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Abstract

In information theory, linguistics and computer science, met-
rics for measuring similarity between two given strings (se-
quences) are important. In this article we introduce efficiency,
measure of similarity and penalty for given parallel decomposi-
tions of two strings. Relations between these characteristics are
established. In this way, we continue the research from [3], [4].
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1 Introduction

Let G be a semigroup and d be a metric on G. The metric d is called:

• left (respectively, right) invariant if d(xa, xb) ≤ d(a, b) (respec-
tively, d(ax, bx) ≤ d(a, b)) for all x, a, b ∈ G;

• invariant if it is both left and right invariant;

• strong invariant if d(xa, xb) = d(ax, bx) = d(a, b) for all x, a, b ∈
G;

• stable if d(xy, uv) ≤ d(x, u) + d(y, v) for all x, y, u, v ∈ G.

Example 1.1. Let G be the additive semigroup of non-negative real
numbers and G+ be the subsemigroup of positive real numbers. We
put d(x, x) = 0 for each x ∈ G, d(x, y) = 1 for any distinct numbers
x, y ∈ G+ and d(0, x) = d(x, 0) = 2 for any x ∈ G+. Then d is an
invariant metric on G. Since 1 = d(2, 5) = d(0 + 2, 3 + 2) < d(0, 3) =
2, the metric d is not strong invariant.
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The following assertion is well known.

Proposition 1. Let d be an invariant metric on a group G. Then the
metric d is strong invariant and d(x−1, y−1) = d(x, y) for all x, y ∈ G.

A monoid is a semigroup with an identity element. Fix a non-empty
set A. The set A is called an alphabet. We put Ā = A∪{ε}. Let L∗(A)
be the set of all finite strings a1a2 . . . an with a1, a2, . . . , an ∈ Ā. Let
ε be the empty string. Consider the strings a1a2 . . . an for which ai =
ε for some i ≤ n. If ai 6= ε, for any i ≤ n or n = 1 and a1 = ε, the
string a1a2 . . . an is called an irreducible string or canonical string. The
set Supp(a1a2 . . . an) = {a1, a2, . . . , an}∩A is the support of the string
a1a2 . . . an and l(a1a2 . . . an) = |{i ≤ n : ai 6= ε}| is the length of the
string a1a2 . . . an. For two strings a1 . . . an and b1 . . . bm, their product
(concatenation) is a1 . . . anb1 . . . bm. If n ≥ 2, i < n and ai = ε, then
the strings a1 . . . an and a1 . . . ai−1ai+1 . . . an are considered equivalent.
In this case any string is equivalent to one unique canonical string. We
identify the equivalent strings. The set L(A) of all canonical strings
is the family of all classes of equivalent strings. In this case L∗(A)
is a semigroup and L(A) becomes a monoid with identity ε. The set
L(A) is not a subsemigroup of L∗(A). Only the set L(A) \ {ε} is a
subsemigroup of the semigroup L∗(A).

Let Supp(a, b) = Supp(a) ∪ Supp(b) ∪ {ε}, and Supp(a, a) =
Supp(a)∪{ε}. It is well known that any subset L ⊂ L(A) is an abstract
language over the alphabet A.

Let a, b be two strings. For any two representations a = a1a2 . . . an
and b = b1b2 . . . bm we put

dH(a1a2 . . . an, b1b2 . . . bm) =|{i : ai 6= bi, i ≤ min{n,m}}|

+|{i : n < i ≤ m, bi 6= ei}|

+|{j : m < j ≤ n, aj 6= ei}|.

The function dH is called the Hamming distance on the space of strings
[3], [4], [7].

Now we put:

dG(a, b) = inf{dH(a, b) : a = a1a2 . . . an, b = b1b2 . . . bn}.
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The function dG is called the Graev – Markov distance on the space of
strings [6], [9].

The V. I. Levenshtein’s distance dL(a, b) between two strings a =
a1a2 . . . an and b = b1b2 . . . bm is defined as the minimum number of
insertions, deletions, and substitutions required to transform one string
into the other [4], [8].

We put A−1 = {a−1 : a ∈ A} , ε−1 = ε, (a−1)−1 = a for any a ∈ A

and consider that A−1 ∩ Ā = ∅. Denote Ǎ = A∪A−1 ∪ {ε}. Let Ľ(A)
= L(Ǎ) be the set of all strings over the set Ǎ. The strings over the
set Ǎ are called words. A word a = a1a2 . . . an ∈ Ľ(A) is called an
irreducible string if either n = 1 and a1 ∈ Ǎ, or n ≥ 2, ai 6= ε for any
i ≤ n and a−1

j 6= aj+1 for each j < n.

Let a = a1a2 . . . an ∈ Ľ(A) and n ≥ 2. Then:

- if i ≤ n and ai = ε, then the words a1 . . . an and a1 . . . ai−1ai+1 . . . an
are considered equivalent;

- if i < n and a−1

i = ai+1, then the words a1a2 . . . an and
a1 . . . ai−1εai+2 . . . an are considered equivalent.

In this case, any word a1a2 . . . an ∈ Ľ(A) is equivalent to one unique
irreducible word from Ľ(A). We identify equivalent words. Classes of
equivalence form free group F (A) over A with unity ε. We have that
L(A) is a subsemigroup of the group F (A).

Let a = a1a2 . . . an ∈ F (A) be an irreducible word. The representa-
tion a = x1x2 . . . xm ∈ L∗(A) is called an almost irreducible representa-
tion of a if there exist 1 ≤ i1 < i2 < ... < in ≤ m such that aj = xij for
any j ≤ n and xi = ε for each i ∈ {1, 2, ...,m} \ {i1, i2, ..., in}. If a =
a1a2 . . . an ∈ L∗(A) is a representation of the string a, then a1a2 . . . an
is an almost irreducible word.

If a= a1a2 . . . an, then as = anan−1 . . . a1 and a−1 = a−1
n a−1

n−1
. . . a−1

1
.

The word as is the symmetric word of a and a−1 is the inverse word
of a. If a and b are equivalent words, then the words a−1 and b−1 are
equivalent, as well as the words as and bs.

Hence the mappings ·s, ·−1 : F (A) −→ F (A) are the group auto-
morphisms. Obviously that L(A)s = L(A).

Let a, b ∈ A and a 6= b, then we put dH(a, b) = dH(a−1, b−1) =
dH(a, ε) = dH(ε, a) = dH(a−1, ε) = dH(ε, a−1) = 1. If a ∈ A and b ∈
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A−1, then dH(a, b) = dH(b, a) = 2. For any x ∈ Ǎ we put dH(x, x) = 0.
Thus dH is a metric on Ǎ. For any two words a1a2 . . . an, b1b2 . . . bm ∈
Ľ(A) we put:

dH(a1a2 . . . an, b1b2 . . . bm) =Σ{dH(ai, bi) : i ≤ min{n,m}}

+|{i : n < i ≤ m, bi 6= ei}|

+|{j : m < j ≤ n, aj 6= ei}|.

For a, b ∈ F (A) we put:

ď(a, b) = inf{dH(a, b) : a = a1 . . . an ∈ Ľ(A), b = b1 . . . bn ∈ Ľ(A)}.

Remark 1.1. The function ď is called the Graev – Markov distance
on the free group [6]. The method of extensions of distances for free
groups, used by us, was proposed by A. A. Markov [9] and M. I. Graev
[6]. For metrics on free universal algebras it was extended in [2], for
quasimetrics on free groups and varieties of groups it was examined
in [5], [12].

M. I. Graev [6] has proved the following assertions:

G1. ď is an invariant metric on F (A) and ď(a, b) = dH(a, b) for all
a, b ∈ A∗.

G2. If ρ is an invariant metric on F (A) and ρ(x, y) ≤ dH(x, y) for
any x, y inA∗, then ρ(x, y) ≤ ď(x, y) for any x, y ∈ F (A).

G3. For any two words a, b ∈ F (A) there exist m ≥ 1 and two
almost irreducible representations a = x1x2 . . . xm and b = y1y2 . . . ym
such that ď(a, b) = dH(x1x2 . . . xm, y1y2 . . . ym).

Theorem 1.1. The distance dG on a monoid L(A) has the following
properties:

1. dG is a strong invariant metric on L(A) and dG(x, y) =
dG(zx, zy) = dG(xz, yz) for all x, y, z ∈ L(A).

2. dG(a, b) = dG(a
s, bs) for all a, b ∈ L(A).

3. If ρ is an invariant metric on L(A) and ρ(x, y) ≤ dG(x, y) for
all x, y ∈ Ā, then ρ(a, b) ≤ dG(a, b) for all a, b ∈ L(A).

4. For any a, b ∈ L(A) there exist n ∈ N, x1, x2, . . . , xn ∈
Supp(a, a) and y1, y2, . . . , yn ∈ Supp(b, b) such that a = x1x2 . . . xn,
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b = y1y2 . . . yn such that n ≤ l(a) + l(b) and dG(a, b) = |{i : i ≤ n, ai 6=
bi}| = dH(x1x2 . . . xn, y1y2 . . . yn).

5. dG(a, b) = dL(a, b) = ď(a, b) ≤ dH(a, b) for all a, b ∈ L(A) .

Proof. Fix a, b ∈ L(A). Let a = a1a2 . . . an , b = b1b2 . . . bn.
If n > l(a) + l(b), then there exists i ≤ n such that ai =
bi = ε, a = a1a2 . . . ai−1ai+1 . . . an, b = b1b2 . . . bi−1bi+1, . . . bn
and dH(a1a2...an, b1b2...bn) = dH(a1...ai−1ai+1...an, b1...bi−1bi+1...bn).
Hence dG(a, b) = inf{dH(a1a2 . . . an, b1b2 . . . bn) : a = a1a2 . . . an ,
b = b1b2 . . . bn, n ≤ l(a) + l(b)}. Since we have finite pairs of parallel
representations a = a1a2 . . . am, b = b1b2 . . . bm of lengthm ≤ l(a)+l(b),
there exist n ∈ N, x1, x2, . . . , xn ∈ Supp(a, a) and y1, y2, . . . , yn ∈
Supp(b, b) such that a = x1x2 . . . xn, b = y1y2 . . . yn with n ≤ l(a)+ l(b)
and dG(a, b) = |{i : i ≤ n, ai 6= bi}| = dH(x1x2 . . . xn, y1y2 . . . yn).
Thus, Assertion 4 is proved. Assertion 2 is obvious.

Fix a, b ∈ L(A) and c ∈ A. It is clear that dG(ca, cb) ≤ dG(a, b).
Assume that dG(ca, cb) < dG(a, b). Then there exist representations
ca = x1x2 . . . xn and cb = y1y2 . . . yn such that n ≤ l(a) + l(b) + 2
and dG(ca, cb) = dH(x1x2 . . . xn, y1y2 . . . yn), where A ∩ {xi, yi} 6= ∅
for each i ≤ n. If x1 = y1, then x1 = y1 = c. In this case
a = x2 . . . xn, b = y2 . . . yn and dG(a, b) ≤ dH(x2 . . . xn, y2 . . . yn) =
dH(x1x2 . . . xn, y1y2 . . . yn) = dH(ca, cb) < dH(a, b), a contradiction.
Hence x1 6= y1. In this case we have two possibilities: x1 = c,
y1 = ε or x1 = ε, y1 = c. We can assume that x1 = c and
y1 = ε. Let 1 < j, yj = c and yi = ε for each i < j. We
put u1 = vi = ε for each i ≤ j, ui = xi for each i ≥ 2 and
vk = yk for each k > j. Then b = u1u2 . . . un, b = v1v2 . . . vn,
0 = dH(u1, v1) < dH(x1, y1) = 1, dH(xj , yj) ≤ 1, dH(uj , vj) ≤
1 and dH(ui, vi) = dH(xi, yi) for i ∈ {2, 3, ..., j − 1, j + 1, ..., n}.
Hence dG(a, b) ≤ dH(u1u2...un, v1v2...vn) ≤ dH(x1x2...xn, y1y2...yn) =
dG(ca, cb) < d(a, b), a contradiction. Hence dG(ca, cb) = d(a, b). From
Assertion 2 it follows that dG(ac, bc) = dG(a, b). Assertion 1 is proved.

We put d(x, x) = 0 and d(x, y) = 1 for any distinct strings x, y ∈
L(A). Let ID(A) denote the family of all invariant metrics ρ on L(A)
with the property: ρ(x, y) ≤ d(x, y) for all x, y ∈ (̄A). Since d ∈ ID(A),
the set ID(A) is non-empty. Now we put d∗(a, b) = sup{ρ(a, b) : ρ ∈
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ID(A)}. One can easily observe that d∗ ∈ ID(A), d(a, b) ≤ d∗(a, b) for
any a, b ∈ L(A) and d(x, y) = d∗(x, y) = 1 for all distinct x, y ∈ (̄A).

Property 1. If ρ ∈ ID(A), then

ρ(x1x2 . . . xn, y1y2 . . . yn) ≤|{i ≤ 1 : xi 6= yi}|

=dH(x1x2 . . . xn, y1y2 . . . yn)

for any two strings (x1x2 . . . xn, y1y2 . . . yn) ∈ L(A).

This property follows from the conditions of invariance of metric d.

Property 2. dG = d∗ = dL.

Since dG and d∗ are invariant distances on L(A) and they are con-
structed with the conditions of extremity

d∗(a, b) = sup{ρ(a, b) : ρ ∈ ID(A)},

dG(a, b) = inf{dH(a, b) : a = a1a2 . . . an , b = b1b2 . . . bn},

we have dG = d∗. In [3], [4] it was proved that d∗ = dL. The equality
dG(a, b) = ď(a, b) for all a, b ∈ L(A) follows from the Graev’s assertion
G3 in the above Remark. This completes the proof of the theorem.

Example 1.2. The metrics d, dG = dL = d∗ are strong invariant on
L(A). On L(A) there exists a metric dr ∈ ID(A) which is invariant,
but not strong invariant. Fix a real number r for which 2−1 ≤ r < 1.
We put dr(x, x) = 0 for each x ∈ L(A), d(x, y) = r for any distinct
strings x, y ∈ L(A) \ {ε} and d(0, x) = d(x, 0) = 1 for any x ∈ L(A) \
{ε}. Then d is an invariant metric on G. Fix a ∈ A. Since r = d(a, aa)
= d(ε · a, a · a) < d(ε, a) = 1, the metric dr is not strong invariant.

Remark 1.2. For the metric dH we have dH(a, b) ≤ max{l(a, l(b)} for
any strings a, b ∈ L(A). The Hamming distance dH is left invariant:
dH(xa, xb) = d(a, b) for all strings x, a, b ∈ L(A). Assume now that
x, y, z ∈ A, a = xyzxyz, b= yzxy and c = xyz. Then dG(a, b) = 2
and 6 = dH(a, b) < dH(ac, bc) = 9. Therefore, metric dH is not right
invariant.
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2 Efficiency and Penalty of Two Strings

The longest common substring and pattern matching in two or more
strings is a well known class of problems. For any two strings a, b ∈
L(A) we find the decompositions of the form a = v1u1v2u2 . . . vkukvk+1

and b = w1u1w2u2 . . . wkukwk+1, which can be represented as a =
a1a2 . . . an, b = b1b2 . . . bn with the following properties:

- some ai and bj may be empty strings, i.e. ai = ε, bj = ε;

- if ai = ε, then bi 6= ε, and if bj = ε, then aj 6= ε;

- if u1 = ε, then a = v1 and b = w1;

- if u1 6= ε, then there exists a sequence 1 ≤ i1 ≤ j1 < i2 ≤ j2 <

. . . < ik ≤ jk ≤ n such that:

u1 = ai1 . . . aj1 = bi1 . . . bj1 , u2 = ai2 . . . aj2 = bi2 . . . bj2 , uk =
aik . . . ajk = bik . . . bjk ;

- if v1 = w1 = ε, then i1 = 1;

- if vk+1 = wk+1 = ε, then jk = n;

- if k ≥ 2, then for any i ∈ {2, . . . , k} we have vi 6= ε or wi 6= ε.

In this case l(u1) + l(u2) + . . . + l(uk) = |{i : ai = bi}|.

The above decompositions forms are called parallel decomposi-
tions of strings a and b [3], [4]. For any parallel decompositions
a = v1u1 . . . vkukvk+1 and b = w1u1 . . . wkukwk+1 the number

E(v1u1 . . . vkukvk+1, w1u1 . . . wkukwk+1)

=
∑

i≤k+1

{max{l(vi), l(wi)}} = dH(x1x2 . . . xn, y1y2 . . . yn)

is called the efficiency of the given parallel decompositions. The num-
ber E(a, b) is equal to the minimum of efficiency values of all par-
allel decompositions of the strings a, b and is called the common ef-
ficiency of the strings a,b. It is obvious that E(a, b) is well deter-
mined and E(a, b) = dG(a, b). We say that the parallel decompositions
a = v1u1v2u2 . . . vkukvk+1 and b = w1u1w2u2 . . . wkukwk+1 are optimal
if the following equality holds:

E(v1u1v2u2 . . . vkukvk+1, w1u1w2u2 . . . wkukwk+1) = E(a, b).
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This type of decompositions are associated with the problem of approx-
imate string matching [10]. If the decompositions a = v1u1 . . . vkukvk+1

and b = w1u1 . . . wkukwk+1 are optimal and k ≥ 2, then we may con-
sider that ui 6= ε for any i ≤ k.

