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An Automatic Proof of Euler’s Formula

Jun Zhang

Abstract

In this information age, everything is digitalized. The encod-
ing of functions and the automatic proof of functions are impor-
tant. This paper will discuss the automatic calculation for Taylor
expansion coefficients, as an example, it can be applied to prove
Euler’s formula automatically.
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1 Introduction

The expansion of Taylor series is a very old topic in both pure and
applied mathematics that plays a crucial role in both fundamental the-
ory and applications. Computer algebra systems provide an interactive
environment to assist in solving many mathematical problems.

One way to define an analytic function f(z) is in terms of its Taylor
series expansion at z = 0,

f(z) = a0 + a1z + a2z
2 + · · ·+ anzn + · · ·

Quite a few theorems exist about how to find the coefficient an of
a general term anzn in the expansion, which we shall denote [zn]f(z).
Under some conditions, we have Taylor’s formula [1]:

an = [zn]f(z) =
f (n)(0)

n!
.

This is a very nice formula and can be quite useful in finding a specific
term such as [z3]f(z). However, for an arbitrary number n (usually
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considered to be very large), we cannot use the formula directly to
determine [zn]f(z).

Ravenscroft implemented a Maple package called genfunc that can
calculate [zn]f(z) for any rational function f(z) [2]. Rational func-
tions, however, are very well structured and easy to handle. As shown
by Ravenscroft, every nontrivial rational generating function F (z) en-
codes a sequence that is defined by a homogeneous linear recurrence
with constant coefficients [3]. So finding [zn]f(z) reduces to solving
a linear homogeneous recurrence with constant coefficients which, in
turn, reduces to solving a corresponding polynomial equation.

If f(z) is not a rational function, it is difficult in practice to calculate
[zn]f(z). In many cases, an exact expansion of [zn]f(z) is impossible to
find or too complicated to be of practical value. In such instances, we
often have to settle for an asymptotic representation of [zn]f(z). Sadly
and perhaps surprisingly, as Bruno Salvy stated a decade ago, “Current
symbolic computation systems generally lack facilities for manipulating
asymptotic expansion computations of a form more complex than the
first terms of Taylor series or Puiseux expansions (involving fractional
powers)[4]”. This situation has not changed significantly since then.

This work is to provide an approach to calculate Taylor coefficients
of functions, as an example, it can be applied to prove Euler’s formula
automatically.

2 Laplace Method

Assume that the function f is defined for 0 ≤ t < ∞. We write the
Laplace transform as

F (s) = ÃL{f(t)} =
∫ ∞

0
e−stf(t)dt.

We shall refer to f(t) as the original function and to F (s) as the Laplace
transform of the function f(t). We also refer to f(t) as the inverse
Laplace transform of F (s). The symbol ÃL denotes the Laplace trans-
formation. The function e−st is called the kernel of the transformation.
In our work, we think of s as a real variable. If the integral converges
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for all s greater than some s0, then F (s) is well defined and we say
that the transform exists.

Now, let us look at some examples:
Example. Compute the Laplace transform of f(t) = e2t.
∫ ∞

0
e−stf(t)dt =

∫ ∞

0
e−ste2tdt =

∫ ∞

0
e−(s−2)tdt

= lim
b→∞

∫ b

0
e−(s−2)tdt = lim

b→∞
−

[
e−(s−2)t

s− 2

∣∣∣∣
b

0

]

= lim
b→∞

[
1

s− 2
− e−(s−2)b

s− 2

]
.

This limit exists only when s > 2. Hence,
∫ ∞

0
e−stf(t)dt =

1
s− 2

, s > 2. ♦

Now, let us consider the integral

f̂(x) =
1
x

∫ ∞

0
e−t/xf(t)dt.

This is just the Laplace transform in which the variable x of the
generating function has been replaced by its reciprocal.

3 Expansion Theory

We present the main theorem for our work based on Laplace transfor-
mation. See [5] for a proof.

Theorem 3.1. If

1. f(t) is bounded and continuous for 0 < t < ∞,

2. f̂(x) = 1
x

∫∞
0 e−t/xf(t)dt, and

3. f̂(x) =
∑∞

n=0 anxn, 0 < x < ρ,
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then we have

f(x) =
∞∑

n=0

an
xn

n!
, 0 < x < ∞.

This theorem can serve as an alternate way to calculate the general
term of a Taylor series expansion. Let us look at several examples.

Example. Consider f(t) = sin(t).

f̂(x) =
1
x

∫ ∞

0
e−t/x sin(t)dt

= −
∫ ∞

0
sin(t)de−t/x

= − lim
b→∞

[
e−t/x sin(t)

∣∣∣∣
b

0

]
+

∫ ∞

0
e−t/x cos(t)dt

= − lim
b→∞

[
xe−t/x cos(t)

∣∣∣∣
b

0

]
− x

∫ ∞

0
e−t/x sin(t)dt

= x− x2f̂(x),

so we have

f̂(x) =
x

x2 + 1
= x− x3 + x5 − · · · , 0 < x < 1.

By Theorem 3.1,

f(x) = x− x3

3!
+

x5

5!
− · · · ,

is the series expansion for sin(x), as predicted. ♦

4 Automatic Calculation

Based on the above discussion, we can implement a procedure in Maple
called ”coefficient” as following:

with(inttrans);
with(genfunc);
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coefficient := proc (y, x)
local tem1, tem2;
tem1 :=laplace(y, x, s);
tem1 := subs (s = 1/t, tem1);
tem1 := tem1/t;
tem2 := rgf expand(tem1, t, n));
tem2 := (simplify(tem2))/n!;
return tem2

end

Example 1. Consider f(t) = sin(t). By applying the above ”coef-
ficient” procedure in Maple, we have an answer

[tn]f(t) = sin(nπ/2)/n!.

Example 2. Consider f(t) = cos(at) sin(bt), where a and b are
nonzero real constants (a 6= b). Apply the ”coefficient” procedure in
Maple, we get an answer equivalent to

[tn]f(t) =
1

4(a− b)n!
((I(a− b))n + (−I(a− b))n)

− 1
4(a + b)n!

((I(a + b))n + (−I(a + b))n).

where I is the imaginary number such that I2 = −1.

Example 3. Consider f(t) = eIx − cos(x)− I sin(x). By applying
the above ”coefficient” procedure in Maple, we have an answer

[tn]f(t) = 0.

Since f(x) is analytic, and all its Taylor’s expansion coefficients are 0,
we proved the Euler’s formula eIx = cos(x) + I sin(x).

5 Conclusion

This method provides a way to calculate the general coefficients of Tay-
lor’s expansion. It works for all the functions such that their Laplace
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transforms are rational. There is a wide range of functions satisfying
such a condition, including the examples above, ex, sink(z), cosk(z),
etc, where k is an natural number.

More advanced algorithms were developed in [6]. The algorithms
developed in [6] can be used to calculate the coefficients for a much
wide range of functions beyond rational functions, and return exact
solutions. This paper provides an alternative solution with simpler
implementation.
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A generalization of the chromatic polynomial of

a cycle

Julian A. Allagan

Abstract

We prove that if an edge of a cycle on n vertices is extended
by adding k vertices, then the the chromatic polynomial of such
generalized cycle is:

P (Hk, λ) = (λ− 1)n
k∑

i=0

λi + (−1)n(λ− 1).

1 Introduction

We consider simple finite graphs and assume that the basic definitions
from graph and hypergraph theory (see, for example, [1, 3, 4]) are
familiar to the reader.

Proper coloring of a graph G = (V, E), is a mapping f : V (G) →
{1, 2, . . . , λ} which is defined as an assignment of distinct colors from
a finite set of colors [λ] to the vertices of G in such a way that adjacent
vertices have different colors. Such notion has been extended in 1966
by P. Erdös and A. Hajnal to the coloring of a hypergraph [2]. Thus,
in general case, the proper coloring of a hypergraph H = (V, E) is the
labelling of the vertices of H in such a way that every hyperedge E ∈ E
has at least two vertices of distinct colors.

The function P (H,λ) counts the mappings f : V (H) → [λ] that
properly color H using colors from the set [λ] = {1, 2, . . . , λ}. Thus,
we define the chromatic polynomial of a hypergraph H as the number
of all proper colorings of H using at most λ colors [3].
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Let Cn = (V, E) be a cycle on n vertices, n ≥ 3, where V =
{v1, v2, . . . , vn}. Consider an edge E = {v1, v2} of Cn. We sequentially
increase the size of E by adding k pendant vertices (a vertex is called
pendant if its degree is one) from the set Sk = {x1, x2, x3, . . . , xk},
k ≥ 1. Notice that E becomes a hyperedge E′, containing k + 2 ≥ 3
vertices. We compute the chromatic polynomial of the obtained hyper-
graph Hk = (V ∪ Sk, E ′), where k is the number of pendant vertices
added.

2 Proof of the formula

Theorem 1. The chromatic polynomial of the hypergraph Hk has
the following form:

P (Hk, λ) = (λ− 1)n
k∑

i=0

λi + (−1)n(λ− 1).

Proof. Induction on the number of pendant vertices k. Observe
that

P (H0, λ) = (λ−1)nλ0+(−1)n(λ−1) = (λ−1)n+(−1)n(λ−1) = P (Cn, λ)

what is the chromatic polynomial of any cycle on n vertices, see [4,
p.229].

The idea of proof consists in the following procedure: we apply
to Hk, k ≥ 1, the connection-contraction algorithm which is a special
case of the splitting-contraction algorithm for mixed hypergraphs, see
[3, p.30]. In any proper coloring of H, the vertices v1, and x1 either have
different colors or have the same color. In the first case, we connect x1

and v1 by an edge; in the second case, we contract the edge {x1, v1}
and in this way identify the vertices x1 and v1. After removing of an
exterior hyperedge containing vertices x1, v1, we obtain two graphs and
some isolated vertices and compute the chromatic polynomial as a sum
of two chromatic polynomials of the respective graphs.

Consider the case k = 1. We obtain that

P (H1, λ) = P (Tn+1, λ) + P (H0, λ),
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where Tn is a tree on n vertices; it is well known that

P (Tn, λ) = λ(λ− 1)n−1.

Since P (H0, λ) = P (Cn, λ) = (λ− 1)n + (−1)n(λ− 1) we obtain

P (H1, λ) = λ(λ− 1)n + (λ− 1)n + (−1)n(λ− 1) =

= (λ− 1)n(λ + 1) + (−1)n(λ− 1).

Consider the case k = 2. Using the same procedure we obtain a
tree, a cycle and one isolated vertex. Therefore

P (H2, λ) = P (Tn+1, λ)λ + P (H1, λ).

