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An edge colouring of multigraphs

Mario Gionfriddo, Alberto Amato

Abstract

We consider a strict k-colouring of a multigraph G as a sur-
jection f from the vertex set of G into a set of colours {1,2,. . . ,k}
such that, for every non-pendant vertex x of G, there exist at
least two edges incident to x and coloured by the same colour.
The maximum number of colours in a strict edge colouring of G
is called the upper chromatic index of G and is denoted by χ(G).
In this paper we prove some results about it.

1 Introduction

Let G=(X,E) be an arbitrary multigraph. A strict edge k-colouring of
G is a surjection f from the edge set E into a set of colours {1,2,. . . ,k}
such that, for every non-pendant vertex x of G, there exist at least
two edges incident to x and coloured by f with the same colour.

Following the definition, the minimum number of colours in a strict
edge colouring of a multigraph is one. This is a complementary fashion
of the fact that, in the classical edge colouring, the maximum number
of colours is trivially equal to the number of edges of the multigraph.

The maximum number k for which there exists a strict edge k-
colouring of a multigraph G is called the upper chromatic index of G
and is denoted by χ(G). An edge colouring of G which uses exactly
χ(G) colours is called a maximal edge colouring.

c©2007 by M. Gionfriddo, A. Amato
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2 Main results

Theorem 2.1 - Let G1,G2 be two disjointed multigraphs, x a ver-
tex of G1 such that d(x)≥2, y a vertex of G2 such that d(y)≥2, σ
a simple path from x to y with no edge in common with G1 and G2,
G=G1∪G2∪σ. Then χ(G)=χ(G1)+χ(G2)+1.

Proof. Let be h=χ(G1), k=χ(G2) and let f be a strict edge h-
colouring of G1, g a strict edge k-colouring of G2 with no colour in
common. Since we can obtain a strict edge h+k+1-colouring of G
simply by giving to all the edges of the path jointing x and y a colour
distinct from all the colours of f and g, then χ(G)≥h+k+1.

Suppose that χ(G)≥h+k+2. Then there exists an edge p-colouring
f of G, with p≥h+k+2. Since the edges of σ must be coloured with
the same colour, the number of colours of f in the multigraph G1 is
not less than h+1 or the number of colours of f in the multigraph G2

is not less than k+1, that’s false. So χ(G)=h+k+1. 2

Theorem 2.2 - If G is an eulerian multigraph and P is an edge par-
tition of G in cycles, then χ(G)≥|P |.

Proof. For an eulerian connected multigraph, there exists, as it is
well known, a partition as P . Observe that it is possible to give the
same colour to all the edges of every cycle of P and colours pairwise
distinct to every cycles of P . 2

Remarks
1) Considering theorem 2.2, there exist cases in which χ(G)>|P |.

It suffice to examine a simple graph G with 6 vertices formed by two
cycles of length 4 having two vertices and no edge in common: since
every vertex has even degree, this graph is eulerian and χ(G)=3.

2) Observe that, if every cycle of the partition P has exactly one
vertex in common with exactly one other cycle of P , then the graph is
simple and χ(G)=|P |.

M. Gionfriddo, L. Milazzo, V. Voloshin proved [4] the fol-
lowing theorems:
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Theorem 2.3 - Let G=(X,E) be an arbitrary multigraph, c the maxi-
mum number of disjoint cycles, p the number of pendant vertices of G.
Then

χ(G) = c + |E| − |X|+ p

Corollary 2.4 - For a graph Kn with n≥3, we have:




χ(Kn) = 9k2−7k
3 if n = 3k

χ(Kn) = 9k2+k−2
2 if n = 3k + 1

χ(Kn) = 9k2+5k−2
2 if n = 3k + 2

Now we can prove the following

Corollary 2.5 - For a graph Km,n with 1<m≤n, we have:

{
χ(Km,n) = 2mn−2n−m

2 if m is even
χ(Km,n) = 2mn−2n−m−1

2 if m is odd

Proof. Observe that the maximum number of disjoint cycles of
Km,n is m

2 if m is even and m−1
2 if m is odd. Since Km,n has m+n

non pendant vertices and mn edges, the statement follows by simple
calculating from theorem 2.3. 2

In the case m=n, we have:

{
χ(Kn,n) = 2n2−3n

2 if n is even
χ(Kn,n) = 2n2−3n−1

2 if n is odd

Theorem 2.6 - For every tree A=(X,E), we have

χ(A) =
∑

x∈X

(d(x)÷ 2) + 1
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where, for every m,n∈N, m÷n=m-n if m≥n and zero otherwise.
Proof. Let r be a root of the tree. Observe that every maximal

edge-colouring f of A has the property that, for every vertex x of A
with x 6=r and d(x)>2, there exist exactly d(x)-2 edges incident to x
coloured by f with colours pairwise distinct. Since for every pendant
vertex y of A, d(y)÷2=0, the statement of theorem follows. 2

Before introducing theorem 2.7, we will call p-tree of height h a tree
defined by induction in the following way:

1) A vertex is a p-tree of height 0;
2) A p-star is a p-tree of height 1;
3) For h≥2, we call a p-tree of height h a tree obtained from a p-tree

A of height h-1 by connecting every pendant vertex of A with p other
vertices.

