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Abstract

In this paper we prove that it is NP-complete to decide whet-
her a graph can be partitioned into nontrivial convex sets. We
show that it can be verified in polynomial time whether a graph
can be covered by nontrivial convex sets. Also, we propose a re-
cursive formula that establishes the maximum nontrivial convex
cover number of a tree.
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1 Introduction

We denote by G = (X; U) a simple undirected connected graph
with vertex set X, |X| = n, and edge set U , |U | = m. We also specify
the vertex set of G by X(G). The neighborhood of x ∈ X is the set
of all vertices y ∈ X such that y is adjacent to x, and it is denoted by
Γ(x). The distance d(x, y) between two vertices x, y ∈ X is the length
of the shortest path between x and y. The diameter of G, denoted
by diam(G), is the distance between two farthest vertices of G. A set
S ⊂ X is called nontrivial if 3 ≤ |S| ≤ |X| − 1.

We remind some notions defined in [1]. A set S ⊆ X is called convex

if {z ∈ X|d(x, z) + d(z, y) = d(x, y)} ⊆ S for all vertices x, y ∈ S. The
convex hull of S ⊆ X, denoted by d − conv(S), is the smallest convex
set containing S.

The concept of convex p-cover of a graph is introduced by Artigas
et al. in [6] and is studied in a series of papers [6] – [13]. We defined
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a nontrivial convex cover P(G) of a graph G in [10] as a family of sets
that satisfies the following conditions:

1) every set of P(G) is nontrivial and convex in G;
2) X =

⋃

Y ∈P(G) Y ;

3) Y 6⊆
⋃

Z∈P(G),Z 6=Y Z for every Y ∈ P(G).

If |P(G)| = p, then we say that this family is a nontrivial convex p-cover
of G and write Pp(G). A nontrivial convex cover is a nontrivial convex

partition if the sets of the cover are pairwise disjoint. Correspondingly,
a nontrivial convex p-cover is said to be a nontrivial convex p-partition
if it is a nontrivial convex partition.

As it can be seen, in P(G) for each set S ∈ P(G) there exists a
vertex xS such that xS ∈ S and xS 6= S′ for any S′ ∈ P(G), S′ 6= S.
We call such uniquely covered vertices resident vertices [10].

The largest p ≥ 2 for which a graph G admits a nontrivial con-
vex cover with p sets is called the maximum nontrivial convex cover

number of G and is denoted by ϕmax
cn (G). Respectively, the maximum

nontrivial convex cover Pϕmax
cn

(G) is the nontrivial convex p-cover of
G such that p = ϕmax

cn (G) [11]. Indeed, it is natural under conditions
1) – 3) to maximize the number of nontrivial convex sets in the co-
ver. Moreover, it is applicable for determination of nontrivial convex
p-cover of graphs. We know that it is NP-complete to decide whet-
her a graph has a nontrivial convex p-cover or p-partition for a fixed
p ≥ 2 [10]. Some consistent results are obtained for a tree [11]. Among
these results the most important are that a tree T on n ≥ 4 vertices
has a nontrivial convex p-cover for every p, 2 ≤ p ≤ ϕmax

cn (T ), and it
can be decided in polynomial time whether T on n ≥ 6 vertices has a
nontrivial convex p-partition for a fixed p, 2 ≤ p ≤ ⌊n3 ⌋. There exist
graphs for which there are no nontrivial convex covers or partitions.
For instance, if any proper nonempty convex set of a graph is a vertex
or an edge we obtain the so-called convex simple graph [3]. Obviously,
this kind of graph has no any nontrivial convex cover. Further, it is of
interest to determine the complexity of decision whether a graph can
be covered or partitioned into nontrivial convex sets. In the present
paper we study this problem and continue our research on nontrivial
convex p-cover problem of a tree.
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2 Nontrivial convex covers of graphs

This section is dedicated to studying the complexity of decision
whether a graph can be covered or partitioned into nontrivial convex
sets. The first problem can be formulated as follows:

Problem: Nontrivial Convex Cover (NCC).

Instance: A graph G.

Question: Is there a nontrivial convex cover of G?

Equivalently, it can be defined the Nontrivial Convex Partition pro-
blem (NCP). For this purpose, we only change the question of NCC
problem like this: Is there a nontrivial convex partition of G?

Note that if for every vertex of G there exists at least one nontrivial
convex set that contains it, then there is a nontrivial convex cover of
G. The converse affirmation is also true. Based on these statements,
we propose a polynomial algorithm, represented below, that solves the
NCC problem.

Algorithm 1.

Input: A graph G = (X; U).

Output: Nontrivial convex cover P(G) or nothing.

1: P(G)← ∅

2: M ← ∅

3: for x ∈ X do

4: if x /∈M then

5: flag ← 0

6: for y, z ∈ X\{x}, y 6= z do

7: S ← d− conv({x, y, z})

8: if S 6= X then

9: P(G)← P(G) ∪ {S}

10: M ←M ∪ S

11: flag ← 1

12: break

13: if flag = 0 then

14: stop: there does not exist any nontrivial convex

set containing x
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15: for Y ∈ P(G) do
16: if Y ⊆

⋃

Z∈P(G),Z 6=Y Z

17: P(G)← P(G)\{Y }
18: return P(G)

Theorem 1. Algorithm 1 decides in time O(n4m) whether a graph G
can be covered by nontrivial convex sets.

Proof. Steps 1), 2) and 18) run in constant time. Steps 3) – 14) deter-
mine whether, for every vertex x ∈ X, there exists a nontrivial convex
set S ⊂ X, x ∈ S. If there is such a set S, then there are at least two dif-
ferent vertices y, z ∈ X, y 6= x, z 6= x, for which d−conv({x, y, z}) ⊆ S.
Consequently, it is sufficient to build convex hull for all sets of three
vertices, one of which is x. A convex hull of S ⊂ X can be constructed
in time O(|d − conv(S)|m) [4]. Since |d − conv(S)| can reach up to n
vertices, steps 3) – 14) run in time O(n4m).

Steps 15) – 17) exclude from P(G) all sets contained in union of
other sets of P(G). So, we obtain a nontrivial convex cover of G. The
resulting family P(G) has at most n − 2 sets and every set of P(G)
contains no more than n − 1 vertices. Further, steps 15) – 17) run in
time O(n3) and the complexity of the whole algorithm is O(n4m).

In the sequel, we show that NCP problem is NP-complete by re-
ducing to NCP the well-known NP-complete problem Partition Into
Triangles [2] that is formulated as follows:

Problem: Partition Into Triangles (PIT).
Instance: A graph G = (X; U) with |X| = 3q, where q ∈ N .
Question: Is there a partition of X into q disjoint subsets

X1,X2, . . . ,Xq of size 3 such that each Xi, 1 ≤ i ≤ q, induces a triangle
in G?

Note that the PIT problem remains NP-complete even if input
graph G is tripartite [5] (a graph is tripartite iff it can be partitio-
ned in 3 independent sets). Also notice that every tripartite graph has
no 4-cliques.

Theorem 2. Problem NCP is NP-complete.
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a b

c d

e f

x1 x2 x3 x4
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x1 x2 x3 x4

x6x5

a) b)

Figure 1. The graph G′ (case b) that admits a nontrivial convex parti-
tion is obtained from the graph G (case a) that admits a partition into
triangles.

Proof. First notice that NCP is in NP, because any nontrivial convex
cover of G contains a linear number of sets and verifying if a family of
sets with a linear number of sets is a nontrivial convex cover can be
done in polynomial time [4]. We reduce the NP-complete problem PIT
for tripartite graphs to NCP. Let G = (X; U) be a tripartite instance of
PIT, |X| = 3q, q ∈ N . From G we will derive an instance G′ = (X ′; U ′)
of NCP in the following way:

1) X ′ = X ∪ {a, b, c, d, e, f};

2) U ′ = U ∪ {{a, c}, {a, d}, {b, c}, {b, d}, {c, e}, {d, f}}∪

∪{{a, x}, {b, x}|x ∈ X}.

In Figure 1 the graph G′ (case b) that corresponds to a particular
instance of PIT problem G (case a) is represented.

We need to show that G admits a partition into q triangles if and
only if there exists a nontrivial convex cover of G′.

Let Pq(G) = {X1,X2, . . . ,Xq} be a family of triangles that parti-
tions G. Since every triangle is a clique in G, it follows that each Xi,
1 ≤ i ≤ q, is nontrivial and convex in G′ and the set {a, b, c, d, e, f}
remains uncovered in G′. Observe that d− convG′({a, c, e}) = {a, c, e}
and d − convG′({b, d, f}) = {b, d, f}. For this reason, the family of
sets Pq(G) ∪ {{a, c, e}, {b, d, f}} generates a partition of G′ into q + 2
nontrivial convex sets.
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Let P(G′) be a partition of G′ into nontrivial convex sets and let
S be a set of P(G′). We distinguish some properties of S:

1) {a, b} 6⊂ S. Assuming the contrary, namely that {a, b} ⊂ S,
we see that d − convG′({a, b}) = X ∪ {a, b, c, d} and further obtain
X ′\d−convG′({a, b}) = {e, f}. Note that the set {e, f} is not nontrivial
and convex. Hence, P(G′) can not partition G′ into nontrivial convex
sets. We get the required contradiction.

2) {c, d} 6⊂ S. Assuming the converse, it can easily be checked that
{a, b} ⊂ d− convG′({c, d}). Therefore, property 1) is not satisfied and
we obtain a contradiction.

3) {e, f} 6⊂ S. Conversely, we have {a, b, c, d} ⊂ d− convG′({e, f})
and consequently properties 1) and 2) are not satisfied. This implies a
contradiction.

4) {x, y} 6⊂ S for every vertex x ∈ X and y ∈ {c, d}. Assuming the
converse, there exist x ∈ X and y ∈ {c, d} such that {x, y} ⊂ S. Since
{a, b} ⊂ d− convG′({x, y}), we get a contradiction.

5) {x, y} 6⊂ S for every two nonadjacent vertices x, y ∈ X. In the
converse case, there are two nonadjacent vertices x and y of X for
which {x, y} ⊂ S. It follows that {a, b} ⊂ d − convG′({x, y}). Have a
contradiction.

Let S1 = {a, c, e}, S2 = {b, d, f}, S3 = {b, c, e} and S4 = {a, d, f}.
Taking into account properties 1) – 5) and the fact that every ver-
tex of X ′ belongs exactly to one set of P(G′), it is seen that P(G′)
contains strictly a pair of sets of the following two: S1, S2 or S3, S4.
Each pair of sets covers vertices a, b, c, d, e and f . Hence, vertices of
X ′\{a, b, c, d, e, f} need to be partitioned into nontrivial convex sets.
By property 5), all of these sets are cliques. As mentioned above, G
has no cliques with k ≥ 4 vertices. Further, all of these sets are triang-
les and by elimination of a pair of sets S1, S2 or S3, S4 from P(G′) we
obtain a family of triangles Pq(G).

3 Maximum nontrivial convex cover of a tree

We denote by T a tree and by C(T ), |C(T )| = p, a set of terminal
vertices of T . Recall that a terminal vertex is a vertex of degree 1.
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In this section we continue our research on nontrivial convex p-cover
problem of a tree. Below we determine the number ϕmax

cn (T ). Let us
remind some results, which will be useful in the sequel.

Theorem 3. [11] If diam(T ) ≥ 3, then there exists a maximum nontri-

vial convex cover Pϕmax
cn

(T ) such that every terminal vertex of T is re-

sident in Pϕmax
cn

(T ) and any two terminal vertices do not belong to the

same set of Pϕmax
cn

(T ).

Corollary 1. [11] If diam(T ) ≥ 3 and every nonterminal vertex of T
is adjacent to at least one terminal vertex, then ϕmax

cn (T ) = p.

Corollary 2. [11] If 3 ≤ diam(T ) ≤ 5, then ϕmax
cn (T ) = p.

By M(T ), |M(T )| = q, we denote a set of vertices x of T , for which
distance between all vertices of C(T ) and x is greater then or equal to
3 and there exists a vertex c ∈ C(T ), d(x, c) = 3.

Theorem 4. If diam(T ) ≥ 6 and M(T ) 6= ∅, then ϕmax
cn (T ) ≥ p+ q.

Proof. We define a family of nontrivial convex sets P(T ) = ∅ that
will cover T . For every terminal vertex c ∈ C(T ) we select the nearest
x ∈M(T ) and the path L = [x, x1, x2, . . . , xk, c], k ≥ 2. Since the set
Sc = {x1, x2, . . . , xk, c} is nontrivial and convex, we add Sc to P(T ).
Besides, for every x ∈ M(T ) we select a terminal vertex c ∈ C(T ),
d(x, c) = 3, and for the obtained path L with k = 2 form a nontrivial
convex set Sx = {x, x1, x2} and add it to P(T ). If there remain some
uncovered vertices, then we select an uncovered vertex y that is adja-
cent to a vertex z ∈ S, S ∈ P(T ), and further add y to S. We see
that every vertex of A = C(T )∪M(T ) is resident in P(T ) and any two
vertices from A do not belong to the same set of P(T ). In consequence,
we obtain a nontrivial convex cover P(T ) such that |P(T )| = p + q.
Therefore, we have ϕmax

cn (T ) ≥ p+ q.

An important result is given by the following theorem.

Theorem 5. If T has n ≥ 4 vertices, then there exists a maximum

nontrivial convex cover Pϕmax
cn

(T ) such that every set S ∈ Pϕmax
cn

(T )
contains a path L = [x, y, z], where x is a resident vertex in Pϕmax

cn
(T ).
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Proof. If diam(T ) = 2, then the statement of the theorem is obvious.
If 3 ≤ diam(T ) ≤ 5, then it follows from Corollary 2 that the theorem
is true. If diam(T ) ≥ 6, then taking into account Theorem 3, there is a
family Pϕmax

cn
(T ) such that for every terminal vertex x ∈ C(T ) that is

resident in Pϕmax
cn

(T ) and for a set S ∈ Pϕmax
cn

(T ), x ∈ S, there exists
a path L = [x, y, z], where y, z ∈ S.

We define a family of nontrivial convex sets P(T ) = ∅ that will
cover T and a set of vertices D = ∅. If there is a set A ∈ Pϕmax

cn
(T ),

containing a terminal vertex a ∈ A that is resident in Pϕmax
cn

(T ), and
there exists another set B ∈ Pϕmax

cn
(T ), A ∩ B 6= ∅, |A\B| ≥ 2 or

|B\A| ≥ 2, then we denote by Br a set of resident vertices of B in
Pϕmax

cn
(T ). Next, we select a vertex b ∈ Br, where the distance d(a, b)

is maximum. Also, we denote by Bb all verices b
′ of B for which a path

between b′ and a contains b. Evidently, vertex b belongs to Bb. We
now define two sets:

A′ = A ∪ (B\Bb) and B′ = (A′ ∪ {b})\{a}.

It can easily be checked that A′ and B′ are nontrivial convex sets and
there are paths [a, c, d] and [b, c′, d′], where c, d ∈ A′ and c′, d′ ∈ B′.
Further, we replace sets A and B by A′ and B′ in Pϕmax

cn
(T ). If there

still remains such a set A ∈ Pϕmax
cn

(T ) that satisfies the conditions
mentioned above, then we repeat the described process. Otherwise, we
define a family A that consists of sets from Pϕmax

cn
(T ), which contain

exactly one terminal vertex that is resident in Pϕmax
cn

(T ). Next, we
select a set A ∈ A and define a family BA, composed of sets which
belong to Pϕmax

cn
(T ) and intersect A. Let DA = A∪

⋃

B∈BA
B. We add

vertices of DA to D, remove A and every set of BA from Pϕmax
cn

(T )
and from A, and then add them to P(T ). If A 6= ∅, then we choose
another set A ∈ A and repeat the above procedure. In the contrary
case, remove from T vertices of D and edges incident to them. If
X(T ) = ∅, then |P(T )| = |Pϕmax

cn
(T )|. This implies correctness of the

theorem.
If X(T ) 6= ∅, then there are obtained k ≥ 1 subtrees T1, T2, . . ., Tk.

It is clear that X(Ti) ≥ 3, 1 ≤ i ≤ k, and every set of P(T ) does not
intersect any set of P

′
(T ), obtained from Pϕmax

cn
(T ) after elimination
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of convex sets in the actions described above. Therefore, we have:

|P
′
(T )|+ |P(T )| = ϕmax

cn (T ).

If 2 ≤ diam(Ti) ≤ 5, for every i, 1 ≤ i ≤ k, then, considering that if
|X(Ti)| = 3, then |P(Ti)| = 1, by Corollary 2 a maximum nontrivial
convex cover P(Ti) is easily obtained for every Ti such that the affir-
mation of the theorem is true. Conversely, for every Ti, diam(T ) ≥ 6,
we define a family of sets P(Ti) = ∅ that will cover Ti and recursively
fill it using rationales from the demonstration. Further, we get:

k
∑

i=1

|P(Ti)|+ |P(T )| = ϕmax
cn (T ).

So, now we add all sets from P(Ti), 1 ≤ i ≤ k, to P(T ) and see that
the theorem is proved.

Suppose that diam(T ) ≥ 6, then we define the set:

N(T ) = X(T )\



C(T ) ∪
⋃

x∈C(T )

Γ(x)



 .

The set N(T ) is empty if and only if every nonterminal vertex of
T is adjacent to at least one terminal vertex of T , but in this case,
accordingly to Corollary 1, we obtain ϕmax

cn (T ) = p. Assume further
that N(T ) 6= ∅. Let x be a vertex of N(T ). Since x is an articulation
vertex, through the elimination of x from T we obtain |Γ(x)| connected
components T y

x , y ∈ Γ(x). For every vertex y ∈ Γ(x) we get the family
of subtrees:

V
y
x(T ) =

∗T y
x ∪

⋃

z∈Γ(x)\{y}

T z
x ,

where ∗T y
x is a subtree of T obtained by adding x to T y

x such that x is
adjacent to y.

Thus, we get the family of subfamilies of subtrees:

Vx(T ) =
⋃

y∈Γ(x)

V
y
x(T ).

11



R. Buzatu, S. Cataranciuc

For the sake of estimation of the number ϕmax
cn (T ), we consider

that if 0 ≤ n ≤ 2, then ϕmax
cn (T ) = 0, and if n = 3, then ϕmax

cn (T ) = 1.
We obtain the recursive formula, reflected in Theorems 6 and 7, that
determines ϕmax

cn (T ).
Let us remark that for a tree T with diam(T ) = 2, n ≥ 4, it can

easily be checked that ϕmax
cn (T ) = p−1. Taking into account Corollaries

1, 2 and the fact mentioned above, we get Theorem 6.

