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Abstract. For a ring R, an endomorphism ¢ of R and a o-derivation ¢ of R, we
introduce (o-0)-ring and (o-§)-rigid ring which are the generalizations of o(*)-rings
and d-rings, and investigate their properties. Moreover, we prove that a (o-0)-ring is
2-primal and its prime radical is completely semiprime.
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1 Introduction and preliminaries

A ring R always means an associative ring with identity 1 # 0, unless otherwise
stated. The prime radical and the set of nilpotent elements of R are denoted by
P(R) and N(R) respectively. The ring of integers is denoted by Z, the field of ratio-
nal numbers by Q, the field of real numbers by R, and the field of complex numbers
by C, unless otherwise stated.

Let R be a ring. This article concerns endomorphisms and derivations of a ring
and we also discuss certain types of rings involving endomorphisms and derivations.
We begin with the following:

Definition 1 (see Krempa [10]). An endomorphism ¢ of a ring R is said to be rigid
if ac(a) = 0 implies that a = 0, for all @ € R. A ring R is said to be o-rigid if there
exists a rigid endomorphism o of R.

Example 1. Let R = C and 0 : C — C be defined by o(a + ib) = a — ib, for all
a,b € R. Then o is a rigid endomorphism of R.

We recall a ring R is o-rigid if there exists a rigid endomorphism ¢ of R and
o-rigid rings are reduced rings by Hong et. al. [6]. Properties of o-rigid rings have
been studied in Krempa [10], Hong et al. [6] and Hirano [5].

Definition 2 (see Kwak [12]). Let R be a ring and ¢ an endomorphism of R. Then
R is said to be a o(x)-ring if ac(a) € P(R) implies that a € P(R), for a € R.
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Example 2 (see Example 1 of Kwak [12]). Let I be a field, and R = ( I(E)‘ E >

0 F

Then P(R) = < 0 0

). Let 0 : R — R be defined by

(5 ))-(57)

Then it can be seen that o is an endomorphism of R and R is a o(x)-ring.

We note that the above ring is not o-rigid. Let 0 # a € F. Then

0 a 0 a 0 0 0 a 00
(0 0>”<<0 0>>_<0 0>’b“t<0 0>7A<0 0)'
Example 3. Let F be a field, and R = F[z]. Let 0 : R — R be an endomorphism
defined by o(f(x)) = f(0). Then R is not a o(x)-ring.

Definition 3 (see [13]). An ideal I of a ring R is said to be completely semi-prime
if a® € I implies that a € I, for a € R.

Definition 4. A ring R is said to be 2-primal if and only if P(R) = N(R).

Example 4 (see Bhat [4]).

1. Let R = F[z] be the polynomial ring over a field F. Then R is 2-primal with
P(R) = {0}.

2. Let M5(Q) be the set of 2 x 2 matrices over Q. Then R[x] is a prime ring with
non-zero nilpotent elements and so it cannot be 2-primal.

2-primal rings have been studied in recent years and are being treated by authors
for different structures. We know that a ring R is 2-primal if the prime radical is
completely semi-prime. Note that a reduced ring is 2-primal and a commutative
ring is also 2-primal. For further detail on 2-primal rings refer to [2, 3, 7, 8, 9, 13,
15]. Furthermore, the concept of completely semi-prime ideals is also studied in this
area. Kwak in [12] establishes a relation between a 2-primal ring and a o(x)-ring.
It is also known that if R is a Noetherian ring and ¢ an endomorphism of R, then
R a o(x)-ring implies that R is 2-primal (Proposition (2.4) of [4]), but the converse
need not be true. For example, we have:

Example 2.5 of [4]: Let R = F'[z] be the polynomial ring over a field F. Then R
is 2-primal with P(R) = {0}. Let 0 : R — R be an endomorphism defined by
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Then R is not a o(x)-ring. For this consider f(x) = za,a # 0.

Also if R is a Noetherian ring and ¢ an endomorphism of R, then R a o(x)-ring
implies that P(R) is completely semi-prime (Proposition (1) of [11]), but the con-
verse need not be true. For example, we have

Example [12]: Let F be a field, R=T x F. Let 0 : R — R be an automorphism
defined as

o((a,b)) = (b,a),a,b € F.

Here P(R) = {0} is a completely semi-prime ring, as R is a reduced ring. But R is
not a o(x)-ring. Since (1,0)o((1,0)) = (0,0), but (1,0) does not belong to P(R).

Definition 5 (see [14]). Let R be a ring, o an endomorphism of R and 6 : R — R
an additive map such that

d(ab) = d(a)o(b) + ad(b), for all a,b € R.
Then ¢ is a o-derivation of R.
Example 5. Let R = Z[v/2]. Then o : R — R defined as
o(a+bv2) = (a — bV/?2), for a + b2 € R.
is an endomorphism of R. For any s € R, define ds : R — R by
Ss(a+bv2) = (a+bv2)s — so(a + by/2), for a + bv/2 € R.
Then d; is a o-derivation of R.

Definition 6 (see Bhat [1]). Let R be a ring. Let o be an automorphism of R and
0 a o-derivation of R. Then R is a d-ring if ad(a) € P(R) implies that a € P(R).

Note that a §-ring is without identity, as 15(1) = 0, but 1 # 0.

Example 6. Let S be a ring without identity and R = S x S with P(R) = {0} (for
example we take S = 2Z).

Then o : R — R is an endomorphism defined by
o((a,b)) = (b, a).
For any s € R, define 5 : R — R by
0s(a,b) = (a,b)s — so(a,b), for (a,b) € R.

Let (a,b)ds(a,b) € P(R), then (a,b){(a,b)s — so(a,b)} € P(R) or (a,b){(a,b)s —
s(b,a)} € P(R), i.e. (a,b)(as — bs,bs — sa) € P(R). Therefore, (a(as — bs),b(bs —
sa)) € P(R) = {0} which implies that a = 0, b = 0, i.e. (a,b) = (0,0) € P(R). Thus
R is a §-ring.
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It is known that if R is a §-ring, o an endomorphism of R, § a o-derivation of R

such that §(P(R)) € P(R), then R is 2-primal (Theorem 2.2 of [1]).

In this note we generalize the o(*)-rings and d-rings as follows:

Definition 7. Let R be aring. Let o be an endomorphism of R and § a o-derivation
of R. Then R is said to be a (0-0)-ring if a(o(a) + 6(a)) € P(R) implies that
a € P(R), for a € R.

Example 7. Let F be a field, and R = < I(F)‘ g ) Then P(R) = < 8 I(F)‘ ) Let

0 : R — R be defined by
a b a 0
U((O c>)_<0 c>'

Then it can be seen that o is an endomorphism of R. For any s € R, define
bs: R— R by

ds(a) = as — so(a), for a € R.

(P q ) (a1 b
Lets—<0 r)’x_<0 c>’y_<0 cl>'
0 aaiq+ abir + beyir — ceiq
Now ds(xy) = (zy)s — so(xy) = 0 0 .

Also 85(2)o(y) + 20s(y) = < 0 aaiq+ abir + beyr — ceiq >

0 0

Hence d5(xy) = ds(x)o(y) + xds(y). Thus ds is a o-derivation on R.

[ a b (D q
NowletA—<0 c)’ s-(o 7‘>'

Alo(A) + 6(A)] € P(R) which implies that

<g i){c;’((g i))—l—As—sa(A)}eP(R)’
e (0 (e )+(a ) (5 ) -(5 D) g 2 ))erm
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2,2 -
or ( % a“q + abrc—2|— be — acq ) € P(R) = ( 8 Ig > which implies that

a’>=0, ?=0,ie.a=0, c=0.

Therefore, A = < 8 i ) = < 8 8 ) € P(R). Hence P(R) is a (0-0)-ring.

Remark 1. 1. If 6(a) = 0, then a (0-9)-ring is a o(*)-ring.
2. If o(a) = 0, then a (0-6)-ring is a d-ring.

3. If o(a) = a, d(a) = 0, then a (0-9)-ring is completely semi-prime.

Definition 8. Let R be aring. Let o be an endomorphism of R and § a o-derivation
of R. Then R is said to be a (0-J)-rigid ring if

a(o(a) + 0(a)) = 0 implies that a = 0, for a € R.

Example 8. Let R =C and ¢ : C — C be defined by
o(a +1b) = a —ib, for all a,b € R.

Then o is an endomorphism on R.
Define a o-derivation § on R as

5(A) = A — o(A),

ie. d0(a+ib) =a+ib—o(a+ib) =a+ib— (a—1ib) = 2ib.

Now A[o(A) + 6(A)] = 0 which implies that (a + ib)[o(a + ib) + é(a + ib)] = 0, i.e.
(a +ib)[(a — ib) — 2ib] = 0 or (a + ib)(a + tb) = 0 which implies that a = 0,b = 0.
Therefore, A = a +ib = 0. Hence R is a (0-9)-rigid ring.

With this we prove the following

Theorem A: Let R be a Noetherian integral domain which is also an algebra
over Q. o an automorphism on R and § a o-derivation of R. If R is a (o-0)-ring,
then R is 2-primal. (This has been proved in Theorem 2.2).

Theorem B: Let R be a Noetherian integral domain which is also an algebra
over Q, ¢ an automorphism on R and § a o-derivation of R. If R is a (0-0)-ring,
then P(R) is completely semi-prime. (This has been proved in Theorem 2.5).

Example of a ring satisfying the hypothesis of Theorem A and Theorem B is
R = 7Z. 1t is a Noetherian integral domain which is also an algebra over Q. Let
0 : R — R be defined by
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o(a) = 2a.

Then it can be seen that ¢ is an endomorphism of R.
For any s € R, define 5 : R — R by

ds(a) = as — so(a), for a € R.

Then 65 is a o-derivation on R. Also R is a (0-d)-ring.

2 Proof of the main results

For the proof of the main result, we need the following

Proposition 1. Let R be a ring, o an automorphism of R and § a o-derivation of

R. Then for u # 0, o(u) + 6(u) # 0.

Proof. Let 0 # u € R, we show that o(u) + 0(u) # 0. Let for 0 # u, o(u) +d(u) =0
which implies that

6(u) = —o(u). (1)
We know that for a,b € R, 6(ab) = d(a)o(b) + ad(b). By using (2.1), this implies
that d(ab) = —o(a)o(b) + a(—o(b)) or —o(ab) = —[a + o(a)]o(b). Since o is an
endomorphism of R, this gives —o(a)o(b) = —[a + o(a)]o(b), i.e. o(a) = a+ o(a).
Therefore, a = 0, which is not possible. Hence the result is proved. O

—0

We now state and prove the main results of this paper in the form of the following
Theorems:

Theorem 1. Let R be a Noetherian integral domain which is also an algebra over
Q, o an automorphism of R and ¢ a o-derivation of R. If R is a (0-d), then R is
2-primal.

