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A note on Computing SAGBI-Gröbner bases in

a Polynomial Ring over a Field

Hans Öfverbeck

Abstract
In the paper [2] Miller has made concrete Sweedler’s theory

for ideal bases in commutative valuation rings (see [5]) to the
case of subalgebras of a polynomial ring over a field, the ideal
bases are called SAGBI-Gröbner bases in this case. Miller proves
a concrete algorithm to construct and verify a SAGBI-Gröbner
basis, given a set of generators for an ideal in the subalgebra.
The purpose of this note is to present an observation which jus-
tifies substantial shrinking of the so called syzygy family of a
pair of polynomials. Fewer elements in the syzygy family means
that fewer syzygy-polynomials need to be checked in the SAGBI-
Gröbner basis construction/verification algorithm, thus decreas-
ing the time needed for computation.

1 Introduction

SAGBI-Gröbner theory is a generalisation of Gröbner theory to subal-
gebras of a polynomial ring. Thus we consider a fixed subalgebra A of
a polynomial ring k[X] = k[x1, . . . , xn] over a field k, and we want to
do Gröbner theory in the subalgebra A.

In Gröbner basis theory a so called S-polynomial of a pair (f, g) of
polynomials is defined as (see the next section for the exact definitions
of the notation):

S(f, g) = L1f − L2g, (1)

where

L1 =
lcm(lp(f), lp(g))

lt(f)
, L2 =

lcm(lp(f), lp(g))
lt(g)

.
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In SAGBI-Gröbner basis theory the analogue of a S-polynomial of a
pair is the syzygy family of a pair (f, g). As the name indicates, the
syzygy family usually consists of more than one element, but all the
elements have the form (1) for some (L1, L2) ∈ A2 such that lt(L1f) =
lt(L2g). The purpose of this note is to prove that when constructing
the syzygy family we need only consider polynomials of the form (1)
where (L1, L2) ∈ A2 are such that lp(g) does not divide lp(L1) and
lp(f) does not divide lp(L2) in Lp(A).

This yields a substantially smaller syzygy family than what is indi-
cated in [2].

2 Notation

Since the purpose of this note is to refine a result in the article [2]
we try to follow the notation there as closely as possible. Let k[X] =
k[x1, . . . , xn] be multivariate polynomial ring over a field k. Suppose
we have a term order on k[X], then for a polynomial p ∈ k[X], lp(p)
denotes the leading X-power product of p, lc(p) the leading coefficient
of p, and lt(p) = lc(p)lp(p) the leading term of p. If S ⊆ k[X], then
Lp(S) denotes {lp(s)|s ∈ S}.

If w = xα1
1 xα2

2 . . . xαn
n is an X power product then the multidegree,

mdeg(w), of w is defined as mdeg(w) = (α1, α2, . . . , αn) ∈ Nn. For a
polynomial f ∈ k[X] we define mdeg(f) = mdeg(lp(f)).

For a vector v = (v1, . . . , vm) ∈ Nm and a (implicitly ordered) set
S = {s1, . . . , sm} ∈ k[X] with m elements we define:

Sv =
m∏

j=1

s
vj

j .

Let A be fixed subalgebra of k[X], then Lp(A) is a multiplicative
monoid. For an ideal I in A, Lp(I) is a monoid-ideal in Lp(A). A
SAGBI-Gröbner basis for an ideal I in A is a subset G ⊆ I such that
Lp(G) generates Lp(I) as a monoid-ideal in Lp(A).

For an ideal J in k[X] an ordinary Gröbner basis is a subset G′ ⊆ J
such that Lp(G′) generates J as a monoid ideal in Lp(k[X]). This
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corresponds to the special case A = k[X] for SAGBI-Gröbner bases,
thus we can say that SAGBI-Gröbner bases are a generalisation of
Gröbner bases. On the other hand SAGBI-Gröbner bases are a special
case of the even more general bases presented in [5] and [4].

Throughout this article we assume that we have a finite SAGBI
basis F = {f1, . . . , fm} for the subalgebra A, i.e. F ⊆ A and Lp(F )
generates Lp(A) as monoid.

When dealing with ideals in the subalgebra A we need an analogue
of ordinary reduction which takes into account the fact that we work
inside a subalgebra, the analogue is called SI-reduction.

Definition 1 (SI-reduction) Let G ⊆ A. A polynomial h ∈ A SI-
reduces via G to h′ ∈ A in one step if there is a nonzero term cXα of
h for which there exists g ∈ G and a ∈ A such that lt(ag) = cXα and
h′ = h− ag. If there is a chain of one-step reductions from h to h′′ via
G, then we say that h SI-reduces to h′′ via G.

3 Shrinking the syzygy family

Consider the intersection, 〈lp(g)〉⋂〈lp(h)〉, of the monoid ideals gener-
ated by lp(g) and lp(h) in Lp(A). The intersection is again a monoid
ideal in Lp(A), which plays a central part in the definition of the syzygy
family:

Definition 2 (Definition 4.1 in [2]) Given g, h ∈ A and a generat-
ing set Tg,h in Lp(A) for 〈lp(g)〉⋂〈lp(h)〉, a syzygy family for g and
h is a set that contains, for each t ∈ Tg,h a polynomial of the form
atg − bth with lt(atg) = lt(bth) = lt(ctt) for some ct ∈ k.

Consider Corollary 4.6 in [2]; there we are told that a syzygy family
for g and h can be constructed in the following way:

Let V be a finite generating set of the monoid of nonnegative integer
solutions v = (v1, v2, . . . , v2m+2) of:

v1mdeg(g)+
m∑

j=1

vj+1mdeg(fj) =
m∑

j=1

vm+1+jmdeg(fj)+ v2m+2mdeg(h)

(2)
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where {f1, . . . , fm} = F is our SAGBI basis for A.
A minimal generating set of the nonnegative solutions of a dio-

phantine system such as (2) is sometimes called a Hilbert basis for the
solutions. There exist several algorithms to calculate the Hilbert basis,
e.g. those described in [1] and [3], this allows us to effectively compute
V.

