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Abstract

Let O and F be an operation and a language family, respec-
tively. So far, in terms of closure properties, the classical lan-
guage theory has only investigated whether O(F) ⊆ F, where
O(F) is the family resulting from O applied to all members of F.
If O(F) ⊆ F, F is closed under O; otherwise, it is not.

This paper proposes a finer and wider approach to this inves-
tigation. Indeed, it studies almost all possible set-based relations
between F and O(F), including O(F) = ∅; F 6⊂ O(F), O(F) 6⊂ F,
F∩O(F) 6= ∅; F∩O(F) = ∅, O(F) 6= ∅; O(F) = F; andF ⊂ O(F).
Many operations are studied in this way. A sketch of application
perspectives and open problems closes the paper.
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1 Introduction

Over its entire history, formal language theory has primarily studied
operations over language families in terms of closure properties by anal-
ogy with the investigation of these properties in discrete mathematics
as a whole. To give an insight into this study, consider a languare family
F, a language operation O, and O(F) as the language family resulting
from the application of O to all languages in F. In essence, so far, the
language theory has restricted its attention only to the study whether
or not O(F) ⊆ F. If so, F is closed with respect to O; otherwise, it is
not.
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The authors believe that formal language theory can approach the
investigation of operations over language families in a much finer way
than it has been done so far. In fact, there already exist many re-
sults that can be combined together to express some properties related
to closure or non-closure results more precisely; unfortunately, formal
language theory lacks a proper universal terminology or framework,
which would allow it to express results of this kind in a uniform and
general way. To illustrate this finer approach by a simple example,
recall that the family of context-sensitive languages is not closed under
homomorphism (see the Corollary on p. 279 in [8]). Apart from this
non-closure result, it is well known that every recursively enumerable
language L coincides with h(K), where h is a homomorphism and K is
a context-sensitive language. Of course, if a language is not recursively
enumerable, it cannot be expressed in this way. Putting these results
together, we can naturally say that homomorphism expands the family
of context-sensitive languages onto that of recursively enumerable lan-
guages. Therefore, the present paper proposes a new terminology for
results like this and illustrates it by many examples, observations and
results.

More specifically, the present paper introduces these notions— (1) if
F − O(F) 6= ∅, O reduces F; (2) if O(F) = ∅, O eliminates F; (3) if
O(F) ⊂ F, O properly reduces F; (4) if F 6⊂ O(F), O(F) 6⊂ F, and
F ∩ O(F) 6= ∅, then O incomparably reduces F; (5) if F − O(F) = F

and O(F) 6= ∅ , O expels F; (6) if O(F) = F, O unchanges F; and
(7) if F ⊂ O(F), O expands F. In terms of these notions, the paper
discusses a broad variety of operations, ranging from classical opera-
tions, such as complement, up to newly introduced operations. It starts
from utterly straightforward observations about simple operations and
gradually proceeds towards more complicated operations and results
concerning them. Sometimes, it applies these operations to well-known
language families, such as the family of linear languages. Most often,
however, as the main direction of this newly proposed investigation
trend, the paper establishes general results concerning language fami-
lies satisfying some prescribed properties. In its conclusion, in a greater
detail, the paper suggests several special branches of study within this
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newly suggested trend as well as application perspectives.

2 Preliminaries

This paper assumes that the reader is familiar with discrete mathe-
matics (see [4]). Most importantly, it assumes an in-depth knowledge
of the language theory (see [2], [3], [5]). Let X and Y be two sets. X
and Y are comparable if X ⊆ Y or Y ⊆ X; otherwise, X and Y are
incomparable. In other words, X and Y are incomparable if and only if
X 6⊆ Y and Y 6⊆ X (notice that if X and Y are disjoint, then they are
necessarily incomparable). For a set Q, power (Q) denotes the power
set of Q, and card(Q) denotes its cardinality. For a total function f
over Q, f i denotes its ith power, for i ≥ 0. N denotes the set of natural
numbers.

For an alphabet V , V ∗ represents the free monoid generated by V
under the operation of concatenation. The unit of V ∗ is denoted by
ε. Set V + = V ∗ − {ε}; algebraically, V + is thus the free semigroup
generated by V under the operation of concatenation. Any member
w ∈ V ∗ is called a word. For any w ∈ V ∗, |w| and reversal(w) denote
the length of w and the reversal of w, respectively. For any N ⊆
V, occur (w,N) denotes the number of symbols from N occurring in
w. For every i ∈ {0, 1, . . . , |w|}, suffix (w, i) denotes the suffix of w
of length i; analogously, prefix (w, i) denotes the prefix of w of which
length is i. A language L is any subset of V ∗, L ⊆ V ∗. Let ALL denote
the set of all languages; in other words, ALL represents the universal
set of languages throughout this paper. A language family F is any
subset of ALL, F ⊆ ALL; notice that F ⊆ ALL is synonymous with
F ∈ power (ALL). Observe that both ∅ and {∅} are language families,
but ∅ 6= {∅}; indeed, card(∅) = 0 while card({∅}) = 1. Set alph(L) =
{a | a occurs in a word in L}, and alph(F) = {a | a ∈ alph(L), L ∈ F}.

A grammar is a quadruple, G = (N,T, P, S), where N and T are
nonterminal and terminal alphabets, respectively; N ∩ T = ∅. N con-
tains S—the start symbol of G. P is a finite non-empty set of produc-
tions of the form x → y, where x, y ∈ (N ∪ T )∗ so N ∩ alph(x) 6= ∅.
For every p ∈ P of the form x → y, x is the left-hand side of p, lhs(p),
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and y is the right-hand side of p, rhs(p). To express that card(N) = n,
where n ∈ N, we write nG. If x → y ∈ P , v = uxz, w = uyz with
u, z ∈ (N ∪T )∗, then v directly derives w in G, symbolically written as
v ⇒ w in G. In the standard manner, extend ⇒ to ⇒n, where n ≥ 0;
then, based on ⇒n, define ⇒+ and ⇒∗. The language of G, L(G), is
defined as L(G) = {w ∈ T ∗ : S ⇒∗ w}, and any derivation of the form
S ⇒∗ w in G with w ∈ T ∗ is called a successful derivation.

Let G = (N,T, P, S) be a grammar. G is referred to as context-
sensitive if every production in P is of the form uAv → uyv with
A ∈ N , u, v ∈ (N ∪ T )∗, y ∈ (N ∪ T )+. G is referred to as context-free
if every x → y ∈ P satisfies x ∈ N, y ∈ (N ∪ T )∗. A context-free
grammar is in the Chomsky normal form if every x → y ∈ P satisfies
y ∈ NN ∪ T . Let j ∈ N; a context-free grammar G is referred to as
j-linear if for any x → y ∈ P , S 6∈ alph(y) and either x = S and
occur (y,N) ≤ j or x 6= S and occur (y,N) ≤ 1. Instead of a 1-linear
grammar, we often simply say a linear grammar. For j ∈ N; jLIN

denotes the language family generated by j-linear grammars; recall
that for every k ∈ N; kLIN ⊂ k+1LIN (see Theorem 8.3 in [5]).

REG, LIN, CF, CS, DEC, and RE denote the families of reg-
ular, linear, context-free, context-sensitive, decidable, and recursively
enumerable languages, respectively. Recall (see [2])

REG ⊂ LIN ⊂ CF ⊂ CS ⊂ DEC ⊂ RE ⊂ ALL

3 Definitions

Let n ∈ N. An n-ary language operation on ALL is a total function O
from the n-ary Cartesian productALLn intoALL. An n-ary language-
family operation over power (ALL) is a total function O from the n-ary
Cartesian product (power (ALL))n into power (ALL).

Throughout this paper, we discuss only unary and binary language
operations, and we only consider unary language-family operations.
For any F ⊆ ALL, O(F) denotes the image of F over O, so O(F) =
{O(L) | L ∈ F}. In what follows, we automatically assume that F 6= ∅
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(of course, O(F) = ∅ is not ruled out). Notice that in the next main
definition of this paper, 2 through 5 are, in effect, special cases of 1.

Definition 3.1. Let F ⊆ ALL.

1. If F−O(F) 6= ∅, O reduces F.

2. If O(F) = ∅, O eliminates F.

3. If O(F) ⊂ F, O properly reduces F.

4. If F 6⊂ O(F), O(F) 6⊂ F, and F∩O(F) 6= ∅, then O incomparably
reduces F.

5. If F−O(F) = F and O(F) 6= ∅ , O expels F.

6. If O(F) = F, O unchanges F.

7. If F ⊂ O(F), O expands F.

Suppose that O expands F and O(F) = W, where W is a well-
known language family, such as any of the families listed in the conclu-
sion of Section 2. Under these circumstances, we sometimes explicitly
point out that O expands F onto W (see, for instance, Observation
4.13 and Theorem 4.28). We often make analogical statements in terms
of the other parts of Definition 3.1 unless a confusion arises (see, for
instance, Observation 4.6).

4 Results

Simply put, the present section illustrates Definition 3.1 by a large va-
riety of language-family operations. Starting from part 1, it proceeds,
in essence, towards part 7 of the definition. Consequently, it begins
with a variety of reducing operations and ends with expanding opera-
tions. As far as the mathematical level is concerned, the section opens
its discussion with utterly trivial operations and closes it with more
complicated operations and results about them.
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4.1 Reducing Operations

For all F ∈ power (ALL), define operations
EmptySetConcatenation (F) = {L∅ | L ∈ F}, and
EmptyStringConcatenation (F) = {L{ε} | L ∈ F}. The next observa-
tion is obvious.

Observation 4.1. For all F ∈ power (ALL),
EmptySetConcatenation (F) = ∅ and EmptyStringConcatenation(F) =
F. In words, the former eliminates F while the latter unchanges F.

Let Complement denote the well-known unary language operation
of complement. For all F ∈ power (ALL), define Complement(F) =
{Complement (L) | L ∈ F}.

Observation 4.2. Complement (RE) = DEC ∪ Complement (RE −
DEC), where
Complement (RE − DEC) ⊂ ALL − RE. Therefore, Complement
incomparably reduces RE.

Proof. Let L ∈ RE. If L ∈ DEC, then Complement(L) ∈ DEC

(see Theorem 18.3 in [6]). If L ∈ RE −DEC,Complement (L) 6∈ RE

because L ∈ DEC if and only if L ∈ RE and Complement (L) ∈
RE (see Theorem 4.22 in [7]). Thus, Complement(RE) = DEC ∪
Complement (RE−DEC) with Complement (RE−DEC) out of RE,
so Complement (RE−DEC) ⊂ ALL−RE. The rest of this observation
follows from part 4 of Definition 3.1.

Let a ∈ alph(ALL). For all L ∈ ALL, define operation
a-End(L) = L{a}, and for all F ⊆ ALL, a-End(F) = {a-End(L) |
L ∈ F}. As usual, a-End i denotes the ith power of a-End , i ≥ 1.
Consider these two disjoint language families

ODDa = {L | L ⊆ {a}∗, |x| is odd for all x ∈ L}, and

EVENa = {L | L ⊆ {a}∗, |x| is even for all x ∈ L}.

Observation 4.3. Let i ≥ 1. Then:
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a-End i(ODDa) = EVENa if i is odd, and

a-End i(EVENa) = ODDa if i is even.

Proof. Clear.

Corollary 4.4. a-End(ODDa) = EVENa and a-End(EVENa) =
ODDa. In words, a-End expels ODDa onto EVENa, and it expels
EVENa onto ODDa.

Proof. Consider Observation 4.3 for i = 1 to see that this corollary
holds true.

Define the homomorphism a-Coding as a-Coding(b) = a for all
b ∈ alph(ALL). For all F ∈ power (ALL), let a-Coding(F) =
{a-Coding (L) | L ∈ F}, where a-Coding(L) = {a-Coding(x) | x ∈ L}.

In the following lemma and observation, we narrow our attention
to CF and REG.

Lemma 4.5. Let L ∈ CF; then, a-Coding(L) ∈ REG ∩ power ({a}∗).

Proof (sketch). Let L ∈ CF. Let G be a context-free grammar in
the Chomsky normal form such that L(G) = L. In G, change every
production A → b to A → a-Coding(b), where b is a terminal; other-
wise, keep G unchanged. Let H be the context-free grammar resulting
from this simple change. Clearly, a-Coding(L) = a-Coding(L(G)) and
a-Coding(L(G)) ∈ power ({a}∗). Hence, a-Coding(L(G)) ∈ REG be-
cause every context-free language over {a} is regular (see Theorem 6.3.1
on page 194 in [8]). Thus, a-Coding(L) ∈ REG∩ power ({a}∗), so this
lemma, whose fully rigorous proof is left to the reader, holds true.

Observation 4.6. a-Coding(CF) = REG∩power ({a})∗, so a-Coding
properly reduces CF onto REG ∩ power ({a}∗).

Proof. Take any L ∈ REG ∩ power ({a}∗). Clearly,
L ∈ a-Coding(REG), so L ∈ a-Coding(CF). Hence, REG ∩
power ({a}∗) ⊆ a-Coding(CF). From Lemma 4.5, a-Coding(CF) ⊆
REG ∩ power ({a}∗). Thus, Observation 4.6 holds.
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Let n ∈ N. Recall that nG means that G has n nonterminals (see
Section 2). For all L ∈ ALL, define nGrammaticalDefinition(L) = L
if there exists a grammar nG such that L(nG) = L, and

n GrammaticalDefinition(L) = ∅ otherwise.
For all F ∈ power (ALL), define operation

nGrammaticalDefinition(F) = {n GrammaticalDefinition(L) | L ∈ F}.

Observation 4.7. 2 GrammaticalDefinition(ALL) = RE, so

2 GrammaticalDefinition properly reduces ALL onto RE, for i =
2, 3, . . . .

Proof. To prove RE ⊆ 2 GrammaticalDefinition(ALL), take any L ∈
RE. If L = ∅, then 2GrammaticalDefinition(L) = ∅, and there obvi-
ously exists a grammar 2G so L(2G) = ∅. Let L ∈ RE and L 6= ∅. By
Church’s thesis, there is a grammar nG, L(nG) = L, for some n ≥ 2.
Let nG = (N,T, P, S), {0, 1} ⊆ N, and a ∈ T . Introduce a homomor-
phism h from N ∪ T into {1}{a}+{1}. Next, we construct a grammar

2H so L(nG) = L(2H). Set 2H = ({0, 1}, T,R, 0) with

R ={0 → 111h(S)1111, 1111111 → ε}

∪ {h(x) → h(y) | x → y ∈ P}

∪ {111h(b) → b111 | b ∈ T}.

A rigorous proof that L(nG) = L(2H) is simple and left to the reader.
Thus, RE ⊆ 2GrammaticalDefinition(ALL). By Church’s thesis,

a language is generated by a grammar if and only if it belongs to RE,
so we definitely have 2 GrammaticalDefinition(ALL) ∈ RE. Thus, the
observation holds true.

Can Obseration 4.7 be established for i = 1? The answer is no as
proved next.

Observation 4.8. 1 GrammaticalDefinition(ALL) ⊂ RE, so

1 GrammaticalDefinition properly reduces ALL into RE.
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Proof (by Contradiction). Set Lprime = {aj | j is a prime}. Of course,
Lprime ∈ RE. For the sake of contradiction, assume that a grammar

1G = ({S}, {a}, P, S) satisfies Lprime = L(1G). Having a single non-
terminal, 1G would have derivations in the form

S ⇒∗ uSw ⇒∗ uvSw ⇒∗ uvvSw ⇒∗ · · · ⇒∗ uviSw ⇒∗ uviw,

where u,w ∈ T ∗, |uw| ≥ 2, v ∈ T+, so uviw ∈ Lprime for all i ≥ 0.
Of course, uviw ∈ Lprime. Set |uw| = m. Take uvmw. Observe that
|uvmw| = |uw|+m|v| = m+m|v| = m(1 + |v|), so uvmw 6∈ Lprime—a
contradiction. Thus, this observation holds.

For all F ∈ power (ALL), define operations

Union(F) = {L ∪K | K,L ∈ F}, and

DifferentUnion(F) = {L ∪K | K,L ∈ F,K 6∈ L}.

As it is shown next, while the latter represents a reducing operation
(see Observation 4.10), the former does not (see Observation 4.11).

Lemma 4.9. Let F ∈ power (ALL), and let L ∈ F satisfy card(L) ≤
card(K), for all K ∈ F. Then, L 6∈ DifferentUnion(F).

Proof. Let L ∈ F with card(L) ≤ card(K), for all K ∈ F. If
L = ∅, ∅ ∪ ∅ 6∈ DifferentUnion(F), so ∅ 6∈ DifferentUnion(F). Let
L 6= ∅, card(L) ≤ card(K). By the definition of DifferentUnion,
L − ∅ 6∈ DifferentUnion(F) and L ∪ L 6∈ DifferentUnion(F). There-
fore, every J ∈ DifferentUnion(F) satisfies card(L) < card(J). Thus,
L 6∈ DifferentUnion(F).

Observation 4.10. For all F ⊆ ALL, DifferentUnion reduces F.

Proof. Recall that we always assume F 6= ∅ (see Section 3) to see that
Lemma 4.9 implies this observation.
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4.2 Expanding Operation

Throughout the rest of this section, we discuss mostly operations that
unchange or, more often, expand language families (see parts 6 and 7
in Definition 3.1).

Observation 4.11. Let F ∈ power (ALL). If there are K,L ∈ F such
that L ∪K 6∈ F, then Union expands F; otherwise, Union unchanges
F.

Proof. Let F ∈ power (ALL). Notice that F = {J∪J | J ∈ F}. If there
are K,L ∈ F such that L ∪ K 6∈ F, then F ⊂ Union(F); otherwise,
F = Union(F).

For all F ∈ power (ALL), define Intersection(F) = {L∩K | K,L ∈
F}.

Observation 4.12. Let F ∈ power (ALL). If there are K,L ∈ F such
that L ∩K 6∈ F, then Intersection expands F; otherwise, Intersection
unchanges F.

Proof. By analogy with the proof of Observation 4.11.

Let Homomorphism denote the common language operation of ho-
momorphism (a-Coding , discussed in Lemma 4.5 and Observation 4.6,
represents its special case). For all F ∈ power (ALL), define:

Homomorphism (F) = {Homomorphism (L) | L ∈ F}.

Observation 4.13. Homomorphism expands CS onto RE.

Proof. By Theorem 9.10 in [5], RE ⊆ Homomorphism (CS). By
Church’s thesis, Homomorphism (CS) ⊆ RE. Thus, Observation 4.13
holds true.

Throughout the rest of this section, we narrow our attention to
operations applied only to CF or its subfamilies.

Observation 4.14. Homomorphism unchanges CF.
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Proof. Homomorphism (CF) ⊆ CF (see Theorem 8.12 in [2]). To prove
that CF ⊆ Homomorphism(CF), take any L ∈ CF . Consider the
homomorphism h over alph(L)∗ as the identity h(a) = a, for all a ∈
alph(L). Clearly, h(L) = L, so CF ⊆ Homomorphism(CF). Thus,
Observation 4.14 holds true.

Next, we state some specific results concerning Union applied to
CF and its proper subfamily of inherently ambiguous context-free lan-
guages, denoted by ambCF. Set unambCF = CF− ambCF.

Observation 4.15. Union unchanges CF.

Proof. For any K,L ∈ CF, L ∪ K ∈ CF, so this observation follows
from Obsevation 4.11.

Observation 4.16. Union expands unambCF into CF.

Proof. Of course, unambCF ⊆ Union(unambCF ) ⊆ CF. Take L =
{anbncm : n,m ≥ 1} and K = {ambncn | n,m ≥ 1}, both of which are
in unambCF. Recall that L ∪ K = {aibjck | i, j, k ≥ 1, i = j or j =
k} belongs to ambCF (see Example 2.47 on page 205 in [9]). Thus,

unambCF ⊂ Union(unambCF) ⊆ CF, so this observation holds true.