Proof. R is a (0-0)-ring. We know that a reduced ring is 2-primal. We use the
principle of Mathematical Induction to prove that R is a reduced ring. Let for
xz € R, 2" = 0. We use induction on n and show that z = 0. The result is trivially
true for n = 1, as 2" = x! = a(o(a) + §(a)) = 0. Now Proposition 1, implies that
a = 0, hence x = 0. Therefore, the result is true for n = 1. Let us assume that
the result is true for n = k, i.e. ¥ = 0 implies that = 0. Let n = k + 1. Then
zF+t1 = 0 which implies that

a**(o(a) + §(a))F*t = 0.

Again by Proposition 1 we get a = 0. Hence x = 0. Therefore, the result is true for
n = k + 1 too. Thus the result is true for all n by the principle of Mathematical
Induction. Hence the theorem is proved. O
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The converse of the above is not true.

Example 9. Let R = F(x) be the field of rational polynomials in one variable x.
Then R is 2-primal with P(R) = {0}.
Let 0 : R — R be an endomorphism defined by

o(f(z)) = f(0).
For r € R, §, : R — R be a o-derivation defined as
dr(a) = ar —ro(a).

Then R is not a (0 — §)-ring.
Take f(z) = za+b,r = =2. Then

F@{o(f@) +0,0@)} = F@{+ G+ i)~ (o)}
— f@{p-b- 2—1 + x%b}
= f(x){b—b—z—2+%} —0¢ P(R)

But f(z) # 0. Therefore, f(z) is not an element of P(R). Hence R is not a (0-9)-
ring.

For the proof of the next theorem, we require the following:
J. Krempa [10] has investigated the relation between minimal prime ideals and
completely prime ideals of a ring R. With this he proved the following;:

Theorem 2. For a ring R the following conditions are equivalent:

(1) R is reduced.

(2) R is semiprime and all minimal prime ideals of R are completely prime.
(3) R is a subdirect product of domains.

Theorem 3. Let R be a Noetherian integral domain which is also an algebra over
Q. Let o be an automorphism of R and § a o-derivation of R. If R is a (0-0)-ring,
then P(R) is completely semi-prime.

Proof. As proved in Theorem 1, R is a reduced ring and by using Theorem 2, the
result follows. O

The converse of the above is not true.

Example 10. Let F be a field, R =F xF. Let ¢ : R — R be an automorphism
defined as

o((a,b)) = (b,a),a,b €F.
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Here P(R) is a completely semi-prime ring, as R is a reduced ring.
For r € F', define §, : R — R by

5-((a,b)) = (a,b)r —ro((a,b)) for a,b € F.
Then 6, is a o-derivation on R. Take A = (1,—1),r = 1.
Now A{U(A) + 5T(A)} - (1,_1){0((1,_1)) +(1,-1)L - %0((1,—1))} -
”

(1,—1){(—1,1) + (4,5 - %(—1,1)} = (0,0) € P(R) = {0}. But (1,-1) # 0.
Hence it is not a (o-0)-ring.

(
)
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On invariants and canonical form of matrices of second
order with respect to semiscalar equivalence
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Abstract. We indicate a complete system of invariants and suggest a canonical
form for one class of polynomial matrices of second order with respect to semiscalar
equivalence.
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The notion of semiscalar equivalence of polynomial matrices is introduced and
considered first in [1] (see also [2]). Related results are obtained in [3],[4]. These
researches take on further development in [5] — [8]. The most important compo-
nents of the problem of semiscalar equivalence are the search of invariants and the
construction of normal forms for matrices with respect to such equivalence. Large
difficulties in this problem arise already for matrices of second order. In this paper,
some classes of order two polynomial matrices are singled out for which complete
system of invariants is obtained and canonical form with respect to semiscalar equiv-
alence is indicated. This form enables one to solve the classification problem for some
polynomial matrices up to semiscalar equivalence.

We consider a ring M (2, Clz]) of order two polynomial matrices over the field
of complex numbers C. According to [1] the matrices A(z), B(x) € M (2, C|x]) are
called semiscalarly equivalent if C A(z)Q(x) = B(z) for some invertible matrices C' €
GL(2, C), Q(z) € GL(2, Clz]). The determinant |A(x)]| is called the characteristic
polynomial of A(x) and its roots are called the characteristic roots of matrices A(z).
By Theorem 1 [1] (see also Theorem 1 §1, Section IV [2]) every matrix of full rank
is semiscalarly equivalent to lower triangular form with invariant polynomials on
the main diagonal. Without loss of generality, we can assume that first invariant
polynomial of considered matrix is identity.

In this paper we use the standard notations. In particular, ¢!)(a) is the value
at o = « of the t-th derivative of the polynomial ¢(x).

Proposition 1. Let be given a matriz

and a partition

© B.Z.Shavarovskii, 2016
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M=MU ...UM, M,NM,=0, u#wv, (2)

of the set M of characteristic roots of matriz A(x) into subsets M, such that o, 3 €
M, if a(a) = a(B). Subsets M, are uniquely defined by a class of semiscalarly
equivalent matrices {CA(x)Q(x)}.

Proof. Let a matrix A(x) be semiscalarly equivalent to a matrix

B(z) = H b(lx) A?x) H degb(z) < deg A(z). 3)
Then there exists
e o] TG 126 | < s
such that
o i st I= 1o ot | ) e ) @

On the basis of (4) we can write the relation

S91 + s22a(x) = b(x)ri1(x) + A(z)ra (x). (5)

Setting x = a and & = 3 in (5), we obtain the relations

S91 + s22a(a) = b(a)r11 (@), (6)

s21 + s22a(8) = b(B)r11(8). (7)

From (4) it follows that r11(z) = s11 + si2a(x). Since a(o) = a(f), then r11 (o) =
r11(8) and from (6) and (7) we have r11(a)(b(a) — b(3)) = 0. Equality (4) implies
that r12(x) = s12A(x). Therefore r11(a) # 0 and b(a) = b(5). The notion of
semiscalar equivalence is a symmetrical relation. Then from b(a) = b(3) a similar
argument yields a(a) = a(). This completes the proof. O

Consider now the case in which in (2) w = 1, i.e., a(a) = a(3) for arbitrary roots
a, f € M. We may assume (without loss of generality) that a(a) = 0.

Let M = {o;, i =1, ..., p}, n; and m; be the multiplicities of root «; in the
polynomials A(z) and a(z), respectively. Since dega(z) < deg A(z) = s, for some
root a; € M multiplicities n; and m; satisfy the condition m; < n;. Let it be the
roots aj, j =1, ..., ¢, 1 < g <pand mgy > ngy, L =1, ..., p—q (the case in
which a(z) = 0 is trivial).
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Theorem 1. Let every characteristic root a; € M of matriz A(zx) of the form (1)
satisfy the condition a(cy) = 0. Let also multiplicities m; and nj of root o €
M in the polynomials a(x) and A(x), respectively, satisfy the inequality m; < n;.
Then multiplicities m; are uniquely defined by a class of semiscalarly equivalent
matrices {C A(x)Q(x)} and rows H ajo @j1 oo G5 Lm—1 H, l; = min(2m;, n;),
of coefficients from decompositions

s—m;—1
a(@) = Y ajz—a;)"it (8)
t=0
are determined up to constant factor independent of j =1, ..., q.

Proof. Let matrices (1) and (3) be semiscalarly equivalent. If a(a;) = b(a;) = 0
then from relation (5) it follows that s9; = 0. Then

sgoa(x) — s11b(x) — s12a(x)b(z) = A(x)re (), 9)

where s11 # 0, s22 # 0. Let for multiplicities m;, m;, n; of root x = «; in the polyno-

mials a(z), b(x), A(x), respectively, inequalities m’; < m; < n; be valid. Differenti-
ating both members of equality (9) m} times at x = a;, we obtain snb(mg)(aj) =0.

It is impossible, since s1; # 0 and b(m})(a]—) # 0. Then m; > mj. Considering
that semiscalar equivalence is a symmetric relation, we have m; < mj. Therefore
m/; = m;. The first part of the theorem is proved.

J
By analogy to (8), write decomposition for the entry b(z) of matrix (3):

s—m;—1

b(a)= Y bl —ay)mit, (10)
t=0

Comparing the coefficients of equal degrees of binomial z — «; on both sides of
equality (9), we obtain

s92a50 — s11bjo = 0,
s92a;1 — s11bj1 = 0,

(11)

8220 1;—m;—1 — S1105 1;—m;—1 =0,

where [; = min(2m;, nj), j =1, ..., q, s11 # 0, sa2 # 0. From equalities (11) it
follows that ajo = kbjo, aji = kbj1, ..., aj 1;-m;—1 = kbj 1;—m;—1, where k = 31132_21.
This completes the proof of the theorem. O

Corollary 1. Matriz (1) in the class {CA(z)Q(x)} of semiscalarly equivalent matri-
ces is determined up to a constant factor if multiplicities n; and m; in polynomials
A(z) and a(z) of every its characteristic root i, i = 1, ..., p, satisfy the inequality
Zmi > n;.
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Proof. Let matrices (1) and (3) be semiscalarly equivalent. By Theorem 1 we have

a(oy) = b(ag) = 0, a®) (a;) = b8 () = 0,8, =1, ..., my —1,i=1, ..., p. From
theorem we have also a(hi)(ai) = k‘b(hi)(ai), h; =my, ..., n;—1. Then the values of
polynomial a(z) and values of its derivative at o;, i = 1, ..., p,oforder 1, ..., n;—1

are proportional to corresponding values of polynomial b(z) and to corresponding
values of the derivative of this polynomial. Since dega(z), degb(xz) < > n; = s,
then polynomials a(z) and b(x) differ from each other by a constant factor. Corollary
is proved. O

Consider now the case when the conditions of the corollary are not satisfied, i.e.,
for some root «; the inequality 2m; < n; is fulfilled.

