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Introduction

It is more than 10 years since we have published our first special
issue devoted to the Computer Algebra. For us it was a starting point
for the development of Computer Algebra in Moldova. Looking back
we can say that this was a period during which we have found our
own place in this very important part of modern Computer Science.
It was, of course, impossible without the help of our colleagues from
other countries, without the financial support from INTAS and Swedish
Academy of Science. In fact the most part of articles, published in this
issue was supported by INTAS project Nr 05-104-7553 and we are very
grateful for this important help.

It is interesting to compare old and new issues. The systems which
were just introduced in the previous issue (Singular, Anick) are now ac-
tively used to obtain much more sophisticated and fine results. Gröbner
bases and non-commutative computations which were something new
at that time, now are the standard topics for student courses. Today
they became natural instruments and there are applications and user
friendly implementations of those instruments that are of main inter-
est. Differential algebraic equations, Cryptography, Integration - these
are the topics of non-commutative Computer Algebra in this issue and
such development is amusing!

Even ”classic” topics, such as solving of the system of equations,
optimization of algorithms, homogenization and studying of singulari-
ties are presented in this issue, but the level is much higher than ten
years ago. In some sense the modern Computer Algebra has achieved
the micro level: it helps us to study invisible details and the develop-
ment of the software itself is also on the microscopic level: invisible
(for the user) contributions for the essential improvements of the main
algorithms. It is Fine Computer Algebra!

Svetlana Cojocaru, Victor Ufnarovski
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Abstract

Faugère’s criterion used in the F5 algorithm is still not un-
derstand and thus there are not many implementations of this
algorithm. We state its proof using syzygies to explain the nor-
malization condition of a polynomial. This gives a new insight in
the way the F5 criterion works.

1 Introduction

In 2002 Faugère published a new algorithm for computing Gröbner
bases [2]. He found a new criterion defining when a set is a Gröbner
basis. This criterion can be used to compute Gröbner bases of ideals
generated by arbitrary finite sequences of polynomials.

In the F5 algorithm additional data on the polynomials is used to
detect redundant critical pairs in advance to avoid computations of
zero. In this paper we give a proof of the F5 criterion with some easier
and more general arguments.

The plan of the paper is as follows: In section 2 we give briefly
the basic definitions for Gröbner basis computations as well as the
main terminology for the F5 criterion. In section 3 we prove the main
theorem of this paper, the F5 criterion.

c©2008 by Ch. Eder
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2 Basic Notations

Throughout this paper ring always means a commutative ring with
identity, N is the set of non-negative integers. K denotes the ground
field, K[x] the polynomial ring over K in the finite sequence of n vari-
ables x = (x1, . . . , xn). T denotes the set of terms of K[x]. Furthermore
let < be a total order on K[x].

2.1 Gröbner basics

We briefly give the main definitions needed to define a Gröbner basis
in a characterization useful for our purposes.

Definition 2.1. Let t = xα1
1 · · ·xαn

n ∈ T where αi ∈ N for i ∈
{1, . . . , n}. The total degree of t is defined to be deg(t) =

∑n
i=1 αi.

Let

f =
∑
α

cα1,...,αnxα1
1 · · ·xαn

n =
∑
α

cαxα ∈ K[x]\{0}

where α = (α1, . . . , αn) ∈ Nn, cα ∈ K, and only finitely many cα 6= 0.
The total degree of f is defined as deg(f) = max{α1 + · · · + αn |
cα1,...,αn 6= 0}. Furthermore writing f = cαxα + cβxβ + · · · + cγxγ ,
xα > xβ > · · · > xγ in a unique way as a sum of non-zero terms we
define

(a) the head monomial of f : HM(f) = cαxα,

(b) the head term of f : HT(f) = xα,

(c) the head coefficient of f : HC(f) = cα.

Definition 2.2. Let f, g ∈ K[x]\{0}. The S-polynomial of f and g is
defined to be

Spol(f, g) = HC(g)
τ

HT(f)
f −HC(f)

τ

HT(g)
g

where τ = lcm(HT(f),HT(g)).
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Definition 2.3. Let P ⊂ K[x] be a finite set, 0 6= f ∈ K[x], and t ∈ T .
A representation

f =
∑

p∈P

λpp,

where λp ∈ K[x], p ∈ P is called a t-representation of f w.r.t. P if for
all p ∈ P such that λp 6= 0 HT(λpp) ≤ t.

For t = HT(f) a t-representation of f is called a standard represen-
tation

There are a lot of equivalent characterizations of Gröbner bases, see
for example [1]. The one we need in this paper is stated next.

Theorem 2.4. Let G = {g1, . . . , gnG} be a finite subset of K[x] with
0 /∈ G. If for all f ∈ I = 〈g1, . . . , gnG〉 f has a standard representation,
then G is a Gröbner basis of I.

Proof. See [1].

2.2 F5 basics

We extend given definitions and state new terminology needed to un-
derstand Faugère’s F5 criterion.

In the following let F = (f1, . . . , fm) be a sequence of polynomials
in K[x], K[x]m denotes the free K[x]-module of rank m.

Definition 2.5. Let g =
∑m

k=1 gkek ∈ K[x]m where ek denotes the
k-th standard vector in K[x]m. We define the evaluation map w.r.t. F
vF : K[x]m → K[x] such that

vF

(
m∑

k=1

gkek

)
=

m∑

k=1

gkfk

An element s ∈ K[x]m is called a syzygy w.r.t. F if vF (s) = 0. For
m ≥ 2 for each pair fi, fj with 1 ≤ i < j ≤ m we have a so-called
principal syzygy w.r.t. F , πi,j = fjei − fiej .
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The set of all syzygies w.r.t. F is denoted Syz(F ) = ker(vF ) and
generates an K[x]-module. The submodule generated by all principal
syzygies w.r.t. F is denoted PSyz(F ).

Next we define an ordering of K[x]m.

Definition 2.6. Let g =
∑m

k=1 gkek ∈ K[x]m. The index of g, denoted
by index(g), is the smallest i ∈ {1, . . . , m} such that gi 6= 0.

Suppose that g and h ∈ K[x]m with index(g) = i and index(h) = j.
Then we can write g =

∑m
k=i gkek and h =

∑m
k=j hkek.

g ≺ h :⇔
{

i > j, or
i = j and HT(gi) < HT(hi)

For any g ∈ K[x]m\{0} it holds that 0 ≺ g.

This leads to an extension of the terminology of head terms.

Definition 2.7. Let g ∈ K[x]m\{0} with index(g) = i. The module
head term MHT of g is defined to be MHT(g) = HT(gi)ei.

Lemma 2.8. The module ordering ≺ is well-founded.

Proof. Let ∅ 6= P ⊂ K[x]m. The index of any element p =
∑m

i=1 piei ∈
P is bounded by m, and ≤ is a well-ordering on the head terms of
polynomials in K[x]. Thus

imax := max{index(p) | p ∈ P}
tmin := min{HT(pk) | p ∈ P, index(p) = k}

are well-defined. Then

∅ 6= M := {p ∈ P | index(p) = imax, HT(pimax) = tmin}
is the set of minimal elements of P .

Next we define a connection between polynomials in K[x] and mod-
ule elements in K[x]m. These are the main concepts for the F5 criterion.
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Definition 2.9.

(a) A labeled polynomial r is an element r = (uek, p) such that u ∈ T ,
p ∈ K[x].

(b) The signature of r is defined by S(r) := uek, the polynomial of r
by poly(r) := p, and the index of r by index(r) := k. For a finite
set G of labeled polynomials we define poly(G) := {poly(r)|r ∈
G}.

(c) If t ∈ T then tr := (tuek, tp), if c ∈ K then cr := (uek, cp).

(d) r is called admissible w.r.t. F if there exists a g ∈ K[x]m\{0}
such that vF (g) = p and MHT(g) = S(r).

(e) Let G be a finite set of labeled admissible w.r.t. F polynomi-
als. r is called normalized w.r.t. G if u /∈ HT(〈{pi ∈ poly(G) |
index(ri) > index(r)}〉).

(f) Let (r1, r2) be a pair of labeled polynomials with
τ = lcm

(
HT(poly(r1)), HT(poly(r2))

)
, τi = τ

HT(poly(ri))
for i ∈

{1, 2}. Then (r1, r2) is called normalized if τ1r1, τ2r2 are nor-
malized and S(τ2r2) ≺ S(τ1r1). For a pair of labeled polynomials
(r1, r2) where r1, r2 are admissible to g1,g2 respectively, we define
the S-polynomial to be

Spol(r1, r2) :=
(
MHT(τ1g1 − τ2g2), c2τ1poly(r1)− c1τ2poly(r2)

)
,

where ci = HC(poly(ri)) for i ∈ {1, 2}.

Corollary 2.10. If r1 and r2 are admissible labeled polynomials w.r.t.
F then Spol(r1, r2) is an admissible labeled polynomial w.r.t. F .

3 F5 criterion

Next we prove the F5 criterion stated in [2]. For this purpose we need
some lemmata and more notations.
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Convention 3.1. In the following let F = (f1, . . . , fm), fi ∈ K[x], G =
{r1, . . . , rnG} a set of labeled admissible w.r.t. F polynomials such that

{(e1, f1), . . . , (em, fm)} ⊂ G.

Let pi = poly(ri) for all i ∈ {1, . . . , nG}, poly(G) = {p1, . . . , pnG}.
When we write admissible we always mean admissible w.r.t. F .

Lemma 3.2. If an admissible labeled polynomial r = (uek, p) with
g ∈ K[x]m such that MHT(g) = uek and vF (g) = p is non-normalized
w.r.t. G then there exists s ∈ PSyz(F ) with index(s) = k such that
MHT(g − s) ≺ MHT(g).

Proof. If r = (uek, p) is non-normalized then there exists ri ∈ G with
pi =

∑m
`=k0

λ`f` ∈ G where λ` ∈ K[x] such that index(ri) = k0 > k
and HT(pi) | u. So there exists t ∈ T such that tHT(pi) = u. Let
z := piek − fk

∑m
`=k0

λ`e` ∈ Syz(F ). Now we can rewrite

piek − fk

m∑

`=k0

λ`e` =




m∑

`=k0

λ`f`


 ek − fk

m∑

`=k0

λ`e`

= λk0fk0ek − λk0fkek0 + λk0+1fk0+1ek −
− λk0+1fkek0+1 + · · ·+ λmfmek − λmfkem

= λk0πk,k0 + λk0+1πk,k0+1 + · · ·+ λmπk,m

=
m∑

`=k0

λ`πk,`

where πv,w denotes the principal syzygy fwev − fvew ∈ PSyz(F )
for v < w ∈ {1, . . . , m}. Set s = tz ∈ PSyz(F ). By construction
index(s) = k, MHT(g − s) ≺ MHT(g) and vF (g − s) = vF (g).

Lemma 3.3. Let r = (uek, p) and let τ1, τ2 ∈ T . If τ2τ1r is normalized
w.r.t. G ⇒ τ1r is normalized w.r.t. G.
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Proof. Let τ2τ1r = (τ2τ1uek, τ2τ1p) be normalized w.r.t. G.

Assume for contradiction that τ1r = (τ1uek, τ1p) is non-normalized
w.r.t. G. Then there exists r0 ∈ G such that index(r0) > k and
HT(p0) | τ1u. Then HT(p0) | τ2τ1u and it follows that τ2τ1r is non-
normalized w.r.t. G, which contradicts our assumption that τ2τ1r is
normalized w.r.t. G.

The following definition of the ordering l for representations of a
labeled polynomials is similar to the one Faugère has stated in [2]. For
a deeper insight we refer to [3].

Definition 3.4. Let f ∈ I = 〈g1, . . . , gnG〉. Then we define

Rf :=

{
(λ, σ) ∈ K[x]nG × SymnG

| f =
nG∑

i=1

λipσ(i),S(λ1rσ(1)) º . . .

· · · º S(λnGrσ(nG))
}

to be the set of labeled representations of f w.r.t. G where SymnG de-
notes the symmetric group on {1, . . . , nG}. Next we define the ordering
l on labeled representations of f w.r.t. G.

For two labeled representations of f w.r.t. G, (λ, σ) and (λ′, σ′),
we define

ω =
(S(HT(λ1)rσ(1)), . . . ,S(HT(λnG)rσ(nG))

)
,

ω′ =
(S(HT(λ′1)rσ′(1)), . . . ,S(HT(λ′nG

)rσ′(nG))
)
,

respectively.
(λ, σ)l (λ′, σ′) iff one of the following conditions holds:

(a) ∃i such that ∀1 ≤ j < i ≤ nG: ωj = ω′j and ωi ≺ ω′i,

(b) ∀j: ωj = ω′j and
max`=1,...,nG

HT(λ`pσ(`)) < max`′=1,...,nG
HT(λ′`′pσ′(`′)),

(c) ∀j: ωj = ω′j ,
max`=1,...,nG

HT(λ`pσ(`)) = max`′=1,...,nG
HT(λ′`′pσ′(`′)) =: t

and #{` | HT(λ`pσ(`)) = t} < #{`′ | HT(λ`′pσ(`′)) = t}.
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Lemma 3.5. The ordering l is well-founded.

Proof. See [3], Lemma 3.17.

Lemma 3.6. Let f ∈ I = 〈g1, . . . , gnG〉. Let (λ, σ) be a minimal labeled
representation for f w.r.t. G. Then for all indices v ∈ {1, . . . , m}:

#{k | (λk, σ(k)) ∈ (λ, σ), λk 6= 0, index(rσ(k)) = v} ≤ 1.

Proof. We can assume σ to be the identity by renumbering G, f =∑m
i=1 λigi. Choose v ∈ {1, . . . , m} arbitrarily. Denote

I = {k | (λk, id(k)) ∈ (λ, id), index(rk) = v},
I< = {k | (λk, id(k)) ∈ (λ, id), index(rk) < v} and
I> = {k | (λk, id(k)) ∈ (λ, id), index(rk) > v}.

Assume that #I > 1.
Each rk ∈ G is admissible w.r.t. F , i.e. gk =

∑m
j=v ηk,jfj with ηk,j ∈

K[x].
Thus we get a new representation of f :

f =
m∑

i=1

λigi =
∑

i∈I

λigi +
∑

j /∈I

λjgj

=
∑

i∈I<

λigi +


∑

j∈I

λjηj,v


 fv +

∑

j∈I

λj

m∑

k=v+1

ηj,kfk +
∑

`∈I>

λ`g`

This new labeled representation (λ′, σ′) ≺lex (λ, id): The first #I<

components remained unchanged, then there is one component λ′vfv

where λ′v =
∑

j∈I λjηj,v. By construction

S(HT(λ′v)rσ′(v)) =
= max{S(HT(λk)rk) | (λk, id(k)) ∈ (λ, id), index(rk) = v},
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where poly(rσ′(v)) = fv. So the signatures of the first #I< + 1 com-
ponents of both labeled representations are equal. But the #I< + 2th
component of (λ, id) has index v, as we assumed that there are at least
two such components, whereas the #I< +2th component of (λ′, σ′) has
an index < v.

Thus we received a contradiction of the minimality of (λ, id) w.r.t.
l.

Remark 3.7. Note that a labeled representation w.r.t. G does not re-
strict the number of possible representations of an element f ∈ I. A
labeled representation w.r.t. G just orders the components of the corre-
sponding representation of f so that representations can be compared
w.r.t. l.

Definition 3.8. Let t ∈ T , (λ, σ) be a labeled representation w.r.t. G
of a labeled polynomial r. W.l.o.g. we can assume σ = id. Then (λ, id)
is called a t-representation of r if

p =
nG∑

`=1

λ`p`

such that for all components HT(λ`p`) ≤ t and S(HT(λ`)r`) ¹ S(r).

Theorem 3.9. If for all pairs (ri, rj) normalized w.r.t. G Spol(ri, rj)
has a t-representation where t < lcm

(
HT(pi),HT(pj)

)
then poly(G) is

a Gröbner basis of I = 〈p1, . . . , pn〉.

Proof. Let f ∈ I. Then f has a labeled representation (λ, σ) w.r.t. G.
W.l.o.g. we can assume σ = id such that f =

∑nG
`=1 λ`p`. By Lemma

3.5 let us assume (λ, id) to be a minimal labeled representation of f
w.r.t. G.

If there is a component (λk, id(k)) ∈ (λ, id) such that λkrk is
not normalized w.r.t. G then there exists a principal syzygy s by
Lemma 3.2. λkrk is admissible, i.e. there exists g ∈ K[x]m such that
MHT(g) = S(HT(λk)rk) and vF (g) = λkpk. So we can construct g− s
with MHT(g−s) ≺ MHT(g) and λkrk admissible to g−s. This gives a
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labeled representation (λ′, σ′) of f w.r.t. G such that (λ′, σ′)l (λ, id).
This contradicts the minimality of (λ, id) w.r.t. l, so every λkrk such
that (λk, id(k)) ∈ (λ, id) is normalized w.r.t. G.

By Lemma 3.6 there are no two components with the same index
in (λ, id), i.e. all λkrk have different signatures.

Assume that there exist components (λk, id(k)) such that HT(λkpk) =
t′ where t′ ≥ HT(f). Note that #{` | HT(λ`p`) = t′} ≥ 2. Choose two
such components (λi, id(i)), (λj , id(j)).

Let τ = lcm
(
HT(pi), HT(pj)

)
, τi = τ

HT(pi)
, and τj = τ

HT(pj)
. Then

τ | t′, τi | HT(λi), and τj | HT(λj).

Define mi = HM(λi) and mj = HC(λi)
HC(λj)

HM(λj). Now we compute

mipi −mjpj = HC(λi)HT(λi)pi −HC(λi)HT(λj)pj

= HC(λi)
(

τit
′

τ
pi − τjt

′

τ
pj

)

= HC(λi)
t′

τ
Spol(pi, pj).

Since λiri and λjrj are normalized w.r.t. G it follows with Lemma 3.3
that also τiri and τjrj are normalized w.r.t. G.

Thus we get a new labeled representation (λ′′, σ′′) of f w.r.t. G:

f =
nG∑

`=1

λ`p` = λipi + λjpj +
nG∑

`=1
` 6=i,j

λ`p`

= mipi +
(
λi −HT(λi)

)
pi −mjpj − HC(λi)

HC(λj)
(
λj −HT(λj)

)
pj

+
(

1 +
HC(λi)
HC(λj)

)
λjpj +

nG∑

`=1
` 6=i,j

λ`p`.

As Spol(ri, rj) has a t-representation Spol(pi, pj) =
∑nG

`=1 η`p` such that

HT(η`p`) < HT(lcm(HT(pi), HT(pj)) and
S(HT(η`)r`) ¹ S(Spol(ri, rj)).
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It follows that (λ′′, σ′′) l (λ, id). This contradicts the minimality of
(λ, id).

Acknowledgement. I would like to thank John Perry for many useful
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Computing one of Victor Moll’s irresistible

integrals with computer algebra

Christoph Koutschan ∗ Viktor Levandovskyy

Abstract

We investigate a certain quartic integral from V. Moll’s book
“Irresistible Integrals” and demonstrate how it can be solved by
computer algebra methods, namely by using non-commutative
Gröbner bases. We present recent implementations in the com-
puter algebra systems Singular and Mathematica.

1 Introduction

The integral [1, (7.2.1)] which we deal with is

F (a,m) =
∫ ∞

0

1
(x4 + 2ax2 + 1)m+1

dx. (1)

From mathematical expert’s view this integral might not look very
challenging, and of course, Moll is able to compute its solution by
hand. But nevertheless his computations are involved and need some
quite special knowledge. From the software point of view both Maple
and Mathematica fail to evaluate (1) due to the presence of two
parameters a,m (if they are set to concrete numbers the evaluation
can be immediately done). We present computer algebra methods that
allow to compute this integral in a purely automatic fashion with no
expert’s knowledge involved. The first approach is based on D-module
theory whereas the second one follows Zeilberger’s “holonomic systems
approach”. Our aim is to bring together these two directions since the
underlying theoretical principles are identical. Moreover, we aim at a
self-contained presentation of theory and algorithms.

c©2008 by Ch. Koutschan, V. Levandovskyy
∗ supported by the Austrian FWF grant P20162
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2 Preliminaries

Let K be a field. For the integration, we will need to deal with some
special non-commutative algebras. It is common to define K-algebras
via generators and relations, especially if they have infinite dimension
over K. Let X = {x1, . . . , xn} be a finite set of symbols, then by
K〈X〉 one denotes a free associative algebra. Given a finite set R =
{r1(x), . . . , rm(x)} ⊂ K〈X〉, writing for an associative K-algebra A =
K〈X | R〉 means A ∼= K〈X〉/IR, where IR := 〈R〉 is the two-sided ideal
of K〈X〉 generated by R. The elements of both R and IR are often
regarded as relations of A. This way of defining algebras has its roots
in group theory, where a similar construction is performed. Since we are
dealing with the algebras, which are in many sense close to commutative
- in particular, each pair of variables is connected by some relation - we
use shorter notation when writing the defining relations R. Namely,
if we do not mention any relation between a pair of variables, these
variables do commute.

Given two algebras A = K〈X〉/I and B = K〈Y〉/J , we identify
A⊗KB with the algebra K〈X,Y | I +J〉, since in A⊗KB any element
a⊗ 1 for a ∈ A commutes with every element 1⊗ b for b ∈ B.

In this article we deal with Weyl algebras, shift algebras and their
tensor products over a field K of characteristic 0. Given a natural
number n ≥ 1 and a set of variables (also called coordinates) X =
{x1, . . . , xn}, we construct first a commutative ring Rn = K[X]. We
identify a polynomial f ∈ Rn with the operator of multiplication by
f . Given n natural operators ∂i := ∂xi = ∂

∂xi
of partial differentiation

with respect to the coordinate variable xi, we define the algebra of
linear partial differential operators with polynomial coefficients (also
called the n-th Weyl algebra) to be

An := K〈x1, . . . , xn, ∂1, . . . , ∂n | {∂jxi = xi∂j + δij
1 ∀1 ≤ i, j ≤ n}〉.

Note, that the action of an operator on a function from an appro-
priate function space will be denoted by •, while · will be used for

1δij denotes the Kronecker symbol
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multiplication in operator algebras. Thus,

∂xi • f(x1, . . . , xn) :=
∂f(x1, . . . , xn)

∂xi
.

To each coordinate xi we can also associate a partial shift operator
si, which acts on a function f(x1, . . . , xi, . . . , xn) as

si • f(x1, . . . , xi, . . . , xn) := f(x1, . . . , xi + 1, . . . , xn).

Given n such operators, we define the algebra of linear partial shift op-
erators with polynomial coefficients (also called the n-th shift algebra)
to be

Sn := K〈x1, . . . , xn, s1, . . . , sn | {sjxi = xisj + δijsj ∀1 ≤ i, j ≤ n}〉.
Both An and Sn share many nice properties, for instance

- {xα1
1 . . . xαn

n ∂β1
1 . . . ∂βn

n | αi, βi ∈ N0} is a K-basis for An,

- {xα1
1 . . . xαn

n sβ1
1 . . . sβn

n | αi, βi ∈ N0} is a K-basis for Sn,

- An and Sn are Noetherian domains (in particular, every module
is finitely generated and there are no zero divisors),

- for any i, j ∈ N, Ai+j
∼= Ai ⊗K Aj and Si+j

∼= Si ⊗K Sj ,

- there is a Gröbner basis theory for both types of algebras, very
close to the theory in the commutative case, see e.g. [11, 8].