Theorem 6. If diam(T ) ≤ 5 or diam(T ) ≥ 6 and N(T ) = ∅, then

the following relation holds:

ϕmax
cn (T ) =























p, if 3 ≤ diam(T ) ≤ 5 or

diam(T ) ≥ 6 and N(T ) = ∅;

p-1, if diam(T ) = 2;

0, if 0 ≤ diam(T ) ≤ 1.

If diam(T ) ≥ 6 and N(T ) 6= ∅, then by Theorem 5 we obtain
Theorem 7.

Theorem 7. If diam(T ) ≥ 6 and N(T ) 6= ∅, then the following rela-

tion holds:

ϕmax
cn (T ) = max







p, max
x∈N(T )







max
y∈Γ(x)







∑

H∈Vy
x(T )

ϕmax
cn (H)



















.

4 Conclusion

In this paper we prove that it is NP-complete to decide whether
a graph can be partitioned into nontrivial convex sets. We show a
polynomial algorithm that determines whether a graph can be covered
by nontrivial convex sets.

Also, we propose a recursive formula that establishes the maximum
nontrivial convex cover number of a tree. Combining this formula with
our previous results from [11], it can be easily built a recursive proce-
dure that determines whether a tree has a nontrivial convex p-cover for
a fixed p ≥ 2. We conclude further that the nontrivial convex p-cover
problem of a tree is almost completely solved.
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graphs, Chişinǎu, Republic of Moldova: CECMI USM, 2009, 199
p. (in Romanian)

[4] M. C. Dourado, J. G. Gimbel, J. Kratochv́ıl, F. Protti and J. L.
Szwarcfiter, “On the computation of the hull number of a graph,”
Discrete Mathematics, vol. 309 (18), pp. 5668–5674, 2009.
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Bounds for the Independence Number in

k-Step Hamiltonian Graphs

Noor A’lawiah Abd Aziz, Nader Jafari Rad, Hailiza Kamarulhaili

Roslan Hasni

Abstract

For a given integer k, a graph G of order n is called k-step
Hamiltonian if there is a labeling v1, v2, ..., vn of vertices of G
such that d(v1, vn) = d(vi, vi+1) = k for i = 1, 2, ..., n − 1. The
independence number of a graph is the maximum cardinality of
a subset of pair-wise non-adjacent vertices. In this paper we
study the independence number in k-step Hamiltonian graphs.
We present sharp upper bounds as well as sharp lower bounds,
and then present a construction that produces infinite families of
k-step Hamiltonian graphs with arbitrarily large independence
number.

Keywords: Independence number, Hamiltonian graph, k-
Step Hamiltonian graph.

2010Mathematical Subject Classification: 05C69, 05C78.

1 Introduction

Let G = (V,E) be a simple graph with vertex set V = V (G) and edge
set E = E(G). For a vertex v ∈ V (G), let NG(v) = {u|uv ∈ E(G)}
denote the open neighborhood of v and NG[v] = {v} ∪ NG(v) denote
the closed neighborhood of v. The degree of a vertex v, degG(v), or just
deg(v), in a graph G is the number of neighbors of v in G. We refer
to ∆(G) and δ(G) as the maximum degree and the minimum degree of
the vertices of G, respectively. We denote by Cn and Pn the cycle and
the path on n vertices, respectively. The distance d(u, v) between two
vertices u and v in a graph G is the length of a shortest path from u

c©2018 by N. A. Abd Aziz, N. Jafari Rad, H. Kamarulhaili, R. Hasni
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to v. A graph G is called bipartite if its vertex set can be partitioned
into two sets X and Y such that any edge of G has one end-point in X
and one end-point in Y . A bipartite graph is called complete bipartite

if any vertex of each partite set is adjacent to all of the vertices of the
other partite set. A complete bipartite graph whose partite sets have
cardinality m and n, is denoted by Km,n. The graph K1,n−1 is called
a star. A double-star is a tree with precisely two vertices that are not
leaf (we refer to these two vertices as the centers of the double-star).
We denote by S(a, b) a double star in which one of the central vertices
has degree a and the other central vertex has degree b. A graph is
triangle-free if it does not contain a C3 as an induced subgraph. For a
subset S of vertices of G, we denote by G[S] the subgraph of G induced
by S. For other notations and terminologies not given here, we refer
to [8].

A set S of vertices in a graph G is an independent set if no pair
of vertices of S are adjacent. The independence number of G, denoted
by α(G), is the maximum cardinality of an independent set in G. The
concept of independent sets is an active area of research in graph theory
and there are many papers dealed with independent sets which presen-
ted exact values or bounds for the independence number in graphs, see
for example [1] - [3], [5] - [7] and [9].

A graph G = (V,E) is Hamiltonian if there is a spanning cycle
in G. There is no specific characterization to check the existence and
non-existence of Hamiltonian cycle for a given graph G though the
Hamiltonian problem has been widely studied in graph theory. All the
works provide necessary conditions and sufficient conditions for a graph
to be Hamiltonian. See [4] for a recent development and open problems
related to Hamiltonicity of graphs. In [12], Lau et al. extended the
concept of Hamiltonicity to k-step Hamiltonicity. They introduced
the concept of AL(k)−traversal followed by k-step Hamiltonian graph
as follows: For an integer k ≥ 1, a graph G of order n is said to
admit an AL(k)−traversal if we can arrange the vertices of G as the
sequence of vertices v1, v2, . . . , vn such that d(vi, vi+1) = k for i =
1, 2, . . . , n − 1. A graph G is k−step Hamiltonian (or just k−SH) if
it has an AL(k)−traversal and d(v1, vn) = k. Then, the sequence
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v1, v2, . . . , vn, v1 is called a k−step Hamiltonian walk of G. Clearly,
k-SH graphs with k = 1 are the Hamiltonian graphs. The concept of
k-SH graphs has been further studied in, for example [10], [11], [13]
and [14].

In this paper we study the independence number in k-SH graphs.
We present sharp upper bounds as well as sharp lower bounds, and then
present a construction that produces infinite families of k-SH graphs
with arbitrarily large independence number. We make use of the follo-
wing.

Theorem 1 (Lau et al. [13]). No bipartite graph is 2-SH.

Theorem 2 (Lau et al. [13]). The cycle Cn, n ≥ 3 is k-SH for k ≥ 2
if and only if n ≥ 2k + 1 and gcd(n, k) = 1.

Proposition 1 (West [15]). For a path Pn, α(Pn) = ⌈n2 ⌉.

2 Upper bounds

We first present an upper bound for the independence number in a
k-SH graph with k ≥ 2. Let H be the class of all graphs obtained from
a double star S(a, b) with a ≥ 3 and b ≥ 3 by adding at least two new
vertices and joining each of them to both central vertices of S(a, b).

Lemma 1. A graph G of order n is a 2-SH graph with α(G) = n− 2
if and only if G ∈ H.

Proof. Let G be a 2-SH graph with α(G) = n − 2, D a maximum
independent set in G, and V (G) −D = {x, y}. Since G is connected,
N(x)∩N(y) 6= ∅ and D ⊆ N(x)∪N(y). Since G is 2-SH, by Theorem
1, we obtain that x is adjacent to y. Let A = N(x)−N(y), B = N(y)−
N(x) and C = N(x) ∩N(y). Since G is 2−SH, there exists a 2−step
Hamiltonian walk. Without loss of generality, we re-label the vertices
of the 2−step Hamiltonian walk such that v1 = x. Then v2 ∈ B. Let
i be the minimum index such that v2, v3, . . . , vi ∈ B, vi+1 6∈ B. Then,
vi+1 ∈ C. There is an integer j such that vj = y. Then, vj−1 ∈ A.
Since d(vj , v1) = 1, we have vj+1 ∈ A. Thus, |A| ≥ 2. Let s be
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the minimum integer such that vj+1, vj+2, . . . , vs ∈ A, vs+1 6∈ A. Then,
vs+1 ∈ C. Thus, |C| ≥ 2. Also it is obvious that vn ∈ B. Thus, |B| ≥ 2.
Consequently, G ∈ H. Conversely, let G ∈ H. Then, G is obtained
from a double star S(a, b) with a ≥ 3 and b ≥ 3 by adding at least
two new vertices and joining each new vertex to both central vertices
of S(a, b). Let x and y be the central vertices of S(a, b). Let N(x) ∩
N(y) = {a1, a2, . . . , at}, N(x) − N(y) = {b1, b2, . . . , bt′} and N(y) −
N(x) = {c1, c2, . . . , ct′′}, where t, t

′, t′′ ≥ 2. Clearly V (G)−{x, y} is an
independent set in G and so α(G) ≥ n− 2. Since the vertices x, y and
a1 form a triangle in G, we obtain that α(G) ≤ n − 2. Thus α(G) =
n−2. Now, x, c1, a1, b1, y, b2, b3, . . . , bt′ , a2, a3, . . . , at, c2, c3, . . . , ct′′ , x is
a 2−step Hamiltonian walk. Consequently, G is 2−SH.

Theorem 3. If G is a k-SH graph of order n for k ≥ 2, then α(G) ≤
n− ⌈k2⌉ − 1, with equality if and only if k = 2 and G ∈ H.

Proof. Let G be a k−SH graph of order n with k ≥ 2. Let u and v
be two consecutive vertices on a k-step Hamiltonian walk of G, and
without loss of generality, assume that v1v2...vkvk+1 be a shortest path
in G from u to v, where u = v1 and v = vk+1. Let D be a maximum
independent set in G. If D ∩ {v1, ..., vk+1} = ∅, then |D| ⊆ V (G) −
{v1, ..., vk+1} and so |D| ≤ n− k − 1 ≤ n− ⌈k2⌉ − 1. Thus assume that
D ∩ {v1, ..., vk+1} 6= ∅. Then D ∩ {v1, ..., vk+1} is an independent set
in the graph G[{v1, ..., vk+1}]. Since G[{v1, ..., vk+1}] is a path Pk+1,
by Proposition 1, |D ∩ {v1, ..., vk+1}| ≤ ⌈k+1

2 ⌉. Consequently, |D| ≤

⌈k+1
2 ⌉+ n− (k + 1) = n− ⌈k2⌉.

Suppose that α(G) = n − ⌈k2⌉. Clearly D contains at most

α(Pk+1) = ⌈k+1
2 ⌉ vertices of G[{v1, ..., vk+1}], since G[{v1, ..., vk+1}]

is isomorphic to Pk+1. Since |D| = n − ⌈k2⌉, we obtain that |D −
{v1, ..., vk+1}| ≥ n − k − 1. Thus we find that |D − {v1, ..., vk+1}| =
n−k−1 and |D∩{v1, ..., vk+1}| = α(Pk+1) = ⌈k+1

2 ⌉. Assume that k is

even. Then v2i+1 ∈ D for i = 0, 1, ..., k
2 , deg(v1) = deg(vk+1) = 1 and

deg(v2i+1) = 2 for each i = 1, ..., k2−1. Since V (G)−{v1, ..., vk+1} ⊆ D,
V (G) − {v1, ..., vk+1} is an independent set, and thus any vertex of
V (G)−{v1, ..., vk+1} is adjacent to some vertex in {v2i : i = 1, 2, ..., k

2}.
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If k ≥ 4, then there is no vertex at distance k from v3, a contradiction.
Thus assume that k = 2. Since any vertex of V (G) − {v1, v2, v3} is
adjacent to v2, we obtain that G is a star. This is a contradiction
by Theorem 1. Next assume that k is odd. Since D ∩ {v1, ..., vk+1}
is an independent set of cardinality k+1

2 , we have D ∩ {v1, vk+1} 6= ∅.
Without loss of generality, assume that v1 ∈ D. Then deg(v1) = 1,
and deg(x) = 2 if x ∈ {v2, ..., vk} ∩ D. As before, any vertex of
V (G)−{v1, ..., vk+1} is adjacent to some vertex in ({v1, ..., vk+1}−D).
Clearly D ∩ {v3, v4} 6= ∅. If k ≥ 5, then there is no vertex in G at dis-
tance k from the vertex in D ∩ {v3, v4}, a contradiction. Thus assume
that k = 3. If v3 ∈ D, then there is no vertex at distance 3 from v3,
a contradiction. Thus assume that v4 ∈ D. Then deg(v4) = 1, and so
there is no vertex in G at distance three from v2, a contradiction. We
conclude that α(G) ≤ n− ⌈k2⌉ − 1, as desired.

We next prove the equality part. Assume that α(G) = n−⌈k2⌉− 1.
Let u,v,v1,...,vk+1 and D be as described above. If |D−{v1, ..., vk+1}| <
n − k − 2, then n − ⌈k2⌉ − 1 = |D| ≤ |D ∩ {v1, ..., vk+1}| + |D −

{v1, ..., vk+1}| < ⌈k+1
2 ⌉+n−k−2 which leads to a contradiction. Thus

|D−{v1, ..., vk+1}| ≥ n−k−2. Let x and y be the vertices on the k-step
Hamiltonian walk of G such that dG(x, v⌈k+1

2
⌉) = dG(v⌈k+1

2
⌉, y) = k.

Clearly, x, y ∈ V (G) − {v1, ..., vk+1}. If k ≥ 6, then the shortest
path in G from v⌈k+1

2
⌉ to x contains at least three vertices in V (G) −

{v1, ..., vk+1}, a contradiction, since |D−{v1, ..., vk+1}| ≥ n− k− 2. If
k ∈ {4, 5}, then the shortest path in G from v⌈k+1

2
⌉ to x contains at least

two vertices in V (G)− {v1, ..., vk+1}, and the shortest path in G from
v⌈k+1

2
⌉ to y contains at least two vertices in V (G) − {v1, ..., vk+1}, a

contradiction, since |D − {v1, ..., vk+1}| ≥ n − k − 2. Thus, k ≤ 3.
Suppose next that k = 3. Then |D| = n − 3. Suppose that
V (G) − {v1, ..., v4} ⊆ D. Then |D ∩ {v1, ..., v4}| = 1, and any ver-
tex of V (G) − {v1, ..., v4} is adjacent to some vertex in {v1, ..., v4}. If
v4 ∈ D, then v4 has no neighbor in V (G) − {v1, ..., v4}, and so there
is no vertex in G at distance three from v2, a contradiction. Thus
v4 6∈ D, and similarly, v1 6∈ D. If v3 ∈ D, then v3 has no neighbor
in V (G) − {v1, ..., v4}, and so v4 is the only vertex in G at distance
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three from v1, a contradiction, since G is a 3-SH graph. Thus v3 6∈ D,
and similarly, v2 6∈ D. This contradicts |D ∩ {v1, ..., v4}| = 1. We
deduce that V (G) − {v1, ..., v4} 6⊆ D. Then |D ∩ {v1, ..., v4}| = 2, and
|D − {v1, ..., v4}| = n − 5. Clearly D ∩ {v1, ..., v4} = {v1, v3}, {v2, v4}
or {v1, v4}. Assume that D ∩ {v1, ..., v4} = {v1, v3}. If deg(v1) = 1,
then G[V (G)− {v1, ..., v4}] contains at least two edges, since there are
two vertices in G at distance three from v3. This is a contradiction.
Thus deg(v1) ≥ 2, and so v1 has some neighbor in V (G) − {v1, ..., v4}.
If any neighbor of v1 in V (G) − {v1, ..., v4} is a neighbor of v3, then
similarly we obtain a contradiction. Thus we assume that v1 has a
neighbor v′1 ∈ V (G) − {v1, ..., v4} − N(v3). Then v3 has no neig-
hbor in V (G) − {v1, ..., v4}, and so v4 is the only vertex in G at dis-
tance three from v1, a contradiction, since G is a 3-SH graph. Thus
D ∩ {v1, ..., v4} 6= {v1, v3}, and similarly, D ∩ {v1, ..., v4} 6= {v2, v4}.
Thus D ∩ {v1, ..., v4} = {v1, v4}. Clearly, either v1 has no neighbor in
V (G) − {v1, ..., v4} or v4 has no neighbor in V (G) − {v1, ..., v4}. Wit-
hout loss of generality, we may assume that v4 has no neighbor in
V (G)−{v1, ..., v4}. Since there are two vertices in G at distance three
from v2, G[V (G) − {v1, ..., v4}] contains at least two edges, a contra-
diction. We conclude that k = 2. Now the result follows from Lemma
1.

Corollary 1. If G is a k-SH graph of order n for k ≥ 3, then α(G) ≤
n− ⌈k2⌉ − 2, and this bound is sharp for k = 3.

Proof. The result follows from the Theorem 3. To see the sharpness
for k = 3, consider the cycle C7, and note that C7 is 3−SH by Theorem
2.

We next give a new upper bound for the independence number of
a k-SH graph for k ≥ 4 which improves Corollary 1 for k ≥ 13.

Theorem 4. If G is a k-SH graph of order n for k ≥ 4, then α(G) ≤
n− k + ⌈k−1

4 ⌉ if k is odd, and α(G) ≤ n− k + 1 + ⌈k−2
4 ⌉ if k is even.

Proof. Let G be a k−SH graph of order n with k ≥ 4. Let u and v
be two consecutive vertices on a k-step Hamiltonian walk of G, and
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assume that P : v1v2...vkvk+1 is a shortest path in G from u to v,
where u = v1 and v = vk+1. Let D be a maximum independent set in
G. If D ∩ {v1, ..., vk+1} = ∅, then |D| ⊆ V (G) − {v1, ..., vk+1} and so
|D| ≤ n− k− 1 ≤ min{n− k+ ⌈k−1

4 ⌉, n− k+1+ ⌈k−2
4 ⌉}. Thus assume

that D ∩ {v1, ..., vk+1} 6= ∅. Then D ∩ {v1, ..., vk+1} is an independent
set in the graph G[{v1, ..., vk+1}]. Since G[{v1, ..., vk+1}] is a path Pk+1,
by Proposition 1, |D ∩ {v1, ..., vk+1}| ≤ ⌈k+1

2 ⌉. There is a vertex w in
G at distance k from v⌈k+1

2
⌉, since G is a k-SH graph. Let x1x2...xk+1

be a shortest path from v⌈k+1

2
⌉ to w, where x1 = v⌈k+1

2
⌉ and xk+1 = w.

Let i be the minimum integer such that x1, ..., xi ∈ P and xi+1 6∈ P .
Then clearly, xi+1, ..., xk+1 6∈ P . Observe that i ≤ k+1

2 + 1 if k is odd,

and i ≤ k
2 + 1 if k is even. Thus, i ≤ ⌈k+1

2 ⌉ + 1. Let Q be the path
xi+1, ..., xk+1. Then Q is isomorphic to Pk+1−i, and so D contains at
most α(Pk+1−i) vertices of Q. Thus

|D| ≤ |D ∩ {v1, ..., vk+1}|+ |D ∩ (V (G) − {v1, ..., vk+1})|

≤ ⌈
k + 1

2
⌉+ n− (k + 1)− (k + 1− i− α(Pk+1−i)).

