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Abstract

Sudoku is known as a NP-complete combinatorial number-
placement puzzle. In this study, we propose the first cP system
solution to generalised Sudoku puzzles with m×m cells grouped
in m blocks. By using a fixed constant number of rules, our
cP system can solve all Sudoku puzzles in sublinear steps. We
evaluate the cP system and discuss its formal verification.
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1 Introduction

Sudoku is a famous number-placement puzzle designed for a single
player, which has m×m cells divided into m blocks. A solvable Sudoku
puzzle may have one or multiple solutions. In a valid Sudoku solution,
each row, column and block contains exactly one of each number from 1
to m. For all the classic 9× 9 Sudoku puzzles, there are approximately
6.67 × 1021 valid solutions [1].

Different algorithms can be used to solve Sudoku puzzles, which
include: backtracking [2], stochastic search [3], evolutionary algo-
rithms [4]–[7], propositional satisfiability inference techniques [8], con-
straint algorithms [9], [10] and rewriting rules [11]. Many existing
solvers are designed to solve specific Sudoku instances, and their per-
formance is related to the difficulties of these instances.
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Membrane computing systems (P systems) were inspired by the bi-
ological structure of living cells [12]. Major P system variants have the-
oretically unlimited computational power and memory, and can com-
pute multiple tasks in a maximally parallel manner, which include but
not limited to: P system with active membranes [13], tissue P sys-
tems [14], spiking neural P systems [15], kernel P systems [16], and
P systems with complex objects (cP systems) [17], [18]. According to
the membrane structure, these P system variants can be roughly clas-
sified into three categories: cell-like P systems, tissue-like P systems
and neural-like P systems.

The first P study of Sudoku used a family of P systems containing
enzymatic, dissolution and send-out rules [19]. The proposed P systems
can either solve a Sudoku instance, or detect the drawback and stop the
computation. Later, the work was extended by adding some solving
strategies and a brute-force algorithm [20]. Another Sudoku solution
used cell-like P systems with the rules of particle swarm optimization
to solve Sudoku instances [21]. The authors classified the instances
based on the difficulty, and evaluated their P systems on success rate
and running time.

As a recently proposed P system variant, cP systems support com-
plex symbols and generic rules, which can use a fixed constant number
of rules to solve computationally hard problems efficiently. In this
study, we provide a cP system solution to general Sudoku puzzles.
Compared to other P system solutions, our cP system solution consists
of only 16 rules (by using relations as special promoters), which can
solve all m×m Sudoku puzzles in 3m+ 7 steps regardless of their dif-
ficulty. Considering an input size of m2, our cP solution is sublinear.
We use the model checker PAT3 [22] to formally verify the cP solution.

We organize this paper as follows. Section 2 reviews cP systems’
syntax and the model checker PAT3. Section 3 introduces our Sudoku
solution. Section 4 shows a worked example of the solution. Section 5
discusses its formal verification. Section 6 discusses existing P system
Sudoku solutions. Section 7 concludes the work with future directions.

4



A Sublinear Sudoku Solution in cP Systems and its Formal Verification

2 Background

cP systems share advantages of both traditional cell-like P systems [12]
and tissue P systems [14]. One cP system may have one or multiple top-
cells, where each top-cell can contain a number of nested sub-cells. Top-
cells in cP systems have multiset rewriting rules, and sub-cells are only
used to represent local data [18]. In previous studies, cP systems were
used to solve multiple computationally hard problems, which include
the subset sum problem [23], Hamiltonian cycle problem [24], travelling
salesman problem [24], and quantified SAT problem [25].

To formally verify cP systems, we can apply model checking tech-
niques. A model checker can simulate a finite-state system, and exhaus-
tively search its state-space to check if the system can meet some given
specifications. We use the model checker PAT3 to verify our cP Sudoku
solution, where its rules are translated into CSP# descriptions, and its
properties are specified in temporal logic.

2.1 cP system notation

The syntax of cP systems is shown in Fig. 1. Our basic vocabulary
consists of atoms and variables, collectively known as simple terms. We
use lowercase letters to represent atoms and uppercase letters to denote
variables. For instance, a, b, c are atoms and X, Y , Z are variables. To
represent numbers, we use a unity symbol 1, which can be treated as a
special atom. Underscores ( ) are used to denote anonymous variables.

Compound terms are recursively built by labelled multisets of other
compound or simple terms with functors, where functors are atoms.
For instance, a(b), a(b(1)c(X)), f(g(a)b ) are compound terms. In
cP systems, cells and their contents are represented as compound terms.
For example, a cell with label a which contains two atoms b and c can
be presented as a(bc); a cell with label d which contains three unity
symbols can be represented as d(111) or d(13). We can either represent
numbers in unary as 1, 11, 111..., 1n; or in decimal as 1, 2, 3..., n.

Since all the terms in cP system are multiset-based, the order of
their sub-terms does not matter. For example, to represent a cell la-
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< term > ::= < simple-term > | < compound-term >
< simple-term > ::= < atom > | < variable >
< compound-term > ::= < functor > (< argument >)
< functor > ::= < atom >
< state > ::= < l-state > | < r-state >
< l-state > ::= < atom >
< r-state > ::= < atom >
< argument > ::= < term > ...
< rule > ::= < lhs >→α< rhs >< promoters >
< lhs > ::= < l-state >< term > ...
< rhs > ::= < r-state >< term > ...
< promoters > ::= | < term > ...| < relation > ...

Figure 1. cP system syntax (lhs = left-hand-side, rhs = right-hand-
side, α = rule application model)

belled as f which contains two simple terms g and h, we can either
write f(gh) or f(hg), where the order of g and h does not matter.
Similarly, the terms a(bcd), a(bdc) and a(dcb) are identical.

Only top-cells in cP systems contain rewriting rules, each top-cell
may have one or multiple rules. A rule consists of a lhs, a rhs and an
application model α; both its lhs and rhs contain a state and zero or
more terms. For example: s1 a →1 s2 bc is a cP rule, where s1 is
its l-state, s2 is its r-state, a is a term of its lhs, b and c are terms of
its rhs. The application model of this rule is 1, which means “exactly-
once”. The rule can consume a term a and produce two terms b and c
– in other words, it can rewrite a as bc.

Every cP top-cell has a state alternatively named system state.
States are atoms, to distinguish them with lhs and rhs terms in rules,
we often use atom s with subscripts to represent states, for example:
s1, s2 and s3.

A rule is applicable if and only if its l-state matches the system
state, and its lhs terms can be found in the system. After applying it,
the system state will be changed to the rule’s r-state. Suppose we have
a cP system at state s1, which has a term a and a rule s1 a →1 s2 bc.
Since the rule’s l-state matches the system state, and the system does
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contain a term a, the rule is applicable. After it is being applied, the
term a will be consumed, two terms b and c will be generated, and the
system state will be changed to s2.

For generic rules with variable terms such as a(X), b(Y ), a one-
way unification (pattern matching) is supported in cP systems. Before
applying a rule, its variable terms must be unified against terms in
the system. Suppose a cP system at state s1 that has two terms a(1),
b(11) and a generic rule s1 a(X) b(Y ) →1 s2 c(XY ). Variable terms
a(X) and b(Y ) will be unified against terms a(1) and b(11). In this
example, we can get X 7→ 1, Y 7→ 11. So the rule will be unified
as s1 a(1) b(11) →1 s2 c(111). By applying it, the two terms a(1)
and b(11) will be consumed, and a term c(111) will be generated. The
system state will be changed from s1 to s2.

Two major application models are supported in cP systems, which
are “exactly-once (1)” and “max-parallel (+)”. In the exactly-once
model, a rule will only apply once. In the max-parallel model, a rule
will apply to all possible terms simultaneously. Suppose a cP sys-
tem at state s1 that has three terms a(12), a(13), a(13) and a rule
s1 a(1X) →α s2 a(X). The rule can be unified to three ground
rules (ground here means “without variables”), which are s1 a(11) →α

s2 a(1), s1 a(112) →α s2 a(12) and s1 a(112) →α s2 a(12), where the
variable X is unified as 1, 12 and 1

2, respectively. When the applica-
tion model α of the rule is “1” (exactly-once model), the system will
non-deterministically choose one unified rule to apply. The computa-
tion result will be a(1), a(13), a(13) or a(12), a(12), a(13). If α in the
rule is “+” (max-parallel model), the system will apply all three unified
rules, the computation result will be a(1), a(12), a(12).

For a cP system with a max-parallel rule, the unified rules which
can be applied together are called compatible. Suppose a cP sys-
tem at state s1 has four terms a(c), a(d), b(e), b(f), and a rule
s1 a(X)b(Y ) →+ s1 g(XY ). To unify the rule against the system
terms, we can get the following unified rules: r1 : s1 a(c)b(e) →+

s1 g(ce), r2 : s1 a(c)b(f) →+ s1 g(cf), r3 : s1 a(d)b(e) →+ s1 g(de),
and r4 : s1 a(d)b(f) →+ s1 g(df). When applicable, these unified rules
will be non-deterministically chosen by the system. Suppose it chooses
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r2 to apply, the system terms a(c) and b(f) will be “locked” by r2,
which will be used to consume and to produce the term g(cf) later.
So they cannot be used by other unified rules any more. The only free
terms in the system are a(d) and b(e), which can be used in r3. Thus,
r2 and r3 can be applied together – they are compatible. Similarly,
r1 and r4 are compatible. In the max-parallel model, the system will
non-deterministically choose r2, r3 OR r1, r4 to apply.

cP systems apply rules following a weak priority order – i.e., rules
are sequentially considered in the top-down order. The first applied rule
commits the target state, any subsequent rule that indicates a different
target state is then disabled. This way, the weak priority order can be
used to simulate if-then-else structures of traditional programming.

Suppose a cP system at state s1 that has two terms a(c), b(d) and
three rules: r1 : s1 a(X) →1 s2 o(XX), r2 : s1 b(X) →1 s3 p(X), and
r3 : s1 b(X) →1 s2 q(XXX). The system will first consider r1 and
find if it is applicable. Thus, the target state will be confirmed as s2.
Since r2 commits to a different target state s3, it is not applicable. r3
commits to s2, and it is compatible with r1, so it will be applied with
r1 together in the same step. The computational result of the system
will be o(cc), q(ddd).

In each step, new generated terms will be temporarily put into a
“product membrane”, which will not be available until the next step.
For example, a cP system has two terms a(c), b(d) and two rules
r1 : s1 a(X) →1 s2 b(X) and r2 : s1 b(X) →+ s2 c(X). r1 and r2
will be applied in the same step. The term b(c) generated by r1 will be
sent to the product membrane, which will not be consumed by r2 in
the same step. After applying them, the system state will be changed
to s2, then none of them are applicable. The computational result of
the system will be b(c), c(d).

To apply a rule with promoters, the promoters must exist in the
system, and will not be consumed. Suppose a cP system has a rule
s1 →1 s2 x(X) | y(XZ) z(Z), and two terms y(6) and z(4). The rule
can be unified as s1 →1 s2 x(2) | y(6) z(4). By applying it, a term x(2)
will be generated. y(6) and z(4) are promoters, they will be checked
by the rule, but will not be consumed.
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For readability, we can use two kinds of delimiters in cP terms as
needed, which are blank space “ ” and comma “,”. Adding delimiters
to a term will not affect its meaning. For example, a(bc), a(b c) and
a(b, c) represent the same term.

To simplify the cP encoding of Sudoku, we can use the following
abbreviation: a(X)(Y ) ≡ a(a1(X)a2(Y )), when the sub-cell names a1
and a2 are unimportant. Similarly, we can use b(X)(Y )(Z) to represent
b(b1(X)b2(Y )b3(Z)) as needed.

In this study, to make our rules more readable, we use logic relations
– including multiset inclusion (⊆), multiset NOT inclusion (*), and
multiset inequality (6=) – as special promoters. This design can be
translated into classical cP systems by adding a few more rules.

For example, to test the inclusion relation (⊆) – e.g., aab ⊆ aabcd,
we can use a rule fragment (stateless) →1 1 | aab. If the system
contains the multiset aabcd, then the rule fragment is applicable, and
it will generate a symbol 1 to indicate that aab is a submultiset of
aabcd. If the multiset which needs to be checked is not a supermultiset
of aab, for instance cdef , the rule fragment will not be applicable, and
the symbol 1 will not be generated.

Another example is to test the NOT inclusion relation (*) – e.g.
aab * abcd, we can use two rules: r1 : s1 →1 s2 | aab and r2 : s1 →1 s3 1.
Suppose the cP system starts at state s1, and contains the multiset
abcd. It will consider r1 first, but it cannot find all r1 ’s promoters –
thus r1 is not applicable. Then the system will consider r2, which is
applicable. r2 will generate a symbol 1 to indicate that aab is not a
submultiset of abcd. By using the same rules, if the multiset that needs
to be checked is a supermultiset of aab, for instance aabbc, rule r1 –
which appears before r2, thus has a higher priority – is applicable, it
will change the system state to s2, then no more rules are applicable,
and the symbol 1 will not be generated.

2.2 The model checker PAT3

PAT3 provides an extensible framework for simulating and verifying dif-
ferent systems in multiple application domains [22]. Previous research
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showed that PAT3 can effectively verify cP models, and transformation
guidelines from cP syntax to CSP# were proposed [23].

PAT3 supports several semantic models and modelling languages,
which include Communicating Sequential Processes (CSP), Real-Time
Systems (RTS), Labeled Transition Systems (LTS), and Timed Au-
tomata (TA). To improve PAT3’s performance, the authors imple-
mented a number of model checking algorithms, state reduction tech-
niques and abstraction techniques in it.

A specification language called CSP# (Communicating Sequential
Programs) is supported by PAT3. CSP#, an extension of CSP, com-
bines high-level modeling operators (e.g. choices, interrupt, parallel
composition, asynchronous message passing) and low-level constructs
(e.g. data structures and conditional statements) together. CSP# is
especially good at representing cP systems, which has great potential
for simulating the cell communication among multiple top-cells.

To describe features of cP systems, we can either use Linear Tem-
poral Logic (LTL) or Computation Tree Logic (CTL). In addition to
specifying features by users, some commonly checked features are pre-
implemented in PAT3.

Similar to other model checkers, PAT3 also has a simulator, which
can be used to visualize its checking processes. Selecting different sim-
ulation engines, PAT3 can traverse the system’s state-space using dif-
ferent heuristics.

3 Solving Sudoku in a cP system

Our strategy of solving Sudoku is to generate all possible solutions
(matrices), eliminate invalid ones, and filter them by comparing them
to the input puzzle. For an m × m Sudoku, the cP system will first
generate all valid m-size row candidates, where each candidate is a
permutation of [1..m]. Then the system will use these row candidates
to build templates of m × m matrices. After getting all the matrix
templates, the system will filter them by columns and blocks. After
that, it will contain all the valid m × m Sudoku solutions. Then it
can match these matrix templates to a particular instance, and find its
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solutions.
The cP system starts at state s1 with terms p(), t(), s(S), a(1),

a(2),..., a(m), n(n), m(m), and l(1). The term p( ) is used to build
and store the row candidates, t( ) is used to store matrix templates,
and s(S) is the cP encoding of a Sudoku puzzle instance. Terms a(1),
a(2) ..., a(m) store the numbers from 1 to m, which can be used to
fill the blank cells of the puzzle. n(n) stores the block size and m(m)
stores the problem size of the puzzle, where m = n2. The system uses
l( ) as a counter.

A simple Sudoku example (m = 4) is shown in Fig. 2. In its
cP representation, we use two terms m(4) and n(2) to represent its
problem size and block size. Four numbers a(1), a(2), a(3) and a(4)
can be used to fill the puzzle. The puzzle instance is encoded as
s(r(1)(c(3)(2), c(4)(4)), r(2)(c(1)(2), c(2)(4), c(4)(3)), r(3)(c(2)(1)),
r(4)(c(3)(3))). In the encoding, the term s stores all the existing num-
bers of the puzzle, where sub-cell names r and c refer to “row” and
“column” respectively. The sub-cell r(2)(c(1)(2), c(2)(4), c(4)(3)) can
be interpreted as “the value in row 2 column 1 is 2, in row 2 column 2
is 4, and in row 2 column 4 is 3”.

Figure 2. A Sudoku puzzle, m = 4

3.1 Generating row candidates

To build valid solutions, the cP system first generates all the row can-
didates. Each row candidate contains all the numbers from 1 to m, and
each number only appears once. A ruleset with four rules can be used
to generate row candidates in a column by column manner (Fig. 3).
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s1 l(M1) →1 s2 l(1) | m(M) (1)
s1 →+ s1 p(X, c(L)(V )) | l(L), a(V ), p(X), (c( )(V ) * X) (2)
s1 p( ) →+ s1 (3)
s1 l(L) →1 s1 l(L1) (4)

Figure 3. Ruleset (1): generating row candidates

Rule (1) uses a counter l( ) to track the progress of generating
row candidates. When the value of l(M1) is greater than the puzzle
size m(M), it means all the row candidates have been successfully
generated. Then the cP system resets the counter to l(1), changes its
state to s2 and moves to the next ruleset.

Rule (2) works in the max-parallel model, so all the compatible
unified rules will be applied (all solution will be generated). When rule
(2) is applied, it adds a number V at column L to each row candidate
p(X). The relation c( )(V ) * X guarantees the number V has not
been used in the same row candidate. At the beginning of the compu-
tation, p() was empty. By applying rule (2) once, the system creates
m different terms, which are p(c(1)(1)), p(c(1)(2))..., p(c(1)(m)). By
applying it again, the system will generate m× (m−1) terms including
p(c(1)(1), c(2)(2)), p(c(1)(1), c(2)(3))..., p(c(1)(m), c(2)(m − 1)). Af-
ter applying it m times, the cP system will generate all the m! row
candidates.

Rule (3) is another max-parallel rule, which cleans the out-of-date
p( ) terms in the system. As mentioned, rule (2), (3) and (4) commit
to the same target state, so if applicable, they will be applied in one
step. Thus p( ) terms generated by rule (2) will not be immediately
consumed by rule (3) in the same step.

Rule (4) increases the counter l( ) by 1 in every step, by consuming
the existing counter l(L), and producing a new counter l(L1).

To generate all the row candidates for a m×m Sudoku, the cP sys-
tem needs to apply the ruleset m+1 times, and the state of the system
will be changed from s1 to s2.
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3.2 Generating matrix templates

The ruleset to build matrix templates is shown in Fig. 4. Using the
row candidates generated by ruleset (1), the cP system builds matrix
templates row by row.

s2 l(M1) →1 s3 l(1) | m(M) (5)
s2 →+ s2 t(X, r(L)(P )) | l(L), p(P ), t(X), (r( )(P ) * X) (6)
s2 t( ) →+ s2 (7)
s2 l(L) →1 s2 l(L1) (8)

Figure 4. Ruleset (2): generating matrix templates

The cP system uses the counter l( ) to track the working row.
Once all the m rows of matrix templates are filled with row candidates
– when l(M1) is greater than m(M) – rule (5) is applicable. It changes
the system state to s3, and resets the counter to l(1).

Rule (6) generates matrix templates row by row. In every step,
the system adds exactly one row candidate p(P ) at row L to each
matrix template t(X). After m steps, the system will finish generating
all m!!/(m! − m)! matrix templates. Rule (7) cleans out-of-date t( )
terms, and rule (8) increments the counter l( ) by 1 in each step.

Ruleset (2) takes m + 1 steps in total. The matrix templates gen-
erated by ruleset (2) do not have any number conflicts in each row,
since every row candidate is a permutation of [1..m]; but they may
have number conflicts in columns and blocks (Fig. 5).

Figure 5. Number conflicts in a matrix template
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3.3 Filtering matrix templates by columns

To delete the matrix templates with number conflicts in columns, the
cP system only needs one max-parallel rule (Fig. 6). The rule works
as a filter, which is applied to all the matrix templates simultaneously.
In a matrix template t( ), if there are two cells in the same column
– row A column C and row B column C – share the same value V ,
the template will be consumed (deleted). Ruleset (3) only needs 1 step
to run. After applying it, all the matrix templates that remain in the
cP system do not have any number conflicts in rows and columns.

s3 t(r(A)(c(C)(V ) ), r(B)(c(C)(V ) ), ) →+ s3 (9)

Figure 6. Ruleset (3): filtering matrix templates by columns

3.4 Filtering matrix templates by blocks

To check if matrix templates have number conflicts in blocks, we need
to create some supporting terms to indicate the relationship among
rows, columns and blocks. For example, when m = 9, we can build
terms b(1)(1), b(2)(1), b(3)(1), b(4)(2), b(5)(2), b(6)(2), b(7)(3), b(8)(3)
and b(9)(3) in the cP system. To check if two Sudoku cells are in the
same block, we only need to compare their rows and columns with
the supporting terms. Suppose we want to check if two cells – row 4
column 3 and row 6 column 1 – are in the same block (Fig. 7). First,
we check terms b(4)(A) and b(6)(B) in the supporting terms, we can
find A = 2 and B = 2. Then we check b(3)(X) and b(1)(Y ), find X = 1
and Y = 1. If A = B and X = Y , the two cells are in the same block;
otherwise they are not. In this example, row 4 column 3 and row 6
column 1 are in the same block.

The ruleset we use to build the supporting terms is shown in Fig. 8.
Rule (10) creates two terms v(1) and k(N), and changes the state to s4.
Term v(V ) holds a value to fill in current supporting term b( )( ), and
k(K) tracks the boundary of blocks. Rule (11) monitors the progress
of building supporting terms. When l(M1) is greater than m(M), the
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Figure 7. Checking if two cells are in the same block

system has finished creating supporting terms, it changes the state to
s5. Rule (12) creates a supporting term b(L)(V ) based on the counter
l(L) and value v(V ). Rule (13) updates terms v( ) and k( ) after the
counter l( ) moved to the next block. Rule (14) increases the counter
l(L) by 1 in each step.

s3 →1 s4 v(1), k(N) | n(N) (10)
s4 l(M1) →1 s5 | m(M) (11)
s4 →1 s4 b(L)(V ) | l(L), v(V ) (12)
s4 k(K), v(V ) →1 s4 k(KN), v(V 1) | n(N), l(K) (13)
s4 l(L) →1 s4 l(L1) (14)

Figure 8. Ruleset (4a): creating block checking supporting terms

After having the supporting terms in the system, rule (15) can filter
the matrix templates by blocks (Fig. 9). If the system detects a matrix
template t( ) has two cells (row X column A and row Y column B)
in the same block that share the same value V , it will consume the
template. Rule (15) runs in the max-parallel model, which can filter
all the matrix templates in 1 step.

Rulesets (4a) and (4b) take m + 3 steps in total. After apply-
ing them, all the matrix templates that remain in the cP system are
valid Sudoku solutions; and all the valid solutions are contained in the
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s5 t(r(X)(c(A)(V ) ), r(Y )(c(B)(V ) ), ) →+

s5 | b(X)(W ), b(Y )(W ), b(A)(C), b(B)(C) (15)

Figure 9. Ruleset (4b): filtering matrix templates by blocks

cP system!

3.5 Matching matrix templates to a Sudoku instance

One max-parallel rule can be used to match the matrix templates to
a Sudoku instance (Fig. 10). Rule (16) compares all matrix templates
t( ) to the instance s(S). If the system finds any conflicts between a
matrix template t( ) and s(S), it deletes the template. Rule (16) takes
1 step. After applying it, the t(T ) terms in the system are solutions
to the instance. A Sudoku instance may have multiple valid solutions,
the cP system is guaranteed to find all of them at the same step.

s5 t(r(R)(c(C)(V ) ) ) →+ s5 | s(r(R)(c(C)(U) ) ), U 6= V (16)

Figure 10. Ruleset (5): matching matrix templates to a Sudoku in-
stance

The cP solution consists of 16 rules, which can solve any m × m
Sudoku instances in 3m + 7 steps. Considering the size of the input
of a Sudoku puzzle is m2, the complexity of the solution is sublinear
(square root time).

4 A worked example

In this section we use the Sudoku puzzle (m = 4, n = 2) shown in
Fig. 2 to illustrate how our cP system works. To represent the puzzle,
we create 10 terms in the cP system (Table 1). The initial state of the
system is s1.
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Table 1. Initial terms in the cP system

m(4), n(2), a(1), a(2), a(3), a(4), l(1), p(), t(),
s(r(1)(c(3)(2), c(4)(4)), r(2)(c(1)(2), c(2)(4), c(4)(3)), r(3)(c(2)(1)), r(4)(c(3)(3))).

The cP system uses ruleset (1) to generate all valid row candidates.
A hand simulation can be found in Table 2. Since there are many terms
in the system, the table only shows terms directly related to the ruleset.
In each step, the system adds exactly one number into each p( ) term.
After m+ 1 = 5 steps, the cP system will successfully generate all the
m! = 24 row candidates, which are the permutations of [1..4]. Then
the system will reset the counter to l(1), and change its state to s2.

Ruleset (2) will be applied when the system is at state s2. It uses
row candidates to build matrix templates row by row. After m+1 = 5
steps, the system will generate all m!!/(m! − m)! = 255024 matrix
templates, and change its state to s3.

To filter the matrix templates by columns, the cP system applies
ruleset (3). If it finds one value that appears twice in a column of
a template, it consumes that template. Ruleset (3) takes one max-
parallel step to apply to all matrix templates in the system, and does
not change the system state. After applying it, all the matrix tem-
plates with number conflicts in their columns will be deleted from the
cP system.

The cP system uses rulesets (4a) and (4b) to check and delete ma-
trix templates with number conflicts in blocks. The hand simulation
of building supporting terms (ruleset (4a)) can be found in Table 4.
System terms which are related to ruleset (4a) are shown in the table.

By applying rule (10), the system will generate terms v(1) and k(2).
Rule (11) compares terms l(L) and m(4), it is only applied when L is
greater than 4. Rule (12) keeps building b( ) terms in every step. Rule
(13) updates k( ) and v( ) values when the counter l( ) moves to a
new block. Rule (14) increases l( ) by 1 in each step. Because rules
(12), (13) and (14) are committing to the same state s4, the cP system
will apply them in the same step if possible.

Terms b(1)(1), b(2)(1), b(3)(2), b(4)(2) show the relationship among
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Table 2. Generating row candidates
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rows, columns and blocks. To check if two cells row 1 column 2 and
row 2 column 3 are in the same block, we need to compare their rows
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Table 3. A matrix template with number conflicts (cP representation)

t(r(1)(c(1)(1), c(2)(3), c(3)(2), c(4)(4)),
r(2)(c(1)(2), c(2)(4), c(3)(1), c(4)(3)),
r(3)(c(1)(2), c(2)(1), c(3)(4), c(4)(3)),
r(4)(c(1)(4), c(2)(1), c(3)(3), c(4)(2))).

Table 4. Building supporting terms (for block check)

Step State Available terms Generated terms Rule to apply

0 s3 n(2), m(4), l(1). (10)
1 s4 n(2), m(4), l(1). v(1), k(2). (12)

2 s4
n(2), m(4), l(1),
v(1), k(2).

b(1)(1). (14)

2 s4
n(2), m(4), v(1),
k(2).

b(1)(1), l(2). (12)

3 s4
n(2), m(4), v(1),
k(2), b(1)(1), l(2).

b(2)(1). (13)

3 s4
n(2), m(4), b(1)(1),
l(2).

b(2)(1), v(2), k(4). (14)

3 s4 n(2), m(4), b(1)(1). b(2)(1), v(2), k(4), l(3). (12)

4 s4
n(2), m(4), b(1)(1),
b(2)(1), v(2), k(4), l(3).

b(3)(2). (14)

4 s4
n(2), m(4), b(1)(1),
b(2)(1), v(2), k(4).

b(3)(2), l(4) (12)

5 s4

n(2), m(4), b(1)(1),
b(2)(1), v(2), k(4),
b(3)(2), l(4).

b(4)(2). (13)

5 s4
n(2), m(4), b(1)(1),
b(2)(1), b(3)(2), l(4).

b(4)(2), v(3), k(6). (14)

5 s4
n(2), m(4), b(1)(1),
b(2)(1), b(3)(2).

b(4)(2), v(3), k(6), l(5). (11)

6 s5

n(2), m(4), b(1)(1),
b(2)(1), b(3)(2), b(4)(2),
v(3), k(6).

and columns separately. To check their rows, we need to find terms
b(1)(A) and b(2)(B) in the cP system – which are b(1)(1) and b(2)(1),
thus A = B = 1. To check their columns, we search for b(2)(X) and
b(3)(Y ) in the system, and we will get b(2)(1), b(3)(2), thus we have
X = 1, Y = 2, where X 6= Y . Then we know that row 1 column 2 and
row 2 column 3 are not in the same block.

Ruleset (4a) takes m + 2 = 6 steps. After building the support-
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ing terms, the system will take one max-parallel step to delete matrix
templates with number conflicts in blocks (ruleset (4b)), then all the
matrix templates left in the cP system are valid solutions to different
Sudoku puzzles.

By applying ruleset (5) – which also takes one max-parallel step –
the system can find the solutions to the given Sudoku instance (Table
5), by deleting other matrix templates in it. The entire solution takes
3m+ 7 = 19 steps.

Table 5. The solution of the example puzzle in Fig. 2

t(r(1)(c(1)(1), c(2)(3), c(3)(2), c(4)(4)),
r(2)(c(1)(2), c(2)(4), c(3)(1), c(4)(3)),
r(3)(c(1)(3), c(2)(1), c(3)(4), c(4)(2)),
r(4)(c(1)(4), c(2)(2), c(3)(3), c(4)(1))).

5 Verifying the cP Sudoku solution

We verified the two core rulesets (1 and 2) of our solution in PAT3. To
model our cP system in CSP#, we mainly followed the transformation
guidelines proposed in our previous work [23]. A translation example
from cP syntax of ruleset (1) to CSP# is shown in Figure 11.