For every context-free grammar G, set

CFGAmb(L(G)) = {x ∈ L(G) | x is the frontier of two or more

distinct derivation trees for G}.

Lemma 4.17. Let L ∈ RE. Then, L = CFGAmb(L(G)), where G is
a context-free grammar.

Proof. Let L ∈ RE. Express L as L = h(L(I) ∩ L(J)), where L(I)
and L(J) are deterministic context-free languages, and I, J are un-
ambiguous context-free grammars (see Theorem 10.3.1 on page 310
in [8] and Theorem 6.21 on page 250 in [10]). Let I = (NI , T, PI , SI)
and J = (NJ , T, PJ , SJ), NI ∩ NJ = ∅. Define the homomorphism
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g over (NI ∪ NJ ∪ T )∗ as g(A) = A for every A ∈ NI ∪ NJ and
g(a) = h(a) for every a ∈ T . Construct the context-free grammar
G = (NI ∪NJ ∪ {X}, T, PG, SG), where X is a new nonterminal and

PG = {A → g(x) | A → x ∈ PI∪PJ}∪{SG → XSI , SG → SJX,X → ε}.

Observe that L(G) = h(L(I) ∪ L(J)). Recall that I and J are
unambiguous. Thus, (h(L(J)) − h(L(I))) ∩ CFGAmb(L(G)) = ∅
and (h(L(I)) − h(L(J))) ∩ CFGAmb(L(G)) = ∅, so CFGAmb (L(G))
⊆ h(L(I)∩L(J)). Notice that {SG → XSI , SG → SJX,X → ε} ⊆ PG.
Thus, h(L(I) ∩ L(J)) is necessarily contained in CFGAmb(L(G)), so
h(L(I)∩L(J)) ⊆ CFGAmb(L(G)). Hence, CFGAmb(L(G)) = h(L(I)∩
L(J)) = L. Therefore, Lemma 4.17 holds.

Define language-family operation CFAmb as follows. For every F ⊆
CF:

CFAmb(F) = {CFGAmb(L(G)) | G is a context-free grammar},

and for every F ⊆ ALL−CF,CFAmb(F) = ∅.

Observation 4.18. RE = CFAmb(CF), so CFAmb expands CF onto
RE.

Proof. By Lemma 4.17, RE ⊆ CFAmb(CF). From Church’s thesis,

CFAmb(CF) ⊆ RE. Thus, Observation 4.18 holds.

Next, we introduce i -Power as a language-family operation and
demonstrate that its application to LIN gives rise to an infinite hier-
archy of language families.

Let i ∈ N. For all F ⊆ ALL, recursively define operation
i -Power (F) as follows: (i) 1 -Power (F) = F, (ii) for all i ≥ 1,
(i + 1 )-Power (F) = {LK | L ∈ i -Power (F),K ∈ F}.

Theorem 4.19. For all i ≥ 1, i -Power (LIN) ⊂ i + 1 -Power (LIN);
in words, i + 1 -Power properly expands i -Power (LIN).
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Proof. Let j ∈ N. Observe that j -Power(LIN) = jLIN (see Section 2
for jLIN); a proof of this observation is simple and left to the reader.
Recall that for all i ≥ 1, iLIN ⊂ i+1LIN (see Theorem 8.3 in [5]).
Thus, Theorem 4.19 holds true.

In what follows, without any loss of generality, we assume that #
represents a special delimited marker exclusively used as described in
the following definitions of operations Middle and SymmetricMiddle .

For all L ∈ ALL, define

Middle(L) = {w | x#w#y ∈ L, x,w, y ∈ (alph(L)−#)∗}, and

SymmetricMiddle(L) =

= {w | x#w#y ∈ L, x,w, y ∈ (alph(L)−#)∗, x = reversal(y)}.

For all F ⊆ ALL, define

Middle(F) = {Middle(L) | L ∈ F}, and

SymmetricMiddle(F) = {SymmetricMiddle(L) | L ∈ F}.

At a glance, Middle and SymmetricMiddle resemble each other
very much. However, while Middle unchanges jLIN for any j ≥ 1,
SymmetricMiddle expands LIN onto RE.

Theorem 4.20. Let j ∈ N. Middle(jLIN) = jLIN, so Middle un-
changes jLIN.

Proof. Let j ∈ N. To prove Middle(jLIN) ⊆ jLIN, take any L ∈
Middle(jLIN). That is, L = Middle(L(G)), where G = (N,T, P, S) is
a j-linear grammar. Assume that in every rule of the form S → x ∈
P, x ∈ N j, and every nonterminal is terminating—that is, there is a
derivation of a terminal word starting from it. A simple proof that any
j-linear grammar can be turned to a j-linear grammar satisfying this
assumption is simple and left to the reader.

Next, we construct a j-linear grammarH soMiddle(L(G)) = L(H).
Set H = (M,T,R, 〈S〉), whose components are constructed as follows.
Set
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M = {〈aAb〉 | A ∈ N, a, b ∈ {[, ], $, ε}, ab ∈ {ε, $$, $], [$, []}},

where [, ], and $ are new symbols not contained in N ∪ T . Construct
R by performing 1 through 8, given next. In this construction, we
automatically assume that u, v, w, x, y, z ∈ T ∗, and A,B ∈ N − {S}.
Initially, set R = ∅. Perform

1. for all S → A1 . . . Ah . . . Aj ∈ P , where h ∈ {1, . . . , j}, add 〈S〉 →
〈[Ah]〉 to R;

2. for all S → A1 . . . AhAh+1 . . . Ai−1Ai . . . Aj ∈ P , where h ∈
{1, . . . , j − 1}, i ∈ {h+ 1, . . . , j}, add 〈S〉 →
〈[Ah$〉〈$Ah+1$〉 . . . . . . 〈$Ai−1$〉〈$Ai]〉 to R;

3. for all A → uBv ∈ P , add 〈A〉 → 〈B〉 and 〈$A$〉 → u〈$B$〉v to
R;

4. for all A → uBv#y ∈ P , add 〈$A]〉 → u〈$B$v〉 to R;

5. for all A → u#vBy ∈ P , add 〈[A$〉 → v〈$B$〉y to R;

6. for all A → u#vBx#y ∈ P , add 〈[A]〉 → v〈$B$〉x to R;

7. for all rules of the form A → vBu#x#y,A → u#x#vBy, and
A → #x#P , add 〈[A]〉 → x to R;

8. for all rules of the form A → w ∈ P , add 〈$A$〉 → w to R.

Gist. In essence, H uses [ and ] as boundary markers that delimit the
corresponding subword w occurring in between the two #s generated in
G. In this way, H determines every w ∈ Middle(L(G)) and generates
it, so L(H) = Middle(L(G)). For instance, suppose that G makes
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S ⇒A1 . . . Ah . . . Aj

⇒∗u1Ahu2

⇒u1u2#u3A2u4u2

⇒∗u1u2#u3u4A3u5u4u2

⇒u1u2#u3u4u6A4u7#u8u5u4u2

⇒∗u1u2#u3u4u6u9A5u10u7#u8u5u4u2

⇒u1u2#u3u4u6u9u11u10u7#u8u5u4u2.

As a result, u3u4u6u9u11u10u7 ∈ Middle(LIN). Then, H simulates
the generation of the string u3u4u6u9u11u10u7 in this way

〈S〉 ⇒∗〈[Ah]〉

⇒u3〈$A2]〉

⇒∗u3u4〈$A3]〉

⇒u3u4u6〈$A4$〉u7

⇒∗u3u4u6u9〈$A4$〉u10u7

⇒u3u4u6u9u11u10u7.

Consider all other possible forms of generating x#w#y ∈ L(G)
such that w ∈ Middle(L(G)). H simulates them by analogy with the
simulation sketched above, so Middle(L(G)) ⊆ L(H). Similarly, we
can establish L(H) ⊆ Middle(L(G)), so Middle(L(G)) = L(H). A
fully rigorous proof of this identity is simple, but lengthy and tedious,
so we omit it; the reader can easily fill in all the details.

Thus, this theorem holds true.

Considering Theorem 4.20, we find it surprising that SymmetricMiddle
properly expands LIN onto RE (see Theorem 4.28). Since proving this
result is more complicated than the previous proof, we provide it in a
greater detail. To start with, we need the notion of a queue grammar.
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A queue grammar (see [1]) is a six tuple, Q = (V, T,W,F, s, P ),
where V and W are alphabets satisfying V ∩W = ∅, T ⊆ V, F ⊆ W, s ∈
(V −T )(W −F ), and P ⊆ (V ×(W −F ))×(V ∗×W ) is a finite relation
such that for every a ∈ V , there exists an element (a, b, x, c) ∈ P . If
u, v ∈ V ∗W such that u = arb; v = rzc; a ∈ V ; r, z ∈ V ∗; b, c ∈ W ;
and (a, b, z, c) ∈ P , then u ⇒ v[(a, b, z, c)] in G or, simply, u ⇒ v.
In the usual manner, extend ⇒ to ⇒n, where n ≥ 0; then, based
on ⇒n, define ⇒+ and ⇒∗. The language of Q, L(Q), is defined as
L(Q) = {w ∈ T ∗ : s ⇒∗ wf, where f ∈ F}. Now, we slightly modify
the notion of a queue grammar. A left-extended queue grammar is a
sixtuple , Q = (V, T,W,F, s, P ), where V, T,W,F , and s have the same
meaning as in a queue grammar. P ⊆ (V × (W − F )) × (V × W )
is a finite relation (as opposed to an ordinary queue grammar, this
definition does not require that for every a ∈ V , there exists an element
(a, b, x, c) ∈ P ). Furthermore, assume that # /∈ V ∪ W . If u, v ∈
V ∗{#}V ∗W so that u = w#arb; v = wa#rzc; a ∈ V ; r, z, w ∈ V ∗;
b, c ∈ W ; and (a, b, x, c) ∈ P , then u → v[(a, b, z, c)] in G or, simply,
u ⇒ v. In the usual manner, extend ⇒ to ⇒n, where n ≥ 0; then,
based on ⇒n, define ⇒+ and ⇒∗. The language of Q,L(Q), is defined
as L(Q) = {v ∈ T ∗ : #s ⇒∗ w#vf for some w ∈ V ∗ and f ∈ F}.
Less formally, during every step of a derivation, a left-extended queue
grammar shifts the rewritten symbol over #; in this way, it records the
derivation history, which plays a crucial role in the proof of Lemma
4.22.

Lemma 4.21. For every recursively enumerable language, L, there
exists a left-extended queue grammar, Q, satisfying L(Q) = L.

Proof. Recall that every recursively enumerable language is generated
by a queue grammar (see [1], [3]). Clearly, for every queue grammar,
there exists an equivalent left-extended queue grammar. Thus, this
lemma holds.

Lemma 4.22. Let H be a left-extended queue grammar. Then, there
exists a left-extended queue grammar, Q = (V, T,W,F, s,R), such that
L(H) = L(Q) and every (a, b, x, c) ∈ R satisfies a ∈ V −T, b ∈ W −F ,
and x ∈ ((V − T )∗ ∪ T ∗).
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Proof. Let H = (ς, T,Ω, φ, σ,Π) be any left-extended queue grammar.
Set Ω′ = {q′ : q′ ∈ Ω}, Ω′′ = {q′′ : q′′ ∈ Ω}, and ς ′ = {a′ : a ∈ ς}.
Define the bijection α from Ω to Ω′ as α(q) = q′ for every q ∈ Ω.
Analogously, define the bijection β from Ω to Ω′′ as β(q) = q′′ for every
q ∈ Ω. Finally, define the bijection δ from ς to ς ′ as δ(a) = a′ for every
a ∈ ς. In the standard manner, extend δ so it is defined from ς∗ to
(ς ′)∗. Set

U = {〈y, p〉 : y ∈ T ∗, p ∈ Ω, and (a, q, xy, p) ∈ Π

for some a ∈ ς, q ∈ Ω, x ∈ ς∗}.

Without any loss of generality, assume that (δ(ς)∪T ∪α(Ω)∪β(Ω)∪
U)∩{1, f} = ∅. Set V = δ(ς)∪{1}∪T,W = α(Ω)∪β(Ω)∪{f}∪U,F =
{f}, and s = δ(a)α(q). Define the left-extended queue grammar

Q = (V, T,W,F, s,R)

with R constructed in the following way:

I if (a, q, xy, p) ∈ Π, where a ∈ ς; q ∈ Ω − Φ;x, y ∈ ς∗; and p ∈
Ω, then add (δ(a), α(q), δ(x)δ(y), α(p)) and (δ(a), α(q), δ(x)1δ(y),
α(p)) to R;

II if (a, q, xy, p) ∈ Π, where a ∈ ς, q ∈ Ω − Φ, x ∈ ς∗, y ∈
T ∗, p ∈ Ω(〈y, p〉 ∈ U), then add (δ(a), α(q), δ(x), 〈y, p〉) and
(1, 〈y, p〉, y, β(p)) to R;

III if (a, q, x, p) ∈ Π, where a ∈ ς, q ∈ Ω− Φ, x ∈ T ∗, and p ∈ Ω, then
add (δ(a), β(q), δ(x), β(p)) to R;

IV if (a, q, x, p) ∈ Π, where a ∈ ς, q ∈ Ω−Φ, x ∈ T ∗, and p ∈ Φ, then
add (δ(a), β(q), x, f) to R (recall that F = {f}).

Clearly, for every (a, b, x, c) ∈ R, a ∈ V − T, b ∈ W − F , and
x ∈ ((V − T )∗ ∪ T ∗). Leaving a rigorous proof that L(H) = L(Q) to
the reader, we next give its sketch.

To see that L(H) ⊆ L(Q), consider any v ∈ L(H). As v ∈ L(H),
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#σ ⇒∗ w#vt

in H,w ∈ ς∗, v ∈ T ∗, and t ∈ Φ. Express #σ ⇒∗ w#vt in H as

#σ ⇒∗ u#zq ⇒ ua#xyp ⇒∗ w#vt,

where a ∈ ς, u, x ∈ ς∗, y = prefix (v, |y|), z = ax,w = uax, and
during ua#xyp ⇒∗ w#vt, only terminals are generated so that the
resulting terminal string equals v. Q simulates #σ ⇒∗ u#zq ⇒
ua#xyp → ∗w#vt as follows. First, Q uses productions introduced
in I to simulate #σ ⇒∗ u#zq. During this initial simulation, it
once uses a production that generates 1 so that it can then simulate
u#zq ⇒ ua#xyp by making two derivation steps according to produc-
tions (∆(a), α(q),∆(x), 〈y, p〉) and (1, 〈y, p〉, y, β(p)) (see II). Notice
that by using (1, 〈y, p〉, y, β(p)), Q produces y, which is a prefix of v. Af-
ter the application of (1, 〈y, p〉, y, β(p)), Q simulates ua#xyp → ∗w#vt
by using productions introduced in III followed by one application of
a production constructed in IV, during which Q enters f and, thereby,
completes the generation of v. Thus, L(H) ⊆ L(Q).

To establish L(Q) ⊆ L(H), consider any v ∈ L(Q). Since v ∈ L(Q),

#s ⇒∗ w#vf

in Q, where w ∈ V ∗ and v ∈ T ∗. Examine I through IV. Observe that
Q passes through states of α(W ), U, β(W ), and {f} in this order so that
it occurs several times in states of α(W ), once in a state of U , several
times in β(W ), and once in f . As a result, Q uses productions intro-
duced in I, and during this initial part of derivation it precisely once
uses a production that generates 1 so that it can subsequently make
two consecutive derivation steps according to (δ(a), α(q), δ(x), 〈y, p〉)
and (1, 〈y, p〉, y, β(p)) (see II). By using the latter, Q produces y, which
is a prefix of v. After the application of (1, 〈y, p〉, y, β(p)), Q applies
productions introduced in III, which always use states of β(Ω). Finally,
it once applies a production constructed in IV to enter f and, thereby,
complete the generation of v. To summarize these observations, we can
express #s ⇒∗ w#vf in Q as
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#s ⇒∗ u#zq ⇒ ua#xyp ⇒∗ w#vf,

where a ∈ V, x ∈ V ∗, y ∈ T ∗, w = uax so that during #s ⇒∗ u#zq,
Q uses productions introduced in I, then it applies (1, 〈y, p〉, y, β(p))
from II to make u#zq ⇒ ua#xyp, and finally, it performs ua#xyp ⇒∗

w#vf by several applications of productions introduced in III and one
application of a production constructed in IV. At this point, based on
an examination of I through IV, we see that H makes

#iσ ⇒∗ u#zq ⇒ ua#xyp ⇒∗ w#vt

with t ∈ Φ, so v ∈ L(H). Therefore, L(H) ⊆ L(Q).

As L(H) ⊆ L(Q) and L(Q) ⊆ L(H), L(H) = L(Q).

Lemma 4.23. Let Q be a left-extended queue grammar. Then,
there exists a linear grammar, G = (N,T, P, S), such that L(Q) =
SymmetricMiddle(L(G)).

Proof. Let Q = (V, T,W,F, s,R) be a left-extended queue grammar.
Without any loss of generality, assume that Q satisfies the properties
described in Lemma 4.22 and that {0, 1, }∩(V ∪W ) = ∅. For some pos-
itive integer n, define an injection ι from VW to ({0, 1}n−1n) so that ι
is an injective homomorphism when its domain is extended to (VW )∗;
after this extension, ι thus represents an injective homomorphism from
(V W )∗ to ({0, 1}n−1n)∗ (a proof that such an injection necessarily ex-
ists is simple and left to the reader). Based on ι, define the substitution
ν from V to ({0, 1}n − 1n) as ν(a) = {ι(aq) : q ∈ W} for every a ∈ V .
Extend the domain of ν to V ∗. Furthermore, define the substitution
µ from W to ({0, 1}n − 1n) as µ(q) = {reversal(ι(aq)) : a ∈ V } for
every q ∈ W . Extend the domain of µ to W ∗. Set U = {〈p, i〉 : p ∈
W − F and i ∈ {1, 2}} ∪ {S}.

Construction. Introduce the linear grammar G = (U, T ∪{0, 1,#}, P,
S) with P constructed in the following way. Initially, set P = ∅. To
construct P , perform the following steps 1 through 5.

273
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1 if a0q0 = s, where a ∈ V − T and q ∈ W −F , then add S → u〈q, 1〉v
to P , for all u ∈ ν(a0) and v ∈ µ(q0);

2 if (a, q, y, p) ∈ R, where a ∈ V − T, p, q ∈ W − F , and y ∈ (V − T )∗,
then add 〈q, 1〉 → u〈p, 1〉v to P, for all u ∈ ν(y) and v ∈ µ(p);

3 for every q ∈ W − F , add 〈q, 1〉 → #〈q, 2〉 to P ;

4 if (a, q, y, p) ∈ R, where a ∈ V − T, p, q ∈ W − F, y ∈ T ∗, then add
〈q, 2〉 → y〈p, 2〉v to P , for all v ∈ µ(p);

5 if (a, q, y, p) ∈ R, where a ∈ V − T, q ∈ W − F, y ∈ T ∗, and p ∈ F ,
then add 〈q, 2〉 → y#.

Basic Idea. G can generate every y ∈ L(G) as S ⇒∗ u0#y#v0, where
u0 ∈ ν(a0am) with a0, . . . , am ∈ T, ui ∈ suffix (n(a0 . . . am), |ν(a0 . . . am)|
−i) for i = 1, . . . ,m − 1, v0 ∈ ν(qmq0) with q0, . . . , qm ∈ Q, vj ∈
prefix (µ(qm . . . q0), |µ(qm . . . q0))| − j) for j = 1, . . . ,m − 1, u0 =
reversal(v0). Examine the construction of P to see that S ⇒∗

u0#y#v0 in G if and only if Q makes a0q0 ⇒
∗ a0 . . . amyf according to

(a0, q0, z0, q1) through (am, qm, zm, qm+1), where qm+1 ∈ F . From this
equivalence, L(Q) = SymmetricMiddle(L(G)).

