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Abstract

Factorizing composite number n = qr, where q and r are two
large primes, and finding discrete logarithm modulo large prime
number p are two difficult computational problems which are
usually put into the base of different digital signature schemes
(DSSes). This paper introduces a new hard computational prob-
lem that consists in finding the kth roots modulo large prime
p = Nk2 + 1, where N is an even number and k is a prime
with the length |k| ≥ 160. Difficulty of the last problem is es-
timated as O(

√
k). It is proposed a new DSS with the public

key y = xk mod p, where x is the private key. The signature
corresponding to some message M represents a pair of the |p|-
bit numbers S and R calculated as follows: R = tk mod p and
S = txf(R,M) mod p, where f(R, M) is a compression function.
The verification equation is Sk mod p = yf(R,M)R mod p. The
DSS is used to implement an efficient protocol for generating
collective digital signatures.

1 Introduction

Information authentication in computer networks and information sys-
tems is usually performed with digital signature schemes (DSSes) that
are attributed to public key cryptosystems. The DSSes are based
on some well investigated hard computational problems. The upper
boundary of the DSS security level is defined by the difficulty of the
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used hard problem. To get sufficiently high security the signature gen-
eration and signature verification procedures use calculations modulo
comparatively large numbers. The modulus length defines significantly
performance of the DSSes.

The most efficient known DSSes are based on the following three
difficult problems [17]:

1. Factorization of a composite number n = qr, where q and r are
two large primes.

2. Finding discrete logarithm modulo large prime number p.

3. Finding discrete logarithm in a group of points of some elliptic
curve.

The indicated problems are hard, if the used primes and elliptic
curves satisfy special requirements [9, 17]. The first problem is used in
the following cryptosystems: RSA [19], Rabin’s DSS [18], and in DSSes
proposed in [14, 15]. The second problem is used in ElGamal’s DSS [4],
Schnorr’s DSS [24], American standard DSA [16], Russian standard
GOST R 34.10-94 [5], and in some DSSes presented in [11, 14]. The
third problem is used, for example, in American standard ECDSA [1]
and Russian standard GOST R 34-2001 [6].

In general the security level of the DSS can be estimated as number
of group operations required to forge a signature. In this paper the per-
formance is compared for different DSS in the case of minimum security
level that can be estimated at present as 280 modulo exponentiation
operations. Solving the difficult problem that is put into the base of
some considered DSS allows one to calculate signatures corresponding
to arbitrary messages. Therefore the security is less or equal to the
difficulty of the hard problem that is put into base of the DSS.

In the best case the DSS is as secure as difficulty of the used com-
putational problem. If for some DSS we can prove the last fact, then
such DSS is called provably secure. In literature the formal proof of
the security level is presented for Rabin’s DSS [18, 22] and for a class of
provably secure DSSes which generalize the Rabin’s cryptosystem [12].
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However these provably secure DSSes have not gained wide practical
application because of their comparatively low performance.

The best known algorithms for solving the first two problems have
subexponential complexity [10]. Therefore in the case of the RSA and
Rubin’s DSS the minimum length of the value n is 1024 bits. In these
DSSes the value n is used as modulus while performing computations
corresponding to signature generation and verification procedures. Re-
spectively, to provide the minimum security level the ElGamal’s DSS,
Schnorr’s DSS, DSA, and GOST R 34.10-94 should use computations
modulo 1024-bit prime number.

The best known algorithms for solving the third hard problem has
exponential complexity (for special class of elliptic curves) and its hard-
ness is estimated as O(

√
q) operations of multiplication of points, where

q is a prime order of the group of points of the considered elliptic curve
(O(·) is the order notation [3]). Operations performed on points in-
clude computations modulo prime p such that |p| ≈ |q|, where |x|
denotes the bit length of the value x. Due to exponential dependence
of the hardness of the discrete logarithm problem in a group of points
of elliptic curves the minimum security level can be provided using the
modulus p having sufficiently small length (|p| ≥ 160 bits). Therefore
the performance of the DSSes based on elliptic curves is higher against
mentioned above DSSes, addition of two points reqire perfoming several
multiplications modulo p and some auxiliary operations though.

In present paper we consider in detail the approach to designing
DSSes which has been proposed earlier in our patent application [13].
The approach is based on using a new hard computational problem.
The rest of the paper is organised as follows. In Section 2 we show
that in particular cases finding the kth roots modulo large prime num-
ber is a hard problem. Such cases correspond to prime modulus with
the structure p = Nks + 1, where N is an even number, k is a large
prime, and s ≥ 2. Difficulty of this new hard problem is estimated
as O(

√
k). In Section 3 we introduce new DSS and estimate that the

minimum security is obtained with the length of |k| ≥ 160 bits and the
modulus length of |p| ≥ 1024 bits. We also describe a modified DSS
providing reduction of the signature length and show that the proposed
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algorithms are efficient to implement protocol for generating collective
digital signatures. Section 4 concludes the paper.

Below we use the following terms.
The kth power residue modulo p is a value a for which the congru-

ence xk ≡ a mod p has solutions.
The kth power non-residue modulo p is a value b for which the

congruence xk ≡ b mod p has no solution.
These terms generalize the well known terms quadratic residue and

quadratic non-residue [3, 9, 10].
Also we use the following notations:
kRp is the set of the kth residues modulo p;
kNRp is the set of the kth non-residues modulo p;
|x| denotes the length of the binary representation of the value x;
[
√

k] means the integer part of
√

k;
|| is the concatenation operation;
ωp(a) denotes the order of the element a modulo prime p;
#{∗} denotes the number of elements in the set {∗};
{a : ∗∗} denotes a set of elements a possessing the property ∗∗;
ϕ(n) is Euler phi function of n.

2 A new hard computational problem

2.1 Computing roots modulo prime

Difficulty of finding roots modulo a composite number is used in some
of the known DSSes: RSA, Rabin’s DSS, and others [11]. Indeed, the
RSA [19, 10] is based on calculations modulo n that is a product of two
randomly chosen prime numbers r and q: n = rq. In RSA the public
key represents a pair of numbers (e, n). The signature corresponding
to some message M is a value S, which satisfies the following verifi-
cation equation: Se mod n = H, where H is the hash function value
corresponding to M . To generate a valid signature one should calculate
the eth root modulo n. This problem is difficult untill the composite
number n is factorized. The owner of the public key knows the related
private key that is a number d, which is inverse of e modulo ϕ(n), where
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ϕ(n) = (r − 1)(q − 1). Thus, we have ed mod ϕ(n) = 1. The signature
generation is performed as follows: S = Hd mod n. Security of the
RSA is based on difficulty of calculating d while ϕ(n) is an unknown
value. The ϕ(n) value can be easily calculated after factorization of
the modulus n, therefore divisors of n have to be kept in secret. Thus,
in the case of the RSA the problem of finding roots is dependent on
the factorization problem.

The signature verification equation in Rabin’s cryptosystems can
be described as follows:

S2 mod n = H||R,

where pair of numbers (S, R) is signature and H is the hash function
value corresponding to the signed message M . The second element in
the signature is the randomization value. To generate a signature one
should select at random such R that value H||R is quadratic residue
modulo n and calculate quadratic root

√
H||R mod n. The last repre-

sents a difficult problem until the value n is factorized. If the divisors q
and r are known, then the roots

√
H||R mod q and

√
H||R mod r can

be easily calculated [22]. Then, using the Chinese Remainder Theorem,
one can find the minimum value S such that S ≡ √

H||R mod q and
S ≡ √

H||R mod r, i. e. S =
√

H||R mod n. We have two different
roots modulo q and two different roots modulo r, therefore we have
four different roots modulo n. Each of the lasts satisfies the signature
verification equation. Thus, finding square roots modulo n is a difficult
problem that also depends on the factorization problem.

The main difference between the RSA and Rabin’s DSS consists in
the following. In RSA we have gcd(e, ϕ(n)) = 1, (gcd(e, q − 1) = 1
and gcd(e, r − 1) = 1), but in Rabin’s DSS gcd(2, q − 1) 6= 1 and
gcd(2, r − 1) 6= 1. Actually, the fact that 2|q − 1 and 2|r − 1 requires
to use some special algorithm to calculate the square roots. For some
random prime p and large prime divisor k|p− 1 with probability very
close to 1 the complexity of finding k roots k

√
a mod p, where a is one

of the kth power residues modulo p, is sufficiently low. Indeed, if prime
k is sufficiently large, then with high probability k does not devide p−1

k

and it is easy to find some value ∆ such that k divides p−1
k + ∆, i. e.
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p−1
k + ∆ = hk, where h is an integer (note that k does not divide ∆).

Then we have:

a
p−1

k ≡ 1 mod p ⇒ a
p−1

k
+∆ ≡ a∆ mod p ⇒ ahk ≡ a∆′d mod p,

where d = gcd(∆, p− 1). Let ∆′′ = ∆′−1 mod p− 1. Then we have:
((

a1/d
)h∆′′

)k

≡ a mod p ⇒ a1/k ≡
(
a1/d

)h∆′′
.

With high probability the value d is sufficiently small and the dth
root can be easily found, for example, using the method described in
Section 2.2.

If k2|p − 1, then the method described above does not work, i. e.
in the case of the prime p = Nks + 1, where N is an even number
and s ≥ 2, computing the kth roots is difficult. Below we estimate the
computational complexity of this hard probem. The primes p having
the indicated structure and different length |p| can be easily generated
for many different values s and |N | (some examples are presented in
Appendix 1).

2.2 Computing the kth roots modulo p = Nks + 1

The following three facts are well known [7, 20, 21]:
1. There exist p−1

k different values aj ∈ kNRp, where j =
1, 2, ..., p−1

k , each of which is the kth power residue.

2. For some value a ∈ kRp the congruence a
p−1

k ≡ 1 mod p holds.
3. For some value bi ∈ kNRp the congruence

b
p−1

k
i ≡ ei mod p,

where ei = k
√

1 mod p 6= 1 and i = 1, 2, ..., k − 1, holds.
Using these facts, it is easy to show that each of the roots ei defines

exactly p−1
k different values bij , where j = 1, 2, ..., p−1

k , such that b
p−1

k
ij ≡

ei mod p. Indeed, we have

b
p−1

k
ij ≡ b

p−1
k

ij′ mod p ⇒
(

bij

bij′

) p−1
k

≡ 1 mod p ⇒ bij

bij′
mod p = aj′′ ,
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i. e. the ratio bij

bij′
mod p is the kth power residue. There exist exactly

p−1
k different values aj′′ , hence there exist exactly p−1

k different values
bij′ . Therefore selecting at random a value t we have probabilities

Pr
(
t

p−1
k mod p = 1

)
= Pr

(
t

p−1
k mod p = ei

)

for all i = 1, 2, ..., k − 1. This fact is used while estimating the com-
plexity of the algorithm described below.

Suppose a random value a ∈ kRp is selected. It is evident that

a
p−1

k2 mod p ∈ {e1, e2, ..., ek−1, 1}. Number of the elements a ∈ kRp for

which we have a
p−1

k2 mod p = 1 is equal to Z1 = #{a : ωp(a) ≤ p−1
k2 =

N}. Number of the values a ∈ kRp for which we have a
p−1

k2 mod p 6= 1
is equal to Z2 = #{a : ωp(a) ≤ p−1

k = Nk} (see Theorem 2.10.6 in [3]).
It is known (see Theorem 2.8.4 in [3]) that

∑

d|N,d>0

ϕ(d) = N ⇒ Z1 = N and Z1 = Nk.

Probability Pr
(

a
p−1

k2 ≡ 1 mod p

)
= Z1

Z2
= k−1 is negligible. With prob-

ability 1− k−1 we have a
p−1

k2 mod p = ei 6= 1.
Taking into account that for each i there exists i′ such that ei′ =

e−1
i mod p we can write a

p−1

k2 ei′ ≡ 1 mod p, therefore

a
p−1

k2 b
p−1

k ≡ aNb
p−1

k ≡ 1 mod p, (1)

where b ∈ kNRp.
If congruence (1) is fulfilled, then we can easily calculate a root

k
√

a mod p. Indeed, congruence (1) can be represented as

akb
p−1

k2 k ≡ ak−N mod p, (2)

where with sufficiently high probability we have gcd(k − N, p − 1) =
1. Suppose that the last relation holds (in other case the problem
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is only a bit more complex). Then it is possible to compute value
N ′ = (k −N)−1 mod p− 1. Therefore we get

aN ′kbN ′ p−1

k2 k ≡ a mod p,

hence (
aN ′

bN ′ p−1

k2

)k

≡ a mod p. (3)

Congruence (3) shows that value X = aN ′
bN ′ p−1

k2 mod p represents one
of roots k

√
a mod p. Other k − 1 roots k

√
a mod p can be computed

using the formula eiX mod p, i = 1, 2, ..., k−1 (roots k
√

1 mod p can be
found computing the sequence {ε, ε2 mod p, ..., εk−1 mod p, εk mod p =
1}, where ε is the kth order element modulo p).