Notice that the chromatic polynomial of the independent vertex set
P (Sk, λ) = λk because each isolated vertex can be assigned λ colors.
Using P (H1, λ) = (λ − 1)n(λ + 1) + (−1)n(λ − 1) we establish the
following equality:

P (H2, λ) = λ(λ− 1)nλ + (λ− 1)n(λ + 1) + (−1)n(λ− 1) =

= (λ− 1)n(λ2 + λ + 1) + (−1)n(λ− 1).

Let us assume that our formula for the chromatic polynomial of
P (Hj , λ) is true for any number j ≥ 1 of pendant vertices. We now
prove that

P (Hj+1, λ) = (λ− 1)n(λj+1 + λj + . . . + λ1 + λ0) + (−1)n(λ− 1).

Consider j + 1 number of pendant vertices from the set Sj+1 =
{x1, x2, . . . , xj , xj+1} added to the edge E = {v1, v2} of the cy-
cle Cn = (V, E). The edge E = {v1, v2} becomes a hyperedge
E′ = {v1, v2, x1, x2, . . . , xj , xj+1} ∈ E ′ of the new graph Hj+1 =
(V ∪ Sj+1, E ′). Applying the algorithm as described in the previous
cases to Hj+1 yields the following chromatic polynomial equality:

P (Hj+1, λ) = P (Tn+1, λ)P (Sj , λ) + P (Hj , λ).
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By the induction hypothesis,

P (Hj , λ) = (λ− 1)n(λj + λj−1 + . . . + λ1 + λ0) + (−1)n(λ− 1);

also, P (Sj , λ) = λj . Therefore the following equality holds:

P (Hj+1, λ) =

= λ(λ− 1)nλj + (λ− 1)n(λj + λj−1 + . . . + λ1 + λ0) + (−1)n(λ− 1) =

= (λ− 1)n(λj+1 + λj + . . . + λ1 + λ0) + (−1)n(λ− 1).

Consequently,

P (Hk, λ) = (λ− 1)n
k∑

i=0

λi + (−1)n(λ− 1)

holds for any number k ≥ 1 of pendant vertices added to an edge of
Cn.
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2× 2× 2 games
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Abstract

We describe the Nash equilibria set as an intersection of
graphs of players’ best responses. The problem of Nash equi-
libria set construction for three-person extended 2× 2× 2 games
is studied.
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1 Introduction and preliminary results

The problem of the Nash equilibria set construction is rarely encoun-
tered in literature. There are diverse explanations of this fact. The
main reason is the complexity of this problem [1].

We consider a noncooperative game:

Γ = 〈N, {Xi}i∈N , {fi(x)}i∈N 〉,

where N = {1, 2, ..., n} is a set of players, Xi is a set of strategies of
player i ∈ N and fi : X → R is a player’s i ∈ N payoff function defined
on the Cartesian product X = ×i∈NXi. Elements of X are named
outcomes of the game (situations or strategy profiles).

The outcome x∗ ∈ X of the game is the Nash equilibrium [3]
(shortly NE) of Γ if

fi(xi, x
∗
−i) ≤ fi(x∗i , x

∗
−i),∀xi ∈ Xi, ∀i ∈ N,

c©2005 by V. Ungureanu, A. Botnari

13



V. Ungureanu, A. Botnari

where
x∗−i = (x∗1, x

∗
2, ..., x

∗
i−1, x

∗
i+1, ..., x

∗
n),

x∗−i ∈ X−i = X1 ×X2 × ...×Xi−1 ×Xi+1 × ...×Xn,

(xi, x
∗
−i) = (x∗1, x

∗
2, ..., x

∗
i−1, xi, x

∗
i+1, ..., x

∗
n) ∈ X.

There are diverse alternative formulations of a Nash equilibrium [1]
as:

• a fixed point of the best response correspondence;

• a fixed point of a function;

• a solution of a non-linear complementarity problem;

• a solution of a stationary point problem;

• a minimum of a function on a polytope;

• a semi-algebraic set.

We study the Nash equilibria set as an intersection of graphs of players’
best responses [4], i.e. intersection of the sets:

Gri = {(xi, x−i) ∈ X : x−i ∈ X−i, xi ∈ Arg max
xi∈Xi

fi(xi, x−i)}, i ∈ N.

Theorem 1. The outcome x∗ ∈ X is a Nash equilibrium if and

only if x∗ ∈
⋂

i∈N

Gri.

The proof follows from the definition of the Nash equilibrium.

Corollary. NE(Γ) =
⋂

i∈N

Gri.

If all strategy sets Xi, i ∈ N, are finite, then a mixed extension of
Γ is

Γm = 〈Mi, f
∗
i (µ), i ∈ N〉,
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where
f∗i (µ) =

∑

x∈X

fi(x)µ1(x1)µ2(x2) . . . µn(xn),

µ = (µ1, µ2, ..., µn) ∈ M = ×i∈NMi,

Mi is a set of mixed strategies of the player i ∈ N.

Theorem 2. If X is a finite set, then the set NE(Γm) is a
nonempty compact subset of the M . Moreover, it contains the set
NE(Γ):

NE(Γ) ⊂ NE(Γm) 6= ∅.

One of the simplest solvable problems of the NE set determination
is the similar problem in the mixed extension of two-person 2×2 game
[1, 2, 4]. In this paper the class partition of all three-person 2× 2× 2
games is considered and the NE set is determined for mixed extension
of the games of each class.

2 Main results

Consider a three-person matrix game Γ with matrices:

A = (aijk), B = (bijk), C = (cijk), i = 1, 2, j = 1, 2, k = 1, 2.

The game Γm = 〈{1, 2, 3}; X, Y, Z; f1, f2, f3〉 is the mixed extension
of Γ, where

X = {x = (x1, x2) ∈ R2 : x1 + x2 = 1, x1 ≥ 0, x2 ≥ 0},
Y = {y = (y1, y2) ∈ R2 : y1 + y2 = 1, y1 ≥ 0, y2 ≥ 0},
Z = {z = (z1, z2) ∈ R2 : z1 + z2 = 1, z1 ≥ 0, z2 ≥ 0},
f1(x,y, z) =

∑2
i=1

∑2
j=1

∑2
k=1 aijkxiyjzk,

f2(x,y, z) =
∑2

i=1

∑2
j=1

∑2
k=1 bijkxiyjzk,

f3(x,y, z) =
∑2

i=1

∑2
j=1

∑2
k=1 cijkxiyjzk.
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By substitutions:

x1 = x, x2 = 1− x, x ∈ [0, 1];

y1 = y, y2 = 1− y, y ∈ [0, 1];

z1 = z, z2 = 1− z, z ∈ [0, 1],

the game Γm is reduced to the equivalent normal form game:

Γ′m = 〈{1, 2, 3}; [0, 1], [0, 1], [0, 1];ϕ1, ϕ2, ϕ3〉.

where

ϕ1(x, y, z) =
((a111 − a211)yz + (a112 − a212)y(1− z) + (a121 − a221)(1− y)z +
(a122 − a222)(1− y)(1− z))x +
((a211 − a221)z + (a212 − a222)(1− z))y + (a221 − a222)z + a222;

ϕ2(x, y, z) =
((b111 − b121)xz + (b112 − b122)x(1− z) + (b211 − b221)(1− x)z +
(b212 − b222)(1− x)(1− z))y +
((b121 − b221)z + (b122 − b222)(1− z))x + (b221 − b222)z + b222;

ϕ3(x, y, z) =
((c111 − c112)xy + (c121 − c122)x(1− y) + (c211 − c212)(1− x)y +
(c221 − c222)(1− x)(1− y))z +
((c112 − c212)y + (c122 − c222)(1− y))x + (c212 − c222)y + c222.

Thus, Γm is reduced to the game Γ′m on the unit cube.
If NE(Γ′m) is known, then it is easy to construct the set NE(Γm).
Basing on properties of strategies of each player of the initial pure

strategies game Γ, diverse classes of games are considered and for every
class the set of NE(Γ′m) is determined.

Proposition 1. If all players have equivalent strategies, then

NE(Γ′m) = [0, 1]3.
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Remark. In the case, considered in proposition 1, players have the
following linear payoff functions:

ϕ1(x, y, z) = ((a211 − a221)z + (a212 − a222)(1 − z))y + (a221 −
a222)z + a222,

ϕ2(x, y, z) = ((b121−b221)z+(b122−b222)(1−z))x+(b221−b222)z+
b222,

ϕ3(x, y, z) = ((c112−c212)y+(c122−c222)(1−y))x+(c212−c222)y+
c222.

Every player doesn’t influence on his payoff function, but his strategy
is essential for payoff values of the rest of the players.

Proposition 2. If all the players have dominant strategies in Γ,
then NE(Γ′m) contains only one point:

NE(Γ′m) =





(0, 0, 0) if strategies (2,2,2) are dominant;
(0, 0, 1) if strategies (2,2,1) are dominant;
(0, 1, 0) if strategies (2,1,2) are dominant;
(0, 1, 1) if strategies (2,1,1) are dominant;
(1, 0, 0) if strategies (1,2,2) are dominant;
(1, 0, 1) if strategies (1,2,1) are dominant;
(1, 1, 0) if strategies (1,1,2) are dominant;
(1, 1, 1) if strategies (1,1,1) are dominant.

Proof. It is easy to observe that graphs coincide with facets of unite
cube.

For first player:

Arg max
x∈[0,1]

ϕ1(x, y, z) =
{ {1} if the 1-st strategy is dominant in Γ,
{0} if the 2-nd strategy is dominant in Γ,

∀(y, z) ∈ [0, 1]2. Hence,

Gr1 =
{

1× [0, 1]× [0, 1] if the 1-st strategy is dominant,
0× [0, 1]× [0, 1] if the 2-nd strategy is dominant.
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For second player:

Arg max
y∈[0,1]

ϕ2(x, y, z) =
{ {1} if the 1-st strategy is dominant in Γ,
{0} if the 2-nd strategy is dominant in Γ,

∀(x, z) ∈ [0, 1]2. So,

Gr2 =
{

[0,1]×1× [0, 1] if the 1-st strategy is dominant,
[0,1]×0× [0, 1] if the 2-nd strategy is dominant.

For third player:

Arg max
z∈[0,1]

ϕ3(x, y, z) =
{ {1} if the 1-st strategy is dominant in Γ,
{0} if the 2-nd strategy is dominant in Γ,

∀(x, y) ∈ [0, 1]2. Hence,

Gr3 =
{

[0,1]×[0, 1]× 1 if the 1-st strategy is dominant,
[0,1]×[0, 1]× 0 if the 2-nd strategy is dominant.