Our cP system’s properties including deadlock-freeness (safety,
weak-liveness), terminating (safety, liveness), divergence-freeness (safety)
and non-deterministic (fairness) were formally verified. The CSP#
code of this study can be found in https://github.com/YezhouLiu/cP-
Sudoku.

Table 6 shows the model checking result. The cP system is dead-
lockfree, divergencefree, terminating and non-deterministic. In model
checking, a deadlock state is a state with no further move (except ex-
pected final states). The “state” here refers to the state in the Kripke
structure in the model checker, which is different from states in cP sys-
tems. Deadlockfree can be written as A�(E © (true)) in CTL, which
means “a non-deadlock state must have at least one successor”. The
symbol � refers to globally and © is the next operator. In cP systems,
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#define M 9; // problem size

var a = [1,2,3,4,5,6,7,8,9]; // term a

var c[M]; //index : L-1, value: V

var l = 1; // term l

var state = 1;

var promoter_valid = true;

R1() = rule1{

if(state = = 1 && l = = M + 1){

l = 1;

state = 2;

}

} -> if (state = = 2){Skip} else {R2()};

R2() = []i:{0..(M -1)}@ rule2 {

if (state = = 1){

promoter_valid = true;

var j = 0;

while (j < M){

if (c[j] = = a[i]){

promoter_valid = false;

}

j++;

}

if( promoter_valid){c[l -1] = a[i];}

state = 1;

}

} -> if (promoter_valid){R3()} else{Skip };

R3() = rule3{

if (state = = 1){state = 1;}

} -> R4();

R4() = rule4{

if(state = = 1){

l = l + 1;

state = 1;

}

} -> R1();

Figure 11. The CSP# representation of ruleset (1)

a deadlock indicates that the system terminates somewhere unexpect-
edly. For example, if a rule’s r − state is miswritten as another state,
which is unused anywhere else, after applying the rule, the system may
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encounter a deadlock. The deadlock check can tell us if the cP system
will get stuck.

Divergence in PAT3 means a process may perform internal transi-
tions forever, which is often undesirable. The divergence check can be
used to detect badly designed rules in cP systems (e.g. unnecessary
self-looping rules). Terminating means the system will eventually halt,
which can often be written as a reachability property. For example, a
termination of ruleset (1) can be defined as: A♦(ats2), where ♦ means
“eventually”. When a cP system applies ruleset (1), after generating
all the row candidates, the system state will be changed to s2. Then
ruleset (1) terminates, because none of its rules are applicable at s2.
Performing the terminating check, we can find out if a cP system will
run forever, or eventually halt at an expected state.

As a fairness property, deterministic means for a state there
is no more than one out-going transition. cP systems are often
non-deterministic because of unification. When designing a non-
deterministic cP system, we often need to make it confluent – i.e. all
its evolutions need to yield the same result. For example, when build-
ing a row candidate, the cP system will randomly choose a number to
fill its working column. All the possible numbers have equal chance to
be selected, none of the numbers will be neglected by the system. The
system will finally generate m! row candidates which represent all the
permutations of [1..m].

Table 6. Model checking result of the cP Sudoku rulesets

Ruleset
Problem

Size

Deadlock-

free

Divergence-

free
Terminating

Determinis-

tic

(1) 4 True True True False
(1) 9 True True True False
(2) 4 True True True False

A major limitation of applying model checking to our cP system is
state explosion. We verified the system’s properties with m = 4 and
m = 9. When the problem size m = 9, PAT3 encounters a memory
explosion issue when verifying ruleset (2). To model check ruleset (1),
PAT3 generated 9! = 362880 row candidates and successfully checked
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its state-space. To verify ruleset (2), PAT3 needs to simulate the gen-
eration of the 9!!/(9! − 9)! matrix templates, which is impossible in
practice. Even though PAT3 implements abstraction algorithms and
can generate its state-space on the fly (without keeping the entire state-
space in memory), it still cannot check that many states.

Because of the combinatorial explosion and limited languages fea-
tures supported by existing general purpose model checkers, max-
parallel filtering cP rulesets including ruleset (3), (4a), (4b), and (5)
are not suitable to be verified via model checking. There is no straight
forward way to manually release terms’ memory in model checkers such
as PAT3, so it is hard to emulate the term consumption in cP systems.

6 Related work

The first P system study on solving the Sudoku problem was published
in 2010 [19]. To solve Sudoku puzzles, the authors used a family of
P systems with enzymatic rules, dissolution rules, and send-out rules.
In the P solution, 13 rulesets of O(n6) rules were used, where n is the
block size of the puzzle. In most P system variants, to solve compu-
tationally hard problems, a number of P rules related to the problem
size are needed. Instead of solving Sudoku in a brute-force manner, it
used a human-style strategy. It is not guaranteed that the P system
can solve all the Sudoku instances, but the system will indicate failure
if it cannot solve an instance.

Later, the P system in [19] was extended by other researchers [20].
Additional algorithms including pruning were added to the solution.
The authors also introduced a brute-force algorithm to the system. In
this extended version of the P system, if no valid Sudoku solution can be
found by the human-style strategy, the system will try the brute-force
algorithm. O(n6) rules were used in the extended version of P system
with the brute-force approach. The authors tested their solution in the
P-Lingua simulator [26], but only for small-scale problems (n = 2).

Another P study used particle swarm optimization incorporated
with P systems to solve Sudoku puzzles [21]. No P system rule was
predefined in the system. The system generated the evolution rules
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and communication rules by using particle swarm optimization. The
authors also proposed another P system solution to solve Sudoku [27],
where some evolution and communication rules were used. The ruleset
of the P solution was not specified in the paper, too. These solutions
cannot guarantee to solve all the Sudoku puzzles. The two algorithms
designed by the authors only borrowed some shallow ideas from the cell-
like structure of P systems, which did not make use of the theoretical
unlimited computational power and memory of membrane computing
models.

7 Conclusion

Although membrane computing models are suitable for solving com-
putationally hard problems, to model practical problems in P system
models is often non-trivial. In this study, we solved one of the most
famous NP-complete puzzles – Sudoku – in cP systems. Our cP system
only contains 16 rules, which can solve all m × m Sudoku puzzles in
3m + 7 steps by using relations as special promoters. Considering the
input size of a Sudoku puzzle is m2, the cP solution is sublinear. To
the best of our knowledge, our solution is the most efficient P system
solution to the Sudoku problem in time complexity. We formally ver-
ified the core rulesets of our solution using the PAT3 model checker,
and checked their safety, liveness and fairness properties.

Similar to other P system solutions, practical implementations of
our cP solution will encounter a memory explosion issue. The search
for finding efficient software or hardware implementations of P systems
is one of the most important challenges in membrane computing.

In addition to the brute force algorithm, future work may include
the design of practically useful cP solutions, based on practical Sudoku
solving strategies. Although it is not guaranteed that the practical
strategies can solve all Sudoku instances, they usually can find solutions
for real-life Sudoku puzzles quickly.

To solve the existing issues on simulating and verifying cP systems,
we also plan to design and implement a cP model checker, which can
effectively simulate cP systems (including our cP Sudoku solution) and
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automatically check their properties.
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On a modified M/M/m/n queueing model ∗

Mario Lefebvre

Abstract

The classic M/M/m/n queueing model is modified by allow-
ing a given task to require up to m servers to be performed.
Moreover, the maximum time that a task can wait in the queue
before being executed is a random variable having an exponen-
tial distribution. Both FIFO (First In, First Out) and priority
disciplines are considered. The case when m = 2 is treated: the
state space needed to fully describe the system is given, its size is
calculated and the balance equations are presented when n = 1, 2
and 3. The queueing process can be used to model cluster-type
multiprocessor computing systems.

Keywords: State space, balance equations, queue discipline,
priority, cluster-type multiprocessor computing systems.

MSC 2010: 68M20, 60K25, 60K30, 90B22.

1 Introduction

We consider a system consisting of m (≥ 1) servers. For instance, it
could be a computing system having m processors. Tasks arrive at the
system according to a Poisson process with rate λ. For every server,
the service time is an exponential random variable with mean µ. The
times between the arrivals and the service times are assumed to be
independent random variables. The capacity of the system is n (≥ 1).
Finally, the queue discipline is FIFO (First In, First Out). Therefore,
using Kendall’s notation, the system can be denoted by M/M/m/n.
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In a recent paper, Vardanyan and Sahakyan [5] (see also [4]) pro-
posed the above model for cluster-type multiprocessor computing sys-
tems, with the following modifications: firstly, any task can require up
to m servers to be executed. More precisely, the number of servers
required to perform a task is a random variable K having a discrete
uniform distribution over the set {1, 2, . . . ,m}. Secondly, the maxi-
mum time Ω that a task can wait in the queue before being executed
is an exponentially distributed random variable with parameter ω.

The authors defined the states (i, j), where i is the number of tasks
being serviced and j is the number of tasks waiting for service in the
queue at a given time instant. They assumed that 0 ≤ i ≤ m and
0 ≤ j ≤ n. There are m× (n+1) + 1 possible states in the state space
(since i = 0 implies that j is also equal to zero). Notice that n is taken
to be the capacity of the waiting queue, rather than that of the system
in their paper.

Remark 1.1. (i) The authors of [5] actually wrote that there are
m× n+ 1 possible states. But if m = n = 1, the possible states are
(0, 0), (1, 0) and (1, 1). Thus, 3 = 1× (1 + 1) + 1.

(ii) For the classic M/M/m/n model, m = n means that there is no
waiting space, and the system is a so-called loss system. Here, because
any task can require more than one server (if m > 1), the incoming
tasks will only be lost (on arrival) when the system is in state (m,m),
so that all the (m) servers are servicing a different task. In particular,
all the servers could be servicing the same task, and there could be m−1
(= n−1) tasks waiting for service in the queue. We could also assume,
as in [5], that n is the capacity of the waiting queue, so that the case
n = 0 would indeed correspond to a loss system. Finally, note that
there is no waiting if n < m.

In [5], the authors computed the limiting probabilities of the system.
However, their definition of the various states does not fully describe
the different possible states of the system. Indeed, the value of i only
gives us the number of tasks being serviced, so that the number of
servers working on each task is unknown. With this important addi-
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tional information, the number of possible states is much larger than
m× (n+ 1) + 1.

In this note, we first generalise the model considered by Vardanyan
and Sahakyan in [5]: the service time is an exponential random variable
with mean µk, for k = 1, 2, . . . ,m. That is, the service time may depend
on the server. Moreover, if two or more servers are working on a task,
the service time may also be different. Next, instead of assuming that
the random variable K has a discrete uniform distribution over the set
{1, 2, . . . ,m}, we denote the probability P [K = k] by pk ∈ [0, 1] for
k = 1, . . . ,m. Finally, the maximum time Ωk that a task requiring k
servers can wait in the queue before being executed is an exponential
random variable with parameter ωk.

Remark 1.2. (i) Contrary to the definition in [5], here the system
capacity, n, is the maximum total number of tasks in the system at
any one time; that is, the number of tasks being serviced or awaiting
service. (ii) When a task requiring the two servers is completed and
the first two tasks in the queue only require one server each, then they
will both go into service at the same time.

This problem was also considered by Green [1], but with differ-
ent assumptions: firstly, n = ∞; secondly, there is no maximum time
that a task can wait for service in the queue; thirdly, the mean service
time is equal to 1/µ for every server; finally, and more importantly,
servers working together on a given task complete service at indepen-
dent times, so that they do not end service together. It follows that
the service times are not exponentially distributed random variables;
instead, they are distributed as the maximum of a random number of
exponentially distributed random variables. Consequently, the stochas-
tic process {X(t), t ≥ 0}, whereX(t) is the state of the system at time t,
is not a continuous-time Markov chain.

In the next section, the case when m = 2 will be treated. We
will give a state space that is exhaustive, as well as the full balance
equations in simple cases. Then, the queue discipline will be modified:
instead of the FIFO discipline, we will consider priority disciplines.
Again, the balance equations will be presented in a simple case.
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2 A generalised model

We consider the M/M/m/n queueing model with the modifications
mentioned in the previous section. The tasks are generated by a Poisson
process with rate λ, and the probability that a given task will require k
servers to be performed is P [K = k] = pk ∈ [0, 1] for k = 1, . . . ,m, with
p1+ . . .+ pm = 1. It follows that tasks requiring k servers arrive in the
system according to a Poisson process with rate λk := pkλ. We could
instead assume that the various tasks are generated by m independent
Poisson processes with rates λ1, . . . , λm.

Because (with the FIFO discipline) a task requiring more than one
server can prevent a task behind it in the waiting queue to enter service,
even if a server is free, we need to determine the type of each task in
the system. Therefore, the number of possible states is very large. For
this reason, we will limit ourselves in this note to the case when there
are two servers. The results obtained below can be generalised to any
value of m.

Thus, we assume that the queueing model is an M/M/2/n queue,
where n ≥ 1 is the capacity of the system. Moreover, an arriving task
requires one server with probability p1 ∈ [0, 1] and two servers with
probability p2 = 1 − p1 ∈ [0, 1]. The two servers do not necessarily
execute the various tasks at the same rate: the service time for server i
is an exponential random variable with parameter µi, for i = 1, 2.
When the system is empty, an arriving (or waiting) task requiring only
one server (which we call a type 1 task) will be executed by server 1 or
2 with respective probabilities r1 ∈ [0, 1] and r2 = 1−r1. Furthermore,
when a task requires the two servers, the service time becomes an
exponential random variable with parameter µ3. It is indeed more
realistic to suppose that the service time depends both on the server and
on the type of the task. Finally, tasks requiring i server(s) can spend
an exponential amount of time with parameter ωi, for i = 1, 2, before
entering service. Note that we assume that once a task is taken into
service, it will remain in the system until it has been fully completed.

Let us start with the case when n = 1. Then, as mentioned above,
there is no waiting. Even if a server is free, if the other server is
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occupied then an incoming task will be rejected. In this case, which is
the simplest possible, there are four different states of the system:

0: the system is empty
1: server 1 is executing a task, server 2 is free
2: server 2 is executing a task, server 1 is free
3: servers 1 and 2 are executing a type 2 task

Let πj denote the limiting probability that the system will be in
state j, for j = 0, 1, 2, 3. Note that because the number of states is
finite, the limiting probabilities do exist. The balance equations of the
system (see Ross [3] or Lefebvre [2]) are the following:

State j Departure rate from j = Arrival rate to j

0 λπ0 = µ1π1 + µ2π2 + µ3π3
1 µ1π1 = r1p1λπ0
2 µ2π2 = r2p1λπ0
3 µ3π3 = p2λπ0

To obtain the limiting probabilities, we can solve the balance equations,
together with the condition

∑
3

j=0
πj = 1. Notice that we have four

equations in four unknowns, plus the preceding condition. Therefore,
we can drop one of the balance equations. Once the limiting probabil-
ities have been computed, we should check that they also satisfy the
equation that was neglected. We easily find that

π0 =

{

1 +
r1p1λ

µ1

+
r2p1λ

µ2

+
p2λ

µ3

}−1

,

π1 =
r1p1λ

µ1

π0, π2 =
r2p1λ

µ2

π0 and π3 =
p2λ

µ3

π0.

When n = 2, in addition to the above defined states (for which we
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must now mention that the waiting queue is empty), we have:

4: servers 1 and 2 are executing type 1 tasks
5: server 1 is executing a task, server 2 is free,

a type 2 task is waiting for service
6: server 2 is executing a task, server 1 is free,

a type 2 task is waiting for service
7: servers 1 and 2 are executing a type 2 task,

a type 1 task is waiting for service
8: servers 1 and 2 are executing a type 2 task,

a type 2 task is waiting for service

Thus, there are now nine possible states. The balance equations of the
system become

State j Departure rate = Arrival rate

0 λπ0 = µ1π1 + µ2π2 + µ3π3
1 (µ1 + λ)π1 = r1p1λπ0 + µ2π4 + ω2π5 + µ3r1π7
2 (µ2 + λ)π2 = r2p1λπ0 + µ1π4 + ω2π6 + µ3r2π7
3 (µ3 + λ)π3 = p2λπ0 + µ1π5 + µ2π6 + ω1π7

+(µ3 + ω2)π8
4 (µ1 + µ2)π4 = p1λ(π1 + π2)
5 (µ1 + ω2)π5 = p2λπ1
6 (µ2 + ω2)π6 = p2λπ2
7 (µ3 + ω1)π7 = p1λπ3
8 (µ3 + ω2)π8 = p2λπ3

Next, when n = 3, we can add a waiting task to the states 4 to 8 of
the system. This waiting task can be either a type 1 or type 2 task. It
follows that the number of possible states increases to 9 + 5 × 2 = 19.
In the general case n ≥ 1, we have the following proposition.

Proposition 2.1. The size of the state space of the modified M/M/2/n
queueing model considered in this note is given by 4 + 5(2n−1 − 1) for
n ≥ 1.
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Proof. We can use mathematical induction. The result holds true for
n = 1 (as well as n = 2 and n = 3). Assume that the formula is valid
for a fixed n ≥ 2. Then, for n+ 1 the number of states is obtained by
adding any waiting task to the states that correspond to a full system
when the capacity is n. There are

[4 + 5(2n−1 − 1)] − [4 + 5(2n−2 − 1)] = 5× 2n−2

such states. Hence, we add 5×2n−1 states to the state space. It implies
that the total number of states is

4 + 5(2n−1 − 1) + 5× 2n−1 = 4 + 5(2n − 1),

which proves the result.

Remark 2.1. (i) If we assume that n is the capacity of the waiting
queue, rather than that of the system, then we find that the number of
possible states is 5+6(2n−1) for n ≥ 1, compared to 2(n+1)+1 = 2n+3
for the problem considered in [5].
(ii) Maple is able to solve the nine balance equations of the system
when n = 2. However, the solution it provides is very involved. In the
particular case when p1 = 3/4, r1 = 1/2, λ = 5, µ1 = 2, µ2 = 2, µ3 = 3
and ω1 = ω2 = 0, the solution is

π0 ≃ 0.1469, π1 ≃ 0.1277, π2 ≃ 0.1277,

π3 ≃ 0.0745, π4 ≃ 0.2394, π5 ≃ 0.0798,

π6 ≃ 0.0798, π7 ≃ 0.0931, π8 ≃ 0.0310.

We see that, in this example, state 4 is by far the most likely state
in stationary regime. Moreover, π1 = π2 and π5 = π6, which follows
from the fact that µ1 = µ2 and r1 = 1/2.

Now for n ≥ 3, with the FIFO discipline, sometimes a server is free
while a type 1 task is in the waiting queue, but behind a type 2 task
that is blocking access to the free server. If we then allow the type 1
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task to get serviced, it will reduce the average time that type 1 tasks
spend in the system and conversely increase this average time for type 2
tasks. When m and n are large, a task requiring m servers could block
the system for a long time. It is therefore worth examining the effect
of giving priority to type 1 or to type 2 tasks in our case.

Let us first assume that type 2 tasks always have priority over
type 1 tasks in the waiting queue. We can consider the general case
when n ≥ 1. We will calculate the number of states needed to fully
describe the state of the system. Because our aim is to determine the
effect of giving priority to a type of task, we could assume that µ1 = µ2.

If n = 1, priority does not make any difference, because there is
no waiting. Similarly, if n = 2, then there is at most one task in
the waiting queue, which again implies that priority is irrelevant. Let
n ≥ 3. There are five possible states when the waiting queue is empty,
that we denote by 0, 1, 2, 3 and 4 as defined above. Then, the other
states of the system can be characterised by a triple (s, n2, n1), where
s ∈ {1, 2, 3, 4} and ni is the number of type i tasks in the waiting queue,
for i = 1, 2. We assume that a server can be free even if there is at
least one type 1 task in the waiting queue. However, we cannot have
triples of the form (s, 0, n1) with s ∈ {1, 2} and n1 > 0.

When s = 1 or 2, we can write that n2 ≥ 1 and n1 + n2 ≤ n − 1.
The number of states is given by

n− 1
︸ ︷︷ ︸

n2=1

+n− 2
︸ ︷︷ ︸

n2=2

+ · · ·+ 1
︸︷︷︸

n2=n−1

=
(n− 1)n

2
.

If s = 3, we have n − 1 additional states of the form (3, 0, n1), with
1 ≤ n1 ≤ n− 1, so that the number of states is

(n − 1)n

2
+ (n− 1) = (n− 1)

n+ 2

2
.

Finally, the number of states of the form (4, n2, n1) is obtained by
replacing n by n−1 in the above formula: (n−2)(n+1)/2. Therefore,
we can state the following proposition.

Proposition 2.2. The size of the state space of the queueing model
considered in this note, when type 2 tasks have priority over type 1
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tasks in the waiting queue, is given by

5 + 2
(n− 1)n

2
+ (n− 1)

n+ 2

2
+ (n− 2)

n+ 1

2
= 2n2 − n+ 3

for n ≥ 3.

Remark 2.2. (i) The formula is actually valid for n ≥ 1.

(ii) If we assume that µ1 = µ2, then there is no need to distinguish
between 1 and 2, and between (1, n2, n1) and (2, n2, n1). The number
of states is reduced to

4 +
(n− 1)n

2
+ (n− 1)

n+ 2

2
+ (n− 2)

n+ 1

2
=

3n2 − n+ 4

2
.

(iii) Compared with the FIFO discipline, the size of the state space is
greatly reduced when n is relatively large: for n = 3, it goes from 19 to
18, but from 639 to 123 if n = 8.

(iv) When type 1 tasks have priority over type 2 tasks in the waiting
queue, we have the states 0, 1, 2, 3 and 4 as above, and triples of the
form (s, n1, n2), where s ∈ {1, 2, 3, 4}. We cannot have states of the
form (1, n1, n2) or (2, n1, n2) with n1 > 0. For s = 3 and s = 4,
the number of different states is the same as when type 2 tasks have
priority. It follows that the total number of states is

5 + 2(n − 1) + (n − 1)
n+ 2

2
+ (n− 2)

n+ 1

2
= n2 + 2n + 1

for n ≥ 3 (n ≥ 1, actually). If µ1 = µ2, we can reduce the number of
states to

4 + (n− 1) + (n− 1)
n+ 2

2
+ (n− 2)

n+ 1

2
= n2 + n+ 1.

We give next the balance equations when n = 3 and µ1 = µ2, so that
there are 14 states. If we assume further, for the sake of simplicity, that
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ω1 = ω2 = 0, then the system of equations is obviously much simpler.

State Departure rate = Arrival rate

0 λπ0 = µ1π1 + µ3π3
1 (= 2) (λ+ µ1)π1 = p1λπ0 + 2µ1π4 + ω2π5

+µ3π8
3 (λ+ µ3)π3 = p2λπ0 + µ1π5 + ω1π8

+(µ3 + ω2)π9
4 (λ+ 2µ1)π4 = p1λπ1 + ω2 (π7 + π14)

+µ3π11 + (2µ1 + ω1)π13
(1, 1, 0) := 5 (λ+ µ1 + ω2)π5 = p2λπ1 + 2ω2π6

+ω1π7 + 2µ1π14
(1, 2, 0) := 6 (µ1 + 2ω2)π6 = p2λπ5
(1, 1, 1) := 7 (µ1 + ω1 + ω2)π7 = p1λπ5

(3, 0, 1) := 8 (λ+ µ3 + ω1)π8 = p1λπ3 + µ1π7 + 2ω1π11
+(µ3 + ω2)π12

(3, 1, 0) := 9 (λ+ µ3 + ω2)π9 = p2λπ3 + µ1π6
+(µ3 + 2ω2)π10 + ω1π12

(3, 2, 0) := 10 (µ3 + 2ω2)π10 = p2λπ9
(3, 0, 2) := 11 (µ3 + 2ω1)π11 = p1λπ8
(3, 1, 1) := 12 (µ3 + ω1 + ω2)π12 = p2λπ8 + p1λπ9
(4, 0, 1) := 13 (2µ1 + ω1)π13 = p1λπ4
(4, 1, 0) := 14 (2µ1 + ω2)π14 = p2λπ4

3 Concluding remarks

In this note, a modified M/M/m/n queueing model that can be used
for cluster-type multiprocessor computing systems was considered. The
main modification is that any task can require up to m servers to be
executed. Moreover, each task can spend a random (exponentially
distributed) maximum amount of time in the waiting queue before
being taken into service. The default queue discipline is FIFO.

We saw that to fully describe the state of the system, we need a very
large number of states. For this reason, we limited ourselves to the case
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when m = 2. There are then two types of tasks: type 1 (respectively
2) tasks require only one (respectively two) servers. If priority in the
waiting queue is given to either type 1 or type 2 tasks, then the size of
the state space is greatly reduced, at least when n is relatively large.
We presented the detailed balance equations in simple cases.

In any particular case, if n is small enough, we can use a mathemat-
ical software such as Maple to solve the balance equations, which are
a system of linear equations. For n relatively large, if the number of
states is too large to obtain precise numerical solutions, then one could
perhaps use simulation to estimate the various limiting probabilities.

Finally, an important question is whether one should use the FIFO
discipline or a priority discipline, particularly because in the general
case, with m large enough, a task requiring the m servers could block
the system for a large amount of time. The answer to this question
depends on the aim of the system administrators. Do they prioritise
the average number of tasks being serviced, or the average time spent in
the system for each (or a particular) type of task? Another important
criterion is the percentage of rejected tasks.
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Abstract

The theory of finitely supported algebraic structures repre-
sents a reformulation of Zermelo-Fraenkel set theory in which
every classical structure is replaced by a finitely supported struc-
ture according to the action of a group of permutations of some
basic elements named atoms. It provides a way of representing in-
finite structures in a discrete manner, by employing only finitely
many characteristics. In this paper we present some (finiteness
and fixed point) properties of finitely supported self-mappings
defined on the finite power set of atoms.

Keywords: finitely supported structures, atoms, finite pow-
erset, injectivity, surjectivity, fixed points.

MSC 2010: 03E30, 03E25, 03B70.

1 Introduction

Finitely Supported Mathematics (FSM) is a general name for the the-
ory of finitely supported sets equipped with finitely supported internal
operations or with finitely supported relations [2]. Finitely supported
sets are related to the recent development of the Fraenkel-Mostowski
axiomatic set theory, to the theory of admissible sets of Barwise (par-
ticularly by generalizing the theory of hereditary finite sets) and to the
theory of nominal sets. Fraenkel-Mostowski set theory (FM) represents
an axiomatization of the Fraenkel Basic Model of the Zermelo-Fraenkel
set theory with atoms (ZFA); its axioms are the ZFA axioms together
with an axiom of finite support claiming that any set-theoretical con-
struction has to be finitely supported modulo a canonical hierarchically

©2021 by CSJM; A. Alexandru
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defined permutation action. An alternative approach for FM set theory
that works in the classical Zermelo-Fraenkel (ZF) set theory (i.e. with-
out being necessary to consider an alternative set theory obtained by
weakening the ZF axiom of extensionality) is related to the theory of
nominal sets that are defined as usual ZF sets equipped with canonical
permutation actions of the group of all one-to-one and onto transfor-
mations of a fixed infinite, countable ZF set formed by basic elements
(i.e. by elements whose internal structure is not taken into considera-
tion, called ‘atoms’) satisfying a finite support requirement (meaning
that ‘for every element x in a nominal set there should exist a finite
subset of basic elements S such that any one-to-one and onto transfor-
mation of basic elements that fixes S pointwise also leaves x invariant
under the effect of the permutation action with who the nominal set is
equipped’).

Nominal sets [5] are related to binding, freshness and renaming in
the computation of infinite structures containing enough symmetries
such that they can be concisely manipulated. Ignoring the require-
ment regarding the countability of A in the definition of a nominal set,
and motivated by Tarski’s approach regarding logicality (a logical no-
tion is defined by Tarski as one that is invariant under the one-to-one
transformations of the universe of discourse onto itself), we introduce
invariant sets. A finitely supported set is defined as a finitely sup-
ported element in the power set of an invariant set. Equipping finitely
supported sets with finitely supported mappings and relations, we get
finitely supported algebraic structures that form FSM.

In this paper we collect specific properties of finitely supported
mappings defined of the finite power set of atoms [2]–[4] and we present
some other new properties. We are particularly focused on proving
the equivalence between injectivity and surjectivity for such mappings,
together with some fixed point properties. Therefore, although the
finite power set of atoms is infinite, it has some finiteness properties.
Furthermore, although the finite power set of atoms is not a complete
lattice in FSM, some fixed points of Tarski type hold. Particularly,
finitely supported self-mappings defined on the finite powerset of atoms
have infinitely many fixed points if they satisfy some properties (such
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as strict monotony, injectivity or surjectivity).

2 Preliminary Results

A finite set (without other specification) is referred to a set that can be
represented as {x1, . . . , xn} for some n ∈ N. An infinite set (without
other specification) means “a set which is not finite”. We consider a
fixed infinite ZF set A (called ‘the set of atoms’ by analogy with ZFA
set theory; however, despite classical set theory with atoms, we do not
need to modify the axiom of extensionality in order to define A). The
atoms are entities whose internal structure is ignored and which are
considered as basic for a higher-order construction. This means atoms
can be checked only for equality.

A transposition is a function (a b) : A → A that interchanges only a
and b. A permutation of A in FSM is a bijection of A generated by
composing finitely many transpositions. We denote by SA the group of
all permutations of A. According to Proposition 2.11 and Remark 2.2
in [2], an arbitrary bijection on A is finitely supported if and only if it
is a permutation of A.

Definition 1.

1. Let X be a ZF set. An SA-action on X is a group action · of SA

on X. An SA-set is a pair (X, ·), where X is a ZF set, and · is
an SA-action on X.

2. Let (X, ·) be an SA-set. We say that S ⊂ A supports x when-
ever for each π ∈ Fix(S) we have π · x = x, where Fix(S) =
{π |π(a) = a,∀a ∈ S}. The least finite set (w.r.t. the inclusion
relation) supporting x (which exists according to [2]) is called the
support of x and is denoted by supp(x). An empty supported
element is called equivariant.