Any parallel decompositions a = a1a2 . . . an = v1u1v2u2 . . . vkukvk+1

and b = b1b2 . . . bn = w1u1w2u2 . . . wkukwk+1 generate a common sub-
sequence u1u2 . . . uk. The number m(a1a2 . . . an, b1b2 . . . bn) = l(u1) +
l(u2) + . . . + l(uk) is the measure of similarity of the decompositions
[1], [11]. There exist parallel decompositions a = v1u1v2u2 . . . vkukvk+1

and b = w1u1w2u2 . . . wkukwk+1 for which the measure of similarity is
maximal. The maximum value of the measure of similarity of all decom-
positions is denoted by m∗(a, b). The maximum value of the measure
of similarity of all optimal decompositions is denoted by mω(a, b). We
can note that mω(a, b) ≤ m∗(a, b). For any two parallel decompositions
a = a1a2 . . . an and b = b1b2 . . . bn as in [4], we define the penalty factors
as

pr(a1a2 . . . an, b1b2 . . . bn) = |{i ≤ n : ai = ε}|,

pl(a1a2 . . . an, b1b2 . . . bn) = |{j ≤ n : bj = ε}|,

p(a1a2 . . . an, b1b2 . . . bn) = |{i ≤ n : ai = ε}|+ |{j ≤ n : bj = ε}|

= pr(a1a2 . . . an, b1b2 . . . bn) + pl(a1a2 . . . an, b1b2 . . . bn)

and

Mr(a1a2 . . . an, b1b2 . . . bn)

= m(a1a2 . . . an, b1b2 . . . bn)− pr(a1a2 . . . an, b1b2 . . . bn)

Ml(a1a2 . . . an, b1b2 . . . bn)

= m(a1a2 . . . an, b1b2 . . . bn)− pl(a1a2 . . . an, b1b2 . . . bn)

M (a1a2 . . . an, b1b2 . . . bn)

= m(a1a2 . . . an, b1b2 . . . bn)− p(a1a2 . . . an, b1b2 . . . bn)

as the measures of proper similarity.
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The number dH(a1a2 . . . an, b1b2 . . . bn) = |{i ≤ n : ai 6= bi}| is the
Hamming distance between decompositions and it is another type of
penalty: we have that p(a1 . . . an, b1 . . . bn) ≤ dH(a1 . . . an, b1 . . . bn).

The assertions from the following theorem establish the main re-
sults.

Theorem 2.1. Let a and b be two non-empty strings, a = a1a2 . . . an
and b = b1b2 . . . bn be the initial optimal decompositions, and a =
a′1a

′
2 . . . a

′
q and b = b′1b

′
2 . . . b

′
q be the second decompositions, which are

arbitrary. Denote by

m = m(a1a2 . . . an, b1b2 . . . bn), m′ = m(a′1a
′
2 . . . a

′
n, b

′
1b

′
2 . . . b

′
q),

p = p(a1a2 . . . an, b1b2 . . . bn), p′ = p(a′1a
′
2 . . . a

′
n, b

′
1b

′
2 . . . b

′
q),

pl = pl(a1a2 . . . an, b1b2 . . . bn), p′l = pl(a
′
1a

′
2 . . . a

′
n, b

′
1b

′
2 . . . b

′
q),

pr = pr(a1a2 . . . an, b1b2 . . . bn), p′r = pr(a
′
1a

′
2 . . . a

′
n, b

′
1b

′
2 . . . b

′
q),

r = dH(a1a2 . . . an, b1b2 . . . bn), r′ = dH(a′1a
′
2 . . . a

′
n, b

′
1b

′
2 . . . b

′
q),

M = m− p, M ′ = m′ − p′,

Ml = m− pl, M ′
l = m′ − p′l,

Mr = m− pr, M ′
r = m′ − p′r.

The following assertions are true:

1. p′ − p = 2(m′ −m) + 2(r′ − r).

2. If the second decompositions are non optimal, then Ml > M ′
l and

Mr > M ′
r.

3. If the second decompositions are optimal, then Ml = M ′
l and

Mr = M ′
r and the measures Ml and Mr are constant on the set

of optimal parallel decompositions.

4. If m′ ≥ m and the second decompositions are non optimal, then
p′ > p, pl′ > pl, p

′
r > pr and M > M ′.
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5. If m′ = m and the second decompositions are optimal, then p′ =
p, pl′ = pl, p

′
r = pr and M ′ = M .

6. If m′ ≤ m and the second decompositions are non optimal, then
m′ − r′ < m− r.

The proof of Theorem 2.1 follows from the next lemmas.

Lemma 1.

pr(a
′
1a

′
2 . . . a

′
q, b

′
1b

′
2 . . . b

′
q) = q − l(a),

pl(a
′
1a

′
2 . . . a

′
q, b

′
1b

′
2 . . . b

′
q) = q − l(b),

p(a′1a
′
2 . . . a

′
q, b

′
1b

′
2 . . . b

′
q) = 2q − l(a)− l(b).

Proof. Follows immediately from the definitions of penalty factors and
parallel decompositions.

Lemma 2. p′ − p = 2(m′ −m) + 2(r′ − r).

Proof. From Lemma 1 it follows that p′− p = (2q− l(a)− l(b))− (2n−
l(a) − l(b)) = 2(q − n). Since q = m′ + r′ and n = m+ r, the proof is
complete.

Lemma 3. p′l − pl = p′r − pr = (m′ −m) + (r′ − r).

Proof. We can assume that l(a) ≤ l(b). Then pl = (l(b) − l(a)) + lr
and pl− pr = l(b)− l(a). Hence pl− pr = p′l− p′r and p′l− pl = p′r− pr.
The equality p′ − p = (p′r − pr) + (p′l − pl) and Lemma 2 complete the
proof.

Lemma 4. Assume that m′ > m. Then:

1. M > M ′, Ml ≥M ′
l and Mr ≥M ′

r.

2. Ml > M ′
l and Mr > M ′

r provided that the second decompositions
are non optimal.

3. Ml = M ′
l and Mr = M ′

r provided that the second decompositions
are optimal.
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Proof. Since the initial decompositions are optimal, we have r′ ≥ r.
Moreover, we have r′ = r if and only if the second decompositions are
optimal as well. By virtue of definitions, we have n = m + r and q

= m′ + r′. Therefore n < q. From Lemma 2, it follows that p′ − p =
2(m′ − m) + 2(r′ − r) and p < p′. Thus p′ − p > m′ − m and M =
m− p > m′ − p′ = M ′.

Also, from Lemma 3, it follows that p′l − pl = p′r − pr = (m′ −m)
+ (r′− r). Hence, Ml = m− pl = (m′− p′l) + (r′− r) = M ′

l + (r′− r)
and Mr = m− pr = (m′− p′r) + (r′− r) = M ′

r + (r′− r). Since r′ ≥ r

and r′ = r if and only if the second decompositions are optimal, the
proof is complete.

Corollary 2.1. The measures Ml and Mr are constant on the set of
optimal parallel decompositions.

Lemma 5. Let m′ = m. Then:
1. M ≥M ′, Ml ≥M ′

l and Mr ≥M ′
r.

2. Ml > M ′
l and Mr > M ′

r provided that the second decompositions
are non optimal.

3. Ml = M ′
l and Mr = M ′

r provided that the second decompositions
are optimal.

Proof. We have that n = m+ r and q = m′ + r′. Since r ≤ r′, we have
that n ≤ q.

Assume that M < M ′. Then m− p < m′ − p′, p′ = 2q − l(a)− l(b)
and p = 2n−l(a)−l(b). Hence m−2n+l(a)+l(b) < m−2q+l(a)+l(b),
or −2n < −2q and n > q, a contradiction.

From Lemma 3 it follows that p′l − pl = p′r − pr = r′ − r. Hence
p′l ≥ pl and p′r ≥ pr. If the second decompositions are non optimal,
then p′l > pl and p′r > pr. Assertions are proved.

Lemma 6. Assume that m′ < m and the second decompositions are
non optimal. Then Ml > M ′

l and Mr > M ′
r.

Proof. Since the initial decompositions are optimal, we have r′ > r.
By virtue of Lemma 3, we have p′l− pl = p′r− pr = (m′−m)+ (r′− r).
Hence, Ml = m − pl = (m′ − p′l) + (r′ − r) = M ′

l + (r′ − r) and
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Mr = m− pr = (m′ − p′r) + (r′ − r) = M ′
r + (r′ − r). Since r′ − r > 0,

the proof is complete.

Remark 2.1. From Assertions 1 and 3 of Theorem 2.1 it follows that
on the class of all optimal decompositions of given two strings:

- the maximal measure of proper similarity is attained on the opti-
mal parallel decomposition with minimal penalties (minimal mea-
sure of similarity);

- the minimal measure of proper similarity is attained on the opti-
mal parallel decomposition with maximal penalties (maximal mea-
sure of similarity).

3 Computing algorithms

The algorithm of computing the Levenshtein distance for the case of
a discrete metric was presented in [4]. Below we show a well known
algorithm (see Algorithm 1, Annex 1) that permits to calculate the
Graev-Markov-Levenshtein distance between two irreducible strings for
any metric.

For any two non-empty strings there exist parallel decompositions
with maximal measure of similarity and optimal decompositions on
which measure of similarity is minimal. Pseudo-code of such algorithm
is presented in Algorithm 2 (see Algorithm 2, Annex 2).

Algorithm 2 makes calls to functions LevenshteinDistance and
BuildOPD. The first function computes distance function and builds
the memoization matrix. The function BuildOPD uses the memoiza-
tion matrix to generate optimal parallel decompositions. The pseu-
docode for these functions was presented in [4].

4 Conclusions

For any two non-empty strings there exist parallel decompositions
with maximal measure of similarity and optimal decompositions on
which measure of similarity is minimal. The following example shows
that there exist some exotic non optimal parallel decompositions a =
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a′1a
′
2 . . . a

′
q and b = b′1b

′
2 . . . b

′
q, such that for optimal decompositions

a = a1a2 . . . an and b = b1b2 . . . bn we havem′ < m, p′ < p andM ′ > M .

Example 4.1. Let a = ABCDEF and b = CDEFED be trivial non
optimal decompositions of strings a, b, and a = ABCDEFεε and b =
εεCDEFED be their optimal decompositions. Then m′ = 1, r′ = 5, p′

= p′l = p′r = 0 and m = 4, r = 4, p = 4, pl = pr = 2. In this example
we have that M ′

l = M ′
r = M ′ = m′ − p′ = 1 − 0 = 1 > 0 = 4 − 4 =

m − p = M , m′ − r′ = −4 < 0 = m − r, Ml = 4 − 2 = 2 > 1 = M ′
l ,

Mr = 4− 2 = 2 > 1 = M ′
r.

Example 4.2. Let a = AAAACCC and b = CCCBBBB be trivial
optimal decompositions of strings a, b, and a = AAAACCCεεεε and
b = εεεεCCCBBBB be their non-optimal decompositions. Then m′ =
3, r′ = 8, p′ = 8 and m = 0, r = 7, p = pl = pr = 0. In this example
we have that −5 = m′−r′ > m−r = −7 and −5 = m′−p′ < m−p = 0.

The above examples show that Theorem 2.1 cannot be improved in
the case of m′ < m.

Decompositions with minimal penalty and maximal proper similar-
ity are of significant interest. Moreover, if we consider the problem
of text editing and correction, the optimal decompositions are more
favorable. Therefore, optimal decompositions are the best parallel de-
compositions and we may solve the string matching problems only on
class of optimal decompositions.

To summarize the results, we established that optimal decomposi-
tions:

• describe the proper similarity of two strings;

• permit to obtain long common sub-sequences;

• permit to calculate the distance between strings;

• permit to appreciate changeability of information over time.
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ANNEX 1

Algorithm 1: Metric:
Given x, y ∈ F (A) compute ď(x, y), for the case of metric.

Data: x = x1x2 . . . xn, y = y1y2 . . . ym, metric function ď on Ǎ.
Parameters: costs of insertion and removal operations -

costinsert and costremove respectively.
Result: dL(x, y), and matrix D.
// initialize distance matrix

1 for i← 1 to m do D[i,0]=i;
2 for j ← 1 to n do D[0,j]=j;
// initialize loop variables

3 i := 1, j := 1;
4 for j ← 1 to n do

5 for i← 1 to m do

6 if dist(xi, yj) = 0 then

7 d[i, j] := d[i-1, j-1];
8 else

// Dynamic Programming recursive function

9 d[i,j] := min(d[i-1, j] + costremove, min(d[i, j-1] +
costinsert, d[i-1, j-1] + dist(xi, yi)));

10 return D[m, n], D;
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ANNEX 2

Algorithm 2: Maximal Measure of Similarity:
Finds maximum value of measure of similarity of x, y ∈ L(Ā).

/* Helper functions to compute similarity and

penalty factors */

1 Function similarity (a,b)
2 n = max(length(a), length(b))
3 sim = 0
4 for i← 1 to n do

5 if (a[i] == b[i]) sim = sim + 1
6 return sim;

7 Function penalty (a,b)
8 n = max(length(a), length(b))
9 pen = 0

10 for i← 1 to n do

11 if (a[i] == ε) pen = pen + 1
12 if (b[i] == ε) pen = pen + 1

13 return pen;

/* Main Algorithm Body */

Data: x = x1x2 . . . xn, y = y1y2 . . . ym.
Result: Maximal measure of similarity of x and y.
// Calling Metric or QuasiMetric Functions

14 d, D := LevenshteinDistance(x, y);
// Calling BackTracking function BuildOPD

15 S = BuildOPD(n,m,x,y,a,b,D);
16 max sim = 0
17 for ((a,b): S) do

18 sim = similarity(a,b) - penalty(a,b)
19 max sim = max sim < sim ? sim : max sim

20 return max sim
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Strong stability measures for multicriteria

quadratic integer programming problem of

finding extremum solutions

Vladimir Emelichev, Yury Nikulin

Abstract

We consider a wide class of quadratic optimization problems
with integer and Boolean variables. In this paper, the lower
and upper bounds on the strong stability radius of the set of
extremum solutions are obtained in the situation where solu-
tion space and criterion space are endowed with various Hölder’s
norms.

Keywords: Multicriteria problem, extremum solutions, strong
stability radius, Hölder’s norms.

1 Problem formulation and basic definitions

Let A = [aijk] be a n × n × m-matrix with corresponding cuts Ak ∈
Rn×n, k ∈ Nm = {1, 2, . . . ,m}, m ≥ 1. Let also X ⊆ Zn, 2 ≤ |X| ≤
∞, be a set of feasible solutions (integer vectors) x = (x1, x2, . . . , xn)

T ,
n ≥ 2.

We define a vector criterion

f(x,A) =
(
f1(x,A1), f2(x,A2), . . . , fm(x,Am)

)
→ min

x∈X
,

with partial criteria being quadratic functions

fk(x,Ak) = xTAkx, k ∈ Nm.

In decision making theory, along with the well-known Pareto op-
timality principle (see e.g. [1]), various choice functions are consid-
ered [2]–[5]. In this paper, under m-criteria quadratic problem Zm(A)

c©2018 by Vladimir Emelichev, Yury Nikulin
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we understand the problem of finding the set of extremum solutions
defined in traditional way (see e.g. [2]–[4]):

Cm(A) = {x ∈ X : ∃s ∈ Nm ∀x′ ∈ X
(
gs(x, x

′, As) ≤ 0
)
},

where

gs(x, x
′, As) = fs(x,As)− fs(x

′, As) = (x− x′)TAs(x− x′).

Thus, the choice of extremum solutions can be interpreted as finding
best solutions for each of m criteria, and then combining them into one
set. In other words, the set of extremum solutions contains all the
individual minimizers of each objective. Obviously, C1(A), A ∈ Rn×n

is the set of optimal solutions for scalar problem Z1(A) with A ∈ Rn×n.
Taking into account that X is finite, the following formulae below

are true:

Cm(A) = Sm(A)\(Pm(A)\Lm(A)) = Lm(A) ∪ (Sm(A)\Pm(A)),

Cm(A) ∩ Pm(A) = Lm(A),

Lm(A) ⊆ Pm(A) ⊆ Sm(A),

Lm(A) ⊆ Cm(A) ⊆ Sm(A),

where Pm(A) denotes the Pareto set [6], Sm(A) denotes the Slater
set [7], and Lm(A) denotes the lexicographic set (see e.g. [1],[8]). Below
we define all the three sets in a traditional way (see e.g. [9]–[11]):

Pm(A) =
{
x ∈ X : X(x,A) = ∅

}
,

Sm(A) =
{
x ∈ X : ∄x0 ∈ X ∀k ∈ Nm

(
gk(x, x

0, Ak) > 0
)}
,

Lm(A) =
⋃

π∈Πm

L(A, π),

L(A, π) =
{
x ∈ X : ∀x′ ∈ X

(
g(x, x′, A) ≤π 0(m)

)}
,

X(x,A) =
{
x′ ∈ X : g(x, x′, A) ≥ 0(m) & g(x, x′, A) 6= 0(m)

}
,
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g(x, x′, A) =
(
g1(x, x

′, A1), g2(x, x
′, A2), . . . , gm(x, x′, Am)

)
,

0(m) = (0, 0, . . . , 0) ∈ Rm.

Here Πm is the set of all m! permutations of numbers 1, 2, ...,m;
π = (π1, π2, ..., πm) ∈ Πm; and the binary relation of lexicographic
order between two vectors y = (y1, y2, . . . , ym) ∈ Rm and y′ =
(y′1, y

′
2, . . . , y

′
m) ∈ Rm is defined as follows

y ≤π y
′ ⇐⇒

(
y = y′

)
∨
(
∃k ∈ Nm ∀i ∈ Nk−1

(
yπk

< y′πk
& yπi

= y′πi

))
,

where N0 = ∅. Obviously all the sets, Pm(A), Sm(A), Lm(A) and
Cm(A), are non-empty for any matrix A = [aijk] ∈ Rn×n×m due to
the finite number of alternatives in X.

We will perturb the elements of matrix A ∈ Rn×n×m by adding
elements of the perturbing matrix A′ ∈ Rn×n×m. Thus the perturbed
problem Zm(A + A′) of finding extremum solutions has the following
form

f(x,A+A′) → min
x∈X

.

