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Extending sloops of cardinality 16 to SQS-skeins

with all possible congruence lattices

Magdi H. Armanious and Enas M. A. Elzayat

Abstract

It is well known that each STS(15) with a sub-STS(7) is derived [11]. In this article, we will
improve this result by showing that each non-simple sloop L of cardinality 16 with any possible
congruence lattice C(L) can be extended to a non-simple SQS-skein S of cardinality 16 with all
possible congruence lattices for C(S). Accordingly, we may say that any triple system ST'S(15)
with m sub-ST'S(7)s is a derived triple system from an SQS(16) having n sub-SQS(8)s for all

possible non-zero numbers of m and n.

1. Introduction

A Steiner quadruple (triple) system is a pair (L; B), where L is a finite set and B
is a collection of 4-subsets (3-subsets) called blocks of L such that every 3-subset
(2-subset) of L is contained in exactly one block of B [9], [10]. Let SQS(m)
denote a Steiner quadruple system (briefly: quadruple system) of cardinality m
and STS(n) denote Steiner triple system (briefly: triple system) of cardinality n.

It is well known that SQS(m) exists iff m = 2 or 4 (mod 6) and ST'S(n) exists
iff n=1or 3 (mod 6) (cf. [9], [10]).

Let L = (L; B) be a quadruple system. If one considers L, = L — {z} for
any point z € L and deletes that point from all blocks which contain it then the
resulting system (L,; B(z)) is a triple system, where B(z) = {b =b—{z}: b€ B
and x € b}. Now, (L.; B(x)) is called a derived triple system (or briefly DT'S) of
(L; B) (cf. [9], [10]).

There is one to one correspondence between ST'Ss and sloops. A sloop L =
(L;-, 1) is a groupoid with a neutral element 1 satisfying the identities:

xy=y-z, l-z=z z (zy) =y
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Notice that for any a and b € L the equation a - x = b has the unique solution
x=a-(a-x)=a-b, i e, L isa quasigroup.

A sloop L is called Boolean if it satisfies in addition the associative law.

Also, there is one to one correspondence between SQSs and SQS-skeins (cf.
[9], [10]). An SQS-skein (S;q) is an algebra with a unique ternary operation g
satisfying:

Qr,y, Z) = q(x7 Z, y) = Q(za &, y)7
q(z,z,y) =y,
q(z,y,q(z,y,2)) = 2.

Since the equation ¢(a,b,z) = ¢ has the unique solution ¢(a,b,¢) = z for
a,b,c € S, it follows that an SQS-skein (S; ¢) is a ternary quasigroup (3-quasigroup).

An SQS-skein (S;q) is called Boolean if it satisfies in addition the identity:
Q(a’v €T, Q(a> Y, Z)) = Q(‘r’ Y, Z)

The sloop associated with a derived triple system is also called derived.

A subsloop N of L (sub-SQ.S-skein of S) is called normalif and only if N = [1]6
(N = [z]0) for a congruence 6 on L(respectively,S) (cf. [1], [12]).

A subsloop N is called normal if and only if

r-(y-N)=(v-y) N

for all z,y € L [12].

There is an isomorphism between the lattice of normal subsloops (sub-SQS-
skeins containing a fixed element) and the congruence lattice of the sloop (SQS-
skein) (cf. [1], [12]). Quackenbush in [12] and similarly the author in [1] have
proven that the congruences of sloops (of SQS-skeins) are permutable, regular and
uniform. Moreover, they proved the following property well known from groups.

Theorem 1. Every subsloop (sub-SQS-skein) of a finite sloop L = (L;-,1) (SQS-
skein S = (S;q)) with cardinality % |L| (respectively, 1 |S|) is normal.

The variety of all sloops (SQS-skeins) is a Mal‘cev variety. Any Boolean group
is a sloop that is called a Boolean sloop. If (G;+) is a Boolean group, then
(Gyq(x,y,2) = z +y+ z) is a Boolean SQS-skein [1]. The class of all Boolean
sloops (Boolean S@QS-skeins) is the smallest non-trivial subvariety of the variety
of all sloops (SQS-skeins).

In section 2, we will do an algebraic classification of the class of all sloops of
cardinality 16 according to the shape of its congruence lattice and the concepts
of solvability and nilpotence. We will show that this classification coincides with
the combinatorial classification based on the number of subsystems of cardinality
7 (cf. [5], [7]) and the classification of the class of all SQS-skeins of cardinality 16

(ct. [1]).

Let L be a derived sloop from an SQS-skein S, then the congruence lattice
C(S) of S is a sublattice of the congruence lattice C'(L) of L. We are faced with
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the question: is any sloop L of cardinality 16 derived from an SQ.S-skein S for all
possible sublattice C(S) of the lattice C(L) ?

Among the DT'S(15)s determined in [11], there are 23 systems having a sub-
system of order 7. In this article, it will be shown that any ST'S(15) with n
sub-ST'S(7)s can be extended to an SQS(16) with 2n sub-SQS(8)s in particular
and to an SQS(16) with all possible number of sub-SQS(8)s in general.

Clearly any Boolean sloop is derived from a Boolean SQ.S-skein and both have
the same congruence lattice. In subsection 3.1, we will show that any non-simple
sloop L of cardinality 16 can be derived from an SQS-skein S in which both L
and S have the same congruence lattice.

In [8] Guelzow constructed a semi-Boolean SQS-skein of cardinality 16 all of
whose derived sloops are Boolean. Then, we may say that if the congruence lattices
of all derived sloops of an SQS-skein are isomorphic, it is not necessary that the
congruence lattice of this SQS-skein is isomorphic to them.

Subsection 3.2 is devoted to the proof that any non-simple sloop L of cardinality
16 can be extended to an SQS-skein S with any proper sub-lattice C(S) of the
lattice C(L).

2. Algebraic classification of sloops of cardinality 16

We define the solvability of sloops similarly as the definition of solvability of SQ.S-
skeins given in [1]. A congruence 6 of a sloop L (an SQS-skein S) will be called
Boolean if L/6 (S/6) is Boolean. Clearly, the largest congruence of any sloop
(SQS-skein) is Boolean and the intersection of any two Boolean congruences is
Boolean.

A Boolean series of congruences on a sloop L (an SQS-skein S) is a series of
congruences

1::00:_)01202:_)---:_)971 =0

such that the factor algebra [1]6;/60;11 (respectively, [x]0;/6;11) is a Boolean sloop
(respectively, SQS-skein) for all i = 0,1,...,n — 1. If n is the smallest length of a
Boolean series, then L (respectively, S) is solvable of length n.

Centrality in Mal‘cev varieties is defined in [13]. We apply this definition on
sloops similarly as in SQS-skeins [1]. A congruence of a sloop L (an SQS-skein
S) is called central, if it contains the diagonal relation

Ap ={(a,a):a €L} (Ag={(a,a):a€S})

as a normal subsloop of L (respectively, sub-S@QS-skein of S). A central congruence
of the sloop L (SQS-skein S) is denoted by (L) (respectively, by £(S)). If there
is a series of congruences on L (of S)

1:9()291;922297120
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such that 0;/0;,41 C &(L/0;41) (respectively, 0;/0;+1 C &(S/0;11)) for all i =
0,1,...,mn — 1, then this series is called central series of L (of S). Also, L (respec-
tively, S) is called nilpotent of class n, if n is the smallest length of central series
in L (in S). A construction of nilpotent sloops (SQS-skeins) of class n for each
positive integer n is given in [3] and [4].

It is routine matter to see that the class of all solvable sloops (SQS-skeins)
and the class of all nilpotent sloops (SQS-skeins) are varieties. It is easy to show
that each central series of L (of S) is a Boolean series (cf.[1]). Then we may say
that the variety of nilpotent sloops (SQS-skeins) is a subvariety of the variety of
solvable sloops (SQS-skeins) [1]. Notice that not every solvable sloop (SQS-skein)
is nilpotent (examples of a solvable sloop L (SQS-skein S ), which is not nilpotent,
will be given in Lemma 2 for n = 1 and 2).

By the definition of solvability, we may say that the cardinality |L| (|S]) of a
solvable sloop L (SQS-skeins S) is equal to 2" for a positive integer n. The class of
solvable sloops (SQS-skeins) of order 1 and the nilpotent sloops (SQS-skeins) of
class 1 are exactly the Boolean sloops (SQS-skeins). Notice that all sloops (SQS-
skeins) of cardinality 2, 22 and 2% are Boolean and for any positive integer n, there
is exactly one Boolean sloop (SQS-skein) (up to isomorphism) with cardinality 2™
that is the direct power of the 2-element group.

To determine the different classes of sloops of cardinality 16, let L (respec-
tively, S) be a non-simple sloop (SQS-skein) with |L|= 16 (]S|= 16 ) and C(L)
(C(8)) be its congruence lattice. If C(L) (C(S)) has more than one atom, then
L (respectively, S) is Boolean. If C(L) (C(S)) has exactly one atom 6, then
C(L/6) (respectivelt, C'(S/0)) is isomorphic to the lattice of subgroups Sub(Z})
for n = 1,2 or 3, where Z; is the 2-element group. This leads directly to a similar
classification of the class of SQS-skeins of cardinality 16 (cf. [1], [2]).

Lemma 2. Let L(S) be a sloop (an SQS-skein) of cardinality 16 and 0 be an
atom of the congruence lattice C(L) (C(S)). Then L(S) is simple or C(L/0) =
C(S/0) = Sub(Z%) for n =1,2,3 or C(L) = C(S) = Sub(Z3). Moreover, L(S) is
solvadble of length 2 for n =1 or 2, nilpotent of length 2 for n = 3 and Boolean for
the last case.

Proof. The proof for SQS-skeins is given in [1]. Similarly, one can easily prove the
lemma for sloops. O

Any subsloop (sub-SQS-skein) of cardinality 3 [L| (3 [S|) corresponds to a
maximal congruence in C(L) (C(S)). The converse is true specially for sloops
(SQS-skeins) of cardinality 16, which means that a maximum congruence in C'(L)
(C(8S)) corresponds to a subsloop (2 sub-SQS-skeins) of cardinality 8. This leads
us to reformulate the classification given in Lemma 2 into classification depending
on the number of subsloops (sub-SQS-skeins) of cardinality 8, as in the following
lemma.

Lemma 3. Let L(S) be a sloop of cardinality 16, then L(S) has n subsloops (2n
sub-SQS-skeins) of cardinality 8 for n =0,1,3,7 or 15.
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In fact, these classes associate with the same well-known classes of triple sys-
tems of cardinality 15. In [5], [6] and [7] all possible triple systems of order 15
were given. This means that structures of sloops of cardinality 16 with any pos-
sible congruence lattice (equivalently with any possible number of subsloops of
cardinality 8) are well known. Also, examples of SQS-skeins of cardinality 16
with each possible congruence lattice (equivalently with any possible number of
sub-SQS-skeins of cardinality 8) are well known (cf. [1] and [2]).

3. Extending a sloop L(16) to an SQS-skein S(16)

Cole, White and Cummtings [7] first determined that there are exactly 80 non-
isomorphic triple systems of order 15. A listing of all 80 triple systems can be
found in Bussemark and Seidel [5]. A triple system is called derived, if it can be
extended to a quadruple system. There are 23 triple systems of order 15 having
subsystems of order 7. All are derived [11].

Let L = (L;-,1) be a derived sloop of an SQS-skein S = (5;¢), so the funda-
mental operations of L are polynomial functions of the operation ¢, which means
in general that the congruence lattice C(S) is a sublattice of C'(L). Namely, if
C(L/6) = Sub(Zy') and C(S/0) = Sub(Z}%) for an atom 6, then n < m. As a
special case, if L is simple derived sloop from the SQS-skein S, then S must be
simple. Notice that each triple system having no subsystems of order 7 associates
with a simple sloop.

This paper is a generalization of the result of Phelps in [11] that every non-
simple sloop of order 16 can be extended to a SQS-skein of order 16. The question
that the following two sections nearly answers is therefore: Given a non-simple
sloop L (Steiner loop) with any congruence lattice C(L), does there exist an
SQS-skein S of order 16 such that L is derived from S for all possible C(S) 7 The
only situation not answered in this paper is: L any sloop and S simple. Otherwise,
the answer is yes.

3.1. Extending a sloop L(16) to an SQS-skein S(16)
with C(S)=C(L)

In this section, we will show that: A non-simple sloop L with a certain congru-
ence lattice C(L) can be extended to a non-simple SQS-skein S having the same
congruence lattice C(S); i. e., C(L) = C(S). In other words, an STS(15) with
a non-zero number n of sub-ST'S(7)s can be extended to an SQS(16) having 2n
sub-SQS(8), for each possible number n; ie., n=1,3,7 or 15.

Now, let Ly = (L1;-,1) be the Boolean sloop of cardinality 8 and (L; —
{1}; B1) be the corresponding triple system of Ly. It is known that (L; — {1}; By)
and the projective plane PG(2,2) are isomorphic, so we can index the element of
L; — {1} as follows:
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{ag,a1,...,a6} where {0,1,...,6} is the set of points of PG(2,2) such that
{i,7,k} is a line in PG(2,2) if and only if {a;,a;,ar} is a block in By. More-
over, we denote the set of lines of PG(2,2) by the set {i,i+ 1,7+ 3} (mod 7).

Let F = {Fy, F1, ..., Fs} be a 1-factorization of the complete graph with the
vertices L1, where F; = {ajay : a;-ar = a; in Ly}. We observe that 1a; is an edge
in F; for each i. Also, we consider the sets Ly = {b,bg,b1,...,b6} and L = L1 U Ly
such that L1 N Ly = (). We define the 1-factorization G of the complete graph Ky
with the set of vertices Lo similarly as F by writing b instead of 1 and b; instead
of a; in each factor of F. Now we are ready to formulate the following well-known
constructions for sloops and SQS-skeins of cardinality 16 [10].

Construction 1. Let « be a permutation on the set {0,1,...,6}. By taking B :=
By U {{ai,bj, b} : bjbr € Gogy}, then (L — {1}; B) is a triple system containing
(L1 — {1}; B1) as a subsystem [10].

Let L = (L;-, 1) be the given associated sloop with the triple system (L —
{1}; B) and Ly = (L1;-,1) be the associated subsloop, where the binary operation
"." is defined by:

Ty = )
1 if z=vy

By Theorem 1, we may say that L has at least one maximal congruence 6
determined by the normal subsloop Lj.

Theorem 4. Construction 1 yields precisely all non-simple sloops of cardinality
16.

Proof. Without loss of generality, we may call the elements of L, L; and Lo =
L — Ly, the sloop L = (L;+, 1), the subsloop Ly = (L1;+, 1) and the 1-factorization
F on L exactly as the preceding definitions. Since b-a; € Lo for each a; € Ly, we
may define the permutation « on the set {0,1,2,...,6} by by = b - a;.

Moreover, we define a 1-factor G,(;) on L2 by the rule: xy € G, if and only
if -y = a; in L. This supplies us with a 1-factorization G = {Gg, G, ...,Gg} on
the set of points L.

Let (L—{1}; B) be the triple system constructed by construction 1. If {a;, a;j, ax }
is a block in By, then a; - a; = ax in Ly and if {a;,b;,bx} is a block in B, then
a; = b; - by in L. This means that the triple system (L — {1}; B) coincides with
the associated triple system with the sloop L. This completes the proof of the
theorem. O

Construction 2. Let
Ql = {{xhxg,yl,yg} 01 <6, 120 € Fi&ylyg S FZ'},
QQ = {{xl,xg,yl,yg} 0<i<6,2120 € Gi&ylyg S Gz},
Q=0Q1UQaU{{r1,22,y1,92} : 0 <i <6, 2120 € F; &y1y2 € Gy }-
Since Ly is a Boolean sloop, so for all x,y,z,w € Ly ifx-y = z-w, thenz-z = y-w
and y-z=x-w. Then if vy, zw € I}, hence xz,yw € F; and
xw, zy € Fy for some j and k. This means that {x,y,z,w} is the unique block
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in Q1 containing any 3-element subset of it. Accordingly, Q1 = (L1;Q1) and
Q2 = (L2;Q2) are SQS(8)s. Hence Q = (L; Q) is a quadruple system in which
Q1 and Q2 are subsystems.

The associated SQS-skein S = (L; ¢) with the quadruple system Q = (L; Q)
has at least one maximum congruence 6y determined by the two classes Ly and
Lo (ct. [1], [9], where the operation g is defined by:

w if {z,y,zw}eq
z if z=y

q(z,y,2) = {

By the definition of F;, if {a;,a;,ax, 1} € Q1 , then la;, aja) € F;, which means
that Ly is a derived sloop of Q;. Moreover, if {z,y, 2z} € B, then {z,y,z} € By or
{z,y, 2} € {{as, b),bx} : bjbp € Goiy}-

Hence {x,y, 2} = {ai,a;,ar} or {x,y,2} = {a;,b;,bx} for bjby € Gy, which
means that la;,ajar, € F; or la; € F; and bjb, € Gy This implies that
{1,z,y, 2} € Q. Therefore, (L —{1}; B) is a derived triple system of the quadruple
system Q = (L; Q).

Now, consider two sets:

S ={1,0i,ai11,0i13,0,00(), ba(i+1), ba(i+3) }
and
S'9 = {1,a4,0i41,0i13, ba(i+2), ba(i+4) Da(i+5)> Da(it6) }-
By choosing a suitable permutation o, we will show in the following that there

is a derived sloop L from an SQS-skein S of cardinality 16 in which both L and
S have the same congruence lattice.

Lemma 5. S*; is a subsloop of L a sub-SQS-skein of S if and only if {a(i), a(i+
1),a(i +3)} is a line in PG(2,2).
Proof. Let S‘1 be a subsloop of L, then we have:

b+ ba(iy = @i = ba(it1) * ba(i+3) <= bba(),bai+1)ba(i+3) € Ga(i)

<~ {a(i),a(i+1),a(i+3)}is a line in PG(2,2).

Also,

b 'ba(i+1) =Qi41 = ba(i) . ba(i+3) = {Oé(i), Oé(i + 1), Oé(i + 3)}

is a line in PG(Q, 2) <~ b- ba(i+3) = Q;+3 = ba(i) . ba(i+1).

Similarly, one can prove the other direction. The proof of this lemma for the
SQS-skeins is given in [1]. O

Lemma 6. If S‘1 is a subsloop of L (a sub-SQS-skein of S), then S‘a is also a
subsloop of L (a sub-SQS-skein of S).

Proof. The 1-factorization of the complete graph K, with the set of vertices
{ba(i+2)7 ba(i+4), ba(i+5)7 ba(i+6)} is included in the factors Ga(i), Ga(i+1), Ga(i+3)'
This shows directly that S‘s is a subsloop of L (an sub-SQ.S-skein of S). O
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Lemma 7. For each line transformed into a line by the permutation o in PG(2,2),

two mazimum congruences are formed in the lattice C(L) (C(S)) in addition to
9().

Proof. We have |S*;| =[S3| = & |L|, so S‘; and S, are two distinct normal sub-
sloops of L (sub-SQS-skeins of S). Let 6; and 03 be the associated congruences
with S¢; and S‘3, respectively. Then 6; N 05 is a congruence with 4 congruence
classes, which implies that there are exactly three covers of 61 N6y, namely 6y, 61,
0>. This completes the proof. O

In fact, this similarity between properties of sloops and SQS-skeins leads di-
rectly to the following result.

Theorem 8. Let L (S) be a sloop (an SQS-skein) of cardinality 16 and assume
that its congruence lattice C(L) (C(S)) has an atom 0. If the permutation «
transforms 2" =2 —1 lines into lines in PG(2,2) forn = 2,3,4, or 5, then C(L/0) =
C(S/0) = Sub(Zy™') for n = 2,3,4 and C(L) = C(S) = Sub(Z3) for n = 5.

Proof. According to the Lemmas 4, 5 and 6, we get directly the required. O

Consequently, we may say that any sloop of cardinality 16 with n subsloops
of cardinality 8 is a derived sloop from an SQS-skein of cardinality 16 having 2n
sub-S@QS-skeins for each possible non-zero number n; i.e. for n =1,3,7 and 15.

3.2. Extending a sloop L(16) to an SQS-skein S(16)
with arbitrary C(S) < C(L)

In this section, we will show that: A non-simple sloop L with any possible congru-
ence lattice C(L) can be extended to a non-simple SQS-skein S with all possible
congruence lattice C(S); i.e., for all possible sublattice C'(S) of C(L).

Without loss of generality and according to the definition of the 1-factorization

F given in constructions 1 and 2, we may choose the sub-1-factors:
1— f() = {alag, a4a5} Q F() and f2 = {a1a4, a3a5} g Fg on the set {(Zl, as, a4, a5}.
2— f1 = {aza4,as5a6} C Fy and f3 = {azas, asas} C F3 on the set {az, aq, a5, a6}.
3— f4 = {a1a27a0a5} Q F4 and f(, = {a()ag,a1a5} Q F(, on the set {a()7a17a27a5}.

By interchanging the sub-1-factors fy and f3 in the 1-factors Fy and Fy we get
new 1-factors Fj, and F,, where F, = {lag, aja4, azas, azag} and Fy, = {laz, a1a3, asas, apag}.
Similarly, we interchange the sub-1-factors f; and fs in the 1-factors F} and F3 to
get new 1-factors F and Fj and the sub-1-factors f; and fs in the 1-factors Fy
and Fg to get new 1-factors F; and F .
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Now, we consider three new 1-factorizations on the set Ly :

1F‘ = {E;7F1aFé7F37F4>F5aF6}7
QF‘ = {Fé,Fi,Fé,Fé,F47F5,F6}7
5F = {Fy, F1, Fy, F3, F), Fy, Fg}.

Let @1 and @2 be the same as in construction 2, and let
Q =Q1UQUQ,
where

Q= {{z1,22,y1,y2} : 7172 € FZ €5 F' and y1ys € G () for some 0 < i < 6}.

Indeed, the changes occurs only in the quadruple systems, so we will denote the
new quadruple systems by (L; ;Q') for j = 1,2,3. Notice that the triple system
(L — {1}; B) is still as a derived triple system of (L; ;Q") for each j = 1,2, 3.

The 1-factorization 1 F' contains exactly the three sub-1-factorizations {F,, Fy, Fg},
{F1, F5, Fs}, {F3, Fy4, Fg } in which each of them contains two disjoint sub-1-factorizations
of the complete graph K,. Similarly, the 1-factorization oF  contains exactly
one sub-1-factorization{ Fy,, F;, Fs} containing two disjoint sub-1-factorizations of
the complete graph K, and the 1-factorization 3F  does not contain any sub-1-
factorization of the complete graph Kj.

We observe that o may transform 2"~2 — 1 lines into lines in PG(2,2) for
n =2,3,4,5. Thus:

If n = 2, then a does not transform any line into a line.

If n = 3, then « transforms at most one line into a line among the lines of the
subset R = {{0,2,6},{1,5,6},{3,4,6}}.

If n > 4, then « transforms 1 or 3 lines into lines among the lines of R.

Now, let (L; jq') be the associated SQS-skein with (L; ;Q°) for j = 1,2,3.
Analogously, we may deduce the following result.

Theorem 9. The constructed sloop L = (L;-,1) is a derived sloop from the con-
structed SQS-skein ;S = (L; ;q') for each j = 1,2 and 3 and for any permutation
a. Moreover, each non-simple sloop L can be extended to a non-simple SQS-skein
;S with all possible congruence lattices for C(L) and C(;8).

Proof. Any permutation o transforms 2"~2 — 1 lines into lines in PG(2,2) for
n = 2,3,4,5. Notice in all cases that 6y is a congruence of each of L and ;S for
7 =1,2 and 3, where 6y is determined by the two classes L; and Ls.

In the following, we consider 6 to be the unique atom of the lattices C'(L) and
C(;8) for j = 1,2 and 3, except in the case for n = 5, when 0 is considered to be
any atom of C(L). Now, we have the following result:

When n = 2, then o does not transform any line to a line, hence C(L/6) =
C(;8/0) = Sub(Zs) for j = 1, 2 and 3, where the atom 6 is equal to 6o.
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When n = 3, then « transforms one line into line in PG(2,2), by Lemma 3
hence C(L/0 = Sub(Z3). Also, a transforms nothing or one line into a line in
PG(2,2) among the lines of the subset R, so C(3S/6) = C(2S/0) = C(:S/6) =
Sub(Zs), where the atom 0 is equal to 6y , or C(2S/6) = C(1S/0) = Sub(Z3).

When n = 4, then « transforms 3 lines into 3 lines in PG(2,2), by Lemma, 3
hence C(L/6) = Sub(Z3). Also, a transforms 1 or 3 lines into lines in PG(2,2)
among the lines of the subset R = {{0,2,6},{1,5,6},{3,4,6}}, so C(3S/6) =
C(38/6p) = Sub(Zs) and C(,S/0) = C(,S/ 0) = Sub(Z3) or C(;S/0) = Sub(Z3).

When n =5, then « transforms 7 lines into 7 lines in PG(2,2), by Lemma 3
and since C(L) contains in this case more than one atom, hence C'(L/6) = Sub(Z3)
for each atom @ of C(L) or C(L) = Sub(Z3). This means that « transforms the
three lines of R into 3 lines in PG(2,2), so C(38/0) = C(;S/00 ) = Sub(Zs),
C(,S/0) = Sub(Z3) and C(,S/0) = Sub(Z3), where 0 is still the unique atom of
C(;S) for j =1,2 and 3.

For the case C'(L) =2 C(S) = Sub(Z3), we may choose the Boolean SQS-skein
S of cardinality 16 and L any of its derived sloops. This completes the proof. [

Consequently, we may say that any sloop with a non-zero number n of subsloops
of cardinality 8 can be extended to an SQS-skein having 2m sub-SQ.S-skeins of
cardinality 8 for each possible positive numbers n and m; i.e., for each n and
m=1,3,7 or 15 with m < n.