Formal Proof. For brevity, the following rigorous proof omits some
obvious details, which the reader can easily fill in. Claim 4.24, proved
next, establishes a derivation form by which G can generate each mem-
ber of L(G). This claim fulfills a crucial role in the demonstration that
SymmetricMiddle(L(G)) ⊆ L(Q), given later in this proof (see Claim
4.26).
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Claim 4.24. G can generate every h ∈ L(G) in this way

S

⇒X〈q0, 1〉t0 ⇒ g0〈q1, 1〉t1 ⇒ · · · ⇒ gk−1〈qk, 1〉tk

⇒gk〈qk+1, 1〉tk+1 ⇒ gk#〈qk+1, 2〉tk+1

⇒gk#y1〈qk+2, 2〉tk+2 ⇒ gk#y1y2〈qk+3, 2〉tk+3 ⇒ . . .

⇒∗gk#y1y2 . . . ym−1〈qk+m, 2〉tk+m

⇒gk#y1y2 . . . ym−1ym#tk+m

in G, where k,m ≥ 1; q0, q1, . . . , qk+mW − F ; y1, . . . , ym ∈ T ∗;X ∈
ν(a0), where a0 ∈ (V − T ) and s = a0q0; ti ∈ µ(qi . . . q1q0) for i =
0, 1, . . . , k+m; gj ∈ ν(d0d1 . . . dj) with d0 = a0 and d1, . . . , dj ∈ (V −T )∗

for j = 0, 1, . . . , k ; d0d1 . . . dk = a0a1 . . . ak+m with a1, . . . , ak+m ∈
V − T (that is, gk ∈ ν(a0a1 . . . ak+m) ); gk = reversal(tk+m); h =
y1y2 . . . ym−1ym.

Proof of Claim 4.24. Examine the construction of P . Observe that
every derivation begins with an application of a production having S
on its left-hand side. Set 1-U = {〈p, 1〉 : p ∈ W}, 2-U = {〈p, 2〉 :
p ∈ W}, 1-P = {p : p ∈ P and lhs(p) ∈ 1-U}, and 2-P = {p :
p ∈ P and lhs(p) ∈ 2-U}. Observe that in every successful derivation,
all applications of productions from 1-P precede the applications of
productions from 2-P . Furthermore, notice that

F (G) − {S} ⊆{#, ε}{0, 1}∗(1-U ){0, 1}∗{#, ε}

∪{#, ε}{0, 1}∗T ∗(2-U ){0, 1}∗{#, ε}.

Thus, we can always express the derivation so that the generation of
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h ∈ L(G) can be expressed as

S

⇒X〈q0, 1〉t0 ⇒ g0〈q1, 1〉t1 ⇒ · · · ⇒ gk−1〈qk, 1〉tk

⇒gk〈qk+1, 1〉tk+1 ⇒ gk#〈qk+1, 2〉tk+1

⇒gk#y1〈qk+2, 2〉tk+2 ⇒ gk#y1y2〈qk+3, 2〉tk+3

⇒· · · ⇒ gk#y1y2 . . . ym−1〈qk+m, 2〉tk+m

⇒gk#y1y2ym−1ym#tk+m,

where all the involved symbols have the meaning described in Claim
4.24. During the first |gk| steps, every sentential form has the form
γ#y1y2ym−1ym$m#τ with γ, τ ∈ {0, 1}∗, 0 ≤ |γ| = |τ | ≥ |gk|, and
γ = reversal(τ). Thus, gk = reversal(tk+m); h = y1y2ym−1ym. As a
result, Claim 4.24 holds.

Claim 4.25. Q generates every h ∈ L(Q) in this way

#a0q0

⇒a0#x0q1 [(a0, q0, z0, q1)]

⇒a0a1#x1q2 [(a1, q1, z1, q2)]

. . .

⇒a0a1 . . . ak#xkqk+1 [(ak, qk, zk, qk+1)]

⇒a0a1 . . . akak+1#xk+1y1qk+2 [(ak+1, qk+1, y1, qk+2)]

. . .

⇒a0a1 . . . akak+1 . . . ak+m−1#xk+m−1y1 . . . ym−1qk+m [(ak+m−1, qk+m−1, ym−1, qk+m)]

⇒a0a1 . . . akak+1 . . . ak+m#y1 . . . ymqk+m+1 [(ak+m, qk+m, ym, qk+m+1)],

where k,m ≥ 1; ai ∈ V − T for i = 0, . . . , k +m;xj ∈ (V − T )∗ for j =
1, . . . , k +m; s = a0q0; ajxj = xj−1zj for j = 1, . . . , k; a1 . . . akxk+1 =
z0 . . . zk; ak+1 . . . ak+m = xk; q0, q1, . . . , qk+m ∈ W − F ; qk+m+1 ∈
F, z1, . . . , zk ∈ (V − T )∗; y1, . . . , ym ∈ T ∗; h = y1y2 . . . ym−1ym.

Proof of claim 4.25. Recall that Q satisfies the properties given in
Lemma 4.22. These properties imply that Claim 4.25 holds.
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Claim 4.26. Let G generate h ∈ L(G) in the way described in Claim
4.24; then, h ∈ L(Q).

Proof of Claim 4.26. Let h ∈ L(G). Take the generation of h as de-
scribed in Claim 4.24. Taking this into consideration, examine the con-
struction of P to see that, R contains (a0, q0, z0, q1), . . . , (ak, qk, zk, qk+1),
(ak+1, qk+1, y1, qk+2),. . . , (ak+m−1, qk+m−1, ym−1, qk+m),
(ak+m, qk+m, ym, qk+m+1), where z1, . . . , zk ∈ (V − T )∗, and y1, . . . ,
ym ∈ T ∗. Then, Q makes the generation of h in the way described in
Claim 4.25. Thus, h ∈ L(Q).

Claim 4.27. Let Q generates h ∈ L(Q) in the way described in Claim
4.25; then, h ∈ L(G).

Proof of Claim 4.27. This is left to the reader.

Claims 4.24 through 4.27 imply that L(Q) = L(G), so this lemma
holds.

Theorem 4.28. RE = SymmetricMiddle(LIN), so SymmetricMiddle
properly expands LIN onto RE.

Proof. From Lemmas 4.21,4.22, and 4.23,
RE ⊆ SymmetricMiddle(LIN). From Church’s thesis,
SymmetricMiddle(LIN) ⊆ RE. Thus, Theorem 4.28 holds.

Let L ∈ ALL with card(alph(L)) ≥ 2. For all L ∈ ALL and F ⊆
ALL, define BinarySymmetricMiddle(L) = {w | x#w#y ∈ L,# 6∈
alph(w), x, w, y ∈ (alph(L)−{#})∗, x = reversal(y), card(alph({x, y}))
= 2}. For all F ⊆ ALL, define BinarySymmetricMiddle(F) =
{BinarySymmetricMiddle(L) | L ∈ F}.

Corollary 4.29. RE = BinarySymmetricMiddle(LIN), so
BinarySymmetricMiddle expands LIN onto RE.

Proof. This corollary follows from the demonstration of Theorem 4.28.
The details are left to the reader.
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5 Concluding Remarks

This section closes the study by suggesting and illustrating five new
investigation trends concerning the subject of this paper.

1 We can simplify some proofs above if we restrict our attention
only to special cases of the results that are demonstrated. To illustrate,
reconsider Theorem 4.20 and its proof. Next, we rephrase the result
just for LIN and prove it in a simpler way than the proof of Theorem
4.20. Indeed, observe that in the following proof, the construction of
H is shorter. The resulting H is also more succinct and economical
with respect to the number of nonterminals.

Theorem 5.1. Middle(LIN) = LIN, so Middle unchanges LIN.

Proof. Let j ∈ N. To prove Middle(LIN) ⊆ LIN, take any L ∈
Middle(LIN). That is, L = Middle(L(G)), where G = (N,T, P, S)
is a linear grammar. Next, we construct a linear grammar H so
Middle(L(G)) = L(H). Set H = (M,T,R, 〈S〉), whose components
are constructed as follows. Set

M = {〈aAb〉 : A ∈ N, a, b ∈ {#, ε}}

Initially, set R = ∅. Construct R by performing (1) through (5),
given next, where u, v, w, x, y, z ∈ T ∗, and A,B ∈ N .

1. for all A → uBv ∈ P , add 〈A〉 → 〈B〉, 〈#A#〉 → u〈#B#〉v,
〈A#〉 → 〈B#〉v, 〈#A〉 → u〈#B〉, 〈##A〉 → 〈##B〉, and
〈A##〉 → 〈B##〉 to R;

2. for all A → uBv#y ∈ P , add 〈A〉 → 〈B#〉v, 〈#A〉 → u〈#B#〉v,
and 〈A#〉 → 〈B##〉y to R;

3. for all A → u#vBy ∈ P , add 〈A〉 → v〈#B〉, 〈A#〉 → v〈#B#〉y,
and 〈#A〉 → 〈##B〉u to R;

4. for all A → u#vBx#y ∈ P , add 〈A〉 → v〈#B#〉x to R;

5. for all A → uBv#x#y ∈ P , add 〈A〉 → 〈B##〉x to R;
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6. for all A → u#v#xBy ∈ P , add 〈A〉 → v〈##B〉x to R;

7. for all A → w ∈ P , add 〈#A#〉 → w, 〈##A〉 → ǫ, and 〈##A〉 →
ǫ to R.

Basic Idea. Suppose that G makes

S ⇒∗u1A1u2

⇒u1u2#u3A2u4u2

⇒∗u1u2#u3u4A3u5u4u2

⇒u1u2#u3u4u6A4u7#u8u5u4u2

⇒∗u1u2#u3u4u6u9A5u10u7#u8u5u4u2

⇒u1u2#u3u4u6u9u11u10u7#u8u5u4u2,

where As and us are nonterminals and terminal strings, respectively.
As a result, u3u4u6u9u11u10u7 ∈ Middle(LIN). Then, H simulates
the generation of u3u4u6u9u11u10u7 in this way

〈S〉 ⇒∗〈A1〉

⇒u3〈#A2〉

⇒∗u3u4〈#A3〉

⇒u3u4u6〈#A4#〉u7

⇒∗u3u4u6u9〈#A4#〉u10u7

⇒u3u4u6u9u11u10u7.

Consider all the other possible generations of x#w#y ∈ L(G) such
that w ∈ Middle(L(G)). H simulates these generations by analogy with
the simulation sketched above, so Middle(L(G)) ⊆ L(H). Similarly, we
can establish L(H) ⊆ Middle(L(G)). Thus, Middle(L(G)) = L(H). A
fully rigorous proof of this identity is simple, but lengthy and tedious,
so we omit it because the reader can easily fill in all the details.

Thus, Middle(LIN) = LIN.
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2Most classical books about formal languages contain many results
concerning closure properties. Reconsider and reformulate them in
terms of the notions introduced in the present paper. For instance, for
all F ∈ power (ALL), define operation

Iteration(F) = {L∗ | L ∈ F}.

Take Iteration(REG). Clearly, {ε}∗ = ∅∗ = {ε}. For any L ∈
REG − {∅, {ε}}, L∗ ∈ infREG, where infREG denotes the family of
infinite regular languages. As obvious, infREG−Iteration(REG) 6= ∅;
in words, there exist (infinitely many) regular languages K satisfying
K 6= L∗, for all L ∈ REG. For instance, K = {a} ∪ {b}∗ is a regular
language that does not represent the iteration of any regular language.
Thus, in terms of Definition 3.1, Iteration properly reduces REG into

infREG ∪ {ε}.
3 In this paper, we restricted our attention to unary and binary

language operations, and we only considered unary language-family
operations. Drop this restriction. Study n-ary language operation as
well as n-ary language-family operation in general, for any n ≥ 1. To
illustrate, define binary language-family operation Intersection from
(power (ALL))2 into power (ALL) so for all E,F ∈ power(ALL),

Intersection(E,F) = {K ∩ L | K ∈ E, L ∈ F}.

Set UNARY = {L | L ∈ ALL, card(alph(L))} = 1}. Recall
that UNARY ∩CF ⊆ REG (see Theorem 6.3.1 on page 194 in [8]).
Thus, Intersection(UNARY, CF) = Intersection(UNARY,REG),
so Intersection(UNARY,CF) ⊆ REG and Intersection(UNARY,
CF − REG) = ∅. Of course, further investigation in this direction
would necessitate a proper generalization of Definition 3.1, restricted
to unary language-family operations in this paper.

4 Apart from operations over language families, we can study op-
erations over other mathematical notions, including notions used in
formal language theory. To illustrate a study of this kind by an exam-
ple closely related to the subject of the present paper, consider families
of grammars. Let GRAMMARS denote the family of all grammars,
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and let nGRAMMARS denote the family of all n-nonterminal gram-
mars, where n ∈ N (see Section 2). Is there a total function f from
GRAMMARS into nGRAMMARS so L(f(G)) = L(G) for every
G ∈ GRAMMARS? If so, what is the smallest n ∈ N for which such
a function exists? Reconsider the proofs of Theorems 4.7 and 4.8 to
see that we can always find such a function f from GRAMMARS

into nGRAMMARS, where n = 2 is the smallest number. That is,
for n = 1, no function like this exists.

5 Apart from a theoretical viewpoint, results concerning operations
over language families are important from a practical standpoint, too.
For instance, take multilingual translators that contain parsers, whose
techniques are restricted to a language family F. If prior to pars-
ing, the translators modify some languages in F so they are expelled
from this family, these techniques cannot parse them; consequently,
any possible expulsion like this has to be ruled out. On the other
hand, assume F ⊂ E. If the translators can reduce E into F so this
reduction makes the parsing techniques applicable, then the reduction
is obviously highly desirable in practice. To illustrate this practical
standpoint even more specifically in terms of multi-natural-language
translation, take F as the languages offically used in the EU states,
and consider E as the same family extended by other languages used
in these states together with their major dialects. For instance, apart
from French as the official language, many French people speak other
languages, such as a broad variety of Gallo-Romance languages, includ-
ing several Oı̈l and Occitan languages. As obvious, from this viewpoint,
the reduction sketched above together with its application-related ad-
vantages have its practical importance.
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On Anonymization of Cocks’ Identity-based

Encryption Scheme

Anca-Maria Nica and Ferucio Laurenţiu Ţiplea

Abstract

Cocks’ identity-based encryption (IBE) scheme is the first IBE
scheme that avoids the use of bilinear maps. Based on quadratic
residues and due to its simplicity, the scheme gained much atten-
tion from researchers. Unfortunately, the scheme is not anony-
mous in the sense that the cryptotexts may reveal the identities
for which they have been computed. Several anonymous variants
of it have then been proposed.

In this paper we revise Joye’s approach to the anonymization
of the Cocks’ IBE scheme. Due to some recent results on the
distribution of quadratic residues, we present a very simple and
direct approach that leads to Joye’s scheme.

Keywords: identity-based encryption, quadratic residue, in-
distinguishability

1 Introduction

In 1984 Adi Shamir proposed the idea of identity-based encryption [14],
which is a special case of public-key encryption. This model avoids the
public-key infrastructure and the trust chain for public keys. It uses
instead a string which uniquely identifies the receiver and computes his
public key based on it, using a publicly known hash function.

In his paper [14], Shamir showed how one can sign using the identity-
based paradigm but, regarding IBE, only seventeen years later the first
solutions were proposed. Thus, in 2001, Boneh and Franklin [5] de-
signed an IBE scheme relying on bilinear maps. In the same year,
Cocks [8] created a pairing-free IBE scheme using quadratic residues.

c©2019 by CSJM; Anca-Maria Nica and Ferucio Laurenţiu Ţiplea
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Despite its cryptotext expansion, Cocks’ scheme was a starting point
for several quadratic residues (QR) based IBE schemes by virtue of its
simplicity and elegance [17].

It was shown in [4] that Cocks’ scheme does not provide anonymity
of the receiver’s public key in the sense of Bellare et al. [3]. From this
point on, several ideas and schemes have been proposed in order to
obtain anonymous variants. The first one was due to Di Crescenzo and
Saraswat [9] in 2007, but it is quite impractical because it uses four
keys per bit of plaintext. This is also the first public key encryption
scheme with keyword search (PEKS) which is not based on bilinear
maps.

Starting from the idea in [8] but using quadratic residues in a lighter
and deeper way, Boneh, Gentry, and Hamburg [6] proposed an IBE
scheme which hides a message not in an integer but in a Jacobi sym-
bol. Moreover, the scheme is anonymous (please see also [16], [17] for
supplementary discussion on this very important scheme).

Two years later, Ateniese and Gasti proposed an interesting solu-
tion to the anonymization of Cocks’ scheme, that reaches universal
anonymity [1]. This means that the anonymization process is indepen-
dent from encryption and can be done using only the public key of the
receiver. Moreover their variant is also parallelizable, as well as Cocks’
IBE scheme. Unfortunately, Ateniese and Gasti’s scheme has much
larger cryptotexts than Cocks’ scheme.

A variant of [1] was considered in 2010 by Aouinatou and Belkasmi.
It has better performances and complexity that the original one [1]
while keeping the security in [8].

In 2014, Clear, Tewari, and McGoldrick [7] designed a variant of
Cocks’ IBE scheme which, beside the fact that it is universally anony-
mous, it keeps the time complexity close to the initial scheme. Thus,
it is faster than the scheme in [1] (as it is shown in Table 1 in [7]) and,
further more, outputs shorter cryptotexts than Cocks’ scheme.

In the same year, another scheme starting from [1] and providing
universal anonymity was proposed by Schipor [13]. Compared to the
universal anonymous variant of Ateniese and Gasti [1], the ciphertext
expansion of Schipor’s solution is considerably smaller and the scheme
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is faster.
Joye’s [11] solution to the anonymization of Cocks’ scheme is prob-

ably the most elegant and efficient one. Joye showed that Cocks ci-
phertexts are squares in a torus-like algebraic structure, and form a
quasi-group. From this, he obtained an anonymous variant of Cocks’
scheme.

In this paper we re-consider Cocks’ scheme, we discuss Galbraith’s
test in a very precise way based on the recent results in [18], and we
present Joye’s scheme for Cocks anonymization in a very direct and
simply way. We appreciate that this makes more understandable the
anonymization process behind Joye’s solution.

2 Preliminaries

We recall now the basic notation and terminology that is to be used in
the paper.

The set of integers is denoted by Z. If n, a, b ∈ Z, then a and b are
called congruent modulo n, denoted a ≡ b mod n or a ≡n b, if n divides
a− b. The remainder of the integer division of a by n, assuming n 6= 0,
is denoted (a)n, respectively. Positive integers n = pq that are product
of two distinct primes p and q will be usually called RSA integers or
RSA moduli.

Given a positive integer n, Zn stands for the set of remainders
modulo n, and Z

∗
n is the subset of integers in Zn that are co-prime to n.

An integer a co-prime with n is a quadratic residue modulo n if a ≡n x2,
for some integer x; the integer x is called a square root of a modulo n.

Let p be a prime. The Legendre symbol of an integer a modulo p,

denoted
(

a
p

)

, is 1 if a is a quadratic residue modulo p, 0 if p divides a,

and −1 otherwise. The Jacobi symbol extends the Legendre symbol to
composite moduli. If n = pe1

1 · · · p
em
m is the prime factorization of the

positive integer n, then the Jacobi symbol of a modulo n is
(

a

n

)

=

(

a

p1

)e1

· · ·

(

a

pm

)em

.

For the sake of simplicity we will use the terminology of Jacobi symbol
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in both cases (prime or composite moduli). For details regarding basic
properties of the Jacobi symbol the reader is referred to [12], [15].