In the solution space Rn, we define an arbitrary Hölder’s norm
lp, p ∈ [1,∞], i.e. under norm of vector a = (a1, a2, . . . , an)

T ∈ Rn we
understand the number

‖a‖p =






( ∑
j∈Nn

|aj |
p
)1/p

if 1 ≤ p <∞,

max{|aj | : j ∈ Nn} if p = ∞.

Thus, for any matrix Ak ∈ Rn×n, the norm of the matrix is defined
as a norm of vector composed of all the matrix elements.

In the criterion space Rm, we define another Hölder’s norm lq, q ∈
[1,∞], i.e. under norm of matrix A ∈ Rn×n×m we understand the
number

‖A‖pq = ‖(‖A1‖p, ‖A2‖p, . . . , ‖Am‖p)‖q,
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It is easy to see that

‖Ak‖p ≤ ‖A‖pq, k ∈ Nm. (1)

Let ζ be either p or q. It is well-known that lζ norm, defined in
Rn, induces conjugated lζ∗ norm in (Rn)∗. For ζ and ζ∗, the following
relations hold

1

ζ
+

1

ζ∗
= 1, 1 < ζ <∞.

In addition, if ζ = 1, then ζ∗ = ∞. Obviously, if ζ∗ = 1, then ζ = ∞.
Also notice that ζ and ζ∗ belong to the same range [1,∞]. We also set
1
ζ
= 0 if ζ = ∞.
For any two vectors a and b of the same dimension, the following

Hölder’s inequalities are well-known (see e.g. [12])

|aT b| ≤ ‖a‖ζ‖b‖ζ∗ . (2)

To any vector x = (x1, x2, . . . , xn)
T ∈ Zn, we assign a vector x̃

composed of all the possible products xixj , i.e.

x̃ = (x1x1, x1x2, . . . , xnxn−1, xnxn)
T ∈ Zn2

.

Taking into account Hölder’s inequalities (2), we can see that for
any x, x′ ∈ Zn and k ∈ Nm the following inequalities hold

|fk(x,Ak)| = |xTAkx| = |Akxx
T | ≤ ‖Ak‖p‖x̃‖p∗ ,

|gk(x, x
′, Ak)| ≤ ‖Ak‖p‖x̃− x̃′‖p∗ . (3)

It is easy to see that for any vector a = (a1, a2, . . . , an)
T ∈ Rn with

condition |aj | = α, j ∈ Nn, and any matrix Ak = [aijk] ∈ Rn×n with
condition |aijk| = α, (i, j) ∈ Nn × Nn, the following inequalities are
valid

‖a‖p = αn
1

p , (4)

‖Ak‖p = αn
2

p . (5)

Given ε > 0, let

Ωpq(ε) =
{
A′ ∈ Rn×n×m : ‖A′‖pq < ε

}
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be the set of perturbing matrices A′ with cuts A′
k ∈ Rn×n, k ∈ Nm,

and ‖A′‖pq is the norm of A′ = [a′ijk] ∈ Rn×n×m. Denote

Ξpq =
{
ε > 0 : ∀ A′ ∈ Ωpq(ε)

(
Cm(A+A′) ∩ Cm(A) 6= ∅

)}
.

Following [10] and [13], the number

ρm(p, q) =





sup Ξpq if Ξpq 6= ∅,

0 if Ξpq = ∅

is called the strong stability (in terminology of [14] and [15] T1-stability)
radius of problem Zm(A), m ∈ N, with Hölder’s norms lp and lq in the
spaces Rn and Rm respectively. Thus, the strong stability radius of
problem Zm(A) defines the extreme level of independent perturbations
of the elements of matrix A in the space Rn×n×m not leading to the
situation where new extremum solutions appear.

2 Main result

Given p, q ∈ [1,∞], for problem Zm(A), m ∈ N, we set

φm(p) = min
x 6∈Cm(A)

min
k∈Nm

max
x′∈X\{x}

gk(x, x
′, Ak)

‖x̃− x̃′‖p∗
,

ψm(p) = max
x′∈Cm(A)

max
k∈Nm

min
x 6∈Cm(A)

gk(x, x
′, Ak)

‖x̃− x̃′‖p∗
,

γm(p, q) = n
2

pm
1

q min
x 6∈Cm(A)

max
k∈Nm

max
x′∈Cm(A)

gk(x, x
′, Ak)

‖x̃− x̃′‖1
.

It is evident that if Cm(A) = X, the inequality

Cm(A+A′) ∩ Cm(A) 6= ∅

holds for any perturbing matrix A′ ∈ Ωpq(ε) with ε > 0. So, the
stability radius is infinite when Cm(A) = X. The problem Zm(A) that
satisfies Cm(A) 6= X is called non-trivial.

119



Vladimir Emelichev, Yury Nikulin

Theorem 1. Given p, q ∈ [1,∞] and m ∈ N, for the strong stability
radius ρm(p, q) of non-trivial problem Zm(A), the following lower bound
is valid

ρm(p, q) ≥ max{φm(p), ψm(p)} > 0.

In addition,

γm(p, q) ≥ ρm(p, q) ≥ max{φm(p), ψm(p)} > 0 (6)

if Zm(A) is a problem with Boolean variables, i.e. if X ⊆ En.

Proof. Since the formula

∀x 6∈ Cm(A) ∀k ∈ Nm ∃x0 ∈ X
(
gk(x, x

0, Ak) > 0
)
,

is true, the inequality φm(p) > 0 tells us that the lower bound on the
strong stability radius as well as the strong stability radius itself are
always positive.

First, we prove that ρm(p, q) ≥ φm(p). Let A′ ∈ Ωpq(φm(p)) be
a perturbing matrix with cuts A′

k ∈ Rn×n, k ∈ Nm. Then according
to the definition of the number φm(p), for any index k ∈ Nm and any
solution x 6∈ Cm(A) there exists a solution x0 ∈ X\{x} such that

gk(x, x
0, Ak)

‖x̃− x̃0‖p∗
≥ φm(p) > ‖A′‖pq ≥ ‖A′

k‖p,

due to (1). Using (3) we conclude that for any k ∈ Nm there exists
x0 6= x such that

gk(x, x
0, Ak +A′

k) = gk(x, x
0, Ak) + gk(x, x

0, A′
k) ≥

gk(x, x
0, Ak)− ‖A′

k‖p‖x̃− x̃0‖p∗ > 0,

i.e. x 6∈ Cm(A + A′). Thus, any solution that is not extremum in the
problem Zm(A), so stays in the problem Zm(A+A′). Then we conclude
that for any perturbing matrix A′ ∈ Ωpq(φm(p)) the inclusion holds
∅ 6= Cm(A + A′) ⊆ Cm(A). It implies that Cm(A + A′) ∩ Cm(A) 6= ∅
for any A′ ∈ Ωpq(φm(p)), and hence ρm(p, q) ≥ φm(p).
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Further, we prove that ρm(p, q) ≥ ψm(p). Since the formula

∃x′ ∈ Cm(A) ∃k ∈ Nm ∀x 6∈ Cm(A) (Ck(x− x′) > 0)

is true, the inequality ψm(p) > 0 is also evident.

Let A′ ∈ Ωpq(ψm(p)) be a perturbing matrix with cuts A′
k ∈ Rn×n,

k ∈ Nm. Then according to the definition of the number ψm(p), there
exist index s ∈ Nm and solution x0 ∈ Cm(A) such that for any solution
x 6∈ Cm(A) we have

gs(x, x
0, As)

‖x̃− x̃0‖p∗
≥ ψm(p) > ‖A′‖pq ≥ ‖A′

s‖p,

due to (1). Using (3), we conclude that for any x 6∈ Cm(A) and any
A′ ∈ Ωpq(ψm(p)) the following inequalities hold

gs(x, x
0, As +A′

s) = gs(x, x
0, As) + gs(x, x

0, A′
s) ≥

gs(x, x
0, Ak)− ‖A′

s‖p‖x̃− x̃0‖p∗ > 0.

Therefore, (
X\Cm(A)

)
∩Cs(x

0, As +A′
s) = ∅,

where

Cs(x
0, As +A′

s) = {x ∈ X : gs(x
0, x,As +A′

s) > 0}.

Thus, any solution that is not extremum in the problem Zm(A) so stays
in the problem Zm(A+A′). Then we conclude that for any perturbing
matrix A′ ∈ Ωpq(ψm(p)) the following inequality holds

Cm(A+A′) ∩ Cm(A) 6= ∅,

and hence ρm(p, q) ≥ ψm(p).

Further we will consider the problem Zm(A) with Boolean variables
(X ⊆ En). And we demonstrate that γm(p, q) ≥ ρm(p, q). According to
the definition of number γm(p, q), there exists a Boolean solution x0 =
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(x01, x
0
2, ..., x

0
n) 6∈ Cm(A) ⊆ En such that for any extremum solution

x ∈ Cm(A) and any index k ∈ Nm we get

γm(p, q)‖x̃0 − x̃‖1 ≥ n
2

pm
1

q gk(x
0, x,Ak). (7)

Setting ε > γm(p, q), we define the elements a0ijk of any cut A0
k,

k ∈ Nm, of the perturbing matrix A0 according to the formula

a0ijk =






−δ if x0i x
0
j = 1,

δ if x0i x
0
j = 0,

where

γm(p, q) < δn
2

pm
1

q < ε. (8)

Then according to (4) and (5), we get

‖A0
s‖p = δn

2

p ,

‖A0‖pq = δn
2

pm
1

q ,

A0 ∈ Ωpq(ε).

In addition, due to the construction of matrix A0
k, for any solution

x 6= x0 we have

gk(x
0, x,A0

k) = (x0 − x)TA0
k(x

0 − x) =

∑

i∈Nn

∑

j∈Nn

a0ijk(x
0
i x

0
j − xixj) = −δ‖x̃0 − x̃‖1. (9)

Using (7), (8) and (9), we continue

gk(x
0, x,Ak +A0

k) = gk(x
0, x,Ak) + gk(x

0, x,A0
k) ≤

(
γm(p, q)(n

2

pm
1

q )−1 − δ
)
‖x̃0 − x̃‖1 < 0.
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Thus, x 6∈ Cm(A + A0) when x ∈ Cm(A). Summarizing, for any ε >
γm(p, q), we can guarantee the existence of the perturbing matrix A0 ∈
Ωpq(ε) such that

Cm(A+A0) ∩ Cm(A) = ∅,

i.e. ρm(p.q) < ε for any number ε > γm(p, q). So, inequality (6)
holds.

From the Theorem we get the following result.

Corollary 1 If Zm(A), A ∈ Rm×n, is a non-trivial problem with
Boolean variables, i.e. if Cm(A) 6= X ⊆ En, then for any m ∈ N.

0 < max{φ,ψ} ≤ ρm(∞,∞) ≤ γ,

where

φ = min
x 6∈Cm(A)

min
k∈Nm

max
x′∈X\{x}

gk(x, x
′, Ak)

‖x̃− x̃′‖1
,

ψ = max
x′∈Cm(A)

max
k∈Nm

min
x 6∈Cm(A)

gk(x, x
′, Ak)

‖x̃− x̃′‖1
,

γ = min
x 6∈Cm(A)

max
k∈Nm

max
x′∈Cm(A)

gk(x, x
′, Ak)

‖x̃− x̃′‖1
.

Corollary 2 If Z1(A), A ∈ Rn, is a scalar non-trivial problem with
Boolean variables (X ⊆ En), then the following formula holds

ρ1(∞, q) = min
x 6∈C1(A)

max
x′∈X\{x}

g(x, x′, A)

‖x̃− x̃′‖1
.

Finally, we notice that Corollary 2 proves the attainability of φm(ρ)
and γm(p, q) when m = 1 and p = ∞.
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Invertible Graphs of Finite Groups

T. Chalapathi, R.V.M.S.S. Kiran Kumar

Abstract

We investigate some properties of invertible graphs of finite
groups, which are newly defined in this paper. The main results
have been proved using finite group classification. For each finite
group, the size, the girth, the diameter, the clique number and
the chromatic number have been studied. These studies show
that the invertible graphs are weakly perfect. Specifically, for-
mulas for enumerating a total number of edges in the invertible
graph of the Symmetric group and Dihedral group have been de-
rived. Further, the relations between isomorphic, non-isomorphic
groups and their invertible graphs are presented.

Keywords: Self-inverse elements, Mutual inverse elements,
Weakly-perfect, Isomorphic graphs, Invertible graph.

1 Introduction

Abstract algebra is largely concerned with the study of abstract sets
and endowed with one or more binary operations. In this paper, we
consider one of the basic algebraic structures known as group. The
concept of finite group plays a fundamental role in the theory of group-
theoretic graphs. The aim of this paper is to discuss some of the inter-
connections which exist between graphs and groups. Many authors in
graph theory specify so many specific graph-theoretic properties, and
results have analogs for algebraic systems such as semi groups, groups,
rings, fields, etc. Our main purpose inthis paper is to describe some in-
teractions between finite graphs, and finite groups have been exploited
to give new results about group-theoretic graphs. The theory of group-
theoretic graphs has provided an interesting and powerful structural

c©2018 by T. Chalapathi, R.V.M.S.S. Kiran Kumar
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abstract approach to the study of the symmetries and non-symmetries
of various configurations in the modern design theory and communi-
cation science. In recent years, a theory of group-theoretic graphs has
found many applications in engineering and applied science, and many
articles have been published on group-theoretic graphs such as [1]-[5].

In the present investigation, we write about a group theoretic graph,
namely, invertible graph IG(G) of a basic algebraic structure G, a finite
group. However, finite group is a core in this paper. Our algebraic
approach here is realized on group theoretic graphs with group elements
and their corresponding binary operation. Although it is not quite
elementary, it is an important aspect in dealing with the inter relation
between simple graphs and finite groups.

For a finite group G, we denote by S(G) the set of all self inverse
elements, and by M(G) – the set of mutual inverse elements of G. In
this paper, we prove that there are some relations between G, S(G),
M(G) and IG(G). We classify the finite groups whose invertible graph
is one of connected, complete but not bipartite graphs. Also we prove
that IG(G) is never Eulerian. For any given finite group G, we estimate
the degree, the size, the girth, the diameter, the clique number and the
chromatic number. We also discuss isomorphic theorems with some
applications and structure of invertible graphs of finite abelian, non-
abelian and cyclic groups.

2 Definition and Notations

Now we recall some basic definitions and notations of group theory
from [6]. Let G be a finite group with identity e. Then the number of
elements in G is the order of G and is denoted by |G|. If a ∈ G, then
the order of a is |a| = | < a > |, where < a >= {an : n = 0,±1,±2, ...}
is a cyclic subgroup of G generated by a. If G =< a >, then G must
be a cyclic group.

Usually, Zn is the group of integers over addition modulo n, Un =
Z∗
n is the group of multiplicative inverse elements of modulo n, Z∗

p =
Zp − {0} is the multiplicative group of integers modulo p, Sn is the
symmetric group of degree n, Dn is the dihedral group of order 2n, Q8
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is the quaternion group. Further, we have G2p = {2, 4, 6, ..., 2(p−1)}, a
group of order p− 1 with respect to multiplication modulo 2p, a prime
p > 2.

Theorem 1. (Lagrange’s Theorem, [6]) If H is a subgroup of the finite
group G, then the order of H divides the order of G.

Theorem 2. [6] If a ∈ G and G is finite, then |a| divides |G|.

We use [7] and [8] for the standard terminology of simple and alge-
braic graphs, respectively. Let X be a finite simple graph. We denote
the vertex set and the edge set of X is V (X) and E(X), respectively.
If a ∈ V (X), then the degree of a denoted by deg(a). If a and b are two
adjacent vertices of X then we write a−b. A graph X in which any two
distinct vertices are adjacent is said to be complete. If any two vertices
a and b in X are connected by a path a = a0−a1− ...−an = b then X
is called connected graph. A path is a cycle if a = b. The length of a
path or a cycle is the number of distinct edges in it. A cycle of length
n is denoted by Cn.

3 Self and Mutual Inverse Elements of a Group

We introduce in this section the concepts of self and mutual inverse
elements of a finite group with a few examples. The results of this
section, though simple, are used throughout the paper.

Definition 1. Let (G, ∗) be a finite group with the identity e. Then an
element a ∈ G is called a self inverse element of G if a = a−1 , where
a−1 is the inverse of a in G. The set of self inverse elements of G is
S(G) and its cardinality is |S(G)|.

Next, an element a ∈ G is called a mutual inverse element of G if
there exists b ∈ G such that a∗ b = b∗a = e. The set of mutual inverse
elements of G is denoted by M(G). In particular, M(G) = {a ∈ G :
a 6= a−1}.

In the preceding definition, we have temporarily reverted to the ∗
notation for group operations to remind you that in a specific group,
the operation might be addition, multiplication, or something else.
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For any finite group G, S(G) is a subgroup of G and M(G) is not a
subgroup of G. If |G| > 2 and G is a finite cyclic group, then S(G) 6= G.
We are now ready to state and prove several results about S(G) of G.
The proof of the first theorem is implicit in our discussion of a finite
cyclic group.

Theorem 3. Let G be a finite cyclic group. Then

|S(G)| =

{
1, if |G| is odd

2, if |G| is even
.

Proof. For each finite cyclic group G, we have G = S(G) ∪M(G) and
S(G) ∩M(G) = φ. Now consider two cases on |G|.
Case 1. If |G| is odd, then we have to prove that |S(G)| = 1. Suppose
|S(G)| ≥ 2. Assume that |S(G)| = 2. Therefore, S(G) = {e, a : a2 =
e}. This implies that |a| = 2. By the Theorem 2, |a|||G|, which is a
contradiction to the fact that |G| is odd. Hence |S(G)| = 1.
Case 2. If |G| is even, then we shall show that |S(G)| = 2. Without
loss of generality we may assume that |S(G)| = 3. This implies that
every non-identity of S(G) has order 2. That is, a 6= b in S(G) such
that a = a−1 and b = b−1 ⇒ (ab) = (ab)−1, since G is abelian. It is
clear that ab ∈ S(G), and S(G) = {e, a, b, ab} which is a contradiction
to our assumption that |S(G)| = 3. Hence |S(G)| = 2.

