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Victoria Bobicev

Abstract

Text classification is one of the most actual among the natural
language processing problems. In this paper the application of
word-based PPM (Prediction by Partial Matching) model for au-
tomatic content-based text classification is described. Our main
idea is that words and especially word combinations are more rel-
evant features for many text classification tasks. Key-words for
a document in most cases are not just single words but combina-
tion of two or three words. The main result of the implemented
experiments proved applicability of word-based PPM models for
content-based text classification. Although in some cases the
entropy difference which influenced the choice was rather small
(several hundredths), most of the documents (up to 97%) were
classified correctly.

1 Introduction

Text or document classification is the assignment of documents to pre-
defined categories on the base of their content. It is one of the most ac-
tual natural language processing problems. Message classification is an
every day problem for every person, using electronic mail; an adequate
system for spam detecting has not been developed yet. Automatic text
classification at the news tapes, automatic subject classifier in on-line
libraries would be of much help for people supporting these services.
The number of files, stored at a typical computer is also increasing
rapidly; those collections will also need an automatic classification.

c©2006 by V. Bobicev
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There are different types of text classification. Authorship attribu-
tion, spam filtering, dialect identification are just several of the pur-
poses of text categorization. It is natural that for different types of
categorization different methods are pertinent. The most common type
is the content-based categorization which classifies texts by their topic,
objects and events they describe.

In this paper the application of word-based PPM (Prediction by
Partial Matching) model for automatic content-based text classification
is described. Although the application of PPM model to the document
classification is not new, the novelty in our approach is word-based
model we support.

Our main idea is that words and especially word combinations are
more relevant features for many text classification tasks. It is known
that key-words for a document in most cases are not just single words
but combinations of two or three words. Thus, sequences of words are
quite representative for text classification task.

The following sections of this paper describe machine-learning and
compression-based approaches to text classification. Several word-
based models are considered and a particular word-based PPM model
for content-based text categorization is presented. Finally, some ex-
perimental results for PPM models based on trigrams, bigrams and
unigrams are reported.

2 Related works

Typical approaches to text classification extract “features” from docu-
ments and form feature vectors which are used as an input to a machine
learning technique. The features are generally words. Because are so
many of them, a selection process is applied to determine the most
important ones and the remainder are discarded.

Lately the most wide spread machine learning techniques used for
classification are based on the SVM (support vector machine). Almost
any classification method can be reduced to separation hyper plain
construction in terms of SVM method [3]. Although separation of
vectors using plains appears rather simple, SVM classification methods
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are more effective than the others: decision tree approach [12], cluster
classification [14], näıve Bayes classification [11], and neural nets [13].

SVM classification methods achieve high level of precision due to
the separation of and adjustment to text “features”, which are words
of the text. The problem of SVM is the requirement of quadratic
convex programming that demands time expenses and inevitable use
of floating-point arithmetic. Text classification by SVM methods de-
mands such large number of characteristics that the task becomes com-
putationally not feasible. Of course, new methods of optimization are
developed, but still SVM is capable of operating with not more than
ten thousands characteristics.

A number of approaches that apply text compression models to
text classification have been presented recently. The underlying idea
of using compression methods for text classification was their ability to
create the language model adapted to particular texts. It was supposed
that this model captures individual features of the text being modeled.

3 Statistical Models for compression.

A number of powerful modelling techniques have been developed in
recent years to compress natural language text. The best of these are
adaptive models operating on character and word level, which are able
to perform almost as well as humans at predicting text.

PPM (prediction by partial matching) is an adaptive finite-context
method for compression. It is based on probabilities of the upcom-
ing symbol in dependence of several previous symbols. Firstly this
algorithm was described in [1], [2]. Lately the algorithm was modified
and in [7] was described an optimized PPMC (Prediction by Partial
Matching, escape method C) algorithm. PPM has set the performance
standard for lossless compression of text throughout the past decade.
In [10] it was shown that the PPM scheme can predict English text
almost as well as humans. The PPM technique blends character con-
text models of varying length to arrive at a final overall probability
distribution for predicting upcoming characters in the text.

For example, the probability of character ’m’ in context of the word
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’algorithm’ is calculated as a sum of conditional probabilities in depen-
dence of different length context up to the limited maximal length:

P(’m’) = λ5· P( ’m’ | ’orith’) + λ4· P( ’m’ | ’rith’) + λ3· P( ’m’ |
’ith’) + λ2· P( ’m’ | ’th’) + λ1· P( ’m’ | ’h’),
where λi (i = 1 . . . 5) is normalization factor; 5 - maximal length of the
context.

The models are adaptive: the counts for each context are updated
progressively throughout the text. In this way, the models adapt to
the specific statistical properties of the text being compressed. This
particular feature of the model is used to sort documents.

4 Classification using PPM models.

Most of compression models are character-based. They treat the text as
a string of characters. This method has several potential advantages.
For example, it avoids the problem of defining word boundaries; it
deals with different types of documents in a uniform way. It can work
with text in any language and it can be applied to diverse types of
classification.

In [6] the simplest way of compression-based categorization called
off-the-shelf algorithm is used for authorship attribution. The main
idea of this method is as follows. Anonymous text is attached to texts
which characterize classes, and then it is compressed. A model, pro-
viding the best compression of document, is considered as having the
same class with it. Among 16 compared compression algorithms, the
best performance was obtained by rarw which uses PPMD (Predic-
tion by Partial Matching, escape method D) compression program (71
correctly attributed texts for 82 test texts).

The other approach is direct measuring of text entropy using a cer-
tain text model. PPM is appropriate in this case, because text model-
ing and its statistic encoding are two different stages in this method.
In [5] it was shown that results of this method were very similar to
the results of the off-the-shelf algorithm. In their paper authors ap-
plied compression-based method to multi-class categorization problem
in order to find duplicated documents in large collections. Comparing
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several compression algorithms, the authors found that the best per-
formance was obtained by RAR and PPMD5 (84%-89% for different
conditions).

In [9] similar approach was used for language identification, to iden-
tify the period of historical English texts, for dialect identification and
for authorship attribution. All these problems may be viewed as text
categorization problems and solved using minimum-entropy approach
based on PPM model.

In [19] several compression schemes were used for source based text
categorization. The result was not as satisfactory as the author de-
sired. Furthermore, the word-based PPM model tested on the paper
performed worse than the letter-based one. The author considered it
happened due to the small training set. Performing a great number of
different experiments of compression-based categorization author con-
cluded that more work needs to be done to evaluate the technique.

In [20] extensive experiments on the use of compression models
for categorization were performed. They reported some encouraging
results; however they found that compression-based methods did not
compete with the published state of the art in use of machine learning
for text categorization. Authors considered that the results in this area
should be evaluated more thoroughly.

In [15] the letter-based PPM models were used for spam detecting.
In this task there existed two classes only: spam and legitimate email
(ham). The created models were applied to TREC spam filtering task
and exhibited strong performance in the official evaluation, indicat-
ing that data-compression models are well suited to the spam filtering
problem.

5 Word-based models.

Word-based statistical model uses a number of previous words to pre-
dict the following one. For the first time, statistical models based on
Markov’s chains of words were successfully used in speech recognition
[4].
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It is necessary to mention that word-based models present a prob-
lem when implemented practically. Number of different words in a
text is much greater than number of letters in alphabet. While there
is no problem to create a letter-based model with the context of 6,
7, 8 letters, the creation of word-based model with the context of 3
words is time and memory consuming. Word-based Markov chains are
practically implemented with context of one (bigrams) or two words
(trigrams) because the longer context demands large training corpora,
much time (sometimes more than 24 hours of training) and memory.

Nonetheless, a number of word-based text compression schemes
have already been proposed [16][17]. In [18], four word-based com-
pression algorithms were implemented in order to take advantage of
longer-range correlations between words and thus achieve better com-
pression. The performance of these algorithms was consistently better
than UNIX compress program.