Given a positive integer n and a subset A ⊆ Z
∗
n, QRn(A)

(QNRn(A), J+
n (A), J−

n (A)) stands for the set of quadratic residues
(quadratic non-residues, integers with the Jacobi symbol 1, integers
with the Jacobi symbol −1, respectively) modulo n from A. When
A = Z

∗
n, the notation will be simplified to QRn (QNRn, J+

n , J−
n , respec-

tively). When n is a prime, QRn(A) = J+
n (A) and QNRn(A) = J−

n (A).

For a set A, a ← A means that a is uniformly at random chosen
from A. If A is a probabilistic algorithm, then a← A means that a is
an output of A for some given input.

The asymptotic approach to security makes use of security param-
eters, denoted by λ in our paper. A positive function f(λ) is called
negligible if for any positive polynomial poly(λ) there exists n0 such
that f(λ) < 1/poly(λ), for any λ ≥ n0.

Let RSAgen(λ) be a probabilistic polynomial time algorithm that,
given a security parameter λ, outputs a triple (n, p, q), where n = pq
is an RSA modulus. The quadratic residuosity (QR) assumption holds
for RSAgen(λ) if the distance

|P (D(a, n) = 1 : (n, p, q)← RSAgen(λ), a← QRn)−

P (D(a, n) = 1 : (n, p, q)← RSAgen(λ), a← Jn \QRn)|,

as a function of λ, is negligible for all probabilistic polynomial-time
algorithms D.

An IBE scheme consists of four probabilistic polynomial time (PPT)
algorithms, Setup, KeyGen, Enc, and Dec. The Setup(λ) algo-
rithm outputs the public parameters PP together with the master
secret msk, having as input the security parameter λ. The Key-

Gen(PP, msk, ID) algorithm outputs the secret key for the identity
ID. The third algorithm, Enc(PP, m), computes the ciphertext of the
message m for a given identity, while the last algorithm, Dec(skID, c),
decrypts the cryptotext c using the secret key skID of the identity ID.

Regarding the security, an IBE scheme S is said to be ANON-
IND-ID-CPA secure if the advantage of any efficient PPT adversary
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A against the scheme S is negligible when the following game is con-
sidered:

Setup: the challenger C gives the public parameters outputted by
the Setup algorithm to the adversary.

Phase 1 : the adversary queries the challenger for the secret keys
corresponding to the identities that A chooses. In response, C
runs the KeyGen algorithm and sends A the secret keys. The
adversary also can issue decryption queries where he sends a pair
(IDi, ci) and receives the corresponding plaintext decrypted by
the Dec algorithm.

Challenge: in this phase A sends two challenge identities ID∗
0

and ID∗
1 to C, different from all the identities used in the pre-

vious phase, and two equal-length messages m0 and m1. The
challenger chooses at random a bit b ∈ {0, 1} and encrypts the
pair (ID∗

b , mb). Then he sends the ciphertext to A.

Phase 2 : the adversary is allowed to issue the same types of
queries as in Phase 1, with the restriction that the identities he
chooses have to be different from ID0 and ID1 which were used
in the Challenge phase.

Guess: the adversary tries to guess the pair that was encrypted
by the challenger in the Challenge phase. Thus it sends a bit b′

to the challenger.

The advantage of the adversary in the above game is computed as

AdvA,S(λ) =

∣

∣

∣

∣

P [b = b′]−
1

2

∣

∣

∣

∣

,

where λ is the security parameter.

3 Cocks’ IBE scheme and anonymization

The first pairing-free IBE scheme was proposed by Cocks and it is based
on quadratic residues [8]. The scheme is IND-ID-CPA secure in the ran-
dom oracle model (ROM) under the Quadratic Residuosity Assumption
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(QRA) modulo a large RSA integer. Cocks’ IBE scheme is defined by
four probabilistic algorithms, as it is described in Algorithm 1 on page
289.

It was mentioned in [4, Section 4] that the scheme is not anonymous
in the sense that the outputted cryptotexts contain information about
the receiver so one can check if the ciphertext was encrypted for a
specific identity. The tool which helps to decide this is Galbraith’s test
(GT), which was briefly described in [1], [4].

In order to understand Galbraith’s test, we will turn our attention
to Cocks ciphertexts, and mainly follow the approach in [18].

Working in an RSA group Z
∗
n, we will consider an integer a, which

has the Jacobi symbol modulo n equal to 1 (a corresponds to some
identity ID, but, for simplicity, we will call a the identity). Then, a
cryptotext computed for the identity a has the form c = t+at−1 mod n,
for some t ∈ Z

∗
n. That is, t is a solution to the degree two congruence

t2 − ct + a ≡ 0 mod n. It is useful then to denote [18]:

Cn(a) = {(t + at−1)n | t ∈ Z
∗
n},

C∗
n(a) = Cn(a) ∩ Z

∗
n,

Ce1,e2
n (a) =

{

c ∈ Z
∗
p |
(

c2−4a
p

)

= e1,
(

c2−4a
q

)

= e2

}

,

where n is the product of two primes p and q, and e1, e2 ∈ {−1, 0, 1}.

We recall below some results in [18]. First of all, we clearly have:

Corollary 1 ([18]). Let n be an RSA modulus and a ∈ Z
∗
n. Then the

set C∗
n(a) is a union of the sets C0,0

n , C1,0
n , C0,1

n and C1,1
n .

This union is pictorially described by Figure 1. This diagram gives
us a clear understanding of the output given by Galbraith’s test.

Notation 3.1 ([18]). Let p be an odd prime, p mod 4 = i, i ∈ {1, 3}
and a an integer co-prime with p, then we define:

τ i
p,a =

{

1, if (p)4 = i and (a)p ∈ QRp

0, otherwise
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Algorithm 1 Cocks’ IBE scheme

procedure Setup(λ):
(p, q, n)← RSAgen(λ), where n = pq;
e← J+

n \QRn;
choose a hash function h : {0, 1}∗ → J+

n ;
PP : n, e, h; ⊲ the public parameters

msk: p, q; ⊲ the master secret key

return (PP, msk).
end procedure

procedure KeyGen(msk, ID):
a = h(ID); ⊲ the identity

if a ∈ QRn then

r ← a1/2

else r ← (ea)1/2

end if ;
return r. ⊲ the secret key of the identity ID

end procedure

procedure Enc(PP, ID, m): ⊲ m ∈ {±1}
a = h(ID);
t1, t2 ← Z

∗
n such that

( t1

n

)

=
( t2

n

)

=
(m

n

)

;
c1 = t1 + at−1

1 mod n and c2 = t2 + eat−1
2 mod n;

return (c1, c2).
end procedure

procedure Dec(PP, r, (c1, c2)):
if r2 ≡ h(ID) mod n then c = c1

else c = c2

end if ;

m =
(

c+2r
n

)

;
return m.

end procedure
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and

τ̄ i
p,a =

{

1, if (p)4 = i and (a)p ∈ QNRp

0, otherwise,

where i = 1, 3.

Corollary 2 ([18]). Let p, q be two odd primes, n = pq an RSA modu-
lus, a ∈ Z

∗
n, k1 = p div 4, and k2 = q div 4. Then,

1. |C∗
n(a)| = |C∗

p ((a)p)| · |C∗
q ((a)q)|;

2. |C0,0
n (a)| = 4(τ1

p,a + τ3
p,a)(τ1

q,a + τ3
q,a);

3. |C0,1
n (a)| = 4(τ1

p,a + τ3
p,a)(k2 − τ1

q,a);

4. |C1,0
n (a)| = 4(τ1

q,a + τ3
q,a)(k1 − τ1

p,a);

5. |C1,1
n (a)| = 4|QRn(a + QRn)| = 4(k1 − τ1

p,a)(k2 − τ1
q,a);

6. |Cn(a)| = |Cp((a)p)| · |Cq((a)q)|.

Now we get the following useful result which will help us to compute
a probability in order to analyze Galbraith’s test.

Theorem 1 ([18]). Let n be an RSA modulus, the product of odd primes
p and q, and a ∈ Z

∗
n. Then the set Gn(a) is partitioned by the sets

C1,1
n (a) and C−1,−1

n (a), and its cardinal is: 4|QRn(a + J+
n )|.

The Galbraith’s test of c ∈ Z
∗
n w.r.t. a, denoted GTn,a(c), is

GTn,a(c) =

(

c2 − 4a

n

)

.

Let Gn(a) = {c ∈ Z
∗
n | GTn,a(c) = 1}. Clearly,

Gn(a) = C1,1
n (a) ∪C−1,−1

n (a).

An integer c ∈ Z
∗
n passes Galbraith’s test w.r.t. n and a if

GTn,a(c) = 1 (or, c ∈ Gn(a)). Not all Cocks ciphertexts pass Gal-
braith’s test, but most of them do. The diagram in Figure 1 shows
clearly which Cocks ciphertexts pass Galbraith’s test.
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C1,1

n
(a)

C∗

n
(a)

C0,0

n
(a)

C0,1

n
(a)

C1,0

n
(a)

Gn(a)

C−1,−1

n
(a)

Figure 1. The sets C∗
n and Gn(a)

Galbraith’s test for anonymity is then described in Algorithm 2.

Algorithm 2 Galbraith’s Test

Input : RSA modulus n, a ∈ J+
n , and c ∈ Z

∗
n

Output : 1 / 0

if
(

c2−4a
n

)

= 1 then

1 ⊲ c ∈ C∗
n(a) with prob. 1

2 −O
(

1√
n

)

else

0 ⊲ c ∈ C∗
n(a) with negl. prob.

end if

We note that if
(

c2−4a
n

)

= −1, then c 6∈ C∗
n(a) (with probability 1).

However, if
(

c2−4a
n

)

= 1, then c is a Cocks ciphertext with probability

overwhelming closed to 1/2. More precise results are offered in [18] by
the following probability:

P (c ∈ C∗
n(a) : c← Gn(a)) = |C1,1

n (a)|
|Gn(a)| = 4|QRn(a+QRn)|

4|QRn(a+J+
n )| = 1

2 −O
(

1√
n

)

.

The key-privacy test consists of the repeated application of Gal-
braith’s test with values sampled from either Gn(a) (and Gn(ea)) or
Gn(b) (and Gn(eb)), where e is as in Cocks’ IBE scheme.
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4 Another view on Joye’s scheme

Through his work, Joye [11] showed that Cocks’ scheme is homomor-
phic. He analyzed its cryptotexts and defined their precise algebraic
structure using a cyclotomic polynomial and an algebraic torus. He
defined a special multiplicative group with a certain operation, then
he described how it works for a prime modulus in order to use these
results for defining it in the case of an RSA modulus. Finally he con-
sidered the operation above over Cocks’ ciphertexts, using the discrim-
inant δ = c2 − 4a of the equation t2 − ct + a in the unknown t, where
c, a ∈ Z

∗
n, and more specifically, he considered c as a Cocks ciphertext

and a an identity in the same context.

If we look again to the set of Cocks ciphertexts, whose main part
consists of C1,1

n (a), we may imagine the following very simple method to
anonymize them: given c ∈ C1,1

n (a), modify it into c′ on a random basis
such that GTn,a(c′) = ±1. As we have to decrypt c′, the ciphertext c
must be altered in such a way so that the receiver be able to reverse it.
From this point of view, the simplest method seems to choose and fix
d such that GTn,a(d) = −1, and then to look for a binary operation ◦
on Z

∗
n such that

GTn,a(c ◦ d) = GTn,a(c) ·GTn,a(d).

If such a binary operation is found, then we may take c′ = c ◦ d (but,
once again, we flip a coin to decide whether we keep c or compute c′).

Under these circumstances we define the operation

u ◦ v =
uv + 4a

u + v
mod n,

for all u, v ∈ Z
∗
n with (u + v, n) = 1.

Although this operation depends on n and a, for the sake of sim-
plicity, we will simply denote it by ◦. Its basic properties are listed
below.

Proposition 1. Let u, v, w ∈ Z
∗
n and a ∈ J+

n . Then :

292



On Anonymization of Cocks’ IBE Scheme

1. When defined, ◦ is associative

u ◦ (v ◦ w) = (u ◦ v) ◦ w.

2. If (u + v, n) = 1 and (v2 − 4a, n) = 1, then

(u ◦ v) ◦ (−v) = u

(remark that v ◦ (−v) is not defined).

3. GTn,a(u ◦ v) = GTn,a(u) ·GTn,a(v), provided that u ◦ v is defined.

4. u ◦ u ∈ Gn(a).

Proof. In order to prove (1) we simply apply the operation ◦ and do
the computation

u ◦
vw + 4a

v + w
=

uv + 4a

u + v
◦ w.

Getting the same result on both sides, we are done

uvw + 4a(u + v + w)

uv + uw + vw + 4a
.

The second property follows from the simple computation below

(u ◦ v) ◦ (−v) =
uv+4a

u+v
·(−v)+4a

uv+4a
u+v

+(−v)

= (u(−v2)+4a(u+v−v))·(u+v)
(u+v)·(uv+4a−uv−v2)

= u(4a−v2)
4a−v2

= u.

For (3) we have:

GTn,a(u ◦ v) =
(

(u2−4a)(v2−4a)(u+v)−2

n

)

=
(

u2−4a
n

) (

v2−4a
n

)

= GTn,a(u) ·GTn,a(v).

Given that GTn,a(u ◦u) = GTn,a(u) ·GTn,a(u) from (3), it immediately
follows that GTn,a(u ◦ u) is 1, so u is in Gn(a).
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Proposition 1(3) says that u◦v passes Galbraith’s test if and only if
both u and v pass Galbraith’s test or both do not pass Galbraith’s test
(provided that u ◦ v is defined), and Proposition 1(4) says that u ◦ u
always passes Galbraith’s test.

Fortunately, this is all we need to obtain Joye’s approach to the
anonymization of Cocks’ IBE scheme, as we can see in Algorithm 3 on
page 295.

The correctness of the scheme in Algorithm 3 simply follows from
Proposition 1. As with respect to security, we have the following result.

Theorem 2. Cocks’ AnonIBE scheme is ANON-IND-ID-CPA secure
in the random oracle model under the QRA.

Proof. Any adversary A against Cocks’ AnonIBE scheme can be trans-
formed into an adversary A′ against Cocks’ IBE scheme, with an ad-
vantage greater than or equal to the advantage of A. Therefore, as
Cocks’ IBE scheme is IND-ID-CPA, Cocks’ AnonIBE scheme must be.

To prove that Cocks’ AnonIBE scheme is anonymous, consider the
sets

D0 = Gn(a0) ∪ (Gn(a0) ◦ d)

and

D1 = Gn(a1) ∪ (Gn(a1) ◦ d),

where a0 and a1 are two public keys and d is as in Cocks’ AnonIBE
scheme. We prove that c ∈ D0 iff c ∈ D1.

Let c ∈ D0. Assume first that, if GTn,a1
(c) = 1, then c ∈ D1.

Otherwise, GTn,a1
(c ◦ (−d)) = 1, which shows that c ◦ (−d) ∈ Gn(a1).

But then, (c◦(−d))◦d ∈ Gn(a1)◦d, which leads to c ∈ Gn(a1)◦d ⊆ D1.

Assume now that GTn,a0
(c) = −1. Then, GTn,a0

(c ◦ (−d)) = 1,
which proves that c◦(−d) ∈ Gn(a0) ⊆ D0. The above argument proves
then c ◦ (−d) ∈ D1, from which it follows that c ∈ D1.

As a conclusion, if c ∈ D0, then c ∈ D1. Due to the symmetry of
this relation, we get the theorem.
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Algorithm 3 Cocks’ AnonIBE scheme

procedure Setup(λ):
PP = (n, e, d, h)

⊲ where n and e are as in Cocks’ IBE scheme

d← Z
∗
n and h : {0, 1}∗ → J+

n are chosen so that

GTn,a(d) = −1 = GTn,ea(d), for any output a of h
msk = (p, q)
return (PP, msk).

end procedure

procedure Ext(msk, ID):
a = h(ID);

⊲ private key: random square root r of a or ea
return r.

end procedure

procedure Enc(PP, ID, m):
a = h(ID);
t0, t1 ← Z

∗
n with Jn(t0) = m = Jn(t1);

c0 ← {u, u ◦ d} where u = t0 + at−1
0 mod n;

c1 ← {v, v ◦ d} where v = t1 + eat−1
1 mod n;

return (c0, c1).
end procedure

procedure Dec((c0, c1), r):
set b ∈ {0, 1} such that eba ≡n r2 mod n;

return m =

{

Jn(cb + 2r), if GTn,eba(cb) = 1

Jn(cb ◦ (−d) + 2r), otherwise

end procedure
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5 Conclusion

In this paper we achieved the anonymization in Joye’s work [11] in
a significantly easier way. The main resource used in order to attain
this was the new results on quadratic residues in [18]. This extensive
study facilitates a better understanding of the cryptotexts outputted by
Cocks’ IBE scheme and their structure. Furthermore, [18] facilitates
a detailed analysis of Galbraith’s test, capturing the essence of the
anonymization process regarding Cocks’ IBE cryptotexts. This allowed
us to bring clarity and capture the essence in Joye’s variant.
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Abstract

To provide possibility to design the commutative encryption
algorithms on the basis of new versions of the hidden discrete
logarithm problem, the term ”commutativity” is interpreted in
the extended sense. Namely, the encryption algorithm is called
commutative, if the double encryption on two different keys pro-
duces the ciphertext that can be correctly decrypted using the
keys in arbitrary order. The introduced commutative encryption
method is characterized in using the single-use random subkeys.
This feature defines probabilistic nature of the encryption pro-
cess. A candidate for post-quantum commutative encryption al-
gorithm is proposed, using the computations in the 6-dimensional
finite non-commutative associative algebra with a large set of the
right-sided global units. The proposed algorithm is used as the
base of the post-quantum no-key protocol.

Keywords: commutative encryption, post-quantum cryp-
toscheme, no-key protocol, finite non-commutative algebra, as-
sociative algebra, homomorphism

MSC 2000: 94A60, 16Z05, 14G50, 11T71, 16S50.

1 Introduction

The most widely used public-key cryptoschemes are based on the com-
putational difficulty of the factoring problem (FP) and the discrete
logarithm problem (DLP). However, both the FP and the DLP can
be solved in polynomial time on a quantum computer [1]. This means
that cryptographic schemes based on the FP and on the DLP will not
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be secure in the coming era of quantum computing [2]. Future prac-
tice needs post-quantum public-key cryptoschemes. A cryptographic
algorithm or protocol is called post-quantum, if it runs efficiently on
classical computers but will resist quantum attacks [3],[4], i. e., attacks
performed with using hypothetic quantum computers.

Currently, post-quantum cryptographic research efforts are mainly
focused on developing practical public-key cryptoschemes based on the
computationally difficult problems different from the FP and DLP. In
the frame of the competition announced by NIST (in the end of 2016)
on development of the post-quantum public-key cryptoschemes suitable
as candidates for new cryptographic standards several dozen of signa-
ture schemes, public encryption algorithms, and public key-agreement
protocols have been selected for further research [5].

The commutative encryption algorithms possessing security to the
known-plaintext attacks are attractive for different practical applica-
tions. The known commutative ciphers are based on the computational
difficulty of the DLP, therefore they do not provide security against
quantum attacks. Development of the post-quantum versions of the
commutative ciphers is also a challenge in the area of applied and the-
oretic cryptography. However, the problem of the development of the
post-quantum commutative encryption algorithms has practically re-
mained outside the attention of researchers.

The first attempt to solve the noted problem relates to the work [6]
in which a commutative cipher was proposed, based on the hidden dis-
crete logarithm problem (HDLP) defined in a finite quaternion algebra.
In the recent paper [7] it is shown that that version of the HDLP can
be polynomially reduced to the DLP in a finite field.