Since i ≤ ⌈k+1
2 ⌉+ 1, we obtain that

|D| ≤ ⌈
k + 1

2
⌉+ n− (k + 1) −

− (k + 1− (⌈
k + 1

2
⌉+ 1)− α(P

k+1−(⌈k+1

2
⌉+1)))

= ⌈
k + 1

2
⌉+ n− (k + 1) − (k − ⌈

k + 1

2
⌉ − α(P

k−⌈k+1

2
⌉))

= ⌈
k + 1

2
⌉+ n− (k + 1) − k + ⌈

k + 1

2
⌉+ ⌈

k − ⌈k+1
2 ⌉

2
⌉.

Now a simple calculation shows that |D| ≤ n − k + ⌈k−1
4 ⌉ if k is odd,

and |D| ≤ n− k + 1 + ⌈k−2
4 ⌉ if k is even.

We note that a simple calculation shows that Theorem 4 improves
Corollary 1 for k ≥ 13. We purpose obtaining a sharp upper bound
for the independence number of a k-SH graph for k ≥ 4 as an open
problem.
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Problem 1. What is the best upper bound for the independence number

of a k-SH graph for k ≥ 4?

3 Lower bounds

We next present a lower bound for the independence number of a k-SH
graph.

Theorem 5. If G is a k−SH graph for k ≥ 2, then α(G) ≥ ⌈k+1
2 ⌉ +

⌊k−3
4 ⌋+ 1. This bound is sharp for k = 2, 3, 4.

Proof. Let u and v be two consecutive vertices in a k−step Hamiltonian
walk of G, and P : v1, v2, . . . , vk+1 be a shortest path in G from u to v,
where u = v1 and v = vk+1. Clearly, G[{v1, v2, . . . , vk+1}] is isomorphic
to Pk+1. Thus α(G) ≥ α(G[{v1, v2, . . . , vk+1}]) = α(Pk+1) ≥ ⌈k+1

2 ⌉, by
Proposition 1. The result is obvious if k = 2. Thus assume that
k ≥ 3. There is a vertex w in G at distance k from v⌈k+1

2
⌉, since G

is a k-SH graph. Let x1x2...xk+1 be a shortest path from v⌈k+1

2
⌉ to

w, where x1 = v⌈k+1

2
⌉ and xk+1 = w. Let i be the minimum integer

such that x1, ..., xi ∈ P and xi+1 6∈ P . Then clearly, xi+1, ..., xk+1 6∈ P .
Observe that i ≤ k+1

2 + 1 if k is odd, and i ≤ k
2 + 1 if k is even. Thus,

i ≤ ⌈k+1
2 ⌉ + 1. If there is an integer s with ⌈k+1

2 ⌉ + 2 ≤ s ≤ k + 1
such that xs is adjacent to v1, then d(v⌈k+1

2
⌉, xk+1) < k, since the walk

v⌈k+1

2
⌉, v⌈k+1

2
⌉−1, ..., v1, xs, xs+1, ..., xk+1 is a path from v⌈k+1

2
⌉ to xk+1

of length less than k, a contradiction. Thus xs is not adjacent to v1 for
each integer s with ⌈k+1

2 ⌉+2 ≤ s ≤ k+1. Similarly, xs is not adjacent

to vk for each integer s with ⌈k+1
2 ⌉ + 2 ≤ s ≤ k + 1. For any vertex

a ∈ {v2j+1 : 1 ≤ j ≤ ⌈k−1
2 ⌉ − 1}, since d(v⌈k+1

2
⌉, a) < d(v⌈k+1

2
⌉, v1) and

d(v⌈k+1

2
⌉, a) < d(v⌈k+1

2
⌉, vk), we deduce that xs is adjacent to no vertex

in {v2j+1 : 0 ≤ j ≤ ⌈k−1
2 ⌉} for each integer s with ⌈k+1

2 ⌉+2 ≤ s ≤ k+1.
Now,

{v2j+1 : 0 ≤ j ≤ ⌈
k − 1

2
⌉} ∪ {x⌈k+1

2
⌉+2+2t : t = 0, 1, ..., ⌊

k − 3

4
⌋}

is an independent set in G. Consequently, α(G) ≥ ⌈k+1
2 ⌉+ ⌊k−3

4 ⌋+ 1.
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For the sharpness of the bound for k = 2, 3, 4, we prove a stronger
result. We show that there is an infinite family of k-SH graphs G with
α(G) = ⌈k+1

2 ⌉ + ⌊k−3
4 ⌋ + 1 for each k. Let 2 ≤ k ≤ 4. For a given

integer m ≥ 1, consider m copies of a cycle C2k+1. Let {vi1, ..., v
i
2k+1}

be the vertex set of the i-th C2k+1, where vij is adjacent to vij+1 for
j = 1, 2, ..., 2k +1 and the summation is in modulo 2k+1. Let G be a
graph obtained by joining vij to the vertices vrj , v

r
j−1 and vrj+1 for each

r ∈ {1, 2, ...,m} − {i} and each i = 1, 2, ...,m and j = 1, 2, ..., 2k + 1.
Then clearly α(G) = α(C2k+1) = k and it is easy to see that k =
⌈k+1

2 ⌉+ ⌊k−3
4 ⌋+ 1. If k = 2 then

v11v
1
3v

1
5v

1
2v

1
4v

2
1v

2
3v

2
5v

2
2v

2
4 ...v

m
1 vm3 vm5 vm2 vm4 v11

is a 2-step Hamiltonian walk for G, and thus G is 2-SH. If k = 3, then

v11v
1
4v

1
7v

1
3v

1
6v

1
2v

1
5v

2
1v

2
4v

2
7v

2
3v

2
6v

2
2v

2
5 ...v

m
1 vm4 vm7 vm3 vm6 vm2 vm5 v11

is a 3-step Hamiltonian walk for G, and thus G is 3-SH. If k = 4, then

v11v
1
5v

1
9v

1
4v

1
8v

1
3v

1
7v

1
2v

1
6v

2
1v

2
5v

2
9v

2
4v

2
8v

2
3v

2
7v

2
2v

2
6 ...v

m
1 vm5 vm9 vm4 vm8 vm3 vm7 vm2 vm6 v11

is a 4-step Hamiltonian walk for G, and thus G is 4-SH.

We next characterize all triangle-free k-SH graphs G with k ≤ 4
that achieve equality of the bound of Theorem 5.

Proposition 2. For 2 ≤ k ≤ 4, a triangle-free graph G is a k−SH

graph with α(G) = ⌈k+1
2 ⌉+ ⌊k−3

4 ⌋+ 1 if and only if G = C2k+1.

Proof. Let G be a triangle-free k-SH graph with α(G) = ⌈k+1
2 ⌉ +

⌊k−3
4 ⌋ + 1. First let k = 2. Then α(G) = 2. Clearly, N(x) is an in-

dependent set for any vertex x, since G is triangle-free. Consequently,
∆(G) = 2. Since no path is 2-SH, we find that G is a cycle, and by
Theorem 2 it can be seen that G = C5.

Next assume that k = 3. Then α(G) = 3. Suppose that ∆(G) > 2.
Let x be a vertex of maximum degree in G. If deg(x) > 3, then N(x)
is an independent set of cardinality more that α(G), a contradiction.
Thus deg(x) = 3. There is a vertex y in G at distance three from
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x, since G is 3-SH. Then N(x) ∪ {y} is an independent set in G, a
contradiction. We deduce that ∆(G) = 2. Since no path is 3-SH, we
find that G is a cycle, and by Theorem 2, it can be seen that G = C7.

Now assume that k = 4. Then α(G) = 4. We show that ∆(G) = 2.
Suppose that ∆(G) ≥ 3. Let x be a vertex of maximum degree in
G. If deg(x) > 4, then N(x) is an independent set of cardinality
more that α(G), a contradiction. If deg(x) = 4, then N(x) ∪ {y} is
an independent set in G, where y is a vertex at distance four from
x. This is a contradiction. Thus, deg(x) = 3. There are two vertices
z1, z2 at distance four from x, since G is 4-SH. If z1 6∈ N(z2), then
N(x) ∪ {z1, z2} is an independent set in G, a contradiction. Thus
assume that z1 ∈ N(z2). Clearly, z1 and z2 have no common neighbor,
since G is triangle-free. Let y1 ∈ N(z1)− {z2} and y2 ∈ N(z2)− {z1}.
Clearly, y1 6∈ N(z2). Now N(x) ∪ {y1, z2} is an independent set in G,
a contradiction. We deduce that ∆(G) = 2. Since no path is 4-SH, we
find that G is a cycle, and by Theorem 2, it can be seen that G = C9.

The converse is obvious.

We improve the bound of Theorem 5 for k ≥ 5.

Theorem 6. If G is a k−SH graph for k ≥ 5, then α(G) ≥ ⌈k+1
2 ⌉ +

⌊k−3
4 ⌋+ 2, and this bound is sharp for k = 5, 6.

Proof. We follow the proof of Theorem 5. Let u, v, P : v1, v2, . . . , vk+1,
w, and x1x2...xk+1 be as described in the proof of Theorem 5. As
noted, the set

D = {v2j+1 : 0 ≤ j ≤ ⌈
k − 1

2
⌉} ∪ {x⌈k+1

2
⌉+2+2t : t = 0, 1, ..., ⌊

k − 3

4
⌋}

is an independent set in G of cardinality ⌈k+1
2 ⌉ + ⌊k−3

4 ⌋ + 1. Assume
that k ≡ 1 or 2 (mod 4). Let z be a vertex of G at distance k from x2.
Note that z exists, since G is k-SH. If z is adjacent to a vertex a ∈ D,
then d(z, x2) < k, a contradiction. Thus z is adjacent to no vertex in
D. Consequently, D ∪ {z} is an independent set in G, implying that
α(G) ≥ ⌈k+1

2 ⌉ + ⌊k−3
4 ⌋ + 2. Next assume that k ≡ 0 or 3 (mod 4).

Observe that k ≥ 7. Let z′ be a vertex of G at distance k from x3. If
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z′ is adjacent to a vertex a ∈ D, then d(z′, x3) < k, a contradiction.
Thus z′ is adjacent to no vertex in D. Consequently, D ∪ {z′} is an
independent set in G, implying that α(G) ≥ ⌈k+1

2 ⌉+ ⌊k−3
4 ⌋+2. To see

the sharpness, consider the C2k+1 for k = 5, 6, and use Theorem 2.

We believe the Theorem 6 can be improved for k ≥ 7.

Problem 2. Find a sharp lower bound for the independence number

of a k-SH graph for each k ≥ 7.

By Theorem 5, α(G) ≥ ⌈k+1
2 ⌉ + ⌊k−3

4 ⌋ + 1 for each k ≥ 2 and
any k-SH graph G. We next wish to prove that the difference α(G) −
(⌈k+1

2 ⌉+⌊k−3
4 ⌋+1) can be arbitrarily large. For this purpose, we prove

a stronger result. We show that the quotient α(G)
k

can be arbitrarily
large in a k-SH graph G. We prove that for any positive integer n ≥ 1,
and k ≥ 2, there is a graph G with α(G)

k
= 2n. Note that for k ≥ 2,

and any integer n ≥ 1, clearly, 2nk > ⌈k+1
2 ⌉+ ⌊k−3

4 ⌋ + 1. We define a
construction on a graph as follows.

• A-Construction: For any graphGwith vertex set {v1, v2, . . . , vn},
let A(G) be a graph with vertex set V (A(G)) = {v1, v2, . . . , vn}∪
{ui : i = 1, 2, ..., n} and edge set E(A(G)) = E(G) ∪ {uivj :
vj ∈ NG(vi)}. Furthermore, we define recursively, Ak(G) for any
k ≥ 1, by A1(G) = A(G), A2(G) = A(A(G)), and Ak(G) =
A(Ak−1(G)) if k ≥ 2.

Proposition 3. 1. If G is a k-SH graph, then Am(G) is a k−SH graph

for each m ≥ 1. 2. α(Am(G)) = 2mα(G) for each m ≥ 1.

Proof. We prove only for m = 1 and then the result follows by an
induction on m.

1. Let v1, v2, . . . , vn be a k−step Hamiltonian walk of G. From
the construction of A(G), it is clear that d(ui, ui+1) = d(vn, u1) =
d(un, v1) = k for i = 1, 2, . . . , n − 1. Therefore, the sequence
v1, v2, . . . , vn, u1, u2, . . . , un, v1 is a k−step Hamiltonian walk of A(G),
as desired.
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2. Let D be a maximum independent set in G. Then D ∪ {ui :
vi ∈ D} is an independent set for A(G), and thus α(A(G)) ≥ 2α(G).
Suppose that α(A(G)) > 2α(G). Let I be a maximum independent set
in A(G). Then |I∩V (G)| < |I−V (G)|. Then {vi : ui ∈ I−V (G)} is an
independent set for G of cardinality more than α(G), a contradiction.
Consequently, α(A(G)) = 2α(G).

Theorem 7. For any positive integer n ≥ 1 and k ≥ 2, there is a

graph H with
α(H)
k

= 2n.

Proof. Given k ≥ 2 and n ≥ 1, let G = C2k+1 and H = An(G). Since
G is a k-SH graph by Theorem 2 with α(G) = k, by Proposition 3, H
is a k-SH graph, with α(H) = 2nk.

Let β(G) be the vertex covering number of a graph G. Note that
β(G) is the minimum cardinality of a set of vertices such that each
edge of the graph is incident to at least one vertex of the set. It is
known that α(G) + β(G) = n. Thus from Theorems 3 and 5, we have
the following.

Corollary 2. If G is a k-SH graph of order n for k ≥ 2, then ⌈k2⌉+1 ≤

β(G) ≤ n− ⌈k+1
2 ⌉ − ⌊k−3

4 ⌋ − 1.

4 Conclusion

The presented upper and lower bounds for the independence number
in k-step Hamiltonian graphs given in this paper are sharp for small
values of k. New sharp bounds for larger values of k are of sufficient
interest.
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[9] M. A. Henning, C. Löwenstein, J. Southey and A.
Yeo, “A new lower bound on the independence num-
ber of a graph and applications,” Electron. J. Com-

bin., vol. 21, no. 1, P1.38, Feb. 2014. [Online]. Available:
http://www.combinatorics.org/ojs/index.php/eljc/article/view/
v21i1p38/pdf.

[10] Y. S. Ho, S. M. Lee and B. Lo, “On 2 -steps Hamiltonian cubic
graphs,” J. Combin. Math. Combin. Comput., vol. 98, pp. 185–
199, 2016.

[11] G. C. Lau, Y. S. Ho, S. M. Lee and K. Schaffer, “On 3 -step Ha-
miltonian trees,” J. Graph Labeling, vol. 1, no. 1, pp. 41–53, July
2015.

[12] G. C. Lau, S. M. Lee, K. Schaffer, S. M. Tong and S. Lui, “On
k -step Hamiltonian graphs,” J. Combin. Math. Combin. Comput.,
vol. 90, pp. 145–158, 2014.

27



N. A. Abd Aziz, N. Jafari Rad, H. Kamarulhaili, R. Hasni

[13] G. C. Lau, S. M. Lee, K. Schaffer and S. M. Tong, “On k -step
Hamiltonian bipartite and tripartite graphs,” Malaya J. Mat., vol.
2, no. 3, pp. 180–187, Feb. 2014.

[14] S. M. Lee and H. H. Su, “On 2 -steps Hamiltonian subdivision
graphs of cycles with a chord,” J. Combin. Math. Comput., vol.
98, pp. 109–123, 2016.

[15] D. B. West, Introduction to Graph Theory, 2nd ed., Upper Saddle
River, NJ, USA: Prentice Hall, Inc., 2001, 588 p.

Noor A’lawiah Abd Aziz, Nader Jafari Rad, Received January 4, 2018

Hailiza Kamarulhaili, Roslan Hasni

Noor A’lawiah Abd Aziz

School of Mathematical Sciences, Universiti Sains Malaysia

11800 USM Penang, Malaysia

E–mail: nooralawiah@gmail.com

Nader Jafari Rad

Department of Mathematics, Shahrood University of Technology

Shahrood, Iran

E–mail: n.jafarirad@gmail.com

Hailiza Kamarulhaili

School of Mathematical Sciences, Universiti Sains Malaysia

11800 USM Penang, Malaysia

E–mail: hailiza@usm.my

Roslan Hasni

School of Informatics and Applied Mathematics, Universiti Malaysia Terengganu

21030 Kuala Nerus, Terengganu, Malaysia

E–mail: hroslan@umt.edu.my

28



Computer Science Journal of Moldova, vol.26, no.1(76), 2018

Vertex weighted Laplacian Energy of union of

graphs

Nilanjan De

Abstract

The vertex weighted Laplacian energy with respect to the
vertex weight w of a graph G with n vertices is defined as

LEw(G) =
n
∑

i=1

|µi − w̄|, where µ1, µ2, ..., µn are the Laplacian

eigenvalues of G and w̄ is the average value of the weight w. In
this paper, we derive upper and lower bounds of weighted Lap-
lacian energy of union of k-number of connected disjoint graphs
G1, G2,...,Gk and hence consider some particular cases.

Keywords: Eigenvalue, Energy (of graph), Laplacian energy,
Topological index.

AMS Subject Classification: 05C05

1 Introduction

Let G be a non empty graph with vertex set V (G) = {v1, v2, ..., vn}.
The degree of a vertex vi ∈ V (G) is the number of vertices adjacent with
that vertex and is denoted by dG(vi) for i = 1, 2, ..., n. Let A = [aij ]
be the adjacency matrix of G. Let the eigenvalues of A be denoted by
λ1, λ2, ..., λn which are the eigenvalues of the graph G. Ivan Gutman
in 1978 [1] introduced the energy of a graph which is defined as the
sum of the absolute values of its eigenvalues and is denoted by E(G),
so that

E(G) =
n
∑

i=1

|λi|.

c©2018 by N. De
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Let D(G) = [dij ] be the diagonal matrix associated with the graph G,
where dii = dG(vi) and dij = 0 if i 6= j. Define L(G) = D(G) −A(G),
where L(G) is called the Laplacian matrix of G. Let µ′

1, µ
′
2, ..., µ

′
n

be the Laplacian eigenvalues of G. Then the Laplacian energy of G is
defined as [2]

LE(G) =

n
∑

i=1

|µ′
i −

2m

n
|.