In [9] the adaptive word-based PPM bigram model was used to
improve text compression. This model created the shorter code in
comparison with letter-based model, because the code was created for
the whole word at once, so less number of bits was used to code each
letter. Besides, it provided faster compression than character-based
models because fewer symbols were being processed.

Results with these models have shown that the word-based ap-
proach generally performs better when applied to compression.

6 Classification using word-based PPM model.

As usual, PPM based classification methods use symbol-based mod-
els. As mentioned above, experiments showed that given classification
methods achieved results, competitive to those obtained by classical
techniques. PPM classification methods are based on text fragments
consisting of a number of symbols. This number should not be higher
than a certain value which is called maximal context. As usual, max-
imal context is five symbols long, because it was proved, that this
maximal context value provides best performance for PPM [9]. Taking
into consideration, that PPM models based on 5 or less symbol text
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fragments have best achievements in document classification, one can
assume that those fragments characterize texts good enough for text
classification.

However, if texts are classified by the contents, they are better
characterized by words and word combinations than by fragments con-
sisting of five letters. We believe that words are more indicative text
features for content-based text classification. That’s why we decided
to use a model based on words for PPM text classification.

It is obvious that 5-word contexts are impossible to use. As it was
mentioned above, in case of words, one or two word context usually is
used. Therefore we applied PPM model based on two, one and zero
word contexts. In case of zero context, words without context were
used. In this case, the same information about the text was available
as in common classification methods. As it is known, classical meth-
ods of documents categorization are based in most cases on frequency
dictionary.

We used minimum cross-entropy as a text classifier [22], using mod-
els, created on the base of certain classes of documents. As it was
mentioned above, PPM is the most convenient for these purposes, be-
cause it has text modelling and its statistical encoding separated in two
different stages.

In informational theory [21], the fundamental coding theorem states
that the lower bound to the average number of bits per symbol needed
to encode a message (text) is given by its entropy:

H = −
n∑

i=1

p(xi) log p(xi) (1)

where
p(xi) - probability of symbol xi in the message, for all symbols in

the message, i = 1 . . . n;
PPM compression algorithm can be used to estimate the entropy of

text as its modelling part estimates the probabilities of text symbols.
Thus, one can estimate the probabilities of symbols in the text and
then calculate their entropy using equation (1). The entropy provides a
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measure of how well the probabilities were estimated; the lower entropy
is, the better probabilities are estimated.

Cross-entropy is the entropy calculated for a text if the probabilities
of its symbols have been estimated on another text:

Hm
d = −

n∑

i=1

pm(xi) log pm(xi) (2)

were
Hm

d – text d entropy obtained using model m;
pm(xi) - probability of symbol xi using model m for all symbols in

the text d (i = 1 . . . n);
m – a statistic model created on the base of another text.
Usually, the cross-entropy is greater than the entropy, because prob-

abilities of symbols in diverse texts are different. The cross-entropy can
be used as a measure for document similarity; the lower cross-entropy
for two texts is, the more similar they are. It is considered that texts
with lowest cross-entropy belong to the same class. Hence, if several
statistic models had been created using documents that belong to dif-
ferent classes and cross-entropies are calculated for an unknown text on
the base of each model, the lowest value of cross-entropy will indicate
the class of the unknown text. In this way cross-entropy is used for
text classification.

Thus, two steps were realized: (1) creation of PPM models for every
class of documents; (2) entropy estimation for unknown document using
models for each class of documents.

The unknown document considered to be of the same class with the
model providing the lowest value of entropy.

In the experiments the entropy per word was calculated in order to
avoid influence of document’s size on the entropy value:

Hm
d /n = (−

n∑

i=1

pm(xi) log pm(xi))/n (3)

where n is number of words in document d.
The aim of the experiments was twofold:
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- to see how distinct the values of entropies on different models for
the same document are;

- to evaluate quality of document classification by this method.

7 Experiments

To check the word based classification method using PPM, a set of
experiments was made. The corpus of newspaper articles from the Ro-
manian electronic newspaper “Evenimentul zilei” (Event of The Day)
was used in the experiments. All the articles in this newspaper be-
longed to one of the 7 categories:

- editorial;

- money, business;

- politics;

- investigations;

- quotidian;

- in the world;

- sport.

Thus there were documents of seven categories. Each category was
considered a class of documents in the classification task. To verify
the documents classification quality, word-based trigram PPM models,
based on groups of documents from each category separately, were
created firstly.

As the result, seven models were created, each of them reflecting
features of a certain category.

Then the entropies of a number of test documents were calculated
using the created models (we took 10 test documents from each cat-
egory, total - 70 documents). It was supposed that texts from one
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category had similar lexicon and differed from other texts. The en-
tropy of texts from the same category as well as of those used to create
the model must be less than in texts from other categories. So, having
the entropy calculated on the base of seven models, we attributed the
text to the category for which its entropy was minimal. In the table 1,
the average entropy value per word for seven types of test documents is
shown. Columns show seven models based on each text category, rows
refer to test files of the given category. Figures in the table cells show
average entropy per word for test documents of the row calculated on
base of the model in the column.

Table 1. Average entropy value for test documents for seven categories
(trigram model).

categories
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Money, business 9,60 10,30 10,39 10,33 10,23 10,12 10,34
quotidian 10,25 10,02 10,32 10,23 10,07 10,14 10,20
editorial 10,35 10,19 9,59 10,29 10,13 9,86 10,14
in the world 10,28 10,19 10,40 9,38 10,20 10,11 10,23
investigations 10,21 10,00 10,30 10,18 9,62 10,02 10,17
politics 10,09 10,18 10,07 10,11 10,03 9,32 10,16
sport 10,41 10,29 10,39 10,32 10,19 10,17 9,06

Minimal entropy obtained on each model is shown with bold. As
it can be seen, articles from the same category which was used for the
model creation have minimal entropy. It means that entropy, calculated
by this way, can be used for the document classification. But it must
be mentioned that there is a very small difference in values. Such a
small difference in values increases the risk of errors.

The only mismatch is for the test articles from ‘investigations’ and
the model for ‘quotidian’. The figure is underlined.

192



Text Classification Using Word-Based PPM Models

In the table 2 the files are given separately. The entropy for each
test file has been calculated. Each test document was classified to a
category for which the entropy of given document was minimal.

Again columns show seven models accordingly to the categories,
rows refer to test files of the given category. Figures in the table cells
show number of test files classified to the category of the column.

Table 2. Test documents classification (trigram model).

categories
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Money, business 10 10
quotidian 10 3 5 2
editorial 10 10
in the world 10 10
investigations 10 10
politics 10 10
sport 10 10

Almost all the documents were classified correctly. But in some
cases the difference in entropy values, that influenced the decision, was
equal to one hundredth. The same can be said about documents that
were classified incorrectly. Documents of only one category were clas-
sified wrongly: quotidian. It is obvious that the errors in classification
were influenced by the category.

The category ‘quotidian’ is not a well-defined class of documents;
it contains topical articles. Accordingly to the errors in classification,
in most cases those were articles about finances and investments. Thus
in this case errors are not due to the system imperfection, the category
itself doesn’t differ considerably from the other categories. This can
explain the wrong minimal value in the previous table for ‘quotidian’
test files and ‘investigations’ model.
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The next experiment was made using PPM based on word bigram
models. The conditions were the same as in the previous one. In table
3 the results of the experiment are presented.

