
R+R=[ -4 0 4-¢],
1 -1 2-§

we have

f(@, R+ R") = max(R; + R))Z = ¢,

1EN3
f(2° R+ R%) = max(R; + Rz =4 — 6.
1€N3
Hence, in view of the inequality 2 < § < 3, we conclude that
f@ R+ R") > f(a°, R+ R).
Thus, 2° € PY(R + R°). From this inclusion and relations
IR =6 >p/2=2,
2’ ¢ P(R),

we have that p < ¢/2 = 2.
Therefore, by Theorem 1 we have p = 2.

5 Attainability of upper bound
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Let us show the upper bound np(n,m,s) for the stability radius of problem

Z5(R) is attainable for m = s = 1.

Theorem 4. If m = s = 1 there exists a class of problems Z'(R) such that for
stability radius of every problem of this class the following formula is true:

p(n,1,1) = np(n, 1,1).

Proof. According to Theorem 1 to prove the equality p = nep it is sufficient to
identify the class of non-trivial problems, for which the inequality p > np, where

@ > 0 is true.

Let us show that there exists such class, when X = {20 2 22 ... 2"} C E",
n > 2, where 29 =0, 2/ =¢eJ, j € N,. Here €/ is a unit column vector of R", i.e.
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e’ is j-th column of the unit matrix £ € R™ ™. It is obvious the following equations
are true:

¥ —z=—¢, jeN,. (20)
Further, in view of m = s = 1, let R = (—r,—r,...,—r) € R"™, where r > 0.
Hence, we have
fi(z%) =0,

fl(l"]) = -, j € Nnu

ie. 2° ¢ PY(R), 27 € PY(R) = P'(z° R), j € N,. From here, according to the
definition of ¢, the equality

p=r (21)
is true.
Now, in view of m = s = 1, let R’ = (r{,r},...,r]) be any perturbing row of
Q(ng). Then we have
R+R =(—r+r,—r+rh....,—r+7). (22)

Since |R'|| < n¢, then by contradiction it is easy to prove that there exists a unique
index p such that |r,| < ¢. Hence, in view of (20), (21) and (22), we obtain

gl(azo,azp,R—i-R') = (R—i—R')(:L‘O—:Up) :r—r; :cp—r; > 0.

Therefore we conclude that for any perturbing row vector R’ € Q(n¢p) portfolio
20 ¢ PY(R+ R'). And we get p > nep.
Thus, p = nep. O

6 Stability problem terms

The multicriteria investment portfolio problem Z*(R), s > 1, is called stable if
its stability radius p is greater than zero. We consider the Slater set [15] consisting
of weakly efficient (Slater optimality) portfolio

SP(R)={xe X: Sl’(z,R) =0},

where SI¥(z, R) = {2’ € X : Vk € N5 (gr(z,2',Ry) > 0)}.
Obviously P*(R) C SI*(R) for any matrix R € R™*™*s,

Theorem 5. For the multicriteria non-trivial problem Z*(R), s > 1, the following
statements are equivalent:

(i) problem Z*(R) is stable,

(i) P*(R) = SI*(R),

(#i1) p(n,m,s) > 0.
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Proof. (i) = (ii). We suppose that problem Z*(R) is stable, but P*(R) # SI*(R).
Then there exists weakly efficient portfolio 2° € SI*(R) \ P*(R). Therefore
Si5(2°, R) = 0 and P%(2°, R) # 0. Tt means that

32" ¢ PS(R) Voxe P*(2°,R) Jg€ N, (g (a°,z,R,) =0).

Hence, ¢ = 0 and by Theorem 1 value p = 0. It contradicts the fact that problem
Z*(R) is stable.

(ii) = (wid). If P(R) = SI°*(R), then form any portfolio 2 ¢ P*(R) set
SI%(z, R) # 0. Hence, there exists 20 € X such that the inequalities

ge(z, 2% Ry) >0, k€& N,
are true, i.e. 2° € P*(z, R). Thus, the following formula is true:
Ve ¢ PS(R) 32° € P*(2,R) Vke€ N, (gi(z,2° Ry) > 0).

Hence, ¢ > 0.
(491) = (7). By Theorem 1 this implication is obvious. O

Since P'(R) = SI'(R), then from Theorem 5 the following corollary impliesa.
Corollary 2. Scalar problem Z'(R) is stable for any matriz R € R™*",

Finally, we note that by the equivalence of any two norms in finite linear space

(see, for example, [16,17]) the result of Theorem 5 is correct for any norm in
RanXS‘
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