Consequently, the NE set contains only one vertex of unit cube. ¤

Proposition 3. If the first and the second players have dominant
strategies and the third player has incomparable strategies, then:

NE(Γ′m) =





(1, 1, 0) if (1,1,·) are dominant and c111 < c112,
(1, 1, 1) if (1,1,·) are dominant and c111 > c112,
1× 1× [0, 1] if (1,1,·) are dominant and c111 = c112,
(0, 0, 0) if (2,2,·) are dominant and c221 < c222,
(0, 0, 1) if (2,2,·) are dominant and c221 > c222,
0× 0× [0, 1] if (2,2,·) are dominant and c221 = c222,
(1, 0, 0) if (1,2,·) are dominant and c121 < c122,
(1, 0, 1) if (1,2,·) are dominant and c121 > c122,
1× 0× [0, 1] if (1,2,·) are dominant and c121 = c122,
(0, 1, 0) if (2,1,·) are dominant and c211 < c212,
(0, 1, 1) if (2,1,·) are dominant and c211 > c212,
0× 1× [0, 1] if (2,1,·) are dominant and c211 = c212.

Similarly the NE set can be constructed in two other possible cases:
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- players 1 and 3 have dominant strategies, and player 2 has in-
comparable strategies;

- players 2 and 3 have dominant strategies, and player 1 has in-
comparable strategies.

So, the NE set is either one vertex of a unit cube or one edge of this
cube.

Proposition 4. If the first and the second players have dominant
strategies and the third one has equivalent strategies, then

NE(Γ′m) =





1× 1× [0, 1] if (1,1,·) are dominant,
0× 0× [0, 1] if (2,2,·) are dominant,
1× 0× [0, 1] if (1,2,·) are dominant,
0× 1× [0, 1] if (2,1,·) are dominant.

Similarly the NE set can be constructed in the following cases:

- players 1 and 3 have dominant strategies, and player 2 has equiv-
alent strategies;

- players 2 and 3 have dominant strategies, and player 1 has equiv-
alent strategies.

Thus, the NE set is an edge of unit cube.

Proposition 5. If the first and the second players have equivalent
strategies, and the third player has dominant strategy, then

NE(Γ′m) =
{

[0,1]×[0,1]×1 if the 1-st strategy is dominant,
[0,1]×[0,1]×0 if the 2-nd strategy is dominant.

Similarly the NE set can be constructed in the following cases:

- players 1 and 3 have equivalent strategies, and player 2 has dom-
inant strategy;

- players 2 and 3 have equivalent strategies, and player 1 has dom-
inant strategy.
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In such a way, the NE set is a facet of a unit cube.

Proposition 6. If the first player has equivalent strategies, the
second player has dominant strategy and the third player has incom-
parable strategies, then

NE(Γ′m) = Gr3,

where

Gr3 = [0, 1]3 ∩









[0;−γ2

γ1
)× 1× 0 ∪

−γ2

γ1
× 1× [0, 1] ∪

(−γ2

γ1
; 1]× 1× 1

if γ1 > 0,





[0;−γ2

γ1
)× 1× 1 ∪

−γ2

γ1
× 1× [0, 1] ∪

(−γ2

γ1
; 1]× 1× 0

if γ1 < 0,

[0,1]×1× 0 if γ1 = 0, γ2 < 0,
[0,1]×1× 1 if γ1 = 0, γ2 > 0,
[0,1]×1× [0, 1] if γ1 = γ2 = 0,

γ1 = c111−c112−c211+c212, γ2 = c211−c212, γ3 = c112−c212, γ4 = c212

if the 1-st strategy of the second player is dominant,

and

Gr3 = [0, 1]3 ∩









[0;−γ6

γ5
)× 0× 0 ∪

−γ6

γ5
× 0× [0, 1] ∪

(−γ6

γ5
; 1]× 0× 1

if γ5 > 0,





[0;−γ6

γ5
)× 0× 1 ∪

−γ6

γ5
× 0× [0, 1] ∪

(−γ6

γ5
; 1]× 0× 0

if γ5 < 0,

[0,1]×0× 0 if γ5 = 0, γ6 < 0,
[0,1]×0× 1 if γ5 = 0, γ6 > 0,
[0,1]×0× [0, 1] if γ5 = γ6 = 0,

γ5 = c121−c122−c221+c222, γ6 = c221−c222, γ7 = c122−c222, γ8 = c222
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if the 2-nd strategy of the second player is dominant.

Proof. If the 1-st strategy of the second player is dominant, then

ϕ3(x, y, z) = (x(c111−c112)+(1−x)(c211−c212))z+(c112−c212)x+c212 =

= (γ1x + γ2)z + γ3x + γ4.

From this the truth of proposition follows evidently.
If the 2-nd strategy of the second player is dominant, then

ϕ3(x, y, z) = (x(c121−c122)+(1−x)(c221−c222))z+(c122−c222)x+c222 =

= (γ5x + γ6)z + γ7x + γ8.

From this the truth of the second part of the proposition results. ¤
Similarly the NE set can be constructed in the following cases:

- player 1 has equivalent strategies, player 3 has dominant strategy,
and player 2 has incomparable strategies;

- player 2 has equivalent strategies, player 1 has dominant strategy,
and player 3 has incomparable strategies;

- player 2 has equivalent strategies, player 3 has dominant strategy,
and player 1 has incomparable strategies;

- player 3 has equivalent strategies, player 1 has dominant strategy,
and player 2 has incomparable strategies;

- player 3 has equivalent strategies, player 2 has dominant strategy,
and player 1 has incomparable strategies.

Proposition 7. If the first and the second players have incomparable
strategies and the third player has dominant strategy, then

NE(Γ′m) = Gr1 ∩Gr2,
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where

Gr1 = [0, 1]3 ∩









0×[0;−α2
α1

)× 1 ∪
[0,1]×− α2

α1
× 1 ∪

1× (−α2
α1

; 1]× 1
if α1 > 0,





1× [0;−α2
α1

)× 1 ∪
[0,1]×− α2

α1
× 1 ∪

0× (−α2
α1

; 1]× 1
if α1 < 0,

0× [0, 1]× 1 if α1 = 0, α2 < 0,
1× [0, 1]× 1 if α1 = 0, α2 > 0,
[0,1]×[0, 1]× 1 if α1 = α2 = 0,

Gr2 = [0, 1]3 ∩









[0;−β2

β1
)× 0× 1 ∪

−β2

β1
× [0, 1]× 1 ∪

(−β2

β1
; 1]× 1× 1

if β1 > 0,





[0;−β2

β1
)× 1× 1 ∪

−β2

β1
× [0, 1]× 1 ∪

(−β2

β1
; 1]× 0× 1

if β1 < 0,

[0,1]×0× 1 if β1 = 0, β2 < 0,
[0,1]×1× 1 if β1 = 0, β2 > 0,
[0,1]×[0, 1]× 1 if β1 = β2 = 0,

α1 = a111−a211−a121+a221, α2 = a121−a221, α3 = a211−a221, α4 = a221,

β1 = b111− b121− b211 + b221, β2 = b211− b221, β3 = b121− b221, β4 = b221

if the 1-st strategy of the third player is dominant,
and

Gr1 = [0, 1]3 ∩









0× [0;−α6
α5

)× 0 ∪
[0,1]×− α6

α5
× 0 ∪

1× (−α6
α5

; 1]× 0
if α5 > 0,





1× [0;−α6
α5

)× 0 ∪
[0,1]×− α6

α5
× 0 ∪

0× (−α6
α5

; 1]× 0
if α5 < 0,

0× [0, 1]× 1 if α5 = 0, α6 < 0,
1× [0, 1]× 0 if α5 = 0, α6 > 0,
[0,1]×[0, 1]× 0 if α5 = α6 = 0,
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Gr2 = [0, 1]3 ∩









[0;−β6

β5
)× 0× 0 ∪

−β6

β5
× [0, 1]× 0 ∪

(−β6

β5
; 1]× 1× 0

if β5 > 0,





[0;−β6

β5
)× 1× 0 ∪

−β6

β5
× [0, 1]× 0 ∪

(−β6

β5
; 1]× 0× 0

if β5 < 0,

[0,1]×0× 0 if β5 = 0, β6 < 0,
[0,1]×1× 0 if β5 = 0, β6 > 0,
[0,1]×[0, 1]× 0 if β5 = β6 = 0,

α5 = a112−a212−a122+a222, α6 = a122−a222, α7 = a212−a222, α8 = a222,

β5 = b112− b122− b212 + b222, β6 = b212− b222, β7 = b122− b222, β8 = b222

if the 2-nd strategy of the third player is dominant.

Proof. If the 1-st strategy of the third player is dominant, then

ϕ1(x, y, z) = (y(a111−a211)+(1−y)(a121−a221))x+(a211−a221)y+a221 =

= (α1y + α2)x + α3y + α4,

ϕ2(x, y, z) = (x(b111−b121)+(1−x)(b211−b221))y+(b121−b221)x+b221 =

= (β1x + β2)y + β3x + β4.

From the above the truth of the proposition follows.
If the 2-nd strategy of the third player is dominant, then

ϕ1(x, y, z) = (y(a112−a212)+(1−y)(a122−a222))x+(a212−a222)y+a222 =

(α5y + α6)x + α7y + α8,

ϕ2(x, y, z) = (x(b112−b122)+(1−x)(b212−b222))y+(b122−b222)x+b222 =

(β5x + β6)y + β7x + β8.

From this the truth of the second part of the proposition results. ¤
Similarly the NE set can be constructed in the following cases:

- players 1 and 3 have incomparable strategies, player 2 has domi-
nant strategy;
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- players 2 and 3 have incomparable strategies, player 1 has domi-
nant strategy.

Proposition 8. If the first and the second players have equivalent
strategies and the third player has incomparable strategies, then

NE(Γ′m) = Gr3,

where

Gr3 = [0, 1]3 ∩ {X< × Y< × 0 ∪X= × Y= × [0, 1] ∪X> × Y> × 1},
X< × Y< = {(x, y) : x ∈ [0, 1], y ∈ [0, 1], γ1xy + γ2x + γ3y + γ4 < 0},
X= × Y= = {(x, y) : x ∈ [0, 1], y ∈ [0, 1], γ1xy + γ2x + γ3y + γ4 = 0},
X> × Y> = {(x, y) : x ∈ [0, 1], y ∈ [0, 1], γ1xy + γ2x + γ3y + γ4 > 0}.

γ1 = c111 − c112 − c121 + c122 − c211 + c212 + c221 − c222,

γ2 = c121−c122−c221+c222, γ3 = c211−c212−c221+c222, γ4 = c221−c222.

