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Registers

Jan A. Bergstra

Abstract

The number of instructions of an instruction sequence is taken
for its logical SLOC, and is abbreviated with LLOC. A notion of
quantitative expressiveness is based on LLOC and in the special
case of operation over a family of single bit registers a collection
of elementary properties is established. A dedicated notion of
interface is developed and used for stating relevant properties of
classes of instruction sequences.

ACM classes: F.1.1; F.2.1.

1 Introduction

This paper makes use of the theory and notation regarding instruction
sequences for operation on Boolean registers as surveyed in [11] for the
special case of operations on Boolean registers, thereby following the
notation of [9] and simplifying the general presentation of [3] and [12].

Existing notations and results regarding instruction sequences will
be used mostly without further reference or technical introduction
because such expositions having amply been published. We men-
tion [2]–[4], [6], [7], [9] and [11]), and further references listed in these
papers. For the following notions, terms and phrases, we refer to the
papers just mentioned and the references contained in those: basic
instruction (a ∈ A), focus, method, focus method notation for basic
instructions (a = f.m with focus f and method m), yield (also called
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reply) of a basic instruction(a), positive test instruction (+a), nega-
tive test instruction (−a), termination instruction (!), (forward) jump
instruction (#k), backward jump instruction (\#k), in direct jump in-
struction, finite PGA instruction sequence, (alternatively: single pass
instruction sequence or PGA instruction sequence without iteration),
PGLB program (PGA instruction sequence with backward jumps in-
stead of iteration), generalised semi-colon (text sequential composi-
tion), thread, terminated thread (stopped thread S), diverging thread
(D), thread extraction from an instruction sequence (|X| for an in-
struction sequence X), service, service family, empty service family,
service family composition operator, service family algebra, apply op-
erator (− • −), the method interface M16 consisting of 16 methods of
the form y/e for Boolean registers with y, e ∈ {0, 1, i, c} (y for yield, e
for effect).

1.1 Logical lines of code for an instruction sequence

Because the identification of Booleans and bits may lead to confusion,
Boolean registers will be referred to as single bit registers below.

The number of instructions of an instruction sequence is referred to
as its length in e.g. [7], [8]. However, in order to develop a terminology
which is more similar to the classical notion of LOC (lines of code, also
referred to as SLOC for source lines of code) we will make use of the
following terminology:

Definition 1.1. LLOC (logical lines of code): for an instruction se-
quence X, written in any PGA-style instruction sequence notation,
LLOC(X) denotes the number of instructions of X.

Conventions for the notation of instructions are such that LLOC(X)
equals the number of semi-colons in X plus one.

Definition 1.2. An instruction sequence has low register indices if
for each kind of register the collection of register numbers of registers
involved in one or more of its basic instructions constitute an initial
segment of the positive natural numbers.
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LLOC(X) is not a precise measure of the size of X in terms of bytes.
A reasonable estimate is that for the instruction sequence notations
used below, and assuming that the instruction sequence has low register
indices, the size of X as measured in bytes will not exceed say 200 ·
LLOC(X) · 10 log LLOC(X).

We refer to [19] for an exposition on various forms of LOC and
SLOC in software engineering practice. In the setting of PGA style
instruction sequences no distinction between a statement and an in-
struction is made and LLOC according to Definition 1.1 is a plausible
interpretation of logical SLOC which is characterised in [19] as a met-
ric, or rather a family of metrics, based on counting the number of
statements in a source code. LLOC as in Defnition 1.1 comes close to
the metric used implicitly in [16].

1.2 Existing approaches to program size

Work on program size has been carried out in the setting of computabil-
ity theory, for instance [14], [18], and [15] in relation to Kolmogorov
complexity. In [17] program size is defined as the set of characters of a
program and it is related with practical computational tasks, while [13]
links program size with information theory. Unlike these approaches
we use a rather fixed family of program notations, viewing a program
as a sequence of instructions. By taking the number of instructions as
a metric, full precision is obtained, while at the same time abstraction
from the ad hoc syntax of instructions is achieved.

1.3 Objectives of the paper

The objective of this paper is to describe some elementary quantita-
tive observations pertaining to instruction sequences and LLOC metric
under the simplifying assumption that basic actions operate on a fam-
ily of single bit registers, which arguably are the simplest conceivable
datastructures. We will assume that the semantics of an instruction
sequence, i.e. what it computes, is a partial function from tuples of
bits to tuples of bits, thereby excluding instruction sequences meant
for computing interactive systems.
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We will demonstrate that for very simple tasks determination of the
lowest LLOC of an implementation for that task is possible, and we will
show by means of examples that theoretical work on LLOC minimisa-
tion is greatly facilitated by being explicit about the precise method
interfaces of various single bit registers. For each bit there are 216 pos-
sible interfaces and therefore when designing an instruction sequence
for a task F involving n input registers, and m output registers, while
allowing the use of an arbitrary number of auxiliary registers, each with
the same method interface, a total of 216·n·m different combinations of
method interfaces each constitute potentially different versions of the
problem to implement F and to do so with a minimal (or relatively
small) LLOC count. Many questions are stated and left unanswered.

A single bit register is a service (program algebra terminology for
a system component able to execute the actions of an instruction se-
quence) which is accessed by a calling instruction via its focus. A focus
plays the role of the name of a service, and at the same time it is infor-
mative about the role of the service. Below we will mainly consider the
following foci: in:i and out0:i for i ∈ N. The inputs for a computation
are placed in the registers in:i (so-called input registers), the outputs
of a computation are found in the registers out0:i (0 initialised output
registers). At the end of a computation the final value of the input
registers is forgotten. The focus prefixes in and out0, are referred to
as register roles. Other register roles exist, for instance out1 for output
registers which have initial value 1, inout for a register which serves
both as an input and as an output, aux0 for an auxiliary register with
initial value 0, and aux1 for an auxiliary register with initial value 1.

1.4 Quantitative expressiveness versus qualitative ex-

pressiveness

Expressiveness of a formalism for denoting instruction sequences may
be measured in many ways. We will mainly consider the following idea:
given a task, computing a total or partial function F of type Bn → B

m

we are interested in the shortest instruction sequence(s), taken from
some class K of instruction sequences, that is instruction sequences
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with a minimal number of instructions, which compute F . Clearly if
K1 ⊆ K2 are two classes of instruction sequences, then K2 may be
considered more expressive (more expressive w.r.t. LLOC) than K1 if
for some task F all instruction sequences in K1 that compute F are
longer than n with n the minimal LLOC for an instruction sequence in
K2 that implements task F .

Definition 1.3. Let K1 ⊆ K2 be classes of instruction sequences. K2

is more expressive (more expressive w.r.t. LLOC) than K1 if for some
task F there is an instruction sequence X ∈ K2 which computes F
while there is no instruction sequence Y ∈ K1 which also computes F
such that LLOC(Y ) ≤ LLOC(X).

In some cases the smaller class of instruction sequences does not
provide any implementation for a task which is implementable with
the larger class. Then I will speak of differentiation of qualitative ex-
pressiveness.

Definition 1.4. Let K1 ⊆ K2 be classes of instruction sequences. K2

is qualitatively more expressive than K1 if for some task F there is
an instruction sequence X ∈ K2 which computes F while there is no
instruction sequence Y ∈ K1 which also computes F .

1.5 Rationale of designing additional forms of instruc-

tions

Below several types of instructions outside the core syntax of PGA
will be discussed: instructions for structured programming, backward
jumps, indirect jumps, and generalised semi-colon instructions. These
constitute merely a fraction of the options for extension of the syntax
of instruction sequences that have been explored in recent years.

We will assume that the rationale of the introduction of additional
kinds of instructions is to achieve one or more of four potential advan-
tages, upon making use of the “new” instructions:

Fewer instructions. Some tasks may be implemented with a shorter
instruction sequence, that is with fewer instructions. (This cri-
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terion, when applied in practice, amounts to the optimisation of
program size or achieving good code compactness.)

Fewer steps. A given task may be implemented by an instruction
sequence which produces faster runs, i.e. fewer steps are taken
till termination, either in the worst case or in average or according
to some other efficiency criterion.

Fewer mistakes. Correct or ‘high quality” instruction sequences can
be produced either more quickly, or in a more readable form or,
in such a manner that some given form of analysis or verification
is more easily applied, or can be applied with a higher rate of
success.

Fewer compiler optimisations. A given task may be implemented
by an instruction sequence which allows the production of efficient
compiled version with fewer optimisation steps.

Below we will focus exclusively on the first two advantages. Undoubt-
edly the third advantage may become harder to achieve when optimis-
ing either code compactness or execution speed or both.

1.6 Generalised semi-colon and a non-expanding LLOC

metric

We will use the generalised semi-colon notation: ;nk=1
(Xk) = X1; . . . ;Xn.

In order to apply the LLOC metric the generalised semi-colons must
be expanded first.

An alternative presentational metric LLOCgsc, called the generalised
semi-colon non-expanding LLOC metric, works as follows: (i) for X not
containing any occurrence of the generalised sequential composition
construct: LLOCgsc(X) = LLOC(X), LLOCgsc(X : Y ) = LLOCgsc(X) +
LLOCgsc(Y ), and (iii) LLOCgsc(;nk=1

(Yk)) = LLOC(Yk) + 2 + ⌊2log n⌋.
The idea is to count “;nk=1

(” as well as the corresponding closing bracket
“)” as if these were instructions, and to add a logarithmic increment
taking account for the size of n.
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When writing an instruction sequence the use of generalised semi-
colon notation may improve readability. It may also be easier to write
a compiler for instruction sequence expressions involving generalised
semi-colons than for expanded versions thereof.

1.7 Terminology and notation for roles

The strings in, out, inout, and aux serve as role headers which prefix
the role base, whereas 0 and 1 are role postfixes which may be appended
to the role base. A role comes about given a role base from prefixing
the role base with the header and in addition, in case the header is
either out or aux, postfixing the result with a postfix.

For single bit registers the preferred role base is the empty string
and the respective roles are in, inout, out0, out1, aux0, aux1. Corre-
sponding foci include a further number so that different copies of ser-
vices for the role at hand can be distinguished. Examples of foci for the
various roles for single bit registers are e.g. in:7, inout:13, out0:3. Be-
low we will introduce instructions with role base 1D for 1 dimensional
single bit arrays, and we will use additional role bases a and b (with
foci e.g. in a:2m, in b:5, inout a:1) in order to enhance readability.

2 Expressiveness of single pass instruction se-

quences

All functions from bit vectors of length n to bit vectors of length m
can be computed without the use of backward jumps, that is without
the use of any form of iteration or looping. Proposition 2.2 was shown
for m = 1 in taken from [7], the extension to m > 1 is straightforward.
The following function l will be used.

Definition 2.1. l : N×N → N is given by l(0,m) = m+1, l(n+1,m) =
2 · l(n,m) + 2.

Proposition 2.1. l(n,m) = 2n · (m+ 3)− 2.
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Proof. Induction on n. The case n = 0 is immediate. Step: l(n +
1,m) = 2·l(n,m)+2 = 2·(2n ·(m+3)−2)+2 = (2n+1 ·(m+3)−4)+2 =
2n+1 · (m+ 3)− 2.

Proposition 2.2. Let n,m ∈ N, with m > 0. For each total
F : Bn → B

m there is a finite PGA instruction sequence (i.e. a
single pass instruction sequence, or instruction sequence without it-
eration) XF , with basic instructions of the form f.y/e with focus
f ∈ {in:1, . . . , in:n}∪{out0:1, . . . , out0:m} and method y/e ∈ M16

which computes F . Moreover the XF ’s can be chosen such that
LLOC(XF ) = l(n,m).

Proof. We will use induction on n. If n = 0, F produces a sequence of
constants (d1, . . . ,dm) which is computed byXF = ;mk=1

(out0:1.1/dk); !.
We notice that LLOC(XF ) = m+ 1 = l(0,m).

Now consider the case n + 1. We split F into F0 and F1 such
that for all ~b, F (~b, 0) = F0(~b) and F (~b, 1) = F1(~b). Using the induc-
tion hypothesis one may finc X0 and X1 with l(n,m) instructions each
and which compute F0 and F1 respectively. Now the instruction se-
quence X = +in:(n+1).i/i;#(l(n)+1);X0 ;X1 computes F , moreover,
LLOC(X) = l(n+ 1,m).

The design of X has many alternatives. For instance setting X =
+in:(n+1).i/0;#(l(n)+1);X0 ;X1 works as well, while its basic actions
are less amenable to reading input from the input registers as the value
of input registers is set to 0 at the first method call to it.

2.1 Computational metrics: NOS

With NOS(X,H) (number of steps) I will indicate the number of in-
structions that is processed during the (unique) run of the instruction
sequence X on service family H. If divergence occurs, a jump with
counter 0, or a jump outside the range of instructions, NOS takes the
value∞. Equally if an error occurs, i.e. the occurrence of a method call
outside the interface provided by H, NOS takes the value ∞. Interfaces
are discussed in detail in Section 5.
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Some examples of NOS: NOS(!,H) = 1,NOS(#1;#1; !,H) = 3,
NOS(#1;#0; !; !,H) = ∞, NOS(+out0:1.1/1; !, out0:1.br(1)) = 2,
NOS(+out0:1.1/1; \#2; !, out0:1.br(1)) = 2 NOS(#2; !,H) = ∞,
and NOS(+in:3.i/i; !, out0:1.br(0)) = ∞.

The instruction sequenceX which has been constructed in the proof
of Proposition 2.2 computes F in such a manner that each result is
found in precisely 2·(m+3)−2 steps. For this algorithm an NOS equal
to 2·(m+3)−2 is average and worst case at the same time. This figure
for NOS is fairly low as, except from producing outputs, it provides
just one instruction on average to process each bit of input after it has
been read.

2.2 Tradeoff between LLOC and NOS: an open question

The implication of this observation is that it is easy to write an in-
struction sequence X which produces fast computations, i.e. a low
worst case NOS(X,H) for relevant H, while it may be hard to ensure
in addition that LLOC(X) is kept reasonably small. If LLOC(X) entails
a combinatorial explosion, then so does the activity of designing and
constructing X.

In other words: given a task F (with n inputs and m outputs,
both fixed numbers) the programming problem to write an instruction
sequence implementing the task primarily constitutes a challenge to
find an implementation with low LLOC, a state of affairs which brings
LLOC to prominence. It is unclear to what extent minimising LLOC
stands in the way of obtaining a low worst case or average NOS in
practice, that is for meaningful tasks F . The following question, for
which we have no answer, constitutes one of many ways to formalise
this matter.

Problem 2.1. Is there a family of functions Fn : Bn → B for which
LLOC minimal implementing instruction sequences (admitting auxil-
iary registers) have superpolynomial worst case NOS performance?

However, as minimising LLOC is in most cases an unfeasible chal-
lenge, it is reasonable to look for a combined metric. We are unaware
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of a plausible candidate for a combined metric, however, which leads
us to stating the following conceptual question.

Problem 2.2. Find a plausible metric for instruction sequences (which
measures the success of a design) and combines LLOC and NOS by
capturing a useful tradeoff between these.

In [11] we have presented various designs of single pass instruction
sequences for multiplication of natural numbers in binary notation. As
it stands we have no systematic method to assess the success of these
designs in quantitative terms. The processing speed (low worst case
NOS) which is achieved by way of a divide and conquer approach is
relevant only if the cost in terms of LLOC is not too high, and we have
no obvious way to assess that matter.

A way out of this matter is to insist that implementing a family
of functionalities Fn,m : Bn → Bm by means of single pass instruction
sequences Xn,m must be done under the additional requirement that
LLOC(Xn,m) ∈ O((n +m) · log n · logm). That requirement, however,
rules out the instruction sequences found in [11].

2.3 Backward jumps and LLOC, an open problem

One may incorporate iteration by allowing backward jump instructions
(written \#k). PGLB is the instruction sequence notation which ad-
mits the instructions from PGLA (without iteration) as well as back-
ward jump instructions. Thus PGLB instructions are !,#k, \#k, a,+a,
and −a with a a basic action, i.e. an action of the form f.m with f a
focus and m a method.

Proposition 2.3. There is a computable translation Ψ which trans-
forms PGLB instruction sequences for single bit registers into finite
PGA instruction sequences working on the same single bit registers in
such a manner that for each X, Ψ(X) computes the same function as
X on the single bit registers which it makes use of.

Proof. Given PGLB instruction sequence X working on n inputs, all 2n

input vectors are presented to X and the results are computed and col-

140



Quantitative Expressiveness of Instruction Sequence Classes for . . .

lected in an appropriate finite datastructure. Now the proof of Propo-
sition 2.2 is understood as the description of an algorithm by means of
which the required instruction sequence is created.

Proposition 2.4. If there exists a translation Ψ which transforms each
PGLB instruction sequence for single bit registers with low register in-
dices into a finite PGA instruction sequence with low register indices
working on the same single bit registers, perhaps making use of addi-
tional auxiliary registers, in such a manner that (i) for each X, Ψ(X)
computes the same function as X, and (ii) for each X, LLOC(Ψ(X)) is
bounded by a fixed polynomial p(−) in LLOC(X), then NP ∈ P/Poly,
and in fact NP ∈ P/O(n log n)

Proof. The connection between instruction sequences and complexity
theory with advice functions has been explored in detail in [7]. The
idea is that one may understand the instruction sequence itself as an
advice function. The proof is an elementary application of the results
in the mentioned paper. As a bit sequence the instruction sequence is
of polynomial length in its number of instructions. The mechanism to
compute the result of the execution of a single pass instruction sequence
with low register indices on given inputs is O(n log n) with n the LLOC
of X.

It follows from these observations that it is implausible that for
each PGLB instruction sequence a finite PGA instruction sequence of
equal LLOC size can be found which computes the same function.

Upon taking into account the presence of more powerful services
it is easily possible to demonstrate that backward jumps allow writing
shorter programs for certain tasks. This idea is pursued in detail for
certain services that represent an array of bits, i.e. indirect addressing
of single bit registers.

2.4 The simplest array: using a single bit as an index

The simplest Boolean array has two single bit registers. Its role base
is 1Da (for 1 dimensional array), role headers are in, inout, out, aux.
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The method interface is as follows: (i) methods a1:y/m for y/m ∈ M16

apply y/m to the index bit a1, and (ii) methods y/m for y/m ∈ M16

can be used and will apply to the register indexed by the current value
of a1.

The initial value of both registers, when of relevance, is given by
the role postfix. The access bit is in fact also a part of this service
kernel which has 8 states for that reason,

For instance out1D0:3 is the focus for the 3rd output service of this
kind for which it is required that the registers are initially set to 1. (By
consequence out1D1:3 is a different focus.)

Copying say in1D:3 to say out1D0:7 can be done as follows with
LLOC = 6,
Copy1D = +in1D:3.i/i; out1D0:7.1/1; out1D:7.1/c; +in1D:3.a1:i/c; !;

\5.

A lower bound on LLOC for array copying in dimension 1, for a
single pass instruction sequence, however, is 7: an access method for
each of both arrays must appear twice (4), a method application on the
index bits of both arrays is necessary (2) and at least one termination
instruction (1) is required. We find:

Proposition 2.5. In the presence of 1D single bit addressed single bit
arrays the use of backward jumps increases the expressive power of the
instruction sequence notation.

The following question is open:

Problem 2.3. Is it the case that the introduction of backward jumps
in addition to PGA instructions renders the instruction sequence no-
tation more expressive in terms of allowing to compute some functions
with smaller LLOC size, and for the purpose of computing Boolean
functions.

The stated question is not very specific for the precise syntax that
allows for repetition. As an alternative to backward relative jumps one
might consider: absolute jumps (see [1]), goto’s with label instructions
(see [1]) and indirect jumps (see [2]).
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We expect that multiplication of two n-bits natural numbers
thereby producing 2n output values constitutes a task for which the
availability of backward jumps provides a provable advantage in terms
of the minimisation of the LLOC metric. This phenomenon may well
appear for fairly low n, say n = 5 or below.

2.5 Unfolding an instruction sequence with backward

jumps

Given an instruction sequence X in PGLB notation, i.e. with backward
jumps, one obtains Y which computes the same function as follows. Let
X = u1; . . . ;un. From X obtain Z by replacing each jump ui by u′i as
follows:

� if ui ≡ #k and i+ k ≤ n then u′i ≡ ui,

� if ui ≡ #k and i+ k > n then u′i ≡ #0,

� if ui ≡ \#k and k ≥ i then u′i ≡ #0,

� if ui ≡ \#k and k < i then u′i ≡ #(n− k).

Then take Y ≡ Zω. Assuming that X works on a finite domain, for
some p > 0, Zp (Z; . . . ;Z, p consecutive copies of Z) is a finite PGA
instruction sequence which computes the same function asX. Moreover
the computations take precisely as many steps as for X. In Section 2.1
above we discussed the computational metric NOS for which X and Zp

are equivalent, assuming that p is taken sufficiently large. We notice:
LLOC(Zp) = p · LLOC(X).

3 Proper subclasses of single pass instruction

sequences

In this section we consider two restrictions on the design of instruction
sequences in relation to expressiveness. The first restriction is that no
register is acted upon more than once. The second restriction imposes
an upper bound on the size of jumps. In Paragraph 5.4 below we will
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consider a third proper subclass of instruction sequences, by disallowing
intermediate termination.

3.1 Single visit single pass instruction sequences

A useful subclass of finite PGA instruction sequences consists of those
instruction sequences which contain at most one method call for each
register. We will refer to these instruction sequences as single visit
instruction sequences.

The single visit restriction comes with consequences for qualitative
expressiveness. Consider the instruction sequence X with two inputs
and one output.
X = +in:1.i/i;#3;−in:2.i/i;#2;+in:2.i/i; out0:1.1/1; !.
X computes the function F (in:1, in:2) = in:2 ⊳ in:1 ⊲ (¬ in:2). As
it turns out, imposing the requirement that single pass instruction se-
quences are also single visit instructions reduces the qualitative expres-
siveness of the system.

Proposition 3.1. The function F (in:1, in:2), as mentioned above,
cannot be computed by a single visit single pass PGA instruction se-
quence.

Proof. For single visit instruction sequences the use of auxiliary regis-
ters is not relevant as the first and last method call to it, if any call is
made. It will only return the known initial value of an auxiliary reg-
ister. Assume that (i) Y is a single visit single pass PGA instruction
sequence which has the required functionality, (ii) Y contains at most
one call to each of the three single bit registers involved, and (iii) the
first method call to a register in Y is for in:1. Now notice that after
reading in:1 for both replies the intended output still depends on the
content of in:2. Thus in both cases at some stage (i.e. after 0 or more
jumps) some test instruction takes input from in:2. As there is only a
single test instruction for in:2 in Y it follows that irrespective of the
outcome of the test in in:1 that test on in:2 is performed. As a conse-
quence the result of the computation of Y cannot depend on the initial
content of in:1, which is wrong. So one may assume that the first call
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is to register in:2. Now the output still depends on the value of in:1
and therefore in both cases the unique call to in:1 is reached and the
output must be determined after processing that instruction so that it
will not depend on the value read from in:2.

3.2 Single pass instruction sequences with bounded

jumps

Another plausible restriction on single pass PGA instruction sequences
results from imposing an upper bound to the size of jumps. At the mo-
ment of writing we have no answer concerning the following question.

Proposition 3.2. Each Boolean function with finite range and domain
be computed by a single pass PGA instruction sequence that involves
jumps of size at most 2.

Proof. We consider a function F (−,−,−) taking its arguments from
registers in:1, in:2, in:3 and producing results F1(−,−,−), F2(−,−,−)
and F3(−,−,−) in registers out0:1, out0:2 and out0:3. The construction
is done in such a manner that it generalises to all cases.

Let α1, . . . , α23 be an enumeration of the arguments of F . We write
αi = (αi

1, α
i
2, α

i
3). An instruction sequence XF computing F is found

as follows:
XF =

;2
3

k=1
(testα

k

F ; +out0:1.0/F1(α);#2;+out0:2.F2(α);#2;
+ out0:3.F3(α)); !

with
testαF = −in:1.(i⊳ α1 ⊲ c)/i;#2;−in:2.(i ⊳ α2 ⊲ c)/i;#2;

− in:3.(i⊳ α3 ⊲ c)/i;#2.

Following [3] an instruction sequence with jumps of size 1 only
can be transformed into an equivalent instruction sequence without
jumps. Thus the use of jumps of size 1 does not increase expressiveness.
Moreover, in the presence of auxiliary registers, it can be avoided.

Proposition 3.3. With the use of arbitrarily many auxiliary registers
(say aux0:1, . . . , aux0:k) each function on single bit registers can be
computed by a single pass PGA instruction sequence without jumps.
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Proof. Using Proposition 2.2, given F , some single pass PGA instruc-
tion sequence X over registers used by F may be chosen such that X
computes F . Using the main result of [3], with the help of sufficiently
many auxiliary registers aux0:1, . . . , aux0:k a single pass instruction se-
quence Y is found such that X/

⊕k
l=1

aux0:l.br(0) = |Y | (after abstrac-

tion from internal steps). It follows that |X| •H⊕
⊕k

l=1
aux0:l.br(0) =

|X| •H which implies that X computes F .

Although large jumps are not required for the computing any
Boolean function, it still may be the case that imposing a restriction
to small jumps leads to the need for longer instruction sequences, or it
may imply the need for the use of more auxiliary registers.

Example 3.1. Consider the function Gk with one input in:1 and 2k
outputs out0:1, . . . , out0:k,
out0:k + 1, . . . , out:k + k.
Gk(0) returns with out0:1, . . . , out0:k each set to 1 while Gk(1) returns
with out0:k + 1, . . . , out0:k + k set to 1. Gk is computed by:

Xk
G = −in:1.i/i;#k + 2;;kl=1

(out0:l.1/1); !;;kl=1
(out0:(k + l).1/1); !

LLOC(Xk
G) = 2k + 3, but in this case the jump instruction can be

avoided, thereby achieving LLOC = 2k + 2, as follows:

Y k
G = +in:1.i/i;;k−1

l=1
(−out0:l.1/1;−out0:(k + l).1/1);

−out0:k.1/1; out0:(2k).1/1; !

None of the instructions of Y k
G can be avoided for any instruction se-

quence able to compute Xk
G. It follows that Y k

G is demonstrably a
shortest instruction sequence able to compute Gk.

Example 3.2. Now the example is modified by having additional in-
puts which govern whether or not the outputs are to be set to 1. More-
over, these additional inputs serve also as outputs and are comple-
mented with each call. For focus naming non-empty role bases (see
Paragraph 1.7) a and b are used and the function Ek is computed by
Xk

E with LLOC(Xk
E) = 4k + 4:
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Xk
E = +inout:1.i/c;#2k + 2;;kl=1

(+inout a:l.i/c; out0 a:l.1/1); !;

;kl=1
(+inout b:l.i/c; out0 b:l.1/1); !