Examples. Example for each case can be determined by choosing the permutation
a as follows:

e For n = 2 take o = (12)(345), hence a does not transform any line into a line in
PG(2,2), which means that the congruence lattices C'(L) and C(;S) for j = 1,2
and 3 have exactly one co-atom 6.

e For n = 3 take a = (012)(345) or o = (345). In both cases « transforms one line
into a line in PG(2,2). This implies that L has three maximum congruences, so
C(L/0) = Sub(Z3). The permutation o = (012)(345) transforms the line {0, 1, 3}
into the line {1,2,4}, this means that C(;S) for j = 1,2 and 3 have only one
co-atom 6.

But the permutation o = (345) transforms the line {0,2,6} into itself, hence

C(;S) has exactly three co-atoms for j =1 and 2 and C(3S) has only one co-atom
6.
e For n = 4 take a = (012345) or o = (4321)(650) , both cases « transforms three
lines into three lines in PG(2,2), then L has exactly 7 maximum congruences.
a = (012345) transforms the three lines of the set R = {{0,2,6},{1,5,6},{3,4,6}}
into three lines in PG(2,2), which implies that C(;S) has exactly 7 co-atoms,
C(2S) has exactly three co-atoms and C(3S) has only one co-atom 6.

o = (4321)(650) transforms only the line {0,2,6} of R into a line of R, which
means that the congruence lattices C(;S) has exactly three co-atoms for j =1
and 2 and C(3S) has only the co-atom 6.



Extending sloops to SQS-skeins 11

e For n = 5 take o = identity on {0,1,...,6}, so « transforms all lines into lines in
PG(2,2), which means that C(L) has 15 co-atoms, C(;S) has 7 co-atoms, C(2S)
has 3 co-atoms and C(5S) has only the co-atom 6. O

Consequently, we may say that any ST'S(15) with a non-zero number n of sub-
STS(7)s can be extended to an SQS(16) having 2m sub-SQS(8)s for all possible
non-zero positive numbers n and m; i.e., for any n and m € {1,3,7,15} with
m < n.

Among the DT'S(15)s determined in [11], there are 57 systems having no sub-
systems of order 7. The sloops associated with these 57 systems are simple. We
therefore see that the sloops associated with these 57 systems must be derived
from simple SQS-skeins. But it is not necessary for a sloop derived from a simple
SQS-skein to be simple.

We finish this work with a natural question:

Question. Is whether or not a sloop of cardinality 16 with each possible congruence
lattice can be extended to a simple SQS-skein 7
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(Weak) Implicative hyper BCK-ideals

Radjab A. Borzooei and M. Bakhshi

Abstract

In this manuscript first we define the notion of weak implicative hyper BCK-ideal of
a hyper BC'K-algebra. Then we state and prove some theorems which determine the
relationship among this notion and (weak, commutative, (strong) implicative) hyper
BC K-ideals, positive implicative hyper BC'K-ideals of type 1,3,...,8 and (strong) pos-
itive implicative hyper BC K-ideals. Specially, we prove that if H = {0, a,b, c} is a hyper
BCK-algebra of order 4, such that a oz = {0}, for all 0 # = € H and I is a hyper
BCK-ideal and weak implicative hyper BC K-ideal of H, then I is a positive implicative
hyper BCK-ideal of type 3.

1. Introduction

The study of BCK-algebras was initiated by Y. Imai and K. Iséki [7] in
1966 as a generalization of the concept of set-theoretic difference and propo-
sitional calculi. Since then a great deal of literature has been produced
on the theory of BCK-algebras. In particular, emphasis seems to have
been put on the ideal theory of BC K-algebras. The hyperstructure the-
ory (called also multialgebras) was introduced in 1934 by F. Marty [13] at
the 8th congress of Scandinavian Mathematiciens. Around the 40’s, sev-
eral authors worked on hypergroups, especially in France and in the United
States, but also in Italy, Russia and Japan. Over the following decades,
many important results appeared, but above all since the 70’s onwards the
most luxuriant flourishing of hyperstructures has been seen. Hyperstruc-
tures have many applications to several sectors of both pure and applied
sciences. In [12], Y. B. Jun et al. applied the hyperstructures to BCK-
algebras, and introduced the notion of a hyper BCK-algebra which is a

2000 Mathematics Subject Classification: 06F35, 03G25
Keywords: hyper BC K-algebra, (weak) implicative hyper BC K-ideal, positive
implicative hyper BC K-ideals of types 1,3,...,8
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generalization of BC'K-algebra, and investigated some related properties.
They also introduced the notion of a hyper BC'K-ideal and a weak hyper
BC K-ideal and gave relations between hyper BC' K-ideals and weak hyper
BCK-ideals. Y. B. Jun et al. [12] gave a condition for a hyper BC K-algebra
to be a BCK-algebra. In [2|, R. A. Borzooei and M. Bakhshi introduced
the notions of positive implicative hyper BC' K-ideals of types 1,2,...,8 and
gave relations between these notions and (weak, strong) hyper BC K-ideals.
They also in [1], introduced the concept of commutative hyper BC K-ideals
of types 1,2,3 and 4 and give some relations among these notions and pos-
itive implicative hyper BC K-ideals of types 1,2,...,8 and (weak) hyper
BCK-ideals and state its characterizations. In [8], Y. B. Jun et al. intro-
duced the notion of implicative hyper BC'K-ideals and gave some relations
between this notion and hyper BC K-ideals. Now, in this paper we intro-
duce the concept of weak implicative hyper BC' K-ideal and we study some
related properties. Moreover, we give some relations among (weak) hyper
BCK-ideal, (weak) implicative hyper BC' K-ideal, positive implicative hy-
per BC K-ideals of types 1,2,...,8 and commutative hyper BC K-ideals of
types 1,2,3 and 4, under suitable conditions.

2. Preliminaries

Definition 2.1. By a hyper BCK-algebra we mean a non-empty set H
endowed with a hyperoperation “o” and a constant 0 satisfying the following
axioms:

(HK1) (zoz)o(yoz)<xoy,

(HK2) (zoy)oz=(zoz)oy,

(HK3) o H < {z},

(HK4) z < yand y < x imply x =y,
for all z,y,2z € H, where x < y is defined by 0 € x oy and for every
A,B C H, A< B is defined by Va € A, 3b € B such that a < b. In such
case, we call “<” the hyperorder in H.

Example 2.2. (i) Define a hyperoperation “o” on H = [0, 00) by
[0, z] if <y
zoy=1< (0,y] if x>y#0
{x} if y=0

for all x,y € H. Then H is a hyper BC' K-algebra.
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(ii) Let H ={0,a,b,c}. Consider the following table:

o ‘ 0 a b c
0| {or {o} {o} {o}
a|{a} {0} {0} {0}
b | {or {b} {0} {0}
c|{c {t {t {0,c}

Then H is a hyper BC' K-algebra.

Proposition 2.3. [12| In any hyper BCK-algebra H, the following hold:

(1) wo0={x}, (iv) A<LA,
(ii) zoy <K x, (v) AC B implies A< B,
(i1i) 00 A = {0}, (vi) Ao{0} ={0} implies A= {0},

for all x,y,z € H and for all non-empty subsets A and B of H.

Let I be a non-empty subset of a hyper BCK-algebra H and 0 € I.
Then [ is said to be a strong hyper BCK -ideal of H if (x oy) N1 # () and
y € I implies that x € I, hyper BCK-ideal of H if roy < [ and y € [
imply « € I, weak hyper BCK-ideal of H if zoy C I and y € I imply
x € I, hyper BCK -subalgebra of H if x oy C I for all x,y € I, reflexive
ifxox C I, for all x € H, positive implicative hyper BCK -ideal of type 1
if (xoy)ozCIand yoz C I imply xoz C I, positive implicative hyper
BCK-ideal of type 3 if (xoy)oz < [ and yoz < I imply z oz C I,
commutative hyper BCK -ideal of type 1if (roy)oz C I and z € I imply
zo(yo(yox)) C I, commutative hyper BCK -ideal of type 3 if (zoy)oz < I
and z € [ imply zo (yo (yox)) C I, for all x,y,z € H. It is easy to see
that any positive implicative hyper BC' K-ideal of type 3 and commutative
hyper BC K-ideal of type 3 (positive implicative hyper BC' K-ideal of type
1 and commutative hyper BC K-ideal of type 1) is a (weak) hyper BC'K-
ideal, any (strong) hyper BC'K-ideal is a (hyper BC K-ideal) weak hyper
BCK-ideal and a hyper BCK-subalgebra of H. Moreover, any reflexive
hyper BC K-ideal of H is a strong hyper BC K-ideal of H.

Theorem 2.4. [1, 2| Let I be a non-empty subset of hyper BCK -algebra
H. Then,

(i) if I is a positive implicative hyper BCK -ideal of type 3 (type 1), then
I and 1, are (weak) hyper BCK-ideals of H, where for all a € H,

I,={zx€eH:xz0aCI}
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(ii) if H is a positive implicative hyper BCK-algebra (that is, for all
z,y,z € H(xoy)oz = (xoz)o(yoz)) and I is a (weak) hyper
BCK -ideal of H, then I is a positive implicative hyper BC K -ideal of
type 3 (type 1),

(iii) if I is a commutative hyper BC K -ideal of type 3 (type 1), then I is a
(weak) hyper BCK -ideal of H.

Lemma 2.5. [1, 9] Let A, B and I are non-empty subsets of hyper BCK -
algebra H. Then,
(1) if I is a hyper BCK-ideal of H, then A < I implies A C I,
(i) if I is a hyper BCK-ideal of H, then Ao B < I and B C I imply
ACI,
(iii) if I is a weak hyper BCK-ideal of H, then Ao B C I and B C I
imply A C 1,
(iv) if I is a reflexive hyper BCK -ideal of H and for x,y € H, (zoy)NI #
0, then voy < I.

3. Weak implicative hyper BC' K-ideals

From now on in this paper, we let H denote a hyper BC K-algebra.

Definition 3.1. Let I be a non-empty subset of H and 0 € I. Then I is
called a weak implicative hyper BCK -ideal of H if, (xoz)o (yox) C I and
ze€ Iimply x € I, for all x,y,z € H.

Example 3.2. Let H be hyper BC' K-algebra which is defined in Example
2.2 (ii). Then, I} = {0, a,b} is a weak implicative hyper BC'K-ideal of H,
but I, = {0, a} is not a weak implicative hyper BC'K-ideal . Since we have
(bo0O)o(cob)=boc={0} CTand0e€lbutb¢gl.

Theorem 3.3. Let I be a non-empty subset of H. Then, I is a weak
implicative hyper BC K -ideal of H if and only if I is a weak hyper BCK-
ideal of H and x o (yox) C I implies x € I, for all x,y € H.

Proof. Let I be a weak implicative hyper BC K-ideal of H, x oy C I and
yel, forx,y € H. Since (xoy)o(0ox)=zoyClandy el thenzel
and so I is a weak hyper BCK-ideal of H. Now, let x o (yox) C I, for
xz,y € H. Then by Proposition 2.3(i), (xo00)o (yoz) =z o (yox) C I.
Since 0 € I and [ is a weak implicative hyper BC'K-ideal of H, then x € I.
Conversely, let I be a weak hyper BC K-ideal of H and for all xz,y € H,z o
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(yox) C I implies that x € I. Now, let (zoz)o(yoxz) C I and z € I, for
x,y,z € H. Then by (HK2), (zxo(yoxz))oz=(xoz)o(yox) C I. Since
I is a weak hyper BCK-ideal of H and z € I, then by Lemma 2.5(iii) we
get that z o (yox) C I and so by hypothesis x € I. Therefore, I is a weak
implicative hyper BCK-ideal of H. O

Example 3.4. Let H be hyper BC' K-algebra which is defined in Example
2.2(ii). Then, I = {0,a} is a weak hyper BCK-ideal of H, but it is not a
weak implicative hyper BCK-ideal of H. Since bo (cob) =boc={0} C I
but b ¢ I.

Theorem 3.5. Let H = {0, a,b} be a hyper BCK -algebra of order 3. Then,
proper subset I of H is a weak hyper BCK -ideal of H if and only if I is a
weak implicative hyper BCK -ideal of H.

Proof. (<) The proof follows by Theorem 3.3.

(=) The only proper weak hyper BCK-ideals of H are I = {0,a} or
I ={0,b}. Let I ={0,a} be a weak hyper BCK-ideal of H. By Theorem
3.3, it is enough to show that for all z,y € H, if zo (yox) C I then z € I.
Let zo(yox) CIbutx & I, for z,y € H. Hence, z = b. Thus, bo(yob) C I
and b ¢ I. Now we consider the following cases for y.

If y =0, then {b} =bo0 =1>bo (00b) C I, which is a contradiction. If
y =aand a < b, since 0 € aob then we get that {b} =bo0 C bo(aob) C I
which is impossible. If y = a and b < a, then H satisfies the normal
condition and so by Lemma 2.6(iv) of [1], aob = {0} or {0,a}. Hence
0 € aob and so a < b which is a contradiction. If ¥y = a, a € b and
b £ a, then H satisfies the simple condition and so by Lemma 2.6(i) of [1],
aob={a} and boa = {b}. Therefore, {b} =boa Cbo (aob) C I, which
is impossible. If y = b, since 0 € bo b then {b} =bo0 Cbo(bob) C I,
which is impossible. Therefore, x € I and so I is a weak implicative hyper
BCK-ideal of H.

Now, let I = {0, b} be a weak hyper BCK-ideal of H and zo(yox) C I
but = ¢ I. Hence x = a. Therefore, ao(yoa) ClTanda g I. If y =0 or a,
then by similar way in the proof of case I = {0, a}, we get a contradiction.
Now let y =b. If b < @, then 0 € boa and so {a} =aoc0Cao(boa) =
ao (yoa) C I, which is impossible. If a < b, then H satisfies the normal
condition. Hence by Lemma 2.6(b) of [1], acb = {0} or {0, a} and boa = {a}
or {b} or {a,b}. If boa = {b} or {a,b}, then aob C ao(boa) C I. Since b € I
and [ is a weak hyper BC K-ideal of H, then a € I which is a contradiction.
Thus boa = {a}. If acb = {0}, then aob C I and b € I. Since I is a weak
hyper BC'K-ideal, then a € I, which is impossible. Hence, aob = {0,a}. By
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Lemma 2.6(iii) of [1], aca = {0} or {0,a}. If aca = {0, a}, since boa = {a},
then a € aoa=ao(boa) =ao(yoa) C I which is a contradiction. Hence
aoa = {0}. But in this case by (HK1), {0,a} = (aob)o(aob) < aca = {0}
and so a < 0, which is impossible.

If b € a and a € b, then H satisfies the simple condition and so by
Lemma 2.6(a) of [1], aob = {a} and boa = {b}. Hence {a} = aob =
ao(boa)=ao(yoa)C I, which is impossible. Therefore, xz € I and so I
is a weak implicative hyper BCK-ideal of H. O

Corollary 3.6. Let H = {0,a,b} be a hyper BCK -algebra of order 3 and
I be o non-empty subset of H. Then,
(i) I is a weak implicative hyper BCK-ideal of H if and only if I is a
positive implicative hyper BC K -ideal of type 1,
(ii) I is a weak implicative hyper BCK -ideal of H if and only if I is a
commutative hyper BC K -ideal of type 1.

Proof. (i) The proof follows by Theorem 3.5 and Theorem 3.10(ii) of [1].
(ii) The proof follows from Theorems 3.5 and Theorem 4.6 of [1]. O

Theorem 3.7. Let H = {0,a,b,c} be a hyper BCK -algebra of order 4 such
that aox = {0}, for all 0 # x € H and I be a proper subset of H. If I is a
hyper BCK -ideal and a weak implicative hyper BCK -ideal of H, then I is
a positive implicative hyper BC K -ideal of type 3.

Proof. Let I be a proper hyper BCK-ideal and weak implicative hyper
BCK-ideal of H. Then, there is the following cases for [;

{0,a},{0,b},{0,c},{0,a,b},{0,a,c},{0,b,c}

If I is equal to {0,b} or {0,b,c} (or {0,c}), since by hypothesis a 0 b =
(acc=){0} < I,beI(cel)andIisahyper BCK-ideal of H, thena € I
which is impossible. Now, we consider the following cases for I;
(i) I ={0,a,b}.

Let I not be a positive implicative hyper BC K-ideal of type 3, that is
(roy)oz < ITand yoz < I but zoz € I. Then, ¢ € z oz and so
by hypothesis and Proposition 2.3(iii),  # 0,a. Since I is a hyper BCK-
ideal, then by Lemma 2.5(i), (xoy)oz C I and yo z C I. Hence, by
(HK2) we have coy C (zoz)oy = (xoy)oz CI. Now,ify=0o0ra
or b, since coy C I and y € I then ¢ € I which is impossible. If y = ¢,
then coc C T and coz =yoz C I. Now, if z € {0,a,b} then ¢ € T and
so we get a contradiction. Hence z = c¢. By above, x # 0,a. If x = ¢,



(Weak) Implicative hyper BC K-ideals 19

then ¢ € x 0 z = coc¢ C I, which is impossible. Thus x = b. By (HK3),
c € boc<k bandso0 € cob. Hence, by (HK4) 0 & boc. Moreover, if b € boc
then c€ bocC (boc)oc= (zoy)ozC I which is a contradiction. Hence
boc = {c} or {a,c}. Since ¢ < b, then boc < {0,a,b} = I. Moreover, since
I is a hyper BC'K-ideal of H then by Lemma 2.5(i), ¢ € bo ¢ C I which is
a contradiction. Therefore, I is a positive implicative hyper BC' K-ideal of
type 3.
(ii) I ={0,a,c}.

The proof of this case is nearly similar to the proof of case (i).

(i) I ={0,a}.

Let I not be a positive implicative hyper BC K-ideal of type 3, that is
(xoy)oz<k Tand yoz < Ibut xoz € I. Then, (xo2z)N{b,c} # 0. Now
we consider the following cases.

Case l.c€xoz.

By Lemma 2.5(i), (zoy)oz C I and yoz C I. By (HK2), coy C (zoz)oy =
(xoy)ozCI.

Case 1-1.If y=0o0r a, since coy C I and y € I and [ is a weak hyper
BCK-ideal of H, then ¢ € I which is impossible.

Case 1-2. If y = b, then we consider the following cases for z:

Case 1-2-1. If z=0o0r a,sinceboz=yoz C T and z €[ and [ is a
weak hyper BCK-ideal of H, then b € I which is impossible.

Case 1-2-2. If z=b,thenc € xoz =x0b, bob =yoz C I and
cob = coy C I. By hypothesis and Proposition 2.3(iii), z # 0 and a.
If x =0, then c € xob = bob C I which is impossible. If z = ¢, then
c€xob=cobC I which is impossible.

Case 1-2-3. If z=c¢,then c € xoc,cob=coy C I and boc=yoz C I.
It is clear that x # 0 and a. If x = b, then c € x oc = boc C I which is
impossible. If z = ¢, then ¢ € zoc = coc. By (HK1), (coc)o(boc) < cob C I
and so (coc)o (boc) < I. Hence, by Lemma 2.5(i), (coc)o (boc) C I.
Since boc C I and [ is a weak hyper BCK-ideal of H, then c € coc C I,
which is impossible.

Case 1-3. If y = ¢, then coc C I and co z C I. Now, we consider the
following cases for z;

Case 1-3-1.If z=0o0ra,sincecoz=yoz Cland z € [ and [ is a
weak hyper BCK-ideal of H, then ¢ € I which is impossible.

Case 1-3-2. If z = b, then c € x oz = x0b, coc =coy C [ and
cob=yoz CI. Itisclearthat x # Oand a. If z = ¢, then ¢ € zob = cob C [
which is impossible. Now, we let x = b. Then

cocCI, cobClI, (boc)obCl I, ce€bobd
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By (HK3), c € bob < b. Then 0 € cob and so 0 & boc. Moreover, b € boc.
Since if b € boc, then c € bob C (boc)ob C I, which is impossible. Hence,
boc={a} or {c} or {a,c}.

Case 1-3-2-1. If boc = {a}, by (HK1), (bob)o(cob) <boc={a} C I
and so by Lemma 2.5(i), (bob)o(cob) C I. Since cob C I and I is a weak
hyper BC K-ideal of H, then ¢ € bob C I, which is impossible.

Case 1-3-2-2. If boc = {c}, then co(boc) = coc C (bob)oc = (boc)ob C I.
Since [ is a weak implicative hyper BC K-ideal of H, then by Theorem 3.3,
c € I, which is impossible.

Case 1-3-2-3. If bo ¢ = {a,c}, since I is a hyper BCK-ideal of H,
then it is a hyper BCK-subalgebra of H and so by (HK2), we get that
(coa)ob=(cob)oa CIoaCI. Ifbéecoa,thence€bobC (coa)obC I,
which is impossible. Moreover, if coa C I, since a € I and I is a weak
hyper BC K-ideal of H, then ¢ € I which is impossible. Hence, coa = {c}
or {a,c}. If coa ={a,c}, since coc C I then

(coa)o(coa) = {a,c}o{a,c} =(aca)U(aoc)U(coa)U (coc)
= {0}uU{0}uU{a,c}U(coc)=1{0,a,c}

Hence, by (HK1), {0,a,c} = (coa)o(coa) < cocC I, and so by Lemma
2.5(i), {0,a,c} C I which is impossible. Therefore, c o a = {c}. Now, by
(HK2), (boa)oc = (boc)oa = {a,c}oa = (aca)U(coa) = {0}U{c} = {0, c}.
If b e boa, then {a,c} =boc C (boa)oc={0,c} which is impossible.
Moreover, since 0 € {0} = aob, then 0 & boa. Thus, boa = {a} or {c}
or {a,c}. f boa = {a}, since boa C I and a € I, then b € I which is
impossible. If boa = {c} or {a,c}, then coa C (bob)oa = (boa)ob C
{a,c}ob=(aob)U(cob)={0}U(cob) CI. Since a € I and I is a weak
hyper BC K-ideal of H, then ¢ € I, which is impossible.

Case 1-3-3. lf z =c,then c € xoz=x0c, coc C I. It is clear that
x#0and a. If x =¢, then ¢ € xoc = coc C I which is impossible.
Now, let = b. Hence

ce€boc, (boc)ocCI, cocCI

Since I is a hyper BCK-subalgebra of H, then by (HK2), (coa)oc =
(coc)oa C Toa CI. Now, by similar way to the proof of Case 1-3-2-3,
we can prove that coa = {c}. Also, since ¢ € boc < b, then 0 € boc.
Moreover, if b € boc, then ¢ € boc C (boc)oc C I which is impossible.
Thus, bo ¢ = {c} or {a,c}. If boc={c}, then co(boc)=cocCI. Since
I is a weak implicative hyper BC'K-ideal of H, then by Theorem 3.3, ¢ € |
which is impossible. If bo ¢ = {a,c}, then (boa)oc = (boc)oa = {0,c}.
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Now, (boa)N{0,b} = 0. Since 0 € {0} = aob then 0 & boa. Moreover,
ifbeboa,thena€bocC (boa)oc={0,c} which is impossible. Hence
boa = {a} or {c} or {a,c}. T boa = {a}, then {0} = (boa)oc={0,c}
which is a impossible. If boa = {c} or {a,c}, then {0,¢} = {0} U {c} =
(aca)U(coa) ={a,c}oa=(boc)oa= (boa)oc=cocC I, whichis
impossible. Thus, [ is a positive implicative hyper BC' K-ideal of type 3.
Case2. bcxoz
The proof is similar to the proof of Case 1, by the some modification. O

Example 3.8. Let H = {0, a,b,c}. Consider the following tables:

o1 ‘ 0 a b c 09 ‘ 0 a b c

0 | {or {o} {0} {0} 0 | {o} {o}r {o} {o}
a | {a} {0} {0} {0} a |{a} {0} {0} {0}

b | {6} {a} {0} {a} b | {6} {ot {0} {0}

c | {c} {ct {0,c} {0,c} c [{c} A{ct {c} {0,c}

Thus (H,o1) and (H, o2) are hyper BC' K-algebras such that aox = {0} for
all 0 # x € H. Tt is easy to check that I = {0,a,b} is a weak implicative
hyper BC K-ideal of (H,01) but it is not a hyper BC K-ideal of (H, 01) (since
cob=1{0,c} < {0,a,b} =I; and b € I but ¢ ¢ I1) and so it is not a positive
implicative hyper BCK-ideal of type 3 in (H,o01). Therefore, the hyper
BC'K-ideal condition is necessary in Theorem 3.7. Moreover, I = {0,a} is
a positive implicative hyper BC K-ideal of type 3 in (H,o2) but it is not a
weak implicative hyper BC K-ideal. Since, (boa)o (cob) = {0} C I and
a € Iy but b & I>. Therefore, the converse of the Theorem 3.7 is not correct
in general.

Definition 3.9. Let I be a non-empty subset of H. Then,

(i) I is said to be an implicative hyper BC'K -ideal of H if 0 € I and for
all z,y,z € H, (xoz)o(yox) <K Iand z € I imply z € I,

(ii) H is called an smplicative hyper BCK -algebra if x < x o (y o x), for
all z,y € H.

It is easy to check that H is an implicative hyper BC K-algebra if and only
ifrexo(yox), forall z,y € H.

Theorem 3.10. FEvery implicative hyper BCK-ideal of H is a weak im-
plicative hyper BCK -ideal of H.

Proof. The proof is straightforward. O
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Example 3.11. Consider the following table on H = {0, a, b}:
o ‘ 0 a b
0({oy {o} {0}
a|{a} {0,a} {0,a}
b |{b;} {a} {0,a}

Then (H,o) is hyper BCK-algebra. We can see that I = {0,b} is a weak
implicative hyper BC' K-ideal of H, but it is not an implicative hyper BC' K-
ideal of H. Because, (ao0)o(aoa)=aoc{0,a} ={0,a} < {0,b} = I and
0cl, butadl.