Theorem 2.7 - For a p-tree A of height h with p≥2, we have χ(A)=ph-
1.

Proof. By induction. If h=1, the statement is trivially true. Let
be h>1 and suppose the statement true for every p-tree of height h-1.
From a p-tree A′ of height h-1 and from a maximal edge colouring f of
A′ we can obtain a p-tree A of height h and a maximal edge colouring g
of A by adding ph vertices and ph edges, from which at most (p-1)ph−1

can be coloured by colours pairwise distinct from the colours used by
f . Therefore χ(A) =χ(A′)+(p-1)ph−1=ph−1-1+(p-1)ph−1=ph-1, and
so the assertion follows. 2

Remarks
1) It is possible to prove theorem 2.7 starting from theorem 2.6. In

fact, in a p-tree of height h with p≥2, there are 1 vertex with degree p,
ph−1
p−1 -1 vertices with degree p+1 and ph pendant vertices, so that:

χ(A) =
∑

x∈A

(d(x)÷ 2) + 1 = (
ph − 1
p− 1

− 1)(p− 1) + p− 2 + 1 = ph − 1

2) If we apply theorem 2.3, we obtain simply the statement of the-
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orem 2.7 by observing that a tree is acyclic and the number of pendant
vertices of a p-tree of height h is ph.

Corollary 2.8 - For a p-tree A with p≥2 and n vertices, we have
χ(A)=(n-1)(1-1

p).

Proof. Let h be the height of A. Since n=ph+1−1
p−1 , we obtain

n=p(χ(A)+1)−1
p−1 , from which, by a simple calculation, the statement fol-

lows. 2
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High

Classify
Traffic destined
for interface

Manage interface
buffer resources

Allocate link bandwidth
by source priority

Classification by
* Protocol (IP, IPX, Apple Talk,
   SNA, DECnet, Bridge, and so on)
* Incoming interface
   (E0, S0, S1, and so on)

Transmit queue Output hardware
Interface hardware
* Ethernet
* Frame relay
* ATM
* Serial link

Absolute priority
schedulingClass queues:

length defined by queue limit

Medium

Normal

Low
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Balkan Olympiad in Informatics for school students

In the period of 07.07-13.07.2007 the XV-th edition of Balkan Olym-
piad in Informatics (http://boi2007.edu.md) was held in the capital
of Moldova – Chisinau. 36 school students from 8 countries (Bosnia,
Bulgaria, Cyprus, Greece, Moldova, Romania, Serbia, Turkey) took
part in that forum. The results of this contest are in Table 1.

The places, which countries-participants took according to the num-
ber of students’ Gold, Silver and Bronze medals, see in the Table 2.

Table 1:
# Medal Name Country

1 Gold Rostislav Rumenov Bulgaria

2 Gold Ionescu Bogdan-Gabriel Romania

3 Gold Airinei Adrian Romania

4 Silver Mikloš Homolja Serbia

5 Silver Mantoulidis Christos Ap. Greece

6 Silver Ivan Labath Serbia

7 Silver Svilen Marchev Bulgaria

8 Silver Iskren Chernev Bulgaria

9 Silver Tataroiu Bogdan-Cristian Romania

10 Bronze Kaan Soral Turkey

11 Bronze Miroslav Bogdanovič Serbia

12 Bronze Boreico Iurie Moldova

13 Bronze Ibrahim Numanagič Bosnia & Herzegovina

14 Bronze Iacob Alexandru Moldova

15 Bronze Dragus Marius-Ioan Romania

16 Bronze Emil Ibrishimov Bulgaria

17 Bronze Ahmet Ridvan Duran Turkey

Table 2:
Place Country Gold Silver Bronze

1 Bulgaria 1 2 1

2 Romania 2 1 1

3 Serbia 2 1

4 Greece 1

5 Turkey 2

6 Moldova 2

7 Bosnia and Herzegovina 1

3 6 8
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Instructions for authors

The Computer Science Journal of Moldova (CSJMol) is issued three
times a year by the Institute of Mathematics and Computer Science of
the Academy of Sciences of Moldova.

The Journal publishes articles and short communications on: Com-
puter System Organization, Software, Theory of Data, The-
ory of Computing, Computing Methodologies and Applica-
tions, Discrete Mathematics and Graph Theory, Artificial In-
telligence, Operations Research, Mathematical Programming,
Numerical Analysis, Applied Probability and related topics. We
welcome appeals from organizations and individuals to advertize soft-
ware products.

Papers are submitted in English only.
The Journal is computer-typeset. We require texts in the form of

electronic manuscripts in LaTeX and figures in ”eps” format. Except
computer files, authors are to present at least one hard copy signed by
all co-authors in the first page.

The main policy is to publish papers ”as-is”. The authors are fully
responsible for the content, presentation and global typesetting aspects
of the text. The editorial board reserves the right to review the papers.

The order is as follows: title, author’s name, abstract, main body
of the paper including tables and figures, appendices, references, post
and e-mail addresses of the authors.

The computer-readable texts and hard copies should be sent to:

Dr.S.Cojocaru
Institute of Mathematics and Computer Science, 5 Academiei str.,
Chisinau, 277028, Moldova
Phone: (373+2) 72-84-14
E-mail: csjmol@math.md
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