Picking some nice K-basis for an algebra as above, we call
these basis elements monomials. As one can see, the monomials
are in one-to-one correspondence with their exponent vectors, say,
(α1, . . . , αn, β1, . . . , βn) ∈ N2n. Hence, we can define a monomial or-
dering on An as follows (the cases of Sm and An⊗K Sm are completely
analogous, see e.g. [8])

Definition 1 A monomial ordering on An is a total ordering ≺ on the
set of monomials, which satisfies for all α = (αx, α∂), β = (βx, β∂), γ =
(γx, γ∂) ∈ N2n

(1) α ≺ β ⇒ xαx∂α∂ ≺ xβx∂β∂ and
(2) xαx∂α∂ ≺ xβx∂β∂ ⇒ xαx+γx∂α∂+γ∂ ≺ xβx+γx∂β∂+γ∂ .
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Since every polynomial f ∈ An can be uniquely written as a sum of
monomials times coefficients, we call the highest monomial of f with
respect to a given ordering the leading monomial of f . We denote the
latter by lm(f).

Note that there is another requirement we need to be fulfilled in our
class of algebras, namely 1 ≺ xi, ∂j , sk ∀ i, j, k, that is the monomial
ordering is a well-ordering.

We say that xαx∂α∂ divides xβx∂β∂ , if αi ≤ βi for all i in the range.
Note, that this just means, that there exist γ ∈ N2n and r ∈ An, such
that xβx∂β∂ = xαx∂α∂ · xγx∂γ∂ + r with r = 0 or lm(r) ≺ xαx∂α∂ .

Definition 2 Let ≺ be a monomial ordering on An and G ⊂ An a
finite set of polynomials. Let I be a left ideal, generated by G. G is
called a left Gröbner basis of I if and only if for any f ∈ I r {0} there
exists g ∈ G satisfying lm(g) | lm(f).

Given a finite set of generators of a left ideal L, there is Buchberger’s
algorithm for computing a left Gröbner basis of L (see e.g. [11, 8]).

Let Mn := Rn \ {0}, then Mn is a multiplicatively closed subset of
both An and Sn. Hence, using the algebraic formalism of “localization”
and the fact that Mn is an Ore set, we can pass from An (resp. Sn) to
its “Ore localization”, that is an algebra (An)Mn (resp. (Sn)Mn). In the
language of systems of operator equations (An)Mn (resp. (Sn)Mn) stays
for the algebra of linear partial differential (resp. shift) operators with
rational coefficients. The algebras with rational coefficients appear very
often in practical applications. They - as well as the Weyl and the shift
algebra - are special cases of Ore algebras. We refer to [10, 4, 3, 8] for
more details on these algebras, their properties as well as computational
aspects and Gröbner bases.

3 Integration with D-modules

Define f := f(a, x) = x4 +2ax2 +1 ∈ K[x, a], then we have to integrate
the function f−(m+1) with respect to x.

D-module theory stands for “the theory of differential modules”
and encompasses systems of linear partial differential equations with
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polynomial and rational coefficients. One of the most important algo-
rithms, obtained with D-module theory (see [11] and references therein
for the full picture) is the algorithm for computing the s-parametric an-
nihilator of f ∈ K[x1, . . . , xn] for a symbolic s. That is, it is possible
to compute a set of operators {P ∈ D[s] : P • f s = 0} =: AnnD[s] f

s,
which is indeed a left ideal in the algebra D[s] := An[s] = An ⊗K K[s]
(for historical reasons D stands for some n-th Weyl algebra). Addi-
tionally, there is an algorithm for computing AnnD fλ for any λ ∈ C,
which uses the previously mentioned one.

In the case of the integral (1), f ∈ K[x, a] = R2. Then D =
A2 = K〈x, a, ∂x, ∂a|∂xx = x∂x + 1, ∂aa = a∂a + 1〉 is the 2nd Weyl
algebra and D[s] = A2 ⊗K K[s]. First, we are going to compute the
left ideal L := AnnD[s] f

s ⊂ A2 ⊗K K[s] for s := −(m + 1) being
symbolic. L corresponds to the system of linear partial differential
equations in operators ∂x, ∂a, s with coefficients in K[x, a], which has
fs as a solution. That is ∀h ∈ L, h • fs = 0.

In order to compute a system I of such equations for the function
F (a, s), we use Theorem 5.5.1 of [11], which states the following: let J
be the right ideal of A2, generated by all partial differential operators,
corresponding to variables, with respect to which we perform integra-
tion (in our case this is just ∂x, but the Theorem, as well as the whole
approach, which goes back to Takayama [13, 12], holds for the multiple
variable case too). Then

I = (L + J) ∩ (
K〈a, ∂a | ∂aa = a∂a + 1〉 ⊗K K[s]

)
,

where the latter algebra is a natural K-subalgebra of A2 ⊗K K[s].
In general the sum of a left and of a right ideals carries no left or

right structure. However, in the setting we work with a right ideal is
very special one and, as we can see, there is a structure of left ideal on
the intersection I of the sum of ideals above with a subalgebra.

We work with the special K-basis of the algebra A2⊗KK[s], namely
{∂α

x xβaγ∂δ
as

ε | α, β, γ, δ, ε ∈ N0}. In particular, each monomial of any
polynomial in a left Gröbner basis of L = AnnD[s] f

s is presented in this
form. Moreover, we compute a left Gröbner basis G of L with respect
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to an ordering which eliminates x, ∂x, i.e., any monomial containing ∂x

or x is bigger than one, which does not contain both of them.
Instead of summing L with the right ideal J (generated by ∂x), we

perform the right reduction of G with respect to J , what amounts to
just skipping any monomial of every polynomial of G, if it is of the
form ∂α

x xβaγ∂δ
as

ε, where α ≥ 1. We may throw such a monomial away,
because it belongs to the ideal J . After such a procedure we get a
new set of polynomials G′, where ∂x does not appear. Since we used
elimination ordering for both x and ∂x for G and, moreover, monomials
containing ∂x are not present in G′, it remains to pick those elements of
G′, which do not contain x. These elements then belong to the algebra
K〈a, ∂a | ∂aa = a∂a +1〉[s] and, according to the Theorem 5.5.1 of [11],
they generate the left ideal I we are looking for.

Now we illustrate the computation for the integral (1) with the
computer algebra system Singular:Plural [5, 6]. This system has a
library for computations with algebraic D-modules dmod.lib [9], which
we are going to use.

LIB "dmod.lib"; // load the library for D-modules
ring r = 0,(a,x),dp; // define a commutative ring
poly f = x^4 + 2*a*x^2 + 1;
def A = Sannfs(f); // A is a ring with the result object

// in it
setring A;

In the ring A, which stays for D[s] (see above), there is an object
called LD of the type ideal, which is the s-parametric annihilator ideal
L = AnnD[s] f

s as before. Its Gröbner basis consists of four operators

2x2∂a + 2a∂a − x∂x ,
x3∂x − 2a2∂a + ax∂x − 4x2s + 2∂a ,
4a2∂2

a − x2∂2
x − 8a∂as + 4a∂a − 4∂2

a + 4x∂xs− x∂x ,
2a2x∂a + ax2∂x − 4axs− 2x∂a + ∂x.

Now, we change the order of variables into ∂x, x, a, ∂a, s; adjust
the non-commutative relations respectively; set the monomial ordering,
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eliminating ∂x, x and compute the left Gröbner basis of the ideal L,
mapped from the ring A.

ring rr = 0, (Dx, x, a, Da, s), (a(1,1),dp);
matrix @D[5][5];
@D[1,2] = -1; @D[3,4] = 1;
def RR = nc_algebra(1,@D);
setring RR; // a new non-commutative ring
map M = A, a, x, Da, Dx, s; // map from A to RR using names
ideal LD = M(LD); // the image of LD in the new ring
LD = groebner(LD); // left Groebner basis of LD

At this stage we have to perform the addition of the left ideal L
with the right ideal J , generated by ∂x and intersect the result with the
subalgebra K〈a, ∂a | ∂aa = a∂a+1〉[s]. We go along the lines, described
above.

ideal DD = Dx ;
ideal J = rightNF(LD,DD); // reduce with Dx from the right
ideal NJ = nselect(J,1,2); // see below
NJ = groebner(NJ); // left Groebner basis of NJ

We achieve these operations by computing the right normal forms
of generators of left Gröbner basis of LD with respect to ∂x. Invoking
nselect command we select those generators, which do not include
the variables from 1 to 2, that is ∂x and x. As we can see, the ideal
called NJ, which stay for I as above, is a principal ideal indeed. It is
generated by the polynomial

4a2∂2
a − 4∂2

a − 8a∂as + 4a∂a − 4s− 1.

Depending on the monomial ordering used, sometimes an invertible
element might appear as a factor.

Now we substitute s by −m−1 and rewrite some terms, giving back
the answer: the integral F (a,m) is annihilated by the left principal
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ideal of the algebra K〈a, ∂a | ∂aa = a∂a + 1〉[m], which is generated by
the operator

4(a− 1)(a + 1)∂2
a + 4a(2m + 3)∂a + (4m + 3).

Of course, it is not yet a final answer, but an important part of it.
In the next sections we show how we come to a closed form for the
integral.

4 Holonomic systems and ∂-finite functions

We will now demonstrate how the symbolic evaluation of integrals
like (1) can be performed in a different, more general framework, fol-
lowing D. Zeilberger’s “holonomic systems approach” [14]. This theory
was extended by F. Chyzak [2, 3, 4] who introduced the concept of
∂-finite functions and proposed Ore algebras to describe them. More-
over he implemented the underlying algorithms in the Maple package
Mgfun.

For the construction of an Ore algebra, one starts with a com-
mutative algebra like K[X] or K(X) and adds one or several Ore ex-
tensions. These extensions introduce operators that necessarily com-
mute with each other but usually do not commute with the vari-
ables X. This setting is quite general (see e.g. [10]) and here we
consider only special operators, namely the partial derivatives ∂x, ∂a

and the shift sm. For example, the Ore algebra that we will use here is
O = K(x, a, m)[∂x; 1, ∂x][∂a; 1, ∂a][sm; sm, 0]. This algebra can also be
realized as an Ore localization (A2⊗K S1)B where A2 = K〈x, a, ∂x, ∂a |
∂xx = x∂x + 1, ∂aa = a∂a + 1〉, S1 = K〈m, sm | smm = msm + sm〉,
and B is the multiplicatively closed set K[x, a, m] \ {0} ⊂ A2 ⊗K S1.

A function f is called ∂-finite w.r.t. an Ore algebra K(X)[P; ., .] if
the K(X)-vector space spanned by all (XmPn)•f is finite-dimensional
over K(X). The following example will clarify this definition.

We want to find Ore operators in O that annihilate the integrand
g(x, a, m) = 1/(x4 + 2ax2 + 1)m+1. First observe that g is hyperexpo-
nential in x and a, i.e., ∂x•g

g and ∂a•g
g are rational functions in x and a
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respectively, e.g.,

∂x • g(x, a,m)
g(x, a, m)

=
(−m− 1)

(
4x3 + 4ax

)

x4 + 2ax2 + 1
.

Moreover g is hypergeometric in m which means that sm•g
g = g(x,a,m+1)

g(x,a,m)
is a rational function in m. Hence we can compute first order annihilat-
ing operators for g(x, a, m) in AnnO g = {R ∈ O | R•g = 0}. Note that
we use the term “annihilator” for any ideal of annihilating operators.

g = 1/(x^4+2*a*x^2+1)^(m+1);
ann = Annihilator[g, {S[m], Der[a], Der[x]}]

{(x4 + 2ax2 + 1)∂x + 4mx3 + 4x3 + 4ax + 4amx,

(x4 + 2ax2 + 1)∂a + 2mx2 + 2x2,

(x4 + 2ax2 + 1)sm − 1}

An easy check ensures that these polynomials indeed constitute a Gröb-
ner basis of the left ideal they generate. Moreover all leading monomials
have degree 1; hence the corresponding ideal is a left maximal ideal and
we have dimK(x,a,m)O/AnnO g = 1, so g is indeed ∂-finite w.r.t. O.

In order to perform the integration w.r.t. x, we are interested in
finding operators in AnnO g of the following special form:

P (a,m, ∂a, sm) + ∂xQ(x, a, m, ∂x, ∂a, sm),

since

0 =
∫ ∞

0

(
P (a,m, ∂a, sm) + ∂xQ(x, a, m, ∂x, ∂a, sm)

) • g(x, a,m) dx

= P • F (a,m) +
[
Q • g(x, a, m)

]x=∞

x=0
. (2)

For this purpose we will use Takayama’s algorithm [13, 12]. It is de-
signed in a way that it computes P (the part one is mainly interested in)
without computing Q. Informally spoken, one first divides out the right
ideal generated by ∂x and then eliminates x by performing a Gröbner
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basis computation over a module. To this aim we have to compute
in the Ore algebra K(a,m)[x][∂x; 1, ∂x][∂a; 1, ∂a][sm; sm, 0] because oth-
erwise we were not able to eliminate x. More details on Takayama’s
algorithm were given in the previous section.

The fact that Q is not considered at all leads to the prerequisite that
the integral must have natural boundaries: An integral

∫ v
u h(x, . . . )dx

is said to have natural boundaries if [R • h]x=v
x=u = 0 for all operators R

in the respective algebra. In particular, the inhomogeneous part in (2)
will vanish. If the integral does not have natural boundaries, we can
end up with an inhomogeneous equation.

If we now look at the integral (1) we see that unfortunately it does
not have natural boundaries, e.g.,

[
1 • g(x, a,m)

]x=∞

x=0
= −1.

We nevertheless can apply Takayama’s algorithm, but we have to
use an extended version where also Q is computed. Such an extension
is included in [7].

Takayama[ann, {x}, OreAlgebra[{x}, {Der[x], S[m], Der[a]}],
Extended -> True]

{{(−4m− 4)sm + 2a∂a + (4m + 3), (3)
(4a2 − 4)∂2

a + (8ma + 12a)∂a + (4m + 3)},
{x, (−4m− 4)xsm + 2ax∂a + x}}.

We are interested in the ordinary differential equation in a (the second
operator). Note that it is the same as the result obtained with the first
method. The corresponding Q is (−4m− 4)xsm + 2ax∂a + x. Now we
verify that [Q • g]x=∞

x=0 indeed vanishes although the integral does not
have natural boundaries:

inhom = Simplify[ApplyOreOperator[%[[2,2]], g]]

x
(
x4 + 2ax2 + 1

)−m−2 (−x4 + 2ax2 + 4m
(
ax2 + 1

)
+ 3

)
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inhom /. x -> 0

0

Limit[inhom, x -> Infinity, Assumptions -> m >= 0]

0

Hence, we derived in a purely automatic fashion an ordinary differential
equation in a that is satisfied by the integral.

5 Closed form solution

Up to now we did not present a closed form solution of the integral,
but only a differential equation in the parameter a:

(4m + 3)F (a,m) + 4a(2m + 3)F ′(a,m) + 4
(
a2 − 1

)
F ′′(a,m) = 0. (4)

For solving this differential equation we can use standard tools. Since
it has order 2, we need the initial values F (0,m) and F ′(0,m):

in0 = Integrate[g /. a -> 0, {x, 0, Infinity},
Assumptions -> m >= 0]

Γ
(

5
4

)
Γ

(
m + 3

4

)

Γ(m + 1)

in1 = Integrate[D[g, a] /. a -> 0, {x, 0, Infinity},
Assumptions -> m >= 0]

−2Γ
(

7
4

)
Γ

(
m + 5

4

)

3Γ(m + 1)

We solve (4) with Mathematica’s command DSolve:

DSolve[{(4m+3)F[a] + 4a(2m+3)F’[a] + 4(a^2-1)F’’[a] == 0,
F[0] == in0, F’[0] == in1}, F[a], a]
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After some simplification we end up with the final result:

F (a,m) = −(1 + i)(−i)m2−m−1
(
a2 − 1

)−m
2
− 1

4
√

πQ
(m+ 1

2
)

m (a)
Γ(m + 1)

,

where Q
(µ)
λ (z) denotes the associated Legendre function of the second

kind.
Note that we computed this solution completely automatically with

no necessity of human insight to the specific problem. V. Moll as
an expert in the field of integrals gives the following slightly simpler
solution involving Jacobi polynomials:

F (a,m) = 2−m− 3
2 (a + 1)−m− 1

2 πP
(m+ 1

2
,−m− 1

2)
m (a)

With our software [7] we can immediately prove the correctness of this
solution:

Annihilator[Pi*JacobiP[m, m+1/2, -m-1/2, a]/2^(m+3/2)/
(a+1)^(m+1/2),{Der[a], S[m]}]

{−4m + (−2a)∂a + (4m + 4)sm − 3,

4m +
(
4a2 − 4

)
∂2

a + (8ma + 12a)∂a + 3}

Observe that this annihilator is exactly the same as (3). By comparing
the initial values

F (0, 0) =
π

2
√

2
and F ′(0, 0) = − π

4
√

2

we complete the proof.

6 Conclusion

We presented computer algebra methods for the automatic solution of a
parametrized integral. We want to emphasize that these methods are
applicable to a wide class of integration (and summation) problems.
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In particular the second method works for the large class of holonomic
functions. As a more challenging example let’s just mention the integral

∫ ∞

0

1
(x4 + ax3 + bx2 + cx + d)m

dx

which contains more parameters, but nevertheless can be tackled in an
analogous way. The problem here is only that the resulting differential
equations are so involved that the standard tools are not able to find
a closed form solution.

We are grateful to Victor Moll and Peter Paule for turning our
attention towards this interesting problem.

We would like to acknowledge a partial financial support by the
DFG Graduiertenkolleg “Hierarchie und Symmetrie in mathematischen
Modellen” at RWTH Aachen, Germany, and by the Austrian FWF
grant P20162 “Symbolische Integration und Spezielle Funktionen”.
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An algebraic approach to a study of

two-dimensional affine differential system
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Abstract

In a present paper a problem of classification of Aff(2,R)-
orbits’ dimensions is considered on example of an autonomous
two-dimensional affine differential system of first order. Meth-
ods of Lie algebras are used in the work, as well as methods
of group analysis. Computer algebra systems ”Bergman” and
”Mathematica 5.0” are widely used.
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1 Introduction

In a present work we consider autonomous polynomial differential sys-
tem, written in general form as follows

dxj

dt
=

∑

mi∈Γ

P j
mi

(x), (j = 1, 2), (1)

where Γ = {mi}l
i=1 is some finite set of different non-negative integers,

and

P j
mi

(x) =
mi∑

k=0

(
mi

k

)
i
aj

k(x
1)mi−k(x2)k, (j = 1, 2; i = 1, l)

c©2008 by E. Naidenova
∗Supported by INTAS grant Ref. Nr. 05-104-7553, CSSDT grant Ref.

Nr.07.411.05INDF
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are homogeneous polynomials with order mi in (x1, x2, ..., xn). Coef-
ficients and variables of system (1) are defined over the field of real
numbers R. Further we will denote system (1) by s2(Γ) for special Γ.
The variable t is independent one, and x1, x2 are dependent functions
(variables) on t.

System (1) will be considered with group of affine transformations
Aff(2,R) given by equalities

x1 = αx1 +βx2 +h1, x2 = γx1 +δx2 +h2,

(
∆ =

∣∣∣∣
α β
γ δ

∣∣∣∣ 6= 0
)

, (2)

where α, β, γ, δ, h1, h2 are real parameters, ever varying in R. Further

we will consider transformations (2) given by matrix q =
(

α β
γ δ

)
,

and when we say ”q belongs to group Aff(2,R)”, we write this as
q ∈ Aff(2,R).

Note that the application of group Aff(2,R) to qualitative inves-
tigation of systems (1) is remarkable as the system keeps its form after
affine transformation. And coefficients of the system are varying in ac-
cording to law of tensors, being basic geometrical objects of Invariant
Theory. Thus, we can conclude that to perform complete qualitative
investigation of system (1) it is necessary to apply the method of al-
gebraic invariants. Remark, that this method was founded in works by
K.Sibirsky [1].

Adaptation of Lie algebras of operators and techniques of group
analysis in study of systems (1) has appeared as a certain step in de-
velopment of this method. Results of such researches are quoted in
works by M.Popa [2] and his disciples. These works are devoted to
investigation of algebraic objects (finite-dimensional Lie algebras and
corresponding algebras of invariants), obtained due to representation of
linear groups of transformations in space of coefficients of systems (1).
Besides, the classification’s tasks are considered in these works, con-
cerned with dimensions of orbits, as well as with problems of existence
of invariant integrals.

As appeared, an answer to the question about existence of such in-
tegrals is thoroughly connected with classification of orbits’ dimensions
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and of invariant varieties of considering groups, particularly, group
Aff(2,R). Therefore it became necessary to construct such classifi-
cations for further investigation of systems (1).

Remark, that solution of classifications’ questions for systems (1)
with more than one homogeneity in right-hand sides requires implica-
tion of computer algebra systems and was impossible until nowadays
due to intricate calculations.

2 Basic notions and definitions

Throughout the work we will need some notions.
Definition 2.1. Call the linear space Lr over the field R a Lie al-

gebra, if for any two of its elements X, Y the operation of commutation
[X, Y ] is defined, which returns the element from Lr (commutator of
elements X, Y ) and satisfies the following axioms:

1) bilinearity: for any X, Y, Z ∈ L and α, β ∈ R
[αX + βY, Z] = α[X, Z] + β[Y,Z],

[X, αY + βZ] = α[X,Y ] + β[X,Z];

2) anti-symmetry: for any X, Y ∈ L

[X, Y ] = −[Y,X];

3) identity of Jacobi: for any X, Y, Z ∈ L

[[X,Y ], Z] + [[Y, Z], X] + [[Z, X], Y ] = 0.

It is shown in [2] that Lie algebra, corresponding to linear repre-
sentation of group Aff(2,R) in the space of coefficients and variables of
system (1), is six-dimensional Lie algebraL6 = {X1, X2, X3, X4, X5, X6}.
This algebra can be given by Lie operators [2]:

X1 = x1 ∂

∂x1
−D1, X2 = x2 ∂

∂x1
−D2, X3 = x1 ∂

∂x2
−D3,

X4 = x2 ∂

∂x2
−D4, X5 =

∂

∂x1
−D5, X6 =

∂

∂x2
−D6, (3)
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where

D1 =
l∑

i=1

mi∑

k=0


(mi − k − 1)

i
a1

k

∂

∂
i
a1

k

+ (mi − k)
i
a2

k

∂

∂
i
a2

k


 ,

D2 =
l∑

i=1

mi∑

k=0


k


 i

a1
k−1

∂

∂
i
a1

k

+
i
a2

k−1

∂

∂
i
a2

k


− i

a2
k

∂

∂
i
a1

k


 ,

D3 =
l∑

i=1

mi∑

k=0


(mi − k)


 i

a1
k+1

∂

∂
i
a1

k

+
i
a2

k+1

∂

∂
i
a2

k


− i

a1
k

∂

∂
i
a2

k


 ,

D4 =
l∑

i=1

mi∑

k=0


k

i
a1

k

∂

∂
i
a1

k

+ (k − 1)
i
a2

k

∂

∂
i
a2

k


 ,

D5 =
l∑

i=1

i−1∑

k=0

i


 i

a1
k

∂

∂
i−1
a 1

k

+
i
a2

k

∂

∂
i−1
a 2

k


 ,

D6 =
l∑

i=1

i−1∑

k=0


 i

a1
k+1

∂

∂
i−1
a 1

k

+
i
a2

k+1

∂

∂
i−1
a 2

k


 . (4)

According to [2], in order to solve the problem of classification of orbits’
dimensions, we will consider only operators D1 - D6, since they form
six-dimensional Lie algebra L6, corresponding to linear representation
of group Aff(2,R) in the space of coefficients of system (1).