A value b ∈ kNRp satisfying congruence (1) can be computed as
follows. The value b can be represented as b = bibj mod p, where
bi, bj ∈ kNRp:

a
p−1

k2 b
p−1

k
i b

p−1
k

j ≡ 1 mod p ⇒

a
p−1

k2 b
p−1

k
i ≡ b

− p−1
k

j mod p. (4)

The following algorithm finds the required values bi and bj with high
probability.

1. Select at random a value bi and calculate the value Ai =

a
p−1

k2 b
p−1

k
i mod p. Construct a table with entries (Ai, bi) for

i = 1, 2, ..., [
√

k] + ∆, where ∆ ¿ [
√

k]. Complexity of this step
is O(

√
k) exponentiation operations.

2. Select at random a value bj and calculate the value Bj =

b
− p−1

k
j mod p. Construct a table with entries (Bj , bj) for j =

1, 2, ..., [
√

k] + ∆, where ∆ ¿ [
√

k]. Complexity of the second
step is O(

√
k) exponentiation operations.

3. Sort the first table by component Ai. Complexity of this step is
O(
√

k · |k|) comparison operations.
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4. For j = 1 to [
√

k]+∆ check if the value Bj is equal to the value of
the first component of some entry in the first table. Complexity
of this step is O(

√
k · |k|) comparison operations.

This algorithm requires storage for about 4
√

k (i. e. O(
√

k)) |p|-bit
numbers. For randomly selected bi and bj we have Pr (Ai = Bj) = k−1,
therefore in two tables each of which contains

√
k + ∆ random values

with probability more than 0.5 there are equal values Ai0 = Bj0 (see
birthday paradox [17, 10]). Thus, with probability about 0.5 the algo-
rithm finds values bi0 and bj0 satisfying congruence (4). Having such
values we can easily compute the value b = bi0bj0 mod p satisfying con-
gruence (1) and then compute X = k

√
a mod p. On the whole the

complexity of the algorithm can be estimated as ≈ 2
√

k modulo ex-
ponentiation operations. Trying the algorithm several times we will
get value X with probability close to 1. Hardness of this procedure is
W = O(

√
k). If |k| = 160, then W ≈ 280 exponentiation operations.

Thus, the hardness depends exponentially on the value
√

k and in the
case |k| = 160 the considered problem is computationally infeasible
(untill a new significantly more efficient algorithm is developed).

2.3 Dependence on the discrete logarithm problem

In Section 2.2 we have proposed a direct algorithm for finding the
kth roots which works for arbitrary large values |p|. In the case of
sufficiently small size of the value p the kth roots can be computed by
means of finding discrete logarithm as follows.

1. Generate a primitive element g modulo p.

2. Calculate logarithm logg a mod p.

3. Divide logg a mod p by k (at this step it gets the value logg
k
√

a mod
p; note that logarithm corresponding to some value a ∈ kRp is
multiple to the value k).

4. Exponentiate g to the power z = logg
k
√

a mod p and get the value
k
√

a = glogg z mod p.
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Let us justify the division operation that is to be performed at step 3.
If a ∈ kRp, then there exists some value x for which xk ≡ a mod p
holds. The last expression can be represented as follows

(
glogg x

)k ≡ gk·logg x ≡ a ≡ glogg a mod p,

i. e. k| logg a. For values |p| ≈ 1024 bits difficulty of finding logarithms
is approximately equal to 280 operations [8]. Therefore in the case
p = Nk2+1, |k| = 160 bits, and |N | < 704 bits the algorithm described
in this section is more efficient. If |N | > 704 bits, then the algorithm
described in Section 2.2 is more efficient.

3 New digital signature scheme

3.1 Initial design

New hard computational problem described in Section 2 is used in the
DSS described below. It uses the prime modulus having the structure
p = Nk2 + 1, where k is a large prime (|k| ≥ 160) and N is such even
number that |p| ≥ 1024 bits. A random value x is selected as a private
key. The public key y is computed using the formula y = xk mod p.
The signature represents a pair of |p|-bit numbers S and R.

Suppose a message M is given. The signature generation procedure
is performed as follows:

1. Select at random a value t < p−1 and calculate the first element
of the signature: R = tk mod p.

2. Using some specified hash function FH(M) calculate the hash
value H corresponding to the message M and compute f(R, M) =
RH mod δ, where δ is a large prime that is a part of the signature
generation algorithm. For example, it is acceptable to use a randomly
selected prime δ such that |δ| = 160. The function FH(M) is also a
part of the DSS. For example, one can use the hash function SHA-1 [17]
recommended by US National Institute of Standards and technology
(NIST).

3. Calculate the second element of the signature: S = xf(R,M)t mod
p.
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The signature verification procedure is defined by the following con-
gruence:

Sk ≡ yf(R,M)R mod p.

The signature length is |S|+ |R| ≈ 2|p|.
Accordingly to the hard problem put into base of this DSS the

direct way to attack this cryptosystem is to compute one of the kth
roots from the public key (it is not necessary to guess exactly the value
of the secret key x, since each of the values xei mod p can be used to
generate a valid signature).

The next direct attack is connected with computing one of the
kth degree roots from the signature element R. Suppose the attacker
has computed a root k

√
R mod p = t′, where the element R satisfies

the condition gcd(f(R,M), p − 1) = 1 (the respective signature can
be selected from several known valid signatures). Then the attacker
can compute integer f ′ = f−1(R, M) mod p − 1. The value t′ is con-
nected with t: t′ = tei mod p, therefore he can compute the value
x′ = (S/t′)f ′ mod p = (S/t)f ′e−f ′

i mod p = xe′i mod p that is one of the
kth roots from the secret key. These attacks are infeasible at present,
if |k| ≥ 160 bits.

Let us consider an attack that for some given values R ∈ kRp and
H allows one to generate a valid signature (R,S). Such attack can be
easily used to find the kth roots from y using the following algorithm.

1. Select at random a value t (0 < t < p).
2. Calculate R = tk mod p, E = f(R,M) = RH mod δ, and

gcd(p− 1, E). If gcd(p− 1, E) 6= 1, then go to step 1.
3. Using the attack generate the signature (R, S). Under our as-

sumption the signature (R,S) satisfies the congruence Sk ≡ yER mod
p.

4. Calculate the values E′ = E−1 mod p−1 and k
√

y = (S/t)E′ mod
p.

Thus, any attack like the considered one is as difficult as finding the
kth roots modulo p (any value a ∈ kRp can be used in the considered
algorithm as the public key value y).

There are also possible some hypothetic attacks that for some given
values y ∈ kRp, S, and H allow one to compute such value R that the
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signature (R,S) satisfies the verification congruence. This means that
attacker is able to solve the congruences like Ryf(R,M) ≡ C mod p,
where C is a constant. However the difficulty of solving such congru-
ences modulo large prime p relatively R is put into the base of the
GOST R 34.10-94, ElGamal’s, and Schnorr’s DSSes.

3.2 Modified DSS

It is possible to reduce the signature length using the value E =
f(R, M) as signature element instead of the R element. A variant of
the modified DSS is presented by the following verification procedure:

1. Using the signature (E, S) compute R = Sky−E mod p.
2. Calculate E′ = f(R, M) = RH mod δ.
3. Compare E′ with E. If E′ = E, then the signature is valid.
In the modified DSS the signature length is equal to |E| + |S| =

|δ|+|S| ≈ |p|. A numerical illustration of the modified DSS is presented
in Appendix 2.

The straightforward attacks mentioned in Section 2.1 are also ap-
plicable to the modified DSS. Let us consider another attack that is
efficient in the case of small size of the compression function f(R, M),
for example in the case of small value |δ|. It can be performed as the
following algorithm.

1. Select at random the values E < δ and S < p.
2. Compute value R′ = Sky−E mod p.
3. Calculate value E′ = f(R′,M).
4. Compare E′ and E. If E′ 6= E, then jump to step 1.
On the average the work effort of this algorithm is ≈ 2δ exponenti-

ation operations, since Pr (E′ = E) = δ−1. This attack is infeasible at
present, if |f(R, M)| ≥ 160 bits.

3.3 Collective signature protocol

Suppose the jth user owns the public key yj depending on his private
key xj < p as follows: yj = xk

j mod p, where j = 1, 2, ..., µ. Suppose
an electronic document M is given and m (m ≤ µ) users owning the
public keys yα1 , yα2 , ..., yαm should sign it simultaneusly. The following
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protocol produces a collective digital signature (CDS) and solves the
indicated problem more efficiently than the known protocols for signing
simultaneously a contract [23].

1. Each αith user selects at random a value tαi < p and computes
the public value Rαi = tkαi

mod p, where i = 1, 2, ..., m.
2. Some of the users (or one of them) calculate the common ran-

domization value
R = Rα1Rα2 ...Rαm mod p

and then calculate the first part of the CDS E = f(R, M), where
f is a specified compression function. For example, we will use the
following function E = RH mod δ, where δ is a large prime having
length |δ| = 160 and H is a hash value computed from the message M .

3. Using the values R and tαi each αith user computes its share in
the CDS:

Sαi = xE
αi

tαi mod p

that is supposed to be available to all users of the group.
4. Calculate the second element of the CDS:

S = Sα1Sα2 ...Sαm mod p.

Thus, the CDS is computed with 2m modulo exponentiations. The
CDS length is fixed and equals to |S|+ |δ|.

The CDS verification procedure is performed as follows.
1. Compute the collective public key y: y = yα1yα2 ...yαm mod p.
2. Using the CDS (E, S) compute value R′:

R′ = Sky−E mod p.

3. Compute E′ = R′H mod δ.
4. Compare values E′ and E. If E′ = E, then the signature is valid.

Otherwise the signature is false.
The proposed algorithm can be used in the collective signature pro-

tocols that are free of the participation of any trusted party that is
needed in the multisignature protocol proposed in [2] for implement-
ing the fixed size signature corresponding to some group of users. In
our algorithm we need no declosure of any user’s private key, while
generating the collective digital signature with fixed size.
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4 Conclusion

A new hard computational problem have been proposed as crypto-
graphic primitive. The problem consists in finding the kth roots modulo
large prime p = Nks+1, where k is a large prime such that k ≥ 160 bits
and N is an even number such that |N | + s|k| ≥ 1024 bits. We have
proposed an algorithm for solving this problem. The complexity W of
the algorithm depends exponentially on |k| and is described with the
formula W = O(

√
k).

Using a novel hard computational problem a new DSS has been
proposed. The proposed DSS has been used to design a collective
digital signature protocol that produces the fixed size signature shared
by arbitrary number of users m ≥ 1.

We hope that this paper will initiate other attempts aimed to devel-
oping new efficient algorithms for solving the proposed computational
problem. Such researches will contribute to the security estimation of
the presented new DSS and to evaluation of the proposed computa-
tional problem as a new cryptographic primitive.
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Appendix 1.

Examples of different primes having the structure p = Nks + 1.

We have composed a computer program generating the primes p =
Nks + 1, where k is a prime. Our experiment has shown that for
some pairs of the values s and N there exist no primes k such that
p = Nks + 1 is a prime. For example, there exist no primes p for even
s and N ≡ 2 mod 6. Another interesting example of the negative cases
is presented by the pair s = 4 and N = 4. For odd values s there are
also some exceptions.

However primes p having different length exist in the majority of
the cases. The experiment has shown that there exist sufficiently large
portion of the primes p (such that 2 ≤ |k| ≤ 320 bits and 5 ≤ |p| ≤
2048 bits) for even s and N ≡ Z mod 6, where Z = 0 or Z = 4. For
odd values s we also have many positive cases corresponding to different
values N . For example, we have the following primes p.

Case N = 10, s = 2, and k = 725884693 gives prime:
p = 5269085875317042491.

Case N = 2, s = 3, and k = 1337274629 gives prime:
p = 4782905620790796691857520379.

Case N = 4, s = 2, and k = 67433803869294133 gives prime:
p = 18189271617129713532911550672886757.