For an element v of V we let vl = (v1, . . . , vm+1) and vr =
(vm+2, . . . , v2m+2), then v is called the parent vector of vl and vr. Let

V ′ = {v ∈ V | v1 = v2m+2 = 1}

and
V ′′ = {u + v |u ∈ V1, v ∈ V2}

where V1 = {u ∈ V |u1 = 1, u2m+2 = 0} and V2 = {v ∈ V | v1 =
0, v2m+2 = 1}, and let

PV = V ′ ∪ V ′′.
Finally let G = {g, f1, . . . , fm} and H = {f1, . . . , fm, h}, (where

f1, . . . , fm are the elements of our SAGBI basis F ) then by Corollary 4.6
in [2] a syzygy family for g and h is formed by all polynomials of the
form

sv = lc(Hvr
) ·Gvl − lc(Gvl

) ·Hvr

where v ∈ PV.
The purpose of this note is to prove that in the definition of PV

we can remove the second set from the union and let PV = V ′ and the
only price we have to pay for this reduction is to add 0 to the syzygy
family.

Theorem 1 (Refinement of Corollary 4.6 in [2])
Let G = {g, f1, . . . , fm} and H = {f1, . . . , fm, h}, let V be a finite
generating set for the monoid of nonnegative solutions of the system of
equations (2) and let PV = V ′. Then the set S consisting of 0 and all
polynomials of the form sv = lc(Hvr

) · Gvl − lc(Gvl
) · Hvr

, where the
parent vector v of vl and vr lies in V ′, is a syzygy family for g and h.
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Proof. According to Definition 2 a syzygy family for g and h is only
required to contain a polynomial atg − bth for each t ∈ Tg,h, thus if
we can replace the polynomial atg − bth with a simpler one: a′tg − b′th
still having lt(a′tg) = lt(b′th) = ctt for some ct ∈ k, then we still have
a syzygy family for g and h. In view of Corollary 4.6 from [2] we
need only prove that for each power product t appearing as the leading
power product of a polynomial lc(Hvr

) ·Gvl
, where v ∈ V ′′, there exist

at, bt ∈ A, ct ∈ k\{0} such that lt(atg) = lt(bth) = ctt and atg−bth = 0.
Let v = u+w where u ∈ V1 and w ∈ V2 and let t = lp(Gvl

) = lp(Hvr
).

Since u and w are solutions of (2) we know that:

lp(Gul
) = lp(Hur

),

lp(Gwl
) = lp(Hwr

). (3)

Since u ∈ V1 and w ∈ V2 their left and right halves have the form
ul = (1, u2, . . . , um+1) and wr = (wm+2, . . . , w2m+1, 1), thus if we let
u′ = (u2, . . . , um+1) and w′ = (wm+2, . . . , w2m+1) we get:

Gul
= gF u′ ,

Hwr
= Fw′h.

(4)

Let at = F u′Fw′h and bt = F u′Fw′g. Then at, bt ∈ A and:

lt(atg) = lt(bth) = lt(F u′Fw′gh) = lt(gF u′)lt(Fw′h) = lt(Gul
)lt(Hwr

)

where the last equality follows from (4). Since lp(Hwr
) = lp(Gwl

)
according to (3), we can deduce that lt(Hwr

) = ctlt(Gwl
) for some

nonzero constant ct ∈ k. Thus

lt(Gul
)lt(Hwr

) = ctlt(Gul
)lt(Gwl

) = ctlt(Gul+wl
) = ctlt(Gvl

) = c′tt

where c′t ∈ k \ {0}, the next last equality is due to v = u + w and the
last equality follows from our definition t = lp(Gvl

). Hence atg − bth
is an element of the syzygy family corresponding to t. Finally we note
that

atg − bth = F u′Fw′hg − F u′Fw′gh = 0.
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¤
The practical use of the syzygy family is to check if a given set is a

SAGBI-Gröbner basis, much like S-polynomials are used to check if a
set is a Gröbner basis. More precisely a set G ⊆ A is a SAGBI-Gröbner
basis if and only if all polynomials in all syzygy families of pairs in G
SI-reduce to zero via G, cf. Theorem 5.1 and Algorithm 3 in [2]. A
zero SI-reduced remainder indicates that no violation of the SAGBI-
Gröbner condition is found for this particular syzygy-polynomial, thus
we can remove the extra zero indicated in Corollary 1 from the syzygy
family without making the syzygy family less useful. The refinement
of Algorithm 2 in [2] becomes:

Algorithm 1
Input: g, h ∈ A, a finite SAGBI basis F for A
Output: A syzygy family SyzFam(g, h) for g and h
Initialisation: SyzFam(g, h) := ∅, PV := ∅
Compute a generating set V for the solutions of sys-
tem (2).
PV := {v ∈ V : c0 = d0 = 1}
For Each v ∈ PV:

sv := lc(Hvr
) ·Gvl − lc(Gvl

) ·Hvr

SyzFam(g, h) :=
⋃

v∈PV{sv}
An implementation of this algorithm is included in the author’s

Maple package for SAGBI and SAGBI-Gröbner computations, see [6].
For calculating the Hilbert bases the Maple package uses Dmitrii V.
Pasechnik’s implementation of the algorithm described in [3].

As an application of Algorithm 1 we consider example 4.7 and 5.2
in [2].

Example 1 Let A = Q[x2, xy] ⊆ Q[x, y] and use the degree lexico-
graphical order with x > y. The set F = {x2, xy} is a SAGBI basis for
A. Let g = x3y + x2 and h = x4 + x2y2 in A. A Hilbert basis for the
set of solutions of the equation (2) is:

v(1) = (0, 0, 1, 0, 1, 0), v(2) = (0, 1, 0, 1, 0, 0), v(3) = (0, 2, 0, 0, 0, 1),
v(4) = (1, 0, 0, 1, 1, 0), v(5) = (1, 1, 0, 0, 1, 1), v(6) = (2, 0, 0, 0, 2, 1).
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Thus PV = {v(5)}, so by Algorithm 1 a syzygy family for (g, h) is
{G(1,1,0) −H(0,1,1)} = {−x3y3 + x4}.