Proof. The truth of the proposition results from the following rep-
resentation of the cost function:

ϕ3(x, y, z) = (xy(c111−c112)+x(1−y)(c121−c122)+(1−x)y(c211−c212)+

+(1−x)(1− y)(c221− c222))z +(y(c112− c212)+ (1− y)(c122− c222))x+

+(c212 − c222)y + c222 =

= (γ1xy + γ2x + γ3y + γ4)z + γ5xy + γ6x + γ7y + γ8,

where

γ5 = c112−c212−c122 +c222, γ6 = c122−c222, γ7 = c212−c222, γ8 = c222.

¤
Similarly the NE set can be constructed in the following cases:

- players 1 and 3 have equivalent strategies, player 2 has incompa-
rable strategies;
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- players 2 and 3 have equivalent strategies, player 1 has incompa-
rable strategies.

Proposition 9. If the first and the second players have incomparable
strategies and the third player has equivalent strategies, then

NE(Γ′m) = Gr1 ∩Gr2,

where

Gr1 = [0, 1]3 ∩ {0× Y< × Z< ∪ [0, 1]× Y= × Z= ∪ 1× Y> × Z>},

Gr2 = [0, 1]3 ∩ {X< × 0× Z< ∪X= × [0, 1]× Z= ∪X> × 1× Z>},
Y< × Z< = {(y, z) : y ∈ [0, 1], z ∈ [0, 1], α1yz + α2y + α3z + α4 < 0},
Y= × Z= = {(y, z) : y ∈ [0, 1], z ∈ [0, 1], α1yz + α2y + α3z + α4 = 0},
Y> × Z> = {(y, z) : y ∈ [0, 1], z ∈ [0, 1], α1yz + α2y + α3z + α4 > 0},
X< × Z< = {(x, z) : x ∈ [0, 1], z ∈ [0, 1], β1xz + β2x + β3z + β4 < 0},
X= × Z= = {(x, z) : x ∈ [0, 1], z ∈ [0, 1], β1xz + β2x + β3z + β4 = 0},
X> × Z> = {(x, z) : x ∈ [0, 1], z ∈ [0, 1], β1xz + β2x + β3z + β4 > 0},

α1 = a111 − a211 − a112 + a212 − a121 + a221 + a122 − a222,

α2 = a112−a212−a122+a222, α3 = a121−a221−a122+a222, α4 = a122−a222,

β1 = b111 − b121 − b112 + b122 − b211 + b221 + b212 − b222,

β2 = b112−b122−b212+b222, β3 = b211−b221−b212+b222, β4 = b212−b222.

Proof. The truth of the proposition results from the following rep-
resentation of the payoff functions:

ϕ1(x, y, z) = (yz(a111−a211)+y(1−z)(a112−a212)+(1−y)z(a121−a221)+

+(1− y)(1− z)(a122 − a222))x+

+(z(a211 − a221) + (1− z)(a212 − a222))y + (a221 − a222)z + a222 =
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= (α1yz + α2y + α3z + α4)x + α5yz + α6y + α7z + α8,

ϕ2(x, y, z) = (xz(b111−b121)+x(1−z)(b112−b122)+(1−x)z(b211−b221)+

+(1− x)(1− z)(b212 − b222))y+

+(z(b121 − b221) + (1− z)(b122 − b222))x + (b221 − b222)z + b222 =

= (β1xz + β2x + β3z + β4)y + β5xz + β6x + β7z + β8.

¤
Similarly the NE set can be constructed in the following cases:

- players 1 and 3 have incomparable strategies, player 2 has equiv-
alent strategies;

- players 2 and 3 have incomparable strategies, player 1 has equiv-
alent strategies.

Proposition 10. If all players have incomparable strategies, then

NE(Γ′m) = Gr1 ∩Gr2 ∩Gr3,

where

Gr1 = [0, 1]3 ∩ {0× Y< × Z< ∪ [0, 1]× Y= × Z= ∪ 1× Y> × Z>},

Gr2 = [0, 1]3 ∩ {X< × 0× Z< ∪X= × [0, 1]× Z= ∪X> × 1× Z>},
Gr3 = [0, 1]3 ∩ {X< × Y< × 0 ∪X= × Y= × [0, 1] ∪X> × Y> × 1},

the components of the Gr1, Gr2, Gr3 are defined as above.

Proof. The truth of proposition results from the following repre-
sentation of the payoff functions:

ϕ1(x, y, z) = (yz(a111 − a211) + y(1− z)(a112 − a212)+

+(1− y)z(a121 − a221) + (1− y)(1− z)(a122 − a222))x+

+(z(a211 − a221) + (1− z)(a212 − a222))y + (a221 − a222)z + a222 =
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= (α1yz + α2y + α3z + α4)x + α5yz + α6y + α7z + α8,

ϕ2(x, y, z) = (xz(b111 − b121) + x(1− z)(b112 − b122)+

+(1− x)z(b211 − b221) + (1− x)(1− z)(b212 − b222))y+

+(z(b121 − b221) + (1− z)(b122 − b222))x + (b221 − b222)z + b222 =

= (β1xz + β2x + β3z + β4)y + β5xz + β6x + β7z + β8,

ϕ3(x, y, z) = (xy(c111 − c112) + x(1− y)(c121 − c122)+

+(1− x)y(c211 − c212) + (1− x)(1− y)(c221 − c222))z+

+(y(c112 − c212) + (1− y)(c122 − c222))x + (c212 − c222)y + c222 =

= (γ1xy + γ2x + γ3y + γ4)z + γ5xy + γ6x + γ7y + γ8.

¤

3 Conclusions

The NE set can be described as an intersection of graphs of players’
best responses.

The solution of the problem of NE set construction in the mixed
extension of the 2×2×2 game illustrates that the NE set is not neces-
sarily convex even in convex game. Moreover, the NE set is frequently
disconnected. Thus, new conceptual methods ”which derive from the
theory of semi-algebraic sets are required for finding all equilibria” [1].
In this article we make an attempt to give an idea of such a method.
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The minimum cost multicommodity flow

problem in dynamic networks

and an algorithm for its solving
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Abstract

The dynamic version of the minimum cost multicommodity
flow problem that generalizes the static minimum cost multicom-
modity flow problem is formulated and studied. This dynamic
problem is considered on directed networks with a set of com-
modities, time-varying capacities, fixed transit times on arcs,
and a given time horizon. We assume that cost functions, de-
fined on edges, are nonlinear and depend on time and flow and
the demand function also depends on time. The corresponding
algorithm, based on reducing the dynamic problem to a static
problem on a time-expanded network, to solve the minimum cost
dynamic multicommodity flow problem is proposed and some de-
tails concerning its complexity are discussed.
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ity flows, dynamic flows, flows over time, minimum cost flows.

1 Introduction

Multicommodity flows are among the most important and challeng-
ing problems in network optimization, due to the large size of these
models in real world applications. Many product distribution, schedul-
ing planning, telecommunication, transportation, communication, and
management problems can be formulated and solved as multicommo-
dity flow problems (see, for example, [1]). The multicommodity flow

c©2005 by M.A. Fonoberova, D.D. Lozovanu
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problem consists of shipping several different commodities from their
respective sources to their sinks through a given network so that the
total flow going through each edge does not exceed its capacity. No
commodity ever transforms into another commodity, so that each one
has its own flow conservation constraints, but they compete for the re-
sources of the common network. Considered multicommodity network
flow problem requires to find the minimum cost flow of a set of com-
modities through a network, where the arcs have an individual capacity
for each commodity, and a mutual capacity for all the commodities.

While there is substantial literature on the static multicommodity
flow problem, hardly any results on multicommodity dynamic flows are
known, although the dynamic multicommodity flows are much more
closer to reality than the static ones. In considered dynamic models
the flow requires a certain amount of time to travel through each arc,
it can be delayed at nodes, flow values on arcs and the network para-
meters can change with time. Dynamic flows are widely used to model
different network-structured, decision-making problems over time (see,
for example, [2, 3]), but because of their complexity, dynamic flow
models have not been investigated as well as classical flow models.

In this paper we study the dynamic version of the minimum cost
multicommodity flow problem on networks with time-varying capacities
of edges. We assume that cost functions, defined on edges, are nonlinear
and depend on time and flow and the demand function also depends
on time. The minimum cost multicommodity dynamic flow problem
asks for a feasible flow over time with given time horizon, satisfying all
supplies and demands with minimum cost. We propose an algorithm for
solving this problem, which is based on reducing the dynamic problem
to the classical static problem on a time-expanded network.

2 Problem formulation

We consider a directed network N = (V, E,K, w, u, τ, d, ϕ) with set
of vertices V , set of edges E and set of commodities K that must be
routed through the same network. Each edge e ∈ E has a nonnegative
time-varying capacity wk

e (t) which bounds the amount of flow of each
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commodity k ∈ K allowed on each arc e ∈ E in every moment of time
t ∈ T. We also consider that every arc e ∈ E has a nonnegative time-
varying capacity for all commodities, which is known as the mutual
capacity ue(t). Moreover, each edge e ∈ E has an associated positive
transit time τe which determines the amount of time it takes for flow to
travel from the tail to the head of that edge. The underlying network
also consists of demand function d: V ×K ×T→ R and cost function
ϕ: E ×R+ ×K × T→ R+, where T = {0, 1, 2, . . . , T}.

The demand function dk
v(t) satisfies the following conditions:

a) there exists v ∈ V for every k ∈ K with dk
v(0) < 0;

b) if dk
v(t) < 0 for a node v ∈ V for commodity k ∈ K then

dk
v(t) = 0, t = 1, 2, . . . , T ;

In order for the flow to exist we require that
∑

t∈T

∑

v∈V

dk
v(t) = 0,∀k ∈

∈ K. Nodes v ∈ V with
∑

t∈T
dk

v(t) < 0, k ∈ K are called sources for

commodity k, nodes v ∈ V with
∑

t∈T
dk

v(t) > 0, k ∈ K are called sinks

for commodity k and nodes v ∈ V with
∑

t∈T
dk

v(t) = 0, k ∈ K are called

intermediate for commodity k. We denote by V k− , V k
+ and V k

0 the set
of sources, sinks and intermediate nodes for commodity k, respectively.
The sources are nodes through which flow enters the network and the
sinks are nodes through which flow leaves the network. The sources
and sinks are sometimes called terminal nodes, while the intermediate
nodes are called non-terminals.

To model transit costs, which may change over time, we define the
cost function ϕk

e(x
k
e(t), t) with the meaning that flow of commodity k

of value ξ = xk
e(t) entering edge e at time t will incur a transit cost of

ϕk
e(ξ, t). We consider the discrete time model, in which all times are

integral and bounded by horizon T . Time is measured in discrete steps,
so that if one unit of flow leaves node u at time t on arc e = (u, v),
then one unit of flow arrives at node v at time t + τe, where τe is the
transit time of arc e. The time horizon (finite or infinite) is the time
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until which the flow can travel in the network and defines the makespan
T = {0, 1, . . . , T} of time moments we consider.