3. Let (X, ·) be an SA-set. We say that X is an invariant set if for
each x ∈ X there exists a finite set Sx ⊂ A which supports x.

Proposition 1. [2], [5] Let (X, ·) and (Y, ⋄) be SA-sets.
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1. The set A of atoms is an invariant set with the SA-action · :
SA × A → A defined by π · a := π(a) for all π ∈ SA and a ∈ A.
Furthermore, supp(a) = {a} for each a ∈ A.

2. Let π ∈ SA. If x ∈ X is finitely supported, then π · x is finitely
supported and supp(π · x) = {π(u) |u ∈ supp(x)} := π(supp(x)).

3. The Cartesian product X×Y is also an SA-set with the SA-action
⊗ : SA × (X × Y ) → (X × Y ) defined by π⊗ (x, y) = (π · x, π ⋄ y)
for all π ∈ SA and all x ∈ X, y ∈ Y . If (X, ·) and (Y, ⋄) are
invariant sets, then (X × Y,⊗) is also an invariant set.

4. The powerset ℘(X) = {Z |Z ⊆ X} is also an SA-set with the SA-
action ⋆ : SA × ℘(X) → ℘(X) defined by π ⋆ Z := {π · z | z ∈ Z}
for all π ∈ SA, and all Z ⊆ X. For each invariant set (X, ·), we
denote by ℘fs(X) the set of elements in ℘(X) which are finitely
supported according to the action ⋆ . (℘fs(X), ⋆|℘fs(X)) is an
invariant set.

5. The finite powerset of X denoted by ℘fin(X) = {Y ⊆ X |Y finite}
and the cofinite powerset of X denoted by ℘cofin(X) = {Y ⊆
X |X \ Y finite} are both SA-sets with the SA-action ⋆ defined as
in the previous item. If X is an invariant set, then both ℘fin(X)
and ℘cofin(X) are invariant sets.

6. We have ℘fs(A) = ℘fin(A) ∪ ℘cofin(A). If X ∈ ℘fin(A), then
supp(X) = X. If X ∈ ℘cofin(A), then supp(X) = A \X.

7. Any ordinary (non-atomic) ZF-set X (such as N,Z,Q or R for
example) is an invariant set with the single possible SA-action
· : SA ×X → X defined by π · x := x for all π ∈ SA and x ∈ X.

Definition 2. Let (X, ·) be an SA-set. A subset Z of X is called finitely
supported if and only if Z ∈ ℘fs(X). A subset Z of X is uniformly
supported if all the elements of Z are supported by the same set S (and
so Z is itself supported by S).
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From Definition 1, a subset Z of an invariant set (X, ·) is finitely
supported by a set S ⊆ A if and only if π ⋆ Z ⊆ Z for all π ∈ Fix(S),
i.e. if and only if π · z ∈ Z for all π ∈ SA and all z ∈ Z. This is because
any permutation of atoms should have finite order, and so the relation
π ⋆ Z ⊆ Z is equivalent to π ⋆ Z = Z.

Proposition 2. [2] Let X be a uniformly supported (particularly, a
finite) subset of an invariant set (U, ·). Then X is finitely supported
and supp(X) = ∪{supp(x) |x ∈ X}.

Definition 3. Let X and Y be invariant sets.

1. A function f : X → Y is finitely supported if f ∈ ℘fs(X × Y ).

2. Let Z be a finitely supported subset of X and T a finitely supported
subset of Y . A function f : Z → T is finitely supported if
f ∈ ℘fs(X×Y ). The set of all finitely supported functions from Z
to T is denoted by TZ

fs.

Proposition 3. [2], [5] Let (X, ·) and (Y, ⋄) be two invariant sets.

1. Y X (i.e. the set of all functions from X to Y ) is an SA-set
with the SA-action ⋆̃ : SA × Y X → Y X defined by (π⋆̃f)(x) =
π ⋄ (f(π−1 · x)) for all π ∈ SA, f ∈ Y X and x ∈ X. A function
f : X → Y is finitely supported (in the sense of Definition 3) if
and only if it is finitely supported with respect the permutation
action ⋆̃.

2. Let Z be a finitely supported subset of X and T a finitely supported
subset of Y . A function f : Z → T is supported by a finite set
S ⊆ A if and only if for all x ∈ Z and all π ∈ Fix(S) we have
π · x ∈ Z, π ⋄ f(x) ∈ T and f(π · x) = π ⋄ f(x).

3 Finitely Supported Self-Mappings

on the Finite Powerset of A

This section collects surprising finiteness and fixed point properties of
finitely supported self mappings defined on ℘fin(A). We involve specific
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FSM proving techniques, especially properties of uniformly supported
sets. Details regarding these aspects can be found in [2]–[4].

Theorem 1. A finitely supported function f : ℘fin(A) → ℘fin(A) is
injective if and only if it is surjective.

Proof. 1. For proving the direct implication, assume, by contradiction,
that f : ℘fin(A) → ℘fin(A) is a finitely supported injection having
the property that Im(f) ( ℘fin(A). This means that there exists
X0 ∈ ℘fin(A) such that X0 /∈ Im(f). We can construct a sequence
of elements from ℘fin(A) which has the first term X0 and the general
term Xn+1 = f(Xn) for all n ∈ N. Since X0 /∈ Im(f), it follows that
X0 6= f(X0). Since f is injective and X0 /∈ Im(f), according to the
injectivity of f we obtain that fn(X0) 6= fm(X0) for all n,m ∈ N
with n 6= m. Furthermore, Xn+1 is supported by supp(f) ∪ supp(Xn)
for all n ∈ N. Indeed, let π ∈ Fix(supp(f) ∪ supp(Xn)). According
to Proposition 3, π ⋆ Xn+1 = π ⋆ f(Xn) = f(π ⋆ Xn) = f(Xn) =
Xn+1. Since supp(Xn+1) is the least set supporting Xn+1, we obtain
supp(Xn+1) ⊆ supp(f) ∪ supp(Xn) for all n ∈ N. By induction on
n, we have supp(Xn) ⊆ supp(f) ∪ supp(X0) for all n ∈ N. Thus, all
Xn are supported by the same set of atoms S = supp(f) ∪ supp(X0),
which means the family (Xn)n∈N is infinite and uniformly supported,
contradicting the fact that ℘fin(A) has only finitely many elements
supported by S, namely the subsets of S.

2. In order to prove the reverse implication, let us consider a finitely
supported surjection f : ℘fin(A) → ℘fin(A). Let X ∈ ℘fin(A). Then
supp(X) = X and supp(f(X)) = f(X) according to Proposition 2.
Since supp(f) supports f and supp(X) supports X, for any π fixing
pointwise supp(f)∪ supp(X) = supp(f)∪X we have π ⋆ f(X) = f(π ⋆
X) = f(X) which means supp(f) ∪X supports f(X), that is f(X) =
supp(f(X)) ⊆ supp(f) ∪X (1).

For a fixed m ≥ 1, let us fix m (arbitrarily considered) atoms
b1, . . . , bm ∈ A\supp(f). Let F = {{a1, . . . , an, b1, . . . , bm} | a1, . . . , an ∈
supp(f), n ≥ 1}∪{{b1, . . . , bm}}. The set F is finite since supp(f) is fi-
nite and the elements b1, . . . , bm ∈ A\supp(f) are fixed. Let us consider
an arbitrary Y ∈ F , that is Y \ supp(f) = {b1, . . . , bm}. There exists
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Z ∈ ℘fin(A) such that f(Z) = Y . According to (1), Z must be ei-
ther of form Z = {c1, . . . , ck, bi1 , . . . , bil} with c1, . . . , ck ∈ supp(f) and
bi1 , . . . , bil ∈ A\supp(f) or of form Z = {bi1 , . . . , bil} with bi1 , . . . , bil ∈
A \ supp(f). In both cases we have {b1, . . . , bm} ⊆ {bi1 , . . . , bil}. We
should prove that l = m and hence the above sets are equal. Assume,
by contradiction, that there exists bij with j ∈ {1, . . . , l} such that
bij /∈ {b1, . . . , bm}. Then (bij b1)⋆Z = Z since both bij , b1 ∈ Z and Z is
a finite subset of A (bij and b1 are interchanged in Z under the effect of
the transposition (bij b1), while the other atoms belonging to Z are left
unchanged, meaning that the entire Z is left invariant under the action
⋆). Furthermore, since bij , b1 /∈ supp(f), we have that the transposi-
tion (bij b1) fixes supp(f) pointwise, and, because supp(f) supports f ,
from Proposition 3, we get f(Z) = f((bij b1) ⋆ Z) = (bij b1) ⋆ f(Z),
which is a contradiction, because b1 ∈ f(Z), while bij /∈ f(Z). Thus,
{bi1 , . . . , bil} = {b1, . . . , bm}, and so Z ∈ F . Therefore, F ⊆ f(F),
which means |F| ≤ |f(F)|. However, because f is a function and F is
a finite set, we obtain |f(F)| ≤ |F|. We finally get |F| = |f(F)| and,
because F is finite with F ⊆ f(F), we obtain F = f(F) (2), which
means that f |F : F → F is surjective. Since F is finite, f |F should be
injective, i.e. f(F1) 6= f(F2) whenever F1, F2 ∈ F with F1 6= F2 (3).

Whenever d1, . . . , du ∈ A\supp(f) with {d1, . . . , du} 6= {b1, . . . , bm},
u ≥ 1, and considering U = {{a1, . . . , an, d1, . . . , du} | a1, . . . , an ∈
supp(f), n ≥ 1}∪{{d1, . . . , du}}, we conclude that F and U are disjoint.
Whenever F1 ∈ F and U1 ∈ U , we have f(F1) ∈ F and f(U1) ∈ U by
using the same arguments used to prove (2), and so f(F1) 6= f(U1) (4).
If T = {{a1, . . . , an} | a1, . . . , an ∈ supp(f)} and Y ∈ T , then there is
T ′ ∈ ℘fin(A) such that Y = f(T ′). Similarly as in (2), we should have
T ′ ∈ T . Otherwise, if T ′ belonged to some U considered above, i.e. if
T ′ contained an element outside supp(f), we would get the contradic-
tion Y = f(T ′) ∈ U . Hence T ⊆ f(T ) from which T = f(T ) since T
is finite (using similar arguments as those involved to prove (3) from
F ⊆ f(F)). Thus, f |T : T → T is surjective. Since T is finite, f |T
should be also injective, namely f(T1) 6= f(T2) whenever T1, T2 ∈ T
with T1 6= T2 (5). The case supp(f) = ∅ is contained in the above
analysis; it leads to f(∅) = ∅ and f(X) = X for all X ∈ ℘fin(A). We

47



A. Alexandru

also have f(T1) 6= f(U1) whenever T1 ∈ T and U1 ∈ U since f(T1) ∈ T ,
f(U1) ∈ U and T and U are disjoint (6). Since b1, . . . , bm and d1, . . . , du
were arbitrarily chosen from A\supp(f), the injectivity of f leads from
the claims (3), (4), (5) and (6) covering all the possible cases for two
different finite subsets of atoms and comparison of the values of f over
the related subsets of atoms.

Proposition 4. Let f : ℘fin(A) → ℘fin(A) be finitely supported and
injective. For each X ∈ ℘fin(A) we have X \ supp(f) 6= ∅ if and only
if f(X) \ supp(f) 6= ∅. Furthermore, X \ supp(f) = f(X) \ supp(f).
Moreover, if f is monotone (i.e. order preserving), then X \supp(f) =
f(X \ supp(f)) for all X ∈ ℘fin(A), and f(supp(f)) = supp(f).

Proof. Let us consider Y ∈ ℘fin(A). Then we have supp(Y ) = Y .
According to Proposition 3, for any permutation π ∈ Fix(supp(f) ∪
supp(Y )) = Fix(supp(f) ∪ Y ) we have π ⋆ f(Y ) = f(π ⋆ Y ) = f(Y )
meaning that supp(f)∪Y supports f(Y ), that is f(Y ) = supp(f(Y )) ⊆
supp(f) ∪ Y (1). If Y ⊆ supp(f), we have f(Y ) ⊆ supp(f) (2). Let
X ∈ ℘fin(X) with X ⊆ supp(f). From (2) we get f(X) ⊆ supp(f).
Conversely, assume f(X) ⊆ supp(f). By successively applying (2), we
obtain fn(X) ⊆ supp(f) for all n ∈ N∗ (3). Since supp(f) is finite,
there should exist l,m ∈ N∗ with l 6= m such that f l(X) = fm(X).
Assume l > m. Since f is injective, we obtain f l−m(X) = X, and
so by (3) we conclude that X ⊆ supp(f). Therefore, X ⊆ supp(f) if
and only if f(X) ⊆ supp(f), and hence X \ supp(f) 6= ∅ if and only if
f(X) \ supp(f) 6= ∅.

Let T ∈ ℘fin(A) such that f(T ) \ supp(f) 6= ∅ or, equiva-
lently, T \ supp(f) 6= ∅. Thus, T should have the form T =
{a1, . . . , an, b1, . . . , bm} with a1, . . . , an ∈ supp(f) and b1, . . . , bm ∈
A \ supp(f), m ≥ 1, or the form T = {b1, . . . , bm} with b1, . . . , bm ∈
A \ supp(f), m ≥ 1. According to (1), we should have f(T ) =
{c1, . . . , ck, bi1 , . . . , bil} with c1, . . . , ck ∈ supp(f) and bi1 , . . . , bil ∈ A \
supp(f), or f(T ) = {bi1 , . . . , bil} with bi1 , . . . , bil ∈ A \ supp(f), having
in any case the property that {bi1 , . . . , bil} is non-empty (i.e. it should
contain at least one element, say bi1) and {bi1 , . . . , bil} ⊆ {b1, . . . , bm}.
If m = 1, then l = 1, bi1 = b1, and we are done, so let m > 1.
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Assume by contradiction that there exists j ∈ {1, . . . ,m} such that
bj /∈ {bi1 , . . . , bil}. Then (bi1 bj) ⋆ T = T since both bi1 , bj ∈ T and T
is a finite subset of atoms (bi1 and bj are interchanged in T under the
effect of the transposition (bi1 bj), but the whole T is left invariant).
Furthermore, since bi1 , bj /∈ supp(f) we have that the transposition
(bi1 bj) fixes supp(f) pointwise, and hence by Proposition 3 we obtain
f(T ) = f((bi1 bj)⋆T ) = (bi1 bj)⋆f(T ) which is a contradiction because
bi1 ∈ f(T ) while bj /∈ f(T ). Thus, {bi1 , . . . , bil} = {b1, . . . , bm}, and so
T \ supp(f) = f(T ) \ supp(f).

Assume now that f is monotone. Let us fix X ∈ ℘fin(A), and
consider the case X \ supp(f) 6= ∅, that is X = {a1, . . . , an, b1, . . . , bm}
with a1, . . . , an ∈ supp(f) and b1, . . . , bm ∈ A\supp(f), m ≥ 1, or X =
{b1, . . . , bm} with b1, . . . , bm ∈ A \ supp(f), m ≥ 1. Therefore we get
X \ supp(f) = {b1, . . . , bm}, and by involving the above arguments, we
should have f(X \ supp(f)) = {x1, . . . , xi, b1, . . . , bm} with x1, . . . , xi ∈
supp(f) or f(X \ supp(f)) = {b1, . . . , bm}. In either case we obtain
X \ supp(f) ⊆ f(X \ supp(f)), and since f is monotone we construct
an ascending chain X \ supp(f) ⊆ f(X \ supp(f)) ⊆ . . . ⊆ fk(X \
supp(f)) ⊆ . . .. Since for any k ∈ N we have that fk(X \ supp(f))
is supported by supp(f) ∪ supp(X \ supp(f)) = supp(f) ∪ supp(X)
and ℘fin(A) does not contain an infinite uniformly supported subset,
the related chain should be stationary, that is there exists n ∈ N such
that fn(X \ supp(f)) = fn+1(X \ supp(f)), which, according to the
injectivity of f , leads to X \ supp(f) = f(X \ supp(f)).

It remains to analyze the case X ⊆ supp(f) or, equivalently, X \
supp(f) = ∅. We have f(∅) ⊆ supp(f). In the finite set supp(f) we
can define the chain of subsets ∅ ⊆ f(∅) ⊆ f2(∅) ⊆ . . . ⊆ fm(∅) ⊆
. . . which is uniformly supported by supp(f). Therefore the related
chain should be stationary, meaning that there should exist k ∈ N
such that fk(∅) = fk+1(∅). According to the injectivity of f , we get
X \ supp(f) = ∅ = f(∅) = f(X \ supp(f)).

According to (2), we have f(supp(f)) ⊆ supp(f), and because f
preserves the inclusion relation, we construct in supp(f) the chain . . . ⊆
fm(supp(f)) ⊆ . . . ⊆ f(supp(f)) ⊆ supp(f). Since supp(f) is finite,
the chain should be stationary, and so fk+1(supp(f)) = fk(supp(f))
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for some positive integer k, which, because f is injective, conduces to
f(supp(f)) = supp(f).

Remark 1. From the proof of Proposition 4, if f : ℘fin(A) → ℘fin(A)
is finitely supported (even if it is not injective) with X ⊆ supp(f), we
have f(X) ⊆ supp(f). If f(X) \ supp(f) 6= ∅, then X \ supp(f) =
f(X) \ supp(f).

Corollary 1. Let f : ℘fin(A) → ℘fin(A) be finitely supported and
surjective. Then for each X ∈ ℘fin(A) we have X \ supp(f) 6= ∅ if and
only if f(X) \ supp(f) 6= ∅. In either of these cases X \ supp(f) =
f(X) \ supp(f). If, furthermore, f is monotone, then X \ supp(f) =
f(X \ supp(f)) for all X ∈ ℘fin(A), and f(supp(f)) = supp(f).

Proof. From Theorem 1, a finitely supported surjective function f :
℘fin(A) → ℘fin(A) should be injective. The result now follows from
Proposition 4.

Theorem 2. Let f : ℘fin(A) → ℘fin(A) be finitely supported and
strictly monotone (i.e. f has the property that X ( Y implies f(X) (
f(Y )). Then we have X \ supp(f) = f(X \ supp(f)) for all X ∈
℘fin(A).

Proof. Let X ∈ ℘fin(A). According to Proposition 2, we have
supp(X) = X and supp(f(X)) = f(X). According to Proposition 3,
for any permutation π ∈ Fix(supp(f)∪ supp(X)) = Fix(supp(f)∪X)
we get π⋆f(X) = f(π⋆X) = f(X) meaning that supp(f)∪X supports
f(X), that is f(X) = supp(f(X)) ⊆ supp(f) ∪X (1).

If supp(f) = ∅, we obtain f(X) ⊆ X for all X ∈ ℘fin(A). If there
exists Y ∈ ℘fin(A) with f(Y ) ( Y , then we can construct the sequence
. . . ( fk(Y ) ( . . . ( f2(Y ) ( f(Y ) ( Y which is infinite and uniformly
supported by supp(Y ) ∪ supp(f). This is a contradiction because the
finite set Y cannot contain infinitely many distinct subsets, and so
f(X) = X for all X ∈ ℘fin(A).

Assume now that supp(f) is non-empty. If X ⊆ supp(f), then
f(X \ supp(f)) = f(∅) = ∅ = X \ supp(f). The second identity follows
because f is strictly monotone; otherwise we could construct an infinite
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strictly ascending chain in ℘fin(A), uniformly supported by supp(f),
namely ∅ ( f(∅) ( . . . ( fk(∅) ( . . ., contradicting the fact that
℘fin(A) does not contain an infinite uniformly supported subset.

Now we prove the following intermediate result. Let us consider an
arbitrary set T = {b1, . . . , bn} such that b1, . . . , bn ∈ A\supp(f), n ≥ 1
and f(T ) \ supp(f) 6= ∅. We prove that f(T ) = T (2). According to
(1), f(T ) should be f(T ) = {c1, . . . , ck, bi1 , . . . , bil} with c1, . . . , ck ∈
supp(f) and bi1 , . . . , bil ∈ A \ supp(f), or f(T ) = {bi1 , . . . , bil} with
bi1 , . . . , bil ∈ A \ supp(f). In both cases we have that {bi1 , . . . , bil} is
non-empty (i.e. it should contain at least one element, say bi1 , because
we assumed that f(T ) contains at least one element outside supp(f))
and {bi1 , . . . , bil} ⊆ {b1, . . . , bn}. If n = 1, then l = 1 and bi1 = b1.
Now let us consider n > 1. Assume by contradiction that there is j ∈
{1, . . . , n} such that bj /∈ {bi1 , . . . , bil}. Then (bi1 bj)⋆T = T since both
bi1 , bj ∈ T and T is a finite subset of atoms (bi1 and bj are interchanged
in T under the effect of the transposition (bi1 bj), while the other
atoms belonging to T are left unchanged, which means the entire T
is left invariant under the effect of the related transposition under the
induced action ⋆). Furthermore, since bi1 , bj /∈ supp(f) we have the
transposition (bi1 bj) fixes supp(f) pointwise, and by Proposition 3 we
get f(T ) = f((bi1 bj) ⋆ T ) = (bi1 bj) ⋆ f(T ) which is a contradiction
because bi1 ∈ f(T ) while bj /∈ f(T ). Thus, {bi1 , . . . , bil} = {b1, . . . , bn}.
Now we prove that f(T ) = T . Assume, by contradiction, that we are in
the case f(T ) = {c1, . . . , ck, b1, . . . , bn} with c1, . . . , ck ∈ supp(f). Then
T ( f(T ), and since f is strictly monotone we can construct a strictly
ascending chain T ( f(T ) ( . . . ( f l(T ) ( . . .. Since for any i ∈ N
we have that f l(T ) is supported by supp(f)∪ supp(T ) (this follows by
induction on l involving Proposition 3) and ℘fin(A) does not contain an
infinite uniformly supported subset (the elements of ℘fin(A) supported
by supp(f) ∪ supp(T ) are exactly the subsets of supp(f) ∪ supp(T )),
we get a contradiction. Thus, f(T ) = T .

We return to the proof of our theorem and we consider the
remaining case X \ supp(f) 6= ∅. We should have that X =
{a1, . . . , ap, d1, . . . , dm} with a1, . . . , ap ∈ supp(f) and d1, . . . , dm ∈
A\supp(f), m ≥ 1, or X = {d1, . . . , dm} with d1, . . . , dm ∈ A\supp(f),
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m ≥ 1. We have that X \ supp(f) = {d1, . . . , dm}. Denote by
U = X \ supp(f). If f(U) \ supp(f) 6= ∅, then f(U) = U accord-
ing to (2). Assume, by contradiction, that f(U) \ supp(f) = ∅, that
is, f(U) = {x1, . . . , xk} with x1, . . . , xk ∈ supp(f), k ≥ 1 (we can-
not have f(U) = ∅ because f is strictly monotone f(∅) = ∅ and
∅ ( U). Since supp(f) has only finitely many subsets, A is infi-
nite and f is strictly monotone, there should exist V ∈ ℘fin(A),
V ( A \ supp(f) such that U ( V and f(V ) contains at least one ele-
ment outside supp(f); for example, we can choose finitely many distinct
atoms dm+1, . . . , dm+2|supp(f)|+1

∈ A\(supp(f)∪{d1, . . . , dm}), and con-
sider V = {d1, . . . , dm, dm+1, . . . , dm+2|supp(f)|+1

}; since {d1, . . . , dm} (
{d1, . . . , dm, dm+1} ( . . . ( {d1, . . . , dm, . . . , dm+2|supp(f)|+1

} and f is
strictly monotone, we get that f(V ) should contain at least one ele-
ment outside the finite set supp(f). However, in this case, f(V ) = V
according to (2), and since f(U) ( f(V ) = V , we get {x1, . . . , xk} ⊆ V ,
i.e. x1, . . . , xk are outside supp(f), a contradiction. Therefore, we
necessarily have f(U) \ supp(f) 6= ∅, and hence f(U) = U , that is
X \ supp(f) = f(X \ supp(f)) for all X ∈ ℘fin(A).

Theorem 3. Let f : ℘fin(A) → ℘fin(A) be a finitely supported pro-
gressive function (i.e. f has the property that X ⊆ f(X) for all
X ∈ ℘fin(A)). There are infinitely many fixed points of f , namely
the finite subsets of A containing all the elements of supp(f).

Proof. Let X ∈ ℘fin(A). Since the support of a finite subset of
atoms coincides with the related subset (see Proposition 2 and use
the trivial remark that any finite set is uniformly supported), we have
supp(X) = X and supp(f(X)) = f(X). According to Proposition
3, for any permutation π fixing supp(f) ∪ supp(X) = supp(f) ∪ X
pointwise we have π ⋆ f(X) = f(π ⋆ X) = f(X) meaning that
supp(f)∪X supports f(X), that is f(X) = supp(f(X)) ⊆ supp(f)∪X
(1). Since we also have X ⊆ f(X), we obtain X \ supp(f) ⊆
f(X) \ supp(f) ⊆ X \ supp(f), that is X \ supp(f) = f(X) \ supp(f)
(2). If supp(f) = ∅, the result follows immediately. Let us con-
sider the case supp(f) = {a1, . . . , ak}. According to (1) and to
the hypothesis, we have supp(f) ⊆ f(supp(f)) ⊆ supp(f), and so
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f(supp(f)) = supp(f). If X has the form X = {a1, . . . , ak, b1, . . . , bn}
with b1, . . . , bn ∈ A \ supp(f), n ≥ 1, we should have by hypothesis
that a1, . . . , ak ∈ f(X), and by (2) f(X) \ supp(f) = X \ supp(f) =
{b1, . . . , bn}. Since no other elements different from a1, . . . , ak are in
supp(f), from (1) we obtain f(X) = {a1, . . . , ak, b1, . . . , bn} = X.

Theorem 4. Let f : ℘fin(A) → ℘fin(A) be a finitely supported func-
tion having the properties that f(X) ⊆ X for all X ∈ ℘fin(A) and
f(X) 6= ∅ for all X 6= ∅. Then f(Y ) = Y for all Y ∈ ℘fin(A) with
Y ∩ supp(f) = ∅.

Proof. Let Y ∈ ℘fin(A) with Y ∩ supp(f) = ∅. Thus, Y is either equal
to the empty set or Y is of form Y = {b1, . . . , bm} with b1, . . . , bm ∈
A\supp(f), m ≥ 1. Obviously, f(∅) = ∅ from our hypothesis. Further-
more, from the hypothesis we should have f(Y ) = {bi1 , . . . , bin} with
bi1 , . . . , bin ∈ A \ supp(f), n ≥ 1 and {bi1 , . . . , bin} ⊆ {b1, . . . , bm}.

Assume by contradiction that there exists bj ∈ {b1, . . . , bm} such
that bj /∈ {bi1 , . . . , bin}. Hence bj 6= bi1 and (bi1 bj)⋆Y = Y because we
have bi1 , bj ∈ Y and Y ∈ ℘fin(A). Moreover, since bi1 , bj /∈ supp(f),
we have that (bi1 bj) ∈ Fix(supp(f)). From Proposition 3, we obtain
{bi1 , . . . , bin} = f({b1, . . . , bm}) = f((bi1 bj) ⋆ {b1, . . . , bm}) = (bi1 bj) ⋆
f({b1, . . . , bm}) = (bi1 bj) ⋆ {bi1 , bi2 , . . . , bin} = {bj , bi2 , . . . , bin}, which
is a contradiction. Thus, f(Y ) = Y .

Theorem 5. Let f : ℘fin(A) → ℘fin(A) be a finitely supported func-
tion and let X ∈ ℘fin(A) such that X ⊆ f(X). If f is monotone or
progressive, then there exists n ∈ N∗ such that f l(X) is a fixed point of
f for all l ≥ n.

Proof. Since X ⊆ f(X) and f is monotone (i.e. order preserving)
or progressive, we can define the ascending sequence X ⊆ f(X) ⊆
f2(X) ⊆ . . . ⊆ fm(X) ⊆ . . ..

We prove by induction that the sequence (fm(X))m∈N∗ is uni-
formly supported by supp(f) ∪ supp(X), that is, supp(fm(X)) ⊆
supp(f) ∪ supp(X) for each m ∈ N∗. Let m = 1. For any permu-
tation π fixing supp(f) ∪ supp(X) pointwise, from Proposition 3 we
have π ⋆ f(X) = f(π ⋆ X) = f(X) meaning that supp(f) ∪ supp(X)
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supports f(X), that is supp(f(X)) ⊆ supp(f) ∪ supp(X). Let us sup-
pose that supp(fk(X)) ⊆ supp(f) ∪ supp(X) for some k ∈ N∗. We
have to prove that supp(fk+1(X)) ⊆ supp(f)∪ supp(X). Equivalently,
we have to prove that each permutation π fixing supp(f) ∪ supp(X)
pointwise also fixes fk+1(X). Let π ∈ Fix(supp(f) ∪ supp(X)).
From the inductive hypothesis, we have π ∈ Fix(supp(fk(X))), and
hence π ⋆ fk(X) = fk(X). According to Proposition 3, we have
π ⋆ fk+1(X) = π ⋆ f(fk(X)) = f(π ⋆ fk(X)) = f(fk(X)) = fk+1(X).
Therefore, (fm(X))m∈N∗ is uniformly supported by supp(f)∪supp(X).
Therefore, this sequence should be stationary because ℘fin(A) does
not contain an infinite uniformly supported subset. Thus, there exists
n ∈ N such that fn(X) = f l(X) for all l ≥ n. Fix some l ≥ n. We
have f(f l(X)) = f l+1(X) = fn(X) = f l(X), and so f l(X) is a fixed
point of f .

Corollary 2. Let f : ℘fin(A) → ℘fin(A) be a finitely supported mono-
tone function. Then there exists a least X0 ∈ ℘fin(A) supported by
supp(f) such that f(X0) = X0.