Case N = 4, s = 2, and k = 534215924076685141269133 gives
prime:
p = 1141546614148426492824805789757003540711754286757.

Case N = 10000, s = 4, and k = 232667804209296877 gives prime:
p = 293052320688347046588067278364673296548243258533067691796

50044728906410001.

179



N. A. Moldovyan

Case N = 10, s = 2, and
k =
210992170315015669831165407048312242755193421562671721912463
gives prime:
p = 445176959342405796225971179632912050657688043890876918715

6270863445095751602498829760043700275865765178209495023472
63691.

Case N = 666666666666666666666664, s = 2, and
k = 353809991516667947508673 gives prime:
p = 8345434006468309665533960024044699357922019259293043

5437657420239410857.

Case N = 4444, s = 5, and
k =
634250335263436903664058267667793136668703383339035124341219
gives prime:
p = 4561183846297793094013667057268432711555442123679889164761

7160284437223018040099748245821799167074469900659476172328
7421022326800053382794865523789665384953093547280261852600
1744316926769023258923584868066826250018895519990130703971
1225083761606510103396105271426626642249210463630491712973
5122836127957.

Case N = 2222222, s = 5, and
k =
278786749998964831243188210765046251607207021302616959150353
gives prime:
p = 3742381762093988507152189447632190903649163162287335583067

1404936445168459532417824257034251542278496474548453008440
2575374798148854967611051490767707918981794830928860273675
4488895966928454234296362272519605051950977141702184978690
6574563422739262415235459932192589013385761664971623455438
97670489118447.
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Appendix 2.

A numerical example with artificially small parameters.

This example illustrates the signature generation and verification
procedures in the DSS based on difficulty of finding roots modulo large
prime p = Nk2 + 1, where k = 132104433635297779312031 is prime
and N = 238,
i. e. p = 4153476369892465269012870897623282390047400100719.

Suppose a user private key is x = 3526378981324543353612 and the
hash function value calculated from the document to be signed is H =
73568790119017231823457. Then his public key is y = xk mod p =
3864858100219352940369774847788552018367055197706.

The signature is represented by a pair of numbers (R, S) which is
generated as follows.

1. Generate a random number t = 87193323415243553115136314.
2. Calculate the value R = tk mod p:

R = 1965194394329054883669233593435354225553528543048.
3. Calculate the value E using the formula E = RH mod δ, where

δ = 35488784369499179:
E = RH mod δ = 30895498554403274.

4. Calculate the value S using the formula S = xEt mod p:
xE mod p = 4142896032174293277370541286118603008687412846512;
S = xEt mod p =
= 3459399960786475246293210038787580593601377527459.

The signature verification is performed as follows.
1. Calculate E′ = (Skyp−E−1 mod p)H mod δ:

Sk mod p = 1223628632990799695380329960945050775755031656237;
p−E − 1 mod p− 1 =
= 4153476369892465269012870897623251494548845697444;
yp−E−1 mod p =
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= 3940798203474215574106281018935399640248176139523;
R′ = Skyp−E−1 mod p =
= 1965194394329054883669233593435354225553528543048;
E′ = R′H mod δ = 30895498554403274.

2. Compare the values E′ and E.
The signature is valid, since E′ = E.

N. A. Moldovyan, Received July 7, 2007

Specialized Center of Program Systems ”SPECTR”,
Kantemirovskaya, 10, St.Petersburg 197342, Russia;
ph./fax.7-812-2453743,
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formations with prefixes∗
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Abstract

This article contains the information about the defining and
analysis of some rules which will permit the automatic retrieving
of the romanian prefixed formations and enriching the lexical re-
sources by automatic derivation with the romanian prefixes ne-
and re-. There are also described some peculiarities of the roma-
nian prefixes.

Keywords: lexical resources, automatic prefixation, deriva-
tives, algorithm for word extraction

Introduction

Linguistic electronic resources form the fundamental support for draw-
ing up automatic tools for processing the linguistic information.

The need of the linguistic resources enriching is satisfied not only
by word borrowing from other languages, but also by the use of some
exclusively internal processes. Derivation means creation of a new word
or a word with other meaning by adding some prefixes or suffixes to
existent lexical bases. Prefixes are productive from the lexical point
of view, when after removing the affix remains an attested word, and
non-productive, when the remaining sequence after this operation is not
attested as a word, though etymologically we recognize the prefix [1] in
the word. The units from which the derivatives are formed, are called
bases. In this article, as derivatives affixes, prefixes will be studied.

c©2008 by M.Petic
∗The article is carried out as a part of the INTAS project, ref. nr. 05-104-7633
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The scope of this article is the defining and analysis of some rules
which will permit the automatic retrieving of the formations with pre-
fixes and enriching the lexical resourses by automatic derivation with
the romanian prefixes ne- and re-.

1 The classification of the prefixes

The 86 Romanian simple prefixes described in [2] can generate 5680
derivatives. These derivatives can be classified in four fundamental
categories, such as:

• inherited derivatives from Latin, for example, (a) ı̂nchide (in engl.
(to) close), (a) deschide (in engl. (to) open), (a) rămı̂ne (in engl.
(to) remain);

• borrowing from other languages, for example, deservire (in engl.
service), nonsens (in engl. nonsense), prefabricat (in engl. pre-
fab);

• imitations by foreign models, for example, concetăţean (in engl.
fellow citizen), (a) ı̂ntrevedea (in engl. (to) discern);

• Romanian internal creations, for example, (a) dezrobi (in engl.
(to) emancipate), nefericit (in engl. unhappy), (a) ı̂nţărca (in
engl. (to) wean).

The compound prefixes obtained from two simple prefixes as a
unique element of derivation are: apar-, metem- and meten-, ram- and
ran-, rim- and rin-, sco-, sper-. It is worth mentioning that compound
prefixes, analysed together with the wordbase and not relating to a
formation prefixed before with one of the prefixes, we do not confuse
with a double successive prefixation, for example, in pre/strănepot (in
engl. the son or daughter of the / great-grandson), or (a) re/̂ınscrie (in
engl. (to) re/write down).

Developed prefixes, that result from combination of a simple prefix
with a non-prefixal element, an insignificant fragment of a prefix or
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a root, are: destr- (destrauri), pres- (presfira), zăs- (zăstimp, in engl.
period). Sometimes it is difficult to distinguish a compound prefix
from a developed one. Thus, a complex prefix năs-, based on a simple
prefix nă-, may be considered compound with simple prefix s- (z-) in
formations such as năzbate and developed in năzduh or năzvăţa (in
engl. to spoil), where z- is recognized because of false analysis of the
word văzduh (in engl. air) or (a) dezvăţa (in engl. (to) unlearn) [1].

As to the prefix’s etymology, 12 prefixes are inherited from Latin
(des-, ı̂n-, stră-), 13 – from Slavic (ne-, răs-), 18 came from ancient
Greek, being taken by a Slavic or Latino-Romanic intermediate (anti-
, arhi-, hiper-, hipo-) [3]. 29 prefixes with a multiple etymology are
neologic inherited from Latin, French and/or Italian (ante-, circum-,
co(n)-, contra-, ex-, extra-, non-, post-, re-, ultra-).

2 Some quantitative characteristics of the pre-
fixes

Traditionally prefixes are described by a limited set of features: ety-
mology, derivational model (with pointing the part of speech of the
obtaining word and of its bases, for example, the verb (a) dezdoi (in
engl. (to) unbend) is constructed from the numeral doi (in engl. two)
and the prefix dez-) and the meaning of the obtaining word. Step by
step derivational models began to be characterized by a set of quali-
tative attributives, such as: utility, regularity, productivity, frequency,
etc. There aren’t clear definitions of those notions. That is why we can
only suppose the real meaning of those terms. Only formulating a set
of quantitative definitions allow us to obtain some of the quantitative
characteristics for the derivational affixes [4].

By number of the registered derivatives in [2], the most productive
prefixes are ı̂n- (their number is 571), ne- (449), des- (395), re- (338).

In [5] it had been established some quantitative characteristics for
these romanian prefixes, namely: number of words which begin with
these prefixes, number of the derivatives with these prefixes, the repar-
tition of letters which follow after the mentioned prefixes, the distri-
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bution of the parts of speech (noun, adjective, verb) for every prefix
mentioned above.

The romanian prefix ı̂n- can be attested in four different phonolog-
ical forms, namely in-, im-, ı̂n- and ı̂m-. One of them is a phonetic
variant ı̂m- before b, p consonant, for example, (a) ı̂mbătr̂ıni (in engl.
(to) grow old), (a) ı̂mpărţi (in engl. (to) divide), etc. Sometimes it
is possible that the romanian prefixes ı̂n- and ı̂m- are attested as the
prefixes in- and im-. The romanian prefix ne- has no other literary
phonetic variants. The prefix des- has the following literary phonetic
variants: dez-, before the roots that begin with a (semi)-vowel or a
voiced consonant and de- obvious before the roots that begin with s,
ş. The prefix re- is a neologic prefix and sometimes substitues the
ancient variant ră-. As a source for establishing these quantitative
characteristics served [5], that contains about 30 thousands words di-
vided in flection groups depending on their forming way. These words
are grouped by part of speech, but the noun is classified also into gen-
der. It permits to establish the announced quantitative characteristics
mentioned above. These characteristics has been obtained by some
programs developed in C programming language.

Taking into account all phonological forms of prefix ı̂n- for every
form (in-, im-, ı̂n- and ı̂m-), some specific quantitative characteristics
have been found. Thus, it has been calculated the number of words
that began with the particles in-, im-, ı̂n- and ı̂m-. The total number
of these words is 1145 [5].

The same situation is also with the prefix re- which has another
phonological form ră-, but it is an old one. For the prefix des- it has
been calculated separately the quantitative characteristics for phono-
logic forms des- and dez-. As the romanian prefix ne- has no phonolog-
ical variants, in the calculations only this particle has been considered.
The details of quantitative characteristics for these prefixes are pre-
sented in Table 1.

Taking into consideration the information obtained and arranged
in Table 1 we can say that there are four letters, namely ă, k, q and
y, before which the particles mentioned above have not been found. In
addition, the words in which the presence of the prefix is recognized
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Table 1. The quantitative characteristics for the phonetic variants of
the studied prefixes [5]

pre-
fixes

pho-
netic
vari-
ants

num-
ber of
words

num-
ber of
deriva-
tives

% part
of
speech

total
let-
ters

conso-
nants

vowels

in ı̂n 583 107 18 V,N,A 21 17 4
in 360 47 13 N,V,A 14 9 5
im 126 15 12 N,V,A 7 2 5
ı̂m 79 19 24 V,N,A 2 2 0

ne 216 36 17 N,A,V 19 14 5
des des 191 39 20 V,N,A 13 8 5

dez 101 48 47 V,N,A 12 7 5
re 454 81 18 N,V,A 20 15 5

average 21
where V denotes the verb, N – the noun and A – the adjective.

by relating it to a wordbase existent in Romanian language represent
about a fifth part of the words that began with these particles. In
general, more often we find consonant after the studied particles. The
words that begin with the mentioned particles more often are nouns as
a part of speech, then come the words that are verbs and finally adjec-
tives. Actually, some prefixes contain more phonological forms and it
makes more difficult to establish some quantitative characteristics.

3 Retrieving analysable formations with pre-
fixes from a lexicon

For all categories of formations only the words in which the prefix
presence was distinguished by referring to a wordbase existent in the
Romanian language had been taken into considerations [2]. They can
be grouped in derivatives of the type: analyzable, semianalyzable, and
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non-analyzable. In the analyzable formations both are distinguished
either the prefix or the wordbase. For example, in the word poimı̂ine
(in engl. the day after tomorrow), poi- is the prefix, and mı̂ine (in engl.
tomorrow) is an adverb (wordbase).

As a source for analyzable formations with simple prefix extracting
a lexicon1 had served which contains not only graphic representations
of the words, but also its part of speech. This lexicon contains reusable
resources of Romanian language (it has approximately 100000 of word-
bases). It needs to be mentioned that a word can have several entrances
for different parts of speech [7].

Besides the lexicon it was used a list of 86 simple prefixes that
are registered in [2]. Also phonological forms of those prefixes had
been added. Being important the peculiarity of those prefixes and
derivatives described above the algorithm for automatic extraction of
the analysable formations with simple prefixes had been developed.
Lately it was implemented in a program written in C programming
language.