Till date a very extensive study on graph energy and Laplacian graph
energy can be found in literature. The interested reader can refer to
the survey [3], [4], recent papers [5]–[11], and references cited therein.
Sharafdini et al. in [12] introduced vertex weighted Laplacian energy of
a graph with respect to a vertex weight w. For example, a vertex weight
of a graph can be considered as degree of the vertices or eccentricity of
the vertices. A graph is called w-regular if for any u, v ∈ V (G), w(v) =
w(u). Let us consider a diagonal matrix of order n with respect to
the weight w, Dw(G) = diag{w(v1), w(v2), ..., w(vn)}. The adjacency
matrix of G is denoted by A(G) = [aij], where aij = 1 if and only
if the vertices vi and vj are adjacent. Then, the matrix Lw(G) =
Dw(G)−A(G) is the weighted Laplacian matrix of G with respect to
the vertex weight w. It is clear that, if the vertex weight is considered
as degree of the vertices of G, then the matrix Lw(G) is called Laplacian
matrix of G. Similarly, if the vertex weight is equal to the eccentricity
of the vertices, then we get the eccentricity version of the Laplacian
energy introduced by the present author in [13]. Let µ1 µ2,..., µn be
the eigenvalues of the weighted Laplacian matrix Lw(G) with respect to
some arbitrary vertex weight w. Then, the weighted Laplacian energy
LEw(G) of G with respect to the vertex weight w is defined as

LEw(G) =
n
∑

i=1

|µi − w̄|,

where w̄ = 1
n

n
∑

i=i

w(vi). Clearly,
n
∑

i=1
µi = nw̄.

Ramane et. al in [14] derived the bounds of Laplacian energy of
union of two graphs where they generalized the result derived in [2]. In
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this paper, we further generalized the result derived in [14] by calcula-
ting upper and lower bounds of weighted Laplacian energy of union of
k-number of connected disjoint graphs with respect to some particular
vertex weight w.

2 Main Results

Let G1, G2,...,Gk be k-number of connected and disjoint graphs. Now
let the vertex and edge sets of Gi for i = 1, 2, ..., k be respectively
denoted by Vi and Ei. Also, let |Vi| = ni and |Ei| = mi for i =
1, 2, ..., k. Then the union of k-number of graphs G1, G2,...,Gk denoted
by G1

⋃

G2
⋃

...
⋃

Gk is a graph with vertex set V1
⋃

V2
⋃

...
⋃

Vk and
edge set E1

⋃

E2
⋃

...
⋃

Ek. Thus G1
⋃

G2
⋃

...
⋃

Gk has in total n1 +
n2 + ...+ nk vertices and m1 +m2 + ...+mk number of edges. Let us

denote G1
⋃

G2
⋃

...
⋃

Gk by
k
⋃

i=1
Gi.

Theorem 1. Let G1, G2,...,Gk be k-connected disjoint graphs, then

k
∑

i=1

LEw(Gi)−

k
∑

i=1
ni

k
∑

j=1,j 6=1

nj|w̄Gi
− w̄Gj

|

k
∑

i=1
ni

≤ LEw(
k
⋃

i=1

Gi)

≤

k
∑

i=1

LEw(Gi) +

k
∑

i=1
ni

k
∑

j=1,j 6=1

nj|w̄Gi
− w̄Gj

|

k
∑

i=1
ni

.

Proof. From definition, the vertex weighted Laplacian energy of
union of k-number of graphs G1, G2,...,Gk is given by

LEw(

k
⋃

i=1

Gi) =

k∑

i=1

ni

∑

i=1

|µi(

k
⋃

i=1

Gi)− w̄ k⋃

i=1

Gi

|,
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where the average of the vertex weight of
k
⋃

i=1
Gi is given by

w̄ k⋃

i=1

Gi

=
1

k
∑

i=1
ni

[

n1
∑

i=1

wG1
(vi) +

n2
∑

i=1

wG2
(vi) + ...+

nk
∑

i=1

wGk
(vi)]

=
1

k
∑

i=1
ni

[n1w̄G1
+ n2w̄G2

+ ...+ nkw̄Gk
]

=

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

.

Now, since the weighted Laplacian spectrum of
k
⋃

i=1
Gi is the union of

the weighted Laplacian spectra of G1, G2,...,Gk, we have

LEw(

k
⋃

i=1

Gi) =

k∑

i=1

ni

∑

i=1

|µi(

k
⋃

i=1

Gi)−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

=

n1
∑

i=1

|µi(

k
⋃

i=1

Gi)−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|+

n1+n2
∑

i=1+n1

|µi(

k
⋃

i=1

Gi)−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

+...+

k∑

i=1

ni

∑

i=ni+1

|µi(

k
⋃

i=1

Gi)−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|
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=

n1
∑

i=1

|µi(G1)−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|+

n2
∑

i=1

|µi(G2)−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

+...+

nk
∑

i=1

|µi(Gk)−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

=

n1
∑

i=1

|µi(G1)− w̄G1
+ w̄G1

−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

+

n2
∑

i=1

|µi(G2)− w̄G2
+ w̄G2

−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

+...+

nk
∑

i=1

|µi(Gnk
)− w̄Gnk

+ w̄Gnk
−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|. (1)

To find upper bound, we can write from (1)

LEw(
k
⋃

i=1

Gi) ≤

n1
∑

i=1

|µi(G1)− w̄G1
|+ n1|w̄G1

−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

+

n2
∑

i=1

|µi(G2)− w̄G2
|+ n2|w̄G2

−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|
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+...+

nk
∑

i=1

|µi(Gk)− w̄Gk
|+ nk|w̄Gk

−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

=

k
∑

i=1

LEw(Gi) +

k
∑

i=1
ni

k
∑

j=1,j 6=i

nj|w̄Gi
− w̄Gj

|

k
∑

i=1
ni

. (2)

Similarly, to obtain lower bound, from (1) using the similar arguments,
we have

LEw(

k
⋃

i=1

Gi) ≥

n1
∑

i=1

|µi(G1)− w̄G1
| − n1|w̄G1

−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

+

n2
∑

i=1

|µi(G2)− w̄G2
| − n2|w̄G2

−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

+...+

nk
∑

i=1

|µi(Gk)− w̄Gk
| − nk|w̄Gk

−

k
∑

i=1
niw̄Gi

k
∑

i=1
ni

|

=

k
∑

i=1

LEw(Gi)−

k
∑

i=1
ni

k
∑

j=1
nj|w̄Gi

− w̄Gj
|

k
∑

i=1
ni

. (3)

Combining, (2) and (3) we get the desired result as in Theorem 1.
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Next, as a special case we derive some additional relations for weig-
hted Laplacian energy union of two graphs.

If Gi (i=1,2,...,k) is wi-regular graph with respect to the parameter
w, then wGi

(vj) = wi for i = 1, 2, ..., k and j = 1, 2, ..., ni. Thus we
can write,

w̄Gi
=

1

ni

∑

j=1

niwGi
(vj) =

1

ni
niwi = wi, for i = 1, 2, ..., k.

Therefore, using Theorem 1, we have the following result:

Corollary 1. Let, Gi (i=1,2,...,k) be wi-regular graph with respect

to the parameter w, then wGi
(vj) = wi for i = 1, 2, ..., k and j =

1, 2, ..., ni, then

k
∑

i=1

LEw(Gi)−

k
∑

i=1
ni|

k
∑

j=1
nj(wi − wj)|

k
∑

i=1
ni

≤ LEw(
k
⋃

i=1

Gi)

≤

k
∑

i=1

LEw(Gi) +

k
∑

i=1
ni|

k
∑

j=1
nj(wi − wj)|

k
∑

i=1
ni

.

Corollary 2. Let, Gi (i=1,2,...,k) be wi regular graph with respect to

the parameter w, so that w1 = w2 = ... = wk, then

LEw(
k
⋃

i=1

Gi) =
k

∑

i=1

LEw(Gi)

The above result can be considered for two regular graphs G1 and
G2 as follows:
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Corollary 3. Let G1 and G2 be w1 and w2 -regular graph with respect

to parameter w, then

LEw(G1) + LEw(G2)−
2n1n2

n1 + n2
|w1 − w2|

≤ LEw(G1 ∪G2)

≤ LEw(G1) + LEw(G2) +
2n1n2

n1 + n2
|w1 − w2|.

Next, if the vertex weight is considered as degree of vertices, then
we get the similar results as in [14] from the above result.

Corollary 4. Let G1 and G2 be two connected graphs with n1, n2

number of vertices and m1 and m2 number of edges, then if 2m1

n1
> 2m2

n2
,

we have

LE(G1) + LE(G2)−
4(m1n2 −m2n1)

n1 + n2

≤ LEw(G1 ∪G2)

≤ LE(G1) + LE(G2) +
4(m1n2 −m2n1)

n1 + n2
.

We know that, the eccentricity of a vertex in G is the largest dis-
tance from that vertex to any other vertex of G. Let, ζ(G) denote the

sum of eccentricities of all the vertices of G, so that ζ(G)
n

is the average
vertex eccentricity of G. Then the eccentricity version of Laplacian
energy of G is given by [13].

LEε(G) =

n
∑

i=1

|µi −
ζ(G)

n
|.

In the following, we derive eccentricity version of Laplacian energy
of union of two connected graphs G1 and G2 using Theorem 1.

Corollary 5. Let G1 and G2 be two connected graphs with n1, n2

number of vertices and m1 and m2 number of edges, then if
ζ(G1)
n1

>
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ζ(G2)
n2

, we have

LEε(G1) + LE(G2)−
4(n2ζ(G1)− n1ζ(G2))

n1 + n2

≤ LEε(G1 ∪G2)

≤ LEε(G1) + LEε(G2) +
4(n2ζ(G1)− n1ζ(G2))

n1 + n2
.

3 Conclusion

In this paper, we study weighted Laplacian energy of union of k-number
of connected graphs G1, G2, ... Gk to find upper and lower bounds of
these. This is a generalization of Laplacian energy of union of graphs
when the degree of a vertex is considered as vertex weight. Different
other bounds and results are also derived from the general results as a
special case.
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Parallel algorithm to find Bayes-Nash solution

to the bimatrix informational extended game

Boris Hancu, Anatolie Gladei

Abstract

We propose to use the new methodology for solving the com-
plete and perfect information bimatrix game. To solve the ga-
mes of these type we construct the incomplete and imperfect
information game generated by the informational extended stra-
tegies. Then we construct associated Bayesian game with non-
informational extended strategies. For a HPC cluster computing
system with shared and distributed memory, we constuct a paral-
lel algorithm for computing Bayes-Nash solutions to the bimatrix
informational extended games. The complexity and time perfor-
mance analysis of the algorithm are provided.

Keywords: game, strategy, Nash equilibrium, Bayes-Nash
solution, parallel algorithm, time complexity, communication
complexity.

1 Bayes-Nash solutions to the bimatrix infor-

mational extended games

1.1 Bimatrix informational extended games

We consider the bimatrix game in the following strategic form

Γ = 〈I, J,A,B〉 , (1.1.1)

where I = {1, 2, .., n} is the line index set (the set of strategies of
the player 1), J = {1, 2, ..,m} is the column index set (the set of
strategies of the player 2) and A = ||aij ||

j∈J
i∈I , B = ||bij ||

j∈J
i∈I are the

payoff matrices of player 1 and player 2, respectively. All players know
exactly the payoff matrices and the sets of strategies. Players maximize

c©2018 by B. Hancu, A. Gladei
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their payoffs. Denote by (1 ⇆ 2) the following ”informational decision
making model” [1,2]: the player 1 knows exactly the value of the
strategy chosen by the player 2, as well as, simultaneously, the player
2 knows exactly the value of the strategy chosen by the player 1. So we
will analyze the game (1.1.1) in complete information (the players know
exactly the normal form of the game) and (1 ⇆ 2)-perfect information
over the sets of pure strategies.

The conditions described above stipulate that we can use the set of
informational extended strategies i : J → I, so that ∀j ∈ J, i(j) ∈ I
of the player 1 and j : I → J, so that ∀i ∈ I, j(i) ∈ J of the player
2. According to [3] we can describe the informational extended strate-
gies in bimatrix game as follows: i = i1i2...ij ...im and j = j1j2...ji...jn,
where the element ij = i(j) (respectively ji = j(i)) of this number
string means the following: if the player 2 (respectively the player 1)
chooses the column j ∈ J (chooses the line i ∈ I), then the player
1 (the player 2) will choose the line ij ∈ I (will choose the column
ji ∈ J). So the number string i, respectively j, is called the infor-
mational extended strategy of the player 1, respectively informational
extended strategy of the player 2. The sets I = {i = i1i2...ij ...im},
where i go through the values from I and J = {j = j1j2...ji...jn},
where j go through the values from J , are called the sets of in-
formational extended strategies of the player 1, respectively of the
player 2. The (i, j) is called the informational extended strategy pro-
file. The set ˜I = {ij ∈ I : ij 6= ik,∀j, k ∈ J, j 6= k} ⊆ I, respectively
˜J = {ji ∈ J : ji 6= jr∀i, r ∈ I, i 6= r} ⊆ J , is the set of informational
non extended strategies of the player 1, respectively 2, generated by
the informational extended strategies i, respectively j.

It should be mentioned that the players do not know the informa-
tional extended strategies of each other and from this point of view we
can consider that the game has imperfect information structure over
the sets of the informational extended strategies.

Denote by Game (1 ⇆ 2) the bimatrix game in the informatio-
nal extended strategies, described above. Remark that the notation
Game (1 ⇆ 2) does not represent the normal form. This game is in
imperfect information on the set of informational extended strategies,
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but because we do not know yet the normal form, we can not say
if this game is in complete or incomplete information. For the game
in informational extended strategies it is very difficult to construct
utility matrices. So we can not answer the following question: for
any informational extended strategy profile (i, j) which element of

the matrix A and B should be considered as a payoff value of the
player 1 and 2 ? For example, consider the following bimatrix game

A =

(

3 5 4
6 7 2

)

, B =

(

0 5 1
4 3 2

)

in complete and (1 ⇆ 2)-perfect infor-

mation and suppose that the informational extended strategy of the
player 1 is i = 111223, and for the player 2 is j = 1122. For strategy
profile (i, j) ≡ (111223, 1122) we can not determine which elements

in matrices A and B can be considered as payoff values for players 1
and 2.

Thus, in order to solve games in informational extended strategies,
we propose to use the new methodology described in [3]. We will briefly
present one of these methodologies.

1.2 The incomplete and imperfect information game ge-

nerated by the informational extended strategies

As it was mentioned in [3] any fixed strategy profile (i, j) in infor-
mational extended strategies generates a couple of matrices A(i, j) =
||aij ||

j∈J
i∈I = ||aijji ||

j∈J
i∈I , B(i, j) = ||bij||

j∈J
i∈I = ||bijji ||

j∈J
i∈I that represent

the utility of the players in informational non extended strategies ge-
nerated by the informational extended strategies i, respectively j. For
strategy profile (i, j) the elements aij ≡ aijji , bij ≡ bijji reprezent the
payoff of the player 1 and of the player 2, respectively, if player 1 choo-
ses the line i ∈ I and the player 2 chooses the column j ∈ J in the
complete and (1 ⇆ 2)-perfect information bimatrix game. As the play-
ers do not know what informational extended strategies are chosen by
the other partners, then the player 1, respectively player 2, will have a
possible utility matrices from the following set of matrices {A(i, j)}j∈Ji∈I ,

respectively {B(i, j)}j∈Ji∈I . The game of this type is the game in incom-
plete information because neither player 1 nor player 2 knows exactly
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which matrix from the mentioned set of matrices will be his utility.

So the game Game (1 ⇆ 2) in imperfect information on the set of
informational extended strategies generates the following incomplete
and imperfect information game on the set of informational non exten-
ded strategies: the strategies of the player 1 are I = {1, 2, ..., n} and of
the player 2 are J = {1, 2, ...,m}; the payoff matrix of the player 1 is

one of the matrices from the set {A(i, j)}j∈J
i∈I and the payoff matrix of

the player 2 is one of the matrices from the set {B(i, j)}j∈J
i∈I .

Finally, using the informational extended strategies in the game
(1.1.1) with complete and (1 ⇆ 2)-perfect information we obtain the
following normal form of the incomplete (asymmetric) and imperfect
information game

˜Γ =

〈

{1, 2}, I, J,
{

AB(i, j) =
∥

∥

(

aijji , bijji
)∥

∥

j∈J

i∈I

}j∈J

i∈I

〉

. (1.2.1)

1.3 The associated bayesian game

According to [4] and [5] we can construct the bimatrix Bayesian game
for the bimatrix incomplete information game ˜Γ from (1.2.1) that con-
sists of the following elements described in [6].

A set of players is {1, 2}. A set of possible actions for each player:
for player 1 is I = {1, 2, .., n}, the line index, and for player 2 is J =
{1, 2, ..,m}, the column index of the payoff matrices.

A set of possible types for each player: the types of the player 1
are ∆1 = {α = 1, ..., nm} and of the player 2 are ∆2 = {β = 1, ...,mn}.
Only player 1 (player 2) knows his type α (his type β) when play begins.
So we say that the player 1 is of the type α if he chooses the matrix
A(α, β) ≡ A(iα, jβ) = ||a

iαj j
β
i

||j∈Ji∈I as the payoffs and respectively, we

say that the player 2 is of the type β if he chooses the matrix B(α, β)
≡ B(iα, jβ) = ||b

iαj j
β
i

||j∈Ji∈I as the payoffs. Here iα ∈ I, jβ ∈ J.

The probability p (respectively q) summarizes what player 1 (re-
spectively player 2), given his type, believes about the types of the

other players. So, p(β|α) =
p(β ∩ α)

p(α)
(Bayes’Rule) (respectively

42



Parallel algorithm to find Bayes-Nash solution in the informational . . .

q(α|β) =
q(α ∩ β)

q(β)
) is the conditional probability assigned to the type

β ∈ ∆2 (respectively α ∈ ∆1) when the type of the player 1 is α
(respectively of the player 2 is β).

Combining actions and types for each player it is possible to
construct the strategies that may assign different actions to diffe-
rent types. In this way we will construct the strategies of the
players. If player 1 is of type α ∈ ∆1 and he knows that the
type of the player 2 may be an element from the set ∆2 = {β =
1, ...,κ2}, and as the utility matrix elements also depend on the type
β of player 2, then the set of matrices that represents his utility is
{

A(α, β) = ||a
iα
j
j
β
i

||j∈Ji∈I ≡
∥

∥

∥a
αβ
ij

∥

∥

∥

j∈J

i∈I

}β=1,κ2

α=1,κ1

. For α-type player 1 we

will denote the pure strategy by l = l1l2...lβ ...lκ2
and it has the fol-

lowing meaning: the player 1 will choose the line l1 ∈ I from the
utility matrix A(α, 1) if β = 1, and line l2 ∈ I from the utility ma-
trix A(α, 2) if β = 2 and so on: line lκ2

∈ I from the utility matrix
A(α,κ2) if β = κ2. Denote by L(α) the set of all pure strategy of
the α-type player 1. Similarly, if player 2 is of type β ∈ ∆2 and
he knows that the type of player 1 may be an element from the set
∆1 = {α = 1, ...,κ1}, and as the utility matrix elements depend also
on the type α of player 1, then the set of matrices that represents

his utility is

{

B(α, β) = ||b
iα
j
j
β
i

||j∈Ji∈I ≡
∥

∥

∥b
αβ
ij

∥

∥

∥

j∈J

i∈I

}

α=1,κ1

. So for β-type

player 2 we will denote the pure strategy by c = c1c2...cα...cκ1
and it

has the following meaning: the player will chose column c1 ∈ J from
utility matrix B(1, β) if α = 1, and column c2 ∈ J from utility matrix
B(2, β) if α = 2 and so on he will chose column cκ1

∈ J from utility
matrix B(κ1, β) if α = κ1. Denote by C(β) the set of all pure strategies
of β-type player 2. So let the type of the player 1 is α with probability
p = 1 and the type of the player 2 is β with the probability q = 1. Then
the payoffs of the player 1 in the strategy profile (l, c) is the element

aαβij , where i = lβ (the line i from the utility matrix A(α, β)), j = cα
(the column j from utility matrix A(α, β)).