Theorem 3.12. [8] Let I be a non-empty subset of H. Then,
(1) if I is an implicative hyper BCK -ideal of H, then it is a hyper BCK -
ideal of H,
(ii) if I is a hyper BCK -ideal of H, then I is an implicative hyper BCK -
ideal of H if and only if x o (yox) < I implies that x € I, for all
z,y € H.

Corollary 3.13. Let H = {0,a,b,c} be a hyper BCK -algebra such that
aox = {0}, for all 0 # x € H and I be a proper subset of H. If I is an
implicative hyper BCK -ideal of H, then I is a positive implicative hyper
BCK -ideal of type 3.

Proof. Since every implicative hyper BC K-ideal of H is a weak implicative
and a hyper BC'K-ideal, then the proof follows by Theorem 3.7. O

Theorem 3.14. Let H be a positive implicative and an implicative hyper
BCK-algebra and I be a non-empty subset of H. Then the following state-
ments are equivalent:
(i) I is a (weak) hyper BCK -ideal of H,
(ii) I is a positive implicative hyper BCK -ideal of type 3 (type 1) of H,
(iii) I, 1s a (weak) implicative hyper BCK -ideal of H, for all a € H,
(iv) I is a (weak) implicative hyper BCK -ideal of H.

Proof. (i) = (ii) The proof follows from Theorem 3.6 of [1] and Theorem
2.4(i).

(ii) = (iii) Since I is a positive implicative hyper BC'K-ideal of type 3
(type 1), then by Theorem 2.4, I, is a (weak) hyper BC K-ideal of H. Now,
let @ € H and (xo(yox) CI,) zo(yox) <K I, for x,y € H. Since H
is an implicative hyper BC'K-algebra, then x € I, and so I, is an (weak)
implicative hyper BCK-ideal of H.

(iii) = (iv) Since Ip = I, it is enough set a = 0.

(iv) = (i) The proof follows from Theorem 3.3. O
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Example 3.15. (i) Let H = {0, a,b,c}. Consider the following table:

o ‘ 0 a b c

{o} {o} {o} {o}

{a} {0} {0} {0}

{or {6} {0} {0}

{ct {c} {o} {0,0}

Then (H, o) is a hyper BC' K-algebra which it is not a positive implicative
hyper BC K-algebra. Since (cob)ob # (cob)o (bob). Now, I ={0,a} is
a (weak) hyper BCK-ideal of H but it is not a positive implicative hyper
BC K-ideal of type 1(and so it is not of type 3). Because (cob)oc = {0} C
{0,a} and boc = {0} C {0,a} but coc = {0,b} € {0,a}. Therefore, the
positive implicative hyper BC' K-algebra condition is necessary in Theorem
3.14.

(ii) The hyper BCK-algebra in Example 2.2(ii) is not an implicative
hyper BCK-algebra. Because, b ¢ {0} = bo (00b). Now, I = {0,a} is
a (weak) hyper BCK-ideal of H but it is not a weak implicative hyper
BC K-ideal and so is not an implicative hyper BC K-ideal of H. Thus, the
implicative hyper BC K-algebra condition is necessary in Theorem 3.14.

o o Q O

Definition 3.16. Let I be a non-empty subset of H. Then [ is called a

(i) strong implicative hyper BCK-ideal of H if 0 € I and
(xoz)o(yozx))NI#Pand z € [ imply z € [

(i) strong positive implicative hyper BCK -ideal of H if 0 € I and
((xoy)oz)NI#Pand yoz C I imply zozC 1T

for all z,y,2z € H.

Theorem 3.17. [14]

(i) Ewery strong implicative hyper BCK -ideal of H is a (strong, implicative)
hyper BC K -ideal,

(ii) Ewery reflexive strong implicative hyper BCK-ideal of H is a strong
positive implicative hyper BCK -ideal .

(i) BEwvery strong positive implicative hyper BCK -ideal of H is a (strong
hyper BCK -ideal ) positive implicative hyper BCK -ideal of type 3.
Theorem 3.18.
(i) Ewvery reflexive implicative hyper BC K -ideal of H is a strong implica-
tive hyper BCK -ideal,
(ii) Every reflexive positive implicative hyper BCK -ideal of type 3 is a
strong positive implicative hyper BCK -ideal .
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(iii) Ewvery reflexive implicative hyper BCK -ideal of H is a positive im-
plicative hyper BC K -ideal of type 3.

Proof. (i) Let I be a reflexive implicative hyper BC'K-ideal of H, ((x o (yo
z)oz)NI = ((xoz)o(yox))NI#0and z € I, for x,y,z € H. Then,
there is u € x o (y o ) such that (uoz) NI # () and z € I. Since [ is a
reflexive hyper BC K-ideal of H and so is a strong hyper BC' K-ideal of H,
then w € I. This implies that (z o (yox)) NI # () and so by Lemma 2.5,
xzo(yox) < I and since I is an implicative hyper BC K-ideal, then x € I.
Therefore, I is a strong implicative hyper BC' K-ideal of H.

(ii) Let I be a reflexive positive implicative hyper BC K-ideal of type
3, (xoy)oz)NI # 0 and yoz C I, for z,y,2 € H. Then by Lemma
2.5(iv), (xoy)oz < I and yo z C I. Since I is a positive implicative
hyper BC'K-ideal of type 3, then z oz C I, which implies that I is a strong
positive implicative hyper BC' K-ideal of H.

(iii) The proof follows from (i), Theorem 3.17(ii) and (iii) O

Theorem 3.19. Let H be an implicative hyper BCK -algebra and I be a
non-empty subset of H. Then I is a (weak) hyper BCK -ideal of H if and
only if it is a (weak) implicative hyper BCK -ideal of H.

Proof. By Theorems 3.3 and 3.12, any (weak) implicative hyper BC K-ideal
of H is a (weak) hyper BCK-ideal of H. Conversely, let I be a (weak) hyper
BCK-ideal of H and (xo(yox) C I) xo(yox) < I. Since H is an implicative
hyper BC K-algebra, then (z € zo(yox) CI)xz € xo(yox) < I. Hence,
by Lemma 2.5(i), Theorems 3.3 and 3.12(iii) [ is a (weak) implicative hyper
BCK-ideal of H. O

Corollary 3.20. Let H be an implicative hyper BCK -algebra. Then,
(i) every commutative hyper BCK -ideal of type 3 (type 1) is an implica-
tive (weak implicative) hyper BCK -ideal of H,
(ii) every reflerive commutative hyper BCK -ideal of type 3 is a positive
implicative hyper BC K -ideal of type 3.

Proof. (i) Since every commutative hyper BC' K-ideal of type 3 (type 1) is a
(weak) hyper BC'K-ideal of H, then the proof follows from Theorem 3.19.
(ii) The proof follows from (i), Theorems 3.18(i), 3.17(ii) and (iii). O

Example 3.21. Let (H,o01) be hyper BCK-algebra which is defined in
Example 3.8. Then, I = {0,a,b} is a commutative hyper BCK-ideal of
type 3 but it is not an implicative hyper BC K-ideal of H. Because, ¢ & |
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but forall z € Iandy € H, (coz)o(yoc) C{0,c} < I. Moreover, H is not
an implicative hyper BC'K-algebra because, a ¢ {0} = ao (coa). Thus the
implicative hyper BC K-algebra condition is necessary in Corollary 3.20.

Corollary 3.22. Let H = {0,a,b} be a hyper BCK -algebra of order 3 and
I be a non-empty subset of H. Then,

(1) I 4s an implicative hyper BCK -ideal of H if and only if I is a hyper
BCK-ideal of H,

(i) I is an implicative hyper BCK -ideal of H if and only if I is a positive
implicative hyper BCK -ideal of type 3 of H,

(iii) I is an implicative hyper BCK -ideal of H if and only if it is a com-
mutative hyper BCK -ideal of type 3,

(iv) there are only 16 non-isomorphic hyper BCK -algebra of order 3 such
that each of them has at least one proper (commutative hyper BCK -
ideal of type 3) implicative hyper BCK -ideal.

Proof. (i) (=) The proof follows by Theorem 3.12(i).

(<) By Theorem 3.12(ii) it is enough to show that zo(yox) < I implies
x € I, for all z,y € H. Now, by considering Lemmas 2.5(i) and Lemma 2.6
of [1], the proof is similar to the proof of Theorem 3.5.

(ii) The proof follows by (i) and Theorem 3.10 of [1].

(iii) The proof follows from (i) and Theorem 4.6(i) of [1].

(iv) The proof follows by (i), (iii) and Theorem 3.14 of [2]. O

4. Conclusion

Theorem 3.23.
(i) The following diagram hold for any hyper BCK -algebras:
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(ii) the following diagram hold for any hyper BCK -algebras of order 3:

YNy
RN
TSk

L ——

cl  commutative hyper BCK -ideal of type 1
c3  commutative hyper BC K -ideal of type 3
pij positive implicative hyper BCK -ideal of type j (j =1,...,8)
spi  strong positive implicative hyper BC K -ideal
h  hyper BCK -ideal
s strong hyper BCK -ideal
w  weak hyper BCK -ideal
i implicative hyper BCK -ideal
si  strong implicative hyper BC K -ideal
wi  weak implicative hyper BC K -ideal
Proof. (1) Arrow(s) Reason(s)
1 By Theorem 3.17(i)
2 By Theorems 3.17() and 3.18(¢)
3 By Theorems 3.12(4) and 3.19
4,7,10,12,13,14  Remark befor Theorem 2.4
5 By Theorem 3.10
6 By Theorem 3.3
8,9 By Theorems 3.17(7i7) and 3.18(ii)
11,16,17,...,26  See Ref. [2]
15 See Ref. [1]

(ii) Arrow(s) Reason(s)
6 By Theorem 3.5

10,12,16,20,22,23,24  See Ref. [2]

13,14,27,28  See Ref. [1]
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Open problems

(1) Under what condition(s), a weak implicative hyper BCK -ideal is an
implicative hyper BCK -ideal ?

(ii) By Theorem 3.5, the notions of weak hyper BCK -ideal and weak im-
plicative hyper BC K -ideal are equivalent in any hyper BCK -algebras
of order 3. Is it correct this theorem in any hyper BCK -algebras of
order greater than 3 ¢

References

[1] R. A. Borzooei, M. Bakhshi: Some results on hyper BC K -algebras, Quasi-
groups and Related Systems 11 (2004), 9 — 24.

[2] R. A. Borzooei, M. Bakhshi: On positive implicative hyper BCK -ideals,
Sci. Math. Japonicae (2004), to appear.

[3] R. A. Borzooei, P. Corsini, M. M. Zahedi: Some kinds of positive
implicative hyper K -ideals, Discrete Math. Sci. Cryptography, 6 (2003), 97 —
108.

[4] R. A. Borzooei, M. M. Zahedi, H. Rezaei: Classification of hyper BCK -
algebras of order 3, Italian J. Pure Appl. Math. 12 (2002), 175 — 184.

[5] R. A. Borzooei, M. M. Zahedi: Positive implicative hyper K -ideals, Sci.
Math. Japonicae 53 (2001), 525 — 533.

[6] P. Corsini, V. Leoreanu: Applications of hyperstructures theory, Advanced
in Mathematics, Kluwer Academic Publishers, 2003.

[71 Y. Imai, K. Iséki: On aziom systems of propositional calculi, XIV Proc.
Japan Academy 42 (1966), 19 — 22.

[8] Y. B. Jun, X. L. Xin: Implicative hyper BCK -ideals of hyper BCK-
algebras, Math. Japonicae 52 (2000), 435 — 443.

[9] Y. B. Jun, X. L. Xin: Scalar elements and hyperatoms of hyper BCK-
algebras, Sci. Math. 2 (1999), 303 — 309.

[10] Y. B. Jun, X. L. Xin: Positive implicative hyper BCK -algebras, Sci. Math.
Japonicae 55 (2002), 97 — 106.

[11] Y. B. Jun, X. L. Xin, E. H. Roh, M. M. Zahedi: Strong hyper BCK -
ideals of hyper BCK-algebras, Math. Japonicae 51 (2000), 493 — 498.

[12] Y. B. Jun, M. M. Zahedi, X. L. Xin, R. A. Borzooei: On hyper
BCK -algebras, Italian J. Pure Applied Math. 8 (2000), 127 — 136.

[13] F.Marty: Sur une generalization de la notion de groups, 8th congress Math.
Scandinaves, Stockhholm, (1934), 45 — 49.



28 R. A. Borzooei and M. Bakhshi

[14] E. H. Roh, Q. Zhang, Y. B. Jun: Some results in hyper BCK -algebras,
Sci. Math. Japonicae 55 (2002), 297 — 304.

Department of Mathematics Received November 14, 2003
Sistan and Baluchestan University Revised January 16, 2004
Zahedan

Iran

e-mail: borzooei@hamoon.usb.ac.ir,
mbakhshi@hamoon.usb.ac.ir



Quasigroups and Related Systems 12 (2004), 29 — 38

Necessary and sufficient conditions
for the continuity of a pre-Haar system

at a unit with singleton orbit
Madalina R. Buneci

Abstract

For developing an algebraic theory of functions on a locally compact groupoid, one
needs an analogue of Haar measure on locally compact groups. This analogue is a system
of measures, called Haar system, subject to suitable invariance and smoothness conditions
called respectively ”left invariance” and ”continuity”. Unlike the case of locally compact
group, Haar system on groupoid need not exists. In this paper we shall consider a locally
compact groupoid G, and we shall denote by G the set of units with singleton orbit
and by G, the reduction G’|Ggo) of G to G’(SO). We shall prove that if G admits Haar
systems, then the restriction of the range map at G is an open map from G to G,
Conversely, we shall prove that if this map is open at every x € G, then the continuity

condition of a Haar system holds at every unit with singleton orbit.

1. Introduction

In order to establish notation for this paper we shall include some definitions
that can be found in several places (e.g. [4], [5], [6], [7])-

Definition 1. A groupoid is a set G endowed with a product map
(z,9) > ay [: G - ¢

where G@ is a subset of G x G called the set of composable pairs, and an
mverse map
t—z ' G- G

2000 Mathematics Subject Classification: 22A22, 28C99, 43A05
Keywords: locally compact groupoid, Haar system, orbit.
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such that the following conditions hold:

(1) If (z,y) € G® and (y,2) € GP), then (zy,2) € G?, (z,y2) € G? and
(zy) 2 =z (yz),

(2) (:1:_1)_1 =z for all z € G,

(3) (z,z71) € G and if (z,2) € G, then (zx)z~! = 2, for each z € G,

(4) (z71,2) € G®) . and if (z,y) € G®, then = (zy) =y, for each z € G.

The maps 7 and d on G, defined by the formulae r () = xz~! and

d(r) = x7 'z, are called the range and the source maps. It follows eas-
ily from the definition that they have a common image called the wunit
space of G, which is denoted G(©). Tts elements are units in the sense that
zd(x) = r(xz)x = x. Units will usually be denoted by letters as u, v, w
while arbitrary elements will be denoted by z, y, z. It is useful to note
that a pair (z,y) lies in G® precisely when d(z) = r(y), and that the
cancellation laws hold (e.g. zy = xz iff y = z). The fibres of the range
and the source maps are denoted G* = r~!({u}) and G, = d~! ({v}),
respectively. More generally, given the subsets A, B C GO, we define
GA =r71(A), Ggp = d"1(B) and G4 = "1 (A)Nd~(B). The reduc-
tion of G to A ¢ G is G|A = G4. The relation u ~ v iff G* # 0
is an equivalence relation on G(9. Its equivalence classes are called or-
bits and the orbit of a unit u is denoted [u]. The quotient space for this
equivalence relation is called the orbit space of G and denoted G /G. A
groupoid is called transitive iff it has a single orbit, or equivalently if the map
(r,d) : G — GO x GO (r,d) (x) = (r(z),d(z)) is surjective. A groupoid
is said principal if the map (r,d) : G — GO x GO (r,d) (z) = (r (z),d (z))
is injective.

Examples structures which fit naturally into the study of groupoids:

1. Groups: A group G is a groupoid with G® = G x G and G©) = {e}
(the unit element).

2. Spaces. A space X is a groupoid letting X® = {(z,2) € G x G} =

diag(X), zr =z, and 27! = 2.

3. Equivalence relations. Let R C X X X be an equivalence relation
on the set X. Let R® = {((x1,11), (¥2,92)) € Rx R:y, = x3}. With
product (z,y) (y,2) = (z,2) and (z,y) " = (y,z), Ris a principal groupoid.
RO may be identified with X. Two extreme cases deserve to be single
out. If R = X x X, then R is called the {rivial groupoid on X, while if
R = diag (X)), then R is called the co-trivial groupoid on X (and may be
identified with the groupoid in Example 2).
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4. Transformation groups. Let I' be a group acting on a set X such that
for x € X and g € I', g denotes the transform of x by g. Let G = X x I,
G? = {((z,9),(y,h)) : y = xg}. With the product (z,g) (zg,h) = (z, gh)
and the inverse (z,9)”" = (2g,9™') G becomes a groupoid. The unit space
of G may be identified with X.

Definition 2. A fopological groupoid consists of a groupoid G and a topol-
ogy compatible with the groupoid structure:
(1) * — 27! [ G — G] is continuous.
2) (z,9) [: G®? — G] is continuous where G® has the induced topo-
logy from G x G.

If G is a topological groupoid, then r and d are identification maps, and
z — 2z~ ! is a homeomorphism. If G is Hausdorff, G(© is closed, and if
GO is Hausdorff, G®? is closed in G x G.

We are exclusively concerned with topological groupoids which are lo-
cally compact and Hausdorff. It was shown in [6] that measured groupoids
(in the sense of Definition 2.3. from [4]) may be assume to have locally
compact topologies, with no loss in generality.

There are several generalizations of the classical Haar measure associ-
ated with a locally compact topological group to the setting of a locally
compact topological groupoid (see [14], [9], [10], [11], [4], [7T]). Now in gen-
eral use is the definition adopted by Jean Renault in [7]:

Definition 3. A Haar system on a locally compact groupoid G is a fam-
ily of positive Radon measures on G, {1/“, u € G(O)}, having the following
properties:

1) Forallu e GO, supp(r*) = G*.

2) Forall f e C.(G)

u— /f (x)dv*" (x) {: a0 - C}

1S continuous.

3) Forall fe(C.(G)and all x € G,
[twarw = [ 1@pa

The system of measures {V“, u € G(O)} will be called Borel Haar system if
it has the properties 1), 3) and
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2') For all f >0 Borel on G,

u— /f (x)dv" (x) [: a0 - f_{]

is a real-extended Borel map, where the Borel sets of a topological spaces
G and GO are taken to be the o-algebra generated by the open sets.

Unlike the case of locally compact group, Haar system on groupoid need
not exists. The continuity assumption 2) has topological consequences for
G. Tt entails that the range map 7 : G — G, and hence the domain map
d: G — G is an open (Proposition 1.4 [13]). So "the range map is an open
map” is a necessary condition for the existence of Haar systems. A. K. Seda
has established sufficient conditions for the existence of Haar systems. He
has proved that if for all w € G the map 7y : G, — GO, r, (z) =r(z)
is open, then the continuity assumption 2) follows from the left invariance
assumption 3) (Theorem 2, p.430 [10]). Thus he has proved that locally
transitive groupoids admit Haar system. At the opposite case of totally
intransitive groupoids, Renault has established necessary and sufficient con-
ditions. More precisely, Renault has proved that a locally compact group
bundle (a groupoid with the property that r (z) = d (x) for all z) admits a
Haar system if and only if r is open (Lemma 1.3, p.6 [8]).

In this paper we shall study the continuity of a pre-Haar system at the
units u with singleton orbits (this means [u] = {u}). We shall establish
necessary and sufficient conditions. When all units of the groupoid are with
singleton orbits we shall re-obtain the result of Renault Lemma 1.3, p.6 [8].

2. The existence of a pre-Haar system

Definition 4. A (left) pre-Haar system on G is a family of (positive) Radon
measures on G, {v", u € G(O)},With the following properties:
1) v* concentrated on G* for all u € G();
2) [f(y)dv"@ (y) = [ f(2y)dv¥@ (y) forallz € G and f € C.(G)
3) sup{r* (K),ue GO} < 0o for each compact set K C G.

Definition 5. The pre-Haar system {v%, u € G} is said continuous at
ug if for all f € C.(G), the map

u— /f (z) dv* () [: GO - C}

1s continuous is continuous at ug.
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The pre-Haar system is said continuous if it is continuous at every unit
(or equivalently if it is a Haar system).

In [2] we have shown that the continuity of a pre-Haar system is equiv-
alent with the continuity of a family of homomorphisms associated to the
pre-Haar system.

Notation 6. Let {v*, u € G} be a pre-Haar system on the locally
compact groupoid G. For each f € C.(G) let us denote by Fy : G — C
the map defined by

Fr@) = [ a o)~ [f@ar@ ) @aeo
For each f, F is a homomorphism of groupoids:
Fy (xy) = Fy (x) — Fy (y) for all (z,y) € G?.

{Ff}feCC(G) will be called the family of homomorphisms associated with
the pre-Haar system.

We state Lemma 4.2 p.40 [2]:

Lemma 7. Let G be a locally compact groupoid whose unit space G s
paracompact, let {1/“, u € G(O)} be a pre-Haar system on G and let {Ff}f
the family of associated homomorphisms. Then for each f € C.(G) and
each € > 0 there is Wy, a conditionally compact neighborhood of G0, such
that:

|F¢ (x)| < e for all x € W,

We shall show how to construct a pre-Haar system. Let G be a lo-
cally compact second countable groupoid. In Section 1 of 8] Jean Renault
constructs a Borel Haar system for G'. One way to do this is to choose
a function Fy continuous with conditionally support which is nonnegative
and equal to 1 at each v € G(9). Then for each u € G choose a left Haar
measure [ on Gy so the integral of Fyy with respect to [y is 1.

Renault defines 8 = 267 if x € GY (where 26 (f) = [ f (zy) dBY (y)
as usual). If z is another element in G%, then 7'z € GY, and since 3Y is
a left Haar measure on Gy, it follows that (3, is independent of the choice
of z. If K is a compact subset of G, then sup 8% (K) < oc.

u,v
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For constructing a pre-Haar system it is enough to choose a family of
probability measure on G(©) indexed on the orbit space { pt, e GO /G }
such that supp (1) = [u]. We define

/ fy)dv' (y) = / fy)dBy (y) du™ (y)

for all continuous function f on G with compact support.
It is not hard to see that {v*, u € G} is a pre-Haar system. Applying
a result of Federer and Morse [3], it follows that the map

(r,d): G — (r,d) (G)

has Borel section o. If we define h (z) = Fy (o (r(z),d(z))™" x), then we
obtain a Borel function with the property that

/h (x) v (y) = 1 for all .

Another construction of pre-Haar system can be found in [1].

3. The continuity of a pre-Haar system

Lemma 8. Let G be a locally compact groupoid with the range map r open.
Then the set of units with singleton orbit is a closed subset of the unit space.

Proof. Let (u;); be net of units with singleton orbits. Let us assume that
(u;); converges to u and let x in G with 7 () = u. We shall prove that
r(z) = d(z), and it will follows that [u] = {u}. Since r is an open map,
eventually passing to a subnet, we may assume that there is a net (z;),; in
G that converges to z, such that r (x;) = u;. Since each u; is with singleton
orbit, d (x;) = r (z;) = u;. Hence

d(xz) =limd (z;) = limu; = u.

Thus the set of units with singleton orbit is a closed subset of the unit
space. O

Notation 9. Let G be a locally compact groupoid with the range map r

§°) the set of units with singleton orbit. According

to the preceding lemma G&O) is a closed subset of the unit space. Let
us denote by G the reduction G\G(o) of G to Ggo). Then Gy is a closed

subgroupoid of G.

open. Let us denote by G
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Lemma 10. Let G be a locally compact groupoid that admits a Haar system.
Then

Ts :Gs_)GgO)a T's (l’) :’I“(ZC)
1S an open map.

Proof. Let {v*, uw € G} be a Haar system on G. Let zg € Gy and let U
be a nonempty compact neighborhood of zg in Gs. Choose a nonnegative
continuous function, f on G5 , with f(z¢) > 0 and supp (f) C U. Let V be
an open neighborhood of G,. Let f be a continuous function extending f
to G with supp (f) C V. Let W the set of units u with the property that
v*(f) > 0. Then W is an open neighborhood of uy = r(z¢) contained in
r(U)Ur(V —Gg) . Since W N G o U)n GS’), it follows that r (U) is
a neighborhood of ug in GS’). O

Definition 11. Let uw be a unit with singleton orbit. We shall say that the
restriction of r to G is open at x € G, if it sends every open neighborhood
of  to a open neighborhood of u in G(©).

Lemma 12. Let u be a unit with singleton orbit. If the restriction of r to
Gs is open at x € G, then G,W is a neighborhood of = in G, for each
neighborhood W of GO,

Proof. Let x be an element of G.. Let V be an open neighborhood of G©)
contained in W. Let us prove that GsW contains z in its interior. Let (x;),
be a net converging to x . Since r sends every open neighborhood of z, to
an open neighborhood of u, eventually passing to a subnet we may assume
that there is a net (z;), in G that converges to x, such that 7 (z;) = r (z;).
The net (zi_la:i)i converges to d (x), so for i large enough zl-_la:i belongs to
W. Consequently, z; = z;t; with z; € G’ and t; = zi_lxi in W. Hence G,W
is a neighborhood of x. 0

Theorem 13. Let G be a locally compact groupoid whose unit space G\©)
is paracompact and whose range map r is open. Let {v*, u € G(O)} be
pre-Haar system. Let u be a unit with singleton orbit [u]. Assume that if
W is an open neighborhood of GO, then each © € Gy is in the interior of
GW.

If there exists a function h : G — [0,
transitivity component G|, with v* (
pre-Haar system is continuous at u.