In the original version of this example (example 4.7 in [2]) the
syzygy family was {−x5y3 +x6,−x3y3 +x4} instead. It should however
be noted (as proved in example 5.2, [2]) that the extra syzygy polynomial
−x5y3 + x6 SI-reduces to zero over {g, h}. Thus this extra polynomial
does not affect the final result of the SAGBI-Gröbner basis computa-
tions. That the extra syzygy polynomial does not effect the further
computations is a consequence of Theorem 1.
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A Deterministic and Polynomial Modi�ed
Perceptron Algorithm

Olof Barr

Abstract
We construct a modi�ed perceptron algorithm that is deter-

ministic, polynomial and also as fast as previous known algo-
rithms. The algorithm runs in time O(mn3 log n log(1/ρ)), where
m is the number of examples, n the number of dimensions and
ρ is approximately the size of the margin. We also construct a
non-deterministic modi�ed perceptron algorithm running in time
O(mn2 log n log(1/ρ)).

1 A Deterministic and Polynomial Modi�ed
Perceptron Algorithm

1.1 Historical and Technological Exposition
The Perceptron Algorithm was introduced by Rosenblatt in [12] and
has been well-studied by mathematicians and computer scientists since
then. For convenience, we will in this paper discuss the version of the
algorithm that, given a set of points (constraints) A = ∪iai from Rn

�nds, if any, a normal z to a hyperplane through origo such that z·ai > 0
for every i. (Note that we do not have any zero rows in the matrix A).
This is so to say, a hyperplane through origo such that all points are
on the very same side of the hyperplane.

The original algorithm can easily be described as follows:
Algorithm 1.1 The Perceptron Algorithm

Input: A set of points (constraints) A = ∪iai from Rn.
Output: A normal z to a hyperplane such that z · ai > 0 for every

i, if there is such a solution.
c©2005 by O. Barr
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1. Let z=0.

2. If there is a point ai ∈ A such that z · ai ≤ 0, then z ← z + ai

3. Repeat step 2 until no such point is found and output z.

Obviously this algorithm will never halt if there is no solution to the
problem. On the other hand Noviko� proved that if there is a solution
to the problem, the algorithm will halt in a �nite number of steps, even
if the number of constraints is in�nite.

Theorem 1.1 The number of mistakes made by the on-line perceptron
algorithm, on a set A that has a solution to the problem, is at most
(2R/γ)2, where R = max ‖ai‖ and γ is the size of the margin.

Now, since the margin can be any positive number close to zero, this
upper bound of the performance does not say very much. And even
though there are many results showing that the algorithm runs much
faster in the "usual" case, there are constructions of constraint sets
such that the behaviour of the algorithm is exponential in terms of the
number of constraints [2].

1.1.1 Linear Programs

The problem solved by this Perceptron Algorithm is the homogenized
form of a feasible standard form of a linear program: Find x such
that Ax ≥ 0 and x 6= 0. Here, A is the matrix with ai as row i and
x = zT , where z is the normal of the hyperplane described above. This
problem is of great importance, since it solves max cT x, Ax ≤ b, x ≥ 0
by iterative solving the homogenized version and performing a binary
search.

Due to the importance of the problem, many di�erent methods have
been evolved to �nd solutions to it. To mention here, those are the
simplex algorithm, the interior point method, ellipsoid methods, the
perceptron algorithm and the modi�ed perceptron algorithm.
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1.1.2 The Modi�ed Perceptron Algorithm

The �rst polynomial algorithm using the perceptron algorithm was cre-
ated by Dunagan and Vempala in [7]. Even though the algorithm they
constructed was not as fast as other algorithms mentioned above, it
must be said it was a break through for the Perceptron Algorithm.
After this result, the algorithm could not be counted out, it could be
competitive.

Algorithm 1.2 The Modi�ed Perceptron Algorithm (Dunagan & Vem-
pala)

Input: An m× n matrix A.
Output: A point x such that Ax ≥ 0 and x 6= 0.

1. Let B = I, σ = 1/(32n).

2. (Perceptron)
(a) Let x be the origin in Rn.
(b) Repeat at most 16n2 times: If there exists a row a such that
a · x ≤ 0, set x = x + ā.
Here ā denotes the normalized vector a/‖a‖.

3. If Ax ≥ 0, then output Bx as a feasible solution and stop.

4. (Perceptron Improvement)
(a) Let x be a random unit vector in Rn.
(b) Repeat at most (lnn)/σ2 times: If there exists a row a such
that ā · x̄ < −σ, set x ← x − (ā · x)ā. If x = 0, go back to step
(a). (This is to assure us of not having the vector x set to zero)
(c) If there still exists a row a such that ā · x̄ < −σ, restart at
step (a). (This takes care of the situation of a bad choice of the
randomly chosen vector x)

5. If Ax ≥ 0, then output Bx as a feasible solution and stop.
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6. (Rescaling)
Set A ← A(I + x̄x̄T ) and B ← B(I + x̄x̄T ).

7. Go back to step 2.

It is not evident that this algorithm will terminate. But Dunagan and
Vempala prove that the margin of the Linear Program will increase in
mean, when many rescalings are made inside the algorithm. This will
in turn make the margin so large such that the Perceptron part of the
algorithm will return a solution to the problem of the Linear Program.

Beside the size of the running time (O(mn4 log n log(1/ρ), where ρ
is approximately the size of margin γ), the algorithm they presented
was not deterministic. This meant that the result was given in the
mentioned time with very high probability. This is bad, since exceeding
the speci�ed time will not always imply that no solution exists.

Dunagan and Vempala put an open question whether or not there
was a deterministic version of their algorithm.

1.2 A Deterministic and Polynomial Modi�ed Percep-
tron Algorithm

In this paper, we answer the above stated question in the a�rmative.
Also, the constructed algorithm presented has the a running time a
factor O(n)faster than the one by Dunagan and Vempala. As a conse-
quence of the construction, we also get a non-deterministic algorithm
running a factor O(n2) faster than the algorithm constructed by Duna-
gan and Vempala.