We next observe one of the most important results of S(G). That
is, if G is not a cyclic group of even order, then |S(G)| ≥ 2. The
following examples illustrate this point.

Example 1. Since e = e−1, a = a−1, b = b−1 and c = c−1 in the Klein
group V4 = {e, a, b, c}, therefore, |S(V4)| = 4.

Example 2. |S(S3)| = 4, |S(D3)| = 4, |S(Q8)| = 2, |S(Z2 ×Z2)| = 4.

According to the above examples, the following consequences spec-
ify the orders of S(G) and M(G) in a given finite group G.

Corollary 1. Let G be a finite group of even order. Then |S(G)| and
|M(G)| are both even.
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Proof. It is obvious, since a finite group G can be written as disjoint
union of S(G) and M(G).

Corollary 2. Let G be a finite group of odd order. Then |S(G)| = 1
and |M(G)| = |G| − 1.

Proof. It is obviously true because |G| is odd if and only if S(G) =
{e}.

Example 3. |S(Z3 × Z3)| = 1, |S(Z3 × Z5)| = 1.

Remark 1. [9] If there is a one-to-one mapping a↔ a
′

of the elements
of a group G onto those of a group G

′

, and if a↔ a
′

and b↔ b
′

imply
ab↔ a

′

b
′

, then we say that G and G
′

are isomorphic and write G ∼= G
′

.
If we put a

′

= f(a) and b
′

= f(b) for a, b ∈ G, then f : G → G
′

is a
bijection satisfying f(ab) = a

′

b
′

= f(a)f(b).

Lemma 1. Let G and G
′

be any two finite groups. If G ∼= G
′

, then
S(G) ∼= S(G

′

). But converse is not true.

Proof. Suppose G ∼= G
′

. Then, by the Remark 1, there exists a group
isomorphism f from G onto G

′

with the relation f(a) = a
′

, for every
a ∈ G and a

′

∈ G
′

. Now define a map ϕ : S(G) → S(G
′

) by the
relation ϕ(s) = s

′

for every s in S(G). Let s, t ∈ S(G). If ϕ(s) = ϕ(t),
then s

′

= t
′

⇒ f(s) = f(t) ⇒ s = t, since f is one-to-one. By the
way ϕ was constructed, we see that ϕ is onto. The only condition
that remains to be checked is that ϕ is operation preserving. To do
this, let s and t belong to S(G). Then obviously s, t ∈ G. Therefore
ϕ(st) = f(st) = s

′

t
′

= f(s)f(t) = ϕ(s)ϕ(t). Hence S(G) ∼= S(G
′

). But
the converse of this result is not true. For example, S(U6) = {1, 5}
and S(U10) = {1, 9}. It is clear that S(U6) ∼= S(U10), but U6 is not
isomorphic to U10.

4 Properties of Invertible Graphs

This section introduces invertible graph of a finite group and a study
of its basic properties such as degree, size, connectedness and com-
pleteness. Further, we obtain a formula for finding the clique number,
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the chromatic number and hence prove that invertible graph is weakly
perfect.

We begin with the notion and definition of the invertible graph of
a finite group.

Definition 2. An undirected simple graph IG(G) is called invertible
graph of a finite group G whose vertex set is G and two distinct vertices
a and b in G are adjacent in IG(G) if and only if either a 6= b−1, or,
b 6= a−1, where a−1 is the inverse of the element a in G.

Before exploring the results and concepts of invertible graphs, in-
stead of a ∗ b, we shall write ab. The preceding definition can be vi-
sualized as shown in Figure 1. If f1(x) = x, f2(x) = 1 − x, f3(x) =
1

x
, f4(x) = 1 −

1

x
, f5(x) =

1

1− x
, f6(x) =

x

1− x
are functions from

R − {0, 1} to R − {0, 1}, then the set G = {f1, f2, f3, f4, f5, f6} is
a non-abelian group under composition of functions. Here S(G) =
{f1, f2, f3, f6}.

Figure 1. The Graph IG(G).

Theorem 4. For any finite group G, the invertible graph of G is a
connected graph.

Proof. It is obvious since e is the identity element of G, ae 6= e for
every a 6= e in G, so that the vertex e is adjacent with remaining all
the vertices of IG(G). Hence IG(G) is a connected graph.
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Theorem 5. Let a be an element of a finite group G. Then

deg(a) =

{
|G| − 1, if a ∈ S(G)

|G| − 2, if a /∈ S(G)
.

Proof. If a ∈ S(G), then there exists b 6= a in G such that ab = a−1b 6=
e. This implies that the vertex a is adjacent to all other vertices of
IG(G) if and only if a ∈ S(G), therefore it is easy to derive that the
degree of vertex a is |G| − 1.

If a /∈ S(G), then a has mutual inverse, say b 6= a−1 in G such that
ab = e = ba. It is clear that the vertex a is adjacent to all vertices of
IG(G) except b. However, if a /∈ S(G), then the vertex a is not adjacent
to exactly one vertex of the graph IG(G). Hence deg(a) = |G|− 2.

Theorem 6. [8] A connected graph is Eulerian if and only if the degree
of each vertex is even.

Corollary 3. The invertible graph IG(G) is never Eulerian.

Proof. By the Theorem 5, it is clear that the degree of each vertex in
IG(G) is either |G| − 1 or |G| − 2. If |G| is even, then |G| − 1 is odd.
On the other hand, if |G| is odd, then |G| − 2 is also odd. Hence in
both cases, we found that the degree of each vertex in IG(G) cannot
be even. Thus, by the Theorem 6, the result follows.

In view of the Theorem 5, the following Remark is obvious.

Remark 2. Let |G| > 3 and S(G) 6= G. Then the graph IG(G) is
never a regular, a cycle, a star and a triangle free graph.

Theorem 7. [8] The total number of edges of the simple graph of order
n is

(
n
2

)
.

By combining Theorems 5 and 7, we can easily count the num-
ber of edges (size) in an invertible graph of a given finite group. For
convenience, we introduce the following theorem.

Theorem 8. For any finite group G, the size of invertible graph IG(G)

is
1

2
(|S(G)|(|G| − 1) + |M(G)|(|G| − 2)) .
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By using Theorem 8, we derive a formula for enumerating the total
number of edges in IG(Sn) and IG(Dn), respectively.

Theorem 9. The size of invertible graph of the symmetric group Sn,

n > 1, is
1

2
((n!)2−2n!+s(n)) , where s(n) is the number of self inverse

elements in Sn.

Proof. Let s(n) be the number of elements in Sn satisfying the relation
a = a−1, for every a ∈ Sn. Then s(n) satisfies the recurrence relation,
see [10], s(n+2) = s(n+1)+ (n+1)s(n), where s(1) = 1, s(2) = 2. In
view of the Theorem 8, the size of the graph IG(Sn) is |E(IG(Sn))| =
1

2
(s(n)(n!− 1) + (n!− s(n))(n!− 2)) =

1

2
((n!)2 − 2n! + s(n)).

Theorem 10. The size of invertible graph of the Dihedral group of
order 2n is

|E(IG(Dn))| =

{
1

2
(4n2 − 3n), if n is even

1

2
(4n2 − 3n+ 1), if n is odd

.

Proof. Let Dn = {1, a, a2, ..., an−1, b, ab, a2b, ..., an−1b : an = 1, b2 =
1, bab−1 = a−1}. In Dn, the n elements b, ab, a2b, .., an−1b always have
order 2. If n is even, then an/2 also has order 2. Therefore, the total
number of elements in Dn, n is even, satisfying the relation x = x−1

is n+ 2. Similarly, if n is odd, there are n + 1 self inverse elements in
Dn. However,

|S(Dn)| =

{
n+ 2, if n is even

n+ 1, if n is odd
and|M(Dn)| =

{
n− 2, if n is even

n− 1, if n is odd
.

By the Theorem 8, we have

|E(IG(Dn))| =

{
1

2
(4n2 − 3n), if n is even

1

2
(4n2 − 3n+ 1), if n is odd

.
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Corollary 4. The size of an invertible graph of a finite cyclic group G
is

|E(IG(G))| =

{
1

2
(|G| − 1)2, if n is even

1

2
(|G|2 − 2|G| + 2), if n is odd

.

Proof. Let G be a finite cyclic group. Then there are two cases for |G|.
Case 1. Let |G| be odd. Then |G| − 1 is even. In view of Theorem

8, the total number of non-adjacent edges in IG(G) is
1

2
(|G| − 1).

But the maximum number of edges in a simple graph of order |G| is(
|G|

2

)
. So in this case the total number of edges in IG(G) is

(
|G|

2

)
-

1

2
(|G| − 1) =

1

2
(|G| − 1)2.

Case 2. Let |G| be even. Then, in view of Theorem 5, there are

exactly
|G|

2
−1 pairs of distinct vertices that satisfy the relation ab = e

in G. Therefore, the total number of non-adjacent pairs in IG(G) is
|G|

2
− 1. So in this case the total number of edges in IG(G) is

(
|G|

2

)

-(
|G|

2
− 1) =

1

2
(|G|2 − 2|G| + 2).

By using Theorem 8, the following short table illustrates the way
we can easily determine the size of an invertible graph of some finite
groups.

Group G Z∗
p G2p U(2k) S3

Size of
IG(G)

1

2
(p2 − 4p+ 5)

1

2
(p2 − 4p+ 5) 2k−1(2k − 2) + 2 14

Theorem 11. Let S(G) 6= G. Then IG(G) is never a complete graph.

Proof. Suppose on the contrary that, IG(G) is a complete graph. Then

by the Theorem 7, the size of IG(G) is
(
|G|

2

)
=

|G|

2
(|G| − 1) , but in

view of Theorem 8, we arrived at a contradiction to the completeness
of IG(G).
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Our next theorem shows how the bi-implication of S(G) = G and
completeness of IG(G) are intertwining.

Theorem 12. The invertible graph IG(G) is complete if and only if
S(G) = G.

Proof. Necessity. Suppose that IG(G) is a complete graph of a finite
group G. Then any two vertices a and b in G are adjacent in IG(G).
Consequently ab 6= e, for every a, b ∈ G. This implies that a 6= b−1 and
b 6= a−1. Therefore a = a−1 and b = b−1. That is, a, b ∈ S(G). This
shows that G ⊆ S(G), also since S(G) ⊆ G. Hence S(G) = G .
Sufficiency. Let S(G) = G. Suppose IG(G) is not a complete graph.
Then there exist distinct vertices a and b in G such that ab = e and
ba = e. This implies that a−1 = b and b−1 = a. It is clear that
a, b 6∈ S(G). Therefore, S(G) 6= G, which is a contradiction to our
hypothesis, and hence IG(G) is complete.

We are now ready to prove a number of useful consequences of
Theorem 12.

Corollary 5. The graph IG(G) is complete if and only if G is isomor-
phic to one of the groups, Z2 × Z2, U4, U6, U8, U12 and V4.

Proof. It is true from the fact that the Klein four-group V4 is isomorphic
to Z2 × Z2, U8, U12. Also the group Z2 is isomorphic to U4, U6.

Corollary 6. The invertible graph of G is complete if and only if |G| =
2.

Proof. We have, |G| = 2 ⇔ G = {e, a : a2 = e} ⇔ G = S(G).

Before going to further properties of invertible graph, let us consider
the following example for the description of the result in the Theorem
12.

Example 4. The invertible graph of the group (P (X),∆) is complete.
Let X = {a, b, c} and let A = {a}, B = {b}, C = {c} so that A = {b, c},
B = {a, c} and C = {a, b}. Then P (X) = {φ,A,B,C,A,B,C,X} is
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an abelian group with respect to the symmetric difference ∆ of sets and
S(P (X)) = P (X) but P (X) is not a Klein four-group. The Figure 2
shows the complete invertible graph of the group (P (X),∆).

Figure 2. The invertible graph of (P (X),∆).

Theorem 13. [8] A simple graph is bipartite if and only if it does not
have any odd cycle.

Theorem 14. If |G| is composite, then IG(G) is not a bipartite graph.

Proof. Assume that |G| is composite. Suppose IG(G) is a bipartite
graph. Then there exists a bipartition (S(G),M(G)). Without loss of
generality we assume that e 6∈ M(G). Since |G| is composite, so there
exists at least one self-inverse element s 6= e in S(G). Ifm ∈M(G) such
that m−1 6= m , then clearly es 6= e , sm 6= e and me 6= e. Therefore,
the triads (s, e,m) of the graph IG(G) form a triangle. This violates
the condition in the Theorem 13 for a bipartite graph. Hence IG(G)
is not a bipartite graph.

Theorem 15. Let |G| > 3. Then the girth of invertible graph IG(G)
is 3.

Proof. We know that the girth of a simple graph is the length of a
smallest cycle. Here there exist two cases.
Case 1. Suppose S(G) = G and |G| > 3. Then, by the Theorem 12,
IG(G) is complete. Therefore IG(G) has a smallest cycle of length 3.
Hence, gir(IG(G)) = 3.
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Case 2. Suppose S(G) 6= G and |G| > 3. The vertex e in IG(G)
is adjacent to all other vertices. For this reason we can choose two
vertices a 6= e and b 6= e in IG(G) such that a−1 = a and b−1 6= b.
Then ab 6= ab−1 ⇒ ab 6= a−1b−1 ⇒ ab 6= (ba)−1 ⇒ ab 6= e, since
S(G) 6= G. This implies that ea 6= e, ab 6= e and be 6= e, so the graph
IG(G) always has a three cycle e − a − b − e, which is the smallest.
Hence, gir(IG(G)) = 3.

For distinct vertices x and y of a simple graph X, the diameter of X
is diam(X) = max{d(x, y) : x, y ∈ V (X)}, where d(x, y) is the length
of the shortest path from x to y in X.

Theorem 16. If |G| > 1 , then the diameter of invertible graph is
either 1 or 2.

Proof. Let G be a finite group with |G| > 1. Then we consider the
following two cases on S(G).
Case 1. Suppose S(G) = G. In view of Theorem 12, IG(G) is com-
plete, hence diam(IG(G)) = 1.
Case 2. Suppose S(G) 6= G. Then, IG(G) is never a complete graph.
Let us assume that a and b are any two vertices in IG(G). However, if
the vertex a 6= e is adjacent to vertex b 6= e, then trivially d(a, b) = 1.
Otherwise, if a is not adjacent to b in IG(G), then clearly d(a, b) > 1,
where a 6= e and b 6= e, but in the graph IG(G) there always exists a
path a−e−b of the shortest length 2. It follows that diam(IG(G)) = 2.

From Case 1 and Case 2 we conclude that the diameter of invertible
graph is either 1 or 2.

A clique in a simple graph X is a complete subgraph. A clique
Y in X is called maximal if no vertex set outside of Y is adjacent to
all members of Y . The size of the largest clique in X is called the
clique number ω(X). Simply, ω(X) is the maximum number of pair
wise adjacent vertices. For any simple graph X, 1 ≤ ω(X) ≤ |V (X)|.

Theorem 17. Let G be a finite group. Then the clique number of

IG(G) is ω(IG(G)) =
1

2
(|G| + |S(G)|).
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Proof. If s ∈ S(G), then clearly the vertex s is adjacent to all other
vertices of IG(G) since sa 6= e for every a in G. Therefore, the pair

of non-adjacent vertices in IG(G) is of degree
1

2
|M(G)|, and hence the

total number of mutually adjacent vertices in IG(G) is |G|−
1

2
|M(G)| =

1

2
(|G|+ |S(G)|), which is ω(IG(G)).

Theorem 18. Let G be a finite cyclic group. Then the clique number

of IG(G) is ω(IG(G)) =

{
1

2
(|G| + 1), if |G| is odd

1

2
(|G| + 2), if |G| is even

.

Proof. We know that the order of invertible graph IG(G) of a finite
cyclic group G is |G|. We need the following two cases on |G|.
Case 1. |G| is odd. Trivially any two distinct vertices a and b are
non adjacent if and only if ab = e. It follows that any vertex a is non-
adjacent with exactly one vertex b, and hence total number of such
vertices in IG(G) is |G| − 1. It is clear that, the pair of non-adjacent

vertices in IG(G) is of degree
1

2
(|G| − 1), and hence the total number

of mutually adjacent vertices in IG(G) is |G|−
1

2
(|G|−1) =

1

2
(|G|+1),

which is the size of a maximum clique.
Case 2. |G| is even. So in this case the pair of non-adjacent vertices in

IG(G) is of degree
1

2
(|G|−2). Hence total number of mutually adjacent

vertices in IG(G) is |G| −
1

2
(|G| − 2) =

1

2
(|G|+2), which is the size of

a maximum clique. This completes the proof of the theorem.

Example 5. The following table shows the values of ω(IG(G)) for
some non-cyclic groups G.

Non-cyclic group V4 Q8 S3 D3 D4

ω(IG(G)) 4 5 5 5 7

Definition 3. A simple graph X is n-colorable if there exists a colour-
ing of X which uses n colours. The minimum number of colors required
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to color a graph X is called the chromatic number and is denoted by
χ(X). Note that ω(X) ≤ χ(X) ≤ |V (X)|. If χ(X) = ω(X), then the
graph X is called weakly-perfect.

Definition 4. In a simple graph X, the set of pair-wise non-adjacent
vertices is called an independent set of vertices.

Theorem 19. Let G be a finite group. Then the chromatic number of

IG(G) is χ(IG(G)) =
1

2
(|G| + |S(G)|).