1], universally measurable on each
) =1 for all w € GO then the
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Proof. To prove the continuity of the pre-Haar system at v we shall use
the same argument as in Lemma 1.3 p.6 [8]. Let B be the linear space of
the bounded sequences of real numbers. Let s — Lim (s)[: B — R] be a
linear map with the following properties:

1) If s = (s;); and s; > 0, then Lim (s) > 0;

9) Lim (1,1,...,1..) = 1;

3) Lim (s1, s2, 83, ...) = Lim (s1, s1, S2, $2, 83, $3...);

4) If s,t € B and lim,, (s, — t,,) = 0, then Lim (s) = Lim (t);

It is not hard to show that lim,, s,, = a implies that Lim (s1, s2,...) = a.
Also if Lim (s') = a for every subsequence s’ of s, then lim, s, = a.

Let {Ff}fec be the family of homomorphisms associated with the
pre-Haar system.

Let (u;); a sequence converging to u. For each continuous function with
compact support, f: G — R, we set

uh) = zim (i [ 5 av )

W is a positive linear functional on the space of continuous functions
with compact support. We claim that u (f) depends only on the restriction
on f on Gj. Suppose that f and g coincide on GY.. We denote by K the
compact set

(supp (f) U supp (g)) N r! {uwi,i=1,2,..} U{u})

Then we have

‘ [1war )~ [owan \ [15w) -swlar ) <

< sup [f (y) —g(y)|v" (K)
yeG™i

One observes that sup,egu; | f () — g (y)| v (K) converges to 0. There-
fore pu(f) = 1 (g). Next we show that p is left invariant on G¥, and con-
sequently, a Haar measure on Gi.Let z € Gi.. Because r : G — G© is an
open map there exists a sequence (z;),; converging to x such that r (z;) = ;.

Let f,¢9: G — R two continuous function with compact support such
that g (y) = f (z7'y) for all y € G“.

Then we have
‘/f(y) dv* (y) — /g(y) dv* (y)‘ =
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< ‘/fdl/r(l‘i) — /fdl/d($i) + ’/f (y) dpd(i) (y) — /g (25y) dyi@i) (¥)

<y (z)| + sup |f (y) — g (wiy)| ") (K1),
yeGd(z'L)

where K7 is the compact set

(supp (f) U{z, 25,0 = 1,2, .} supp (9) Nt ({d (1) i = 1,2,..} U {u}).
The sequence i +— SUD (=) If (y) — g (ziy)| v¥=) (K1) converges to 0.
Let € > 0 and let W be a neighborhood of G(©) such that

IFy ()] < g for all y € W

Since GsW is a neighborhood of x, and (x;); converges to x, we may assume
that x; belongs to GsW for large 7. Thus there is z; € G5 and y; € W such
that x; = z;y; Consequently, we have

By (@0)| = |Fy (29| = |Fy (1) + Fr (i)l = |Fy ()| < 5.

and this imply

' [rwarw - [gwan <y>' <o for large

Therefore (f) = p(g) and hence p and v* are Haar measures on Gi and
p(h) =1=v"(h). From uniqueness of Haar measure on G}, it follows that
p = v*. This means that i — [ f(y)dv™ (y) converges to [ f (y)dv" (y)
for every continuous function with compact support f. O

Theorem 14. Let G be a locally compact groupoid with paracompact unit
space and open range map. If G admits a Haar system then

rs: G — Ggo)u T's (aj) =r (CC)

is an open map. And conversely, if the restriction of r to Gs is open at any
x € Gg, then there is a pre-Haar system on G that is continuous at any unit

m Ggo).
Proof. Tt follows from Theorem 13 and Lemma 10. O

Remark 15. If G is a locally compact group bundle, then from the preced-
ing theorem we obtain the result of J. Renault about the existence of Haar
systems Lemma 1.3 p.6 [8].
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The structure of extra loops

Michael K. Kinyon and Kenneth Kunen

Abstract

The Sylow theorems hold for finite extra loops, as does P. Hall’s theorem for finite
solvable extra loops. Every finite nonassociative extra loop @ has a nontrivial center,
Z(Q). Furthermore, Q/Z(Q) is a group whenever |Q| < 512. Loop extensions are used to
construct an infinite nonassociative extra loop with a trivial center and a nonassociative
extra loop @ of order 512 such that Q/Z(Q) is nonassociative. There are exactly 16

nonassociative extra loops of order 16p for each odd prime p.

1. Introduction

Definition 1.1. A loop Q is an eztra loop iff Q) is both conjugacy closed
(a CC-loop) and a Moufang loop.

Lemma 1.2. A loop @ is an extra loop iff @ satisfies one (equivalently all)
of the following equations:

1. (z-yz) - y=2xy - 2zy.

2 yz-yr=y-(2y - x).

3. (xy-z)-z=x-(y-2x).

Extra loops were first introduced via these equations by Fenyves [11,
12], who proved the equivalence of (1)(2)(3). Goodaire and Robinson [18]
showed that Definition 1.1 is equivalent, and this definition is often more
useful in practice, since one may combine results in the literature on CC-
loops and on Moufang loops to prove theorems about extra loops.

Moufang loops are discussed in standard texts [3, 4, 24| on loop the-
ory. In particular, these loops are diassociative by Moufang’s Theorem.

2000 Mathematics Subject Classification:20N05
Keywords:extra loop, Moufang loop, conjugacy closed loop
The second author was partially supported by NSF Grant DMS-0097881
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CC-loops were introduced by Goodaire and Robinson [17, 18], and inde-
pendently (with different terminology) by Cotiknc [26]. Further discussion
can be found in [9, 10, 20, 21].

If @ is an extra loop and N = N(Q) is the nucleus of @, then N is
a normal subloop of @ and /N is a boolean group (see Fenyves [12]).
Besides leading to the result of Chein and Robinson that extra loops are
exactly those Moufang loops with squares in the nucleus [8], Fenyves’s result
suggests that one might provide a detailed structure theory for finite extra
loops. A start on such a theory was made in [20], where it was shown that
if @ is a finite nonassociative extra loop, then |N| is even and |@Q : N| > 8,
so that 16 | |Q|. The five nonassociative Moufang loops of order 16 are
all extra loops (see Chein [5], p. 49). Among these five is the Cayley loop
(1845), which is the oldest known example of a nonassociative loop.

The Cayley loop is usually described by starting with the octonion ring
(R®), and restricting the multiplication to {4e; : 0 < i < 7}, where the
e; are the standard basis vectors. Restricting to R®*\{0} or to S7 does
not yield an extra loop (it is Moufang, but not CC). In fact, by Nagy
and Strambach ([23], Corollary 2.5, p. 1043), there are no nonassociative
connected smooth extra loops. There are also no nonassociative connected
compact extra loops, since Q/N is boolean, and hence totally disconnected.

The main results of this paper are listed in the abstract. After we
review basic facts about extra loops in §, we characterize the nuclei of
nonassociative extra loops in §. The Sylow theorems are proved in §, and
P. Hall’s theorem is proved in §. The center is discussed in §. In §, we
consider loop extensions and describe the two examples mentioned in the
abstract. In § we analyze the nonassociative extra loops of order 16p, for p
an odd prime, and show that the number of such loops is independent of p;
it follows that this number is 16, since by [16], there are 16 such loops of
order 48.

2. Basic facts

We collect some facts from the literature. In particular, we point out that
an extra loop yields four boolean groups which help elucidate the loop
structure. One is the quotient by the nucleus:

Lemma 2.1. Let @ be an extra loop with nucleus N = N(Q).
1. For each x € Q, 2> € N.

2. Q/N is a boolean group.



The structure of extra loops 41

3. Every finite subloop of @ of odd order is contained in N.

4. Every element of ) of finite odd order is contained in N.

The lemma, particularly (1), is due to Fenyves [12]. Considered as a
Moufang or CC-loop, an extra loop has a normal nucleus, so (2) follows
from (1) and the fact that a Moufang or CC-loop of exponent 2 is a boolean
group. (3) follows from (2) (since @ — /N maps the subloop to {1}), and
(4) follows from (3).

Corollary 2.2. Every finite extra loop has the Lagrange property; that is,
the order of every subloop divides the order of the loop.

This follows from the fact that Q/N is a group, so that both Q/N and N
have the Lagrange property; see Bruck [4], §V.2, Lemma 2.1. This corollary
holds for all CC-loops @, because Basarab [2| has shown that Q/N is an
abelian group; see also [20] for an exposition of Basarab’s proof, and see [9]
for related results.

Another boolean group is generated by the associators:

Definition 2.3. For z,y,z in a loop @, define the associator (z,y,z) € Q
by (x-yz)(x,y,z) = zy - z. Let A(Q) be the subloop of Q) generated by all
the associators.

In an extra loop @, A(Q) < N(Q), since Q/N(Q) is a group. Further-
more, by §5 of [20], we have:

Lemma 2.4. In any extra loop Q:

1. (x,y, z) is invariant under all permutations of the set {z,y, z}.

z)
2. (z,y,2) = (ux,vy,wz) for all z,y,z € Q and u,v,w € N(Q).
z) =

3. (z,y,2) = (@71, y,2).

4. (x,y,z) commutes with each of z,y, z

5. A(Q) < Z(N(Q)) and A(Q) is a boolean group.

Note that Lemma 2.4 shows that the associator (z,y, z) determines a
totally symmetric mapping from (Q/N)? into A(Q).

If |Q| < 512, then Theorem 6.6 will show that A(Q) < Z(Q) (equiva-
lently, Q/Z(Q) is a group); this fails for some Q of order 512; see Example
. For any finite nonassociative extra loop, |Z(Q) N A(Q)| = 2 (see Theorem
6.1).

The properties we have listed for associators actually characterize extra
loops:
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Lemma 2.5. Suppose that @ is a loop with the following properties:

1. Q is flexible, that is, (z,y,z) =1 for all z,y € Q.

2. Every associator is in the nucleus.

3. The square of every associator is 1.

4. (x,y,z) is invariant under all permutations of {x,y,z}.

5. (x,y, z) commutes with each of z,y, 2.

Then @ is an extra loop.
Proof. a-ly-za] = -yz-a-(y, 2,2) = [ay-2] (0., 2)(y, z,2) = [ay-2]-2. O

The third boolean group is the right inner mapping group, which turns
out in this case to coincide with the left inner mapping group (see 2.7(5)
below). We use the following notation.

Definition 2.6. For any loop @, the left translations L, and right transla-
tions R, are defined by: xy = xR, = yL,. The right and left multiplication
groups are, respectively

RMIt = RMIt(Q) = (R, : y € Q) and LMIlt = LMIt(Q) = (L, : = € Q).

For S C @, set R(S) := {R; : € S}. The right and left inner mapping
groups are, respectively,

RMIt; = RMIt;(Q) = {g € RMlt : 1g = 1} and
LMIt; = LMIt;(Q) = {g € LMt : 1g = 1}.

Also for z,y € @, define
R(z,y) := RnyR;yl and L(z,y) := LILyL;xl.

It is easily seen that R(x,y) € RMIt; and that RMIlt; is the group
generated by {R(x,y) : z,y € Q}; likewise for the L(z,y) and LMIt;.

Lemma 2.7. For any extra loop Q:
1. All permutations in RMIlt; and LMIt; are automorphisms of Q).
2. R(z,y)R(u,v) = R(u,v)R(z,y).



The structure of extra loops 43

3. L(z,y) = R(z,y) = L(y,z) = R(y, z)
4. R(z,y)? = I.

5. RMIt; = LMlt; is a boolean group.
6. zR(z,y) = 2(z,y, 2).

(1) is due to Goodaire and Robinson [17]|, and (2),(3) are from [20];
these are true for all CC-loops. (4) is also from [20], and (5) is immediate
from (2),(3),(4). Also, [20] shows that zL(y,z) = z(,y,2)~! holds in all
CC-loops, so (6) follows, using (3) and Lemma 2.4.

Besides the left and right inner mappings, we have the middle inner
mappings T, = R,L,'. In any CC-loop, the group generated by the middle
inner mappings coincides with the group generated by all inner mappings

[9]-

Lemma 2.8. In any extra loop @ with N = N(Q) and A = A(Q):
1. T, € Aut(Q) iff a € N(Q).
2. For each z € Q, 7 (z) := T[N € Aut(N).
3. 7:Q — Aut(N) is a homomorphism.
4. Each T, maps A onto A, so that A < @ and Q/A is a group.
5. Each (T})? is the identity on A.

(1) is from [9], and holds for all CC-loops. (2) is due to Goodaire
and Robinson [17], and (3) is from [21]. Both are true for all CC-loops.
(A)T, = A is due to Fook [13], and is true for all Moufang loops; see also
Lemma 6.2 below. Note that by the remark preceding the lemma, to prove
that A is normal, it is sufficient to show that (A)T, = A. (5) follows from
(3) and (4), since 22 € N, so T, is the identity on A by Lemma 2.4.

Our last boolean group is related to two of the others. In an extra loop

Q with A = A(Q), set
A*:={g € RMlt : zg € Az, Yz € Q}

Note that this subgroup of RMIt is the kernel of the natural homomorphism
RMIt(Q) — RMIt(Q/A); g — (Ax — Azg), and so A* < RMIt(Q).

Lemma 2.9. Let @ be an extra loop. Then A* = RMIt;(Q)-R(A), a direct
product. Hence A* is a boolean group.
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Proof. Obviously R(A) < A*, and conversely, if R, € A*, then a € A.
By Lemma 2.7(6), RMlt; < A*. If g € A*, write g = hR, for h € RMlt;,
a = 1g. Since h € A*, R, € A*, and so A* = RMlt;-R(A). Since A < N(Q)
and RMIt; < Aut(Q), the product RMIt; - R(A) is direct. Since A < N(Q),
R(A) is a boolean group (an isomorphic copy of A), and so A* is a boolean
group by Lemma 2.7(5). O

3. The nucleus

We describe which groups can be nuclei of nonassociative extra loops.
Proposition 3.1. For a group G, the following are equivalent:

1. Z(G) contains an element of order 2.

2. There is a nonassociative extra loop @ with G = N(Q).

3. There is an extra loop @ with G = N(Q), |Q : G| =8, and Z(Q) =
Z(@Q).

Proof. (2) — (1) is by Lemma 2.4. Now, assume (1) and we shall prove (3).
Fix —1 € Z(G) of order 2, and let C' = {£1,+e; - - - £e7} be the 16-element
Cayley loop. In the extra loop G x C, let M = {(1,1),(—1,—1)}. Note
that M is a normal subloop. Let Q@ = (G x C)/M. O

4. Sylow Theorems

We begin by remarking that for extra loops, two possible definitions of
“p-loop” are equivalent. For Moufang loops, the following result is due to
Glauberman and Wright [14, 15]. It also holds for power-associative CC-
loops, as follows easily from ([20], Coro. 3.2, 3.4).

Lemma 4.1. If @ is a finite extra loop and p is a prime, then the following
are equivalent:

1. |Q| is a power of p.
2. The order of every element of Q) is a power of p.

Definition 4.2. Let 7 be a set of primes. A finite loop Q is a w-loop if the
set of prime factors of |Q| is a subset of 7. If |@| has prime factorization
|Q| = Lpp', then a Hall m-subloop of @ is a subloop of order Il,c p'. If
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7 = {p}, than a Hall m-subloop is called a Sylow p-subloop. Let Syl,(Q)
denote the set of all Sylow p-subloops of @, and let Hall(Q) denote the set
of all Hall w-subloops of Q.

Of course, in general, Sylow p-subloops and Hall m-subloops need not
exist. But for extra loops, Sylow p-subloops do exist and satisfy the familiar
Sylow Theorems for groups (Theorem 4.5 below). In §, we will show that
Hall m-subloops exist for solvable extra loops and satisfy P. Hall’s Theorem
for groups (Theorem 5.3). As a preliminary to both theorems:

Lemma 4.3. Let 7 be a set of primes with 2 € 7, and let @ be a finite
extra loop with A = A(Q).

1. If P is a Hall m-subloop of @, then A < P.
2. If G is a Hall w-subgroup of RMIt(Q), then A* < G.

Proof. Since A < @ and is a boolean group, AP is a subloop of @ of order
|A||P]/|AN P|, and so AP is a m-subloop of (). By the Lagrange property
(Corollary 2.2), Hall m-subloops are maximal m-subloops, and so AP = P,
establishing (1). The proof for (2) is similar. O

Next we need a minor refinement of the Sylow Theorems for groups. For
a finite group G, let OP(G) denote the subgroup generated by all elements
of order prime to p (|1], p.- 5). Note that OP(G) < G.

Lemma 4.4. Assume that G is a finite group, p is prime, and P,Q €
Syl,(G). Then @ = 2~ ' Pz for some x € OP(G).

Proof. If |G| = p™j, where p 1 j, then |OP(G)| = pj, where 0 < ¢ < m.
Also [P N OP(G)| = p*, since PN OP(G) € SyL,(OP(G)) ([1], (6.4)). Thus
|P-OP(G)| = |PllOP(G)|/|PNOP(G)| = p™j = |G], and so G = P - OP(G).
Finally, by the usual Sylow Theorem, let Q = y~! Py, where y = uz, with
u € P and z € OP(G). But then Q = 271 Px. O

m

Theorem 4.5. Suppose that @ is a finite extra loop and |N(Q)| = p
where p is prime and p{r. Then

T,

L. |Syl,(Q)| = 1+ kp, where 1+ kp | 7.
2. If S is a p-subloop of @, then there exists P € Syl,(Q) containing S.

3. If P1, Py € Syl,,(Q), then there exists z € N(Q) such that P,T, = P,
so that P; and P» are isomorphic.



46 M. K. Kinyon and K. Kunen

Proof. For p > 2: By Lemma 2.1(3), every p-subloop is contained in N, so
the Sylow Theorems for groups can be applied to N.

For p = 2: The natural homomorphism [-] : Q — Q/A;x — [z] yields a
map [-] : P +— P/A from the set of 2-subloops P of ) with A < P to the
set of 2-subgroups of Q/A. If P/A € Syly(Q/A), then P € Syly(Q), and
so by Lemma 4.3, [-] yields a 1 — 1 correspondence between Syly(Q) and
Syly(Q/A). One can now apply the Sylow Theorems to the group Q/A. To
get x € N(Q) in (3), we apply Lemma 4.4 to Q/A to get P\T, = P, where
[z] € O?(Q/A). Now = = =1 ---x, where the order of each [z;], say t;, is
odd. Then z; = a;z;, where a; = xfl € Aand z; = x%fti € N since 1 — ¢;
is even. Thus each z; € N, and so z € N. Finally, that P, and P» are
isomorphic follows from Lemma 2.8(1). O

Next we relate the Sylow p-subloops of an extra loop @ to the Sylow
p-subgroups of the right multiplication group RMIt(Q).

Theorem 4.6. Let @) be an extra loop with RMIt = RMIt(Q).
1. If g € RMIt has odd order, then g = R, for some a € N(Q).

2. O%(RMlt) < R(N(Q)).

3. Each subgroup of RMIt of odd order is isomorphic to a subgroup of
N(Q).

4. S+ R(S)is al—1 correspondence between the subloops of @) of odd
order and the subgroups of RMIt of odd order.

Proof. For ¢ € RMIt, write (uniquely) ¢ = hR,, where a = 1lg and
h € RMIt;. Note that hR,h = Rgy because h € Aut(Q) and h? = T
(Lemma 2.7(1)(5)). From this plus induction, g?* = (R, R.)* and g?**1 =
hRy(RanRy)* for k > 0. Now, the Moufang identity R.RyR, = Ry,
plus induction yields R, (R,R.)F = Ry(ypys- Thus, ¢***t = hR,, where
u=a-(ah-a)*. If g% =T then h=1and 1 = u = a?**! s0 a € N(Q)
by Lemma 2.1(4). This establishes (1), and the rest follows from (1) and
Lemma 2.1(3). O

Theorem 4.7. Let @ be an extra loop. Then P +— RMIt; - R(P) is a
1 — 1 correspondence between the 2-subloops of @ containing A and the
2-subgroups of RMIt(Q) containing A*.

Note that in the theorem, RMIt; - R(P) is not a direct product of sub-
groups, but is rather a factorization of a group into a subgroup and a subset.
The multiplication in this group is given by hR, - kRy = hkR(ak,b) Ra.p-
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Proof. If A < P < @, then certainly A* < RMlt; - R(P) by Lemma 2.9.
Conversely, suppose G is a 2-subgroup of RMIt with A* < G, and set
P = 1G, the orbit of G through 1 € Q. Each g € G can be uniquely written
as g = hR, for some h € RMIt;, a = 1g € P, and since RMIt; < G, we have
G = RMlty - R(P). |P] is a power of 2, so what remains is to show that P is
a subloop. For a,b € P, RyRy = R(a,b)Ryp, and so ab € P as R(a,b) < G.
Similarly, a € P implies a~! € P, which completes the proof. O

Corollary 4.8. Let @ be a finite extra loop, and let p be a prime. Then
Syl,(Q) is in a 1 — 1 correspondence with Syl,(RMIt(Q)).

Proof. If p > 2, then Theorem 4.6 yields that P — R(P) is a 1 — 1 corre-
spondence between Syl,(Q) and Syl,,(RMIt).

If p =2, then Theorem 4.7 and Lemma 4.3(2) yield that P — RMlIt; -
R(P) is a 1 —1 correspondence between Syl,(Q) and Syl,,(RMIt). O

5. Solvability and Hall m-subloops

Recall that a loop @ is solvable if there exists a normal series

1=Q2Q:1 4 2Qn=Q
of subloops @; such that each factor Q;+1/Q; is an abelian group.

Theorem 5.1. An extra loop @ is solvable if and only if N = N(Q) is
solvable.

Proof. Since solvability is inherited by subloops, the solvability of Q) implies
the solvability of N. Conversely, if 1 = Ng < --- < N, = N is a normal
series for N, then 1 = Ny < --- < N,,, < @ is a normal series for @), since
Q/N is an abelian group. O

By Proposition 3.1 and the fact that the nucleus of a nonassociative
extra loop has index at least 8, the smallest nonsolvable nonassociative
extra loop has order 960.

Corollary 5.2. Let Q be an extra loop of order p®q®, where p, ¢ are primes.
Then @ is solvable.

Proof. Since |[N(Q)| = p°q?, the result follows from Burnside’s p®¢’-Theorem
for groups (|1], (35.13)) and Theorem 5.1. O
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This theorem and its corollary actually hold for CC-loops @ because
Q/N is an abelian group by Basarab [2]| (or see [9, 20|). However, the
Sylow theorems and P. Hall’s Theorem (cf. [1], (18.5)) can fail in CC-loops,
since the 6-element nonassociative CC-loop does not have a subloop of order
2. P. Hall’'s Theorem for extra loops is:

Theorem 5.3. Let @Q be a finite solvable extra loop and 7 a set of primes.
Then

1. @ has a Hall m-subloop.
2. If P, P, € Hall (@), then there exists = € @ such that P,T, = P;.

3. Any m-subloop of @ is contained in some Hall m-subloop of Q.
The proof is similar to that of the Sylow Theorem 4.5.

Proof. For 2 & m: If S is any m-subloop of @, then the natural homomor-
phism @ — @Q/N takes S onto a m-subloop of a boolean group, so that
S<N.

The result then follows from P. Hall’s Theorem applied to the solvable
group N (Theorem 5.1).

For 2 € m: The natural homomorphism [-] : @ — Q/A yields a map
[[] : P — P/A from the set of m-subloops P of @ with A < P to the set
of m-subgroups of Q/A. If P/A € Hall;(Q/A), then P € Hall;(Q), and so
by Lemma 4.3, [-] restricts to a 1 — 1 correspondence between Hall;(Q) and
Hall;(Q/A). Now apply P. Hall’s Theorem to the solvable group Q/A. O

6. The center
Theorem 6.1. If @) is a nonassociative extra loop and A(Q) is finite, then
1Z(Q) N A(Q)] > 1.

Proof. Applying Lemma 2.8, define 7’ : Q — Aut(A) by 7'(z) = T,[A. By
Lemma 2.4, 7'(z) = I for x € N. Thus, via 7', the boolean group Q/N
acts on the boolean group A. Since |A] is even and the size of each orbit is
a power of 2, there must be some a € A\{1} which is fixed by this action.
Then a € Z(Q). O

This can fail when A(Q) is infinite; see Example .

Lemma 6.2. In an extra loop,

(xay7 Zt) = («’L’,y,tZ) = <x7y72> ' (x7y7t>TZ = (x,y,z)Tf ' (Z’,y,t)
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Proof. Applying Lemma 2.7, we have zR(z,y) = z(z,y,2), tR(z,y) =
t(.’E,yﬂf), and ZR(SC,y) : tR(ﬂ§‘7y) = (Zt)R(.’E,y) =zt- (Q?,y,Zt), S0

Z(l‘, Y, Z) : t(l‘,y,t) =2zt (.Z‘,y, Zt) .
Since associators are in the nucleus, we get (x,y, 2)T; - (z,y,t) = (x,y, zt).

Also, (z,y,tz) = (x,y, 2t) by Lemma 2.4, since @Q/N is abelian> Therefore
tz € Nzt. O

Since (x,y,t)T, = (z,y,2) - (z,y, 2t), we have, in the case of extra loops,
another proof of Fook’s result (Lemma 2.8.3) that (A)T, = A. Lemma 6.2
yields:

Lemma 6.3. In an extra loop, z commutes with (z,y,t) iff ¢ commutes
with (z,y, 2) iff (z,y,2)(z,y,t) = (z,y, 2t).

Lemma 6.4. If Q) is an extra loop, with a = (x,y, z), then
a € Z(({z,y,z} UN)), and A({({z,y,z} UN)) = {1,a}.