Table 3. Average entropy value for test documents (bigram model).

categories
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Money, business 9,60 10,34 10,50 10,42 10,27 10,19 10,50
quotidian 10,26 10,05 10,42 10,30 10,09 10,18 10,30
editorial 10,31 10,22 9,58 10,36 10,18 9,89 10,19
in the world 10,27 10,26 10,51 9,40 10,23 10,16 10,31
investigations 10,21 10,03 10,38 10,23 9,59 10,03 10,25
politics 10,10 10,23 10,06 10,16 10,05 9,31 10,23
sport 10,41 10,37 10,49 10,40 10,23 10,23 9,02

Again bold font shows the minimal entropy values. Similar to the
two words context model all the categories were classified correctly
except ‘quotidian’. Bigram model can be as well used for documents
classifications.

It must be said that bigram model took less computer memory and
worked faster than trigram model. Thus more training texts could
be used for this model. About 400-500 Kb of training files for each
category were used in the experiment for the trigram model. Almost 1
Mb of training files for each category were used for the bigram model.
Indeed, comparing the tables, one can see that the difference in entropy
values in table 3 is a bit bigger than in 1. The increase of difference
may occur for two reasons. Either bigram model better fitted the task
of classification, or volume of the training texts influenced the results.

We can see that the results obtained with the bigram and the tri-
gram models are similar. The category ‘quotidian’ remains the biggest
problem here as well. It is interesting that the given model didn’t relate
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Table 4. Test documents classification (bigram model).

categories
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Money, business 10 10
quotidian 10 1 5 4
editorial 10 10
in the world 10 10
investigations 10 10
politics 10 10
sport 10 10

the questionable articles to “money, business” but selected “investiga-
tions”. These two categories are very close, so the misunderstanding is
easy to explain.

The next experiment was made using word-based unigram PPM
model i.e. without any context. In fact, the classification was per-
formed using frequency dictionaries. The other conditions remained
the same. Test results of the model without context are presented in
the table 5.

It is seen, that the results obtained using this model are worse in
comparison with two previous experiments. Problem category ‘quo-
tidian’ was mixed with categories ‘money, business’, ‘investigations’,
‘politics’ and ‘editorial’ (figures in italic).

It must be mentioned that if the size of training texts was enlarged
when changing from trigram to bigram model, no changes of the texts
size were produced when changing from bigram to unigram model.
Probably, enlarging of the training texts size for the last model would
improve its result. Thus the next step was to increase the training
texts volume, to train and then classify using unigram model. In table
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6 the results of this experiment are presented.

Table 5. Average entropy value for test documents (unigram model).

categories
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Money, business 10,47 10,92 10,91 10,87 10,79 10,75 10,91

quotidian 10,73 10,78 10,80 10,79 10,70 10,72 10,79

editorial 10,70 10,78 10,37 10,79 10,67 10,53 10,69

in the world 10,77 10,94 10,94 10,73 10,82 10,75 10,88

investigations 10,73 10,81 10,82 10,79 10,54 10,68 10,81

politics 10,72 10,91 10,69 10,78 10,74 10,35 10,80

sport 10,85 10,95 10,93 10,91 10,81 10,78 10,53

Table 6. Average entropy value for test documents (unigram model).

categories
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Money, business 10,60 11,00 11,13 11,10 10,95 10,95 11,07

quotidian 10,93 10,85 11,01 11,00 10,86 10,91 10,94

editorial 10,89 10,84 10,57 10,97 10,80 10,68 10,82

in the world 10,99 11,02 11,15 10,98 10,99 10,96 11,05

investigations 10,94 10,87 11,02 10,97 10,63 10,84 10,94

politics 10,90 10,97 10,84 10,97 10,86 10,45 10,93

sport 11,05 11,04 11,15 11,12 10,98 10,97 10,62

The results didn’t improve. On the contrary, the categories were
mixed even more. Of course it could be explained by the fact that in
category ‘in the world’ there can be articles about ‘politics’ and ‘inves-
tigations’, thus their lexicons intersect. However we were interested in
accurate classification in accordance with predefined categories. Table
7 presents classification results using unigram model.
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Table 7. Test documents classification (unigram model).
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money, business 10 10 10

quotidian 10 22 0 4 7 4 1

editorial 10 9 8 1 2

in the world 10 1 6 3 2 4 4

investigations 10 9 10 1

politics 10 10 10

sport 10 10 10

We used italic to show the classification results of the first experi-
ment with unigram and bold for the results of the second experiment
with unigram and enlarged size of training texts. As it is seen from the
table, the increase of the text size gave rather arguable result. In some
cases the classification quality improved, while in the others it became
worse. It can be argued that the articles from the category ‘in the
world’ speak about ‘politics’ and so on. On the other hand we didn’t
do the category division and our task was just to classify documents
according to the initial classification.

Thus we can conclude that to classify the documents properly we
would rather use bigram and trigram models, while the model with
zero contexts does not fit here.

Also several experiments were made to check the influence of the
training texts size over the classification quality. The volume of training
texts for the bigram model was doubled. Test results are shown in
table 8.

Comparing values in this table and table 3 for the bigram models, it
can be seen that the difference in the entropy values of the given cate-
gory texts and the texts from other categories increased. Although the
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Table 8. Average entropy value for test documents (bigram model,
doubled training set).

categories
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Money, business 9,56 10,36 10,65 10,51 10,33 10,27 10,61
quotidian 10,37 10,05 10,54 10,37 10,16 10,29 10,38
editorial 10,41 10,22 6,32 10,41 10,21 9,95 10,26
in the world 10,39 10,29 10,64 6,14 10,31 10,27 10,40
investigations 10,32 10,03 10,47 10,27 9,53 10,06 10,31
politics 10,18 10,23 10,07 10,22 10,05 9,25 10,28
sport 10,54 10,39 10,61 10,50 10,33 10,34 8,98

value changes are small, the training texts volume increase influenced
the classification quality positively. In the previous experiment with
the bigram model, five test documents from ‘cotidian’ category were
not classified correctly. In the last experiment, eight of ten documents
from this category were placed correctly and two were attributed to
‘investigations’.

Thus, in the first experiment 93% of documents were classified cor-
rectly (65 of 70), in the last experiment 97% of documents were classi-
fied correctly (68 of 70).

8 Conclusion

In this paper, the application of compression word-based PPM lan-
guage models to text classification has been described. The results of
the implemented experiments proved that word-based PPM models are
relevant for content-based text classification.

The PPM models based on trigrams, bigrams and unigrams have
been compared. The results are quite promising for bigram and trigram
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models. Though trigram model performed slightly better, it required
much more memory than bigram model.

Unigram model was not good enough. This showed that single
words were not so characteristic features as word combinations for
context-based text classification.

Although in some cases the entropy difference that influenced the
choice was rather small (several hundredths), most of the documents
(up to 97%) were classified correctly. Unfortunately we can not di-
rectly compare our results with other approaches because we tested
our method on another corpus.

It should be mentioned that initially document categories in our
experiments were not defined exactly, which produced difficulties while
classifying.

We consider that the proposed method is appropriate for context-
based text classification and it should be evaluated on standard test-bed
for the evaluation of text categorization methods.
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Traveling Salesman Problem

with Transportation∗

Valeriu Ungureanu

Abstract

Traveling Salesman Problem (TSP) is a generic name that
includes diverse practical models. Motivated by applications, a
new model of TSP is examined — a synthesis of classical TSP
and classical Transportation Problem. Algorithms based on Inte-
ger Programming cutting-plane methods and Branch and Bound
Techniques are obvious.
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91A10, 91A44, 90C05, 90C31, 90C90.

Keywords and phrases: Traveling Salesman Problem with
Transportation and Fixed Additional Payments (TSPT), TSP,
algorithm, computational complexity.

1 Introduction

The TSP gained notoriety over the past century as the prototype of
problem that is easy to state and hard to solve practically. It is sim-
ply formulated: a traveling salesman has to visit exactly once each
of n cities and to return to the start city, but in such order that the
respective tour (Hamiltonian cycle) has the minimal total cost (it is
supposed that the cost cij of traveling from every city i to every city j
is known). There are other related formulations of this problem and a
lot of methods for their solving [1-5].