A payoff function specifies each player’s expected payoff matrices
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for every possible combination of all player’s actions and types. Hence,
if the player 1 is of type α, that is, he will choose the strategy lα

only from the set L(α), which ensures the payoffs determined by the
matrices A(α, β), and believes with the probability p(β|α) that the
player 2 plays the strategy c ∈ C(β) for β ∈ ∆2, then expected payoffs
of α-type player 1 is the following matrix

A(α)= ‖alc‖
c∈C(β)
l∈L(α) (1.3.1)

and

alc ≡ al1l2...lβ ...lκ2
c1c2...cα...cκ1

=
∑

β∈∆2

p(β/α)alβcα ≡
∑

β∈∆2

p(β/α)aαβij .

Similarly, if the player 2 is of type β, that is, he will choose the strategy
cβ only from the set C(β), which ensures the payoffs determined by
the matrices B(α, β), and believes with the probability q(α|β) that the
player 1 plays the strategy l ∈ L(α) for α ∈ ∆1, then expected payoffs
of β-type player 2 is the following matrix

B(β)= ‖blc‖
c∈C(β)
l∈L(α) (1.3.2)

and blc ≡ bl1l2...lβ...lκ2
c1c2...cα...cκ1

=
∑

α∈∆1

q(α|β)blβcα ≡
∑

α∈∆1

q(α|β)bαβij .

Here i = lβ and j = cα. So for the incomplete information game ˜Γ from
(1.2.1), the normal form game

ΓBayes = 〈{1, 2}, {∆1,∆2} ,L,C,A,B〉 , (1.3.3)

where L =
⋃

α∈∆1

L(α), C =
⋃

β∈∆2

C(α) and the utility matrices are A =

‖A(α)‖α∈∆1
and B = ‖B(β)‖β∈∆2

, is called the associated Bayesian
game in the non informational extended strategies. The matices A and
B are the ”big matrices”, that consist of the submatrices of the type
A(α) and B(β), respectively.

The games defined above are sometimes called Bayesian normal
form games, since the drawing of types is followed by a simultaneous
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move game. Denote by BE [ΓBayes] the set of all Bayes-Nash strategies
profile of the game ΓBayes from (1.3.3). For any fixed α ∈ ∆1 and
β ∈ ∆2 the game subΓBayes = 〈{1, 2},L(α),C(β),A(α),B(β)〉 will be
called a subgame of the Bayesian game ΓBayes from (1.3.3), and using
the notion of ”type-players”, the subΓBayes is the bimatrix game of the
α-type player 1 and of the β-type player 2.

So we have the following diagram
Γ ⇒ Game (1 ⇆ 2) ⇒ ˜Γ ⇒ ΓBayes

The game in

complete and

perfect

information

over the sets

of pure

strategies

The game

in imperfect

information

over the sets of

informational

extended

strategies

The incomplete

and imperfect

information

game generated

by the informa-

tional extended

strategies

Associated

Bayesian

game in the

non

informational

extended

strategies

Consider the following bimatrix game H1 =

(

3 5 4
6 7 2

)

, H2 =

(

0 5 1
4 3 2

)

in complete and (1 ⇆ 2)− perfect information and suppose that the in-
formational extended strategies of the player 1 are i1 ≡ i1i2i3 = 111223,
i2 ≡ i1i2i3 = 112213 and respectively, of the player 2 are j1 ≡ j1j2 =
1122 and j2 ≡ j1j2 = 2112. The informational extended strategies
{

i1, i2, j1, j2
}

generate an incomplete information bimatrix game ˜Γ in
which the payoff matrix may be one of the following matrices and
imperfect information over the set of informational non extended stra-
tegies I, J:

AB
(

i1, j1
)

=

(

(3, 0) (3, 0) (6, 4)
(5, 5) (5, 5) (7, 3)

)

, AB
(

i2, j1
)

=

(

(3, 0) (6, 4) (3, 0)
(5, 5) (7, 3) (5, 5)

)

,

AB
(

i1, j2
)

=

(

(5, 5) (5, 5) (7, 3)
(3, 0) (3, 0) (6, 4)

)

, AB
(

i2, j2
)

=

(

(5, 5) (7, 3) (5, 5)
(3, 0) (6, 4) (3, 0)

)

.

The set of strategies of the α-type player 1 (α = 1) is L(α =
1) = {1112, 1122, 2112, 2122)} and of the β-type player 2 (β = 1) is
C(β = 1) = {1112, 1122, 1132, 2112, 2122, 2132, 3112, 3122, 3132}. Thus a
subΓBayes = 〈{1, 2},L(α),C(β),A(α),B(β)〉 for α = 1 and β = 1 and
the believer probability p = 1/2, q = 1/2 is the following:
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A =









−1−1−1−1−1−1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 2 2 2 0 0 0
1 1 1 1 1 1 0.5 0.3 0.5









,

B =









0 −2 0 0 −2 0 0 −2 0
0 −2 0 0 −2 0 0 −2 0
0 1 0 2 1 2 −1 0 −1
0 1 0 2 1 2 −1 0 −1









.

Similarly, we can construct the all subΓBayes.
Finally for determining the Bayes-Nash solutions in the bimatrix

informational extended games we use the following theorem [3]:

Theorem 1.1. The strategy profile (l∗, c∗), where l∗ ∈ L, c∗ ∈ C, is
a Bayes-Nash equilibrium in the game ΓBayes from (1.3.3) if and only
if the strategy profile (l∗, c∗) is a Nash equilibrium for the subgame
subΓBayes = 〈{1, 2},L(α),C(β),A(α),B(β)〉. To determine all Bayes-
Nash equilibrium profiles we can determine the all Nash equilibrium
profiles for all bimatrix games of type subΓBayes in the non extended
strategies.

2 Parallel algorithm for mixed system with

shared and distributed memory to determine

the Bayes-Nash solutions to the bimatrix in-

formational extended games

2.1 Parallel algorithm

The basic parallel strategy consists of three main steps. The first step

is to partition the input into several partitions of almost equal sizes.
The second step is to solve recursively the subproblem defined by
each partition of the input. Note that these subproblems can be solved
concurrently in the parallel system. The third step is to combine or
merge the solutions of the different subproblems into a solution for the
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overall problem. The success of such strategy depends on whether or
not we can perform the first and third steps efficiently [7]. To realize
the first step of the parallel strategy, that is to realize data paraleli-
zation, we use the MPI programming model and open source Scalable
Linear Algebra PACKage (ScaLAPACK) or more exactly, the Basic
Linear Algebra Subprograms or BLAS routines [8]. The BLACS are
a message-passing library designed for linear algebra. The computati-
onal model consists of a one- or two-dimensional process grid, where
each process stores pieces of the matrices of the subΓBayes.

So, using the MPI-OpenMP programming model and ScaLAPACK
-BLACS packages we can construct the following parallel algorithm to
find the all equilibrium profiles (l∗, c∗) in the game ΓBayes.

Algorithm 2.1

1. Using the MPI programming model we generate the virtual me-
dium of MPI-process communication (MPI Communicator) with
linear topology and dimension κ1 · κ2. Root process, using the
MPI Bcast function, broadcasts to all MPI process the initial ma-
trices A = ||aij ||

j∈J
i∈I , and B = ||bij ||

j∈J
i∈I of the bimatrix game

Γ = 〈A,B〉.

2. Using the MPI programming model and open source library

ScaLAPACK-BLACS, the processes grid {(α, β)}β=1,κ2

α=1,κ1
is ini-

tialized and in parallel (concurrent) all fixed (α, β)−processes,
using combinatorial algorithm, construct the informational ex-
tended strategies iα = iα1 i

α
2 ...i

α
j ...i

α
m and jβ = jβ1 j

β
2 ...j

β
i ...j

β
n . Thus,

the MPI (α, β)−process has built up the informational extended

strategies iα = iα1 i
α
2 ...i

α
j ...i

α
m and jβ = jβ1 j

β
2 ...j

β
i ...j

β
n .

3. In parallel, all fixed MPI (α, β)-processes, using the OpenMP
directives, construct utility matrices A(α, β) = ||a

iαj j
β
i

||j∈Ji∈I and

B(α, β) = ||b
iα
j
j
β
i

||j∈Ji∈I , generated by the informational extended

strategies iα and jβ.
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4. In parallel, the MPI α-rank process, for all α = 1,κ1, generates
the “believer-probabilities” p(β/α) for all fixed β = 1,κ2 of the α-
type player 1 and also, MPI β-rank process, for all β = 1,κ2, ge-
nerates the “believer-probabilities” q(α/β) for all fixed α = 1,κ1

of the β-type player 2. Thus, the MPI (α, β)-process “possesses”
the probabilities p(β/α) and q(α/β).

5. Using MPI and OpenMP programming models, for all α = 1,κ1,
in parallel, the MPI α-rank process generates the sets L(α) of
the lα = lα1 l

α
2 ...l

α
β ...l

α
κ2

strategies and constructs the payoff matrix
A(α) from (1.3.1) of the α-type player 1 and the MPI β-rank
process, for all β = 1,κ2, generates the sets C(β) of the cβ =

cβ1c
β
2 ...c

β
α...c

β
κ1

strategies and constructs the payoff matrix B(β)
from (1.3.2) of the β-type player 2. So all MPI (α, β)-processes
have a pair of matrices (A(α),B(β)).

6. Denote by I and J the set of line and column indices of the
matrices A(α) and B(β). In parallel, all MPI (α, β)-processes,
using the OpenMP directives, eliminate from matrix A(α) and
from matrix B(β) the lines that are strictly dominated in matrix
A(α) and columns that are strictly dominated in matrix B(β).

Finally we obtain the matrices
(

̂A(α), ̂B(β)
)

, where ̂A(α) =

||âij ||
j∈Ĵ

i∈Î
and ̂B(β) = ||̂bij ||

j∈Ĵ

i∈Î
, for all i ∈ ̂I, j ∈ ̂J and cardinals

∣

∣

∣

̂I
∣

∣

∣
≤ |I|,

∣

∣

∣

̂J
∣

∣

∣
≤ |J |.

7. In parallel, all MPI (α, β)-processes, using the OpenMP functi-
ons, ScaLAPACK routines and the existing sequential algorithm,
determine all Nash equilibrium profiles in the bimatrix game with

matrices
(

̂A(α), ̂B(β)
)

and construct the set of Nash equilibrium

profiles in the bimatrix game with matrices (A(α),B(β)).

8. Using ScaLAPACK-BLACS routines, the root MPI process gat-

her from processes grid {(α, β)}β=1,κ2

α=1,κ1
the sets of Nash equili-

brium profiles in the bimatrix game (A(α),B(β)).

48



Parallel algorithm to find Bayes-Nash solution in the informational . . .

In the general case, to determine all sets of Bayes-Nash equilibrium
profiles in bimatrix informational extended games a very large number
(equal to nm × mn) of the subΓBayes bimatrix games in the non ex-
tended strategies are to be solved. Therefore, it is recommended to
use the exascale HPC systems. C++ program using MPI functions,
OpenMP directives and ScaLAPACK routines has been developed for
this algorithm. Program has been tested on the control examples. The
test results were consistent with theoretical results.

2.2 Communication and Run Complexity for Clusters:

overview

Parallel program evaluation must take into account the computing sy-
stem architecture, which means that it is possible that the chosen al-
gorithm is the best for a particular machine but for machines of other
architecture it may be not the best parallel algorithm for solving that
problem. Also, it is possible, that for a different input size different pa-
rallel algorithms to be good for solving the same problem. That is why
for comparing the parallel and the sequential variant of an algorithm
there must be specified the parallel computing model, must be chosen
the best sequential algorithm and must be pointed if there are specific
conditions for algorithm performance depending on the input size. In
general, in a study of performance of algorithms the following factors
are taken into consideration [9]:

• arithmetic operations;
• data transfer.

Estimation of Communication Complexity for Clusters.

The time necessary for transmitting data between the processors defi-
nes the communication overhead of the duration of parallel algorithm
execution in a multiprocessor computer system. The basic set of para-
meters, which can help to evaluate the data transmission time, consists
of the following values:

- initializing time (ts) characterizes the duration of preparing the
message for transmission, the search of the route in the network
etc.

49



B. Hancu, A. Gladei

- control data transmission time (th) between two neighboring pro-
cessors (i.e. the processors, connected by a physical data trans-
mission channel); to control data we may refer the message hea-
der, the error detection data block etc.;

- transmission time of one data byte along a data transmission
channel (tb); the duration of this transmission is defined by the
communication channel bandwidth.

If we choose for the further analysis the clusters of this widely used
type (the complete graph topology, packet communication method),
then the time complexity of the communication operation between two
processors may be estimated according to the following formula [10]:
Tcomm(m) = ts +m ∗ tb + th, the estimation of this type is caused by
the expression of packet communication method, when the path length
of data transmission is l = 1. Such an approach is quite possible.
However, it is possible to notice that in this model the time of data
preparation ts is assumed to be constant (it does not depend on the
amount of the transmitted data). The time of control data transmission
th does not depend on the number of the transmitted packets, etc.
These assumptions do not fully coincide with the real situation, and
the time estimations obtained with the help of this model may be not
accurate enough.

Time Complexity. The main reason behind developing parallel
algorithms was to reduce the computation time of an algorithm. Thus,
evaluating the execution time of an algorithm is extremely important
in analyzing its efficiency.

Execution time is measured on the basis of the time taken by the
algorithm to solve a problem. The total execution time is calculated
from the moment when the algorithm starts executing to the moment
it stops. If all the processors do not start or end execution at the same
time, then the total execution time of the algorithm is the moment
when the first processor started its execution to the moment when the
last processor stops its execution.

Parallel Random Access Machines (PRAM) is a model, which is
considered for most of the parallel algorithms. Here, multiple proces-
sors are attached to a single block of memory. A PRAMmodel contains:
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a set of similar type of processors; all the processors share a common
memory unit; processors can communicate among themselves through
the shared memory only; a memory access unit (MAU) connects the
processors with the single shared memory. There are many methods to
implement the PRAM model, but the most prominent ones are: shared
memory model; message passing model, data parallel model.

In the general case the execution time Tp(n) = Tcomput + Tcomm,
where Tcomput denotes the computation time, Tcomm denotes the com-
munication (transferring data) time and n denotes the volume of data.

2.3 Time performance analysis of the parallel algorithm

to determine the Bayes-Nash solutions to the bima-

trix informational extended games

In this paragraph we will determine some of the numerical characteris-
tics of the parallel Algorithm 2.1 constructed above. For convenience,
we use the following notation: T k

p (n) denotes the time run complexity
of parallel implementation of the iteration k of the Algorithm 2.1.

We can demonstrate the following theorem that estimates the run
time performance and communication complexity of the parallel Algo-
rithm 2.1.

Theorem. The run time complexity of the Algorithm 2.1 is

Tcomput =
7

∑

k=2

T k
p = O(max(n,m)) +O (max(κ1,κ2))+

+O (max (|I| , |J |)) +O
(

max
(∣

∣

∣

̂I
∣

∣

∣ ,
∣

∣

∣

̂J
∣

∣

∣ , |grBr1| · |grBr2|
))

and communication complexity is

Tcomm = O (ts + [max (|I| × |J | ,m× n)] ∗ tb + th) .

Proof. For this theorem demonstration it is sufficient to estimate
the run time performance and communication complexity of each step
of parallel Algorithm 2.1.

Communication complexity of the step 1 of the Algorithm 2.1. If
we take into account all considerations from the communications for
clusters, then the communication complexity is T 1

comm(m × n) = ts +

51



B. Hancu, A. Gladei

(m× n) ∗ tb + th, where m× n is the dimension of the payoff matrices
A and B.

Run time performance of the step 2 of the Algorithm 2.1. The
construction of the information extended strategy iα is equivalent to the
following problem: for given non-negative integers {1, 2, ..., i, ...n}, to
generate a length m string of these numbers. For example, if I = {1, 2}
and J = {1, 2, 3}, then the sets of the informational extended strategies
are

I = {111213, 212223, 111223, 112213, 211213, 112223, 211223, 212213} ,

J = {1112, 2122, 3132, 1122, 2112, 1132, 3112, 2132, 3122} .

So, to construct the set I for n = 2, m = 3, we must: a) generate
the strings (1, 1, 1) and (2, 2, 2); b) having the numbers {1, 2} to gene-
rate all the sub-strings of length 3 with the elements in this set, that
are the strings (1, 1, 2), (1, 2, 1), (2, 1, 1), (1, 2, 2, ), (2, 1, 2), (2, 2, 1).
In mathematics, a multiset (or bag) is a generalization of the concept
of a set that, unlike a set, allows multiple instances of the multiset’s
elements. For example, {a, a, b} and {a, b} are different multisets alt-
hough they are the same set. However, order is important, so {a, a, b}
and {a, b, a} are the different multisets. It can be easily noticed that
any informational extended strategy is nothing more than a multiset,
so their generation actually consists in generating multisets [11]. So we
will get that each (α, β)-process generates in O(m) time the strategy
iα and in O(n) time the strategy jβ using the combinatorial algorithm
for generating the multiset permutations. To generate the sets I and
J of the informational extended strategies the run time complexity is
T 2
p = O(max(n,m)) in the case of using κ1 × κ2 processes with distri-

buted memory.
Run time performance of the step 3 of the Algorithm 2.1. This

step can be detailed as follows. a) For all (i, j) determine iαj ∈ I

and jβi ∈ J ; This operation, using lists, can be performed in O(1)

time. b) The assignment operations aαβij = a
iα
j
j
β
i

and bαβij = b
iα
j
j
β
i

,

the time complexity of which is O(n · m) (the number of elements
in matrices A(α, β), respectively B(α, β)). So, if for each (α, β)-process
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n·m OpenMP processes (threads) are generated (that is, (α, β) -process
”becomes” a parallel system with a PRAM computation model), then

the elements aαβij , bαβij are generated in parallel and the time complexity

T 3
p (n·m) = O(1), using n·m parallels shared memory (SMM) processes.