It is easy to see that for k ≥ 1 no instruction sequence with fewer
than 4k + 2 instructions can compute Ek. From Proposition 3.3 we
know that Ek can be computed by an instruction sequence without
jumps with the use of auxiliary registers, and from Proposition 3.2 we
know that it can be computed by means of an instruction sequence
involving jumps with length 2 or less. The latter instruction sequence
may be quite long, however. By admitting jumps of size 3, the LLOC
equal to 5k + 4 can be achieved:

Y k
E = +inout:1.i/c;;kl=1

(#3;+inout a:l.i/c;−out0 a:l.1/1);#2; !;

;kl=1
(+inout b:l.i/c; out0 b:l.1/1); !

It is plausible that for increasing k the shortest single pass PGA in-
struction sequences for computing Ek must involve increasingly large
jumps, as Xk

E does. Proving that to be the case, however, we were
unable to do. We will provide a partial result on that matter in Propo-
sition 5.3 below, making use of interfaces in order to restrict the scope
of the assertion and thereby to allow for its proof.

4 Interfaces

The setting of instruction sequences acting on service presents an in-
centive for the introduction and application of various forms of inter-
faces. Interfaces may be classified and qualified in different ways. To
begin with, we distinguish required interfaces and provided interfaces.
A thread or an instruction sequence comes with a required interface,
whereas services and service families come with a provided interface.1

If a component is placed in a context, it is plausible to assume that
the component comes with a required interface and that the context has

1Mathematically speaking, required interfaces and provided interfaces are the
same, though when working with interface groups required interfaces and provided
interfaces may be thought of as inverses w.r.t. composition.
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a provided interface and to require for a good fit that the component’s
required interface is a subinterface of the context’s provided interface.2

4.1 Service kernels and method interfaces

A method interface is a finite set of methods (i.e. method names). A
service kernel U is a state dependent partial function from methods to
Booleans. The domain of that function is called the method interface of
the service kernel, and it is denoted with Im(U). The method interface
of U is supposed to be independent of the state of U . Applying method
m ∈ Im(U) to U produces a yield y(m,U) ∈ B and an effect e(m,U)
which technically is another service kernel with Im(e(m,U)) = Im(U).
It is a useful convention to write U = U(s) thereby making a state s
explicit.

Using notation with an explicit state we may write y(m,U(s)) =
ym(s) and e(m,U(s)) = U(em(s)). A service kernel with an empty
method interface is called degenerate or inactive. We will equate all
inactive kernels denoting these with the constant 0 which satisfies:
Im(0) = ∅.

4.2 Method interface of a single bit register service ker-

nel

There are 16 methods for single bit registers, written y/e (yield / ef-
fect), with y, e ∈ {0, 1, i, c}. These are the methods applicable to any
single bit register kernel br(b) (i.e. br(−) with content b ∈ B). We
write M16 for the collection of these.

Each subset Jm of M16 constitutes a method interface. Conse-
quently there are 216 method interfaces for single bit registers.

2The roles of component and context are not set in stone: if an instruction
sequence X computes over a service family H , the thread |X| is placed in a context
made up of H (denoted |X| • H), whereas if the instruction sequence X uses the
service family H by way of the use operator −/− (denoted |X|/H), it is less plausible
to take this view as the use operator is not based on the assumption that H provides
a way of processing for each request (method call) that is required (issued) by |X|.
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For Jm ⊆ M16, ∂Jm(br(b)) denotes the service kernel which admits
precisely the methods of M16 − Im on the single bit register br(b). It
follows that for b ∈ {0, 1}, br(b) = ∂∅(br(b)), so that Im(br(b)) = M16,
and Im(∂Jm(br(b))) = Jm.

4.3 Focus kernel linking and service family composition

A service kernel U may be linked to (or: prefixed by, or: positioned
under, or: combined with) a focus f whereby a new service f.U is
obtained. If f 6= g, then g.U is a different service starting out as a
copy of U .

Service families are combinations of services created from the empty
service family and services f.U by way of service family composition
(denoted −⊕−) which is commutative and associative, and for which
the empty service is a unit element. Service family composition is not
idempotent, however, as f.U ⊕ f.V = f.0 (with 0 as in Paragraph 4.1
above), thereby indicating that ambiguity in the service provided by
a context is considered problematic, rather than it is resolved in a
non-deterministic manner. Indeed if services with the same focus are
combined an ambiguity arises as to which service kernel is to process
m, and for this dilemma no simple solution exists. For that reason
the combination g.U ⊕ g.W is understood as an error in the algebra of
service families.

When combining services f.U and g.W the service family f.U⊕g.W
is obtained. If a basic action h.m is applied to a service family H =⊕n

l=1
fl.Ul then two cases are distinguished: (i) h equals one of the fl in

which case the method m is applied to Ul, so that either if m ∈ Im(U),
a reply is obtained and the state of Ul is updated, or otherwise an error
occurs, or (ii) none of the fl equals h in which case an error occurs.

When computing the application of an instruction sequence to a
service family (i.e. computing X •H) an error is represented by having
the empty service family as the result: X •H = ∅. Evaluation of h.m
over H =

⊕n
l=1

fl.Ul(si) works fine as long as there is at most a single
l, for which h = fl and moreover for that l, m ∈ IM (U). In that
case performing basic action h.m yields reply ylm(sl) while changing
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the state sl of Ul to elm(sl), leaving the states of the other services in
the service family unmodified. In other cases the empty service family
is produced.

In the case of single bit services the inactive service kernel is de-
noted with br(⋆) rather than with 0, i.e. a register containing an error
value, so that: g.br(b) ⊕ g.br(c) = g.br(⋆). Applying any method to
a register containing ⋆ is considered a run time error, the handling of
which depends on the context in principle. In the setting of this paper
an error leads to the production of the empty service family.

4.4 Service family restriction

Let V be a set of foci and H a service family. Then ∂V (H), the V -
restriction of H, results from H by removing (i.e. replacing by ∅) each
service f.U in H with f ∈ V . For the special case that V = {f} we
find that each H can be written in one of two forms: H = ∂{f}(K)
or H = ∂{f}(K) ⊕ f.U . Service family restriction satisfies some useful
equations: ∂V (H ⊕K) = ∂V (H) ⊕ ∂V (K), ∂V ∪W (H) = ∂V ◦ ∂W (H),
f ∈ V → ∂V (f.U) = ∅, f /∈ V → ∂V (f.U) = f.U .

4.5 Basic action interfaces

A basic action (name) is a pair f.m with f a focus and m a method
(name). A basic action interface is a finite collection of pairs f.V , where
f is a focus and V is a method interface. The notation is simplified by
writing f.V for the basic action interface {f.V }, and by writing −+−
for union. Both instruction sequences and service families come with
a basic action interface. We write I(H) for the basic action interface
of a service family H and I(X) for the basic action interface of an
instruction sequence X.

For instruction sequences the interface I(X) collects all focus
method pairs that occur in instructions in X. I(X) is a required
interface, as it collects requests (method calls) which an environ-
ment is supposed to respond to. Defining equations for I(−) are:
I(!) = I(#k) = ∅, I(g.m) = I(+g.m) = I(−g.m) = g.{m}, and
I(X;Y ) = I(X) + I(Y ), in combination with g.V + g.W = g.(V ∪W ).
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For a service family H, I(H) collects the method calls to which
H is able to respond. For service families the interface definition
is less straightforward than for instruction sequences: I(∅) = ∅,
I(g.U) = g.Im(U), I(∂{g}(H) ⊕ g.U) = I(∂{g}(H)) + I(g.U). From
these equations it follows that I(g.U ⊕ g.V ) = g.∅, and therefore dis-
tribution of I over U , i.e. I(g.U ⊕ g.V ) = I(g.U) + I(g.V ), fails if
Im(U) 6= ∅ and if Im(V ) 6= ∅.

5 Interfaces as constraints on instruction se-

quences

Given a basic action interface I the collection of PGA instruction se-
quences for acting on single bit registers X such that I(X) ⊆ I is
denoted ISbr(I). Membership of ISbr(I) for an appropriate basic ac-
tion interface I is a useful constraint on an instruction sequence. We
will provide several examples of such constraints in the following Para-
graphs of this Section.

Interfaces are partially ordered by inclusion (I ⊆ J , I is a subinter-
face of J , I is contained in J , J includes I). An interface I may serve
as a constraint on instruction sequences, in particular the requirement
that the required interface of the instruction sequence X is not too
large: I(X) ⊆ I.

At the same time a basic action interface I may serve as a constraint
on a service family H on which X is supposed to operate: I ⊆ I(H),
that is the requirement that the provided interface of H is not too
small. We will provide four examples of the use of interfaces in the
following Paragraphs.

5.1 Alternative initialisation of output registers

An obvious extension of the instruction set outlined in Paragraph 1.3
above is to allow making use of registers out1:k which have 1 as the
initial content. Allowing 1-initialised output registers extends the class
of instruction sequences in such a manner that there is a gain of ex-
pressiveness.
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To see this improvement consider the function F (−) with a single
input in:1 which takes constant value 0. Working with interface J =
in:1.i/i + out0:1/1 the mere termination instruction ! constitutes an
instruction sequence that computes F with LLOC 1. Alternatively if
an instruction sequences is sought for in J ′ = in:1.i/i + out1:0/0, a
longer instruction sequence (LLOC 2) such as out1:1.0/0; !, is required.

5.2 Bit complementation

We will consider the function F : {0, 1} → {0, 1} given by F (x) = 1−x.
F represents complementation (negation).

Below seven instruction sequences each of which compute F are
listed. By imposing restrictions on the basic action interface serving
as a constraint the differences between these options for implementing
complementation of a single bit can be made explicit.

The role out stands for a register which serves as an output as it
won’t be read, but which may have initial value 0 or 1. Thus a single
bit register with focus say out:1 may have arbitrary initialisation.

� I1 = inout:1.M16. Both inputs and outputs reside in inout:1.
The instruction sequence X1 = inout:1.1/c; ! computes F and
is a shortest possible program because at least one basic action
needs to be applied to the input and a termination instruction
must be included.

� I2 = in:1.M16 + out0:1.M16. In this case output is placed in
a different register serving as an output register only. X2 =
+in:1.i/i; out0:1.1/1; ! computes F . Moreover a shorter imple-
mentation cannot be found: the input needs to be read and some
writing of outputs is unavoidable as well as a termination instruc-
tion.

� I3 = in:1.M16 + out:1.M16.

The instruction sequence X3 = +in:1.i/i; +out:1.0/1; out:1.0/0; !
computes F . A shorter instruction sequence for computing F
when implemented under the constraints of basic action interface
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I3 does not exist. An input instruction is necessary, and both
values must be written by some output instruction because both
outputs can arise while the initial content of the output register
is not known in advance.

� I4 = inout:1.{i/i, 1/1, 1/0}. Now the instruction sequence
X4 = +inout:1.i/i;−inout:1.1/1; inout:1.1/0; ! is in ISbr(I4) and
computes F and it is easy to see that it constitutes a shortest
possible program in ISbr(I4) for that task.

� I5 = in:1:.{c/0}+out0:1.{1/c}. NowX5 = +in:1.c/0; out0:1.0/c; !
is in ISbr(I5), computes F , and as such has minimal LLOC for
that task.

� I6 = in:1.{i/i}+out:1.{i/0, i/1}. A shortest implementation of F
under these constraints is: X6 = out:1.i/0;−in:1.i/i; out:1.i/1; !.

� I7 = in:1.{i/i} + out:1.{i/c}. F is computed by
X7 = −out:1.i/c; out:1.i/c;−in:1.i/i; out:1.i/c; !.

Proposition 5.1. As a single pass instruction sequence computing F
under the constraint that I(X) ⊆ in:1.{i/i}+out:1.{i/c} X7 minimises
LLOC.

Proof. LLOC(X7) = 5 and therefore consider an implementation Y of
F which has 4 instructions, say Y = u1;u2;u3;u4. We may assume
that u4 =! because otherwise u4 cannot be performed unless a faulty
termination takes place with the effect that Ymay be simplified to three
or even fewer instructions while still computing F . That is impossible
because at least one read instruction on in:1 and two different write
instructions on out:1 (for 0 and for 1) must appear in Y . This obser-
vation also implies that the LLOC(Y ) is at least 4. So Y = u1;u2;u3; !.
If u3 were an input instruction, the output of Y is independent of the
input, which is not the case.

Thus u3 ∈ {out1:1.i/c,+out1:1.i/c,−out:.i/c}. Now a case dis-
tinction on u1 reveals that u1 = −out1:1.i/c fails because starting
with out:1 = 1 the second instruction is skipped and no input action
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is performed. Similarly u1 = +out1:1.i/c fails because starting with
out:1 = 0 the second instruction is skipped and no input action will
be performed. If u1 = out1:1.i/c, then the collection of results for
out1:1 = 0 and for out1:1 = 1 is left unchanged when deleting u1 so
that a shorter instruction sequence u2;u3; ! also implements F which
has been ruled out already.

Thus u1 is an input instruction. It must be a test instruction
because otherwise the output will not depend on the input. Let
u1 = +in:1.i/i, the symmetric case u1 = −in:1.i/i can be dealt with
similarly.

Upon input in:1 = 0 the computation of Y proceeds with u3; !
with u3 ∈ {out1:1.i/c,+out1:1.i/c,−out:.i/c}. Consider the case with
initial value 1 for out:1, then for each option for u3 the resulting value
for out:1 is out:1 = 0 instead of the required output out:1 = 1. In
all cases a contradiction has been derived thus contradicting the initial
assumption that Y with LLOC equal to 4 computes F .

The following fact admits an easy but tedious proof, the details of
which are left aside.

Proposition 5.2. For each basic action interface I ⊆ in:1.M16 +
out:1.M16 the following holds: if F (complementation) can be com-
puted by a finite single pass instruction sequence in ISba(I), then F
can be computed by an instruction sequence with LLOC at most 5.

5.3 Parity checking

The second example of the use of interfaces as constraints concerns
the role of auxiliary registers in single pass instruction sequences for
computing multivariate functions on Booleans. We will survey the
results of [8] while reformulating these in terms of interfaces.

Let In =
∑n

l=1
in:l.{i/i} + out0:1.{1/1}. The function P on bit

sequences is given by: P (0) = 0, P (1) = 1, P (0, α) = P (α), P (1, α) =
1 − P (α). P (−) determines the parity of a sequence of bits. We are
interested in instruction sequences for computing P (−) from inputs
stored in input registers with focus in:1, . . . , in:n.
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From [8] we take that the instruction sequence PARIS0n computes
parity for n bits:

PARIS00 = !

PARIS01 = +in:1.i/i; out0:1.1/1; !

and for n > 1:

PARIS0n = +in:1.i/i : ;nl=2
(#4;+in:l.i/i;#3;#3;−in:l.i/i); out0:1.1/1; !

Formalisation of the fact that these instruction sequences perform
parity checking looks as follows in the notation of [4] and [11]. For all
n ≥ 1 and for all bit sequences (b1, . . . bn):

∂{in:1,...,in:n}(|PARIS
0
n| • (out0:1.br(0) ⊕

n⊕

k=1

in:k.br(bn)) =

out:1.br(P (b1, . . . bn))

For n > 0 we find that LLOC(PARIS0n) = 5(n− 1) + 3 = 5.n− 2.

Next consider the interface Ina = In + aux:1.{i/c, i/i} and the in-
struction sequences PARIS1n with I(PARIS1n) ⊆ Ia.

PARIS10 =!

PARIS11 = PARIS01

and for n > 1:

PARIS1n = ;nl=1
(+in:l.i/i; aux0:1.i/c);+aux0:1.i/i; out0:1.1/1; !

In [8] it is shown that PARIS1n computes P (−) on n inputs. In
formal notation this reads, with V = {in:1, . . . , in:n, aux0:1},

∂V (|PARIS
1
n| • (out0:1.br(0) ⊕ aux0:1.br(0) ⊕

n⊕

k=1

in:k.br(bn)) =

out:1.br(P (b1, . . . bn)).
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For n > 1 LLOC(PARIS1n) = 2n + 3. Moreover it was shown in [8]
that from n = 7 upwards, each instruction sequence in ISba(I

n
a ) which

computes P (−) has more instructions than 2n+3, thereby establishing
that the availability of an initialised auxiliary register in this particular
case enables to write a shorter instruction sequence. We are unaware,
however, of conclusive answers to the following questions.

Problem 5.1. What is the lowest LLOC size of a single pass instruc-
tion sequence in ISbr(I

n) which computes P (−) on n single bit regis-
ters?

Problem 5.2. What is the lowest LLOC size of a single pass instruc-
tion sequence in ISbr(I

n
a ) which computes P (−) on n single bit regis-

ters?

5.4 Proving the expressive power of large jumps

We return to Example 3.2 and prove a partial result the proof of
which becomes manageable by imposing significant constraints on the
required interface of instruction sequences involved. The interface con-
straint excludes the use of auxiliary registers and imposes that in-
put actions complement the input at the same time. We recall from
Example 3.2 the instruction sequences Xk

E = +inout:1.i/c;#2k +
2;kl=1

(+inout a:l.i/c; out0 a:l.1/1); !;
;kl=1

(+inout b:l.i/c; out0 b:l.1/1); !.

Proposition 5.3. Let k > 3 and suppose that X is a finite single pass
instruction sequence such that the following four conditions are met:

1. I(X) ⊆ I(Xk
E),

2. X computes the same function as Xk
E ,

3. LLOC(X) ≤ LLOC(Xk
E), and

4. the only termination instruction in X is its final instruction,

then X contains at least one jump instruction of length k/2 or more.
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Proof. X For X to compute the same transformation as Xk
E it must

contain at least 4k + 1 instructions with precisely that number of dif-
ferent foci as occur in the basic instructions of Xk

E . X may in addition
contain at most two more instructions each of which are either a basic
instructions or a jump, or a termination instruction.

The number of basic instructions that must be performed in order
to compute the required transformation ranges between a minimum of
k + 1, reading in:1 and either reading all inputs inout a:l or reading
all inputs inout b:l while not writing any outputs, which comes about
upon taking all inputs equal to 0, and a maximum of 2k+1, involving
the maximum most k updates of output registers, a maximum which
is reached only when all inputs that are read have value 1. The total
number of instructions that are performed during a run is between k+2
(the minimal number of basic instructions and a termination instruc-
tion) and 2k +4 (the maximally required number of basic instructions
plus termination plus two more instructions as mentioned).

If X only contains a termination at the final position and at most
two jumps #l1 and #l2 with l1 + l2 ≤ k, or a single jump #l with
l ≤ k, then at least (4k + 2 − l)/2 ≥ 3/2 · k + 1 > k + 2 instructions
are performed during each run of X, as each basic instruction can at
best have its successor skipped, and the jump instruction(s) skips at
most k − 1 of its (both) successors, and importantly no intermediate
termination can take place. Now consider a run where no non-zero
inputs have been observed and hence no output was written. It follows
that because this run is performing more basic instructions than k+1,
and because it cannot perform any output actions, as setting an output
to 1 cannot be undone, said run must perform a read from the same
input more than once, and in fact that input must be read three times
at least because its content needs to be set to 1 at the end.

We find that for some focus with role in or inout three basic in-
structions are present in X so that no room is left for the jump in-
struction(s) which we assumed to be present. We find a contradiction
which concludes the proof.
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6 Addition of natural numbers

Addition of natural numbers in binary notation and with equal numbers
of bits takes 2n inputs and produces n+1 outputs. I will present some
instruction sequences for addition relative to different interfaces.

Let In =
∑n

l=1
(in a:l.{i/i}+in b:l.{i/i}) and consider the interface

I ′n = In+
∑n

l=1
(out0:l.{1/1})+ out0:(n+1).{1/1}+aux0:1.{i/0, 1/1}.

The following single pass instruction sequences Addn for this task, rela-
tive to I ′n achieve LLOC(Addn) = 14n+3. The auxiliary register aux:1
is used as a carry.

Addn = ;nk=1
(

+ in a:k.i/i;−in b:k.i/i;#4;+aux0:1.i/1;#9;#9;
− in a:k.i/i; +in b:k.i/i;#4;+aux0:1.i/0;#3;#3;
− aux0:1.i/i; out0:k.1/1;
); +aux0:1.i/0; out0:(n+ 1).1/1; !

Working over I ′′n = In+
∑n

l=1
(out0:l.{1/1})+out0:(n+1).{i/i, i/1, i/0}

the carry can be identified with out0:(n+1), thereby reducing the num-
ber of instructions to 14n+ 1.
Add′n = ;nk=1

(
+ in a:k.i/i;−in b:k.i/i;#4;+out0:(n+ 1).i/1;#9;#9;
− in a:k.i/i; +in b:k.i/i;#4;+out0:(n+ 1).i/0;#3;#3;
− out0:(n+ 1).i/i; out0:k.1/1;
); !

Making use of the fact that for k = 1 the check on out0:n+1 is redun-
dant because no assignment to it has yet been made, we find, again
working relative to I ′′n, while assuming n > 0, that Add′′n with LLOC
14n − 5:

Add′′n = +in a:1.i/i;−in b:1.i/i;#3; out0:(n+ 1).i/1;#4;
− in a:1.i/i; +in b:1.i/i; out0:1.1/1;
;nk=2

(
+ in a:k.i/i;−in b:k.i/i;#4;+out0:(n+ 1).i/1;#9;#9;
− in a:k.i/i; +in b:k.i/i;#4;+out0:(n+ 1).i/0;#3;#3;
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− out0:(n+ 1).i/i; out0:k.1/1;
); !

A remaining question is this:

Problem 6.1. Are there for any n > 0 single pass instruction se-
quences Add⋆n for addition over interface I ′′n with LLOC(Add⋆n) <
14n − 5? If so, what are the shortest single pass instruction sequences
for addition for this interface?

6.1 Allowing bit complementation

Now let I ′′′n = In +
∑n+1

l=1
out0:l.{i/c} + out0:(n + 1).{i/0}. W.r.t. I ′′′n

the following instruction sequences Add′′′ with LLOC(Add′′′) = 8n im-
plement addition. Here we do without a carry bit.

Add′′′n = +in a:1.i/i; out0:1/c;−in b:1.i/i;#3;+out0:i/c; out0:2.i/c;
;nk=2

(
− in a:k.i/i;#3;+out0:i/c; out0:(n + 1).i/c;
− in b:k.i/i;#3;+out0:i/c; out0:(n + 1).i/c;
); !

Problem 6.2. For each n > 0: is there a single pass PGA instruction
X implementing addition of two n bit naturals over the interface I ′′′n
with LLOC(X) < 8n? And more generally what is the lowest LLOC
that can be achieved for this task?

6.2 Concluding remarks

Finding shortest possible instruction sequences for addition is a pre-
requisite for similar work on multiplication which is a viable topic of
future research. LLOC in combination with the notion of quantitative
expressiveness presents a promising approach to complexity theory for
instruction sequences and allows for investigation which is not primar-
ily focused on asymptotics but is rather more of a combinatorial nature.
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The use of interfaces allows essential flexibility concerning matters of
quantitative expressiveness.
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Stepan Shkilniak, Tohrul Mamedov

Abstract

Partial quasiary predicates are used in programming for rep-
resenting program semantics and in logic for formalizing predi-
cates over partial variable assignments. Such predicates do not
have fixed arity therefore they may be treated as mappings over
partial data. Obtained logics are not expressive enough to con-
struct sound axiomatic systems of Floyd–Hoare type. To increase
expressibility of such logics, oriented on quasiary predicates, we
extend their language with the complement operation (composi-
tion). In the paper we define one of such logics called first-order
logic of partial quasiary predicates with the complement com-
position. For this logic a special consequence relation called ir-
refutability consequence relation under undefinedness conditions
is introduced. We study its properties, construct a sequent calcu-
lus for it and prove soundness and completeness of this calculus.

Keywords: partial predicate, quasiary predicate, program
logic, predicate logic, soundness and completeness.

1 Introduction

Extensive usage of formal methods in Computer Science, Artificial In-
telligence, and Software Engineering [1] leads to new logics that al-
low more adequate investigation of applied domains. Logic of partial

c©2019 by CSJM; Mykola Nikitchenko, Oksana Shkilniak, Stepan Shkilniak,

Tohrul Mamedov
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quasiary predicates is one of such logics oriented on software verifica-
tion. The class of partial quasiary predicates also appears in a natural
way in other domains, in particular, in logic where it can be used for
formalization of predicates defined over partial variable assignments.
Algebras of such predicates serve as semantic base of logics of applied
domains. An important question concerns expressibility of logic lan-
guages. It often happens that a chosen language is not expressive
enough for effective usage. This question also concerns logics of partial
quasiary predicates.

In our previous works [2]–[4] we studied logics with traditional com-
positions of disjunction, negation, renomination, and existential quan-
tification. Application of such logics to software verification, in partic-
ular, to Floyd-Hoare program logic [5],[6], demonstrated that the logics
are not expressive enough to construct a sound axiomatic system. This
problem appeared due to necessity of introducing partial pre- and post-
conditions into Floyd-Hoare logic. Initially, this logic treats pre- and
postconditions as total predicates, but being extended on class of par-
tial predicates the logic becomes unsound [7]. There are different meth-
ods to solve this problem, in particular, a sound axiomatic system can
be constructed for the logic language extended with the complement
composition (discussion of the topic is presented in [8]–[10]). Intro-
duction of this composition permits to modify rules of Floyd–Hoare
logic in such a way that they become sound, but a negative side of
this proposal is that the logic becomes more complicated. In this case,
undefinedness conditions for predicates should be taken into account.

In [11]–[13] we constructed sound and complete sequent calculi for
logics of propositional and renominative (quantifier-free) levels. Here
we generalize the obtained results for the first-order logic of partial
quasiary predicates extended with the complement composition. We
additionally study semantic properties of quantifier elimination, of vari-
able assignment composition (predicate), of a ternary consequence re-
lation with undefinedness conditions. We define a sequent calculus for
this logic and prove its soundness and completeness.

This paper is a refined and extended version of [14]. In particular,
new simpler system of sequent forms and simpler sequent closeness
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conditions are defined and investigated.

Obtained results can be applied for software verification.

We use the following notations: S
p

−→ S′ (S
t

−→ S′) is the class of
partial (total) mappings from S to S′; p(d)↓ (p(d)↑) means that p is
defined (undefined) on d. The terms and notations, not defined here,
are treated in the sense of [3], [4].