We start with the definition of static multicommodity flows. A
static multicommodity flow x on N = (V,E, K,w, u, d, ϕ) assigns to
every arc e ∈ E for each commodity k ∈ K a non-negative flow value
xk

e such that the following flow conservation constraints are obeyed:
∑

e∈E+(v)

xk
e −

∑

e∈E−(v)

xk
e = dk

v , ∀ v ∈ V, ∀ k ∈ K,

where E+(v) = {(u, v) | (u, v) ∈ E}, E−(v) = {(v, u) | (v, u) ∈ E}.
The multicommodity flow x satisfies the demands if one-commodity

flow xk, ∀k ∈ K satisfies the demands dk
v for all v ∈ V .

Multicommodity flow x is called feasible if it obeys the mutual
capacity constraints:

∑

k∈K

xk
e ≤ ue, ∀ e ∈ E (1)

and individual capacities of every arc for each commodity:

0 ≤ xk
e ≤ wk

e , ∀ e ∈ E, ∀k ∈ K. (2)

Constraints (1) and (2) are called weak and strong forcing constraints,
respectively.

The total cost of the static multicommodity flow x is defined as
follows:

c(x) =
∑

k∈K

∑

e∈E

ϕk
e(x

k
e).

A feasible dynamic flow on N = (V, E,K, w, u, τ, d, ϕ) is a function
x: E ×K × T→ R+ that satisfies the following conditions:

∑

e∈E+(v)
t−τe≥0

xk
e(t−τe)−

∑

e∈E−(v)

xk
e(t) = dk

v(t), ∀ t ∈ T, ∀ v ∈ V, ∀k ∈ K; (3)

∑

k∈K

xk
e(t) ≤ ue(t), ∀ t ∈ T, ∀e ∈ E; (4)
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0 ≤ xk
e(t) ≤ wk

e (t), ∀ t ∈ T, ∀ e ∈ E, ∀k ∈ K; (5)

xk
e(t) = 0, ∀ e ∈ E, t = T − τe + 1, T , ∀k ∈ K. (6)

Here the function x defines the value xk
e(t) of flow of commodity k

entering edge e at time t. It is easy to observe that the flow does not
enter edge e at time t if it will have to leave the edge after time T ; this
is ensured by condition (6). Capacity constraints (5) mean that in a
feasible dynamic flow, at most wk

e (t) units of flow of commodity k can
enter the arc e at time t. Mutual capacity constraints (4) mean that in
a feasible dynamic flow, at most ue(t) units of flow can enter the arc e
at time t. Conditions (3) represent flow conservation constraints.

The total cost of the dynamic multicommodity flow x is defined as
follows:

c(x) =
T∑

t=0

∑

k∈K

∑

e∈E

ϕk
e(x

k
e(t), t). (7)

The minimum-cost multicommodity dynamic flow problem is to find a
feasible flow that minimizes the objective function (7).

It is easy to observe that if τe = 0, ∀ e ∈ E and T = 0 then the
formulated problem becomes the static minimum cost multicommodity
flow problem.

3 The main results

In this paper we propose an approach for solving the formulated prob-
lem, which is based on its reduction to a static flow problem. We show
that the minimum cost multicommodity flow problem on dynamic net-
work N can be reduced to the minimum cost static flow problem on
auxiliary static network NT ; we name it the time-expanded network.
In such a way, a dynamic flow problem in a given network with tran-
sit times on the arcs can be transformed into an equivalent static flow
problem in the corresponding time-expanded network. A discrete dy-
namic flow in the given network can be interpreted as a static flow in
the corresponding time-expanded network. The advantage of this ap-
proach is that it turns the problem of determining an optimal flow over
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time into a classical static network flow problem in the time-expanded
network.

The time-expanded network is a static representation of the dy-
namic network. Such a time-expanded network contains copies of the
node set of the underlying network for each discrete interval of time,
building a time layer. Copies of an arc of the considered network join
copies of its end-nodes in time layers whose distances equal the transit
time of that arc. We define this network as follows:

1. V T : = {v(t) | v ∈ V, t ∈ T};
2. ET : = {e(t) = (v(t), w(t+τe)) | e = (v, w) ∈ E, 0 ≤ t ≤ T−τe};
3. uT

e(t): = ue(t) for e(t) ∈ ET ;

4. wk
e(t)

T : = wk
e (t) for e(t) ∈ ET , k ∈ K.

5. ϕk
e(t)

T (xk
e(t)

T ): = ϕk
e(xe(t), t) for e(t) ∈ ET , k ∈ K;

6. dk
v(t)

T : = dk
v(t) for v(t) ∈ V T , k ∈ K.

The essence of the time-expanded network is that it contains a copy
of the vertices of the dynamic network for each time t ∈ T, and the
transit times and flows are implicit in the edges linking those copies.

Let e(t) = (v(t), w(t + τe)) ∈ ET and let xk
e(t) be a flow of commo-

dity k ∈ K on the dynamic network N . The corresponding function
on the time-expanded network NT is defined as follows:

xk
e(t)

T
= xk

e(t), ∀k ∈ K.

Using the method from [4, 5] it can be proved that the set of feasible
flows on the dynamic network N corresponds to the set of feasible
flows on the time-expanded network NT and that any dynamic flow
corresponds to a static flow in the time-expanded network of equal
cost, and vice versa. In such a way, for each minimum-cost flow in the
dynamic network there is a corresponding minimum-cost flow in the
static network and vice-versa.
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Therefore, the minimum cost multicommodity flow problem on dy-
namic networks can be solved by static flow computations in the cor-
responding time-expanded network. If the cost function of dynamic
network is linear with regard to flow, then the cost function of the time-
expanded network will be linear. In this case we can apply well-known
methods for minimum cost flow problems, including linear program-
ming algorithms, combinatorial algorithms, as well as other develop-
ments, like [6]. If there is exactly one source and the cost function of the
dynamic network is concave with regard to flow, then the cost function
of the time-expanded network will be concave. If the cost function of
dynamic network is convex with regard to flow, then the cost function
of the time-expanded network will be convex. In this case we can ap-
ply methods from convex programming and the specialization of such
methods for minimum cost flow problems.

4 The algorithm

Let the dynamic network N be given. Our object is to solve the min-
imum cost multicommodity flow problem on N . Proceedings are fol-
lowing:

1. Building the time-expanded network NT for the given dynamic
network N .

2. Solving the classical minimum cost multicommodity flow problem
on the static network NT , using one of the known algorithms (see,
for example, [7, 8, 9, 10, 11]).

3. Reconstructing the solution of the static problem on NT to the
dynamic problem on N . ¤

The complexity of this algorithm depends on the complexity of the
algorithm used for the minimum cost multicommodity flow problem in
static networks.
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On a k-clique-join of a class of partitionable

graphs
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Abstract

We call a graph G O-graph if there is an optimal coloring of
the set of vertices and an optimal (disjoint) covering with cliques
such that any class of colors intersects any clique. In this paper,
it has been established the relation to [p, q, r]-partite graphs and
the fact that the O-graphs admit a k-clique-join.

Key Words: perfect graphs, (α,ω)-partitionable graphs,
[p,q,r]-partite graphs, k-clique-join.

American Mathematical Society (2000): 05C17.

1 Introduction.

Throughout this paper G = (V, E) is a simple (i.e. finite, undirected,
without loops and multiple edges) graph with vertex set V = V (G)
and edge set E = E(G), with α = α(G) ≥ 2 and ω = ω(G) ≥ 2. G
designates the complement of G. If e = xy ∈ E, we shall also write
x ∼ y, and x 6∼ y whenever x, y are not adjacent in G. If A ⊆ V ,
then G[A] (or [A], or [A]G) is the subgraph of G induced by A ⊆ V .
By G − W we mean the graph (V, E − W ), whenever W ⊆ E. For
A,B ⊂ V , A∩B = ∅, the set {ab|a ∈ A, b ∈ B, ab ∈ E} will be denoted
by (A,B), and we write A ∼ B whenever ab ∈ E holds for any a ∈ A
and b ∈ B.

By Pn, Cn and Kn we mean a chordless path on n ≥ 3 vertices, the
chordless cycle on n ≥ 3 vertices, and the complete graph on n ≥ 1
vertices. A hole is a chordless cycle of length at least four; an antihole
is the complement of such a cycle. A Berge graph is a graph which
contains no odd hole and no odd antihole.

c©2005 by M. Talmaciu
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A stable set in G is a set of mutually non-adjacent vertices, and
the stability number of G, denoted by α(G), is the cardinality of a
maximum stable set.

By S(G) we shall denote the family of all maximal stable sets of
G, and Sα(G) = {S|S ∈ S(G), |S| = α(G)}. A clique in G is a subset
A of V (G) that induces a complete subgraph in G, and C(G) = S(G),
ω(G) = α(G), while Cω(G) = Sα(G). Clearly, Sα(G) ⊆ S(G) and
Cω(G) ⊆ C(G) are true for any graph G.

The chromatic number and the clique covering number of G (i.e.
the chromatic number of G) will be denoted respectively, by χ(G) and
θ(G). The density of G is the size of a largest clique in G, i.e., ω(G)=
α(G).

A graph G is perfect if α(H) = θ(H) (or, equivalently, χ(H) =
ω(H)) holds for any induced subgraph H of G.

Definition. A graph G is called (α,ω)-partitionable (see Golumbic,
[6], Olaru, [8]), if for any v ∈ V (G), G-v admits a partition of α ω-
cliques and a partition of ω α-stable sets.

Properties referring to the (α,ω)-partitionable graphs can be found
in (Chvatal, Graham, Perold, Whitesides, [4], also see Golumbic, [6],
Olaru, [8]) and are given by:

Theorem. Let G be a graph with n vertices, and α = α(G) and
ω = ω(G). If G is (α,ω)-partitionable then the following statements
hold:

(i) n= αω + 1;
(ii) G has exactly n ω-cliques and n α-stable sets;
(iii) Each vertex of G belongs to exactly α ω-cliques and to exactly

ω α-stable sets;
(iv) Each ω-clique intersects exactly n-1 α-stable sets and is disjoint

from exactly one and each α-stable set intersects exactly n-1 ω-cliques
and is disjoint from exactly one.

From the previous Definition and Theorem a question is asked,
what properties do the graphs that admit an optimal coloring and
covering with cliques have, such that any clique intersects any class of
colors. We call this type of graphs, O-graphs (to be seen [10]). We hope
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that this class of graphs makes a step towards a well-characterization
of the graphs that admit a k-clique-join ([12]).

On the web page from [12] there are open problems concerning
Perfect Graphs.