Taking into account the peculiarity of the Romanian simple pre-
fixes and of the available lexicon a simple but distinctively used for
automatic extraction of the analysable formations with simple prefixes
algorithm had been elaborated. The essence of the algorithm is the
following: it reads a prefix and when listing the words from a lexi-
con, chooses those that can be integrated in the established constrains,
namely if after removing the prefix it remains an attested in the dictio-
nary word and its part of speech coincides with the initial one. Corre-
sponding to this algorithm, it could be added also the instructions for
counting both the analysable formations and of the words which begin
with the particles that coincide with the respective prefixes [8].

Using the program, the analyzable formations with simple prefixes
had been found and extracted for all prefixes mentioned in [2]. In Table
2 the concrete numbers of the analyzable formations for the ten most
numerous prefixes obtained with described program comparatively with
those in the source [2] are given. The results presented in this table
are expectable for some prefixes, but for the other are really amazing.

1The lexicon is available on the site http://imi201.math.md/elrr/
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Table 2. The number of analysable formations (NAF)

prefixes NAF program NAF source [2]
ne- 1500 449
re- 970 338
de- 702 250
in- 632 217
a- 610 276
s- 474 73

pre- 441 186
co- 338 19
con- 282 106
anti- 257 281

Verifying the analyzable formations with the prefixes ne- and re- we
can say that the precision of a good word selection is very high, the
cases of the word of the kind rece (in engl. chill) are singular. The
same can be said also about the prefixes pre-, con- and anti-.

For the other prefixes many words had been obtained that were not
analyzable formations with these prefixes, for example for the prefix s-:
scară (in engl. ladder), seră (in engl. hothouse), and so on. But the
number of analyzable formations with the prefix anti- is not greater
that those registered in [2]. So it can be presumed that some of the
words are not present in any of lexicographic sources.

In order to retrieve analysable formations with compound prefixes
it was used the same algorithm described in [2] and a program in C
programming language has been developed on its base.

The concrete data obtained by the mentioned above program for
10 compound prefixes, comparatively with those presented in [2], are
given in Table 3. In this table we can bring into evidence the big
number of analysable formations obtained by program comparatively
to the number recorded in [2] for the compound prefixes ra- and sco-.
It can be explained by confusing the prefixation with double successive
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Table 3. The number of analysable formations (NAF)

the prefix NAF program NAF source [2]
ra- 64 2
sco- 22 2
ram- 4 1
apar- 4 1
ran- 3 1
rin- 3 1
sper- 2 1

metem- 1 1
meten- 1 1
rim- 0 1

prefixation with simple prefixes a- and respectively co- after that with
re- (r-) and, respectively, s-. In other cases the expectable results were
obtained, except the prefix rim- for which we didn’t find the analysable
formation rimbomba, which isn’t present in the lexicon.

The obtained results suggest the idea that the algorithm for auto-
matic extraction of the analysable formations with simple prefixes is
not universal. It can be used in automatic extraction of the analyzable
formations with long simple prefixes. For short simple prefixes the in-
formation about only graphic representation and part of speech proved
to be insufficient for several simple prefixes. They need, probably, the
semantic information about analyzable formations with such prefixes.

Although, we certainly can say that for long simple prefixes, the
presented algorithm satisfies with a high precision the automatic ex-
traction of the analyzable formations with simple prefixes. The results
proved that the most numerous simple prefixes in analyzable forma-
tions registered in [2] coincide with the results of the program [9].

Nevertheless, the algorithm mentioned above will not help us to find
the derivatives like: deschis (in engl. opened), ı̂nchis (in engl. closed),
(a) combina (in engl. (to) combine) and (a) ı̂mbina (in engl. (to)
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join), interbelic (in engl. interwar) and antebelic (in engl. prewar).
These words aren’t analysable formations. They are semi-analysable
formations. The prefix derivatives of this type are the words in which
we can distinguish only the prefix as opposed to the other prefixed
formations or compound words with a common root, inexistent as an
independent word. So the method by which we recognize the analysable
formations is not valid for semianalysable formations.

4 Automatic prefixation

According to quantitative characteristics discussed in section 3, the
more frequent ones are ı̂n-, ne-, des-, re-. As the prefixes ı̂n- and
des- have more phonetic variants and need more information in order
to formulate prefixation rules, afterwards we will consider only the
affixation by the romanian prefixes ne- and re-.

4.1 The prefix ne-

According to [2] in The Dictionary of the Romanian language (DRL)
there are registered 449 analysable formations, considering only one for-
mation from a group (though its number is greater), having a common
base: for example, nemişcare (in engl. immobility), but not nemişcat
(in engl. motionless), nemişcător (in engl. motionless). Although,
DRL has only a part of all existent formations with the prefix ne-, the
number of derivatives from the DRL is small and it does not illustrate
the real productivity of this romanian prefix (as a rule, the dictionary
does not include obvious formations). Since the derivation with ne-
forms an open system, it does not contain the formations from other
sources.

It is important to note the preference of this prefix to the adjectives
of participle origin (in our case that ends in: -at, -it, -ut, -̂ıt, because the
others face more difficulties in participle recognition), and also those
derivatives with the suffixes -tor, -bil, -os in relation with verbal bases.
In DRL, the formations from the adjectives derivated by other suffixes
are, as a rule, fortuitous. The creations with ne- from the primary
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adjective are, in general, not numerous and unusual.
The formations with ne- from the verbs are not numerous. The

derivations from verbs, being not specific for the prefix ne-, can be
from adjectives of participle origin or some derivatives with suffixes.
The prefix ne- is grammaticalized in relation with gerund, participle
and supine of the verbs, replacing completely the negation nu (engl.
not).

The derivation with romanian prefix ne- constitues an open system.
Wordbases to which this prefix can be attached are of various origin,
where the prefix ne- can be attached, valid in literary language in
general, it does not function in popular and familiar ones, where in
spontaneous constructions, the prefix ne- can deny any kind of word.
The prefix ne- is productive in all literary styles of the language.

Thus, from those mentioned above we can infer the following rules
for the prefix ne-:

• from the adjectives derivated by suffixes -tor, -bil, -os we form
adjectives derivated by the prefix ne-;

• from the participle ended with -at, -it, -ut, -̂ıt we form adjectives
derivated by prefix ne-;

• from the gerund we form adjectives derivated by prefix ne-.

4.2 The prefix re-

According to [2] in DRL the number of analysable derivatives with re-
is 283. To these words we can add 55 derivatives from other sources (for
example: Dictionary of neologisms, Morphological Dictionary, Actual
Romanian Language, etc), the most numerous derivatives are those
verbal obtained from verbs (analysable formations). Many of semi-
analysable formations with the romanian prefix re- is related with those
semianalysable derivatives with romanian prefixes ı̂n- (in-), con-.

The prefix re- is not attached, as a rule, to the words which be-
gin with r+vowel [2]. In fact, there are some derivatives of this case:
reromanizare (in engl. reromanization), rerafinare (in engl. repurify-
ing), reruralizare (in engl. reruralization).
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The wordbases at which the prefix re- is attached are of different
origin, both ancient (latine, slave, hungarian, turkish, greek), and mod-
ern (neologic).

Actually, the romanian prefix re- can be attached to any verbal
wordbase. Another observation is that the nouns formed from the
present infinitive of the verb by adding the suffix -re form derivative
by prefix re-. The derivatives with this prefix can be found in all literary
styles of the Romanian language.

So, we can define the following rules for the romanian prefix re-
from the infinitive of the verbs we form:

• verbs derivatives with prefix re-;

• nouns derivatives both with prefix re- and the suffix -re.

4.3 The methodology of automatic prefixation

The rules formulated above need knowledge only about graphic repre-
sentation of a word and its part of speech. The source [6] contains 28932
words which are divided into flection groups depending on its way of
forming. Dividing into a set of other flection groups, as it was observed
from the rules above, does not influence the process of forming the
derivatives with the romanian prefixes ne- and re-. It is important to
mention that the obtained derivatives based on formulated rules above
will inherit the flection group of the wordbase of the derivative, except
only the case of noun forming from the verb.

Examining the words from the lexicon and concatenating the prefix
respectively to those ones which correspond to the categories estab-
lished by the rules above, an algorithm of analysable derivation with
romanian prefixes ne- and re- is implemented in a unit capable to gen-
erate new words.

4.4 The results

The developed program based on the algorithm mentioned above en-
riched the lexicon with 417 derivatives with the romanian prefix ne-

219



M.Petic

and 9014 derivatives with the prefix re-. In Table 4 there are the re-
sults obtained for the analysable derivatives rules with the romanian
prefixes ne- and re- for adjectives and verbs. Taking into considera-
tion that the lexicon had already 216 words that began with ne-, the
growth is about 1,9 times. In the same way the number of the words
that begin with re- is 454, so the growth is 19 times. As a result, the
growth of derivatives is 9430 words with the romanian prefixes ne- and
re-, that represents about 1/3 of the initial lexicon. In the process of
flection of these words with the help of the programs described in [10]
we will obtain 250340 of flected forms.

Table 4. The results obtained for analysable derivation rules with ro-
manian prefixes ne- and re- for adjectives and verbs

prefixes part of speech suffixes nr. of derivatives
-tor 72

Adjective -os 46
ne- -bil 20

Participle -at, -it, -ut, -̂ıt 261
Gerund -ind 17

re- Verb 4507
Nouns from verb -re 4507

Total number of wordbases with
prefixes ne- and re-

9430

Thouth the statistics presented in Table 4 is important, there are
some moments that can be brought into the evidence. The number of
the derivatives obtained by the romanian prefixes ne- and re- includes
also those that are already contained in [5] and in DEX.

So, there is one derivative prefixed by ne- that is already included
in [5] and 20 that are in DEX. In this case the number of true new
words automatically generated is 397, that represents 95,43% of the
initially generated words.

Analogous, the number of already existent words with romanian
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prefix re- in [5] among those automatically generated is 27, and in DEX
298. Thus, the number of really new words is 8698, that constitutes
96,49% from those automatically generated by the romanian prefix re-.

If we will exclude the words that had already been prefixed with the
affixes ne- and re- the number of the remained derivates will constitute
391 and, respectivelly, 8504. Although among the remained words
there are also the ambigous ones. There are 362 perfectly valid words
with prefix ne- and 7834 with prefix re-, that represent 91.18% and
respectivelly 92.12% of new automatically generated words.

5 Conclusions

As only two romanian prefixes ne- and re- have been studied in new
words generation, it proved their good productive properties in auto-
matic affix derivation. In addition, those derivational rules, except the
fact that the information about the part of speech and graphic represen-
tation is needed, require also the semantic and etymologic information
of the wordbases to which they are attached. It was ascertained that in
the existent lexicon it is difficult to distinguish the derivatives and the
words that begin with the same sequence of letters of the correspondent
prefix. In general, the derivatives generated by the correspondent rules
would inherit the flection group from the derivatives wordbase, except
the case when the verb is transformed in the noun.
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Evaluation of the traffic coefficient in priority

queueing systems

Gh. Mishkoy, A. Iu. Bejan, O. Benderschi

Abstract

Methodology and algorithms of evaluation of the traffic co-
efficient in priority queueing systems with zero and nonzero
switchover times are presented. In the case of zero switchover
times the calculation of the traffic coefficient is straightforward.
In contrast, it relies heavily on the efficient numerical evaluation
of the busy period’s Laplace-Stieltjes transform in the case when
switchover times are not all degenerate zero. Examples for both
cases are provided.

This work was done under support of the SCOPES grant
IB7320-110720. The second author also acknowledges the sup-
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Keywords: priority queues, switchover times, traffic coeffi-
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1. Introduction

It is a usual practice to represent and to study real world phenomena
processes by mathematical models. Among the latter there are models
of priority queueing systems. The theory of priority queueing systems
is concerned with the phenomena of prioritized servicing—the incoming
requests should be classified by their importance and served according
to assigned priority labels. In comparison with other queueing models
the priority queueing systems have a more complicated structure, which
limits the possibility of their exact analytical analysis. Thus, many
results are derived considering the stationary behaviour of the system.

c©2008 by Gh. Mishkoy, A. Iu. Bejan, O. Benderschi
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The traffic coefficient is an important measure of the performance of
a queueing system and it is responsible for the workload of the system.
Analysis of queueing systems delivers formulae for system performance
characteristics—many of such analytical expressions involve the traffic
coefficient ρ. In the case of priority queueing systems M |G|1|∞ and
Mr|Gr|1|∞ with zero switchover times one can easily evaluate ρ via
analytic formulae using the rates of incoming flows and mean values
of corresponding service times. However, in the case of priority sys-
tems with random switchover times, one should be able to evaluate the
Laplace-Stieltjes transforms (LST’s) of the system busy period in order
to estimate the value of the traffic coefficient. Generally, this can only
be done numerically.