Let a =
(

1
a1

0,
1
a1

1, . . . ,
l
a2

ml

)
∈ E(a), where E(a) is Euclidean space of

coefficients of right-hand sides of system (1).
Denote by a(q) a point from E(a) corresponding to a system, ob-

tained from system (1) with coefficients a after transformation q ∈
Aff(2,R).

Definition 2.2. The set O(a) = {a(q); q ∈ Aff(2,R)} is called an
Aff(2,R)-orbit of a point a for system (1).

Definition 2.3 The set M ⊆ E(a) is called an Aff(2,R)-invariant
set if for any point a ∈ M its orbits O(a) ⊆ M .
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It is known from [3] - [4] that space g(a), constructed on coordinate
vectors of operators (4), is the tangent space to Aff(2,R) - orbit O(a)
in point a ∈ E(a), such that

dimRO(a) = dimRg(a). (5)

On the other hand,
dimRg(a) = rankM1, (6)

where M1 is a matrix, constructed on coordinate vectors of operators
(4).

From (5) - (6) it is evident

dimRO(a) = rankM1. (7)

Denote by

M =




x1 0
x2 0
0 x1

0 x2

1 0
0 1




.

We will denote the matrix (M, M1) by (ξ(x), η(a)) when it repre-
sents a reflection in space of coefficients and variables E(x, a) of system
(1).

Further we will consider varieties Ψ given implicitly in finite-
dimensional space E(x, a) [4].

This means that an open set U ⊂ E(x, a) is given together with
reflection ψ : U → R of class C∞(U), and ψ(x0, a0) = 0 for some point
(x0, a0) ∈ U and the set ψ(U0) is open in R for any vicinity U0 ⊂ U
of the point (x0, a0). Variety Ψ can be defined in these conditions as
locus of (x, a) ∈ U , for which holds

ψ(x, a) = 0. (8)

Equality (8) is called the equation of variety Ψ.
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Definition 2.4. Call the variety Ψ an invariant if for any point
a ∈ Ψ its orbit O(a) ⊆ Ψ.

Definition 2.5. Call the number

r∗ = r∗(ξ, η) = max rank
(x,a)∈U

(ξ(x), η(a))

a general rang of the reflection (ξ, η) onto open set U ⊂ E(x, a).
Definition 2.6. Call the point (x, a) ∈ E(x, a) a singular point (of

group Aff(2,R) or its Lie algebra L6), if

rank(ξ(x), η(a)) < r∗,

and non-singular point (of group Aff(2,R) or its Lie algebra L6) if

rank(ξ(x), η(a)) = r∗.

Definition 2.7. Call the variety Ψ ⊂ U a singular variety of group
Aff(2,R) (or its Lie algebra L6(ξ, η)) if all its points are singular and
if the reflection (ξ, η) has the rang on Ψ, i.e. for any point (x, a) ∈ Ψ
we obtain

rank(ξ(x), η(a)) = r∗(M |Ψ) < r∗.

Definition 2.8. Call the variety Ψ ⊂ U a non-singular variety
of group Aff(2,R) (or its Lie algebra L6(ξ, η)) if all its points are
non-singular, i.e. if the following equality holds

r∗(M |Ψ) = r∗.

According to last definitions, all invariant varieties of group Aff(2,
R) can be divided into singular and non-singular Aff(2,R)-invariant
varieties.

From this viewpoint, the classification of dimensions of Aff(2,R)-
orbits of differential equations’ system can be represented as a classifica-
tion of invariant varieties of group Aff(2,R). Remark, that Aff(2,R)-
orbits of maximal dimension correspond to non-singular invariant va-
rieties of group Aff(2,R).
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From Theorem of representation [4] follows
Theorem 2.1. If non-singular variety of Lie algebra L6(ξ, η) is

given regularly by equation (8), then such invariant F : E(x, a) → R of
this algebra exists, that this variety can be given by equality F (x, a) =
0.

Definition 2.9. Call the integer rational function K(x, a), in vari-
ables x and coefficients a of system (1) an affine comitant if it meets
the condition

K(x̄, ā) = ∆−gK(x, a)

for any values of x and a and any transformations of group Aff(2,R).
Number g is called a weight of affine comitant.

Definition 2.10. If an affine comitant K(x, a) does not depend on
variables x, it is called an affine invariant of system (1).

From [2] and [4] it is known
Theorem 2.2. The integer rational function K(x,A) (I(A)) in

variables x and coefficients a of system (1) is an affine comitant (in-
variant) of this system with weight g if and only if it meets conditions

X1(K) = X4(K) = −gK, X2(K) = X3(K) = X5(K) = X6(K) = 0;
D1(I) = D4(I) = −gI, D2(I) = D3(I) = D5(I) = D6(I) = 0,

where X1 - X6 and D1 - D6 are defined in (3) and (4).

3 Classification of dimensions of Aff(2,R) - or-
bits for system s2(0, 1).

Let us apply above stated theory to investigation of affine differential
system s2(0, 1).

Consider system (1) for Γ = {0, 1}. According to [1] we will write
it in tensor form as follows

dxj

dt
= aj + aj

αxα, (j, α = 1, 2). (9)

System (9) will be considered with group Aff(2,R), defined in (2).
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Further we will use affine comitants and invariants known from
works [1], [5], [6]:

K2 = ap
αxαxqεpq, K21 = apxqεpq, K22 = aαap

αxqεpq,

I1 = aα
α, I2 = aα

βaβ
α, I21 = aαaqap

αεpq,

Q = I21 + I1K22 − I2K21 +
1
2
(I2

1 − I2)K2, (10)

where εpq and εpq are unit bi-vectors with coordinates ε11 = ε22 = 0,
ε12 = −ε21 = 1 and ε11 = ε22 = 0, ε12 = −ε21 = 1.

Remark [6], that invariants I1, I2 and comitant Q form minimal
polynomial basis of affine comitants for system (9).

In order to simplify further expressions we will use the following
notations

x1 = x, x2 = y, a1 = a, a2 = b, a1
1 = c, a1

2 = d, a2
1 = e, a2

2 = f. (11)

According to (3) - (4) and (11), we will write Lie operators for
system (9):

X1 = x
∂

∂x
−D1, X2 = y

∂

∂x
−D2, X3 = x

∂

∂y
−D3,

X4 = y
∂

∂y
−D4, X5 =

∂

∂x
−D5, X6 =

∂

∂y
−D6,

where

D1 = −a
∂

∂a
− d

∂

∂d
+ e

∂

∂e
, D2 = −b

∂

∂a
− e

∂

∂c
+ (c− f)

∂

∂d
+ e

∂

∂f
,

D3 = −a
∂

∂b
+ d

∂

∂c
− (c− f)

∂

∂e
− d

∂

∂f
, D4 = −b

∂

∂b
+ d

∂

∂d
− e

∂

∂e
,

D5 = c
∂

∂a
+ e

∂

∂b
, D6 = d

∂

∂a
+ f

∂

∂b
.(12)

Matrix M1, constructed on coordinate vectors of operators (12),
takes the form
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M1(0, 1) =




−a 0 0 −d e 0
−b 0 −e c− f 0 e
0 −a d 0 f − c −d
0 −b 0 d −e 0
c e 0 0 0 0
d f 0 0 0 0




(13)

Remark 3.1. One can verify that rank of matrix (13) is less than
5. Therefore, according to (7), the dimension of Aff(2,R)-orbit for
system (9) is less than 5.

Remark 3.2. Using (10), one can verify that K2 ≡ 0 yields Q ≡ 0.

To define a rank of matrix M1(0, 1) it is necessary to construct all
its minors of all possible orders. It is done using computer algebra
system ”Mathematica 5.0”. In order to find affine-invariant conditions
for rank of matrix M1(0, 1) its minors of each order are considered sep-
arately along with invariants and semi-invariants (corresponding coef-
ficients of affine comitants with each degree of variable x) of system
(9). As these objects are polynomials depending on coefficients of sys-
tem (9) and forming an ideal, the corresponding Gröbner bases [7] can
be used to obtain linear dependency among them. Namely, the set of
minors of each order is divided in subsets with respect to their types.
All possible combinations of invariants, semi-invariants and their prod-
ucts of each type are composed. The corresponding Gröbner bases
then has been constructed for them with the help of computer alge-
bra system ”Bergman” [8]. Analyzing such a bases one can figure out
its element representing linear dependency between minors of matrix
(13) and affine invariants and semi-invariants, as this element should
contain only names of minors, invariants and semi-invariants, not the
coefficients of system (9). According to this algorithm all types of
minors of matrix (13) have been treated and corresponding Gröbner
bases are constructed, therefore, desired dependencies are obtained.
This technique is used throughout the proofs of Lemmas 3.1 - 3.4.

Lemma 3.1. Rank of matrix M1(0, 1) is equal to 4 if and only if
holds

K2Q 6≡ 0, (14)
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where K2 and Q are defined in (10).
Proof. Let us prove the necessity. Assume the contradiction.

Namely, assume that for
K2Q ≡ 0 (15)

even one non-zero minor of 4th order of matrix (13) exists. Equality
(15) holds at least for K2 ≡ 0 or Q ≡ 0.

Examine K2 ≡ 0. Than, taking into consideration (10) and (11),
we obtain the following values for coefficients of system (9)

e = d = 0, c = f. (16)

After substitution of values (16) to matrix (13) one can verify that
all 4th order’s minors of this matrix are equal to zero. Thus, the
assumption is not true in this case.

Examine Q ≡ 0. Than, taking into consideration (10) and (11), we
obtain the following series of values for coefficients of system (9):

e = d = 0, c = f, (17)
a = c = d = 0, (18)
b = e = f = 0, (19)

d = f = 0, e =
bc

a
, a 6= 0, (20)

a = b = 0, d =
fc

e
, e 6= 0, (21)

c = −f, d =
af

b
, e = −bf

a
, ab 6= 0, (22)

c = e = 0, d =
af

b
, b 6= 0, (23)

c = f, d =
af

b
, e =

bf

a
, ab 6= 0. (24)

Case (17) coincides with case (16), obtained for K2 ≡ 0, and will not
be considered.

After substitution of each of series (18) - (24) to matrix (13) we
obtain that all its 4th order minors are equal to zero. So, the above
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stated assumption is not true in this case too. Therefore we conclude
the necessity of conditions (14).

Sufficiency of conditions (14) is ensured by equality

K2Q = ∆1256
1235x

4 + 2∆1256
1236x

3y + (2∆1256
1234 −∆2356

1236)x
2y2 + 2∆1356

1236xy3 +
+∆1356

1234y
4 + (∆1245

1236 + 2∆2345
1235)x

3 + (∆2345
1236 − 2∆1236

1235)x
2y + (2∆2345

1234 −
−∆1236

1236)xy2 + (∆1346
1236 − 2∆1345

1234)y
3 + ∆1234

1235x
2 −∆1234

1236xy −∆1234
1234y

2,

where ∆ijhk
lmnp is 4th order minor of matrix (13), constructed on lines i,

j, h, k (1 ≤ i, j, h, k ≤ 6) and columns l, m, n, p (1 ≤ l, m, n, p ≤ 6).
Lemma 3.1 is proved.

Lemma 3.2. Rank of matrix M1(0, 1) is equal to 3 if and only if
hold

Q ≡ 0, K2 6≡ 0, (25)

where K2 and Q are defined in (10).
Proof. Necessity of conditions (25) follows from Lemma 3.1. Let us

prove sufficiency. We will consider each of cases (18) - (24) separately.
Note, that case (17) contradicts to conditions of Lemma 3.2.

Denote by ∆ijk
lmn a 3rd order minor of matrix (13) constructed on

lines i, j, h, (1 ≤ i, j, k ≤ 6) and columns l, m, n (1 ≤ l, m, n ≤ 6).
As conditions (18) hold, comitant K2 takes the form K2 = −ex2 −

fxy. For K2 6≡ 0 non-zero 3rd order’s minors of matrix (13) will be at
least ∆125

145 = −e3 or ∆236
245 = f3.

As conditions (19) hold, comitant K2 takes the form K2 = cxy+dy2.
For K2 6≡ 0 non-zero 3rd order’s minors of matrix (13) will be at least
∆136

134 = −d3 or ∆235
145 = c3.

As conditions (20) hold, comitant K2 takes the form K2 = c(− b
ax2+

xy). For K2 6≡ 0 non-zero 3rd order’s minor of matrix (13) will be at
least ∆235

145 = c3.
As conditions (21) hold, comitant K2 takes the form K2 = −ex2 +

(c − f)xy + cf
e y2. Remark, that e 6= 0. So, K2 6≡ 0 and non-zero 3rd

order’s minor of matrix (13) will be at least ∆125
145 = −e3.

As conditions (22) or (24) hold, comitant K2 takes the form K2 =
f(− b

ax2−2xy+ a
b y2) or K2 = f(− b

ax2 + a
b y2), correspondingly. In both
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cases for K2 6≡ 0 non-zero 3rd order’s minor of matrix (13) will be at
least ∆125

134 = f3.
As conditions (23) hold, comitant K2 takes the form K2 = f(−xy+

a
b y2). For K2 6≡ 0 non-zero 3rd order’s minor of matrix (13) will be at
least ∆236

245 = f3.
Sufficiency of conditions (25) is proved completely. Lemma 3.2 is

proved.
Lemma 3.3. Rank of matrix M1(0, 1) is equal to 2 if and only if

hold
K2 ≡ 0, K2

21 + I2
1 6≡ 0, (26)

where K2, K21, I1 are defined in (10).
Proof. Denote by ∆ij

hk a 2nd order minor of matrix (13) con-
structed on lines i, j (1 ≤ i, j ≤ 6) and columns h, k (1 ≤ h, k ≤ 6).

Necessity of equality from (26) follows from Lemmas 3.1 - 3.2 and
Remark 3.2. Let us prove necessity of inequality from (26). Assume
the contradiction. Namely, assume that for

K2
21 + I2

1 ≡ 0 (27)

at least one non-zero 2nd order’s minor of matrix (13) exists. For
K2 ≡ 0, taking into consideration (10) and (16), invariant I1 takes the
form

I1 = 2f. (28)

According to (10) and (11), comitant K21 can be written as follows

K21 = −bx + ay. (29)

As K2 ≡ 0 holds, all non-zero 2nd order’s minors of matrix (13) will
coincide to sign with one of the following

∆13
12 = a2, ∆14

12 = ab, ∆24
12 = b2, ∆16

12 = af, ∆26
12 = bf, ∆56

12 = f2. (30)

As (27) holds, from (28) and (29) follows that a = b = f = 0 and all mi-
nors (30) are equal to zero. This contradiction confute our assumption
and confirms the necessity of inequality from (26).
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Sufficiency of conditions (26) is ensured by equality

K2
21 + I2

1 = ∆24
12x

2 − 2∆14
12xy + ∆13

12y
2 + 4∆56

12.

Lemma 3.3 is proved.
From Lemmas 3.1 - 3.3 evidently follows

Lemma 3.4. Rank of matrix M1(0, 1) is equal to 0 if and only if
hold

K2 ≡ 0, K2
21 + I2

1 ≡ 0, (31)

where K2, K21, I1 are defined in (10).
From Lemmas 3.1 - 3.4, Remark 3.1 and equality (7) follows

Theorem 3.1. Aff(2,R) - orbit of system (9) has the dimension

4 for QK2 6≡ 0; (32)
3 for Q ≡ 0, K2 6≡ 0; (33)
2 for K2 ≡ 0, K2

21 + I2
1 6≡ 0; (34)

0 for K2 ≡ 0, K2
21 + I2

1 ≡ 0, (35)

where K2, K21, Q, I1 are defined in (10).
According to Definition 2.3 from Theorem 3.1 follows

Theorem 3.2. Sets M1, M2, M3, M4, defined by expressions (32),
(33), (34) and (35) correspondingly, form Aff(2,R)-invariant parti-
tion of space E(a) of coefficients of system (9), i.e.

4⋃

i=1

Mi = E(a), Mi

⋂
Mj = ∅

and each set M1 (i = 1, 4) is Aff(2,R)-invariant.

Remark 3.3. Set M1 with conditions (32) represents non-singular
invariant variety of group Aff(2,R).

Remark 3.4. Sets M2-M4 with conditions (33) - (35) correspon-
dingly represent singular invariant varieties of group Aff(2,R).

Some results of this paper were announced in a common report with
V.Orlov at the Conference ”Algebraic systems and their applications
in differential equations and other domains of mathematics”, see [9].
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A zero-dimensional approach to compute real

radicals

Silke J. Spang

Abstract

The notion of real radicals is a fundamental tool in Real Alge-
braic Geometry. It takes the role of the radical ideal in Complex
Algebraic Geometry. In this article I shall describe the zero-
dimensional approach and efficiency improvement I have found
during the work on my diploma thesis at the University of Kaiser-
slautern (cf. [6]). The main focus of this article is on maximal
ideals and the properties they have to fulfil to be real. New theo-
rems and properties about maximal ideals are introduced which
yield an heuristic prepare max which splits the maximal ideals
into three classes, namely real, not real and the class where we
can’t be sure whether they are real or not. For the latter we have
to apply a coordinate change into general position until we are
sure about realness. Finally this constructs a randomized algo-
rithm for real radicals. The underlying theorems and algorithms
are described in detail.

1 Introduction

The original task arose from an article by Becker and Neuhaus written
in 1998 (see [1]), where they present an idea to compute the real radical
of a polynomial ideal. The following article speeds up the computation
time of the algorithm which they described there:

Becker and Neuhaus idea was a coordinate change to reduce to the
univariate case. Such coordinate changes cause a coefficient growth
which slows down the computation.

c©2008 by Silke J. Spang
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Our idea is to study the properties of maximal ideals M and find
a heuristic to decide whether they are real, i. e. if re

√
M = M or not.

This arose from the fact that the primary decomposition in Singular
is well implemented and very efficient in the average case.

The article is structured in three parts:
Section 1 gives a short overview of and motivation for the notion

of τ -radicals. In particular the real radical is recalled. Some theory
on how the τ

√-functor behaves and first properties of K-algebras A are
stated. The real radical commutes with intersection and localisation.
For an arbitrary ideal I EA, we know re

√
I = re

√
re
√

I, and re
√

I is a rad-
ical ideal by definition. A special form of the Real Nullstellensatz over
Q is stated. One of the fundamental statements is Theorem 1 which
tells us that the real radical of I is the intersection of all real prime ide-
als P containing I. In fact, giving rise to all real points, the real radical
of I is the intersection of all real maximal ideals M containing I. The
section finishes by sketching how the one-to-one correspondences from
algebraic geometry over algebraically closed fields are translated to real
algebraic geometry by means of the real radical. Thus a real maximal
ideal corresponds to a zero-dimensional real zero-set which can be seen
as finitely many conjugate points in the field extension of Q to Ralg (or
R by the Tarski Seidenberg principle).

Prime ideals correspond to irreducible Q-varieties in Rn and the pri-
mary decomposition is just the decomposition of a Q-variety Vre(I) ⊂
Rn into its irreducible components.

The univariate case of polynomials f ∈ Q(y1, . . . , ym)[x] which is a
special case of zero-dimensional ideals is explained in Section 2. The
main idea is the following: Let

f = ε · pα1
1 · pα2

2 · · · pαr
r .

If we could decide whether a prime polynomial pi is real or not, then
the real radical of the principal ideal 〈f〉EQ(y1, . . . , ym)[x] is

re
√
〈f〉 = 〈

∏

pi is real

pi〉.
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This provides an idea how to compute the real radical of a univariate
polynomial.

After describing the machinery for the univariate case, an algorithm
for computing the zero-dimensional radical is explained in section 3. In
contrast to the article of Becker and Neuhaus, the decision was to com-
pute the primary decomposition of the zero-dimensional input and to
give a heuristic for deciding whether a maximal ideal is real or not.
This heuristic yields a procedure prepare max which prepares a max-
imal ideal in such a way that we can avoid a coordinate change into
general position as often as possible. If a coordinate change can’t be
avoided we use the procedure GeneralPos. Its input is a list of maximal
ideals where a change can’t be avoided. Here a suitably randomised
coordinate change is computed such that we can check the properties of
prepare max for the transformed maximal ideals and afterwards we in-
tersect all real maximal ideals of this list. The procedure RealZero gets
a zero-dimensional input I and computes its primary decomposition.
Then it considers separately every maximal ideal and tests if a change
is needed to compute the real part. Afterwards it intersects the real
radicals of all these ’nice’ maximal ideals and restarts the procedure
GeneralPos for the list of ’bad’ ideals. To conclude the article section
3 is finished with one important Theorem of Becker and Neuhaus ([1]
Theorem 4.5.) which explains the computation real radicals of general
polynomial ideals via a reduction to the zero-dimensional case.

I would like to thank Dr. Anne Frühbis-Krüger and Prof. Dr. Ger-
hard Pfister for many fruitful discussions. I want to thank the Sin-
gular team of the University in Kaiserslautern, especially Dr. Hans
Schönemann, for supporting me with my Singular problems while
implementing the algorithms for my diploma thesis and giving good
advise on the computation.

2 τ-real ideals and the real radical

This section uses some basics in real algebra which can be found in [5].
We define τ -radicals for pre-orderings σ of real fields K.
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Definition 1 (τ-radicals and the real radical) Let K be a for-
mally real field and τ a pre-ordering of K. For any K-algebra A, we
define the τ -radical of an ideal I E A by

τ
√

I = {f ∈ A : f2r+
m∑

i=1

aig
2
i ∈ I with r,m ∈ N, gi ∈ A and ai ∈ τ ∀i}.

An ideal I with the property I = τ
√

I is called τ -real.
If τ =

∑
K2 =: re, then re

√
I is called the real radical of I.

We can easily verify that τ
√

I is an ideal. For the special case of subfields
K of R we get the following definition.

Definition 2 (Real radical) Let A be an affine K-algebra, IEA any
ideal. We define the real radical of I to be

re
√

I :=〈f ∈ A : ∃r,m ∈ N :

f2r +
m∑

i=1

kig
2
i ∈ I, ki ∈ K≥0, gi ∈ A〉

I is called real if and only if re
√

I = I.

To see that both definitions do not differ for Q ⊆ K ⊆ R and the
special case τ = re =

∑
Q2 we prove the following lemma:

Lemma 1 Let K = Q, then re =
∑

K2 = K≥0 is an ordering of K.

Proof 1
∑
Q2 ⊆ Q≥0 is clear.

Let p
q ∈ Q>0. Then

p

q
=

pq

q2
=

pq∑

i=1

(
1
q

)2

∈
∑

Q2.

Hence Q has a unique real closure and this closure is Ralg := Q∩R, so
we get the following corollary.

Corollary 1 For every algebraic extension K of Q which is in R there
exists only one possible ordering, i. e.

∑
K2 = K≥0.
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2.1 Some properties of the τ
√

-functor

For this subsection see Chapter 2 of [1].

Theorem 1 Let (K, τ) be a pre-ordered field, I, J ideals in some K-
algebra A and S a multiplicative closed subset of A satisfying 1 ∈ S
and 0 6∈ S. Then we have:

(a) τ
√

I ∩ J = τ
√

I ∩ τ
√

J

(b) τ
√

IS = ( τ
√

I)S

Here τ
√

IS denotes the τ -radical of the extension ideal IS of I in the
quotient ring AS which naturally is a K-algebra.

For prime ideals and prime polynomials we get the following prop-
erties:

Lemma 2 Let (K, τ) be a pre-ordered field and I a τ -real ideal of some
K-algebra A. Then all minimal primes of I are τ -real as well.