Proof. Since ∅ ⊆ f(∅) and f is monotone (order preserving), from
Theorem 5 we have that there exists m0 ∈ N∗ such that fm0(∅) is a
fixed point of f . This fixed point is supported by supp(f) ∪ supp(∅).
However, we prove that supp(∅) = ∅. Indeed, from the definition of ∅,
we have ∅ ⊆ π ⋆ ∅ and ∅ ⊆ π−1 ⋆ ∅ for each π, which means ∅ = π ⋆ ∅
and supp(∅) = ∅.

If T is another fixed point of f , then from ∅ ⊆ T , we get fn(∅) ⊆
fn(T ) for all n ∈ N. Therefore, fm0(∅) ⊆ fm0(T ) = T , and so fm0(∅)
is the least fixed point of f .

Theorem 6. Let f : ℘fin(A) → ℘fin(A) be a finitely supported func-
tion.

1. We have f(supp(f)) ⊆ supp(f);

2. If f is monotone, then there exists n ∈ N∗ such that f l(supp(f))
is a fixed point of f for all l ≥ n.
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Proof. According to Proposition 3, for any permutation π fixing
supp(f) pointwise we have π⋆supp(f) = supp(f) and π⋆f(supp(f)) =
f(π⋆supp(f)) = f(supp(f)) meaning that supp(f) supports f(supp(f)),
that is, supp(f(supp(f))) ⊆ supp(f). Since the support of a fi-
nite subset of atoms coincides with the related subset, we obtain
supp(f(supp(f))) = f(supp(f)), and so f(supp(f)) ⊆ supp(f).

Assume now that f is monotone. According to the previous
item, we can construct the sequence . . . ⊆ fm(supp(f)) ⊆ . . . ⊆
f2(supp(f)) ⊆ f(supp(f)) ⊆ supp(f). Since supp(f) is finite, the
related sequence should be finite, and so there exists n ∈ N such that
fn(supp(f)) = f l(supp(f)) for all l ≥ n. Fix some l ≥ n. We have
f(f l(supp(f))) = f l+1(supp(f)) = fn(supp(f)) = f l(supp(f)), and so
f l(supp(f)) is a fixed point of f .

Proposition 5. Let f : ℘fin(A) → ℘fin(A) be a finitely supported
injective and progressive function. Then f(Y ) = Y for all Y ∈ ℘fin(A).

Proof. Let Y ∈ ℘fin(A). As in the proof of Theorem 5, the as-
cending sequence Y ⊆ f(Y ) ⊆ f2(Y ) ⊆ . . . ⊆ fm(Y ) ⊆ . . . is uni-
formly supported by supp(f) ∪ supp(Y ). Therefore, this sequence
should be stationary because ℘fin(A) does not contain an infinite
uniformly supported subset. Thus, there exists n ∈ N such that
fn(Y ) = fn+1(Y ) = fn(f(Y )). Since f is injective (and so is fn),
we obtain f(Y ) = Y .

Corollary 3. Let f : ℘fin(A) → ℘fin(A) be a finitely supported sur-
jective and progressive function. Then f(Y ) = Y for all Y ∈ ℘fin(A).

Proof. According to Theorem 1, f should be injective. The result now
follows from Proposition 5.

Proposition 6. Let f : ℘fin(A) → ℘fin(A) be a finitely supported in-
jective function having the property that f(X) ⊆ X for all X ∈ ℘fin(A).
Then f(Y ) = Y for all Y ∈ ℘fin(A).

Proof. Let Y ∈ ℘fin(A). The sequence . . . ⊆ f i(Y ) ⊆ . . . ⊆ f2(Y ) ⊆
f(Y ) ⊆ Y should be finite since Y is finite. Therefore, there exists
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n ∈ N such that fn(f(Y )) = fn+1(Y ) = fn(Y ). Since f is injective
(and so is fn), we obtain f(Y ) = Y .

Corollary 4. Let f : ℘fin(A) → ℘fin(A) be a finitely supported surjec-
tive function having the property that f(X) ⊆ X for all X ∈ ℘fin(A).
Then f(Y ) = Y for all Y ∈ ℘fin(A).

Proof. According to Theorem 1, f should be injective. The result now
follows from Proposition 6.

Theorem 7. Let f : ℘fin(A) → ℘fin(A) be a finitely supported
function having the property that f(X ∪ Y ) = f(X) ∪ f(Y ) for all
X,Y ∈ ℘fin(A). If X0 ∈ ℘fin(A) and k ∈ N∗ such that X0 ⊆ fk(X0),
then ∪

n∈N
fn(X0) is a finite subset of A and a fixed point of f .

Proof. As in the proof of Theorem 5, the sequence (fn(X0))n∈N ⊆
℘fin(A) is uniformly supported by supp(f) ∪ supp(X0). Therefore,
this sequence should be finite, and so there exist ∪

n∈N
fn(X0) and

∪
n∈N

f(fn(X0)) which are proved to be supported by supp(f)∪supp(X0).

Clearly, {fn+1(X0) |n ∈ N} = {fn(X0) |n ∈ N∗} ⊆ {fn(X0) |n ∈ N},
and so ∪

n∈N
fn+1(X0) ⊆ ∪

n∈N
fn(X0). Since f0(X0) = X0 ⊆ fk(X0)

with k ≥ 1, we have f0(X0) ⊆ ∪
n∈N

fn+1(X0). However, obvi-

ously, f i(X0) ⊆ ∪
n∈N∗

fn(X0) = ∪
n∈N

fn+1(X0) for all i ∈ N∗, and so

∪
n∈N

fn(X0) ⊆ ∪
n∈N

fn+1(X0). Therefore, ∪
n∈N

fn+1(X0) = ∪
n∈N

fn(X0),

and so, according to the hypothesis, f( ∪
n∈N

fn(X0)) = ∪
n∈N

f(fn(X0)) =

∪
n∈N

fn+1(X0) = ∪
n∈N

fn(X0), which means ∪
n∈N

fn(X0) is a fixed point

of f .

Theorem 8. Let f : ℘fin(A) → ℘fin(A) be a finitely supported injec-
tive function. Then for any X ∈ ℘fin(A) there exists n ∈ N∗ such that
X is a fixed point of fn.

Proof. Let X ∈ ℘fin(A). As in the proof of Theorem 5, the sequence
(fm(X))m∈N ⊆ ℘fin(A) is uniformly supported by supp(f)∪ supp(X).
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Therefore, this sequence should be finite, and so there exist l, k ∈ N,
l > k, such that f l(X) = fk(X). Since f is injective, we get X =
f l−k(X) and so the result follows by denoting n = l − k.

Corollary 5. Let f : ℘fin(A) → ℘fin(A) be a finitely supported sur-
jective function. Then for any X ∈ ℘fin(A) there exists n ∈ N∗ such
that X is a fixed point of fn.

Proof. From Theorem 1, the surjective function f : ℘fin(A) → ℘fin(A)
should be injective, and the result follows from Theorem 5.

4 Conclusion

This paper is the extended and revised version of the conference pa-
per [1] presented at MFOI 2020. We are able to prove that for finitely
supported self-mappings (self-functions) defined on ℘fin(A) the injec-
tivity is equivalent with the surjectivity. These mappings also satisfy
some fixed point properties if some particular requirements (such as
injectivity, surjectivity, monotony or progressivity) are introduced.
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On the bondage, strong and weak bondage

numbers in Complementary Prism Graphs
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Abstract

Let G = (V (G), E(G)) be a simple undirected graph of order
n, and let S ⊆ V (G). If every vertex in V (G) − S is adjacent to
at least one vertex in S, then the set S is called a dominating set.
The domination number of G is the minimum cardinality taken
over all sets of S, and it is denoted by γ(G). Recently, the effect
of one or more edges deletion on the domination number has been
examined in many papers. Let F ⊆ E(G). The bondage number

b(G) of G is the minimum cardinality taken over all sets of F such
that γ(G−F ) > γ(G). In the literature, a lot of domination and
bondage parameters have been defined depending on different
properties. In this paper, we investigate the bondage, strong and

weak bondage numbers of complementary prism graphs of some
well-known graph families.

Keywords: Connectivity, Domination number, Strong and
weak domination numbers, Bondage number, Strong and weak
bondage numbers, Complementary prism graphs.

MSC 2010: 05C40, 05C69.

1 Introduction

Graph theory has become an important mathematical tool in many
different sciences. For example, the domination number is an important
graph parameter, and it has many different application areas [15]. In
the near past, some papers published about how the domination varies
when there are changes in edges or vertices by adding or removing. This
is important because vertices in the domination set can be considered

©2021 by CSJM; A. Aytaç, T. Turacı
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transmitters that cover a wide variety of communication links. The
loss of certain links may make the transmitter set a non-dominating
set. i.e., the communications between some links can be disrupted by
a wrecker. Consider that a wrecker does not know which vertices in
the network serve as transmitters but knows that those vertices form
a minimum domination set in the network. What is the minimum
number of connections that the wrecker must disrupt such that at least
a new transmitter is needed to connect with all sites? With this in
mind, the concept of bondage has begun to be studied in graph theory.

Let G be a simple undirected graph without loops and multiple
edges with vertex set V (G) and edge set E(G). The order of G is the
number of vertices in G. The degree of a vertex v ∈ V (G) is the number
of edges incident to v and it is denoted by deg(v). Let S ⊆ V (G). If
every vertex in V (G) − S is adjacent to at least one vertex in S, then
the set S is called a dominating set. The domination number of G is
the minimum cardinality over all domination set of G, and it is denoted
by γ(G).

The following question about domination number is very impor-
tant: what is the minimum number of links that must be removed so
that the domination number increases? Bauer et al. [7] has given the
answer of this question. They have defined the bondage number for
the vulnerability of a graph. The bondage number b(G) of G is defined
as the minimum cardinality among all subsets of edges F ⊆ E(G) for
which γ(G−F ) > γ(G) [11]. There are different parameters depending
upon the domination number such as the reinforcement number [13],
the average lower bondage number [18], the average lower reinforcement
number [19], the residual domination number [20] and the link resid-
ual domination number [21]. Furthermore, different papers about the
domination and bondage numbers can be seen in [2],[4],[5],[11],[18],[19].

The concept of a strong dominating set (sd-set) has been introduced
by Sampathkumar and Pushpalatha [9]. Let u, v ∈ V (G). A set S ⊆
V (G) is a strong dominating set of G if every vertex u in V (G) −
S is adjacent to the vertex v in S such that deg(v) ≥ deg(u) and
(u, v) ∈ E(G). The strong domination number γs(G) is the minimum
cardinality over all strong dominating set of G. The strong bondage
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number bs(G) of G is defined as the minimum cardinality among all
subsets of edges F ⊆ E(G) for which γs(G−F ) > γs(G). This concept
has been introduced by J. Ghoshal et al. [12].

A set S ⊆ V (G) is a weak dominating set (wd-set) of G if every
vertex u in V (G)−S is adjacent to the vertex v in S such that deg(v) ≤
deg(u) and (u, v) ∈ E(G). The weak domination number γw(G) is the
minimum cardinality over all strong dominating set of G. The weak

bondage number bw(G) of G is defined as the minimum cardinality
among all subsets of edges F ⊆ E(G) for which that γw(G−F ) > γw(G)
[9].

There have been applications of strong and weak domination in
specific practical situations. For example, in a road network, where
certain locations are related, the degree of vertex v is the number of
roads that meet at v. If deg(u) ≥ deg(v), then the traffic at u is more
severe than that at v, and vice versa. If traffic between u and v is
considered, predilection should be given to the vehicles going from u
to v. Thus, u strongly dominates v and v weakly dominates u.

Complementary prism graphs have been introduced by Haynes et
al. [17]. Let G be a complemantary graph of a graph G. The comple-
mentary prism is denoted by GG. It is a graph formed from the disjoint
union of G and G by adding the edges of a perfect matching between
the corresponding vertices of G and G. The vertex v denotes the ver-
tex v in the copy of G, and it is defined for each v ∈ V (G) [16], [17].
Many well-known graphs may be actualized as complementary prism
graphs. For example, the corona Kn ◦K1 is the complementary prism
KnKn. Another example, the Petersen graph is the complementary
prism C5C5 (see [17]).

Throughout this paper, minimum degree, maximum degree, vertex
set and edge set of the graph G are denoted by δ(G), ∆(G), V and E,
respectively [8]. Similarly, the vertex set and the edge set of the graph
G are denoted by V and E, respectively [8]. Furthermore, euv denotes
the edges between the vertices u and v, N(u) denotes the neighborhood
of the vertex u.

The paper proceeds as follows. In Section 2, basic results of liter-
ature on the strong-weak bondage number of some special graphs are
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presented. Some results of the bondage, strong and weak bondage num-

bers for complementary prisms are given in Section 3. Finally, the
conclusion of paper is given in Section 4.

2 General Bounds on Strong and Weak Bon-

dage Numbers

In [14], sharp bounds were obtained for b(G), bs(G) and bw(G). Fur-
thermore, the exact values were determined for several classes of graphs
such as Kn, Cn, Pn, W1,n, Km,n. In this section, we will review some
of the known results.

Theorem 1 ( [14]). If G is a nonempty graph with a unique minimum

dominating set, then b(G) = 1.

Theorem 2 ( [7], [11]). If G is a nonempty graph, then b(G) ≤
minuv∈E(G)(deg(u) + deg(v) − 1).

Theorem 3 ( [6]). If G has edge connectivity k, then b(G) ≤ ∆(G) +
k − 1.

Theorem 4 ( [14]). If T is a nontrivial tree, then bs(T ) ≤ 3 and

bw(T ) ≤ ∆(T ).

Theorem 5 ( [14]). If any vertex of tree T is adjacent with two or

more end-vertices, then bs(T ) = 1.

3 Exact Values for b(GG), bs(GG) and bw(GG)

We begin this subsection by determining the bondage, strong and weak
bondage of the complementary prism GG when G is a specified family
of graphs, such as the star graph K1,n, the complete graph Kn, the
path graph Pn, the cycle graph Cn, the wheel graph W1,n, the complete
bipartite graph Km,n, the graph tK2 and the graph KnoK1. The graph
KnoK1 is obtained by adding a pendant vertex v that is deg(v) = 1 to
each vertex of the graph Kn. In order to understand the proofs of the

62



On the bondage, strong and weak bondage number in . . .

theorems given in this section more easily, the set of vertices belonging
to the graph G in GG graph is shown as V and the set of vertices
belonging to the G graph are shown as V . Furthermore, when the
edges set of GG is divided into E(GG) = E1(GG)∪E2(GG)∪E3(GG),
the edge sets here are respectively expressed as the set of edges of the
graph G, the set of edges combining the graph G with the G graph,
and the set of edges of the G graph.

Theorem 6. If G = K1,n, then b(GG) = bs(GG) = bw(GG) = 1.

Proof. Let G = K1,n and u be the center vertex of the graph G.
For b(GG) and bs(GG); vertices u and u have to be in γ(GG) and
γs(GG)-strong dominating sets, where v ∈ V − {u}. γ(GG − euu) =
γs(GG − euu) = γ(GG) + |{u}| = γs(GG) + |{u}| when an edge euu ∈
E(GG) is removed from the graph GG, also it is easy to see that
b(GG) = bs(GG) = 1.

Now let’s calculate the bw(GG) value of the graph. It is easily seen
that the weak domination number of graph G is γw(GG) = n+1 from
[1]. There are n vertices of degree 2 and a vertex of degree 1, say
u, which is adjacent to center vertex in γw(GG)-weak dominating set.
This dominating set is unique. If an edge evv ∈ E(GG) is removed
from the graph GG, then the vertex v is not weakly dominated, where
the vertex v is degree of 2 and so the vertex v must be in γw(GG)-
weak dominating set. It can be easily seen that, γw(GG − evv) =
γw(GG) + |{v}| and it follows that bw(GG) = 1.

Theorem 7. If G = Kn, then b(GG) = bs(GG) = n and bw(GG) = 1.

Proof. Let G = Kn. The vertices of graphGG are of two kinds: vertices
of degree n+1 and one, respectively. The vertices of degree one will be
referred to as pendant vertices and vertices of degree n+1 – as support
vertices.

Let’s calculate the bondage and strong bondage numbers of the
graph. Since each vertex v in V deg(v) = 1, γ(GG)-dominating sets
and γs(GG)-strong dominating sets have to contain vertex set V . There
are two ways for deleting the edges to increase the domination number
of the graph GG:
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(i) If the n edges between V and V are removed from the graph GG,
then the rest of the graph GG is all independent pendant vertices and
support vertices which consist of two complete graphs Kn. There are
all pendant vertices and one support vertex in γ(GG)-dominating set
and γs(GG)-strong dominating set. Therefore, we obtain b(GG) =
bs(GG) = n.

(ii) If one of the support vertices is isolated, then the domination
number increases by one. Thus, n edges attached to any support vertex
are removed.

From (i) and (ii), we have b(GG) = bs(GG) = n.

Now let’s calculate the weak bondage number of the graph.
γw(GG)-weak dominating set must contain all vertices of V . If an
edge euu ∈ E(GG) for ∃u ∈ V is removed from GG, then the ver-
tex u becomes the isolated vertex. Furthermore, since the degree of
the vertex u is less than degrees of all vertices of the V − {u}, then
V − {u} set does not weakly dominate the vertex u. So, the vertex u
must be in γw(GG) -weak dominating set. It can be easily seen that
γw(GG − euu) > γw(GG) and we have bw(G) = 1.

Theorem 8. If G = Pn for n > 5 and k > 1 , then

i) b(GG) =

{
1, n=3k,

2, otherwise

ii) bs(GG) =

{
3, n=3k,

2, otherwise

iii) bw(GG) =

{
2, n=3k+1,

1, otherwise.

Proof. In three different bondage measure proofs, three cases are ex-
amined according to n mod 3.

Proof of b(GG) is obtained by three cases.

Case 1. If n = 3k, then the graph G consists of k-copies of P3.
The dominance number increases when an edge between two 3-degree
vertices of any P3 graph in the GG graph is deleted. Since n = 3k,
γ(GG)-dominating set is unique. Therefore, we have b(GG) = 1.
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Case 2. n = 3k + 1, then there are many γ(GG)-dominating sets.
Furthermore, it is easy to see that b(GG) > 1. Let the vertex u be any
end vertex with degree two. Let S(u) be the set of edges connected
to the vertex of u. When S(u) is removed from the graph GG, the
remaining structure contains graph P3kP3k. So, we have γ(GG) =
⌈(n + 3)/3⌉ = k + 1 from [1]. Thus, γ(GG − S(u)) = γ(P3kP3k) + 1 =
⌈(n + 3)/3⌉ + 1 = k + 2. Then, we obtain b(GG) = 2.

Case 3. n = 3k + 2, then the proof is made similar to Case 2.

Proof is completed by Case 1, Case 2 and Case 3.

For ∀u ∈ V (G) and ∀ū ∈ V (Ḡ), dGḠ(ū) > dGḠ(u). Thus, γs(GG)-
strong dominating set contains any two vertices ofG to strong dominate
all vertices of the graph G. It is easily seen that bs(GG) > 1. The graph
GG has more than one γs(GG)-strong dominating sets. The proof of
bs(GG) is obtained by three cases.

Case 1. Let n = 3k. Since δ(GG) = 2, when any two edges are deleted
from theGG graph, the strong dominance number of the graph does not
change. Therefore, bs(GG) > 1. Let vertices u and v be end vertices of
the graph G and P4 induced subgraph of the graph G without {u, v}-
vertices. When the edges of this P4 graph are removed, it is easy seen
that γs(GG − E(P4)) > γs(GG) . So, we have bs(GG) = 3.

Case 2. Let n = 3k+1. By [1], we have γs(GG) = k+2. Let u and v
be end vertices of the graph GG. Let S(u) be the set of edges connected
to the vertex of u. When S(u) is removed from the graph GG, the re-
maining structure contains graph P3kP3k. As the vertex u is an isolated
vertex, it is in γs(GG)-strong dominating set. Furthermore, the strong
domination number of remaining graph is equal to strong domination
number of graph P3kP3k. Thus, γs(P3kP3k) = ⌈(3k+4)/3⌉ = k+2 and
vertex u is strong dominated by γs(P3kP3k)-strong dominating set. Fi-
nally, γs(GG − S(u)) > γs(GG). Now, we have bs(GG) = 2 , since
γs(GG − S(u)) > γs(GG).

Case 3. Let n = 3k + 2. When the same edges are deleted as in Case
2, the remaining structure contains the graph P3k+1P3k+1. The rest of
the proof is made similar to Case 2. Therefore, we obtain bs(GG) = 2.
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Proof is completed by Case1, Case2 and Case3.

The proof of bw(GG) is obtained by two cases.

Case 1. Let n = 3k+1. It can be easily seen that γw(GG) = γw(GG−
e), where e is an edge of the graph GG. Therefore, bw(GG) > 1. Let u
be an end vertex of the graph G. Similarly, let v ∈ N(u) and m ∈ N(v)
in G. When the edges euv and evm are removed from the graph GG,
the vertices u, v and m must be in γw(GG)-weak dominating set from
definition of weak domination set. Furthermore, the other end vertex
of the graph G must be also in γw(GG)-weak dominating set. Since
v is weakly dominate to V − {u,m}, this vertex must be in γw(GG)-
weak dominating set. There are (n − 6) vertices that are not weakly
dominated such that these vertices are formed as graph Pn−6. So,
γw(GG) = γw(Pn−6) + 5 and γw(GG) = ⌈(n− 6)/3⌉+5 = ⌈(n+9)/3⌉.
Therefore, ⌈(n+ 9)/3⌉ > ⌈(n + 6)/3⌉, since n = 3k + 1. Consequently,
we have bw(GG) = 2.

Case 2. For n = 3k and n = 3k + 2, let u be end vertex of the graph
G and v ∈ N(u), where N(u) be the neighborhood of vertex u in the
graph G. When an edge euv is removed from the graph GG, γw(GG)-
weak dominating set must contain vertices u and v and also the other
end vertex of the graph G. So, the remaining graph is Pn−5. The rest
of the proof is similar to Case 1. So, we obtain γw(GG) = ⌈(n+10)/3⌉.
Then we have bw(GG) = 1, since ⌈(n+10)/3⌉ > ⌈(n+6)/3⌉ = γw(GG).
The proof is completed.

Theorem 9. If G = Cn for n > 5 and k > 1, then

i) b(GG) = bs(GG) =

{
5, n=3k,

3, otherwise.

ii) bw(GG) =

{
2, n=3k,

1, otherwise.

Proof. In three different bondage measure proofs, three cases are ex-
amined according to n mod 3.

Proof of bs(GG) is obtained by three cases.
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When one or two edges are removed from GG, strong domination
number does not increase since γs(GG)-strong dominating set is more
than one set. It is easy to see that bs(GG) > 2, since δ(GG) = 2.

Case 1. Let n = 3k + 1 and u and v be two adjacent vertices
in graph G. When the edge euv is removed from the graph GG,
the remaining graph is (P3k+1P3k+1 + {eu v}). Furthermore, it is
easy to see that γs(P3k+1P3k+1 + {eu v}) = γs(P3k+1P3k+1). Find-
ing the bondage number of (P3k+1P3k+1 + {eu v}) is similar to find-
ing the bondage number of (P3k+1P3k+1) by Theorem 8. So, we have
bs(GG) = 1 + bs(P3k+1P3k+1) = 3.

Case 2. Let n = 3k + 2. The proof is made similar to Case 1.

Case 3. Let n = 3k. The degrees of all vertices of graph G and graph
G are 3 and (n − 2), respectively. The edges of the graph G are not
removed, since n − 2 > 3. It can be easily seen that γs(GG)-strong
dominating set must contain some vertices from the graph G. In order
to increase strong domination number of the graph GG, we have two
sub cases.
Subcase 1. Let’s take any subgraph P6 of the graph G. When all
edges of the graph P6 are removed, the remaining graph includes the
graph Pn−4 and 4-isolated vertices. Let x and y be any two isolated ver-
tices. Then we have γs(GG−E(P6)) = γs(Pn−4)+2γs(K1)+|{x, y}|) =
⌈(n − 4)/3⌉ + 4 = ⌈(n + 8)/3⌉. So, it can be easily seen that
γs(GG − E(P6)) > γs(GG), since γs(GG) = ⌈(n − 4)/3⌉. Then we
obtain bs(GG) = 5.
Subcase 2. γs(GG)-strong dominating set must contain any two ver-
tices from the graph GG. According to this situation, we must remove
some edges. These are three edges from E1(GG) and two edges from
E2(GG). Let S be the set of these edges, so |S| = 5. The remaining
graph is graph Pn−2 and two isolated vertices, when edges of S are re-
moved. Furthermore, γs(GG)-strong dominating set must contain any
two vertices in V . These vertices strong dominate all vertices of V ,
since the degree of all vertices of graph G is (n− 2) [1]. Then, we have
γs(GG − S) = γs(Pn−2) + 2 + γs(G). So, it can be easily seen that
γs(GG− S) > γs(GG) since γs(GG) = ⌈(n+ 4)/3⌉. Finally, we obtain
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bs(GG) = 5.

By Subcase 1 and Subcase 2, we have bs(GG) = 5 for n = 3k.

Thus, the proof of bs(GG) is completed by Case 1, Case 2 and
Case 3.

Since theG and G graphs are regular graphs, γ(GG)-dominating set
and γs(GG)-strong dominating set are the same set from the definition
of domination and strong domination. Therefore, b(GG) = bs(GG).

Proof of bw(GG) is obtained by two cases.

Case 1. If n = 3k + 1 and n = 3k + 2, then degrees of all vertices of
the graphs G and G are 3 and (n−2), respectively. Let u be any vertex
of the graph G. Furthermore, deg(u) = 2 and deg(u) = n − 3. When
the edge euu ∈ E(GG) is removed from the graph GG, δ(G) = deg(u)
and δ(G) = deg(u). Thus, γw(GG)-weak dominating set must contain
{u, u}. |Du| = γw(Pn−3) = ⌈(n − 3)/3⌉, where Du is weak dominating
set of the graph G − N(u). Moreover, the vertex u weak dominates
all vertices of V − N(u). So, the remaining graph is P2 = G − N(u)
that is not weakly dominated. If γw(GG)-weak dominating set includes
any vertex of the graph P2, then γw(GG) = |Du|+ {u, u}+ 1 = ⌈(n −
3)/3⌉ + 2 + 1 = ⌈(n + 6)/3⌉. Thus, it can be easily seen that we have
bw(GG) = 1 since ⌈(n + 6)/3⌉ > ⌈(n + 4)/3⌉ when n = 3k + 1 and
n = 3k + 2.

Case 2. If n = 3k, then the domination number does not increase
when any edge is removed from the graph GG. So, bw(GG) > 1. Let
vertex v be neighbor of vertex u in the graph G for ∃u ∈ V . γw(GG)-
weak dominating set must contain vertices u, v and u when the edges
euu and euv are removed from the graph GG. Then, there are (n − 4)
vertices with degree three in the graph G and one vertex from the
graph G, where these vertices are not weakly dominated. So, there are
⌈(n− 4)/3⌉+4 = ⌈(n+8)/3⌉ vertices in γw(GG)-weak dominating set.
Then we have bw(GG) = 2 since ⌈(n+ 8)/3⌉ > ⌈(n+ 4)/3⌉ for n = 3k.

The proof is completed.

Remark 1. The γs(GG)-strong dominating sets and the γ(GG)-
dominating sets are the same since graphs G and G are regular. So,
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the value of the bondage number and strong bondage number are the

same if G = Cn.

Theorem 10. If G = tK2 and (t > 2), then b(GG) = bs(GG) = 2 and

bw(GG) = 1.

Proof. For b(GG) and bs(GG), it is easy to see that any edge e is
removed from the graph GG, we have γ(GG) = γ(GG − e) and
γs(GG) = γs(GG − e). So, b(GG) > 1 and bs(GG) > 1. Let ver-
tex u be a vertex of any graph K2 and v ∈ N(u) for the graph
G. If the edge euv and euu are removed from the graph GG, then
γ(GG − {euv , euu}) = γ(GG − {euv, euu}) = t + 2. So, we obtain
b(GG) = bs(GG) = 2.

For bw(GG), we have γ(GG) = γs(GG) = γw(GG) = t + 1 by
[1]. Let u and v be two vertices of any graph K2. γw(GG)-weak
dominating set must contain vertices u and v, when the edge euv is
removed from the graph GG. Furthermore, γw(GG)-weak dominating
set must contain a vertex of every remaining graph K2. Moreover, all
vertices of V are weakly dominated, when γw(GG)-weak dominating
set contains vertex u. So, it can be easily seen that γw(GG − euv) >
γw(GG). Then we have bw(GG) = 1.

Corollary 1. If G = tK2 and t = 1, then γ(GG) = γs(GG) =
γw(GG) = 1.

Theorem 11. If G = tKn, then b(GG) = bs(GG) = n and bw(GG) =
1.

Proof. For b(GG) and bs(GG), we have γ(GG) = γs(GG) = γw(GG) =
t+2 by [1]. Let vertices u and v be two vertices of different two graphs
Kn. {u, v}-set dominates (strong dominates) V ∪ {u, v}. There are
two ways to increase domination (strong domination) number, since
γ(Kn) = γs(Kn) = 1.
Case 1. If any vertex of any graph Kn is an isolated vertex, then
γ(GG) = γ(GG) = t+ 3. So, we have b(GG) = bs(GG) = n.

Case 2. For the graph GG the degrees of the all vertices of the graph
Kn are n. Let u ∈ V (Kn). If the degree of all vertices of graph Kn
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are (n − 3), then all vertices of the graph Kn are dominated by two
vertices. The number of the edges of the graph Kn is (n(n − 1)/2).
When the degree of the vertices of the graph Kn decreases, the number
of the edges of the new graph is (n(n − 3)/2). Moreover, we obtain
(n(n − 1)/2) − (n(n − 3)/2) = n and γ(GG) = γ(GG) = t + 3. Then
we have b(GG) = bs(GG) = n.