Theorem 2. Let n; be the multiplicity of the root oj in the characteristic polynomial
A(z), deg A(x) = s, of the matrices (1) and (3). Besides, let w = 1 in the partition
(2) of set M of theirs characteristic roots and

s—mj;—1 s—mj;—1
a(z) = > ap(z—ay)™t, ba) = D bile — o)™t
t=0 t=0

be binomial decompositions of the entries a(x), b(x) of these matrices. Matrices (1)
and (3) are semiscalarly equivalent if and only if for every characteristic root a; such
that m; < n; and for every pair of characteristic roots oy, oy such that 2m; < n;,
2m; < my, there exists the same number k # 0, the following conditions hold:

1) H ajso Gj51 ... Gj lj—m;—1 H =k H bjo bjl bj7 lj—m;—1
l; = min(2m;, n;);

2)

J

a1 G52 ... Qj sj—1 ajsj bj ij ce bj, sj—1 bij
ajo aji e Qjs;-2 G sl bjo bj1 - bjsi—2 bj s
. : = k% : ) (12)
a;1 a;2 T bjl bj2
0 ;o0 aj1 0 bjo bj
sjzl,...,mj—l,mj+1,...,nj—mj—l;
3)
-2 -2 -1 —2 —2
Qim; Qi — @im, Qg = k7 (bim,; byg” — bim, byg”)- (13)

Proof. Necessity. Let matrices (1) and (3) be semiscalarly equivalent. The condition
1) follows from Theorem 1. If for characteristic root «; such that m; < n; satisfies
the inequality 2m; > n;, then the condition 2) follows from the condition 1). In the
opposite case such that 2m; < n; from the equality (9) we obtain the systems

s22aj0 — s11bjo = 0,
s92a;1 — s11bj1 = 0,

82205 mj—1 — $11bj, m;—1 =0,
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$22@jm; — $110jm; — $12a50bj0 = 0,
52205, m;+1 — 51105, m;+1 — s12(aj0bj1 + aj1bj0) =0,

(15)
8220, n;—m;—1 — S110j, n;—m;—1 — 512 D urg " @jubj, nj—2m;—u—1 = 0.
Since s11, S22 # 0, from (14) we can write
ajo = kbjo, aj1 = kbjl, s @y mj—1 = kb j, mi—1s k= 81182_21. (16)
From this is follows that equality (12) is satisfied for s; = 1, ..., m; — 1. As

appears from (15), if ajm; = kbjm;, that si2 = 0 and a;s, = kbjs, for s; = m; +
1, ..., n; —m; — 1. From this it follows that equality (12) is valid for the same
si =m;+1, ..., nj—m;—1. For this reason we think in what follows ajm,; # kbjm,;,
k = 511555 . From the first and second equations (15) by excluding s12 we obtain

@;j00j, mj+1 — Ujm; (k‘bjl + ajl) = /<32bj0bj7 mj+1 — k‘bjmj (k‘bjl + ajl). (17)

If m; =1, then ajoaj — a?l = k%(bjobjo — b?l). This means that conditions (12) are
fulfilled for s; = m;+ 1. If m; > 1, then a;; = kbj; and from (17) by multiplication

m;—1 . m;—1 .
ajg =k 1bj0” can be obtained

my mj—1_ _pmi+lmyg mj—1, o
o @j,my+1 — 2050 aj1agm; = k™ (bjO bj, m;+1 — 2bjg bj1bjm,)- (18)
Denote by Ajyv, Bjus submatrices obtained, respectively, from matrices
ajl  ajo Ajm;  @j mj+1 bj1 b bim;  bj mj+1
ajo  aj1 aj,mj—1  Qjm; bjo  bj bj,mj—1  Djm,
. . . , (19)
aj1 52 bj bjg
0 ajo ajl 0 bj bjl

by obliterating of two last columns and w-th and v-th rows.

Denote also by

85, m;+1(A), 95, m;+1(B) the determinants of matrices (19) respectively. Decompose
them for minors of order two that are contained in the last two columns. Because
|Ajus| = |Bjuy| = 0 for u # mj + 1, we have

aij aj7 mj—i-l

ajo aj1 ‘Aj’ L mﬁl‘ B

55 my1(4) = (—1ym+ (

ajl ajg
aj() Cle

aj, mj—1
CL]'O ajl

ajmj

‘Aj727mj+1‘ + ...+

|AJ} myj, mj+1|>7
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, bim. b
_ +1 , my+1
85, my+1(B) = (=1)™ <‘ é;;ﬂ ]gﬁ | Bj, 1, my+1| —
b'7 1 b; b'l b'2
_‘ Ll [PSEaS +'b;0 0 18, ).
Since the rows H ajo aj1 ... Qi om, jo bj1 .o bjim—1 H differ by a

multiplier £ (see (16)), each summand of expression in parenthesis for d; ,,,+1(4),
except first two, differs from the corresponding summand for ; ,;+1(B) by a mul-
tiplier ™+, From this fact and from the equality (18) follows equality (12) for
Sj = m; + 1.

Denote by d;s,(A) and d;5,(B) the determinants in left and right parts of equality
(12), respectively. Suppose by induction §;.(A) = k"0;.(B) for all = such that
m; < r <mn; —m; —1. Accept for the sake of determinacy r > 2m;. In the case
where r < 2m,; the proof radically is not different. From first r-th equality (15)
exclude s12 and by sufficiently evident transformations we obtain

(@5, mj+1 — (GJObJO) Qjm, Zi:oajubj, 1-u)(—@j0)™ 85, r—m; (A) =
_k‘rﬂ(bmmﬁl (ajobjo)~ lb]mj Z’}L:Oa‘juij 1-u)(=0j0)™7 85, r—m,; (B),
(aj, mj+2 (ajobjo) ™~ 1ajmg- Zi:o ajubj, 2—u)(_aj0)m]+ 0j, r— mg—l(A) =
K (bj, my2 = (aj0bjo) ™ bjm; g @jubs, 2-u)(=bjo)™ 18 ron; 1 (B),

—2m;+1
(aj,r mij+1 — (agobgo) Ajm; ZZ—OmJ ajubj, r—2mj—u+1—"
+ i
—aj, r—m;+1 + (a50b50) ' ajm; Y b, o omy 1)(=aj0)" " 0jm, (A) =
_ T m
km—i—l(b]’ r—m;+1 — (a](]bj()) 21bj-|r—nij Zu 0 ’ a]UbJ, r—2mj—u+17"
— T—4Mg _ .
=bj, r—m+1 + (a500j0) " Ojm; Doyt | @jubj, r—2m;—ut1)(=0jo)" "™ 8y, (B),
(ajr = (ajobjo) ™ ajm; > e 78: @jubj, r- m;—u)(—ajo) " 101(A
kHl(bJr_(aJObJO) lb]mj 217{ 9,; f]ubjﬂ’ mj— —u) (= bJO)T 151 B)
aj r4+1 — a'ob'o_la' . :] a b7_ a1 a;o) =
(H_Jlr-i- ( WA} ) iTg Zu Or—mj—i—Jlu J, T—mj—u+ )( J ) .
KT (bg, r1 = (@50bj0) ™ 0jm; 2o @juby, r—m;—ut1)(—bjo)"-

S =

(20)
If we add left parts of equality (20) and separately right parts we obtain

(—ajo)"aj, r1 + (—ajo) agedin(A) + ..o+ (=ajo)" ™ aj rom;10jm;(A) + ... +
(=)™ aj, m; 4184, r—m; (A) + (=aj0)™ " ajim; ), r—m;+1(A) =
—(ajobjo) @jm, (bj10, r—m,; (A)(—a;jo)™ T + bj26) r—m,—1(A)(—ajo)™ T2+ ... +
+bj, r—m; 61 (A)(—ajo)") + (aj0bjo) ™ jm, (6105, r—m, (A)(—ajo)™ '+
+0j20j, ;-1 (A)(=ajo) ™ 4 Lo A by e 61 (A) (= aj0)" + by, rmmyr1(—ajo) ) -
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r—2m;+1

—(aj, r—m;+1 — (ajobjo)_lajmj Z ajubj, r—2m;—ut1)(—aj0)" """ Ojm; (A) =
u=0

KN ((=bj0) bj, r41 + (=bjo) " b0 (B) + oo+ (=bjo)" "™ b, p—imy+105m, (B) + ...

+(=b;0)"7by, m, 418, r—m; (B) + (=bjo)™ ™ jm, 0, r—m,+1(B)—
—(a;jobjo) " bjm, (@105, r—m; (B)(=bjo) ™+ + ajad, rm,—1(B)(=bjo) ™" + ... +
+aj, r—m; 51 (B)(=bjo)") + (ajobjo) ™ bjm, (10, r—m, (B)(=bjo)™ 1+

+a;26;, r—mj—1(B)(—bj0)mj+2 + oo g rom;051(B)(=bjo)" + aj, r—mj+1(—bj0)r+1)—

r—2m;+1
—(bj, rmy1 = (ajobjo) bim; D ajubs r—2m;—us1)(—bjo) " 8jm, (B)) . (21)

u=0
Group similar terms in both parts of obtained equality to have

(—ajo)"aj, r1 + (—ajo) rar6i(A) + ... 4 (—ajo) "™ ), r—m;+16m, (A)+
+ o+ (=aj0)™ g, my 4165, r—m, (A) + (—a50)™ 7 a5 m, 0, r—my+1(A)+

+(aj0bjo) " ajim, bj, r—my+1(—ajo) Tt = (a5, r—m; 11—
r—2m;+1
—(ajobjo) ' ajm; D jubj r—ams—ur1)(—ajo) " 8, (A) =
u=1

K (=0j0) bj, r1 + (=bjo) " bjrd1(B) + ..+ (=bjo) ™ by, r—m;+105m, (B)+
+ oo+ (=bjo) b5, my 4184, r—m; (B) + (=j0)™ ") iy 8, r—my 41 (B)+

+(ajobjo) bjm, @j, r—my4+1(—bjo) Tt = (b), r—m, 41—

r—2m;+1
—(ajobjo) "bm; D gubs, r-2m—ut1)(=bjo) " Gm, (B).  (22)
u=1
It follows from (15) that
r—2m;+1
aj, r—m;+1 + (ajobjo)_lajmj Z ajubj, r—2mj—u+1 =
u=0
r—2m;+1
= k(b;, r—m;+1 + (ajobjo)_lbjmj Z ajyubj T’—2mj—u+1)’
u=0

From this relation it is easy to be sure that the following equality is true

+1_(

(a;0b70) ™ jm, by, r—m,+1(—ajo)" 4y r=my+17
r—2m;+1
—(ajobjo) Majm; Y ajubs r—am;—ut1)(=aj0)" " 8jm; (A) =
u=0

_ kr+1((aj0bj0)_1bjm3'aj, r—mj+1(—bj0)r+1 — (b;, r—mj+1—

_l’_
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r—2m;+1
—(ajobjo) "bjm; D @jubjr—2m;—uwi1)(=bjo)" " 8jm, (B). (23)

u=0

From (16) and induction hypothesis we can write
(=aj0)™ 725, m; 18, r—m;+2(A) + ... + (—aj0)aj2dj r-1(A) + a;j10;:(A) =

= K" ((=0j0)™ ) my-105, r—mr2(B) + ... + (=bjo)bj2dj, r—1(B) + bj1d;r(B).
(24)
Comparing (22), (23) and (24), we obtain equality

(—ajo)"aj, r1 + (—ajo) lap1(A) + ... + (—ajo)aj2d;, r—1(A) + a;16;r(A) =

= K" ((=bj0)"bj, r1 + (=bjo) b1 (B) + ...+ (=bjo)bjadj, r—1(B) +bj18jr(B)),

(25)
ie., 0j ,41(A) = /<:"+15j7 r+1(B), k = 31132_21. The necessity of conditions 2) of the
theorem is proved.