Corollary 2 Let (K, τ) be a pre-ordered field and I an ideal of some
K-algebra A. Then τ

√
I =

⋂
P , where P ranges over all τ -real primes

containing I.

Proof 2 The τ -real ideal τ
√

I is radical and thus the intersection of its
minimal primes. These are τ -real by Lemma 2.

The most important proposition which describes the relation between
τ -realness and the possibility to extend pre-orderings is stated below.

Proposition 1 Let (K, τ) be a pre-ordered fields and P a prime ideal
of some K-algebra A. Then the following statements are equivalent:

(a) P is τ -real

(b) There is some α ∈ X(K) (which is the set of all orderings for any
formally real field K.) satisfying α ⊇ τ which can be extended to
an ordering α of the function field k(P ) := Q(A�P ).
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(c) There is some α ∈ X(K) satisfying α ⊇ τ such that P is α-real.

Moreover if A is an affine K-algebra and P a maximal ideal of A then
the statements (a)− (c) are equivalent to:

(d) There is some α ∈ X(K) satisfying α ⊇ τ such that k(P ) can be
embedded into some real closed field containing the real closure of
(K, τ).

Finally the real radical describes a real variety as a collection of all
real points respectively. conjugated points.

Proposition 2 Let (K, τ) be a pre-ordered field and I an ideal of some
affine K-algebra A. Then τ

√
I =

⋂
M , where M ranges over all τ -real

maximal ideals of A containing I.

2.1.1 The behaviour of prime polynomials

The well-known sign change criterion of D. Dubois and G. Elfroym-
son (see [5] Chapter 2 12 Theorem 4) is:

Theorem 2 Let (K, τ) be an ordered field with its unique real closure
R and f ∈ K[x1, . . . , xn] be an irreducible polynomial. Then the fol-
lowing are equivalent:

(a) The ordering τ can be extended to an ordering α over the function
field k(f) = Q(K[x1, . . . , xn]/〈f〉).

(b) f is indefinite over R, i. e. there exists a, b ∈ Rn such that f(a) ·
f(b) < 0.

This leads us directly to the following remark about the situation
over the special case that K = Q.

Remark 1 Let f ∈ Q[x1, . . . , xn] be an irreducible polynomial. Then
f is real (i. e. 〈f〉 is real) if and only if f is indefinite over Ralg and
thus by the Tarski-Seidenberg principle indefinite over R.
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Proof 3 f is real if and only if the ordering re = Q≥ can be extended
in Q(Q[x1, . . . , xn]/〈f〉) by Proposition 1. By the sign change criterion
this can be extended if and only if f is indefinite over Ralg.

As another remark for polynomials over Q(y1, . . . , ym) we get:

Remark 2 Let f ∈ Q(y1, . . . , ym)[x1, . . . , xn] be an irreducible poly-
nomial. Then f is real if and only if there exists an ordering α of
Q(y1, . . . , ym) such that f is indefinite over the corresponding real clo-
sure Rα.

Proof 4 Let F := Q(y1, . . . , ym).
Let us first observe that since f is irreducible the ideal 〈f〉 is a prime
ideal. Let now α ∈ X(F ) be an ordering such that f is indefinite
over Rα. This ordering α of F can be extended to an ordering α in
k(f) = F [x1, . . . , xn]/〈f〉. By Proposition 1 (b) this is equivalent to the
statements that 〈f〉 is real. Thus f is real.

2.2 The Real Nullstellensatz

We now state the Real Nullstellensatz which was proved by Krivine
in the 60s. We first recall the set of real points. For more detailed
information see [5] or ([1] Definition 2.7 and Theorem 2.8)

Definition 3 Let (K, τ) be a pre-ordered field and I E K[x1, . . . , xn].
For a ordering α ⊇ τ let Rα denote the unique real closure of (K, α).
Then we define the set of all τ -real points Vτ as follows:

Vτ (I) = ∪α⊇τVRα(I).

Especially the set of all real points is denoted by Vre(I).

We get the general Real Nullstellensatz:

Theorem 3 (The general Real Nullstellensatz) Let (K, τ) be a
pre-ordered field and I E K[x1, . . . , xn] be an ideal. Then we have

IK(Vτ (I)) = τ
√

I.
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The following lemma is useful for the computation in real closed
fields. Note that it is a kind of specialisation of the Weak Nullstellensatz
over algebraically closed fields.

Lemma 3 Let R be any real closed field and M C ·R[x1, . . . , xn] be a
maximal ideal. Then we have the following 2 cases.

i. M is not real, so VR(M) = ∅.

ii. M is real and VR(M) consists of only one point.

Proof 5 As M is a maximal ideal R′ := R[x1, . . . , xn]/M is a field
extension of R. As R is real closed, we know that R = R(i) and
[R : R] = 2. So we have the following 2 cases.

[R′ : R] =1 Then R′ = R and every zero of M is real thus M is real.
Let a = (a1, a2, . . . , an) ∈ Rn so a ∈ VR(M).
Now IR(a) = 〈x1 − a1, x2 − a2, . . . , xn − an〉 is a maximal
ideal which contains M as 〈x1−a1, x2−a2, . . . , xn−an〉 =
IR(a) ⊂ IR(VR(M)) = M . Thus M = 〈x1 − a1, x2 −
a2, . . . , xn − an〉. And hence VR(M) = {a} is exactly one
point.

[R′ : R] =2 Then R′ = R and R is not real, thus M is not real by
Proposition 1. Hence by the Real Nullstellensatz (Theorem
3) VR(M) = ∅.

2.3 One-to-one correspondences in real algebraic geom-
etry

Let K be any subfield of R and A = K[x1, . . . , xn]. Here the following
special form of Theorem 3 holds:

Theorem 4 (Special Real Nullstellensatz) Let J EK[x1, . . . , xn],
then:

IK(VR(J)) = re
√

J
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This yields the well-known one-to-one correspondences.

real ideals 1:1←→ K-varieties in Rn

real prime ideals 1:1←→ irreducible K-varieties in Rn

real maximal ideals 1:1←→ irreducible 0-dim. K-varieties in Rn

So every correspondence over C occurs in a natural way by means
of real radicals in real algebraic geometry.

3 The univariate case

To obtain an algorithm for the zero-dimensional case, we first consider
the univariate case, i. e. ideals in the principal ideal domain F [x] where
F = Q(y1, . . . , ym). The main idea for the univariate case is the fol-
lowing: If we compute the real radical of 〈f〉 E K[x], we know that
factorising f corresponds to a primary decomposition. So if

f = εpm1
1 · pm2

2 · · · pmr
r

then the 〈pi〉, for all i = 1, . . . , r are precisely the minimal primes of
〈f〉. Such a minimal prime is real if and only if VR(pi) 6= ∅, i. e. if p
has a real root. So 〈pi〉 is real if and only if pi is real.

Hence the real radical of 〈f〉 is:

re
√
〈f〉 = 〈

∏

pi real

pi〉.

This leads us directly to the demand of a criterion to know whether an
irreducible polynomial p is real or not.

Here we have two cases:
In the easier first case F = Q i.e. m = 0; the general case m > 0

requires more knowledge of real algebra.
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3.1 The special univariate case

Definition 4 Let p ∈ Q[x] be an irreducible polynomial. We call p
real if p has a real root α ∈ R. Then p is the minimal polynomial of
this root α.

Note that p is real if and only if VR(p) 6= ∅, that is p is real if
and only if 〈p〉 is real, since 〈p〉 is a maximal ideal and re

√
〈p〉 ⊇ 〈p〉.

Hence the decision of being real for prime polynomials reduces to a
root counting problem.

The solution to this problem is the following:
If the degree of p is odd the fundamental theorem of algebra over R
states that p has a real root. But if the degree of p is even, we can’t
be sure if p has a real root. In this case we use the theorem of Sturm,
which counts the number of all distinct real roots of a non–constant
polynomial f ∈ K[x] in an interval [a, b], where a < b. The best a and
b can be found by computing the Cauchy bound for polynomials. For
detailed description of Sturm’s theorem and its applications see [2].

3.2 The general univariate case

Contrary to the special case F = Q the general case of polynomials
in Q(y1, . . . , ym)[x] is not a real root counting problem as we do not
know about sign or when a root is real. Thus we need some tools of
real algebra.

The following special form of Lemma 4.1 in [1] gives a solution to
the decision problem of realness for prime polynomials:

Lemma 4 Let p ∈ Q[y1, . . . , ym, x], where m ∈ N0 and degx p > 0 be
an irreducible polynomial. Then the following conditions are equivalent:

(a) 〈p〉 ·Q(y1, . . . , ym)[x] is real.

(b) 〈p〉 ·Q[y1, . . . , ym, x] is real.

(c) p is indefinite over R, i. e. there are points a, b ∈ Rm+1 satisfying
p(a) · p(b) < 0.
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This reduces our problem to decision whether a polynomial has a
sign change i. e. whether it is indefinite or not. For a detailed solution
of this problem see the article of G. Zeng and X. Zeng [4].

3.3 Example for the procedure RealPoly

The algorithm RealPoly (cf. Singular Release 3-0-3) computes the
real part of a polynomial in the univariate case. We conclude this
section with some examples.

Example 1 1. Let f = x9+x7+2x6+x5+2x4−7x3+4x2−8x+4 ∈
Q[x]. Factorising yields f = (x− 1) · (x3 + x2 + x− 1) · (x3 + 4) ·
(x2 + 1) = p1 · p2 · p3 · p4. The prime factors p1, p2, p3 are real as
they have real roots by the fundamental theorem of algebra, but
p4 has no real root. Hence p4 is not real. So the real part of f is:
f = p1 · p2 · p3 = x7 + 2x4 + x3− 8x + 4.

Let

f =x8y2z4 − 2x7y3z2 + x6y4z4 + x6y4 + x6y2z4 + 2x6yz5 − 2x5y5z2−
2x5y3z2 − 4x5y2z3 + x4y6 + x4y4 + 2x4y3z5 + 2x4y3z + 2x4yz5+

x4z6 − 4x3y4z3 − 4x3y2z3 − 2x3yz4 + 2x2y5z + 2x2y3z + x2y2z6+

x2y2z2 + x2z6 − 2xy3z4 − 2xyz4 + y4z2 + y2z2 ∈ Q(y, z)[x].

Factorising yields that

f = (x2y + z)2 · (xz2 − y)2 · (x2 + y2 + 1) = p2
1 · p2

2 · p3.

As p1 and p2 have odd degree in z (resp. in y) they are indefinite and
thus real. x2 + y2 + 1 is positive semi-definite. The real polynomial
computed from f is g = p1 · p2 = x3yz2 − x2y2 + xz3 − yz.

4 The zero-dimensional radical computation

To explain the main idea used in the algorithm for the zero-dimensional
real radical via reduction to the univariate case consider the following
example. Let F := Q(y1, . . . , ym) as in the last section.
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Example 2 Let I = 〈x1 − g1(xn), x2 − g2(xn), . . . , xn−1 − gn−1(xn),
gn(xn)〉 E F [x1, . . . , xn] be given. If gn is the real part of gn obtained
by the procedure RealPoly the real radical of I is:

re
√

I = 〈x1 − g1(xn), x2 − g2(xn), . . . , xn−1 − gn−1(xn), gn(xn)〉

Proof 6 Let gn =
∏r

i=1 pαi
i be the factorisation of gn in F [xn]. Then

every ideal 〈x1− g1, x2− g2, . . . , xn−1− gn−1, pi〉 is maximal because of
the isomorphism

F [x1, . . . , xn]/〈x1 − g1, x2 − g2, . . . , xn−1 − gn−1, pi〉 ∼= F [xn]/〈pi〉.

As pi is prime we conclude that F [x1, . . . , xn]/〈x1−g1, x2−g2, . . . , xn−1−
gn−1, pi〉 is a field.
Now 〈x1 − g1, x2 − g2, . . . , xn−1 − gn−1, pi〉 is real if and only if pi is
real because F [xn]/〈pi〉 is real if and only if pi is real by Propostion 1.
Hence

re
√

I
Cor.2=

⋂

M∈Min(I) real

M

=
⋂

pi is real

〈x1 − g1, x2 − g2, . . . , xn−1 − gn−1, pi〉

= 〈x1 − g1, x2 − g2, . . . , xn−1 − gn−1,
∏

pi is real

pi〉

= 〈x1 − g1(xn), x2 − g2(xn), . . . , xn−1 − gn−1(xn), gn(xn)〉

The most important theorem for the zero-dimensional computation
in the article of Becker and Neuhaus is the Shape lemma which gives
a detailed information on the shape of the reduced Gröbner basis of
a radical ideal satisfying the property of being in general position in
some way, so that we can obtain the position of an ideal given in the
example above.

Lemma 5 (Shape-Lemma) Let I be a zero-dimensional radical ideal
in F [x1, . . . , xn] with all d roots in F

n having distinct xn coordinates.
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Then the reduced Gröbner basis of I in the lexicographical ordering has
the shape

G = {x1 − g1(xn), x2 − g2(xn), . . . , xn−1 − gn−1(xn−1), gn(xn)},

where gn is a square-free polynomial of degree d and the gi, i < n, are
polynomials of degree d− 1.

Proof 7 See Lemma 4.5 of [6].

A naive idea for an algorithm could be:

1. Compute the radical
√

I of the given ideal I.

2. Test if
√

I fulfils the shape condition with respect to one variable
xi and compute a reduced Gröbner basis of re

√
I w. r. t. a lexico-

graphical ordering with lowest variable xi. If not use a random
change into general position until this condition is fulfilled.

3. Compute the real radical of
√

I as described in Example 2 and
undo the coordinate change.

As a coordinate change into general position causes a growth of co-
efficients and terms which slows down the Gröbner bases computations
it is important to avoid this change as often as possible. Therefore we
give some heuristics, i. e. some kinds of special cases in which we do
not have to apply a random coordinate change.

The idea for the algorithm due to Becker and Neuhaus ([1]) has
been presented in Example 2 and Lemma 5. In the rest of this section
I will present my own algorithm:

As in Singular the primary decomposition of zero-dimensional
ideal, in the average case, is very efficient, we can use this algorithm
as a black box. The main idea of the primary decomposition due to
Gianni/Trager/Zacharias (the command is primdecGTZ) was presented
in [3] chapter 4.2. Hence we can assume the maximality of all ideals
we are dealing with. The next subsection presents some properties for
maximal ideals I found.
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4.1 How to decide whether a maximal ideal is real

For a maximal ideal there are only two possibilities – either it is real or
its real radical is the whole ring. This is the reason why getting criteria
for maximal ideals is not difficult. The main idea of this section is to
find an heuristic which fulfils the following criteria:

1. Its costs have to be lower in the average case than the costs that
a random coordinate change would cost.

2. The decision of realness must be an easy test, i. e. it shouldn’t
cost too many operations.

3. Our heuristic must cancel out maximal ideals M which are not
real as early as possible in the computations.

Here are some properties of maximal ideals that I found during the
work on my diploma thesis ([6]). For the definition of orderings and
real closed fields I refer to [5].

One obvious property of real maximal ideals is the following corol-
lary.

Corollary 3 Let M C ·F [x1, . . . , xn] be maximal and f1, . . . , fn be the
univariate polynomials such that 〈fi〉 = M ∩ F [xi]. If M is real then
every fi is real too.

Another simple remark is:

Remark 3 If M = 〈f1, . . . fn〉C ·Q[x1, . . . , xn] is a maximal ideal with
every fi ∈ Q[xi] real, then M is real.

Proof 8 This is clear as every fi has a zero ai in the common real
closed field R. Thus (a1, . . . , an) ∈ Rn is in the real zeros of M .

Note that this simple remark for the rational numbers is not true
for an arbitrary real field F . This remains only true if F is an ordered
field. The problem for arbitrary real fields is the following:
A polynomial fi ∈ F [xi] is real if and only if there exist orderings
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α1, . . . , αr and the corresponding real closures Rα1 , . . . , Rαr such that
fi has zeros in every Rαi .

But these orderings αi could occur in a way that there exists no
common real closed ground field Rα and no corresponding ordering α
of F such that the polynomials fi all have a root in Rα, which would
yield that M is real. The following counter-example for arbitrary real
fields clarifies the problem:

Example 3 Let M = 〈x2 + 1 + t, y2 − t〉 C ·Q(t)[x, y]. Then m1 =
x2 +1+ t is real in every real closed extension Rα of Q(t) which admits
an ordering α in which t < −1 (note that we conclude that m1 is real
as it is indefinite over R), m2 = y2 − t is real in every real closed
extension Rβ which admits an ordering β satisfying t > 0. Both types
of orderings, the α– and β-orderings, contradict each other.
In fact M is not real as

12 + x2 + y2 = m1 + m2 ∈ M

and hence 1 ∈ re
√

M .

Analogous to the Shape Lemma, there holds a stronger property
for maximal ideals that can be tested very easily:

Proposition 3 Let M C ·F [x1, . . . , xn] be a maximal ideal and G =
{g1, . . . , gn} the reduced Gröbner basis of M with respect to any lexi-
cographical ordering with smallest variable xi. If G has the following
properties:

• g1 ∈ F [xi] and g1 is real.1

• every gi for i = 2, . . . , n has odd degree in its leading variable2.
1G is a triangular set as it is a reduced lexicographical Gröbner basis, wlog we

can assume that the univariate polynomial in smallest variable in G is g1.
2Let f ∈ Q[x1, . . . , xn]. The leading variable of f (short lvar(f)) is the largest

variable in f , i. e. if

f = as(x1, . . . , xk−1)x
s
k + as−1(x1, . . . , xk−1)x

s−1
k + . . . + a0(x1, . . . , xk−1),

as ∈ Q[x1, . . . , xk−1] \ {0}, for a k ≤ n, then lvar(f) = xk and the pseudo leading
coefficient of f is ini(f) = as(x1, . . . , xk−1).
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Then the maximal ideal M is real.

Proof 9 Assume for simplicity that G = {g1, . . . , gn} is a Gröbner
basis satisfying the properties above w. r. t. the ordering x1 < x2 <
. . . < xn.
As g1 ∈ F [x1] is real there exists a real closed field R ⊃ F such that
g1 has a zero α1 ∈ R. Now g2(x2, α1) ∈ R[x2] has odd degree and
thus has a zero α2 in R by the fundamental theorem of algebra. By
the same reason g3(x3, α2, α1) ∈ R[x3] has a zero α3 ∈ R. Inductively
there exists an α ∈ VRn(M).
Thus VR(M) 6= ∅ and hence, by the definition of the real zero-set of M ,
Vre(M) 6= ∅. Now by the Real Nullstellensatz re

√
M = IF (VR(M)) =

IF (α) ⊂ M . As M is maximal and Vre(M) 6= ∅ we conclude the
realness of M .

A last non-trivial condition to test the realness of M is:

Lemma 6 Let M = 〈m1, . . . , mn〉 be a maximal ideal in F [x1, . . . , xn]
written as a reduced lexicographical Gröbner basis w.r.t to the ordering
x1 < x2 < . . . < xn. If M is real, every generator mi is real.

Proof 10 Assume contrary: Thus let i be the smallest index such that
mi is not real. As M is a lexicographical Gröbner basis we get the
following cases:

Case 1: i = 1 then m1 ∈ F [x1] and has no real root. So

〈1〉 = re
√

m1 ⊂ re
√
〈m1, . . . , mn〉 = re

√
M.

Thus M is not real which is a contradiction.

Case 2: i > 1. Let R be an arbitrary real closure of (F, α) w. r. t. an
ordering α of F such that a = (a1, . . . , an) ∈ Rn is a real
point of M (i. e. a ∈ Vre(M)). Then we have the following
situation:

• M ′ := 〈m1, . . . , mi〉 = M ∩F [x1, . . . , xi]C ·F [x1, . . . xi] is
real since (a1, . . . , ai) ∈ VR(M ′) ⊂ Vre(M ′).
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• M ′′ := 〈m1, . . . , mi−1〉 = M ∩ F [x1, . . . , xi−1] C ·F [x1, . . .
xi−1] is real since (a1, . . . , ai−1) ∈ VR(M ′′) ⊂ Vre(M ′′).

As M ′ is real, the ordering α of F can be extended in k(M) =
F [x1, . . . , xn]/M , i. e. k(M) is a formally real field (see Propo-
sition 1). From the first isomorphism theorem, we get:

F [x1, . . . , xi]/M ′ ∼=(F [x1, . . . , xi−1, xi]/M ′′)/(M ′/M ′′)
= ((F [x1, . . . , xi−1]/M ′′)[xi])/((〈mi〉+ M ′′)/M ′′).

Now as (a1, . . . , ai−1) is a (real) root of the maximal M ′′ we
get that

F [x1, . . . , xi−1]/M ′′ ∼= F (a1, . . . , ai−1)

which is ordered by F (a1, . . . , ai−1) ∩R2. Hence

k(M) ∼= F (a1, . . . , ai−1)[xi]/〈mi(a1, . . . , ai−1, xi)〉
and k(M) is real. Thus the ordering F (a1, . . . , ai−1) ∩ R2

can be extended to F (a1, . . . , ai−1, ai) ∩ R2 (as ai is a real
root of mi(a1, . . . , ai−1, xi) by the definition of a). But then
mi(a1, . . . , ai−1, xi) is indefinite over R by the sign change cri-
terion (Theorem 2) and thus mi(x1, . . . , xi) is indefinite over
R, too. Now we get from Remark 2 that mi is real which con-
tradicts the assumption.

Lemma 6 is no equivalence as we can see in the following example:

Example 4 Let M = 〈x3−2, y2 +x2−x〉C ·Q[x, y]. Now x3−2 is real
since 3

√
2 is in R and y2 +x2−x is real by Lemma 4 as it is indefinite.

But M is not real as y2+ 3
√

2
2− 3
√

2 has no real root since 3
√

2
2− 3
√

2 > 0.

The following corollary is useful to test the realness of prime polyno-
mials f ∈ F [x1, . . . , xn].

Corollary 4 Let f ∈ Q[y1, . . . , ym, x1, . . . , xn] be an irreducible poly-
nomial. Then f is real considered as polynomial in F [x1, . . . , xn] if and
only if f considered as a polynomial in Q[y1, . . . , ym, x1, . . . , xn] is real.
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Proof 11 ⇒: As 〈f〉F [x1, . . . , xn] is real in F [x1, . . . , xn], there exists
an xi such that degxi

f > 0. Without loss of generality let xn be
this xi. By Theorem 1 we conclude that 〈f〉F (x1, . . . , xn−1)[xn] =
〈f〉Q(y1, . . . , ym, x1, . . . , xn−1)[xn] is real. Thus by Lemma 4
〈f〉Q [y1, . . . , ym, x1, . . . , xn] is real and hence f is real consid-
ered over Q[x1, . . . , xn, y1, . . . , ym].

⇐: This is clear as reality commutes with localisation (see Lemma 1).

Combining all these conditions yields a good heuristic to decide the
property of being real for maximal ideals M . Let us first consider a
large example in which it was possible to avoid the change into general
position completely.

Example 5 Let

I = 〈(y3 + 3y2 + y + 1)(y2 + 4y + 4)(x2 + 1),

(x2 + y)(x2 − y2)(x2 + 2xy + y2)(y2 + y + 1)〉EQ[x, y]

The primary decomposition of I yields 10 maximal ideals.

1. M1 = 〈y2 +1, x−y〉 which is not real as y2 +1 is not real. Hence
it does not satisfy the conditions in Proposition 3 and Corollary
3.