2. Priority Queueing Systems with Switchover
Times

2.1 Description

Consider a queueing system with a single server and r classes of in-
coming requests, each having its own flow of arrival and waiting line.
We call the requests from the ith queueing line Li i-requests. The i-
requests have a higher priority than j-requests if 1 ≤ i < j ≤ r. The
server gives a preference in service to the requests of the highest priority
among those presented in the system.

Suppose that the time periods between two consecutive arrivals of
the requests of the class i are independent and identically distributed
with some common cumulative distribution function (cdf) Ai(t) with
mean E[Ai], i = 1, . . . , r. Similarly, suppose that the service time of
a customer of the class i is a random variable Bi with a cumulative
distribution function Bi(t) having mean E[Bi], i = 1, . . . , r.

It is assumed that the server needs some additional time to proceed
with the switching from one priority waiting line of requests to another.
This time is considered to be a random variable, and we say that Cij

is the time of switching from the service of i-requests to the service of
j-requests, if 1 ≤ i, j ≤ r, i 6= j.
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We adopt the classification and the terminology introduced in [1, 2].
We also explain some additional notions and notations.

Definition 1. By a kk-busy period call the period of time which starts
when a k-request enters the empty system and finishes when there are
no longer k-requests in the system. Denote the kk-busy period by Πkk.

Definition 2. By a k-busy period call the period of time which starts
when an i-request enters the empty system, i ≤ k, and finishes when
there are no longer k-requests in the system. Denote the k-busy period
by Πk.

Note, that an r-busy period is nothing but the system’s busy period
Π, i.e. Π ≡ Πr.

The following two notions are due to the fact that both servicing and
switching can be interrupted under preemptive service and switching
policies.

Definition 3. By a k-cycle of service call the period of time which
starts when server begins the servicing of a k-request, and finishes when
this request leaves the system. Denote the k-cycle of service by Hk. If
the servicing of a certain k-request is not interrupted then the corre-
sponding realization of Hk coincides with the time Bk this request was
being serviced.

Definition 4. By a k-cycle of switching call the period of time which
starts when the server begins the switching to the line of k-requests, and
finishes when the server is ready to provide service to these requests.
Denote the k-cycle of switching by Nk. If the switching from the ith line
to the kth line is not interrupted, then the corresponding realization of
Nk coincides with the time Cik this ik-switching lasted.

Let Πkk(t), Πk(t), Hk(t) and Nk(t) be the cumulative distribution
functions of kk-busy periods, k-busy periods, k-cycle of service and k-
cycle of switching, correspondingly. Let also πkk(t), πk(t), hk(t) and
νk(t) be their Laplace-Stieltjes transform, i.e.

πkk(s) =

∞∫

0

e−stdΠkk(t), . . . , νk(s) =

∞∫

0

e−stdNk(t).
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Finally, let βi(s) be the Laplace-Stieltjes transform of Bi(t), i.e.

βi(s) =

∞∫

0

e−stdBi(t).

From now on throughout the text we assume that Cij do not depend
on i and only depend on j, i.e. Cij ≡ Cj , i = 1, . . . , r. Denote the
Laplace-Stieltjes transform of Cj with cdf Cj(t) by cj(s):

cj(s) =

∞∫

0

e−stdCj(t).

2.2 Priority Queueing Systems with Poisson incoming
flows

The queueing systems with Poisson incoming flows are of great impor-
tance in the theory and practice. In this case the interarrival times are
exponentially distributed, i.e. Ai(t) = 1− e−ait, i = 1, . . . , r, where a1,
a2,..., ar are some positive real numbers with the physical meaning of
the flow arrival rates. The compound flow of the requests with priority

not greater than k is Poisson with the arrival rate σk =
k∑

i=1
ai.

Using the extended Kendall notation we write Mr|Gr|1|∞ to denote
a priority queueing system with Poisson incoming flows of requests and
random switchover times.

3. Traffic coefficient and its calculation

Analysis of queueinq systems delivers formulae for systems performance
characteristic—many of such analytical expressions involve the traffic
coefficient ρ.

3.1 Zero switchover times

In the case of priority queueing systems Mr|Gr|1|∞ with degenerated
switchover times one can easily evaluate ρ via analytic formulae using
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the rates of incoming flows and mean values of corresponding service
times.

For instance, the traffic coefficient of the system Mr|Gr|1|∞ can be
calculated as follows [1]:

ρ =
r∑

i=1

aibi, (1)

where

• for the service scheme “repeat again”

bi =
1

σi−1

[
1

βi(σi−1)
− 1

]
(2)

• for the service scheme “resume”

bi = E[Bi] (3)

• for the service scheme “loss”

bi =
1

σi−1
[1− βi(σi−1)] . (4)

In the case when ρ > 1, the following takes place: π(0) < 1, and
Π(t) is an improper cumulative distribution function, i.e.

lim
t→∞Π(t) < 1,

which means that the busy period is of indefinite length with a positive
probability. However, if ρ < 1, then π(0) = 1 and the cdf Π(t) of the
busy period Π is proper. These comments motivate the presence of the
quantity π(0) ≡ πr(0) in our further examples.

Remark 1. It is easy to see that the value of the traffic coefficient
in the system Mr|Mr|1|∞ running under the service scheme “repeat
again” is the same as the value of the traffic coefficient of the same
system running under the service scheme “resume”. To see this, one
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should compare (2) and (3). The LST’s of the exponential service times
Bi can be written as follows:

βi(s) =
1

sE[Bi] + 1
, i = 1, . . . , r. (5)

Calculation of bi in (2) using (5) shows that

bi =
1

σi−1

[
1

βi(σi−1)
− 1

]
=

1
σi−1

(σi−1E[Bi] + 1− 1) = E[Bi],

i.e., the traffic coefficients for the priority systems with exponential
switchover times under the service schemes “resume” and “repeat
again” coincide (for both schemes ρ should be calculated using (1) with
the same values of ai, i = 1, . . . , r).

Example 3.1.1. Consider the system M10|M10|1|∞ with zero switch-
over times. In this case

βi(s) =
1

sE[Bi] + 1
, i = 1, . . . , 10.

Let ai = 1 and E[Bi] = 0.05, i = 1, . . . , 10. The results of our calcu-
lations of the traffic coefficient ρ and the LST of the busy period using
the given algorithms can be found in Table 1. The approximation error
ε is taken to be equal to 0.001.

preemptive service schemes: repeat again resume loss
ρ 0.5 0.5 0.413914

π10(0) 0.999959 0.999959 0.999989

Table 1. Calculation of the traffic coefficient ρ and π10(0) in Exam-
ple 3.1.1.

Example 3.1.2. Consider M10|G10|1|∞ with zero switchover times
running under the service scheme “repeat again”. Let ai = 45,
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i=1,. . . ,10. The service times of the requests from the queueing pri-
ority lines L1, L2, L3, L4 are exponential Exp(20), the service times
of the requests from the lines L5, L6, L7, L8 are uniformly distributed
on the interval [0,1], and, finally, the service times of the requests from
the lines L9 and L10 are of Erlang type Er(2, 20). The approximation
error ε is taken to be equal to 0.001. Thus, the following holds:

βi(s) =
20

20 + s
, i = 1, 2, 3, 4,

βi(s) = 1− e−s, i = 5, 6, 7, 8,

βi(s) =
(

20
20 + s

)2

, i = 9, 10.

For this system the traffic coefficient ρ was numerically estimated to be
equal to 104.0625 À 1, whereas π(0) ≡ π10(0) = 0.429542 < 1. This
clearly shows that the system is under the heavy traffic regime.

3.2 Nonzero switchover times

Let us assume that at least one random variable Cj is not constant
zero. In this case the the traffic coefficient can be calculated using the
following formula [1]:

ρ =
r∑

k=1

akbk,

where

b1 = −β′(0) + c′1(0)
1− a1c′1(0)

,

and

• for the service scheme “repeat again”

bk = f1 . . . fk−1
1

σk−1ck(σk−1)

[
1

βk(σk−1)
− 1

]
(6)
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• for the scheme “loss”

bk = f1 . . . fk−1
1

σk−1ck(σk−1)
[1− βk(σk−1)] (7)

• for the service scheme “resume”

bk = f1 . . . fk−1
1

ck(σk−1)
E[Bk]. (8)

Here
f1 = 1,

fk = 1 +
σk−1 − σk−1π(ak)

σk−1

(
1

c(σk−1)
− 1

)
,

where σ0 = 0 and πk(t) is the Laplace-Stieltjes transform of the busy
period Π(t).

Value of ρ can be evaluated numerically. In what follows we present
algorithms of numerical evaluation of the LST of the k-busy periods
and the traffic coefficient ρ. For simplicity we only give the algorithms
for the systems Mr|Gr|1|∞ under the service scheme “repeat again”
and preemptive switchover policy. In order to calculate ρ one needs to
be able to evaluate the LST of the busy period (r-busy period). This
can be done numerically using the following sample algorithm [3].

Algorithm 1 BPLSTE (for the system Mr|Gr|1 with switch-
over times under the preemptive service scheme “repeat
again”)

Input: r, s∗, E > 0, {ak}r
k=1, {βk(s)}r

k=1, {ck(s)}r
k=1.

Output: πk(s∗)
Description:
IF (k==0) THEN π0(s∗) := 0; RETURN
k := 1; q := 1; σ0 := 0;
Repeat
inc(q);
σq := σq−1 + aq;
Until q == r;
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Repeat

νk(s) := ck(s∗ + σk−1){1− σk−1

s∗+σk−1
[1−

−ck(s∗ + σk−1)]πk−1(s∗)}−1;

hk(s∗) := βk(s∗ + σk−1){1− σk−1

s∗+σk−1
[1−

−βk(s∗ + σk−1)]πk−1(s∗)νk(s∗)}−1;

π
(0)
kk (s∗) := 0; n := 1;

Repeat

π
(n)
kk (s∗) := hk(s∗ + ak − akπ

(n−1)
kk );

inc(n);

Until |π(n)
kk (s∗)− π

(n−1)
kk (s∗)| < E;

πkk(s∗) = π
(n)
kk (s∗);

πk(s∗) :=
σk−1πk−1(s∗ + ak)

σk
+

σk−1

σk
(πk−1(s∗ + ak − akπkk(s∗)))−

−πk−1(s∗+ak)νk(s∗+ak[1−πkk(s∗)])+
ak

σk
ν(s∗+ak−akπkk(s∗))πkk(s∗);

inc(k);
Until k == r;

End of Algorithm 1 BPLSTE.

Remark 2. Algorithm 1 is convergent. However, it does not provide
one with the absolute error of the approximation. In this algorithm
some quantity E is used to judge on the convergence of the Cauchy
sequence {π(n)

kk (s∗)}∞n=0.

Improved algorithms which evaluate the LST of the busy period
with a certain precision are discussed in [3, 4]. We present next Al-
gorithm BPLSTε, which was introduced and discussed in [3]. It is an
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improved algorithm of numerical evaluation of the LST of the busy pe-
riod with a given precision and it is based on the acceleration scheme
of solving the Kendall equation [5].

Algorithm 2 BPLSTε (for the system Mr|Gr|1 with switch-
over times under the preemptive service scheme “repeat
again”)

Input: r, s∗, ε > 0, {ak}r
k=1, {βk(s)}r

k=1, {ck(s)}r
k=1

Output: πk(s∗)
Description:
IF (k==0) THEN π0(s∗) := 0; RETURN
k := 1; q := 1; σ0 := 0;
Repeat
inc(q);
σq := σq−1 + aq;
Until q == r;

Repeat

νk(s∗) := ck(s∗ + σk−1){1− σk−1

s∗+σk−1
[1−

−ck(s∗ + σk−1)]πk−1(s∗)}−1;

hk(s∗) := βk(s∗ + σk−1){1− σk−1

s∗+σk−1
[1−

−βk(s∗ + σk−1)]πk−1(s∗)νk(s∗)}−1;

π
(0)
kk (s∗) := 0; n := 1;

Repeat

π˜
(n)
kk (0) := 0; π̃

(n)
kk (0) = 1;

Repeat
π̃

(n)
kk (s∗) = hk(s∗ + ak − akπ̃

(n−1)
kk (s∗));

π˜
(n)
kk (s∗) = hk(s∗ + ak − akπ˜

(n−1)
kk (s∗));

inc(n);

Until
eπ(n)

kk (s∗)−π˜
(n−1)
kk (s∗)

2 < ε;
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πkk(s∗) :=
eπ(n)

kk (s∗)+π˜
(n−1)
kk (s∗)

2 ;

πk(s∗) :=
σk−1πk−1(s∗ + ak)

σk
+

σk−1

σk
(πk−1(s∗ + ak − akπkk(s∗)))−

−πk−1(s∗+ak)νk(s∗+ak[1−πkk(s∗)])+
ak

σk
ν(s∗+ak−akπkk(s∗))πkk(s∗);

inc(k);
Until k == r;

End of Algorithm 2 BPLSTε.