Let
s—m;—1 s—m;—1
a(z) = Z air(z — ;)™ ™, a(r) = Z ag(x — ag)™ ™,
t=0 t=0
s—m;—1 s—m;—1

b(x) = Z bit(z — o)™t b(x) = Z b (z — ap)™
t=0 =0

5920im; — S11bim; — S12a;0bi0 = 0,

be decompositions for entries a(x), b(x) of matrices (1), (3) into degrees of binomials
x — a;, ¢ — aq. From (9) it may be written

5920im; — S11bim; — S12a;0bi0 = 0,
8920, — $11bpm, — s12a10b10 = 0.

From these equalities exclude s12. Considering that a;g = kb;g, a9 = kbjg, we have
(13). The necessity of the conditions 1) — 3) of theorem is proved.

Sufficiency. For each characteristic root = «; of matrix (1) such that m; < n;
and 2m; > n;, from condition 1) of theorem it follows that

saa(x) — s11b(x) — siga(z)b(z) = 0 (mod (z — a;)"7), (26)

where s90 =1, 511 =k = ajobj_ol, s12 € C.

Let now & = o be an arbitrary characteristic root of matrices (1), (3) such
that 2m; < n;. Consider equalities (14) and (15) as one system of equations with
coefficients ajy, bjy, v =0, 1, ..., nj —m; —1, ajo # 0, bjo # 0, in three unknowns
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S99, S11, S12. We shall show that conditions of theorem imply that there is nonzero
solution of this system such that sy = 1, s11 = k = ajobj_ol the same for every
characteristic root a; of matrices (1), (3) such that 2m; < n;. We shall prove this
fact by induction. The condition 1) implies that system (14) has nonzero solution
such that it does not dependent on the choice of the characteristic root a;. After
annihilation of equal summands on the both sides of equality (12) for s; = m; + 1
and after division by a%j = k" b%j with the help of simple transformations we can
obtain the following relation

aj, m; 41— kbj my11 — (ajobjo) " (@jm; — kbjm;)(ajobji + ajibjo) = 0.
This means that
soo =1, s11="Fk, s12= (ajobjo)_l(ajmj — kbjm,)- (27)

is a common solution of first two equations of system (15). From (13) it follows that
(aiobio) ™ (aim; — kbim,) = (aloblo)_l(alml — kbyyy,). This result suggests that this
solution (27) of first two equations of system (15) does not depend on the choice of
the root o such that 2m; < n;.

Assume by induction that (27) satisfies first » —m; + 1 equations of system (15),
ie.,

Ajm; — Kbjm; — (ajobjo)_l(ajgnj — kbjm,)ajobjo =0,
aj, m+1 = kbj mi+1 — (@jobjo) " (@jm; — kbjm;) D y—o @jubj, 1-u = 0, (28)

ajr — kbjr — (ajobjo) ™ (@jm; — kbjm;) D v’ @jubj, r—m;—u = 0.

In so doing, we may think for the sake of determinacy r > 2m;. In opposite case
proof is completely analogous. Taking into account the conditions 1), 2) and induc-
tive assumption we can write equalities (23), (24) and (25). From these equalities
we obtain equality (22). This relation implies the equality (21). It is evident that
from the second and all following equalities of (28) we find that first r —m; equalities
of (20) are valid. The first 7 — m; equalities of (20) along with relation (21) yield
the last equality of (20). This equality after shortening in (—a;o)" = k" (—bjo)" and
after some simplifications can be written in the form

r—m;+1
aj, r+1 — kbj, r11 — (ajobjo) " (ajm; — kbjm,) Z ajubj, r—m;—ut1 = 0.
u=0
This means that (27) is the solution of (r —m;+1)-th equation of system (15). This
solution does not dependent on the choice of the root «;.
Thus, congruence (26) holds true for each characteristic root «; of matrices (1),
(3) and for the same set of numbers (27), where s92 # 0, s11 # 0. It enables us to
write the congruence
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soa(z) — s11b(x) — si2a(z)b(x) = 0 (mod A(x)). (29)
We introduce the following notation:

rll(x) = S11 — 812()(:17),7‘12(:17) = SmA(:E),

sgoa(x) — s11b(x) — s12a(z)b(x)
A(z) ’

r22(2) = S22 — 812b(2), 721 () =

It is clear that ro1(z) € C'. With this notations check that equality (4) is true. From
this it follows that matrices (1) and (3) are semiscalarly equivalent. The theorem is
proved. ]

Theorem 3. In the partition (2) for matrixz A(x) of the form (1) let us have w = 1;
n; and m; be the multiplicities of some root o; € M in the characteristic polynomial
A(x) and in polynomial a(x) of matriz, A(x) respectively, moreover 2m; < n;. Then
in the class of semiscalarly equivalent matrices {C A(x)Q(x)} there exists a matrix
B(z) of the form (3), where entry b(x) satisfies the following conditions: b(a;) = 0,
b (o) = my!, b2 () = 0. For a fized root oy the matriz B(x) is defined
uniquely.

Proof. Existence. We may take, that already the entry a(z) of the matrix A(x)
satisfies the condition a(mi)(ai) = m;!. In the opposite case, for this purpose we
. . . . (mi) (o
divide the first column of matrix A(z) and multiply its first row by aif,al) Let o
denote an arbitrary characteristic root of matrix A(x) of multiplicity n; such that

in the decomposition

s—m;—1

a(w)= Y ajle—a;)"™, (30)

t=0

where s = deg A(x), the index m; is less than n;. We set

| bjo bjr o bj—my—1 || =1 o ajn oo aj—my-1 ||

where [; = min(2m;, n;). Let oy € M, oy # «;, be an arbitrary characteristic root
such that 2m; < n;. We write the formal equality bimibi_o2 — bim, bl_02 = aimiai_(f -
almlal_oz, where aj9, a0, @im,;, aim, are coefficients of the decomposition (30) for
j =t and j = [. Setting bjo = a0, bio = a0 and b;,, = 0 in this relation, we
calculate by,,,. Using this value b;,,, and determined above by = a9, b1 = a1, ...,
b1, m;—1 = a1, m,;—1, from formal equalities
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b b ... b g-1 b air ap ... -1 Qs
bio b o by s—2 b g1 ap an - Gl s—2 a s—1

: = : , (31)

bi1 bi2 e ap a

0 bio by 0 aio an
s;=my+1, ..., ng—my — 1, we find recurrently b; 41, .-, b, nj—m;—1. Setting
I =1, by, = 0 and using determined above by = a0, bi1 = a1, ..., bj m—1 =
@, m;—1, similarly from (31) we find recurrently b; m;+1, -- -, b, nj—m,—1. Thus, for
every root a; € M such that in the decomposition (30) m; < n;, some numbers
bio, bi1, ---s bj nj—m;—1 € C are defined. We construct the matrix B(z) of the
form (3) whose entry b(x), where degb(x) < s, satisfies such conditions: b(c;) = 0,
b(l)(aj) =0,..., b(mf’_l)(a]—) = 0, b(mf’)(a]—) = mj!bj(), ceey b("j_l)(aj) = (le —

D!, 1;—m,—1, and b(a) = 0, bW (a) =0, ..., 5™ (a;) = 0 for each root o € M of
multiplicity n which is different from «;. Since matrix (1) and constructed matrix of
the form (3) satisfy the conditions of Theorem 2, they are semiscalarly equivalent.
The first part of theorem is proved.

The uniqueness of the matrix B(z) of the form (3) whose entry b(x) satisfies
the conditions described in theorem follows from the uniqueness of construction of
the polynomial b(x), degb(x) < s = deg A(z), by known its values and values of
its derivatives of respective orders at roots of the polynomial A(z). The theorem is

completely proved.
O

Definition 1. The matrix B(x) of the form (3) whose existence and uniqueness
in the class {CA(z)Q(x)} are established in theorem 3 is called «;-canonical. The
matrix A(x) of the form (1) is called also a;-canonical if for each root o; € M of
multiplicity n; in the decomposition (30) of its entry a(x) index m; satisfies the
condition 2m; > n; and for some root o;; € M we have m; < n;, a(mi)(ai) = (m;)!.
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Abstract. In this paper, by using the coincidence degree theory due to J. Mawhin,
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1 Introduction

Fractional differential equations describe many phenomena in various fields of
science and engineering such as physics, chemistry, biology, visco-elasticity, electro-
magnetics, economy, etc. Several methods have been used to deal with the question
of solvability of boundary value problems (BVPs for short) for fractional differential
equations; we quote the Laplace transform method, iteration methods, the upper
and lower solution method, as well as topological methods (fixed point theory and
Leray-Schauder degree theory) (see, e.g., [1,10], and references therein).