In the present paper a new form of the HDLP is applied to design
the post-quantum commutative encryption algorithm suitable as the
base primitive of the post-quantum no-key protocols. The used form
of the HDLP is formulated in the 6-dimensional finite non-commutative
associative algebra (FNAA) containing a large set of the global right-
sided units. The introduced encryption method represents a specific
probabilistic transformation, therefore it has been required to extend
the interpretation of the notion of commutative encryption. Namely,
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we call the encryption algorithm commutative, if the double encryp-
tion on two different keys produces the ciphertext that can be correctly
decrypted with using the keys in arbitrary order. Such type of com-
mutative ciphers can be used in the no-key encryption protocols.

2 Preliminaries

2.1 Algebraic carriers of the HDLP

In a finite m-dimensional vector space defined over a finite field, for
example, GF (p) there are defined two standard operations: addition
of two vectors and multiplication of some given vector A by a scalar
d ∈ GF (p). The vector space with the additionally defined operation
of multiplying two arbitrary vectors which is distributive relatively the
addition operation is called the m-dimensional finite algebra. If the
multiplication operation (denoted as ◦) is non-commutative and as-
sociative, then we have an m-dimensional FNAA. Suppose e0, e1, ...
em−1 are the basis vectors. The vector A is denoted in the following two
forms: A = (a0, a1, . . . , am−1) and A = a0e0 + a1e1 + · · ·+ am−1em−1,
where a0, a1, . . . , am−1 ∈ GF (p) are called coordinates.

Usually the multiplication operation of two vectors A and B =
∑m−1

j=0
bjej is defined with the formula

A ◦B =
m−1
∑

i=0

m−1
∑

j=0

aibj(ei ◦ ej),

in which products of different pairs of basis vectors ei ◦ ej are to be
substituted by a single-component vector indicated in the so called
basis vector multiplication table (BVMT). Every cell of the BVMT
contains some single-component vector λek, where λ ∈ GF (p) is called
structural coefficient. If λ = 1, then the content of the cell is denoted
as ek. One usually assumes that the left operand ei defines the row
and the right one ej defines the column. The intersection of the ith
row and jth column defines the cell indicating the value of the product
ei ◦ ej. To define associative multiplication one should compose the
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BVMT that defines associative multiplication of all possible triples of
the basis vectors (ei, ej, ek):

(ei ◦ ej) ◦ ek = ei ◦ (ej ◦ ek) .

2.2 Forms of the HDLP

The DLP is defined in a finite cyclic group Γ as follows: Y ′ = Gx,
where G is a generator of the group and the value x is unknown nat-
ural number. Finding the value x, when the values G and Y ′ are
known, is called DLP. The HDLP is defined so that one of the values
G and Y ′ or both of them are hidden (masked). Thus, it is supposed
the cyclic group Γ is a subset of elements of some algebraic structure
called carrier of the HDLP. The FNAAs suite well for defining different
versions of the HDLP. The exponentiation operation Gx is the base
operation in the HDLP. The operations used to mask the values G and
Y ′ are called the masking operations. To provide possibility to design
a public-key cryptoscheme on the basis of HDLP one should use the
masking operations that are mutually commutative with the base ex-
ponentiation operation. Therefore, the automorphism-map operations
and the homomorphism-map operations are attractive to be applied as
masking operations. A particular form of the HDLP is defined by the
concrete set of the used masking operations.

The FNAAs are of significant interest as algebraic carriers of the
HDLP and the cryptoschemes on its base. Different types of the FNAAs
are used to define different forms of the HDLP. For the first time the
HDLP was defined in the finite algebra of quaternions [6],[8] as follows:

Y = Qw ◦Gx ◦Q−w = α (Gx) , (1)

whereQ◦G 6= G◦Q; α (V ) is the automorphism-map operation (V takes
on all values in the quaternion algebra). The form of HDLP described
by the formula (1) was applied to design a public key-agreement scheme
and commutative encryption algorithm [6],[8]. However, reducibility of
the first form of the HDLP to the DLP in the finite field GF (p2) was
shown in the paper [7].
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Recently [9],[10] several new FNAAs and new versions of the HDLP
were introduced and used to develop the post-quantum digital signature
protocols. For example, in the digital signature scheme defined in the
FNAA containing global two-sided unit the public key represents the
triple of vectors (Y,Z, T ) defined as follows [9]:

Y = Q ◦Gx ◦Q−1, Z = H ◦G ◦H−1; T = Q ◦E ◦H−1, (2)

where Q ◦G 6= G ◦Q; H ◦G 6= H ◦Q; E is a randomly selected vector
from the set of local units related to the non-invertible vector G. The
HDLP consists in finding the value x in the case, when only the public
key is known.

In the signature scheme defined in the FNAA containing a large set
of global left-sided units the public key represents the pair of vectors
(Y,Z) defined as follows [10]:

Y = H ◦Gx ◦D, Z = J ◦G ◦ T, (3)

where D ◦G 6= G◦D; D ◦H = L1; D ◦J = L2; T ◦J = L3; L1, L2, and
L3 are global left-sided units. The HDLP consists in finding the value
x in the case, when only the values Y and Z are known. In each of
the last two versions of the HDLP no element of the base finite cyclic
group is known, therefore the method [7] for reducing the HDLP to the
DLP in a finite field does not work.

2.3 Commutative encryption

Encryption function (algorithm) F is called commutative, if for ar-
bitrary encryption keys K1 and K2 6= K1 it satisfies the following
condition

FK1 [FK2(M)] = FK2 [FK1(M)], (4)

where M is a plaintext. Commutative ciphers resisting the known
plaintext attack can be used to implement Shamir’s no-key protocol
(also called Shamir’s three-pass protocol [11]) described as follows.
Suppose Alice wishes to send the secret message M to Bob, using a
public channel and no shared key. For this purpose they can use the
following protocol:
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1. Alice selects at random the key K1 and encrypts the message
M using a commutative encryption function F : C1 = FK1(M). Then
she sends the ciphertext C1 to Bob.

2. Bob selects at random the key K2 and encrypts the ciphertext
C1 : C2 = FK2(C1). Then he sends the ciphertext C2 to Alice.

3. Alice decrypts the ciphertext C2 obtaining the ciphertext C3 =
F−1

K1
(C2). Then she sends the ciphertext C3 to Bob.

Having received the ciphertext C3 Bob computes the value M ′ =
F−1

K2
(C3). Due to commutativity of the encryption function F we have

M ′ =M :

M ′ = F−1

K2
(C3) = F−1

K2
[F−1

K1
(C2)] = F−1

K2
[F−1

K1
[FK2(C1)]] =

= F−1

K2
[F−1

K1
[FK2(FK1(M))]] = F−1

K2
[F−1

K1
[FK1(FK2(M))]] =

= F−1

K2
[FK2(M)] =M.

This protocol provides security to passive attacks (an adversary
only intercepts the ciphertexts sent via a channel), if the used com-
mutative encryption function F is secure to the know-plaintext attack.
The appropriate commutative encryption function is provided by the
exponentiation cipher proposed by Pohlig and Hellman in [12], which
is described as follows. Suppose p is a 2464-bit prime such that number
(p − 1) contains a large prime divisor q, for example, p = 2q + 1.

To generate an encryption/decryption key (e, d) one selects a ran-
dom number e (having size equal to 256 bit or more) that is mu-
tually prime with the value (p − 1) and then computes the value
d = e−1 mod p− 1. The encryption is defined by the formula

C =M e mod p.

The next formula defines the decryption operation:

M = Cd mod p.

The Pohlig-Hellman commutative encryption algorithm is as secure
as the DLP modulo p is difficult. In this paper we use the notion of the
commutativity in the extended sense, namely, we call the encryption
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algorithm commutative, if the consecutive encryption of the paintext
with using two different keys produces the ciphertext which can be
decrypted correctly using the keys in arbitrary order. The ciphers
possessing such property can be used for imlementation of the three-
pass no-key protocol.

The indicated interpretation of the notion of the commutative en-
cryption covers the commutative encryption functions defined by the
formula (4) Only deterministic encryption functions can be commuta-
tive in the sense defined by the formula (4). In the proposed extended
sense of commutativity both the deterministic encryption functions and
the probabilistic encryption functions can be commutative.

3 Algebraic carrier of the proposed post-quan-

tum commutative cipher

The BVMT shown as Table 1 defines the 6-dimensional FNAA which
contains p3 different global right-sided units that can be computed from
the following vector equation:

A ◦X = A, (5)

where X = (x0, x1, . . . , x5) is the unknown. Using Table 1 one can
represent the equation (5) in the form of the following system of six
linear equations with six unknowns x0, x1, x2, x3, x4, x5:







































τa0x1 + a0x4 + a2x2 + τa2x5 + a4x0 + τa4x3 = a0;

τa1x1 + a1x4 + a3x2 + τa3x5 + a5x0 + τa5x3 = a1;

a0x0 + τa0x3 + τa2x1 + a2x4 + a4x2 + τa4x5 = a2;

a1x0 + τa1x3 + τa3x1 + a3x4 + a5x2 + τa5x5 = a3;

a0x2 + τa0x5 + a2x0 + τa2x3 + τa4x1 + a4x4 = a4;

a1x2 + τa1x5 + a3x0 + τa3x3 + τa5x1 + a5x4 = a5

(6)

Performing the variable substitution u1 = τx1 + x4, u2 = x2 + τx5,
and u3 = x0 + τx3 one can represent the system (6) in the form of the
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following two systems of linear equations:











u1a0 + u2a2 + u3a4 = a0;

u1a2 + u2a4 + u3a0 = a2;

u1a4 + u2a0 + u3a2 = a4;

(7)











u1a1 + u2a3 + u3a5 = a1;

u1a3 + u2a5 + u3a1 = a3;

u1a5 + u2a1 + u3a3 = a5.

(8)

Table 1

The BVMT defining the FNAA containing p3 global right-sided units

◦ e0 e1 e2 e3 e4 e5

e0 e2 τe0 e4 τe2 e0 τe4
e1 e3 τe1 e5 τe3 e1 τe5
e2 e4 τe2 e0 τe4 e2 τe0
e3 e5 τe3 e1 τe5 e3 τe1
e4 e0 τe4 e2 τe0 e4 τe2
e5 e1 τe5 e3 τe1 e5 τe3

One can easily see that the systems (7) and (8) are simultaneously
satisfied for arbitrary vector A with the values of the unknowns u1 = 1,
u2 = 0, and u3 = 0. Thus, every vector X = (x0, x1, x2, x3, x4, x5)
coordinates of which satisfy the conditions











τx1 + x4 = u1 = 1;

x2 + τx5 = u2 = 0;

x0 + τx3 = u3 = 0;

⇒











x4 = 1− τx1;

x2 = −τx5;

x0 = −τx3

(9)

is one of the solutions of the system (6) for every possible value A,
i. e., every of such vectors X represent a right-sided unit acting on all
elements of the considered FNAA (in this sense such units are global).
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From the conditions (9) we get the following formula describing the set
of p3 different global right-sided units contained in the algebra:

R = (r0, r1, r2, r3, r4, r5) = (−τx3, x1, − τx5, x3, 1− τx1, x5) ,
(10)

where x1, x3, x5 = 0, 1, . . . p− 1.
Evidently the considered FNAA contains neither global left-sided

unit nor global two-sided unit. However, the algebra contains local
left-sided units acting in the frame of some subsets of the elements.
The local left-sided unit corresponding to some 6-dimensional vector A
can be computed as solution of the following vector equation:

X ◦ A = A. (11)

The vector equation (11) can be represented in the form of the following
two systems each of which contains three equations:











(τa1 + a4) x0 + (a2 + τa5)x2 + (a0 + τa3) x4 = a0;

(a0 + τa3) x0 + (τa1 + a4)x2 + (a2 + τa5) x4 = a2;

(a2 + τa5) x0 + (a0 + τa3)x2 + (τa1 + a4) x4 = a4;

(12)











(τa1 + a4) x1 + (a2 + τa5)x3 + (a0 + τa3) x5 = a1;

(a0 + τa3) x1 + (τa1 + a4)x3 + (a2 + τa5) x5 = a3;

(a2 + τa5) x1 + (a0 + τa3)x3 + (τa1 + a4) x5 = a5.

(13)

The main determinant of the systems (12) and (13) is the same and
equal to the value

∆A = (a0 + τa3)
3 + (τa1 + a4)

3 + (a2 + τa5)
3 −

− 3 (a0 + τa3) (τa1 + a4) (a2 + τa5) .
(14)

If ∆A 6= 0, then there exists the single solution X = LA that represents
the local left-sided unit of the vector A.

Proposition 1. Suppose the vector A is such that ∆A 6= 0. Then
there exists some integer ω such that Aω = LA and the vector LA is
simultaneously one of the global right-sided units.
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Proof. Let us consider the sequence of the vectors A,A2, . . . Ah, . . .
Ak, . . . . For all integer values i one has Ai 6= O, where O =
(0, 0, 0, 0, 0, 0), since ∆A 6= 0. Due to finiteness of the considered al-
gebras and condition ∆A 6= 0 the indicated sequence is periodic, i. e.,
for some integer h and minimum integer k > h we have the following:

Ak = Ah ⇒ Ak−h ◦ Ah = Ah ⇒
(

Ak−h ◦ A−A
)

◦ Ah−1 = O ⇒

Ak−h ◦A−A = O ⇒ Ak−h ◦ A = A⇒ Ak−h = LA,

Ak−h ◦A = A⇒ A ◦Ak−h = A⇒ Ak−h = RA = LA = EA,

where RA is one of the global right-sided units described by the formula
(10); LA is the local left-sided unit related to the vector A; EA is the
local two-sided unit related to A. Thus, Proposition 1 holds true.

The single local two-sided unit EA corresponds to the vector A
such that ∆A 6= 0, since EA = LA and we have the single local left-
sided unit relating to the vector A. The value ω = k − h such that
Aω = EA can be called the local order of the vector A. Proposition 1
shows Aω−1 ◦A = A ◦Aω−1 = EA, i. e., the vector Aω−1 is the inverse
value of the vector A relatively the local two-sided unit EA.

In the next section a new method for commutative encryption is
proposed, at the development of which the following propositions have
been used.

Proposition 2. If the vector equation A ◦ X = B has solution
X = S, then p3 different values Xi = Ri ◦ S, where Ri takes on all
values from the set (10), also are solutions of the given equation.

Proof. A ◦ (Ri ◦ S) = (A ◦Ri) ◦ S = A ◦ S = B. The Proposition 2
is proven.

Proposition 3. If A ◦B = R, where R is a global right-sided unit,
then the equality Ai ◦Bi = R holds true for arbitrary natural value i.

Proof.
Ai ◦Bi =

(

Ai−1 ◦R
)

◦Bi−1 = Ai−1 ◦Bi−1 = Ai−2 ◦Bi−2 = . . .
· · · = A ◦B = R. The Proposition 3 is proven.

Proposition 4. If A ◦B = R, where R is a global right-sided unit,
then the map defined by the formula ψ(X) = B ◦ X ◦ A, where the
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vector X takes on all values in the considered algebra, represents a
homomorphism.

Proof. SupposeX1 and X2 are arbitrary two vectors. Then we have

ψ (X1 ◦X2) = B ◦ (X1 ◦X2) ◦ A = B ◦ (X1 ◦R ◦X2) ◦A =

= (B ◦X1 ◦ A) ◦ (B ◦X2 ◦ A) = ψ (X1) ◦ ψ (X2) ;

ψ (X1 +X2) = B ◦ (X1 +X2) ◦A = (B ◦X1 ◦ A) + (B ◦X2 ◦ A) =

= ψ (X1) + ψ (X2) .

The Proposition 4 is proven.

Proposition 5. The homomorphism-map operation ψ(X) = B ◦
X ◦ A, where A ◦ B = R, and the exponentiation operation Xi are
mutually commutative, i. e., the equality B ◦ Xi ◦ A = (B ◦X ◦ A)i

holds true.

Proof. Due to Proposition 4 we have ψ(Xi) = (ψ(X))i , i. e.,
B ◦Xi ◦A = (B ◦X ◦ A)i . The Proposition 5 is proven.

Proposition 6. Suppose the vector R is an arbitrary global right-
sided unit and the vector X takes on all values in the considered FNAA.
Then the map defined by the formula ϕ(X) = R ◦ X is a homomor-
phism.

Proof. Suppose X1 and X2 are arbitrary two 6-dimensional vectors.
Then we have

ϕ (X1 ◦X2) = R ◦ (X1 ◦X2) = (R ◦X1) ◦ (R ◦X2) = ϕ (X1) ◦ ϕ (X2) ;

ϕ (X1 +X2) = R ◦ (X1 +X2) = R ◦X1 +R ◦X2 = ϕ (X1) + ϕ (X2) .

The Proposition 6 is proven.

Proposition 7. The homomorphism-map operation ϕ(X) = R◦X,
where R is a global right-sided unit, and the exponentiation operation
Xi are mutually commutative, i. e., the equality R ◦ Xi = (R ◦ X)i

holds true.

Proof. Due to Proposition 6 we have ϕ(Xi) = (ϕ(X))i , i. e.,
R ◦Xi = (R ◦X)i. The Proposition 7 is proven.
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4 Probabilistic commutative encryption algo-

rithm

Suppose the FNAA described in Section 3 is defined over the field
GF (p), where the prime p = 2q + 1; q is a 256-bit prime, and the
encrypted message is represented in the form of the vector T =
(t0, t1, . . . , t5) such that ∆T 6= 0. (For some given message probabil-
ity that ∆A = 0 is negligible. Besides, one can modify the message to
satisfy the condition ∆T 6= 0.) The local two-sided unit ET relating to
the vector T can be computed from the vector equation

X ◦ T = T. (15)

The vector ET is contained in the set of global right-sided units (10).
The algebra contains different vectors relating to some fixed value R
from the set (10). All vectors such that the local two-sided unit of
every of them is equal to R compose a finite group. The vector T is
contained in a single of the mentioned finite groups and it generates a
cyclic subgroup having the order ω that is a divisor of the value p2−1.
Therefore, the alternative method for computing the value ET relates
to using the formula

ET = T p2−1. (16)

However, finding the value ET as solution of the vector equation (15)
has significantly lower computational complexity. From (16) one can
see that the message T can be encrypted and correctly decrypted with
using the following two formulas:

C = T e; T = Cd, (17)

where e and d are non-negative integers such that ed ≡ 1 mod p2 − 1.

The formula (17) defines the commutative encryption function,
the security of which to the known-plaintext attack is based on com-
putational difficulty of the DLP. To develop a post-quantum com-
mutative cipher one can use the masking operations, namely, the
homomorphism-map operations ψ and ϕ.
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4.1 Using the homomorphism map ϕ as encryption op-

erations

The encryption of the message T with using the ϕ operation is per-
formed with using the single-use subkey representing a randomly se-
lected global right-sided unit R and is described as follows:

1. Compute the local two-sided unit ET relating to the vector T.
2. Generate a random global right-sided unit R and compute the

vector C = R ◦ T e.
3. Output the ciphertext in the form of the pair of two vectors

(ET , C) .
This encryption procedure represents probabilistic ciphering pro-

cess due to using a randomly selected single-use subkey R. The output
ciphertext is two times larger in size than the input message T . The
decryption is performed in accordance with the formula

T = ET ◦ Cd.

Correctness proof of this decryption formula is as follows:

ET ◦ Cd = ET ◦ (R ◦ T e)d = ET ◦R ◦ T ed = ET ◦ T = T.