Perfect graphs have proved to be one of the most stimulating and
fruitful concepts of modern graph theory: there are three books ([6],
[2], [9]) and nearly six hundred papers ([5]) on the subject. The origin
of this development was the Strong Perfect Graph Conjecture ([1]):

a graph is perfect if and only if neither it nor its complement
contains a chordless cycle whose length is odd and at least five.

There are theorems that elucidate the structure of objects in some
class C by showing that every object in C has either a prescribed and
relatively transparent structure or one of prescribed structural faults,
along which it can be decomposed. M. Conforti, G. Cornuejols and K.
Vuskovic proved that

every square-free Berge
(meaning Berge graph containing no hole of length four)
either belongs to one of two basic classes
(bipartite graphs and line-graphs of bipartite graphs),
or else it has one of two structural faults (star-cutset or 2-join).

Therefore every square-free Berge graph is perfect.
In 2002, M. Chudnovsky and P. Seymour, as well as, N. Robertson

and R. Thomas announced that they had completed the proof of the
Strong Perfect Graphs Conjecture. Their structural theorem asserts
that

every Berge graph either belongs to one of five basic classes
(namely: bipartite graphs, their complements, line-graphs of
bipartite graphs, and their complements, double split graphs)
or else it has one of four structural faults
(namely: 2-join, 2-join in the complement, M-join,
a balanced skew partition).

Therefore every Berge graph is perfect (namely the Strong Perfect
Graph Conjecture became, in May 2002, the Strong Perfect Graph
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Theorem by Maria Chudnovsky, Neil Robertson, Paul Seymour, Robin
Thomas ([3]) ).

2 The Results.

In the beginning we show that any O-graph admits a partition of the
set of vertices in α ω-cliques and one in ω α-stable sets.

Definition 1. A graph G is called O-graph if there is an opti-
mal coloring (S1, ..., Sp) of vertices and optimal covering with cliques
(Q1, ..., Qr) such that any class of colors intersects any clique (i.e.
Si ∩Qj 6= ∅, (1 ≤ i ≤ p, 1 ≤ j ≤ r)).

We specify that in an optimal covering (Q1, ..., Qr) with cliques of
an O-graph, Si ∩Qj 6= ∅ (1 ≤ i < j ≤ n).

If G is O-graph, we denote with Q(G) and, respectively, I(G) the
covering set with cliques, respectively colorings of G with the property
that any covering from Q(G) and any coloring from I(G) satisfies the
condition from Definition 1.

We remark that G is O-graph if and only if G is O-graph and any
even cycle is O-graph and any even chain is O-graph.

Lemma 1. If G=(V,E) is an O-graph with n vertices, then for
any p-coloration from I(G) and any r-covering from Q(G) the following
statements hold:

1) p = ω(G)(= ω); r = α(G)(= α) and
2) n = αω.
Proof. We denote with S = (S1, ..., Sp) and C = (Q1, ..., Qr) a

p-coloration from I(G) and respectively a r-covering from Q(G). We
prove that |Si| = α and |Qj | = ω, ∀i = 1, ..., p,∀j = 1, ..., r. Let Si be
fixed. Because |Si ∩Qj | = 1, ∀j = 1, .., r, we have |Si| ≥ r, that means
that α ≥ |Si| ≥ r. Because (Q1, ..., Qr) is a covering with cliques, it
results that |Si| ≤ r. So we have |Si| = r. We have, for any stable set
S, |S| ≤ r. If |S| = α, then, in particularly α ≤ r. Because α ≥ r, we
obtain r = α. As conclusion, we have |Si| = α, ∀i = 1, ..., p and we
prove |Qj | = ω, ∀j = 1, ..., r the same way. Because S is a partition of
V (G), we obtain n = |V (G)| = ∑ω

i=1 |Si| = αω.
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Corollary 1. A graph G is O-graph if and only if there is a parti-
tion of the set of vertices in ω stable sets with α elements and a partition
in α cliques with ω elements.

Proof. The direct statement results from Lemma 1, and a graph
with the property from the Corollary is obviously an O-graph.

Corollary 2. If G is O-graph then:
for any clique Q from an optimal covering with cliques of G:

α(G−Q) = α(G)− 1;
for any stable set S from an optimal coloring of G:

ω(G− S) = ω(G)− 1.

Corollary 3. For any O-graph G, any class of colors from any
optimal coloring intersects any clique from any optimal covering with
cliques.

Proof. We suppose that there exists a clique Qj and a class of colors
Si, disjoint. Then |Qj | < ω or |Si| < α, but |V (G)| =

∑α
j=1 |Qj | =∑ω

i=1 |Si|, so |V (G)| < αω, contradicting Lemma 1.

Remark 1. If G is a (α,ω)-partitionable graph of order n then for
any vertex v, G-v is O-graph.

Proof. G being (α,ω)-partitionable, results that, for any v ∈ V (G),
G-v admits a partition of α ω-cliques and a partition of ω α-stable
sets. If there is a clique Qj from an optimal covering with cliques of
G-v disjoint of a class Sj of colors from an optimal coloring of G-v
then |Qj | < ω or |Si| < α, but |V (G)| − 1 =

∑α
j=1 |Qj | =

∑ω
i=1 |Si|, so

|V (G)| − 1 < αω, contradicting that G is (α,ω)-partitionable.
Next, it is established a theorem of characterization of O-graphs, it

is given an example of non-perfection of an O-graph and is shown in
which condition an O-graph is perfect. For this it is given the definition
of [p, q, r]-partite graphs.

Definition 2. An [p,q,r]-partite graph ([11]) is a graph whose set
of vertices, V, is partitioned in p independent sets S1, ..., Sp, each con-
taining exactly q vertices, and Si ∪ Sj contains exactly r independent
edges, for 1 ≤ i < j ≤ p.
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Theorem 1. Let G=(V,E) be a graph with α = α(G) and ω =
ω(G). G is O-graph if and only if G is [ω, α, α]- partite and G is
[α, ω, ω]-partite.

Proof. Let G be an O-graph and (S1, ..., Sω) a partition of G in ω
α-stable sets, and (Q1, ..., Qα) a partition in α ω-cliques with Si∩Qk 6=
∅, (1 ≤ i ≤ ω, 1 ≤ k ≤ α). We must show that ∀i, j, i = 1, ..., ω, j =
1, ..., ω with i 6= j Si∪Sj admits a maximum matching with α elements.
We denote with {xi

k} = Si ∩ Qk, (1 ≤ i ≤ ω, 1 ≤ k ≤ α). For 1 ≤
k, l ≤ α, k 6= l we have xi

k 6= xi
l (1 ≤ i ≤ ω) because Qk ∩ Ql = ∅.

Therefore Si = {xi
1, ..., x

i
α} (1 ≤ i ≤ ω). For 1 ≤ k ≤ α, we have

xi
kx

j
k ∈ E(G), because {xi

k, x
j
k} ⊆ Qk, ∀i, j, i = 1, ..., ω, j = 1, ..., ω

with i 6= j; so the set of edges {xi
kx

j
k|k = 1, ..., α} is a matching in

[Si ∪ Sj ] ∀i, j, i = 1, ..., ω, j = 1, ..., ω with i 6= j. Because G is O-
graph with α(G) = ω, ω(G) = α, it results that G is [α, ω, ω]-partite
graph. Let G be [ω, α, α] -partite graph and G [α, ω, ω]-partite graph.
It results that there is a partition of V in S = (S1, ..., Sω) α -stable sets
and in C = (Q1, ..., Qα) with Qi cliques and |Qi| = ω, that means G is
O-graph.

An example of O-graph which is not perfect is the reunion of a four
disjoint four-cliques, adding four edges such that form an induced C5.

Corollary 4. A graph G is perfect O-graph if and only if G is
[ω, α, α]-partite, {C2l+1, C2l+1}-free (l ≥ 2) and G is [α, ω, ω]-partite
graph.

Proof. We suppose that G is [ω, α, α]-partite and G is [α, ω, ω]-
partite graph. From Theorem 1 it results that G is O-graph. We
suppose, on the contrary, that a minimal contraexample is minimal
imperfect. Then G is unbreakable (Chvatal, to be seen [7]). So any
vertex x of G is in a disk ([7]) (i.e. x ∈ Ck or x ∈ Ck, k ≥ 5).
Because G is {C2l+1, C2l+1}-free (l ≥ 2), it results that G ∼= C2p or
G ∼= C2p(p ≥ 3), a contradiction. So G is perfect O-graph. If G is
O-graph it results that G is [ω, α, α]-partite and G is [α, ω, ω]-partite.
If G contains {C2p+1, (p ≥ 2) as an induced subgraph then G is not
perfect.

Next, it is shown that an O-graph admits a (k, α)-clique-join and
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the way in which an O-graph is obtained (built).
In [12] it is asked to be found a characterization for a k-clique-join.

Definition 3. Let k be positive integer. A k-clique-join ([12]) of
a graph G=(V,E) is a set of pairs {(A0, B0), (A1, B1), ..., (Ak, Bk)},
where {A0, B0} is a partition of V, both A0 and B0 contain at least one
ω-clique, and Ai ⊆ A0, Bi ⊆ B0(i = 1, ..., k) (not necessarily disjoint),
moreover

(i) If x ∈ Ai and y ∈ Bi, then xy ∈ E
(ii) If K is an ω-clique of G that intersects both A0 and B0 then

there exists i so that K ⊆ Ai ∪Bi

Definition 4. Let k, s be positive integers. A k-clique-join
{(A0, B0), (A1, B1), ..., (Ak, Bk)} of a graph G=(V,E) is called (k,s)-
clique-join if Ai1 ∪Bi1,...,Ais−2 ∪Bis−2,A0−∪s−2

l=1 Ail, B0−∪s−2
l=1 Bil are

s disjoint ω-cliques, for all i1, ..., is−2 of the set {1, ..., k}.
Theorem 2. Let G be a graph with α = α(G), ω = ω(G) and

α ≥ 2. G is O-graph if and only if there are k positive integers such
that G admits a (k, α)-clique-join.