In [1] B. Ahmad and J. Nieto studied the following Riemann-Liouville fractional
differential equation with fractional boundary conditions:

Dgru(t) = f(tu(t), t€[0,T], 1<a<2, (1.1)
DSTu (01) = bo DG u (T7), (1.2)
DSThu (01) = by DS (T7), (1.3)

where Dg, denotes the Riemann-Liouville fractional derivative of order «,
bo # 1, by # 1, and the function f : [0,7] x R — R is continuous. Clearly this
is a nonresonant problem, i.e. the associated homogeneous problem admits only the
following solution:

u(t) = et 4 ept 2,

© Smail Djebali, Lamine Guedda, 2016
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where the constants ci, co satisfy

al'(@).0+col(a—1) = bo(erT(@).T + col'(a — 1))
al'(a) = bal(a),

that is ¢; = ¢o = 0 for by # 1 and by # 1. Then a corresponding Green’s func-

tion can be computed. A fixed point theorem was used to show that the operator
P:Cy_o — C5_, defined by

(Pu)(t) = iy Jy (= )" F (s,u(s)) ds + 385 o f (50 (s) ds

ta2

+(1—171)1 Bo VT (a=T1) Jo (T = (1 =b1)s) f (s,u(s))ds

has at least one fixed point.
By a similar method, G.Wang, W.Liu, and C.Ren investigated in [10], the
existence and uniqueness of solutions for the fractional boundary-value problem:

Dgu(t) = f(hu(®), t€0.7], 1<a<2,
Bru@leo = 0. DEFu(l) = 3 aidi (&),

where 0 < & < T, a; € R, m > 2, and I§, stands for the Riemann-Liouville frac-
tional integral. Standard fixed point principles have been employed.

In [11], the authors investigated higher-order fractional derivatives, i.e. for
2<a<3.

When the nonlinearity of f also depends on the first derivative, Z.Bai [2] dis-
cussed the solvability of m-point fractional BVPs at resonance; the coincidence de-
gree theory as developed by Mawhin in [8] was employed. Concerning papers dealing
with fractional-order BVPs at resonance, we refer, for example, to [4-6,11,12]. See
also [9] for a resonant second-order boundary value problem.

In the present work, Mawhin’s coincidence degree theory is used to deal with
BVP (1.1), (1.2), (1.3) at the resonance case, i.e. for by = by = 1. An existence
result illustrated by means of two examples of application is provided in Section 2.

We first present some definitions and auxiliary lemmas about fractional calculus
theory.

Definition 1 (see [3,7]). The Riemann-Liouville fractional integral of order a > 0
of a function h : (0,400) — R is given by

I8k (1) = ﬁ/o (t — 5)° " 1 (s) ds,

where T" (.) refers to the function gamma, provided the right side is pointwise defined
n (0, +00).
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Definition 2 (see [7,11]). The Riemann-Liouville fractional derivative of order
a > 0 of a function h : (0,400) — R is given by

1 d Y h(s) "
Yh(t) = ————— —— ——ds=—1I""“h(t
0+ ( ) F(n _ a) dtn / (t . S)a n+1 dt" 0+ ( )

where n = [a] + 1, provided the right side is pointwise defined on (0, +00) . Here [o]
denotes the integer part of the real number «.

For av < 0, we set by convention D§,h(t) = [ "h(t), and if 0 < 3 < «, we get
DY IS h(t) =107 h ().

Given these definitions, it can be checked that the Riemann-Liouvelle fractional
integration and fractional differentiation operators of the power functions t* yield
power functions of the same form. Indeed, for A > —1 and «a > 0, we have

A PO oat A _ L+ -
[gﬂﬁt = mt @ and Dg+t = mt Q.

Also note that D8‘+t)‘ =0,forall \=a—iwith i=1,2,3,...,n (n is the smallest
integer greater than or equal to «). Also we have

Lemma 1 (see [4]). Suppose that h € L' (0,+00) and o, B are positive real numbers.
Then

S IV h(t) = ISTPh(t) and DY I h(t) = h(t).
If, in addition Dg, h(t) € L' (0,+00), then

S DG () =h(t) + et
i=1

for some constants ¢; € R (1 <i <n).
Finally, notice that the boundary value problem
D0+u(t) = fgx 2(t)) tel0,7],1< a<?2
ng 1u(Oi) = ng 1u(T ),
Dgiu(07) = Dy u(T™)

is at resonance, i.e., the corresponding homogeneous boundary value problem:

Dg,u(t) = 0, te[0,T],1<a<2
D§+ iu (07) = D§+ iu (T7),
Dgru(0F) = Dgtu(T7)

has u (t) = ct®2 as nontrivial solutions (c € R).
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2 Main result

2.1 Functional framework

Since our main existence result is based on Mawhin’s coincidence degree, we first
recall some basic facts about this theory; more details can be found in [§].

Let X, Y be two real Banach spaces and L : dom(L) C X — Y a Fredholm
operator of index zero. Then there exist two continuous projectors P : X — X
and @ : Y — Y such that In P = Ker L, KerQ = Im L, X = Ker L ® Ker P, and
Y =ImL & ImQ. It follows that the operator

Lp=1L ‘dom(L)anrp :dom(L)NKer P — Im L

is invertible; we denote its inverse by Kp (i.e. Lp' = Kp). Let 2 be an open bounded
subset of X such that dom (L)NQ # (). The map N : X — Y is said to be L-compact
on Q if QN (ﬁ) is bounded and the operator Kpg = Kp (I —Q)N : Q — X is
compact. Since Im @ and Ker L have the same dimension, then there exists a linear
isomorphism J : Im@ — Ker L. Mawhin [8] established the following existence
result for the abstract nonlinear equation Lu = Nu:

Theorem 1. Let L : X —Y be a Fredholm operator of index zero and N : X —Y
be L-compact operator on 2. Then the equation Lu = Nu has at least one solution
in dom (L) N Q if the following conditions are satisfied:

1. Lu # Nu for each (u,\) € [(dom (L)\Ker L) N 09Q] x [0,1];
2. Nu ¢ ImL, for each u € Ker L N 9%Y;
3. deg (QN |kerr, , Ker LN Q,0) # 0.

As usual, C'[0,T] will denote the Banach space of continuous real valued func-
tions defined on [0,7] with the norm |[ul| = sup,cp gy |u (t)]. For all ¢ € [0,77, we
define the function u, by wu, (t) = t"u(t), r > 0. Let C, [0,T] be the space of all
functions u such that u, € C'[0,T]. Then

Lemma 2. C,[0,T] endowed with the norm |lul, = sup,crt"|u(t)| is a real
Banach space.

Let Y = L'[0,T] be the Lebesgue space of measurable functions y such that
s — |y(s)| is Lebesgue integrable equipped with the norm ||y||; = fOT ly(s)|ds and
X = C2-4[0,T] endowed with the norm [[ull,_, = sup;c(o 7y t2=%|u (t)| . Define the
linear operator L : dom (L) N X — Y by

Lu = D u, (2.1)
where

dom(L) = {u € X : Dg u € Y, u satisfies conditions (1.2),(1.3) with by = b; = 1}.
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Finally, define the Nemytskii operator N : X — Y by
(Nu) (t) = £ (Lu (), te0,T). (2:2)
Thus, BVP (1.1), (1.2), (1.3) with by = by = 1 can be written as
Lu = Nu, u € dom(L).

In a series of lemmas, we next investigate the properties of operators L and N.

2.2 Auxiliary lemmas

Lemma 3. Let L be the operator defined by (2.1); then
T
Ker L ={ct*?:ceR} and Im L= {y € L[0,T]: / y(s)ds = 0}.
0
Proof. The equation D, u (t) = 0 admits u (t) = c1t*~* 4 cot®~? as solutions, where
c1,co are arbitrary constants. Then
Dg‘f2u(t) = Igjo‘u(t) =cl'(a)t+ el (a—1) and Dg‘jlu (t) =l (a).
Combining this with (1.2) and (1.3), we find that
ol (a—1)=al' ()T + col' (a — 1)

and hence ¢; = 0 while ¢y is any constant.
If y € Im (L), then there exists u € dom(L) such that D§, (t) =y (t). Hence

u(t) =I5y (t) + et ! + ot 2
and )
Dytu(t) = Iy () +al(e)t+ el (a—1),
DSTlu(t) = Iyt +al (a).
By the boundary conditions (1.2), (1.3), we infer that

1 T T
= —W/O (T — s)y(s)ds and /0 y(s)ds = 0.
Let y € Y satisfy fOT y(s)ds = 0. If u(t) = I§y(t) — % OT (T — s)y(s)ds, then
u € dom(L) and Dg, D§u(t) =y (t). As a consequence y € Im (L). O
Lemma 4.

(a) L:dom(L)NX — Y is a Fredholm operator of indez 0.
(b) The linear continuous projectors Q : Y —Y and P : X — X are such that

1

T
Qy = T/o y(s)ds and (Pu)(t) =

1

7]2—04 ) 1,_ ta—2‘
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Proof. Tt is easy to see that Q%y = Qu and P?u = Pu, for y € Y, u € X. For all
yeY,y1 =y— Qy e Im (L) because fOT y1(s)ds = 0. Hence Y = Im (L) 4+ Im (Q),
(Im (@) =R). For m € Im (L)NR, we have fOT mds = T'm = 0; therefore m = 0 and
Y =Im (L)®Im (Q). Thus dim(Ker L) = codim (Im L) = dim(Im Q) = dim(R) = 1.
So L is a Fredholm operator of index 0. O

Lemma 5. Let Lp = L |qom(r)nKer p: dom(L) N Ker P — Im (L) . The inverse Kp
of Lp is given by

a—1

(Kpw) () = I3y (8) = ey Ao (1)

Moreover
2T

K
H PyH2 o — F( ) Hy||17
for ally € Im (L) .
Proof. For all y € Im (L), we have

N N 7501—1
(L) ()= D5 (1500 = 70 s B (D) =9 (0,
Recall that
Ker P = {u € dom (L) : Igjo‘u(t) li=r=0} .
Thus, for v € dom (L) N Ker P, we have

tal

(KpL)u(t) = I(()X+D0+u() Tr(a)I§+D0+U(T)

27T
= u(t) + et 4 et 2 — Ozf_rzi) )to‘_l.

Since u € dom(L) N Ker P, then

(KpL)u € dom(L) N Ker P

and so
Ig;au(T) =0 and ¢t + et % € dom(L) N Ker P.
Moreover
Ig;a (1t +eat®?) = T (a) t + ol (o — 1) ;
hence

ol'(a—1)=al' (@) T+ col'(a—1) =0.
Finally ¢ = ¢y =0 and
(KpL)u(t) = u(t),

which shows that Kp = (Lp) "
Keeping in mind that

2—a

. ¢ o " T
B ) () = fras [ (=97 ulods = s [ = sy,
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we deduce that

Y T2—a o T T T B oT
B K p) (01 < s [ ol ds+ T [ o)l s = s ol

Finally
1Kpylly_ = sup 27 |(Kpy) (1)] < 2L llylly -
te[0,7T] ' (a)

Lemma 6. For allu € X, t € [0,T], we have

T
KR (1= Q) Nu(t) = i [ G(ts) f(s.u(e) s
where

2 a—1 t t t2
s _t_ 1= 0<t<s<T.