1.2.1 How to Make it Deterministic

First of all we can conclude that it is due to the random choice of a
unit vector inside the algorithm that makes the algorithm of Dunagan
and Vempala a non-deterministic one. The question to put is if there
is a way of choosing appropriate vectors so that we can keep control of
the number of iterations being made inside the algorithm.
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What the algorithm wants to choose is a unit vector that has an
inner product of at least 1/

√
n with a feasible solution z to the posed

problem. But since we do not know a solution to the problem, we can
ask us if we can have a set V of vectors, where at least one vector
v ∈ V has the mentioned property. The answer to this is positive.
V = ∪n

i=1{ei,−ei}, where ∪n
i=1{ei} constitutes an ON-basis for Rn, will

do according to the following proposition.

Proposition 1.1 Let V = ∪n
i=1{ei,−ei}, where ∪n

i=1{ei} constitutes
an ON-basis for Rn. Now, for every unit vector w ∈ Rn,

max
v∈V

w · v ≥ 1√
n

.

Proof: First assume that ei is the vector with a 1 in the ith coordinate
and zero elsewhere. Now let w = (w1, . . . , wn). At least one wi must
have an absolute value of at least 1/

√
n, otherwise ‖w‖ < 1. This yields

that there exists at least one vector v ∈ V such that w · v ≥ 1/
√

n as
stated above. To generalize this statement for any ON-basis, we only
have to consider the rotation symmetry of Rn. ¤

To make the algorithm deterministic, we will now run the algorithm
in 2n parallel tracks. And instead of using the origin in step 2(a) and
a random unit vector in step 4(a), we will use vectors from our set
V and update them for each iteration in the algorithm. Since one of
parallel tracks will come closer and closer to a solution for each round,
this speci�c track will terminate in the time mentioned above. But, we
are running 2n tracks, and the total running time will be a factor 2n
greater than before.

In practice, this is an advantage since the algorithm will tell us how
to make use of paralell processors in a practical situation, making the
algorithm fast when implemented.

1.2.2 How to Speed Up the Algorithm
In order to speed up the algorithm, a deep analysis of all estimates
done by Dunagan and Venpala has been done. As a result of this σ can
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be enlarged to 1/(32
√

n) and the 16n2 in step 2(b) can be reduced to
4n. These alterations will speed up the process with a factor of order
O(n). New estimates in the margin growth causes another factor of
order O(n).

1.3 The Deterministic Modi�ed Perceptron Algorithm
Now, we are ready to go into details with the topic of this paper.

Below we can study the general structure of the algorithm, breaking
it up into smaller parts that will be presented further on. Important is
though that we are running the algorithm in 2n parallel tracks. This
does not imply that we have to run the algorithm on parallel processors,
only that we do each step for every single track before going to the next
step.

Algorithm 1.3 The Modi�ed Perceptron Algorithm
Input: An m× n matrix A.
Output: A vector x such that Ax ≥ 0 and x 6= 0 or "No solution

exists".

1. Initials
Choose R = n (the dimension of the Linear Program) and put
σ = 1

32
√

n
.

Let B = I and V = ∪n
i=1{ei,−ei}, where ∪n

i=1{ei} constitutes an
ON-basis for Rn.

2. Wiggle Phase
Let U = ∅. For each vector v ∈ V , run the Wiggle Algorithm,
collecting all returned corresponding vectors u in U .
V ← U .

3. Check for no solution
If V = ∅, then output "No solution exists" and stop.
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4. Rescaling Phase Normalize every vector in V . That is, for every
v ∈ V , let v ← v

‖v‖
For each vector v in V (at most 2n), together with its correspond-
ing matrices A and B, run the Rescaling Algorithm.

5. Perceptron Phase
For each vector v ∈ V , run the Perceptron Algorithm for at most
R rounds with v as the initial vector.

6. If no feasible solution was obtained in the last iteration of the
algorithm, scale every vector v ∈ V such that ‖v‖ = 1 and go back
to step 2.

Note that there are more things to show than only to describe the
smaller algorithms used inside the larger structure. We have to show
that they work, to calculate the complexity and to prove that the main
algorithm always will return a correct answer in the time mentioned
above.

First we describe the Wiggle Algorithm:

Algorithm 1.4 Wiggle Algorithm
Input: An m× n matrix A, a vector v ∈ Rn and a set of vectors U .
Output: One of the following three: A solution x to Ax ≥ 0, an

updated vector v that will be put in U or the empty set ∅ (also to be put
in U).

1. If a·v
‖a‖‖v‖ < −σ for some row a ∈ A,

then v ← v −
(

a
‖a‖ · v

)
a
‖a‖ .

2. Repeat step 1 at most (log n)/σ2 times.

3. If a·v
‖a‖‖v‖ ≥ −σ for every row a ∈ A, then U ← U ∪ v

4. If Av ≥ 0, then output Bv as a feasible solution and stop.
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This algorithm is shown in [5], to output a vector v in at most (log n)/σ2

steps, if the input vector v satis�es v ·z ≥ 1/
√

n, where z is a unit vector
that solves Ax ≥ 0. Thus, we have to insure us that at least one of our
starting vectors in V does have this property. But this was shown in
the earlier proposition presented above.

Also we must calculate the complexity of running through the Wig-
gle Algorithm once:

Proposition 1.2 The number of iterations inside the Wiggle Algo-
rithm is of order O(mn2 log n).

Proof: The inner loop of the algorithm requires at most one matrix-
vector multiplication, time O(mn), and a constant number of vector
manipulations, time O(n). This is repeated at most (log n)/σ2 =
322n log n times. So, the overall time bound is O(mn2 log n). ¤

The following rescaling procedure is a simple matrix-matrix multi-
plication, being of order O(n2).

Algorithm 1.5 Rescaling Phase
Input: a vector v and its
corresponding matrices A and B.
Output: rescaled matrices A and B.