Proof. a € N implies that Ty, is an automorphism of ) (Lemma 2.8), so that
{s € Q : sa = as} is a subloop of @, and this subloop contains all elements
of {z,y,2z} UN by Lemma 2.4, which also implies that (u,v,w) € {1,a} for
all u,v,w € {z,y,z} UN. Then A({({z,y,z} UN)) C {1, a} follows by using
Lemma 6.2. ]

Lemma 6.5. If Q is an extra loop, then |A(Q) : A(Q)NZ(Q)| ¢ {2,4,8}.

Proof. Set Z = A(Q)NZ(Q), and define 77 : Q — Aut(A), as in the proof of
Theorem 6.1. Assume that |A: Z| > 1. Fix ey, e9,e3 € Q with (e1, e2,e3) ¢
Z, and then fix e4 € @ such that (e, ez, e3)7 (eq) # (e, €2, e3). Define

q1 = (e2,e3,e4) q2:= (e1,e3,e4) q3:= (e1,e2,e4) qq:= (e1,€2,€3).

By Lemmas 6.3 and 2.4, ¢;7"(ej) = ¢; iff j # i. Now, let q5 = [[,cq ¢ for
S C {1,2,3,4}, and observe that gs7"(e;) = gs iff j ¢ S, so that the gg are
all in distinct cosets of Z. Thus, |A : Z| > 16. O

Theorem 6.6. If () is a finite extra loop with some associator not contained
in Z(Q), then |A(Q)| > 32 and |Q : N(Q)| > 16, so that 512 | |Q)|.

Proof. |Q : N| > 16 follows from Lemma 6.4. |A(Q) N Z(Q)| > 2 follows
from Theorem 6.1, so |A(Q)| = 32 follows from Lemma 6.5, so 512 | |Q]. O

The “512” is best possible; see Example . The construction there is
suggested by the proof of Lemma 6.5. We shall get A(Q) = N(Q) =
(q0,q1,92,q3,q4), of order 32, Q/N = ([e1], [e2], [e3], [ea]), of order 16, and

Z2(Q) = {1, qo}-
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7. Extension

Say we are given an abelian group (G, +) and a boolean group (B, +), and
we wish to construct all extra loops @ such that G < @, G < N(Q), and
Q/G = B. We may view this as an extension problem; see [7] §I1.3, p. 35.

Assuming that we already have @, let m : Q — B be the natural quotient
map. By the Axiom of Choice, we can assume that B is a section; that is,
B is a subset of @ and 7 [B is the identity function. Then for a,b € B, we
have the loop product a - b from @ and the abelian group sum a + b € B.
Since a - b and a + b are in the same left coset of GG, there is a function
Y : Bx B — G with a-b = (a+ b)t(a,b). We may assume that the
identity element of B is the 1 of @, so that ¥(1,a) = ¢(a,1) = 1. Each
T.!G € Aut(G). Also, the map = — T, [G is a homomorphism from @ to
Aut(G), and is the identity map on G (since G is abelian), so it defines a
homomorphism: B — Aut(G). Every element of @ is in some left coset of
G, so it can be expressed uniquely in the form au, with a € B and u € G.
Since G < N(Q), we can compute the product of two elements of this form
as au - bv = ab- uTpv = (a+b) - Y¥(a,b)(ulp)v. In particular, for b € B,
b2 =b-b=(b+0b)-1p(bb) =1h(b,b).

Turning this around, and converting to additive notation,
Definition 7.1. Suppose we are given:
1. An abelian group (G,+) and a boolean group (B, +).
2. Amap ¢ : B x B — G with ¢(0,a) = ¢(a,0) = 0.
3. A homomorphism, a — 74, from B to Aut(G).
Then B x¥ G denotes the set B x G given the product operation:
(a,u) - (b,v) = (a+ b, ¥(a,b) +um + v).
B x, G denotes B x¥ G in the case that 1(a,b) = 0 for all a, b.
Then B X, G is a group, and is the usual semidirect product.

Lemma 7.2. B x¥ G is always a loop with identity element (0,0). The
map u — (0,) is an isomorphism from G onto {0} x G <4 B x¥ G.

Proof. We can solve the equations (a,u) - (b,v) = (¢, w) for (b,v) or (a,u):

(a,u)\(c,w) = (a+¢, w—1Y(a,a+c) —uryTe)
(c,w)/(b,v) = (b+c, wry —Y(b+ ¢, b)Tp, — vTp).
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Here, we have simplified the expression using the facts that B is boolean
and the map b — 73 is a homomorphism. This proves that B x¥ @ is
a loop. {0} x G is a normal subloop because the map (a,u) — a is a
homomorphism. O

It is fairly easy to calculate, in terms of ¢ and 7, what is required
for B x¥ G to satisfy various properties, such as the inverse property, the
Moufang law, etc. In the case of extra loops, we shall use the conditions
of Lemma 2.5 on the associators; some of these conditions can be verified
immediately:

Lemma 7.3. Let Q = B x¥ G. Then A(Q) < {0} x G < N(Q).

Proof. To compute the associators, we solve:

[(CL, u) ’ (bv U)(C7 w)} : ((a’ u)? (bv U)’ (C, w)) = (CL, u) (bv U) : (C7 w)'

First, we compute both associations:

(a,u) - (b,v)(c,w) = (a,u)(b+ ¢, P(b,c)+v7. + w)

w) = (
=(a+b+ec, Y(a,b+c)+unt. + (b, c) +v7. + w)
(@, u)(b,v) - (¢, w) = (
= (

a+ bv w(aab) + umy +U) ' (Cv ’U))
a+b+ec, Y(a+bc)+(a,b)re + unyte + 07 + W).

So,

((a, u), (b,v), (c, w)) = (O, Y(a+0b,c)+Y(a,b). —P(a,b+ c) — (b, c))

Observe that this depends only on a, b, ¢, and has value 0 if any of a, b, c are
0, so that {0} x G < N(Q), and all (z,y,2) € {0} x G. O

We now consider in more detail the case when both B and G are boolean.
We shall in fact start with 7 and the desired associator map o : B> — G,
where (0,a(a,b,c)) denotes the intended value of ((a,u), (b,v), (¢, w)) for
some (any) u,v,w € G. We plan to construct ¢ from « and 7. This is
useful because « is determined by its values on a basis for B. We need to
assume some conditions on « suggested by Lemmas 6.2 and 2.4:

Lemma 7.4. Suppose that G and B are boolean groups and F is a basis
for B. Let 7 € Hom(B, Aut(G)), and assume that o : E3 — G satisfies the
equations:
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H1. (a(a1,b,c))Te, + alaz, b, c) = a(ay, b, c) + (a(az, b, ¢))Ta,,

H2. (a(a,bi,c))m, + ala, b, c) = afa, by, c) + (a(a, bz, c)) T,

F1. To = ala, b, c),

F2.

ala,b, c

a(a,b,c)
)

(e )
(a( )
H3. (a(a,b,c1))7e, + ala,b,c2) = afa,b,c1) + (ala, b, c2))7e,,
(a(a, b, c))
(a(a, b, ) = a(a, b, c),

(e

F3. (a(a,b,c))me = a(a,b,c).

Then o extends uniquely to a map @ : B> — G satisfying these same
equations for all elements of B, together with

Pl. @(ay + ag,b,c) = (a(a1, b, ¢))7q, + @(az,b,c),
P2. @(a, by + bz, c) = (@(a, by, c))m, + ala, by, c),
P3. @(a,b,c1 + c2) = (@(a, b, c1))7e, + @la, b, c2).

If a is symmetric, then the same holds for @. If in addition, « satisfies
afa,a,b) =0 for all a,b € E, then @(a,a,b) =0 for all a,b € B.

Proof. First, fix a,b € F, and consider the map ¢ : E — B X G defined by
o(c) = (c,a(a,b,c)). H3 says that ¢(c1)p(c2) = ¢(c2)p(c1), and F3 says
that each (¢(c))? = 1. It follows that ¢ extends uniquely to a homomor-
phism ¢’ : B — B x; G; then ¢'(¢) = (¢,d/(a, b, c)).

Doing this for every a,b € E, we get o' : E X E x B — G, which is
the unique extension of « satisfying H3,F3,P3. But then it is easily seen
that o/ satisfies H1,H2,F1,F2 also. o’ is computed inductively using P3; the
purpose of ¢ was just to prove that this computation yields a well-defined
function.

Repeating this on the second coordinate yields o’ : E x B x B — G,
which is the unique extension of « satisfying H2,H3,F2, 3, P2 P3. Doing it
again yields @.

If v is symmetric, then the symmetry of & follows from the uniqueness
of @. Finally, assume in addition that «(a,a,b) = 0 holds on E. First, for
each e € E, note that {b € B : a(e,e,b) = 0} is a subgroup of B, so that
a(e,e,b) =0 for all b € B. Then, for each fixed b € B, {a € B :a(a,a,b) =
0} is a also a subgroup, so that a(a,a,b) for all a,b € B. O

We now analyze the special case that in ) = B D(T G, the elements of
E x {0} all have order 2 and all commute with each other. We can then
use a to compute the correct ¥. Observe first:
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Lemma 7.5. In an extra loop @), suppose that the elements x1, o, ..., z,
all pairwise commute. Let 7 be a permutation of the set {1,2,...,n}. Then
Ty Xg Ty = Tp(l) * Tm(2) " Lr(n), Where both products are right-
associated.

Proof. 1t is sufficient to prove x-yz = y-xz when xy = yz, and this follows
by z-yz=wy -z (z,y,2) =yxr -2 (2,y,2) =y x2. O

Thus, if the elements of E' x {0} all commute, then the value of a right-
associated product from E x {0} must be independent of the order in which
that product is taken. This will simplify the form of 4. If the elements of
E x {0} also have order 2 in @, then it is easy to say what properties «
must satisfy:

Theorem 7.6. Suppose that we are given boolean groups G and B, with
E C B a basis for B. Suppose that we also have 7 € Hom(B, Aut(G)) and
amap a: E? — G satisfying:

1. « is invariant under permutations of its arguments,

2. aler,e1,ez) =0,

3. (afer, ez, e3))Te, + afer,e2,e4) = afer, e, e3) + (afer, e2,€4))Tes-
Then there is a unique ¢ : B x B — G satisfying:

a. ¥(0,a) =¢(a,0) =0 for all a € B,

b. Q=B x¥ G is an extra loop,

c. In ), whenever e1,es,e3 € E, we have
(€1,0) - (€1,0) =0, (e1,0) - (e2,0) = (e2,0) - (e1,0),
and the associator ((e1,0), (e2,0), (e3,0)) = (0, a(e1, ez, €3)),

d. ¢(e,b) =0 whenever e € E.

Condition (d) expresses the intent that the elements of the section be
right-associated products from FE.

Proof. Note that (1 — 3) implies that (a(eq, e2,e3))7e, = a(e1, ez, €3).

By Lemma 7.4, a extends uniquely to a symmetric map @ : B> — G
satisfying the conditions Hi¢, Fi, P there. For the uniqueness part of the
theorem, we note that assuming that B x¥ G is an extra loop, this @ must
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indeed yield the associator; that is, by condition (¢) and Lemma 6.2, we
have:

((a,u), (b,v), (c,w)) = (O,@(a, b, c))

Then, by the computation in the proof of Lemma 7.3, we get:
a(a,b,c) =yY(a+b,c)+(a,b)te +(a, b+ c) + (b, c).

Consider the case where a = e € E. Then condition (d) implies that
P(e,b) = P(e,b+c) =0, so we get (e+b,c) = (b, c)+a(e, b, c). Repeating
this, we see that for e1,...,e, € F,

n

vier+ - +ep,c) = Z@(ej, Zek, c). (%)

j=1 k<j
For example,
P(e; + ez, c) = aleg, e1,¢)
w(er + ea +e3,c) = aleg, e1,c) + ales,e; + ez, c) =
a(eq,e1,c) + (ales, er,c))Te, + a(es, e2,c)

This proves the uniqueness of 1. To prove existence, one can take (%) as a
definition of ¢ (after proving that it is well-defined), and then prove that it
yields an extra loop with the correct associators.

To prove that it is well-defined, fix ¢ and define, ¥,, = \If,(f) :E" - B
for n > 1 so that

0
Upii(eg,e1,. . en) =Wy(er, ... en) +aleg,e1 + -+ ep,c).

It is easy to see that Wa(e,e) = 0and ¥, qa(e,e,e1,...,6,) = Ypler, ... en).
We need to prove that each V,, is invariant under permutations of its ar-
guments. Then, it will be unambiguous to define ¥(e; + -+ + en,c) =

gl (e1,...,en). To prove invariance under permutations, we induct on n;
for the induction step, it is sufficient to prove that ¥, a(e, e’ e1,...,e,) =
U, ia(e e e1,...,e,), and this follows from the fact that

ale, e’ +b,c) +a(d,b,c) = (ale, e, c))m +ale,b, c) +ale,b,c)
al
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Now that we have 1 defined, we need to check that our given @(a,b,c)
is really the true associator. Use (0, (a,b,c)) to denote ((a,u), (b,v), (c,w))
for some (any) u,v,w € Gj; then, as in the proof of Lemma 7.3,

(a,b,c) =Y(a+b,c)+Y(a,b)1. + Y(a,b+ c) + (b, c).

We prove @(a, b, c) = (a, b, ¢) by induction on the number of basis elements
needed to add up to a. If a = 0, then @(a,b,c) = (a,b,c¢) = 0. For the
induction step, note that @(e+a,b,c) —a(a,b,c) = a(e, b, ¢)7,, which is the
same as (e + a,b,c) — (a, b, ¢), since using ¥ (e + b,c) = (b, c) + a(e, b, ¢),
we get:

(e+a,b,c) — (a,b,c) =ale,a+b,c)+alea,b)r. +ale,a,b+c) =
ale,b, o)ty +ale,a,c)+ale, a,b)T+ale, a,b).+ale,a,c) = ale, b, )1, .

Now that we have identified @(a,b,c) as the associator, it is easy to
prove that @ is an extra loop by verifying the conditions in Lemma 2.5.
(2) and (3) are clear from Lemma 7.3. (1) (@ is flexible) holds because
@(a,b,a) = 0, and (4) holds because @ is symmetric. For (5), we must
check that (O,E(a,b, c)) commutes with (a,u), and this follows from the
fact that (a(a,b,c))r, = @(a, b, c). O

We now describe three examples.

If |G| =2 and |B| = 8 (so E = {e1,es,e3}), there is only one non-
associative option. a(eq, ez, e3) must be the non-identity element of G, and
each 7, must be I. This extra loop of order 16 is the opposite extreme from
the Cayley loop (where the elements outside the nucleus have order 4 and
anticommute).

Example 7.7. There is an extra loop @ of order 512 such that Q/Z(Q) is
nonassociative.

Proof. Let E = {e1,ea,e3,e4} and G = (qo, ¢1, 42, g3, q4), so that |Q| = 512.
Define 7 so that qo7e, = qo and ¢;7e, = qj+0;xqo for j,k € {1,2,3,4}; then
Z(Q) will be {(0,0),(q0,0)}. Define a so that «a(e;, ej, ex) = g, whenever
i,7,k, 0 € {1,2,3,4} are distinct. O

The 1) of this example was first found using McCune’s program Mace4
[22], and the abstract discussion of this section was then obtained by reverse
engineering.

Example 7.8. There is an infinite nonassociative extra loop () with

Z(Q) = {1}.
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Proof. Let B be any infinite boolean group, and we use a wreath product
construction. B acts on (Z2)? by permuting the indices; that is, for u :
B — 7, let (u)7,)(b) = u(a+b). Let G = {u € (Z2)? : |u={1}| < Ro};
so G is a direct sum of | B| copies of Zg (and is hence isomorphic to B, since
dim(B) = |B|). Since B is infinite, B x, G (and hence also B x¥ G) will
have trivial center.

Let E be a basis for B. For ej,es,e3 € E, let a(er, ez, e3) = 0 unless
e1, ez, e3 are distinct, in which case a(e1, e, e3) is the element of G < (Z2)?
which is 1 on the 8 members of (ej, e, e3) and 0 elsewhere. To verify condi-
tion (3), we let u = (a(eq, €2, €3))7e, +x(e1, €2,e4) and let v = ey, e, e3)+
(a(e1, €2,€4))Teq, and consider cases: If e; = ey, then u = v = 0, so assume
that e; # ea. Ifes € {e1,e2}, thenu = v = a(e1,ez,e4), and if e4 € {e1, €2},
then u = v = (e, e2,e3), so assume also that {es,es} N {e1,ea} = 0. If
e3 = e4 then u = v = 0. In the remaining case, e1, e, €3, e4 are all distinct;
then both w, v are 1 on the 16 members of (e1, €2, €3, €4) and 0 elsewhere. [

8. Semidirect Products

The loop B x¥ G from Definition 7.1 is not really a semidirect product,
since it need not contain an isomorphic copy of B. If we delete the 1, we
get a true semidirect product. Following Robinson [25]:

Definition 8.1. Let B, G be loops, and assume that 7 € Hom(B, Aut(G)).
Then B X, G denotes the set B X GG given the product operation:

(a7u) : (ba U) = (aba (U)Tb : U)'
We write B X G when 7 is clear from context.

It is easily verified that B x G is a loop, with identity element (1,1),
but B x G need not inherit all the properties satisfied by B and G. The
general situation for extra loops was discussed in [25]. Here, we consider
only an easy special case:

Lemma 8.2. Assume that 7 € Hom(B, Aut(G)), B is an extra loop, and

G is a group. Then B X, G is an extra loop, and the inverse is given by
(CL, u)il = (aila (uil)Tafl)'

Proof. Note that (a,u)- (a™!, (u™1)7,-1) = (1,1). We verify the extra loop
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equation (zy - z) -z =z (y- zx), setting = (a,u), y = (b,v), z = (¢, w):

((a,u)(b,v) - (c,w)) - (a,u) = ((ab <¢) - a, (UW)Theq (V) Teq - (W)Tq - u)
(a,u) - ((byv) - (c,w)(a,u)) = (a- (b-ca), (W)Theq * (V)Teq - (W)Tq - u)

These are clearly equal, since B is an extra loop. In writing these equations,
we used the facts that G is associative, and that Aut(G) is associative and 7
is a homomorphism, so that the notation 7., is unambiguous, even though
b - ca need not equal bc - a. O

Of course, the same reasoning will work for other equations which are
weakenings of the associative law; for example, if B is Moufang and G is a
group, then B x G is Moufang.

In some cases, we can prove that every extra loop of a given order is a
semidirect product:

Lemma 8.3. Suppose that @ is a finite extra loop and N = N(Q) is
abelian. Then Q is isomorphic to B x, G, where B € Syly(Q), G = O%(N),
7o = Ty |G, and each (7,)? = I.

Proof. Say |Q| = 2"r, where 7 is odd, so |B| = 2". Then |[N| = 2™r for
some m < n, and |[BN N| = 2"™. Since N is abelian, it is an internal
direct sum of BN N and G = O?(N), which must have order . Then
Q = BG, since BN G = {1}. Furthermore, each T, maps G to G because
T, € Aut(NV) and G is a characteristic subgroup of N. Then Q = B x, G
follows. Also, (74)% = 7,2 = I because a®> € N, which is abelian. O

Lemma 8.4. Suppose that () is a nonassociative extra loop of order 16p,
where p is an odd prime. Then N(Q) = Zy x Zj.

Proof. |@Q : N| > 8 because any ({x,y} U N) is associative, and Z (V)
contains an element of order 2 by Lemma 2.4, so |N| = 2p and N cannot
be the dihedral group, so N must be Zy X Zj,. O

Combining Lemmas 8.3 and 8.4, we see that such @ must be of the
form B X, Zy,, where B is one of the five extra loops of order 16 and each
7o € {1,—1} < Aut(Z,); this is because (7,)?> = I, and the only element of
Aut(Zy) of order 2 is the map u — —u. We shall now show that the number
of such loops is independent of p. Obviously, Hom(B, {1,—1}) does not
depend on p, but different homomorphisms can result in isomorphic loops,
so we must show that for 7,0 € Hom(B, {1, —1}), the question of whether
B x; Z, = B X, Zy does not depend on p:
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Lemma 8.5. If B is a finite extra 2-loop and 7,0 € Hom(B, {1, —1}), say
7 ~ o iff there is an a € Aut(B) with 7 = ao. Let p be an odd prime.
Then, identifying {1, -1} < Aut(Z,), B X, Z, = B Xs Zp iff T ~ 0.

Proof. If T = awo, then define ® : Bx,Z, — BX,Zy by (a,u)® = ((a), u).
To verify that ® is an isomorphism, use

((a,u) -7 (b,v))® = (ab, (W) +0)® = ((ab)e, (u)7 +v)
(@, u)® 5 (b,0)® = ((a)a,u) o (D), v) = ((a)a- (e, (u)oE) +v),

and these are equal because 7, (i.e., (b)7) is the same as o), (i-e., (b)ao).

Conversely, suppose we are given an isomorphism ® : Bx;Z, — BX ;Zj,.
Then ®(B x {0}) € Syly(B xsZy). But also (B x{0}) € Syl,(B x,Z,), and
Aut(B X, Zp) acts transitively on the set of Sylow 2-subloops by Theorem
4.5. Thus, composing ® with an automorphism, we may assume WLOG
that ®(B x {0}) = B x {0}. Also, ®({1} x Z,) = {1} x Z, because
{1} x Z, is the only subloop of B X, Z, isomorphic to Z,. So, we have
(@,0)® = ((a),0) and (1,u)® = (1, (u)B) for some o € Aut(B) and § €
Aut(Zy). Since (a,u) = (a,0) - (1,u), we also have (a,u)® = ((a)a, (u)3).
Furthermore, the map (c, w) — (¢, (w)B71) is an automorphism of B X, Z,,
since Aut(Z,) = Z,— is abelian. Composing ® with this automorphism,
we may assume WLOG that § = I, so that (a,u)® = ((a)a,u). Then, since
® is an isomorphism, we have:

((ab)a, (u)mp+v) = ((a,u)7(b,v))® = (a,u) P (b, v)® = ((ab)a, (u)oE)a+v),
SO0 T = ao. O

It follows now that the number of nonassociative extra loops of order
16p is independent of p. In the case p = 3, that number is already known
to be 16, since Goodaire, May, and Raman [16], following the classification
of Chein [6], have listed all nonassociative Moufang loops of order less than
64. From Appendix E of [16], we find that 16 of the Moufang loops of order
48 are extra loops.

Theorem 8.6. For each odd prime p, there are exactly 16 nonassociative
extra loops of order 16p.

9. Conclusion

Although this paper has focused on extra loops, many of the lemmas hold
more generally for CC-loops. For example, if @ is a CC-loop, then by
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Bacapa6 [2], Q/N is an abelian group. Of course, QQ/N need not be boolean,
but if @ is power-associative, then QQ/N has exponent 12. Also, if @ is
power-associative, nonassociative, and finite, then |@Q)| is divisible by either
16 or 27. These results on power-associative CC-loops will appear elsewhere

[19].

Acknowledgement. We would like to thank M. Aschbacher for suggesting
the proof of Lemma 4.4, which is somewhat shorter than our original proof.
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Spurious multiplicative group of GF(p™):
a new tool for cryptography

Czestaw Koscielny

Abstract

An unconventional approach to cryptography, consisting in application of an algebraic
structure, called spurious multiplication group of GF(p™) and denoted as SMG(p™),
the operation table of which is not, in general, a Latin square, has been presented. This
algebraic system is a natural generalization of the multiplicative group of GF(p™), so,
one can operate on elements of these two structures using the same routine or the same
hardware. On the basis of SMG(p™) many strong symmetric-key ciphers, and at least,
as it is shown in the paper, one public-key cipher, can be built.

1. Introduction

At the beginning of the silicon era technological applications of semicon-
ductors in the form of pure crystalline germanium or silicon were very lim-
ited. The meaningful development of semiconductor electronics has begun
only when the trace amounts of dopants, causing defects of the crystal’s
structure, to the silicon or germanium crystals have been added. It is possi-
ble to perceive some analogy between contemporary cryptography and the
pre-semiconductor era in electronics: generally in all currently proposed
and used cryptographic systems encrypting /decrypting procedures compute
cryptograms corresponding to given plaintexts, and vice versa, using pure
algebraic structures such as groups, rings and fields. Doubtlessly, applying
in cryptographic operations algebraic structures with small "defects" can

2000 Mathematics Subject Classification: 05B15, 20N05, 94B05
Keywords: cryptography, symmetric-key and public-key ciphers, non-associative
algebraic structure.
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have positive influence on the properties of ciphers, because it makes crypt-
analysis more difficult and may not change the complexity of cryptographic
algorithms. As it turned out, this guess was correct, thus, one of many
possible "defected" algebraic systems, a spurious multiplicative group of
GF(p™) is described in the paper. This system can deliver many strong
and useful ciphers.

The present work is mainly addressed to application researches. Then it
is assumed that the books [2, 5, 7, 8| are known to the reader, who also ought
to have an adequate mathematical knowledge. There would be no harm if
the reader is well-informed about the new trends in modern conventional

cryptology [1, 6].

2. Definition of SMG (p™)

For all prime p, for any positive integer m > 2 and for any polynomial
f(x) of degree m over GF(p) there exists an algebraic system denoted as
SMG(p™)

SMG(pm) = <G$a.>’ (1)

consisting of the set Gz of all p™ — 1 non-zero polynomials of degree dg
over GF(p), 0 < dg < m — 1, and of an operation of multiplication of
these polynomials modulo polynomial f(x). Such an algebraic system is
a generalization of the multiplicative group of GF(p™), therefore, it will be
called the spurious multiplicative group of GF(p™).