∗The research is partially supported by the Award CERIM-1006-06 of the
Moldovan Research and Development Association (MRDA) and US Civilian Re-
search Development Foundation for the Independent States of the Former Soviet
Union (CRDF).
c©2006 by V.Ungureanu
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TSP is representative for a large class of problems known as
NP-complete combinatorial optimization problems. This class (of
NP-complete problems) has an important property that all of them
simultaneously have or don’t have polynomial-time algorithms [6]. To
date, no one has found efficient (polynomial-time) algorithm for the
TSP solving. But, over the past few years many practical problems of
really large size are solved. Thus, at present, a record exactly solved
problem (with branch-and-cut algorithm) has 24 978 cities (Applegate,
Bixby, Chvatal, and Cook - 2004).

The Transportation Problem is the well known classical problem
[7]. There are several efficient methods for its solving [8, 9, 10].

TSP with Transportation and Fixed Additional Payments [11] ge-
neralizes these two problems.

2 Formulations of the TSPT.

Given an orgraf G = (V, E), |V | = n, |E| = m. Each node j ∈ V has
its own capacity δj (demand, if δj < 0, supply, if δj > 0), such that∑n

j=1 δj = 0. Salesman starts his traveling from node k ∈ V with
δk > 0. A unit transportation cost through arc (i, j) ∈ E is cij . If
the arc (i, j) is active, then additional payment dij is demanded. If
(i, j) 6∈ E, then cij = dij = ∞. Find the Hamiltonian cycle and the
starting node k ∈ V with the property that the respective salesman
traveling satisfies all demands with minimal cost.

A TSPT may be formulated as integer programming problem. Let
xij denotes the quantity of product which is transported via (i, j). Let
yij ∈ {0; 1} be equal 1 if xij > 0, and xij = 0 if yij = 0. In such
notations the TSPT, as stated above, is equivalent to the following
problem:

n∑

i=1

n∑

j=1

(cijxij + dijyij) → min, (1)

n∑

i=1

yij = 1, j = 1, n, (2)
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n∑

j=1

yij = 1, i = 2, n, (3)

n∑

k=1

xjk −
n∑

i=1

xij = δj , j = 1, n, (4)

ui − uj + nyij ≤ n− 1, i, j = 2, n, i 6= j, (5)

xij ≤ Myij , i, j = 1, n, (6)

xij ≥ 0, yij ∈ {0; 1}, uj ≥ 0, i, j = 1, n, (7)

where M =
∑n

j=1 |δj |.
If cij ≡ 0, ∀i, j, then (1)-(7) is the classical TSP. If dij ≡ 0, ∀i, j,

then (1)-(7) is the classical Transportation Problem.

Theorem. TSPT and problem (1)-(7) are equivalent.

Proof. (1)-(3), (5) and (7) define Hamiltonian cycle [8]. (1), (4),
(7) state the transportation problem [7]. (6) realizes the connection
between both “facets” of the TSPT. The starting node k ∈ V is deter-
mined by elementary searching. ¤

If each arc (i, j) ∈ E has upper bound capacity uij > 0, we obtain
another capacitated model of the problem. In this case inequalities

xij ≤ uijyij , (i, j) ∈ E,

are substitute for (6).
If each arc (i, j) ∈ E has also a lower bound capacity lij > 0, then

inequalities
lijyij ≤ xij ≤ uijyij , (i, j) ∈ E,

are substitute for (6).
Kuhn [8] restrictions (5) may be substituted by equivalent restric-

tions: ∑

i∈K

∑

j∈K

yij = |K| − 1, ∀K ⊂ V,

where K is any proper subset of V .
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3 Algorithms

It is obvious that the solution of the classical TSP does not solve TSPT.
The branch-and-bound algorithm may be constructed on back-

tracking technique for branch generation and the value of 1-tree plus
T0 for lower bound estimation, where T0 is calculated at first step and
represents the value of minimal cost flow problem obtained in relaxed
problem without Hamiltonian cycle requirement. For efficient bound-
ing, T0 may be substituted at every step with exact cost of transporta-
tion through respective fragment of the cycle.

Direct solving (1)-(7) with Gomory type cutting-plane algorithms
is rational for problem with modest size. In recent vogue opinion,
the branch-and-cut super-algorithm [9, 10] may be much more recom-
mended for TSPT.

Finally, note that dynamic programming approach comports diffi-
culty as the TSPT optimal value depends really (practically) on first
node from which the travel is starting. This fact may be simply taken
in consideration in previous methods, but not in dynamic programming
method.
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On quasi-stability of the vector Boolean

problem of minimizing absolute deviations of

linear functions from zero∗

Vladimir A. Emelichev, Evgeny E. Gurevsky

Abstract
We consider a multi-criterion Boolean programming problem

with partial criteria of the kind MIN MODUL of linear functions.
We investigate such type of stability which can be understood as
a discrete analogue of the Hausdorff lower semi-continuity. A
formula of the quasi-stability radius is obtained.
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1 Introduction

Let us consider a vector (m-criterion) Boolean programming problem
with a finite solution set X

Zm(A, b) : min{f(x,A, b) : x ∈ X},
where

f(x,A, b) = (|A1x + b1|, |A2x + b2|, . . . , |Amx + bm|),
X ⊆ En = {0, 1}n, |X| ≥ 2, n ≥ 2, Ai denotes the i–th row of
matrix A = [aij ]m×n ∈ Rm×n, i ∈ Nm = {1, 2, . . . , m}, m ≥ 1, b =
(b1, b2, . . . , bm)T ∈ Rm, x = (x1, x2, . . . , xn)T .

∗Support by State program of fundamental research ”Mathematical structures”
(Grant 913/28) and program of the Ministry of Education ”Fundamental and ap-
plication studies” (Grant 492/28) of the Republic of Belarus.
c©2006 by Vladimir A. Emelichev, Evgeny E. Gurevsky

207



Vladimir A. Emelichev, Evgeny E. Gurevsky

By problem Zm(A, b) we understand the problem of finding the set
of efficient solutions (Pareto set)

Pm(A, b) = {x ∈ X : Xx(A, b) = ∅},

where

Xx(A, b) = {x′ ∈ X : f(x,A, b) ≥ f(x′, A, b) & f(x,A, b) 6= f(x′, A, b)}.

By virtue of inequalities 1 < |X| < ∞, the set Pm(A, b) is nonempty
for any A ∈ Rm×n and b ∈ Rm.

Note, that the vector function f(x, A, b) shows a measure of incon-
sistency of the following system of linear boolean equalities

Ax + b = 0(m), x ∈ X. (1)

where 0(m) = (0, 0, . . . , 0) ∈ Rm.

Thus, minimization of function |Aix + bi| on the finite set X is
equivalent to the minimization of absolute deviations of linear functions
Aix + bi from zero. Therefore, problem Zm(A, b) is reduced to finding
the set of all solutions to system (1) under the condition that this
system is consistent. Otherwise, Pareto set Pm(A, b) can be considered
as the set of quasi solutions to system (1). It is easy to see that the
system of equalities is consistent if and only if the set of efficient vector
estimates

f(Pm(A, b)) = {y ∈ Rm : y = f(x,A, b), x ∈ Pm(A, b)}

contains only zero vector 0(m).

For each number k ∈ N, we endow the space Rk with two metrics
l1 and l∞, i.e. we define the norms of a vector z = (z1, z2, . . . , zk) ∈ Rk

as follows:
||z||1 =

∑

j∈Nk

|zj |, ||z||∞ = max
j∈Nk

|zj |.

Under a norm of matrix we understand the norm of vector, composed
from all its elements.
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For any positive number ε > 0, we define the set of perturbing pairs

Ω(ε) = {(A′, b′) ∈ Rm×(n+1) : max{||A′||∞, ||b′||∞} < ε}.