Run time performance of the step 4 of the Algorithm 2.1. The α-
process will generate “believer-probabilities” p(β/α) for all β = 1,κ2

in O(κ2) time. If for each α-process κ2 OpenMP process (thread) is
generated (that is, α-process “becomes” a parallel system with a PRAM
computation model), then probabilities p(β/α) are generated in parallel
(each thread generates p(β/α) for a fixed β) in O(1) time. Similarly, β-
process will generate “believer-probabilities” q(α/β) for all α = 1,κ1

in O(κ1) time. If for each β-process κ1 OpenMP process (thread)
is generated (that is, β-process “becomes” a parallel system with a
PRAM computation model), then probabilities q(α/β) are generated
in parallel (each thread generates q(α/β) for a fixed α) in O(1) time.
So, in using κ1 ×κ2 parallel distribute memory (DMM) processes, the
time complexity is T 4

p = O(1), and for each of these processes it is
generated max(κ1,κ2) threads (that are SMM type processes).

Run time performance of the step 5 of the Algorithm 2.1. This step
can be divided into the next two.
5.1. Time complexity for generating the sets L(α) and C(β)). Simi-
larly to step 2, process α in O(κ2) time generates the sets L(α) of the
lα = lα1 l

α
2 ...l

α
β ...l

α
κ2

strategies and process β in O(κ1) time generates

the sets C(β) of the cβ = cβ1 c
β
2 ...c

β
α...c

β
κ1

strategies using the combi-
natorial algorithm for generating the multiset permutations. Here for
every fixed α we have κ2 strategies of the type lα = lα1 l

α
2 ...l

α
β ...l

α
κ2

(the
number of the type of player 2) and for all fixed β we have κ1 strategies

of the type cβ = cβ1c
β
2 ...c

β
α...c

β
κ1

(the number of the type of player 1).
If for each α-process κ2, the OpenMP process (thread) is generated
(that is, α-process “becomes” a parallel system with a PRAM compu-
tation model), then the set L(α) is generated in parallel (each thread
produces lα = lα1 l

α
2 ...l

α
β ...l

α
κ2

for all fixed β ) in O(1) time. Similarly,
if for each β-process, the κ1 OpenMP process (thread) is generated
(that is β-process “becomes” a parallel system with a PRAM compu-
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tation model), then the set C(β) is generated in parallel (each thread

produces cβ = cβ1 c
β
2 ...c

β
α...c

β
κ1

for all fixed α) in O(1) time. So, for all
(α, β)-MPI processes, time complexity for construction the sets L(α)
and C(β) is O(1) in case of using max(κ1,κ2) threads (that are SMM
type processes).
5.2. Time complexity for generating the matrices A(α),B(β), that
is the elements alαcβ and blαcβ . Time complexity for determination
of the element alαcβ is O(κ2) (maximum number of iterations), and
similarly for element blαcβ , it is O(κ1). If for all (α, β)-MPI proces-
ses there are generated κ1 × κ2 threads (how many elements must be
constructed, i.e. the number of matrix lines and columns of the matri-
ces A(α),B(β)), then the time complexity for generating the matrices
A(α),B(β) is O (max(κ1,κ2)).
Finally, if for step 5 we use max(κ1,κ2) MPI processes and for each
of these processes we generate κ1 × κ2 execution threads, then the
complexity time T 5

p = O (max(κ1,κ2)).

Run time performance of the step 6 of the Algorithm 2.1. So, con-

sider a (α, β)-MPI process, which will ”build” the
(

̂A(α), ̂B(β)
)

ma-

trix pair. The parallel algorithm can be organized as follows: for these

MPI processes we generate max

(

|I|

2
,
|J |

2

)

OpenMP threads and each

thread performs element comparison between two lines of the matrix
A(α) and two columns of the matrix B(β) to determine dominant lines
and columns. The complexity of these operations (that is, the compa-
rison of the two elements by two) is O (max (|I| , |J |)). Here |I| , |J |
denotes the number of lines and the number of columns of the ma-
trix A(α) and B(β) respectively. Thus, if for Step 6 there are used
max(κ1,κ2) MPI processes, and for each of these processes there will

be generated max

(

|I|

2
,
|J |

2

)

OpenMP execution threads, then com-

plexity time T 6
p = O (max (|I| , |J |)).

Run time performance of the step 7 of the Algorithm 2.1. So, con-
sider a (α, β)-MPI process, which will determine Nash’s equilibrium

solutions in pure strategies for bimatrix game
(

̂A(α), ̂B(β)
)

. The so-
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lution is determined based on the definition. Equilibrium profile is
the index pair (i∗, j∗), for which the following inequality system is

checked: (i∗, j∗) ⇔

{

âi∗j∗ ≥ âij∗ ∀i ∈̂I
̂bi∗j∗ ≥̂bi∗j ∀j ∈ ̂J

. Or equivalently: a) de-

termine i∗(j) = argmax
i∈Î

âij, and j∗(i) = argmax
j∈Ĵ

̂bij; b) determine

those pairs of indices(i∗, j∗) for which i∗ = i∗(j∗) J∗ = j∗(i∗). If we
use the best response sets of the players, then we will have the fol-
lowing. Let Br1(j) = Arg argmax

i∈Î
âij∗ , Br2(i) = Arg max

j∈Ĵ

̂bi∗j (i, j)

be the best response set of strategies of the player 1 and respecti-

vely of the player 2. Denote by grBr1 =
{

(i, j) : i ∈ Br1(j), j ∈ ̂J
}

and grBr2 =
{

(i, j) : j ∈ Br2(i), i ∈ ̂I
}

the graph of these point-to-

set mappings. Then (i∗, j∗) is Nash equilibrium profile if and only
if (i∗, j∗) ∈ grBr1

⋂

grBr2. Thus, in order to determine equilibrium
profiles in pure strategies for bimatrix games, we must: a) for any
fixed column in matrix ̂A(α) we note (highlight) all the maximum ele-
ments per line, that is, we determine i∗(j) = argmax

i∈Î
âij for all j∈ ̂J ;

b) for any fixed line in matrix ̂B(β) we note (highlight) all the maxi-
mum elements per column, that is, we determine j∗(i) = argmax

j∈Ĵ

̂bij

for all i∈̂I; c) we select those pairs of indices that are simultaneously
highlighted both in matrix ̂A(α) and matrix ̂B(β). In other words, it

is determined

{

i∗ ≡ i∗(j∗)
j∗ ≡ j∗(i∗)

, namely (i∗, j∗) ∈ grBr1
⋂

grBr2. To

determine i∗(j) for a fixed j, the time complexity will be O(
∣

∣

∣

̂I
∣

∣

∣
) and

similarly, to determine j∗(i) for fixed i, the time complexity will be

O(
∣

∣

∣

̂J
∣

∣

∣
). If for α-MPI process

∣

∣

∣

̂J
∣

∣

∣
threads will be generated and there-

fore each thread in parallel will determine i∗(j), then to build the set

grBr1 time complexity will be O(
∣

∣

∣

̂I
∣

∣

∣
). Similarly, if for β-MPI process

∣

∣

∣

̂I
∣

∣

∣
threads will be generated and each thread in parallel will deter-

mine j∗(i), then to build the set grBr2 the time complexity will be
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O(
∣

∣

∣

̂J
∣

∣

∣). Each (α, β) process can sequentially determine grBr1
⋂

grBr2

in O (|grBr1| · |grBr2|) time, where |grBr1| means the number of ele-
ments from grBr1. So, if for Step 7 it will be used max(κ1,κ2) MPI

processes and for each of these processes max
(∣

∣

∣

̂I
∣

∣

∣ ,
∣

∣

∣

̂J
∣

∣

∣

)

OpenMP thre-

ads will be generated, then we obtain the following complexity time

T 7
p = O

(

max
(∣

∣

∣

̂I
∣

∣

∣ ,
∣

∣

∣

̂J
∣

∣

∣ , |grBr1| · |grBr2|
))

.

Communication complexity of the step 8 of the Algorithm 2.1. If
we take into account all considerations from the communication for
clusters, then the communication complexity is T 8

comm(|I| × |J |) =
ts + (|I| × |J |) ∗ tb + th, where |I| × |J | is the dimension of the payoff
matrices A(α) and B(β) respectively.

Summarizing the obtained run time and communication complexity
of the steps 1)-8) of the Algorithm 2.1, we complete the proof of the
theorem. �

3 Concluzion

Information issues are very important for mathematical modeling deci-
sion making problems in situations of risk and conflict. In this article,
to solve the game in complete and perfect information over the sets
of pure strategies, we elaborate the parallel algorithm that in parallel
generates the sets of informational extended strategies of the player 1
and player 2; in parallel constructs the incomplete and imperfect in-
formation game ˜Γ generated by the informational extended strategies;
in parallel constructs the associated Bayesian game ΓBayes in the non-
informational extended strategies. The main complexity here consists
in determination of the Bayes-Nash’s solutions for the game ΓBayes,
since we have to deal with very large matrices, the elements of which
are matrices as well. So, the elaborated algorithm in parallel generates
the set of all subΓBayes bimatrix subgames in the non-extended strate-
gies, Nash solutions of which are Bayes-Nash solutions. For software
implementation on HPC cluster parallel systems, which are in most
cases mixed systems with distributed and shared memory, we use the
MPI and OpenMP programming models. Also we estimate the run
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time performance and communication complexity of the elaborated al-
gorithm. The obtained estimates demonstrate that the effectiveness of
the algorithm will increase if the exascale HPC systems will be used.

References

[1] N. S. Kukushkin, V. V. Morozov, Theory of non-antagonistic ga-
mes, Moscow: MSU, 1984 (in Russian).

[2] L. Novac, “Nash equilibria in the noncooperative informational ex-
tended games,” Buletinul Academiei de Ştiinţe a Republicii Mol-
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Abstract

In this paper we describe an ongoing work on implementation
of the composition-nominative approach to program formaliza-
tion in Mizar proof assistant based on the first-order logic and
axiomatic set theory. The further aim of this work is develop-
ment of a formal verification tool for software which processes
and communicates with complex forms of data.

Keywords: Formal methods, program semantics, semistruc-
tured data, formalization, proof assistant.

1 Introduction

Formal verification of software systems has been a topic of interest of
researches in computer science for more than fifty years. During this
period many formal software verification tools based on different theo-
retical frameworks (automata theory, first-order logic, dynamic logics,
program logics, etc.) were developed, but most of the existing tools are
still in research stage and their usage in software industry is negligible.
Some reasons include:

- they do not integrate well into typical software development cycles;

- successful practical application of such tools requires specialized
knowledge, is labour intensive, time consuming, and not cost effective
for most software projects.

However, in industries related to development of safety-critical sy-
stems such as aerospace, automotive, health technology formal verifi-
cation of software plays a more significant, but still limited role.

c©2018 by Ievgen Ivanov, Artur Kornilowicz, Mykola Nikitchenko
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The well known tools that support or aid formal verification of
software for safety-critical systems include:

- model checkers such as Simulink Design Verifier, Systerel Smart
Solver;

- verified translators and compilers such as CompCert that generate
code in a low-level language or machine code from the source code in a
high-level language that is proven to be equivalent to the source code
under the assumptions of the formalized source and target language
semantics;

- microkernels and hypervisors such as seL4 and CertiKOS that
are formally verified with respect to formal specifications of their ap-
plication programming interfaces and formal models of microprocessor
instruction set architectures.

These tools allow one to eliminate some sources of deviations of
software implementation from its specification and the implied safety
problems, however, they and their underlying theoretical frameworks
focus on verification of relatively simple systems, primarily on systems
of the following types:

- software which performs basic logical operations or numerical com-
putations (e.g. software controllers);

- communication protocols which involve simple types of data.

Therefore such tools lack sufficiently easily usable methods of veri-
fication of

- software which performs complex processing of partially structu-
red (semistructured) data;

- communication protocols which involve complex types of data.

Besides, their application is restricted because it requires specialized
knowledge, is labour intensive, and time consuming.

These restrictions are a factor that may prevent expansion of
the mentioned tools and theoretical frameworks outside of traditio-
nal safety-critical systems domains. Emerging high tech areas like the
Internet of Things (IoT) rely on the idea of combining software sys-
tems and hardware devices and physical objects which involve complex
interaction protocols, large-scale interaction, and processing of large
volumes of semistructured data e.g. in home automation, smart buil-
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dings, smart cities, etc. Errors in IoT software can impact the real
world and lead to cyber security breaches or direct hazards to humans,
but due to the nature of IoT systems in each particular case the poten-
tial impact of software errors is difficult to asses. Moreover, such errors
are difficult to eliminate through testing, because IoT systems have to
be able to function under variety of circumstances which are costly to
model or reproduce. Thus IoT and other relevant high-tech areas could
benefit from introduction of formal software verification approaches to
their systems development processes.

Software for the Internet of Things (IoT) and other emerging high-
tech areas has some differences from traditional safety-critical software
which make application of the state-of-the-art verification tools to it
rather difficult. One of them is processing of complex, usually se-
mistructured types of data, instead of simple types of data such as
logical values or numbers. Usually such data are encoded in data for-
mats like JSON and XML which have tree-like, hierarchical nature.

2 General considerations about implementa-

tion of the approach

The work described in this paper aims to implement a formal verifica-
tion tool which may overcome some limitations of the existing verifi-
cation tools which prevent them to deal with software which processes
complex, semistructured types of data.

The implementation of this tool is based on the composition-
nominative approach to program formalization [1] [2] [3], and the Mizar
system [4] [5], a software for formalizing mathematical theories (proof
assistant) based on first-order logic and Tarski-Grothendieck set the-
ory and a library of already formalized theories (Mizar Mathematical
Library).

Composition-nominative approach provides the means of formaliza-
tion of data – the notion of nominative data which is able to uniformly
represent common forms of data used in programming (e.g. lists, trees,
tables, multidimensional arrays, etc.), mathematical models of software
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which operates on such data based on generalization of Glushkov al-
gorithmic algebras [6], and a logic for reasoning about properties and
correctness of such software – a generalized Floyd-Hoare logic [7] [8]
with partial pre- and post-conditions for programs which operate on
nominative data [9] [10]. The Mizar system provides an environment
where the notions, models and logics of the composition-nominative
approach can be formalized and implemented. In more detail the plan
of their implementation in Mizar is described in [11].

A benefit of usage of Mizar as such an environment is that the Mi-
zar Mathematical Library includes a large amount of notions and facts
about continuous mathematics which allow formalization of mathema-
tical models of physical aspects of IoT systems. More details on the link
between the composition-nominative approach and the mathematical
systems theory can be found in [12] [13].

3 Mizar Formalization

We formalized the basic notions of composition-nominative approach
in a series of Mizar papers entitled NOMIN 1.MIZ [14]–NOMIN 4.MIZ
and PARTPR 1.MIZ [15]. More specifically, we formalized

• the notion of a nominative data with simple names and complex
values called the nominative data of type TNDSC [6];

• the main operations on nominative data of type TNDSC – na-

ming, denaming, overlapping [6]; together with their domain they
form an algebra called the nominative data algebra;

• the notion of a partial predicate on an arbitrary nonempty set;

• the logical compositions of negation, conjunction, disjunction [6]
on partial predicates defined in accordance with the truth tables
of Kleene’s strong logic of indeterminacy [16]; together with the
set of partial predicates they form an algebra which belongs to
the class of Kleene algebras [17];
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• the notion of a binominative function [6] which is a partial
function mapping nominative data to nominative data; such
functions serve as semantic models of sequential programs which
process nominative data;

• the main compositions on binominative functions and partial pre-
dicates on nominative data [6] – sequential composition (of two
binominative functions), superposition (of binominative functions
into a binominative function or a predicate on nominative data),
assignment (of the result of a binominative function to a name),
branching (“if” operator), loop (“while” operator); together with
the sets of binominative functions and predicates on nominative
data and several chosen constants (null-ary compositions) they
form an algebra called the nominative algorithmic algebra [18]
which generalizes Glushkov algorithmic algebras [19];

• the notion of a Hoare triple [9], [7], [8] consisting of a precondition,
a program, and a postcondition; the precondition and postcondi-
tion are partial predicates on nominative data; the program is a
binominative function;

• the Floyd-Hoare composition [9];

• the rules of the extended Floyd-Hoare logic [9] for programs over
nominative data (on semantic level) which allow reasoning about
Hoare triples with partial pre- and post-conditions.

The mentioned elements allow one to

• represent semantics of sequential programs which process hierar-
chically organized data (modeled as nominative data) in the form
of binominative functions in Mizar;

• formulate program properties in the form of Hoare triples with
pre- and postconditions represented by partial predicates on no-
minative data;
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• prove program properties using the rules of the extended Floyd-
Hoare logic in Mizar.

The main elements of the mentioned Mizar formalization are descri-
bed below. The details on syntax and semantics of the Mizar language
can be found in [20].

The set of nominative data with simple names and complex values
[6] over given (arbitrary, but fixed) nonempty sets of names V and
atomic values A is the set

ND(V,A) =
⋃∞

k=0
NDk(V,A),

where

ND0(V,A) = A ∪ {∅},

NDk+1(V,A) = A ∪
(

V
n

−→NDk(V,A)
)

, k ∈ {0, 1, 2, ...}.

Here V
n

−→ X denotes the set of all partial functions with finite graph
from V to a set X.

The set ND(V,A) and the associated notions are formalized in
Mizar as follows (the detailed definitions can be found in [14] [21]):

• The Mizar mode NonatomicND of V,A represents the type of
nonatomic nominative data, i.e. the type of elements of the set
ND(V,A)\A. Here V,A are set-valued parameters of the type.

• The mode TypeSCNominativeData of V,A represents the type of
elements of the set ND(V,A) (i.e. of either atomic or nonatomic
nominative data). It is defined as

definition

let V,A be set;

mode TypeSCNominativeData of V,A -> set means

it in A or it is NonatomicND of V,A;

end;

• The functor ND(V,A) -> set represents the set ND(V,A) men-
tioned above. It is defined using TypeSCNominativeData as
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definition

let V,A be set;

func ND(V,A) -> set equals

the set of all D

where D is TypeSCNominativeData of V,A;

end;

The main operations on nominative data are formalized in two ways
(the detailed definitions can be found in [14]).

Firstly, each operation is defined as a functor which receives a no-
minative data as an input and returns a nominative data.

• The functor naming(V,A,v,D) -> NonatomicND of V,A (where
D is of type TypeSCNominativeData of V,A) represents the na-
ming operation ⇒ v on ND(V,A); here V,A,v are the operation’s
parameters (assumed to be fixed) and D is the operation’s input.
The operation’s result is a nonatomic nominative data.

• The functor denaming(v,D) -> TypeSCNominativeData of V,A

(where D is of type NonatomicND of V,A) represents the dena-
ming operation v ⇒ on ND(V,A); here V,A,v are the operation’s
parameters (assumed to be fixed) and D is the operation’s input.
The operation’s result is a nominative data.