2 First-order Logic of Partial Quasiary Predi-
cates with the Complement Composition

We treat a logic L as a tuple (A, F r,I, |=,⊢) [2], where

– A is a class of algebras of some signature ΣA;

– Fr is a language (based on the algebra signature ΣA);

– I is a class of interpretations;

– |= is a consequence relation;

– ⊢ is an inference relation based on some calculus.

Here we define only pure (without functions) logic LQEC . This logic
is the next step of our construction of series of first-order logics of par-
tial quasiary predicates. Earlier, we started with a basic logic LQ with
compositions of disjunction ∨, negation ¬, renomination Rv̄

x̄, and exis-
tential quantification ∃x [2]–[4]. This logic was not expressive enough
to prove its completeness, therefore a logic LQE was constructed as an
extension of LQ with the null-ary parametric composition (predicate)
Ez of variable assignment [3]. (Also, variable unassignment predicate
εz can be used.) But again, logic LQE was not expressive enough to
construct sound program logics of Floyd–Hoare type, therefore LQE is
extended to a new logic LQEC by adding the composition of predicate
complement ∼ (discussion on the topic is presented in [9], [10]).

2.1 Predicate Algebras with the Complement Composi-
tion

Let V and A be sets of variables (names) and values respectively. The
class of nominative sets (partial assignments, partial data) is defined
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as the class of all partial mappings from V to A, thus, VA = V
p

−→ A.

The main operation for nominative sets is a total unary parametric

renomination rv1,..,vnx1,...,xn
: VA

t
−→ VA, where v1, ..., vn, x1, ..., xn are vari-

ables, and v1, ..., vn are distinct [2]–[4]. Intuitively, given a nominative
set d this operation yields a new nominative set changing the values of
v1, ..., vn to the values of x1, ..., xn respectively. For this operation we
also use simpler notation rv̄x̄; x∈v̄ means that x is a variable from v̄;
v̄ ∪ x̄ is the set of variables that occur in v̄ and x̄; asn(d) is the set of
assigned variables (names) in d.

Notation d∇x 7→a defines a nominative set obtained from d by
changing a value of x to a (or adding to d variable x with the value a).

The set PrVA = VA
p

−→ Bool is called the set of partial quasiary
predicates. For a partial quasiary predicate p∈PrVA its truth, falsity, and
undefinedness domains are denoted T (p), F (p), and ⊥(p) respectively.
These domains are formally defined by the following formulas:

T (p) = {d∈VA | p(d)↓ = T}, F (p) = {d∈VA | p(d)↓ = F},
⊥(p) = {d∈VA | p(d)↑}.

For a partial quasiary predicate p we have that T (p)∩F (p) = ∅ and
⊥(p) = VA \ (T (p) ∪ F (p)). Thus, p is defined only by T (p) and F (p).

A predicate p is

– irrefutable (partially valid) if F (p) = ∅;
– satisfiable if T (p) 6= ∅.
A name (variable) z is unessential for p∈PrVA , if for any d∈VA the

value of p does not depend on the value of z in d [3], [4].

Operations over PrVA are called compositions. Basic compositions of
first-order level of partial quasiary predicates are disjunction ∨, nega-
tion ¬, renomination Rv̄

x̄, and existential quantification ∃x.
We define them via their definedness domains (p, q∈PrVA ):

– T (p ∨ q) = T (p) ∪ T (q), F (p ∨ q) = F (p) ∩ F (q);

– T (¬p) = F (p), F (¬p) = T (p);

– T (Rv̄
x̄(p)) = {d∈VA | rv̄x̄(d)∈T (p)},

F (Rv̄
x̄(p)) = {d∈VA | rv̄x̄(d)∈F (p)};

– T (∃x p) = {d∈VA | d∇x 7→a∈T (p) for some a∈A} =
=

⋃
a∈A{d | d∇x 7→a∈T (p)} =

⋃
a∈A{d | p(d∇x 7→a)↓ = T},

F (∃x p) = {d∈VA | d∇x 7→a∈F (p) for all a∈A} =
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=
⋂

a∈A{d | d∇x 7→a∈F (p)} =
⋂

a∈A{d | p(d∇x 7→a)↓ = F}.

For underfinedness domains we have:

⊥(p ∨ q) = (⊥(p) ∩⊥(q)) ∪ (⊥(p) ∩ F (q)) ∪ ((F (p) ∩ ⊥(q));

⊥(¬p) = ⊥(p);

⊥(Rv̄
x̄(p)) = {d | rv̄x̄(d)∈⊥(p)};

⊥(∃x p) =
⋂

a∈A{d | p(d∇x 7→a) 6= T} ∩
⋃

a∈A{d | p(d∇x 7→a)↑}.

Lemma 1. (∃x p)(d)↑ ⇔ p(d∇x 7→b)↑ for some b∈A and it is not
possible (∃x p)(d)↓ = T .

Proof follows directly from composition definitions. ✷

Please note that definitions of disjunction and negation are similar
to strong Kleene’s connectives; their properties are described in [15].
Also we use variable assignment predicate Ez defined as follows:

T (Ez) = {d | d(z)↓} = {d∈VA | z∈asn(d)},

F (Ez) = {d | d(z)↑} = {d∈VA | z /∈asn(d)}.

Predicate Ez is total, thus ⊥(Ez) = ∅. For any x 6= z variable x is
unessential for Ez.

At last, the complement composition is defined in the following way:
T (∼ p) = ⊥(p), F (∼ p) = ∅.

From this follows that ⊥(∼ p) = T (p) ∪ F (p). Therefore

T (¬ ∼ p) = F (∼ p); F (¬ ∼ p) = T (∼ p); ⊥(¬ ∼ p) = ⊥(∼ p).

We consider ∼ as a composition of propositional level. This compo-
sition differs from traditional compositions. The main difference lies in
the fact that traditional compositions are applicative compositions [16].
Applicativity of composition C means that given predicates p1, ..., pn
the value of C(p1, ..., pn) on some data is evaluated upon values of
p1, ..., pn on data from their definedness domains. The complement
composition is not applicative because the value of ∼ p on some d may
depend upon undefinedness domain of p. This fact complicates logics
with such composition because the undefinedness domains should be
explicitly involved in the definitions of consequence relations. Note,
that applicative compositions are monotone with respect to predicate
graph inclusion; but composition ∼ is not.

A tuple AQEC(V,A) =< PrVA ;∨,¬, R
v̄
x̄,∃x,Ez,∼> is called a first-

order complemented algebra of partial quasiary predicates.
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A class of such algebras (with different A) forms a semantic base
for logic LQEC .

Now we describe the main properties of AQEC(V,A).
We are interested in properties of the following types:
– equivalent transformation and simplification;
– properties based on truth tables of composition evaluations.

Equivalence properties induce three similar sequent rules, describ-
ing cases when a formula is true, false, or undefined.

Properties based on evaluation cases induce special rule for each
case. For example, evaluation of ∼ Φ leads to three cases:

– ∼ Φ is true if Φ is undefined;
– ∼ Φ is false. This case is not possible;
– ∼ Φ is undefined if Φ is defined (Φ or ¬Φ is true).

The first and third cases lead to rules ⊢∼ and ⊥ ∼, the second rule
defines the closeness condition CL∼⊣ (Section 3).

For the renomination compositions we identify the following prop-
erties [2]–[4].

Lemma 2. For any p, q∈PrVA we have:
R∨) Rv̄

x̄(p ∨ q) = Rv̄
x̄(p) ∨Rv̄

x̄(q);

R¬) Rv̄
x̄(¬p) = ¬Rv̄

x̄(p);
RR) Rv̄

x̄(R
w̄
ȳ (p)) = Rv̄

x̄◦
w̄
ȳ (p);

R∃) Rv̄
x̄(∃yp) = ∃zRv̄

x̄(R
y
z(p)), z /∈v̄ ∪ {y}, z is unessential for p;

RE) Rv̄
x̄(Ez) = Ez, z /∈v̄;

REr) R
v̄,z
x̄,y(Ez) = Ey;

R) R(p) = p;
RI) Rz,v̄

z,x̄(p) = Rv̄
x̄(p);

RU) Rz,v̄
y,x̄(p) = Rv̄

x̄(p), z is unessential for p;
R∼) Rv̄

x̄(∼ p) =∼ Rv̄
x̄(p).

Proof. All properties are proved in the same manner, therefore we
restrict ourselves by the property R∼ only, which involves the comple-
ment composition.

To prove this property we should prove two equalities:
T (Rv̄

x̄(∼ p)) = T (∼ Rv̄
x̄(p)) and F (Rv̄

x̄(∼ p)) = F (∼ Rv̄
x̄(p)).

By the definitions of renomination and complement compositions
we get for the first equality that
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T (Rv̄
x̄(∼ p)) = {d∈VA | rv̄x̄(d)∈T (∼ p)} = {d∈VA | rv̄x̄(d)∈⊥(p)} =

= {d∈VA | d∈⊥(Rv̄
x̄(p)(d))} = {d∈VA | d∈T (∼ Rv̄

x̄(p)(d))} =

= T (∼ Rv̄
x̄(p)).

In the similar way the second equality is proved. ✷

For the complement composition we identify the following proper-
ties.

Lemma 3. For any p∈PrVA we have:

∼ ¬p =∼ p; ∼∼ p = p ∨ ¬p; ∼∼∼ p =∼ p; ∼∼∼∼ p =∼∼ p.

Proof follows directly from composition definitions.✷

In LQEC quantifier elimination is based on properties inherited from
basic logic LQ [3]:

T∃) T (Rx
y(P )) ∩ T (Ey) ⊆ T (∃x P );

F∃) F (∃x P ) ∩ T (Ey) ⊆ F (Rx
y(P )).

The properties presented in this subsection substantiate properties
of the consequence relation and sequent rules for our logic.

2.2 Language (signature and formulas) of LQEC

Let V be an infinite set of variables (names) and VU be an infinite
subset of V called a set of unessential variables [3], [4]. Let Ps be a set
of predicate symbols. A tuple ΣQEC = (V, VU ;∨,¬, R

v̄
x̄,∃x,Ez,∼;Ps)

is called the language signature.

For simplicity, we use the same notation for symbols of compositions
and compositions themselves.

Given ΣQEC , we define inductively the language of LQEC – the set
of formulas denoted Fr(LQEC) or simply Fr:

– if P∈Ps, then P∈Fr;

– Ez∈Fr;

– if Φ,Ψ∈Fr, then Φ ∨Ψ, ¬Φ, Rv̄
x̄(Φ), ∃xΦ, ∼ Φ∈Fr.

Formulas of the forms P and Ez are called atomic (P∈Ps, z∈V );
formulas of the form Rv̄

x̄(P ) are called primitive. Parentheses can be
used to clarify formula structure.

Note that properties presented by Lemma 2 allow transforming any
formula to special normal form in which renomination occurs only in
primitive formulas.

168



Completeness of the First-Order Logic ...

2.3 L
QEC-interpretations

Let AQEC(V,A) =< PrVA ;∨,¬, R
v̄
x̄,∃x,Ez,∼> be a first-order comple-

mented algebra of partial quasiary predicates of a signature ΣQEC =

(V, VU ;∨,¬, R
v̄
x̄,∃x,Ez,∼;Ps); IPs

Q = Ps
t

−→ PrVA be an interpretation
mapping of predicate symbols that respects the set VU of unessen-
tial variables. Then a pair J(ΣQEC) = (AQEC(V,A), IPs

Q ) is called

an LQEC-interpretation. Note that this definition of interpretation is
quite natural because the algebra AQEC(V,A) defines interpretations of
composition symbols (logical symbols) and IPs

Q defines interpretations
of predicate symbols (descriptive symbols).

We simplify notation for LQEC-interpretation J(ΣQEC) omitting
LQEC and ΣQEC .

For a given interpretation J and a formula Φ, we can define by
induction on the structure of Φ its value in J . Obtained predicate is
denoted ΦJ .

Formula Φ is irrefutable in J (denoted J |= Φ), if predicate ΦJ is
irrefutable. Formula Φ is irrefutable (denoted |= Φ), if J |= Φ for any
interpretation J . Irrefutability may be treated as partial validity.

Formula Φ is satisfiable in J (denoted J |∼Φ), if predicate ΦJ is
satisfiable. Formula Φ is satisfiable (denoted |∼Φ), if J |∼Φ for some
interpretation J .

Variable x is unessential for Φ, if for any J variable x is unessential
for ΦJ . Variable x is unessential for Γ ⊆ Fr, if for any J variable x is
unessential for any formula Φ∈Γ.

The set of all variables (names) that occur in Φ is denoted nm(Φ).
The set fu(Φ) = VU \ nm(Φ) is called the set of fresh unessential
variables for Φ.

For any Γ ⊆ Fr we define
nm(Γ) =

⋃
Φ∈Γ nm(Φ) and fu(Γ) =

⋂
Φ∈Γ fu(Φ).

We generalize notation fu(Γ) on sequences of formulas and sets of
formulas.

Lemma 4. Let x∈V,Φ∈Fr,Γ ⊆ Fr. Then
1) x is unessential for Φ if x∈fu(Φ);
2) x is unessential for Γ if x∈fu(Γ).
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Proof. Induction on the structure of Φ.✷

2.4 Irrefutability Consequence Relation

Logic LQEC is a logic of partial predicates, therefore the most natural
consequence relation for this logic is the irrefutability relation, because
it reflects partial validity.

Let Σ ⊆ Fr and J be an interpretation. We denote:

⋂
Φ∈Σ T (ΦJ) as T

∩(ΣJ) and
⋂

Φ∈Σ F (ΦJ) as F
∩(ΣJ).

Let Γ, U,∆ ⊆ Fr. Then ∆ is called an irrefutable consequence of Γ
in interpretation J (denoted ΓJ |=IR ∆) if

T∩(ΓJ) ∩ F∩(∆J) = ∅.

∆ is logical irrefutable consequence of Γ (denoted Γ |=IR ∆), if
ΓJ |=IR ∆ for any interpretation J.

The basic properties of |=IR were presented in [3], [4]. They allow
decomposition of complex formulas up to atomic or primitive formulas.
In our case it is not always possible to make decomposition of formulas
with the complement composition, therefore we need to define a new
consequence relation |=⊥

IR which takes into consideration undefinedness
domains.

In the sequel Φ,Ψ∈Fr, U,Γ,∆,Σ ⊆ Fr, formulas may be signed or
unsigned; variables (maybe with indexes) v, y, z, t belong to V ; J is an
interpretation.

2.5 Irrefutability Consequence Relation under Condi-
tions of Undefinedness

Irrefutability consequence relation is a binary relation. In our case,
introduction of composition ∼ requires more complicated ternary con-
sequence relation, because formulas, treated as undefined, should be ex-
plicitly taken into consideration. Here we introduce such consequence
relation denoted |=⊥

IR between three sets of formulas. The first set is
called the set of underfinedness conditions (⊥-conditions, ⊥-formulas);
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the second set is called the set of truth formulas (⊢-formulas); and the
third set is called the set of falsity formulas (⊣-formulas).

Relation |=⊥
IR will generalize the binary irrefutability relation. To

define |=⊥
IR we additionally denote

⋂
Φ∈Σ⊥(ΦJ) as ⊥

∩(ΣJ).

Let U,Γ,∆ ⊆ Fr. Then ∆ is called an irrefutable consequence
of Γ under undefinedness conditions U in interpretation J (denoted
U/ΓJ |=⊥

IR ∆) if
T∩(ΓJ) ∩ ⊥∩(UJ ) ∩ F∩(∆J) = ∅.

∆ is logical irrefutable consequence of Γ under undefinedness conditions
U (denoted U/Γ |=⊥

IR ∆), if U/ΓJ |=⊥
IR ∆ for any interpretation J.

We get traditional logical irrefutability Γ |=IR ∆ when U = ∅.
Other consequence relations are studied in [4], [17], [18].

Relation |=⊥
IR is monotone in the following sense:

M) Let Γ ⊆ Λ, U ⊆ W, and ∆ ⊆ Σ; then
U/Γ |=⊥

IR ∆ ⇒ W/Λ |=⊥
IR Σ.

Let us introduce on Fr the binary relation ≃ of logical strong equal-
ity. Namely, Φ ≃ Ψ if ΦJ = ΨJ for any interpretation J.

Theorem 1. Let Φ ≃ Ψ, then:

U / Φ,Γ |=⊥
IR ∆ ⇔ U/Ψ,Γ |=⊥

IR ∆;

U / Γ |=⊥
IR ∆,Φ ⇔ U/Γ |=⊥

IR ∆,Ψ;

U, Φ/Γ |=⊥
IR ∆ ⇔ U,Ψ/Γ |=⊥

IR ∆.

Proof. Proof is based on the fact that Φ ≃ Ψ means ΦJ = ΨJ for
any J. ✷

Let us formulate the properties that guarantee validity of the con-
sequence relation |=⊥

IR .

Theorem 2. For any U, Γ,∆ ⊆ Fr,Φ∈Fr we have:

C⊢⊣) U/Φ,Γ |=⊥
IR ∆,Φ;

C⊥⊢) U,Φ/Φ,Γ |=⊥
IR ∆;

C⊥⊣) U,Φ/Γ |=⊥
IR ∆,Φ;

C∼⊣) U/Γ |=⊥
IR ∆,∼ Φ;

CE⊥) U,Ey/Γ |=⊥
IR ∆.

Proof. Property C⊢⊣ follows from equality T (ΦJ) ∩ F (ΦJ) = ∅.
Property C⊥⊢ follows from equality ⊥(ΦJ) ∩ T (ΦJ) = ∅.
Property C⊥⊣ follows from equality ⊥(ΦJ) ∩ F (ΦJ) = ∅.
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Property C∼⊣ holds because F (∼ ΦJ) = ∅.
Property CE⊥ holds because ⊥(Ey) = ∅. ✷

Let us consider properties of |=⊥
IR induced by propositional compo-

sitions ∨, ¬, and ∼:

Theorem 3. For any U, Γ,∆ ⊆ Fr,Φ,Ψ∈Fr the following prop-
erties of |=⊥

IR hold:

∨⊢) U/Φ ∨Ψ,Γ |=⊥
IR ∆ ⇔ U/Φ,Γ |=⊥

IR ∆ and U / Ψ,Γ |=⊥
IR ∆;

∨⊣) U/Γ |=⊥
IR ∆,Φ ∨Ψ ⇔ U/Γ |=⊥

IR ∆,Φ,Ψ;

∨⊥) U,Φ ∨Ψ/Γ |=⊥
IR ∆ ⇔ U,Φ,Ψ/Γ |=⊥

IR ∆ and
U,Φ/Γ |=⊥

IR Ψ,∆ and U,Ψ/Γ |=⊥
IR Φ,∆;

¬⊢) U/¬Φ,Γ |=⊥
IR ∆ ⇔ U/Γ |=⊥

IR ∆,Φ;

¬⊣) U/Γ |=⊥
IR ∆,¬Φ ⇔ U/Φ,Γ |=⊥

IR ∆;

¬⊥) U,¬Φ/Γ |=⊥
IR ∆ ⇔ U,Φ/Γ |=⊥

IR ∆;

∼⊢) U/ ∼ Φ,Γ |=⊥
IR ∆ ⇔ U,Φ/Γ |=⊥

IR ∆;

∼⊥) U,∼ Φ/Γ |=⊥
IR ∆ ⇔ U/Φ,Γ |=⊥

IR ∆ and U / Γ |=⊥
IR ∆,Φ.

Proof. The properties are proved in the same manner, therefore
we demonstrate it proving ∨⊥, ¬⊥, ∼⊥, and ∼⊢ only.

For property ∨⊥ we have that U,Φ ∨ Ψ/ΓJ |=⊥
IR ∆ means that

T∩(ΓJ) ∩ (⊥∩(UJ) ∩ ⊥(Φ ∨Ψ)) ∩ F∩(∆J) = ∅.
By definition of ∨ we get that

⊥(ΦJ ∨ΨJ) = (⊥(ΦJ)∩⊥(ΨJ))∪ (⊥(ΦJ )∩F (ΨJ )∪ (F (ΦJ )∩⊥(ΨJ )).

Substituting the right-hand side of this formula into the previous
one we obtain that T∩(ΓJ) ∩ ⊥∩(UJ) ∩ ((⊥(ΦJ) ∩ ⊥(ΨJ)) ∪ (⊥(ΦJ) ∩
F (ΨJ )) ∪ (F (ΦJ ) ∩ ⊥(ΨJ))) ∩ F∩(∆J) = ∅.

Transformation of this formula gives that

T∩(ΓJ) ∩ ⊥∩(UJ) ∩ (⊥(ΦJ ) ∩ ⊥(ΨJ)) ∩ F∩(∆J)∪
∪T∩(ΓJ) ∩⊥∩(UJ ) ∩ (⊥(ΦJ) ∩ F (ΨJ )) ∩ F∩(∆J)∪
∪T∩(ΓJ) ∩⊥∩(UJ ) ∩ (F (ΦJ) ∩ ⊥(ΨJ)) ∩ F∩(∆J) = ∅.

Union of sets is empty, therefore each set is empty too. Thus,

T∩(ΓJ) ∩ ⊥∩(UJ) ∩ (⊥(ΦJ ) ∩ ⊥(ΨJ)) ∩ F∩(∆J) = ∅;
∪T∩(ΓJ) ∩⊥∩(UJ ) ∩ (⊥(ΦJ) ∩ F (ΨJ )) ∩ F∩(∆J) = ∅;
∪T∩(ΓJ) ∩⊥∩(UJ ) ∩ (F (ΦJ) ∩ ⊥(ΨJ)) ∩ F∩(∆J) = ∅.

This means that

U,Φ,Ψ/ΓJ |=⊥
IR ∆ and U,Φ/ΓJ |=⊥

IR Ψ,∆ and U,Ψ/ΓJ |=⊥
IR Φ,∆.
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So, property ∨⊥ holds because it holds for any interpretation J .

Property ¬⊥ holds due to equality ⊥(¬ΦJ) = ⊥(ΦJ).

Property ∼⊥ holds due to equality ⊥(∼ ΦJ) = T (ΦJ) ∪ F (ΦJ).

Property ∼⊢ holds due to equality T (∼ ΦJ) = ⊥(ΦJ). ✷

Let us consider properties of relation |=⊥
IR for renomination com-

position. Each of the properties R∨, R¬, RR, R∃, R, RI, RU , R∼
(Lemma 2) induces three corresponding properties for |=⊥

IR, depending
on the position of a formula (in the left side of |=⊥

IR, in the right side of
|=⊥

IR, or in the undefinedness conditions of |=⊥
IR). Such properties are

formulated in a similar way. Properties RE and REr induce two cases
because predicate Ex is a total predicate.

Theorem 4. For any U, Γ,∆ ⊆ Fr,Φ,Ψ∈Fr renomination com-
position induces the following properties of |=⊥

IR:

R∨⊢) U/R
v̄
x̄(Φ ∨Ψ),Γ |=⊥

IR ∆ ⇔ U/Rv̄
x̄(Φ) ∨Rv̄

x̄(Ψ),Γ |=⊥
IR ∆;

R∨⊣) U/Γ |=⊥
IR Rv̄

x̄(Φ ∨Ψ),∆ ⇔ U/Γ |=⊥
IR Rv̄

x̄(Φ) ∨Rv̄
x̄(Ψ),∆;

R∨⊥) U,R
v̄
x̄(Φ ∨Ψ)/Γ |=⊥

IR ∆ ⇔ U,Rv̄
x̄(Φ) ∨Rv̄

x̄(Ψ)/Γ |=⊥
IR ∆;

R¬⊢) U/R
v̄
x̄(¬Φ),Γ |=⊥

IR ∆ ⇔ U/¬Rv̄
x̄(Φ),Γ |=⊥

IR ∆;

R¬⊣) U/Γ |=⊥
IR Rv̄

x̄(¬Φ),∆ ⇔ U/Γ |=⊥
IR ¬Rv̄

x̄(Φ),∆;

R¬⊥) U,R
v̄
x̄(¬Φ)/Γ |=⊥

IR ∆ ⇔ U,¬Rv̄
x̄(Φ)/Γ |=⊥

IR ∆;

RR⊢) U / Rv̄
x̄(R

w̄
ȳ (Φ))Γ |=⊥

IR ∆ ⇔ U/Rv̄
x̄ ◦

w̄
ȳ (Φ),Γ |=⊥

IR ∆;

RR⊣) U / Γ |=⊥
IR ∆, Rv̄

x̄(R
w̄
ȳ (Φ)) ⇔ U/Γ |=⊥

IR ∆, Rv̄
x̄ ◦

w̄
ȳ (Φ);

RR⊥) U, R
v̄
x̄(R

w̄
ȳ (Φ))/Γ |=⊥

IR ∆ ⇔ U,Rv̄
x̄ ◦

w̄
ȳ (Φ)/Γ |=⊥

IR ∆;

R∃⊢) if z∈fu(R
v̄
x̄(∃yΦ)) then

U/Rv̄
x̄(∃yΦ),Γ |=⊥

IR ∆ ⇔ U/∃zRv̄
x̄(R

y
z(Φ)),Γ |=⊥

IR ∆;

R∃⊣) if z∈fu(R
v̄
x̄(∃yΦ)) then

U/Γ |=⊥
IR Rv̄

x̄(∃yΦ),∆ ⇔ U/Γ |=⊥
IR ∃zRv̄

x̄(R
y
z(Φ)),∆;

R∃⊥) if z∈fu(R
v̄
x̄(∃yΦ)) then

U,Rv̄
x̄(∃yΦ)/Γ |=⊥

IR ∆ ⇔ U,∃zRv̄
x̄(R

y
z(Φ))/Γ |=⊥

IR ∆;

R⊢) U/R(Φ),Γ |=⊥
IR ∆ ⇔ U/Φ,Γ |=⊥

IR ∆;

R⊣) U/Γ |=⊥
IR R(Φ),∆ ⇔ U/Γ |=⊥

IR Φ,∆;

R⊥) U,R(Φ)/Γ |=⊥
IR ∆ ⇔ U,Φ/Γ |=⊥

IR ∆;

RI⊢) U/R
z,v̄
z,x̄(Φ),Γ |=⊥

IR ∆ ⇔ U/Rv̄
x̄(Φ),Γ |=⊥

IR ∆;

RI⊣) U/Γ |=⊥
IR Rz,v̄

z,x̄(Φ),∆ ⇔ U/Γ |=⊥
IR Rv̄

x̄(Φ),∆;

RI⊥) U,R
z,v̄
z,x̄(Φ)/Γ |=⊥

IR ∆ ⇔ U,Rv̄
x̄(Φ)/Γ |=⊥

IR ∆;
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RU⊢) if z∈fu(Φ) then
U/Rz,v̄

y,x̄(Φ),Γ |=⊥
IR ∆ ⇔ U/Rv̄

x̄(Φ),Γ |=⊥
IR ∆;

RU⊣) if z∈fu(Φ) then
U/Γ |=⊥

IR Rz,v̄
y,x̄(Φ),∆ ⇔ U/Γ |=⊥

IR Rv̄
x̄(Φ),∆;

RU⊥) if z∈fu(Φ) then
U,Rz,v̄

y,x̄(Φ)/Γ |=⊥
IR ∆ ⇔ U,Rv̄

x̄(Φ)/Γ |=⊥
IR ∆;

R∼
⊢ ) U/R

v̄
x̄(∼ Φ),Γ |=⊥

IR ∆ ⇔ U/ ∼ Rv̄
x̄(Φ),Γ |=⊥

IR ∆;

R∼
⊣ ) U/Γ |=⊥

IR ∆, Rv̄
x̄(∼ Φ) ⇔ U/Γ |=⊥

IR ∆,∼ Rv̄
x̄(Φ);

R∼
⊥) U,R

v̄
x̄(∼ Φ)/Γ |=⊥

IR ∆ ⇔ U,∼ Rv̄
x̄(Φ)/Γ |=⊥

IR ∆;

RE⊢) if z /∈v̄ then U/Rv̄
x̄(Ez),Γ |=⊥

IR ∆ ⇔ U/Ez,Γ |=⊥
IR ∆;

RE⊣) if z /∈v̄ then U/Γ |=⊥
IR ∆, Rv̄

x̄(Ez) ⇔ U/Γ |=⊥
IR ∆, Ez;

REr⊢) U/R
v̄,z
x̄,y(Ez),Γ |=⊥

IR ∆ ⇔ U/Ey,Γ |=⊥
IR ∆;

REr⊣) U/Γ |=⊥
IR ∆, Rv̄,z

x̄,y(Ez) ⇔ U/Γ |=⊥
IR ∆, Ey.