As usual [1 - 6], problem Zm(A, b) is called quasi-stable, if the set

Ξ = {ε > 0 : ∀ (A′, b′) ∈ Ω(ε) (Pm(A, b) ⊆ Pm(A + A′, b + b′))} 6= ∅.

Therefore, problem Zm(A, b) is quasi-stable, if there exists a neigh-
borhood of pair (A, b) in the space of perturbing parameters Rm×(n+1)

with metric l∞, in which Pareto optimality of all solutions is preserved.
Note, that the quasi-stability of the problem is a discrete analogue of
the Hausdorff lower semi-continuity [7] of the optimal mapping at point
(A, b)

Pm : Rm×(n+1) → 2X ,

i.e. of the point-to-set (many-valued) mapping, that puts in correspon-
dence the Pareto set Pm(A, b) to the collection of parameters (pair
(A, b)) of the problem.

As a result of the said above, under the quasi-stability radius of
Zm(A, b) we will understand the number

ρm(A, b) =

{
sup Ξ, if Ξ 6= ∅,
0, if Ξ = ∅.

For any x, x′ ∈ X and i ∈ Nm, put

αi(x, x′) = min{βi(x, x′, s) : s ∈ {−1; 1}},

βi(x, x′, s) =
|Ai(sx + x′) + bi(s + 1)|
||sx + x′||1 + |s + 1| ,

K(x, x′) = {i ∈ Nm : |Aix + bi| ≤ |Aix
′ + bi|}.

It is evident, that K(x, x′) 6= ∅, if x ∈ Pm(A, b). For any number z ∈ R,
denote

sg z =

{
1, if z ≥ 0,

−1, if z < 0.
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We will also use the following implication:

∃s ∈ {−1; 1} ∀s′ ∈ {−1; 1} (sz > s′z′) ⇒ |z| > |z′|, (2)

which holds for any numbers z, z′ ∈ R.

2 The Results

Theorem. The quasi-stability radius of problem Zm(A, b) is expressed
by the formula

ρm(A, b) = min
x∈P m(A,b)

min
x′∈X\{x}

max
i∈K(x,x′)

αi(x, x′). (3)

Proof. Denote by ϕ the right side of (3). It is easy to see, that ϕ ≥ 0.
At first we will prove the inequality ρm(A, b) ≥ ϕ. Suppose ϕ > 0

(this inequality is evident where ϕ = 0). Let (A′, b′) ∈ Ω(ϕ). Then by
definition of ϕ, for any solutions x ∈ Pm(A, b) and x′ ∈ X\{x}, there
exists k ∈ K(x, x′) such that

max{||A′||∞, ||b′||∞} < ϕ ≤ αk(x, x′). (4)

Taking into account αk(x, x′) > 0, we have

|Akx + bk| < |Akx
′ + bk|.

From this, assuming σ = sg (Akx
′ + bk), we obtain that the following

equalities hold:

Ak(sx + σx′) + bk(σ + s) = |Ak(σsx + x′) + (1 + σs)bk|, s ∈ {−1; 1}.

Therefore, applying (4), we derive

s((Ak + A′k)x + (bk + b′k)) + σ((Ak + A′k)x
′ + (bk + b′k)) =

= |Ak(σsx + x′) + (1 + σs)bk|+ σ(A′k(σsx + x′) + b′k(1 + σs)) ≥
≥ |Ak(σsx + x′) + (1 + σs)bk| − (||A′||∞||σsx + x′||1+
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+||b′||∞|1 + σs|) ≥ |Ak(σsx + x′) + (1 + σs)bk|−
−max(||A′||∞, ||b′||∞)(||σsx + x′||1 + |1 + σs|) >

> |Ak(σsx + x′) + (1 + σs)bk|−
−αk(x, x′)(||σsx + x′||1 + |1 + σs|) ≥
≥ |Ak(σsx + x′) + (1 + σs)bk|−

−βk(x, x′, σs)(||σsx + x′||1 + |1 + σs|) = 0.

Thus we have

σ((Ak + A′k)x
′ + (bk + b′k)) > s((Ak + A′k)x + (bk + b′k)), s ∈ {−1; 1}.

Therefore, taking into account (2), we obtain

|(Ak + A′k)x
′ + (bk + b′k)| > |(Ak + A′k)x + (bk + b′k)|,

which implies x ∈ Pm(A + A′, b + b′).
Summarizing the said above, we conclude that for any x ∈ Pm(A, b)

and for any perturbing pair (A′, b′) ∈ Ω(ϕ) the solution x ∈ Pm(A +
A′, b + b′). Hence, ρm(A, b) ≥ ϕ.

It remains to prove inequality ρm(A, b) ≤ ϕ. Using the defini-
tion of number ϕ we conclude that there exist such solutions x0 ∈
Pm(A, b), x∗ ∈ X\{x0}, that for any index i ∈ K(x0, x∗) the following
inequality holds:

αi(x0, x∗) ≤ ϕ. (5)

Let ε > ϕ. Let us show, that there exists perturbing pair (A′, b′) ∈ Ω(ε)
satisfying the condition x0 /∈ Pm(A + A′, b + b′).

Suppose

N(x0, x∗) = |{j ∈ Nn : x0
j = 1 & x∗j = 0}|,

σ0 = sign(Aix
0 + bi),

σ∗ = sign(Aix
∗ + bi).
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It is easy to see that at least one of the numbers N(x0, x∗) or N(x∗, x0)
is positive and

max{N(x∗, x0), N(x0, x∗)} ≤ ||x0 + x∗||1. (6)

To build all the rows

(A′i, b
′
i), i ∈ Nm

of the needed perturbing pair (A′, b′), consider four possible cases.
Case 1: i ∈ K(x0, x∗), βi(x0, x∗,−1) < βi(x0, x∗, 1). Then

0 < βi(x0, x∗, 1) ≤ |Aix
0 + bi|+ |Aix

∗ + bi|
||x0 + x∗||1 + 2

(7)

and under inequality (5) there exists a number δi < ε such that

0 ≤ βi(x0, x∗,−1) < δi < βi(x0, x∗, 1). (8)

From this, assuming

A′i = (a′i1, a
′
i2, . . . , a

′
in), b′i = 0,

where

a′ij =





σ0δi, if x0
j = 1, x∗j = 0,

−σ∗δi, if x0
j = 0, x∗j = 1,

0 in the other cases,

(9)

we have max{||A′i||∞, |b′i|} = δi and

σ0((Ai + A′i)x
0 + (bi + b′i))− σ∗((Ai + A′i)x

∗ + (bi + b′i)) =

= |Aix
0 + bi| − |Aix

∗ + bi|+ δi(N(x0, x∗) + N(x∗, x0)) ≥
≥ −|Ai(x∗ − x0)|+ δi||x∗ − x0||1 >

> −|Ai(x∗ − x0)|+ βi(x0, x∗,−1)||x∗ − x0||1 = 0, (10)

σ0((Ai+A′i)x
0+(bi+b′i))+σ∗((Ai+A′i)x

∗+(bi+b′i)) =

= |Aix
0 + bi|+ |Aix

∗+ bi|+ δi(N(x0, x∗)−N(x∗, x0)).
(11)
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The right side of the last equality is denoted by ψ. If N(x∗, x0) = 0,
then in view of (7) we have ψ > 0. If N(x∗, x0) > 0, then taking into
account (6), (7) and (8), we have

δiN(x∗, x0) < |Aix
0 + bi|+ |Aix

∗ + bi|.

Therefore we obtain
ψ > δiN(x0, x∗) ≥ 0.

Thus ψ > 0 and we have

σ0((Ai + A′i)x
0 + (bi + b′i)) > sσ∗((Ai + A′i)x

∗ + (bi + b′i)), s ∈ {−1; 1}.