Lemma 7. Let f:[0,7] x R — R be a continuous function. Assume that  is an
open bounded subset from X such that dom(L) N # (; then N is L-compact on €.

Proof. In order to prove that N is L-compact on £, we only need to show that
QN (ﬁ) is bounded and Kp (I — Q) N : Q — Y is compact.

Since f : [0,7] x R — R is continuous, {2 is bounded; therefore there exists a
constant M > 0 such that |f (t,u(t))| < M, Vu € Q, Vt € [0,T]. Consequently, for
all u € Q, we have

IQN )ll; = i[5 £ o ls))ds|] ds = [J 7 (5,00 (5)) ds
fo [f (s, (s ))ydngT.

A

Since (I — @) and Kp are continuous linear operators, then (I — Q)N (u) and
Kp (I — Q) N (u) are bounded. Hence

(I =Q)N W, < [Nl +[@N (), <2TM,

) AT? M
[Kp(I-Q)N(u)lyy < WHU—Q) (Wl £ = OR

For all t; € [0,T], t2 € [0,T], (t1 < t2), and u € £, we have
[t57*Kp (I — Q) Nu(ty) — ;7 *Kp (I — Q) Nu(ty)|

1 T

- /Gtg, su(s))dé‘—/o G (t1,5) f (s,u(s)) ds
1 T

- / (G (t2,8) — G (t1,5))f (s,u(s)) ds
M

< m/0 G (t2,5) — G (t1, 5)] ds.

Next, we distinguish between three different cases:
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1. Case t1 < t9 < s. We have

|G (t2,5) — G (t1, 5)] |t — 1] —(51 Sl

|7
[te — t1] (% + (— t2+t1)) ;

VA

then

JTIG (tays) — G (t1,8)|ds < |t —ta] fy (5 + (3 + 2Eh)) ds
— (T—Fthtl)’tQ t1’

. Case s < t1 < ty. We have

|G (t2,8) — G (t1,8)] = ‘tg_a (ta— )" =177 (s — 5)*"
+(t2 —t1) (£ — (3 + 27|

127 (ty — )7 — 27 () — s)a‘l‘
+|(t2 —t1) (7 — (5 +57)] -

Note that the function ¥, defined by

IN

Uy (1) =27 (¢ —5)" 7",

where ¢t € [0,7] and 0 < s < ¢, is increasing on [0, 7] because its derivative

wo=a-o () e ()

is positive. Then

27ty — 5)* =27 (1 — 5)* T >0

and -
TG (= ) = 87 (1 — ) s
= 5 OtQ (tg — 5)* tds — 127 fotl (ty —s)* ' ds
— la—ta
—L.
Finally
Jo |G (t2,5) = Gt 9)lds < BRI (T + BEL) |ty —
_ o+t +
= (T'+=255) [t —ta].
3. Case t1 < s < ty. We have
Gltas) =Glts)l = [ (=) "+ (la—1) (5 - (3 + Z))]

S
T
5 (ta—8)* T+ (o —t1) (% —( t2+t1 NI
57 (ty — 1) (T + 2 [ty — 1]

INIA

This shows that Kp (I — Q) N is equicontinuous, as claimed. O
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2.3 Existence theorem

We are now in position to state and prove our main existence result.
Theorem 2. Let f:[0,T] x R — R be continuous. Assume that

o (Hy) there exist two functions a, r € L*[0,T] such that for all t € [0,T] and
r € R, we have |f(t,z)] < 2~ (t)|z| + 7 (t),

o (Ho) there exists a constant M > 0 such that for allu € dom (L), if |u (t)] > M
for allt € [0,T], then fOT f(s,u(s))ds #0,

e (Hj) there exists a constant M* > 0 such that for all ¢ € R, if |¢c| > M™* then
either

T T
c/ f (s,csa_z) ds <0 or c/ f (s,csa_2) ds > 0.
0 0

Then the boundary value problem (1.1), (1.2), (1.3) with by = by = 1 has at least

one solution u € Ca_q [0,T] provided that ||a||; < %

Proof. Let
O ={uedom(L)\KerL: Lu= ANu, A€ (0,1)}.

For u € Q;, we have v € dom(L) N Ker P and Lu = ANu with A # 0 because
u ¢ Ker L; then

HUH2—a = HKPLUH2—Q
< 2Ll = 22 N,
T
< 2 TIf (s ()] ds.

From condition (Hj), we have

[f (s,u(s))] < s~ a(s)Ju(s)| +7(s) < a(s) sup s*~*Ju(s)|+7(s).

s€[0,7
Hence
T
/0 1F (s, ()| ds < llally lally_n + [y -
Then o7
s < oo (o + 1)
Finally

2T ||l
[ully—o < = M.
27 7 T(a) - 2T |lally

Consider the set
Q={uecKerL: NueImL}.
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For u € €, we have u(t) = ct* 2 and fOTf (s,csa_2) ds = 0. Then, from the
condition (Hs), there exists ¢ty € [0,T] such that |ct8_2| < M, with tg # 0. Therefore

Jully_p = sup 27 [ct* 72| = |¢| < M7 = Ms.
te[0,T

Let
Qs ={uecKerL: -AJu+ (1 =X QNu=0, A€ 0,1},
where J : Ker L — Im @ is the linear isomorphism defined by J(u) = c.

In case (Hs) is satisfied, assume that chTf (s,cso‘_z) ds < 0 holds. For all
u € Q3, we can write u = c¢t®~2 and

If A =1, then ¢ = 0. Otherwise, if Hypothesis |c| > M*, then by (H3), one has

(1-X)
T

T
c/ f (s,csa_2) ds < 0,
0

which contradicts A¢? > 0. Thus
lully_o = lel < M.
If chT f (s, 030_2) ds > 0 holds, then 23 can be defined as follows:
Q3={ueKerL: AMJu+(1—-X)QNu=0, Ae[0,1]}.

Next, we shall prove that all conditions of Theorem 1 are fulfilled.

Let © be bounded open such that Q; U Qs U Q3 C Q. We have already proved
that L is a Fredholm operator of index 0 and that N is L-compact on Q. Also, we
have

1. Lu # Nu, for each (u,\) € [(dom (L)\Ker L) N 9] x [0,1] for Q; C Q.
2. Nu ¢ Im L for each u € Ker L N 99 for Qs C Q.

3. In order to take into account the subset €23 in the above two cases, we consider
the homotopy H (u,A) = £AJu + (1 — X\) QNu. Then H (u, A) # 0, for each
u € Ker LN ON. As Q3 C Q. By the homotopy property of the degree, we
finally deduce that

deg (QN |kerr, Ker LN Q,0) = deg(H (u,0),Ker LNQ,0)
= deg(H (u,1),Ker LN,0)
= deg(xJ,Ker LNQ,0) #0,

which completes the proof of Theorem 2. O
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2.4 Example 1

Consider the boundary value problem:

D%u(t) = 3‘5— (t) (2sinu (t) — 3) + my/mcost, 0<t<T,
D0+u(0+) = DO% (), (1)
TG (09) = LLu(3).

In this example,

z (2sinz — 3) + 7/ cost.

In addition, we have
1.

3Vt
Smy/m

3
2| (2]sin x| 4 3) + my/Tcost < ——=+/t |x| + m\/7 cost.

|f (t,2)| < —

Then

) 1
a ——< = —, and r(t) = w/7mcost.

2. Let M = 80. For each u € dom (L), suppose that |u (t)] > M, for all ¢ € [0, F].
If u(t) > M, for all t € [0, §], then 2sinu (t) — 3 < —1 and thus

3Vt 3Vt
Smy/m S5m\/m

Notice that since —u (t) < —M, then

/4f(t,u(t))dt§/4< 3\/_M+7T\/7_Tcost>dt —0.06 < 0.
0 0

a(t) =

ftu(t) <-— u(t) + my/meost < ————=M + m\/7 cost.

ST/
If u(t) < =M, for all t € [0, ], then 0 < M < —u(t) and
3Vt 3Vt 3Vt :
_ < —3).
5ﬂﬁM < 57Tﬁu (t) < 577\/7_1u(t) (2sinu (t) — 3)
Hence f (t,u(t)) > ;’*&M + my/m cost, for all ¢ € [0, 7]. Consequently

s T/ 3/t
/0 f(t,u(t))dtz/o <5F\/7_TM—|—7T\/Ecost>ds:7.93>0.

Finally fO% f(t,u(t))dt #0.
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3. Let M* = 95. For every ¢ € R with |¢| > M*, we have <2sin% — 3> <
Then

& + my/mecost.

3
57T\/EC2 <2sin% - 3> + my/mecost < —

Finally

3
Smy/m

Cfo ( \i[) < 0% (—573/—62 +7T\/_CCOSt) dt

/T
20\FC + \[C<0

35

for all ¢ ¢ [O 202 ] We conclude that all conditions of Theorem 2 hold,

) 3\f
proving that problem 1 has at least one solution u in C 1[ a4l

2.5 Example 2

Consider the following boundary value problem

3
Dgu(t) = f(tu®), 0<t<l,
L 1
D(fl+u(0+) = D1§+u(1_),
I0§+u(0+) = [0§+u(1 )7
where
_Vi _
Ftay =4 1 Vi e[0,1], @ € (—00,0)
Y (z—1+3im(lz|vVi+1)), te0,1], z € [0,+00).

Next, we check all of assumptions of Theorem 2:

1. Since for all s > 0,Ins <s—1 < s, then

30

002 < Y0 (1ol 3 (1l VB 1)) + 30 < Vi (050 43

- 10
Then we take

a(t)= <%+g> and r(t)zélg

with a,r € L1[0,1] and

1 3
1 Vi 1 2 11 13
Hale/ < +£> dt = — + — () © s
0

10 7 30 10790 90 2

2. For M =91, assume that u (t) > M, for all t € [0,1]. Then

f(s,u(s)) =

—
(=R RN

(M—l—k%ln(M\/E—i—l)).
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As a consequence, we derive the estimates:

1 1
/f(s,u(s))ds > (M—l)/ Vs +—/ VsIn(M+/s + 1)ds
0 0
2 2 1 M +1)3
= M-+ <<1+M3>ln(M+1)_( 3;23)
3(M+1)2  3(M+1) 11
L VA VE 6Aﬁ>
2 2 (M+1)*+9(M+1) _
> %(M—l)—% e ~ 5.99.