Proof. All properties hold due to Lemma 2. ✷

We add one more property RN that permits to substitute one unas-
signed variable by another unassigned variable. This allows to establish
equivalence of formulas with unassigned variables.

Theorem 5. For any U, Γ,∆ ⊆ Fr,Φ∈Fr, y, t∈V the renomination
composition induces the following substitution properties of unassigned
variables:

RN⊢) U/R
y,v̄
z,x̄(Φ),Γ |=⊥

IR Ez,Et,∆ ⇔ U/Ry,v̄
t,x̄ (Φ),Γ |=⊥

IR Ez,Et,∆;

RN⊣) U/Γ |=⊥
IR Ry,v̄

z,x̄(Φ), Ez,Et,∆ ⇔ U/Γ |=⊥
IR Ry,v̄

t,x̄ (Φ), Ez,Et,∆;

RN⊥) U,R
y,v̄
z,x̄(Φ)/Γ |=⊥

IR Ez,Et,∆ ⇔ U,Ry,v̄
t,x̄ (Φ)/Γ |=⊥

IR Ez,Et,∆.

Proof is based on the fact that F (Ey) = F (Et) in the case when
both y and t are not assigned. ✷

The following theorem describes properties that will induce the
quantifier elimination rules.

Theorem 6. For any U, Γ,∆ ⊆ Fr and Φ∈Fr we have:

∃⊢) if z∈fu(U,Γ,∆,∃xΦ), then
U/∃xΦ,Γ |=⊥

IR ∆ ⇔ U/Rx
z (Φ), Ez,Γ |=⊥

IR ∆;

∃⊣) U/Γ, Ey |=⊥
IR ∃xΦ,∆ ⇔ U/Γ, Ey |=⊥

IR ∃xΦ, Rx
y(Φ),∆;

∃⊥) if z∈fu(U,Γ,∆,∃xΦ), then
U,∃xΦ/Γ |=⊥

IR ∆ ⇔ U,∃xΦ, Rx
z (Φ)/Ez,Γ |=⊥

IR ∆.
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Proof. We prove ∃⊥ only, because other properties can be proved
in the same manner.

By M we have U,∃xΦ/Γ |=⊥
IR ∆ ⇒ U,∃xΦ, Rx

z (Φ)/Ez,Γ |=⊥
IR ∆.

It is left to prove (R) ⇒ (L), where

(L) is ⊥∩(UJ) ∩⊥(∃xΦ)J ∩ T∩(ΓJ) ∩ F∩(∆J) = ∅ and (R) is
⊥∩(UJ) ∩ ⊥(∃xΦ)J ∩⊥(Rx

z (Φ)J) ∩ T (Ez) ∩ T∩(ΓJ) ∩ F∩(∆J) = ∅.
Assume that (R) holds, but (L) does not hold. From this follows

that there exists d∈VA such that d∈⊥∩(UJ) ∩ ⊥((∃xΦ)J) ∩ T∩(ΓJ) ∩
F∩(∆J), therefore d∈⊥((∃xΦ)J) and d ∈⊥∩(UJ) ∩ T∩(ΓJ) ∩ F∩(∆J).
From d∈⊥((∃xΦ)J) we have that for some a∈A there should be
d∇x 7→a∈⊥(ΦJ). But z∈fu(U,Γ,∆,∃xΦ), therefore d∇z 7→a∈⊥∩(UJ)∩
⊥((∃xΦ)J) ∩ T∩(ΓJ) ∩ F∩(∆J) and d∇x 7→a∇z 7→a∈⊥(ΦJ). From
this we obtain d∇z 7→a∈⊥(Rx

z (Φ)J ). By definition of Ez we have
d∇z 7→a∈T (Ez), therefore d∇z 7→a∈⊥∩(UJ)∩⊥((∃xΦ)J )∩⊥(Rx

z (Φ)J)∩
T (Ez) ∩ T∩(ΓJ ) ∩ F∩(∆J). But this contradicts (R).✷

Having ∃⊥ we obtain the special property that guarantees |=⊥
IR:

for any U, Γ,∆ ⊆ Fr and Φ∈Fr

C∃⊥) U,∃xΦ/R
x
y(Φ), Ey,Γ |=⊥

IR ∆.

So, we proved the following properties that guarantee |=⊥
IR :

C⊢⊣, C⊥⊢, C⊥⊣, C∼⊣, CE⊥, and C∃⊥.

Theorem 7. For any U, Γ,∆ ⊆ Fr, y∈V the variable assignment
predicate induces the following insertion property :

E⊢⊣) U/ Γ |=⊥
IR ∆ ⇔ U/Ey,Γ |=⊥

IR ∆ and U/Γ |=⊥
IR ∆, Ey.

Proof. Let J be an interpretation. Then U/ΓJ |=⊥
IR ∆ means

that T∩(ΓJ) ∩ ⊥∩(UJ) ∩ F∩(∆J) = ∅. Further, U/Ey,Γ |=⊥
IR ∆ and

U/Γ |=⊥
IR ∆, Ey means that (T∩(ΓJ )∩T (EyJ))∩⊥

∩(UJ)∩F
∩(∆J) = ∅

and T∩(ΓJ) ∩ ⊥∩(UJ) ∩ (F (EyJ ) ∩ F∩(∆J)) = ∅ respectively. Since
T (EyJ) ∪ F (EyJ) = VA, we obtain T∩(ΓJ) ∩ ⊥∩(UJ ) ∩ F∩(∆J) = ∅.
This proves the theorem because J was arbitrary interpretation.✷

3 Sequent Calculus for L
QEC

Usually, an inference relation ⊢ is defined by some axiomatic system
(calculus). We present here system CQEC that adequately formalizes
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logical consequence relation |=⊥
IR between sets of formulas. Such sys-

tems are called sequent calculi.
The main objects of this calculus are sequents. Here we consider

only the case with finite sequents. We treat them as sets of formu-
las signed by symbols ⊢, ⊣, and ⊥. Sequents are denoted ⊢Γ⊥U⊣∆, in
abbreviated form Σ.

A sequent calculus is defined by sequent forms (sequent rules) and
closeness conditions of sequents.

Sequent forms are syntactical analogs of the semantic properties
of the logical consequence relation. Closed sequents are axioms of the
sequent calculus.

A closed sequent is specified in such a way that the following con-
dition should hold:

if sequent ⊢Γ⊥U⊣∆ is closed, then U / Γ |=⊥
IR ∆.

The following conditions are induced by the properties C⊢⊣, C⊥⊢,
C⊥⊣, C∼⊣, CE⊥, and C∃⊥ respectively:

CL⊢⊣) there is Φ such that Φ∈Γ and Φ∈∆;
CL⊥⊢) there is Φ such that Φ∈U and Φ∈Γ;
CL⊥⊣) there is Φ such that Φ∈U and Φ∈∆;
CL∼⊣) there is Φ such that ∼ Φ∈∆;
CLE⊥) there is Ey such that Ey∈U ;
CL∃⊥) there are ∃xΦ and y such that ∃xΦ∈U,Rx

y(Φ)∈Γ, Ey∈Γ.

For CQEC we take the following closeness condition: sequent

⊢Γ⊥U⊣∆ is closed if CL⊢⊣ ∨ CL⊥⊢ ∨ CL⊥⊣ ∨ CL∼⊣ ∨ CLE⊥ ∨ CL∃⊥

holds.

Theorem 8. If sequent ⊢Γ⊥U⊣∆ is closed, then U/Γ |=⊥
IR ∆.

Proof follows directly from Theorem 2.✷

Sequent forms are obtained directly from properties of |=⊥
IR pre-

sented by Theorems 3–7. The labels of the sequent forms are obtained
from the labels of the corresponding properties by putting formula signs
in front of the labels. Forms may have additional constraints.

Introduction of undefinedness conditions may lead to new sequent
forms with three premises (rule ⊥∨).

The sequent forms for propositional compositions ∨,¬,∼ are in-
duced by the properties ∨⊢,∨⊣,∨⊥,¬⊢,¬⊣,¬⊥,∼⊥,∼⊢:
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⊢∨
⊢Φ,Σ ⊢Ψ,Σ

⊢Φ ∨Ψ,Σ
;

⊣∨
⊣Φ, ⊣Ψ,Σ

⊣Φ ∨Ψ,Σ
;

⊥∨
⊥Φ,⊥Θ,Σ ⊥Φ, ⊣Θ,Σ ⊣Φ,⊥Θ,Σ

⊥Φ ∨Θ,Σ
;

⊢¬
⊣Φ,Σ

⊢¬Φ,Σ
;

⊣¬
⊢Φ,Σ

⊣¬Φ,Σ
;

⊥¬
⊥Φ,Σ

⊥¬Φ,Σ
;

⊢∼

⊥Φ,Σ

⊢ ∼ Φ,Σ
;

⊥∼

⊢Φ,Σ ⊣Φ,Σ

⊥ ∼ Φ,Σ
.

The sequent forms for renomination composition are induced by the
properties presented in Theorems 4 and 5:

⊢R∨

⊢R
v̄
x̄(Φ) ∨Rv̄

x̄(Ψ),Σ

⊢R
v̄
x̄(Φ ∨Ψ),Σ

;
⊣R∨

⊣R
v̄
x̄(Φ) ∨Rv̄

x̄(Ψ),Σ

⊣R
v̄
x̄(Φ ∨Ψ),Σ

;

⊥R∨

⊥R
v̄
x̄(Φ) ∨Rv̄

x̄(Ψ),Σ

⊥R
v̄
x̄(Φ ∨Ψ),Σ

;

⊢R¬

⊢¬R
v̄
x̄(Φ),Σ

⊢R
v̄
x̄(¬Φ),Σ

;
⊣R¬

⊣¬R
v̄
x̄(Φ),Σ

⊣R
v̄
x̄(¬Φ),Σ

;
⊥R¬

⊥¬R
v̄
x̄(Φ),Σ

⊥R
v̄
x̄(¬Φ),Σ

;

⊢RR
⊢R

v̄
x̄ ◦

w̄
ȳ (Φ),Σ

⊢R
v̄
x̄(R

w̄
ȳ (Φ)),Σ

;
⊣RR

⊣R
v̄
x̄ ◦

w̄
ȳ (Φ),Σ

⊣R
v̄
x̄(R

w̄
ȳ (Φ)),Σ

;
⊥RR

⊥R
v̄
x̄ ◦

w̄
ȳ (Φ),Σ

⊥R
v̄
x̄(R

w̄
ȳ (Φ)),Σ

;

⊢R∃
⊢∃zR

v̄
x̄(R

y
z(Φ)),Σ

⊢R
v̄
x̄(∃yΦ),Σ

, z∈fu(Rv̄
x̄(∃yΦ));

⊣R∃
⊣∃zR

v̄
x̄(R

y
z(Φ)),Σ

⊣R
v̄
x̄(∃yΦ),Σ

, z∈fu(Rv̄
x̄(∃yΦ));

⊥R∃
⊥∃zR

v̄
x̄(R

y
z(Φ)),Σ

⊥R
v̄
x̄(∃yΦ),Σ

, z∈fu(Rv̄
x̄(∃yΦ));

⊢R
⊢Φ,Σ

⊢R(Φ),Σ
;

⊣R
⊣Φ,Σ

⊣R(Φ),Σ
;

⊥R
⊥Φ,Σ

⊥R(Φ),Σ
;

⊢RI
⊢R

v̄
x̄(Φ),Σ

⊢R
z,v̄
z,x̄(Φ),Σ

;
⊣RI

⊣R
v̄
x̄(Φ),Σ

⊣R
z,v̄
z,x̄(Φ),Σ

;
⊥RI

⊥R
v̄
x̄(Φ),Σ

⊥R
z,v̄
z,x̄(Φ),Σ

;
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⊢RU
⊢R

v̄
x̄(Φ),Σ

⊢R
y,v̄
z,x̄(Φ),Σ

, y∈fu(Φ);
⊣RU

⊣R
v̄
x̄(Φ),Σ

⊣R
y,v̄
z,x̄(Φ),Σ

, y∈fu(Φ);

⊥RU
⊥R

v̄
x̄(Φ),Σ

⊥R
z,v̄
y,x̄(Φ),Σ

, y∈fu(Φ);

⊢R
∼

⊢ ∼ Rv̄
x̄(Φ),Σ

⊢R
v̄
x̄(∼ Φ),Σ

;
⊣R

∼
⊣ ∼ Rv̄

x̄(Φ),Σ

⊣R
v̄
x̄(∼ Φ),Σ

;
⊥R

∼
⊥ ∼ Rv̄

x̄(Φ),Σ

⊥R
v̄
x̄(∼ Φ),Σ

;

⊢RE
⊢Ez,Σ

⊢R
v̄
x̄(Ez),Σ

, z /∈v̄;
⊣RE

⊣Ez,Σ

⊣R
v̄
x̄(Ez),Σ

, z /∈v̄;

⊢REr
⊢Ey,Σ

⊢R
v̄,z
x̄,y(Ez),Σ

;
⊣REr

⊣Ey,Σ

⊣R
v̄,z
x̄,y(Ez),Σ

;

⊢RN
⊢R

y,v̄
t,x̄ (Φ), ⊣E(z), ⊣E(t),Σ

⊢R
y,v̄
z,x̄(Φ), ⊣E(z), ⊣E(t),Σ

;
⊣RN

⊣R
y,v̄
t,x̄ (Φ), ⊣E(z), ⊣E(t),Σ

⊣R
y,v̄
z,x̄(Φ), ⊣E(z), ⊣E(t),Σ

;

⊥RN
⊥R

y,v̄
t,x̄ (Φ), ⊣E(z), ⊣E(t),Σ

⊥R
y,v̄
z,x̄(Φ), ⊣E(z), ⊣E(t),Σ

.

Sequent forms of quantifier elimination are induced by truth cases
for quantifiers:

⊢∃
⊢R

x
y(Φ), ⊢Ey,Σ

⊢∃xΦ,Σ
, y∈fu(Σ,∃xΦ);

⊣∃
⊣∃xΦ, ⊢Ey, ⊣R

x
y(Φ),Σ

⊣∃xΦ, ⊢Ey,Σ
;

⊥∃
⊥∃xΦ,⊥R

x
z (Φ), ⊢Ez,Σ

⊥∃xΦ,Σ
, z∈fu(Σ,∃xΦ).

Sequent form for insertion of variable assignment predicates per-
mits to specify a variable as assigned or unassigned:

E⊢⊣ ⊢Ex,Σ ⊣Ex,Σ

Σ
.

The above-written sequent forms and closeness conditions define
calculus CQEC .
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For sequent rules of CQEC we have the following main properties.

Theorem 9. Let k∈{1, 2, 3} and ⊢Γ1⊥U1⊣∆1 ... ⊢Γk⊥Uk⊣∆k

⊢Γ⊥U⊣∆
be basic

sequent form. Then
U/Γ |=⊥

IR ∆ ⇔ U1/Γ1 |=
⊥
IR ∆1 and ... Uk/Γk |=⊥

IR ∆k.

Proof. For each form the proof follows directly from its corre-
sponding property formulated in Theorems 2–7. ✷

The derivation in CQEC has the form of a tree, the vertices of
which are sequents. Such trees are called sequent trees. A sequent tree
is closed, if every its leaf is a closed sequent. A sequent Σ is derivable,
if there is a closed sequent tree with the root Σ .

During construction of a sequent tree the following cases are possi-
ble:

– construction procedure is completed: all sequents on the leaves
are closed; we have a finite closed tree;

– construction procedure is not completed; we have a finite or infi-
nite unclosed tree. Such tree has at least one path called unclosed, all
vertices of which are unclosed sequents.

We meet the first case while proving soundness and the second one
while proving completeness of CQEC .

Theorem 10 (soundness). Let sequent ⊢Γ⊥U⊣∆ be derivable in
CQEC . Then U/Γ |=⊥

IR ∆.

Proof. Indeed, if ⊢Γ⊥U⊣∆ is derivable, then a finite closed tree was
constructed. Therefore, for any leaf of this tree its sequent ⊢Λ⊥Ω⊣K
is closed. Thus, by Theorem 8, Ω/Λ |=⊥

IR K holds. Therefore, by
Theorem 9 for the root of the tree (sequent ⊢Γ⊥U⊣∆) we have that
U/Γ |=⊥

IR ∆ holds. ✷

4 Completeness of CQEC

Completeness is proved on the basis of theorems of the existence of
a counter-model for the set of formulas of a non-closed path in the
sequent tree. To do this we first define the notion of Hintikka set for
LQEC , then we prove that a Hintikka set is satisfiable, and at last, we
prove that formulas from a non-closed path form a Hintikka set [19].
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A Hintikka set for LQEC is a set H of signed formulas satisfying
two types of conditions:

1) uncloseness conditions derived from closeness conditions for se-
quents;

2) decomposition conditions derived from decomposition sequent
forms.

Uncloseness conditions for H are the following conditions obtained
by negation of closeness conditions of sequents:
H
⊢⊣CL) there is no formula Φ such that ⊢Φ∈H and ⊣Φ∈H;
H
⊥⊢CL) there is no formula Φ such that ⊥Φ∈H and ⊢Φ∈H;
H
⊥⊣CL) there is no formula Φ such that ⊥Φ∈H and ⊣Φ∈H;
H
∼⊣CL) there is no formula Φ : ⊣ ∼ Φ∈H;
H
E⊥CL) there is no formula Ey such that ⊥Ey∈H;
H
∃⊥CL) it is not possible that ⊥∃xΦ∈H

and ⊢R
x
y(Φ)∈H for some y∈V such that ⊢Ey∈H.

Decomposition conditions for H are the following conditions:
H
⊢ ∨) ⊢Φ∨Ψ∈H ⇒ ⊢Φ∈H or ⊢Ψ∈H;
H
⊣ ∨) ⊣Φ∨Ψ∈H ⇒ ⊣Φ∈H and ⊣Ψ∈H;
H
⊥∨) ⊥Φ∨Ψ∈H ⇒ ⊥Φ∈H and ⊥Ψ∈H or ⊥Φ∈H and ⊣Ψ∈H or

⊣Φ∈H and ⊥Ψ∈H;
H
⊢ ¬) ⊢¬Φ∈H ⇒ ⊣Φ∈H;
H
⊣ ¬) ⊣¬Φ∈H ⇒ ⊢Φ∈H;
H
⊥¬) ⊥¬Φ∈H ⇒ ⊥Φ∈H;
H
⊢ ∼) ⊢ ∼ Φ∈H ⇒ ⊥Φ∈H;
H
⊥∼) ⊥ ∼ Φ∈H ⇒ ⊢Φ∈H or ⊣Φ∈H.
H
⊢ RR) ⊢R

v̄
x̄(R

w̄
ȳ (Φ))∈H ⇒ ⊢R

v̄
x̄ ◦

w̄
ȳ (Φ)∈H;

H
⊣ RR) ⊣R

v̄
x̄(R

w̄
ȳ (Φ))∈H ⇒ ⊣R

v̄
x̄ ◦

w̄
ȳ (Φ)∈H;

H
⊥RR) ⊥R

v̄
x̄(R

w̄
ȳ (Φ))∈H ⇒ ⊥R

v̄
x̄ ◦

w̄
ȳ (Φ)∈H;

H
⊢ R∃) ⊢R

v̄
x̄(∃yΦ)∈H ⇒ ⊢∃zR

v̄
x̄(R

y
z(Φ))∈H for some z∈fu(Rv̄

x̄(∃yΦ));
H
⊣ R∃) ⊣R

v̄
x̄(∃yΦ)∈H ⇒ ⊣∃zR

v̄
x̄(R

y
z(Φ))∈H for some z∈fu(Rv̄

x̄(∃yΦ));
H
⊥R∃) ⊥R

v̄
x̄(∃yΦ)∈H ⇒ ⊥∃zR

v̄
x̄(R

y
z(Φ))∈H for some z∈fu(Rv̄

x̄(∃yΦ));
H
⊢ R) ⊢R(Φ)∈H ⇒ ⊢Φ∈H;
H
⊣ R) ⊣R(Φ)∈H ⇒ ⊣Φ∈H;
H
⊥R) ⊥R(Φ))∈H ⇒ ⊥Φ∈H;
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H
⊢ RI) ⊢R

z,v̄
z,x̄(Φ)∈H ⇒ ⊢R

v̄
x̄(Φ)∈H;

H
⊣ RI) ⊣R

z,v̄
z,x̄(Φ)∈H ⇒ ⊣R

v̄
x̄(Φ)∈H;

H
⊥RI) ⊥R

z,v̄
z,x̄(Φ))∈H ⇒ ⊥R

v̄
x̄(Φ)∈H;

H
⊢ RU) if z∈fu(Φ) then ⊢R

z,v̄
y,x̄(Φ)∈H ⇒ ⊢R

v̄
x̄(Φ)∈H;

H
⊣ RU) if z∈fu(Φ) then ⊣R

z,v̄
y,x̄(Φ)∈H ⇒ ⊣R

v̄
x̄(Φ)∈H;

H
⊥RU) if z∈fu(Φ) then ⊥R

z,v̄
y,x̄(Φ)∈H ⇒ ⊥R

v̄
x̄(Φ)∈H;

H
⊢ R ∼) ⊢R

x̄
x̄(∼ Φ)∈H ⇒ ⊢ ∼ Rx̄

x̄(Φ)∈H;
H
⊣ R ∼) ⊣R

x̄
x̄(∼ Φ)∈H ⇒ ⊣ ∼ Rx̄

x̄(Φ)∈H;
H
⊥R ∼) ⊥R

x̄
x̄(∼ Φ)∈H ⇒ ⊥ ∼ Rx̄

x̄(Φ)∈H;
H
⊢ RE) if z /∈v̄ then ⊢R

v̄
x̄(Ez) ⇒ ⊢Ez;

H
⊣ RE) if z /∈v̄ then ⊣R

v̄
x̄(Ez) ⇒ ⊣Ez;

H
⊢ REr) ⊢R

v̄,z
x̄,y(Ez) ⇒ ⊢Ey;

H
⊣ REr) ⊣R

v̄,z
x̄,y(Ez) ⇒ ⊣Ey;

H
⊢ RN) ⊢R

y,v̄
z,x̄(Φ), ⊣Ez, ⊣Et∈H ⇒ ⊢R

y,v̄
t,x̄ (Φ)∈H;

H
⊣ RN) ⊣R

y,v̄
z,x̄(Φ), ⊣Ez, ⊣Et∈H ⇒ ⊣R

y,v̄
t,x̄ (Φ)∈H;

H
⊥RN) ⊥R

y,v̄
z,x̄(Φ), ⊣Ez, ⊣Et∈H ⇒ ⊥R

y,v̄
t,x̄ (Φ)∈H.

Let W be the set of all assigned variables in H. Now we can define
the following conditions of quantifier elimination:
H
⊢ ∃) ⊢∃xΦ∈H ⇒ exists y∈W such that ⊢Ey∈H and ⊢R

x
y(Φ)∈H;

H
⊣ ∃) ⊣∃xΦ∈H ⇒ ⊢Ey∈H and ⊣R

x
y(Φ)∈H for all y∈W ;

H
⊥∃) ⊥∃xΦ∈H ⇒ exists z∈W such that ⊢Ez∈H and ⊥R

x
z (Φ)∈H and

there is no y∈W such that ⊢Ey∈H and ⊢R
x
y(Φ)∈H.

Sequent form for insertion of variable assignment predicates induces
the following condition:
HE⊢⊣) if x∈nm(H), then ⊢Ex∈H or ⊣Ex∈H.

A set H of signed formulas is called satisfiable, if there exists an
interpretation J = (AQEC(V,A), IPs

Q ) and δ∈VA such that for any for-
mula Φ:

⊢Φ∈H ⇒ ΦJ(δ)↓ = T ;

⊣Φ∈H ⇒ ΦJ(δ)↓ = F ;

⊥Φ∈H ⇒ ΦJ(δ)↑.

Theorem 11. Let H be a Hintikka set for LQEC . Then H is
satisfiable.
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Proof. First we define a set A that gives us an algebra AQEC(V,A);
then we construct δ∈VA. At last, we specify an interpretation of pred-
icate symbols IPs

Q that gives us an interpretation J .

Let W = { x | ⊢Ex∈H} be the set of all assigned variables in H.
Let a set A be such that |A| = |W |, i.e. A is a copy of W . Elements of
A are denoted aw, where w∈W .

Nominative set δ∈VA is constructed in the following way:

– if x∈W , then a value of x in δ is defined and equal to ax;

– if x/∈W , then a value of x is not defined.

Let us admit that any variable x from nm(H) \W is unassigned in
H, i.e. ⊣Ex∈H by HE⊢⊣.