2. M2 = 〈y − 1, x2 + 1〉 does not satisfy the Corollary 3 and is thus
not real.

3. M3 = 〈y2 + y + 1, x2 + 1〉 does not satisfy Corollary 3 and is thus
not real.

4. M4 = 〈y2 + 1, x + y〉 does not satisfy Corollary 3 and is thus not
real.

5. M5 = 〈y + 2, x− 2〉 is real by Proposition 3 or Remark 3.

6. M6 = 〈y+2, x2−2〉 is real by Proposition 3 for the ordering x < y
with the reduced Gröbner basis G = {x2 − 2, y + 2}.
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7. M7 = 〈y + 2, x + 2〉 is real by Proposition 3 or Remark 3.

8. M8 = 〈y3 + 3y2 + y + 1, x + y〉 is real by Proposition 3 w. r. t. the
ordering y < x under which M is a reduced Gröbner bases.

9. M9 = 〈y3 + 3y2 + y + 1, x2 + y〉. Here it is not obvious to see
if M9 is real or not. So we have to compute the Gröbner bases
w. r. t. both orderings x < y and y < x.
The Gröbner basis w. r. t. to the lexicographical ordering x < y
of M9 is

GM = 〈x6 − 3x4 + x2 − 1, y + x2〉.

First we have to test if x6 − 3x4 + x2 − 1 is real. We know
that x6 − 3x4 + x2 − 1 is prime and after applying the RealPoly

procedure introduced in the last section we get that x6−3x4+x2−1
is real. Now we know that M9 is real by Proposition 3 w. r. t. to
the ordering x < y.

10. M10 = 〈y3 + 3y2 + y + 1, x− y〉 is real by Proposition 3.

So the real radical of I is

re
√

I = M5 ∩M6 ∩M7 ∩M8 ∩M9 ∩M10

= 〈y4 + 5y3 + 7y2 + 3y + 2, x4 − x2y2 + x2y − y3〉

In the next subsection I describe a procedure using the criteria
introduced above.

After giving this procedure it is easy to describe the algorithm for
the zero-dimensional case using a coordinate change into general posi-
tion.

4.1.1 The procedure prepare max

The procedure prepare max which uses the properties introduced
above acts in the following way:
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It gets as input a maximal ideal M and returns a list erg = M, j, where

M =





re
√

M if j = 1, the change into general position can be
avoided

M if j = 0, the change into general position cannot be
avoided

I explain my algorithm in pseudo-code. The proof of the correctness
of this algorithm follows from the criteria explained above. In the
algorithm itself there is no need to check Corollary 3 explicitly. This
criterion is checked implicitly in the check of Proposition 3 as we will
see.

The procedure prepare max is written as follows:

Algorithm 1
(Anheuristic to check if a coordinate change can be avoided)

proc prepare max(M)

INPUT : a maximal ideal M C ·F [x1, . . . , xn]

OUTPUT: a list erg = (M, j) s.t.:

M =





re
√

M if j = 1, the change into general position can
be avoided

M if j = 0, the change into general position can′t
be avoided

BEGIN

Initialise P := {λ : λ is a permutation of the variables {x1, . . . , xn}}
while (P 6= ∅) do {

Choose a λ = (xj1 , xj2 , . . . , xjn) ∈ P

P := P \ {λ}
Compute the lexicographical Gröbner basis Mλ = {f1, f2, . . . , fn}

of M w. r. t. the ordering xj1 < xj2 < . . . < xjn. Now f1 is
univariate in the variable xj1.
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Let f1 := RealPoly(f1) the real part of f1. As fi is prime there
are two possibilities f1 = 1 or f1 = f1.

if (f1 = 1)

{
erg := 〈1〉, 1
return(erg);

}
According to Proposition 3 search the first position k ≥ 2 such

that mk has even degree in xjk
. Set k = n + 1 if there exists

none.

if (k > n)

{
erg := M, 1; (Correctness is clear from Prop. 3)
return(erg);

}
According to Lemma 6 search from position (k + 1) in Mλ, the

first non-real generator mi.

If there exists a position i ≤ n set erg = 〈1〉, 1 and return erg.

}
If F is non parametric, i. e. F = Q and every generator of M is

univariate use Remark 3 and return erg := M, 1.

erg := M, 0;

return(erg);

END

In many cases the realness of maximal ideals can be checked only
using the procedure prepare max. But it may happen that an ideal
fails this test, i. e. the result of prepare max(M) is erg = M, 0. In this
case we have to apply a coordinate change into general position.
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Here I used the already well-optimised coordinate change imple-
mented in the primdec.lib.

The method I implemented during my diploma thesis is called
GeneralPos. It gets a list of maximal ideals which failed the test
prepare max as input and returns the intersection of all real maximal
ideals of this input.

Let us consider an example. An ideal in which we have to apply
a coordinate change into general position was presented in Example 3.
Lets have a look at this.

Example 6 Let M = 〈x2 + 1 + t, y2 − t〉 C ·Q(t)[x, y]. Choosing the
coordinate change

ϕ : Q(t)[x, y] → Q(t)[x, y]
x 7→ x

y 7→ y + x + t

we get:

ϕ(M) = 〈x2 + 1 + t, (y + x + t)2 − t〉
= 〈x2 + 1 + t, x2 + 2xy + 2tx + y2 + 2ty + t2 − t〉

Its lexicographical Gröbner basis w. r. t. the ordering y < x is:

Gϕ = {y4 + 4ty3 + (6t2 + t)y2 + (4t3 + 4t)y + (t4 + 6t2 + 4t + 1),

(−4t− 2)x− y3 + (−3t)y2 + (−3t2 − 2t− 3)y + (−t3 − 2t2 − 3t)}.

Now y4 +4ty3 +(6t2 +2)y2 +(4t3 +4t)y +(t4 +6t2 +4t+1) is not real
in Q(t)[y] as y4 + 4ty3 + (6t2 + 2)y2 + (4t3 + 4t)y + (t4 + 6t2 + 4t + 1)
is positive semi-definite (which can be seen using Lemma 4). Hence as
in Example 3 we get that M is not real.

In all my tests it didn’t happen often that I had to change into
general position for the test of being real. In fact the only examples
I found in which there is a need to apply this change are ideals over
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transcendent extensions of Q which are of the form in Example 3, i. e.
every generator is univariate and real. For these cases I have not yet
found any property to check realness without applying this change. A
simple example for an ideal in which this change yields the realness of
a maximal ideal is the following:

Example 7 Let M = 〈x2 + 1− t, y2 − t〉C ·Q(t)[x, y]. Here the same
coordinate change as in the example above yields:

ϕ(M) = 〈x2 + 1− t, (y + x + t)2 − t〉
= 〈x2 + 1− t, x2 + 2xy + 2tx + y2 + 2ty + t2 − t〉

Here the Gröbner basis w. r. t. the lexicographical ordering y < x is:

Gϕ ={y4 + 4ty3 + (6t2 − 4t + 2)y2 + (4t3 − 8t2 + 4t)y + (t4 − 4t3+

+ 2t2 + 1), 2x + y3 + 3ty2 + (3t2 − 4t + 3)y + (t3 − 4t2 + 3t)}.
Now y4 +4ty3 +(6t2−4t+2)y2 +(4t3−8t2 +4t)y+(t4−4t3 +2t2 +1) is
real as it is indefinite and the degree of 2x+y3 +3ty2 +(3t2−4t+3)y+
(t3 − 4t2 + 3t) in x is odd. Hence ϕ(M) is real by Proposition 3, thus
M is real. In fact M is α-real in every ordering α of Q(t) satisfying
the condition t ≥ 1.

To see the algorithm GeneralPos I recommend looking at Algo-
rithm 4.2 in [6].

4.2 An algorithm to compute the zero-dimensional rad-
ical

From the explanation in the last subsections, it is not difficult to get an
algorithm which computes the real radical of a zero-dimensional ideal
J in F [x1, . . . , xn].

Algorithm 2

proc RealZero(I)

INPUT : a zero-dimensional ideal I E F [x1, . . . , xn]
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OUTPUT: an ideal J s.th. J = re
√

I

Simplify the ideal I = 〈f1, . . . , fr〉 to J = 〈g1, . . . , gr〉 as described in
[6] Remark 4.16,4

Compute the associated primes of Max := Min(I) with primdecGTZ

or primdecSY. (This depends on which algorithm is faster.4).

Initialise Prep := ∅ and NonPrep := ∅

while Max 6= ∅ do

{

Choose an M ∈ Max

Max := Max \ {M}
Compute erg = M, j with Algorithm 1.

If j = 1 and M 6= 〈1〉
{

Prep := Prep ∪ {M}
}
else

{
NonPrep := NonPrep ∪ {M}

}

Prepared :=
⋂

M∈Prep M :

NonPrepared := GeneralPos(NonPrep);5

4These operations are applied with a time limit by the aid of the watchdog

command. watchdog(command, timer) returns the result of the command if the
time for the command finishes before the timer.

5The idea of this approach was explained with 2 examples in the previous sub-
section.
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According to Theorem 1 we get that

re
√

I = re
√

J = Prepared ∩NonPrepared =: J.

return(J);

To finish this chapter I give an example in which every path of Algo-
rithm 2 is taken.

Example 8 Let

I = 〈(x2y3 − tx2y + y6 − y5 − ty4 + t2 + 1) · (y3 − t2y2 + (−t3 + t2−
− t)y + t3), (−2t)x4 − 4tx2 + (−t + 1)y6 + (−t2 + t)y5 + (t2−
− t)y4 + (−t4 + t3)y2 + (t4 − t3)y + (t5 − t4 + 2t3 − 2t), y7+

+ t2y4 − t2y3 − t4, (−t)x2y2 + t2x2 − y6 − ty5 + ty4 + (−t3+

+ t2 − t)y2 + t3y + (t4 − t3 + t2)〉.

Then every generator of I is simplified in the sense of Remark 4.16.

1. The primary decomposition of I provides 4 minimal primes which
are

• M1 = 〈x2 + 1− t, y3 + t2〉
• M2 = 〈x2 + t2 + 1, y2 + t〉
• M3 = 〈x2 + 1− t, y2 − t〉
• M4 = 〈x2 + 1 + t, y2 − t〉

We set Max := {M1,M2, M3,M4}.

2. Prep := ∅ and NonPrep := ∅

3. As Max is not empty choose M1 ∈ Max and set

Max := Max \ {M1} = {M2,M3, M4}.
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4. prepare max(M1) = M1, 1 because of Proposition 3. Hence set:

Prep := Prep ∪ {M1} = {M1}
NonPrep := NonPrep = ∅

5. As Max is not empty choose M2 ∈ Max and set

Max := Max \ {M2} = {M3, M4}.

6. prepare max(M2) = 〈1〉, 1 by [6] Lemma 3.2 w. r. t. the lexicograph-
ical ordering y < x. Hence set:

Prep := Prep = {M1}
NonPrep := NonPrep = ∅

7. As Max is not empty choose M3 ∈ Max and set

Max := Max \ {M3} = {M4}.

8. prepare max(M3) = M3, 0. Hence we have to apply a coordinate
change and set:

Prep := Prep = {M1}
NonPrep := NonPrep ∪ {M3} = {M3}

9. As Max is not empty choose M4 ∈ Max and set

Max := Max \ {M4}.

10. prepare max(M4) = M4, 0. Hence we have to apply a coordinate
change and set:

Prep := Prep = {M1}
NonPrep := NonPrep ∪ {M4} = {M3,M4}

11. Now Max is empty and we set Prep = {M1}.
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12. From the examples 6 and 7 we conclude with the coordinate change
ϕ satisfying ϕ(x) = x, ϕ(y) = y + x + t that M3 is real and M4 is
not real. Hence

NonPrep = {M3}

13. Set

J = Prep ∩NonPrep = M1 ∩M3

= 〈y5 − ty3 + t2y2 − t3, x2 + (−t + 1)〉

Hence the real radical of I is

J = 〈y5 − ty3 + t2y2 − t3, x2 + (−t + 1)〉.

4.3 The general case as reduction

To conclude I shall explain shortly how to compute the real radical
with the preparations of this article.

The main theorem for the higher dimensional computation, adapted
from [1] Theorem 4.5., is:

Theorem 5 Let I E F [x1, . . . , xn]. For any S ( {x1, . . . , xn} let J (S)

denote an ideal of the quotient ring F [x1, . . . , xn] · F (S) satisfying

dim J (S) ≤ 0 and I · F (S) ⊆ J (S) ⊆ (I · F (S))Iso.

Then
re
√

I =
⋂

S({x1,...,xn}
(

re
√

J (S) ∩ F [x1, . . . , xn])

As every J (S) has a dimension less then equal zero we are able to
compute there real radicals. Theorem 5 now tells us how to intersect
all these ideals properly so that our result will be the real radical. The
theory of finding the J (S) uses real isolated points for arbitrary formally
real fields. It is explained in detail in [1] chapter 4 or in chapter 5 of
[6].
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5 Conclusions

Following a short introduction of the basics on real algebra and real
radicals, I described how to compute the real radical in the univariate
case and in the zero-dimensional case. The univariate case corresponds
to the leaves of the reduction tree for computing real radicals. While
the univariate case uses theory which can already be found in literature,
like Sturm’s Theorem (cf. [2]) or the decision of indefiniteness (cf. [4]),
section 4, the zero-dimensional case, introduces newly found properties.
The decision was to compute the primary decomposition of the zero-
dimensional input and to give a heuristic for deciding whether a max-
imal ideal is real or not. This heuristic yield a procedure prepare max
which prepares a maximal ideal in such a way that we can avoid a
coordinate change into general position as often as possible. If we can
not avoid a coordinate change we use the procedure GeneralPos. Its
input is a list of maximal ideals where a change can’t be avoided. Here
a suitably randomised coordinate change is computed such that we
can check the properties of prepare max for the transformed maximal
ideals and afterwards we intersect all real maximal ideals of this list.
Finally, the procedure RealZero gets a zero-dimensional input I and
computes its primary decomposition. Then it considers separately ev-
ery maximal ideal and tests if a change is needed to compute the real
part. Afterwards it intersects the real radicals of all these ’nice’ maxi-
mal ideals and restarts the procedure GeneralPos for the list of ’bad’
ideals. Since the primary decomposition is well-optimised in Singular
the advantage of this is a time improvement during the computations.
This is because coordinate changes into general position cause a growth
of coefficients and terms which slows the Gröbner bases computations
down. The idea presented in this abstract avoid such changes as often
as possible. Finally the article closes with the description how to com-
pute the arbitrary radical as a reduction to the zero-dimensional case.
We have presented an algorithm to compute real radicals which uses the
new introduced heuristic prepare max and is thus a time improvement
to the algorithm presented by Becker and Neuhaus in [1].
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Ë Ì¹ Ñ 24Î]71�9(s ÕL9 243
* 8�7
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* Û�7
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1 × 1�9 Í�Ñ Ú�Ópo ,qG Ç < Í 24Î]7 × Ë.¹ Ñ 24Î]7cÏ5¶ Í ÕNË.¹ Í 24Î]7 2+þ.* Û�7
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Ë.¹ Í 24Î]7�ÕNË
Ý�¹�24Î]7 2+5.* þ�7

Ópo ,qG Ç < Í 24Î]7�Õ Ï�ÓpoUr ñ 24Î]7 2+5.* 5�7

~=+.-0x�-�¸"24Î]7�Õ 1�9 � Úc2�1�9�9àÚ
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Private Key Extension of Polly Cracker
Cryptosystems

Nina Taslaman

Abstract
In 1993 Koblitz and Fellows proposed a public key cryptosys-

tem, Polly Cracker, based on the problem of solving multivariate
systems of polynomial equations, which was soon generalized to a
Gröbner basis formulation. Since then a handful of improvements
of this construction has been proposed.

In this paper it is suggested that security, and possibly e�-
ciency, of any Polly Cracker-type cryptosystem could be increased
by altering the premises regarding private - and public informa-
tion.

1 Introduction
In 1993, Koblitz and Fellows [1] proposed a public key cryptosystem,
Polly Cracker, based on the np-complete problem of solving multivari-
ate systems of polynomial equations over a �nite �eld. This was imme-
diately generalized to a Gröbner basis formulation, where the problem of
solving polynomial equations was replaced by the expspace-complete
problem of computing a Gröbner basis for an ideal. Using some general
np - or expspace-complete problem as the basis for a public key cryp-
tosystem was a daring move, since the failure of Merkle and Hellman's
knapsack-based cryptosystem from 1978 [4] had resulted in high scepti-
cism among cryptographers regarding this type of construction. Indeed,
a title like Why you cannot even hope to use Gröbner Bases in Public
Key Cryptography [3] suggests it met a harsh response. The main criti-
cism against the idea was single-break attacks (i.e. individual-message
recovery) based on linear algebra.
c©2008 by N. Taslaman
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However, over the years a plethora of possible countermeasures
against these attacks and others has been proposed, as well as di�er-
ent modi�cations to improve and generalize the initial idea - the most
general version as of now seeming to be Ackermann and Kreutzer's gen-
eralization to module Gröbner bases over general monoid rings, which
allows commonly used public key schemes such as RSA and ElGamal
to be formulated as special cases [9].

Rather than continuing in this direction of generalizing the setting,
V. Ufnarovski suggested author to investigate altering the rules for pri-
vate and public information in the Polly Cracker setup. This is the
subject of this paper.

To introduce the actors: Alice - intended receiver of secret messages,
Bob - sender of such messages, and Eve - enemy, who tries to recover
Bob's messages. Messages are restricted to some message space M and
encrypted by Bob using some encryption function F : M → C into
ciphertext space C. In a public-key cryptosystem (Williamson 1974 [5],
Di�e and Hellman 1976 [6]) there may be many Bob's but only one Al-
ice, i.e. F is publicly known (the public key) and anyone may encrypt
messages, but (hopefully) only Alice can decipher them. This requires
F to be a trapdoor one-way function, i.e. while encryption F (m) = c
may be computed in polynomial time, the decryption F−1(c) = m may
not - except for someone (Alice) knowing some additional trapdoor in-
formation which simpli�es the computation (the private key). As for
Eve's part of the game, one distinguishes between total break attacks, in
which she tries to �nd the secret key (or some equivalent information)
so that she may decrypt any future ciphertext, and single break attacks,
aimed at decrypting speci�c individual messages. The basic assump-
tion is always that Eve has access to any encrypted message sent by
Bob. One also has to consider the situation that she has temporary
access to some decryption black box (e.g. in the form of a compiled de-
cryption program), which she may use to decrypt any �nite number of
ciphertexts of her choosing. This is the scenario for a chosen-ciphertext
attack, where Eve's goal is to use this information for a total break
attack.
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1.1 The Polly Cracker Public Key System
Let Fq[X] be the set of multivariate polynomials over a �nite �eld Fq

generated by the alphabet X = {x1, ..., xn}. Given a subset F of poly-
nomials, let 〈F 〉 denote the ideal they generate over Fq[X]. Also, given
a Gröbner basis G ⊂ Fq[X], under some monomial ordering ¹, and
a polynomial f ∈ Fq[X], let f̄ denote the normal form of f over 〈G〉
with respect to ¹, i.e. f̄ := rG(f) is the unique remainder of f over G
under the given monomial ordering. The Gröbner basis version of Polly
Cracker may then be described like so:

Cryptosystem 1.1 (Polly Cracker).

Key generation To set up the system, Alice chooses a Gröbner
basis G ⊂ Fq[X] under some monomial ordering ¹ and selects a �nite
subset P ⊂ 〈G〉 of the corresponding ideal.

Private Key: G Public Key: P

Message space A subset of all G-normal forms:

M ⊂ { f̄ | f ∈ Fq[X] }

Encryption Bob encrypts a message m ∈ M by choosing some
p ∈ 〈P 〉 and computing the ciphertext

c := m + p ∈ m + 〈G〉

Decryption Alice decrypts c by computing its normal form over
〈G〉:

c̄ = rG(c) = rG(m) + rG(p) = m + 0

1.2 Main Attacks
A total break attack on this cryptosystem generally amounts to com-
puting an equivalent Gröbner basis G′ for the public key ideal 〈P 〉 - this
would be an equivalent secret key. The general problem of computing a
Gröbner basis for a given ideal is NP-complete (see e.g. [7]), and Alice
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may choose her P and ¹ from some class of known hard instances, for
example by encoding well-studied problems from logic, to ensure giving
Eve (the attacker) a hard time here.

Now, if Eve does not succeed in the above she could always try to ex-
ploit some possible weakness in Bob's choice of p ∈ 〈P 〉, letting her de-
cipher at least some of his messages. The most severe criticism against
Polly Cracker has been its vulnerability to such single break attacks
based on linear algebra, mentioned already in Fellows and Koblitz's
original paper [1]. With public key P = {p1, ..., ps}, Bob's p will have
the form p =

∑s
i=1 hipi for some ephemeral polynomials hi. The main

idea is then to consider

c = m +
s∑

i=1

hipi (1)

as a linear system of equations, whose unknowns are the coe�cients of
the polynomials hi's and m. By guessing the support of these, the linear
system might be solvable by usual Gaussian elimination, retrieving m.
The countermeasure here is for Alice to choose the setting parameters
so as to ensure infeasible system sizes (there is a security/e�ciency-
tradeo� here), and for Bob to choose his hi's so as to ensure a certain
amount of cancellation in the sum. This calls for quite clever construc-
tions.

1.3 E�ciency Issues
The main problem for implementing Polly Cracker instances stems from
the above mentioned security/e�ciency-tradeo�. In particular, the so
called message expansion is an issue here: a message m will be en-
crypted into a ciphertext polynomial c of, most likely, larger support,
so even though supp(m) may be as small as a single constant term,
supp(c) may be very big if parameter sizes are not properly restricted,
implying issues in storage, transfer and decryption. For example, in
[2] Koblitz presents a study-example of a Polly Cracker instance (the
Graph Perfect Code Instance) based on a perfect code problem from
graph theory, and for su�cient security suggests using a polynomial
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ring with 500 indeterminates xi. However, even narrowing it down to
200 one gets ciphertexts of about 60'000 monomials for this instance
(see [8]). All serious attempts at practical, implementable Polly Cracker
instances have to deal with this issue, which tends to make them some-
what technical.

2 Related Work
In [10] (2004), Levy-dit-Vehel and Perret describe how to construct
Polly Cracker instances based on 3-sat problems from logic, i.e. so
that a total break attack may be p-reduced to some well-studied hard
3-sat instance, while at the same time providing resistance against the
classical linear algebra attacks. The latter is achieved by the use of
an elaborate generating algorithm for p ∈ 〈P 〉, together with suggested
parameter sizes resulting in a message expansion of about 1500 terms,
which is at least manageable but still not suitable for practical use.

The e�ciency issue is addressed more directly in [11] (2002), where
Ly presents a cleverly constructed, however somewhat technical, mod-
i�cation of Polly Cracker called Polly Two. This cryptosystem can be
viewed in three di�erent polynomial settings via a ring homomorphism:
domain- goal- or quotient ring, each setting providing security in its own
way and simultaneously taking care of the e�ciency/sequrity trade-o�.
In the goal-ring setting this cryptosystem reduces to a Polly Cracker
instance with very large parameter sizes, thus handling the linear alge-
bra attacks. Legal users operate in the domain ring where parameter
sizes are quite small, with a message expansion of less than 100 terms.
This would be acceptable for practical use, however setting up con-
crete instances seems to be somewhat di�cult (e.g. �nding a suitable
homomorphism).