Now suppose that u(t) < —M, for all ¢t € [0,1]. Then

/01 f(s,u(s))ds = /01 —ﬁds S <0

which shows that .
| fs.uts)as 2o
0
for all u € dom(L) satisfying |u(t)| > M, for all t € [0,1].
3. Let M* = % For all ¢ > M*, we have

[oeg)e - [t (a)s
= %—%HgyMM+U

c 2

L P 1
10(0 34—9n(|c|—|—)>>0,

while for ¢ < —M™, we have

f — |ds = Vs = — = .
C/O <S, \/§> S C o 10 S 3OC>O

Therefore we have showed that problem 2 has at least one solution u in C1 [0, 1].
2
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1 Introduction and statement of main results

We consider the real cubic differential system

(cll_ng = Zi:OPT (‘T’y) EP(‘T’y)7 Ccll_gz{ = 23: QT (‘Thy) EQ(Z’,y), ng(PaQ) = 17 (1)

r=0

where P,, Q) are homogeneous polynomials of degree r and |P3(z, y)| + |Q3(x,y)| Z 0.

A curve f(x,y) =0, f € Clx,y], is said to be an invariant algebraic curveof (1) if
there exists a polynomial Ky € C[z, y] such that the identity %P(z, y)—l—g—gQ(a:, y) =
= f(x,y)Ks(x,y) holds. We say that an invariant algebraic curve f(x,y) =0 has
the parallel multiplicity equal to m, if m is the greatest positive integer such that
fm=1 divides Ky.

The system (1) is called Darbouz integrable if there exists a non-constant function
of the form F = flAl -+ f2s, where f; is an invariant algebraic curve and \; € C,
j =1,s, such that either F' is a first integral or is an integrating factor for (1).
We will be interested in invariant algebraic curves of degree one, that is invariant
straight lines ax + By +v =0, (a, ) # (0,0).

There are a great number of works dedicated to the investigation of polynomial
differential systems with invariant straight lines.

The problem of estimating the number of invariant straight lines which a polyno-
mial differential system can have was considered in [1]; the problem of coexistence of
invariant straight lines and limit cycles in [4,5]; the problem of coexistence of invari-

ant straight lines and singular points of center type for cubic systems in [3,10]. The
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classification of all cubic systems with the maximum number of invariant straight
lines, taking into account their multiplicities, is given in [6].

In [1] it was proved that the cubic system (1) can have in the finite part of the
phase plane at most eight invariant straight lines. Cubic systems with exactly eight
invariant straight lines has been studied in [6,7] and with total parallel multiplicity
of invariant straight lines equal to seven in [11,13]. A qualitative investigation of
systems (1) with six real invariant straight lines along two (three) directions is given
in [8] ([9]). In [12] we examined some cubic systems with degenerate infinity that
have invariant straight lines of total parallel multiplicity five or six, three of which are
parallel. In [14] all canonical forms of the cubic systems with degenerate infinity that
have invariant straight line of total parallel multiplicity equal to six were obtained.

In this paper we continue the investigation from [8,9, 12, 14] and give a full
qualitative study of cubic systems (1) with degenerated infinity and invariant straight
lines of total multiplicity six.

Theorem 1. Assume that a cubic system with degenerate infinity possesses invari-
ant straight lines of total parallel multiplicty five. Then via an affine transformation
and time rescaling this system can be brought to one of the systems 1)-24). Moreover,
up to topological equivalence, its phase portrait on the Poincaré disc corresponds to
one of the portraits given in Fig. 1 — Fig. 23. In the table below for each of the
systems 1) — 24) the first arrow points to the straight lines and the first integral F
(or integrating factor p) that corresponds to the system.

t=xz(x+1)(r—a), a>0, c#2,
1) y=y(-a+cx—y+az?),a+c>1; — (2) — Fig. 1;
Configuration (3r, 1r, 1r)

t=xz(x+1)(r—a),a>0,b>0,

2) y=yb+Ob-a)z—y+2?),b—a#0; — (3) — Fig. 2;
Configuration (3r, 1r, 1r)
t=z(x+1)(x—a), a>0,

3) g=ylx+1)(z—a)+ 2%+ 9% — (4) — Fig. 3;
Configuration (3r, 1c1, 1eq)
t=xz(z+1)(xr—a), a>0,

H i@ o)t >0 — (5) — Fig &
Configuration (3r,lcy, leq)
i=(z—a)(z?+1), a R,

5) y=y(l—ac+cx—y+a?), c£0; — (6) — Fig. 5;
Configuration (1r + 2¢g, 1r, 1r)
b= (@-a) @ +1), aeR

6) § y=(@—a)?+y+zy2+a’y, b>0; — (1) — Fig. 6
Configuration (1r + 2¢g, leg, 1eq)
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i=a2*(z+1), a>0,
g=y((a+Dz—y+a?); —
Configuration (3(2)r, 1r, 1r)

i =a2%(z+1),
j=ylo+as—y+a?), a0 -
Configuration (3(2)r, 1r, 1r)

i=a2*(z+1), a>0,

¥ = ax? + zy + ay? + 23y; —
Configuration (3r, 1c1, 1e1)

i=a%(x+1), a #0,

¥ =a(zr+ 1)+ ay? + 2%y; —
Configuration (3(2)r, 1c1, le)

10)

=213, a>0,
g = ylax —y +2?); —
Configuration (3(3)r, 1r, 1r)

11)

Configuration (3(3)r, 1c1, 1e)

t=xz(z—-1)(y+a),
J=yly—1D(x+a),ad{-1;-1/2;0} -
Configuration (2r, 2r, 1r)

13)

=22y +a),a>0,b>0,
j=y*(x +Db), ab # 0; -
Configuration (2(2)r, 2(2)r, 1r)

&= (2> +1)(y +a),
)= +1)(z+a), a#0; —
Configuration (2cp, 2¢o, 17)

14)

15)

@ =w(a —2ay +2° +y?), a ¢ {0;1/2;1},
y=ay+(a—1)2* —(a+ )y + 2y +y% -
Configuration (2¢1, 2¢q, 17)

16)

i =2(% + by + ba? —axy — by* + 2° + xy?),
g=(2y—1)(2bx —y +2° +4?), b#0; —
Configuration (2¢q,2¢q, 1r)

t=a3 a>0,
12) Y = ar® + ay? + 2%y; —
17) {
& = ax? + 2bzy — ay?® + 22 + xy?,
g = —bx? + 2axy + by® + 22y + 1>,
18) ol + b £0, a > 0; -
Configuration (2(2)c1,2(2)cy, 17)

t=z(z—-1)1+(a—1)z+ (b—1)y),

y=y(-14+2x+y+ (a—1)z*+ (b—1)zy),
ab(b — 1)(b+ 1)(a — b) # 0;

Configuration (2r, 1r, 1r, 1r)

19)

(16)

(17)

(18)

— Fig. 7;

— Fig. 8;

— Fig. 9;

— Fig.

— Fig.

— Fig.

— Fig.

— Fig.

— Fig.

— Fig.

— Fig.

— Fig.

— Fig.

10;

11;

12;

13;

14;

15;

16;

17;

18;

19;



20)

21)

22)

23)

24)
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=14+ (z—a)*)(z+by), b#0,

v = (a®+1)(y — bx) + (ab — 1)2? — 2azy—
—(ab+1)y* + 2%y + bry?;

Configuration (2¢g, 17, 1e1, 1e1)

t=x+cy+ (2a+c)x? +2(—1+ ac)zy — cy®+
+(a® +b*> —b+ac)z® + (—2a — c+ a’c+
+b%c)x?y — (b — 1 + ac)xy?,

+a?c+ b2 c)zy? — (b— 1+ ac)y?,
be(|al + [b? — 1) # 0;
Configuration (1r, 1ey, leg, leq, leg)

i =z(1 + 2ax — 2y + (a® + b — ¢)z?—
—2azy — (c— 1)y?),
§ =y + cx® + 2axy + (c — 2)y* + (a® + b*—
—c)z’y — 2axy® — (¢ — 1)y°,
be(b? — ?)(la] + [b? — 1) # 0;
Configuration (1r,lcy, leg, leg, 1eq)

t=2(1+ (a+bx—2y+ (ab—c)x?—
—(a+bzy + (1 -c)y?)
y=y+cx’+ (a+bay+ (c—2)y* + (ab—
—c)a*y — (a+b)zy® + (1 - c)y®,
c(b—a) #0;

Configuration (1r,1r,1r,, leq, 1ey)

t=x(1+ (a+b)x —2y+abx® + (1 —a—
—b—c)zy + cy?),
g =y(l+axr— (c+ 1)y + abx® — axy + cy?),
a=a+b+c—1,
abla —1)(b—1)(c—1)#0, a > b;

Configuration (1r, 1r, 1r, 1r, 1r)

h=zxz+l,lh=xls=x—a,ly=y,ls5=(a+c— 1)z —y;

F = (1 /13)*t Y (1a/15) "

h=x+1,lb=x,l3=x—a,ls=y,ls=bz+1) —y;

F = i1

y=—cr+y+(b—ac)r®+2(a+c)zy + (b — 2+
+ac)y? + (a® +b* — b+ ac)z’y + (—2a — c+

(21)

(23)

h=xz+1,lb=zl3=2—a,lys =y L ibx;

p(x,y) = 1/(l1l3l4ls);

11:x+1, lg:x,lgzx—a,l4,5:yii\/5(x+l);

w(z,y) = 1/(l2ls3lals);

h=x—t,lo=x—a,l3g=z+1i,l4y=y,l5=cr —y—ac;
w(z,y) =1/(l1l3l4ls), F =yexp(—c-arctan(x))/ls;

41

— Fig. 20;

Fig. 17,
Fig. 21;

— Fig. 16;

— Fig. 22;

— Fig. 23.
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h=z—i,lb=x—a,lzs=ao+1i s =yLi(x—a);
w(@,y) = 1/(llslals);

h=z+tlb=h=rli=y ls=ar—y;
F =17 s

h=z+1Lb=lz=xls=y,ls=atax—y;
F =yexp(a/z)/(a + ax —y).

h=rv+1,lb=l3=xls=yxir; plr,y)=1/(ll2lls);

h=a+Llb=l=zlis=y+i(zr+1); plz,y) =1/(35);

hos==xz,ls=yls=ax—y; F=yexp(a/x)/(ax —y);
liosg=m las=yLiz; plw,y)=1/(%4l5).