From this, applying (2) we find, that

|(Ai + A′i)x
0 + (bi + b′i)| > |(Ai + A′i)x

∗ + (bi + b′i)|. (12)

Case 2: i ∈ K(x0, x∗), βi(x0, x∗,−1) > βi(x0, x∗, 1). Then under
(5) there exists a number δi < ε with conditions

0 ≤ βi(x0, x∗, 1) < δi < βi(x0, x∗,−1).

From this, denoting

A′i = (−σ∗δ,−σ∗δ, . . . ,−σ∗δ) ∈ Rn, b′i = −σ∗δ,

we have max{||A′i||∞, |b′i|} = δi and

−σ∗((Ai + A′i)x
0 + (bi + b′i))− σ∗((Ai + A′i)x

∗ + (bi + b′i)) =

= −σ∗(Ai(x0 + x∗) + 2bi) + δi(||x0||1 + ||x∗||1 + 2) >

> −|Ai(x0 + x∗) + 2bi|+ βi(x0, x∗, 1)(||x0 + x∗||1 + 2) = 0,

−σ∗((Ai + A′i)x
0 + (bi + b′i)) + σ∗((Ai + A′i)x

∗ + (bi + b′i)) =

= σ∗Ai(x∗ − x0)− δi(||x∗||1 − ||x0||1) =

= |Ai(x∗ − x0)| − δi(||x∗||1 − ||x0||1) >

> |Ai(x∗ − x0)| − βi(x0, x∗,−1)||x∗ − x0||1 = 0.
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Thus the following equalities hold

−σ∗((Ai +A′i)x
0 +(bi + b′i)) > sσ∗((Ai +A′i)x

∗+(bi + b′i)), s ∈ {−1; 1}
Then, applying (2), we obtain (12).

Case 3: i ∈ K(x0, x∗), βi := βi(x0, x∗,−1) = βi(x0, x∗, 1) =
αi(x0, x∗). Then

βi ≤ |Aix
0 + bi|+ |Aix

∗ + bi|
||x0 + x∗||1 + 2

. (13)

Consider two variants.
At first let βi = 0. Then it is easy to see, that

Aix
0 + bi = Aix

∗ + bi = 0. (14)

If N(x0, x∗) > 0, then, specifying components of the vector

A′i = (a′i1, a
′
i2, . . . , a

′
in)

by the rule

a′ij =

{
δi, if x0

j = 1, x∗j = 0,

0 in the other cases,

b′i = 0,

where
0 ≤ ϕ < δi < ε,

we have max{||A′i||∞, |b′i|} = δi and from (14), inequality (12) holds.
If N(x0, x∗) = 0, then N(x∗, x0) > 0, i.e. we may choose index

k ∈ Nn such that
x∗k = 1, x0

k = 0.

Then, assuming

A′i = (a′i1, a
′
i2, . . . , a

′
in), b′i = δi

where

a′ij =

{
−δi/2, if j = k,

0 in the other cases ,
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0 ≤ ϕ < δi < ε,

we have, that from (14) the inequality (12) holds, and also max{||A′i||∞,
|b′i|} = δi.

Now let βi > 0. Assuming,

βi < δi < ε, (15)

we build the row A′i by formula (9), and assume b′i to equal zero. Then
max{||A′i||∞, |b′i|} = δi and the relations (10) and (11) hold. As in the
case 1, we can show, that ψ > 0. If N(x∗, x0) = 0, then from (13) we
have ψ > 0. If N(x∗, x0) > 0, then taking into account (6) and (13) we
may additionally to condition (15) impose the following condition on
the number δi:

δiN(x∗, x0) < |Aix
0 + bi|+ |Aix

∗ + bi|.
Therefore (see case 1) ψ > δiN(x0, x∗) ≥ 0. Hence, we have (12).

Case 4: i ∈ Nm\K(x0, x∗). Then, assuming A′i = 0(n), b′i = 0, we
have (12).

As a result of the above reasoning, we obtain a pair (A′, b′) ∈ Ω(ε)
such that x∗ ∈ Xx0(A+A′, b+b′). Thus for solution x0 ∈ Pm(A, b) and
for any ε > ϕ there exists a perturbing pair (A′, b′) ∈ Ω(ε) such that
x0 /∈ Pm(A + A′, b + b′). Consequently ρm(A, b) ≤ ϕ.

That completes the proof.

Let Sm(A, b) (otherwise – the set of strictly efficient solutions) be
Smale set [8] defined by the rule

x ∈ Sm(A, b) ⇔ {x′ ∈ X\{x} : f(x, A, b) ≥ f(x′, A, b)} = ∅.

It is evident that the inclusion Sm(A, b) ⊆ Pm(A, b) holds for any A,
b.

Corollary. The problem Zm(A, b) is quasi-stable if and only if

Pm(A, b) = Sm(A, b). (16)
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Proof. Sufficiency. Let equality (16) holds. Then, for any solu-
tions x ∈ Pm(A, b) and x′ ∈ X\{x} there exists an index k ∈ Nm, such
that

|Akx + bk| < |Akx
′ + bk|,

which implies k ∈ K(x, x′).
Therefore, taking into account evident relations

βk(x, x′, s) =
|Ak(sx + x′) + bk(s + 1)|
||sx + x′||1 + |s + 1| ≥

≥ |Akx
′ + bk| − |Akx + bk|

||sx + x′||1 + |s + 1| > 0, s ∈ {−1; 1},

we conclude that

max{αi(x, x′) : i ∈ K(x, x′)} > 0.

On the basis of the theorem we have ρm(A, b) > 0, i.e. problem
Zm(A, b) is quasi-stable.

We prove the necessity by contradiction. Let there exists a solu-
tion x0 ∈ Pm(A, b)\Sm(A, b) under the assumption, that Zm(A, b) is
quasi-stable. Then there exists a solution x∗ 6= x0, such that

|Aix
0 + bi| = |Aix

∗ + bi|, i ∈ Nm.

Therefore

∀i ∈ Nm ∃s ∈ {−1; 1} βi(x0, x∗, s) =
|Ai(sx0 + x∗) + bi(s + 1)|
||sx0 + x∗||1 + |s + 1| = 0.

From this we conclude

max{αi(x0, x∗) : i ∈ K(x0, x∗)} = 0.

Consequently, on the basis of the theorem we obtain ρm(A, b) = 0,
i.e. problem is not quasi-stable.

Corollary 1 implies
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Corollary 2. The scalar problem Z1(A, b), where A ∈ Rn, b ∈ R,
is quasi-stable if and only if

|P 1(A, b)| = |Argmin{|Ax + b| : x ∈ X}| = 1.
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Macroeconomic growth determining

E.Naval

Abstract

In the offered work two approaches to the problem of eco-
nomic growth rate determining is considered. The first approach
assumes, that economic growth rate is set exogenously, so its
value is known while at the second approach economic growth
rate is determined endogenously, i.e. its value is unknown. In
the model there are included such components of the economic
growth, which are determined by the technical progress contain-
ing the human factor during training, and also sector of research
and development (R&D). Research and development are esti-
mated in two ways: one, supposing development of new technolo-
gies and another, using already available developed technologies,
and on their basis developing new manufactures. Estimations of
expenses both on the first, and on the second way are resulted.

Introduction

Work consists of three sections. In the first section the Solow model
[11] with the exogenously set growth rate of technical progress is in-
vestigated. The equation of dynamics is brought and the golden rule
of accumulation is written. Using dynamics equation for Solow model,
the optimization problem is formulated and it is solved by the max-
imum principle. The solution of this problem determines an optimal
trajectory for consumption function and, accordingly, an optimal rate
of accumulation.

In the second section Aghion-Howitt [1-2] model with endogenous
growth caused by uncertainty in which researches provide qualitatively
improved innovations is discussed. The dynamics equation of the model
is brought, and economic growth rate is determined, proceeding from

c©2006 by E.Naval
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the known values of the model parameters offering basic characteristics
of economic development.