In [12] (2004), T. Rai generalizes Polly Cracker to noncommutative
polynomial rings, inspiration being that this allows ideals for which no
�nite Gröbner bases exist. The idea here is for Alice to take a secret key
Gröbner basis G, �nite as usual, but with a public key subset P ⊂ G so
that no �nite Gröbner basis exists for 〈P 〉. This means that Eve cannot
even theoretically succeed in the usual total break attack. Another
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bene�t comes from the use of two-sided ideals, leading to quadratic
(rather than linear) systems of coe�cients in the single break attacks.
Unfortunately, �nding suitable ideals for concrete instances turns out
to be a challenging task. Also, no experimental data is provided, so it
is unclear how e�cient instances of this system would be.

Going further along the generalizing path, Ackermann and Kreuzer
in [9] take the Polly Cracker scheme all the way up to a setting of
modules (generalizing the ideals in Polly Cracker) over general monoid
rings (generalizing the standard polynomial rings). This could be a
promising framework for future cryptosystems (no such instances are
provided), but even in its abstract formulation it is of direct interest
since most well-known public key schemes seem to let themselves be for-
mulated as special cases, e.g. RSA, ElGamal and even recent attempts
at group-based public key schemes.

3 Extending The Private Key in Polly Cracker
Studying the Polly Cracker construction (Cryptosystem 1.1), we make
the following observations:

1. The monomial ordering ¹ used is seemingly assumed to be a
public domain parameter - at least the advantages of keeping it
private is, to our knowledge, never pointed out. The idea here is
the following:

Alice could choose a Gröbner basis G under some or-
dering ¹ so that 〈G〉-normal words with respect to ¹
are not necessarily 〈G〉-normal with respect to other
orderings.

This would imply that even if Eve managed to �nd some Gröbner
basis G̃ for 〈P 〉, unless she guesses the correct monomial order-
ing, she cannot expect messages to be preserved in an attempted
decryption, i.e. it might be that

rG̃(c) = rG̃(m) 6= rG(m) = m
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2. The public setting for Polly Cracker is a polynomial ring over
some �nite �eld Fq. It is never motivated why the cardinality of
this �eld should be public information. In fact, Bob could encrypt
messages perfectly well in Z[X], with Alice taking the ciphertext
(mod p) before proceeding as usual with decryption, if we just
require the coe�cients of messages to be bounded so that they
are not destroyed by the (mod p) computation.

While the idea of private monomial ordering works with the usual
Polly Cracker scheme, keeping the �eld cardinality private requires some
adjustments of the scheme.

3.1 Polly Goes Private - With p

To concretize these ideas, let us �rst for simplicity of discussion con-
sider the case Fq = Zp for some large prime number p. For a set of
polynomials F ⊂ Zp[X], let 〈F 〉p denote the usual ideal they generate
in Zp[X], and let 〈F 〉Z denote the ideal F generates when lifted to Z[X],
i.e.

〈F 〉Z := {
∑

f∈F

fhf | hf ∈ Z[X]}

Note that
〈F 〉Z (mod p) = 〈F 〉p (2)

Cryptosystem 3.1 (Polly Cracker with Private ¹ and p).

Key generation Alice chooses some big prime p, a positive in-
teger q < p, a �nite Gröbner basis G ⊂ Zp[X] under some monomial
ordering ¹, and a �nite subset P ⊂ 〈G〉Z.

Private Key: p, G, ¹ Public Key: P

Message space M : G-normal forms under ¹ in Zp[X] with coef-
�cients bounded by q.

123



N. Taslaman

Encryption Bob chooses f ∈ 〈P 〉Z and encrypts a message m ∈
M into the ciphertext

c := m + f ∈ Z[X]

Decryption Alice decrypts c by �rst computing

c′ = c (mod p) = m + fp ∈ Zp[X]

where fp := f (mod p) and then

c̄′ = rG(c′) = rG(m) + rG(fp) = m + 0

Decryption follows from (2):

f ∈ 〈P 〉Z ⇒ f (mod p) ∈ 〈P 〉p ⊂ 〈G〉p
Before proceeding with the case of higher prime-power cardinality,

let us �rst discuss the e�ects of this private key alteration.

3.1.1 Security gain
The main idea of keeping p private is that it blows up the complexity
of a total break attack. As before, this attack amounts to �nding a
Gröbner basis (under some lucky monomial ordering) for 〈P 〉p. While
this can be made hard even when p is known, without this knowledge
Eve could at best try searching through primes p′ > q, and for each try
�nding a Gröbner basis for 〈P 〉p′ .

Also, forcing users to compute over Z[X], rather than K[X] for
some �eld K, Eve cannot use scalar inverses in her attacks. Since
Gaussian elimination without using scalar inverses leads to intermediate
coe�cient swell, this means that linear algebra attacks grow more costly.

3.1.2 E�ciency possibilities
The decryption procedure now consists of two steps: �rst a modulo
operation, which is fast, and then the usual reduction, which may be
costly. Alice has a possibility to speed up the decryption procedure
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here by choosing some public key polynomials pi ≡ 0 (mod p), so that
much of the ciphertext is simpli�ed in the �rst (fast) decryption step.
While tempting for very e�cient decryption, Alice should not take every
pi ≡ 0 (mod p), however, since this would make p a common factor of
all public-key coe�cients, which could be detected by Eve.

3.1.3 Issues and countermeasures

By limiting message coe�cients to q < p, there is a trade-o� between
the size of the message space and the additional security provided by
keeping p secret. However, if q and p are large enough, this should not
be a major concern.

A more serious e�ect is that, since Bob encrypts over Z[X], the
coe�cients of the ciphertext may grow big, which can be cumbersome.
To limit this e�ect he should not choose ephemeral key polynomials
with too big coe�cients. The Chinese remainder theorem could also be
used for more e�cient transmission:

With α the largest coe�cient of a ciphertext polynomial c, Bob
multiplies relatively prime numbers ni, of manageable size, so that the
product N := n1 · · · nr ≥ α. He then computes





c1 = c (mod n1)
...

cr = c (mod nr)
(3)

and sends the ciphertext tuple

C := {(c1, ..., cr), (n1, ..., nr)}

Here coe�cients of the ci's are bounded by max{n1, ..., nr}. Al-
ice then uses the Chinese remainder theorem to solve (3), recovering
c (mod N) = c with full coe�cients, and she may proceed as before.

Note, however, that while coe�cient sizes may be controlled by this
method, we have to pay in the number r of ciphertext polynomials.
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3.1.4 Chosen-ciphertext attack
In a private letter, Rai suggests a chosen-ciphertext attack aimed at
�nding our secret p: Eve could e.g. enumerate primes qi > q and
encrypt fake messages of the form

m̃ = q1m1 + ... + qkmk

where each mi is a monomial in the message space. If it would happen
that some qi = p, the corresponding term would decrypt to zero and
the decryption black box she has temporary access to would return
m̃− qimi, revealing p = qi.

Note that such a fake message after decryption would contain some
coe�cients qj > q, which was not allowed in the message space. Hence,
to avoid this attack, the decryption black box should be set to detect
any such fake ciphertexts (decrypting to terms with coe�cients larger
than q) and return an error message if that happens.

3.2 Polly Goes Private - With pn

Now suppose Fq = Fpn for some prime p and n > 1, and let α denote a
generating element for this �eld via some primitive degree-n-polynomial
in Zp[α]. We use α-power notation as default for nonzero �eld elements.
Let us de�ne a homomorphism from the ring of univariate polynomials
f(s) over Z into Fpn by

ϕ̃ : Z[s] → Fpn ; s 7→ α

and extend it to a homomorphism from Z[s][X] into Fpn [X] as:

ϕ : Z[s][X] → Fpn [X]; f(s)w 7→ ϕ̃(f)w (4)

where w denotes a word with letters from X. This ϕ will be used by
Alice to translate Bob's messages in Z[s][X] into the ordinary Polly
Cracker setting Fpn [X]. We will need some notation here in order to
recognize corresponding key polynomials in these two settings.

Given f =
∑

αkwk in Fpn [X], let fs denote the polynomial obtained
in Z[s][X] by simply replacing every α by s. Then, corresponding to
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the de�nitions in the prime-cardinality case, for F ⊂ Fpn [X] let 〈F 〉pn

be the usual ideal generated by F over Fpn [X], i.e.

〈F 〉pn := {
∑

f∈F

fgf | gf ∈ Fpn [X]}

and let
〈F 〉Z[s] := {

∑

f∈F

fshf | hf ∈ Z[s][X]}

be the ideal generated by the corresponding polynomials fs over Z[s][X].
Since

ϕ(fshf ) = ϕ(fs)ϕ(hf ) = fϕ(hf )

we have
f ∈ 〈F 〉Z[s] ⇒ ϕ(f) ∈ 〈F 〉pn (5)

Now, Alice may keep p and n secret while letting Bob compute over
Z[s][X]. Using ϕ she may then translate his ciphertext into a standard
Polly Cracker ciphertext in Fpn [X]. By 5, this works if the message
space is restricted properly. The details are as follows:

Cryptosystem 3.2 (Polly Cracker with Private ¹ and pn).

Key generation Alice chooses a prime number p, some n > 1, a
�nite Gröbner basis G ⊂ Fpn [X] under some monomial ordering ¹, a
�nite subset P ⊂R 〈G〉Z[s] and some r < pn − 1.

Private Key: Fpn , G, ¹ Public Key: P

Message space Linear combinations of G-normal words wi ∈
Fpn [X] with coe�cients sk where k < r, i.e.

M = {
∑

skiwi | ki ≤ r, rG(wi) = wi}

Encryption Bob chooses f ∈ 〈P 〉Z[s] and encrypts a message
m =

∑
skiwi ∈ M into the ciphertext

c := m + f ∈ Z[s][X]
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Decryption Alice decrypts c as

rG(ϕ(c)) = rG(mα + ϕ(f)) = mα + 0

where mα =
∑

αkiwi is the message m only with the symbol s replaced
by α.

Here decryption follows from 5:

f ∈ 〈P 〉Z[s] ⊂ 〈G〉Z[s] ⇒ ϕ(f) ∈ 〈G〉pn

Note that the message is preserved in two steps: First it is preserved
by ϕ since its coe�cients are of form sk for k < qn − 1 (so there is no
modulo-e�ect in the exponent), and then it is preserved in reduction
over G, as usual for Polly Cracker, being a normal form.

In this description we have, for clarity, used the di�erent symbols s
and α to distinguish Bob's computations over Z[s][X] from �eld com-
putations. Of course we might as well let Bob use the same symbol α
and compute over Z[α][X] - the important thing is that he is not able
to interpret α as the �eld element in Fpn .

Example 3.1 (Toy Example). For demonstration, we give a very
small example in F23 [x, y]. A translation table for power/polynomial
representation of the �eld elements in F23 is given by:

αk rk(α) αk rk(α)
- 0 α3 α + 1
1 1 α4 α2 + α
α α α5 α2 + α + 1
α2 α2 α6 α2 + 1

Key generation Take the Gröbner basis

G = {x− α5, y − α2} ∈ F23 [x, y]

and preliminary public key polynomials

p̂1 = x2 + αxy + 1, p̂2 = α2xy + αy2 + α3
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Over F23 we have p̂1(α5, α2) = p̂2(α5, α2) = 0, so

p̂1, p̂2 ∈ 〈G〉pn

We multiply these by some polynomials in Z[α][x, y] to form public key
polynomials p1, p2 ∈ 〈G〉Z[α], for example:

p1 = p̂1 · (5α7x + 1) = 5α7x3 + 5α8x2y + x2 + αxy + 5α7x + 1

p2 = p̂2 · (4α2y − α) = 4α4xy2 + 4α3y3 − α3xy − α2y2 + α5y − α4

For message restriction we choose r = 6 < 23 − 1.

Private Key: F23 , G = { x− α5, y − α2 }

Public Key: P = { p1, p2 } from above

Message space G-normal forms in this case are just constants:

M = {αk | k ≤ 6}

Encryption Suppose Bob wants to send us the message m = α6.
He chooses ephemeral polynomials in Z[α][x, y]:

h1 = 3y − α, h2 = xy + α2

and computes the ciphertext in Z[α][x, y]:

c = m + p1h1 + p2h2 =

4α4x2y3 + 4α3y4x− α3x2y2 − α2xy3 + (15α7 + 3)x2y+

(15α8 + 4α6 + 4α5 + 3α)xy2 + 4α5y3 − (5α8 + α)x2−
(5α9 + α5 + α4 + α2)xy − α4y2 + (19α7 + 3)y − (5α8 + α)

Note that Bob's choice of the last term α2 in h2 gives cancellation of
the message m = α6 in c.
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Decryption Upon receiving c as above, we �rst compute in F23

(using the translation table):

ϕ(c) = 0 + 0 + α3x2y2 + α2xy3 + (1 + 1)x2y+

(α + 0 + 0 + α)xy2 + 0 + (α + α)x2+

(α2 + α5 + α4 + α2)xy + α4y2 + (1 + 1)y + (α + α)

= α3x2y2 + α2xy3 + xy + α4y2

Then, with G = {x− α5, y − α2} we have:

rG(ϕ(c)) = ϕ(c)(α5, α2) = α3 + α6 + 1 + α = α6 = m

y

4 Conclusion
An extension of the private key in Polly Cracker has been suggested.
In particular, an adjustment of the scheme to private �eld cardinality
could be used to increase complexity of standard attacks (total- as well
as single break), while at the same time providing means to control ef-
�ciency of decryption by introducing a fast preliminary decryption step
before the usual reduction. This scheme adjustment is very simple in
Polly Cracker instances over Zp[X]. The case of higher prime power
coe�cient �elds requires a bit more theory, but in the end does not
increase the complexity of the system. An issue that arises is the pos-
sible occurrence of large integer coe�cients in the ciphertext. Modular
techniques could be used to handle this e�ect.

It would remain to test these ideas on realistic Polly Cracker in-
stances.
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On the Cancellation Rule in the

Homogenization

Victor Ufnarovski

Abstract

We consider the possible ways of the homogenization of non-
graded non-commutative algebra and show that it should be com-
bined with the cancellation rule to get the mathematically ade-
quate correspondence between graded and non-graded algebras.

1 Introduction

The homogenization is a standard instrument in the commutative alge-
bra. From the computational point of view it is useful because homo-
geneous algorithms are often more efficient, allowing to save memory
(for example cleaning a lot when the current degree is done). In the
non-commutative case the situation is much less trivial, because the
connection between non-graded algebra and graded algebra obtained
by the homogenization is not so obvious as in the commutative case.
First of all there are several ways to homogenize. If t is a homogenizing
variable and one wants to homogenize a non-commutative polynomial
f of the degree k the obvious way is to multiply all the monomials in f
that have the degree less than k by the corresponding power of t. But
how to do it? From the left? From the right? In the middle?

The answer depends on our aim. Suppose we want to calculate the
Gröbner basis G of given non-graded algebra and our goal is to obtain
it from the Gröbner basis G∗ of the corresponding graded algebra which
we get using the homogenization of the relations. It would be nice to
get it using the dehomogenization procedure as in the commutative

c©2008 by V. Ufnarovski
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case, i.e. simply putting t = 1. Is it possible? Do we really get the
Gröbner basis of our non-graded algebra?

An easy example x2 = x shows that we should be careful about the
choice of the ordering: if t > x then tx > x2 and the leading word tx
in tx − x2 will be not the leading word after dehomogenization. But
suppose that we have solved this problem (and it is not so difficult).
Suppose even more that we know that after the dehomogenization we
get the correct Gröbner basis. There are still some problems. The
first one reflects the fact that 1 commutes with all other variables,
but t does not. From the computational point of view it means that
the calculating of Gröbner basis G∗ may be much more complicated
than in the corresponding non-graded algebra. A couple of tests shows
that this is the case: almost any non-trivial example creates a huge
Gröbner basis G∗, almost always we get infinite Gröbner basis even
in the case where the non-graded Gröbner basis is finite. One of the
explanation of this phenomena is that though we get Gröbner basis
G after dehomogenization, normally it is not minimal, because the
reduction works differently in graded and non-graded case. As example,
suppose that the leading terms of Gröbner basis in our graded algebra
look as txykt for all k > 0. It is obvious that we get a minimal Gröbner
basis G∗. But after dehomogenization we get the set of leading terms
xyk of Gröbner basis G, which is far from being minimal. The term
xy alone should be the leading term of the minimal Gröbner basis, but
how to avoid the unnecessary calculations of the infinite set in G∗?

One more or less evident attempt to solve this problem is to intro-
duce extra commuting relations: tx = xt for any variable x and demand
tx > xt. Then all other words in the Gröbner basis of our graded alge-
bra will have the form ftk, where the word f does not contain t. Words
in the example above should be replaced by xykt2 and we can do the
reduction already on the level G∗, so xyt2 be the only leading word
term remaining in the minimal Gröbner basis and we achieved our goal
in this case. Can we in general hope that the minimal Gröbner basis be
still minimal Gröbner basis after dehomogenization? Much more often,
but it is still not the case! To see the reason, consider the following
example.
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Example 1 The algebra A = 〈x, y|x2 − 1, xy2 − 1〉 has the set G =
{y2 − x, x2 − 1} as a Gröbner basis if y > x. If we homogenize the
relations using the commuting homogenizing variable t > y > x we get
the graded algebra

〈t, x, y|x2 − t2, xy2 − t3, tx− xt, ty − yt〉.

Its Gröbner basis is infinite. Even it contains such elements as y2t −
xt3, x2 − t2, which should be sufficient to obtain G, it contains also
infinitely many other elements, for example, of form

y2(xy)4k−2t2 − t8k, k = 1, 2, . . .

The reason for the trouble is the presence of t in the leading word y2t.
Because of it the leading monomials containing y2 cannot be reduced
(as they are in G).

The remedy for this trouble is far from the being trivial and the
main aim of this article is to find it. Shortly the idea is that it is
not sufficient to homogenize the relations. We should work in another
factor-algebra, where leading terms of the corresponding Gröbner basis
do not contain t (commutativity relations tx = xt are the only excep-
tions). We describe this algebra below. Shortly the rule is as follows:
during the Gröbner basis calculations cancel t, if it appears in all the
terms. The resulting reduced Gröbner basis will be minimal after the
dehomogenization. Let us discuss all the details more carefully (but
more formally).

2 Homogenization and dehomogenization

Let K〈X〉 be a free algebra over the field K and t be an additional
(homogenizing) variable. For any homogenous element u ∈ K〈X〉 of
the degree k and any m ≥ k we define u∗(m) ∈ K〈X, t〉 as utm−k. If u ∈
K〈X〉 is an arbitrary element, written as the sum of its homogeneous
components u =

∑
ui, and still having degree k ≤ m we define u∗(m) as

u =
∑

u
∗(m)
i and u∗ as u∗(k). In other words u∗ =

∑
uit

k−i, if deg ui = i.
So, u∗ = u if and only if u is homogeneous.
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To dehomogenize some element v ∈ K〈X, t〉 we simply replace all
occurrences of t by 1. In other words, if v = v(X, t) we define v∗ =
v(X, 1).

For example,

(x2 + y)∗ = x2 + yt; (x2 + y)∗(3) = x2t + yt2;

(x2 + yt)∗ = x2 + y; (tx− xt)∗ = 0.

The following statement is trivial, but useful.

Lemma 1 a) The map v → v∗ is a homomorphism from K〈X, t〉 to
K〈X〉.

b) (u∗)∗ = u for any u ∈ K〈X〉.
Note that the map u → u∗ is not a homomorphism and in general

not always (v∗)∗ = v. The following definition helps to choose elements
that almost have this property.

Definition 1 A word g = ftl is canonical, if l ≥ 0 and f does not con-
tain variable t. A canonical element of K〈X, t〉 is a linear combination
of some canonical words of the same length.

Note that canonical elements are by the definition homogeneous. The
following lemma shows their importance.

Lemma 2 a) Every homogeneous element in K〈X, t〉 can be uniquely
written as a sum of the canonical element and the element belonging to
the ideal, generated by the set S = {tx− xt|x ∈ X}.

b) If v is a canonical element then v = (v∗)∗td, where d is the
minimal power of t dividing some word in v. In particular, v = (v∗)∗ if
and only if v cannot be written as wt.

Proof. a) is evident and is a trivial application of the Gröbner bases
theory.

b) is sufficient to check for a canonical word: if g = fti and |g| = k
then

g∗ = f, f∗(m) = ftm−(k−i) = gtm−k
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for any m ≥ k − i. So, if v =
∑

j αjgj =
∑

j αjfjt
ij is a canonical

element of the degree k, then v∗ =
∑

j αjfj has degree k − d, and

(v∗)∗ =
∑

j

αjgjt
(k−d)−k = vt−d.

3 Homogenized ideal

Let A = K〈X〉/I, where I is some ideal which will be fixed for the
rest of this article. In general I (and A) are not graded and our idea is
to study A with the help of graded algebra B = K〈X, t〉/I∗, where I∗

contains all homogenized elements of I and (to be able to work with the
canonical elements only) all the commutators tx−xt. More formally, I∗

is an ideal in K〈X, t〉, generated by all homogenized elements u∗, u ∈ I
and the set S = {tx − xt|x ∈ X}. We want to prove some elementary
properties of I∗.

Lemma 3 a) If u ∈ I is homogeneous, then u ∈ I∗.
b) If v ∈ I∗ then v∗ ∈ I.
c) If v ∈ K〈X, t〉 is homogeneous, then v ∈ I∗ ⇔ v∗ ∈ I.
d) If vt ∈ I∗ then v ∈ I∗.

Proof. a) u = u∗ and belongs to I∗.
b) Consider a map φ which is the composition

K〈X, t〉 → K〈X〉 → A = K〈X〉/I,

where the first arrow corresponds to the homomorphism v → v∗, and
the second is the natural homomorphism. Then v∗ ∈ I ⇔ v ∈ kerφ.
Because S ⊂ kerφ and for every u ∈ I, according to Lemma 1, u∗ ∈
kerφ, we have that I∗ ⊂ kerφ, which proves b).

c) The implication v ∈ I∗ ⇒ v∗ ∈ I follows from b). On the other
hand, according to Lemma 2, v = w+s, where w is a canonical element
and s belongs to the ideal, generated by S. Now v∗ = w∗ + s∗ = w∗ so
v∗ ∈ I ⇔ w∗ ∈ I and, according to Lemma 2, v = w+s = (w∗)∗td +s ∈
I∗ if v∗ ∈ I.

d) follows from c) because I∗ is a homogeneous ideal.
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4 Eliminating ordering

Suppose that > is an admissible ordering on free monoid 〈X〉 such that
|f | > |g| ⇒ f > g, where |f | is the length of a word f. We will extend it
to the eliminating ordering on free monoid 〈X, t〉, namely for any two
words f, g ∈ 〈X, t〉 we put

f > g ⇔





|f | > |g|
or

|f | = |g|, f∗ > g∗
or

|f | = |g|, f∗ = g∗, f >lex g,

where >lex is a pure lexicographical ordering, extending > such that
the letter t is larger than any letter from X. Note that t < x, but
tx > xt for any x ∈ X. This ordering is also admissible and has some
special properties that we want to use.

Lemma 4 Let v ∈ K〈X, t〉 be a canonical element, g be its leading
word. Then

a) If degt g = k then v = wtk, for some canonical element w.

b) Leading term of v∗ is g∗.
c) If u ∈ K〈X〉 then the leading word of u in K〈X〉 is the same as

leading word of u∗ in K〈X, t〉.