• The functor global overlapping(V,A,d1,d2) ->

TypeSCNominativeData of V,A (where d1,d2 are data of type
TypeSCNominativeData of V,A) represents the binary overlap-
ping operation ∇ on ND(V,A). Here V,A are the operation’s
parameters (assumed to be fixed) and d1,d2 are the operation’s
left and right input respectively.

Secondly, each operation is defined using a functor which returns
the corresponding partial function on nominative data:

definition

let V,A be set; let v be object;

func naming(V,A,v)

-> Function of ND(V,A),ND(V,A) means
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for D being TypeSCNominativeData of V,A holds

it.D = naming(V,A,v,D);

end;

definition

let V,A be set; let v be object;

func denaming(V,A,v)

-> PartFunc of ND(V,A),ND(V,A) means

dom it = ND(V,A) \ A &

for D being NonatomicND of V,A st not D in A

holds it.D = denaming(v,D);

end;

definition

let V,A be set; let v be object;

func local_overlapping(V,A,v)

-> PartFunc of [:ND(V,A),ND(V,A):],ND(V,A)

means

dom it = [: ND(V,A) \ A , ND(V,A) \ A :] &

for d1,d2 being NonatomicND of V,A

st not d1 in A & not d2 in A holds

it. [d1,d2] = local_overlapping(V,A,d1,d2,v);

end;

Depending on the way of usage, one of these two formalizations of
operations may be more convenient than another one.

The types of partial predicates on nominative data and binomina-
tive functions are defined as follows [18]:

definition

let V,A;

mode SCPartialNominativePredicate of V,A

is PartFunc of ND(V,A),BOOLEAN;

mode SCBinominativeFunction of V,A

is PartFunc of ND(V,A),ND(V,A);

end;

Also, the sets of partial predicates on nominative data (Pr(V,A))
and binominative functions (FPrg(V,A)) are defined as follows:
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definition

let V,A;

func Pr(V,A) -> set equals

PFuncs(ND(V,A),BOOLEAN);

coherence;

func FPrg(V,A) -> set equals

PFuncs(ND(V,A),ND(V,A));

coherence;

end;

Binominative functions represent semantics of sequential programs
which process nominative data (i.e. receive input data, perform cer-
tain computations and produce output data) and partial predicates
represent semantics of conditions on nominative data.

Binominative functions corresponding to programs are constructed
from the basic functions using operations (compositions) correspon-
ding to programming language constructs like sequential execution,
branching, loop.

These compositions were defined mathematically in [6]. The most
important of them are formalized in Mizar as follows (the detailed
formal definitions can be found in [18]).

• The functor

SCassignment(V,A,v) -> Function of FPrg(V,A),FPrg(V,A)

formalizes the unary assignment composition Asgv which acts on
the set of binominative functions ND(V,A)→̃ND(V,A) on data
of type TNDSC . Here v is a parameter (name) to which a value is
assigned. The result of application of the assignment composition
Asgv(f) (where f : ND(V,A)→̃ND(V,A) is given) represents the
semantics of the program consisting of the assignment statement
v := f , where f is the semantics of the expression in program
variables on the right hand side of the assignment statement.

• The functor SCIF(V,A) ->

Function of [:Pr(V,A),FPrg(V,A),FPrg(V,A):],FPrg(V,A)

formalizes the ternary branching composition IF . The result
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of application of branching composition IF (p, f, g), where p :
ND(V,A)→̃{T, F} is a partial predicate, T, F are logical values
(True, False), and f, g : ND(V,A)→̃ND(V,A) are binominative
functions, represents semantics of the program consisting of the
statement “if p then f else g”.

• The functor SCwhile(V,A) ->

Function of [:Pr(V,A),FPrg(V,A):],FPrg(V,A)

formalizes the binary While loop composition WH. The result of
application of the While loop composition WH(p, f), where p :
ND(V,A)→̃{T, F} is a partial predicate, T, F are logical values
(True, False), and f : ND(V,A)→̃ND(V,A) is a binominative
function, represents semantics of the program consisting of the
statement “while p do f end”.

The necessary compositions of partial predicates on arbitrary sets
are formalized in PARTPR 1.MIZ [15].

Generally, the set of partial predicates (on an arbitrary nonempty
set D) is formalized as follows:

definition

let D;

func Pr(D) -> set equals

PFuncs(D,BOOLEAN);

coherence;

end;

The compositions are formalized as follows:

• The functor PPnegation(D) -> Function of Pr(D),Pr(D) re-
presents the negation on partial predicates on a set D.

• The functor
PPdisjunction(D) -> Function of [:Pr(D),Pr(D):],Pr(D)

represents the disjunction on partial predicates on a set D.

Alternatively, the negation and disjunction operations on predicates
are formalized as functors PP not and PP or as follows:
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definition

let D,p,q;

func PP_or(p,q) -> PartialPredicate of D equals

PPdisjunction(D).(p,q);

coherence;

commutativity;

idempotence;

end;

definition

let D,p;

func PP_not(p) -> PartialPredicate of D equals

PPnegation(D).p;

coherence;

involutiveness;

end;

There are also specializations of these notions for predicates on
nominative data.

• The functor

SC not(p) -> SCPartialNominativePredicate of V,A

where p is of type SCPartialNominativePredicate of V,A, re-
presents the negation on partial predicates on

ND(V,A)→̃{T, F}.

• The functor

SC or(p,q) -> SCPartialNominativePredicate of V,A

where p,q are of type SCPartialNominativePredicate of V,A,
represents the disjunction on partial predicates on

ND(V,A)→̃{T, F}.

Conjunction and implication are formalized as a derived composi-
tions using negation and disjunction:

definition

let V,A,p,q;
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func SC_and(p,q) -> SCPartialNominativePredicate of V,A equals

SC_not SC_or(SC_not(p),SC_not(q));

coherence;

commutativity;

idempotence;

func SC_imp(p,q) -> SCPartialNominativePredicate of V,A equals

SC_or(SC_not(p),q);

coherence;

end;

For reasoning about properties of programs (binominative functi-
ons) on nominative data an extended Floyd-Hoare logic [9] is used.

Semantically, it is based on the notion of a Hoare triple formalized
in Mizar as follows.

A semantic Floyd-Hoare triple is a triple (p, f, q), where

• p, q : ND(V,A)→̃{T, F} are partial predicates on ND(V,A) cal-
led the pre- and post-condition respectively;

• f : ND(V,A)→̃ND(V,A) is a binominative function (represen-
ting semantics of a program),

such that for each data d ∈ ND(V,A), if p(d) is defined and true, f(d)
is defined, and q(f(d)) is defined, then q(d) is true.

This means that whenever the precondition (p) is satisfied (p(d)
is true) on the input data (d) of the program (f), and the program
terminates on the input data (f(d) is defined), and the postcondition
(q) is defined on the program’s output (f(d)), the postcondition is
satisfied on the program’s output (i.e. q(f(d)) is true).

The set of all semantic Floyd-Hoare triples (for pre-/postconditions
and binominative functions over ND(V,A)) is formalized in Mizar as
follows:

definition

let V,A;

func SemanticFloydHoareTriples(V,A) -> set equals

{ <*p,f,q*> where p,q is SCPartialNominativePredicate of V,A,

f is SCBinominativeFunction of V,A :
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for d holds d in dom p & p.d = TRUE & d in dom f &

f.d in dom q implies

q.(f.d) = TRUE };

coherence;

end;

notation

let V,A;

synonym SFHTs(V,A) for SemanticFloydHoareTriples(V,A);

end;

The type of semantic Floyd-Hoare triples is introduced as follows:

definition

let V,A;

mode SemanticFloydHoareTriple of V,A

is Element of SemanticFloydHoareTriples(V,A);

mode SFHT of V,A is Element of SFHTs(V,A);

end;

Then semantic versions of the rules of the extended Floyd-Hoare lo-
gic for programs over nominative data [11] are formalized in the form of
theorems which state that under certain conditions, the results of appli-
cation of certain compositions to predicates and binominative functions
form a semantic Floyd-Hoare triple.

For example, the composition rule R IF described in [11] is forma-
lized as follows:

theorem

<*SC_and(r,p),f,q*> is SFHT of V,A &

<*SC_and(SC_not(r),p),g,q*> is SFHT of V,A implies

<*p,SC_IF(r,f,g),q*> is SFHT of V,A

This theorem formalizes the fact that (p, IF (r, f, g), q) is a semantic
Floyd-Hoare triple, if both (r ∧ p, f, q) and (¬r ∧ p, g, q) are semantic
Floyd-Hoare triples.

Informally, this means that in order to prove that from the assump-
tion that on the input data of the program
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if r then f else g

the precondition p holds, after execution of this program the postcon-
dition q holds, it is sufficient to show that

• if r∧p holds before execution of f (the first branch), then q holds
after execution of f

• if ¬r ∧ p holds before execution of g (the second branch), then q

holds after execution of g.

Other rules of the extended Floyd-Hoare logic for programs on no-
minative data are formalized in a similar way.

4 Conclusions

We have described the ongoing work on implementation of the composi-
tion-nominative approach to program formalization in Mizar proof as-
sistant. In particular, we described the way in which hierarchical data,
sequential programs and conditions on hierarchically organized data
are formalized and the way in which rules of an extended Floyd-Hoare
logic for reasoning about properties of such programs are represented
in Mizar. We plan to use the obtained results as a basis for develop-
ment of a formal verification tool for software which processes complex
forms of data.
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Finite automata over magmas: models and

some applications in Cryptography

Volodymyr V. Skobelev, Volodymyr G. Skobelev

Abstract

In the paper the families of finite semi-automata and rever-
sible finite Mealy and Moore automata over finite magmas are
defined and analyzed in detail. On the base of these models it is
established that the set of finite quasigroups is the most accepta-
ble subset of the set of finite magmas at resolving model problems
in Cryptography, such as design of iterated hash functions and
stream ciphers. Defined families of finite semi-automata and re-
versible finite automata over finite T -quasigroups are investigated
in detail. It is established that in this case models time and space
complexity for simulation of the functioning during one instant
of automaton time can be much lower than in general case.

Keywords: magmas, quasigroups, T -quasigroups, iterated
hash functions, stream ciphers.

1 Introduction

Challenges of Modern Cryptography have stimulated the development
of algebraic models for stream ciphers and computationally secure ite-
rated hash function.

Many efforts have been devoted to the elaboration and analysis of
these models, presented via finite, respectively, reversible automata and
semi-automata over associative finite algebraic systems (short survey
of these results is presented in [1], for example).

Much fewer success has been achieved for applications of finite non-
associative algebraic systems at resolving model problems of Crypto-
graphy (it is worth to point that some interesting results, connected

c©2018 by V.V. Skobelev, V.G. Skobelev

77



V.V. Skobelev, V.G. Skobelev

with applications of finite quasigroups and rings in the coding and de-
sign of crypto-schemes are presented in [2]).

Possibly, this situation is justified by the fact that the classifica-
tion of these algebraic systems is not complete at present, and their
properties demand further deeper studying. Nevertheless the following
question naturally arises:

Whether the set of finite quasigroups is the most acceptable subset of

the set of finite magmas at resolving model problems in Cryptography,

such as design of iterated hash functions and stream ciphers?

In the given paper we show that the answer to this question is YES.

Informally speaking, the expediency for applications of finite qua-
sigroups at resolving model problems of Cryptography is caused by the
following two factors.

Firstly, the binary operation in a quasigroup is reversible.

Secondly, the lack of requirements for associativity, commutativity,
and existence of the unit element imply high complexity for resolving
problems of identification formulated in terms of quasigroups.

A rather complete survey of applications of finite quasigroups for
the design of authentication schemes, stream ciphers, and the unidi-
rectional functions, is submitted in [3, 4].

In the present paper, the notions and definitions in Quasigroup
Theory are the same as in [5, 6, 7]. The paper is organized as follows. In
Section 2 necessary notions and definitions are introduced. In Section 3
models of families of finite semi-automata and automata over finite
magmas are defined and analyzed. It is established that the set of finite
quasigroups is the most acceptable subset of the set of finite magmas at
resolving such model problems of Cryptography, as design of iterated
hash functions and stream ciphers. In Section 4 defined models of
families of finite semi-automata and automata are investigated over
finite T -quasigroups. Section 5 consists of some conclusions.
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2 Basic notions

By time and space complexity we mean the asymptotic worst-case com-
plexity under logarithmic weight [8].

Let Q (|Q| ≥ 2) be fixed finite set, and SQ be the symmetric group
over the set Q. It is well known that for any substitution ξ ∈ SQ the
upper bounds of time and space complexity for computing the value
ξ(a) (ξ ∈ SQ, a ∈ Q) are equal, correspondingly, to

Tξ = O(|Q| log |Q|) (|Q| → ∞), (1)

Vξ = O(|Q| log |Q|) (|Q| → ∞). (2)

Similarly, for any binary operation ◦ : Q × Q → Q the upper bounds
of time and space complexity for computing the value a ◦ b (a, b ∈ Q)
are equal, correspondingly, to

T◦ = O(|Q| log |Q|) (|Q| → ∞), (3)

V◦ = O(|Q|2 log |Q|) (|Q| → ∞). (4)

LetMQ be the set of all magmas M = (Q, ◦), where ◦ : Q×Q→ Q,
Aut(M) (M = (Q, ◦) ∈ MQ) be the set of all automorphisms of M,
i.e. the set of all bijections ϕ : Q→ Q, such that ϕ(a ◦ b) = ϕ(a) ◦ϕ(b)
(a, b ∈ Q). The following subsets of the set MQ are considered, as a
rule:

SQ – the set of all semigroups S = (Q, ◦), i.e. ◦ is some associative
operation;

S
(l)
Q – the set of all left-cancellative semigroups S = (Q, ◦), i.e.

S ∈ SQ, and if a ◦ b = a ◦ c (a, b, c ∈ Q), then b = c;

S
(r)
Q – the set of all right-cancellative semigroups S = (Q, ◦), i.e.

S ∈ SQ, and if b ◦ a = c ◦ a (a, b, c ∈ Q), then b = c;

S
(lr)
Q = S

(l)
Q ∩S

(r)
Q – the set of all cancellative semigroups;

S
(m)
Q – the set of all monoids S = (Q, ◦), i.e. S ∈ SQ, and exists

an identity element in Q;
GQ – the set of all groups G = (Q, ◦), i.e. ◦ is some invertible

associative operation, and there exists an identity element in Q;

79



V.V. Skobelev, V.G. Skobelev

G
(A)
Q – the set of all Abelian groups G = (Q, ◦), i.e. G ∈ GQ, and ◦

is commutative operation;

QQ – the set of all quasigroups Q = (Q, ◦), i.e. ◦ is some invertible
operation;

Q
(T )
Q – the set of all T -quasigroups Q = (Q, ◦), i.e. Q ∈ QQ, and

there exist G = (Q,+) ∈ G
(A)
Q , (ϕ,ψ) ∈ Aut(G) × Aut(G), and an

element c ∈ Q, such that a ◦ b = ϕ(a) + ψ(b) + c (a, b ∈ Q).

It is well known that the following inclusions hold:

{

SQ ⊇ S
(l)
Q ⊇ S

(lr)
Q , SQ ⊇ S

(r)
Q ⊇ S

(lr)
Q , S

(lr)
Q ⊇ GQ ⊇ G

(A)
Q ,

SQ ⊇ S
(m)
Q ⊇ GQ, QQ ⊇ Q

(T )
Q , QQ ⊇ S

(lr)
Q .

(5)

For any non-empty either finite, or infinite set Q in the setMQ there

can be defined in the usual way the subset M
(l)
Q of all left-cancellative

magmas, the subset M
(r)
Q of all right-cancellative magmas, and the

subsetM
(lr)
Q of all cancellative magmas. It is evident thatM

(lr)
Q ⊇ S

(lr)
Q ,

and the following proposition is true.

Proposition 1. If the set Q is infinite, then QQ ⊂ M
(lr)
Q , while if the

set Q is finite, then QQ = M
(lr)
Q .

It has been assumed that only a finite set Q is considered. By this
reason, each time when the set QQ is considered, we deal in essence

with the set M
(lr)
Q .

A finite automaton is a system M = (S,X, Y, δ, λ), where S, X and
Y are respectively the finite set of states, the finite input alphabet and
the finite output alphabet, δ : S × X → S is the transition mapping
and λ : S ×X → Y is the output mapping. We remind that a system
M = (S,X, δ) (i.e. the output alphabet Y and the output mapping λ
are omitted) is called a semi-automaton. The mappings δ and λ can
be extended on the set S ×X∗ by identities:

{

δ(s,Λ) = s, δ(s,wx) = δ(δ(s,w), x)

λ(s,Λ) = Λ, λ(s,wx) = λ(s,w)λ(δ(s,w), x)
(6)
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for all s ∈ S, w ∈ X∗ and x ∈ X.

Any initial automaton (M,sin) (where sin ∈ S is some fixed initial
state) implements the mapping F(M,sin) : X

∗ → Y ∗ defined by identity

F(M,sin)(w) = λ(sin, w) (w ∈ X∗).

A finite automaton M = (S,X, Y, δ, λ) is reversible if and only if
for each sin ∈ S the mapping F(M,sin) is a bijection. Let the mapping
λs : X → Y (s ∈ S) be defined by identity λs(x) = λ(s, x) (x ∈ X). It
is evident that the following proposition is true.

Proposition 2. A finite automaton M = (S,X, Y, δ, λ) is reversible if

and only if for each its state s ∈ S the mapping λs is a bijection.

Thus, there exists an effective algorithm for checking whether the
analyzed finite automaton M = (S,X, Y, δ, λ) is reversible.

The following two models are considered for a finite automaton
M = (S,X, Y, δ, λ). as a rule:

1) a Mealy automaton if for the output mapping λ both variables
s ∈ S and x ∈ X are essential;

2) a Moore automaton if for the output mapping λ the variable
x ∈ X is dummy (by this reason it is usually supposed that λ : S → Y
for a Moore automaton).

If an automaton M = (S,X, Y, δ, λ) is considered as a dynamic
system it is supposed that its functioning is carried out according to
the following recurrence relations: st+1 = δ(st, xt), yt+1 = λ(st, xt) (for
a Mealy automaton) and yt+1 = λ(st+1) (for a Moore automaton).

3 Analysis of models of finite semi-automata

and automata over magmas

When defining a finite automaton over any magma it is convenient to
assume that the basic set of the magma is the set of states, as well
as the input and output alphabets of the automaton. Accepting this
assumption the following finite automata models over the set MQ can
be defined.
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For any magma M ∈ MQ, where M = (Q, ◦), it can be defined the
2-elements family of semi-automata

FM = {M (i) = (Q,Q, δ
(i)
M)}i∈{l,r},

where the transition mappings δ
(i)
M (i = 1, 2) are defined as follows:

δ
(i)
M(q, x) =

{

x ◦ q, if i = l,

q ◦ x, if i = r.
(7)

Here and everywhere further the symbol q denotes a state and the
symbol x denotes an input symbol.