Let us specify values of basic predicate P∈Ps on δ and on the
nominative sets of the form rv̄x̄(δ) :

– ⊢P∈H ⇒ PJ(δ)↓ = T ;

– ⊣P∈H ⇒ PJ(δ)↓ = F ;

– ⊥P∈H ⇒ PJ (δ)↑;

– ⊢R
v̄
x̄(P )∈H ⇒ PJ(r

v̄
x̄(δ))↓ = T ;

– ⊣R
v̄
x̄(P )∈H ⇒ PJ(r

v̄
x̄(δ))↓ = F ;

– ⊥R
v̄
x̄(P )∈H ⇒ PJ(r

v̄
x̄(δ))↑.

Values of P on other data can be chosen in arbitrary way with
respect to unessential variables from VU .

No ambiguity arises in these definitions due to uncloseness condi-
tions for H.

Let us note that formulas of the forms Ry,v̄
z,x̄Φ and Ry,v̄

t,x̄Φ with

⊣Ez, ⊣Et∈H cannot lead to ambiguity either, because RN -rules specify
for them equal values.

For atomic formulas and formulas of the form Rv̄
x̄(p) the statement

of the theorem follows from the definitions of the basic predicates and
variable assignment predicates. The proof of the theorem is then done
by induction on the formula structure.

Let us consider the cases with the complement and quantification
compositions only. Other cases are proved in a similar manner.

Let ⊢ ∼ Φ∈H. From H
⊢ ∼ we have ⊥Φ∈H. In accordance with the

induction hypothesis ΦJ(δ)↑, so, ∼ ΦJ(δ)↓ = T.
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Let ⊥ ∼ Φ∈H. From H
⊥∼ we have ⊢Φ∈H or ⊣Φ∈H. In accordance

with the induction hypothesis we have ΦJ(δ)↓ = T or ΦJ(δ)↓ = F,
therefore ΦJ(δ)↓, and ∼ ΦJ(d)↑.

Let ⊢∃xΦ∈H. By H
⊢ ∃ there exists y∈W such that ⊢R

x
y(Φ)∈H.

In accordance with the induction hypothesis we have Rx
y(Φ)J (δ)↓ =

T, whence ΦJ(δ∇x 7→δ(y))↓ = T. So, for ay = δ(y) we have
ΦJ(δ∇x 7→ay)↓ = T, whence ∃xΦJ(δ)↓ = T.

Let ⊣∃xΦ∈H. By H
⊣ ∃ for all y∈W ⊣R

x
y(Φ)∈H. In accordance with

the induction hypothesis we have Rx
y(Φ)J(δ)↓ = F for all y∈W, whence

ΦJ(δ∇x 7→δ(y))↓ = F for all y∈W. So, ΦJ(δ∇x 7→ay)↓ = F for all ay∈A,
whence ∃xΦJ(δ)↓ = F .

Let ⊥∃xΦ∈H. By H
⊥∃ there exists z∈W such that ⊥R

x
z (Φ)∈H and

there is no y∈W such that ⊢Ey∈H and ⊢R
x
y(Φ)∈H. In accordance with

the induction hypothesis for δ we have Rx
z (Φ)J(δ)↑ for some z∈W and

Rx
y(Φ)J(δ) 6= T for all y∈W, whence ΦJ(δ∇x 7→δ(z))↑ for some z∈W

and ΦJ(δ∇x 7→δ(y))6=T for all y∈W . Therefore ΦJ(δ∇x 7→ay)6=T for
all ay∈A. Thus, ∃xΦJ(δ)↑.✷

Theorem 12. For CQEC there exists a sequent tree construction
procedure such that unclosed paths form Hintikka sets.

Proof. Such procedure for constructing a sequent tree in CQEC is
defined in the same way as for other sequent calculi for finite sequents
[20], therefore we will not go into details. In our case of logic of partial
quasiary predicates with the complement composition, this procedure
is more complicated. The reason is that we should take into account 1)
the undefinedness conditions; 2) the assigned and unassigned variables.
These features manifest themselves in various sequent forms, especially
in quantifier elimination forms.✷

Theorem 13 (completeness). Let U/Γ |=⊥
IR ∆ holds. Then

sequent ⊢Γ⊥U⊣∆ is derivable in CQEC.

Proof. Let U/Γ |=⊥
IR ∆ and ⊢Γ⊥U⊣∆ be not derivable. Then a

sequent tree for ⊢Γ⊥U⊣∆ is not closed. Thus, an unclosed path exists
in this tree. Let H be the set of all formulas of this path. By Theorem
12, H is a Hintikka set. By Theorem 11, H is satisfiable. It means
that there are an algebra AQEC(V,A), nominative set δ∈VA, and an
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interpretation J such that for any formula Φ: ⊢Φ∈H ⇒ ΦJ(δ)↓ = T ;

⊣Φ∈H ⇒ ΦJ(δ)↓ = F ;⊥Φ∈H ⇒ ΦJ(δ)↑. Since ⊢Γ⊥U⊣∆ ⊆ H, this
holds for formulas of the sequent ⊢Γ⊥U⊣∆. Thus, for all Φ∈Γ we have
ΦJ(δ)↓ = T ; for all Φ∈U we have ΦJ(δ)↑, for all Φ∈∆ we have ΦJ(δ)↓ =
F. This contradicts U/ΓA |=⊥

IR ∆.✷

5 Conclusion

Extensive usage of logic in Computer Science leads to new logics that
more adequately represent applied domains. Logic of partial quasiary
predicates is one of such logics oriented on proving properties of pro-
grams. In our previous papers we studied logics of propositional and
renominative (quantifier-free) levels. In this paper we have generalized
the obtained results for the first-order logic of partial quasiary pred-
icates extended with the complement composition. For this logic a
special consequence relation called irrefutability consequence relation
under undefinedness conditions has been introduced. We have studied
its properties, constructed a sequent calculus for it and proved sound-
ness and completeness of this calculus.

The obtained results can be useful for software verification; some
steps were made in [21].
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New Bounds For Degree Sequence Of Graphs
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Abstract

Let G = (V,E) be a simple graph with n vertices, m edges,
and vertex degrees d1, d2, ..., dn. Let d1, dn be the maximum and
and minimum degree of vertices. In this paper, we present lower
and upper bounds for

∑
n

i=1
d2
i
and

∑
n

i=1
d3
i
and relations between

them. Also, we improve the bounds given in (2) and (3).
Keywords: Degree sequence of graph, Maximum degree,

Minimum degree.
MSC 2010: 68R10, 68Q25, 05C35, 05C05.

1 Introduction

Let G = (V,E) be a simple undirected graph with vertex set V =
V (G) = {v1, v2, . . . . , vn} and edge set E(G), | E(G) |= m. The order

and size of G are n = |V | and m = |E|, respectively. For a vertex
vi ∈ V , the degree of vi, denoted by deg(vi) (or just di), is the number
of edges incident to v. We denote by ∆(G) = d1, the maximum degree

among the vertices of G, and by δ(G) = dn, the minimum degree among
the vertices of G. Let mi be the average degree of the vertices adjacent
to vertex vi in G. A graph G is regular of degree r if all the vertices
of G have the same degree r. A complete graph is a graph in which
every two distinct vertices are joined by exactly one edge. A walk

from a vertex u to a vertex v is a finite alternating sequence v0(=
u)e1v1e2 . . . vk−1ekvk(= v) of vertices and edges such that ei = vi−1vi
for i = 1, 2, . . . , k. The number k is the length of the walk. In particular,
if the vertexes vi, i = 0, 1, ..., k in the walk are all distinct, then the walk
is called a path. A path of order n is denoted by Pn. A closed path or
cycle, is obtained from a path v1, . . . , vk (where k > 3) by adding the

c©2019 by CSJM; A. Jahanbani
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edge v1vk. A cycle of order n is denoted by Cn. A graph is unicyclic

if it contains precisely one cycle. A graph is connected if each pair of
vertices in a graph is joined by a walk. For other graph theory notation
and terminology we refer to [21].

The adjacency matrix A(G) of a graph G is defined by its entries as
aij = 1 if vivj ∈ E(G) and 0 otherwise. Let λ1 > λ2 > · · · > λn−1 > λn

denote the eigenvalues of A(G). Then λ1 is called the spectral radius

of G.
The degree sequence of a graph G is denoted by d1, d2, ..., dn and

assumed to be labelled in a non-increasing manner:

d1 > d2 > ... > dn.

We denote by d1 the highest and dn the lowest degree of vertices of G.
The inverse degree first attracted attention through conjectures of

the computer program Graffti [13]. This vertex-degree-based graph
invariant is defined as follows:

ID = ID(G) =
n∑

vi∈V

1

di
. (1)

The first Zagreb indices of a graph G are defined as M1(G) =∑
u∈V d2u. For further study on the Zagreb indices and their properties,

we refer to [23]. We recall two upper bounds for
∑n

i=1
d2i :

In [8], [17], [18]: Let G be a connected graph with n vertices, m
edges. Then

M1(G) 6
2m2

n
+

(
d1
dn

+
dn
d1

)
2m2

n
. (2)

In [17], [18]: Let G be a connected graph with n vertices and m
edges. If δ = 1, then

M1(G) 6
nm2

n− 1
. (3)

Since then, numerous other bounds for degree sequence of a graph
were found (see, [2], [7], [9], [10], [20]).

189



A. Jahanbani

The organization of the paper is as follows. In Section 2, we give
a list of some previously known results. In Section 3, we present our
upper and lower bounds for the

∑n
i=1

d2i of a graph G and improve
the bounds given in (2) and (3). In Section 4, we present our bounds
for the

∑n
i=1

d3i of a graph G. In Section 5, we investigate relations
between

∑n
i=1

d2i and
∑n

i=1
d3i .

2 Preliminaries and known results

In this section, we list some previously known results that will be
needed in the next sections. We recall some known bounds for
d21 + ...+ d2n. The Cauchy-Schwarz inequality yields a lower bound

4m2

n
=

1

n
(d1 + ...+ dn)

2
6 d21 + ...+ d2n.

It is known by D. de Caen [10] that d21 + ...+ d2n 6 m
(

2m
n−1

+ n− 2
)
.

In 2004, K. Das [7] obtained equivalent conditions to be

d21 + ...+ d2n = mmax{dj +mj|vj ∈ V }.

In 2004, K. C. Das [7] obtained an upper bound of the sum of squares
of degrees of a graph, which is less then equal to Caen’s upper bound
as follows;

1. d21 + ...+ d2n 6 mmax{dj +mj|vj ∈ V },

2. mmax{dj +mj |vj ∈ V } 6
2m

n− 1
+ n− 2.

We begin with the following lemma for the connected graphs.

Lemma 1. (Collatz and Sinogowitz [5]). If G is a connected graph

with n vertices, then

λ1(G) 6
√
n− 1.
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Lemma 2. [14] If G is a connected unicyclic graph, then

λ1(G) 6 λ1(S
3
n),

where S3
n denotes the graph obtained by joining any two vertices of

degree one of the star K1,n−1 by an edge.

Lemma 3. (Hong [15]). If G is a connected graph, then

λ1(G) 6
√
2m− n+ 1.

Lemma 4. (Berman and Zhang [3]). If G is a connected graph, then

λ1(G) 6 max{
√

didj : 1 6 i, j 6 n, vivj ∈ E}.

Lemma 5. (Favaron et al. [12]). For any graph without isolated ver-

tices,

λ1(G) 6 max{mi : vi ∈ V }.

Lemma 6. (Favaron et al. [12]) For any simple graph

λ1(G) >
√

d1.

Lemma 7. [6] For a connected non-regular graph G with diameter D

λ1(G) < d1 −
1

nD
.

Lemma 8. [22] For a connected non-regular graph G with diameter

D

λ1(G) < d1 −

(√
d1 −

√
dn
)2

nDd1
.

3 Lower and upper bounds for
∑n

i=1 d
2
i

In this section, we obtain some new upper and lower bounds for
∑n

i=1
d2i

in terms of graph invariants such as the number of vertices, the number
of edges, the highest and the lowest degree of vertices.

The following lemma is a well-known result called the handshaking
lemma.
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Lemma 9. (The Handshaking Lemma) Let G be a graph with n ver-

tices, m edges and the degree sequence of d1, d2, ..., dn. Then

d1 + ...+ dn = 2m.

We begin with the following upper bound in terms of vertices, edges,
the highest and the lowest degree of vertices.

Theorem 1. Let G be a connected graph with n vertices and m edges,

then

n∑

i=1

d2i 6
m2

n

(√
d1
dn

+

√
dn
d1

)2

, (4)

equality holds if and only if G is a regular graph.

Proof. Let ai be positive numbers for i = 1, 2, ..., n, such that there
exist positive numbers A, a satisfying:

0 < a ≤ ai ≤ A. (5)

Then the following inequality is valid (see [19] p. 71–72):

n
∑n

i=1
a2i

(
∑n

i=1
ai)

2
≤

1

4

(√
A

a
+

√
a

A

)2

. (6)

The inequality becomes an equality if and only if a = A.
For ai := di, i = 1, 2, ..., n, inequality (6) becomes

n
∑n

i=1
d2i

(
∑n

i=1
di)

2
≤

1

4

(√
d1
dn

+

√
dn
d1

)2

.

By Lemma 9, we have,
∑n

i=1
di = 2m, from the above inequality it

follows directly the assertion of Theorem 1, i.e. inequality (4).
Let us consider the case when G is a regular graph of degree r. Since

m = 1

2
nr and di = r, we know that d21 + ... + d2n = nr2. Therefore, for

a regular graph of degree r we have,

m2

n

(√
d1
dn

+

√
dn
d1

)2

=
4m2

n
.
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Thus we have d21 + ...+ d2n = 4m2

n
.

Now, suppose that the equality holds in (4). Then the equality
holds in (6). From the equality in (6), we get d1 = dn and by (5), we
have d1 = d2 = ... = dn, then G is a regular graph.

Note that since

m2

n

(√
d1
dn

+

√
dn
d1

)2

6
2m2

n
+

(
d1
dn

+
dn
d1

)
2m2

n
.

The bound of Theorem 1 is another improvement of the bound given
in (2 ) for connected graphs.

Theorem 2. Let G be a connected graph with n > 4 vertices, then

n∑

i=1

d2i 6
4m2

n− 1
+ d2n. (7)

Proof. Let ai be real numbers, for i = 1, 2, ..., n. Then the following
inequality is valid (see [4]):

√
(n− 1)(a2

1
+ a2

2
+ ...+ a2n−1

) 6 a1 + a2 + ...+ an. (8)

For ai := di, inequality (8) becomes

√
(n− 1)(d2

1
+ d2

2
+ ...+ d2n−1

) 6 d1 + d2 + ...+ dn
√√√√(n− 1)(

n−1∑

i=1

d2i − dn) 6
n∑

i=1

di

n∑

i=1

d2i 6
4m2

n− 1
+ d2n.
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Note that for n > 4 we have:

4m2

n− 1
+ d2n 6

nm2

n− 1
.

The bound of Theorem 2 is another improvement of the bound given
in (3 ) for connected graphs.

Remark 1. Let G be a regular graph with n vertices and m edges, then

m2

n

(√
d1
dn

+

√
dn
d1

)2

=
4m2

n
6

4m2

n− 1
+ d2n.

Therefore, the bound of Theorem 1 is another improvement of the bound

in Theorem 2 for regular graphs.

Theorem 3. Let G be a connected graph with n vertices and m edges,

then
n∑

i=1

d2i 6 2md1, (9)

equality holds if and only if G is a regular graph.

Proof. Let ai, bi are decreasing non-negative sequences with a1, b1 6= 0
for i = 1, 2, ..., n. Then the following inequality is valid (see [1]):

n∑

i=1

a2i

n∑

i=1

b2i 6 max

{
b1

n∑

i=1

ai, a1

n∑

i=1

bi

}
n∑

i=1

aibi. (10)

Equality holds in (10) if and only if a1 = a2 = ... = an, and b1 = b2 =
... = bn.

For ai, bi := di and wi := 1, i = 1, 2, ..., n, inequality (10) becomes

n∑

i=1

d2i

n∑

i=1

d2i 6 max

{
d1

n∑

i=1

di, d1

n∑

i=1

di

}
n∑

i=1

d2i . (11)

By Lemma 9 and the equality
∑n

i=1
1 = n, it follows directly the

assertion of Theorem 3, i.e. inequality (9).
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If G is a regular graph of degree r, then we know that d21+ ...+d2n =
nr2 and d1 = d2 = ... = dn = r. Hence

2md1 = 2(
1

2
nr)d1 = nr2.

Thus we have d21 + ...+ d2n = 2md1.

Now, suppose that the equality holds in (9). Then the equality
holds in (10). From the equality in (10), we get d1 = d2 = ... = dn = d,
then G is a regular graph.

The Theorem 4 is a Consequence of Theorem 3, by Lemmas 1 and
6.

Theorem 4. Let G be a connected graph with n vertices and m edges,

then
n∑

i=1

d2i 6 2m(n − 1).

Similarly to the theorem above and by lemma 2, we can obtain
upper bound for the unicyclic graphs as follows.

Lemma 10. Let G be a connected unicyclic graph with n vertices, then

n∑

i=1

d2i 6 2m
(
λ1(S

3
n)
)2

.

Also, by lemmas 7 and 8, we can obtain two upper bounds for the
non-regular graphs.

Lemma 11. Let G be a connected non-regular graph with diameter D,

then

1)

n∑

i=1

d2i < 2m

(
d1 −

1

nD

)2

,

2)
n∑

i=1

d2i < 2m

(
d1 −

(√
d1 −

√
dn
)2

nDd1

)2

.
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Now, by lemma 5, we obtain upper bound for the graphs without
isolated vertices.

Lemma 12. Let G be a graph without isolated vertices, then

n∑

i=1

d2i 6 2m (max{mi : vi ∈ V })2 .

Again, by lemmas 3 and 4, we obtain two upper bounds for the
connected graphs.

Lemma 13. Let G be a connected graph with n vertices, then

1)

n∑

i=1

d2i 6 2m(2m− n+ 1),

2)
n∑

i=1

d2i 6 2m
(
max{

√
didj : 1 6 i, j 6 n, vivj ∈ E}

)2
.

Theorem 5. Let G be a connected graph with n vertices and m edges,

then
n∑

i=1

d2i > 4m− n. (12)

Proof. Let ai, bi, ci and ei be real numbers and pi, qi be nonnegative
numbers for i = 1, 2, ..., n. Then the following inequality is valid (see
[11] p. 7)

n∑

i=1

pia
2
i

n∑

i=1

qib
2
i +

n∑

i=1

pic
2
i

n∑

i=1

qie
2
i > 2

n∑

i=1

piaici

n∑

i=1

qibiei. (13)

For ai := di and bi = ci = ei := 1, i = 1, 2, ..., n, inequality (13)
becomes

n∑

i=1

d2i

n∑

i=1

1 +

n∑

i=1

1

n∑

i=1

1 > 2

n∑

i=1

di

n∑

i=1

1.

By Lemma 9 and the equality
∑n

i=1
1 = n, it follows directly the

assertion of Theorem 5, i.e. inequality (12).
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4 Lower bounds for
∑n

i=1 d
3
i

In this section, we obtain some new lower bounds for
∑n

i=1
d3i in terms

of graph invariants such as the number of vertices, the number of edges.

Theorem 6. Let G be a connected graph with n vertices and m edges,

then

n∑

i=1

d3i > 6m− 2n. (14)

Proof. Let ai, bi, ci and ei be nonnegative numbers for i = 1, 2, ..., n.
Then the following inequality is valid (see [11] p. 7):

1

2

[
n∑

i=1

a3i ci

n∑

i=1

b3i ei +
n∑

i=1

aic
3
i

n∑

i=1

bie
3
i

]
>

n∑

i=1

a2i c
2
i

n∑

i=1

b2i e
2
i . (15)

For ai := di and bi = ci = ei := 1, i = 1, 2, ..., n, inequality (15)
becomes

1

2

[
n∑

i=1

d3i

n∑

i=1

1 +

n∑

i=1

di

n∑

i=1

1

]
>

n∑

i=1

d2i

n∑

i=1

1. (16)

By Lemma 9 and the equality
∑n

i=1
1 = n, also from the Inequality

(16), we have

n

n∑

i=1

d3i + 2mn >

n∑

i=1

d2in.

Now by Theorem 5, the proof is completed.

Theorem 7. Let G be a connected graph with n vertices and m edges,

then
n∑

i=1

d3i >
8m2 − 2mn

n
. (17)
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Proof. Let ai and bi be sequences of nonnegative real numbers and
α, β > 1 with 1

α
+ 1

β
= 1. Then the following inequality is valid (see [11]

p. 11):

1

α

n∑

i=1

bi

n∑

i=1

aα+1

i +
1

β

n∑

i=1

ai

n∑

i=1

bβ+1

i >

n∑

i=1

a2i

n∑

i=1

b2i . (18)

For ai := di, bi := 1 and α, β := 2 for i = 1, 2, ..., n, inequality (18)
becomes

1

2

n∑

i=1

1

n∑

i=1

d3i +
1

2

n∑

i=1

di

n∑

i=1

1 >

n∑

i=1

d2i

n∑

i=1

1. (19)

By Lemma 9 and the equality
∑n

i=1
1 = n, it follows directly the

assertion of Theorem 7, i.e. inequality (17).

Theorem 8. Let G be a connected graph with n vertices and m edges,

then

n∑

i=1

d3i >
8m3

n2
, (20)

equality holds if and only if G is a regular graph.

Proof. Let ai, bi and ci be positive real numbers, i = 1, 2, ..., n. Then
the following inequality is valid (see [16] p.137):

(
n∑

i=1

aibici

)3

6

[
n∑

i=1

a3i

][
n∑

i=1

b3i

][
n∑

i=1

c3i

]
, (21)

where equality holds if and only if ai = bi = ci, i = 1, 2, ..., n.
For ai := di and bi = ci := 1, i = 1, 2, ..., n, inequality (20) becomes

(
n∑

i=1

di

)3

6

[
n∑

i=1

d3i

][
n∑

i=1

1

] [
n∑

i=1

1

]
.

By Lemma 9 and the equality
∑n

i=1
1 = n, it follows directly the

assertion of Theorem 8, i.e. inequality (20).
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If G is a regular graph of degree r, then we know that d31+ ...+d3n =
nr3. Moreover, for a regular graph of degree r we have , d1 = d2 =
... = dn = r. Hence

8m3

n2
=

8(1
2
nr)3

n2
= nr3.

Thus we have d31 + ...+ d3n = 8m3

n2 .

Now, suppose that the equality holds in (20). Then the equality
holds in (21). From the equality in (21), we get d1 = d2 = ... = dn = d,
then G is a regular graph.

Theorem 9. Let G be a connected graph with n vertices and m edges,

then

n∑

i=1

d3i >
8mn− 2n2 − 4m2

ID(G)
. (22)

Proof. Let ai and bi be real numbers, i = 1, 2, ..., n. Then the following
inequality is valid (see [11] p.8):

n∑

i=1

a3i
bi

n∑

i=1

b3i
ai

−

(
n∑

i=1

aibi

)2

> 2




n∑

i=1

a2i

n∑

i=1

b2i −

(
n∑

i=1

aibi

)2


 . (23)

For ai := di and bi := 1, i = 1, 2, ..., n, inequality (23) becomes

n∑

i=1

d3i

n∑

i=1

1

di
−

(
n∑

i=1

ai

)2

> 2




n∑

i=1

d2i

n∑

i=1

1−

(
n∑

i=1

di

)2


 . (24)

By Lemma 9, the equality
∑n

i=1
1 = n, from Equality (1) and

Theorem 5 it follows directly the assertion of Theorem 9, i.e. inequality
(22).
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5 Bounds for
∑n

i=1 d
3
i involving

∑n
i=1 d

2
i

In this section, we investigate the relations between
∑n

i=1
d3i and∑n

i=1
d2i .

Theorem 10. Let G be a connected graph with m edges, then

n∑

i=1

d3i > 2

n∑

i=1

d2i − 2m. (25)

Proof. Let ai, bi, ci and ei be nonnegative numbers, i = 1, 2, ..., n. Then
the following inequality is valid (see [11] p.7):

n∑

i=1

a3i ci

n∑

i=1

b3i ei +
n∑

i=1

c3i ai

n∑

i=1

e3i bi > 2
n∑

i=1

a2i c
2
i

n∑

i=1

b2i e
2
i . (26)

For ai := di and bi = ci = ei := 1, i = 1, 2, ..., n, inequality (26)
becomes

n∑

i=1

d3i

n∑

i=1

1 +

n∑

i=1

di

n∑

i=1

1 >

n∑

i=1

d2i

n∑

i=1

1. (27)

By Lemma 9 and the equality
∑n

i=1
1 = n, it follows directly the

assertion of Theorem 10, i.e. inequality (25).

Theorem 11. Let G be a connected graph with m edges, then

n∑

i=1

d3i >

(∑n
i=1

d2i
)2

2m
− 2m. (28)

Proof. Let ai, bi, ci and ei be real numbers, i = 1, 2, ..., n. Then the
following inequality is valid (see [11] p.7):

n∑

i=1

a2i biei

n∑

i=1

b2i aici +
n∑

i=1

c2i biei

n∑

i=1

e2i aici >

(
n∑

i=1

aibiciei

)2

. (29)
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For ai = ei := di and bi = ci := 1, i = 1, 2, ..., n, inequality (29)
becomes

n∑

i=1

d3i

n∑

i=1

di +

n∑

i=1

di

n∑

i=1

di >

(
n∑

i=1

d2i

)2

. (30)

By Lemma 9 and the equality
∑n

i=1
1 = n, it follows directly the

assertion of Theorem 11, i.e. inequality (28).

Theorem 12. Let G be a connected graph with m edges, then

n∑

i=1

d3i >
2n
∑n

i=1
d2i

ID(G)
−

4m2

ID(G)
. (31)

Proof. Let ai, bi, ci and ei be real numbers, i = 1, 2, ..., n. Then the
following inequality is valid (see [11] p.8):

n∑

i=1

a3i
ci

n∑

i=1

b3i
ei

+

n∑

i=1

aici

n∑

i=1

biei > 2

n∑

i=1

a2i

n∑

i=1

a2i . (32)

For ai = ei := di and bi = ci := 1, i = 1, 2, ..., n, inequality (32)
becomes

n∑

i=1

d3i

n∑

i=1

1

di
+

n∑

i=1

di

n∑

i=1

di > 2

n∑

i=1

d2i

n∑

i=1

1. (33)

By Lemma 9, the equality
∑n

i=1
1 = n and from Equality (1) it

follows directly the assertion of Theorem 12, i.e. inequality (31).
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Abstract

A signed Italian dominating function on a graph G = (V,E)
is a function f : V → {−1, 1, 2} satisfying the condition that for
every vertex u, f [u] ≥ 1. The weight of signed Italian dominat-
ing function is the value f(V ) =

∑
u∈V

f(u). The signed Italian
domination number of a graph G, denoted by γsI(G), is the min-
imum weight of a signed Italian dominating function on a graph
G. In this paper, we determine the signed Italian domination
number of some classes of graphs. We also present several lower
bounds on the signed Italian domination number of a graph. In
particular, for a graph G without isolated vertex we show that
γsI(G) ≥ 3n−4m

2
and characterize all graphs attaining equality in

this bound. We show that if G is a graph of order n ≥ 2, then
γsI(G) ≥ 3

√
n

2
− n and this bound is sharp.