To consider the commutativity property of the introduced encryption
function one should define the process of encrypting the message on
two different keys. Evidently, the first element of the ciphertext, i. e.,
the vector ET should not be transformed in the frame of the second
encryption. Therefore, the encryption of the message T on the key
(e1, d1) and then on the key (e2, d2) produces the ciphertext

C12 = (ET , R2 ◦ T
e1e2) ,

where R2 is a global right-sided unit selected at random at the second
encryption as the single-use subkey. The encryption of the message T
on the key (e2, d2) and then on the key (e1, d1) produces the ciphertext

C21 = (ET , R1 ◦ T
e2e1) ,

where R1 is a random global right-sided unit selected as the single-use
subkey at the second encryption. Due to probabilistic nature of the
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encryption function in the considered two cases we have got different
output ciphertexts. However, one can easily show both the cipher-
text C21 and the ciphertext C12 are decrypted correctly using the keys
(e1, d1) and (e2, d2) in arbitrary order. Thus, the described encryption
function is commutative.

4.2 Using the homomorphism map ψ as encryption op-

eration

To implement encryption of the message T with using the ψ operation
one should apply two common parameters representing the vectors A
and B such that A ◦B = R0, where R0 is some fixed global right-sided
unit, and additional subkey representing a non-negative integer t < p2−
1, i. e., the encryption key represents the triple of the natural numbers
(e, d, t). The encryption procedure includes the following steps:

1. Compute the local two-sided unit ET relating to the vector T .

2. Compute the vector C = Bt ◦ T e ◦At.

3. Output the ciphertext in the form of the pair of two vectors
(ET , C).

This encryption algorithm is a deterministic procedure; the cipher-
text is two times larger in size than the source message though. The
decryption is performed in accordance with the formula

T = ET ◦ At ◦ Cd ◦Bt.

Correctness proof of this decryption formula is as follows:

ET ◦ At ◦ Cd ◦Bt = ET ◦ At ◦
(

Bt ◦ T ed ◦At
)

◦Bt =

= ET ◦R0 ◦ T ◦R0 = ET ◦ T = T.

Let us consider the case of encryption of the message T on two indepen-
dent keys (e1, d1, t1) and (e2, d2, t2). Like in the case of the encryption
algorithm described in the previous subsection the first element of the
ciphertext, i. e., the vector ET should not be transformed in the frame
of the second encryption. Encryption of the message T on the first key
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and then on the second key produces the ciphertext

C12 =
(

ET , B
t1+t2 ◦ T e1e2 ◦At1+t2

)

.

Encryption of the message T on the second key and then on the first
key produces the ciphertext

C21 =
(

ET , B
t2+t1 ◦ T e2e1 ◦ At2+t1

)

= C12.

Thus, we have the same output ciphertext in the both cases, i. e., the
described encryption algorithm is commutative.

4.3 Post-quantum commutative cipher and no-key pro-

tocol on its basis

In this section the post-quantum version of the commutative cipher is
proposed, which is based on the HDLP defined with using both the
masking ϕ-map operation and the masking ψ-map operation. The
encryption procedure is performed using the key (e, d, t) as follows:

1. Compute the local two-sided unit ET relating to the input mes-
sage T.

2. Generate a random global right-sided unit and compute the
vector C = R ◦Bt ◦ T e ◦At.

3. Output the ciphertext in the form of the pair of two vectors
(ET , C) .

This encryption algorithm is a probabilistic procedure. The decryp-
tion is performed in accordance with the formula

T = ET ◦ At ◦ Cd ◦Bt.

Correctness proof of this decryption formula is as follows:

ET ◦ At ◦ Cd ◦Bt = ET ◦ At ◦
(

R ◦Bt ◦ T ed ◦At
)

◦Bt =

= ET ◦R0 ◦ T ◦R0 = ET ◦ T = T.

Encrypting the message T on the key (e1, d1, t1) and then on the key
(e2, d2, t2) produces the ciphertext

C12 =
(

ET , R2 ◦B
t2+t1 ◦ T e1e2 ◦ At1+t2

)

,
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where R2 is a random global right-sided unit used at the second en-
cryption as the single-use subkey. Encryption of the message T on the
key (e2, d2, t2) and then on the key (e1, d1, t1) produces the ciphertext

C21 =
(

ET , R1 ◦B
t1+t2 ◦ T e2e1 ◦ At2+t1

)

,

where R1 is a random global right-sided unit used at the second en-
cryption as the single-use subkey.

In the considered two cases of double encryption we have differ-
ent output ciphertexts. However, each of the ciphertexts is decrypted
correctly, when performing the double decryption with using the keys
in arbitrary order. Thus, the proposed post-quantum encryption algo-
rithm is commutative. It can be used as the base encryption function
in the following post-quantum no-key protocol.

1. Alice selects her local key (eA, dA, tA) , generates at random the
single-use subkey RA, computes the two-sided local unit relating to the
vector T, and encrypts the message M :

C1 = RA ◦BtA ◦ T eA ◦AtA .

Then she sends the ciphertext (ET , C1) to Bob.

2. Bob selects his local key (eB , dB , tB), generates at random the
single-use subkey RB, and encrypts the vector C1:

C2 = RB ◦BtB ◦ CeB
1

◦ AtB .

Then he sends the vector C2 to Alice.

3. Alice generates at random the single-use subkey R′

A and decrypts
the vector C2 obtaining the ciphertext

C3 = R′

A ◦ AtA ◦ CdA
2

◦BtA .

Then she sends the vector C3 to Bob.

Having received the ciphertext C3 Bob computes the value

M = ET ◦ AtB ◦ CdB
3

◦BtB .
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Correctness proof of this decryption formula is as follows:

C2 = RB ◦BtB ◦ CeB
1

◦AtB =

= RB ◦BtB ◦
(

RA ◦BtA ◦ T eA ◦ AtA
)eB ◦ AtB =

= RB ◦BtB ◦
(

RA ◦BtA ◦ T eAeB ◦ AtA
)

◦AtB =

= RB ◦BtBBtA ◦ T eAeB ◦ AtAAtB ⇒

C3 = R′

A ◦ AtA ◦
(

RB ◦BtBBtA ◦ T eAeB ◦ AtAAtB
)dA ◦BtA =

= R′

A ◦R0 ◦B
tB ◦ T eAeBdA ◦AtB ◦R0 =

= R′

A ◦BtB ◦ T eB ◦ AtB ⇒

ET ◦AtB ◦ CdB
3

◦BtB = ET ◦AtB ◦
(

R′

A ◦BtB ◦ T eBdB ◦ AtB
)

◦BtB =

= ET ◦R0 ◦ T ◦R0 = ET ◦ T = T.

5 Conclusion

Interpreting the notion of commutative encryption in the wider sense,
for the first time the probabilistic commutative encryption algorithm
has been developed. The 6-dimensional FNAA containing p3 differ-
ent global right-sided units, which is defined over the finite ground
field GF (p), have been used as the algebraic carrier of the proposed
post-quantum probabilistic commutative cipher based on the HDLP.
The base encryption operation is the exponentiation operation com-
plemented with two different masking homomorphism-map operations.
One more novel feature of the commutative encryption method is the
application of the single-use subkeys selected at random from the set
of the global right-sided units.

On the basis of the introduced commutative cipher a post-quantum
no-key protocol have been developed that seems more attractive for
practical applications than the recently proposed one [13].
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A new multi-offspring crossover operator for

genetic algorithm to facilitate the traveling

salesman problem

Abid Hussain, Salman A. Cheema

Abstract

This research work provides a detailed working principle and
official analysis of a multi-offspring crossover operator. The pro-
posed operator explains the true theory of survival-of-fittest using
the foundation of evolutionary theories of biology and ecological
theories of mathematics. We found a considerable improvement
because the proposed operator enhances the opportunity of hav-
ing better offspring, which results in highly competitive popu-
lation. Simulation results of this operator with other competi-
tor crossover operators for one of the combinatorial optimization
problems, i.e. traveling salesman problem, are obviously showing
its pros at better accuracy level. Moreover, the t-test and per-
formance index (PI) establishes the improved significance and
accuracy levels of the proposed operator. Preferable results of
this operator not only confirm its advantages over the others,
but also show long run survival of a generation having a number
of offspring more than the number of parents with the help of
mathematical ecology theory.

Keywords: Traveling salesman problem, genetic algorithms,
crossover operators, multi-offspring, performance index.

1 Introduction

The traveling salesman problem (TSP) is one of the most famous bench-
mark, significant, historic and very important combinatorial optimiza-
tion problem [1]. TSP was documented by Euler in 1759, his interest

c©2019 by CSJM; Abid Hussain, Salman A. Cheema
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was how to get rid of the knight’s tour problem [2]. It is the fundamen-
tal problem in the fields of computer science, engineering, operations
research, discrete mathematics and graph theory etc. To find the short-
est tour that visits each city by a salesman in a given list exactly once
and then returns to the starting city is the required goal. TSP has ex-
tremely large search spaces and is very difficult to solve, so it is called
a typical non-deterministic polynomial (NP-hard) problem [3]–[5]. The
given n cities, a distance matrix C = [cij ]n×n is searched for a permu-
tation λ : {0, ..., n− 1} −→ {0, ..., n− 1}, where cij is the distance from
city i to city j, which minimizes the traveled distance, f(λ,C):

f(λ,C) =

n−1
∑

i=0

d(cλ(i), cλ(i+1)) + d(cλ(n), cλ(1)), (1)

where λ(i) represents the location of city i in each tour, d(ci, cj) is the
distance between city i and city j and (xi, xj) is a specified position
of each city in a tour in the plane, and the Euclidean distances of the
distance matrix C between the city i and the city j are expressed as:

cij =
√

(xi − xj)2 + (yi − yj)2, (2)

For n cities, there are (n−1)! possible ways to find the tour after fixing
the starting city for asymmetric distances, i.e. cij 6= cji and its half for
symmetric ones, i.e. cij = cji. This type of problems cannot be solved
using traditional optimization approaches like gradient-based methods.
To achieve the optimal solution within a reasonable amount of time,
heuristic approaches are efficient at handling the NP-hard problems [6].
Apart from its theoretical approach, TSP is widely used as a model
in many fields such as vehicle routing problem [7], physical mapping
problems [8], constructing phylogenetic trees [9], machine flow shop
scheduling [10] and so on.

TSP is a very carefully studied problem and received considerable
attention over the last few decades. A lot of algorithms have been pre-
sented to solve this problem by researchers. These algorithms are gen-
erally divided into two classes: exact and approximate algorithms. The
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branch-and-bound [11] and cutting planes [12] are the two examples of
exact algorithms which are excessively time consuming especially in
large scale problems. Approximate algorithms are further classified
into heuristic and meta-heuristic algorithms. There are three classes of
the heuristic algorithm: tour construction, tour improvement and com-
posite methods. To add an unvisited city to the solution at each step
and try to shorten the initial solution are tour construction and tour
improvement methods respectively. Finally, the composite method is
the combination of these two algorithms. In the last three decades, it
has started a new stage of study about optimization problems with the
appearance of meta-heuristic algorithms. These search algorithms have
also been applied on TSP; 2-opt [6], particle swarm optimization [13],
simulated annealing [14], ant colony optimization [15], neural network
[16], tabu search [17], and genetic algorithms (GAs) [18]–[21].

We used genetic algorithm (GA) in this research to solve the TSP.
In the literature of GAs, the pair of parents generated the pair of
offspring. For a long run survival and diversity of species, it should be
desirable to create more offspring than parents. In this research, we
provide a multi-offspring crossover operator to handle this problem and
give a detail discussion how this can be done. The simulation results
with benchmarks show that the proposed operator indeed generates
improved performance as compared to other traditional operators in
the TSP application.

The rest of this article is presented as follows: in Section 2, we
present the overview of GAs for TSP. Theoretical background with
implementation of the proposed operator is presented in Section 3.
The performance evaluation based on simulation study and conclusion
are in Sections 4 and 5 respectively.

2 Genetic algorithms for TSP

Genetic algorithms (GAs) are derivative free stochastic approaches
which are based on biological evolutionary processes proposed by John
Holland [22]. GA is used to search the optimal or near to optimal solu-
tions of various optimization problems. It is one of the main branches of
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evolutionary algorithms, where the natural process from biology disci-
pline is mimicked which was originally described by Darwin [23]. GAs
are iterative processes and iterations are called generations [24]. In
1985, GAs were first time used to solve TSP by Goldberg [25]. A sim-
ple and pure GA for TSP can be defined in the following subsections.

2.1 Chromosome representation

In literature, there have been various representations to encode fea-
sible solutions to solve the TSP using the GAs. Some of them are
binary, path, adjacency, real and matrix representations of the chro-
mosomes. A detailed study of these approaches is presented by Lar-
ranaga et al. [2]. Other than the path, all techniques have com-
plex nature to complete a legal tour for the next generation. A
path representation is desired because it is the most natural and
elaborated way to represent a tour. For example, a nine-city tour
7−→2−→6−→1−→4−→8−→3−→9−→5 can be represented simply as
(7 2 6 1 4 8 3 9 5), and the total distance of this path is

D72 +D26 +D61 +D14 +D48 +D83 +D39 +D95 +D57

2.2 Initial population

A traveling track in the population can be represented by the sequence
of all cities, and an array of integers is used to indicate the sequence of
cities. For example, there is a TSP with nine cities so all 9! tracks are
non-repeating integers from 1 to 9 (both included), such as 7 2 6 1 4
8 3 9 5 is one of them. More generally, if a TSP having ‘m’ cities and
‘n’ is the population size, it means we generate ‘n’ randomly chosen
sequences with each of them containing ‘m’ non-repeating integers.

2.3 Fitness evaluation

The evaluation of individuals in a population is based upon some spe-
cific fitness criteria. It turns from simple to complex if more and more
parameters are added to evaluate an individual. The easiest way to
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evaluate the fitness of an individual is summing up the lengths of its
track [26],[27]. This kind of fitness evaluator is used if all solutions are
feasible and no other constraints are given (like the number of routes,
the maximal length of the route and similar).

2.4 Selection operator

Selection scheme is a procedure in which individuals are selected on the
base of their fitness for mating. There are several methods usually used
for the TSP and these are equally useful for their respective problems.
The commonly used methods are tournament [28], roulette wheel [22]
and rank based [29] methods. Among the above methods, the most
popular one is tournament, where randomly selected individuals com-
pete with one another and the best one is picked for the next phase.
Generally there are two types of tournament methods, i.e. binary and
more than two individuals competing at the same time [30]. We have
used binary tournament selection (BTS) in this research, where two
candidates are selected at random and the better of them is nominated
as a parent. For t-tournament selection, the probability after rank 1 to
the best individual can be defined as:

Pi = N−t((N − i+ 1)t − (N − i)t), (3)

where i ∈ {1, 2, ...N}, N and t are the population and the tournament
sizes respectively. A roulette wheel selection (RWS) is also used in this
study to choose the individuals for mating process. For this purpose,
first we calculate the fitness of all individuals using the following rule:

fi = β(1− β)i; i = 1, 2, ..., N,

where fi is the ith individual of sorted population in ascending order,
and β ∈ (0, 1) and generally suitable within the range of 0.01 to 0.3
[31]. After this, we assign the selection probability of ith individual to
be calculated as follows:

Pi =
fi

∑N
i=1 fi

. (4)
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The next selection approach which we have used in this study is the
linear ranked selection (LRS). This LRS is an alternative approach of
RWS, when fitness values are far away from each other in a population.
The selection probability is linearly assigned to the individuals after
rank 1 to the worst individual as:

pi =
1

N
(η− + (η+ − η−)

i− 1

N − 1
); i ∈ {1, 2, ..., N}. (5)

Here η−

N
and η+

N
are the probabilities of the worst and the best chro-

mosomes to be selected respectively. All the individuals get a different
rank even if they have same fitness value. The conditions η+ = 2− η−

and η− ≥ 0 must be fulfilled. All the above mentioned selection proce-
dures have been used in various applications, see for example [32].

2.5 Crossover operator

Crossover is the process of mating selected candidates for the purpose of
producing further offspring. Since these offspring share the characteris-
tics of their parents, hence there must be a rule to make a combination
of these characteristics. The type of crossover is strongly dependent on
the genotype representation of the population. In TSP, the most used
method is path-based crossover technique. To generate offspring from a
combination of the pair of paths, any random point is selected in such a
way that it takes the first portion from one parent and the second por-
tion from the other parent. This approach is called a 1-point crossover.
As a result, there may emerge some infeasible solutions which can be
avoided by putting a constraint that only feasible solutions can enter
into coming generation [33]. Whereas in 2-point crossover (2PX), the
expansion proceeds with a random selection of two points. Since the
middle portion is exchanged here [34],[35], hence it may also become
infeasible. To overcome this problem, Choi et al. [26] randomly insert
missing bits in the middle portion. Another approach to counter this
problem is a Partially-mapped crossover (PMX), where the indexes are
exchanged within the cut-points portion and missing bits are replaced
with their mapping index in the other parent [25]. The order crossover
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(OX) is the next more commonly used operator of 2PX, in which the
central part (from point a to point b, where a < b) is taken from one
parent and other parent is selected from b+1 point circularly onward to
complete the legal offspring [36]. The existing crossover approaches are
less useful because they don’t take the important nodes into account.
It means that some tracks may be divided in half and others may not
even be copied. This can dramatically affect in the new generation
by generating new random tracks irrespective of the good ones. Next
crossover operation is named cycle crossover(CX), which is unusual in
its nature and detects a set of cycles between two selected candidates
in their chromosomes and later it duplicates these cycles one by one to
offspring [37].

The multi-offspring genetic algorithm (MO-GA) was proposed by
Wang et al. [31]. It builds offspring preserving the relative order of bits
of one parent by choosing a sub-tour of other parent. First of all the
parent’s track is divided into three regions after applying two random
cut points. This scheme produces four offspring in two stages. In the
first stage, its work is similar as OX, where the middle portion (from
point a to point b, where a < b) is taken from one parent and the other
parent is selected from b + 1 point circularly onward to complete the
legal offspring. In the second stage, exchange regions 1 and 2 or simply
de-track the original tracks of parents. Find region 3 elements from
the first new parent, delete the corresponding ones in the second new
parent, and vice versa. After this the regions 3 of both parents are
replaced with each other for producing offspring. We also proposed a
new multi-offspring crossover operator in this study which is presented
in Section 4.

2.6 Mutation operator

Mutation operator expands the search space by a small degree. It is
rare happening in nature and similar as that in GAs, where the muta-
tion probability factor is predefined by the researchers. Since mutation
causes extraordinary results to genetic principle, hence its factor must
be small. It is the simplest operator in GAs which can be used in
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various ways. A fractional change in genotype may result in a reason-
able change in the next generation. Dealing with TSP, the simplest
mutation can be completed by random exchange of any two cities in
a route as an exchange mutation (EM) [38]. The other approach is
insertion mutation (IM) which shifts the selected city from its original
place and inserts it on another random place [39],[40]. Another popular
approach is inversion mutation (INM), where a specific sub-track of a
chromosome is inverted [39],[41]. If only two cities in a chromosome
are inverted, then it is called the swap mutation (SM) [42].

2.7 Termination criteria

Generally, the termination criteria vary with the nature of research.
It may be time dependent process as done with evolving the limited
time only 1800 seconds [43]. Another option is the limitation of gener-
ations as done [27] with maximum of 1000 while [44] used up to 50,000
generations. The other significant process of evaluation is terminating
when candidates stay the same for 30% of the generation limit [45].
Researchers [44] stopped the evolution process when almost 95% of
the population is converged to one unique solution. This research uses
two criteria to stop the process, i.e. a tour shorter than the current
optimum trip has not been found during 300 consecutive iterations oth-
erwise to complete the process with a maximum number of generations,
i.e. 5000.

3 Theoretical background of MO-OX

3.1 Biological theory foundation

In the literature, the GA for TSP explains a pair of parents producing
a pair of offspring [21],[46]. However the biological evolution proceeds
in such a way that it generates equal or less than a pair of parents,
which is uncommon. Since having the risk of extinction the generation
or being less competitive, it is desirable to have the number of offspring
more than two in genetic. When the number of offspring is larger than
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2 from two better parents, there is more competition among them to
survive, with increases chances of better offspring.