The proof is completed by Case 1 and Case 2.

For bw(GG), let u and v be two vertices of different two graphs Kn.
{u, v}-set weak dominates V . If an edge is removed from any graph
Kn, then γw(GG) = t+ 3. So, we have bw(GG) = n.

Theorem 12. If G = KnoK1, then b(GG) = bs(GG) = ⌈n/2⌉ and

bw(GG) = 2.

Proof. It is easy to see that the proofs of b(GG) and bs(GG) are similar
to bs(Kn) in [4]. So, b(GG) = bs(GG) = ⌈n/2⌉.

For bw(GG), there are n vertices which are degree 2 and n vertices
which are degree n in the subgraph G and G of GG, respectively. These
vertices are the smallest degree vertices of the graph GG. Moreover,
these vertices are independent from each other. So, γw(GG) = 2n by
[1]. If any edge e is removed from the graph GG, then γw(GG) =
γw(GG− e). So, bw(GG) > 1. Let u be any vertex whose degree 2 and
v ∈ N(u) and v 6= u. It can be easily seen that vertices u and v weakly
dominate vertex u. If the edges euv ∈ E(GG) and evv ∈ E(GG) are
removed from the graph GG, then γw(GG−{euv,vv } = 2n+1. So, we
obtain bw(GG) = 2.

Theorem 13. If G = W1,n and (n > 5), then

b(GG) = bs(GG) = 1 and bw(GG) =

{
3 , n=3k;

2 , otherwise.

Proof. For b(GG) and bs(GG), let u be center vertex in the graph G and
let v, z ∈ V (G)−{u}. {u, v, z}-set dominates (strong dominates) V ∪V .
It is easy to see that γ(GG) = γs(GG) = 3. γ(GG)-dominating set
(γs(GG)-strong dominating set) must contain the vertex u, when the
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edge euu is deleted from the graph GG. Clearly, γ(GG− euu) > γ(GG)
(γs(GG− euu) > γs(GG)). So, we have b(GG) = bs(GG) = 1.

For bw(GG), the graph G consists of K1 +Cn. γw(GG)-weak dom-
inating set includes the vertex u and vertices of γw(CnCn)-weak domi-
nating set. It can be easily seen that the proof of bw(GG) is similar to
the proof of bw(CnCn).

Theorem 14. If G = Km,n and (m ≤ n), then

i) b(GG) =

{
2, m=2 and m < n,
m, otherwise

ii) bs(GG) =

{
1, m < n,
m, m=n

iii) bw(GG) =

{
2, m=n=3,

1, otherwise.

Proof. Let G1 and G2 be a partite sets of the graph G, whose cardinal-
ity are m and n, respectively. Clearly, m vertices are of order (n + 1)
and these vertices are independent from each other. Similar to n ver-
tices of order (m + 1), these vertices are also independent from each
other. In G, complete graphs Km and Kn are formed by vertices of G1

and G2 [1].
For bs(GG), we recall γs(GG) = m+1 by [1]. We must examine in

two cases for the proof of bs(GG). Let v ∈ V (G1) and u ∈ V (G2).

Case 1. If m < n, γs(GG)-strong dominating set must include
the vertex u since it is not strong dominated, where the edge euu is
removed from the graph GG. So, we have γs(GG− euu) > γs(GG) and
bs(GG) = 1.

Case 2. If m = n ≥ 3, the graphs Km and Kn are m-regular. There
are two Sub Cases for this situation.

Subcase 2.1. The proof is similar to the proof of Case 1 of Theorem
11.
Subcase 2.2. The proof is similar to the proof of Case 2 of Theorem
11.

By Case 1 and Case 2, we have bs(GG) = m.
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For b(GG), we must examine in two cases for the proof of b(GG).

Case 1. If m = 2 and m < n, the domination number of the graph GG
is 3. γ(GG)-dominating set includes two vertices of the G1 and any
vertex of the graph Kn. The domination number does not change, an
edge is removed from the graph GG. So, b(GG) > 1. The domination
number increases by 1, when all edges are removed between G1 and
V (Kn). Then we have b(GG) = 2.

Case 2. If m > 2 and (m < n or m = n), γ(GG)-dominating set
and γs(GG)-strong dominating set are the same, where (m = n ≥ 3).
Clearly, the proof is similar to proof of the bs(GG), where for (m =
n ≥ 3). So, we obtain b(GG) = m.

By Case 1 and Case 2, we have b(GG) = m.

For bw(GG), we must examine in two cases for the proof of bw(GG).

Case 1. If m ≤ n, we recall γw(GG) = n + 1 by [1]. γw(GG)-weak
dominating set must contain the vertex u when the edge euu is removed
from the graph GG, where u ∈ V (G2). So, γw(GG − euu) > γ(GG),
then we have bw(GG) = 1.

Case 2. If m = n, then let m = n 6= 3. The degrees of all vertices of
G1 and G2 are (m+ 1). Similarly, degrees of all vertices of the graphs
Km and Kn are m. Degrees of vertices, which are incident with the
edge e, decrease by one when an edge e is removed from the graph
Km. γw(GG)-weak dominating set must contain these vertices. So,
γw(GG − e) > γ(GG), then we have bw(GG) = 1. Let m = n = 3.
The weak domination number does not increase, when any edge e is
removed from the graph Km. Therefore, if any edge between graphs
Km and G1 is removed, then the weak domination number increases
by one. So, we have bw(GG) = 2.

4 Conclusion

The characteristics of strong and weak dominating sets are not exhib-
ited by the ordinary dominating sets and hence the problems of strong
and weak bondage numbers for the graph are considerably harder than
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bondage number of that. In this paper, the results of the bondage num-
ber, strong bondage number and weak bondage number of the comple-
mentary prisms of several well-known graphs have been obtained. As
a further study, many general results of bondage parameters of com-
plementary prism of any given graph G may be obtained.
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Abstract

The concept of maximum deficiency matrix Mdf (G) of a sim-
ple graph G is introduced in this paper. Let G = (V,E) be
a simple graph of order n and let df(vi) be the deficiency of a
vertex vi, i = 1, 2, . . . , n, then the maximum deficiency matrix
Mdf(G) = [fij ]n×n is defined as:

fij =

{

max{df(vi), df(vj)}, if vivj ∈ E(G)

0 , otherwise.

Further, some coefficients of the characteristic polynomial
φ(G; γ) of the maximum deficiency matrix of G are obtained.
The maximum deficiency energy EMdf (G) of a graph G is also
introduced. The bounds for EMdf(G) are established. Moreover,
maximum deficiency energy of some standard graphs is shown,
and if the maximum deficiency energy of a graph is rational, then
it must be an even integer.

Keywords: Deficiency, maximum deficiency matrix, maxi-
mum deficiency eigenvalues, maximum deficiency energy.

MSC 2020: 05C50.

1 Introduction

In this paper, it is assumed that all graphs are simple, finite and undi-
rected. Let v1, v2, . . . , vn be vertices of graph G, then number of edges
incident to vertex v is called the degree and denoted by d(v). The set
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of vertices adjacent to v is called neighbourhood of v and denoted by
N(v).

Let G be a graph with maximum degree r and vertex set V (G) =
{v1, v2, . . . , vn}. Then deficiency is df(vi) = r − d(vi). We define the
following two measures, αj and βj , that will be used throughout the
paper:

αj = |{u ∈ N(vj) : df(u) < df(vj), 1 ≤ j ≤ n}|
βj = |{uk ∈ N(vj), k > j : df(uk) = df(vj), 1 ≤ j ≤ n}|.
I. Gutman [5] proposed, for the first time, that the energy of a

graph G is defined as E(G) =
∑n

j=1|γj |, where γ1, γ2, . . . , γn are the
eigenvalues of the adjacency matrix of G. The theory of energy emerges
from chemical sciences. In theoretical chemistry, the π-electron energy
E in Huckel theory is the sum of the energies of all electrons in a
molecule. Now-a-days the concept of graph energy is much studied in
the mathematics literature ( [7], [2], [11], [10], [6], [1], [9]).

Let G be a graph with vertices v1, v2, . . . , vn and let d(vi) be the
degree of vi, then the maximum degree matrix M(G) = [dij ]n×n is
defined as

dij =

{

max{d(vi), d(vj)}, if vivj ∈ E(G)

0 , otherwise.

Now, the maximum degree energy of a graph G is defined as
EM(G) =

∑n
j=1|γj |, where γ1, γ2, . . . , γn are the eigenvalues of the

maximum degree matrix of G.
Let G be a graph with vertices v1, v2, . . . , vn and let e(vi) be the

eccentricity of vi, which is the maximum number of edges required to
connect vi to other vertices (or infinity in a disconnected graph), then
the maximum eccentricity matrix Me(G) = [eij ]n×n is defined as

eij =

{

max{e(vi), e(vj)}, if vivj ∈ E(G)

0 , otherwise.

The maximum eccentricity energy of a graph G is defined as EMe(G) =
∑n

j=1|γj |, where γ1, γ2, . . . , γn are the eigenvalues of the maximum ec-
centricity matrix of G.
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Got motivated by the maximum degree energy [1] and maximum
eccentricity energy [9], the concept of maximum deficiency energy has
been introduced and studied in the following sections.

2 The maximum deficiency energy of graphs

It is assumed that G = (V,E) is a simple graph with vertex set V =
{v1, v2, . . . , vn}, and let df(vi) be the deficiency of a vertex vi. Then,
the maximum deficiency matrix Mdf (G) = [fij]n×n is defined as:

fij =

{

max{df(vi), df(vj)}, if vivj ∈ E(G)

0 , otherwise.

The characteristic polynomial of the maximum deficiency matix
Mdf (G) will be

φ(G; γ) = det(γI −Mdf (G))
=γn + c1γ

n−1 + c2γ
n−2 + · · · + cn,

where I is the identity matrix of order n. Suppose γ1, γ2, . . . , γn are
roots of φ(G; γ) = 0 which have been presumed to be in non-increasing
order. These roots are the eigenvalues of the given matrix Mdf (G) and
termed as the maximum deficiency eigenvalues of G.

The maximum deficiency energy of a graph G is defined as

EMdf (G) =
n∑

j=1

|γj |.

The above formulation suggests that Mdf (G) is a real and symmet-
ric matrix with trace zero, and its eigenvalues are real numbers with
sum equal to zero.

Remark 2.1. The adjacency energy E(G), maximum degree energy
EM(G), maximum eccentricity energy EMe(G), and maximum defi-
ciency energy EMdf (G) are all well-defined for unlabeled graphs.

Theorem 2.2. Let G be a regular graph, then maximum deficiency
energy EMdf (G) is zero.
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Proof. Let G be a r-regular graph. We know that deficiency of every
vertex in regular graph is always zero. Therefore, the maximum defi-
ciency matrix is zero matrix and each eigen value of the matrix Mdf (G)
is zero. Hence, maximum deficiency energy EMdf (G) is zero.

Example 2.3. If G1 is a graph in Figure 1,

v v

v

v v1

3

45

2

Figure 1. Graph G1

then the maximum deficiency matrix of G1 is

Mdf (G1) =









0 1 0 0 1
1 0 1 0 0
0 1 0 1 0
0 0 1 0 1
1 0 0 1 0









.

The characteristic polynomial of Mdf (G1) is
φ(G1; γ) = det(γI −Mdf (G1))

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

γ −1 0 0 −1
−1 γ −1 0 0
0 −1 γ −1 0
0 0 −1 γ −1
−1 0 0 −1 γ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= γ5 − 5γ3 + 5γ − 2.

Then the maximum deficiency eigenvalues of G1 are
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γ1 = γ2 = −1.618034, γ3 = γ4 = 0.618034, γ5 = 2.
Therefore,
Maximum deficiency energy EMdf (G1) = 6.472136.
Adjacency energy E(G1) = 6.340172.
Maximum degree energy EM(G1) = 18.288101.
Maximum eccentricity energy EMe(G1) = 12.68034.

Example 2.4. Suppose the graph in Figure 2 is G2,

v v v

v v1

2 3

4

5

Figure 2. Graph G2

then the maximum deficiency matrix of the graph G2 is

Mdf (G2) =









0 2 1 2 0
2 0 2 0 0
1 2 0 2 3
2 0 2 0 0
0 0 3 0 0









.

The characteristic polynomial of Mdf (G2) is

φ(G2; γ) = det(γI −Mdf (G2))

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

γ −2 −1 −2 0
−2 γ −2 0 0
−1 −2 γ −2 −3
−2 0 −2 γ 0
0 0 −3 0 γ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

80



Some properties of maximum deficiency energy. . .

= γ5 − 26γ3 − 16γ2 + 72γ.

Then the maximum deficiency eigenvalues of G2 are
γ1 = −4.2821879, γ2 = −2.2862586, γ3 = 0, γ4 = 1.4317057,
γ5 = 5.1367409.
Therefore,
Maximum deficiency energy EMdf (G2) = 13.1368931.
Adjacency energy E(G2) = 6.040894.
Maximum degree energy EM(G2) = 21.92652.
Maximum eccentricity energy EMe(G2) = 12.081788.

G G G G

G G G G

G G G

1 2 3 4

5 6 7 8

9 10 11

Figure 3. 11 Isomorphism classes of graphs of order 4
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Table 1. Energies of isomorphism classes of graphs of order 4 as shown
in Figure 3

E(G) EM(G) EMe(G) EMdf (G)

G1 0 0 Not defined 0

G2 2 2 Not defined 0

G3 2.828427 5.656854 Not defined 2.828427

G4 4 4 Not defined 0

G5 4.472398 8.944796 12.649111 4

G6 4 8 Not defined 0

G7 3.464101 10.392303 6.928202 6.928202

G8 4 8 8 0

G9 4.962388 13.2915026 9.92477 6.646804

G10 5.123105 15.369315 9.06226 4

G11 6 18 6 0

We analyze from Table 1, in the connected graphs of order 4, the
complete graph has the largest adjacency energy and the maximum
degree energy, the path graph has the largest maximum eccentricity
energy, while the star graph has the largest maximum deficiency en-
ergy. The maximum deficiency energy is not just complementary to
maximum degree energy, since the non-regular graphs with smallest
non-zero maximum deficiency energy do not always have large maxi-
mum degree energy.

3 Properties of maximum deficiency energy

In this section, the explicit expression for the coefficient ci of γn−i

(i = 0, 1, 2, 3) in the characteristic polynomial φ(G; γ) of the maximum
deficiency matrix Mdf (G) has been rendered. In addition to this, some
properties of maximum deficiency eigenvalues of a graph G have been
investigated.

Theorem 3.1. If G is a simple graph of order n and φ(G; γ) =
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c0γ
n + c1γ

n−1 + c2γ
n−2 + . . . + cn is the characteristic polynomial of

the maximum deficiency matrix of G, then,

(i) c0 = 1.

(ii) c1 = 0.

(iii) c2 = −
∑n

j=1(αj + βj)df
2(vj).

(iv) c3 = −2
∑

∆vivjvk
df(vi)≤df(vj )≤df(vk)

df2(vk)df(vj).

Proof. The proof is similar to Theorem 2.1 in [1].

Remark 3.2. (a) The sum
∑n

j=1(αj +βj) represents the total num-
ber of edges in the graph G.

(b) The total number of terms in the sum

∑

∆vivjvk
df(vi)≤df(vj )≤df(vk)

df2(vk)df(vj)

is equal to the number of triangles in the graph G.

(c) c3 = 0 if and only if the graph is a triangle-free graph.

(d) cn = 0 if and only if Mdf (G) is singular.

Example 3.3. For the graph G1 in Figure 1, the coefficient c2 of γ3

in φ(G1; γ) is equal to

−

5∑

j=1

(αj + βj)df
2(vj)

= −[(1 + 1)12 + (0 + 1)02 + (2 + 0)12 + (0 + 0)02 + (1 + 0)12]

= −5.
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Example 3.4. For the graph G2 in Figure 2, the coefficient c2 of γ3

in φ(G2; γ) is equal to

−

5∑

j=1

(αj + βj)df
2(vj)

= −[(1 + 0)12 + (2 + 0)22 + (0 + 0)02 + (2 + 0)22 + (1 + 0)32]

= −[1 + 8 + 8 + 9]

= −26.

.

Theorem 3.5. Let G be a graph of order n and γ1, γ2, γ3, . . . , γn be
the maximum deficiency eigenvalues of Mdf (G). Then

(i)
∑n

j=1 γj = 0.

(ii)
∑n

j=1 γ
2
j = −2c2.

(iii)
∑n

j=1 γ
3
j = −3c3.

Proof. The proof is based on the outcomes of Newton’s identity [8] and
Theorem 3.1.

Remark 3.6. The sum of the cubes of maximum deficiency eigenvalues
is zero if and only if the graph is triangle free.

Theorem 3.7. If G is the complete bipartite graph Km,n, γ1, γ2, γ3, . . . ,
γm+n are its maximum deficiency eigenvalues and m ≤ n, then

(i)
∑m+n

j=1 γ2j = 2mn(n−m)2

(ii)
∑m+n

j=1 γ3j = 0.

Proof. (i) Consider Km,n be the complete bipartite graph with ver-
tices u1, u2, . . . , um, v1, v2, . . . vn.

84



Some properties of maximum deficiency energy. . .

By Theorem 3.5,

n∑

j=1

γ2j = 2

n∑

j=1

(αj + βj)df
2(vj).

For the graph Km,n

αj = 0,∀uj , j = 1, 2, . . . ,m,

αj = m,∀vj , j = 1, 2, . . . , n,

βj = 0,∀uj, j = 1, 2, . . . ,m,

βj = 0,∀vj , j = 1, 2, . . . , n,

df(uj) = 0,∀uj , j = 1, 2, . . . ,m,

df(vj) = n−m,∀vj, j = 1, 2, . . . , n,

Then,
m+n∑

j=1

γ2j = 2mn(n−m)2.

(ii) Since Km,n is a triangle free graph, then

m+n∑

j=1

γ3j = 0.
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Theorem 3.8. Let G be a graph of order n, in which df(v) = df(u) = f
and N(v)−u = N(u)− v. Then λ is a maximum deficiency eigenvalue
of G, where

λ =

{

−f, if uv ∈ E(G)

0, otherwise.

Proof. The proof is similar to Theorem 2.5 in [1].

Theorem 3.9. For a graph G, the maximum deficiency energy of G
must be an even integer, if it is rational.

Proof. We know that the characteristic polynomial of maximum de-
ficiency matrix of a graph G is monic polynomial with integer coef-
ficients. Therefore, roots of the characteristic polynomial are either
integers or irrational numbers. Thus, the maximum deficiency energy
of G is also either integer or an irrational number. Now, we know that
the maximum deficiency energy of G is two times sum of positive max-
imum deficiency eigenvalues of G. Hence, if the maximum deficiency
energy of G is rational, then it is always an even integer.

4 The maximum deficiency energy of some

classes of graphs

This section briefs about how the exact values of maximum deficiency
eigenvalues and maximum deficiency energies of some well known
graphs were obtained.

Theorem 4.1. Let G be the star graph K1,r−1 of order r ≥ 3, then
maximum deficiency eigenvalues of G are 0, (r − 2)

√

(r − 1) and
−(r − 2)

√

(r − 1) with multiplicity (r − 2), 1 and 1, respectively and
EMdf (K1,r−1) = 2(r − 2)

√

(r − 1).

Proof. Let K1,r−1 be the star graph with vertices u0, u1, . . . , un−1,
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where u0 is the central vertex. Then we have

Mdf (K1,r−1) =









0 r − 2 r − 2 . . . r − 2
r − 2 0 0 . . . 0
r − 2 0 0 . . . 0
. . . . . . . . . . . . . . .

r − 2 0 0 . . . 0









.

The characteristic polynomial of Mdf (K1,r−1) is

φ(K1,r−1; γ) =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

γ −(r − 2) −(r − 2) . . . −(r − 2)
−(r − 2) γ 0 . . . 0
−(r − 2) 0 γ . . . 0

. . . . . . . . . . . . . . .
−(r − 2) 0 0 . . . γ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= γr − (r − 1)(r − 2)2γr−2

= γr−2(γ2 − (r − 1)(r − 2)2).

Hence, the maximum deficiency spectrum of K1,r−1 is

MdfSP (K1,r−1) =

(
(r − 2)

√
r − 1 0 −(r − 2)

√
r − 1

1 r − 2 1

)

.

Hence, the maximum deficiency energy of K1,r−1 is

EMdf (K1,r−1) = 2(r − 2)
√
r − 1.

Remark 4.2. In the above theorem, for r = 1 and r = 2, the maximum
deficiency eigenvalues and maximum deficiency energy is zero.

Theorem 4.3. Let Pn be the path graph of order n, then the maximum
deficiency eigenvalues of Pn are 0, 1 and −1 with multiplicity (n− 4),
2 and 2, respectively and EMdf (Pn) = 4.
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Proof. Let Pn be the path graph with vertices v1, v2, . . . , vn, then we
have

Mdf (Pn) =












0 1 0 . . . 0 0
1 0 0 . . . 0 0
0 0 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 1
0 0 0 . . . 1 0












.

The characteristic polynomial of Mdf (Pn) is

φ(Pn; γ) =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

γ −1 0 . . . 0 0
1 γ 0 . . . 0 0
0 0 γ . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . γ −1
0 0 0 . . . −1 γ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= γn − 2γn−2 − γn−4

= γn−4(γ2 − 1)2.

Hence, the maximum deficiency spectrum of Pn is

MdfSP (Pn) =

(
0 1 −1

n− 4 2 2

)

.

Hence, the maximum deficiency energy of Pn is

EMdf (Pn) = 4.

5 Bounds for maximum deficiency energy

The formulation of the lower bound and upper bound for the maximum
deficiency energy of a graph has been detailed in this section.
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Theorem 5.1. Let G be a simple graph of order n ≥ 2. Then

√

−2c2 + n(n− 1)|det(Mdf (G))|
2
n ≤ EMdf (G) ≤

√
−2nc2.

Proof. The similar theorem is proved in [1] for maximum degree energy.
We know that

(EMdf (G))2 =





n∑

j=1

|γj |





2

=





n∑

j=1

|γj |
2



+




∑

i 6=j

|γi||γj |



 .

From the arithemetic and geometric mean inequality, we get

1

n(n− 1)

∑

i 6=j

|γi||γj | ≥




∏

i 6=j

|γi||γj |





1/n(n−1)

.

By Theorem 3.5 and this inequality, we get

(EMdf (G))2 ≥





n∑

j=1

|γj |
2



+ n(n− 1)




∏

i 6=j

|γi||γj |





1/n(n−1)

≥





n∑

j=1

|γj|
2



+ n(n− 1)|
∏

j=1

γj |
2/n

≥ −2c2 + n(n− 1)|det(Mdf (G))|
2
n .

For the upper bound, consider the cauchy-schwartz inequality





n∑

j=1

|xjyj|





2

≤





n∑

j=1

|xj|
2









n∑

j=1

|yj|
2



 .
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By choosing xj = 1 and yj = |γj |, we get

EMdf (G) ≤

√
√
√
√n

n∑

j=1

|γj |2

=
√
−2nc2.

Hence,
√

−2c2 + n(n− 1)|det(Mdf (G))|
2
n ≤ EMdf (G) ≤

√
−2nc2.

Remark 5.2. For the graph shown in Figure 2, c2 = −26. Thus, from
Theorem 5.1, √

52 ≤ EMdf (G2) ≤
√
260

7.211 ≤ 13.136 ≤ 16.1245.

Lemma 5.3. [3].

Suppose that xj and yj, 1 ≤ j ≤ n, are non-negative real numbers.
Then ∣

∣
∣
∣
∣
n

n∑

j=1

xjyj −
n∑

j=1

xj

n∑

j=1

yj

∣
∣
∣
∣
∣
≤ α(n)(X − x)(Y − y),

where x, y, X and Y are real constants, such that for each j, 1 ≤ j ≤ n,
the conditions x ≤ xj ≤ X and y ≤ yj ≤ Y are satisfied. Further,

α(n) = n

[
n

2

](

1−
1

n

[
n

2

])

, while [x] denotes integer part of a real

number x.

Lemma 5.4. [12]. Suppose that xj and yj, 1 ≤ j ≤ n, are non-
negative real numbers. Then

n∑

j=1

x2j

n∑

j=1

y2j ≤
1

4

(√

M1M2

m1m2
+

√
m1m2

M1M2

)2




n∑

j=1

xjyj





2

,

where M1 = max
1≤j≤n

(xj),M2 = max
1≤j≤n

(yj),m1 = min
1≤j≤n

(xj) and m2 =

min
1≤j≤n

(yj).
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Lemma 5.5. [4].

Suppose that xj and yj, 1 ≤ j ≤ n, are non-negative real numbers.
Then

n∑

j=1

y2j + rR

n∑

j=1

x2j ≤ (r +R)





n∑

j=1

xjyj



 ,

where r, R are real constants, such that for each j, 1 ≤ j ≤ n, the
conditions rxj ≤ yj ≤ Rxj are satisfied.

Theorem 5.6. Suppose G is a graph with n vertices. Let γj , j =
1, 2, . . . , n be the maximum deficiency eigenvalues of G. Let γmin =

min
1≤j≤n

(|γj |) and γmax = max
1≤j≤n

(|γj |) and α(n) = n

[
n

2

](

1−
1

n

[
n

2

])

,

while [x] denotes integer part of a real number x.
Then

EMdf (G) ≥
√

−2nc2 − α(n)(γmax − γmin)2. (1)

Proof. Applying Lemma 5.3 and putting xj = |γj| = yj, x = γmin = y
and X = γmax = Y imply that

∣
∣
∣
∣
∣
n

n∑

j=1

|γj|
2 −





n∑

j=1

|γj





2∣
∣
∣
∣
∣
≤ α(n)(γmax − γmin)

2.

By Theorem 3.5, we get

−2nc2 − EMdf (G)2 ≤ α(n)(γmax − γmin)
2.

Hence
EMdf (G) ≥

√

−2nc2 − α(n)(γmax − γmin)2.

Corollary 5.7. Since α(n) ≤
n2

4
, then by Theorem 5.6, we get

EMdf (G) ≥

√

−2nc2 −
n2

4
(γmax − γmin)2. (2)
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Remark 5.8.

EMdf (G) ≥
√

−2nc2 − α(n)(γmax − γmin)2 ≥

≥

√

−2nc2 −
n2

4
(γmax − γmin)2.

Thus, inequality (1) is stronger than inequality (2).

Theorem 5.9. Suppose G is a graph with n vertices. Let γj, j =
1, 2, . . . , n be the maximum deficiency eigenvalues of G. If zero is not
an eigenvalue of Mdf (G), then

EMdf (G) ≥
2
√
−2nc2γmaxγmin

γmax + γmin

, (3)

where γmin = min
1≤j≤n

(|γj |) and γmax = max
1≤j≤n

(|γj |).

Proof. Using Lemma 5.4 for xi = |γj | and yj = 1, we get

n∑

j=1

|γj |
2

n∑

j=1

12 ≤
1

4

(√
γmax

γmin

+

√
γmin

γmax

)2




n∑

j=1

|γj |





2

⇒ −2nc2 ≤
1

4

(√
γmax

γmin

+

√
γmin

γmax

)2

EMdf (G)2.

Hence

EMdf (G) ≥
2
√
−2nc2γmaxγmin

γmax + γmin

,

where γmin = min
1≤j≤n

(|γj |) and γmax = max
1≤j≤n

(|γj |).

Theorem 5.10. Suppose G is a graph of order n. Let γj , i = 1, 2, . . . , n
be the maximum deficiency eigenvalues of G. Then

EMdf (G) ≥
−2c2 + nγmaxγmin

γmax + γmin

, (4)

where γmin = min
1≤j≤n

(|γj |) and γmax = max
1≤j≤n

(|γj |).
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Proof. Using Lemma 5.5 and setting xj = 1, yj = |γj|, r = γmin and
R = γmax, we get

n∑

j=1

|γj |
2 + γminγmax

n∑

j=1

1 ≤ (γmin + γmax)

n∑

j=1

|γj |

⇒ −2c2 + nγminγmax ≤ (γmin + γmax)EMdf (G).

Hence

EMdf (G) ≥
−2c2 + nγmaxγmin

γmax + γmin

,

where γmin = min
1≤j≤n

(|γj |) and γmax = max
1≤j≤n

(|γj |).

Remark 5.11. Using inequality between arithmetic and geometric
means,

EMdf (G) ≥
−2c2 + nγmaxγmin

γmax + γmin

≥
2
√
−2nc2γmaxγmin

γmax + γmin

.

Thus, inequality (4) is stronger than inequality (3).

Remark 5.12. There are analogous bounds for the adjacency energy
E(G), the maximum degree energy EM(G) and the maximum eccen-
tricity energy EMe(G)

6 Conclusion

A newly developed matrix of a graph G called maximum deficiency ma-
trix Mdf (G) has been introduced in this paper. The underlying graph
along with the deficiency on its vertices are found to be the influenc-
ing factors of it. Some coefficients of the characteristic polynomial of
the maximum deficiency matrix are found. For a graph, the maximum
deficiency energy EMdf (G) has been formulated and the upper and
lower bounds have been obtained. It is possible that the maximum
deficiency energy that we are considering in this paper may have some
applications in chemistry as well as in other areas.
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Connected Domination Number and a New

Invariant in Graphs with Independence Number

Three

Vladimir Bercov

Abstract

Adding a connected dominating set of vertices to a graph G
increases its number of Hadwiger h(G). Based on this obvious
property in [2] we introduced a new invariant η(G) for which
η(G) ≤ h(G). We continue to study its property. For a graph
G with independence number three without induced chordless
cycles C7 and with n(G) vertices, η(G) ≥ n(G)/4.

Keywords: dominating set, number of Hadwiger, clique
number, independence number.