Keywords: Domination, Signed Italian Dominating Func-
tion, Signed Italian Domination Number.

MSC 2010: 05C69.

1 Introduction

Throughout this paper we consider (non trivial) simple graphs, that
are finite and undirected graphs without loops or multiple edges.

Let G = (V,E) be a graph of order n and size m. For every vertex
v ∈ V , the open neighborhood of v is defined by NG(v) = {u ∈ V | uv ∈
E(G)}. Also the closed neighborhood of v is defined byNG[v] = NG(v)∪
{v}. For a subset S ⊂ V we denoted the number of neighbors of a
vertex v ∈ S by dS(v). In particular, d(v) = degG(v) = |N(v)|. The

c©2019 by CSJM; A. Karamzadeh, H. R. Maimani, A. Zaeembashi

204



On the signed Italian domination of graphs

minimum and maximum degree among the vertices of G are denoted
by δ and ∆, respectively.

A graph G is k-colorable if there exists the function f : V (G) →
{1, 2, . . . , k} such that f(u) 6= f(v) for any edge uv ∈ E(G).
The minimum positive integer k for which G is k-colorable is the
Chromatic number of G and is denoted by χ(G).

A set S ⊂ V in a graph G is called a dominating set if every vertex
of G is either in S or adjacent to a vertex of S. The domination number
γ(G) equals the minimum cardinality of a dominating set on G.

For a subset T ⊂ Z, the weight of function f : V → T is denoted
by w(f) and defined by w(f) =

∑
v∈V f(v). For S ⊂ V , we set f(S) =∑

v∈S f(v).

A signed dominating function (SDF) on a graph G = (V,E) is a
function f : V → {−1, 1} such that f(N [v]) ≥ 1 for every vertex v ∈ V .

The signed domination number, denoted by γs(G), is the minimum
weight of a SDF on G; that is, γs(G) = min{w(f) | f is a SDF on G}.

Recently, Ahangar et al. [1] defined a signed Roman dominating
function (SRDF) on a graph G = (V,E) as a function f : V →
{−1, 1, 2} such that f(N [v]) ≥ 1 for every vertex v ∈ V (G) and every
vertex u with f(u) = −1 is adjacent to a vertex v with f(v) = 2. The
signed domination number, denoted by γsR(G), is the minimum weight
of a SRDF on G; that is, γs(G) = min{w(f) | f is a SRDF on G}.

Mustapha Chellali et al. (2016) [4] defined an Italian dominating
function (IDF) on a graph G = (V,E) to be a function f : V →
{0, 1, 2} with the property that for every vertex v ∈ V (G) with
f(v) = 0, f(N [v]) ≥ 2. The Italian domination number denoted
by γI(G), is the minimum weight of a IDF on graph G; that is,
γI(G) = min{w(f) | f is a IDF on G}. For further results on Italian
domination see [7] and [6].

A signed Italian dominating function (SIDF) on a graph G = (V,E)
is a function f : V → {−1, 1, 2} with the property that for every
vertex v ∈ V , f(N [v]) ≥ 1. Thus a signed Italian dominating function
combines the properties of both an Italian dominating function and
a signed dominating function. The signed Italian domination number,
denoted by γsI(G), is the minimum weight of a SIDF on G; that is,
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γsI(G) = min{w(f) | f is a SIDF on G}. A SIDF of weight γsI(G)
is called a γsI(G)-function. For a vertex v ∈ V , we denote f(N [v])
by f [v] for notational convenience. For a SIDF f on G, let Vi = {v ∈
V (G) | f(v) = i} for i = −1, 1, 2. Since this partition determines f , we
can equivalently write f = (V−1, V1, V2).

Firstly note that if f = (V−1, V1, V2) is a SIDF on a graph G of
order n, then

(i) |V−1|+ |V1|+ |V2| = n,

(ii) w(f) = |V1|+ 2|V2| − |V−1|,

(iii) V1 ∪ V2 is a dominating set of G.

A function f : V (G) → {−1, 1, 2, 3} is a signed double Roman
dominating function (SDRDF) on graph G if (i) every vertex v with
f(v) = −1 is adjacent to at least two vertices assigned a 2 or
to at least one vertex w with f(w) = 3, (ii) every vertex v with
f(v) = 1 is adjacent to at least one vertex w with f(w) ≥ 2 and
(iii) f [v] =

∑
u∈N [v] f(u) ≥ 1 holds for any vertex v. The signed dou-

ble Roman domination number γsdR(G) is the minimum weight of a
SIDF on G. The signed double Roman domination was introduced by
Ahangar et al. [2]

A cycle on n vertices is denoted by Cn, while a path on n vertices is
denoted by Pn. We denoted byKn the complete graph on n vertices and
Kn,m the complete bipartite graph with one partite set of cardinality n
and the other of cardinality m. A star is a complete bipartite graph of
the form Sn = K1,n−1. A double star with respectively p and q leaves
attached at each support vertex is denoted by DSp,q. The distance
dG(u, v) between two vertices u and v in a connected graph G is the
length of a shortest u−v path in G. The diameter of a graph G, denoted
by diam(G), is the greatest distance between two vertices of G. The
corona product of two graphs G1 and G2, denoted by G = G1 ⊙G2, is
a graph obtained by taking one copy of G1 and |V (G1)| copies of G2

and joining the ith-vertex of G1 with all the vertices of the ith-copy of
G2.

In this paper, we present various bounds on the signed Italian dom-
ination number of graph. In addition, we determine the signed Italian
domination number for special classes of graphs including complete
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graphs, cycles, paths and complete bipartite graphs.

2 Special Classes Of Graphs

In this section we determine the signed Italian domination number for
complete graphs, cycles, paths and complete bipartite graphs.

Lemma 1. Let G be a graph of order n such that γ(G) = 1. Then
γsI(G) ≥ 1.

Proof. Let v be a vertex of G with deg(v) = n − 1 and f be a γsI -
function of G. Hence γsI(G) = w(f) = f [v] ≥ 1.

Proposition 1. For n ≥ 1, γsI(Kn) = 1.

Proof. Let f be a γsI-function on Kn. Since γ(Kn) = 1, hence
γsI(Kn) ≥ 1 by Lemma 1.

Now define the functions f : V (Kn) → {−1, 1, 2} as following:
If n is even, then let f(v1) = 2, f(vi) = −1 for 2 ≤ i ≤ n+2

2
and

f(vi) = 1 for n+4

2
≤ i ≤ n. If n is odd, then let f(vi) = 1 for 1 ≤

i ≤ n+1

2
and f(vi) = −1 for n+3

2
≤ i ≤ n. It is clear that in any case

we have defined a SIDF on Kn of weight 1. Hence γsI(Kn) ≤ 1 and
consequently, γsI(Kn) = 1.

Proposition 2. For n ≥ 3,

γsI(Pn) =

{
⌈n
3
⌉+ 1 if n ≡ 0 or 2 (mod 3),

⌈n
3
⌉ if n ≡ 1 (mod 3).

Proof. Let Pn = v1v2 . . . vn. Define the function f : V (Pn) → {−1, 1, 2}
as follows:
If n ≡ 0(mod 3), then let f(v3i+1) = −1 for 0 ≤ i ≤ (n−3)

3
, f(v2) = 2,

f(v3i) = 1 for 1 ≤ i ≤ n
3
and f(v3i+2) = 1 for 1 ≤ i ≤ (n−3)

3
. If n ≡

1(mod 3), then let f(v3i) = −1 for 0 ≤ i ≤ (n−1)

3
, f(v1) = f(vn−2) = 2,

f(v3i+2) = 1 for 0 ≤ i ≤ (n−7)

3
and f(v3i+1) = 1 for 1 ≤ i ≤ (n−4)

3
. If

n ≡ 2(mod 3), then let f(v3i+1) = −1 for 0 ≤ i ≤ (n−5)

3
, f(vn) = −1,
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f(v2) = f(vn−1) = 2, f(v3i) = 1 for 1 ≤ i (n−2)

3
and f(v3i+2) = 1 for

1 ≤ i ≤ (n−5)

3
. Clearly, f is a SIDF of Pn and thus γsI(Pn) ≤ ⌈n

3
⌉ if

n ≡ 1 (mod 3) and γsI(Pn) ≤ ⌈n
3
⌉+ 1 when n 6≡ 1 (mod 3).

To prove the inverse inequality, let f be a γsI-function on Pn. First,
assume that n ≡ 0(mod 3). If f(v1) + f(v2) ≥ 2, then f(v1) ≥ 1 and
we have

γsI(Pn) = f(v1) +

(n−3)

3∑

i=0

f [v3i+3] ≥ 1 +
n

3
.

Hence we assume that f(v1) + f(v2) = 1. Then we must have f(v1) =
−1, f(v2) = 2 and to Italian dominate v2, we must have f(v3) ≥ 1,
and so f [v2] ≥ 2. Therefore

γsI(Pn) = f [v2] +

(n−3)

3∑

i=1

f [v3i+2] ≥ 2 +
(n− 3)

3
= 1 +

n

3
.

By the same argument, the result is obtained in cases n ≡ 1, 2 (mod 3).

Proposition 3. For n ≥ 3,

γsI(Cn) =






⌈n
3
⌉ = t if n = 3t,

⌈n
3
⌉ = t+ 1 if n = 3t+ 1,

⌈ (n+4)

3
⌉ = t+ 2 if n = 3t+ 2.

Proof. Let Cn = v1v2...vnv1 and let f be a γsI -function on Cn.
Assume first that n = 3t with an integer t ≥ 1. We deduce from

the fact f(v3i−2) + f(v3i−1) + f(v3i) ≥ 1 for 1 ≤ i ≤ t that

γsI(Cn) = γsI(C3t) =

t∑

i=1

f(v3i−2) + f(v3i−1) + f(v3i) ≥ t.

Now define the function f : V (C3t) → {−1, 1, 2} by f(v3i−1) = −1
and f(v3i−2) = f(v3i) = 1 for 1 ≤ i ≤ t. Then f [vj] ≥ 1 for each
0 ≤ j ≤ 3t − 1 and therefore f is a SIDF on C3t of weight t. Thus
γsI(C3t) ≤ w(f) = t. Consequently, γsI(C3t) = t = ⌈n

3
⌉.
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Assume next that n = 3t + 1 with an integer t ≥ 1. If f(vi) ≥ 1
for all 1 ≤ i ≤ n, then γsI(Cn) ≥ n > ⌈n

3
⌉. Hence assume now that

f(v1) = −1. By definition v1 must have a neighbor with label 2 or two
neighbors with label 1. Let v1 have a neighbor with label 2, say v3t+1.
Since f [v1] ≥ 1, then we must have f(v2) ≥ 1. It follows that

γsI(Cn) = γsI(C3t+1) =
t∑

i=1

f [v3i−1] + f(v3t+1) ≥ t+ 2 > t+ 1.

Let v1 have two neighbors with label 1, i.e f(v3t+1) = f(v2) = 1. Since
f [v3t+1] ≥ 1 and f [v2] ≥ 1, we must have f(v3t) ≥ 1 and f(v3) ≥ 1. It
follows that

γsI(Cn) = γsI(C3t+1) = f [v2] +
t−1∑

i=1

f [v3i+2] + f(v3t+1) ≥ t+ 1.

On the other hand define f : V (C3t+1) → {−1, 1, 2} by f(v3i−1) =
−1, f(v3i) = f(v3i−2) = 1 for 1 ≤ i ≤ t and f(v3t+1) = 1. Then
f [vj ] ≥ 1 for each 1 ≤ j ≤ 3t + 1 and therefore f is a SIDF on C3t+1

of weight t + 1. Thus γsI(C3t+1) ≤ w(f) = t + 1. Consequently,
γsI(C3t+1) = ⌈n

3
⌉ = t+ 1.

Finally, assume that n = 3t + 2 with an integer t ≥ 1. The result
holds if f(v) ≥ 1 for all v ∈ V (C3t+2). Thus without loss of generality,
assume that f(v1) = −1. By definition v1 must have a neighbor with
label 2 or two neighbors with label 1. Let v1 have a neighbor with label
2, say v2. Since f [v2] ≥ 1 and f [v3t+2] ≥ 1, we must have f(v3) ≥ 1. It
follows that

γsI(C3t+2) =

3∑

i=1

f(vi)+

t−1∑

i=1

f [v3i+2]+f [v3t+2] ≥ 2+(t−1)+1 = t+2.

Let v1 have two neighbors with label 1, i.e f(v3t+2) = f(v2) = 1. Since
f [v3t+2] ≥ 1 and f [v2] ≥ 1, we must have f(v3t+1) ≥ 1 and f(v3) ≥ 1.
It follows that

γsI(C3t+2) = f [v2] +

t−1∑

i=1

f [v3i+2] + f(v3t+1) + f(v3t+2) ≥

≥ 1 + (t− 1) + 2 = t− 2. (1)
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Now define the function f : V (C3t+2) → {−1, 1, 2} by f(v3i) = −1,
f(v3i−1) = f(v3i−2) = 1 for each 1 ≤ i ≤ t and f(v3t+1) = f(v3t+2) = 1.
Then f [vj ] ≥ 1 for each 1 ≤ j ≤ 3t + 2 and therefore f is a SIDF on
C3t+2 of weight t+ 2. Thus γsI(C3t+2) ≤ w(f) = t+ 2.

Thus the proof is complete.

Proposition 4. For n ≥ 2,

γsI(K1,n−1) =

{
1 if n is even,
2 if n is odd.

Proposition 5. For 2 ≤ m ≤ n,

γsI(Km,n) =






2 if m = 2 and n ≥ 2,
3 if m = 3 and n ≥ 3,
4 if n,m ≥ 4.

Proof. Let X = {x1, x2, . . . , xm} and Y = {y1, y2, . . . , yn} be the bi-
partite sets of Km,n.

First assume that m = 2. For n = 2, 3 the result is obvious. Assume
that n ≥ 4. Let f be a γsI -function on K2,n. If f(x1) = −1, then
f(yi) > 0 for any yi ∈ Y . In addition f(x2) > 0. Hence w(f) =
f [x1] + f(x2) ≥ 2. Now assume that f(x1), f(x2) > 0. If f(x1) = 2,
then

∑n
i=1

f(yi) ≥ −1 and hence w(f) = f [x1] + f(x2) ≥ 2. If f(x1) =
f(x2) = 1, then

∑n
i=1

f(yi) ≥ 0, and so w(f) = f [x1] + f(x2) ≥ 2.
Since we have discussed all possible cases, we obtain γsI(K2,n) ≥ 2.

To prove γsI(K2,n) ≤ 2, define the function f : V (K2,n) →
{−1, 1, 2} by f(x1) = f(x2) = 1 and f(yi) = (−1)i for 1 ≤ i ≤ n when
n is even, and by f(x1) = f(x2) = 1, f(y1) = 2, f(y2) = f(y3) = −1
and f(yi) = (−1)i+1 for 4 ≤ i ≤ n when n is odd. It is clear that
f is a SIDF on K2,n of weight 2, and so γsI(K2,n) ≤ 2. Therefore
γsI(K2,n) = 2.

Now assume that m = 3. Let f be a γsI -function on K3,n. If for
any xi ∈ X, f(xi) > 0, then we have w(f) =

∑m−1

i=1
f(xi) + f [xm] ≥

(m−1)+1 ≥ 3. Hence we assume that there are xi ∈ X and yi ∈ Y such
that f(xi) = f(yi) = −1. It follows from f [xi] ≥ 1 and f [yi] ≥ 1 that
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∑m
i=1

f(xi) ≥ 2 and
∑n

i=1
f(yi) ≥ 2. Therefore w(f) =

∑m
i=1

f(xi) +∑n
i=1

f(yi) ≥ 4. In any case, γsI(K3,n) ≥ 3.

To prove γsI(K3,n) ≤ 3, define the function f : V (K3,n) →
{−1, 1, 2} as follows:
If n = 3, then let f(x1) = f(x2) = f(x3) = 1, f(y1) = 2 and
f(y2) = f(y3) = −1. If n > 3 is odd, then f(x1) = f(x2) = f(x3) = 1,
f(y1) = 2, f(y2) = f(y3) = −1 and f(yi) = (−1)i+1 for 4 ≤ i ≤ n. If
n > 3 is even, then f(x1) = f(x2) = f(x3) = 1 and f(yi) = (−1)i for
1 ≤ i ≤ n. It is clear that f is a SIDF on K3,n of weight 3, and so
γsI(K3,n) ≤ 3. Therefore γsI(K3,n) = 3.

Finally, assume that m ≥ 4. Let f be a γsI -function on Km,n. If for
any xi ∈ X, f(xi) > 0 (the case f(yi) > 0, for any yi ∈ Y is similar),
then we have w(f) =

∑m−1

i=1
f(xi)+f [xm] ≥ (m−1)+1 ≥ 4. Hence we

assume that there are xi ∈ X and yi ∈ Y such that f(xi) = f(yi) = −1.
It follows from f [xi] ≥ 1 and f [yi] ≥ 1 that

∑m
i=1

f(xi) ≥ 2 and∑n
i=1

f(yi) ≥ 2. Therefore w(f) =
∑m

i=1
f(xi) +

∑n
i=1

f(yi) ≥ 4. In
any case, γsI(Km,n) ≥ 4 when m ≥ 4.

To prove the inverse inequality, define the function f : V (Km,n) →
{−1, 1, 2} as follows:
If n = m and n is even, then let f(xi) = f(yi) = 1 for 1 ≤ i ≤ n

2
+ 1

and f(xi) = f(yi) = −1 for n
2
+ 2 ≤ i ≤ n. If n = m and n is odd,

then let f(x1) = f(y1) = 2, f(xi) = f(yi) = 1 for 2 ≤ i ≤ n−1

2
+ 1

and f(xi) = f(yi) = −1 for n−1

2
+ 2 ≤ i ≤ n. If m 6= n and m,n are

odd, then let f(x1) = f(y1) = 2, f(xi) = (−1)i+1 for 2 ≤ i ≤ m and
f(yi) = (−1)i+1 for 2 ≤ i ≤ n. If m 6= n and m,n are even, then let
f(x1) = f(x2) = 2, f(y1) = f(y2) = 2, f(x3) = f(x4) = −1, f(y3) =
f(y4) = −1, f(xi) = (−1)i+1 for 5 ≤ i ≤ m and f(yi) = (−1)i+1 for
5 ≤ i ≤ n. If m 6= n, m is even and n is odd (the case when m is
odd and n is even is similar), then let f(x1) = f(x2) = f(y1) = 2,
f(yi) = (−1)i+1, f(x3) = f(x4) = −1 and f(xi) = (−1)i+1 for 5 ≤
i ≤ n. It is clear that in any case we have defined a SIDF of weight
4, and thus γsI(Km,n) ≤ 4. Therefore γsI(Km,n) = 4 and the proof is
complete.
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3 Preliminary Results And Some Bounds

In this section we present basic properties of the signed Italian dom-
inating functions, the signed Italian domination numbers and bounds
on the signed Italian domination number.

In Proposition 6 we show that some bounds for SIDF are based on
∆ and δ.

Proposition 6. Let f = (V−1, V1, V2) be a SIDF on a graph G of order
n, then

(i) (2∆ + 1)|V2|+∆|V1| ≥ (δ + 2)|V−1|,
(ii) (2∆ + δ + 3)|V2|+ (∆ + δ + 2)|V1| ≥ (δ + 2)n,
(iii) (∆ + δ + 2)w(f) ≥ (δ −∆+ 2)n+ (δ −∆)|V2|,

(iv) w(f) ≥ (δ−2∆+1)n

(2∆+δ+3)
+ |V2|.

In addition all inequalities are sharp.

Proof. (i) We have that

n =|V−1|+ |V1|+ |V2| ≤
∑

v∈V

f [v] =
∑

v∈V

(d(v) + 1)f(v)

=
∑

v∈V2

2(d(v) + 1) +
∑

v∈V1

(d(v) + 1)−
∑

v∈V−1

(d(v) + 1)

≤2(∆ + 1)|V2|+ (∆ + 1)|V1| − (δ + 1)|V−1|.

and the desired result follows.
(ii) This follows immediately from Part (i) by substituting |V−1| =
n− |V1| − |V2|.
(iii) Since w(f) = |V1| + 2|V2| − |V−1| and |V−1| + |V1| + |V2| = n, we
have that

(∆ + δ + 2)w(f) = (∆ + δ + 2)(2(|V1|+ |V2|)− n+ |V2|)

≥ 2(δ + 2)n− 2(∆ + 1)|V2|+ (∆ + δ + 2)(|V2| − n)

= (δ −∆+ 2)n + (δ −∆)|V2|.

(iv) From the proof of Part (i) we have

n ≤ 2(∆ + 1)|V1 ∪ V2| − (δ + 1)|V−1|

= (2∆ + δ + 3)|V1 ∪ V2| − (δ + 1)n,
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and so

|V1 ∪ V2| ≥
n(δ + 2)

(2∆ + δ + 3)
.

Therefore

w(f) = 2|V1 ∪ V2| − n+ |V2| ≥
(δ − 2∆ + 1)n

(2∆ + δ + 3)
+ |V2|.

If G = Kn or G = C3t, where t ≥ 1, then Parts (i), (ii) and (iii) are
sharp and also if G = nK2, where n ≥ 1, then Part (iv) is sharp.

As an immediate consequence of Proposition 6, we obtain a lower
bound on the signed Italian domination number of graphs.

Corollary 1. If G is a graph of order n such that δ < ∆, then

γsI(G) ≥

(
−2∆2 + 2∆δ +∆+ 2δ + 3

(∆ + 1)(2∆ + δ + 3)

)
n.

Proof. Multiplying both sides of the inequality in Proposition 6 (iv),
by ∆−δ and adding the resulting inequality to the inequality in Propo-
sition 6 (iii), we yield the desired result.

Proposition 7. For r ≥ 1, if G is an r-regular graph of order n, then

γsI(G) ≥
n

(r + 1)
.

Proof. Let f = (V−1, V1, V2) be a SIDF on G. We have that

n ≤
∑

v∈V

f [v] = (r + 1)
∑

v∈V

f(v) = (r + 1)w(f).

Hence γsI(G) ≥ n
(r+1)

.

If G = (Kn), then γsI(Kn) = 1 and the equality holds.

Theorem 1. If G is a graph of order n such that δ ≥ 1, then

γsI(G) ≥ 2 + ∆− n.
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Proof. Let u ∈ V (G) be a vertex of degree ∆ and let f be a γsI(G)-
function. Then the definitions imply that

γsI(G) =
∑

x∈V (G)

f(x) =
∑

x∈N [u]

f(x) +
∑

x∈V (G)−N [u]

f(x)

≥ 1 +
∑

x∈V (G)−N [u]

f(x) ≥ 1− (n− (∆ + 1))

= 2 +∆− n.

Note that the inequality of Theorem 1, is sharp for G = Kn.

In the following result we present a relation between Chromatic
number and signed Italian domination.

Corollary 2. Let G be a connected graph. If G is not an odd cycle
or a complete graph, then γsI(G) ≥ 2 + χ(G) − n, otherwise γsI(G) ≥
1 + χ(G)− n.

Proof. Since G is a connected graph, then by Brooks’ Theorem [3]
χ(G) ≤ ∆(G) if G is not an odd cycle or a complete graph. Now
by applying Theorem 3.4, we conclude that γsI(G) ≥ 2 + χ(G) − n,
otherwise γsI(G) ≥ 1 + χ(G)− n.

A set S ⊂ V (G) is a 2-packing of the graph G if N [u] ∩ N [v] = ∅
for any two distinct vertices u, v ∈ S. The 2-packing number ρ(G) of
G is defined by

ρ(G) = max{|S| : S is a 2− packing of G}.

Clearly, for all graphs G, ρ(G) ≤ γ(G).

Theorem 2. Let G be a graph of order n such that δ ≥ 1. Then

γsI(G) ≥ ρ(G)(2 + δ) − n.
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Proof. Let {v1, v2, . . . , vρ(G)} be a 2-packing of G and let f be a γsI -

function on G. If we define the set A = ∪
ρ(G)

i=1
N [vi], then since

{v1, v2, . . . , vρ(G)} is a 2-packing, we have that

|A| =

ρ(G)∑

i=1

(d(vi) + 1) ≥ ρ(G)(δ(G) + 1).

Now we have

γsI(G) =
∑

x∈V (G)

f(x) =

ρ(G)∑

i=1

f [vi] +
∑

x∈V (G)−A

f(x)

≥ ρ(G) − (n − |A|) ≥ ρ(G)− n+ ρ(G)(δ(G) + 1)

= ρ(G)(2 + δ) − n.

Example 1. Now we show that the bound in Theorem 2, is sharp. Let
F be an arbitrary graph of order t ≥ 1. Let G be a graph of order st,
where s ≥ 2 is obtained as follows:
For every vertex v ∈ V (F ) add a vertex-disjoint copy of a complete
graph Ks and identify the vertex v with one vertex of added complete
graph. Let G1, G2, . . . , Gt be the added copies of Ks and let vi be the
vertex of Gi for 1 ≤ i ≤ t that is identified with a vertex of F . Let
fi : V (Gi) → {−1, 1, 2} be the SIDF on the complete graph Gi

∼= Ks

defined as in Proposition 1. We note that the function fi assigns to
at least one vertex of Gi the value 2 or 1 respectively when |Gi| is
even or |Gi| is odd. We choose vi be one such vertex of Gi, and so
if |Gi| is even, then f(vi) = 2, otherwise f(vi) = 1. As shown in
Proposition 1, we have w(fi) = 1. Now we define the function f :
V (G) → {−1, 1, 2} by f(v) = fi(v) for each vertex v ∈ V (Gi). If
v = vi for 1 ≤ i ≤ t, then f [v] ≥ fi[v] with strict inequality if the
vertex corresponding to vi is not isolated in F . If v 6= vi for 1 ≤ i ≤ t,
then f [v] = fi[v]. Therefore the function f = ∪t

i=1
fi is a SIDF on G,

and so γsI(G) ≤ w(f) =
∑t

i=1
fi = t. On the other hand, by Theorem

2, and noting that here δ(G) = s − 1, ρ(G) = t and n(G) = st we
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have γsI(G) ≥ ρ(G)(2 + δ(G)) − n(G) = t. Consequently, γsI(G) =
ρ(G)(2 + δ(G)) − n(G) = t.