1. A ← A(I + v
‖v‖

v
‖v‖

T )

2. B ← B(I + v
‖v‖

v
‖v‖

T )

The important thing to prove for this part, is that for at least one of
our 2n parallel processes, the matrices will be stretched in a direction
such that the margin increases in the new problem Ax ≥ 0. The proof of
this follows substantially the proof in [7], but using some other indata.
The reason for letting ρ ≤ 1/(2

√
n) in the following theorem is that if

ρ would be larger, the algorithm will halt later on in the Perceptron
phase.
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Theorem 1.2 Suppose ρ ≤ 1/(2
√

n) and σ = 1/(32
√

n). Let A′ be
obtained from A by one iteration of the algorithm (where the problem
is not solved). Let ρ′ and ρ be the margins of the problems A′x ≥ 0
and Ax ≥ 0 respectively. Also assume that we are studying one of
those processes running parallel, where v · z ≥ 1/

√
n and z is a feasible

solution, of length one, to Ax ≥ 0. Then ρ′ ≥ (1 + 1
6)ρ.

Proof: Let ai, i = 1, . . . , m be the rows of A at the beginning of some
iteration, for one of the parallel processes having v · z ≥ 1/

√
n. (Below

we drop the index i, and usually denote a row ai only with a). Let z be
the unit vector satisfying ρ = mini

a
‖a‖ ·z, and let σi = a

‖a‖ ·v. After the
wiggle phase, we get a vector v such that a

‖a‖ · v = σi ≥ −σ for every i.
As described in the algorithm, let A′ be the matrix obtained after

the rescaling step, i.e. a′i = ai+k(ai·v)v. Finally de�ne z′ = z+α(z·v)v,
where

2α + 1 = ρ
√

n

or to put it another way

α = (ρ
√

n− 1)/2.

Even though z′ might not be an optimal choice, it is enough to consider
this one element to lower bound ρ′. We have ρ′ ≥ minj

a′
‖a′‖ · z′

‖z′‖ .
We will �rst prove that a′

‖a′‖ · z′ cannot be too small.

a′

‖a′‖ · z
′ =

a
‖a‖ + ( a

‖a‖ · v)v

‖ a
‖a‖ + ( a

‖a‖ · v)v‖ · z
′ =

[ a
‖a‖ + ( a

‖a‖ · v)v][z + α(z · v)v]
√

1 + 3( a
‖a‖ · v)2

,

since the vector v is normalized before the rescaling is done. Now,
in the case of a positive σi,

=
ρ + σi(z · v)(1 + 2α)√

1 + 3σ2
i

≥ ρ
1 + σi(z · v)

√
n√

1 + 3σ2
i

≥ ρ
1− σ√
1 + 3σ2

,
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where the last inequality follows from that (z · v) ≥ 1/
√

n and σi ∈
[−σ, 1], with some hard work using the method of Lagrange. On the
other hand, if σi is negative we get that the expression is at least

31
32
√

1 + 3σ2
.

Now we are about to bound ‖z′‖ from above, and for convenience
we study the square of it, ‖z′‖2. We know that

‖z′‖2 = ‖z + α(z · v)v‖2 = 1 + (α2 + 2α)(v · z)2

Inserting our known α = (ρ
√

n− 1)/2 we get that

‖z′‖2 = 1 + ((α + 1)2 − 1)(v · z)2 ≤ 1− 7
16

=
9
16

since α + 1 ≤ 3/4.
Using the identity

1√
1 + β

≥ 1− β

2

for β ∈ (−1, 1), we �nd that the total estimate for the new margin is

ρ′ ≥ ρ

(
1− 1

25
√

n

) (
1− 3

211n

) (
4
3

)
≥ ρ

(
7
6

)

when σi is positive. Otherwise, when σi is negative we get that

ρ′ ≥ ρ

(
31
32

)(
1− 3

211n

)(
4
3

)
≥ ρ

(
7
6

)
.

This estimate will be enough to ful�ll the demand we have on the
margin to increase with a certain proportion, such that we also guar-
antee a convergence in the case of the non-deterministic algorithm. For
further details, see [3] and [7]. ¤

Now we describe the classical Perceptron Algorithm, but reduced
to at most n steps, being an important component of the modi�ed
algorithm.
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Algorithm 1.6 Perceptron Algorithm
Input: A starting vector v from V .
Output: A feasible solution Bv or a new updated vector v.

1. If there is a row a in A such that v · a ≤ 0, then v ← v + a/‖a‖.
2. If Av ≥ 0, then output Bv as a feasible solution and stop.

3. Repeat the two steps above at most R = 4n times.

The behaviour of this algorithm is well-studied, and we know from, for
example, [6] that it produces a feasible solution if the problem has a
margin ρ of size at least 1/

√
R = 1/(2

√
n). Also we can conclude that:

Proposition 1.3 The number of iterations inside the Perceptron Al-
gorithm is of order O(mn2).

Proof: The algorithm will perform at most one matrix-vector multipli-
cation in its inner loop (made at time O(mn)) and a constant number
of vector manipulations (in time O(n)). This is done at most 2n times.
So we get O(mn2). ¤

Lemma 1.1 The number of times we repeat step 2-5 in Algorithm 1.1
is at most of order O(n log(1/ρ)).

Proof: As we have seen above, at least one of our 2n parallel processes
will start with a vector v satisfying v · z ≥ 1/

√
n where z is a feasible

unit vector. So, after the wiggling phase, the resulting vector will be a
proper direction for rescaling, this enlarges the radius ρ with a factor
of size at least (1+1/6). But since the perceptron stage will terminate,
yielding a feasible solution if ρ ≥ 1/(2

√
n), we know that our algorithm

will terminate after k proper rescalings when

ρ

(
1 +

1
6

)k

≥ 1
2
√

n
.

This yields that k = O(log(1/ρ)) ¤
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Summing up the information we have got, we get the complexity of
the algorithm in total.

Theorem 1.3 The modi�ed Perceptron Algorithm returns an answer
in time O(mn3 log n log(1/ρ)).