Proof. Case 1. Suppose that S(G) 6= G. In this case a ∈M(G) if and
only if a is not adjacent with exactly one vertex in IG(G). Therefore,
the maximum independent set of IG(G) is of size 2, moreover, total

number of such independent sets in IG(G) is
1

2
|M(G)|. For all these

vertices we need
1

2
|M(G)| colors, since each independent set in IG(G)

is uniquely colorable. But, vertices in S(G) are adjacent with all the
vertices in M(G), and thus we require for S(G) more colors distinct
from these colors. Hence, the minimum number of colors required to
colour the invertible graph is

χ(IG(G)) =
1

2
|M(G)| + |S(G)| =

1

2
(|G| + |S(G)|),

since G = S(G) ∪M(G) and S(G) ∩M(G) = φ.
Case 2. Suppose S(G) = G. Then, trivially, |M(G)| = 0. But, by the
Theorem 12 the graph IG(G) is complete, therefore the required result

is obviously true. That is, χ(IG(G)) =
1

2
(|G| + |S(G)|).

Theorem 20. Let G be a finite cyclic group. Then the chromatic
number of IG(G) is

χ(IG(G)) =

{
1

2
(|G|+ 1), if |G| is odd

1

2
(|G|+ 2), if |G| is even

.

Proof. Case 1. Suppose that |G| = 2. Then obviously, IG(G) ∼= K2,
and hence χ(IG(G)) = 2.
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Case 2. Suppose that |G| > 2. Then IG(G) is never a complete graph
since S(G) 6= G for any finite cyclic group G with |G| > 2. Now we
shall show the required result with the help of the following two sub-
cases.
Subcase 1. Suppose that |G| is even. Then, |S(G)| = 2, since G is
cyclic. Therefore the order of the independent set in the graph IG(G)

is
1

2
(|G| − 2). In fact each independent set is uniquely colorable, it

means that for all these vertices we need
1

2
(|G| − 2) colors. How-

ever two vertices in S(G) are adjacent with remaining all vertices in
IG(G), thus minimum number of colors to color the invertible graph

is
1

2
(|G| − 2) + 2 =

1

2
|G|+ 1.

Subcase 2. Suppose that |G| is odd. Then, |S(G)| = 1, since G is

cyclic. Therefore the order of independent set in IG(G) is
1

2
(|G| − 1).

Here one vertex in S(G) is adjacent with all other vertices of IG(G),
thus we require one more color from these colors. Hence,

χ(IG(G)) =
1

2
(|G| − 1) + 1 =

1

2
(|G|+ 1).

By combining Theorems 17 and 19, we can easily prove that the
invertible graph of any finite group is weakly perfect.

Theorem 21. For any finite cyclic group G, the graph IG(G) is weakly
perfect.

Proof. It follows directly from Theorems 17 and 19, since ω(IG(G)) =
χ(IG(G)) .

5 Isomorphic properties of IG(G)

In this section, we examine isomorphic properties of invertible graphs
of finite groups in detail and determine their important characteristics.
We begin with a few examples.
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Example 6. The isomorphic groups and their invertible graphs are
traced in Figure 3.

Figure 3. Z2 × Z3
∼= Z6 ⇔ IG(Z2 × Z3) ∼= IG(Z6).

Example 7. Figure 4 shows that groups are not isomorphic and their
invertible graphs are also not isomorphic.

Figure 4. Z2 × Z2 6∼= Z4 ⇔ IG(Z2 × Z2) 6∼= IG(Z4).

Example 8. Figure 5 shows that groups are not isomorphic but
their invertible graphs are isomorphic. Consider the cyclic group
G = {I,A,B,C,D,E, F,G,H} with respect to addition modulo 9 and
G

′

= {I
′

, A
′

, B
′

, C
′

,D
′

, E
′

, F
′

, G
′

,H
′

} is an abelian but not cyclic

group with respect to addition modulo 3, where A =

[
1 −1
1 −1

]
, B =

[
2 −2
2 −2

]
, C =

[
3 −3
3 −3

]
,D =

[
4 −4
4 −4

]
, E =

[
5 −5
5 −5

]
, F =

[
6 −6
6 −6

]
,
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G =

[
7 −7
7 −7

]
,H =

[
8 −8
8 −8

]
, I

′

=

[
0 0
0 0

]
, A

′

=

[
1 −1
1 −1

]
, ϕ :

G → G
′

, C
′

=

[
x+ 1 −(x+ 1)
x+ 1 −(x+ 1)

]
,D

′

=

[
2x+ 1 −(2x+ 1)
2x+ 1 −(2x+ 1)

]
, E

′

=
[
x+ 2 −(x+ 2)
x+ 2 −(x+ 2)

]
, F

′

=

[
2x+ 2 −(2x+ 2)
2x+ 2 −(2x+ 2)

]
, G

′

=

[
2x −2x
2x −2x

]
,H

′

=
[
2 −2
2 −2

]
and x is an indeterminate over Z3. Under the mapping

ϕ : G → G
′

such that ϕ(I) = I
′

, ϕ(A) = A
′

, ϕ(B) = B
′

, ϕ(C) = C
′

,
ϕ(D) = D

′

, ϕ(E) = E
′

, ϕ(F ) = F
′

, ϕ(G) = G
′

, ϕ(H) = H
′

. Hence,
the fact that G is not isomorphic to G

′

implies that IG(G) ∼= IG(G
′

).

Figure 5. G 6∼= G
′

⇒ IG(G) ∼= IG(G
′

).

As the above examples suggest, the invertible graphs of isomorphic
groups are isomorphic but converse need not to be true. So, the next
theorem completely characterises all isomorphic invariable graphs.

Theorem 22. Let G and G
′

be finite groups. If G ∼= G
′

, then IG(G) ∼=
IG(G

′

). But the converse is not true.

Proof. Suppose that G ∼= G
′

. Then there is a group isomorphism f

from G onto G
′

such that f(a) = a
′

, for every element a in G and a
′

in G
′

. Now, define a map ϕ from IG(G) to IG(G
′

) by the relation
ϕ(a) = f(a), for every vertex a ∈ G. By Remark 1, ϕ is a bijection.
Now let us prove that ϕ preserves adjacency. For this let ab 6= e, then
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f(ab) 6= f(e). That implies f(a)f(b) 6= f(e). That is, ϕ(a)ϕ(b) 6= e
′

.
So the vertex ϕ(a) is adjacent to the vertex ϕ(b) in IG(G

′

). Similarly, if
a is not adjacent to b in IG(G), then ϕ(a) is also not-adjacent to ϕ(b)
in IG(G

′

). This shows that IG(G) ∼= IG(G
′

). The converse of this
statement is false, as the Example 8 shows. That is, if IG(G) ∼= IG(G

′

),
it does not necessarily follow that G ∼= G

′

.

Let G be a finite group. Then an isomorphism from G onto G

is called a group automorphism and set of all automorphisms of G is
denoted by Auto(G). Further, an isomorphism from a simple graph X
to itself is called graph automorphism of X, and the set of all graph
automorphisms forms a group under the operation of composition. This
group is also denoted by Auto(X) and is called automorphism group
of a graph X.

The following result is an analogous result between Auto(G) and
Auto(IG(G)).

Theorem 23. If G is a finite group, then Auto(G) ⊆ Auto(IG(G)).
But the converse is not true.

Proof. Let ψ ∈ Auto(G). Then ψ : G → G
′

is a group isomorphism
from G onto itself. We shall now show that ψ ∈ Auto(IG(G)). Suppose
vertices a and b in G are adjacent in IG(G). Then, either ab 6= e, or,
ba 6= e. ⇒ ψ(ab) 6= e, or, ψ(ba) 6= e. ⇒ ψ(a)ψ(b) 6= e, or, ψ(b)ψ(a) 6=
e.⇒ The vertex ψ(a) is adjacent to the vertex ψ(b) in IG(G).

This shows that ψ is a graph isomorphism from IG(G) onto itself.
It is clear that ψ ∈ Auto(IG(G)). Hence, Auto(G) ⊆ Auto(IG(G)).
But, the converse of this result is not true. For this we consider the
group Z5 = {0, 1, 2, 3, 4} with respect to addition modulo 5. Define a
map ψ : Z5 → Z5 by ψ(0) = 0, ψ(1) = 2, ψ(2) = 3 and ψ(3) = 4.
It is clear that Auto(Z5) ⊆ IG(Z5). But ψ(1 ⊕5 2) = ψ(Z3) = 4 and
ψ(1)⊕5 ψ(2) = 2⊕5 3 = 0. Therefore, ψ(1⊕5 2) 6= ψ(1)⊕5 ψ(2) so that
ψ is not a homomorphism of group Z5.
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Abstract

The degree subtraction matrix DS(G) of a graph G is intro-
duced, whose (j, k)-th entry is dG(vj) − dG(vk), where dG(vj)
is the degree of a vertex vj in G. If G is a non-regular graph,
thenDS(G) has exactly two nonzero eigenvalues which are purely
imaginary. Eigenvalues of the degree subtraction matrices of a
graph and of its complement are the same. The degree subtrac-
tion energy of G is defined as the sum of absolute values of eigen-
values of DS(G) and we express it in terms of the first Zagreb
index.

Keywords: Degree of a vertex, degree subtraction matrix,
eigenvalues, energy, first Zagreb index.

1 Introduction

In the study of spectral graph theory, we use the spectrum of cer-
tain matrices associated with the graph, such as the adjacency matrix,
Laplacian matrix and other related matrices. Some useful information
about the graph can be obtained from the spectrum of these various
matrices [4], [5].

The ordinary energy of a graph G is defined as the sum of the abso-
lute values of the eigenvalues of its adjacency matrix [10]. It is closely
related with the total π-electron energy of molecules [13]. This moti-
vates the researchers to introduce different matrices associated with the
graph and study the various energies. Several graph energies, such as,
Laplacian energy [15], distance energy [16], Randić energy [8],[17], skew

c©2018 by H. S. Ramane, K. C. Nandeesh, G. A. Gudodagi, B. Zhou
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energy [1], [20], incidence energy [8], degree sum energy [21], distance-
based energies [9], [19], [22] etc. have been introduced to study the
properties of graphs.

In this paper we introduce the degree subtraction matrix of a graph
and study the eigenvalues and energy, related to this matrix.

Let G be a simple graph without loops and multiple edges on n

vertices and m edges. Let V (G) = {v1, v2, . . . , vn} be the vertex set
and E(G) be the edge set of G. The edge between the vertices u and
v is denoted by uv. The degree of a vertex vj in G is the number of
edges incident to it and is denoted by dj = dG(vj). If the degrees of
all vertices of a graph are the same, then the graph is called a regular
graph. The degree subtraction matrix (DS-matrix) of a graph G is a
square matrix of order n, defined as DS(G) = [djk], where

djk =

{
dG(vj)− dG(vk) if j 6= k

0 if j = k.

Then DS-polynomial of a graph G is the characteristic polynomial
of degree subtraction matrix of G and is donoted by φ(G : η). That
is φ(G : η) = det(ηIn − DS(G)), where In is an identity matrix of
order n. The roots of the equation φ(G : η) = 0 are called the DS-
eigenvalues of G and they are labeled as η1, η2, . . . , ηn. Since DS(G)
is a skew symmetric matrix, its eigenvalues are purely imaginary or
zero. Two graphs are said to be DS-cospectral if they have the same
DS-eigenvalues. The DS-energy of a graph G, denoted by EDS(G) is
difined as

EDS(G) =

n∑

j=1

|ηj |. (1)

The Eq. (1) is in full analogy with the ordinary graph energy defined
as [10]

Eπ(G) =
n∑

j=1

|λj|,
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where λ1, λ2, . . . , λn are the eigenvalues of the adjacency matrix of G.
Details on graph energies can be found in the books [12], [18] and the
references cited therein.

�
�

❅
❅

t t

t

t

v3 v4

v2

v1

Figure 1. Graph and its DS-matrix

v1 v2 v3 v4

DS(G) =

v1
v2
v3
v4





0 −2 −1 −1
2 0 1 1
1 −1 0 0
1 −1 0 0





The DS-polynomial of a graph given in Fig. 1 is φ(G : η) = η4 +
8η2 and the DS-eigenvalues are i2

√
2, 0, 0, −i2

√
2, where i =

√
−1.

Therefore, EDS(G) = 4
√
2.

The first Zagreb index is defined as [14]:

M1 = M1(G) =
∑

u∈V (G)

[dG(u)]
2 =

∑

uv∈E(G)

[dG(u) + dG(v)] .

The first Zagreb index is one of the most studied degree-based topo-
logical index. For details, see the recent surveys [2], [3] and the refer-
ences cited therein.

2 DS-eigenvalues

We need the following Lemma.

Lemma 1. [5] If Q is a nonsingular square matrix, then

∣∣∣∣
M N

P Q

∣∣∣∣ = |Q||M −NQ−1P |.

Theorem 1. Let G be a graph having n vertices, m edges and first
Zagreb index M1(G). Then the DS-polynomial of G is

φ(G : η) = ηn + (nM1(G)− 4m2)ηn−2. (2)
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Proof. Let v1, v2, . . . , vn be the vertices of G and let dG(vj) = dj be
the degree of a vertex vj in G, j = 1, 2, . . . , n. Then the characteristic
polynomial of DS-matrix of G is

φ(G : η) = det(ηI −DS(G))

=

∣∣∣∣∣∣∣∣∣∣∣

η −d1 + d2 −d1 + d3 · · · −d1 + dn
−d2 + d1 η −d2 + d3 · · · −d2 + dn
−d3 + d1 −d3 + d2 η · · · −d3 + dn

...
...

−dn + d1 −dn + d2 −dn + d3 · · · η

∣∣∣∣∣∣∣∣∣∣∣

.(3)

Subtract the first row from the rows 2, 3, . . . , n of (3) to obtain (4).

∣∣∣∣∣∣∣∣∣∣∣

η −d1 + d2 −d1 + d3 · · · −d1 + dn
−d2 + d1 − η η + d1 − d2 −d2 + d1 · · · −d2 + d1
−d3 + d1 − η −d3 + d1 η + d1 − d3 · · · −d3 + d1

...
...

−dn + d1 − η −dn + d1 −dn + d1 · · · η + d1 − dn

∣∣∣∣∣∣∣∣∣∣∣

. (4)

Subtract the first column from columns 2, 3, . . . , n of (4) to obtain (5).

∣∣∣∣∣∣∣∣∣∣∣

η −d1 + d2 − η −d1 + d3 − η · · · −d1 + dn − η

−d2 + d1 − η 2η η · · · η

−d3 + d1 − η η 2η · · · η
...

...
−dn + d1 − η η η · · · 2η

∣∣∣∣∣∣∣∣∣∣∣

. (5)

Subtract the second column from columns 3, 4, . . . , n in (5) to obtain
(6).

∣∣∣∣∣∣∣∣∣∣∣

η −d1 + d2 − η d3 − d2 · · · dn − d2
−d2 + d1 − η 2η −η · · · −η
−d3 + d1 − η η η · · · 0

...
...

−dn + d1 − η η 0 · · · η

∣∣∣∣∣∣∣∣∣∣∣

. (6)
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Add rows 3, 4, . . . , n to the second row in (6) to obtain (7).

∣∣∣∣∣∣∣∣∣∣∣

η −d1 + d2 − η d3 − d2 · · · dn − d2
−2m+ nd1 − (n− 1)η nη 0 · · · 0

−d3 + d1 − η η η · · · 0
...

...
−dn + d1 − η η 0 · · · η

∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣
M N

P Q

∣∣∣∣ ,

(7)

where

M =

[
η −d1 + d2 − η

−2m+ nd1 − (n− 1)η nη

]

2×2

,

N =

[
d3 − d2 d4 − d2 · · · dn − d2

0 0 · · · 0

]

2×(n−2)

,

P =





−d3 + d1 − η η

−d4 + d1 − η η
...

...
−dn + d1 − η η





(n−2)×2

and

Q =





η 0 · · · 0
0 η · · · 0
...

...
0 0 · · · η





(n−2)×(n−2)

.

By Lemma 1, and taking into account that
n∑

j=1

dj = 2m and noting

that

X = −M1(G) + 2m(d1 + d2)− nd1d2 − 2mη + d1η + d2η + (n − 2)d2η

and Y = (2m− d1 − d2)η − (n− 2)d2η, the Eq. (7) reduces to
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φ(G : η)

= ηn−2

∣∣∣∣

[
η −d1 + d2 − η

−2m+ nd1 − (n− 1)η nη

]
−N

1

η
In−2P

∣∣∣∣

= ηn−2

∣∣∣∣

[
η −d1 + d2 − η

−2m+ nd1 − (n− 1)η nη

]
−

1

η

[
X Y

0 0

]∣∣∣∣

= ηn + (nM1(G) − 4m2)ηn−2.

Corollary 1. Let G be a regular graph on n vertices. Then the DS-
polynomial of G is

φ(G : η) = ηn.

By Theorem 1 we have the following result.

Theorem 2. Let G be a graph having n vertices, m edges and first
Zagreb index M1(G). Then the DS-eigenvalues of G are 0 (n−2 times)
and ±i

√
nM1(G)− 4m2, where i =

√
−1.

By Theorem 2 we observe that, if G is a non-regular graph, then it
has exactly two non-zero DS-eigenvalues.

In the following, G denotes the complement graph of G.

Theorem 3. If ηj , j = 1, 2, . . . , n are the DS-eigenvalues of G, then
−ηj , j = 1, 2, . . . , n are the DS-eigenvalues of G.

Proof. For any vertex u of a graph G of order n, dG(u) = n − 1 −
dG(u). This implies that DS(G) = −DS(G). Consequently, if the DS-
eigenvalues of a graph G are ηj , j = 1, 2, . . . , n, then the DS-eigenvalues
of G are −ηj, j = 1, 2, . . . , n.