Proof. Recall that v is homogeneous.
a) If h is another word in v then degth ≥ degt g, otherwise |h∗| >

|g∗|. So, h = h′tl with l ≥ k and v = wtk.

b) In the same notations, if l > k then |g∗| > |h′| = |h∗|. Otherwise
l = k and g > h ⇔ g∗ > h∗ (we can cancel tk).

c) The leading term of u∗ does not contain t according to a). Be-
cause it depends only on the words of highest length in u we can use
b).
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5 Normal words and Gröbner basis

From now we fix the eliminating ordering. We want to study the rela-
tion between the Gröbner basis for I and Gröbner basis for I∗. Let us
recall that the subset G of I is its Gröbner basis if for any u ∈ I there
exists an element g ∈ G such that its leading word (or leading mono-
mial in another terminology) lm(g) is a subword of the leading word
lm(u). Words that are not divisible by any lm(g), g ∈ G (or equivalent
by any lm(u), u ∈ I) are called normal and if we denote the set of
the normal words by N then K〈X〉 = KN ⊕ I (direct sum of vector
spaces), so N can serve as a basis for factor-algebra A = K〈X〉/I (see
e.g. [2] for the details). Suppose that G is a minimal Gröbner basis for
I. Our aim is to describe a minimal Gröbner basis G∗ for I∗ and the
corresponding set of normal words N∗ in K〈X, t〉. Note that N∗ is not
the same set as {n∗|n ∈ N}, which is the same as N.

Theorem 1 a) A word f ∈ 〈X, t〉 is normal relative I∗ (i.e f ∈ N∗)
if and only if it is canonical and f∗ ∈ N.

b) If G is a minimal Gröbner basis for I then G∗ = S ∪{g∗|g ∈ G}
is a Gröbner basis for I∗. It is minimal, if G does not contain elements
of degree 1 or constants.

c) If G = {1} then {1} is a minimal Gröbner basis for I∗ too.
d) If Y ⊂ X is the set of leading monomials in G that have degree

1, then to obtain a minimal Gröbner basis for I∗ from that one in b)
we need only to take away all the commutators ty − yt, y ∈ Y.

Proof. a) Because S is a subset of I∗ a normal word should be
canonical. Let f be a canonical word, f = htk, f∗ = h.

If f is not normal then it is a leading word of some homogeneous
v ∈ I∗ (because I∗ is homogeneous). Then by Lemma 3 v∗ ∈ I and
according to Lemma 4 h is its leading term, so f∗ = h is not normal.

On the other hand if f∗ = h is not normal, then h is the leading
word of some u ∈ I. According to Lemma 4 u∗ ∈ I∗ has h as the leading
term, so f is the leading term of u∗tk ∈ I∗. This conclusion finishes the
proof that f ∈ N∗ if and only if f∗ ∈ N.
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b) Because g∗ ∈ I∗ for every g ∈ G the set G∗ is a subset of I∗ and
it remains to proof that every leading word f of some u ∈ I∗ is divisible
by some leading term of G∗. Because f is not normal it is evident for
non-canonical words: tx = lm(tx − xt) is a subword for some x ∈ X.
If f = htk is canonical then, according to a), h 6∈ N and is divisible
by the leading word of some g ∈ G. But g∗ ∈ G∗ has the same leading
word by Lemma 4 and word is a subword of f too.

If G does not contain any element of degree less then two then no
leading term of G∗ can be a subword of the leading term of some s ∈ S.
Because G is minimal, G∗ should be minimal too.

c) is evident and for d) we need only to note that ty−yt can be writ-
ten in the factor-algebra as linear combination of other commutators
and we do not need it.

6 Rabbit Strategy in the Calculating of
Gröbner basis

Now, when we get the good definition of the homogenization ideal
the question is how to get Gröbner basis for the ideal I∗ practically,
starting from the generating set R for the ideal I? We know, that
we need to homogenize the elements in R, we know, that we need to
add the commuting relations xt− tx from S, but it is not sufficient to
get all the canonical elements in I∗, as Example 1 shows. Fortunately
we need only to slightly modify the main algorithm for Gröbner basis
calculations to get the desired result.

Definition 2 The cancellation rule: if u = vtk is a canonical element
and k ≥ 0 is as maximal as possible then replace u by v. Formally:
replace u by (u∗)∗.

Theorem 2 Let R ⊂ K〈X〉 be the generating set of the ideal I. Con-
sider the eliminating ordering (as above) and the following algorithm.
Homogenize R, add S = {tx−xt|x ∈ X} and use the standard Gröbner
basis calculation algorithm (Mora’s algorithm) with the following modi-
fication: every time when we get a new canonical element u that should
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be added to the Gröbner basis add instead the element, obtained by the
cancellation rule.

The resulting set G∗ is the Gröbner basis for the ideal I∗. After
dehomogenization (setting t = 1) we get the Gröbner basis G for the
ideal I. Moreover, G∗ is minimal if and only if G is minimal. In
particular if I has a finite Gröbner basis we get it after finitely many
steps.

Proof. Consider the process of calculating the Gröbner basis for I and
compare it with the modified algorithm creating G∗. By the construc-
tion and according to Lemma 4 all leading monomials from G∗ (except
those that correspond to S) do not contain t. From this follows that
those two processes deal with the same leading monomials. The only
possible difference could be in the reduction, but the cancellation rule,
commutativity rules for t and ordering are specially designed to take
care about this problem: the reduction process looks similar too (see
example below). So, for every g ∈ G we get g∗ added to the Gröbner
basis. According to the previous theorem we get Gröbner basis for I∗

(and no other elements, because we are always inside I∗). Thus G is
obtained from G∗ using the dehomogenization, which proves all the
statements in the theorem.

Let us check how this algorithm works in the Example 1. As above
we suppose that y > x > t, but work in the eliminating ordering. We
start from the same set:

tx− xt, ty − yt, x2 − t2, xy2 − t3.

Rewriting x2y2 in two different ways we get the element

x(xy2 − t3)− (x2 − t2)y2 = t2y2 − xt3 → y2t2 − xt3 = u.

The main difference now is that we should apply the cancellation rule
and add the cancelled element v = y2 − xt to our Gröbner basis. Now
we can throw away the element xy2 − t3 (it is reduced to zero using v)
and we are done: no more new elements appear. The dehomogenization
gets the desired result.
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The algorithm described in this theorem was used in the Computer
Algebra package Bergman (see [3]). Initially Bergman was elaborated
for the graded algebras only. This restriction makes it more efficient.
To be able to use Bergman in the non-graded situations we introduced
so called Rabbit strategy, close to the strategy, described in the last
theorem. More exactly, dealing with non-graded algebras, Bergman
homogenize them and uses the cancellation rule during the calculations.
This means that the calculations cannot be done degree by degree as
for graded case, but sometimes (when we used the cancellation rule)
we need to go back to the lower degrees. This jumping between the
degrees explains the name of the strategy and in fact is organized using
three parameters: maximum degree, starting degree and step s. We
do all the calculations degree after degree until the maximum degree.
But when we pass the starting degree we are ready to jump. We pass
s degrees and, if we have found that the cancellation rule was used,
we jump back to the corresponding degree and pass next s degrees
and so on until the maximum degree will be achieved. In the case we
get Gröbner basis completely the dehomogenized set G is the minimal
Gröbner basis for our non-graded algebra. If not, the user is informed
that obtained set G may be incomplete. The important property of
the Rabbit strategy is that if we have a finite Gröbner basis in our
non-graded algebra than using sufficiently large maximum degree we
will obtain this Gröbner basis and the user will be informed about this.

7 n-chains and Anick resolution

As we have seen above the ideal I∗ is the correct way to work with the
homogenization. We want to underline this fact even more by showing
(without complete proofs) that in fact we can use I∗ and G∗ to work
with the homological properties. For simplicity we restrict ourselves by
the case when Gröbner basis G has no elements of the degree less then
two, so both G and G∗ are minimal. We also suppose that the elements
in I have no constant terms, so K be a trivial module both for graded
and non-graded algebra. We want to compare Anick resolutions for
them.
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Let us recall that the sets Cn of n-chains are defined recursively.
First of all, C−1 = 1, C0 = {X}, where X is our alphabet and for every
x ∈ X its tail is x itself.

The set Cn+1 consists of those words fr with f ∈ Cn, 1 6= r ∈ N
which have the following properties:

• If f = gs, where s is the tail of f then sr 6∈ N.

• If r = r′x, where x ∈ X then sr′ ∈ N.

The normal word r is uniquely determined by the word fr and is its
tail.

Recall that the set C1 is exactly the set of the leading words of any
minimal Gröbner basis (and depends on ideal I and ordering only).
Now we want to describe the set of n-chains for the ideal I∗.

Theorem 3 a) The set of n-chains for the ideal I∗ is the union of two
different sets for n ≥ 0: C∗

n = Cn ∪ tCn−1.
b) Every element of Cn has the same tail as for ideal I.
c) If f = tg ∈ tCn−1 then for n > 0 it has the same tail as g and

for n = 0 the tail is the word t itself.

Proof. Easy induction. Base for n = 0 is trivial, for n = 1 follows
from the Theorem 1. In general, if fr is (n+1)-chain for I∗ with n ≥ 1,
then f = gs is n-chain for I∗ and r, s are normal (for I∗), but sr is not.
If r = r′y, y ∈ X ∪ t, then sr′ is normal. According to Theorem 1 a) we
have y 6= t (otherwise sr and sr′ are normal simultaneously). Because
r is normal r′ does not contain t neither. At last, by the induction, the
tail s does not contain t. So we decide the question of normality exactly
as in I. If g ∈ Cn we can conclude that f ∈ Cn+1, but if g ∈ tCn, say
g = th, h ∈ Cn−1, then th and h have the same tale and the fact that
ths is (n + 1)-chain is equivalent to the fact that hs is n-chain for I.

Let us recall that n-chains are used for the constructing of Anick
resolution (see [1, 2]), namely for the trivial module K over algebra
A = K〈X〉/I. It looks as

· · ·Cn ⊗A → Cn−1 ⊗A · · · → C−1 ⊗A → K
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The differentials dn are recursively defined for any n-chain f, which
we identify with f ⊗ 1. The last theorem allow us to see how in fact
Anick resolution is lifted from the non-graded algebra A to the graded
algebra B = K〈X, t〉/I∗. We skip the proof of the technical details of
this process, and only formulate its most important properties.

Theorem 4 If d∗n are differentials in the Anick resolution for trivial
B−module K then

a)If f ∈ Cn then d∗n(f) = (dn(f))∗

b)If f = tg ∈ tCn−1 then d∗n(tf) = td∗n−1(g) + (−1)ngt.

c) v ∈ Ker d∗n ⇔ v∗ ∈ Ker dn for any canonical element v.

This and previous theorem gives also some hint how to extract
the information about the homology of A from the homology of B.
We see for example that in the monomial case the Betti numbers are
nothing else than the differences of the corresponding Betti numbers
for B, because in the monomial case the Betti numbers are equal to the
number of the corresponding n-chains. Of course, we do not need to
homogenize monomial algebras, but the last theorem shows that we can
calculate the Betti numbers in the similar way in general case. It does
not work if we only homogenize the relations. This again shows that the
homogenization should be combined with the cancellation rule to get
the correct mathematical connection between non-graded and graded
algebras.

This article takes its origin from the discussion of the properties of
Anick resolution with Ed Green and the author is very grateful to him
for all his ideas that have helped to write this article.
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�¼���
À��%�
�w��������(	X������»Ô2N^�	X½
�Ô	X��»�ÒJ����$
���g`67�* û ½��%» »���������$
���(	X�
����%��Â� 4��SÝ���XÀ��¡����	X½��(	S½���»ü������Â��ª»X�¡���%��»���	H�� 
��Ã�������	X»�)(Ã��
	ü�OÃ���ÀO����$
À�X�'Íª�%�
À#»���	M�� D����	X������»�*j�H�(	����Í��¡���%�����
��$¼	��#��»��¡»���&�������D� × �#���
À��%�
��»
Íª��	X½Ð	X½
�#»X�����w»X½
���%�+* º �#ÍD���6	���$Ï	��}»X�
������X	@	X½
�w��»X�(À��¾�� ����Ï���
À��%�
�
	X½��(	�Í������%$¼�
��	�Ã��>��&����¼	X�(Ò����Æ�%�6	�� �����������6	M�(	�	X½
��»X½
���%�H��X��À�����¡�¡�%�
À
)
�+* ��*�)ü	��]�¡�(Ò��¡	X½
��»X½
���%�S��»��%��$
��������$
���6	ª�� §	X½
�@���
À��%�
��»���»�����»X»X��Ã�����* û ½
�
����XX��»�������$��%�
ÀÔ�%�6&���»�	X��À��(	X�����Ï������¡��	�	���$Ï��»�	��}������»�	������	¡	X½
�w�����%�����%�(	���
����$
���ª�� M	X½
�Ô»X½
���%�+* Ú��Ñ	X½��%»¥����»���)ª	X½
�¼»X½
���%������	X������» �(X�wX��»�	���%��	���$ÑÃ.Â
	X½
�¼��Ã�������	]�%�
���
	�)V	X½
�¼X��»X����	����
	����
	�)ª	X½
�w��Ã�������	¾�����6&����»X������»¥Ã���	�Í������
$�������X���6	VX����X��»����6	X�(	X������»�)�	X½
�M»���������	X�����]�� �	X½
�����
À��%�
�M����$]��	X»V��������(	X�����/)
����$¼»���&�������������¡�����#	X��»�Ò�»��%��Ò���	X½
�>»���»X»X�����w»X�
������X	�* º ��»����>	X½��(	�����»�	
	X��»�Ò�»��(X��$
��Ù0�
��$@Ã.Â@��Ã�������	X»�����$¡	X½��(	§��»���§	X��»�Ò�»§�(X��Ø.����	��OX��»�	���%��	���$/*�Ú��
	X½
���������6	X�%����ß�1pàH	X½
�����%$k^�&���XÃ
Ä��
������`�����$
����Ã���À����]	���½��%��$
���	X½
��»X½
���%�
$
��&��������������6	�*

û ½
��X�� 4��X��Í���$
�����%$
��$Ô	��¾�����À��%���(	��¡	X½
� � × �¼»X½
���%�� 4X���_	X½
���¡�(	X½
��Ä
�¡�(	X�%�����Q��Ã�������	X»�Í���ÍD���6	�	��#��X��������$Ñ2N^�	X½
�¥$
���¡���%�Æ����$
���g`67�* û ½��%»M�(�
Ä
��X������½#������¡��	�	���$]��»O	�����X���(	��@�¡»X½
���%��	X½��(	��%»VX�����%��Â �%��$
��������$
���6	��� "	X½
�
��»���$@���
À��%�
��»�)�����$@	�����X�'&��%$
��X��»����(���½
���»�Ä��¡�(	X½
���¡�(	X�%���%����»"Íª��	X½@��������Ù���$
»X½
���%�� 4��ª»���&��������� × ��»�*

º ��	X½��%�¥	X½
�M$
���¡���%�]����$
���+)�	X½
�>� × �¥»X½
���%��$
��&��������������6	OÃ���À��%��»�Íª��	X½
	X½
���%�%»�	X�%�
À¡�� §��»���$w�¡�(	X½
���¡�(	X�%��������Ã�������	X»�* 4 ���������½¼��Ã�������	�)/Í��@��X�'&��%$
�
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× ����X������½
��»O	������
	����¡�(	���$w������»�	������	X�����]�� SÀ���(��½��%�����/»X½
���%�%»D 4��M*�*�*

����X������$��
X����O��X������$��
X��»D�� ���	X»O�%�
���
	�	X½��(	V��X��$�������»V��	X»O�%�6	��������� � !��X����X��»����6	X�(	X�����/* û ½
�M���6	���X��$¾��Ã�������	��%»ª$��%»�������Â���$ ���#�¡	X�(Ãü* û ½
�����
XX���6	
»���	��� �	X�(Ã�»¡Íª��	X½Ð��Ã�������	X»�)O����$Ð	X½
�w���
XX���6	¡���(�������	��� »���	�	X�%�
À�»������ÏÃ��
»�	���X��$#��»ª�¥Ë�ÇpË�ËpÊKl(ÈÔ����$]X��»�	���X��$#�%�(	����*

û ½
�>��Ã�������	��%»�$��%»����%��Â���$#���Ô�¥	X�(ÃÆ�%�#���
�@�� ���	X»���¿�	����������X����X��»����6	X�lÄ
	X������»¥24��* À
*�)m� � û � � 7�* × »���	M�� O�����6&���X	����»> 4X���Þ�%�6	��������� � !��ÎX����X��»�����Ä	X�(	X�����#	���$�������X���6	O��¿�	���������üX����X��»����6	X�(	X������»O��¿
�%»�	X»V 4��ª������½#��Ã�������	�* û ½
�
��»���¡»���������	X»��¼X����X��»����6	X�(	X�����Ó�� ����Ó��Ã�������	@	X½
X���
À�½Ð�¼�����.�/* û ½
��X�]�%»
���%»��#�]����»X»X��Ã��%�%��	�Â¾	��#»�	���X�¥���Ô��Ã�������	>�%�Æ���6Â¼�� V��	X»�X����X��»����6	X�(	X������»��%�Ô�
Ù0����*
� ¿
������	¥�� ��%�
���
	���X������$��
X��»¥����$Ñ�����6&���X	����» 	��Ó��¿�	���������ªX����X��»�����Ä

	X�(	X������»�)H������½Æ��Ã�������	��%»���»X»������%�(	���$ÔÍª��	X½Ô����	X������»�	X½��(	������ÔÃ��@����X 4�������$
�'&��� ��	�Ã.Â}	X½
�]��¿
�%»�	X�%�
À¼���
À��%�
��»�* × »�	X½
�¾��»���¡��������»@��Ã�������	�Û »¡	X�(Ãü)D	X½
�
��»X»������%�(	���$#����	X������»OÃ����������M&��%»X��Ã������%�]�¡�����.�/*

�.����������	X������»M��»��¡����X��	X½����¼���
����Ã�������	�* û ½
��»�����$�$���	X���������S��Ã�������	X»
»X½
�����%$�Ã��ª���6	���X��$¥����$¡&��%»X��Ã����V������	X½
���	X�(Ã�»�*"Ú� �	X½
��X���(X��»���&��������������Ã���Ä
���(	X������»��� ü��Ã�������	X»D 4��D���
����V»���&������������	X������»�)�	X½
������XX��»�������$��%�
ÀMX��Ø.�
��»�	
�%»O�¡��$
��	���»���������	O���
�M�� �	X½
��»���&(�(��%���6	X»�*

�.�Á	X½
�w��»��� »���������	X»���Ã�������	'2v»p7�����$Î	X½
�w����	X�����/* û ½
�w»X½
���%�O�����6&���X	X»
��Ã�������	X»  4X��� 	X½
���� �%�6	��������� � !��=X����X��»����6	X�(	X�����Ñ	��}	X½
�w���
À��%�
�¼�%�
���
	
Ù0����»O����$¾»�	X�(X	X»V	X½
���
������»X»X�(XÂ ���
À��%�
��*

×  4	���ª	X½
�M���
À��%�
�M���� 	�����¡�%���(	X�����]	X½
�>�����%�����%�(	���$¾X��»X����	O�%»VÒ�����	���»X��Ä
���%��Â#�%�#��Ù0����* ×  4	����	X½
�@�����%�����%�(	X�����¼�%»OÙ0���%»X½
��$#�¥»X½
���%�S����$������������6&���X	X»
	X½
��X��»X����	S�%�>��	X»S�%�6	��������� � !�� X����X��»����6	X�(	X�����@����$>»X½
�'Íª»���	H���@���
��Í}	X�(Ãü*Ý����%�
À¥�¥�¡�(	X½
���¡�(	X�%�����H��Ã�������	�)�	X½��%»OX��»X����	O�����wÃ��������6&���X	���$Ô�%�¾$�������X���6	
��¿�	����������24&��%»X�����47OX����X��»����6	X�(	X������»�)H»X��&���$}�%�Ô�¥Ù0����)H����$Æ��»���$¼ 4��M v�
X	X½
��
�����%�����%�(	X������»�*

º �ª»����O	X½��(	��������%�����%�(	���V� × �@»X½
���%�
����$
���
»X�
������»���»�	X½
�O��Ã�������	�Ä��%��$
��Ä
������$
���6	����(X	O2v»���»X»X�����@»X�
������X	�)(	X�(Ã��¡�����������%�(	X������»�)l$
Â������¡�%�������.��»"»X�
�
Ä
����X	�)
��	X�(* 7�����$ 	X½
����Ã�������	�Ä�$
��������$
���6	V���(X	�* û ½
����Ã�������	�Ä�$
��������$
���6	V���(X	
�����6	X���%��»��%�
���
	�����$�������»>����$}�����6&���X	����»�*Á!#��»�	¡�����6&���X	����»��(X� ���
À��%�
��Ä
�%��$
��������$
���6	DÃ��
	V	X½
�������6&���X	����»���»���$]	��¡À����
����(	��>�%�
���
	�Ù0����»VÃ��� 4��X�M	X½
�
���
À��%�
�¾»�	X�(X	��(X�]���
À��%�
��Ä�$
��������$
���6	�* û ½
��X�¾�(X�#���%»��Ô���
À��%�
��Ä�$
��������$
���6	
�����6&���X	����»@	X½��(	@»X�����Á���
	����
	�Ù0����»��( 4	���@	X½
�����
À��%�
�¡Ù0���%»X½
��»���	X»>�����%�����%�lÄ
	X������»�����$Ï��X��$������¾�%�6	��������� � !�� X����X��»����6	X�(	X�����Î�� �X��»X����	X�%�
ÀÔ��Ã�������	X»�*
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× * ��������»X���%���'&0)��0* �����������(��/)��Q* !w���%��½
�'&(�

× ��	X�����¥�����.��»§�(X�ªÃ���	X½¡��Ã�������	�Ä�����$¡���
À��%�
��Ä�$
��������$
���6	�* û �>��½����
À��ª	X½
��»��
�����.��»§$
Â������¡�%�����%��Â�)�	X½
�ª»X½
���%�
��»���» � !��w$
��»X�������	X������»�	X½��(	Q��¿
�%»�	Q 4��§������½	�Â.���M�� ���Ã�������	�)�������½#���
À��%�
��)�����$ ������½w���%���'Í���$¾������Ã��%���(	X�����]�� S	X½
��»���*

n o�³0#�³/¹X¸p/0�"!+%7%q#r/�/�!+)ts'%;u

Ü��
D	�����½����%Ø.�
���� ü	X½
��»�	X�(	X�%��»X½
���%�0��»X»�����Ã���Â��%»�$
��»X�����Ã���$��%�¥$
��	X���%�%»D�%�¼ß �'à£*
º �>������Ã��%�
��$¾�%�]��	V	X½
�M�����������
���6	ª����$¾��»�������	�Ä£��������6	���$¾��X��À�����¡�¡�%�
À
*
v ��&��%�
À��M»���	§�� �X����$
Â6Ä��¡��$
������$�������»"$
��»X�����Ã���$��(Ã��'&��ªÍ����
����$¡	X½
X���

��������(	X������»V	�����»X»�����Ã���Â �¡»X½
���%�+ÿ

1(*O	��]À����
����(	���	X½
��É]w x�Çjy7l1z6Ç¼24	X½
�¡��$�$���	X��������������$
��	X½��(	M�%»��
������»X»X�(XÂ
	�����»X»�����Ã����M�����������
���6	X»O	���À���	X½
���77�

8.*O	��¡À����
����(	��>����$
��	X½��(	O	X���
��»O��$��(��	X�(Ã����M�����������
���6	X»M�
�.*O	��¡À����
����(	���&(�(��%�(Ã����������.��»�*
× »�������	���������6	���$w��X��À�����¡�¡�%�
ÀÔ2 × Ü � 7��%»�� 	�����½����%Ø.�
�>	��¾��$�$¼� �
��Í