Corollary 3. Let G be a graph of order n such that δ ≥ 1. Then

γsI(G) ≥

(
1 + ⌊

diam(G)

3
⌋

)
(2 + δ)− n.

Proof. We assume that diam(G) = 3t + r is such that t ≥ 0 and
0 ≤ r ≤ 2. Let x0x1 . . . xn be a diametral path and define the set
A = {x0, x3, . . . , x3t}. Then A is a 2-packing set of G such that |A| =

1 + ⌊diam(G)

3
⌋. Since ρ(G) ≥ |A|, by Theorem 2, we have

γsI(G) ≥ ρ(G)(2 + δ)− n ≥

(
1 + ⌊

diam(G)

3
⌋

)
(2 + δ)− n.

Now in the following we find bounds for signed Italian domination
for cubic graph.

Theorem 3. Let G be a connected cubic graph of order n. Then

n

4
≤ γsI(G) ≤

3n

4
.

Proof. The lower bound follows from Proposition 7. Now we prove the
theorem for the upper bound. Let G be the Petersen graph. Consider
the labeling of the Petersen graph in Figure 1. Then f is a SIDF on
G of weight w(f) = 5 = 4n

8
which implies that γsI(G) ≤ n

2
< 3n

4
. Now

assume that G is not a Petersen graph. Since every signed dominating
function is a signed Italian dominating function, then by Theorem 2 [5]
the proof is complete.

Example 2. To see that the lower bound presented in Theorem 3 is
sharp, consider a cycle C3t : v1v2 . . . v3tv1, where t ≥ 1, add t new
vertices x1, x2, . . . , xt and join xi to the v3i−2, v3i−1, v3i for 1 ≤ i ≤ t.
Let G denote the resulting cubic graph of order n = 4t. Define the
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Figure 1. A labeling of the Petersen graph

function f : V (G) → {−1, 1, 2} by f(xi) = 1 for 1 ≤ i ≤ t, f(v3i−2) =
f(v3i) = −1 for 1 ≤ i ≤ t and f(v3i−1) = 2 for 1 ≤ i ≤ t. Then f is a
SIDF on G of weight t, and so γsI(G) ≤ t. By Proposition 7, we have
that γsI(G) ≥ t. Consequently, γsI(G) = t = n

4
.

Remark 1. If f is a signed Italian dominating function on G and
u ∈ V (G), then there exists a signed Italian dominating function g on
G, with g(u) > 0 and w(g) − w(f) ≤ 2.

Lemma 2. Let G be a graph of order n. If uv ∈ E(G), then

γsI(G \ uv)− 4 ≤ γsI(G) ≤ γsI(G \ uv) + 2.

Proof. For the upper bound we assume that f is a γsI-function on
(G \ uv). It follows from Remark 1, that there exists a signed Italian
dominating function g on (G\uv), with g(u) > 0 and w(g)−w(f) ≤ 2.
Now we define the function h : V (G) → {−1, 1, 2} such that h(x) =
g(x) for each x ∈ V (G).

Now assume that f is a γsI -function on G. For the lower bound
we define the function g : V (G \ uv) → {−1, 1, 2} and consider the
following cases:

Case 1. Assume that f(u) = −1 and f(v) = 2 such that f [u] = 1 and
f [v] ≥ 1. If there is no vertex with value -1 under f such x ∈ N [v]
where x 6= u and f [x] = 1, then g(u) = 1, g(v) = 1 and g(y) = f(y) for
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any y ∈ V (G\uv). Thus g is a SIDF on (G\uv), and so γsI(G\uv) ≤
w(g) ≤ γsI(G) + 1, which implies that γsI(G \ uv)− 1 ≤ γsI(G).

Case 2. Assume that f(u) = f(v) = 1. If f [u], f [v] ≥ 2, then g = f .
If f [u] ≥ 1 and f [v] ≥ 2, then g(u) = 2 and g(x) = f(x) for any
x ∈ V (G \ uv), where x 6= u. If f [u], f [v] ≥ 1, then g(u) = g(v) = 2
and g(x) = f(x) for any x ∈ V (G \ uv), where x 6= u, v. Thus g is
a SIDF on (G \ uv), and so γsI(G \ uv) ≤ w(g) ≤ γsI(G) + 2, which
implies that γsI(G \ uv)− 2 ≤ γsI(G).

Case 3. Assume that f(u) = 1 and f(v) = 2. If f [u] = 2 and f [v] = 1,
then g(u) = 2, g(x) = 1, where x ∈ N [v] assigned a -1 under f and
g(y) = f(y) for any y ∈ V (G \ uv), where y 6= u, x. Thus g is a SIDF
on (G \ uv), and so γsI(G \ uv) ≤ w(g) ≤ γsI(G) + 3, which implies
that γsI(G \ uv)− 3 ≤ γsI(G).

Case 4. Assume that f(u) = f(v) = 2. If f [u] = f [v] = 1 or f [u] =
f [v] = 2, then g(x) = g(y) = 1, where x ∈ N [u], y ∈ N [v] assigned a
-1 under f respectively and g(z) = f(z) for any z ∈ V (G \ uv), where
z 6= x, y. Thus g is a SIDF on (G \ uv), and so γsI(G \ uv) ≤ w(g) ≤
γsI(G) + 4, which implies that γsI(G \ uv)− 4 ≤ γsI(G).

Remark 2. We present several examples of graphs that satisfy the
bounds in Lemma 2. Notice that the edge uv is denoted by −−−−.

Figure 2. γsI(G) = γsI(G \ uv) Figure 3. γsI(G) = γsI(G \ uv)− 1

Proposition 8. For every graph G of order n, 2γ(G)− n ≤ γsI(G) ≤
γsR(G).
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Figure 4. γsI(G) = γsI(G \ uv)− 2
Figure 5. γsI(G) = γsI(G \ uv)− 3

Figure 6. γsI(G) = γsI(G \ uv)− 4

Figure 7. γsI(G) = γsI(G \ uv) + 1 Figure 8. γsI(G) = γsI(G \ uv) + 2

Proof. Every signed Roman dominating function is a signed Italian
dominating function, so the upper bound holds. For the lower bound,
assume that f is a γsI-function of G. Since V1 ∪ V2 is a dominating set
for G, then

γsI(G) = w(f) = |V1|+ 2|V2| − |V−1| = 2|V1|+ 3|V2| − n

≥ 2|V1 ∪ V2| − n ≥ 2γ(G) − n.

Proposition 9. For each graph G of order n, γI(G)−γsI(G)+γ(G) ≤
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n.

Proof. Let f = (V−1, V1, V2) be a γsI-function on G. We have γsI(G) =
w(f) = |V1| + 2|V2| − |V−1| and γ(G) ≤ |V12| since V12 dominates G.
Define the function g : V (G) → {0, 1, 2} as g(v) = 0 for any v ∈ V−1

and g(v) = f(v) for any v ∈ V \ V−1. It is straightforward to check
that g is a IDF on G and hence

γI(G) ≤ |V1|+ 2|V2| = γsI(G) + |V−1|.

This implies that

γI(G) ≤ γsI(G) + (n− |V12|) ≤ γsI(G) + n− γ(G).

Proposition 10. For any graph G, γsdR(G) ≤ 2γsI(G) + n− γ(G).

Proof. Let f = (V f
−1

, V f
1
, V f

2
) be an arbitrary γsI -function on G. Then

the function g = (V f
−1

, ∅, V f
1
, V f

2
) is a SDRDF for G. Hence

γsdR(G) ≤ 3|V f
2
|+ 2|V f

1
| − |V f

−1
| ≤ 4|V f

2
|+ 2|V f

1
| − 2|V f

−1
|+ V f

−1

= 2γsI(G) + |V f
−1

| ≤ 2γsI(G) + n− γ(G).

Now we present two sharp bounds on the signed Italian domination
number graphs. We introduce some notation for convenience. Let
V

′

−1
= {v ∈ V−1 | N(v) ∩ V2 6= ∅} and V

′′

−1
= V−1 − V

′

−1
. For disjoint

subsets U and W of vertices, let [U,W ] denote the set of edges between
U and W . Also let V12 = V1 ∪ V2, |V12| = n12, |V1| = n1 and |V2| = n2.
Then n12 = n1 + n2. In addition set n−1 = |V−1|, and so n−1 =
n − n12. Let G12 = G[V12] be the subgraph induced by the set V12,
and G12 have size m12. For i = 1, 2, if Vi 6= ∅, then Gi = G[Vi]
be the subgraph induced by the set Vi, and Gi have size mi. Hence
m12 = m1 +m2 + |[V1, V2]|.

For k ≥ 1, let Lk be a graph obtained from a graph H of order k
by adding 2dH(v) + 1 pendant edges to each vertex v of H. Note that
L1 = K2. Let H = {Lk | k ≥ 1}.
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Theorem 4. Let G be a graph of order n and size m without isolated
vertex. Then γsI(G) ≥ 3n−4m

2
, with equality holds if and only if G ∈ H.

Proof. The proof is by induction on n. The result is obvious for n =
2, 3. Suppose that n ≥ 4 and assume that the statement is true for
all graphs of order less than n having no isolated vertices. Let G be
a graph of order n with no isolated vertex and let f = (V−1, V1, V2)
be a γsI -function. If V−1 = ∅, then γsI(G) ≥ n > 3n−4m

2
, since G has

no isolated vertex. Suppose that V−1 6= ∅. We consider the following
cases:

Case 1. V2 6= ∅.
Now, we consider the following subcases:

Subcase 1. V1 6= ∅.
By the definition of a SIDF, each vertex in V−1 is adjacent to at least
one vertex in V2 or at least two vertices in V1, and so

|[V−1, V12]| = |[V−1, V2]|+ |[V−1, V1]| ≥ |V
′

−1|+ 2|V
′′

−1| ≥ |V−1| = n−1.

Furthermore we have

2n−1 ≤ 2|[V−1, V2]|+ |[V−1, V1]| = 2
∑

v∈V2

dV−1
(v) +

∑

v∈V1

dV−1
(v).

For each vertex v ∈ V2, we have

1 ≤ f [v] = f(v) + 2dV2
(v) + dV1

(v)− dV−1
(v), (*)

and so dV−1
(v) ≤ 2dV2

(v) + dV1
(v) + f(v) − 1 = 2dV2

(v) + dV1
(v) + 1.

Similarly for each vertex v ∈ V1, we have that dV−1
(v) ≤ 2dV2

(v) +
dV1

(v). Hence

2n−1 ≤ 2
∑

v∈V2

(2dV2
(v) + dV1

(v) + 1) +
∑

v∈V1

(2dV2
(v) + dV1

(v))

= (8m2 + 2|[V1, V2]|+ 2n2) + (2|[V1, V2]|+ 2m1)

= 8m2 + 2m1 + 4|[V1, V2]|+ 2n2.
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Since m12 = m1 +m2 + |[V1, V2]|, we have

2n−1 ≤ 8m12 − 8m1 − 8|[V1, V2]|+ 2m1 + 4|[V1, V2]|+ 2n2

= 8m12 − 6m1 − 4|[V1, V2]|+ 2n2.

Therefore

m12 ≥
1

8
(2n−1 + 6m1 + 4|[V1, V2]| − 2n2).

We have m ≥ m12 + |[V−1, V12]|. Then

m ≥
1

8
(2n−1 + 6m1 + 4|[V1, V2]| − 2n2) + n−1

=
1

8
(10n−1 + 6m1 + 4|[V1, V2]|+ 2(n1 − n12))

=
1

8
(10n − 10n12 − 2n12 + 2n1 + 6m1 + 4|[V1, V2]|)

=
1

8
(10n − 12n12 + 2n1 + 6m1 + 4|[V1, V2]|)

or equivalently,

n12 ≥
1

12
(10n − 8m+ 2n1 + 6m1 + 4|[V1, V2]|).

In addition

γsI(G) = 2n2 + n1 − n−1 = 3n2 + 2n1 − n = 3n12 − n− n1

≥
1

4
(10n − 8m+ 2n1 + 6m1 + 4|[V1, V2]|)− n− n1 (1)

=
1

4
(6n− 8m) +

1

4
(6m1 + 4|[V1, V2]| − 2n1).

If (3m1 + 2|[V1, V2]| − n1) ≥ 0, then the result is obtained. Suppose
that φ(n1) = 1

2
(3m1 + 2|[V1, V2]| − n1). If n1 = 0, then φ(n1) = 0,

and we are done. Hence we may suppose that n1 ≥ 1. Let v ∈ V1.
If dV12

(v) = 0, then f [v] ≤ 0, since by assumption the graph G has
not isolated vertex. But this is a contradiction, and we conclude that
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dV12
(v) > 0. Therefore

φ(n1) =
1

2
(3m1 + 2|[V1, V2]| − n1)

=
3

4

∑

v∈V1

dV1
(v) +

∑

v∈V1

dV2
(v)−

n1

2

≥
3

4

(∑

v∈V1

dV12
(v)

)
−

n1

2
≥

3n1

4
−

n1

2
=

n1

4
> 0. (2)

And so γsI(G) > 3n−4m
2

.

Subcase 2. V1 = ∅.
Since V−1 6= ∅, we conclude that V2 6= ∅. By definition of a SIDF, each
vertex in V−1 is adjacent to at least one vertex in V2, and so

|[V−1, V2]| ≥ |V−1| = n−1.

Therefore we have

n−1 ≤ |[V−1, V2]| =
∑

v∈V2

dV−1
(v).

For each vertex v ∈ V2, we have f(v) + 2dV2
(v) − dV−1

(v) = f [v] ≥ 1,
and so dV−1

(v) ≤ 2dV2
(v) + 1. It follows that

n−1 ≤
∑

v∈V2

dV−1
(v) ≤

∑

v∈V2

(2dV2
(v) + 1) = 4m2 + n2

which implies that

m2 ≥
1

4
(n−1 − n2).

Hence

m ≥ m2 + |[V−1, V2]| ≥
1

4
(n−1 − n2) + n−1

=
1

4
(5n−1 − n2) =

1

4
(5n − 5n2 − n2) =

1

4
(5n − 6n2),
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and so

n2 ≥
1

6
(5n − 4m).

Now we have

γsI(G) = 2n2 − n−1 = 3n2 − n

≥
1

2
(5n − 4m)− n =

1

2
(3n− 4m). (3)

Therefore γsI(G) ≥ 3n−4m
2

.

Case 2. V2 = ∅.
Since V−1 6= ∅, we conclude that V1 6= ∅. By definition of a SIDF, each
vertex in V−1 is adjacent to at least two vertices in V1, and so

|[V−1, V1]| ≥ 2|V−1| = 2n−1.

Therefore we have

2n−1 ≤ |[V−1, V1]| =
∑

v∈V1

dV−1
(v).

For each vertex v ∈ V1, we have f(v) + dV1
(v) − dV−1

(v) = f [v] ≥ 1,
and so dV−1

(v) ≤ dV1
(v). It follows that

2n−1 ≤
∑

v∈V1

dV−1
(v) ≤

∑

v∈V1

dV1
(v) = 2m1.

We have m ≥ m1 + |[V−1, V1]|+m−1, then

m ≥ m1 + |[V−1, V1]| ≥ n−1 + 2n−1

= 3n−1 = 3n− 3n1,

and so

n1 ≥
1

3
(3n −m).

Now we have

γsI(G) = n1 − n−1 = 2n1 − n

≥
1

3
(6n − 2m)− n =

1

3
(3n− 2m). (4)
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Therefore γsI(G) ≥ 1

3
(3n − 2m) implies that γsI(G) ≥ 1

3
(3n − 2m) >

1

2
(3n− 4m), which completes the proof of the lower bound.
Now if γsI(G) = 3n−4m

2
, then all the inequalities (1), (2), (3) and (4)

must be equalities. Hence n1 = 0 and n2 = n12, and so V12 = V2 and
V = V−1∪V2. Furthermore m = m2+ |[V−1, V2]|+m−1, m2 =

(n−1−n2)

4

and n−1 = |[V−1, V2]|. This implies that for each vertex v ∈ V−1 we
have dV−1

(v) = 0 and dV2
(v) = 1, and hence every vertex of V−1 is a

leaf in G. Also for every vertex v ∈ V2 we have dV−1
(v) = 2dV2

(v) + 1.
Therefore G ∈ H.

On the other hand, suppose that G ∈ H. Then G = Lk for some
k ≥ 1. Thus G is obtained from a graph H of order k by adding
2dH(v) + 1 pendant edges to each vertex v of H. Let G have order n
and size m. Then

n =
∑

v∈V (H)

(2dH (v) + 2) = 4m(H) + 2n(H)

and
m = m(H) +

∑

v∈V (H)

(2dH (v) + 1) = 5m(H) + n(H).

Assigning to every vertex of H the weight 2 and to each vertex in
V (G)�V (H) the weight -1 produces a SIDF f of weight w(f) =
2n(H)− (4m(H) +n(H)) = n(H)− 4m(H) = 3n−4m

2
. Hence γsI(G) ≤

w(f) = 3n−4m
2

. Consequently, γsI(G) = 3n−4m
2

.

Theorem 5. Let G be a graph of order n ≥ 2. Then

γsI(G) ≥ 3

√
n

2
− n.

Proof. Let f = (V−1, V1, V2) be a γsI -function on G. If V−1 = ∅, then
γsI(G) ≥ n ≥ 3

√
n
2
− n for n ≥ 2. Hence suppose that |V−1| ≥ 1. We

consider the following cases:

Case 1. V2 6= ∅.
Since each vertex of V

′

−1
is adjacent to at least one vertex in V2. Hence

by the Pigeonhole Principle, we conclude that at least one vertex v of
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V2 is adjacent to at least
n
′

−1

n2
vertices of V

′

−1
. It follows that 1 ≤ f [v] ≤

2n2 + n1 −
n
′

−1

n2
and thus

0 ≤ 2n2

2 + n1n2 − n
′

−1 − n2. (1)

Likewise, since each vertex in V
′′

−1
is adjacent to at least two vertices

in V1, we deduce that at least one vertex u of V1 is adjacent to at least
2n

′′

−1

n1
vertices of V

′′

−1
. As above we have 1 ≤ f [u] ≤ 2n2 + n1 −

2n
′′

−1

n1
,

and thus

0 ≤ 2n2n1 + n2

1 − 2n
′′

−1 − n1. (2)

Now by multiplying the inequality (1) by 2 and summing it with the
inequality (2) we obtain

0 ≤ 4n2

2 + 2n1n2 − 2n
′

−1 − 2n2 + 2n1n2 + n2

1 − 2n
′′

−1 − n1.

Since n = n2 + n1 + n−1, we have

0 ≤ 4n2

2 + 4n1n2 − 2n + n2

1 + n1.

Equivalently

0 ≤ 9n2

2 + 9n1n2 −
9

2
n+

9

4
n2

1 +
9

4
n1

≤ 9n2

2 + 12n1n2 + 4n2

1 −
9

2
n

= (3n2 + 2n1)
2 −

9

2
n

which implies that 3
√

n
2
≤ (3n2 + 2n1). Therefore

γsI(G) = 2n2 + n1 − n−1

= 3n2 + 2n1 − n

≥ 3

√
n

2
− n.
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Case 2. V2 = ∅.
Since V−1 6= ∅, we conclude that V1 6= ∅. As in Case 1, at least
one vertex u of V1 is adjacent to at least 2n−1

n1
vertices of V−1. Then

1 ≤ f [u] ≤ n1 −
2n−1

n1
which implies that

0 ≤ n2

1 − n1 − 2n−1.

Since n = n1 + n−1, we have

0 ≤ n2

1 + n1 − 2n.

We have 7

9
n2
1
− n1 ≥ 0, since n1 ≥ 2. Therefore

16

9
n2

1 − 2n = (n2

1 + n1 − 2n) + (
7

9
n2

1 − n1) ≥ 0,

Equivalently

0 ≤
16

9
n2

1 − 2n,

which implies that 3
√

n
8
≤ n1. Therefore

γsI(G) = n1 − n−1

= 2n1 − n

≥ 3

√
n

2
− n.

The following example demonstrates that the lower bound in The-
orem 5, is sharp.

Example 3. Let k ≥ 1 be an integer and Fk be the graph obtained from
the corona product of two graphs Kk+1 and K2k+1. Assigning to the all
vertices of Kk+1 the weight 2 and to the remaining vertices the weight
-1, produces a SIDF of weight 2(k+1)−(k+1)(2k+1) = (k+1)(1−2k)
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on Fk. Since n(Fk) = (k + 1)(2k + 2), Theorem 5 implies that

γsI(Fk) ≥ 3

√
n(Fk)

2
− n(Fk)

= 3

√
(k + 1)(2k + 2)

2
− (k + 1)(2k + 2)

= 3(k + 1)− (k + 1)(2k + 2) = (k + 1)(1 − 2k).

Therefore γsI(Fk) = 3

√
n(Fk)

2
− n(Fk) = (k + 1)(1 − 2k).
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Löwenstein, Yancai Zhao, and Vladimir Samodivkin, “Signed Ro-
man domination in graphs,” J. Comb. Optim., vol. 27, no. 2, pp.
241–255, 2014.

[2] H. Abdollahzadeh Ahangar, M. Chellali, and S. M. Sheikholeslami,
“Signed double Roman domination in graphs,” Discrete Appl.
Math., vol. 257, pp. 1–11, 2019.

[3] G. Chartrand, L. Lesniak, and P. Zhang, Graphs & digraphs,
Chapman and Hall/CRC, 2010.

[4] M. Chellali, Teresa W. Haynes, Stephen T. Hedetniemi, and Alice
A. McRae, “Roman {2}-domination,” Discrete Appl. Math., vol.
204, pp. 22–28, 2016.

[5] O. Favaron, “Signed domination in regular graphs,” Discrete.
Math., vol. 158, no. 1–3, pp. 287–293, 1996.

[6] M. Hajibaba and N. Jafari Rad, “Some notes on the Roman domi-
nation number and Italian domination number in graphs,” Journal
of Physics: Conference Series, vol. 890, pp. 012123, 2017.

[7] Michael A. Henning, and William F. Klostermeyer, “Italian domi-
nation in trees,” Discrete Appl. Math., vol. 217, pp. 557–564, 2017.

228



On the signed Italian domination of graphs

Ashraf Karamzadeh, Hamid Reza Maimani, Received June 27, 2019
Ali Zaeembashi Accepted July 25, 2019

Ashraf Karamzadeh
Mathematics Section, Department of Basic Sciences,
Shahid Rajaee Teacher Training University,
P.O. Box 16785-163, Tehran, Iran
Phone:+98 22970060-9
E–mail: karamzadehmath@gmail.com

Hamid Reza Maimani
Mathematics Section, Department of Basic Sciences,
Shahid Rajaee Teacher Training University,
P.O. Box 16785-163, Tehran, Iran
Phone:+98 22970060-9
E–mail: maimani@ipm.ir

Ali Zaeembashi
Mathematics Section, Department of Basic Sciences,
Shahid Rajaee Teacher Training University,
P.O. Box 16785-163, Tehran, Iran
Phone:+98 22970060-9
E–mail: azaeembashi@sru.ac.ir

229



Computer Science Journal of Moldova, vol.27, no.2(80), 2019

A Novel Hybrid Algorithm for Minimizing

Total Weighted Tardiness Cost

Lamiche Chaabane

Abstract

In this research paper, we aim to present a hybrid algorithm
in order to obtain a better solution to the single machine to-
tal weighted tardiness scheduling problem (SMTWT). Here, the
proposed approach called guided genetic algorithm (GGA) is
the combination of the standard genetic algorithm (GA), the
Kangaroo technique (KA) and the weighted modified due date
(WMDD) dispatching rule. The main idea of this hybridization
is to take the advantages of the global search process assured by
GA and the potent of the local search gained by KA during the
evolution of the population initially improved by WMDD rule.
Experimental results using a set of benchmark instances com-
ing from OR-Library for different sizes showed its effectiveness
compared with the classical genetic algorithm.

Keywords: scheduling, SMTWT, genetic algorithm, kanga-
roo algorithm, WMDD rule, OR-Library.

MSC 2010: 80M50, 90C27, 46N10, 97R40.

1 Introduction

In scheduling theory, the single machine total weighted tardiness
(SMTWT) problem is one of the most famous combinatorial prob-
lems. It was improved to be NP-hard [1] in the literatures. In recent
years, the SMTWT problem becomes very interesting in several real-
word situations such as planning in production systems, assigning the
sequence of stages in a construction projects, delivering goods with the
customer’s priority in supply chain, and so on [2].

c©2019 by CSJM; Lamiche Chaabane
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The single machine total weighted tardiness problem is defined as
follows. Consider n jobs to be processed without interruption on a
single machine that can handle only one job in a specific time. Each job
j, available for processing at zero time, has a positive processing time
pj , a positive weight wj , and a positive due date dj . As an example, for
a given sequence of jobs the tardiness of job j is computed as follows:
Tj = max (0, Cj - dj), where Cj is the completion time of job j. The
objective of the total weighted tardiness problem is to find a processing
order of all the jobs; this order is a schedule that minimizes the sum of
the weighted tardiness of all jobs.

Thus, the problem is to schedule n jobs on a single machine to
minimize the sum of the weighted tardiness of all the jobs [3]. In
order to find an approximate solution of this problem, we propose a
hybrid algorithm based on metaheuristics and dispatching rules. The
developed technique takes in account the advantage of WMDD rule
in the initialization step, the global search done by GA and the local
improvement assured by KA algorithm.

The reminder of this paper is organized as follows: In section 2,
some previous related works are presented. Section 3 summarizes prin-
cipal concepts of both GA, KA algorithms and the WMDD rule. Sec-
tion 4 outlines our GGA algorithm and its components for the SMTWT
problem. Experimental study is presented in section 5. In section 6,
we address our conclusions and our future work.

2 Related works

In this section we cite some previous literature works which they have
used to resolve the SMTWT problem. Throughout the last decade,
many researchers have proposed many approaches to solve the SMTWT
problem. The most of these methods include enumerative algorithms
such as branch and bound algorithm [4] and dynamic programming al-
gorithm [5] to generate exact solutions, but these approches are limited
by their computational times and their computer storage requirements,
especially when the number of jobs is more than about 50 [6]. In order
to overcome these limits, several dispatching rules have been proposed
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in the literature as another way to find a best solution to this problem
in a reasonable computation time.