1 Introduction

All graphs considered in this paper are undirected, simple and finite.
Let G be a graph with vertex set V (G). We denote |V (G)| by n(G).
Let X ⊆ V (G), X is connected if the subgraph G[X] induced by X is
connected. Further, G−X = G[V (G)−X]. X is dominating in a graph
G if every vertex of G is in X or has a neighbor in X. We will write
v ∼ u (v ≁ u) when vertices v and u are (are not) adjacent. If every pair
of vertices in X are adjacent, then G[X] is a complete subgraph or a
clique Kn, where n = |X|. The clique number ω(G) of a graph G is the
number of vertices in a maximum clique in G. The degree of a vertex
v is deg(v), the number of edges that are incident to the vertex. The
maximum degree ∆(G) and the minimum degree δ(G) of a graph G are
the maximum and the minimum degree of its vertices. A k-colouring
of G is a function that assigns one of k colours to each vertex of G such

©2021 by CSJM; Vladimir Bercov
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that adjacent vertices receive distinct colours. The chromatic number
χ(G) is the minimum integer k such that G is k-colourable. A graph H
is a minor of the graph G if H can be formed from G by deleting edges
and vertices and by contacting edges. The Hadwiger number h(G) is
the maximum integer n such that the complete graph Kn is a minor of
G. Further, a cycle Cn = (v1, v2, . . . , vl) is a chordless cycle of length
n, and any dominating set is a connected dominating set.

In [2] we introduced a new invariant η = η(G) of a graph G as a
maximum length of a sequence of subsets of its vertices V1, V2, V3, . . .,
where Vi ∩ Vj = ∅ (i 6= j) and Vk is a dominating set in a graph
G[V1 ∪ V2 ∪ . . . ∪ Vk], k = 1, 2, . . . , η. In the mentioned paper we have
proved some properties of η(G):

(i) ω(G) ≤ η(G) ≤ h(G),

(ii) If D is any dominating set in G, then η(G) ≥ η(G−D) + 1,

(iii) η(G) ≤ ∆(G) + 1,

(iv) η(G) ≥ χ(G) if χ(G) ≤ 4,

and we have posed the stronger than Hadwiger’s conjecture:

Conjecture 1. For all graphs G, χ(G) ≤ η(G).

2 Vertex cut sets and one more property of the

new invariant

We say that a graph G is η-critical if η(G) = η and η(H) < η for
every proper subgraph H of G. It is obvious that any η-critical graph
is connected. 2-critical graph is an edge, 3-critical graph is a cycle.
It’s clear that if graph G is η-critical, η(G − D) = η − 1 and D is a
dominating set in G, then G−D is (η − 1)-critical.

A vertex cut set of a connected graph G is a subset S ⊆ V (G))
such that G−S has more than one connected component. A subgraph
induced by a vertex cut set is a cut subgraph.

Let S be a vertex cut set of a connected graph G, and the com-
ponents of G − S have vertex sets U1, U2, . . . , Um, m ≥ 2. Denote
Gi = G[Ui ∪ S].
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Theorem 1. Let G[S] be complete, then for all Gi and for each its
induced subgraph G′

i, the following is true: if D ⊆ V (G) − V (G′
i) and

D is a dominating set in a graph G[D ∪ V (G′
i)], then there exists Di

such that Di ⊆ D, Di ⊆ V (Gi) and Di is a dominating set in a graph
G[Di ∪ V (G′

i)].

Proof. D = A ∪ Si ∪ B, where A ⊆ Ui Si ⊆ S, B ∩ V (Gi) = ∅.
Since G[Si] is complete, then G[A∪ Si] is connected and all vertices of
subgraph G′

i are joined with at least one vertex of the set A ∪ Si. So
we can take Di = A ∪ Si. �

Theorem 2. If S is a vertex cut set of a connected graph G and G[S]
is complete, then η(G) = max1≤i≤mη(Gi).

Proof. From definition η(G) ≥ max1≤i≤mη(Gi). Let η = η(G) and
V1, V2, . . . , Vη be a longest sequence of the sets of vertices in the defi-
nition of η(G). If η = |S|, then η(Gi) ≥ η for all i, and the theorem
is true. If η > |S|, then at least one set Vj contains vertices from set
V (G) − S. Let Vj0 be the first such set from the sequence and let Vj0

contains vertices from Ui0 . By Theorem 1, there exists a dominating set
V ′
j0
, V ′

j0
⊆ Vj0 containing only vertices of the set Vi0 . Therefore, there

exists a sequence V1, . . . , Vj0−1, V
′
j0
, V ′

j0+1
, . . . , V ′

η of dominating sets of
vertices of the graph Gi0 = G[Ui0∪S] and therefore, η(Gi0) ≥ η = η(G).
�

Corollary 1. If G is η-critical, then G does not contain complete cut
subgraphs.

Proof. Let G be η-critical, G[S] is complete. If we suppose that
graph G − S has components with not empty vertex sets U1, U2 and
η(G1) ≥ η(G2), where G1 = G[U1 ∪ S] and G2 = G[U2 ∪ S], then, by
Theopem 2, η(G) = η(G!) and therefore, G is not η-critical.

In [2] we proved that η(G) ≥ 4 for graphs G with δ(G) ≥ 3. Using
Theorem 2, we can slightly strengthen this result.

Corollary 2. If degrees of all vertices of a graph G are at least three,
except maybe one case from three: (a) one vertex of degree one, (b)
one vertex of degree two, (c) two adjacent vertices of degree two, then
η(G) ≥ 4.

98



Connected Domination Number and a New Invariant in . . .

Proof. (a) Let in graph G deg(v) = 1, v ∼ u and graph G′ is isomor-
phic to G. Let in graph G′ deg(v′) = 1, v′ ∼ u′. From disjoint union
of G and G′ we form a new graph H by identifying v and u′, u and v′.
Since δ(H) ≥ 3, η(H) ≥ 4 and by Theorem 2, η(G) = η(H).

(b) Let in graph G deg(v) = 2, G′ is isomorphic to G and in graph
G′ deg(v′) = 2. We form a new graph H by identifying v and v′. Since
δ(H) ≥ 3, η(G) = η(H) ≥ 4.

(c) Let in graph G deg(v) = deg(u) = 2, v ∼ u and G′ is isomorphic
to G. Let in graph G′ deg(v′) = deg(u′) = 2 and v′ ∼ u′. We form
a new graph H by identifying v and v′, u and u′. Since δ(H) ≥ 3,
η(G) = η(H) ≥ 4.

3 Domination and independence number

We need to introduce more notations. In a graph G, the independence
number α(G) is the maximum cardinality of an independent set. The
connected domination number γc(G) is the number of vertices in the
minimum connected dominating set. The neighborhood of vertex v ∈
V (G), denoted by N(v), is a set of all vertices adjacent to v. The closed
neighborhood of v is N [v] = N(v) ∪ v. A simplicial vertex of a graph
G is a vertex v for which G[N(v)] is complete.

Duchet and Meyniel [3] proved that γc(G) ≤ 2α(G) − 1 for any
graph G. It is clear that α(C2l+1) = l, γc(C2l+1) = 2l − 1, and for
these graphs γc(C2l+1) = 2α(C2l+1) − 1. Other upper bounds include
additional graph parameters or conditions (see [1, 4, 5]). Plummer,
Stiebitz and Toft [6] proved for any connected graph G that if α(G) = 2
and G does not contain C5, then for any non-simplicial vertex v graph
G contains a dominating edge vu.

A claw K1,3 is a graph with four vertices for which one vertex has
three pairwise nonadjacent neighbors. It is clear that if α(G) = 3 and
graph G has a claw K1,3 as an induced subgraph, then V (K1,3) is a
dominating set.

Theorem 3. If graph G is connected, claw-free, α(G) = 3, and G does
not contain an induced C7, then for any non-simplicial vertex v there
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exists connected dominating set D, such that v ∈ D and n(D) ≤ 4.

Proof. Let v ∼ v1, v ∼ v2, v1 ≁ v2. Denote by V1 the set of neighbors
of v1 which are not neighbors of v2, by V2 – the set of neighbors of v2
which are not neighbors of v1 and by V12 – the set of vertices adjacent
to both v1 and v2. Denote by G′ subgraph G−N [v] and by V ′

12
– the

set of vertices V (G′)− (V1 ∪V12 ∪V2). Since α(G) = 3, α(G′) ≤ 2, and
subgraph G[V ′

12
] is complete or V ′

12
= ∅.

If V ′
12

= ∅, then D = v, v1, v2. If V ′
12

6= ∅ and V1 ∪ V2 ∪ V12 = ∅,
then D = v, a, b, where a is any vertex adjacent to v and to vertex
b ∈ V ′

12
. Let V ′

12
6= ∅ and V1 ∪ V2 ∪ V12 6= ∅. Since G is claw-free,

induced subgraphs G[V1 ∪ V12] and G[V2 ∪ V12] are complete (one of
them can be null graph), and if vertex u ∈ V12, then u does not have
neighbors in G[V ′

12
].

Case 1. G′ is connected.
1.1 G′ contains C5 = (u1, u2, u3, u4, u5).

Sets V1 ∪ V12, V2 ∪ V12, V
′
12

contain at most two consecutive vertices of
C5, and V12 contains at most one. Since G is claw-free, if V12 does not
contain vertex of C5, then V1 and V2 contain two vertices each. There
are two possible cases:

1.1.1 u1 ∈ V1, u2 ∈ V12, u3 ∈ V2, {u4, u5} ⊆ V ′
12
. See Figure 1.

1.1.2 {u1, u2} ⊆ V1, {u3, u4} ∈ V2, u5 ⊆ V ′
12
.

Since α(G′) = 2, any pair of nonadjacent vertices from V1 and V2

is adjacent to all vertices from V ′
12
. If u4 is connected to all vertices

V ′
12
, then D = {v, v1, v2, u4}. If u ∈ V ′

12
and u4 ≁ u, then u2 ∼ u. See

Figure 2.

1.2 G′ does not contain C5.
1.2.1 G′ is complete.

In this case there exists a dominating set D = {v, a, b}, where a is any
vertex such that a ∼ v, a ∼ b, where b is any vertex from V (G′).

1.2.2 G′ is not complete.
In subgraph G′ for any non-simplicial vertex b ∈ V (G′) there exists

an edge bc dominating in G′ (see [6]). If b is adjacent to a ∈ N(v),
then D = {v, a, b, c}. Now let all vertices of G′, which are connected
to N(v), be simplicial.
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Figure 1. C7 = (v, v2, u3, u4, u5, u1, v1)

Figure 2. C7 = (v, v2, u4, u5, u, u2, v1)
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1.2.2.1 V12 6= ∅.
In this case subgraph G[V1 ∪ V2 ∪ V12] is complete and, since G′

is connected, there exists an edge ab, where b ∈ V ′
12

and a ∈ V1 (or
a ∈ V2). Therefore, D = {v, v1, a, b} (or D = {v, v2, a, b}).

1.2.2.2 V12 = ∅.
Since all vertices of the sets V1 and V2 are simplicial, G[V1 ∪ V2] is
complete (and we have the same dominating set as in case 1.2.2.1) or V1

does not have neighbors in V2. In the last case any two vertices u1 ∈ V1

and u2 ∈ V2 are adjacent to all vertices V ′
12
. If one of these two vertices

is adjacent to all V ′
12
, then D = {v, v1, v2, u1} or D = {v, v1, v2, u2}.

Otherwise, there exist two vertices u3, u4 ∈ V ′
12

such that u1 ≁ u3 and
u2 ≁ u4. See Figure 3.

Figure 3. C7 = (v, v1, u1, u4, u3, u2, v2)

Case 2. G′ is not connected.

Since V1 ∪ V2 ∪ V12 6= ∅, V ′
12

6= ∅, α(G′) = 2, subgraph G′ is a disjoint
union of two complete subgraphsG′

1
= G[V1∪V2∪V12] and G′

2
= G[V ′

12
].

Since G is claw-free, any vertex a ∈ N(v) is adjacent to at least one
vertex v1 or v2, and if a has neighbors in G′

2
, then a is adjacent to

exactly one. Since α(G) = 3, if a has neighbors in G′
2
, a ∼ v1, a ≁ v2,

then a is adjacent to all vertices V ′
12

or V1 = ∅. If a is adjacent to all

102



Connected Domination Number and a New Invariant in . . .

vertices V ′
12
, then we can take D = {a, v, v2, b}, where b ∈ V2 ∪ V12 or

D = {a, v, v1} if V2 ∪ V12 = ∅. If V1 = ∅, then D = {v2, v, a, c}, where
c ∼ a and c ∈ V ′

12
. �

Remark 1. The graph G shown in Figure 4 does not contain C7, α(G) =
3, and the set of vertices {a, v1, v2, b} induced a claw. In this graph any
connected dominating set with vertex v, contains at least five vertices.

Figure 4. v is a non-simplicial vertex, {a, v1, v2, b} is a vertex set of a
claw

Corollary 3. Let G be a graph with α(G) = 3. If G does not contain
an induced C7, then h(G) ≥ n(G)/4.

Proof. We proceed by induction on n = n(G). For n ≤ 4, the result
is clear. Suppose n ≥ 5 and suppose the result is true for all graphs
with fewer than n vertices and let G be a graph with n vertices. If G
contains a claw, then the set D of vertices of this claw is dominating
in G, if not, by Theorem 3, we can build a dominating set D with
n(D) ≤ 4. In both cases

h(G) ≥ h(G−D) + 1 ≥
n(G−D)

4
+ 1 ≥

n(G)− 4

4
+ 1 = n(G)/4.
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Total energy of signed digraphs

Sumaira Hafeez Mehtab Khan

Abstract

The energy of a sidigraph is defined as the sum of absolute
values of real parts of its eigenvalues. The iota energy of a sidi-
graph is defined as the sum of absolute values of imaginary parts
of its eigenvalues. Recently a new notion of energy of digraphs is
introduced which is called the total energy of digraphs. In this
paper, we extend this concept of total energy to sidigraphs. We
compute total energy formulas for negative directed cycles and
show that the total energy of negative directed cycles with fixed
order increases monotonically. We introduce complex adjacency
matrix to give the integral representation for total energy of sidi-
graphs. We discuss the increasing property of total energy over
some particular subfamilies of Sn,h, where Sn,h contains n-vertex
sidigraphs with each cycle having length h. Using the Cauchy-
Schwarz inequality, we find upper bound for the total energy of
sidigraphs. Finally, we find the class of noncospectral equiener-
getic sidigraphs.

Keywords: Signed Digraphs, Total energy, Increasing prop-
erty, T-equienergetic sidigraphs.

MSC 2010: 05C35, 05C50.

1 Introduction

A signed digraph (or sidigraph, for short) is a pair S = (D,α), where
D = (V,A) is the underlying digraph of S and α : A −→ {−1, 1} is
the signing function. Elements of V are called vertices and elements
of A are called arcs. An arc from a vertex u to a vertex v is denoted
by uv. A positive (respectively, a negative) arc is an arc with a +1
(respectively, a −1) sign. The product of signs of all arcs of a sidigraph

©2021 by CSJM; Sumaira Hafeez, Mehtab Khan
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S is called the sign of S. The sets A+(S) and A−(S) are the sets of
positive and negative arcs of S, respectively. Thus, the set of all signed
arcs of S is A(S) = A+(S) ∪ A−(S). If the direction of all arcs of the
underlying digraph D is removed, then S = (D,α) is called a sigraph.

A signed directed path of length n ≥ 1 is a sidigraph on n vertices
v1, v2, . . . vn with n− 1 signed arcs vivi+1 , i = 1, 2, . . . , n− 1. A signed
directed cycle of length n ≥ 2 is a sidigraph with vertices v1, v2, . . . , vn
and signed arcs vivi+1, i = 1, 2, . . . , n − 1 and vnv1. If each directed
cycle of a sidigraph S has positive sign, then it is said to be cycle-
balanced; otherwise non cycle-balanced. If for each pair of vertices u
and v of a sidigraph S, there is a path from u to v and a path from
v to u, then S is called a strongly connected sidigraph. The strong
components of a sidigraph are maximally connected subsidigraphs. The
indegree and outdegree of a vertex u of S, denoted by d+(u) and d−(u),
respectively, is the number of arcs with tail u and the number of arcs
with head u, respectively. A linear sidigraph is a sidigraph in which
d+(u) = 1 = d−(u) for every vertex u ∈ V(S). A sidigraph is positive
(respectively, negative) if its sign is positive (respectively, negative). A
sidigraph in which the number of vertices equals the number of arcs and
has a unique directed cycle is called a unicyclic sidigraph. Throughout
this paper, we denote a positive directed cycle by Cn and a negative
directed cycle by Cn, where n is the length of cycle.

The adjacency matrix A(S) = [aij ]n×n of an n-vertex sidigraph S
is defined as

aij =

{
α(vi, vj) if there is an arc from vi to vj ,
0 otherwise.

The characteristic polynomial of a sidigraph S is the polynomial

φS(λ) = det(A(S)− λIn),

where In is the identity matrix of order n. The eigenvalues of a sidi-
graph S are the eigenvalues of its adjacency matrix A(S). The multiset
of eigenvalues of a sidigraph S is called the spectrum of S. It is denoted
by spec(S).
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A sidigraph is said to be symmetric, if for an arc uv ∈ A(S) an arc
vu ∈ A(S) also holds, where u, v ∈ V(S). A one to one correspondence

between sigraphs and symmetric sidigraphs is given by S  
←→
S , where

←→
S is the sidigraph with the same vertex set as that of sigraph S and
each signed edge is replaced by a pair of symmetric arcs, uv and vu,
both with the same sign as that of edge uv. Under this correspondence,
a sigraph can be identified with a symmetric sidigraph.

Let S1 = (V1,A1, α1) and S2 = (V2,A2, α2) be two sidigraphs.
The cartesian product S1 × S2 is the sidigraph S = (V,A, α), where
V = V1×V2, the arc set A is that of the Cartesian product of underlying
unsigned digraphs, and the signing function is defined by:

α((x1, x2) (y1, y2) =

{
α1(x1y1) if x2 = y2
α2(x2y2) if x1 = y1.

In 1978, Gutman [7] introduced the concept of energy of a simple graph.
He defined the energy of a graph as the sum of the absolute values of
its eigenvalues. The concept of energy in signed graphs was introduced
by Germina et al. [6] in 2010. Bhat and Pirzada [3] finds the unicyclic
sigraphs with minimal energy. The authors show that even and odd
coefficients of the characteristic polynomial of a unicyclic sigraph re-
spectively alternate in sign. The concept of energy was extended to
digraphs by Peña and Rada [12] in 2008. Since the adjacency matrix of
a digraph is not necessarily symmetric, its eigenvalues may be complex.
Pirzada and Bhat [13] extended the concept of energy of digraphs to
sidigraphs. Khan et al. [10] extend the concept of energy of digraphs
to iota energy of digraphs and defined iota energy as the sum of ab-
solute values of the imaginary parts of its eigenvalues. Khan et al. [9]
introduced the notion of total energy of digraphs. The authors find the
uncyclic digraphs with minimal and maximal total energy. Motivated
by Khan et al. [9], we extend this concept of total energy to sidigraphs.
Among all n-vertex unicyclic sidigraphs, we find unicyclic sidigraphs
with minimal and maximal total energy. We show that total energy
increases over the sets S1

n,h and S2
n,h with respect to the quasi-order

relation when h ≡ 4(mod 8) and h ≡ 0(mod 8), respectively. The
classes S1

n,h and S2
n,h are defined in section 4. We find upper bound
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for the total energy of sidigraphs using the Cauchy-Schwarz inequality.
Finally, we find the class of noncospectral equienergetic sidigraphs.

2 Total energy of sidigraphs

The total energy of a digraph is defined by Khan et al. [9] as the sum
of absolute values of both real and imaginary part of its eigenvalues.
In this section, we extend the concept of total energy to sidigraphs.

The following theorem gives the coefficients of the characteristic
polynomial of the adjacency matrix of sidigraphs.

Theorem 1 (Acharya et al. [1]). Let S be an n-vertex sidigraph with
characteristic polynomial given by

φS(λ) = λn +

n∑

k=1

ck λ
n−k.

Then
ck =

∑

L∈Lk

(−1)p(L)
∏

Z∈c(L)

s(Z)

for all k = 1, 2, . . . , n, where Lk is the set of all linear subdigraphs L
of S of order k, p(L) denotes the number of components of L, c(L)
denotes the set of all cycles and s(Z) the sign of cycle Z.

Let λ1, . . . , λn be the eigenvalues of an n-vertex sidigraph S. Then
energy and iota energy is defined as

E(S) =

n∑

k=1

|Re(λk)|, (1)

Ec(S) =

n∑

k=1

|Im(λk)|. (2)

Now we define total energy of S as follows:

Et(S) =

n∑

k=1

|Re(λk) + Im(λk)|, (3)
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where Re(λk) and Im(λk) are the real part and imaginary part of eigen-
value λk, respectively.

Example 1. By Theorem 1, the characteristic polynomial of an acyclic
sidigraph of order n is given as φS(λ) = λn. So its total energy is
Et(S) = 0.

Figure 1. A sidigraph with three signed directed cycles

Example 2. Consider the sidigraph S shown in Figure 1. Negative
arcs and positive arcs are represented by dotted lines and solid lines,
respectively. By Theorem 1, the characteristic polynomial of S is given
by

φS(λ) = λ11 + λ5 = λ5(λ6 + 1).

The spectrum of S is given by

spec(S) =

{

0, 0, 0, 0, 0,±ι̇,
−ι̇±

√
3

2
,
ι̇±
√
3

2

}

.

Thus,
Et(S) = 2 + 2

√
3.
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The following theorem gives the relation between total energy of
sidigraph and its strong components.

Theorem 2. Total energy of a sidigraph is the sum of total energies
of its strong components.

Proof. Proof is similar to the proof of Theorem 2.7 [13].

The next two lemmas will be useful in proving several results.

Lemma 1. (Khan et al. [8]) Let x, a, b be real numbers such that
x ≥ a > 0 and b > 0. Then we have

π x

b x2 − π2
≤

π a

b a2 − π2
.

Lemma 2. (Farooq et al. [4]) For x ∈ (0, π
2 ], the following inequality

holds:
1

x
− 0.429 x ≤ cot x ≤

1

x
−

x

3
.

For any real number x with 0 < x < π
2 , sine function satisfies the

following:

sinx ≤ x, sinx ≥ x−
x3

3!
. (4)

3 Computation of total energy of signed di-

rected cycles

In this section, we calculate the total energy formulae for negative
directed cycles. If S is an n-vertex sidigraph with a unique signed
directed cycle of length m, where 2 ≤ m ≤ n, then by Theorem 1,
φS(λ) = λn+(−1)pλn−m = λn−m(λm+(−1)p), where p = 1 or p = 0 ac-
cording to whether S is cycle-balanced or non cycle-balanced. Clearly,
total energy equals to the total energy of the unique cycle.

Using Theorem 1, the characteristic polynomial of Cn is given by:

φCn(x) = xn − 1.
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Thus, the eigenvalues of Cn are exp
2kπι̇
n , where k = 1, . . . , n−1. There-

fore, the energy and total energy of Cn are given by:

E(Cn) =

n∑

k=1

∣
∣
∣
∣
cos

2kπ

n

∣
∣
∣
∣
, (5)

Et(Cn) =

n∑

k=1

∣
∣
∣
∣
cos

2kπ

n
+ sin

2kπ

n

∣
∣
∣
∣
. (6)

Using (5), Pirzada and Bhat [13] calculated the following energy for-
mulas for cycle Cn, n ≥ 2.

E(Cn) =







2 cot π
n

if n ≡ 0(mod4)
2 csc π

n
if n ≡ 2(mod4)

csc π
2n if n ≡ 1(mod2).

(7)

For a directed cycle Cn, n ≥ 2, Khan et al. [9] gave the following total
energy formulae,

Et(Cn) =







2
√
2 csc π

n
if n ≡ 4(mod 8)

2
√
2 cot π

n
if n ≡ 0(mod 8)

√
2 csc π

2n if n ≡ 2(mod 4)
1√
2
csc π

4n if n ≡ 1(mod 2).

(8)

Again, using Theorem 1, the characteristic polynomial of Cn is given
by:

φCn(x) = xn + 1.

Thus, the eigenvalues of Cn are exp
(2k+1)πι̇

n , where k = 1, . . . , n − 1.
Therefore, the energy and total energy of Cn are computed by:

E(Cn) =

n∑

k=1

∣
∣
∣
∣
cos

(2k + 1)π

n

∣
∣
∣
∣
, (9)

Et(Cn) =

n∑

k=1

∣
∣
∣
∣
cos

(2k + 1)π

n
+ sin

(2k + 1)π

n

∣
∣
∣
∣
. (10)
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Using (9), Pirzada and Bhat [13] calculated the energy of a cycle Cn,
n ≥ 2 as follows:

E(Cn) =







2 csc π
n

if n ≡ 0(mod4)
2 cot π

n
if n ≡ 2(mod4)

csc π
2n if n ≡ 1(mod2).

(11)

Next, we calculate the total energy formulae of Cn, by considering the
following four cases:
Case 1. If n ≡ 4(mod 8), then

Et(Cn) =

n−1∑

k=0

∣
∣
∣
∣
cos

(2k + 1)π

n
+ sin

(2k + 1)π

n

∣
∣
∣
∣

= 2

n
2
−1

∑

k=0

∣
∣
∣
∣
cos

(2k + 1)π

n
+ sin

(2k + 1)π

n

∣
∣
∣
∣

= 2

( n
4
−1

∑

k=0

∣
∣
∣
∣
cos

(2k + 1)π

n
+ sin

(2k + 1)π

n

∣
∣
∣
∣

+

n
4
−1

∑

k=0

∣
∣
∣
∣
cos

(2k + 1)π

n
− sin

(2k + 1)π

n

∣
∣
∣
∣

)

= 2

(
n
4
−1

∑

k=0

(

cos
(2k + 1)π

n
+ sin

(2k + 1)π

n

)

+

n−12
8∑

k=0

(

cos
(2k + 1)π

n
− sin

(2k + 1)π

n

)

n
4
−1

∑

k=n+4
8

(

sin
(2k + 1)π

n
− cos

(2k + 1)π

n

))

. (12)

Using geometric series sum formula and some basic trigonometric iden-
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tities, we obtain

n
4
−1

∑

k=0

(

cos
(2k + 1)π

n
+ sin

(2k + 1)π

n

)

=
(

cos
π

4
+ sin

π

4

)

sin
π

4
csc

π

n
= csc

π

n
.

(13)

n−12
8∑

k=0

(

cos
(2k + 1)π

n
− sin

(2k + 1)π

n

)

=
1

2

(√
2 cos

π

n
− 1

)

csc
π

n
.

(14)

n
4
−1

∑

k=n+4
8

(

sin
(2k + 1)π

n
− cos

(2k + 1)π

n

)

=
1

2

(√
2 cos

π

n
− 1

)

csc
π

n
.

(15)

Using (13)∼(15), equation (12) can be written as:

Et(Cn) =

n−1∑

k=0

∣
∣
∣
∣
cos

(2k + 1)π

n
+ sin

(2k + 1)π

n

∣
∣
∣
∣
= 2
√
2 cot

π

n
.
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Case 2. If n ≡ 0(mod 8), then

Et(Cn) =

n−1∑

k=0

∣
∣
∣
∣
cos

(2k + 1)π

n
+ sin

(2k + 1)π

n

∣
∣
∣
∣

= 2

n
2
−1

∑

k=0

∣
∣
∣
∣
cos

(2k + 1)π

n
+ sin

(2k + 1)π

n

∣
∣
∣
∣

= 2

(
n
4
−1

∑

k=0

∣
∣
∣
∣
cos

(2k + 1)π

n
+ sin

(2k + 1)π

n

∣
∣
∣
∣

+

n
4
−1

∑

k=0

∣
∣
∣
∣
cos

(2k + 1)π

n
− sin

(2k + 1)π

n

∣
∣
∣
∣

)

= 2

( n
4
−1

∑

k=0

(

cos
(2k + 1)π

n
+ sin

(2k + 1)π

n

)

+

n−8
8∑

k=0

(

cos
(2k + 1)π

n
− sin

(2k + 1)π

n

)

n
4
−1

∑

k=n
8

(

sin
(2k + 1)π

n
− cos

(2k + 1)π

n

))

. (16)

Using geometric series sum formulas and some basic trigonometric iden-
tities, we get

n−8
8∑

k=0

(

cos
(2k + 1)π

n
− sin

(2k + 1)π

n

)

=
1

2

(√
2− 1

)

csc
π

n
. (17)

n
4
−1

∑

k=n
8

(

sin
(2k + 1)π

n
− cos

(2k + 1)π

n

)

=
1

2

(√
2− 1

)

csc
π

n
. (18)

Using (13), (17) and (18), equality (16) becomes

Et(Cn) =

n−1∑

k=0

∣
∣
∣
∣
cos

(2k + 1)π

n
+ sin

(2k + 1)π

n

∣
∣
∣
∣
= 2
√
2 csc

π

n
.
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Similary, one can prove that Et(Cn) =
√
2 csc π

2n when n ≡ 2(mod 4)
and Et(Cn) =

1√
2
csc π

4n when n ≡ 1(mod 2).

In brief, we get

Et(Cn) =







2
√
2 cot π

n
if n ≡ 4(mod 8)

2
√
2 csc π

n
if n ≡ 0(mod 8)

√
2 csc π

2n if n ≡ 2(mod 4)
1√
2
csc π

4n if n ≡ 1(mod 2).

(19)

To find minimal and maximal total energy among all non cycle-
balanced unicyclic sidigraphs, the following lemma will be useful. We
would like to mention that the idea of proof is taken from the proof of
Lemma 3.5 [2].

Lemma 3. For n ≥ 2, the sequence 〈an〉 given by

an =







2
√
2 cot π

n
if n ≡ 4(mod 8)

2
√
2 csc π

n
if n ≡ 0(mod 8)

√
2 csc π

2n if n ≡ 2(mod 4)
1√
2
csc π

4n if n ≡ 1(mod 2)

is strictly increasing sequence.