Theorem 4. For any graph G, φ(G : η) = φ(G : η).
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Proof. Case 1: If G is regular, then G is also regular. Therefore by the
Corollary 1, φ(G : η) = φ(G : η).

Case 2: If G is non-regular, then G also non-regular. Therefore by
Theorem 2, both G and G have exactly two non-zero DS-eigenvalues.
Further by Theorem 3, if ηj , j = 1, 2, . . . , n are the DS-eigenvalues of
G, then −ηj, j = 1, 2, . . . , n are the DS-eigenvalues of G. Also the sum
of all DS-eigenvalues is zero. This implies that φ(G : η) = φ(G : η).

Theorem 5. Let G be a graph on n vertices and m edges. Let δ and ∆
be the minimum and maximum vertex degrees of G respectively. Then
for j = 1, 2, . . . , n,

nδ − 2m ≤ ηj ≤ n∆− 2m.

Proof. If the vertices of G are labeled as v1, v2, . . . , vn, then the sum of
the elements of j-th row in DS-matrix is ndj − 2m, where dj = dG(vj).
It is well known that the eigenvalues of any matrix lie between the
minimum row sum and maximum row sum. Hence

min{ndj − 2m} ≤ ηj ≤ max{ndj − 2m}.

This implies

nδ − 2m ≤ ηj ≤ n∆− 2m.

By Theorem 4, G and G are DS-cospectral graphs. By Theorem
2, if G1 and G2 are two different graphs having the same number of
vertices and the same number of edges, and if M1(G1) = M1(G2), then
G1 and G2 are DS-cospectral.

3 DS-Energy

From Theorem 2 and by the definition of DS-energy via Eq. (1), we
have the following theorem.
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Theorem 6. Let G be a graph having n vertices, m edges and first
Zagreb index M1(G). Then

EDS(G) = 2
√

nM1(G) − 4m2. (8)

By Theorem 3, we have the following corollary.

Corollary 2. For any graph G, EDS(G) = EDS(G).

If G is a regular graph, then by the Corollary 1, EDS(G) = 0.
For fixed n and m, the Eq. (8) depends on the nature of M1(G).

Theorem 7. Let G1 and G2 be two different graphs having equal num-
ber of vertices and equal number of edges.
(i) If M1(G1) > M1(G2), then EDS(G1) > EDS(G2).
(ii) If M1(G1) = M1(G2), then EDS(G1) = EDS(G2).

Let p = ⌊2m/n⌋. Then the first Zagreb index M1(G) satisfies the
inequalities:

2(2p + 1)m− p(p+ 1)n ≤M1(G) ≤ m

(
2m

n− 1
+ n− 2

)
. (9)

The right hand side of the Eq. (9) is due to de Caen [7], whereas
the left hand side inequality is due to Das [6].

Using Eqs. (8) and (9) we have the following result.

Theorem 8. Let G be a graph with n vertices and m edges. Let p =
⌊2m/n⌋. Then

2
√

2(2p + 1)mn− p(p+ 1)n2 − 4m2

≤ EDS(G)

≤ 2

√

mn

(
2m

n− 1
+ n− 2

)
− 4m2.

Let Sn be the star and Pn be the path on n vertices. Among all
n-vertex trees, the star Sn has maximum value and the path Pn has
minimum value of the first Zagreb index [11]. If Tn is an n-vertex tree,
different from the star and path, then M1(Sn) > M1(Tn) > M1(Pn).
Using this result and Eq. (8) we have the following result.
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Theorem 9. If Tn is an n-vertex tree, different from the star Sn and
path Pn, then EDS(Sn) > EDS(Tn) > EDS(Pn).

If u and v are the adjacent vertices of G, then G− uv is the graph
obtained from G by removing the edge uv. If u and v are non-adjacent
vertices of G, then the graph G+ uv is obtained from G by adding an
edge uv.

Theorem 10. Let G be a graph having n vertices, m edges and first
Zagreb index M1(G). Let u, v, w be three distinct vertices of G such that
u is adjacent to v and u is not adjacent to w. Let H = G − uv + uw.
Then

EDS(H) = 2
√

nM1(G)− 4m2 + 2n[dG(w)− dG(v) + 1]. (10)

Further,
(i) if dG(w)− dG(v) + 1 = 0, then EDS(H) = EDS(G)
(ii) if dG(w)− dG(v) + 1 > 0, then EDS(H) > EDS(G)
(iii) if dG(w) − dG(v) + 1 < 0, then EDS(H) < EDS(G).

Proof. Let d1, d2, . . . , dn be the degrees of the vertices of G. Without
loss of generality, let dG(u) = d1, dG(v) = d2 and dG(w) = d3. There-
fore, dH(u) = d1, dH(v) = d2 − 1 and dH(w) = d3 + 1. Hence by
Theorem 6,

EDS(H) = 2
√

nM1(H)− 4m2

= 2

√√√√√n



d2
1
+ (d2 − 1)2 + (d3 + 1)2 +

n∑

j=4

(dG(vj))2



− 4m2

= 2
√

nM1(G) − 4m2 + 2n(d3 − d2 + 1)

= 2
√

nM1(G) − 4m2 + 2n[dG(w)− dG(v) + 1].

The results (i), (ii), and (iii) follow from Eqs. (8) and (10).

Proof of the Theorem 11 is analogous to that of Theorem 10.
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Theorem 11. Let G be a graph having n vertices, m edges and first
Zagreb index M1(G). Let u, v, w, x be the four distinct vertices of G
such that u is adjacent to v and w is not adjacent to x. Let H =
G− uv + wx. Then

EDS(H) = 2
√
nM1(G)− 4m2 + 2n[dG(w) + dG(x)− dG(u)− dG(v) + 2].

(11)

Further,
(i) if dG(w) + dG(x)− dG(u)− dG(v)+ 2 = 0, then EDS(H) = EDS(G)
(ii) if dG(w)+dG(x)−dG(u)−dG(v)+2 > 0, then EDS(H) > EDS(G)
(iii) if dG(w)+dG(x)−dG(u)−dG(v)+2 < 0, then EDS(H) < EDS(G).

Theorem 12. Let G be a graph having n vertices v1, v2, . . . , vn and m

edges and first Zagreb index M1(G). Let G′ be the subgraph of G on
k ≥ 1 vertices v1, v2, . . . , vk, and m′ edges. Let H be the graph obtained
from G by removing the edges of G′. Then

EDS(H) = 2

√√√√√ nM1(G) − 4m2 − 2n
k∑

j=1

[dG(vj)dG′(vj)]

+nM1(G
′) + 4m′(2m−m′)

. (12)

Further,

(i) if −2n
k∑

j=1

[(dG(vj))(dG′(vj))] + nM1(G
′) + 4m′(2m−m′) = 0, then

EDS(H) = EDS(G)

(ii) if −2n
k∑

j=1

[(dG(vj))(dG′(vj))] + nM1(G
′) + 4m′(2m−m′) > 0, then

EDS(H) > EDS(G)

(iii) if −2n
k∑

j=1

[(dG(vj))(dG′(vj))]+nM1(G
′)+4m′(2m−m′) < 0, then

EDS(H) < EDS(G).

Proof. Let v1, v2, . . . , vk be the vertices of a subgraph G′ of G, k ≥ 1.
Therefore dH(vj) = dG(vj) − dG′(vj), for j = 1, 2, . . . , k and dH(vj) =
dG(vj), for j = k + 1, k + 2, . . . , n. Also, if m′ is the number of edges
of G′, then H has m−m′ edges. By Eq. (8)
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EDS(H) = 2
√

nM1(H)− 4(m−m′)2

= 2

√√√√√√√
n

[
k∑

j=1

(dG(vj)− dG′(vj))
2 +

n∑
j=k+1

[dG(vj)]
2

]

−4(m−m′)2

= 2

√√√√√√√√√

n

[
n∑

j=1

[dG(vj)]
2 − 2

k∑
j=1

[dG(vj)dG′(vj)]

+
k∑

j=1

[dG′(vj)]
2

]
− 4(m2 − 2mm′ +m′2)

= 2

√√√√√ nM1(G)− 4m2 − 2n
k∑

j=1

[(dG(vj))(dG′(vj))]

+nM1(G
′) + 4m′(2m−m′)

.

The results (i), (ii), and (iii) follow from the Eqs. (8) and (12).

Corollary 3. Let G be a graph having n vertices v1, v2, . . . , vn and m

edges and first Zagreb index M1(G). Let e1, e2, . . . , ek be the k indepen-
dent edges of G, 1 ≤ k ≤ ⌊n/2⌋, where ej = v2j−1v2j , j = 1, 2, . . . , k.
Let H be the graph obtained from G by removing its k independent
edges ej , j = 1, 2, . . . , k. Then

EDS(H) = 2

√√√√√nM1(G) − 4m2 + 2n



k −
2k∑

j=1

dG(vj)



+ 4k(2m − k).

Further,

(i) if 2n

(
k −

2k∑
j=1

dG(vj)

)
+ 4k(2m− k) = 0, then EDS(H) = EDS(G)

(ii) if 2n

(
k −

2k∑
j=1

dG(vj)

)
+4k(2m− k) > 0, then EDS(H) > EDS(G)
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(iii) if 2n

(
k −

2k∑
j=1

dG(vj)

)
+4k(2m−k) < 0, then EDS(H) < EDS(G)

(iv) if n = 2k, then EDS(H) = EDS(G).

Proof. Follows from Theorem 12 by taking G′ = kK2, a k-matching.

Corollary 4. Let G be a graph having n vertices v1, v2, . . . , vn and m

edges and first Zagreb index M1(G). Let Vk = {v1, v2, . . . , vk} be a k-
element subset of the vertex set of the graph G, k ≥ 2 such that every
pair of vertices of Vk is adjacent in G. Let H be the graph obtained
from G by deleting all the edges connecting pairs of vertices from Vk.
Then

EDS(H) = 2

√√√√√
nM1(G) − 4m2 + 2(k − 1)

[
2mk − n

∑k
j=1

dG(vj)
]

+k(n− k)(k − 1)2
.

Further,

(i) if 2(k − 1)

[
2mk − n

k∑
j=1

dG(vj)

]
+ k(n − k)(k − 1)2 = 0, then

EDS(H) = EDS(G)

(ii) if 2(k − 1)

[
2mk − n

k∑
j=1

dG(vj)

]
+ k(n − k)(k − 1)2 > 0, then

EDS(H) > EDS(G)

(iii) if 2(k − 1)

[
2mk − n

k∑
j=1

dG(vj)

]
+ k(n − k)(k − 1)2 < 0, then

EDS(H) < EDS(G)
(iv) if n = k, then EDS(H) = EDS(G).

Proof. Follows from Theorem 12 by taking G′ = Kk, a complete graph
on k vertices.

Corollary 5. Let G be a graph having n vertices v1, v2, . . . , vn and m

edges and first Zagreb index M1(G). Let Ck be the cycle of G, where
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the vertices v1, v2, . . . , vk are on Ck, k ≥ 1. Let H be the graph obtained
from G by removing the edges of Ck. Then

EDS(H) = 2

√√√√√nM1(G)− 4m2 + 4n



k −
k∑

j=1

dG(vj)



+ 4k(2m − k).

Further,

(i) if 4n

[
k −

k∑
j=1

dG(vj)

]
+ 4k(2m − k) = 0, then EDS(H) = EDS(G)

(ii) if 4n

[
k −

k∑
j=1

dG(vj)

]
+ 4k(2m− k) > 0, then EDS(H) > EDS(G)

(iii) if 4n

[
k −

k∑
j=1

dG(vj)

]
+4k(2m− k) < 0, then EDS(H) < EDS(G)

(iv) if k = n, then EDS(H) = EDS(G).

Proof. Follows from Theorem 12 by taking G′ = Ck, a cycle on k

vertices.

Algorithm: Computation of DS-energy using adjacency matrix.

1. Start
2. Declare: A[n][n], d[n], r, s, n, m, N = 0, S = 0 as integers.
3. Declare: Result as floating point.

Read n, A[r][s]
4. Compute the degree of each vertex

for r = 1 to n increment by 1
d[r] ←− 0
for s = 1 to n increment by 1
d[r] ←− d[r] + A[r][s]
Display: Degree of vertex d[r]
The square of degree of a vertex, d[r] * d[r]
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5. Compute: The sum of each row
S ←− S + d[r].
Sum of squares of each row sum as N = N + d[r] ∗ d[r]
and number of edges m = S/2.

6. Display: Sum of squares of each row sum N and number
of edges m.

7. Compute the Result

Result = 2 ∗ sqrt(n ∗N − 4 ∗m ∗m)
8. Display: the Result.
9. Stop

Terms:

n - Total number of vertices in a given graph.

m - Total number of edges in a given graph.

A - Adjacency Matrix.

d - Degree of a vertex.

In the above algorithm, the outer loop iterates r times and the
inner loop iterates s times. Hence the statements inside the inner loop
will be executed rs times. This means that the outer and inner loops
are dependent on problem size n. Hence the time complexity of the
algorithm is O(n2).
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incidence energy,” MATCH Commun. Math. Comput. Chem., vol.
73, pp. 61–71, 2015.
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Prediction of the Survival of Kidney

Transplantation with imbalanced Data Using

Intelligent Algorithms

Zeinab Hassani Nasibeh Emami

Abstract

Kidney transplantation is one of the effective post-dialysis
treatment methods for patients with chronic renal failure in the
world. Most medical data are imbalanced and the output of
algorithms is inefficient with imbalanced data. The aim of this
study is to predict the two-year survival rate of kidney transplant
patients and provide a more accurate model. We evaluate the
data of renal transplant patients in Afzalipour Medical Education
Center 2006-2010, Kerman, Iran. Survival prediction of kidney
transplantation with MLP and RBF neural networks with two
methods of sampling and investigating the factors affecting the
survival of kidney transplant in renal transplant patients is con-
sidered by the binary particle optimization algorithm and nearest
neighbor algorithm. Accuracy of the results can be increased by
using the oversampling method in imbalanced medical data, and
radial base network model is a suitable model for predicting the
survival of kidney transplant patients.

Keywords: Neural network, imbalanced data, Binary parti-
cle optimization algorithm, nearest neighbor, Kidney transplan-
tation.

1 Introduction

Kidney transplantation is an appropriate and effective strategy for pa-
tients with chronic renal failure. The end stage of the renal disease is
associated with a significant reduction in the quality of life of patients

c©2018 by Z. Hassani, N. Emami
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and early death. Treatment for chronic renal failure includes two types
of dialysis and kidney transplantation. The kidney transplant brings
good and preferred treatment and a more favorable life and reduces
the risk of death for patients in the final stage of kidney failure [1],[2],
and [3].

The history of kidney transplantation dates back to 1954 in Ger-
many that the transplant was given by the living relative. However,
the first renal transplant in Iran was carried out in 1967 in Shiraz. Iran
has the highest number of kidney transplants. It is in the first place in
the Middle East, and it is the fourth in the world [3].

Providing an appropriate transplant is effective for every patient.
Therefore, evaluation of renal graft survival after transplantation is
very important and several studies have been carried out on graft sur-
vival. Researchers in the field of prediction of kidney transplantation
survival include statistical studies and artificial intelligence. In 2012,
in the United States, a model of body mass index, race, gender, and
age were identified as the factors influencing the survival of kidney
transplantation using the Bayesian method [5]. In 2012, the support
vector machine was used to determine the effective variables of age and
level of creatinine, gender, and recipient weight [6]. Nematollahi et al.
studied 717 patients of Nemazee Hospital of Shiraz during 2008–2012,
and they Predicted Survival of Kidney for 5 years by multilayer per-
ceptron of artificial neural networks (MLP), logistic regression (LR),
Support Vector Machine (SVM). Also they identified that SVM and
MLP models could efficiently be used for determining survival predic-
tion in kidney transplant recipients [2]. In [4], a model is proposed for
Predicticting Graft Survival in Kidney Transplant by decision tree, and
Cox regression and Ensemble learners. They revealed that early acute
rejection in the first year is associated with a substantially increased
risk of graft failure. Machine learning methods may provide versatile
and feasible tools for forecasting graft survival.

This article examines the survival of kidney transplantation after
two years using the neural network. The ratio of successful data to
the total data is 0.09 percent and results in a convergence of data
in a neural network class. Therefore, in the pre-processing of data, we
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prepare imbalanced data with the sampling method to provide balanced
data for the input of the neural network. In the following, we obtain
the effective factors in the survival of kidney transplant using binary
particle optimization algorithm and the nearest neighbor algorithm.

2 Methods

In this section, technical aspects of machine learning and data mining
Methods used for data analysis are described. The data of renal trans-
plant patients were collected from the Afzalipour Educational Center
in Kerman and were inconsistent. Therefore, the data are balanced by
two sampling methods: under-sampling and oversampling, and then
used in the neural network applying particle optimization algorithm
and the nearest neighbor algorithm.

2.1 Dataset

The data of renal transplant patients of the Afzalipour Medical Cen-
ter of Kerman city were collected during the years 2006–2010. Data
were collected from 423 cases of kidney transplant patients of the Afza-
lipour Medical Center of Kerman city. 156 cases of kidney transplant
patients with 14 attributes were selected after removing missing values
or applying average method for missing values [7].