Proof: The algorithm runs in 2n parallel processes. The wiggle algo-
rithm runs for at most 210n log n times, each round taking time O(mn).
The rescale process takes O(n2) and the Perceptron algorithm runs for
at most n times, each round taking time O(mn). All these three stages
are repeated at most O(log(1/ρ)) times. So we get that the total time
is

O

(
2nO

(
log

(
1
ρ

))
(210mn2 log n + O(n2) + mn2)

)
=

= O

(
mn3 log n log

(
1
ρ

))

¤

1.3.1 A Fast Non-Deterministic Polynomial Modi�ed Per-
ceptron

The results in the previous section can be used to strengthen the results
made by Dunagan and Vempala in [7]. In the non-deterministic case
we are not longer in need for our 2n parallel processes anymore. Now,
taking away the condition about having a deterministic process, we can
speed it up a factor 2n.

In general, one could follow the proof made by Dunagan and Vem-
pala in [7] to prove the behaviour of the non-deterministic algorithm.
The only changes made are the size of R, σ and k inside the algorithm.

But we do want to point out a statement made in the article: a
statement that says that the probability of two random unit vectors
have inner product at least 1/

√
n is at least 1/8 can be shown by a

standard computation. The statement is true, but we have not found a
standard argument proving this statement. A detailed analysis can be
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found in [3] showing that the probability is at least (1− erf(1/
√

2)/2 ≥
1/8 where erf(x) is the errorfunction

erf(x) =
2√
π

∫ x

0
e−t2dt.

Anyhow, we get the following:

Corollary 1.1 There is a polynomial non-deterministic modi�ed per-
ceptron algorithm that terminates in time O(mn2 log n log(1/ρ)).
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CGEM for Moldova with Factor Markets and

Intermediate Inputs

Elvira Naval

Abstract

In this article the attempt to examine the effects of tax policy
in the framework of two-sector model with factor markets and in-
termediate goods is considered. In this connection the difference
between intermediate and final goods is introduced. Model was
extended to introduce the imported and domestic intermediate
goods and production functions to produce domestic goods and
exports.

The basic model refers to one country with two producing sectors
and three goods. Two commodities that the country produces are an
export good, which is sold to foreigners and is not demanded at home,
and a domestic good, which is only sold domestically. The third good is
an import, which is not produced domestically. There is one consumer
who receives all income. The country is small in world markets, facing
fixed world prices for exports and imports. Three economic agents
operate in the model: a producer, a household, and the rest of the
world.

Adjustments in the real exchange rate in response to exogenous
shocks to the economy and three price-wedge government policy in-
struments: an import tariff, an export subsidy, and an indirect tax on
domestic sales are included. The single household saves a fraction of
its income. Real government expenditure is assumed fixed and the gov-
ernment deficit or surplus is subtracted or added to aggregate savings.
The balance of trade is assumed to represent foreign savings.

In order to estimate efficiency effects of tax policy, it is very im-
portant to distinguish between intermediate and final goods. In this

c©2005 by E. Naval

336



CGEM for Moldova with Factor Markets and Intermediate Inputs

scope the Calculated General Equilibrium Model (CGEM) is extended
to introduce the imported and domestic intermediate goods and also
production functions that use primary factors of production (capital
and labor) to produce domestic and exports goods.

The model contains most features of the basic model, although for
simplicity the savings and investment have been eliminated, and the
balance of trade is assumed fixed. The separate production functions
for exports and domestic goods with associated demand functions for
capital, labor, and intermediate goods as inputs are introduced. Equi-
librium conditions are included for each factor that induces an assump-
tion of full employment of fixed aggregate stocks of capital and labor.
There is the distinction of two types of imports (each with its own tar-
iff rate): consumption imports, which together with domestic output
provide the composite good, and intermediate imports, which in com-
bination with domestic output produce composite intermediate goods
required to produce domestic and exported goods. The domestically
produced and imported intermediate goods, as with consumption, are
assumed to be imperfect substitutes, so the demand for each depends
on its relative price and the elasticity of substitution. It is assumed
that all tax revenue is rebated to consumers in a lump-sum fashion,
so the government spending appears as a component of total income.
And the foreign capital inflow is also added to private income. Now
this model will be used to define the optimal structure of the tariff
rates.

Further the equations of the CGEM with factor markets and inter-
mediate inputs are presented. In the case of Republic of Moldova there
were examined: production functions for exported and domestically
fabricated goods which use primary factors of production (capital and
labor).

Presented model was used for the Moldova economy which is highly
depended on imported consumption and intermediate goods in order to
evaluate tariffs policy when composite consumption QS is maximized.

Let’s describe briefly all equations of the model. First, two equa-
tions (eq.1-2) are the production functions for exports and domestic
goods. Equations (7-12) are the associated demand functions for cap-

337



E. Naval

ital, labor and intermediate goods as inputs. Equilibrium conditions
are included for each factor (eq. 26-28) supposing full employment of
fixed aggregate stocks of capital and labor.
Flows Prices

E = K1−αe
e Lαe

e (1) P e = (1 + te) ·R · P e
w (16)

D = K1−αd

d Lαd

d (2) P q = (Pm
q Mq + P dDq)/QS (17)

QS = Q(Mq, Dq) (3) Pn = (Pm
n Mn + P dDn)/N (18)

N = N(Mn, Dn) (4) Pm
q = (1 + tmq ) ·R · Pm

wq
(19)

Mq/Dq = f1(Pm
q , P d) (5) Pm

n = (1 + tmn ) ·R · Pm
wn

(20)

Mn/Dn = f2(Pm
n , P d) (6) P t = (1 + td) · P d (21)

Ne = ae · E (7) P v
e = P e − ae · Pn (22)

Nd = ad ·D (8) P v
d = P d − ad · Pn (23)

WK = ∂E/∂Ke · P v
e (9) Equilibrium Conditions

WK = ∂D/∂Kd · P v
d (10) Dn + Dq −D = 0 (24)

WL = ∂E/∂Le · P v
e (11) QD −QS = 0 (25)

WL = ∂D/∂Ld · P v
d (12) Ne −Nd −N = 0 (26)

Y = WK ·K + WL · L+ Ke + Kd −K = 0 (27)

R ·B + G (13) Le + Ld − L = 0 (28)