3.2 Mathematical ecological theory foundation

The probability of extinction of species can be illustrated by supposing
that a pair of species has only two offspring at first. The probability of
population size that leads to “0” at a certain time “t” can be defined
as:

P0(t|i = 1) =
η exp((θ − η)t)− η

θ exp((θ − η)t)− η
, (6)

where i denotes the size of the initial population, η and θ are the mor-
tality and fertility rates respectively. This population can be extinct
with time elapsing by the following probability:

P0(t) = [P0(t|i = 1)]i = [
η exp((θ − η)t)− η

θ exp((θ − η)t) − η
]i. (7)

As t−→ ∞, three scenarios of equation (7) can be observed:

(1) When the mortality rate equals the fertility rate, i.e. η = θ,
equation (7) is expressed as a series of exponential terms. Letting
θ − η = r, then P0(t) as t−→ ∞ should be

P0(t) = [
η(1 + rt+ r2t2/2! + ...)− η

θ(1 + rt+ r2t2/2! + ...)− η
]i. (8)

If η equals to θ, then r−→0, so we are eliminating r2 and higher
terms and get the following expression:

P0(t) −→ [
ηrt

(θ + θrt)− η
]i −→ [

ηrt

(θ − η) + θrt
]i −→ [

ηrt

(r + θrt
]i.

(9)
Hence,

lim
t→∞

[
θt

1 + θt
]i = 1. (10)
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It means that the species should become extinct with 100% prob-
ability (shown in equation (10)), even when the mortality rate
equals to the fertility rate.

(2) If the mortality rate is greater than fertility rate in each genera-
tion, i.e. η > θ. Letting θ − η = −r, then the exponential terms
of equation (7) would be “0” when t−→ ∞ and we get:

P0(t) −→ [
η exp(−rt)− η

θ exp(−rt)− η
]i, (11)

and finally it leads to

lim
t→∞

(P0(t)) = 1.

Hence, in this scenario with growing the time, species should
become extinct.

(3) If the mortality rate is less than fertility rate in each generation,
i.e. η < θ, the equation (7) as t−→ ∞ can be expressed as follows:

P0(t) −→ [
η exp(t)− η

θ exp(t)− η
]i. (12)

Hence,

lim
t→∞

(P0(t)) = [
η

θ
]i.

According to equation (12), there is no guarantee that such a
population will never become extinct because a finite probability
exists for the extinction. However, if the mortality rate is much
lower than the fertility rate, then we have the least probability of
biological extinction.

According to mathematical ecological theory in biology, if θ = η for a
certain population, the probability of population extinction is 1. Thus,
the probability distribution of biological population size depends on the
product of fertility rate and time when the biological initial population
is known. Hence, it is important to improve the fertility rate of species
to get better individuals in possible shortest time.
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3.3 Multi-offspring crossover procedure

The new extension involves producing four offspring, two from each
technique of direct ordering, as well as the other one being from revers
ordering of the parents tracks, so we suggested multi-offspring order
crossover (MO-OX). Consider an example of the two parents tours
(with randomly two cut points marked by “|”):

P1 = (9 4 5 | 2 8 1 | 6 7 3) and

P2 = (3 6 1 | 9 7 8 | 2 4 5).

The MO-OX is utilized in two stages to generate four offspring. In
Stage 1, the crossover operation is as follows:

Stage 1: The offspring are produced in the following way. First, the
bits are copied down between the cuts with similar way into the
offspring, which gives:

O1 = (× × × | 2 8 1 | × × ×) and

O2 = (× × × | 9 7 8 | × × ×).

After this, starting from the second cut point of one parent, the
bits from the other parent are copied in the same order omitting
existing bits. As the sequence of the bits in the second parent
from the second cut point is:

2− 4− 5− 3− 6− 1− 9− 7− 8

after removal of bits 2, 8 and 1, which already exist in the first
offspring, the new sequence is:

4− 5− 3− 6− 9− 7.

To complete the first offspring, this new sequence is placed start-
ing from the second cut point:

O1 = (6 9 7 | 2 8 1 | 4 5 3).

Analogously, we complete the second offspring as well:

O2 = (5 2 1 | 9 7 8 | 6 3 4).
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Stage 2: In Stage 2, the offspring are produced in the following way.
First, the bits are copied down between the cuts with similar way
into the offspring, which gives:

O1 = (× × × | 2 8 1 | × × ×) and

O2 = (× × × | 9 7 8 | × × ×).

After this, starting from the first cut point of one parent, the bits
from the other parent are copied in the reverse order omitting
existing bits. The reverse sequence of the bits in the second
parent from the first cut point is as follows:

1− 6− 3− 5− 4− 2− 8− 7− 9.

After removal of bits 2, 8 and 1, which are already in the first
offspring, the new sequence is:

6− 3− 5− 4− 7− 9.

This sequence is placed in the first offspring starting from the
first cut point with reverse sequence as:

O1 = (5 3 6 | 2 8 1 | 9 7 4).

Analogously, we complete the second offspring as well:

O2 = (3 4 5 | 9 7 8 | 2 1 6).

The newer scheme, by combining both OX and ROX can be termed
as a multi-offspring order crossover (MO-OX). Hence, we differentiate
MO-OX in the Algorithm 1.
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Algorithm 1 The Pseudo-code of MO-OX
N ←− no. of cities
i ←− 1
while (i <= N) do

P1 ←− a sequence of the first parent
P2 ←− a sequence of the second parent
cut1 ←− random point at the same location on parents
cut2 ←− another random point at the same location on parents
offspring1 ←− P1(cut1 to cut2) %child by OX
offspring2 ←− P2(cut1 to cut2) %child by ROX
offspring3 ←− P1(cut1 to cut2) %child by RX
offspring4 ←− P2(cut1 to cut2) %child by ROX

% For offspring1 in clockwise direction
i ←− cut2, j ←− i
while (length of offspring1 ! = length of P1) do

if find((offspring1 == P1(i))) %if value already exists in offspring1
i = i + 1

else

offspring1(j) = P1(i)
i ←− i + 1; j ←− j + 1;

end if

if (i > length of P1)
i ←− 1

end if

if (j > length of P1)
j ←− 1

end if

end while

%Similarly to offspring3 from P2%
% For offspring2 in anticlockwise direction

i ←− cut1, j ←− i
while (length of offspring2 ! = length of P1) do

if find ((offspring2 == P1(i))) %if value already exists in offspring2
i = i - 1

else

offspring2(j) = P1(i)
i ←− i - 1; j ←− j - 1;

end if

if(i==0)
i ←− length of P1

end if

if(j==0)
j ←− length of P1

end if

end while

%Similarly to offspring4 from P2%
end while
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4 Performance evaluation

4.1 Computational testing methodology

To evaluate the performances of the proposed MO-OX, computational
experiments have been performed by using six benchmark instances
which are taken from the traveling salesman problem library (TSPLIB)
[47]. The test benchmarks are Euclidean, two-dimensional symmetric
and asymmetric problems with 42, 53, 171, 180, 443, and 532 cities.
In our simulation experiments, all GA programs were implemented in
MATLAB version R2015a. Table 1 shows the state-of-the-art para-
metric configuration of the GA, and complete methodology for all the
experiments performed in this research is shown in Figure 1. More-
over, we used two stopping criteria for our simulation experiments, i.e.
attaining the maximum number of generations and if the tour, shorter
than the current optimal tour, is not being found during the last 300
consecutive generations.

Figure 1. The methodology flow chart for simulation study

331



Abid Hussain, Salman A. Cheema

Table 1. Parametric configuration for GA
Parameter Value
Population size 200
Selection criteria BTS, RWS, RBS
Crossover rate 100%
Mutation method EM, INM
Mutation rate 20%
Maximum generation 5000
Replacement in GA Steady-state GA

Since GAs belong to the class of stochastic search algorithms, we
employ statistical hypothesis testing using the two independent samples
t-test. The equation (13) presents the general expression for the applied
t-test such as:

t =
x̄1 − x̄2

sp

√

1
n1

+ 1
n2

, (13)

where,

s2p =
(n1 − 1)s21 + (n2 − 1)s22

n1 + n2 − 2
,

and x̄1 and x̄2 are the averages of 30 trails for the proposed and rival op-
erators respectively. Similarly, s21 and s22 are standard deviations (S.D)
of the proposed and contemporary method, respectively. A statistical
significant difference is then quantified at α = 0.05 (95% confidence)
level of significance, under the null hypothesis stating that “MO-OX
and the selected operator converge equally fast under given settings”.

We also used the performance index (PI) criteria which is widely
used to compare the newly proposed techniques for population-based
heuristic algorithms [48]–[51]. The relative performances using PI are
calculable as:

PI =
1

Np

Np
∑

i=1

(k1α
i
1 + k2α

i
2 + k3α

i
3),
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where,

αi
1 =

Ai

MAi

αi
2 =

Si

MSi

αi
3 =

Ri

MRi
; for i = 1, 2, ..., Np

and

Np: Total number of problems analyzed

Ai: Average values of objective function of ith problem for all com-
peting operators

MAi: Minimum of average value of objective function of ith problem
obtained through all competing operators

Si: Standard deviations of objective function of ith problem for all
competing operators

MSi: Minimum of Standard deviation of objective function of ith prob-
lem obtained through all competing operators

Ri: Relative errors of objective function of ith problem for all com-
peting operators

MRi: Minimum of relative error of objective function of ith problem
obtained through all competing operators.

Where k1, k2 and k3 are the weights of aforementioned criteria, such
that k1 + k2 + k3 = 1 for all 0 ≤ k1, k2, k3 ≤ 1. Following the [49], the
weights are assigned as:

case(a) : k1 = w, k2 = k3 = (1− w)/2, 0 ≤ w ≤ 1

case(b) : k2 = w, k1 = k3 = (1− w)/2, 0 ≤ w ≤ 1

case(c) : k3 = w, k2 = k3 = (1− w)/2, 0 ≤ w ≤ 1,
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such that two criteria are given equal weights. For demonstration pur-
poses, we explain in all the PI’s Figures with respect to three cases:
case (a), the S.D and R.E are given the same weights, whereas in case
(b), mean and R.E have the same weights and in the last case (c), same
weights have been assigned to mean and S.D.

4.2 Simulation-based results and discussions
This section examines the performance comparisons between the pro-
posed MO-OX and the other most used approaches for permutation
based crossover operators. For a better evaluation, we compared the
proposed MO-OX to MO-GA, OX, PMX and CX in parallel with three
selection and two mutation operators. The selection operators which
are used in this study are binary tournament selection (BTS), roulette
wheel selection (RWS) and linear rank selection (LRS). The exchange
mutation (EM) and inversion mutation (INM) are used for random
changes in each generation. So there are six groups of experiments
conducted as five crossovers examined with each pair of three selection
and two mutation operators.

Table 2 summarizes the results of five competing crossover operators
with BTS and EM. The results are compared on the basis of average,
S.D and R.E in percentage (%) values. The significant improvements in
the results of MO-OX with respect to each other approach are indicated
through t-values. The proposed operator indicated less than average
values for all six benchmarks with low S.D as well. According to the
critical value (t = - 2.00), all computed t-values are less than -2.00 for
all six benchmark instances except of one operator for rbg443 instance
and one for att532 instance, which is MO-GA. The bold t-test values
have shown the significantly improved performance by the proposed
operator. The other two values of t-statistic which are not bold (non-
significant), but are negative, indicate a better average performance by
the proposed operator. In other words, the simulation results found
by the MO-OX are statistically significantly better than the solution
quality by the other four crossover approaches (MO-GA, OX, PMX
and CX). For the given setting of experiment, the relevant graphs of
PI for each case are shown in Figure 2, where weights are presented
on horizontal axis and PI stays at vertical axis. A vividly superior
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performance of the proposed MO-OX can be observed as compared to
the existing alternatives in all three cases.

As it was mentioned previously, we also have tested the performance
of the MO-OX with the same selection method BTS and new mutation
approach INM in Table 3. These results are comparable with the Ta-
ble 2 results based on average, S.D and R.E performance for all used
benchmarks. Based on our simulation results, we can say that BTS
has given better results with EM other than with INM. MO-OX sta-
tistically outperforms (bold t-test values) than the other four crossover
approaches for five out of six benchmark instances (t ≤ - 2.00). The
only two operators (MO-GA and OX) are non-significant with the pro-
posed operator for the benchmark rbg443. For this experiment, the
PI for each case are shown in Figure 3, where we also observed a su-
perior performance by the newly proposed operator for all the given
benchmarks.

We continue our simulation study to check the performance of the
proposed operator along with other crossover methods and different
techniques of selection and mutation. Likewise, in Table 4, we tested
the performance of the proposed operator MO-OX with the pair of
RWS (selection operator) and EM (mutation operator). The simula-
tion results summarize the lower average, S.D and R.E values for all
benchmarks. Based on statistical perspective, the MO-OX outperforms
(bold t-test values) all the other crossover methods for all six bench-
mark instances (t ≤ - 2.00) except in one case when compared with
MO-GA for the problem rbg443. Through the indicator PI, the MO-
OX performs better than all other competing operators (see Figure 4).

Table 5 shows the simulation results of the crossover operators but
with another mutation approach, i.e. INM, which only differs from
Table 4 approaches. The conclusion based on our results indicated
that RWS is better performing with EM other than INM. The MO-GA
operator is insignificant with the proposed one only for the instance
rbg443. Table 6 summarizes the results of all six used crossover opera-
tors along with LRS (selection operator) and EM (mutation operator).
The experiment results demonstrated that the proposed approach has
a significant improvement as compared to all other approaches. The
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significance of such improvement is validated through t-test values (t
≤ - 2.00). We presented our more simulation results with LRS and
INM in Table 7. The results are clearly in the favor of MO-OX in
all measurement aspects. MO-GA is insignificant with the proposed
one only for the instance ftv170. Finally, with all these changes in the
GA’s experiments, the PI performs outstanding in the favor of proposed
crossover operator (see Figures 5 to 7).

In summary, the simulation results with the six TSP instances show
that MO-OX is effective and gave significantly better results through-
out the Tables 2 to 7 along with Figures 2 to 7. The main and first
purpose to conduct the series of experiments in this study is to mea-
sure the performance of the proposed operator with all other competing
crossover operators. The second purpose of the simulation is to detect
the best against of selection and mutation operators which work bet-
ter with these crossover operators. The binary tournament (BTS) and
exchange mutation (EM) is the best pair to perform better with these
crossover operators (Table 2). Finally, we can conclude our final re-
marks based on all simulation results of Tables 2 to 7 for minimizing
the total travel distance with less variations and relative measures, and
more performance indexes. These results suggest that the proposed
MO-OX achieve significantly better solution quality for all used bench-
mark instances when compared to the other four alternative crossover
approaches.

5 Conclusion

Unlike other meta-heuristic methods, GA exploits natural rules of selec-
tion, crossover and mutation, in search of optimal solutions. Inspired by
the key role of crossover operator in the scheme of GA, this article sug-
gested a new crossover operator, namely multi-offspring order crossover
(MO-OX) operator. This new approach generates four offspring which
shows that it can effectively enhance the search ability of the algorithm
by producing more possible solutions. The performance of MO-OX is
studied by comparing with four highly debated and commonly used
existing alternatives (MO-GA, OX, PMX and CX), through rigorous
simulation study. Based on various performance evaluation criteria,
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i.e. average performance in 30 trails, S.D, R.E, two-tailed t-test and
performance index, a superior performance of the proposed operator is
observed.

Table 2. Comparison Results of Crossover Operators with BTS and
EM

Instance Optimal Crossover Average R.E S.D t-test

MO-OX 707 1.14 06 -

MO-GA 721 3.15 15 -4.67

dantzig42 699 OX 722 3.29 23 -3.30

PMX 739 5.72 33 -5.14

CX 748 7.01 35 -6.22

MO-OX 7114 3.03 109 -

MO-GA 7329 6.14 152 -6.19

ft53 6905 OX 7387 6.98 197 -6.52

PMX 7412 7.34 211 -6.76

CX 7518 8.88 273 -7.40

MO-OX 2932 6.42 175 -

MO-GA 3061 11.11 208 -2.56

ftv170 2755 OX 3112 12.96 221 -3.44

PMX 3088 12.09 198 -3.18

CX 3191 15.83 277 -4.26

MO-OX 1997 2.41 28 -

MO-GA 2071 6.21 70 -5.29

brg180 1950 OX 2059 5.59 62 -4.91

PMX 2053 5.28 72 -3.90

CX 2087 7.03 95 -4.89

MO-OX 3518 29.34 317 -

MO-GA 3714 36.54 414 -2.02

rbg443 2720 OX 3609 32.68 343 -1.05

PMX 3683 35.40 309 -2.01

CX 3802 39.78 449 -2.78

MO-OX 28962 4.61 466 -

MO-GA 29271 5.72 573 -2.25

att532 27686 OX 29152 5.30 522 -1.46

PMX 29436 6.32 487 -5.97

CX 29629 7.02 627 -4.60
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Figure 2. The display of performance index (PI) when: (a) k1 = w and
k2 = k3 = 1−w

2 ; (b) k2 = w and k1 = k3 = 1−w
2 ; and (c) k3 = w and

k1 = k2 =
1−w
2
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Table 3. Comparison Results of Crossover Operators with BTS and
INM

Instance Optimal Crossover Average R.E S.D t-test

MO-OX 718 2.72 14 -

MO-GA 743 6.29 24 -4.85

dantzig42 699 OX 751 7.44 31 -5.22

PMX 744 6.44 28 -4.47

CX 759 8.58 33 -6.16

MO-OX 7209 4.40 187 -

MO-GA 7394 7.08 208 -3.56

ft53 6905 OX 7406 7.26 273 -3.21

PMX 7493 8.52 298 -4.35

CX 7527 9.01 330 -4.51

MO-OX 2951 7.11 192 -

MO-GA 3097 12.41 179 -3.00

ftv170 2755 OX 3176 15.28 253 -3.81

PMX 3140 13.97 244 -3.28

CX 3231 17.28 291 -4.33

MO-OX 2018 3.49 54 -

MO-GA 2131 9.28 101 -5.31

brg180 1950 OX 2099 7.64 88 -4.22

PMX 2152 10.36 112 -5.80

CX 2190 12.31 131 -6.54

MO-OX 3573 31.36 350 -

MO-GA 3648 34.12 395 -0.77

rbg443 2720 OX 3741 37.54 402 -1.70

PMX 3788 39.26 374 -2.26

CX 3856 41.76 471 -2.60

MO-OX 29623 7.00 499 -

MO-GA 29931 8.11 548 -2.24

att532 27686 OX 30111 8.76 573 -3.46

PMX 30749 11.06 732 -6.84

CX 31008 12.00 987 -6.74
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Figure 3. The display of performance index (PI) when: (a) k1 = w and
k2 = k3 = 1−w

2 ; (b) k2 = w and k1 = k3 = 1−w
2 ; and (c) k3 = w and

k1 = k2 =
1−w
2

340



A new multi-offspring crossover operator . . .