The spurious multiplicative group of GF(p™), more convenient for ap-
plications

SMG(p™) = (G, o), (2)

is obtained using the isomorphic mapping

o:Gr — G, (3)
defined by function o(v(z)) = v(p), converting a polynomial v(z) € Gz to
a number from the set G = {1, ..., p"™ — 1}. Therefore

Va,be G aob = o(c a)eo t(b) (mod f(z))). (4)

Evidently, the inverse mapping 0! is described by means of the following
two-step algorithm:
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Step 1:

convert a base 10 number a € G to base p, namely,

4= 0am—1 - a1 ap, a; E{Ov 1) 7p_1}7

Step 2:
cla)=a +az+ - +ap12™ ! €Gr

In principle, SMG(p™) is a commutative quasigroupoid® in which the op-
eration may not neither be closed, nor be fully associative. The operation
in G may be implemented in any programming language or by means of
an appropriate hardware. However, it is not a trivial task to construct
such software or hardware. It requires, for serious applications, very effi-
cient arithmetic operations in the domain of univariate polynomials over
the integers modulo p. Since SMG(p™) is a natural generalization of the
multiplicative group of GF(p"), the multiplication, rising to a power and
inversion in SMG(p™) can be performed by the same routines or by the
same hardware as in the multiplicative group of GF(p™).

3. Known properties of SMG(p™)

Spurious multiplicative group of p™-element Galois field is rather a simple

algebraic structure, but it has many very interesting properties. From the

cryptographic point of view, the most important attribute of SMG(p™) is

the relationship between the number of its reversible elements and a poly-

nomial of degree m over GF'(p), defining multiplication of its elements.
The following properties of SMG(p™) are already known:

PO01: The number of SMG(p™) equals to p™.

P02: The p™ — 1 elements of SMG(p™) belong to two disjoint sets - a set
of reversible elements SR = {ry, ra, ..., rn,} and a set of irreversible
elements SI = {iy, i2, ..., in,}, where

N, =|SR|, N; =|SI| and N, + N; =p™ — 1.

* The groupoid is an algebraic structure on a set with a binary operator. The only
restriction on the operator is closure. It is assumed here that for the quasigroupoid
a closure is not required.
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P03: Any reversible element of SMG(p™) is a generator of cyclic group,
being a subgroup of SMG(p™).

P04: If f(x) is irreducible, SMG(p™) becomes a multiplicative group of
GF(p™).

PO05: In a "truly spurious" SMG(p™) (when f(z) is not irreducible) the
maximum order of reversible elements is, in most cases, less than N,.

P06: In a "truly spurious" SMG(p™) the system (SR,o) in most cases
forms non-cyclic abelian group.

P07: In a "truly spurious" SMG(p™) the operation o is not closed, since
for some a, b € SMG(p™) the case a o b = 0 occurs.

P08: The multiplication table of a "truly spurious" SMG(p™) has the form
shown in Table 1,

Table 1: Multiplication table in a "truly spurious" SMG(p™)

o rn Tr2 -+ TN, 11 tp - iNZ-

1

T2

TN,

11

19

IN;

where A = SR x SR, B =5 x SR, C = SI x SI, and only A is
a Latin square.

P09: CoNJECTURE: The polynomial f(z) = 2™ generates an SMG(2™)
with N, = 2m~1,

P10: CONJECTURE: If p > 2 then the polynomial f(x) = az?, where
a € {1,2,...,p— 1}, generates SMG(p™) in which all reversible
elements form a cyclic group of order p? — p.
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P11: CoNJECTURE: In SMG(p™) with p > 2:

if m = 2 then there are only three values of N, such that

Ny Ny(@)
(p—1)% | p(p—1)/2
pp—1) p
-1 |plp—-1)/2

if m = 3 then there are only five values of N, such that

Ny Ni(a)
(p—1)° plp—1)(p—2)/6
p(p—1)? p(p—1)

p+1)(-17%| p*(p-1)/2
p*(p—1) p
p’—1 p(*—1)/3

where Ny) denotes the number of polynomials generating
SMG(p™) with the number of reversible elements equal to N;.

All reversible elements of SMG(p™) behave as usual: any such element
ar, € SMG(p™) has its proper multiplicative order ¢, (¢, is the least positive
integer such that a’> = 1). As regards irreversible elements a; € SMG(p™),
each a; may be characterized by means of so-called multiplicative quasi order
t;, e. g. the least positive integer such that the set {a¥, k =1,2,..., t;}
contains all distinct powers of an element a;.

Although all properties of SMG(p™) are not yet known, the existence of
such quasigroupoids seems to be important for application in cryptography,
therefore, some Maple routines aiding the reader in examining the properties
of SMG(p™) in [4] are presented.

4. Examples of SMG(p™)

First example concerns SMG(3%) = (G, o), generated by means of a poly-
nomial f(r) = 2%, where

Gr={1,2,1+z, 242z, 1+2z, 24+ 2z, z, 2x}.
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In the above set of elements of the spurious multiplicative group of order 8
first six elements have their multiplicative inverses, while the last two ones
are irreversible.

It is easy to verify that the multiplication table for considered SM G (3?)
in Table 2 is presented.

Table 2: Multiplication table of SMG(3?) = (Gz, )
generated using f(x) = 22

° 1 2 142 24z 142z 242z z 2z
1 1 2 1+ 242 142z 242z2| =2 2z
2 2 1 2422 1422 24z 142z (|22 =z
14z | 142 242z 142z 2 1 2+zx r 2z

24x 24+ 142z 2 1+ 242z 1 2r «x
142z |14+22 24z 1 242z 1+=z 2 T 2z

242x|2+2x 1+«x 24+ x 1 2 142z || 22 =«
T 2z T 2z x 2z 0 0
2x 2x T 2z T 2z T 0 0

Using the mapping (1.3) we obtain SMG(3?) = (G, o), where
G={1,2,4,57,8,3,6, 7, 8},
with the following operation table:

Table 3: Multiplication table in SMG(3?%) = (G, o)
generated using f(r) = x?

o/l 2 4 5 7 8|3 6
11 2 4 5 7 8|3 6
2|12 1 8 7 5 4|6 3
414 8 7 2 1 5|3 6
5|5 7 2 4 8 16 3
77T 5 1 8 4 2|3 6
8|8 4 5 1 2 76 3
313 6 3 6 3 600
6|6 3 6 3 6 30 0
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We may notice that operation tables have the form defined by the property
P09.

In the second example the polynomial f(z) = 2* +22+1 = (22 +2+1)?
over GF(2) is used to construct SMG(2%) = (G, o), where

G={1,2,3,4,5,6,8, 10,11, 12, 13, 15, 7, 9, 14}.

Similarly, as in the previous example, we take reversible elements as the
first 12 elements of the set G, this way the last 3 elements are irreversible.

Table 4: Multiplication table in SMG(2%) = (G, o)
generated using f(r) = 2%+ 22 +1

4 5 6 8 10 11 12 13 15| 7 9 14
4 5 6 8 10 11 12 13 15| 7 9 14
§ 10 12 5 1 3 13 15 11|14

12 15 10 13 11 8 1 2 4| 9 14 7

o O = NN
Tt O W W

0 O Ut = W N~ |0
o O U = W N =

12 5 1 13 10 2 6 15 11 3| 9 14 7
10 15 1 4 11 2 8 13 3 6 12|14
12 10 13 11 1 15 3 5 2 8l 7 9 14
5 13 10 2 15 1 4 12 11 3 6| 7 9 14
0{10 1 11 2 8 3 4 5 16 6 12 13| 9 14 7
11711 3 8 13 5 12 15 4 10 1 2|14
12112 13 1 15 2 11 6 10 4 8 5|14 7
13113 15 2 11 6 4 3 12 1 8 &5 10| 9 14 7
15115 11 4 3 12 8 13 2 5 10 1 7 9 14
4 9 9 14 7 9 14 14 9 0 0 O
919 7 14 14 7 9 9 14 7 T 14 9] 0 0 O
4j14 9 7 7 9 14 14 7 9 9 7 14| 0 0 O

The multiplication table of the considered SMG(2%) is presented in Ta-
ble 4. Using this table we can examine multiplicative orders of all reversible
elements and multiplicative quasi-order of any irreversible elements as well.
This task is a little laborious, but to make it easier the multiplicative or-
ders of all 12 reversible elements as well as multiplicative quasi-orders of
3 irreversible elements of the examined SMG(2%), together with the sets
of distinct successive powers of any element, have been computed and pre-
sented below.
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reversible multiplicative set of distinct successive
element order powers of the element
1 1 {1}
2 6 {1, 2, 4, 5, 8, 10}
3 6 {1, 3, 4, 5, 12, 15}
4 3 {1, 4, 5}
5 3 {1, 4, 5}
6 2 {1, 6}
8 2 {1, 8}
10 6 {1, 2, 4, 5, 8, 10}
11 6 {1, 4, 5, 6, 11, 13}
12 6 {1, 3, 4, 5, 12, 15}
13 6 {1, 4, 5, 6, 11, 13}

15 2 {1, 15%}
irreversible multiplicative set of distinct successive
element quasi-order powers of the element
7 2 {0, 7}

9 2 {0, 9}

14 2 {0, 14}

The next example concerns SMG(52) with 16 reversible elements. Ac-
cording to the property P11 in this case Ny) = 10 and the polynomials
2?41, 22 +4, 22 +z, 22+ 2+3, 22 +22, 22 +22+2, 22 +3x, 22+ 32+
2, 2244z, 22442+ 3 for constructing such spurious multiplicative group
of GF(5%) may be used. Using the polynomial f(z) = 22+ 1 we obtain the
following elements of the interior of the multiplication table:

1 2 3 4 5 6 9 10 12 13 15 17 18 20 21 24
2 4 1 3 10 12 13 20 24 21 5 9 6 156 17 18
3 1 4 2 15 18 17 5 6 9 20 21 24 10 13 12
4 3 2 1 20 24 21 15 18 17 10 13 12 5 9 6
5 10 15 20 4 9 24 3 13 18 2 12 17 1 6 21
6 12 18 24 9 10 3 13 20 1 17 4 5 21 2 15

9 13 17 21 24 3 15 18 1 &5 12 20 4 6 10 2
10 20 5 15 3 13 18 1 21 6 4 24 9 2 12 17
12 24 6 18 13 20 1 21 15 2 9 3 10 17 4 5
13 212 9 17 18 1 5 6 2 10 24 15 3 12 20 4
15 5 20 10 2 17 12 4 9 24 1 6 21 3 18 13
17 9 21 13 12 4 20 24 3 15 6 10 2 18 5 1
18 6 24 12 17 5 4 9 10 3 21 2 15 13 1 20
20 15 10 5 1 21 6 2 17 12 3 18 13 4 24 9
21 17 13 9 6 2 10 12 4 20 18 5 1 24 15 3
24 18 12 6 21 15 2 1v 5 4 13 1 20 9 3 10
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If we use the polynomial f(z) = 22 + 4z + 3 we get correspondingly:

A/

B =

11
14
16
19
22
23

14
11
22
23

19
16

RN

14
13
20
21
23

15
17
16

12
11
22
24

19
18

16
19

23
22
11
14

N o~ = W

23
22
19
16
14
11

8

7

=N W o

20
23
21
15
17
16
10
14
13

24
22
19
18
12
11

14
19

23
22

11
16

[ 23

0
0
16
14
0
0
7

5)
10
15
20

7
17

2
14

4
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18 0 0 6 24 0 0 12

011 22 0 0 8 19 0
002219 0 011 8 0

c_| 6 0 01218 0 0 24
24 0 0 18 12 0 0 6

0 8 11 0 0 19 22 0

019 8 0 0 22 11 0

12 0 0 24 6 0 18 |

Finally, Table 5 contains the multiplication table in the multiplicative
group of GF(2%). Comparing it with Table 4 we may notice that SMG(2*)
clumsily imitates the multiplicative group of GF(2%), since these tables are
coincident only in 48 places (about 21,3 %).

Table 5: Multiplication table in SMG(2*),
being the multiplicative group of GF(2%), generated using
f(z) =2* + 23 + 2% + 2 + 1 (irreducible polynomial)

3 4 5 6 7 8 9 10 11 12 13 14 15
3 4 5 6 7 8 9 10 11 12 13 14 15
6
)

§ 10 12 14 15 13 11 9 7 5 3 1

O O = NN

ol 1

1] 1

2| 2

3|1 3 12 15 10 9 7 1 2 11 8 13 14
4| 4 12 15 11 7 3 1 5 9 13 14 10 6 2
5| 5 10 15 11 14 1 4 9 12 3 6 2 7 8 13
6/ 6 12 10 7 1 11 13 14 8 2 4 9 15 5 3
77T 14 9 3 13 10 8§ 15 5 2 11 12
8§ 8 15 7 1 9 14 6 2 10 13 5 3 11 12 4
919 13 4 5 12 8 1 10 3 7 14 15 6 2 11
0(10 11 1 9 3 2 8 13 7 6 12 4 14 15 5
1111 9 2 13 6 15 5 14 12 7 8 3 1 10
12112 7 11 14 2 15 4 8 13 1 10 6
1313 5 8 10 7 15 2 11 6 14 3 1 12 9
14114 3 13 6 8 1 12 2 15 1 10 4 9 7
5115 1 14 2 13 3 12 4 11 5 10 6 9 7 8

The examples presented concern very small SMG(p™), whereas, in prac-
tice, strong cryptographic system are built using SMG(p™) having, say,
10399 and more elements.



Spurious multiplicative group of GF(p™) 71

5. SMG(p™)-based public key cryptosystem

On the basis of SMG(p™) one can construct many strong symmetric-key
block ciphers with a really huge key space. The author intend to pub-
lish this problem in the next article, presenting now more difficult task of
constructing SMG(p™)-based public-key cryptosystem.

Public-key cryptographic algorithms are designed to resist chosen plain
text attacks and their security is based both on the difficulty of finding
the secret key from the public key and the difficulty of determining the
plaintext from the cryptogram. At present, the most common public-key
cryptosystem is the RSA algorithm. It is guessed that the security of RSA
depends on the problem of factoring large numbers. It has never been
mathematically proven that one needs to factor the modulus n to calcu-
late a plaintext knowing a cryptogram and a public key. It is conceivable
that an entirely different way to break RSA can be discovered (perhaps
this way is already known to some cryptanalysts). Therefore, cryptogra-
phers attempt to activate alternative public-key encryption algorithms, e.g.
the basic ElGamal encryption scheme. It is well known that the progress
in the discrete logarithm problem forces the users of the basic ElGamal
public-key cryptosystem, working in a multiplicative group of GF(p), to
permanently increase a prime modulus p in order to ensure the desired se-
curity. For long-term security, at least 2000-bit moduli should be used at
present. Common system-wide parameters need even larger key sizes, since
computing the database of discrete logarithms for one particular p will dis-
credit the secrecy of all private keys computed using this value of p. But the
task of finding a generator of a multiplicative group of GF(p) is infeasible
for an ordinary user if p > 22090 ~ 0.11510%3. As shown in the sequel, it is
possible to overcome this inconvenience by forming an ElGamal public-key
cryptosystem which works in a spurious multiplicative group of GF (p™). In
this case an infeagible task of determining a generator of the multiplicative
group of GF(p) is eliminated and the use of 10000-bit modulus, and even
more, is possible.

A concise description of slightly modified algorithms for ElGamal public-
key encryption scheme [3, 4, 5], working in SMG(p™), is given below.
Key generation: Each entity creates its public key and the corresponding
private key. So each entity A ought to do the following:

e Choose an arbitrary polynomial f(x) of the degree m over GF(p) and
construct a spurious multiplicative group of GF'(p™) that is SMG(p™),
consisting of the set G = {1, ..., p" —1} and of the operation of mul-
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tiplication of elements from this set, which is performed by means of
a function mult(z,y), z,y € G. The function pow(z, k), carrying
out the operation of rising any element z from G to a k' power,
p"—1<k< —p™+1,is also defined.

e Select a random reversible element o € SMG(p™), « # 1.

e Choose a random integer a € G, 2 < a < p™ — 2, and compute the
element § = pow(q,a).

e A’s public key is @ and 3, together with f(x) and the functions mult
and pow, if these last three parameters are not common to all the
entities.

e A’s private key is a.

Encryption: Entity B encrypts a message m for A, which A decrypts.
Thus B should make the following steps:

e Obtain A’s authentic public key «, (8, and f(z) together with the
functions mult and pow if these parameters are not common.

e Represent the message m as a number from the set G.

e Choose a random integer k € G.

e Determine numbers ¢; =pow(a, k) and co =mult(m, pow (3, k)).
e send the ciphertext ¢ = (c1, ¢2) to A.

Decryption: To find plaintext m from the ciphertext ¢ = (c1, ¢2), A
should perform the following operations:

e Use the private key a to compute g = pow(c1, a) and then compute
g~' = pow(g, —1).

e Retrieve the plaintext by computing m = mult(g~!, ¢2).

If f(x) is irreducible, then ElGamal cryptosystem works in a subgroup
of the multiplicative group of GF(p™). In this case SMG(p™) becomes
a multiplicative group of GF(p™) and all its elements are reversible. If,
in addition, f(z) is primitive, then we can easily compute a set of crypto-
graphic keys for public-key cryptosystem, working in a multiplicative group
of GF(p™) choosing a = p in the second step of a key generation algorithm.
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5. Conclusions

A new simple algebraic structure very useful in cryptography, which was
named SMG(p™), being the generalization of the multiplicative group of
GF(p™), has been presented. The structure described, apart from imme-
diate application in cryptography, may be interesting to mathematicians,
because all its properties are not known yet. Furthermore, all reversible
elements of any SMG(p™) form an interesting group, which was earlier not
noticed.
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Permutation representations

of triangle group A(2,4,5)

Qaiser Mushtaq and Muhammad S. Saeed

Abstract

Let G(2,4, Z) be a linear-fractional group generated by the transformations  : z — 2+

and y:z+— satisfying the relations 2> = y* = 1. In this paper, corresponding

-1
2(2+1)
to each 0 in F, we shall determine the coset diagrams D(6,p) depicting the actions of
G(2,4,7) on PL(F,) and find also the values of p for which there exist vertices on the
vertical line of symmetry in D(0,p). Also, we find conditions for the existence of certain

useful fragments of coset diagrams in D(0, p).

1. Introduction

The group G(2,4,7) is defined as a linear-fractional group generated by

the transformations z : z —— g—zl and y:z +— 2(;—4}1), satisfying the

relations 22 = y* = 1. The group G(2,4, Z) can be extended by adjoining
an involution ¢ : 2z — o such that (zt)® = (yt)* = 1. We denote the
extended group by G*(2,4, 7).

Let PL(F,) denote the projective line over the Galois field F},, where p
is a prime. The points of PL(F}) are the elements of F}, together with the
additional point oo.

The group G*(2,4,p) has its customary meanings, as the group of all
transformations z — gji'g where a,b,c,d are in F), and ad — bc # 0.

The homomorphism « : G*(2,4,7) — G*(2,4, p) give rise to an action
of G*(2,4, Z) on PL(F},). We denote the generators xa and yo of G*(2, 4, p)
by Z and 7 respectively. A homomorphism a : G*(2,4, Z7) — G*(2,4,p) is
called a non-degenerate homomorphism if neither x nor y lies in the kernel

2000 Mathematics Subject Classification: 20G40, 20F05, 05C25
Keywords: permutation representation, linear fractional group, triangle group, coset
diagram.
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of o, so that T = x«a and § = ya are of orders 2 and 4 respectively. As
always, two non-degenerate homomorphisms « and 3 are called conjugate
if there exists an inner automorphism p of G*(2,4,p) such that 5 = ap.
These conjugacy classes will contain homomorphisms from G*(2,4,7) to
G*(2,4,p).

The triangle groups A (l,m,k) =< z,y : 2t = y™ = (xy)* = 1 >,
where [, m,k > 1, are described explicitly in [1, 2, 3,4]. The triangle groups
A(2,4,k) =< z,y : 22 = y* = (29)¥ = 1 > can be obtained as subgroups
of Sy41 through actions of the group G(2,4,Z) on PL(F;) where ¢ is a
power of a prime p. According to [2], the triangle groups A (2,4,k) are
known as infinite groups if and only if k¥ > 4. The group A (2,4,k) is Cy,
Dg, and Sy, for k = 1, 2, 3, respectively. When k = 4, the triangle group
A (2,4,4) is Abelian-by-cyclic [6].

2. Coset diagrams
The coset diagrams depict an action of
G*2,4,7) =<z yt: 2=y =t =(at) = (yt)> =1 >

on a finite set (or space).

These coset diagrams may be used to provide diagrammatic interpreta-
tions of several aspects of combinatorial group theory, such as the proof of
the Ree-Singerman theorem (on the cycle structures of generating-permuta-
tions for a transitive group). They can be used also as an equivalent to the
Abelianized form of the Reidemeister-Schreier process. The same sort of
method is also useful for the construction of infinite families of finite quo-
tients of a given finitely-presented group. Use of coset diagrams to find
torsion-free subgroups of certain finitely-presented groups has been instru-
mental in the construction of small volume hyperbolic 3-orbifolds and other
hyperbolic 3-manifolds with interesting properties. They are also applied
to the construction of arc-transitive graphs and maximal automorphism
groups of Riemann surfaces. Coset diagrams can often be used to prove
certain groups are infinite, by joining diagrams together to construct per-
mutation representations (of a given group) of arbitrarily large degree.

The coset diagrams for the action of G*(2,4, Z) on a finite set (or space)
are defined as follows.

The four cycles of y are represented by small squares whose vertices are
permuted counter-clockwise by y. Any two vertices which are interchanged
by the involution z, is represented by an edge. The action of ¢ is represented
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by reflection about a vertical axis of symmetry. The fixed points of z and
1y, if they exist, are denoted by heavy dots.
For instance, the action of G*(2,4,Z) on PL (F3;) yields the following
permutation representations
T : (00,11)(0,17)(1,30)(2,8) (3,27) (4,16) (5,22) (6,18) (7,12) (9, 13)
(10,15)(14,20)(19,26)(21, 23)(24,25)(28, 29)

7 ¢ (0,4,8,00)(1,9,30,7) (2,26,12,23) (3, 25,20, 18) (5,21, 19, 14)
(6,16,27,13)(10, 15,22, 11)(17, 24, 29, 28)

and the coset diagram depicting this action is:

7 4
w0
10 11 17 28
15 22 24 29
2 16
26 23 27 &
12 13
30

We shall determine coset diagrams, denoted by D(0,p), depicting the
actions of G(2,4,Z) on PL(F),) and find also the values of p for which
there exist vertices on the vertical line of symmetry in D(6,p). Also, we
find conditions for the existence of certain fragments of coset diagrams in
D(0,p).

The conjugacy classes of non-degenerate homomorphisms « of G*(2,4, Z)
into G*(2, 4, p) correspond in a one-to-one fashion with the conjugacy classes
of non-trivial elements of G*(2,4, p), under a correspondence which assigns
to the non-degenerate homomorphism « the class containing the element
(zy)a. This, of course, means that we can actually parametrize the conju-
gacy classes of non-degenerate homomorphisms except for a few uninterest-



82 Q. Mushtaq and M. S. Saeed

ing ones, by the elements of F,. That is, we can in fact parametrize the
actions of G*(2,4,7) on PL(F}).

Let X,Y and T denote matrices corresponding to the elements Z,7 and
t in G*(2,4,p), where as described earlier, T = za, ¥ = ya and t = ta,
for some non-degenerate homomorphism « from the group G*(2,4, Z) into
G*(2,4,p). Then X,Y and T will satisfy the relations

X2=v*=T?=(XT)’=(YT) =\

for some scalar A. Since X,Y and T are of orders 2,4, and 2 respectively
therefore we can choose

| a ke | d kf 10 =k
e P I R e e

where m = trace(Y) and a,c,d, f, k € F), with k # 0. Also m = 0(mod p)
for some 6 in F),.

To find m, the trace of Y, we adopt the following method. Since y* = 1,
we have Y4 = A\I. As in Theorem 3.3.1 in [5], some scalar multiple of Y is

conjugate to the matrix [ p p(_)l ], where p is 8th root of unity, so that

0
p® =1or (p* —1)(p* +1) = 0. But p* # 1, therefore (p* + 1) = 0. This
implies that (p? 4+ v2p +1)(p?> — v2p + 1) = 0. That is,

(P +V2p+1) = 0 (2.1)
or (pP=V2p+1) = 0

But m = p+ p~! implies that mp = p? + 1, that is, p> —mp+1 = 0.
Thus comparing this equation with the characteristic equation of Y, we
obtain m = +v/2. Let m = \/ﬁ, so that trace(Y) = V2 where Y satisfy

the relation Y4 = AT for some scalar .

|l a ke _le kf .

So X = [ ¢ —a ] ,and Y = [ FoVa—e ] , and the characteristic
equations of X,Y and XY are:

X2 4+ AI=0, (2.2)

Y2 V2V +1=0, (2.3)

and
(XY)? —rXY + AI =0. (2.4)
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In the following we see that any element ¢ (not of order 1, 2 or 5) of
G*(2,4,p) is the image of xy under some non-degenerate homomorphism of
G*(2,4, Z) into G*(2,4,p).

By Lemma 3.2 [5], it is sufficient to show that every element of G*(2,4, p)
is a product of an element of order 2 and an element of order 4. So we shall
look for elements T,7,t of G*(2,4, p) satisfying the relations

P=y'=T=a)=m)=1 (2.5)

with T ¥ in a given conjugacy class.
We shall take Z, 7 and ¢ to be represented by

S P I e e |

where a,c,d, f, k € F).
Since X is non-singular, we shall write

a4+ ke = -A (2.6)
and require that detY =1 so that

P —V2+EkfP+1=0 (2.7)
This certainly yields the elements satisfying the relations (2.5). So we
only have to check on the conjugacy class of T ¥.
Now the matrix XY is
ad+ kfc akf 4 v2kc— ked
cd—af  kfc—+2a+ ad

and therefore the matrix representing = ¥ has the trace
r=a(2d — V2) + 2kfc (2.8)

and the determinant A = —(a? + kc?), because det Y = 1.
The matrix XYT is given by

akf +\2ke —ked —akd — k?fc
kfc—2a+ ad akf — ked

and if sk = trace(XYT) then
s =2af + c(vV2—2d), (2.9)
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and so
r? + ks? = 2A. (2.10)

Thus, corresponding to each 6 in F, by using equations (2.6) to (2.10),

we can find a triplet (Z,7,%) such that 7% = 7* = £* = (zH)? = (78)% = 1.
Therefore, we can draw the coset diagram depicting an action of G*(2,4, Z)
on PL(F}).