Ã���½���&�����§	��@���¡��¿
�%»�	X�%�
ÀM��X��À����� Íª��	X½
���
	Q��½����
À��%�
À>��	X»§»����
�����»�����$¡��&����
Ã��%���(�����»�*SÚ�	§�%»Q����»�	X��Â@��»���$¡	��>½�����$����V��X��»X»�Ä����
	�	X�%�
À>�������������»§�%��Ò��O����À�À��%�
À
���$
��Ã��
À�À��%�
À
* � * À
*�)0Í��>�
����$¾	��¥��$�$#���%����»�	O	X½
�>»X�����>����$
���%�]X��À����%�(���Â
»���������	���$¡���%������»Q�� �	X½
�V��X��À����� 	��M	����������	�* × Ü � �����������6	���(	���»§	��������%�(	���»
�� ���$�$���	X���������6����$
�D����$>�%��»���X	X�����M�����%�6	X»S�%�_{lËY|�Ç(y1}4ËM~ × »�������	X»��(X�D���������%����$
»������(��(	�����Â�)�����$]	X½
�_y7l1z6Çc��Ç({��'Ê4È.É¾�%»V����X 4�������$¾$��
��%�
À@	X½
�M��¿������
	X�����#�� 
	X½
�M��X��À�����]*

û �}�(������Â × Ü �  4��¥	X½
�¼»����¡��Ä����
	����¡�(	���$J��»X»�����Ã���ÂÓ�� ��}»X½
���%�V 4X���
�����������
���6	X»�)�Í����
��	���$¥	X½��(	�	X½
��À��%�
������$
���%»§X��À����%�(D����$�X�������(	X�%�
À
).����$
	X½��(	M��	������¼Ã��>À����
����(	���$¼ 4X���_�¥ 4����¡���S$
��»X�������	X�����#�� §	X½
��»X½
���%�+* º ��	X½
× Ü � )6Í�����»��ª����������½����
À���$¡»X½
���%�
	��������%�(	��ª����$�������½����
À���$¡�����������
���6	X»�)
����$�À����
����(	���������Â¡��»�������	X»D�����6	X���%���%�
À�	X½
�ªÀ��%�
������$
����D	X½
������$
��	��>	X���
�
��$��(��	X�(Ã���������$�������»�* û ½
�ª�����.�¥�%»§���%»���À����
����(	���$ ��»�������»�������	�* º ��½���&��
��½
���XÒ���$w	X½��%»V�%$
���@Ã.Â �%�������������6	X�%�
À@��	�*

× »X½
���%�D������»X�%»�	X»@�� ª	X½
�¾������»�	X���6	¡���(X	�����$Ó	X½
� &(�(��%�(Ã���� ���(X	�* û ½
�
������»�	X���6	O���(X	V�����6	X���%��»�)��%�¥���(X	X�%�����%�(�)�	X½
��»���»X»X�����]�¡�����(À��������6	�ÿ§»�	�����%�
À
$��(	X�] 4��M������½}»���»X»X�����/)/	X½
���������$���Ù0���(	X�����/)���	X�(* º �����%»��] 4������$Ô��»��� v�����
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× ����X������½
��»O	������
	����¡�(	���$w������»�	������	X�����]�� SÀ���(��½��%�����/»X½
���%�%»D 4��M*�*�*

�
��	X�����@�� "Ç�È��'Ê=�;l(È���Ç�ÈC}v)���"���(X	X�%���%��ÂM$
��Ù0�
��$@»���»X»X�����]ß�1pà£* � ����½¡»���»X»X�����>�����
Ã��OÃ���»���$¡���¥���¡���6&���X���������6	QÍª½
��X�ª»�������$��(	X���(X������X����$
Â�$
��Ù0�
��$/* û ½
�
���6&���X���������6	"�¡�����(À��������6	"�%»��%�������������6	���$>�%��Ò���	X½
�D»���»X»X�����@�¡�����(À��������6	�*

Ü�	X½
��� 4���(	X�
X��»¡�� �	X½
�#������»�	X���6	����(X	��� ��Æ»X½
���%�D�(X�¾����»X»X��Ã��%�%��	X����»M	��
��X���(	���	X½
���%�%»�	"�� /���
À��%�
��»�)6	��>»�	X�(X	§��¿�	������������X��À�����¡»�)6	��>��½
���XÒ������%������	���$
$��(	X��)�	���»X½
�'Í`½
�����ü)���	X�(*

!#��$�������»�	X½��(	O���6	���ª	X½
�M$��(	X�¡����$¾�����6&���X	����»O 4���� 	X½
��&(�(��%�(Ã��������(X	
�� "�¡»X½
���%�+*
���
��%�
Àª	X½
�V��»X»�����Ã���Â��� 0��»X½
���%�.��	X»�������»�	X���6	"���(X	"�%»S	X�(Ò����¡��»�	X½
�DÃ���»���*

û ½
��$
��&�����������D��X�����(X��»D�%�%»�	§�� H��Ã�������	X»V����$ $
��Ù0�
��»D½
�'ÍJ	X½
��Â¥½���&���	��@Ã��
���6	���X��$Ñ�%�Ó	X½
�#»X½
���%�M24Ã.ÂÓ»���������	X�����Ï 4X���T»���&�������O&(�(��%���6	X»�)�Ã.ÂÐ�¡�(XÒ��%�
À
)
Ã.ÂJ	���¿�	¾��$���	X�%�
À
)�Ã.Â 8��  4����>���%�Ð�%�
���
	�)ªÃ.ÂJ���6	�����%�
ÀÐ���(�������	����»¾�� @�
�¡�(	X½
���¡�(	X�%�����ª��Ã�������	¥��»X�%�
ÀÔ�ÆÍª��Õ��(�$/)���	X�(* 7 � ����½Î����»X»X��Ã���� ����	X½
��$Ï�� 
	X½
�Á$��(	X�Ï�%�
���
	]�%»¾�%�������������6	���$^��»#�Ï����»�	����¡��Õ��(Ã����Æ�����������
���6	�* û ½
�
�
������»X»X�(XÂ ����$�������»§����»X»�	X½
������»�	����¡��Õ��(	X�����]����$ �(X��À��%�
��$¥	���À���	X½
��OÍª��	X½
	X½
�>������»�	X���6	����(X	ª�� "	X½
�>»X½
���%�+*�!#���.��»��(X�>���%»���À����
����(	���$w����$w�%�����%��$
��$
��»ª���¾��»�������	�*

û ½
�OÍª½
�����ª»�Â�»�	���� ������»X�%»�	X»Q	X½
��X�� 4��X���� ü�M��X��Ä��%�������������6	���$¡������»�	X���6	
���(X	�)/�¥»���	��� Q$��(	X� �%�
���
	O�����������
���6	X»�����$w�����6&���X	����»�)ü����$w��»X½
���%�üÀ�����Ä
����(	���]	X½��(	 ��$��(��	X»¥����$Ñ��»X»�����Ã�����» ���%�O���(X	X»�	���À���	X½
��]��X��$������%�
À}� × �
»X½
���%�%»�*

� � u>²"#&)Þ¹X¸�/0�"!+%7%q#r/�/�!+)ts'%;u

û ½
�>»X½
���%�/Íª��	X½#$
Â������¡�%�M����$������M��»X»�����Ã���Â¾�%»OÃ���»���$#���#	X½
���������w»����
����
� ���%����»��1�����%�(	� 4����]*

× � � ���%����»���Ä£Ã���»���$Ô�(�����%�%���(	X�����Ô������»X�%»�	X»��� D	X½
� � ���%����»��e|�w�{]} �Ml��	� ����$
�Á»���	¡�� -|�w x�É�Ê4È
Ëp* � ����½Î���%�
À��%�Ó�%»¡�Æ����$������ 	X½��(	������6	X���%��»��%�Ï��	X»����� ���	X»
� !��¼$
��»X�������	X��������»���X��»����
�����* û ½
�ª»�Â�»�	���� 	X���
��»§��	X»����� "24��* À
*�)
��$�$�»Q�
��Í
�����.�#��	����¡»p7D��»X�%�
À@	X½
� � !��}$
��»X�������	X����� �� �	X½
���
��Í`����$�������* û ����$�$¾�����$�������)S��	��%»M���
���
À�½Æ	��¼�����.ÂÆ��	X»>� × hý�(���½���&��¥�%�Æ	X½
�¡���%�
À��%�Ô$���X����	���XÂ
����$]	��¡X��»�	X�(X	�*

û ½
��&��%»X�����"���(X	>�� V	X½
� � ���%����»��¡���%�(	� 4����P�%»M	X½
� � ���%����»��a�+l��7����Ç�È�yN�6*
� :;<=<?>1@ A	A;BCBCBED J��7U T >(HKJ	D �MO PMA
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× * ��������»X���%���'&0)��0* �����������(��/)��Q* !w���%��½
�'&(�

û ½
� Í���XÒ.Ã�������½}��X�'&��%$
��»@�wÍª�%��$
�'Í 	X½��(	������6	X���%��»@	X�(Ã�Ã���$��'Ê£ÇN��ËÁ24��* À
*�)
�%�%»�	X»¥�� >»���	�	X�%�
À�»p7¥����$ Ç(z(Ê�}Yl���Ëp* ������½ÑÍª�%��$
�'Í_�%» �����%����$J�%� � ���%����»��w	X½
�
|�ÇN��ËY|�Ç(y1}vÊ=��Ç#2v����XX��»�������$�»ª	��#Ë�ÇpË�ËpÊKl(ÈÁ��»�Í��@$
��Ù0�
��$¾Ã��� 4��X�l7�* � $���	����»ª�(X�
���%�
À��%��»"	X½��(	§��$���	Q	���¿�	X»M�
�>��»X�����
	���¿�	���$���	�����%»§����X����$
Â���X�'&��%$
��$�Íª��	X½¡	X½
�
� ���%����»������%�(	� 4����]* û ½
��Í���XÒ.Ã�������½ »X�
������X	X»D���%»��e|��;l���Ç(y1}4Ë]�� 4��O�>��X��������	�)
Í��������#»�	���X������$]X��»�	���X����	X»V���
XX���6	O�����»�������	X��&���*

û ½
�¡������»�	������	X�����Á����$ÔÍ���XÒ¼�� D	X½
� � × �¼»X½
���%�"Ã���»���$Ô��� � ���%����»���X��Ä
�¡���%��»V	X½
�M»X��������»ª$
��»X�����Ã���$¥Ã��� 4��X��*

û ½
� � ���%����»������%�(	� 4���� Íª�%�%�� 4���� 	X½
��������»�	X���6	ª���(X	V�� S	X½
��»X½
���%�+*
!#��$�������»�	��¼�%�
���
	��¡�(	X½
���¡�(	X�%��������Ã�������	>»X½
�����%$ÔÃ����%�������������6	���$Á��»

���%�
À��%��»�Ä£��$���	����»�*ý�����6&���X	����»]»X½
�����%$ÑÃ��¼���%»��Ð�%�������������6	���$J��» ���%�
À��%��»�*
� ���%����»��¼»X�
������X	X»�	X½
�Ô$
Â������¡�%�#��½����
À��Ô�� >�����.��»]�(	 	X½
�Ô����	X��&(�(	X�����^�� 
������½#��$���	����*

× »������(��(	��]���%�
À��%��»��(X�]�
������»X»X�(XÂ}	��Ô������$�����	@���
À��%�
��»�*ÆÚ�	��%�����%��$
��»
���
À��%�
�¼�%�%»�	¥»X�
������X	�)O���
À��%�
�¼»�	X�(X	�)�������»�������»�)ª��	X�(*�)�����$/)O��»��������%���%��Â�)O	X½
�
»X�
������X	>�� �����XX��»�������$
�������]Ã���	�Í������Ð	X½
�]���
À��%�
�  v������	X������»�����$Ð�¡�(	X½
��Ä
�¡�(	X�%�����ü��Ã�������	X»�* û ½��%»V�%��»�	V 4���(	X�
X���%»V�
��Í  4�� � ���%����»���*

� �Jµ�²@¸m%�·"/�¹Xµ�²"/

û ½
��Ù��»�	��(����X������½w������¡��	X»O	�� �%�������������6	������%�(	� 4����@Ä��%��$
��������$
���6	O»�Â�»�Ä
	����]* º �VÍ���XÒ��%�@����&(��Íª��	X½��.Íª�%�
ÀOÀ���(��½��%��»�* û ½
�D$
�������'Â���$@»X½
���%�6������»X�%»�	X»
�� 
�O»X�%�
À�������¿������
	X�(Ã������ × hÆ	X½��(	H�����6	X���%��»/	X½
�§���������%����$����%��»X»���»�)'X��»����
�����»�)
����$¥��$�$���	X�����������%��Ã���(�����»�* û ½��%»§�(���½���&��������¥Ã��O��¿������
	���$ ���¥���6Â¡���%�(	� 4����
Íª��	X½#	X½
�>»X����	X�(Ã����M&����»X�����#�� "	X½
������&(�jb�!Á* × 	�	X½
�>»���������$¼�(����X������½#Í��
��»���� º û À���(��½��%���%��Ã���(XÂ� 4X��� � ���%����»��ª	X½��(	O�%»§���%�(	� 4���� $
��������$
���6	�* º �
�(X�¡�%�w	X½��%»�����»��¡	��¾$
�������'Â#$�������X���6	��(���½���&���»� 4��M$�������X���6	����%�(	� 4����¡»�)/��
	���X��Ø.����X��	X½
�M��»���O	����%��»�	X���%� � ���%����»������)��(	ª������»�	�)���	X»V�%��Ã���(�����»�*
v �'Í���&����	X½
���.Íª�%�
À�À���(��½��%��»"ÍD��»§�����	X�%����Õ���$� 4��§��	X»Q&��%»X�����
�(�������(��������

	X½��(	ª$
�.��»O�
��	O����XX��»�������$ 	X½
�����%�(	� 4���� »�	X����$��(�$�»�* � ���%����»�����»���»D	X½
�����lÄ
	X��&��DÀ���(��½��%��»H���>������½@���%�(	� 4����`	X½��(	"�����@»X�%��À�½6	X��ÂM��������������(	��V	X½
��À���(��½��%�����
��������(	X������»O����$]À����(����6	�����»ª	X½
�M���(	X��&����(�������(���������*

× 	�	X½
�¥Ù��»�	��(����X������½ÐÍ��¾�%�������������6	@»���»X»X�����Ó»X�
������X	@�%�}	X½
� ��¿
����	
�
������»X»X�(XÂ#&����%������* º ��	X½ � ���%����»���)�Í����(X�>	�� ��»��>	X½
� � ���%����»��� 4�������Í���XÒ
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× ����X������½
��»O	������
	����¡�(	���$w������»�	������	X�����]�� SÀ���(��½��%�����/»X½
���%�%»D 4��M*�*�*

	X½��(	��%»ª����X��À����
������S����$w�¡��Â¾»������ ����X�>���������%�%���(	���$/ÿD»������>Ã���»��� 4���lÄ
	X�
X��»V�� � ���%����»����(X��»X�
����;�0�
����»§ 4��ª��»�*

× �6Â�»X½
���%�(��¿�������»X������2v��$�$��%�
ÀO�O�
��ÍÁ�¡�(	X½
���¡�(	X�%��������Ã�������	�)��
��ÍÆ���
À��%�
�
�� �
��Í ����	X�����Ï�� �	X½
�¾��¿
�%»�	X�%�
ÀÆ���
À��%�
��)���	X�(* 7 �%�����%����»>X�����������%�%�(	X�����Ð	��
��$�$^�
��Í  4���(	X�
X��»]�(	]	X½
�Ô»�	X�(	X�%�¼��»X»�����Ã���Â�* � ���%����»��w��$�$�» �
��Í_���%�
À��%��»
$
Â������¡�%�����%��Â�*

û ½
�] v����	����»¥�%�%»�	���$Ó	X�%�%�V�
�'Í Ã����%�������¾���
�#���
��	X½
��1���
���
�¾�� �	X½
��� �%»
$
�����%»X��&���* û ½
�¥�¡���%�}��$
&(���6	X�(À�� �� � ���%����»��¥�%»���	X»���%��½��
��»X»�)���»��������%���%��ÂÔ�%�
	X½
�����
XX���6	 � ���%����»�����^ � �
X�����]`�* û ½��%»�&����»X�����]�� � ���%����»��������6	X���%��»ª����X�
	X½����q[(9�9¡X����$
Â6Ä��¡��$
�����%�
À��%��»�* × Ã���À@���(X	V�� ������¡����� ��� Ú� v������	X������»V�%»
����X����$
Â��%�������������6	���$���S������Ã��Q��$��(��	���$M 4X��� ��¿
�%»�	X�%�
ÀV���%�
À��%��»�* ×  4	���S	X½
�
�(�������(��������ª�� � ���%����»��&��Í��ª$
�����%$
��$�	��>��»��O	X½��%»"�(����X������½¥�%�����
Q��X��������	�*
v �'Í���&���¡	X½
�¥À����
������D»�Â�»�	���� »�	������	X�
X�¥����$Á v������	X������»>�(X� �����¡�����} 4��
Ã���	X½¾�(����X������½
��»�*

� � ¸���²@µ+ ¡%(!Q¶'¢-!+)£!§²�³0/

û ½
�]Í���XÒ}ÍD��»¡»X�
������X	���$}Ã.Â}	X½
�]Ú�¤ û × �ÁÀ�����6	jhO�� �*m¤ª�*Q9��1¥01�9(3�¥¦��]�]�
^�Ú��6	���X v������À����
����(	X�%�
À¡	��.����Ò���	V 4��ª»�Â���Ã����%�%�����������
	X�(	X�����¾»�Â�»�	����¡»(`�*

§ !m,1!Q´.!§²@¸$!m/

ß�1pà¡�0*������������(��/)��Q*S!w���%��½
�'&(��)Q����$ × *"��������»X���%���'&0* Ú��6	���X v������»>	��w»�Â��@Ä
Ã����%�%�����������
	X�(	X�����¼»�Â�»�	����¡»�ÿ-hO��������»X�%$
����%�
À���¿���������������>�� QÃ���XÀ��¡���/*
¨$l��-|�x¦}�ÇN��©0y�Ê£Ç�È�ypÇ�ª¦l�x��pÈ�{�w�l���«¬l�w�z�l���{()S11�
2+8
2+8�:�7�7�ÿ 8]��81¥�8l3�3�)S8(9�9��.*

ß 8'à¡�0*������������(��/)��Q*ª!w���%��½
�'&(��)>����$ × *���������»X���%���'&0* � X�'&��%$��%�
ÀÐ����$�Ä
����Á»��� 4	�ÍD�(X�¥���6&���X���������6	X»M	��¼���������
	���>����À���Ã���#»�Â�»�	����¡»�*]Ú��¬b>* � *
� ���
Õ�½���) � * º *ü!w��Â.�)S����$ � * b>*.b"��X��Õ�½6	X»��'&0)S��$���	����»�)-¨$l��-|�x¦}�ÇN�"8w ®
É.ÇQ�N�;{¡Ê4Èq©0y�Ê£Ç�ÈC}vÊ ¯°y_¨$l��-|�x¦}vÊ4È.É\~m±]}=�f²�ÈC}�ÇN�pÈ�{]}vÊKl(È�{�w8³ql��7�'Ë7��l7|C´µ¨��©�¨
¶�·�·�¸ ~¹¨��6ÊVº ËpÊ4È�»{�x�´¬«¬l�w�z�l���{�´¹©/Ç�|0}�ÇN�j��ÇN�½¼�¼]¾\¼�¿�´ ¶�·�·�¸ ~_ÀÁ�;l1ypÇ�Ç(z(Ê4È.É(Ëp)
�.����Ã���V3�11[l3
)����(À���»�1�8][1¥01�3�9�*H�.����%�
À����ÄYb"����%�(À
)�8(9�9�5.*
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× * ��������»X���%���'&0)��0* �����������(��/)��Q* !w���%��½
�'&(�

ß �'à × *O��������»X���%���'&Î����$ �Q*D!w���%��½
�'&(��* × »�������	 �����	����6	���$Ñ��X��À�����¡�¡�%�
À
����$Æ�����������
���6	M��»X»�����Ã���Â�*¹¨$l��-|�x¦}�ÇN�Â©0y�Ê£Ç�È�ypÇ'ª¦l�x��pÈ�{�wÁl��c«¬l�w�z�l���{()
11�
2�1�243\��7�7�ÿ ��:1¥��]�.)�8(9�9\6*§ÚX����¤ 11��5�17¥63�9(368.*

ß 3(àcb>*��ü������Õ�Ä�����Ø.�
��X������$ 4 *�!#���6	���X�
*§��������X��½
����»X��&��ª	X��»�Ò¥����$¥$��%������À
����$
���%�%�%�
À
*HÚ��¾�
*������XÒ��
)���$���	����)�Ãµx��Â{(Èk¨$l��-|�x¦}�ÇN��²�ÈC}�ÇN�;{�y1}vÊKl(È¦´mÀ&{��N}
²N~�Ãj¨�²;² ¶�·�·�Ä ~�Å�Ç�Ê �pÊ4È.É�´Æ¨��6Ê4È�{�´fª�x�w Ç ¶�¶ ¾ ¶CÄ ´ ¶�·�·�Ä ~%)M�.����Ã��� 3\�]�(9�)
���(À���»�1�1�3\[1¥01�11��:.*H�.����%�
À����ÄYb"����%�(À
*"ÚX����¤`9��(9�81¥�[�'3\�.*

ß �'à��
*\hª��»�Ò��%�/*&È��
Ç&Ãµx��Â{(È�Çr²�ÈC}�ÇN�=�M{�ypÇ1~0É>ÇN�¬ÊMÊ=�XÇ(y1}vÊKl(È��Ml��rÊ@ÇpËpÊ�É�È�Ê4È.É�²�È�®
}�ÇN�;{�y1}vÊ=��Ç�©CÇlËN}�ÇN�>Ëp* � ���(�»���� � $������(	X�����/).Ú����(*ü2 × $�$��%»���� º ��»X����Âf�ü���
À(Ä
�¡���07�)�8(9�9�9�*�ÚX��ÝÁ¤ 9Q¥�8(9
17¥����[]��M¥�5.*

ËmÌ]Í�Î	Ï Ð�ÑKÒ�Ó Ô�Î(Õ]Ö�×]Ì]Í�Î(Ø�ÎMÔ;Ù(ÚYÛ\Ö�Ü�Ì]Ý�Ù7Ï Ù7Þ�Î(Õ	Ù1Ö ß�Ð�Ô�Ð�Ó ÕNÐ;à8á�Ð�âQÚYÛ�Ù(ÚKã�ä;å1Ö]æ7ç	ç	è
é Ò�Ñ�êYÓ êYÛQêYÐ�Î7ë�Ý�Ù(êYÞ�Ð�ì&Ù(êYÓ Ô�Ñ�Ù7Ò�à�Í�Î	ìrí�ÛQêYÐ?ÚE×1Ô�Ó Ð�Ò�Ô�Ð	Ö
î Ë�Ô;Ù	àQÐ�ìrÓ Ð�Ó\Ñ�êKÚ;Ì
Í�Þ�ÓgïÑKÓ Ò�ðÙ7Û\Ö�Ý8ñ°òEæ7çNæ7è1Ö�Ý8Î	Ï àQÎ(Õ	Ù1Ì
ó�ô ì&Ù7Ó Ï�õ0ö1÷Qø7ùEú8÷MûKü\ý ú8þ�Ö�ÿ��1ø�û�÷�ùEú8÷MûKü\ý ú8þ�Ö1ú8÷���ùEú8÷MûKü\ý ú8þ
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