Proof. Let G = (V, E) be an O-graph and (S1, ..., Sω) a partition
in ω α-stable sets of G and (Q1, ..., Qα) a disjoint covering with α
ω-cliques of G with Si ∩ Qj 6= φ (1 ≤ i ≤ ω, 1 ≤ j ≤ α). Next,
we define a (k, α)-clique-join {(A0, B0), (A1, B1), ..., (Ak, Bk)}. Because
α ≥ 2, there are at least two disjoint ω-cliques. Without restricting
the generality, we take Q1 ⊆ A0, Q2 ⊆ B0, Q1, Q2, the two ω-cliques.
More, we consider A0 = Q1 ∪ ∪α

i=3Mi, B0 = Q2 ∪ ∪α
i=3(Qi − Mi),

where Mi ⊂ Qi(Mi 6= Qi)(3 ≤ i ≤ α). We denoted Al = Ml+2, Bl =
Ql+2 −Ml+2(1 ≤ l ≤ α− 2) and we obtained:

{A0, B0} is a partition of V , A0 (B0) contains at least a ω-clique
Q1 (Q2);

If x ∈ Ai and y ∈ Bi(1 ≤ i ≤ α − 2), then xy ∈ E (because Ai is
totally adjacent to Bi (Ai ∼ Bi));

If K = Qi for some i (1 ≤ i ≤ α) then (ii) is hold from Definition
3. Because a disjoint reunion of α ω-cliques is O-graph, it results that
k ≥ α−2. {(A0, B0), (A1, B1), ..., (Ak, Bk)} is a k-clique-join for G with
k = α − 2. If K ′ is an ω-clique of G that intersects both A0 and B0,
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but K ′ = Qi, ∀i = 1, ..., α, then we denote As = K ′∩A0, Bs = K ′∩B0

for some s. We have K ′ = As∪Bs ((ii) holds from Definition 3), and if
x ∈ As and y ∈ Bs then xy ∈ E ((i) holds from Definition 3). For each
such ω-clique K ′, we add the pair (As, Bs) to the previous k-clique-join
and add one to k.

So {(A0, B0), (A1, B1), ..., (Ak, Bk)} is a (k, α)-clique -join of G.
Reverse, we suppose that {(A0, B0), (A1, B1), ..., (Ak, Bk)} is a

(k, α)-clique -join of G and we show that G is a [ω, α, α]-partite graph
and G is a [α, ω, ω]-partite graph. Without restricting the general-
ity, we consider A1 ∪ B1, ..., Aα−2 ∪ Bα−2, A0 − ∪α−2

i=1 Ai, B0 − ∪α−2
i=1 Bi

the α disjoint ω-clique, and let Ql+2 = Al ∪ Bl be for 1 ≤ l ≤
α − 2, Q1 = A0 − ∪α−2

i=1 Ai, Q2 = B0 − ∪α−2
i=1 Bi. We denote Qj =

{x1
j , ..., x

ω
j }(1 ≤ j ≤ α). Because Qj(1 ≤ j ≤ α) is a ω-clique, we have:

∀x ∈ V − Qj , ∃y ∈ Qj so that xy 6∈ E. For 1 ≤ j, t ≤ α, j 6= t, we
suppose xi

jx
i
t 6∈ E. We denote Si = {xi

1, ..., x
i
α}(1 ≤ i ≤ ω). Because

xi
j ∈ Si ∩ Qj , x

i
t ∈ Si ∩ Qt(1 ≤ j, t ≤ α, j 6= t), it results that Si is

α-stable. Because E([Si ∪ Ss]) = {xi
jx

s
j |1 ≤ j ≤ α}, it results that

[Si ∪ Ss] contains α independent edges (1 ≤ i, s ≤ ω, i 6= s). G is a
[α, ω, ω]-partite graph, because Qj (1 ≤ j ≤ α) is a stable set in G
with ω elements, Si (1 ≤ i ≤ ω) is a clique in G with α elements and
E([Qj ∪Qt]G) = {xi

jx
i
t|1 ≤ i ≤ ω} (1 ≤ j, t ≤ α, j 6= t).

Proposition 1. Let G=(V,E) be a simple graph with α = α(G)
and ω = ω(G). G is O-graph if and only if it can be obtained from a
disjoint reunion of α ω-cliques adding an edge between each two vertices
non contained in any class of a partition of V in ω α-stable sets and
in any class of a partition of V in α ω-cliques.

Proof. Let G = (V, E) be a simple graph and S = {S1, ..., Sω}
(C = {Q1, ..., Qα}) a partition of V in ω α-stable sets (α ω-cliques). We
denote Si = {xi

1, ..., x
i
α}(1 ≤ i ≤ ω) and Qj = {x1

j , ..., x
ω
j }(1 ≤ j ≤ α).

Clearly, the graph H = [∪α
i=1Qj ]G is O-graph with α(H) = α and

ω(H) = ω. Let H ′ be the graph obtained from H to which an edge
e = xy (x = xi

k, y = xp
q) of G is added. Because x and y belong to

two distinct α-stable sets of S, it results that i 6= p. If k = q then the
edge e would be added to a ω-clique Qk, contradicting the fact that
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G is a simple graph. The graph H ′ has α(H ′) = α, ω(H ′) = ω and
the same S partition (respectively C) in ω α-stable sets (respectively
α ω-cliques) as H. So H ′ is O-graph. Repeating the above procedure
of adding edges from G, we obtain the graph G and the fact that G is
an O-graph.

Reverse, if we suppose that G = (V,E) is O-graph with α = α(G),
ω = ω(G) and we consider the disjoint covering with α ω -cliques
C = {Q1, ..., Qα} and the covering with ω α-stable sets S = {S1, ..., Sω}
and we apply the procedure:

begin
H:=G;
while (∃e = xy ∈ E with {x, y} 6⊂ Qj (1 ≤ j ≤ α)) do

H:=H-e;
end;

we obtain that [∪α
j=1Qj ]G is an O-graph.

Indeed, the partition C = {Q1, ..., Qα} with α ω -cliques (and the
covering with ω α-stable sets S = {S1, ..., Sω}) of G, by deleting edges
e=xy with {x, y} 6⊂ Qj (1 ≤ j ≤ α) (according to the above procedure)
remains the same also for H = [∪α

j=1Qj ]G, that means that H is an
O-graph.
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On quasistability radius of a vector trajectorial

problem with a principle of optimality

generalizing Pareto and lexicographic principles∗
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Abstract

A multicriterion linear combinatorial problem with a para-
metric principle of optimality is considered. This principle is de-
fined by a partitioning of partial criteria onto Pareto preference
relation groups within each group and the lexicographic prefer-
ence relation between them. Quasistability of the problem is
investigated. This type of stability is a discrete analog of Haus-
dorff lower semi-continuity of the multiple-valued mapping that
defines the choice function. A formula of quasistability radius is
derived for the case of the metric l∞. Some known results are
stated as corollaries.
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1 Introduction

Traditionally stability of an optimization problem is understood as con-
tinuous dependence of solutions on parameters of the problem. The
most general approaches to stability analysis of optimization problems
are based on properties of multiple-valued mappings that define opti-
mality principles [1–4].

c©2005 by S.E. Bukhtoyarov, V.A. Emelichev
∗This work was supported by Fundamental Research Foundation of the Republic

of Belarus ”Mathematical structures 29” (Grant 913/28)
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Mathematical analysis does not present methods sufficient to inves-
tigate stability of a discrete optimization problem. It is greatly due to
complexity of discrete models, which can behave unpredictably under
small variations of initial data [4, 5]. At the same time, if terminol-
ogy of general topology is not used, then the formulation of a stability
problem can be significantly simplified in the case of a space of ac-
nodes. There are different types of stability of discrete optimization
problems (e. g. [4–9]). Stability of a discrete problem in the broad
sense means that there exists a neighborhood of the initial data in the
space of problem parameters such that any problem with parameters
from this neighborhood possesses some invariance with respect to the
initial problem. In particular, upper (lower) semicontinuity of an op-
timal mapping is equivalent to nonappearance of new (preserving of
initial) optimal solutions under ”small” perturbations of the mapping
parameters. So concepts of stability [4–8] and quasistability [6–8, 10,
11] of discrete optimization problems arise.

In this article we consider an n-criterion trajectorial linear prob-
lem with partitioning of criteria into groups according to given Pareto
preference relation within each group and the lexicographic preference
relation between them. Two special cases of such partitioning corre-
spond to Pareto and lexicographic optimality principles. A formula for
quasistability radius of this problem is derived for the case of indepen-
dent perturbations of initial data in the metric l∞. Some known results
are stated as corollaries.

Note that similar formulas were derived earlier in [12–16] for sta-
bility and quasistability radii of vector trajectorial and game-theoretic
problems with other parametric principles of optimality (”from Con-
dorset to Pareto”, ”from Pareto to Slater”, ”from Pareto to Nash”).

2 Basic definitions and notations

Let a vector criterion

f(t, A) = (f1(t, A1), f2(t, A2), . . . , fn(t, An)) → min
t∈T
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with partial criterion

fi(t, Ai) =
∑

j∈N(t)

aij , i ∈ Nn = {1, 2, ..., n}, n ≥ 1,

be defined on a system of subsets (trajectories) T ⊆ 2E , |T | ≥ 2,
E = {e1, e2, . . . , em}, m ≥ 2. Here N(t) = {j ∈ Nm : ej ∈ t}, Ai is the
i-th row of a matrix A = [aij ] ∈ Rn×m. Put fi(∅, Ai) = 0.

Let s ∈ Nn, I = {I1, I2, . . . , Is} be a partitioning of the set Nn into
s nonintersecting nonempty sets, i. e.

Nn =
⋃

r∈Ns

Ir,

where Ir 6= ∅, r ∈ Ns; p 6= q ⇒ Ip ∩ Iq = ∅. To any such partitioning
we put in correspondence the binary relation Ωn

I of strict preference in
the space Rn between different vectors y = (y1, y2, . . . , yn) and y′ =
(y′1, y

′
2, . . . , y

′
n) as follows

y Ωn
I y′ ⇔ yIk

Â y′Ik
,

where k = min{i ∈ Ns : yIi 6= y′Ii
}; yIk

and y′Ik
are the projections

of the vectors y and y′ correspondingly onto the coordinate axes of
the space Rn with numbers from the group Ik; Â is a relation, which
induces Pareto optimality principle in the space R|Ik| :

yIk
Â y′Ik

⇔ yIk
6= y′Ik

& yIk
≥ y′Ik

.

The introduced binary relation Ωn
I determines ordering of the

formed groups of criteria such that any previous group is significantly
more important that any consequent group. This relation generates
the set of I-optimal trajectories

Tn(A, I) = {t ∈ T : ∀t′ ∈ T (f(t, A) Ωn
I f(t′, A))},

where Ωn
I is the negation of the relation Ωn

I .
It is evident that Tn(A, IP ), IP = {Nn} (s = 1), is Pareto set, i. e.

the set of efficient trajectories

Pn(A) = {t ∈ T : ∀t′ ∈ T (f(t, A) Â f(t′, A))},
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and Tn(A, IL), IL = {{1}, {2}, . . . , {n}} (s = n), is the set of lexico-
graphically optimal trajectories

Ln(A) = {t ∈ T : ∀t′ ∈ T (f(t, A) ` f(t′, A))},

where ` is the lexicographic order in the space Rn. This order is defined
as follows

y ` y′ ⇔ yk > y′k,

k = min{i ∈ Nn : yi 6= y′i}.
So under the parametrization of optimality principle we understand

assigning the characteristic of binary relation that in special cases in-
duces well-known Pareto and lexicographic optimality principles.