The following is the model algorithm of calculation of the traffic
coefficient for the priority queueing systems with switchover times [3].

Algorithm 3 WLCOEEF (for the system Mr|Gr|1 with
switchover times under the preemptive ”repeat again” ser-
vice scheme)

Input: r, {ak}r
k=1, {βk(s)}r

k=1, {ck(s)}r
k=1.

Output: ρ

Description:
k := 1; ρ := 1; σ0 := 0; σ1 := a1;
f1 := 1; p := 1;
b1 := −(β′(0) + c′1(0))/(1− a1c

′
1(0));

ρ := a1b1;

Repeat
inc(k);
σk := σk−1 + ak;

bk := p 1
σk−1ck(σk−1)

(
1

βk(σk−1) − 1
)
;
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ρ := ρ + akbk;

fk := 1 + σk−σk−1πk−1(ak)
σk−1

(
1

ck(σk−1) − 1
)
;

p := fkp;

Until k == r;

End of Algorithm 3 WLCOEEF.

Remark 3. Calculation of ρ in Algorithm 3 requires calculation of
πk−1(ai), k = 2, . . . , r, which, in turn, can be realized using Algorithm 1
or Algorithm 2. For a different scheme of service or switching policy
one should employ the corresponding formulae for the LST’s hk(s),
νk(s), πkk(s), πk(s) (see [1]).

Example 3.2.1. Consider the system M5|M5|1 with all interarrival
times being distributed exponentially Exp(10) and all service times being
distributed exponentially Exp(200). The switchover times Ck are all
distributed as Exp(100), k = 1, . . . , 5; the service scheme is “repeat
again”. The results of calculations for such systems can be found in
Table 2. The quantity ε is taken to be 0.001.

BPLSTE BPLSTε difference
π1(10) 0.859847 0.858993 0.000854
π2(10) 0.839391 0.838905 0.000486
π3(10) 0.813851 0.813453 0.000398
π4(10) 0.781973 0.781613 0.000360

ρ 0.442225 0.442271 -0.000046
π5(0) 0.999874 0.999385 0.000489

Table 2. Calculation results for k-busy periods and the traffic coeffi-
cient for the system from Example 3.2.1

Example 3.2.2. Consider the system M10|M10|1 with all interarrival
times being distributed exponentially Exp(ak), k = 1, ..., 10, and all
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service times being distributed exponentially Exp(200). The switchover
times Ck are all distributed as Exp(100), k = 1, . . . , 10. The results of
calculations for such systems can be found in Tables 3, 4. The quantity
ε is taken to be 0.001. In this case:

βk(s) =
1

sE[Bk] + 1
,

ck(s) =
1

sE[Ck] + 1
,

k = 1, . . . , 10.

ak ρ(BPLSTE) ρ(BPLSTε) difference
1 0.064175 0.064175 0.000000
10 1.806396 1.807565 -0.001169
100 7213724.500000 7212584.000000 1140.500000

Table 3. Calculation results for the traffic coefficient for the systems
from Examples 3.2.2 (scheme “repeat again”).

ak ρ(BPLSTE) ρ(BPLSTε) difference
1 0.062948 0.062948 0.000000
10 1.375752 1.376590 -0.000838
100 1323211.375000 1322987.875000 223.500000

Table 4. Calculation results for the traffic coefficient for the systems
from Example 3.2.2 (scheme “loss”).

Example 3.2.3. Consider the system M10|G10|1 with all interarrival
times being distributed exponentially Exp(ak), k = 1, ..., 10, and all
service times being distributed Er(3, 200). The switchover times Ck are
all distributed as Exp(100), k = 1, . . . , 10. The results of calculations
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for such systems can be found in Tables 5, 6. The quantity ε is taken
to be 0.001. In this case:

βk(s) =
(

1
sE[Bk] + 1

)3

,

ck(s) =
1

sE[Ck] + 1
,

k = 1, . . . , 10.

ak ρ(BPLSTE) ρ(BPLSTε) difference
1 0.176818 0.176821 -0.000003
10 12.101274 12.102625 -0.001351
100 348237984.000000 348191168.000000 46816.000000

Table 5. Calculation results for the traffic coefficient for the systems
from Example 3.2.3 (scheme “repeat again”).

ak ρ(BPLSTE) ρ(BPLSTε) difference
1 0.165731 0.165734 -0.000003
10 4.723875 4.724642 -0.000767
100 2153345.5000000 2153149.750000 195,750000

Table 6. Calculation results for the traffic coefficient for the systems
from Example 3.2.3 (scheme “loss”).

Example 3.2.4. Consider the system M10|G10|1 with interarrival
times being all distributed as Exp(10) and with the times of service
of the requests from the lines L1, L2 and L3 being distributed exponen-
tially Exp(200), from the lines L4, L5 and L6 being distributed uni-
formly U [0, 1], and from the lines L7, L8, L9, L10 being distributed as
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Er(3, 200). The switchover times Ck are all distributed as Exp(100),
k = 1, . . . , 10. The quantity ε is taken to be 0.001.

In this case:

βk(s) =
1

sE[Bk] + 1
, k = 1, 2, 3;

βk(s) =
e−as − e−bs

b− a
, a = 0, b = 1, k = 4, 5, 6;

βk(s) =
(

1
sE[Bk] + 1

)3

, k = 7, 8, 9, 10;

ck(s) =
1

sE[Ck] + 1
, k = 1, . . . , 10.

scheme ρ(BPLSTE) ρ(BPLSTε) difference
repeat again 5.184965 5.188527 -0.003562

loss 2.020857 2.022199 -0.001342

Table 7. Calculation results for the traffic coefficient for the systems
from Example 3.2.4.

4. Conclusions

We presented a model algorithm of the numerical evaluation of the traf-
fic coefficient in priority queueing systems (Algorithm 3 WLCOEFF).
This algorithm makes use of the LST of busy period of the system—
this should also be calculated numerically, using algorithms similar to
the model Algorithm 1 BPLTSE and Algorithm 2 BPLTSε. However,
it was found from our experience that (i) the number of priority flows
r should not exceed 10-12 for satisfactory fast calculations, and (ii) the
calculation of the LST periods with algorithm Algorithm 1 BPLTSE

was performed without clear idea about the absolute error of the eval-
uation. Therefore, there was a necessity of further optimization of this

283



Gh. Mishkoy, A. Iu. Bejan, O. Benderschi

numerical algorithm in order to achieve fast performance and high level
of precision of calculations. Algorithm 2 BPLSTε served this purpose.
However, one should also notice that for some systems the algorithm
BPLTSE calculates the busy period’s LST with the same precision as
BPLTSε does (throughout the considered examples for the systems for
which ‘difference‘ in tables is of the same order as E and ε).

There is a necessity of further optimization in order to consider
greater number of priority waiting lines. Such work is being done cur-
rently [3, 4, 6].
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Abstract. We consider a multicriteria variant for the well-
known partition problem. A formula of the stability radius for
an efficient solution was obtained.
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Many problems of design, planning and management in technical
and organizational systems have a pronounced multicriteria character.
Multiobjective models that appeared in these cases are reduced to the
choice of the ”best” (in a certain sense) values of variable parameters
from some discrete aggregate of the given quantities. Therefore recent
interest of mathematicians to multicriteria discrete optimization prob-
lems keeps very high which is confirmed by the intensive publishing ac-
tivity (see, e. g., bibliography [1], which contains 234 references). One
of the important directions of study such problems is stability analysis
of solutions under perturbations of the initial data. Various questions of
stability analysis and regularization for incorrect discrete optimization
problems generate numerous directions of research. Nowadays owing to
the fundamental investigations of academician I. V. Sergienko and his
colleagues [2–11], characteristics of stable problems, necessary and suf-
ficient conditions of existence of Pareto-optimal solutions, methods of

c©2008 by V.A. Emelichev, E.E. Gurevsky

286



On stability of a Pareto-optimal solution under perturbations of . . .

regularization for incorrect problems and many other properties of mul-
ticriteria integer problems under uncertainty of initial data are rather
well-known.

Nowadays many specialists study quantitative characteristics of sta-
bility of both scalar (single criteria) and vector (multicriteria) discrete
optimization problems. Not touching on this wide spectrum of ques-
tions, we refer the reader to the extensive bibliography [12] as well as
to the works [13–18] which contain the most typical recent results.

We continue to research the cycle of works devoted to the quanti-
tative analysis of stability [19–26] for the Pareto-optimal solutions of
the combinatorial problems with various types of vector criteria. We
consider a multicriteria variant of the well-known partition problem.
A formula of the stability radius of an efficient solution in the case of
l∞-metric is obtained.

The partition problem is a classical extremal combinatorial prob-
lem. It is stated as follows: it is needed to partition the finite set of
numbers into two nonintersecting subsets such that the sums of num-
bers of these subsets are differed minimally from each other. In the case
where the elements of the set are positive this problem is equivalent
to the problem of the scheduling theory that consists in distribution of
independent works in two identical processors such that to minimize
the time when the last work should be finished [27]. In the scheduling
theory this problem is marked as P | · |Cmax.

We consider a multicriteria (vector) variant of the partition prob-
lem.

We define a vector function (vector criterion)

f(x,C) = (|C1x|, |C2x|, . . . , |Cmx|) → min
x∈Qn

on the set of n-vectors Qn, n ≥ 2, Q = {−1, 1}, where Ci denotes the
i-th row of matrix C = [cij ]m×n ∈ Rm×n, m ≥ 1, x = (x1, x2, . . . , xn)T .

Under the multicriteria partition problem Zm(C) we understand
the problem of finding the set of efficient solutions (Pareto set)

Pm(C) = {x ∈ Qn : π(x, C) = ∅},
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where

π(x,C) = {x′ ∈ Qn : f(x,C) ≥ f(x′, C) & f(x,C) 6= f(x′, C)}.

Under the stability of the efficient solution x0 we understand the
property of preserving Pareto optimality of x0 under ”small” pertur-
bations of the elements of matrix C. We will model such perturbations
by adding a ”perturbing” matrices to C.

For each number k ∈ N, we endow the space Rk with metrics l1
and l∞ :

||z||1 =
∑

j∈Nk

|zj |, ||z||∞ = max
j∈Nk

|zj |, z = (z1, z2, . . . , zk) ∈ Rk,

where Nk = {1, 2, . . . , k}. Under the norm of matrix we understand the
norm of vector composed from all its elements. For any number ε > 0
we define the set of perturbing matrices

Ω(ε) = {C ′ ∈ Rm×n : ||C ′||∞ < ε}.

According to the definitions from [21–26], under the stability radius
of x0 ∈ Pm(C) we understand the number

ρm(x0, C) =

{
sup Ξ, if Ξ 6= ∅,
0, if Ξ = ∅,

where
Ξ = {ε > 0 : ∀ C ′ ∈ Ω(ε) (x0 ∈ Pm(C + C ′))}.

Thus, the stability radius is a limit level of independent perturbations
of the elements of C, such that the Pareto optimality of the solution is
preserved.

We will use the following implication

∃q ∈ Q ∀q′ ∈ Q (qz > q′z′) ⇒ |z| > |z′|, (1)

which holds for any numbers z, z′ ∈ R.
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Suppose

sg z =

{
1, if z ≥ 0,

−1, if z < 0,

K(x0, x) = {i ∈ Nm : |Cix
0| ≤ |Cix|},

αi(x0, x) = min{βi(x0, x, q) : q ∈ Q},

βi(x0, x, q) =
|Ci(qx0 + x)|
||qx0 + x||1 .