Proof. To prove that 〈an〉 is strictly increasing sequence, we need to
show that for k ≥ 1, the following inequalities hold true.
2 csc π

2(4k−2) < csc π
4(4k−1) < 4 cot π

4k < csc π
4(4k+1) < 2 csc π

2(4k+2) <

csc π
4(4k+3) < 4 csc π

4k+4 .

Using (4), we get

2 csc
π

8k − 4
≤ 2

(
1

π
8k−4(1−

π2

6(8k−4)2
)

)

=
2(8k − 4)

π

(

1 +
π2

6(8k − 4)2 − π2

)

=
2(8k − 4)

π
+

2(8k − 4)π

6(8k − 4)2 − π2
.
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By Lemma 1, we obtain

2(8k − 4)

π
+

2(8k − 4)π

6(8k − 4)2 − π2
≤

2(8k − 4)

π
+

2(4)π

6(4)2 − π2

≤
16k

π
− 2.2547.

Thus

2 csc
π

8k − 4
≤

16k

π
− 2.2547. (20)

On the other hand, using (4), we have

csc
π

4(4k − 1)
≥

4(4k − 1)

π
≥

16k

π
− 1.2732. (21)

(20) and (21) give 2 csc π
2(4k−2) < csc π

4(4k−1) , thereby proving the first
inequality.

Next, we need to show that csc π
4(4k−1) < 4 cot π

4k . It is equivalent
to show

4 cos π
n
sin π

4n−4 − sin π
n
> 0, where n = 4k.

We use Taylor series expansion for sinx and cosx to prove this.
Now

4 cos
π

n
sin

π

4n − 4
− sin

π

n

= 4 [1−
1

2!
(
π

n
)2 + . . . ] [

π

4n − 4
−

1

3!
(

π

4n− 4
)2 + . . . ]

−[
π

n
−

1

3!
(
π

n
)3 + . . . ]

=
π

n− 1
−

π

n
+ o(n−3) > 0,

where f(n) ∈ o(g(n)) if f(n)
g(n) −→ 0 as n −→∞. This proves the second

inequality.

Now we will prove that 4 cot π
4k < csc π

4(4k+1) . Using Lemma 2, we
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get

4 cot
π

4k
≤ 4

(
4k

π
−

π

3(4k)

)

=
16k

π
−

π

3k
. (22)

On the other hand, using cscx ≥ 1
x
, we obtain

csc
π

4(4k + 1)
≥

4(4k + 1)

π

=
16k

π
+

4

π
. (23)

Using (22) and (23), we get the third inequality.

Since sinx is an increasing function in the interval [0, π2 ], we have
sin π

16k+8 < sin π
16k+4 . Also we know that cos π

16k+8 < 1. This gives
2 sin π

16k+8 cos
π

16k+8 < 2 sin π
16k+4 . Using sin 2x = 2 sin x cos x, we get

sin π
8k+4 < 2 sin π

4(4k+1) , that is, csc
π

4(4k+1) < 2 csc π
2(4k+2) . This proves

the fourth inequality.

Next, we will prove that 2 csc π
2(4k+2) < csc π

4(4k+3) . Using (4), we have

2 csc
π

2(4k + 2)
≤ 2

(
1

π
2(4k+2) (1−

π2

24(4k+2)2
)

)

=
4(4k + 2)

π

(

1 +
π2

24(4k + 2)2 − π2

)

=
4(4k + 2)

π
+

4(4k + 2)π

24(4k + 2)2 − π2
.

Using Lemma 2, we get

4(4k + 2)

π
+

4(4k + 2)π

24(4k + 2)2 − π2
≤

4(4k + 2)

π
+

4(6)π

24(6)2 − π2

≤
16k

π
+ 2.63475.
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Thus

2 csc
π

2(4k + 2)
≤

16k

π
+ 2.63475. (24)

On the other hand, using (4), we obtain

csc
π

4(4k + 3)
≥

4(4k + 3)

π

=
16k

π
+ 3.81972.

(25)

Using (24) and (25), we get the desired result.

Finally, we will show that csc π
4(4k+3) < 4 csc π

4k+4 . Since sinx is

an increasing function in the interval [0, π2 ]. This gives sin π
16k+16 <

sin π
16+12 . As we know that cos π

8k+8 < 1 and cos π
16k+16 < 1, this

gives 4 sin π
16k+16 cos

π
16k+16 cos

π
8k+8 < 4 sin π

16k+12 . Using some of the
basic trigonometric identities, we get sin π

4k+4 < 4 sin π
4(4k+3) , that is

csc π
4(4k+3) < 4 csc π

4k+4 , and we are done.

The next two theorems give extremal energy among n-vertex cycle-
balanced and non cycle-balanced unicyclic sidigraphs, n ≥ 2.

Theorem 3 (Khan et al. [9]). The unicyclic n-vertex digraphs which
contain a directed cycle C2 have minimal total energy among all n-
vertex unicyclic digraphs. The directed cycle Cn has the maximal total
energy among all n-vertex unicyclic digraphs.

Theorem 4. Among n-vertex unicyclic sidigraphs with negative cy-
cle, minimal total energy is attained in a sidigraph which contains C2.
Moreover, among all non cycle-balanced unicyclic sidigraphs on n ver-
tices, the cycle Cn has the largest total energy.

The next theorem gives a few characteristics of positive and nega-
tive directed cycles.

Theorem 5. Total energy of positive and negative directed cycles sat-
isfies the following:

(i) Et(Cn) = Et(Cn) if and only if n ≡ 1(mod2) or n ≡ 2(mod4).
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(ii) Et(Cn) > Et(Cn) if and only if n ≡ 4(mod8).

(iii) Et(Cn) < Et(Cn) if and only if n ≡ 0(mod8).

Proof. Proof follows from Lemma 3.

In the following theorem, we compare the total energy of positive
directed cycles with their energy and iota energy.

Theorem 6. Let n ≥ 2 be an integer. Then Et(Cn) > E(Cn) and
Et(Cn) > Ec(Cn).

Proof. Proof follows from (7), (8) and Theorem 2.4 [10].

The next corollary is an immediate consequence of Theorem 6.

Corollary 1. Let S be an n-vertex unicylic sidigraph with unique di-
rected cycle Cm, 2 ≤ m ≤ n. Then Et(S) > E(S) and Et(S) > Ec(S).

In the next theorem, we give comparison between energy, iota en-
ergy and the total energy of negative directed cycles.

Theorem 7. Let n ≥ 2 be an integer. Then Et(Cn) > E(Cn) and
Et(Cn) > Ec(Cn).

Proof. Using (11), (19) and Theorem 2.11 [5], we can easily get the
desired result.

An immediate consequence of Theorem 7 is the following corollary.

Corollary 2. Let S be an n-vertex unicylic sidigraph with unique di-
rected cycle Cm, 2 ≤ m ≤ n. Then Et(S) > E(S) and Et(S) > Ec(S).
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4 Complex adjacency matrix and increasing

property

In this section, we introduce complex adjacency matrix for sidigraphs
in order to define total energy of sidigraph as the sum of absolute values
of real parts of its eigenvalues. Let S = (D,α), where D = (V,A) is the
underlying digraph of S and α : A −→ {−1, 1} is the signing function.
We define the complex adjacency matrix At(S) = bjk of S by:

bjk =

{
(1− ι̇) α(vj , vk) if vjvk ∈ A,
0 otherwise.

The characteristic polynomial of the sidigraph S with respect to com-
plex adjacency matrix At(S) is φS(λ) = det(λIn − At(S)). The zeros
of φS(λ) are called the At-eigenvalues of S. The spectrum of At(S)
is denoted by Spect(S). If A(S) is the adjacency matrix of S, then
note that At(S) = (1− ι̇)A(S). Therefore, Spect(S) = (1− ι̇) Spec(S).
Thus, Re(λ) + Im(λ) = Re((1 − ι̇)λ), where λ is the eigenvalue of S.
Let λ1, . . . , λn be the At-eigenvalues of a sidigraph S. Then, the total
energy of S can also be defined as:

Et(S) =
n∑

k=1

|Re(λk)|,

where Re(λk) denote the real part of the At-eigenvalue λk. The coef-
ficient theorem for sidigraphs with complex adjacency matrix At(S) is
given by:

Theorem 8. Let S be an n-vertex sidigraph with characteristic poly-
nomial

Φt
S(λ) = λn +

n∑

k=1

ak(S)(1− ι̇)kλn−k,

then

ak(S) =
∑

L∈Lk

(−1)p(L)
∏

Z∈c(L)

s(Z),
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for all k = 1, 2, . . . , n, where Lk is the set of all linear subsidigraphs L
of S of order k, p(L) denotes the number of components of L. Moreover
c(L) and s(Z) represent the set of all cycles of L and the sign of cycle
Z, respectively.

Let S be an n-vertex sidigraph and let S1, . . . , Sr be its strong
components. Then, from the proof of Theorem 2, the characteristic
polynomial of S is given by:

φS(λ) = φS1(λ) . . . φSr(λ). (26)

The following lemma is about the characteristic polynomial of sidi-
graph S such that all of its cycles are vertex-disjoint.

Lemma 4. Let S be an n-vertex sidigraph containing cycles C1, . . . , Cr

of lengths m1, m2, . . . , mr, respectively. Assume that C1, . . . , Cr are
pairwise vertex-disjoint. Then

φS(λ) = λn−m φC1(λ) . . . . φCr (λ),

where m =
r∑

i=1
mi.

Proof. Proof follows from equation (26).

The concept of energy of polynomials is introduced by Mateljevic
et al. [11] in 2010. The authors defined the energy of a complex poly-
nomial P (λ) of degree n as

E(P (λ)) =

n∑

k=1

sgn(Re(λk))λk,

where λ1, . . . , λn are the zeros of P (λ). In general, the zeros of the com-
plex polynomial do not satisfy the conjugate pairing property. There-
fore, the energy of P (λ) is not a real number. Moreover, by complex
conjugate root theorem, the roots of the polynomial with real coeffi-
cients satisfy conjugate pairing property. Thus

E(P (λ)) =

n∑

k=1

sgn(Re(λk))λk =

n∑

k=1

|Re(λk)|. (27)
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Throughout the paper, we denote by p.v
∞∫

−∞
F (λ) dλ, the principal

value of an integral
∞∫

−∞
F (λ) dλ. The following theorem is well known.

Theorem 9 (Mateljevic et al. [11]). Let φ(λ) be a monic real polyno-
mial of degree n and λ1, . . . , λn be its zeros. Then

n∑

k=1

|Re(λk)| =

n∑

k=1

sgn(Re(λk))λk =
1

π
p.v

∞∫

−∞

(

n−
ι̇λφ′(ι̇λ)

φ(ι̇λ)

)

dλ,

where Re(λk) is the real part of λk.

If S is an n-vertex sidigraph which has cycles of length h ≡ 0(mod
4), then all coefficients of Φt

S(λ) in Theorem 8 are real. Thus, in this
case we can represent the total energy of sidigraphs in integral form.

Theorem 10. Let S be an n-vertex sidigraph, which has cycles of
length h ≡ 0(mod 4) and Φt

S(λ) be the characteristic polynomial of the
complex adjacency matrix At(S). Then

n∑

k=1

|Re(λk)| =
1

π
p.v

∞∫

−∞

(

n−
ι̇λΦ′t

S(ι̇λ)

Φt
S(ι̇λ)

)

dλ,

where λ1, . . . , λn are At-eigenvalues of S and Re(λk) is the real part of
λk.

The following corollary is an immediate consequence of Theorem 10.

Corollary 3. Let φ be a monic polynomial of degree n. Let λ1, . . . , λn

be its roots. Then

n∑

k=1

|Re(λk)| =
1

π
p.v

∫ ∞

−∞
log |γ(t)|

dt

t2
,

where γ(t) = tnφ( ι̇
t
) and Re(λk) is the real part of λk.
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Let Sn,h be the set of sidigraphs with n vertices such that each
sidigraph in Sn,h has signed directed cycles of length h. Now we will
study the increasing property of total energy of sidigraphs in Sn,h. The
following theorem gives the characteristic polynomial of the sidigraphs
in Sn,h.

Theorem 11 (Pirzada and Bhat [13]). If S ∈ Sn,h, then ΦS(λ) =

λn+
⌊n
h
⌋

∑

k=1

(−1)kc∗(S, kh)λn−kh, c∗(S, kh) is the number of positive linear

subsidigraphs of order kh − number of negative linear subsidigraphs of
order kh, k = 1, . . . , ⌊n

h
⌋.

Let S1
n,h =

{
S ∈ Sn,h | c

∗(S, kh) ≥ 0, k = 1, . . . , ⌊n
h
⌋
}
. Pirzada and

Bhat [13] define the quasi-order relation over S1
n,h as follows:

Let S1, S2 ∈ S1
n,h. If for all k = 1, . . . , ⌊n

h
⌋, c∗(S1, kh) ≤ c∗(S2, kh),

then S1 � S2 and if there exists k such that c∗(S1, kh) < c∗(S2, kh),
then S1 ≺ S2. Clearly it is symmetric and transitive relation over S1

n,h.

The next theorem is an analogue of Theorem 11.

Theorem 12. If S ∈ S1
n,h, then Φt

S(λ) = λn +
⌊n
h
⌋

∑

k=1

(−1)k (1 −

ι̇)k c∗(S, kh)λn−kh, c∗(S, kh) is the number of positive linear subsidi-
graphs of order kh − number of negative linear subsidigraphs of order
kh, k = 1, . . . , ⌊n

h
⌋.

Farooq et al. [5] define a new subfamily S2
n,h of Sn,h, which consists

of those sidigraphs S ∈ Sn,h which have negative cycles of length h. The
following theorem gives the characteristic polynomial of the sidigraphs
in S2

n,h.

Theorem 13 (Farooq et al. [5]). Let S ∈ S2
n,h. Then the charac-

teristic polynomial of S according to adjacency matrix A(S) is given

by ΦS(λ) = λn +
⌊n
h
⌋

∑

k=1

c(S, kh)λn−kh, where c(S, kh) is the number

of linear subsidigraphs of S containing k negative cycles of order h,
k = 1, . . . , ⌊n

h
⌋.
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Farooq et al. [5] define a quasi-order relation over S2
n,h as follows:

Let S1, S2 ∈ S2
n,h. If for all k = 1, . . . , ⌊n

h
⌋, c(S1, kh) ≤ c(S2, kh), then

S1 � S2 and if there exists k such that c(S1, kh) < c(S2, kh), then
S1 ≺ S2. This relation is symmetric and transitive relation over S2

n,h.

The next theorem is an analogue of Theorem 13.

Theorem 14. Let S ∈ S2
n,h. Then the characteristic polynomial of S

according to adjacency matrix At(S) is given by Φt
S(λ) = λn +

⌊n
h
⌋

∑

k=1

(1−

ι̇)k c(S, kh)λn−kh, where c(S, kh) is the number of linear subsidigraphs
of S containing k negative cycles of order h, k = 1, . . . , ⌊n

h
⌋.

The following theorems give the increasing property of total energy
over S1

n,h when h ≡ 4(mod 8) and over S2
n,h when h ≡ 0(mod 8). The

proofs are similar to the proof of Theorem 5.3 [12]. However, for the
sake of self-containment, we only include the proof of Theorem 16.

Theorem 15. Let h be an integer of the form h ≡ 4(mod 8). Then
total energy of a sidigraph S ∈ S1

n,h increases with respect to the quasi-

order relation � defined over S1
n,h. That is, if S1 � S2, then Et(S1) ≤

Et(S2), where S1, S2 ∈ S1
n,h.

Theorem 16. Let h be an integer of the form h ≡ 0(mod 8). Then
total energy of a sidigraph S ∈ S2

n,h increases with respect to the quasi-

order relation � defined over S1
n,h. That is, if S1 � S2, then Et(S1) ≤

Et(S2), where S1, S2 ∈ S2
n,h.

Proof. Let S ∈ S2
n,h be an n-vertex sidigraph. Since h ≡ 0(mod 8),

there is a positive integer l such that h = 8l. Then by Theorem 13, the
characteristic polynomial of At(S) is given by

Φt
S(λ) = λn +

⌊n
h
⌋

∑

k=1

(1− ι̇)khc(S, kh)λn−kh. (28)
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S
1 S

2

Figure 2. S1, S2 ∈ S2
46,12

This gives

Φt
S(

ι̇

λ
) =

(
ι̇

λ

)n

+

⌊n
h
⌋

∑

k=1

(1− ι̇)khc(S, kh)

(
ι̇

λ

)n−kh

=

(
ι̇

λ

)n(

1 +

⌊n
h
⌋

∑

k=1

(−2ι̇)4klc(S, kh)λkh

)

=

(
ι̇

λ

)n(

1 +

⌊n
h
⌋

∑

k=1

24klc(S, kh)λkh

)

.

By applying Corollary 3, we get

Et(S) =
1

π
p.v

∫ ∞

−∞

1

λ2
log

∣
∣
∣
∣
λn ι̇n

λn

(

1 +

⌊n
h
⌋

∑

k=1

24klc(S, kh)λkh

)∣
∣
∣
∣
dλ

=
1

π
p.v

∫ ∞

−∞

1

λ2
log

(

1 +

⌊n
h
⌋

∑

k=1

24klc(S, kh)λkh

)

dλ.

The last equality is obtained by using 1
π
p.v.

∫∞
−∞ log(ι̇n)dλ

λ2 = 0. It is
easy to see from the above total energy expression that total energy
increases with respect to quasi-order relation � over S2

n,h.
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S
3 S

4

Figure 3. S3, S4 ∈ S2
22,5

Example 3. Consider the sidigraphs S1 and S2 as shown in Figure 2,
where h ≡ 4(mod8) and each cycle has negative sign. By Theorem 13,
the characteristics polynomials of S1 and S2 are, respectively, given by

φS1 = λ46 + 4λ34 + 4λ22 + λ10,

φS2 = λ46 + 4λ34 + 3λ22 + λ10.

Here c(S1, kh) ≥ c(S2, kh), k = 1, 2, 3. However, Et(S1) = 31.7354 and
Et(S2) = 32.0260. Clearly, Et(S2) ≥ Et(S1). Thus, the total energy
may not increase with respect to the quasi-order relation over the set
S2
n,h when h ≡ 4(mod 8).

Example 4. Consider the sidigraphs S3 and S4 as shown in Figure 3,
where h ≡ 1(mod2). By Theorem 13, the characteristics polynomials
of S3 and S4 are, respectively, given by

φS3 = λ22 + 5λ17 + 7λ12 + 4λ7 + λ2,

φS4 = λ22 + 5λ17 + 6λ12 + 4λ7 + λ2.
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Here c(S3, kh) ≥ c(S4, kh), k = 1, 2, 3, 4. However, Et(S3) = 18.1843
and Et(S4) = 18.2420. Clearly, Et(S4) ≥ Et(S3). Thus, the total
energy may not increase with respect to the quasi-order relation over
the set S2

n,h when h ≡ 1(mod 2).

For counter examples of increasing property of total energy in S1
n,h

when h ≡ 0(mod 8) or h ≡ 1(mod 2), see Example 5.4 and 5.5 [9].

5 Upper bound for total energy of sidigraphs

In this section, we obtain upper bound for the total energy of sidi-
graphs. An alternating sequence of vertices and directed arcs is
called a directed walk. Let c+(2) and c−(2), respectively, denote
the number of positive and negative closed directed walks of length
2. Let K+

2 (respectively, K−
2 ) be the sidigraph whose sign of an arc

is +1(respectively, −1). The following Lemma is used to find upper
bound.

Lemma 5 (Pirzada and Bhat [13] ). Let S be a sidigraph having n
vertices and a arcs and let λ1, . . . , λn be its eigenvalues. Then

(1).
∑n

k=1(Re(λk))
2 −

∑n
k=1(Im(λk))

2 = c+(2) − c−(2),

(2).
∑n

k=1(Re(λk))
2 +

∑n
k=1(Im(λk))

2 ≤ a.

It is easy to see from the proof of Lemma 5 that

n∑

k=1

Re(λk) Im(λk) = 0. (29)

Let S be any sidigraph. We denote by q ⊕ S, the direct sum of
q copies of S. Now we will give upper bound for the total energy of
sidigraphs. We remark that the idea of the proof is taken from Theorem
2.3 [14].

Theorem 17. Let S be an n-vertex sidigraph and a be the total number
of arcs of S. Let λ1, . . . , λn be the eigenvalues of S. Then Et(S) ≤
√
na. Moreover, if S is balanced, the equality holds if S = n

2 ⊕
←→
K +

2 or
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S = n
2 ⊕
←→
K −

2 or S = n
4 ⊕ C4. If S is unbalanced, the equality holds if

S = n
2 ⊕C2.

Proof. Using (29) and part 2 of Lemma 5 and applying the Cauchy-
Schwarz inequality to vectors (|Re(λ1)+Im(λ1)|, . . . , |Re(λn)+Im(λn)|)
and (1, 1, . . . , 1) ∈ R

n, we have

Et(S) =

n∑

k=1

|Re(λk) + Im(λk)|

≤
√
n

√
√
√
√

n∑

k=1

|Re(λk) + Im(λk)|2

=
√
n

√
√
√
√

n∑

k=1

(Re(λk))2 +

n∑

k=1

(Im(λk))2 ≤
√
na.

For the second part, we consider two cases: (1). S is balanced, (2). S
is unbalanced.

(1). Note that the eigenvalues of sidigraphs n
2 ⊕
←→
K +

2 and n
2 ⊕
←→
K −

2 are
±1 and ±1, respectively, each repeated n

2 times and the eigenvalues of
sidigraph n

4 ⊕ C4 are {±1,±ι̇}, each repeated n
4 times. Thus, Et(

n
2 ⊕←→

K +
2 ) = n

2 (|1| + | − 1|) = n, Et(
n
2 ⊕
←→
K −

2 ) = n
2 (|1| + | − 1|) = n and

Et(
n
4 ⊕ C4) =

n
4 (2 ( |1| + | − 1| )) = n. On the other hand, clearly, the

number of vertices and number of arcs in all these three sidigraphs are
n and n. Therefore, for these sidigraphs, Et(S) =

√
nn = n.

(2). The sidigraph S = n
2 ⊕ C2 has n vertices and n arcs. Thus,

Et(S) =
√
nn = n. However, from total energy formula (3), we have

Et(
n
2 ⊕C2) =

n
2 (|1| + | − 1|) = n, since the eigenvalues of a sidigraph

n
2 ⊕C2 are ±ι̇, each repeated n

2 times. This completes the proof.

Theorem 18. Let S be a sidigraph on n vertices and a arcs and let
S1, . . . , Sm be its strong components with ni > 1 vertices and ai arcs,
where i = 1, 2, . . . ,m, respectively. Then Et(S) ≤ a. Moreover, if S is

balanced, the equality holds if S = a
2 ⊕
←→
K +

2 plus some isolated vertices

or S = a
2 ⊕
←→
K −

2 plus some isolated vertices or S = a
4 ⊕ C4 plus some
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isolated vertices, and if S is unbalanced, the equality holds if S = a
2⊕C2

plus some isolated vertices.

Proof. We assume that S is a strongly connected sidigraph with n
vertices and a arcs. Then n ≤ a. By Theorem 17, we have

Et(S) ≤
√
na ≤ a.

As S1. . . . , Sm are strong components of S with ni vertices and ai arcs,
where i = 1, 2, . . . ,m, therefore

∑m
i=1 = n and

∑m
i=1 ai ≤ a. By

Theorem 2, we have

Et(S) =

r∑

i=1

Et(Si) ≤

r∑

i=1

≤ a.

The proof of the second part is similar to the proof of the second part
of Theorem 17 and is, thus, omitted.

6 T-Equienergetic sidigraphs

Two sidigraphs with the same spectrum are said to be cospectral, other-
wise non-cospectral. Two T-equienergetic sidigraphs of the same order
are the sidigraphs which have the same total energy. Two isomorphic
sidigraphs are always cospectral and, thus, are T-equienergetic. In this
section, we are interested to construct a few classes of non-cospectral
T-equienergetic sidigraphs.

Example 5. Consider the sidigraphs S and H as shown in Figure 2.
The dotted lines represent negative arcs and solid ones represent posi-
tive arcs. The characteristic polynomials of S and H are, respectively,
given by

φS(λ) = (λ6 − 1)

φH(λ) = (λ6 + 1).
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S H

Figure 4. Equienergetic sidigraphs

Thus, the spectrums of S and H are, respectively, given by

spec(S) =

{

± 1,
1±
√
3ι̇

2
,
−1±

√
3ι̇

2

}

, (30)

spec(H) =

{

± ι̇,

√
3± ι̇

2
,
−
√
3± ι̇

2

}

. (31)

From (30) and (31), S and H are non-cospectral T-equienergetic sidi-
graphs

Theorem 19. Let S1 = (2 ⊕ C2) × S, S2 = (2 ⊕ C2) × S and
S3 = C4 × S, where S is an n-vertex sidigraph. Then Et(S1) = Et(S3)
and Et(S2) = Et(S3). Moreover, S1, S3 and S2, S3 are non-cospectral
sidgraphs. Similarly, S1 and S2 are non-cospectral T-equienergetic sidi-
graphs.

Proof. Let λ1, . . . , λn be the eigenvalues of S. Then spectrums of S1, S2

and S3 are, respectively, given by

spec(S1) = {λ1 ± 1, λ1 ± 1, . . . , λn ± 1, λn ± 1},

spec(S2) = {λ1 ± ι̇, λ1 ± ι̇, . . . , λn ± ι̇, λn ± ι̇},

spec(S3) = {λ1 ± 1, λ1 ± ι̇, . . . , λn ± 1, λn ± ι̇}.
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It is clear that S1, S3 and S2, S3 are non-cospectral T-equienergetic
sidigraphs. Also S1 and S2 are non-cospectral T-equienergetic sidi-
graphs.

Example 6. For each odd n, Cn and Cn are non-cospectral T-
equienergetic sidigraphs, because spec(Cn) = −spec(Cn) and 1 ∈
spec(Cn) but 1 6∈ spec(Cn).

Using Example 6, we have the following corollary of Theorem 19.

Corollary 4. If n ≡ 1(mod 2), then (2⊕C2)×Cn and (2⊕C2)×Cn

are non-cospectral T-equienergetic sidgraphs. Similarly, (2⊕C2)×Cn

and (2⊕C2)×Cn are non-cospectral T-equienergetic sidigraphs.

The following lemma will be useful to find pair of non-cospectral
T-equienergetic sidigraphs.

Lemma 6. Let n ≥ 6 be a positive integer. Then

(1). Et(Cn) = 2Et(C n
2
) if and only if n ≡ 2(mod 4).

(2). Et(Cn) = 4Et(C n
4
) if and only if n ≡ 4(mod 8).

(3). Et(Cn) = Et(Cn) if and ony if n ≡ 2(mod 4) or n ≡ 1(mod 2).

Proof. Proof is similar to the proof of Lemma 5.2 [10].

The proofs of the next Theorems are similar to the proof of Theorem
5.3 [10] and are, thus, omitted.

Theorem 20. Let S1 and S2 be an n-vertex sidigraphs, n ≥ 6, with
k vertex-disjoint positive directed cycles and k vertex-disjoint negative
directed cycles of lengths m1, . . . , mk, where mj ≡ 1(mod 2) or mj ≡
2(mod 4), j = 1, 2, . . . , k. Then Et(S1) = Et(S2). Moreover, S1 and
S2 are non-cospectral.

Theorem 21. Let S1 and S2 be two n-vertex sidigraphs, n ≥ 6,
with k vertex-disjoint positive directed cycles and 2k vertex-disjoint
negative directed cycles, respectively, of lengths m1, . . . , mk and
m1
2 , m1

2 , . . . , mk

2 , mk

2 , respectively, where mj ≡ 2(mod 4), j =
1, 2, . . . , k. Then Et(S1) = Et(S2). Moreover, S1 and S2 are non-
cospectral.
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Theorem 22. Let S1 and S2 be two n-vertex sidigraphs, n ≥ 6,
with k vertex-disjoint positive directed cycles and 4k vertex-disjoint
negative directed cycles, respectively, of lengths m1, . . . , mk and
m1
4 , m1

4 , m1
4 , m1

4 , . . . , mk

4 , mk

4 , mk

4 , mk

4 , respectively, where mj ≡
4(mod 8), j = 1, 2, . . . , k. Then Et(S1) = Et(S2). Moreover, S1

and S2 are non-cospectral.

The next two theorems give a class of non-cospectral T-equienergetic
digraphs.

Theorem 23. (Khan et al. [9]) Let S1 and S2 be two n-vertex sidi-
graphs, n ≥ 6, with k and 2k vertex-disjoint directed cycles, respec-
tively, of lengths m1, . . . , mk and m1

2 , m1
2 , . . . , mk

2 , mk

2 , respectively,
where mj ≡ 2(mod 4), j = 1, 2, . . . , k. Then S1 and S2 are non-
cospectral T-equienergetic digraphs.

Theorem 24. (Khan et al. [9]) Let S1 and S2 be two n-vertex sidi-
graphs, n ≥ 6, with k and 2k vertex-disjoint directed cycles, respec-
tively, of lengths m1, . . . , mk and m1

2 , m1
2 , . . . , mk

2 , mk

2 , respectively,
where mj ≡ 4(mod 8), j = 1, 2, . . . , k. Then S1 and S2 are non-
cospectral T-equienergetic digraphs.