Formula (7) implies that the upper bounds of time and space
complexity for simulation of the functioning of any semi-automaton
M ∈ FM during one instant of the semi-automaton time are defined
according to formulae (3) and (4).

Let ΓM be the transition diagram of a semi-automaton M ∈ FM.
It is evident that the following proposition is true.

Proposition 3. The transition diagram ΓM (M ∈ FM) is the labelled

directed complete |Q|-graph with the loop at each vertex, such that the

labels of all arcs terminated in any vertex are pair-wise different if and

only if M ∈ M
(lr)
Q , i.e. when M ∈ QQ.

For any ordered pair of magmas (M1,M2) ∈ MQ × MQ, where
Mj = (Q, ◦j) (j = 1, 2), it can be defined the 4-elements family of
Mealy automata

FM1,M2
= {M (i,j) = (Q,Q,Q, δ

(i)
M1

, λ
(j)
M2

)}i,j∈{l,r},

where the transition mappings δ
(i)
M1

(i ∈ {l, r}) are defined in accor-
dance with formula (7) applied to the magma M1, and the output

mappings λ
(j)
M2

(j ∈ {l, r}) are defined as follows:

λ
(j)
M2

(q, x) =

{

x◦2q, if j = l,

q◦2x, if j = r.
(8)
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Formulae (7) and (8) imply that the upper bounds of time and space

complexity for computing each of the values δ
(i)
M1

(q, x) (i ∈ {l, r}) and

λ
(j)
M2

(q, x) (j ∈ {l, r}) are defined according to formulae (3) and (4).

Thus, the upper bounds of time and space complexity for simulation
of the functioning of any automatonM ∈ FM1,M2

during one instant of
the automaton time are also defined according to formulae (3) and (4).

For any ordered pair (M, ξ) ∈ MQ×SQ, where M = (Q, ◦), it can
be defined the 2-elements family of Moore automata

FM,ξ = {M (i) = (Q,Q,Q, δ
(i)
M, ξδ

(i)
M)}i∈{l,r},

where the transition mappings δ
(i)
M1

(i ∈ {l, r}) are defined in accor-

dance with formula (7), and the output mappings ξδ
(i)
M (i ∈ {l, r}) are

defined as follows:

ξδ
(i)
M(q, x) = ξ(δ

(i)
M(q, x)). (9)

It has been established above that the upper bounds of time and

space complexity for computing the value δ
(i)
M(q, x) (i ∈ {l, r}) are

defined according to formulae (3) and (4). Formula (9) implies that if

the value δ
(i)
M(q, x) (i ∈ {l, r}) has been computed previously, then the

upper bounds of time and space complexity for computing the value

ξδ
(i)
M(q, x) are defined according to formulae (1) and (2).

The comparison of formulae (1) and (2) according to formulae (3)
and (4) implies that the upper bounds of time and space complexity for
simulation of the functioning of any automaton M ∈ FM,ξ during one
instant of the automaton time are also defined by formulae (3) and (4).

Let’s analyze what restrictions can be imposed on the structure
of the models defined above in order to apply them successfully at
resolving model problems of Cryptography.

It is evident that any iterated hash function is, in its essence, some
finite semi-automaton. The structure of such semi-automaton has been
investigated in [9] (and shortly presented in [1]) as follows.

Let K be some finite set, k,m ∈ N+ (k ≤ m) be fixed integers, and
Fk,m be the set of all mappings f : Kk × Km → Kk, such that the
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following two equalities:

|{x ∈ Km|f(q,x) = q′′}| = |K|m−k, (10)

{x ∈ Km|f(q,x) = q′′} ∩ {x ∈ Km|f(q′,x) = q′′} = ∅ (11)

hold for all q,q′,q′′ ∈ Kk (q 6= q′).

Any mapping f ∈ Fk,m defines the strongly connected semi-
automaton Mf = (Kk,Km, f), which, in its turn, defines the family
of iterated hash functions {Hf,q0

}q0∈K
k , where Hf,q0

: (Km)+ → Kk is
the mapping, such that Hf,q0

(w) = f(q0,w) (w ∈ (Km)+).

Let p
(1)
f,q0,t

(q) (f ∈ Fk,m;q0,q ∈ Kk; t ∈ N+) be probability that

an input string u randomly selected in the set (Km)t is some solution

of the equation Hf,q0
(u) = q, and p

(2)
f,q0,t

(f ∈ Fk,m,q0 ∈ Kk, t ∈ N+)

be probability that for two different input strings u and u′ randomly
selected in the set (Km)t the equality Hf,q0

(u) = Hf,q0
(u′) holds. The

following two theorems are true:

Theorem 1. [9]. For any mapping f ∈ Fk,m and any q0,q ∈ Kk

equality p
(1)
f,q0,t

(q) = |K|−k holds for all t ∈ N+.

Theorem 2. [9]. For any mapping f ∈ Fk,m and any q0 ∈ Kk equality

p
(2)
f,q0,t

= |K|−k(1− (|K|mt − 1)−1(|K|k − 1) holds for all t ∈ N+.

Theorems 1 and 2 characterize computational security for any fa-
mily {Hf,q0

}q0∈K
k (f ∈ Fk,m) of iterated hash functions. It is evident

that these values of probabilities are the best least estimations that can
be established theoretically on the base of probabilistic approach.

Formulae (10) and (11) imply that if K = Q and k = m = 1, then
F1,1 is the set of all invertible binary operations on the set Q. Hence, if
K = Q and k = m = 1, then {Mf}f∈F1,1

is the set of all semi-automata
on the set QQ with the transition mapping defined by formula (7).
Thus, the following theorem is proved.

Theorem 3. For any quasigroup Q ∈ QQ each semi-automaton

M (i) = (Q,Q, δ
(i)
Q ) ∈ FQ (i ∈ {l, r}) defines the family {H

δ
(i)

Q
,q0
}q0∈Q
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of iterated hash functions, such that equalities

p
(1)

δ
(i)

Q
,q0,t

(q) = |Q|−1 (q0, q ∈ Q)

and

p
(2)

δ
(i)

Q
,q0,t

= |Q|−1(1− (|Q|t − 1)−1(|Q| − 1) (q0 ∈ Q)

hold for all t ∈ N+.

Summing up, we conclude that if the transition mapping can be
defined only by formula (7) then for the design of families of Crypto-
graphic iterated hash functions the set of semi-automata defined on the
set QQ is the most acceptable subset of the set of all semi-automata
defined on the set MQ.

Taking this factor into account, we can restrict ourselves to consider
the families of finite Mealy automata

FQ1,Q2
= {M (i,j) = (Q,Q,Q, δ

(i)
Q1
, λ

(j)
Q2

)}i,j∈{l,r} (Q1,Q2 ∈ QQ)

and the families of finite Moore automata

FQ,ξ = {M (i) = (Q,Q,Q, δ
(i)
Q , ξδ

(i)
Q )}i∈{l,r} (Q ∈ QQ, ξ ∈ SQ).

Since the binary operation in any quasigroup is invertible and any
ξ ∈ SQ is a bijection, then formulae (8), (9) and Proposition 2 imply
that the following proposition is true.

Proposition 4. Any family FQ1,Q2
(Q1,Q2 ∈ QQ) of finite Mealy

automata and any family FQ,ξ (Q ∈ QQ, ξ ∈ SQ) of finite Moore auto-

mata consists of reversible automata.

Propositions 1 and 4 imply that if the transition mapping can be
defined only by formula (7) and the output mapping can be defined
only by formula (8) (correspondingly, by formula (9)), then at the
resolving the problem of the design of stream ciphers the set of all finite
Mealy (correspondingly, Moore) automata defined on the set QQ is the
maximal admissible subset of the set of all Mealy (correspondingly,
Moore) automata defined on the set MQ.
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Let us analyze computational security of a stream cipher presented
by some finite automatonM ∈ FQ1,Q2

∪FQ,ξ (Q1,Q2,Q ∈ QQ; ξ ∈ SQ).
It is evident that the initial state of the automaton M can be some

fragment of the session key. By induction on the length of an input
sequence it can be proved that the following theorem is true.

Theorem 4. For any finite automaton

M ∈ FQ1,Q2
∪ FQ,ξ (Q1,Q2,Q ∈ QQ; ξ ∈ SQ)

the number of pre-images for each output string of the length l ∈ N+

equals to |Q|.

The established estimation does not depend on the length of the
output sequence. By this reason, any stream cipher presented by the
single automaton M ∈ FQ1,Q2

∪ FQ,ξ (Q1,Q2,Q ∈ QQ; ξ ∈ SQ) with
the initial state being the secret session key is not computationally
secure. It is possible to eliminate this situation as follows.

Let G1 and G2 be some pseudo random generators that generate
integers, correspondingly, 1, . . . , |Q|, and 1, . . . , k. The stream cipher
can be defined as the system C = (M,G1,G2) with the initializations
of pseudo-random generators G1 and G2 being the secret session key.
The stream cipher C is functioning as follows.

The generators G1 and G2 generate some integers i1 and i2. The
finite automatonM is initialized at its i1-th state and the current input
sequence fragment of the length i2 is transformed. These actions are
repeated until all input sequence would be processed.

Theorem 4 implies that the following theorem is true.

Theorem 5. Let M ∈ FQ1,Q2
∪ FQ,ξ (Q1,Q2,Q ∈ QQ; ξ ∈ SQ)

and the pseudo random generators G1 and G2 generate integers, cor-

respondingly, 1, . . . , |Q| and 1, . . . , k. Then for the stream cipher

C = (M,G1,G2) with the initializations of pseudo-random generators

G1 and G2 being the secret session key the number of pre-images for

each output string of the length l ∈ N+ is not less than |Q|k
−1l.

Since k > 0 is some fixed integer, then |Q|k
−1l → ∞ when l → ∞.

Thus, any stream cipher C = (M,G1,G2) with the initializations of
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pseudo-random generators G1 and G2 being the secret session key can
be considered as computationally secure stream cipher.

Computational security of stream ciphers defined by the considered
finite automata can be significantly increased if instead of the single
automaton M ∈ FQ1,Q2

∪ FQ,ξ (Q1,Q2,Q ∈ QQ; ξ ∈ SQ) to deal
with the set S = {M1, . . . ,Mn} (n ≥ 2) of finite automata, where

Mj ∈ F
Q

(j)
1
,Q

(j)
2

∪ FQ(j),ξ(j) (Q
(j)
1 ,Q

(j)
2 ,Q(j) ∈ QQ; ξ

(j) ∈ SQ).

Indeed, let G3 be some pseudo random generator that generates in-
tegers 1, . . . , n. This generator selects the automaton M ∈ S for trans-
formation of the current input sequence fragment. Then the stream
cipher C = (S,G1,G2,G3) with the initializations of pseudo-random
generators G1, G2 and G3 being the secret session key can be desig-
ned. It is evident that for this stream cipher the number of pre-images
for each output string of the length l ∈ N+ is some integer from the
interval [|Q|k

−1l, |Q|k
−1nl].

It is worth to note that even for the fixed integer n (n ≥ 2) searching
of the sets S that maximize the number of pre-images for each output
string is a hard problem.

Summing up, we conclude that if the transition mapping can be
defined only by formula (7) and the output mapping can be defined
only either by formula (8) or by formula (9), then at the resolving the
problem of the design of stream ciphers the set of all finite Mealy and
Moore automata defined on the set QQ is the most acceptable subset
of the set of all finite automata defined on the set MQ.

4 Finite semi-automata and automata over

quasigroups

Families of finite semi-automata and automata, defined on abstract
finite quasigroups, have been investigated in detail in [10]. The most
important of these results have been presented in Section 3 from a little
different point of view.

In [11] families of finite semi-automata and automata defined on
finite T -quasigroups have been investigated in detail. In this case the
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basic idea has been as follows.

Any Abelian group G = (Q,+) ∈ G
(A)
Q generates 3-parametric fa-

mily of T -quasigroups

FG = {(Q,+, ϕ, ψ, c)}ϕ,ψ∈Aut(G),c∈Q,

where (Q,+, ϕ, ψ, c) denotes the T -quasigroup (Q, ◦) ∈ Q
(T )
Q , such that

a ◦ b = ϕ(a) + ψ(b) + c. The following theorem is true.

Theorem 6. [11]. Any Abelian group G = (Q,+) ∈ G
(A)
Q generates

3-parametric family FG = {(Q,+, ϕ, ψ, c)}ϕ,ψ∈Aut(G),c∈Q of pair-wise

different T -quasigroups.

Thus, the family FG (G ∈ G
(A)
Q ) can be considered as the set of all

T -quasigroups generated by the Abelian group G.

It is evident that any set FG (G ∈ G
(A)
Q ) can be used as some base for

designing families of finite semi-automata, and families of finite Mealy
and Moore automata, such that the transition mapping is defined by
formula (7) and the output mapping is defined, correspondingly, by
formula (8) or by formula (9).

For finite semi-automata and automata designed in a such way the
upper bounds of time and space complexity for simulation of the functi-
oning during one instant of automaton time can be lowered (in compa-
rison with formulae (3) and (4)) as follows.

Let |Q| = pr11 . . . prmm , where m ≥ 1, ri ≥ 1 (i = 1, . . . ,m), and pi
(i = 1, . . . ,m) be pair-wise different prime integers. Then any Abelian

group G = (Q,+) ∈ G
(A)
Q can be uniquely presented as the direct sum

of cyclic subgroups of prime-power order

G ∼=

m
⊕

i=1





ki
⊕

j=1

(Z
p
dij
j

,+ij)



 , (12)

where dij (i = 1, . . . ,m; j = 1, . . . , ki) are fixed positive integers, such
that 1 ≤ di1 ≤ · · · ≤ diki and ri = di1 + · · · + diki for all i = 1, . . . ,m;

Z
p
dij
j

= {0, 1, . . . , p
dij
j − 1}, and by +ij it is denoted a module p

dij
j
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addition for all i = 1, . . . ,m and j = 1, . . . , ki. The following theorem
is true.

Theorem 7. [11]. Let G = (Q,+) ∈ G
(A)
Q , where |Q| = pr11 . . . prmm ,

m ≥ 1, ri ≥ 1 (i = 1, . . . ,m), and pi (i = 1, . . . ,m) are pair-wise diffe-

rent prime integers. For any T -quasigroup (Q, ◦) = (Q,+, ϕ, ψ, c) ∈ FG

time and space complexity for computing the value a ◦ b (a, b ∈ Q) are

equal, correspondingly, to

T◦ = O(max{p
dij
i dij log pi|i = 1, . . . ,m ∧

∧ j = 1, . . . , ki}) (

m
∑

i=1

pi → ∞∨

m
∑

i=1

ri → ∞), (13)

V◦ = O(m ·max{dij log pi|i = 1, . . . ,m ∧

∧ j = 1, . . . , ki}) (

m
∑

i=1

pi → ∞∨

m
∑

i=1

ri → ∞). (14)

Comparing formulae (13) and (14) according to formulae (3) and (4)
we conclude that for finite semi-automata and automata designed on
T -quasigroups (Q, ◦) = (Q,+, ϕ, ψ, c) ∈ FG time and space complexity
for simulation of the functioning during one instant of automaton time
can be much lower than in general case.

Considering finite semi-automata and automata on T -quasigroups
(Q, ◦) = (Q,+, ϕ, ψ, c) ∈ FG it is necessary to mark the following cir-
cumstance especially.

It is well known that any elliptic curve γ over any finite field defi-
nes the Abelian group Gγ = (Gγ ,+γ), where Gγ is the set of all points
of γ including specified point O that serves as the neutral element of
the group Gγ . Families of finite Mealy and Moore automata defined by
recurrence relations on the group Gγ have been considered in [1]. It has
been established that identification for these automata is a hard pro-
blem. Thus, these finite automata can be used at resolving information
protection problems.
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Proceeding from the Abelian group Gγ the set FGγ of T -quasigroups
can be constructed. On the base of this set, families of finite semi-
automata, and families of finite Mealy and Moore automata, such that
the transition mapping is defined by formula (7) and the output map-
ping is defined by formula (8) or by formula (9), can be designed.

These generalizations of families of finite Mealy and Moore auto-
mata that have been considered in [1] imply the feasibility for using
finite T -quasigroups at resolving information protection problems.

5 Conclusions

In the given paper families of finite semi-automata and reversible finite
Mealy and Moore automata have been defined and analyzed. These
models have been applied to establish that the set of finite quasigroups
(i.e. the maximal subset of cancellative finite magmas) is the most
acceptable subset of the set of finite magmas at resolving model pro-
blems in Cryptography, such as design of iterated hash functions and
stream ciphers.

It has been also established that the set of finite T -quasigroups
can be applied for designing families of finite semi-automata and re-
versible finite Mealy and Moore automata, such that, both, time and
space complexity for simulation of the functioning during one instant
of automaton time is much lower than in general case.

The following further research can be pointed.

Firstly, it is the investigation in detail of the sets of families of
finite semi-automata and reversible finite Mealy and Moore automata

generated by the sets FG (G ∈ G
(A)
Q ) under the supposition that in the

decomposition (12) the integers p
dij
j (i = 1, . . . ,m; j = 1, . . . , ki) differ

a little from each other.

The significance of this case consists in the fact that for such semi-
automata and reversible finite Mealy and Moore automata, both, time
and space complexity for simulation of the functioning during one in-
stant of automaton time are very close to the minimal possible simu-
lation time.
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Secondly, it is important to define and to investigate in detail suffi-
ciently narrow non-trivial subsets S of the set QQ that differ from the

subset Q
(T )
Q and satisfy exactly to one of the following two excluding

each other conditions.

The first condition consists that for any quasigroup G ∈ S time and
space complexity of computing a ◦ b (a, b ∈ Q) is close to estimations
established by formulae (3) and (4).

In this case for semi-automata and reversible finite Mealy and
Moore automata defined on the set S, both, time and space complexity
for simulation of the functioning during one instant of automaton time
are very close to estimations established by formulae (3) and (4).

The second condition consists in the fact that for any set Q there
exists some positive integer m such that m = o(|Q|) (|Q| → ∞), and
for any quasigroup G ∈ S time and space complexity of computing a◦ b
(a, b ∈ Q) are defined by formulae

T◦ = O(m−1|Q| logm−1|Q|) (|Q| → ∞), (15)

V◦ = O(m logm−1|Q|) (|Q| → ∞), (16)

In this case for semi-automata and reversible finite Mealy and
Moore automata defined on the set S, both, time and space complexity
for simulation of the functioning during one instant of automaton time
are very close to estimations established by formulae (15) and (16).
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