QD = Y/P q (14) Pm
wq
·Mq + Pm

wn
·Mn−

P e
w · E = B (29)

T −G = 0 (30)

R ≡ 1 (31)

Identities

Pq ·QQ ≡ Y

P v
e · E ≡ WK ·Ke + WL · Le

P v
d ≡ WK ·Kd + WL · Ld

P q ·Qs ≡ Pm
q ·Mq + P d ·Dq

Pn ·N ≡ Pm
n ·Mn + P d ·Dn
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Table 1: Endogenous Variables

E Export good D Supply of domestic good
Ne Interm. demand by E Nd Interm. demand by D
N Supply of comp. interm. input QS Supply of comp. final good
QD Demand for comp. final good Dq D used in consumption
Dn D used in interm. inputs Ke Capital used to produce E
Le Labor used to produce E Kd Capital used to produce D
Ld Labor used to produce D Mq Imports used in consum.
Mn Imports used in N demand P e Export price
P d Domestic producer price P t Domestic consumer price
Pm

q Price of consumption imports Pm
n Price of interm. imports

P v
e Value added price of exports P v

d Value added price of D
Pn Price of interm. input P q Price of composite good
WK Return to capital WL Wage rate
R Exchange rate Y Total income
T Tax revenue G Government transfers

Table 2: Exogenous Variables

L Total labor supply K Total capital stock
T Total tax accumulation B Balance of trade
P e

w World price of E Pm
wq

World price of Mq

Pm
wn

World price of Mn te Export subsidy rate
tmq Tariff on Mq tmn Tariff on Mn

td Indirect tax rate

There are two types of imports, each with its own tariff rate. Con-
sumption imports (Mq) which in combination with domestic output
(Dq) produce composite good (QS). Intermediate imports (Mn) in
combination with domestic output (Dn) produce composite intermedi-
ate goods (N) required to fabricate domestic and exported goods. The
domestically produced and imported intermediate goods (N) as well as
consumption are assumed to be imperfect substitutes, so the demand
for each depends on its relative price and the elasticity of substitution
(eq. 6).
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The production structure may be represented as follows. Real value
added and intermediate inputs are combined in fixed proportions to
produce output. There are two CES functions: one for labor and cap-
ital to produce real value added and one for imported and domestic
intermediates to produce the composite intermediate input. Fixed co-
efficients are used for the demand for composite intermediate input and
allow to define value added price for each sector.

The year 2004 was selected as base year, and all macroeconomic
indicators are presented both in real and nominal prices. All prices are
equal to unity in this base. Using base year data and known values
for the elasticity of substitution between imports and domestic goods
(σ) equal to 2 for consumer goods and 0.5 for intermediate goods there
are calculated the analytical expressions for export (E), demand for
domestic goods (D), supply of composite goods (QS), volume of inter-
mediate goods (N), ratios between imported consumption goods and
domestic consumption good and ratio between imported intermediate
inputs and domestic inputs. So, for six functions enumerated earlier the
explicit analytical expressions with constant coefficients are obtained.
The obtained expressions for these functions are annexed here:

E = K0.702
e · L0,398

e , D = K0.66
d · L0,4545

d ,

QS = 1, 136 · (0, 5148 ·M−0,5
q + (1− 0, 5418) ·D−0,5

q )−1/0,5,

N = 2, 001 · (0, 9854 ·M1
nq + (1− 0, 9854) ·D1

n)1,

Mq/Dq = (0, 5148 · Pm
q /((1− 0, 5418) · P d)2,

Mn/Dn = (0, 9854 · Pm
n /((1− 0, 9854) · P d)0,5.

In order to evaluate efficiency resulting from taxation just as in
[1], it is assumed that all tax revenue is returned to consumers as a
unique sum, so that government spending appears as a component of
total income in (eq.13). Finally, foreign capital inflow is also added to
private income.

Further, this model is explored for answering the question about
optimality of the uniform tariff rates. It is well known view that differ-
ences among tariff rates create a distortion in the economy. Different
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Table 3: Optimal tariffs with fixed indirect tax

% BV 15% 10% 5% Opt. -5% -10% -15%

td 13,5 12,9 12,3 11,7 11,1 10,5 10,0
Optimum tariff rates

tqm 13,5 14,7 17,0 18,0 19,7 23,5 24,0
tnm 28,4 25,9 22,6 18,0 15,6 8,8 9,2

Opt. quant.(Ratio(%) to base value)
E 64,0 99,20 99,19 99,17 100,0 99,12 99,10 99,08
D 51,0 101,31 101,33 101,36 100,0 101,40 101,42 101,44
Mq 52,0 99,10 99,08 99,06 100,0 99,01 98,99 98,97
Mn 28,0 100,31 100,31 100,31 100,0 100,31 100,31 100,31
Q 100,0 100,77 98,39 96,28 100,0 96,28 98,39 100,77

sectors tariff rates imply that the relative domestic prices of two traded
goods are not equal to their relative world prices. If world prices are
viewed as the appropriate ”shadow prices” of this traded good, a varied
tariff structure represents a distortion.

As stabled in [2] there are other distorting taxes in the economy,
then the shadow prices of this traded good in this environment may
not equal to world prices. In particular, if the domestic indirect tax
structure is not optimal, the optimal tariff structure will generally not
be uniform. Starting with various assumptions about the level of do-
mestic indirect taxes the optimal patterns of tariffs will be determined.
The numerical solution of the formulated optimization problem using
statistical data for the year of 2004 will be obtained because the intro-
ducing of the intermediate goods complicates the model so much that
the model cannot be solved analytically.

Base year data for numerical application are presented in Table 4.
Here all data are calculated in % to GDP which is equal to 100%, and
with the exported national economy equal to 64%. The export sector is
capital-intensive and uses domestic and imported intermediates. The
domestic sector (D) also uses domestic and imported intermediates.
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Table 4: SAM for Moldova Numerical Model

Moldova Expenditures
E D Q N L K C Rw

Export (E) 64
Domestic (D) 48 3
Final Good (Q) 100
Interm. Good (N) 15 16
Labor (L) 10 8
Capital(K) 39 43
Consumer 18 82
Rest of World 52 28
Total 64 67 100 31 18 82 100 64

The balance of trade is equal to 17% and the single consumer thus
demanded 100% units of composite consumer good Q. Since all prices
and wages are equal to one, the SAM (Social Accounting Matrix, see
Table 4) indicates real as well as nominal magnitude. The value added
production functions are assumed to be Cobb-Douglas.