In the third section the Romer [13-15] endogenous growth model
is examined. Estimation cost of the original invention which underlies
qualitatively improved innovational processes and the cost of the license
invention providing qualitatively improved innovations are brought.

1. Optimal rate of accumulation in exogenous growth
economic model

Let’s consider Solow exogenous growth economic model with technical
progress.

Y = Kα(EL)1−α (1)
Y = C + I (2)
C = (1− s)Y, 0 < (1− s) < 1 (3)

∆K = I − δK, 0 < δ < 1 (4)
∆L/L = n, n > 0 (5)
∆E/E = g, g > 0 (6)

Here Y , C, I, K are endogenous variables, L, E are exogenous vari-
ables. Y is gross domestic product; C is total consumption; I is total
investments; K is fixed capital; L is total workers quantity occupied
in manufacture; E is some variable named work efficiency. s, δ, n, g
are parameters determining rate of accumulation, fixed capital amorti-
zation rate, growth rate of the labor occupied in manufacture, growth
rate of the labor caused by technological progress, it takes into account
quantity of workers L and efficiency of everyone working E. Production
function (1) determines, that total output Y depends on the available
capital quantity K and on the quantity of effective workers L ·E. The
increase of efficiency of work E is equivalent to increase in a labor L.
Using substitution, Y

EL = y; K
EL = k, we shall transform the first

equation to the following one y = kα. From the equation (4) we shall
receive

k̇ = i− δk,
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where i = I
EL . Further, using (2) and (3), we shall transform (4) to

the form
k̇ = sy − δk; k̇ = skα − δk.

After simple transformations we shall receive, that

K̇

EL
=

I − δK

EL
=

sY − δK

EL
= skα − δk. (7)

And, finally,
k̇

k
= skα−1 − δ. (8)

The stationary condition takes the form of:

k̇

k
=

K̇

K
− L̇

L
− Ė

E
= 0. (9)

And, substituting (8) in (9), we shall receive

k̇

k
= skα−1 − (δ + n + g).

Solving this equation in respect to k we shall obtain

k∗ =
( s

δ + n + g

)1/(1−α)
. (10)

Let’s notice, that in steady state the value k is as greater as the values
s and α (rate of accumulation and the interchangeability constant of
work and capital) are greater and as smaller as the values δ, n and g
are smaller. So the growth rate of the capital per capita is positive and
is equal to g + n.

∆k

k
=

∆K

K
− ∆L

L
− ∆E

E
= 0;

∆K

K
= g + n > 0. (11)

From the equation (3) we shall receive equation for consumption func-
tion in a steady state

c∗ = y − i; c∗ = f(k∗)− k∗(n + g + δ). (12)
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As
I

EL
=

∆K

K
+ δ from (11) it is received

i∗ = k∗(n + g + δ). (13)

From (12) follows, that the maximal value c∗ is achieved when

dc∗

dk∗
= f ′(k∗)− (n + g + δ) = 0 =⇒ f ′(k∗) = n + g + δ

f ′(k∗)k∗ = sf(k∗); s∗ =
f ′(k∗)k∗

f(k∗)
. (14)

Expression (14) determines ”golden rule” of accumulation. Such
premises, as the constant returns to scale production function, com-
petitive markets, exogenous savings and exogenous growth of technol-
ogy, made this model an extremely convenient one to solve the case for
steady state.

Let’s take advantage of a maximum principle for determination of
the maximal rate of accumulation which satisfies to the ”golden rule”.
We shall consider the problem of optimal control in which the util-
ity function on infinite orison is maximized and the restriction is the
dynamics equation for the Solow model. As a control variable the con-
sumption function takes place.

∫ ∞

0

c(t)1−θ

1− θ
e−ρtdt =⇒ max (15)

k′ = [f(k)− k(n + g + δ)]− c(t) (16)
k(0) = k0 (17)

Profit function is written as V = f(k)−rk−w where V is the maximal
profit rent equal to zero and r is characterized by the following ratio:
∂f(k)

∂k = r, f(k) = rk + w.
So, let’s write down the Hamiltonian of the system (15) - (17)

H(c(t), k(t), π(t)) =
c(t)1−θ

1− θ
e−ρt+π(t)·[f(k)−c(t)−k(n+g+δ)]. (18)
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Further the conditions of the maximum principle follow:

∂H

∂c
= 0;

∂H

∂π
= k̇; π̇ = ρπ − ∂H

∂k
. (19)

And the transversality condition is written down as

lim
t→∞π(t) · k(t) · e−ρt = 0

After simple transformations we receive the following three equations:

e−ρt · c(t)−θ − π(t) = 0 (20)

k̇ = s · f(k)− k · (n + g + δ) (21)

π̇ = π · (ρ− ḟ(k) + (n + g + δ)). (22)

And, since ∂f(k)
∂k = r, the equation (21) will become π̇ = π · [ρ−r+(n+

g + δ]. In consequence, we receive system of two differential equations
which are necessary to solve:

k̇(t) = w − k(t) · (n + g + δ)− c(t)
π̇(t) = π(t)[ρ− r + (n + g + δ)] (23)
k(0) = 0; lim

t→∞π(t) · k(t) · e−ρt = 0. (24)

Introducing some notations, we obtain

k̇(t) = −βk(t)− c(t) + w

π̇(t) = π(t) · γ (25)
k(0) = 0; lim

t→∞π(t) · k(t) · e−ρt = 0. (26)

In order to solve this problem, the equation (22) should be differenti-
ated on t

ċ(t)
c(t)

= −γ

θ
=

r − (n + g + δ)− ρ

θ
= γ̀.

Hence, c(t) grows with a constant exponential growth rate. To receive
the solution in k(t) we act as follows. To resolve equation (22) in
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accordance with k(t) we shall take an integrating multiplier eβt, and
we shall receive

k̇(t) · eβt + β · eβt · k(t) = c0 · e−γ̀t + w.

Common solution of this equation depends on two constants. Taking
into account the transversallity condition one of the two integration
constants in the common solution for k(t) is determined. The second
constant is determined from the condition k(0) = k0. As a result, the
following is received:

k(t) = k0 · eγ̀t (27)
c(t) = k0 · [β − γ̀] · eγ̀t + w. (28)

2. Endogenous growth economic model

Solow neoclassical model was first modified by Cass [3] and (indepen-
dently) by Koopmans in [7] following a mathematical version of Frank
Ramseys model [12](RCK). The endogenous saving rate in it is deeply
different from the Solow model.

The Aghion-Howitt [1-2] endogenous growth economic model rep-
resents such approach when the endogenous economic growth is exam-
ined under uncertainty conditions. In this model the economic growth
is generated by a sequence of qualitatively improved innovations which
are the investigations connected to economic activities in a random way.
This model has natural property when the last innovation is presented
out-of-date in comparison with the present innovation. In other words
this model is the model of destructive innovation creation. Starting
from Romers [13] the basic idea of endogenous technological progress
is obtained

u(y) =
∫ ∞

0
y(τ)e−rτdτ.

Here y is the production volume of the final consumer goods, r is the
rate of preference in time equal to the interest rate.

y = Axα, 0 < α < 1. (1)
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A is the parameter of technological progress. Innovations increase A
by size of a constant factor γ = At+1

At
, here t is an innovational index

but not the time.
L = x + n. (2)

L is the volume of labor, x are the works used by manufacture of the
intermediate goods (one for one). It means that for production of one
unit of the intermediate goods one unit of labor is used. If the price of
intermediate goods is denoted by P , then from the profit maximization
condition the demand function for the produced intermediate goods is
deduced.