Alidaee and Ramakrishnan [7] tested the COVERT-AU class of
dispatching rules for problems of up to 200 jobs. As a result of their
study, dispatch rules give a quick sequencing method, but have poor
solution quality. Also Crauwels et al. [8] compare the performance of a
number of local search heuristics that have the binary representation,
namely, descent methods, simulated annealing, threshold accepting,
tabu search, and GA, for total weighted tardiness problems with 40,
50, and 100 jobs.

The same problem has been extensively studied by heuristics, but
do not guarantee optimality. These heuristics include heuristic dis-
patching rules [9] and local search heuristics. As there is no single
best dispatching rule for all problem environments, in other words, dis-
patching rules do not consistently provide good quality solutions, in
recent years, much attention has been devoted to local search heuris-
tics [10]. These local search heuristics mainly include neighborhood
search methods, such as descent methods, simulated annealing, thresh-
old accepting, tabu search [9][11][12] and genetic algorithms (GA) [13].
Generally, these iterative algorithms are very easy to implement and
they can give an approximate solutions, but they are not able to achieve
the optimal solution in many cases.

Many authors have illustrated that genetic algorithm (GA) per-
forms well for solving the scheduling problems [14][15] as well as for par-
allel machine scheduling problems. M. S. Akturk [16] proposed a new
dominance rules to produce a best approximate solution for SMTWT
problem. The developed procedures provided good results compared to
some existing dispatching rules. In recent years, many hybrid methods
have been proposed to tackle the SMTWT problem for a considerable
number of jobs. Maheswaran et al., developed some hybrid heuristic
algorithms for single machine total weighted tardiness problem. Ex-
perimental results, using some OR-Library instances, showed that the
hybrid algorithm with evolutionary perturbation tool is very promising
to generate good solutions compared to the others [17].
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3 Basic concepts

3.1 Genetic Algorithm (GA)

Genetic algorithm was originally proposed by John H. Holland [18]. It
is an iterative search technique inspired by evolutionary biology to find
exact or approximate solutions to optimization and search problems.
GA starts with a population of candidates solutions called chromo-
somes and tries to improve them through a series of iterations, by
using some genetic operators to reach the best solution for the given
problem.

3.2 Kangaroo Algorithm (KA)

Kangaroo algorithm (KA) is an optimization method developed by
Pollard [19]. KA is applied by an iterative process which minimizes an
objective function. At each iteration, KA applies the descent method
to the quality of the initial solution u. If the best solution available
(u*) is found in neighbor solutions, this solution set is replaced by
the u. If there is no improvement in the value of objective function
when reaching a certain number of iteration (A), the jump procedure
is performed in order to escape from the local optimum. The process
is iterated until a stopping criterion is met.

3.3 The Weighted Modified Due Date (WMDD)

The WMDD is one of the recent effective dispatching rules for SMTWT
scheduling problem. This powerful rule was developed by Kanet and Li
[20], it outperforms some other well-known rules such as the EDD (Ear-
liest Due Date) rule in which jobs with earlier due dates have higher
priorities and are processed before those with later due dates, the Mod-
ified Due Date (MDD) rule, which puts the jobs in non-decreasing order
of the modified due dates and the Apparent Urgency (AU) rule, where
jobs are sequenced in non-decreasing order of their apparent urgency
values. The framework of the WMDD rule is done in Algorithm 1.
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Algorithm 1.

Step 1: Set time := 0, S := ∅, J = {1, 2, 3, ...n}
Step 2: Compute the value of tj as follows:

tj :=Max(Pj , dj-time)/Wj

Step 3. Sorting the value of tj in ascending order, and
select job k having the minimum value of tj
Step 4: Add job k in S, then remove it from J
Step 5: Update time := time + Pk

Step 6: Terminate the procedure if J = ∅; otherwise go
to step 1

4 Proposed Method

GA is very powerful in the case of global search, but it suffers from the
local optimum problem. On the other hand, KA performs excellently in
local search while not so well in global search. In this paper we propose
to develop a hybrid approach called GGA which takes the advantages
of the WMDD rule, genetic algorithm and the Kangaroo technique to
find a better solution for the SMTWT problem.

4.1 Solution representation

For the single machine total weighted tardiness problem, the natural
permutation representation of a solution is a permutation of the inte-
gers 1, . . ., n of n jobs [3].

4.2 Fitness function

The fitness function is the important step in each evolutionary algo-
rithm. Its main role is to evaluate the solution quality in the popula-
tion. In our study, we choose the inverse of the sum of the weighted
tardiness as a measurement quality of the solution. This proposed fit-
ness function is easy to compute and it is largely related to the problem.
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Figure 1. Crossover operator example.

4.3 Population initialization

In order to construct the initial population, we generate a set of N fea-
sible candidate solutions randomly, after that we apply the weighted
modified due date (WMDD) method to the first individual of the pop-
ulation in order to increase the convergence speed of the proposed
method.

4.4 Selection strategy

The parents are selected from the population for combining in order
to produce new childs. Here, we choose to apply the wheel roulette
method to select parents according to their fitness function value.

4.5 Crossover operator

The role of the crossover operator is to combine elements from two
selected parent chromosomes to generate two child chromosomes. Here
we use position-based crossover [3]. An example of this mechanism is
illustrated in Figure 1.

4.6 Mutation operator

Generally, this operator is used as a diversification mechanism for all
evolutionary algorithms. In this work, we apply KA algorithm to per-
turb the current solution.
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4.7 Replacement step

This step is the strategy which can be retained to save the chromosoms
during the evolution of the GGA algorithm. In our proposed algorithm,
the next generation is constructed according to a replacement strategy
which consists in the selection of the best chromosomes of the current
population and their offsprings [2].

We can note here, that the advantage of this strategy is its capa-
bility to retain the best chromosoms at each iteration.

4.8 Stopping criterion

The process is repeated until a predefined number of iterations is
reached. This number of iterations depends on the quality of the solu-
tion to obtain, computation time of the algorithm, size of the popula-
tion and size of the considered problem.

The pseudo-code of our GGA can be summarized as follows:

Algorithm 2.

1. Initialize N , Crate, Mrate, Itmax
2. Generate N chromosomes randomly to construct Pinit

3. Apply WMDD rule to the first chromosome of Pinit

4. Set i := 0, Pinit=∅
5. Repeat
5.1 Apply wheel roulette method to select two parents
5.2 Apply crossover operator with Crate probability
5.3 Muted each child according to the Pmut probability
by using KA algorithm
5.4 Evaluate all chromosomes using the fitness function
5.5 Save the best N chromosomes in Pbest

5.6 Set Pinit := Pbest

5.7 Set i := i+1
6. Until i = Itmax
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5 Experimental study

The proposed hybrid algorithm (GGA) is implemented in C++ on a
personal computer with Quad-core Processor 1.4 GHz and 4GB mem-
ory and with the Visual Studio 2017 compiler. In order to demonstrate
the performance of our proposed method, a set of experiments are made
using a set of instances problems coming from the OR-Library. In ad-
dition, all key parameter values of our developed approach are reported
in Table 1.

Table 1. Parameters Settings.

Parameter V alue

N 25

Itmax 2000

Crate 0.7

Mrate 0.2

A 20

All test results for both standard genetic algorithm and our de-
veloped GGA are portrayed in Table 2. We can indicate here, that
for each instance of the benchmark instances the percentage deviation
value (% Dev.) is calculated between the result (Zcal) given by GA
or GGA and the best known solution (Zbest) of the specified problem.
This percentage of deviation for the algorithm from the best known
values is calculated by the following formula:

% Dev. = 100 × (Zcal − Zbest)/Zbest.

According to the results figured in Table 2, we can see clearly that
the GGA algorithm is able to give a very promising results after a rea-
sonable number of iterations. In addition, these results showed that the
best solution is found by GGA algorithm for 8 test cases. Compared
with the results which are found by the classical genetic algorithm,
we can outline that the GGA outperforms largely GA algorithm for
all test cases. These remarks are due to the good choice of the pop-
ulation initialization manner and the potential of both GA and KA
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Table 2. Comparative results
.

Problem Best GA %Dev. GGA %Dev.

WT40− 1 913 1570 71.96 956 4.71

WT40− 2 1225 1778 45.14 1335 8.98

WT40− 3 537 1255 133.71 573 6.70

WT40− 4 2094 2493 19.05 2094 0.00

WT40− 5 990 1162 17.37 990 0.00

WT40− 6 6955 8056 15.83 6955 0.00

WT40− 7 6324 7750 22.55 6571 3.91

WT40− 8 6865 8656 26.09 6865 0.00

WT40− 9 1622 1852 14.18 1622 0.00

WT40− 10 9737 11193 14.95 9741 0.04

WT50− 1 2134 2656 24.46 2134 0.00

WT50− 2 1996 2379 19.19 2008 0.60

WT50− 3 2583 2641 2.25 2583 0.00

WT50− 4 2691 4432 64.70 2691 0.00

WT50− 5 1518 2740 80.50 1604 5.67

WT50− 6 26276 30115 14.61 26541 1.01

WT50− 7 11403 14081 23.49 11467 0.56

WT50− 8 8499 10306 21.26 8668 1.99

WT50− 9 9884 10299 4.20 10070 1.88

WT50− 10 10655 12105 13.61 10669 0.13

WT100− 1 5988 10249 71.16 6210 3.71

WT100− 2 6170 12181 97.42 6308 2.24

WT100− 3 4267 7578 77.60 4286 0.45

WT100− 4 5011 11022 119.96 5216 4.09

WT100− 5 5283 10592 100.49 5477 3.67

WT100− 6 5825 8357 43.45 5903 1.34

WT100− 7 50972 72605 42.44 51933 1.89

WT100− 8 59434 84685 42.49 60166 1.23

WT100− 9 40978 68942 68.24 41441 1.13

WT100− 10 53208 68827 29.35 54629 2.67

Average 11734.57 16418.57 44.72 11923.53 1.78
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algorithms to discover the search space by using both diversification
and intensification strategies.

6 Conclusion

In this research study, a novel hybrid approach is proposed to solve
SMTWT problem. The developed method combines advantages of GA
algorithm and those of KA as a local improvement approach which
helps to avoid the local optima problem. All obtained numerical re-
sults demonstrated that our algorithm is able to find, for some known
benchmark instances available in the OR-Library, the optimal or best-
known solutions within reasonable computation times.

As a perspective of this work, the improvement of the starting so-
lution by another effective heuristic is desired. In addition, we can
integrate other mechanisms to neighborhood generation step for KA
to improve the solution quality. Another comparison study of GGA
with some other state-of-the-art techniques such as PSO, TS, ACO
and BBO is possible to verify its effectiveness.
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Abstrat

Modi�ations are proposed to the reursive algorithm of om-

binations generation by reduing the number of non-performing

reursive alls and reovering this gap through iterative proesses.

Keywords: ombinations, ombinations generation, reursive

algorithm, iterative algorithm, Common LISP, Rosetta Code.

1 Introdution

To alulate the number of all k-ombinations from a given set of n
elements (0 ≤ k ≤ n) we will use the well known formula

C
k
n =

n!

k!(n− k)!
.

However, not only the number of ombinations is often important,

but also generation (enumerating) of all possible ombinations, e.g.,

for some optimization problems solution. In this ase we will use the

formula below. It an easily be dedued:

C
k
n−1 =

(n− 1)!

k!(n− k − 1)!
=

(n− 1)!(n− k)

k(k − 1)!(n− k − 1)!(n− k)
=

n− k

k
C

k−1

n−1.

This equality helps us to demonstrate the following reurring for-

mula:

C
k
n = C

k−1

n−1 + C
k
n−1. (1)

Really

C
k−1

n−1 +C
k
n−1 = C

k−1

n−1 +
n− k

k
C

k−1

n−1 = (1 +
n− k

k
)Ck−1

n−1 =

©2019 by CSJM; C. Ciubotaru
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=
n(n− 1)!

k(k − 1)!(n− k)!
=

n!

k!(n− k)!
= C

k
n.

Formula (1) an also be transribed in the following way:

Ck
n = Ck−1

n−1
+ Ck−1

n−2
+ . . .+ Ck−1

k + Ck
k . (2)

Formulas (1) and (2) onstitute the basis of reursive algorithms

for ombinations generation. Of ourse, the elegane and the way of

implementing the reursive algorithms by staks impresses. In some

situations, however, reursive alls beome too expensive. The e�orts

made to organize the reursive all outweigh the alulations sheduled

within the all. In suh situations it is more e�ient to substitute reur-

sion by iteration. The di�ulty that appears here is to determine the

boundary of separation between reursive proess and the iterative one.

Just this is the ase of ombinations generation. We will propose some

modi�ations to the reursive algorithm by inserting iterative elements.

2 Reursive Algorithm for Combination Gener-

ation

Let M be an arbitrary set of n elements, and com � an arbitrary k-
ombination of distint elements from M or nil (empty ombination,

notation from Common LISP). For example, M={1,2,3}, com = (13),

M= {a, b, c, d}, com=(abd). If we denote Ck
M = {c1, c2, . . . , cm}, then

Ck
M ·com = {c1·com, c2·com, . . . , cm·com}. The onatenation operation

is denoted by "·". For example, C2

{1,2,3} = {(12), (13), (23)}, C2

{1,2,3} ·

(45) = {(1245), (1345), (2345)}, and C2

{1,2,3} · nil = {(12), (13), (23)}.
It should be noted that the order of elements in ombination is not

relevant.

Let us denote further M = {1, 2, ..., n} = M1, M2 = {2, 3, ..., n},
M3 = {3, 4, ..., n},..., Mn = {n}. Using these denotations and Formula

(2) we de�ne Ck
M :

C
k
M = C

k−1

M2
· (1) ∪ C

k−1

M3
· (2) ∪ ... ∪ C

k−1

Mn−k+1
· (n− k) ∪ C

k
Mn−k+1

. (3)

243



C. Ciubotaru

Let us make sure that this formula really omputes all possible k-
ombinations over the M . First, let us de�ne C0

M = {nil} for any M ,

inluding M=∅ = {} and Ck
M = {(i1 i2 . . . ik)} forM = {i1, i2, . . . , ik},

k = card(M).

Theorem

The set Ck
M ontains all possible Ck

card(M)
k-ombinations of ele-

ments from the set M , 0 ≤ k ≤ card(M).

Proof

Let M = {1, 2, ..., n}. We will prove that the theorem is true for any

Ci
M by indution on i. For i=0, by de�nition, C0

M ={nil}, C0

card(M)
=1.

For i = 1 we obtain: C1
M = C0

M2
·(1)∪C0

M3
·(2)∪...∪C0

Mn
·(n−1)∪C1

Mn
=

{nil}·(1)∪{nil}·(2)∪...∪{nil}·(n−1)∪{(n)} = {(1), (2), ..., (n−1), (n)}.
Let's assume that the statement is true for i = 0, 1, ..., k, and we

will prove it for i = k+1. So, Ci
M ontains all possible i-ombinations

of elements from M , in total Ci
card(M)

ombinations, i = 0, 1, ..., k. We

will show that Ck+1
M ontains Ck+1

card(M)
distint (k+1)-ombinations of

elements from M . Aording to the Formula 3

Ck+1

M = Ck
M2

· (1) ∪ Ck
M3

· (2) ∪ ... ∪ Ck
Mn−k

· (n−k−1) ∪ Ck+1
Mn−k

. (4)

Note that:

• card(Mn−k+1) = k+1, so, Ck+1

Mn−k+1
= {(n−k+1n−k ...n−1n)},

Ck+1

k+1
= 1.

• Ck
Mi

· (i − 1) ∩ Ck
Mj

· (j − 1) = ∅ for any i 6= j. The sheme of

possible layout of the sets Mi, Mj is shown in Figure 1. In the

ase a) (i− 1) /∈ Mj , and in the ase b) � (j − 1) /∈ Mi.

• Ck
Mi

· (i− 1) ∩Ck+1

Mn−k+1
= ∅ for all 2 ≤ i ≤ n− k + 1. The ase c)

is lear from Figure 1.

• card(Ck
Mi

·(i−1)) = card(Ck
Mi

) = Ck
card(Mi)

.

So we get:

card(Ck+1
M ) = Ck

n−1+Ck
n−2+. . .+Ck

k+1+Ck+1
k+1 = Ck+1

card(M)
. (5)

(Formula 2).
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To omplete the proof, let us mention that all ombinations in

Ck
Mi

· (i−1) are distint (k+1)-ombinations. �

Further we will refer to the reursive algorithm for ombinations

generation written in the Common LISP language [1,2℄ and published on

the portal Rosetta Code

1

[3℄ (Figure 2). The termination onditions

•
1

· · · •
i−1

•
i
· · · •

j−1

•
j

· · · •
n

(a) (i−1) /∈ Mj

Mj

Mi

•
1

· · · •
j−1

•
j

· · · •
i−1

•
i
· · · •

n
(b) (j−1) /∈ Mi

Mi

Mj

•
1

· · · •
i−1

•
i
· · · •

n−k+1

· · · •
n

(c) (i−1) /∈Mn−k+1

Mn−k+1

Mi

Figure 1: Shemati plaement of Mi, Mj , Mn−k+1

for reursive alls in Rosetta COMB using the above denotations are:

1) Ck
M · com = C0

M · com (k=0) and 2) Ck
M · com, card(M) < k.

In the �rst ase the funtion will return the com value, and in the

seond ase we have a deadlok, that is, the respetive all does not

generate anything. It an be notied that for k=0, com will be exatly

one possible k-ombination.

1

Rosetta Code is a wiki-based programming hrestomathy website with imple-

mentations of ommon algorithms and solutions to various programming problems

in many di�erent programming languages.
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Rosetta COMB

(defun omb (k lst)

(labels((omb1 (l  k)

(when (>= (length l) k)

(if (zerop k) (return−from omb1 (print )))

(omb1 (dr l)  k)

(omb1 (dr l) (ons (�rst l) ) (− k 1)))))

(omb1 lst nil k)))

; (omb 3 '(1 2 3 4 5))

; (5 4 3) (5 4 2) (5 3 2) (4 3 2) (5 4 1) (5 3 1) (4 3 1) (5 2 1) (4 2 1) (3 2 1)

Figure 2: The reursive funtion Rosetta COMB for ombinations

generation.

3 Modi�ed Algorithm for Combination Gener-

ation

We will modify the Rosetta COMB funtion (Figure 2) by reduing

the number of non-performing reursive alls and reovering this gap

through iterative proesses. For this purpose we hange the termina-

tion onditions for reursive alls. The new onditions that ensure the

onvergene of the reursive proess and derease the total number of

alls are:

1) C1
M · com (k = 1) and 2) C

card(M)

M · com (k=card(M)).

In the �rst ase all 1-ombinations of elements fromM onatenated

with com will be generated, in total card(M) ombinations, and in the

seond ase one single k-ombination will be generated, k = card(M).
Namely these onditions generate iterative proesses. The funtion so

modi�ed is shown in Figure 3.

For C3
5 the modi�ed funtion produes 11 reursive alls, and the

initial funtion � 69 alls. For C5
12 these indiators are 659 and 2573

respetively, and for C13
26 � 10400599 and 40116599, respetively. The
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modi�ed funtion reovers this gap by alling (iteratively) the dolist

and append funtions.

COMB Modi�ed

(defun omb (k lst)

(labels((om (l  k)

(ond((= (length l) k)(print(append l )))

((>= (length l) k)

(ond((= 1 k) (dolist (x l) (print(ons x ))))

(t(om (dr l) (ons(ar l) )(− k 1))(om (dr l)  k)))))))

(om lst nil k)))

; (omb 3 '(1 2 3 4 5))

; (3 2 1) (4 2 1) (5 2 1) (4 3 1) (5 3 1) (4 5 1) (4 3 2) (5 3 2) (4 5 2) (3 4 5)

Figure 3: The reursive funtion Rosetta COMB Modified for

ombinations generation.

To ollet all ombinations, we an use an auxiliary parameter, re-

plaing the print funtions with olletion funtions, for example, push

(Figure 4).

COMB Modi�ed with olletion

(defun omb (k lst &aux rez))

(labels((om (l  k)

(ond((= (length l) k)(push(append l )rez))

((>= (length l) k)

(ond((= 1 k) (dolist (x l) (push(ons x )rez)))

(t(om (dr l) (ons(ar l) )(− k 1))(om (dr l)  k)))))))

(om lst nil k))rez)

; (omb 3 '(1 2 3 4 5))

;((3 4 5) (4 5 2) (5 3 2) (4 3 2) (4 5 1) (5 3 1) (4 3 1) (5 2 1) (4 2 1) (3 2

1))

Figure 4: The reursive funtion COMB Modified with the olletion of

results.
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Using the primitive funtion time of the Common LISP language,

we an also ompare some program runtime indiators. Thus, for

C13
26 , exeution time for Rosetta COMB will be: Run time:25.984375

se and for Rosetta Comb Modified � Run time:10.859375 se. For

C18
30 , these indiators will be: Run time:261.70313 se and Run

time:105.4375 se, respetively.

C3
{1,2,3,4,5} · nil

C2
{2,3,4,5} ·(1) C3

{2,3,4,5} · nil

C1

{3,4,5} ·(21) C2

{3,4,5} ·(1)

C1
{4,5} ·(31) C2

{4,5} ·(1)

C2

{3,4,5} ·(2) C3

{3,4,5} · nil

C1
{4,5} ·(32) C2

{4,5} ·(2)

k=1

k=1 k=card(M) k=1 k=card(M)

k=card(M)

C3

{1,2,3,4,5} = {(321), (421), (521), (431), (531), (451), (432), (532), (452), (345)}

(321)

(421)

(521)

(431)

(531)

(451)

(432)

(532)

(452)

(345)

Figure 5: Shemati illustration of reursive alls for the COMB

modified funtion, all C3

5
.
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Some generated ombinations will not appear in lexiographi order

(desending in our ase), but, we reall, the order of the elements in

ombination is irrelevant. If, however, in the modi�ed funtion we sub-

stitute the all (append l ) with (append(reverse l) ), we will

get all ombinations in lexiographi order.

In the Figure 5 we present the reursive alls sheme for the mod-

i�ed version (omb 3 {1,2,3,4,5}). This sheme helps us to better

understand the proposed modi�ed algorithm for ombinations genera-

tion.
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In memoriam of Yurii Rogozhin

November 13, 2019 would be the 70th birthday of Prof. Yurii Ro-
gozhin.

Dr. hab. Yurii Rogozhin (November 13, 1949 † March 10, 2014) was
a worldwide known computer scientist with diverse interests, ranged
from finding small universal Turing machines to natural computing
(e.g., DNA computing by splicing and insertion-deletion, membrane
computing).

He was born in Berdicev, Ukraine. Yurii studied in Beltsy, then
in 1967-1970 in the Mathematics Division of the Physics and Mathe-
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matics Faculty, Chişinău State University, then since 1970 in Kuban
State University, Krasnodar, and in 1975-1978 as a postgraduate in
the Institute of Mathematics, Chişinău, where he continued a long re-
search career. In 1981 Yurii defended his Ph.D thesis “Universal Tur-
ing Machines”, Computer Center of the USSR Academy of Sciences
in Moscow, scientific advisor Dr. Mark Bushko-Zhuk. In 1999 Yurii
defended his habilitation thesis “On Formal Models of Computers and
Calculations”, Moscow State University.

Yurii had some outstanding results concerning universal Turing ma-
chines of small size. He proved that there are universal Turing ma-
chines of the types UTM(24; 2); UTM(10; 3); UTM(7; 4); UTM(5; 5);
UTM(4; 6); UTM(3; 10), and UTM(2; 18) , where by UTM(m;n) we
denote the class of universal Turing machines with m states and n sym-
bols. In 2002 Rogozhin and M. Kudlek presented a machine of type
UTM(3; 9), improving the previous result. These results and results
of D. Woods and T. Neary reduce the number of classes UTM(m;n)
with an unsettled emptiness problem (i.e. if the class UTM(m;n) is
empty) to 41.

A time-varying distributedH system (TV DH system) is a model of
biomolecular computing which was introduced by Gh. Păun in 1996 and
it has the following feature: at different moments one uses different sets
of splicing rules (these sets are called components of TV DH system)
repeatedly. Gh.Păun showed that 7 components are enough in order
to generate any recursively enumerable language. In 2004 Yurii and
his partners Maurice Margenstern and Serghei Verlan showed that it is
possible to construct a TV DH system of degree one which models any
type−0 formal grammar. Thus they completely answered the question
of constructing TV DH systems of smallest degree which generate any
RE language using the parallel nature of molecular computations based
on splicing operations.

In the area of membrane computing Yurii Rogozhin has (co)-
authored over 50 publications. The first to be mentioned is a series
of papers investigating minimal symport/antiport, in particular estab-
lishing the ultimate results for the computational completeness with
two membranes, proved by very creative and highly nontrivial con-
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structions. He also participated in research of transitional P systems,
as well as of P systems with active membranes. Other topics of Yurii’s
systematic interest include using the framework of P systems as an
additional control mechanism for such operations as insertion/deletion
(including exo-operations) and splicing. In particular, he constructed
the smallest known universal P system – with only five rules, the proof
displaying how to perform multiple tasks by the same rule.

It was Yurii’s idea to consider a hybrid computational model com-
bining quantum subsystems and membrane subsystems. Other research
directions with practical motivations in its scope are polymorphism,
dictionary operations, generating inflections, parsing derivatives and
annotating affixes of a natural language.

An issue1 of Fundamenta Informaticae is dedicated to him. The to-
tal number of Yurii’s publications exceeds 1702, and a selected list can
be found on the Institute’s website3. The citation statistics4 of Yurii’s
publications tracked by Google Scholar continues to grow, reflecting
that his research is still very much appreciated. At the time of pub-
lication of this note it reports 1529 publications, resulting in h-index
of 22 and i10-index of 48. The most cited publication is Small Univer-
sal Turing Machines5, currently being freely accessible online and cited
over 200 times.

Since the death of Yurii Rogozhin, Institute of Mathematics and
Computer Science in Chişinău, Moldova, holds Workshop on Uncon-
ventional Computing Systems, a yearly event in a suitable date near
Yurii’s birthday.

The staff of the Vladimir Andrunachievici Institute of Mathematics

and Computer Science

1Fundamenta Informaticae 138, 1–2, 2015
2Yurii Rogozhin’s Biography and Publications. Fundamenta Informaticae 138,

1–2, 273–284, 2015
3http://www.math.md/en/people/rogojin-iurie/
4https://scholar.google.com/citations?user=lZCufZEAAAAJ
5Yurii Rogozhin: Small Universal Turing Machines. Theoretical Computer Sci-

ence 168, 2, 215–240, 1996
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