It is evident, that K(x0, x) 6= ∅ if x0 ∈ Pm(C).
Theorem. Stability radius of an efficient solution x0 of the problem

Zm(C), m ≥ 1 is expressed by the formula

ρm(x0, C) = min
x∈Qn\{x0,−x0}

max
i∈K(x0,x)

αi(x0, x). (2)

Proof. Denote by ϕ the right side of (2). It is easy to see, that ϕ ≥ 0.
At first we will prove the inequality ρm(x0, C) ≥ ϕ. Suppose ϕ > 0

(otherwise the inequality ρm(x0, C) ≥ ϕ is evident). Let C ′ ∈ Ω(ϕ).
Then by the definition of ϕ for any x ∈ Qn\{x0,−x0} there exists
k ∈ K(x0, x) such that

||C ′||∞ < ϕ ≤ αk(x0, x). (3)

Taking into account αk(x0, x) > 0, we have

|Ckx
0| < |Ckx|.

From this, assuming
σk = sg Ckx,

we obtain
Ck(qx0 + σkx) = |Ck(σkqx

0 + x)|, q ∈ Q.

Therefore, using (3), we derive

(Ck + C ′
k)(qx

0 + σkx) = |Ck(σkqx
0 + x)|+ C ′

kσk(σkqx
0 + x) ≥

≥ |Ck(σkqx
0 + x)| − ||C ′||∞ · ||σkqx

0 + x||1 >
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> |Ck(σkqx
0 + x)| − βk(x0, x, σkq)||σkqx

0 + x||1 = 0.

Thus, we have

(Ck + C ′
k)σkx > (Ck + C ′

k)qx
0, q ∈ Q.

Taking into account (1) for any x ∈ Qn \ {x0,−x0} we obtain

|(Ck + C ′
k)x| > |(Ck + C ′

k)x
0|,

and for x = ±x0 we have

|(C + C ′)x| = |(C + C ′)x0|,

which imply x0 ∈ Pm(C + C ′).
Resuming the said above, we conclude that for any C ′ ∈ Ω(ϕ) the

inclusion x0 ∈ Pm(C + C ′) holds. Hence ρm(x0, C) ≥ ϕ.
It remains to prove the inequality ρm(x0, C) ≤ ϕ. By the definition

of ϕ, there exists x∗ ∈ Qn\{x0,−x0}, such that for any i ∈ K(x0, x∗)
the following inequalities hold:

0 ≤ αi(x0, x∗) ≤ ϕ. (4)

Let ε > ϕ. We will prove that there exists C ′ ∈ Ω(ε) with condition
x0 /∈ Pm(C + C ′).

Suppose

N(x0, x∗) = |{j ∈ Nn : x0
j = 1 & x∗j = −1}|,

M(x0, x∗) = |{j ∈ Nn : x0
j = x∗j}|,

σ∗i = sg Cix
∗.

It is easy to see, that

M(x0, x∗) = M(x∗, x0),

2(N(x0, x∗) + N(x∗, x0)) = ||x0 − x∗||1, (5)

2M(x0, x∗) = ||x0 + x∗||1. (6)
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To construct the rows C ′
i, i ∈ Nm of the needed matrix C ′, we

consider four possible cases.
Case 1: i ∈ K(x0, x∗), βi(x0, x∗,−1) < βi(x0, x∗, 1). Then under

(4) the following inequalities hold:

|Ci(x0 + x∗)| > 0,

βi(x0, x∗,−1) ≤ ϕ < ε.

Therefore if we consider a perturbing row

C ′
i = (c′i1, c

′
i2, . . . , c

′
in),

obtained by setting

c′ij =





σ∗i δi, if x0
j = 1, x∗j = −1,

−σ∗i δi, if x0
j = −1, x∗j = 1,

0 in other cases,

ϕ < δi < ε,

then we have ||C ′
i||∞ = δi, and taking into account (5), we derive

σ∗i (Ci + C ′
i)x

0 − σ∗i (Ci + C ′
i)x

∗ =

= σ∗i Ci(x0 − x∗) + 2δi(N(x∗, x0) + N(x0, x∗)) ≥
≥ −|Ci(x0 − x∗)|+ δi||x0 − x∗||1 >

> −|Ci(x0 − x∗)|+ βi(x0, x∗,−1)||x0 − x∗||1 = 0,

σ∗i (Ci + C ′
i)x

0 + σ∗i (Ci + C ′
i)x

∗ = σ∗i Ci(x0 + x∗) =

= |Ci(x0 + x∗)| > 0.

Therefore we obtain

σ∗i (Ci + C ′
i)x

0 > σ∗i (Ci + C ′
i)qx

∗, q ∈ Q.

From this, using (1), we find

|(Ci + C ′
i)x

0| > |(Ci + C ′
i)x

∗|. (7)
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Note, that the inequality (7) is coordinated with condition x∗ ∈
Qn\{x0,−x0}.

Case 2: i ∈ K(x0, x∗), βi(x0, x∗,−1) > βi(x0, x∗, 1). Then under
(4) we have

|Ci(x∗ − x0)| > 0,

βi(x0, x∗, 1) ≤ ϕ < ε.

Therefore, constructing the row C ′
i by the rule

c′ij =





−σ∗i δi, if x0
j = x∗j = 1,

σ∗i δi, if x0
j = x∗j = −1,

0 in the other cases,

where ϕ < δi < ε, we obtain ||C ′
i||∞ = δi and, using (6), we derive

−σ∗i (Ci + C ′
i)x

0 − σ∗i (Ci + C ′
i)x

∗ = −σ∗i Ci(x0 + x∗) + 2δiM(x0, x∗) >

> −|Ci(x0 + x∗)|+ βi(x0, x∗, 1)||x0 + x∗||1 = 0,

−σ∗i (Ci + C ′
i)x

0 + σ∗i (Ci + C ′
i)x

∗ = σ∗i Ci(x∗ − x0) = |Ci(x∗ − x0)| > 0.

Thus, the following inequalities hold:

−σ∗i (Ci + C ′
i)x

0 > σ∗i (Ci + C ′
i)qx

∗, q ∈ Q.

Therefore, using (1), we obtain (7).
Case 3: i ∈ K(x0, x∗), βi := βi(x0, x∗,−1) = βi(x0, x∗, 1) =

αi(x0, x∗).
Consider two possible variants.
At first let βi = 0. Then

Cix
0 = Cix

∗ = 0. (8)

It is easy to see, that taking into account x∗ 6= ±x0, we may choose
k, p ∈ Nn such that

x∗k = x0
k, x∗p 6= x0

p.
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Therefore, if we define the elements of the row C ′
i = (c′i1, c

′
i2, . . . , c

′
in)

by

c′ij =





x0
kδi, if j = k,

x0
pδi, if j = p,

0 in other cases ,

where
0 ≤ ϕ < δi < ε,

then we have, that ||C ′
i||∞ = δi and under (8) the inequality (7) holds.

Now let βi > 0. Then, repeating all the argumentations from case
1, we obtain (7).

Case 4: i ∈ Nm\K(x0, x∗). Then, assuming C ′
i = (0, 0, . . . , 0) ∈ Rn,

we have (7).
So we obtain the matrix C ′ with norm

||C ′||∞ = max{δi : i ∈ Nm \K(x0, x∗)} < ε.

Summarizing what has been proven in four cases we see, that for
any ε > ϕ there exists C ′ ∈ Ω(ε) such that x0 /∈ Pm(C + C ′). Hence,
ρm(x0, C) ≤ ϕ.

Theorem is proved.
Remark 1. If we impose on C = [cij ] ∈ Rm×n the condition of

preserving positivity for all its elements during perturbing, then the
stability radius of x0 ∈ Pm(C) is equal to

min{ϕ, cmin},
where ϕ is the right side of (2), cmin = min{cij : (i, j) ∈ Nm ×Nn}.

Efficient solution x0 is called stable if ρm(x0, C) > 0 and special if
the following condition holds:

@ x ∈ Qn\{x0,−x0} (f(x,C) ≤ f(x0, C)).

The following statement follows directly from the theorem.
Corollary. Solution x0 ∈ Pm(C) is stable if and only if it is special.
Remark 2. As a rule (see, e. g., [22,26]) the strict efficiency (Smale

optimality [28]) of a solution of a multicriteria discrete optimization
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problem is a sufficient condition of the solution stability. But, it is
easy to see, that our problem does not have strictly efficient solutions.
Nevertheless efficient solutions can be stable (see corollary).
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Evolution of the informatization notion (which assumes automa-
tion of majority of human activities applying computers, computer
networks, information technologies) towards the notion of Global Infor-
mation Society (GIS) challenges the determination of new paradigms
of society: automation and intellectualization of production, new level
of education and teaching, formation of new styles of work, active par-
ticipation in decision making, etc.

To assure transition to GIS for any society, including that from Re-
public of Moldova, requires both special training and broad application
of progressive technologies and information systems. Methodological
aspects concerning impact of GIS creation over the citizen, economic
unit, national economy in the aggregate demands a profound study.
Without systematic approach to these aspects the GIS creation would
have confront great difficulties.

Collective of researchers from the Institute of Mathematics and
Computer Science (IMCS) of Academy of Sciences of Moldova, which
work in the field of computer science, constitutes the center of advanced
researches and activates in those directions of researches of computer
science which facilitate technologies and applications without of which
the development of GIS cannot be assured. The works of the collective

c©2008 by A.Alhazov, E.Boian, L.Burtseva, C.Ciubotaru, S.Cojocaru,

A.Colesnicov, C.Gaindric, G.Magariu, I.Rogojin, T.Verlan
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deal with methodological aspects of GIS development. The advanced
technologies and systems which serve as scientific support for transi-
tion to GIS for such domains as health protection, education, economy,
research, ecology etc are elaborated and developed in these works. Let
us enumerate the domains of interest: actual problems of information
society development, information decision support systems, theoretical
bases of information systems, formal calculation models, information
systems in computational algebra, and information systems in compu-
tational linguistics.

The problems of GIS creation are constantly in the view of Eu-
ropean Council, one of the last recommendations of which is ,,i2010
eGovernment Action Plan - Accelerating eGovernment in Europe for
the Benefit of All – (25/04/2006)”. In this document there is an at-
tempt to synchronize the efforts of European countries in electronic
government, education, and keeping and protection of multi-linguism.

The access to cultural patrimony of the own country and of other
countries in his native language is to be guaranteed for each citizen
from every European country so as he would be able to understand and
appreciate the value and immensity of this patrimony as an integrant
of European patrimony. Each country has its own specifics, which
compels search of proper ways of transition to GIS on the assumption
of its own economic, cultural potential, nation’s traditions etc.

Different aspects of these problems were examined in the works [13,
71, 100, 102, 103, 109, 129].

The book “Considerations on information society development in
Moldova” [12] was the first work in Moldova in which a complex ap-
proach to the problem in and for this country is presented. The con-
ceptual bases, principles, policies and main directions in GIS creation
were elucidated in it including electronic education, science and culture.

In other works there were examined the problems of evaluation of
degree of integration into GIS, proposing a set of integration indices
which highlight the specifics of our country. Internet in rural environ-
ment and digital divide overcoming constitute the subjects of another
works [122, 130, 146].
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A group of researchers on computer science from IMCS was invited
to take part in writing the collective monograph “Information technolo-
gies communication and human development: Opportunities and chal-
lenges”, published by Idea Group Inc.(USA), in which two chapters of
these researchers are included: one is devoted to the general problems
of digital inequality and another – the same problem for Moldova [8,9].
These chapters have been selected for inclusion in exclusive, authorita-
tive reference publication ,,Information Communication Technologies:
Concepts, Methodologies, Tools and Applications” published by IGI
Global (formerly ”Idea Group Inc.”) in 2008. This six-volume set in-
cludes the most dependable, exhaustive research on the subject.

Some proposals based on research results of this group were in-
cluded into National Strategy of information society construction
,,Electronic Moldova” and Actions Plan adopted by Government (De-
cree N 255 from 9.03.2005).

When elaborating applicable information systems the experience of
the researchers from IMCS accumulated in the framework of design and
automation of programming systems construction had favorable impact
[11,72,76,78,82,88,98,121]. The elaborated and utilized methods when
developing programming systems (formal grammars, automata, com-
piling mechanism, text editors) were subsequently used successfully for
elaboration of interfaces and tools for database management, linguistic
applications.

In the knowledge based society it is just decision support systems
(DSS) that become very useful and claimed information tools for the
factors of decision making of any level [89, 117]. In the monograph
[12] “Decision taking. Methods and technologies” there are explicated
new approaches to the process of decision making based on information
technologies.