Axα − Px = π;
∂π

∂x
= αAxα−1 − P = 0; P = αAxα−1, (3)

hence, it follows that the manufacturer will produce final goods until
the marginal product will be equal to its price. Innovations appear
casually with the Poisson rate of appearance equal to λn where λ in-
dicates productivity of research technologies. If there is one additional
unit of labor, the probability of new innovations appearance grows by
value λ. And because Poisson distribution is additive, the rate ex-
pectation of n researchers appearance is equal to λn. Vt+1 is a profit
function caused by innovation t+1; λVt+1 is an expected gross revenue
of each researcher for the period before appearance of the following
innovation. The net expected profit from the use of n units of labor in
research area for production of an innovation t is equal to:

λnVt+1 − wtn = 0, (4)

here wt is a wages rate resulted at the innovation t.

λVt+1 = wt, (5)

and this equation settles that expected cost of one unit used in scientific
researches with necessity is equal to its price. Value Vt+1 is determined
from the following equations

rVt+1 = πt+1 − λnt+1Vt+1, (6)
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Vt+1 =
πt+1

(r + λnt+1)
. (7)

The denominator from (7) can be interpreted as the interest rate
adapted to disappearance of an innovation, and illustrates it creative-
destructive effect. It is necessary to note, that from (7) it follows that
the innovator can not improve (R&D) since, actually, λnt+1 determines
the probability that innovator will lose exclusive innovational rent

πt = max
x

[P (x) · x− w · x]. (8)

Equation (8) defines income flow, which can be received from the follow-
ing innovation. Here P and x are interconnected by means of the equa-
tion (3). As expression αA·xα−w·x is maximized, then α2·Atx

α−1
t = wt

or

xt =
( α2

wt/A

)1/(1−α)
. (9)

Defining W = wt
At

as the wages referred to productivity, we can express
x as decreasing function of wt, xt = x̃(Wt), x̃′ < 0. Substituting xt in
expression for income function, we receive

πt = At · α · xα
t − wt · xt =

( 1
α
− 1

)
· wt · xt = Atπ̃

(wt

At

)
(10)

or πt = π̃(Wt), π̃′ < 0.
Two basic equations.

The first equation is an arbitrary one. It turns out from (5) that
wt = λ · Vt+1, further from (7) it is received the following:

wt

At
= λ[πt+1/(r + λ · nt+1)]/At

Wt = λ
At+1

At
· π̃(Wt+1) · (r + λ · nt+1)−1.

And, since At+1

At
= γ, we have

Wt = λ
γ · π̃(Wt+1)
r + λ · nt+1

. (11)
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The second equation is the equation for labor market clearing.

L = nt + x̃(Wt). (12)

The balanced growth SS (stable state) or growth in condition of sta-
bility is defined as the stationary solution of the system (11) - (12) at
n = n+1 = n and W = W+1 = W . That gives two equations with two
unknown variables n and W . In other words, SS means, that both
attraction of an additional labor n in sphere of researches, and x̃(W )
in sphere of manufacture remain constants in time until salary, income
and volume of manufacture remain at the same level γ < 1 each time
when innovations are made. In SS the equations (11) and (12) are
reduced to:

W = λ
γ · π̃(W )
r + λ · n (11(a))

L = n + x̃(W ) (12(a))

Market forces.
It is easy to show, that from (12(a)) it follows

π̃ =
1− α

α
·Wx =

1− α

α
·W (L− n)

and, having substituted this equation in (11(a)), dividing by W , we
shall receive

1 =
λ · γ · (1− α)

α
· (L− n)

r + λ · n .

From this equation the statement for n̂ in SS is obtained:

n̂ =
λ · γ · (1− α) · L− α · r
(α · λ + λ · γ · (1− α))

.

Growth in the stable state.
In SS we have y = A ·(x̂)α = A ·(L− n̂)α, which implies y+1 = γ ·y.
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3. P. Romer growth endogenous economic model

The other spark in growth theory has been provided by the advent of
”New Growth Theory” attributed to the efforts of Romer [13] and Lucas
[7]. New growth theory casts doubt on many results and assumptions
of the neoclassical model. Romer’s model included increasing returns,
imperfect competition and endogenous technological growth. P. Romer
in [14] determines technological progress as finding of new varieties and
increasing amount of capital goods.

Yi = A · L1−α
i ·

∑
(Xij)α,

here Xij is the implication of the specialized intermediate goods of
the type j. At any point of time, the technology exists to create N
specialized intermediate goods. Research sector in the economy uses
the human capital (labor skills and labor capacities) and accumulates
knowledge to produce designs for new intermediate capital goods. The
growth rate in such a model is determined from the following equation:

γ =
1
θ
·
[L

η
·A 1

1−α ·
(1− α

α

)
· α 2

1−α − ρ
]
,

where η is a cost of new product creation. Ii is supposed that total
human capital accessible to use in economy is constant. If γ < 0, firms
have insufficient incentive to expend resources on R&D, N remains
constant, and γ ultimately equals 0. The increase in growth rates can
be provided by the following actions:

- desire to raise the rate of accumulation, which lowers ρ and θ;
- reducing the cost of a new product inventing, which lowers η;
- advanced technology, which is represented by expansions of N

resulted from (R&D).
However, constant increase in N results in the tendency of income

reduction. The size of innovation income – profit value for the j-th
innovator, is equal to πj/rj , where rj is the rate of return. Let r1 be
the rate of return, for example, in the USA, then

r1 =
(L1

η

)
· (1− α)

α
· (A1)

1
(1−α) · α2/(1−α).
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Here η is the invention cost; L1 is the working amount. While imitation
or adaptation of innovational products is equal to ν and is less expensive
than expenditure for an innovation η, the rate of return r2 in this
country is approximately constant

r2 =
(L2

ν

)
· (1− α)

α
· (A2)

1
(1−α) · α2/(1−α).

The conclusion

Macroeconomic models of economic growth [1-15] are investigated.
Such production factors as capital and labor are examined. The last
is subdivided into a manpower used in industrial sector and in (R&D)
sector. Opportunities of each sector for maintenance of steady eco-
nomic growth are studied.

We shall start from the fact, that the gain of capital is defined, ba-
sically, as a level of accumulation in national economy, particularly in
private sector. By using the Solow model it is possible to determine op-
timal rate of accumulation corresponding to the given economic growth
rate. Thus there are two problems, the first is connected with attrac-
tion of additional investments, and the second concerns a manpower
which grows presumably with constant rates. The last can be restric-
tive for Moldova, taking into account the outflow of labor from the
country and the fact, that the government has not developed a clear
policy in the problem of professional training of high quality specialists.
It can happen, that a bit later the country will face labor shortage in
industry and agriculture. And also, as assumed, the economic growth
in a physical world is constrained by diminishing returns and scarcity
of resources. Such state policies as maintenance of services infrastruc-
ture, property rights protection and taxation of economic activities
influences technological level and, simultaneously with the desire to
accumulate, influence the growth rate in the long-term prospects.

And, as in [13], two basic fundaments of economic growth are the
new ideas and advances in technology; and by creating appropriate
economic incentives, the government can increase the rate of growth
in a way that can make all citizens better off. In this connection in
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our country these ideas may by interpreted as clear definition of key
economy development directions (whether it be the sphere of services,
tourism, information technologies, etc.) and elaboration of professional
training strategy in these brunches. Therefore the state should provide
for specified branches the preferential development, stimulating invest-
ments, giving tax privileges and other.

In endogenous growth models [1-2, 13-15] the economic growth rate,
proceeding from economic development in examined period, is deter-
mined. The problem of alternative use of scientific innovations is con-
sidered:

- whether to create scientific innovations, which for the certain pe-
riod monopolize appropriate sphere of production, involving essential
additional income until the new innovation in this area will appear,
thus depriving a country of existing monopoly and additional profits,

- or to simulate and adapt advanced technologies, the application
of which, at other equal conditions (capital and labor), is cheaper and,
to a certain extent, more trustful.
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