7 Conclusion

In this paper, we extend the concept of total energy of digraphs to
sidigraphs and introduced complex adjacency matrix of sidigraphs.
We calculated the total energy formulas for negative directed cycles
and show that the total energy of negative directed cycles increases
monotonically. We discuss the increasing property of total energy
over the set S1

n,h and S2
n,h with respect to the quasi-order relation

when h ≡ 4(mod 8) and h ≡ 0(mod 8), respectively. We find upper
bound for total energy of sidigraphs. Finally, we find non-cospectral
T-equienergetic sidigraphs. However, it is unclear whether the total
energy of sidigraphs increases or not, with respect to the quasi-order
relation over S1

n,h and S2
n,h when h ≡ 2( mod 4). We leave this problem

for future work.
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Baktraking algorithm for lexion generation

∗

Constantin Ciubotaru

Abstrat

This paper is dediated to generating proess of the Roma-

nian Cyrilli lexion used between 1967 and 1989. The rules for

transliteration of words from the modern Romanian lexion to

their equivalents written in Cyrilli were established and argued.

A baktraking algorithm has been developed and imple-

mented that generates the Cyrilli lexion using the transliter-

ation rules. This algorithm atually is a tool to failitate the

work of the expert. The work of the expert is redued to hek-

ing the transliterated variants and hanging the transliteration

rules.

Keywords: lexion, transliteration, baktraking algorithm,

deyrillization, morpho-syntati desriptions (MSD).

1 Introdution

The problem of digitizing and preserving the historial-linguisti her-

itage is a priority domain of the digital agenda for Europe. The dig-

itization proess requires solving a series of problems related to the

reognition, editing, translation, and interpretation of printed texts.

The solving of these problems for the Romanian historial-linguisti

heritage faes di�ulties and spei� aspets: a large number of peri-

ods in the evolution of the language, a small volume of stored resoures

that are also sattered, a great diversity of alphabets.

The presene of a digitized Romanian Cyrilli lexion will ontribute

to the regeneration, revitalization and preservation of the heritage re-

lated to this period. Various aspets of the problem have been exposed

in [1℄�[3℄.

©2021 by CSJM; Constantin Ciubotaru

∗
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The paper addresses the issues related to the digitization and

transliteration of the historial-linguisti heritage printed in Cyrilli

sript during 1967�1989 on the territory of the Moldovan Soviet Soial-

ist Republi (MSSR), in aordane with the linguisti norms of the

modern Romanian language.

During that period the Moldovan Cyrilli alphabet (AlphaCYR)

was used whih atually represents the Russian alphabet without the

letters "�e", "ù" and "ú" and extended by adding the letter " �æ" in

1967. Complete lak of resoures in eletroni format and presene of

fragmentary grammatial desriptions that admit ambiguous interpre-

tations represent the main di�ulties spei� to the period.

Aording to the dexonline de�nition, transliteration is the �tran-

sription of a text from one alphabet to another, rendering the letters

by their equivalents, regardless of the phoneti value of the signs� [4℄.

The proess of transliterating Romanian words into their written

equivalents with the haraters of the AlphaCYR alphabet is alled

yrillization. For instane, "puiului"⇒"ïóþëóé", "�ului"⇒"�èóëóé",

"enus

,

iu"⇒"÷åíóøèó", "viermi"⇒"âåðìü", "vierii"⇒"âèåðèé".

The inverse proedure for yrillization is alled deyrillization,

e.g. "ïóþëóé"⇒"puiului", "áüåò"⇒"biet", "áîåð"⇒"boier", "ïåïò"⇒
"piept".

If the digitization of the text is relatively simple, the problem of

reognizing the digitized text is quite ompliated, espeially onsider-

ing the total lak of Romanian Cyrilli resoures for that period. This

paper extends the results presented in [5℄ and aims to develop a tool

for generating the lexion orresponding to that period (noted by Lex-

CYR), starting from the lexion of the modern Romanian language

(noted by LexROM).

The general sheme of the Romanian Cyrilli lexion generator is

presented in Figure 1.

Modern Romanian

lexion LexROM

TRANSLITERATION

Romanian Cyrilli

lexion (1967-

1989) LexCYR

Figure 1. The general sheme of the Cyrilli lexion generator
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2 Seletion of the modern Romanian lexion

For the hoie of the modern Romanian lexion, the following three

resoures were examined:

1.Dexonline [4℄. It ontains over 900000 entries, with a onvenient

interfae for online use. The ditionary struture is less adaptable for

proessing beause it does not ontain expliitly the in�eted forms,

does not ontain morpho-syntati desriptions (MSD), and inludes

both forms of spelling "��" from "i" and "�a" from "a" ("f�an"-"f��n",

"p�ar��"-"p��r��").

2.The lexion developed at the "Al.I.Cuza" University, Ias

,

i [6℄

with over 1000000 entries. The lexion is well strutured, ontains

MSD labels in aordane with the tagset proposed in the projet

MULTEXT-East [7℄. But, as in dexonline, we �nd both spellings "��"

/ "�a", also many proper names and words of foreign origin, to whih

the rules of transliteration annot be applied.

3.Reusable linguisti resoures developed at the Institute of Math-

ematis and Computer Siene �Vladimir Andrunahievii� [8℄ with

over 677000 entries, inluding in�eted forms. The formalization

(pakaging) of resoures is quite ompliated, the morpho-syntati

desriptions are inomplete.

Finally, the lexion developed at the "Al.I.Cuza" University (LexROM)

was seleted with minor modi�ations, as follows:

1.Proper nouns and words of foreign origin were removed;

2.All words were transliterated using the spelling "�a" from "a" aord-

ing to the provisions of the Romanian Aademy. Dupliations of

spellings "��" / "�a" were avoided by applying an algorithm speially

developed for this purpose.

The problem of spelling "��"/"�a" does not a�et the yrillization

proess, beause in both ases there is the same result at transliteration:

"�a"⇒ "û", "��"⇒ "û". Di�ulties arise in the deyrillization proess:

should we apply the rule "û"⇒ "�a" or rule "û"⇒ "��"?

We denote by AlphaROM the Romanian language alphabet, and by

LexROM(α) � all the words from LexROM that start with the letter

α, α ∈ AlphaROM.
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3 Used tools

To formalize the transliteration rules and program the lexion proess-

ing algorithms there was seleted the Common LISP funtional pro-

gramming language [9℄, [10℄.

The Notepad++ editor was used for word proessing [11℄, whih

o�ers advaned editing apabilities, suh as:

- selet text both horizontally and vertially,

- store searh results in separate �les,

- mark lines and operations with these lines,

- allow the use of regular expressions,

- support UTF-8 enoding for Romanian letters with diaritis and

Russian, for example:

�

A, t

,

,

�

A, �a, S

,

, Ý, ö, Û, Ø, �æ,

- rih set of plugins: exporting �les in various formats (RTF,

HTML), the ability to launh appliations (�les with the extension

.exe), sorting and omparing �les, et.

4 Baktraking method

The baktraking method proposes to build the solution(s) of a problem

inrementally by applying iterative and/or reursive algorithms. It is

assumed that there is a �nite set of andidates for solutions and some

internal riteria for verifying andidates. The method an be applied

to generate the lexion, as all the neessary onditions are met:

• the modern LexROM lexion is given,

• sets of rules for transliteration are de�ned,

• there is a �nite set of intermediate transliterated words that rep-

resent andidates for solutions,

• there are internal riteria for verifying the variants: the order of

appliation of the rules, ontext-sensitive dependenies, pre�xing

and su�xing, the involvement of the expert,

• the set of all solutions meets the LexCYR lexion,

• iterative and reursive algorithms are applied.
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5 Algorithm of swithing to the spelling "�a"

from "a"

The transition to the spelling "�a" from "a" also will be done by

transliteration. Aording to the provisions of the Romanian Aademy,

the letter "��" will always be written at the beginning and end of the

word ("��neput", "��nger", "��n", "��ntoare", "a obor��", "a ur��"). Inside

the word, it is usually written "�a" ("uv�ant", "a m�ar�ai", "rom�an",

"f�an"). There are, however, a few exeptions to this rule. Words

formed by pre�xing words that begin with the letter "��" will keep this

"��" inside. For example, "ne��mp�aat", "ne��ngrijit", "pre��nt�ampinat",

"dez��ntors", "re��narma". The same rule will be applied to ompound

words: "bine��nt

,

eles", "semi��nhis", "alt��notro". There are also a few

exeptions, for example, the word "alt��nghie" will be transliterated as

"alt�anghie", beause it is not a ompound word, this is the name of

a �ower, also alled "lady's slipper". On the other hand, the word

"ap��ntortur�a" (the name of a bird) will be transliterated, together

with its derivatives, as "ap��ntortur�a". It is taken into aount that the

word omes from "ap ��ntors" ("turned head"). The spei�ity of the

LexROM lexion will also be taken into aount, that inludes, along

with the lemma words and in�eted forms, phrases and word ombi-

nations, whih an be spelled with "��" from "i". These words inside

the onstrution are separated by "~". For example, "pe~��nserate",

"de~jur~��mprejur" et. All words w that ontain at least one letter

"��" an be represented as w = w0
•
"��"

• w1
•
"��"

• . . . • wn−1
•
"��"

• wn.

If the word starts with "��", then w0 = ””. We will mark by ”” the

empty string. For words ending with "��" we will have wn = ””. Thus,
for the letter "��" we get "��"=w0

•
"��"

• w1, w0 = w1 = ””. For the

word "obor��" we obtain: "obor��"=w0
•
"��"

• w1, with w0="obor",

w1 = ””. For the ombination of words w="din~��nd~��n~��nd" we

have: w = w0
•
"��"

• w1
•
"��"

• w2
•
"��"

• w3=�din~�
•
����

•
�nd~�

•
����

•
�n~�

•
����

•
�nd�. Note that w1="nd~" ends with "~", whih means that the

next word will start with "��", analogous to the pre�x situation. As a

result of the onversion we get "din~�and~��n~�and".

Performing a statistial analysis of the LexROM lexion leads to
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seletion of the set of all pre�xes that an be inserted in front of words

that start with the letter "��". This set is denoted by PREFIXES.

Algorithm of swithing to the spelling "

�

a" from "a"

0. Start

1. The lexion of the modern Romanian language LexROM is given.

\* We will modify this lexion by substituting all words with their writ-

ten equivalents with "�a" from "a" applying the transliteration method

*\

2.We modify the LexROM by applying transliteration rules for exep-

tional situations. For example, "alt��ngie"⇒ "alt�angie" (in other ases

"alt" will be a pre�x).

3.We build the set of pre�xes that an be plaed in front of words whih

start with the letter "��". PREFIXES={"alt" "arhi" "auto" "bine"

"bio" "de" "dez" "din" "ex" "ne" "nemai" "ori" "pit

,

i" "pre" "prea"

"pro" "re" "semi" "sub" "subt" "super" "supra" "tele"}.

4. loop for all w ∈ LexROM do

4.1. if w does not ontain "��" then return(w).

4.2.We represent w = w0
•
����

• w1
•
����

• . . . • wn−1
•
����

• wn, where

w0, w1, . . . , wn are words whih do not ontain "��", n ≥ 1.

4.3. if (w0= ””) or (w0∈PREFIXES) or (w0 = w′

0
•
�~�) or (w1 = ””)

then wr := w0
•
���� else wr := w0

•
��a�.

4.4. loop for i from 1 to (n− 1) do
4.4.1. wr := wr

• wi

4.4.2. if (wi+1 = ””) or (wi = w′

i
•
�~�) then wr := wr

•
���� else

wr := wr
•
��a�.

4.5. end loop

4.6. return(wr
• wn)

5. end loop

6. Stop

6 The struture of the lexions

The LexROM lexion is represented as a list in Common LISP, eah

element of the list being omposed of three omponents: (word, MSD-
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label, word-lemma). For eah element of the LexCYR lexion, the

fourth omponent � the yrillized word (Figura 2) � is inluded.

(ghioei "Nmprn" "ghioel")

(ridi "Vmsp1s" "ridia")

(ridia "Vmn" "ridia")

(ridiam "Vmii1p" "ridia")

(ridi�am "Vmsp1p" "ridia")

(ridiare "Nfsrn" "ridiare")

(ridiat "Nmson" "ridiat")

(ridiat "Afpmson" "ridiat")

(ridiat "Vmp" "ridia")

(ridiat "Rg" "ridiat")

(ridiatele "Nfpry" "ridiat")

(ridiatule "Nmsvy" "ridiat")

(a) LexROM struture

(ãèî÷åé "ghioei" "Nmprn" "ghioel")

(ðèäèê "ridi" "Vmsp1s" "ridia")

(ðèäèêà "ridia" "Vmn" "ridia")

(ðèäèêàì "ridiam" "Vmii1p" "ridia")

(ðèäèêýì "ridi�am" "Vmsp1p" "ridia")

(ðèäèêàðå "ridiare" "Nfsrn" "ridiare")

(ðèäèêàò "ridiat" "Nmson" "ridiat")

(ðèäèêàò "ridiat" "Afpmson" "ridiat")

(ðèäèêàò "ridiat" "Vmp" "ridia")

(ðèäèêàò "ridiat" "Rg" "ridiat")

(ðèäèêàòåëå "ridiatele" "Nfpry" "ridiat")

(ðèäèêàòóëå "ridiatule" "Nmsvy" "ridiat")

(b) LexCYR struture

Figure 2. The lexions struture

The MSD label is a set of harateristis of the word viewed as

part of speeh. The label represents a sequene of symbols, the �rst

symbol speifying the part of speeh (for example, N - noun, V - verb,

A - adjetive, Rg - adverb, et). The rest of the symbols will speify

the morphologial harateristis of the word, suh as number, gender,

person, time, ase, mode, et. The sheme of the MSD label for the

noun is shown in Figure 3.

N

[
-ommon

p-proper

][
m-masuline

f-feminine

][
s-singular

p-plural

]




r

o

v





[
y-de�niteness

n-inde�niteness

]

r-diret ase (nominative-ausative),

o-oblique ase (genitive-dative),

v-voative

Figure 3. The MSD label struture for noun

The following algorithm based on the baktraking strategy is pro-

posed for generating the Cyrilli lexion LexCYR. Sets of translitera-

141



Constantin Ciubotaru

tion rules are de�ned, yrillization and deyrillization algorithms are

onstruted. The yrillization algorithm is applied on the Romanian

lexion LexROM. A variant of the LexCYR lexion will be obtained,

whih an be subjeted to deyrillization, thus a new variant for the Ro-

manian lexion is obtained. The ideal situation would be to math these

two lexions. If inonsistenies our, the expert intervenes, who an

hange the rules of yrillization\deyrillization, an repeat the whole

proess or an intervene with orretions on the onstruted Cyrilli

lexion.

7 Cyrillization

Unlike the problem of digitizing and reognizing printed text, whih is

solved relatively simply, the problem of yrillization is more di�ult. To

solve this problem we will apply the transliteration method. By de�ni-

tion, the transliteration proess onsists in the onseutive appliation

of a set of substitutions (rewriting rules). For example, brad⇒ árad⇒
áðad ⇒ áðaä ⇒ áðaä. Here the following rules have been applied

onseutively "b"⇒ "á", "r"⇒ "ð", "d"⇒ "ä", "a"⇒ "à". We will all

these rules general rules. For them the order of appliation is irrelevant.

For the letter "i" we have the general transliteration rule "i"⇒
"è", but the following rules are also possible: "i"⇒ "é" and "i"⇒ "ü".

Examples: fuior⇒�óéîð, �or⇒�èîð, miere⇒ ìüåðå.

In other ases the rules may be more ompliated. For example,

two rules an be applied to the letter "g": "g"⇒ "ã", "g"⇒ " �æ" �

gigant ⇒ �æèãàíò. Here omes the ontext-sensitive rule that requires

substitutions: "gi"⇒ " �æè", "ge"⇒ " �æå", "ghi"⇒ "ãè", "ghe"⇒ "ãå".

Thus, it beomes obvious that these rules must be applied be-

fore applying the general rule "g"⇒ "ã". Moreover, substitutions

"giu"⇒ " �æèó", "giu"⇒ " �æþ" are also possible. For example, giulgiu⇒
�æþë�æèó, giugiuli⇒ �æþ�æþëè.

Randomly applying the transliteration rules for the word "ghioei",

the following variants are obtained: {"ãõèîêåè", "ãõèîêåü", "ãõèîêåé",

"ãõèî÷åè", "ãõèî÷åü", "ãõèî÷åé", "ãèîêåè", "ãèîêåü", "ãèîêåé",

"ãèî÷åè", "ãèî÷åü", "ãèî÷åé", " �æõèîêåè", " �æõèîêåü", " �æõèîêåé",
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" �æõèî÷åè", " �æõèî÷åü", " �æõèî÷åé"}.

ã

ã

�æ

õ

õ

è î

ê

÷

å

è

ü

é

Figure 4. The transliteration sheme for "ghioei"

In Figure 4 we show the transliteration sheme of the word "ghio-

ei". The sheme highlights the orret variant � "ãèî÷åé". The bak-

traking method allows eliminating wrong options step by step and

seleting the orret one. This is done by hanging the transliteration

rule set, establishing some ontextual dependenies, hanging the or-

der of the rules appliation and examining the MSD labels. In some

situations the orret option an only be seleted by the expert.

To �x the situations with multiple variants, we will use a list of

options denoted by [w1][w2] . . . [wn], �nally being seleted only one. For
example, for the words "ghioei" and "preaiubit

,

i" we get:

[ãõ℄[ã℄[ �æõ℄

•
èî

•
[ê℄[÷℄

•
å

•
[è℄[ü℄[é℄ =⇒"ãèî÷åé",

ïð

•
[åà℄[ÿ℄

•
[èó℄[þ℄

•
áèö

•
[è℄[ü℄[é℄ =⇒"ïðÿþáèöü".

We denoted by "

•
" the onatenation operation.

8 Classi�ation of transliteration rules

8.1 General rules

The general transliteration rules are presented in Table 1.

Table 1. General rules of transliteration

latin a �a �a b  d e f g h i �� j k

yrilli à ý û á ê ä å � ã õ è û æ ê

latin l m n o p r s s

,

t t

,

u v x z

yrilli ë ì í î ï ð ñ ø ò ö ó â êñ ç

143



Constantin Ciubotaru

To formalize (program) these substitutions, we will introdue the

funtion replae-all (w lat yr), whih will modify the word w substi-

tuting all ourrenes lat with yr. This is possible beause the order

of appliation of these substitutions is not relevant. E.g, replae-all

("dividend" "d" "ä") = "äiviäenä".

Depending on the �ltering stage, it is possible to enter some new

general transliteration rules, for example, replae-all (w "gh" "ã"),

replae-all (w "h" "ê").

Usually, these substitutions are the last �lter in the proess of yril-

lization.

8.2 Rules for pre�xes

Beause the words are interpreted as strings, we have to use the notions

of pre�x and su�x de�ned to proess strings, as opposed to the gram-

matial notions of su�x and pre�x. Thus, by pre�x (su�x) of the string

w we will de�ne any substring w1 (w2) for whih w = w1
•w2. Substrings

w1 and w2 an also be empty, i.e. "". Often the transliteration rules

for pre�xes di�er from general rules. Thus, the pre�xes "ia" and "iu",

with small exeptions, will be transliterated as "ÿ" and "þ", as op-

posed to their appearane inside the word when in most ases they will

be transliterated as options "[ÿ℄[èà℄" and "[þ℄[èó℄". Another example:

in the LexROM there are about 650 words that start with the pre�x

"rea". Only for 6 situations it will be transliterated by "êðÿ". All

other ourrenes of the pre�x will be transliterated by êðåà". These

6 situations an be easily highlighted and formalized. This observation

suggests the need to introdue a speial set of transliteration rules for

pre�xes.

We note these rules by replae-pre�x (w pre�xlat pre�xyr). For

example, replae-pre�x (w "reang" "êðÿíã"), replae-pre�x (w "rea"

"êðåà"). The order of appliation is important for this type of substitu-

tion, whih is simple: pre�xes that are pre�xes of other pre�xes will be

transliterated last. Thus, we �rst will try the transliteration "reang"

⇒ "êðÿíã", then the transliteration "rea" ⇒ êðåà". Pre�x rules are

de�ned separately for all words in the LexROM that begin with the
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same letter. Thus, for all letters there will be de�ned sets of rules for

pre�xes that will be applied �rst in the transliteration proess.

8.3 Rules for su�xes

Analogously to the situation with the transliteration of pre�xes, also

there are de�ned transliteration rules for su�xes involving some spei�

onditions. For example, for the termination "i" transliterations are

possible: "i" ⇒ "÷", "i" ⇒ "÷ü", "i" ⇒ "÷è". To make the orret

deision, MSD labels are heked. The rule "i" ⇒ "÷" is applied, for

example, for masuline nouns to the singular, nominative-ausative

ase (MSD = "Nmsrn", "arii" ⇒ "àðè÷", "ini"⇒" ÷èí÷").

The "i" ⇒ "÷è" rule is applied to in�nitive verbs and 3rd per-

son verbs (MSD = "Vmis3s" and MSD = "Vmn", for example, "a

muni" ⇒ "à ìóí÷è"), and the rules "i" ⇒ "÷ü", "ti" ⇒ "òü", "t

,

i"

⇒ "öü", "s

,

i"⇒" øü", et. � for nouns and adjetives in the plural

dative-genitive ase, and also for seond-person present and past tense

verbs (MSD ∈ {"Vmii2p", "Vmis2s", "Vmis2p", "Vmil2s", "Vmil2p",

"Vmip2s", "Vmip2p", "Vmsp2s", "Vmsp2p", "Vmmp2p" }). Some ex-

amples are presented in Table 2.

Table 2. Transliteration of verb terminations

MSD lat yr

Vmii2p iteat

,

i ÷èòÿöü

Vmis2s itis

,

i ÷èòèøü

Vmis2p itir�at

,

i ÷èòèðýöü

Vmil2s itises

,

i ÷èòèñåøü

Vmil2p itir�at

,

i ÷èòèðýöü

MSD lat yr

Vmip2s ites

,

ti ÷èòåøòü

Vmip2p itit

,

i ÷èòèöü

Vmsp2s ites

,

ti ÷èòåøòü

Vmsp2p itit

,

i ÷èòèöü

Vmmp2p itit

,

i ÷èòèöü

Based on the above, unonditioned and onditioned rules are de�ned

for the transliteration of su�xes. Respetively, the funtions are de�ned

replae-su�x (w lat yr) and replae-su�x-if (w label lat yr msd). The

"label" argument of the replae-su�x-if funtion represents the label

MSD of the proessed word w, and the argument "msd" � a set of valid
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MSD labels for this rule. Unlike the rules for pre�xes that are de�ned

separately for eah letter, the rules for su�xes are universal and an be

applied to all words.

8.4 Context sensitive rules (for diphthongs and triph-

thongs)

As in the ase of pre�xes (su�xes), along with the usual grammatial

notions diphthong/triphthong, we examine other ombinations onsist-

ing of two, three or more letters. We mentioned above the behavior of

the diphthongs "ia" and "iu" as pre�xes, but also as ourrenes within

the word. Other examples are presented in Table 3.

Table 3. Transliteration of diphthongs/triphthongs

D

i

p

h

t

h

o

n

g

/

t

r

i

p

h

t

h

o

n

g

T

r

a

n

s

l

i

-

t

e

r

a

t

i

o

n

Examples

"ioa"

[oà℄ ioar�a⇒ "÷îàðý"

[üîà℄ hioar�a⇒ "êüîàðý"

[èîà℄ mioar�a⇒ "ìèîàðý"

"ii"

[èé℄ �iele⇒ "�èé÷åëå"

[èè℄ viile⇒ "âèèëå"

"eie"

[åå℄ reier⇒ "êðååð"

[åé℄ onveier⇒ "êîíâåéåð"

D

i

p

h

t

h

o

n

g

/

t

r

i

p

h

t

h

o

n

g

T

r

a

n

s

l

i

-

t

e

r

a

t

i

o

n

Examples

"ea"

[à℄ eat

,

�a⇒ "÷àöý"

[ÿ℄ rea⇒ "ðÿ"

[åà℄ oean⇒ "î÷åàí"

"h"

[ê℄ ohi⇒ "îêü"

"gh"

[ã℄ ghid⇒ "ãèä"

"ge"

[ �æå℄ ger⇒ " �æåð"

"i"

[÷è℄ ir⇒ "÷èðê"

Namely the transliteration of these onstrutions generates the most

ambiguities. More information on this topi an be found in [12℄. To

make right deisions, sometimes ontextual rules an be supplemented

with morpho-syntati information (MSD labels). The order of appli-

ation of the rules is very important. Contextual dependenies always

have priority over general rules.
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9 Cyrillization algorithm

The yrillization algorithm applies onseutively the transliteration

rules, previously de�ned, to all the words in the LexROM. It is impor-

tant to follow the order of appliation of the rules. Of ourse, optional

ombinations will be generated, whih orrespond to the ambiguities.

This means that later it is neessary to modify the transliteration rules

or to request the intervention of the linguisti expert.

Below we present the formalized algorithm.

CYRILLIZATION algorithm

0. Start

1. The lexion of the modern Romanian language LexROM and transliter-

ation rules are given.

\* We will build the Romanian Cyrilli lexion LexCYR for the period

1967-1989 *\

2. Initial LexCYR = ∅, LexROM1 = LexROM.

3. loop for all letters α ∈ AlphaROM do

3.1. loop for all words w ∈ LexROM1(α) do
3.1.1. Transliteration rules for pre�xes are applied.

3.1.2. Transliteration rules for su�xes are applied.

3.1.3. Context-sensitive rules for transliteration are applied.

3.1.4. General rules for transliteration are applied. The obtained result

is denoted by wcyr.

3.1.5. wcyr is inluded in LexCYR.

3.2. end loop

4. end loop

5. Stop

10 Deyrillization

Deyirillization faes the same problems as yrillization. General and

ontextual rules are also de�ned. The general rules are relatively simple,

for example, a ⇒ a, ð ⇒ r, þ ⇒ iu, ü ⇒ i. If only the general rules are

applied to transliteration, we obtain, for example, ïóþëóé ⇒ puiului,

147



Constantin Ciubotaru

áüåò⇒ biet, áîåð⇒ boer, ïåïò⇒ pept. The last two transliterations are

inorret. Corret would be áîåð ⇒ boier, ïåïò ⇒ piept. In this ase,

as for yrillization, ontextual rules are required (for pre�xes/su�xes,

diphthongs/triphthongs). E.g, ã

•β ⇒ gh

•β, if β∈{å,è,ÿ,þ,ü} and ã

•β ⇒
g

•β, if β /∈{å,è,ÿ,þ,ü} (ãåîðãèíý ⇒ ghåîrghin�a, ãîãîàøý ⇒ gîgoas

,

�a).

Rules for the letter ÿ: ÿ⇒ ia (usually at the beginning of the word),

èÿ⇒ ia (usually at the end of the word). If it is di�ult to make the

right deision to transliterate the letter ÿ inside the word, then the

algorithm will use the rule ÿ⇒ [ia℄[ea℄, leaving the right deision to the

expert. More information on this topi an be found in [13℄.

Another di�ult problem is the transliteration of the letter û, whih

an be replaed by either �� or �a. The algorithm follows exatly the

reommendations of the Romanian Aademy regarding this spelling.

DECYRILLIZATION algorithm

0. Start

1. The Romanian Cyrilli lexion for the period 1967�1989 LexCYR and

the deyrillization rules are given.

\* We will build the lexion of the modern Romanian language (noted by

LexROM2) applying the transliteration method *\

2. Initial LexROM2 = ∅

3. loop for all letters β ∈ AlphaCYR do

3.1. loop for all words w ∈ LexCYR(β) do
3.1.1. Transliteration rules for pre�xes are applied.

3.1.2. Transliteration rules for su�xes are applied.

3.1.3. Context-sensitive rules for transliteration are applied.

3.1.4. Transliteration rules for the letter kyr û are applied.

3.1.5. General rules for transliteration are applied. The obtained result

is denoted by wrom.

3.1.6. wrom is inluded in LexROM2.

3.2. end loop

4. end loop

5. Stop
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11 Lexion generation tehnology

As it was mentioned above, there is a total lak of eletroni resoures

for the period 1967-1989, a omplete exposition of the grammar used

is missing, and many of interpretations of the transliterated words are

ambiguous. Therefore, a major role in the proess of generating the

lexion belongs to expert. The proposed tehnology aims to automate

this proess. Having the yrillization and deyrillization algorithms

and the formalized sets of transliteration rules, the lexion generation

proess an be realized as an baktraking algorithm. The proess runs

in several iterations, at eah iteration the expert intervenes to modify

the set of rules and, possibly, diretly the built Cyrilli lexion. This

sheme is desribed in detail in Figure 5.

12 Conlusion

The paper proposes a baktraking tehnology for the generation of

the Romanian Cyrilli lexion for the period 1967�1989 applying the

transliteration method. Starting from the lexion of the modern Ro-

manian language [6℄ the yrillization and deyrillization algorithms are

applied onseutively.

The intermediate results are made available to the experts, who

an modify\extend the set of rules applied to transliteration, and to

diretly orret the built Cyrilli lexion. The �nal lexion is obtained

as a result of performing several suh iterations. The main problems to

be solved by the experts are the ambiguities that appear as a result of

yrillization\deyrillization.

For all words in the LexROM() (171846 words), 6381 ambiguities

were deteted at the �rst iteration, whih represents 3.7%. To overome

these ambiguities there were required two iterations. Of ourse, the

degree of auray depends onsiderably on the quali�ation of the

expert. The proposed tehnology allows the return to the previous

intermediate variants, thus revising the lexion.

In order to beome aware of the role of the expert and that of on-
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LexROM1
Cyrillization

algorithm

Cyrillization

rules

LexCYR

Deyrillization

algorithm

LexROM2

Deyrillization

rules

Modi�ed

yrillization

rules

Modi�ed

deyrillization

rules

E X P E R T

LexROM1

=

LexROM2

?

LexCYR

No

Yes

Figure 5. The sheme for generating the Romanian Cyrilli lexion

textual dependenies, a test was performed applying to the LexROM()

only the general rules of transliteration (paragraph 8.1). As a result,

42.2% of the orret words are obtained.
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