Example 1. If p = 89 and § = 11, then by using equations (2.6) to (2.10),
weobtain A=1,k=—-1,r=10,s=3, f =20, d=2,a=—-13,c= -9

and so

—-132+9 22 —-20 1
x(z) = o

[ — = — t =
92413 W2 =50 793 (2)

Thus our Z,7,t act as

T : (00,41)(0,76

~—

) (1,88)(2,39)(3,53)(4,87)(5,24)(6,82)(7,23)(8,71)(9, 33)
10,27)(11,74)(12,69)(13,70)(14,48)(15,38)(16,45)(17,60)(18, 26)
19,86)(20, 50)(21, 46)(22, 65)(25)(28, 35)(29, 79)(30,42)(31, 51)(32, 62)
( ( )
(

~— — ~—
—~~

34, 68)(36, 61)(37, 66)(40, 52) (43, 80) (44, 67) (47, 54)(49, 73) (55, 72)
56,64)(57)(58, 77) (63, 85)(59, 75)(78, 84)(81, 83)

~~ ~~ —~
—_— — ~—

: (0,3,32,10)(1, 12, 88,52)(2, 28,8, 17)(4, 50, 18, 83)(5, 73, 67, 74)

6,46, 87,59)(7, 36, 39, 29)(9, 64, 30, 00) (11,37, 22, 31)(13, 56, 57, 75)
14, 20, 80, 66)(15, 86, 44, 60)(16, 47, 51, 43)(19, 25, 62, 48)(21, 78, 35, 45)
23,85, 77,81)(24, 68, 84, 42)(26, 53, 71, 72)(27, 38, 76, 40)(33, 69, 41, 82)
34,54, 61, 55)(49, 70, 58, 79)(63)(65)

<

e R

45)(3,30)(4, 67)(5, 18)(6, 15)(7, 51)(8, 78)(9, 10)(11, 81)
(14,70)(16,39)(17,21)(19, 75)(20, 49)(22, 85)(23, 31)
(27, 33)(28, 35)(29, 43)(32, 64) (34, 55) (36, 47) (37, 77)
(41, 76)(42, 53) (44, 87) (46, 60) (50, 73) (54, 61) (56, 62)
(63,65)(68, 72)(71,84)(74,83)(79, 80)(88)

t 1 (0,00)(1)(2,
(12,52)(13, 48)
(24, 26)(25, 75)
(38,82)(40, 69)

(58,66)(59, 86)

~—~ —~ —~

and yield the coset diagram D(11,89)
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fatad

1
40 78 41 &%
27 38 82 33
72 71| |0 10 9 o |24 &E
26 53] |3 32 54 300 |42 24
52 2 57 56
48 19 75 13
18 350 20 14 70 4% 735
23 4 30 &6 5819 67 74

<
]

BT 77 44 56 50 57 37 11
23 @s| &3 &0 15 & 45 85 |z 31
7 2 17 % 78 21 43 51
36 39 2 28 35 4s 16 47

X

8l 54

55 34

D(11,29)

The coset diagrams for the actions of G*(2,4,Z) on PL (F,) contain
fixed points of ¢, which lie on the vertical line of symmetry. Here we have
determined the condition under which these fixed vertices exist in D(0, p).

Theorem 1. The transformation t has fized vertices in D (0, p) if and only
if 6(0—2) is a square in F.

Proof. First we show that the fixed points of T exist in D (0,p) if p =
1 (mod4) and there do not exist fixed points of T if p = 3 (mod4).

Since ¥ and T 7 have even orders, they lie in G*(2,4,p) and hence
so does Z. This implies that the permutation Z is even. Since r? = A,
A is a square if and only if € is. This means that T is in G*(2,4, p) if and
only if —2 is not a square in Fj, and p = 1(mod4). Thus T has fixed
vertices in D (6, p) if and only if —1 and € are either both squares or both
non-squares in F,. That is, T has fixed vertices in D (6,p) if p =1 (mod4)
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and it does not have fixed vertices if p = 3 (mod4). This means that for
the non-degenerate homomorphism with parameters 6, T is an element of
G*(2,4,p) if and only if —0 is a square in Fj,.

Let § be the automorphism of G*(2,4,p) defined by 26 = Tt, y6 = ¥
and t6 = t. Then if «: G*(2,4,7) — G*(2,4,p) maps xz,y,t to T,7,1,
the homomorphism « = da maps z,y,t to T,7,L. If welet X,V and
T denote elements of GL(2,p) which yield the elements T, 7 and ¢ in
G*(2,4,p), then obviously X,Y and T can be taken as follows

e[ o3 AL e[

where k # 0 and a, ¢, d, k, f € F), such that they satisfy the equations (2.6)
to (2.10). We recall that, T 7 will be of order 2 if and only if tr (XY) =r =10
and similarly T gt will be of order 2 if and only if tr (XYT) = ks = 0.
Since the determinant of XY is A, therefore the parameter of T 7 is r2/A,
which we have denoted by 6. Also ks is the trace of XYT and kA is its
determinant. If we let ¢ = k—ZQ we get 04 = 12+ ks?/A. Substituting the
values of 7 and s from the equations (2.8) and (2.9), in 0+ = 72 +ks?/ A
and then making the substitution of the equation (2.7) and A = —(a?+kc?)
we obtain 6 4+ ¢ = 2. That is if § is the parameter of a then 2 — @ is the
parameter of o'

Since change from o to o interchanges both Z and zt and 6 and 2 — 0,
it follows that Tt maps to an element of G*(2,4,p) if and only if 6 (2 — 0)
is a square in Fj,. Since ¢ is in G*(2,4,p) if both of T and Tt is, but not
if just one of them is, t is in G*(2,4, p) if and only if 6 (2 — 0) is a square
in F,. Now t has fixed points in PL (F),) if either ¢ belongs to G*(2,4,p)
and p = —1 (mod4) or t dose not belong to G*(2,4,p) and p = 1 (mod4) is
equivalent to saying that —1 is a square in F,, we conclude that ¢ has fixed
vertices in D (6, p) if and only if —6(2—0) = 0 (0 —2) is a square in F).
Hence the result. O

We can see in Example 1 that the coset diagram depicting actions of
G(2,4,7) on PL (Fgg) contain fixed points of ¢ on the line of symmetry.

The fact that ¢ has fixed vertices on the line of symmetry in D(6, p) or
not helps us to determine the structure of the group < z,7,t >. It also
enables us to show that for infinitely many values of p, the group G*(2, 4, p)
has minimal genus.

Corollary 1. If p = +1(mod5) then the transformation t has fized ver-
tices in D (0,p) if and only if 0 —2 is a square in F, and (T 7)° = 1.
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3. Fragments of coset diagrams

By joining graphs representing groups of smaller degree we can obtain a
bigger graph representing a group of larger degree. Then it is easy to study
the properties of the new group just by studying its graph. We have different
methods of joining graphs together, to give representations of the group
of larger degree. We need not have to study the entire group of a smaller
degree, we can achieve this just by studying its fragment and find a condition
for the existence of the fragment in the coset diagram, so that if the fragment
exists in a coset diagram of larger degree, we can study the properties of
the diagram for the related group of larger degree.

The coset diagrams, depicting actions of G*(2,4,p) on PL(F,), fre-
quently contain some special fragments, namely ~1, 9 and 3 respectively

Vi

L4 ¥a

3

We determine conditions on 6 and p for the existence of these fragments
in the coset diagrams D(6,p).
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Theorem 2.
(i) The fragment ~v1 will occur in D(6,p) if 5 is a square in F),.
it e fragment ~yo will occur in ,p) if —11 is a square in F,.
(i) The fragment ~o will m D(0,p) if —11 1 n F,
(t3i) The fragment ~3 will occur in D(0,p) if —19 is a square in F).

Proof. The vertices vy, v and vs are fixed by the elements T 7, T 7°
and 7 7°Ty°Tyxy respectively. Recall that det X = A, trace(Y) = V2,
det(XY) = A, and trace(XY) = r. After suitable manipulations, the
equations

Y3=Y —2I (3.1)
Yi=—-1 (3.2)
XYX =rX 4+ AY — V2AI (3.3)

can be obtained from the equations (2.2), (2.3) and (2.4).

In fragment v, the vertex vy is fixed by T 3. The matrix corresponding
to T y will be My = XY. The determinant of M; will be det(XY) =
det(X)det(Y) = A, and the trace of M; will be equal to trace(XY) = r.
So the discriminant of the characteristic equation of M; will be r? — 4A.
But 2> = §A. This means that the discriminant is, in fact, 72 — 4A =
OA —4A = (6 — 4)A. Since A is a square if and only if 6 is, we can
eliminate A, as we are in field F},. So the discriminant of the characteristic
equation of the matrix corresponding to the element Z 7 of G*(2,4,p) will
be d;(6) =60 — 4.

In fragment ~, the vertex v, is fixed by Z 7°Z §. The matrix corre-
sponding to T 7% ¥ will be My = XY3XY. Now det My = A2 If we
substitute the value of Y3 from equation (3.1) in equation My = XY3XY,
we get Mo = X(Y — V2I)XY = (XY)2 — V2X2Y. If we now substitute
values of (XY)? and X? (from equations (2.4) and (2.2)) in equation My =
(XY)? —/2X?2Y the result will be an equation My = rXY — AT ++2AM.
So the trace of My will be trace(rXY) —trace(AI)++/2trace(AY). That
is, trace(Ms) = r? — 2A + 2A = r2. This implies that the discriminant of
the characteristic equation of My will be r* —4A2. But r2 = 0A. This
means that the discriminant is, in fact, §2A2% — 4A? = (62 — 4)A2. Since
A is a square if and only if 0 is, we can eliminate A so the discriminant
of the characteristic equation of the matrix corresponding to the element
2Ty of G*(2,4,p) will be do(0) = 6% — 4= (6 —2)(0 +2).

corresponding to T 7°% §°% § T § will be Mz = XY3XY3XYXY. So
det M3 = A*. If we substitute the value of Y3 from equation (3.1) in



Permutation representations of triangle group A(2,4,5) 89

equation Mz = XY3XY3XY XY, we get
Ms = XY —V2D)X(Y —V2I)(XY)? (3.4)
(XY — V2X)(XY — V2X)(XY)?
= [(XY)?+2X% - V2XYX — V2X?V](XY)2
If we now substitute values of (XY)?, X? and XY X (from equations (2.4),
(2.2) and (3.3)) in equation (3.4) the result will be an equation
Ms =r3XY —r2AT — 2rAXY + A%T +V2r2AY + V2rX. (3.5)

So the trace of Mz will be 7% — 2r2A — 2r2A + 2A2% + 272A. That is,
trace(M3) = r* — 2r? A 4+ 2A? . This implies that the discriminant of the
characteristic equation of M3 will be

(r* —2r2A +2A%)2 — 4AY =18 4 8r1A% — 4r0A — 872 A3,
This means that the discriminant is, in fact,
0 AT + 802A% — 403AT — 89AT = (0% + 807 — 403 — 89) A%

Since A is a square if and only if @ is, we can eliminate A, so the discrim-
inant of the characteristic equation of the matrix corresponding to 7 7°%
7Ty Ty of G*(2,4,p) will be

ds(0) = 0" — 46° +80° — 80 = 0(0 — 2)[0 — (1 + V=3)][(6 — (1 — V=3)]
Thus,

(i) the fragment ~; will occur in D(6,p) if and only if di(0) = 60 — 4
is a square in Fj,. If §; and 6, are the roots of f(z) = 22 — 3z + 1 then

2

[T d1(6;) = f(4) = 5. Thus 7y will exist in some D(6;,p) if 5 is a square
i=1

in Fj.

(7i) the fragment ~9 will occur in D(0,p) if and only if dy(f) =
(0—2)(0+2) is a square in F},. If §; and 6 are the roots of f(z) = 22 —32+1
2

then [] d2(6;) = f(2)f(—2) = —11. Thus ~o will exist in some D(6;,p)
i=1

if —11 is a square in E,.
(¢i7) the fragment ~3 will occur in D(6,p) if and only if ds(6) =
00 —2)(0—(14++v=3))((0 — (1 —+/—3)) is asquarein F,. If 6; and 0

are the roots of f(z) =22 —3z+1 then ]2[ ds(0;) = £(0)f(2)f(1+ V=3)

i=1
f(1—=+/=3) = —19. Thus ~3 will occur in some D(6;,p) if —19 is a square
in Fj. Hence the result. O
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Example 2. In the coset diagram given below, we can see that all the three

fragments are present.

&1 26 T
3 11 \53 &3
32 A
(3] 4 53 38
- X X
) 5
3 54 13 28
31 65
21 &
25 &0 33 15
20 55
(3 2N
44 34 48 50
57 13
3 10 47 23 37 42 7 47
19 22 35 45 41 2 29 58
D64, 713

In the following we give a hand-calculated list summarizing the situation
for all primes p < 241. We let p denote the primes congruent to +1 or
+9(mod 40) and 6 is a root of the polynomial 6% — 360 + 1.
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31

41

71

79

89

151

191

199

239

241

14

20

36

10

64

51

31

11

81

29

125

90

104

63

139

17

225

53

191

x

Z —

Z —

Z —

z+2
z—1

2z —3
3z—2
3z -7
16z — 3
4z + 21
Tz —4
7z —10
52 — 17
13z — 16
—16z — 13
-1

Tz
23z — 21
29z — 23
—132+4+9

-9z +13
20z — 34
—172—-20
—29z 4+ 67

28z + 29
4z — 35

352 —4
—60z + 4
65z + 60
—31z — 46
46z + 31
41z — 45
—45z — 41
—41z 4+ 63

—63z + 41
—21z +43

—43z + 21
—38z + 25

25z + 38
33z 4+ 119

119z — 33
97z — 101

101z — 97

|

Z —

Zz —

Z —

Z —

—z+6
32+
1
—z+38
—z—18
62z + 25
z—25
122 4+ 13
-2

z+2

z+9

9z +11
z—25
25z 48
2z +42
212+ 7
2z —20
20z 4+ 23
8

4z+5

z + 64
29z 4+ 45
z—4

4z + 22
3z 430
10z + 54
—z—21
21z 458
z 460
60z + 19

—2z2—129

29z + 22
z — b7
57z 4+ 98
z — b7
57z 4+ 98
32

32z + 11
32

32z + 11



92 Q. Mushtaq and M. S. Saeed

References

[1] G. Baumslag, J. W. Morgan, and P. B. Shalen: Generalized triangle
groups, Math. Proc. Camb. Phil. Soc. 102 (1987), 25 — 31.

[2] H. S. M. Coxeter and W. O. J Moser: Generators and relations for
discrete groups, Springer-verlag, Berlin 1980.

[3] J. Howie, V. Metaftsis and R. M. Thomas: Finite generalized triangle
groups, Trans. Amer. Math. Soc. 347 (1995), 3613 — 3623.

[4] L. Levai, G. Rosenberger and B. Souvignier: All finite generalized tri-
angle groups, Trans. Amer. Math. Soc. 347 (1995), 3625 — 3627.

[5] Q. Mushtaq: Parametrization of all homomorphisms from PGL(2,Z) into
PSL(2,q), Comm. Algebra 20 (1992), 1023 — 1040.

[6] Q. Mushtaq and F. Shaheen: Finite presentation of alternating groups,
Acta Math. Sinica, New Ser. 11 (1995), 221 — 224.

Department of Mathematics Received March 29, 2003
Quaid-i-Azam University

Islamabad

Pakistan

e-mail: gmushtaq@apollo.net.pk



Quasigroups and Related Systems 12 (2004), 93 — 102

Quotient hyper BCK-algebras

Arsham Borumand Saeid and Mohammad M. Zahedi

Abstract

In this note first we use the equivalence relation ~; which has been introduced in [1]
and construct a quotient hyper BC K-algebra H/I from a hyper BCK-algebra H via
a reflexive hyper BC'K-ideal I of H. Then we study the properties of this algebra, in
particular we give some examples of this algebra. Finally we obtain some relationships
between H/I and H.

1. Introduction

The hyperalgebraic structure theory was introduced by F. Marty [7] in
1934. Imai and Iséki [4] in 1966 introduced the notion of a BC K-algebra.
Recently [6] Jun, Borzooei and Zahedi et.al. applied the hyperstructure to
BC K-algebras and introduced the concept of hyper BC' K-algebra which is
a generalization of BC K-algebra. Now, in this note we use the equivalence
relation given in [1] and construct a quotient hyper BC'K-algebra H/I via
a hyper BC K-ideal I, then we obtain some related results which have been
mentioned in the abstract.

2. Preliminaries

Definition 2.1. Let H be a nonempty set and “o” be a hyperoperation on
H, that is “o” is a function from H X H to P*(H) = P(H)\{0}. Then H
is called a hyper BCK-algebra if it contains a constant 0 and satisfies the
following axioms:

2000 Mathematics Subject Classification: 06F35, 03G25
Keywords: hyper BC K-algebra, quotient hyper BC' K-algebra, hyper BC K-ideal
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(HK1) (zoz)o(yoz) < zoy,

(HK2) (zoy)oz=(xoz2)oy,

(HK3) zoH < {x},

(HK4) z < y and y < x imply = =y,

for all z,y,2z € H, where x < y is defined by 0 € z oy and for every
A,BCH, A< Bisdefined by Va € A, 3b € B such that a < b.

Proposition 2.2. [6] In any hyper BCK-algebra H, for all z,y,z € H,
the following statements hold:
(1) 000 ={0}, (iv) 0oz = {0},

(i) 0< u, (v) zoy<Luz,

(1i1) =<z, (vi) z00={z}.
Definition 2.3. Let I be a nonempty subset of a hyper BCK-algebra
(H,0,0) and 0 € I. Then, [ is called a hyper BCK-ideal of H if x oy < I
and y € I imply that « € I, for all z,y € H. If additionally x o x C I for
all x € H, then [ is called a reflexive hyper BC K -ideal.

Lemma 2.4. [5] Let A, B and I be subsets of H.
(1)) If ACB<C, then AL C.
(i) If Aox < I forx € H, then aox < I for all a € A.
(¢it) If I is a hyper BCK -ideal of H and if Aox < I forxz €I,
then A < I.
(iv) If I be a reflexive hyper BCK -ideal of H and let A be a subset
of H. If ALI, then ACI.
Definition 2.5. [3] A hyper BCK-algebra H is said to be
— weak positive implicative if (xoz)o(yoz) <K (roy)oz),
— positive implicative if (xoz)o(yoz)=(roy)oz,
— implicative if © < xo(youx)
holds for all z,y,z € H.
Definition 2.6. [3] A nonempty subset I of a hyper BCK-algebra H
containing 0 is called
— a weak tmplicative hyper BCK -ideal if for all x,y,z € H

(xoz)o(yox)CIand z € I imply z €I,
— an implicative hyper BCK -ideal if for all z,y,z € H
(xoz)o(yox)< I and z € I imply z € I.
Definition 2.7. [6] Let H be a hyper BCK-algebra. Define the set
V(a,b) :={x € H|0 € (xoa)ob}. If for any a,b € H, the set V(a,b) has
the greatest element, then we say that H satisfies the hyper condition.



Quotient hyper BCK-algebras 95

Proposition 2.8. [1] Let I be a reflexive hyper BCK -ideal of H and let
x~ry ifand only if xoyCI and yox C 1.

Then ~g is an equivalence relation on H.

Proposition 2.9. [1] Let A, B are subsets of H, and I a reflexive hyper
BCK -ideal of H. Then we define A ~; B if and only if Va € A, 3b € B in
which a ~1 b, and Vb € B, da € A in which a ~1 b. Then relation ~1 is an
equivalence relation on P*(H).

3. Quotient hyper BC K-algebras

From now on H is a hyper BC K-algebra and [ is a reflexive hyper BCK-
ideal of H, unless otherwise is stated.

Lemma 3.1. Let A, B € P*(H), and I be a hyper BCK -ideal of H. Then
AoB < I and Bo A< I imply that A ~1 B.

Proof. For all a € Aand b € B we have boa C Bo A and aob C Ao B.
Since Ao B« I, and Bo A <« I, then we have boa < I, and aob < I.
Since [ is reflexive then a ~; b, which implies that A ~; B. O

Theorem 3.2. The relation ~g is a congruence relation on H.

Proof. By considering Proposition 2.8, it is enough to show that If z ~; y
and u ~jy v, then x ou ~y yow. Since x ~y y, we have zoy < [
and yox < I. So (xow)o(yov) < xoy and oy < I imply that
(rowv)o(yowv) < I. Similarly (yov)o (zov) < I. Therefore by Lemma 3.1
Tov~yyou.

Also we have (zou)o(vou) < zowv. Then forallt € zouand r € vou
we have tor C (zowu)o (vou). Therefore for all s € ¢ or there exists
a € x ov such that s < a, hence (soa) NI # (. Since soa C (tor)oa,
then ((tor)oa)NI # (. By Lemma 2.4 we have (tor)oa < I. Thus
(toa)or < I and r € I, which implies that t oa < I. Since ¢t € x o u and
r € vou we can get that (xou)o(zov) < I. Similarly (zov)o(zou) < I.
Then by Lemma 3.1 we can see that xov ~j xou.

Since ~j is an equivalence relation on P*(H), then x ov ~; y o v and
rov~yrou imply that xou~jyow. O

Suppose [ is a reflexive hyper BC K-ideal of (H,0,0). Denote the equiv-
alence classes of x by C.

Lemma 3.3. In any hyper BCK-algebra H we have I = CY.



96 A. Borumand Saeid and M. M. Zahedi

Proof. Let x € I. Since xz € 200, we have (£o0)NI # (). Then 200 C I and
since 0oz = 0 hence 0 ox C I. Then 0 ~; x therefore x € Cy. Conversely
let x € Cy hence x ~; 0 which means that x o0 C I. Since z € x o0 then
we have x € I. ]

Denote H/I = {Cy : x € H} and define Cp, «Cy ={C; |t € xoy}. If
Cy = Cp and Cy = Cy, then C, x Cy = Cypr x Cy. Indeed, if C, = Cpr and
Cy = Cy then o ~y o’ and y ~; 3/, we can conclude that z oy ~j 2’ o y/
since ~y is a congruence relation. Now let C; € Cp x Cy then t € z o y.
Then there exist 7 € 2’ o3 such that ¢t ~; r hence C; = C,. Therefore
Cy x Cy C Cp * Cy, and similarly Cyp * Cyy € C, x Cy. Hence * is well-
defined.

On H/I we define < putting: C, < Cy if and only if Cy € Cyp * Cy.
Observe that: 2 <y=0€czoy= Coc C,*xCy = C, < C,.

Theorem 3.4. Let (H,0,0) be a hyper BCK -algebra and let I be a reflexive
hyper BCK -ideal of H. Then (H/I,*,Cy) is a hyper BCK-algebra.

Proof. (HK1): Since H is a hyper BC' K-algebra, we have (xoz)o(yoz) <
(xoy). Soforallt €aob C (zoz)o(yoz) there exists s € (zoy) such
that ¢ < s. Therefore Cy < Cy, where C; € Cy x Cp C (Cp % C,) x (Cy % Cy)
and Cs € Cy * Cy, hence (C x Cy) * (Cy x C,) < Cp x Cy.

(HK2): We must show that (Cy x Cy) * C, = (Cy * C;) % Cy. Let
Cre (CpxCy)*C,. Thent €aoz C (xoy)oz=(xroz)oy, which means
that C; € (Cp * C) x Cyy. Hence (Cp x Cy) x C, C (Cy x C;) % Cy. Similarly
(CpxCy) xCy C (Cp xCy) * C..

(HK3): Cp+{Cy |t € Hy ={CoxCy |t € H} = | J{Cy |y € wot}.
teH
By Proposition 2.2 for all y € x ot we have y < x. So Cy < C, therefore

{Cy |y € xot} < Cp. Thus U{Cy | y € x ot} < Cp. Therefore
teH
CoxH/I < C,.

(HK4): Let C; <« Cy and Cy < C,. We must show that C, = C,,.
Since C, < Cy then Cy € C; * Cy. So there exists a t € x oy such that
t ~7 0. Therefore t 0 0 < I, thus t € I. Hence (zoy) NI # 0. Now, since
I is a reflexive hyper BC'K-ideal we conclude that x oy C I. Similarly
yox C I. Thus x ~y y which means that C, = C,. ]

Theorem 3.5. If H is a bounded hyper BCK-algebra with the greatest
element 1, then (H/I,*,Cy) is also a bounded hyper BC K -algebra with the
greatest element C.
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Proof. Tt is enough to prove that C; is the greatest element of H/I. For
any ¢ € H, since 0 € x o1 then Cy € C, *x C. This means that Cy is the
greatest element of H/I. O

The inverse of the above theorem does not hold.

Example 3.6. Let H = {0,1,2}. Then the following table shows a hyper
BCK-algebra structure on H, which is not bounded.

o ‘ 0 1 2
0] {0} {o} {o}
{1} {0} {1}
2({2p {2} {02}

Then I = {0,2} is a reflexive hyper BCK-ideal of H. Now construct the
quotient hyper BC K-algebra H/I via I. Because

Co=1={0,2}=Co={yly~r2}, Cr={yly~rl}={1},

then H/I ={Cy, C1} and

Ci|C1 Cy
We can check that (H/I,*,Cy) is a bounded hyper BC K-algebra. O

Theorem 3.7. If J is a reflexive hyper BCK -ideal of H and I C J, then:
(a) I is a hyper BCK-ideal of the hyper BCK -subalgebra J of H,
(b) the quotient hyper BCK -algebra J/I is a hyper BCK -ideal of H/I.