Some works [21, 93, 96] are devoted to the researches and elabora-
tions of some DSS used for vehicle transport. The actual problem for
any society, including that to which we are aspiring, is distribution of
some always limited funds to the set of activities and projects so as to
achieve maximal efficiency. The works [75, 110] are dedicated to the
elaboration of DSS for optimal funds allotment.
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Medical assistance being one of the first application subjects of DSS
henceforth represents a perspective area for such applications. About
9% of European Union gross domestic product (GDP) is apportioned
for population health support. Raising of the level of diagnostics and
adequate medical treatment is the goal of the DSS at ultrasound in-
vestigations [62, 108, 132, 148, 149, 158] made by the researchers from
IMCS. The goal of this system is to help medic-echographist in the
process of ultrasonographic investigations, in obtained images inter-
pretation, in obtaining conclusions adequate to the patient’s state of
the health and finally to prescribe an adequate treatment.

In the process of investigation of systems or complex phenomena it
is necessary for correct decisions making to base on the knowledge of
systems behavior under their interaction with certain external factors.
Frequently the experiments accomplishment with real systems involv-
ing is impossible, because the real system does not exist yet; exists
but is not accessible for real experiments; the experiments with real
system are expensive or dangerous. In such situations the simulation
model which is exposed to experiments is being created. This permits
to economize resources, avoid unreasoned expenses, reduce designing
periods, minimize risks and to avoid possible catastrophic situations.

The works [76, 87, 90, 111, 114] present the research results which
led to the elaboration of integrated environment for simulation, which
includes possibilities to visualize and analyze experiments results. In
articles [91, 113, 126] the experience of simulation application to so-
lution of some concrete problems and to create demonstrative models
with training purpose is explicated.

Presence of convenient facilities for experiments results analysis in
the case of mathematical models application is as important as in the
case of simulation. This permits to find regularities in the behavior of
investigated system and to interpret correctly the experiment results.

The solution of ecological problems continues to remain an ex-
tremely actual subject for Republic of Moldova. At the same time
just in this domain the possibilities offered by information technologies
had not been turned to advantages in full measure yet. An approach in
this direction is made in the works [128, 131, 150, 151], which explicate
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the results of environment creation for analysis of experiments results
for mathematical model of physical and biochemical processes of solid
waste decomposition.

Such approach was applied when elaborating information-analytical
system “Scientific Potential of Moldova” [127], endowed with possibil-
ities to administrate and analyze information about researchers and
scientific centers of the country.

One of the top-priority requirements of social development at the
stage of transition to GIS is the unhampered access to modern in-
formation technologies. To provide all members of community with
adequate access to Internet resources, to technologies of information
search and extraction, speech perception, text insonification, automatic
translation etc, it is necessary the development of national linguistic
engineering, which gives technological resources for natural language
processing and provides with full-fledged access to Internet. Lack of
such technologies at national level hampers our country to join global
information resources.

The human-computer communication in natural language is a large-
scale problem for which it is recognized that still during a long time
we will be able only to approach to its solving. The contribution of
the collective of IMCS to the development of the technology for nat-
ural language processing is the essential segment. The results in this
direction can be classified into three domains.

Linguistic tools. There were developed encoders and converters for
text and graphical information, programs for automatic word inflec-
tion, programs for word division into syllables, facilities for linguistic
resources administration, electronic multifunctional dictionaries cre-
ation, for correctness and completeness of linguistic resources check-up,
and also visualization means, interfaces and support for elaboration of
adaptable computer-aided learning courses [44, 83, 84, 86, 101, 106,
112, 119, 120, 144, 145].

Linguistic resources. There were created reusable linguistic re-
sources (http://imi201.math.md/elrr) for natural language, which in-
clude annotated corpus for all parts of speech and kernel, containing
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circa 70000 basic words-lemmas (entries), accompanied by syntactical
and morphological information. This kernel generates computer lexi-
con, gives the list of all word inflexions for basic word, executes trans-
lations into English and Russian languages, posts list of synonyms.
General number of word inflexions generated on the basis of lexicon
constitutes circa 700 thousands of words [58, 68, 107, 115, 116, 124,154].

Linguistic applications. The spelling checker RomSP was elabo-
rated and integrated into text editor MS Word. It allows finding and
correcting erroneous words, to give prompting list, gives the possibility
to supplement own word base using the tools for automatic word inflec-
tion. In collaboration with editorial group LITERA the compact disk
with spelling checker RomSP with linguistic base of about 1 000 000
words had been published.

Also on the bases of developed linguistic resources there were
created electronic dictionaries of synonyms, Romanian-English and
Romanian-Russian translations, and adaptable system of computer-
aided learning course [45, 74, 81, 155, 157].

Elaboration of computation lexicon, accumulation of linguistic re-
sources in electronic format allows making a forward step in natural
language application to realization of interfaces for information systems
for the purpose of assuring of friendly mode of work for the user [10,80].

Information technologies became tools that influence and propel
researches in other domains of science. A set of works [1, 4, 7, 16,
38, 47, 79, 85, 99, 104, 123, 147] presents the results of researches in
development of a symbolic computation system.

Researches of the group of authors from IMCS had been centered
towards two directions: extension of calculating capacity of SCS and
creation of intelligent interfaces. There were developed architectural
principles of intelligent interfaces construction for SCS, the applica-
tion of which facilitates “human-computer” interaction, permits ex-
tension of the circle of users. Such interfaces possess capacities to
adapt to users’ needs, to train; they are able to take the initia-
tive in communication with the user (doing this in natural language
or in a subset of that) guiding him with the purpose to facilitate
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reaching his objectives in a way as rapid and comfortable as pos-
sible. Some of these principles were applied during implementation
of the Computer Algebra System Bergman interface (elaborated by
Jörgen Backelin, Stockholm University, and improved in collaboration
with IMCS)(http://www.math.su.se/bergman) assuring overtaking the
problem from user, its adaptation to the user’s preferences (executed
in three modes: a priori, on user’s initiative and on system’s initiative),
errors prevention, creating of calculation environment – by all of this
in ultimate authority contributing to create for any user apart his per-
sonal entourage oriented to the class of problems which constitute his
occupations.

The explosion of demand for information technologies faces exhaus-
tion of capabilities of conventional computers. This is why research
started in the last years to find possibilities to increase computer per-
formance using new, non-conventional approaches. Starting in 1994
the domain of biocomputing appeared, in which the contribution of re-
searchers from IMCS was carried out in two directions: research of
the formal computational models and creating algorithms of solving
computationally difficult problems applying models of biocomputing.

Research in theoretical foundations of informational systems and
formal computational models is done in two directions: computing de-
vices built according to mechanical/linguistic principles (automata and
grammars, Turing machines, register machines, insertion-deletion sys-
tems) and devices constructed according to biological principles (cellu-
lar automata, membrane systems, networks of evolutionary processors).
Both directions contribute to theoretical bases of creation of informa-
tional systems of either special or general use with special requirements
on the computing speed, robustness and size. Natural (biological) com-
puting follows big ambitions: constructing computing devices from bi-
ological components (molecules, DNA, neurons, cells, etc.). Labora-
tory experiments showed that prototypes of such biodevices can solve
many problems faster and more efficiently than traditional devices, due
to the massive parallelism. Biocomputing has numerous applications:
treating cancer; creating ,,smart drugs”; creating nano-robots to lo-
cate unhealthy organs; prediction etc.). Research of these computing
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principles is very relevant in present; it can be compared to the great
importance of research of such scientists as Goedel, Kleene, Turing,
Post and von Neumann, that led to the creation of modern computers.

In the first direction: the results obtained by the researchers from
IMCS in the area of minimal universal Turing machines were included
in multiple monographs and manuals. Works [17, 19, 46, 48, 50, 51,
73, 77, 92, 95, 97] are devoted to this topic. Computational models
equivalent to the Turing machines are type-0 Chomsky grammars and
insertion-deletion systems. The results obtained during research of the
latter ones are presented in works [43, 57, 59].

Within the second direction, various natural computational models
were studied, such as H systems, membrane systems, and networks of
evolutionary processors.

Membrane systems, also called P systems, represent a number of
regions, separated by membranes. Each region contains objects in some
multiplicities. These objects evolve according to certain rules associ-
ated to regions and/or membranes. Depending on the computational
model, the rules can be of evolution (replacing objects with other ones),
communicative (objects move from a region across a membrane into an-
other region), etc. Works of the researchers from IMCS, which concern
this domain, can be divided in 7 groups.

Computational power of evolution-communication P systems, the
works [6, 23, 33, 53, 54, 136]. Systems with non-cooperative evolu-
tion rules and communication rules acting on at most two objects were
studied. For such systems, two membranes are sufficient for the com-
putational completeness, and three membranes are sufficient in the de-
terministic case. Other particular cases were also thoroughly studied.

Computational power of communicative P systems, the works [29,
31, 34, 36, 37, 42, 65, 70, 105, 135, 137, 138, 140, 141, 142]. As opposed
to the previous group, the evolution rules are replaced with unbounded
supply of objects in the external region (environment). Practically all
results obtained by other authors on this topic were improved. In case
of communicative rules with at most two objects and one membrane
only finite sets can be generated. Three membranes are sufficient for the
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computational completeness, while two membranes are enough modulo
one additional object.

Efficiency of P systems with active membranes, the works [5, 28,
41, 52, 55, 56, 61, 69, 153]. This computational model with active
membranes is convenient for describing solutions of NP-complete and
even PSPACE-complete problems. Cases with two polarizations and
without polarizations were thoroughly studied.

Computational power of P systems with active membranes, the
works [6, 30, 63, 66, 139]. The computational completeness of systems
with one membrane and two polarizations, and for systems without
polarizations was proved.

Other variants of P systems, the works [6, 24, 25, 32, 35, 39, 40, 57,
63, 64, 66, 133, 134, 139, 143,152, 156]. The following P-systems were
investigated: non-distributed; neural; with partial halting; with rules
with target indications; systems with energy assigned to membranes;
with rules of object diffusion; with bi-stable catalysts, promoters, in-
hibitors; models with strings.

H systems – abstraction of splicing reactions (performed in biology
by restriction enzymes DNA lygase), the works [2, 3, 18, 20, 22, 26, 49,
57, 60, 118]. The results of other authors were improved, obtaining a
series of unexpected results. It was proved that time-varied H systems
of degree I are computationally complete devices.

Other biocomputing models, the works [27, 67]. Computing by ob-
serving, self-assembly, networks of evolutionary processors.

A possibility of efficient use of molecular computing in non-
commutative computational systems is argued in [94]. An algorithm of
deciding finiteness of algebra dimension is proposed based on molecular
operations [125].

,,Life as computation” paradigm was introduced in hope that ex-
perience in computer science and mathematics obtained in result of
research in parallel systems will help us to understand the complexity
of the processes taking place in living cells, contributing to discovery
of regularities of biological systems that are otherwise difficult or even

306



Summary of researches being performed in . . .

impossible to observe. The goal of this research is to understand the
way of functioning of cells or organisms, conditions of adaptation and
survival in dynamic environment, all explained in terms of computa-
tions.
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cu contribuţia autorului.

[17] M. Kudlek, Yu. Rogozhin. New small universal circular Post machines. Lecture Notes
in Computer Science, vol. 2138, Springer, 2001, pp. 217-227.

[18] M. Margenstern, Yu. Rogozhin. About time-varying distributed H systems. Lecture
Notes in Computer Science, vol. 2054, Springer, 2001, pp. 53-62.

[19] M. Kudlek, Yu. Rogozhin. A Universal Turing Machine with 3 States and 9 symbols.
Lecture Notes in Computer Science, vol. 2295, Springer, 2002, pp. 311-318.

[20] M. Margenstern, Yu. Rogozhin. A universal time-varying distributed H system of
degree 1. Lecture Notes in Computer Science, vol. 2340, Springer, 2002, 371-380.

[21] C. Gaindric. Fuzzy evaluation Processing in Decision Support Systems, in Systematic
Organization of Information in Fuzzy Systems, NATO Science Series III Computer and
Systems Sciences, v.184, IOS Press, Amsterdam, Berlin, Oxford, Tokyo, Washington
DC, 2003, pp. 355-358.

[22] M.Margenstern, Yu. Rogozhin, S. Verlan. Time-Varying Distributed H Systems of
Degree 2 Can Carry Out Parallel Computations. Lecture Notes in Computer Science,
vol. 2568, Springer, 2003, pp. 326-336.

308



Summary of researches being performed in . . .

[23] A. Alhazov, M. Cavaliere: Proton Pumping P Systems. In: C. Mart́ın-Vide, G. Mauri,
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pp. 182-185.
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,,Resurse lingvistice şi instrumente pentru prelucrarea limbii române”, Iaşi, Editura
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