The dataset contains information on 156 renal transplantation pa-
tients with 14 features. Features include Recipients sex, Donors sex,
Recipients age, Donors age, BMI, dialysis time before operation, blood
group consistency, Recipient and donor of RH, Donors relationship, kid-
ney transplantation history, diabetes of Recipient, donator type (Alive,
corpse), Type of dialysis and result of the two-year graft survival. We
consider weight and height with BMI. Table 1 shows the features of
kidney transplant patients.
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Table 1. Description of characteristics of kidney transplant patients

no Attributes

1 Donor’s age

2 Recipient’s age

3 Donor’s sex

4 Recipients sex

5 BMI

6 blood group consistency

7 Recipient and donor of RH

8 dialysis time before operation

9 Donor’s relationship

10 kidney transplantation history

11 diabetes of Recipient

12 donator type (Alive, corpse)

13 Type of dialysis

14 result of the two-year graft survival

2.2 Neural network

An artificial neural network is a method of information processing that
is inspired by neurological systems. An artificial neural network has
the ability to model complex systems and relationships, and non-linear
functions [8] and consists of a sum of neurons or the same processor
elements. The relationship between the adjustable neurons depends on
the conditions of the issue. The neurons of each layer are attached to
subsequent layers with different weights.

Information is stored in the weights. The implementation of the
neural network has three parts: sample provision, the training phase,
and neural network testing. In this study, two types of the artificial
neural network have been used: multi-layer perceptron network and
radial base function network. We examine functioning of the neural
network with input data after completing the training of the neural
network and correcting its weight.
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2.2.1 Multi-layer perceptron (MLP)

The most common neural network is reversible networks. Multi-layer
perceptron network (MLP) is a model of reverse grids that maps the
input data to the output data by adjusting the weight of the layers.
MLP is a combination of at least three layers of neurons (input, inter-
mediate, and output) that can contain one or more hidden layers [8],[9].
Neurons are arranged in several layers, so that each layer receives its
inputs from the previous layer and sends its outputs to the next layer.
The neural network is taught by the post-error algorithm [10].

The post-error algorithm is used to learn the weight of a multi-
layer network. In this method, we try to minimize the square of the
error between the network outputs and the target function using the
descending gradient. The function of this method is greatly improved
if the weights and the number of neurons are selected correctly and op-
timally. The goal of learning in learning algorithms is to minimize the
output error of the network with the optimum output. Learning algo-
rithms include two kinds: observer learning and uncontrollable learning
[11].

2.2.2 Radial Basis Function (RBF)

Radial Basis Function is reversible Network with three inputs, hidden
and output layers. In the hidden layer, the active function of the radial
base function is used. The main advantage of the RBF network is
to minimize input data errors. The RBF network approximates any
function using symmetric and local radial functions [10]. The active
function in the hidden layer is Gaussian function and in the output
layer is generally a sigmoid or a linear function [12], [13].

2.3 Balanced data

In imbalanced data, the number of samples in a class is much higher
than in the other classes. A class which has a greater number of data
is called the class of majority, and the class with less data – a minority
class. In the imbalanced data, the main challenge is to identify the
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correct lower sample class. Balanced data are used in classification
algorithms. Therefore, the imbalanced data classification is not per-
formed correctly, and categorization tends towards larger educational
examples that increase the error in identifying a minority class. One
of the methods for balancing the imbalanced data is the data level
method. In this class of methods, the distribution of a imbalanced
class is balanced by re-sampling in the data space [14].

Several approaches have been proposed for imbalanced data, such
as sampling, data-level feature selection, and algorithm levels, such
as cost-sensitive and single-class learning. Methods of pre-processing
data are sampled by under-sampling and oversampling. In the under-
sampling, the data are collected by deleting random samples of majority
class, and in oversampling, it’s collected by copying and adding random
samples from the minority class. Oversampling is better than under-
sampling [15].

2.4 Particles Swarm Optimization (PSO)

James Kennedy and Russell C. Eberhart are the main owners of the
PSO idea [16]. Their first simulation was carried out in 1995. PSO
is similar to evolutionary computation techniques like Genetic Algo-
rithms, but does not incorporate any evolution operators[17]. In the
PSO algorithm, there are a number of organisms that are referred to as
particles and are spread in the space of the search function we intend to
optimize. Each particle calculates the value of the objective function in
the position of the space in which it is located. Then, using the current
location information and the best location in the past, as well as the
information of one or more best particles in the collection, it chooses
a direction of movement. All particles are directed to move, and after
completing the move, one step of the algorithm ends. These steps are
repeated several times until the desired result is obtained. The PSO
algorithm contains the following steps [18]:

1) Initialize a population of particles with random locations and
velocities in dimension D in the search space
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2) Calculate the merit function

3) Update the velocity of each particle and move to the next position
based on the following relationships:

vid(t+ 1) = w ∗ vid(t)+

c1 ∗ r1(x
best
i − xtid) + c2 ∗ r2(x

best
g − xtid)

(1)

xid(t+ 1) = xid(t) + vid(t) (2)

xid(t) and vid(t) respectively indicate the position and velocity of
the particle in the dimension D, xbesti – the best position of the
particle up to the moment t, xbestg – the best global position, w
– the coefficient of inertia, c1 and c2 – the learning coefficients,
and r1 and r2 are two random numbers.

4) Stop the algorithm if it reaches a specified stopping point, other-
wise go to step 2.

2.4.1 Binary Particles Swarm Optimization (BPSO)

The binary particle optimization algorithm was proposed by James
Kennedy and Russell Eberhart for solving binary problems [19]. In the
binary version, the position of each particle in each dimension is limited
to two values of zero and one. That is, every particle moves in a space
that is limited to zero and one. The initial velocity of the particles is
also in the interval [1 and 0]. The steps of the algorithm are as follows
[20]:

1) Initialize a population of particles with random positions and
velocities in dimension D in the search space

2) Calculate the merit function

3) Update the velocity of each particle based on the relationship
1. After calculating the velocity of each particle, it is neces-
sary to check that the velocity of the particle is in the interval
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[vmin, vmax]. If the particle velocity is extruded outside the range,
we map the resulting velocity of the following interval using the
following equation:

vid(t+ 1) = max(min(vmax, vid(t+ 1), vmin) (3)

In order to update position of each particles, at first transform
the velocity vector through as sigmoid limiting function:

S(vid(t+ 1)) = 1/(1 + e−vid(t+1)) (4)

4) Update the position of each particle in accordance with equation
5.

xid(t+ 1) =

{
1 rand < S(vid(t+ 1))

0 O.W
(5)

5) If the stop criterion is met, the algorithm stops; otherwise, it goes
to step 2.

2.5 The nearest neighbor algorithm

In recognizing the pattern, the nearest neighbor algorithm is a method
used for classification and regression. The input of the algorithm is
the training samples, and the output is the class label. Examples of
training are vectors in the D-dimensional space whose class labels are
specified. To classify an unlabeled object, the distance to the tagged
samples is calculated, and k of the nearest neighbor is identified and,
based on the majority vote, the class label of the object is specified.
The most common metric of distance or similarity is to calculate the
distance between objects in Euclidean space [18], [21].

2.6 Model Evaluation Indicators

We need indicators that can be used to evaluate the function of models
in comparison with the data set in order to evaluate the efficiency of
neural network models. The best method for estimating the neural
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network is the mean squared error (MSE) and the root mean square
error (RMSE) [22] and [23].

MSE ==
1

N

N∑

n=1

(ŷn − yn)
2 (6)

RMSE =
2
√
MSE (7)

ŷn, yn respectively indicate predictions and original data of N in-
stances. In the following, two other important indicators, sensitivity
and specificity, are considered for a better understanding of network
performance. Thus, sensitivity is the ability to test for the proper di-
agnosis of people requiring kidney transplantation, and the specificity
is the ability to test ability to diagnose people who do not need any
transplant [24].

2.7 Proposed Algorithm

In this study, the prediction and identification of the effective features
in the survival of the two-year kidney transplantation have been in-
vestigated in four stages. The first stage consists of data collection.
At this stage, the information about renal transplant patients of the
Afzalipour Medical Center of Kerman was collected with 14 character-
istics during the years 2006–2011. The second stage is pre-processing
the data. We first correct incomplete data with mode and average val-
ues. We used mode for discrete values and average for continues values,
however, if a record contains more than two attributes with a missing
value, it is deleted. Effective results depend on the appropriate data in
the model and some values of data attributes are in a different range.
Hence, a normalization formula is used to integrate data. Moreover,
we normalize the data to improve the accuracy and effectiveness of the
results. The normalization formula is as follows:

Ni =
xi − µ

σ
(8)

xi shows value of data ith and µ, σ respectively indicate average and
variance of data.
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Due to the collected data are imbalanced, the unbalancing data lead
to the convergence of the classification to the majority class, which re-
duces the efficiency of the classification. Therefore, in the third stage,
sampling techniques have been used to balance the data which involves
two methods of oversampling and under-sampling. Then in the fourth
stage, which is modelled, two structures of the neural network, MLP
and RBF, have been used to predict the two-year survival of kidney
transplantation. 25% of sample data were considered for testing and
75% of sampling data – for network training. In the neural network
MLP, we have perceptron with 13 inputs in the input layer and 6 neu-
rons of the hidden layer and the output layer. In the following, a binary
particle optimization algorithm has been used to identify the effective
factors in the survival of the kidney transplant. The fitness function
of the binary particle optimization algorithm is the nearest neighbor’s
algorithm accuracy. Initialization parameters involve determining the
number of population, Inertia weight, learning factors, and number of
iterations that are in this study, their values are 20, 0.48, 2, 200, re-
spectively. At the end, confusion matrix, RMSE and MSE are used
to determine the algorithm performance. Figure 1 shows the proposed
algorithm.

3 Results

In this study, we predict the survival of renal transplant and identify
the variables that affect the survival of kidney transplantation. Algo-
rithms from MLP and RBF neural networks are used to predict the
survival of kidney transplant, a binary particle optimization algorithm
and the nearest neighbor algorithm are used to identify the variables
that affect the survival of the kidney. The primary data for patients
with renal transplantation are imbalanced. In order to increase the ac-
curacy, the results of the data are balanced in two methods: oversam-
pling and under-sampling. Balanced data were studied for modeling
by intelligent systems. The data of kidney transplant patients in the
MATLAB software are examined in two sampling methods in neural
network models MLP and RBF.
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Figure 1. Proposed algorithm
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In two sampling methods, we obtained the number of neurons and
the appropriate neural network by trial and error method. 25% of
sample data was considered for testing and 75% of sampling data for
network training. In the neural network model, the laminated percep-
tron with 13 inputs in the input layer and 6 neurons of the hidden layer
and the output layer were used to express the survival or lack of sur-
vival kidney transplantation. The results of the MLP and RBF neural
networks using two sampling methods are shown in Tables 2 and 3.

In the MLP oversampling method we have accuracy with 93.57
percent, and in RBF – 98.16 percent, and in the MLP under-sampling
method – with 81.48 percent and in RBF we have accuracy with 92 per-
cent. The MLP and RBF neural networks oversampling methods were
respectively 95.44% and 98.91%, and in the under-sampling MLP and
RBF neural networks, the obtained precision was 83.47% and 92.85%,
respectively.

In the oversampling, the sensitivity and specificity of the MLP net-
work are respectively 93.6% and 91.4%, and for the RBF network they
are respectively 98.2% and 97.4%. In the under-sampling method, the
sensitivity and specificity of the MLP network are 88% and 62.5% re-
spectively, and for the RBF network they are equal to 92% and 71.4%
respectively. The oversampling method has the best output with pre-
cision, sensitivity, and specificity of the network, and RBF predicts the
best performance compared to MLP.

In addition, the effective factors of kidney transplantation patients
were identified using two algorithms: optimization of binary particles
and nearest neighbor in two sampling methods. In the oversampling
method, with factors such as donator age, recipient age, gender, recip-

ient mass index, consistency of the donator and recipient blood group,

duration of preoperative dialysis, familial relative, history of kidney

transplantation, presence of diabetes in the recipient, the donator type
was marked with 98.72% precision and 99.13% accuracy, and in the un-
dersampling method, with factors such as donator age, recipient age,

recipient mass index, consistency of the donator and recipient blood

group, duration of preoperative dialysis, history of kidney transplanta-

tion, presence of diabetes in the recipient, the donator type was marked
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with 89.66% precision and 96.87% accuracy. Tables 2 and 3 show the
results of the proposed model.

Table 2. Results of suggested models for over sampling

MSE RMSE Accuracy Precision Sensitivity specificity
MLP 0.0456 0.214 93.57 95.44 93.6 91.4
RBF 0.0109 0.104 98.16 98.91 98.2 97.4
BPSO&
KNN

0.0128 0.1132 99.13 98.72 100 96.68

Table 3. Results of suggested models for under sampling

MSE RMSE Accuracy Precision Sensitivity specificity
MLP 0.1653 0.406 81.48 83.47 88 62.5
RBF 0.0715 0.267 92 92.85 92 71.4
BPSO&
KNN

0.1034 0.3215 96.87 89.66 100 89.63

4 Conclusion

Kidney transplantation is one of the most effective treatments for treat-
ing patients with advanced kidney disease. In this paper, we used
two structures (multilayer perceptron neural network (MLP) and ra-
dial base networks (RBF)) in two methods (under-sampling and over-
sampling) for unbalanced data. The sample size, the progress of med-
ical treatment, the time and place studied are factors that influence
the difference in the outcome. Several studies have been conducted
to predict the survival of kidney transplantation in survival of 1, 3, 5
and 10 years. In the following, we compare the results of the proposed
model with the best recent work to predict the survival of the kidney
transplantation.

The best result of a 5-year survival prediction of a kidney transplant
with a neural network structure was obtained in Egypt in 2008. It is
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also shown in this study that the neural network has the best result
in regression. The accuracy and sensitivity of the neural network are
respectively 88 and 88.43 percent [25].

In this study, 156 data from renal transplant patients performed a 2-
year survival prediction of renal transplantation with a data balancing
technique. In the MLP oversampling method we had the accuracy
equal to 93.57%, in RBF – 98.16%, and in the MLP under-sampling
method we had the accuracy equal to 81.48% and in RBF – 92%. In the
oversampling, the sensitivity and specificity of the MLP network are
respectively equal to 93.6 and 91.4 percent, and for the RBF network
they are respectively 98.2 and 97.4 percent. In the under-sampling, the
sensitivity and specificity of the MLP network are respectively 88 and
62.5 percent, and for the RBF network they are equal to 92 and 71.4
percent respectively

The oversampling method has a more predictable model with higher
precision and sensitivity compared the previous work. Hence, the pre-
dicting model with imbalanced medical data can be implemented with
greater reliability and precision by balancing the data. The over-
sampling method has a better performance than the under-sampling
method and the RBF network performs better than multi-layered MLP
perceptron network in two sampling methods.

In 2012, the Bayesian network method was used to model 5144 kid-
ney transplants with 48 attributes. BMI, race, recipient gender, and
donator age were identified as the effective factors in the survival of the
transplant [5]. In 2012, the vector machine identified the following ef-
fective attributes: age, level of creatinine, gender, and recipient weight
[6]. In [7] there were studied neural networks, decision tree, support
vector machine, and information fusion. The accuracy of neural net-
works, decision tree, and support vector machine were 94%, 92%, and
92%, respectively, and the accuracy of information fusion was 95.74%.
Now we are considering those data. We have used their dataset and
have obtained high accuracy using the oversampling method. In 2017,
Nematollahi et al have examined the prediction of renal transplantation
for 5 years. The results of the SVM, MLP, and logistic regression model
have been estimated as 90.4%, 85.9%, 84.7%. They showed that SVM
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and MLP models can efficiently be used to predict renal transplant
recipient survival [2].

Identification of effective factors for transplantation in renal pa-
tients is very important, therefore, binary particles optimization al-
gorithm and the nearest neighbor algorithm were used for obtaining
effective factors in renal transplant patients in two sampling methods.
In the oversampling method, precision equal to 98.72% and accuracy –
to 99.13% were identified, and in the undersampling method the preci-
sion equal to 89.66% and accuracy – to 96.87% for the selected effective
factors were identified. In general, donator age, recipient age, recipient
mass index, blood group consistency, dialysis time before operation,
kidney transplantation history and donator type were chosen as the
most important factors. Table 4 shows the comparison between the
best results of previous studies and the proposed method. According
to the previous work, the proposed method has a better performance.

Table 4. Comparison of the proposed method with other existing stud-
ies

Method Best accuracy

2008 [25]
neural network,

regression
88

2017 [2]
SVM, MLP-ANN,

and logistic regression
90.04

Proposed
Algorithm

MLP 93.57

RBF 98.16
BPSO&KNN 99.13
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The application of Mathematica to research the

restricted eight bodies problem

Elena Cebotaru

Abstract

Newton’s restricted problem of eight bodies is investigated. In
this paper an effective way of determining the stationary points
of differential equations describing this problem is exposed. Ana-
lytic and numerical calculations are done with the system Math-
ematica.

Keywords: Newtonian problem, equation of motion, config-
uration, particular solution, equilibrium point.

1 Introduction

We consider the Newtonian problem of n bodies.This problem consists
in studying the motion of n bodies in the Newtonian gravitational field.
Its description is very simple [1], [2]. It is well-known that Newtonian
many-body problem is not integrable in general.

The development of new computer technologies has provided the
opportunity to otherwise approach the problem of n-bodies. Computer
algebra system Mathematica is a very powerful tool for doing both
symbolic and numeric calculations [4]. In many cases it turned out to
be possible to construct not only approximate but exact solutions of
differential equations of motion.