It is easy to show that the binary relation Ωn
I is antireflexive, asym-

metric, transitive, and hence it is acyclic. And since the set T is finite,
the set Tn(A, I) is non-empty for any matrix A and any partitioning
I of the set Nn.

Hereinafter by Zn(A, I) we denote the problem of finding the set
Tn(A, I).

Clearly, T 1(A, {1}) is the set of optimal trajectories of the scalar
linear trajectorial problem Z1(A, {1}), where A ∈ Rm. Many extreme
combinatoric problems on graphs, boolean programming and schedul-
ing problems and others are reduced to Z1(A, {1}) [7, 9, 10, 17]).

The following properties follow directly from the above definitions.

Property 1. Tn(A, I) ⊆ P1(A) ⊆ T, where

P1(A) = {t ∈ T : ∀t′ ∈ T (fI1(t, A) Â fI1(t
′, A))}.

Property 2. If fI1(t, A) Â fI1(t
′, A), then f(t, A) Ωn

I f(t′, A).

Property 3. If f(t, A) Ωn
I f(t′, A), then fI1(t, Ai) ≥ fI1(t

′, Ai).

Property 4. A trajectory t 6∈ Tn(A, I) if and only if there exists
a trajectory t′ such that f(t, A) Ωn

I f(t′, A).

Property 5. A trajectory t ∈ Tn(A, I) if and only if for any tra-
jectory t′ the relation f(t, A) Ωn

I f(t′, A) holds.
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Denote

S1(A) = {t ∈ P1(A) : ∀t′ ∈ T \ {t} (
fI1(t, A) 6= fI1(t

′, A)
)}.

Property 6. S1(A) ⊆ Tn(A, I).

Proof. Assume the converse, i. e. t ∈ S1(A) and t 6∈ Tn(A, I).
Then according to property 4 there exists a trajectory t′ 6= t such that

f(t, A) Ωn
I f(t′, A).

Hence due to property 3 we have

fI1(t, A) ≥ fI1(t
′, A).

Taking into account the inclusion t ∈ P1(A) we obtain

fI1(t, A) = fI1(t
′, A),

i. e. t 6∈ S1(A), which contradicts the assumption.

Property 7. ∀ t ∈ S1(A) ∀ t′ ∈ T \ {t} ∃ i ∈ I1

(
fi(t′, Ai) >

fi(t, Ai)
)
.

For any number ε > 0, define the set of perturbation matrixes

B(ε) = {B ∈ Rn×m : ||B|| < ε},

where ||B|| = max{|bij | : (i, j) ∈ Nn ×Nm}, B = [bij ].
As in [8, 10, 14, 17], under the quasistability radius of the problem

Zn(A, I) we understand the number

ρn(A, I) =
{

supKn(A, I) if Kn(A, I) 6= ∅,
0 if Kn(A, I) = ∅,

where

Kn(A, I) = {ε > 0 : ∀ B ∈ B(ε) (Tn(A, I) ⊆ Tn(A + B, I))}.
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3 Lemmas

For any trajectories t and t′ we define the numbers

∆(t, t′) = |(t ∪ t′) \ (t ∩ t′)|,

dn(t, t′, A) = max
i∈I1

fi(t′, Ai)− fi(t, Ai)
∆(t, t′)

.

Lemma 1. If dn(t, t′, A) ≥ ϕ > 0, then the following relation holds
for any perturbation matrix B ∈ B(ϕ) :

f(t, A + B) Ωn
I f(t′, A + B).

Proof. Directly from the definition of the number dn(t, t′, A) we
have

∃k ∈ I1

(
fk(t′, Ak)− fk(t, Ak) ≥ ϕ∆(t, t′)

)
. (1)

Further suppose that the assertion of the lemma is false, i. e. there
exists matrix B∗ = [b∗ij ] ∈ B(ϕ) such that f(t, A+B∗) Ωn

I f(t′, A+B∗).
Then by virtue of property 3 and linearity of the functions fi(t, A), i ∈
Nn, we derive

0 ≥ fi(t′, Ai + B∗
i )− fi(t, Ai + B∗

i ) =

= fi(t′, Ai)− fi(t, Ai) + fi(t′, B∗
i )− fi(t, B∗

i ) ≥
≥ fi(t′, Ai)− fi(t, Ai)− ||Bi||∆(t, t′) >

> fi(t′, Ai)− fi(t, Ai)− ϕ∆(t, t′), i ∈ I1,

i. e.
∀i ∈ I1 (fi(t′, Ai)− fi(t, Ai) < ϕ∆(t, t′)),

which contradicts (1).

Lemma 2. Let t ∈ Tn(A, I), t′ ∈ T \ {t}. For any number α >
dn(t, t′, A) there exists a matrix B∗ ∈ Rn×m with norm ||B∗|| = α such
that

f(t, A + B∗) Ωn
I f(t′, A + B∗). (2)
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Proof. We construct the perturbation matrix B∗ = [b∗ij ] ∈ Rn×m

by the formula

b∗ij =




−α if i ∈ I1, ej ∈ t′ \ t,
α if i ∈ I1, ej ∈ t \ t′,
0 otherwise.

Then ||B∗|| = α and

fi(t′, B∗
i )− fi(t, B∗

i ) = −α∆(t, t′), i ∈ I1.

From here we get

1
∆(t, t′)

(fi(t′, Ai + B∗
i )− fi(t, Ai + B∗

i )) =
fi(t′, Ai)− fi(t, Ai)

∆(t, t′)
− α ≤

≤ dn(t, t′, A)− α < 0, i ∈ I1,

i. e. fI1(t, A + B∗) Â fI1(t
′, A + B∗). This implies (2) by virtue of

property 2.

4 Theorem

Theorem. For any partitioning I of the set Nn, n ≥ 1, into s
groups, s ∈ Nn, the quasistability radius ρn(A, I) of a problem Zn(A, I)
is expressed by the formula

ρn(A, I) = min
t∈T n(A,I)

min
t′∈T\{t}

dn(t, t′, A). (3)

Proof. Denote the right hand side of (3) by ϕ for short. Before
proving the theorem we note that since the sets Tn(A, I) and T \ {t}
are non-empty, the number ϕ is correctly defined and nonnegative.

First we prove the inequality

ρn(A, I) ≥ ϕ. (4)

Without loss of generality assume that ϕ > 0 (otherwise inequality (4)
is obvious). From the definition of the number ϕ, it follows that for
any trajectories t ∈ Tn(A, I) and t′ 6= t the inequalities

dn(t, t′, A) ≥ ϕ > 0
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hold. Applying lemma 1 we get

∀ B ∈ B(ϕ) ∀ t ∈ Tn(A, I) ∀ t′ ∈ T (f(t, A + B) Ωn
I f(t′, A + B)).

Therefore t ∈ Tn(A + B, I) by virtue of property 5. Thus we conclude

∀ B ∈ B(ϕ) (Tn(A, I) ⊆ Tn(A + B, I)).

This formula proves (4).
It remains to show that

ρn(A, I) ≤ ϕ. (5)

Let ε > α > ϕ and trajectories t ∈ Tn(A, I), t′ 6= t be such that
dn(t, t′, A) = ϕ. Then according to lemma 2 there exists a matrix B∗

with norm ||B∗|| = α such that (2) holds, i. e. t 6∈ Tn(A + B∗, I).
Hence we have

∀ε > ϕ ∃B∗ ∈ B(ε) (Tn(A, I) 6⊆ Tn(A + B∗, I)) .

This proves inequality (5). Summarizing (4) and (5) we obtain (3).

5 Corollaries

Corollary 1 [10]. The quasistability radius of the problem
Zn(A, IP ), n ≥ 1, of finding Pareto set Pn(A) is expressed by the
formula

ρn(A, IP ) = min
t∈P n(A)

min
t′∈T\{t}

max
i∈Nn

fi(t′, Ai)− fi(t, Ai)
∆(t, t′)

.

Corollary 2 [18]. The quasistability radius of the problem
Zn(A, IL), n ≥ 1, of finding the set of lexicographically optimal trajec-
tories Ln(A) is expressd by the formula

ρn(A, IL) = min
t∈Ln(A)

min
t′∈T\{t}

f1(t′, A1)− f1(t, A1)
∆(t, t′)

.
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A problem Zn(A, I) is called quasistable if ρn(A, I) > 0. Thus
quasistability of a problem Zn(A, I) is the property of preserving opti-
mality by all I-efficient trajectories under small variation of matrix A.
In other words, quasistability is a discrete analog of Hausdorff lower
semi-continuity of the multiple-valued mapping that assigns the set of
I-efficient trajectories to each set of the problem parameters.

Corollary 3. For any partitioning I of the set Nn, n ≥ 1, into s
groups, s ∈ Nn, the following statements are equivalent for a problem
Zn(A, I), n ≥ 1:

(i) the problem Zn(A, I) is quasistable,

(ii) ∀ t ∈ Tn(A, I) ∀ t′ ∈ T \ {t} ∃ i ∈ I1

(
fi(t′, Ai) > fi(t, Ai)

)
,

(iii) Tn(A, I) = S1(A).

Proof. Equivalence of statements (i) and (ii) follows directly from
the theorem.

The implication (ii) ⇒ (iii) is proved by contradiction. Suppose
that (ii) holds but (iii) does not.

From properties 1 and 6 we get

S1(A) ⊆ Tn(A, I) ⊆ P1(A).

Then (since Tn(A, I) 6= S1(A) is assumed) there exists a trajectory
t ∈ Tn(A, I) ⊆ P1(A) such that t 6∈ S1(A). It follows that there exists
trajectory t′ ∈ P1(A) such that

t′ 6= t, fI1(t, A) = fI1(t
′, A).

This contradicts statement (ii).
The implication (iii) ⇒ (i) is obvious by virtue of property 7.
From corollary 3, we easily get the following known result (e. g.

see [10]).
Corollary 4. The problem Zn(A, IP ), n ≥ 1, of finding Pareto set

Pn(A) is quasistable if and only if Pn(A) = Sn(A).

55



S.E. Bukhtoyarov, V.A. Emelichev

Here Sn(A) is Smale set [19], i. e. the set of strictly efficient
trajectories:

Sn(A) = {t ∈ Pn(A) : ∀t′ ∈ T \ {t} (
f(t, A) 6= f(t′, A)

)}.

Corollary 3 also implies
Corollary 5 [18]. The problem Zn(A, IL), n ≥ 1, of finding the

set Ln(A) of lexicographically optimal trajectories is quasistable if and
only if

|Ln(A)| =
∣∣∣∣Arg min

t∈T
f1(t, A1)

∣∣∣∣ = 1.
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