It is supposed that government receives revenue from tariffs on final
and intermediate goods and on indirect tax on domestic sales. Export
subsidy is equal to zero. Government requires total tax revenue of 25%.
The base year data given in the Table 4 represent a unique solution of
the model with all tax rates set to zero. In the optimal tax experiments
tax rates are redefined as variables offering freedom of choice. Opti-
mal taxes are obtained by maximizing Q, which satisfies the equations
of the model in examination plus the government revenue constraint.
Alternative scenario is obtained by fixing one tax, the indirect tax on
domestic goods (T d), and solving for optimal level for remaining tax
rates.

The results of calculus are given in Table 2. The optimal pattern
of tariffs is uniform only in this case when all tariff rates including
the indirect tax on domestic goods is also set optimally. When the
indirect tax on domestic goods is set below its optimal value then op-
timal tariff structure consists in higher tariff on the final goods than
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on the intermediate goods. When the indirect tax is above its opti-
mal, the opposite is true. In this case when domestic indirect taxes are
too low rather than too high the appropriate policy rule is that tariff
rates on imported intermediate goods should be lower than the rates
for imported consumer goods.

So it is no reason to move toward equal rates by raising the lowest
tariffs and lowering the highest ones. Yet in our country tariffs on
intermediate goods are lower than those on final goods so in this circum-
stances moving toward equal rates would lower welfare.

Along with a highly variable tariff structure the second scenario
shows smaller variations in real variables. But in this case aggregate
welfare demonstrates small changes across both scenarios. This result
is consistent with results from a large number of empirical studies.

Given that, the model is solved as a nonlinear programming prob-
lem using SOLVER package from Excel. The solution generates dual
or shadow prices for all constrains. The solution value for the shadow
price on the government revenue constraint (eq. 30) directly measures
the welfare cost of raising an additional unit of tax revenue (T ). In
Table 3, there are presented these shadow prices for the cases in which
the indirect tax rate is set below its constrained optimal value. Re-
sults for two alternative models are calculated. One model is solved
for optimal changed tariffs - as in table two. And the other model in
which tariffs are constrained to be the same for both goods. In this
case, the single tariff rate is uniquely determined by the government
revenue constraint and the fixed indirect tax rate. There are no policy
degree of freedom.

Let’s comment the results obtained in Table 3. The results of cal-
culus show that in both scenario there are observed the diminishing of
the marginal welfare cost when additional government revenue is re-
ceived from increasing tax revenue. So in the case of Moldova there
exist reserves in rising indirect tax rate. Yet in the case of equal tariffs
there are more possibilities in reducing welfare cost by absolute value,
than in the case of differential tariffs.

These results, as mentioned in [1], are only suggestive because of the
stylized nature of the model, but they create some theoretical under-
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Table 5: Welfare Cost of increasing Tax revenue

Marginal welfare cost of increasing
tax revenue as a % of additional revenue

Indirect tax Sc.I Sc.II Ratio (%) of Sc.I
rate (%) (equal tariffs) (differential tariffs) to Sc.II
11,7 (optimal) 0,0 0,0
11,1 (-5%) -6,42 -6,0 106,5
10,5 (-10%) -6,54 -5,3 123,4
9,9 (-15%) -6,67 -5,2 127,8

pinning for the common policy rule that countries should unify their
tariff structure. And the results from this simple two sector model
appear vigorous in comparison with larger applied models [2].
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The XIV Conference on Applied and

Industrial Mathematics dedicated to

the 60th anniversary of the foundation

of the Department of Mathematics and

Computer Science of Moldova State

University

Chisinau, Republic of Moldova, August, 25–27, 2006

Organizers

• Romanian Society of Applied and Industrial Mathematics –
ROMAI;

• Mathematical Society of the Republic of Moldova;
• State University of Moldova;
• Tiraspol State University;
• Institute of Mathematics and Computer Sciences of the Academy

of Sciences of the Republic of Moldova;
• Center for Education and Research in Mathematics and Com-

puter Science at Moldova State University.

THE ROMANIAN SOCIETY OF APPLIED AND INDUSTRIAL
MATHEMATICS (ROMAI) was founded in 1992. It is a non-profit
scientific association, whose members are mathematicians, physicists,
engineers, chemists, biologists, economists, and other users of math-
ematics. ROMAI encourages studies relating mathematics and non-
mathematical fields of knowledge.

The principal activities in ROMAI are the annual Conferences on
Applied and Industrial Mathematics (CAIMs) coorganised together
with an university or/and other institution. So far, ROMAI together
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with University of Oradea, University of Pitesti, Tiraspol State Univer-
sity, Institute of Mathematics and Computer Sciences from Chisinau
and the City House and Local Council of Mioveni-Arges organized 13
editions of CAIM. Three CAIMs were held in Romania & Republic of
Moldova and the others only in Romania.

CAIM 2006 Objectives

CAIM 2006 provides a forum for the review of the recent trends in
theoretical, numerical, and experimental applied and industrial math-
ematics as well as in computer sciences.

The Conference is dedicated to the 60th anniversary of the foun-
dation of the Department of Mathematics and Computer Science of
Moldova State University.

Conference Sections

• Algebra, mathematical logic, topology.
• Ordinary differential equations and finite dimensional dynamical

systems.
• Functional analysis and partial differential equations.
• Analytical and numerical methods and applications. Industrial

mathematics.
• Theoretical and applied computer sciences.
• Education.

Contacts

• Prof. Mitrofan CIOBAN (Chairman of the Organizing Commit-
tee, Chisinau): mmchoban@mail.md

• Anca-Veronica ION (Member of the Scientific Committee, Pitesti):
anca veronica ion@yahoo.com
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