In this paper we study the existence of stationary solutions (the
equilibrium positions) in the restricted eight bodies problem with in-
complete symmetry, obtained with the help of symbolic calculus system
Mathematica (SCS Mathematica).

c©2018 by Elena Cebotaru
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2 Description of the configuration

Assume that in a non-inertial space P0xyz there is the motion of eight
bodies P0, P1, P2, P3, P4, P5, P6, P with the masses m0, m1, m2, m3,
m4, m5, m6, µ, which attract each other in accordance with the law of
universal attraction. We will investigate the planar dynamic pattern
formed by a square, in the vertices of which the bodies P1, P2, P3, P4

are placed. The body P0 is the center of the square and the bodies
P5, P6 are placed on the diagonal P1P3 of the square at equal distances
from P0. We consider that m5 = m6 and the configuration rotates
around the body P0 with the constant angular velocity ω, which is
determined from the model parameters. It will be studied the motion
of the infinitely small mass µ (the so-called passive gravitational body
with µ ≈ 0) in the gravitational field formed by the seven bodies P0, P1,
P2, P3, P4, P5, P6 that attract each other and attract the body P. As
we study the planar configuration, we have zj = 0, j = 0, 1, ..., 7. We
can assume that P1(1, 1), P2(−1, 1), P3(−1,−1), P4(1,−1), P5(α,α),
P6(−α,−α), f = 1, m0 = 1, m5 = m6, then out of the differential
equations of the motion the following conditions of existence of this
configuration are obtained: m1 = m3, m2 = m4 = f1 (m1, α), m5 =
m6 = f2 (m1, α), ω

2 = f3 (m1, α).

The differential equations of the motion of the point P in the grav-
itational field of the points P0, P1, P2, P3, P4, P5, P6 in the rotating
Cartesian coordinate system P0xyz have the form [1]:






d2X
dt2

− 2ωdY
dt

= ω2X − fm0X
r3

+ ∂R
∂X

,

d2Y
dt2

+ 2ωdX
dt

= ω2Y − fm0Y
r3

+ ∂R
∂Y

,

d2Z
dt2

= −fm0Z
r3

+ ∂R
∂Z

,

(1)

where
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R = f
6∑

j=1

mj

(
1

∆kj
−

XXj + Y Yj + ZZj

r3j

)
,

∆2
j = (Xj −X)2 + (Yj − Y )2 + (Zj − Z)2 ,

r2j = X2
j + Y 2

j + Z2
j , r2 = X2 + Y 2 + Z2,

j = 1, 2, ..., 6.

(2)

According to the definition of the stationary solutions of the dif-
ferential equations, the equilibrium positions (in case when they exist)
are solutions of the functional system of equations:






u = 0, v = 0, w = 0,

ω2X + 2ωv − fm0X
r3

+ ∂R
∂X

= 0,

ω2Y − 2ωu− fm0Y
r3

+ ∂R
∂Y

= −fm0Z
r3

+ ∂R
∂Z

= 0,

(3)

or in the deployed form






u = 0, v = 0, w = 0,

ω2x+ 2ωv − fm0X
r3

− f
6∑

j=1

mj

(
X −Xj

∆3
j

+
Xj

r3j

)
= 0,

ω2y − 2ωu− fm0Y
r3

− f
6∑

j=1

mj

(
Y − Yj

∆3
j

+
Yj

r3j

)
= 0,

−fm0Z
r3

− f
6∑

j=1

mj

(
Z − Zj

∆3
j

+
Zj

r3j

)
= 0,

(4)






∆2
j = (Xj −X)2 + (Yj − Y )2 + (Zj − Z)2 ,

r2j = X2
j + Y 2

j + Z2
j , r2 = X2 + Y 2 + Z2,

j = 1, 2, ..., 6.

(5)
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For simplicity as above it has been taken f = 1, m0 = 1. Replacing
in relations (4) (Xj , Yj , Zj = 0), Z = 0, m2 = m4 = f1(m1, α), m5 =
m6 = f2(m1, α) and ω2 = f3(m1, α), determined above for admissible
α and m1, we obtain the following system:






u = 0, v = 0, w = 0,
f(x,y)=ω2x+2ωv − x

(x2+y2)
3

2

+

+m1

(
−1− x

(

(1+x)2+(1+y)2
)

3/2 +
1− x

(

(1−x)2+(1−y)2
)

3/2

)
+

+m4

(
1− x

(

(1−x)2+(1+y)2
)

3/2 +
−1− x

(

(1+x)2+(1−y)2
)

3/2

)
+

+m6

(
−α− x

(

(α+x)2+(α+y)2
)

3/2 +
α− x

(

(α−x)2+(α−y)2
)

3/2

)
= 0,

g(x,y)= ω2y − 2ωu− y

(x2+y2)
3

2

+

+m1

(
−1− y

(

(1+x)2+(1+y)2
)

3/2 +
1− y

(

(1−x)2+(1−y)2
)

3/2

)
+

+m4

(
1− y

(

(1−x)2+(1+y)2
)

3/2 +
−1− y

(

(1+x)2+(1−y)2
)

3/2

)
+

+m6

(
−α− y

(

(α+x)2+(α+y)2
)

3/2 +
α− y

(

(α−x)2+(α−y)2
)

3/2

)
= 0.

(6)

3 Determination of equilibrium points

The equations in the system (6) have a rather complicated structure.
Its solving is quite cumbersome. If the solution of the system (6) is
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determined, then the solution of the equilibrium position of differen-
tial equations describing the restricted problem of the eight bodies is
obtained. Using the graphical package of Mathematica for different pa-
rameter values α and m1, the graphs of the curves f(x, y) and g(x, y)
described by the equations in the system (6) have been constructed.
Obviously, the points of intersection of these curves in the plain P0xy

will be the equilibrium positions of the investigated system. We will
name the points that are on the lines passing through the center of the
configuration and any peak of the square as radial equilibrium position
(we will note them in the future by Ni). We will name the other points
as equilibrium bisectorial positions (we will note them in the future by
Si). For this we use the following algorithm:

Algorithm 1

• constructs the configuration and graphs of the curves f and g;

• calculates the coordinates of the equilibrium bisectorial points Si,
i = 1, ...4 and displays them on the computer screen;

• shows the position of the point S1.

This algorithm in the SCS Mathematica can be realised in the following
way:

Algorithm 1 in SCS Mathematica

graph[n−, a−] :=
Module[{m1 = n, α = a}, gf = f(x, y,m1, α); gg = g(x, y,m1, α);
cpx = ContourP lot[gf, {x, −2.5, 2.5}, {y, 2.5, 2.5}, Contours → {0},
ContourShading → False, P lotPoints → 100, ContourStyle →
{Black}, Axes → True, Frame → False];
cpy = ContourP lot[g, {x, −2.5, 2.5}, {y, −2.5, 2.5}, Contours → {0},
ContourShading → False, P lotPoints → 100, ContourStyle →
{Dashed}, Axes → True, Frame → False];
square = ListP lot[{{1, 1}, {1,−1}, {−1,−1}, {−1, 1}},
PlotStyle → {PointSize[0.02]}];
points = ListP lot[{{α, α}, {−α, −α}},
P lotStyle → {PointSize[0.02]}];
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M0 := Graphics[Text[′′P ′′
0 , {−0.15,−0.15}]];

M1 := Graphics[Text[′′P ′′
1 , {0.85, 1.05}]];

M2 := Graphics[Text[′′P ′′
2 , {−0.85, 1.05}]];

M3 := Graphics[Text[′′P ′′
3 , {−0.85,−1.05}]];

M4 := Graphics[Text[′′P ′′
4 , {0.85,−1.05}]];

M5 := Graphics[Text[′′P ′′
5 , {α − 0.1, α − 0.1}]];

M6 := Graphics[Text[′′P ′′
6 , {−α+ 0.1,−α + 0.1}]];

f1 = FiindRoot[{gf == 0, gg == 0}, {x, 1}, {y, 0}];
S1 := Graphics[Text[′′S′′

1 , {1.55,−0.25}]];Print[′′S′′
1 , f1];

f2 = FiindRoot[{gf == 0, gg == 0}, {x, 0}, {y,−1}];Print[′′S′′
2 , f2];

f3 = FiindRoot[{gf == 0, gg == 0}, {x,−1}, {y, 0}];Print[′′S′′
3 , f3];

f4 = FiindRoot[{gf == 0, gg == 0}, {x, 0}, {y, 1}];Print[′′S′′
4 , f4];

Show[points, square, cpx, cpy, p1, p2,M0,M1,M2,M3,M4,M5,
M6, S1,
P lotRange → {{−2, 2}, {−2, 2}},DisplayFunction →
$DisplayFunction,

AxesLabel → {x, y}, AspectRatio → Automatic,
PlotLabel →′′ m1 =

′′<> ToString[n];′′ α =′′<> ToString[a]′′′′]].
For m1 = 0.01 and α = 0.8584 the result of this program is dis-

played in Figure 1.

4 Concluding remarks

In [3] A. Wintner introduced the concept of central configuration. The
research configuration is of this type. The SCS Mathematica gives a
possibility to consider various particular cases in the Newtonian prob-
lem of n bodies more effectively. The SCS Mathematica offers the
opportunity to construct not only approximate but exact solutions of
differential equations of motion. It is well known that for investigating
the stability of stationary points, it is necessary to determine the equi-
librium points of the configuration. In the present article we described
an algorithm in the SCS Mathematica for determining the conditions
of existence of equilibrium points in the restricted problem of eight
bodies, and, in cases of equilibrium points’ existence, the method for
their building.
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Figure 1. graph[0.01,0.8584]
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Ştefan cel Mare str. 168, MD-2004 Chişinău, Republic of Moldova
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100 Romanian Authors

in Theoretical Computer Science

(presentation of the book)

Svetlana Cojocaru, Gheorghe Păun, Dragoş Vaida

This book [1] may look
like a Who’s Who in the
Romanian Theoretical
Computer Science (TCS),
it is a considerable step
towards such an ambi-
tious goal, but the title
should warn us in several
aspects.
From the very beginning
we started working with
the book with the idea
of collecting exactly 100
short CVs. This was an
artificial decision with re-
spect to the number of
Romanian computer sci-
entists, but natural in
view of the circumstances
the volume got born:it be-
longs to a series initiated

by the Romanian Academy on the occasion of celebrating one century
since the Great Romania was formed, in the end of the FirstWorldWar.

This series (coordinated by acad. Victor Spinei, the vice president
of Romanian Academy) is simply monumental: Over 30 large volumes,

c©2018 by S. Cojocaru, G. Păun, D. Vaida
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with the common title The Romanian Civilization, covering many sci-
entific and cultural areas, from history and geography to mathematics,
physics, and chemistry, from geology and medicine to literature and
music – including computer science.

The general volume dealing with computer science in The Roma-

nian Civilization series appears under the coordination of acad. Florin
Gheorghe Filip. It contains a chapter called From the History of Ro-

manian Theoretical Computer Science, written by one of the present
editors (Gh.P.). It is a quick overview of the Romanian theoretical
computer science, in less than three dozens of pages, starting from
the “pre-history” of computer science, in general, not only Romanian,
namely, with the 1927 paper by Gabriel Sudan, who produced, at the
same time and independently of W. Ackermann, the first example of a
recursive function which is not primitive recursive. (We say that this is
“pre-history”, because at that time computer science did not even ex-
ist, the terminology itself we used before was coined after 1930.) After
that, the chapter shortly describes the activity of the two forerunners-
patriarchs of the Romanian computer science, Grigore C. Moisil (see
Fig.1) and Solomon Marcus (see Fig.2), both of them members of the

Figure 1. Grigore C. Moisil
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Romanian Academy, and further it proceeds until our times, mention-
ing ideas, authors, groups, referring to both Romanians working in
Romania and to Romanians spread over all the world, both to living
persons and to persons passed away.

Figure 2. Solomon Marcus

Therefore, the term “history” should be understood in this frame-
work in a broad sense, concerning the evolution of the field from the
origins until the present days.

The mentioned From the History... chapter has obvious limits in
what concerns the provided information and actually this was the start-
ing point of the present book. The chapter is informal, hence the need
for more technical details, at least at the bibliographical level, occurred.
The present book provides such an information – including hints (e.g.,
personal web pages) on how and where more comprehensive details can
be found.

However, this is done limiting to one hundred the number of pre-
sented scientists!... (One hundred, with the Centennial background,
but also having in mind other limits such as the number of pages the
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volume might have or the time to complete the project – also know-
ing that a comprehensive-complete Who’s Who of an encyclopedic-
dictionary type is not very realistic for computer science, even restrict-
ing ourselves to the theoretical one.)

Thus, an obvious consequence follows: this volume does not suggest
a hierarchy, an ordering of any type. Just 100 Romanian authors who
have significantly contributed to the (theoretical) computer science,
who (1) we were able to contact (hence we knew their email addresses),
and (2) they answered positively to our invitation to contribute to the
volume. Precisely, we have proposed to all of them to send us, until
a certain deadline, a short presentation structured along of the items
most of the presentations contain.

Many computer scientists colleagues, both from Romania and from
other countries, are regretfully missing from this book. A tentative
list, clearly incomplete, contains both “classic” names (acad. Mircea
Maliţa, Peter Hammer-Ivănescu, Samuel Abraham, Teodor Rus, Con-
stantin Popovici) and rather young persons (many in Romania, many
abroad; hundred of successful doctorates in computer science were com-
pleted in the last decades, in universities from many places), includ-
ing computer scientists with a well-established career (Grigore Roşu,
Cătălin Dima, Răzvan Andonie, Cătălin Ioniţă, Toader Jucan, Mihaela
Maliţa, Mircea Sularia, Daniela Rus, Horia Georgescu, Virgil Emil
Căzănescu, and so on and so forth). Also, only a few computer sci-
entists who passed away were presented (in most cases with the help of
disciples or colleagues of them present in the book), several others were
omitted – among them: Andrei Baranga, Şerban Buzeţeanu, Dumitru
(Dan) Dumitrescu, Emil Muntean, Nicolae Ţăndăreanu.

A second edition of the book, if any, will maybe contain most if not
all of these names.

Another important point concerns the “definition” of the set of
scientists to be present(ed) in the volume. This is definitely a fuzzy

set, from two points of view: (1) what means Romanian, and (2) what
means theoretical.

Because the book is dedicated to the Centenary of the Great Unity,
we interpreted the term “Romanian” in a rather comprehensive man-
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ner: persons born in Romania or speaking Romanian language, no mat-
ter which is their formal citizenship or where they are living-working. In
particular, this was applied to our colleagues from Republic of Moldova
– and this is valid also for the team of the three co-editors...

A much more difficult issue is that of what does theoretical com-
puter science mean. The point was touched also in the beginning of the
From the History... chapter. This is an endless discussion, about an
undecidable (even false) problem. There is no borderline between the-
oretical and... what else, in the area of computer science? Hardware,
software, applications? All of these areas involve “theory”. Further-
more, which is the difference between theoretical computer science and
mathematics (applied to computing)?

Of course, we have proceeded intuitively (to come back to the idea
of fuzzy sets: also there the membership function is often defined sub-

jectively...).

At this stage it would be interesting and instructive to remind some
significant ideas of our forerunner Professors. In the preface written in
March 1968 of his Pergamon Press book from 1969 (The Algebraic

Theory of Switching Circuits), Gr.C. Moisil gives three examples con-
cerning the usefulness of the “new mathematics”, which ceases to be a
quantitative science and begins to be a structural science: the mathe-
matical linguistics, the pseudo-Boolean programming, and the theory
of the programming languages, all of them pointing out to some priori-
ties in the field of Theoretical Computer Science at the time. Moreover,
he warns us not to forget that the first technical discipline based on this
structural mathematics is the algebraic theory of switching circuits.

We would also like to cite the works of Solomon Marcus constantly
emphasizing the pilot role of (formal) linguistics and mathematics, to-
gether with their cultural values, in other different bodies of knowledge
such as economy, biology or physics. Accordingly, in his well-known
Reception Speech in the Romanian Academy, he deals – perhaps for
the first time in our context – with what should be understood by
the common expression “mathematical language”. One shows that
this language becomes even the existential mode for the object of the
knowledge, a most interesting point of view for a philosophy of knowl-
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edge viewed in a close solidarity with practical existence.

In short, this volume is only a first step on a long way, towards
a comprehensive presentation of the Romanian computer scientists –
but this is a volume providing a lot of information, both at a precise,
bibliographical level, and at the global level, as a general view about
the Romanian (theoretical) computer science. Many conclusions can
be drawn starting from the data contained in this book. We only point
out, very shortly, a few observations, a more detailed analysis remains
for another framework.

Both in time (from “old” times to present) and in space (looking
to the map of Romania and to the map of the Earth as well), the Ro-
manian computer science is rather developed, diversified, synchronized
and very well connected with the international computer science, both
historically and geographically. Besides space and time, we can also
add a third “dimension”, an internal one, the range of topics addressed
by Romanian computer scientists. Again, we can note the close links
(we may call it “isomorphism”) with the computer science in general:
practically, all branches were explored, from logic to natural computing,
from automata and language theory to algebraic approaches. A pow-
erful science, indeed. The names of Romanian computer scientists can
be found from top level bibliographies of theoretical contributions to
managing positions in successful companies. The next pages is a proof,
especially for the theoretical area. Another observation is related to
the sociology of the domain: a large number of scientists presented in
this book started their research activity, for master and doctoral stud-
ies, in the theoretical area, many of them in relation with faculties of
mathematics and under the scientific guidance of mathematicians (open
to computer science or even working in theoretical computer science),
and then they became devoted mainly to teaching or to applications of
computer science, in a wide range of domains.

A few words about the style of the volume could be here in order.
We solicited presentations with a precise format, but the contributions
correspond to (hence reflect) a great variety of personalities and career
experiences, not to mention ages and cultural environments. We tried
to unify as much as possible the materials, thus losing in a great ex-
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tent the personal flavor of some of the received texts. This suggests a
possible continuation of this endeavour: to put together in a volume
personal recollections of computer scientists with an interesting life or
working experience, especially of those who witnessed the beginning
of Romanian computer science or they have participated in significant
developments, theoretical or of other nature. We would like to come
back to such a project.

Of course, this volume was only possible due to the participation of
the computer scientists present in it – we are indebted to all of them for
the efficient and smooth cooperation. Several colleagues, some of them
mentioned in the pages which follow, have contributed with texts, with
comments, corrections – our thanks and indebtedness.
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