Proof. (a) At first we show that J is a hyper BC K-subalgebra of H. To
show this let z,y € J we must show that z oy C J. Since z oy < z, then
for all a € zoy we have a < z. Hence 0 € aox. Thus (aox)NI # (0, since
I is reflexive then a ox C I and therefore a o x C J. Now x € J implies
that a € J, thus x oy C J. Hence J is a hyper BC K-subalgebra of H. It
is clear that I is hyper BC K-ideal of the hyper BC K-subalgebra of J.

(b) We can check that J/I C H/I. If Cp, x Cy < J/I and C, € J/I,
then for any ¢ € x oy, there exists s € J such that C; < Cs . Thus
Co e CyxCs. So Cy = C, for some r € t os. Therefore 0 ~7 r and this
implies that O or C I and o0 C I. Hence r € I, which means that
(tos)NI # 0. Since I is reflexive, then tos C I. Now tos C J,and s € J
implies that ¢ € J. Thus zoy < J. Sincey € J, so x € J, thus C, € J/I.
Hence J/I is a hyper BCK-ideal of H/I. O
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Theorem 3.8. If L is a hyper BCK -ideal of H/I, then J ={z|Cy, € L}
is a hyper BCK-ideal of H and moreover I C J. Furthermore L = J/I.

Proof. Since I = Cyp € L, then 0 € J. Let zoy < J and y € J. Then for
any t € x oy there exists s € J such that ¢ < s. Hence Cy < (s, which
implies that C, x Cy < L. Since y € J, we get that Cy € L, thus C, € L.
Therefore x € J, hence J is a hyper BCK-ideal of H. Let x € I = Cj.
Then x ~; 0, thus C, = Cy and hence C, € L. Therefore x € J, that is
ICJ. Clearly L =J/I. O

Theorem 3.9. If I is a hyper BCK-ideal of H, then there is a bijection
from the set Z(H,I) of all hyper BCK -ideals of H containing I to the set
I(H/I) of all hyper BCK -ideals of H/I.

Proof. Define f : Z(H,I) — Z(H/I) by f(J) = J/I. By Theorem 3.7(b) f
is well-defined, also Theorems 3.8 implies that f is onto. Let A, B € Z(H,I)
and A # B. Without loss of generality, we may assume that there is an
x € (B\A). If f(A) = f(B),then C, € f(B)=B/Iand C, € f(A) = A/I.
Thus there exists y € A such that C, = Cy so z ~y y, thatis xoy < I
and yox < I. Since I C A we have z oy < A. Thus y € A implies that
x € A, which is a contradiction. So f is one-to-one. O

Theorem 3.10. Let I be a hyper BCK-ideal of H. Then there exists a
canonical surjective homomorphism ¢ : H — H/I by ¢(x) = Cy, and
kero = I, where kerp = o~ 1(Cp).

Proof. Tt is clear that ¢ is well-defined. Let z,y € H. Then p(xoy) =
{pt) [t ezoy} ={C, |t € xoy} = CpxCy = p(x) x (y). Hence ¢
is homomorphism. Clearly ¢ is onto. We have kerp = {x € H | p(z) =
Co}={zeH|C,=Cy=1}={xcH|xel}=1 O

Theorem 3.11. Let f : Hi — Hs be a homomorphism of hyper BCK -
algebras, and let I be a hyper BCK-ideal of Hy such that I C kerf. Then
there exists a unique homomorphism f : H1/I —s Ho such that f(C,) =
f(z) for all x € Hy, Im(f) = Im(f) and kerf = kerf/I. Moreover f is
an isomorphism if and only if f is surjective and I = kerf.

Proof. Let Cp = Cp. Then x ~j 2/, which implies that z o2’ C I and
2’ ox C I. Thus there exists ¢ € (xoa’)()I. Then 0= f(t) € f(xoz') =
f(z) o f(2'), hence f(x) < f(z'). Similarly f(2') < f(z), therefore f is
well-defined.

We have f(C, *C) fUC, |t € zoy)})

_Z{f( i) | texoy} =
{f(t) [t exoy} = flwoy) = f(x) o fly) = f(Ca) *

f(Cy). Then fis a
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homomorphism. On the other hand
Cp €Ekerf <= f(Cp) =0<= f(x) =0<= z € kerf.

Note that f is unique, since it is completely determined by f. Finally it is
clear that f is surjective if and only if f is surjective. O

Theorem 3.12. Let f : Hi — Hs be a homomorphism of hyper BCK -
algebras. Then Hy/kerf = Im(f). O

Theorem 3.13. Let I,J be hyper BCK-ideals of H. Then there is a
(natural ) homomorphism of hyper BCK -algebras between I/(I N J) and
<IUJ > /J, where < IUJ > is the hyper BCK -ideal generated by IUJ.

Proof. Define ¢ : I —< IUJ > /J by p(z) = CJ, where C is the
equivalence classes C, via the hyper BCK-ideal J. If x1 = x2, then it is

clear that C; = CJ,, which means that ¢ is well-defined. Also we have

p(roy) = {p(t) |t € zoy} = {CY |t € zoy} = CxC} = p(x) * o(y).
So that ¢ is a homomorphism. Moreover
kero={zecl|px)=Cl}={zrecl|C/=C{=1J}
={zel|lzedJ}=INJ
Thus by Theorem 3.12 the proof is completed. O

Open Problem 1. Under what condition(s) is the defined homomorphism
wn Theorem 3.11 an isomorphism 7

Theorem 3.14. Let I,J be hyper BCK-ideals of H such that I C J.
Then (H/I)/(J/I) = H/J.

Proof. Tt is clear that J/I C H/I. Define f: H/I — H/J by CL+ C,
where CL € H/I and CJ € H/J.

If CI = C'yl, then z ~y y which implies that x oy C I and yox C I.
Since I C J hence xoy CJ and yox C J. Thus = ~jy then C;E]:Ci,]
which means that f is well-defined.

F(CixCy) = fUCT | t € woy}) = {C] | t € woy} = CxCyf = F(C1)+f(Cy).

Clearly f is onto and
kerf ={C; € H/I'| f(C}) = C{} ={C; € H/T | C = C{f}
={CleH/I|zeJ}=J/L
Now by Theorem 3.12 the proof is completed. O
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4. Some result in quotient hyper BC K-algebras

Let Cq,Cy € H/I. Then according to Definition 2.7 we have

V(CQ,CI,) = {Cz S H/I ‘ Cy e (Cm * Ca) * Cb}
Obviously C(),Ca,cb S V(Ca,Cb), V(Co,CO) = {Co} and V(Ca,Cb) =
V(Cy, C,) for all C,,Cy € H/I.
Theorem 4.1. If H satisfies the hyper condition, then H/I so is.
Proof. If x € V(a,b), then we have xoa < b. Thus for all ¢t € zoa, t < b.
Therefore Cy < Cp, thus Cp x Cf < Cp. Hence C, € V(C,4, Cy). Since

V(a,b) has the greatest element, then by Theorem 3.5, V(Cg, Cy) has the
greatest element too. 0

Remark 4.2. The converse of the above theorem is not correct in general.
Let H ={0,1,2} and

o] 0 1 2
0[{oy {0} {0}
1 {1y {01} {1}
21{2p {2 {0}

Then I = {0,1} is a reflexive hyper BC'K-ideal of a hyper BCK-algebra
(H,0,0) and the elements of the quotient hyper BC'K-algebra H/I are as
follows: Co =1 ={0,1} =C1 ={y |y ~r 1}, Co={y|y~r2} ={2}.
Hence H/I = {Cy,Ca} and

It can be checked that the quotient hyper BC'K-algebra H/I satisfies the
hyper condition, but H does not satisfy the hyper condition, since V(1,2) =
{0,1,2}, 1«2 and 2 K 1. O

Theorem 4.3. If H is an implicative hyper BCK -algebra, then so is H/I.
Proof. The proof is easy. O
Note that the converse of the above theorem is not correct in general.

Example 4.4. The set H = {0,1,2} with the operation

ol 0 1 2

0f{oy {o} {o}

L {1} {0} {0}

2 {2y {1} {1}
is a hyper BCK-algebra. I = {0,1} is a reflexive hyper BC K-ideal such
that Co=I1={0,1} =C1 ={y|y~r1}, Co={y|y~r2} ={2} and
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We can check that H/I = {Cy,C3} is an implicative hyper BC K-algebra,
while the hyper BC' K-algebra H is not, since 1 €« 10 (201). O

Theorem 4.5. If H is a (weak) positive implicative hyper BCK algebra,
then so is H/I.

Proof. Let H be a positive implicative hyper BC' K-algebra. Then we have
CtE(Cx*CZ)*(Cy*CZ)<:> Cy = Cy forsome s€ (zoz)o(yox), t~rs
<= (Cy=C5 forsome s€(zoy)oz, s~it

= Cp e (CpxCy) xC..
The other case is similar. O

Note that Example 4.4 shows that the converse of the above theorem
is not correct in general. Since H/I is positive implicative while H is not,

since (202)0(202)={0,1} # {0} =(202)02.

Theorem 4.6. Let I and J be reflexive hyper BCK -ideals of H and I C
J. If J is a weak implicative hyper BCK -ideal of H, then J/I is a weak
implicative hyper BCK -ideal of H/I.

Proof. Let J be a weak implicative hyper BC K-ideal of H and (C, x C,)
(CyxCy) C J/I and C, € J/I. Then for all Cs € (Cy x C.,) * (Cy * Cy)
where s € (x02) o (yox), we have Cs € J/I. Thus s ~ r, for some r € J.
So sor C I, hence sor C J. Consequently r € J implies that s € J. Thus
(xoz)o(yox)C J,and from C, € J/I we can conclude that z € J. Since
J is a weak implicative hyper BC K-ideal, then we get that x € J. Hence
C, € J/I, which means that J/I is a weak implicative hyper BC' K-ideal of
H/I 0

Open Problem 2. Does the converse of the above theorem true 7

Theorem 4.7. Let I C J be reflexive hyper BCK -ideals of H. Then J/I
is an implicative hyper BCK -ideal of H/I if and only if J is an implicative
hyper BCK -ideal of H.

Proof. Let J be an implicative hyper BC K-ideal and Cy % (CyxC,) < J/I.
Then for all C; € C, * (Cy * Cy) there exists C, € J/I such that Cy < C,,
where t ~; s, s€ xo(yox)and r € J. Since Cy < C, then Cy € Cy * C,
hence there exists v € tor such that 0 ~y u. Thus uo0 C I, therefore u € I.
Then (tor)NI # 0 which means that torn.J # (. Therefore r € J implies
that t € J. Since t ~5 s thus sot C I and hence sot C J. Thust € J
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implies that s € J, hence z o (y o x) < J. Since J is an implicative hyper
BCK-ideal by Theorem 3.6 of [3] we can get that « € J. Hence C, € J/I.
Now Theorem 3.6 [3] implies that J/I is an implicative hyper BC K-ideal
of H/I.

Conversely, let J/I be an implicative hyper BCK-ideal of H/I and
zo(yox) < J. Then for all t € x o (y o x) there exists r € J such that
t < r. Thus Cy < C,, and we can conclude that C, x (Cy x Cy) < J/I.
Since J/I is an implicative hyper BC' K-ideal of H, then C, € J/I, we can
get that x € J. Therefore J is an implicative hyper BC K-ideal of H, by
Theorem 3.6 of |3]. O
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Affine regular pentagons in GS—quasigroups

Vladimir Volenec and Zdenka Kolar—Begovi¢

Abstract

The “geometric” concept of affine regular pentagon and affine regular star—shaped
pentagon in general GS—quasigroup will be introduced. Some characteristics of the in-
troduced concepts will be proved and the geometric interpretation in the GS—quasigroup
C(3(1++/5)) will be given.

1. Introduction

A quasigroup (Q,-) is said to be GS—quasigroup if it satisfies (mutually
equivalent) identities

alab-c)-c=b, a-(a-bc)e=>b (1)
and moreover the identity of idempotency
aa = a. (2)

The considered GS—quasigroup (Q, -) satisfies the identities of mediality,
elasticity, left and right distributivity i.e. we have the identities

ab-cd = ac-bd, (3)
a-ba=ab-a, (4)
a-bc=ab-ac, ab - c = ac- be. (5)
Further, the identities
a(ab-b) = b, (b-ba)a = b, (6)

2000 Mathematics Subject Classification: 20N05
Keywords: GS—quasigroup, affine regular pentagon



104 V. Volenec and Z. Kolar-Begovi¢

a(ab-c) =b-be, (c-ba)a=cb-b, (7)
a(a -be) = b(b - ac), (cb-a)a=(ca-b)b (8)

and equivalencies
ab=c& a=c-ch, ab=ceb=ac-c (9)

also hold. GS—quasigroups are studied in [1].

Example 1. Let C be the set of points of the Euclidean plane. For any
two different points a,b we define ab = ¢ if the point b or a divides the pair
a, c or the pair b, ¢, respectively, in the ratio of the golden section.

In [1] it is proved that (@, ) is a GS—quasigroup in both cases. We shall
denote these two quasigroups by C((1+ v/5)) and C(3(1 — v/5)) because
we have ¢ = 2(1+ V5) or ¢ = $(1 —V/5) if a = 0 and b = 1. These
quasigroups can give a motivation for the definition of “geometric” notions
and proving of “geometric” properties of a general GS—quasigroup. In the
quasigroup C(3(1 + v/5)) we shall illustrate (by figures) the properties of
general GS—quasigroup.

The considered two quasigroups are equivalent because it can be shown
that if the operations - and e on the set () are connected with the identity
aeb=1>0-a, then (Q,e) is a GS—quasigroup if and only if (Q,-) is a GS-
quasigroup.

From now on, let (Q,-) be any GS—quasigroup. The elements of the set
@ are said to be points. The points a, b, ¢, d are said to be the vertices of
a parallelogram and we write Par(a,b, c,d) if the identity d = a - b(ca - a)
holds. The points a, b, ¢, d successively are said to be the vertices of the
golden section trapezoid and it is denoted by GST(a,b, ¢, d) if the identity
a-ab=d - dc holds.

db ab

i
i
{ ac
5 ¢ dc 3
A
. 5/

=d(ac °c c=aldh b
Cec=db

a=(d -dcib d={a -abjc

Figure 1.
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In [2] the different properties of the quaternary relation GST on the
set () are proved. We shall mention just a few of them which will be used
afterwards.

Theorem 1. GST(a,b,c,d) implies GST(d, ¢, b, a). O

If the relation GST(a, b, ¢, d) holds we shall say that the points ¢, a,d, b
form a GS-trapezoid of the second kind and we shall write GST (¢, a, d, b).

Remark 1. In [2] it is proved that a GS—trapezoid in one of the two quasi-
groups mentioned in Example 1 will be a GS—trapezoid of the second kind
in the other quasigroup and vice versa. It means that it is a matter of con-
vention which of the two quadrangles (a, b, ¢, d) or (¢, a,d,b) will be called
GS—trapezoid and which one a GS—trapezoid of the second kind, since we
cannot differ them in the general GS—quasigroup.

Theorem 2. The statement GST(a,b,c,d) is equivalent to the equality
ac-c=db-b (Figure 1). O
Theorem 3. The statement GST (a,b, c,d) is equivalent to any of the four
equalities a = (d-dc)b, b= d(ac-c), c = a(db-b), d = (a-ab)c (Figure 1).00
Corollary 1. GS-trapezoid is uniquely determined by any 3 of its vertices.

Theorem 4.
(i) Any two of the three statements GST(a,b,c,d), GST(b,c,d,e),
GST(c,d,e,a) imply the remaining statement (Figure 2).
(ii) Any two of the three statements GST(a,b,c,d), GST(b,c,d,e),
GST(d,e,a,b) imply the remaining statement (Figure 2). O

Figure 2.
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If we apply Theorem 4 it immediately follows that any two of the five
statements imply the remaining statement

GST(a,b,c,d),GST(b,c,d,e),GST(c,d,e,a), GST(d,e,a,b),GST(e,a,b,c).

Definition 1. The points a, b, ¢, d, e successively are said to be the vertices
of the affine reqular pentagon and it is denoted by ARP(a,b,c,d,e) if any
two (and then all five) of the above five statements are valid (Figure 2).

Based on Theorem 1 and Corollary 1 following three statements imme-
diately follow.

Theorem 5. If (f,g,h,i,j) is any cyclic permutation of (a,b, c,d,e) or of
(e,d,c,b,a), then ARP(a,b,c,d,e) implies ARP(f,qg,h,i,7). O

Theorem 6. Affine reqular pentagon is uniquely determined by any three
of its vertices. O

Theorem 7. If the statement GST(a,b,c,d) holds then there is one and
only one point e such that the statement ARP(a,b,c,d,e) holds. O

Definition 2. If the relation ARP(a,b,c,d,e) holds we shall say that the
points a, ¢, e,b,d successively are the vertices of affine reqular star—shaped
pentagon and write ARP(a,c,e,b,d).

It is obvious, because of Theorem 5, that the equivalency of the state-
ments ARP(a,b,c,d,e) and ARP(a, c,e,b,d) is valid, it means that the re-
lations ARP and ARP are mutually symmetric. From the Theorem about
duality for GS—trapezoids (cf. [2]) now an analogous theorem follows.

Theorem 8 (about duality for affine regular pentagons).

From every theorem about affine reqular pentagons we get an analogous the-
orem about affine reqular star—shaped pentagons (and vice versa) if the roles
of both factors are interchanged in all products which appear in the theo-
rem. O

Corollary 2. From every theorem about affine regular pentagons again
we get a theorem about affine reqular pentagons, if every statement of the
form ARP(a,b,c,d,e) s interchanged by the corresponding statement
ARP(a,c,e,b,d), and the roles of both factors are interchanged in all prod-
ucts. ]
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In the interchanges mentioned in Theorem 8 and Corollary 2 it is not
necessary to make an interchange in possible statements about the relation
Par.

It follows from Remark 1 that in the general GS—quasigroup, whose
model is the Euclidean plane, mentioned in Example 1 on one of the two
ways, we cannot make out the difference between the affine regular pentagon
and the affine regular star-shaped pentagon because what is an affine reg-
ular pentagon in one model that is an affine regular star-shaped pentagon
in the other model (and vice versa); so it is just the matter of convention
which of two pentagons we shall call affine regular and which affine regular
star—shaped pentagon.

Theorem 6 can be expressed by the following theorem more precisely.

Theorem 9. For any points a,b,c we have ARP((c-cb)a, a, b, ¢, (a-ab)c)
and ARP(a, c¢(ba - a), b, a(bc - ¢), ).

Proof. The second statement follows from the first applying the Corol-
lary 2 and Theorem 5, and the first statement follows from the fact that
GST(a,b,c,d) is equivalent to d = (a - ab)e, and GST(e,a, b, ¢) to e =
(c-cb)a (Theorem 3). O

From now on, let the statement ARP(a,b,c,d,e) be valid.
From GST(b, ¢, d, e) according to the definition of the relation GST and
because of Theorem 2 follow the equations

b-bc=e-ed, bd-d=ec-c.
Set
a =b-bc=e-ed, a'=bd-d=ec-c,

and similarly the points o', V", ¢, ¢’, d’, d’, €, € (Figure 2) can be defined.

Let us prove several statements about these points.

Theorem 10. The statements ARP(d,b,c,d', ¢’y and ARP(a" V", ", d" ")
hold.

Proof. According to Theorem 9 from [2] we have the statements
GST(e-ed, a-ae, d-de, e-ea), GST(ec-c,ce-e, be-e,eb-b).
However,
e-ed=d, a-ae=V, d-de=¢c, e-ea=d,

ec-c=d", ce-e=V", be-e=c", eb-b=4d",
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so we get

GST(da', V', d,d), GST(a",b",c",d"),
and the remaining statements follow by the cyclical exchange of letters. [
Theorem 11. The statements Par(a,c,d’,d), Par(a,V',ad’,¢"), Par(a,b,d”,e),
Par(a,d”,a”,d") ete. hold.

Proof. First, the equalities

a-da)a@ad~d=b’/

are valid, and then, according to Lemma 2 from [2] we get these implications

GST(d,c,b,a), d'c=b= Par(d,d,a,c),
GST (V/,d,e',d"), ba=d = Par(tV,d, €, a),
GST(b,a,e,d), ba" =d= Par(b,a,e,da"’),
GST(d", "\ b",a"), ad =¥ = Par(a,d",d", "),

where, in the assumptions, the results of Theorem 10 are used. O

In the Theorem 11 we have come to some statements about the relation
Par from the statements about the relation ARP. It can be also done in the
opposite way, because the following theorem holds.

Theorem 12. From Par(a,b,c,d) follow ARP(b,ab,c,ad,d) and
ARP(ba,d,c,b,da) (Figure 3).

Figure 3.
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Proof. According to Theorem 7 from [2| GST(ad,d,b,ab) is valid, and
from Par(a,d, c,b) by Lemma 2 from [2] it follows GST(d,b,ab,c) so the
first statement holds, and the second statement follows from the first one
according to Corollary 2. O

Let us further prove

Theorem 13. The statements ARP(a,b,c,d,e), ARP(c,ac, f,ad,d) hold
where we have f =b-bc=e-ed (Figure 4).

Figure 4.

Proof. According to Theorem 10 from [2], from the statement GST(a, b, ¢, d)

it follows GST(c,d,ad,b-bc), and from GST(a,e,d, ¢) it follows

GST(d, ¢, ac, e-ed). However, because of GST(b, ¢, d, ) we have the equality

b-bc=ce-ed. O
The following theorem about affine regular pentagons also holds.

Theorem 14. Any two of the three statements ARP(a,b,c,d,e),
ARP(f,g,h,i,5), ARP(af,bq.ch.di,ei) imply the remaining statement
(Figure 5).

gl

a% > A

ich

& { {
/] h/
q/ { &
] /
f
» >a
e

Figure 5.
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Proof. 1t is sufficient to prove that any two of three statements GST'(a, b, ¢, d),
GST(f,g,h,i) and GST (af,bg, ch,di) imply the remaining statement. How-
ever, according to (3) we have successively

[(af) - (af)(bg)l(ch) = [(af) - (ab- fg)l(ch) = [(a - ab) - (f - fg)l(ch)
= (a-ab)c-(f - fg)h

and then it is obvious that any two of the three equalities (a - ab)c = d,
(f-fg)h =1 and [ae- (af)(bg)](ch) = di imply the remaining equality. [
Corollary 3. ARP(a,b,c,d,e) always implies ARP(ab,bc,cd,de,ea),
ARP(ac,bd, ce,da, eb), ARP(ad,be,ca,db,ec), ARP(ae,ba,cb,dc,ed). O

For any point p we have obviously ARP(p, p, p, p,p) and from Theorem
14 it follows further:

Corollary 4. The statements ARP(a,b,c,d,e), ARP(ap,bp,cp,dp,ep),
ARP(pa, pb, pc,pd, pe) are mutually equivalent (for any point p). O

Theorem 15. From ¢ = (ob-a)o it follows a = (ob-c)o, and from ¢ = (ob-a)o
and d = (oc-b)o it follows GST(a,b,c,d) (Figure 6).

e d=(0C tbjo

Figure 6.

Proof. We have successively

(ob - c)o = [ob - (ob-a)olo W
(a~ab)~(0b~a)0@a(0b~a)-(ab-o) @ (a-ob)a- (ab- o)
a - ob)(ab) - ao 8. (ob-b)o= (ob-c)o- (ob-b)o

ob-c)(ob-b)-o(i)(obwb)o@(oc-b)0=d. O

(a-ab)c

(5)

2
(
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Based on Theorem 15 this definition makes sense.

Definition 3. We say that the point o is the centre of affine reqular pen-
tagon with vertices a,, a1, ag, as, a4 if for each i € {0,1,2,3,4} is valid
(modulo 5) the following equality

(oa;i1 - a;)o = ajo respectively (oa;—1 - a;)o = aj_o.

On the Figure 6 the point o is the centre of affine regular pentagon with
the vertices a, b, ¢, d, e.

Theorem 16. Under the hypothesis of Theorem 15 equalities d = a-(0b-b)o,
d = o(c-ao), b=o(c-co)-a are valid.

Proof. The first equality is proved in the proof of Theorem 15. Then we
have successively

o(c - ao) D oe. (0-ao0) = (oc-o)(oc-ao) = (oc-0)-o-(ob-a)ol(ao)
@ (oc-0) - [o(0b - a) - o](ao) @ (oc-0)[(b-ba)o - aol

© [oc - (b - ba)alo © (oc-b)o =d,

—~
g

and then from (ob-a)o = ¢ because of (9) first follows 0b-a = ¢- co, and then
ob = (c-co) - (c-co)a, and finally out of that according to (9) we get

b = o[(c-co) - (c-co)al-[(c-co)-(c-co)al

®3)

= o(c-co) - [(c-co) - (c-co)all(c- co)a]

®)

= o(c-co) - (c-co)|(c-co)a - al © o(c- co) - a.,

which completes the proof. O

If the point o is the centre of affine regular pentagon a,,a1,as,as, as
then the equalities from the Theorem 16 can be written in the form

ai - (0411 Gi+1)0 = Gjiy3,
o(ai+2 - ai0) = aits,
0(@iy2 - Ai420) - G = Giy1,
and similarly because of symmetry the equalities
a; - (0ai—1 - aj—1)0 = a;_3,
O(Qi_z . aio) = Q;-—3,

o(ai—2 - a;i—20) - a; = a;—1
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are valid.
Under the hypothesis of the Theorem 15 and 16 and labels from Figure 2
the equalities

ab’ =d=a- (ob-b)o,
da=b=o(c-co)-a
are valid, and then immediately follows
b’ = (ob-b)o,
d =o(c- co).
In general case, using analogous labels, we get the equalities

a; = o(a; - a;0),

al = (oa; - a;)o.

From previous considerations also follows

Theorem 17. Affine reqular pentagon is uniquely determined by its centre
and with any two of its vertices. O
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