Table 4. Comparison Results of Crossover Operators with RWS and
EM

Instance Optimal Crossover Average R.E S.D t-test

MO-OX 710 1.57 08 -

MO-GA 727 4.01 18 -4.65

dantzig42 699 OX 718 2.72 14 -2.67

PMX 731 4.58 29 -3.76

CX 756 8.15 40 -6.07

MO-OX 7142 3.43 122 -

MO-GA 7388 6.99 149 -6.88

ft53 6905 OX 7408 7.28 231 -5.48

PMX 7453 7.94 260 -5.83

CX 7485 8.40 279 -6.07

MO-OX 2937 6.61 223 -

MO-GA 3096 12.38 217 -2.75

ftv170 2755 OX 3153 14.45 263 -3.37

PMX 3164 14.85 251 -3.64

CX 3172 15.14 318 -3.26

MO-OX 2009 3.03 057 -

MO-GA 2121 8.77 103 -5.12

brg180 1950 OX 2095 7.44 084 -4.56

PMX 2140 9.74 099 -6.18

CX 2179 11.74 111 -7.34

MO-OX 3550 30.51 374 -

MO-GA 3693 35.77 452 -1.31

rbg443 2720 OX 3761 38.27 412 -2.04

PMX 3742 37.57 384 -1.93

CX 3783 39.08 477 -2.07

MO-OX 29311 5.87 776 -

MO-GA 29894 7.98 707 -2.99

att532 27686 OX 30040 12.48 689 -3.78

PMX 29993 8.33 887 -3.12

CX 30301 13.06 990 -4.24
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Figure 4. The display of performance index (PI) when: (a) k1 = w and
k2 = k3 = 1−w

2 ; (b) k2 = w and k1 = k3 = 1−w
2 ; and (c) k3 = w and

k1 = k2 =
1−w
2
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Table 5. Comparison Results of Crossover Operators with RWS and
INM

Instance Optimal Crossover Average R.E S.D t-test

MO-OX 719 2.86 12 -

MO-GA 735 5.15 20 -3.69

dantzig42 699 OX 728 4.15 19 -2.16

PMX 749 7.15 38 -4.05

CX 744 6.44 31 -4.05

MO-OX 7304 5.78 167 -

MO-GA 7474 8.24 202 -3.49

ft53 6905 OX 7525 8.98 253 -3.93

PMX 7582 9.80 288 -4.50

CX 7483 8.37 312 -2.72

MO-OX 3071 11.47 211 -

MO-GA 3233 17.35 264 -2.58

ftv170 2755 OX 3210 16.52 283 -2.12

PMX 3303 19.89 246 -3.85

CX 3346 21.45 298 -4.06

MO-OX 2024 3.79 069 -

MO-GA 2132 9.33 113 -4.39

brg180 1950 OX 2168 11.18 142 -4.91

PMX 2185 12.05 130 -5.89

CX 2262 16.00 128 -8.81

MO-OX 3591 32.02 383 -

MO-GA 3689 35.63 456 -0.89

rbg443 2720 OX 3794 39.49 375 -2.04

PMX 3799 39.67 394 -2.04

CX 3851 41.58 459 -2.34

MO-OX 29654 7.11 865 -

MO-GA 30753 11.08 954 -4.60

att532 27686 OX 31631 14.25 876 -8.64

PMX 31892 15.19 989 -9.17

CX 31504 13.79 981 -7.62
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Figure 5. The display of performance index (PI) when: (a) k1 = w and
k2 = k3 = 1−w

2 ; (b) k2 = w and k1 = k3 = 1−w
2 ; and (c) k3 = w and

k1 = k2 =
1−w
2
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Table 6. Comparison Results of Crossover Operators with LRS and
EM

Instance Optimal Crossover Average R.E S.D t-test

MO-OX 725 3.72 18 -

MO-GA 741 6.01 29 -2.52

dantzig42 699 OX 753 7.73 35 -3.83

PMX 754 7.86 39 -3.64

CX 760 8.73 52 -3.43

MO-OX 7217 4.52 131 -

MO-GA 7376 6.82 183 -3.80

ft53 6905 OX 7371 6.75 214 -3.31

PMX 7439 7.73 241 -4.36

CX 7502 8.65 298 -4.71

MO-OX 2953 7.19 169 -

MO-GA 3084 11.94 219 -2.55

ftv170 2755 OX 3059 11.03 204 -2.15

PMX 3104 12.67 217 -2.96

CX 3214 16.66 306 -4.02

MO-OX 2001 2.62 32 -

MO-GA 2093 7.33 65 -6.84

brg180 1950 OX 2114 8.41 79 -7.14

PMX 2177 11.64 97 -9.28

CX 2197 12.67 113 -8.99

MO-OX 3573 31.36 392 -

MO-GA 3794 39.49 416 -2.08

rbg443 2720 OX 3716 36.62 388 -1.40

PMX 3791 39.38 405 -2.08

CX 3865 42.10 483 -2.53

MO-OX 29782 7.57 864 -

MO-GA 30764 11.12 968 -4.08

att532 27686 OX 31081 12.26 892 -5.63

PMX 30749 11.06 979 -3.99

CX 31138 12.47 785 -6.26

345



Abid Hussain, Salman A. Cheema

Figure 6. The display of performance index (PI) when: (a) k1 = w and
k2 = k3 = 1−w

2 ; (b) k2 = w and k1 = k3 = 1−w
2 ; and (c) k3 = w and

k1 = k2 =
1−w
2
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Table 7. Comparison Results of Crossover Operators with LRS and
INM

Instance Optimal Crossover Average R.E S.D t-test

MO-OX 735 5.15 20 -

MO-GA 749 7.15 27 -2.24

dantzig42 699 OX 759 8.58 33 -3.35

PMX 772 10.44 47 -3.90

CX 770 10.16 59 -3.03

MO-OX 7184 4.04 138 -

MO-GA 7279 5.42 162 -2.40

ft53 6905 OX 7387 6.98 227 -4.12

PMX 7421 7.47 249 -4.48

CX 7490 8.47 213 -6.49

MO-OX 2968 7.73 171 -

MO-GA 3004 9.04 192 -0.75

ftv170 2755 OX 3143 14.08 246 -3.15

PMX 3175 15.25 217 -4.03

CX 3185 15.61 278 -3.58

MO-OX 2012 3.18 36 -

MO-GA 2077 6.51 77 -4.12

brg180 1950 OX 2114 8.41 86 -5.89

PMX 2210 13.33 123 -8.32

CX 2233 14.51 116 -7.04

MO-OX 3547 30.40 443 -

MO-GA 3796 39.56 487 -2.04

rbg443 2720 OX 3828 40.74 513 -2.23

PMX 3841 41.21 519 -2.32

CX 3854 41.69 468 -2.57

MO-OX 30313 9.49 795 -

MO-GA 30975 11.88 876 -3.01

att532 27686 OX 30844 11.41 922 -2.35

PMX 31759 14.71 985 -6.15

CX 31627 14.24 878 -5.97
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Figure 7. The display of performance index (PI) when: (a) k1 = w and
k2 = k3 = 1−w

2 ; (b) k2 = w and k1 = k3 = 1−w
2 ; and (c) k3 = w and

k1 = k2 =
1−w
2
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The concept of personal learning pathway for

Intelligent Tutoring System GeoMe

Caftanatov Olesea

Abstract

This paper presents a study of designing personal learning
pathways for our intelligent tutoring system “GeoMe”. The pur-
pose of the study is to define specific requirements for our ap-
plication and conceptualize the workflow for personal learning
pathways.

Keywords: Learning pathway, intelligent tutoring system,
space repetition, forgetting curve, Leitner system.

1 Introduction

Digital culture is increasingly applied in e-learning; it also contributes
to improve the educational process by adapting to the student’s inter-
ests, capabilities and knowledge. Nowadays there are many different
kinds of educational software for students based on adaptive learning,
personalized learning or even personal learning pathway (PLP). Learn-
ing pathway can be described as a route, taken by a pupil through a
range of e-learning activities, which allows learners to get new skills and
build knowledge progressively. Clement [1] defines a learning pathway
as “The sequence of intermediate steps from preconceptions to target
model form what Scott (1991) and Niedderer and Goldberg (1995) have
called a learning pathway. For any particular topic, such a pathway
would provide both a theory of instruction and a guideline for teachers
and curriculum developers.”

For students personal learning paths are the best solution, because
they can more effectively acquire and retain knowledge and skills that

c©2019 by CSJM; Caftanatov Olesea
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will help them in real world. However, what about the elementary
schoolchildren? For them it is harder to decide which learning model
will be the most appropriate and effective. In this case, one of solutions
can be designing an intelligent tutoring system (ITS) that will analyze
the behavior and preferences of pupils and afterward will automatically
recommend a personal learning pathway. So, in this paper we started
with general description what ITS’s are, followed by a short review of
ITS “GeoMe”[2] and continued with philosophy behind of our personal
learning pathway.

2 Intelligent Tutoring Systems

Intelligent Tutoring System is a part of a new breed of instructional
computer programs with the aim to provide immediate support one-
on-one and personalized feedback to learners. Canfield [3] defines ITS
as a system that is able to diagnose and adapt to student’s knowledge
and skills. According to Daśić et al. [4] ITS intend to support and im-
prove the teaching and learning process in a selected area of knowledge
while respecting the individuality of a learner. Along the years, there
are many definitions regarding what intelligent tutoring systems are,
however, the common point is focused on using Artificial Intelligence
(AI) techniques in order to track learner’s needs and respond with an
appropriate feedback.

Sleeman and Brown [5] coined the term “Intelligent Tutoring Sys-
tems” in 1982 in order to describe evolving tutoring systems and to
distinguish them from the previous computer-aided instruction (CAI)
systems. A little later, in 1988 the first conference dedicated to intelli-
gent tutoring systems took place, where conceptions of ITS’s were con-
solidated. However, the efforts in ITS first began with the development
of what was called Intelligent Computer-Aided Instruction (ICAI) by
Carbonell in 1970 [6], so he is called the “father” of intelligent systems
for teaching and learning.

Carbonell’s system was named SCHOLAR, whose goal was to com-
municate information regarding geography of South America to learn-
ers and to review their knowledge by maintaining a mixed-initiative
dialogue with learners in a rather comfortable subset of English. It was
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Carbonell’s belief that the semantic net representation of the knowledge
base used in this project was close to the internal knowledge structure
of humans.

Research in AI and Cognitive Psychology fueled the new princi-
ples of intelligent tutoring systems. Thus, with time they evolved from
very primitive form of ICAI into very progressive form, with significant
development in their user interfaces. By using AI techniques, intelli-
gent tutoring systems are now being used for a broad range of tasks,
although, in a limited way.

For instance, some of the major tasks are: selecting appropri-
ate teaching strategies; generating and solving problems; tracking
learner’s behaviour and progress; storing and retrieving data; recom-
mending learning materials; diagnosing student’s misconception; de-
tecting learner’s mood; offering immediate feedback and of course, car-
rying out a natural language dialogue with learners.

3 Overview of ITS “GeoMe”

GeoMe stands for “geometry for me”. It is an ITS designed to help
pupils in learning geometry by personalizing their learning paths. Ge-
ometry proving theorem is known to be very challenging for students
to learn. Thus, almost all ITS proposed for geometry are dedicated
to learning proof-writing with constructions, for instance: “Advanced
Geometry Tutor” [7], “Advanced Geometry Proof Tutor” [8], ANGLE
[9], AgentGeom [10], Geometry Explanation Tool [11] as new version
of Geometry Cognitive Tutor.

Although many of these systems are used to provide supportive
problem solving for advanced geometry, we intend to deliver learning
material for elementary geometry to elementary schoolchildren. There-
fore the knowledge model emphasizes the identification of basic shapes,
properties of shapes, the shape’s comparison etc.

Generally, ITS can take different views to implement the pedagog-
ical criteria according to its educational scope that generates a clas-
sification into specific and generic ITS. According to [12], an ITS for
generic domains is aimed to provide a framework to design and im-
plement training proposal for multiple educational domains. GeoMe is
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an ITS for specific domain , it uses pedagogical criteria suitable for
just one specific educational domain. Basically, we intend to develop
a tool that will help additionally to assimilate information regarding
geometry lessons.

Unfortunately, in process of developing application we got some
limitations regarding time : according to [13] pupils of four grade daily
could spend only 1 hour doing their homework for all their subjects.
Thus, for all math’ tasks pupils should spend only 10 minutes. There-
fore, the time that a pupil needs to spend in our application should be
even less. Taking in account time limitations, we decided to divide the
features of our intelligent tutoring system as follows:

• a session compartment, where a pupil daily should spend no more
than 8 minutes. Generally, we will reserve 3 minutes for theory
and 5 for practice, but, in order to not stress the learners we
will not add time counter. If some of them will need a few more
minutes to finish their tasks, then we’ll let them do so;

• an interactive tool for 3D visualization of shapes, the goal is to
assist the users when needed, see Figure 1;

Figure 1. A few examples with interactive changing shapes: a) chang-
ing the circle’s weight and height; b) changing triangle’s depth, c) ro-
tating square on axe X; d) rotating cylinder on axe Y; e) rotating cube’s
outline on axe Z
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• gamification compartment, the goal is to help the users to rest
while playing;

• theoretical compartment, the goal is also to assist the users when
needed.

Even if the Ministry of Education, Culture and Research of the Re-
public of Moldova indicated that, for pupils in grades I-IV, the weekly
volume of homework must not exceed 5 hours, we understand that all
schoolchildren learn differently. Some of them can finish their tasks
in the allocated time, but for the others it may take more efforts and
more time.

In this regard, our task is not to overload pupil’s homework by
using our application, but finding a method that lets users spend less
time studying while retaining the same amount of information. Well,
one of the solutions can be applying the space repetition technique to
session compartment. Regarding the other compartments, they should
be designed as a way to rest while navigating in our application. It can
be games or useful material that can be used not daily but wherever
user wishes.

4 Spaced repetition

In order to make the most of session compartment we analyzed mem-
ory retention through spaced repetition. It is a method of reviewing
material at systematic intervals. Spaced repetition technique is usu-
ally performed with flashcards. An ideal system of spaced repetitions
allows user to review the material before it is forgotten, helping to re-
tain information and transfer it from short-term memory to long-term
memory.

4.1 Ebbinghaus’ forgetting curve

We all know the phenomena when we ever tried to learn something
new and been overwhelmed by the task, perhaps some of us succeeded
in learning everything only to forget it all the next day. This aspect
of human learning has been investigated during more than a century.
Hermann Ebbinghaus, a German psychologist, first studied one of the
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simple memory models, the exponential forgetting curve [14], in 1885.
He identified two critical variables that determine the probability of
recalling an item: reinforcement, i.e., repeated exposure to the item,
and delay, i.e., time since the item was last reviewed.

According to Ebbinghaus’ forgetting curve, there is a strong corre-
lation between time and memory. In fact, forgetting occurs rapidly at
first, then it slows down; this process can be seen in the graph from
Figure 2.

Figure 2. Ebbinghaus’ forgetting curve

Generally, we forget about 60 percent of what we have just pro-
cessed within the first 20 minutes. Moreover, more than half of memory
loss that occurs is within the first hour. Most of material that will be
forgotten is done so within the first 8 hours. Thus, the main question
is how to disturb the forgetting process? Well, the theory goes that
if we test ourselves, just as we are about to forget the thing that we
have learnt, our brain will hold on to the information for longer, see
Figure 3.

Every time we test our new knowledge, our brain will hold on to
it for longer and longer. Another important question is how do we
know when to test ourselves when we do not know when we will forget
it? Another theory goes that if we test first time ourselves on what
we have learnt, then we can remember it for 52 seconds, thus next
time we should take the second test between 20-25 seconds and we will
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Figure 3. Ebbinghaus’ forgetting curve and review cycle

remember it this time for 53 seconds. After the tenth time we will not
need to test ourselves again for over a year.

Ebbinghaus’s publication also includes an equation to approximate
his forgetting curve:

S = 100 ∗
1.84

(log10t)1.25 ∗ 1.84

S represents savings and is expressed as percentage. In other words,
they are analogous to retention rate. T represents time in minutes.
Savings of 100 percent would indicate that all items were still known
from the first trial.

According to linguist Paul Pimsleur [15] by using audio reviewing
for learning language, memory schedule should be as follows: 5 seconds,
225 seconds, 2 minutes, 10 minutes, 1 hour, 5 hours, 1 day, 5 days, 25
days, 4 months, 2 years. However, this approach is limited since the
schedule is pre-recorded and cannot adapt to the learner’s actual ability
Another experiment have shown that if we memorize repeatedly within
one hour, we will remember for one day, if we memorize one day later,
we will remember for one week [16].
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4.2 Leitner system

In our research we focus on one of the simplest and oldest spaced rep-
etition methods, the Leitner system. Leitner [17] proposed a different
repetition algorithm intended for use with flashcards. His system is
more adaptive than Pimsleur method, since the spacing intervals can
increase and decrease depending on students’ performance. Figure 4
illustrates a popular variant of this method.

Figure 4. The Leitner System for flashcards

The main idea is to have a few boxes that will correspond to dif-
ferent practice intervals, such us the 1st day, the 2nd day and so on.
Initially all cards will be placed in the 1st day box. When student
practices, and if he remembers the correct answer, then that flashcard
is promoted to the next box, otherwise, it will be demoted. Suppose,
the student got the wrong answer from the 8th box, then that flashcard
will be demoted to the 4th box.

5 Personal learning pathways

The main idea for our personal learning pathways is to give learners bits
of information with different types of styles, repetitively at gradually
increasing increments of time. In such way, learners would retain those
bits of information for longer time periods each time. We intend to
combine Ebbinghaus’ memory models to Leitners’ system.
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Firstly, we have a collection with four learning styles for each task,
such as textual format, visual, audio, sensorial. At the starting point,
all tasks will be presented in textual format, afterword it will change
by each repetition (see Figure 5).

Figure 5. Task’s learning style review cycle

It does not matter if previously the learner gave correct or incor-
rect answer, anyway, the same task at the new repetition will change
its learning style. When the learner will walk through all four types
of the same task, the generator will choose for the learner the most
appropriated style based on statistics.

In such order, the learners will not be boring when repeating the
same information. Moreover, studying the same information from dif-
ferent aspects will increase their memory retention.

Regarding schedule repetition, we believe that if the learner exe-
cuted the task correctly in the 1st day, than he will remember how to
solve it at least one more day, so the next time when the learner should
repeat the same task should be on the 3rd day. On the 3rd day, if the
learner answered correctly again, then the next repetition time should
increase with one more day versus the previous one, so it will be on the
5th day.

In the case that the learner gave incorrect answer, the repetition
will be right the next day. Taking into account that we have four
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learning styles, the schedule repetition for 5 subjects in our learning
sessions will be as it is shown in Figure 6.

Figure 6. Schedule repetition

Another question is when we will stop repeating the same tasks?
Our theory goes that if the learner executes correctly for the four con-
secutive sessions, then the learner’s memory retention is 100 percent,
and application stops repeating the same task. In the case the learner
gives incorrect answers after two repetitions, then his memory retention
is equal to 50 percent, and application will generate the same task until
the learner will get 100 percent. Additionally, in the case, when the
learner gives four consecutive incorrect answers, then human expert is
involved. All these cases are shown in Figure 7.

Figure 7. Task’s review cycle examples
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6 Conclusion

This paper presents a study of designing personal learning pathways for
our intelligent tutoring system “GeoMe”. Our main idea for designing
personal learning pathways consists in adding different learning styles
to schedule repetition based on Leitner system and Ebbinghaus’ for-
getting curve. In such way, we’ll design personal learning pathways
and we assume that it will adapt to learner’s skills. The more cor-
rect answer the learners will give, the less tasks they will get daily and
vice-versa the less correct answers, the more effort pupils should put
in their learning process. Nevertheless, by repeating their lessons the
memory retention will definitely increase. Moreover, on each repetition
presenting material in different type of learning styles will help pupils
to understand deeper their lessons.
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Author-Initiated Retraction: “A remark on the

weak Turán’s Theorem”

Nader Jafari Rad

The paper [1] has one main theorem, namely Theorem 3. In the last
line of the theorem’s proof it is assumed that the set S∗ is independent.
This assumption is not necessarily correct, and it is not possible to fix
it, since the set S is randomly chosen. This mistake makes the main
result of the paper wrong.

At the request of the author (Received October 21, 2019), the article
has been retracted.

Editorial Board of Computer Science Journal of Moldova
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