h=zlb=z-1 3=y, bh=y—-1 ls=x—vy;
F = (I1/13)(la/12)*

h=l=z l3=ly=y, l5 =ax — by;
F = L3 exp((ax — by)/(zy));

heo=ati,a=yxi,ls=ac—y; plr,y)=1/(Llalsly);
hpo=yTFiz,lsga=yFiz—1,ls=a; p(r,y) =1/(Lilalsly);
he=yFir, ga=yFir—1,15=2y—1; p(z,y) =1/(ll2lsls);
hs=y—ix,loa=y+iz, Is=bzr —ay; plx,y)=1/(Ll)*
h=xlo=x—1l3=y, lu=x+y—1, 15 = ax + by;
F = L1555

ho=z—atilsgg=y+izr,ls=ar+y—a®—1;
,u(:z:,y) = 1/([1[2[3[4.

ho=yFai,l3a=y— (atbi)r—1,15 =14+ ax —y+ by;
p(r,y) = 1/(l1lalsly);

ho=yFai,lsa=y— (atbi)z—1,15 =uz;
pw(w,y) = 1/(l1lalsls);

hp=yFir,ls=y—ar—1, h=y—br—1,15=u;
p(z,y) = 1/(Lilalsly);

h=z,lb=y lz=y—a,ly=y—ar—1,1s=y—br—1;

b—a);(a—b);(c—1);(1—c
F =180 e,

(22)

(23)

(24)
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Fig. 19

)
Fig. 19 Fig. 20

Fig. 21

2 Some properties of cubic systems with straight lines

By a configuration of straight lines we understand the R? plane with a certain
number of straight lines.

To each two-dimensional differential system (with invariant straight lines) we
can associate a configuration consisting of invariant straight lines of this system. It
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is easy to show that the converse is not always true.

The problem arises to determine for invariant straight lines such properties that
allow to construct all realizable configurations of invariant straight lines for (1).
Below we shall enumerate these properties. Their proofs are rather easy and we
omit them.

Proposition 1. The system (1) has at most nine singular points in the finite part
of the phase plane.

Proposition 2. There are at most 3 singular points of system (1) on any invariant
straight line in the finite part of the phase plane.

A straight line [ will be called complex if | € Clz,y] \ Rz, y].

Proposition 3. Complex invariant straight lines of system (1) occur in complex
conjugate pairs (I and ).
Proposition 4. The intersection point (zo,yo) of two invariant straight lines [
and ly of system (1) is a singular point. Moreover, if li,ly € R[z,y] or Iy = Iy, then
o, Yo € R.
Proposition 5. A complex straight line | can pass through at most one point with
real coordinates.
Proposition 6. If a straight line passes through two distinct real points or through
two complex conjugate points, then this straight line is real.

A complex straight line passing through a real point will be called a relative
complex straight line and a complex straight line not passing through any real point
— a purely imaginary straight line.

Proposition 7. Through any point of a purely imaginary straight line at most one
real straight line can pass.

Proposition 8. A complex invariant straight line of system (1) is purely imaginary
iff this straight line is parallel to its conjugate one (1 || 1).

Proposition 9. Let I; and ly be two parallel invariant straight lines of the system
(1), then only one of the following properties occurs:

1. 11,1l € Rlz,y]; 2. 11 is real and ly is purely imaginary;

3. Iy and ly are purely imaginary; 4. l1 and ly are relative complex.

We say that the cubic system (1) has degenerate infinity if the following identity
yPs(z,y) — 2Qs(w,y) =0 (26)
holds. In such a case the infinity consists only of singular points.

Proposition 10. The identity (26) is invariant under any affine transformation of
the system (1).

Proposition 11. Invariant straight lines of the cubic system (1) with degenerate
infinity passing through the same point My (zo,y0), To,yo € C, have at most three
slopes.
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Proposition 12. Through any point of a complex invariant straight line of the cubic
system with degenerate infinity at most one real straight lines can pass.

Proposition 13. A straight line passing through three distinct singular points of
system (1) with degenerate infinity is invariant for (1).

Proposition 14. The maximum number of invariant straight lines for a differential
cubic system with degenerate infinity is equal to siz.

Proposition 15. Let the cubic system (1) have two concurrent invariant straight
lines Iy, la. If 11 has the parallel multiplicity equal to m, 1 < m < 3, then this
system cannot have more than 3 —m singular points on ls \ l1.

We say that three straight lines are in generic position if all lines have different
slopes and no more than two lines pass through a point.

Proposition 16. Let the cubic system (1) have 8 invariant straight lines in generic
position, then their total parallel multiplicity is at most four.

Proposition 17. The cubic system (1) with degenerate infinity can have at most
one triplet of parallel invariant straight lines.

Proposition 18. The cubic system (1) with degenerate infinity can have at most
two pair of parallel invariant straight lines.

3 The proof of Theorem 1

Using Propositions 17 and 18, the family of cubic systems [(1)][(26)] with six
invariant straight lines can be divided in four classes:

A) Systems with a triplet of parallel invariant straight lines;
B) Systems with two pairs of parallel invariant straight lines;
C) Systems with only a pair of parallel invariant straight lines;
D) Systems with invariant straight lines of different slopes.

The class A) was studied in [8,12] and is characterized by the systems 1)-12) of
Theorem 1.

3.1 Class B): two pairs of parallel invariant straight lines

For cubic systems in class B) the following 8 configurations of invariant straight
lines are possible:

B1) (2r,2r,1r) ) (2(2)r, 2r, 17,) B3) (2(2)r,2(2)r,1r)
)

B2
B4) (2r,2cy, 1r) B5) (2(2)r,2co, 1) B6) (2cp,2¢cp, 1r)
B7) (2¢1,2c1,1r) B8) (2(2)cq1,2(2)cq,1r)
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By (2r,2r,1r) we denoted the configuration which consists of five distinct real

straight lines ly,...,l5 € Rz, y], of which [y, and I3,1l4 form two pairs of parallel
straight lines, i.e. Iy || lo, I3 || lay Lo W Iz and I; |f I5, j = 1,...,4. In the case
of configuration (2cg,2co, 1) we have five straight lines [,...,l5, where l;,l2,l3

and [4 are purely imaginary, l5 is real, l1,lo and l3,l4 form two pairs of parallel
straight lines. The configuration (2(2)r,2r,1r) consists of five real straight lines,
where Iy =1, I3 || la, L1 f13, 1 {15, 5 =1,...,4, and the straight line [; (or [3) has
parallel multiplicity equal to two.

Proposition 19. Cubic systems with degenerate infinity possessing invariant straight
lines of the configuration (2(2)r,2r) can not have other invariant straight lines.

Indeed, a system of this configuration can be brought to the form:
i=2"(y+a), §=yly—1)(x+Db).

Since this system has only the following singular points: (0,0), (0,1), (—=b, —a) and
a(a + 1)b # 0, the above proposition follows.

Remark 1. Propositions 2, 7 and 15 (Proposition 19) do not allow the realization of
configurations B4) and B5) (configuration B2)) in the class of cubic systems with
degenerate infinity.

Configuration B1) (2r,2r,1r). Via an affine transformation and time resca-
ling the system [(1)][(26)] with two pairs of real invariant straight lines can be written
in the form:

t=xx—1)(y+a), y=yly—1D+b), abdbd¢{-1;0} (27)

The system (27) has the invariant straight lines Iy = z, lo = z — 1, I3 =y,
ly =y —1 and the singular points (0,0), (1,0),(0,1), (1,1), (=b, —a). Therefore,
any other invariant straight line of (27) must pass through the singular points (0, 0)
and (1,1) or through the singular points (1,0) and (0,1). When (0,0), (1,1) € l5 and
l5 is invariant for (27), we get b = a, i.e. the system 13) of Theorem 1. The case
(1,0),(0,1) € l5 provides an affine equivalent system with the system 13).

Configuration B3) (2(2)r,2(2)r, 1r). The cubic system with degenerate infin-
ity possessing real invariant straight lines with the configuration (2(2)r,2(2)r) can
be written as:

=22y +a), y=y*(x+b), (28)
This system has the invariant straight lines l1 2 = x, [34 = y, I5 = ax — by, i.e. we
obtained the system 14) of Theorem 1.

Configuration B6) (2cg,2cg, 1r) In this case the pairs of parallel invariant
straight lines can be brought to the form l; 2 = x &4 and l34 = y & 7. The system
[(1)][(26)] with these invariant straight lines has the form

i =(®+ 1)y +a), §=+1)(@+0), (29)
with the following singular points: (—i,—1), (—i,%), (4,7), (¢,—i), (=b,—a). Any

other invariant straight line of system (29) can pass only through the pairs of re-
ciprocally conjugate singular points (—i, —i), (¢,i) or (—i,1), (i, —i), therefore it is
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described by equation l5 = = 4+ y or l5; = x — y, respectively. The invariance for
(29) is conditioned by b = a or b = —a. When b = a we have the system 15) of
Theorem 1. The case b = —a is affine equivalent with the system 15).

Configuration B7) (2c1,2cq,1r) Via an affine change of coordinates, the
straight lines l1,...,l4 can be brought to the form l; o = y £ iz, I34 = y £ iz — 1.
The cubic system [(1)][(26)] with these invariant straight lines has the form:

{ & = ax + by + bx? — 2axy — by® + 23 + xy?,

§=—br+ay+ (a — 1)z? + 2bxy — (a + 1)y? + 2%y + 3. (30)

The obtained system has the following singular points: (0,0), (—i/2,1/2), (0,1),
(1/2,1/2), (=b,a). Any other real invariant straight line [5 can pass only through
the singular points (0,0), (0,1) or (—i/2,1/2), (i/2,1/2), therefore it is described by
equation l5 = x or [5 = 2y — 1, respectively. This straight line is invariant for system
(30) iff b=0 or a = 1/2. Thus, was obtained the systems 16) and 17) of Theorem 1.

Configuration B8) (2(2)cy,2(2)c1,1r) Via an affine transformation and time
rescaling, we can bring the pair of conjugate complex invariant straight lines to the
form Iy 5 = y & ixz. The cubic system [(1)][(26)] with these invariant straight lines
has the form:

i = a10z + an1y + agor? + ar1zy + (ago — b11)y? + azer® + an 2’y + arpxy?, (31)
U = —amx+ a1y + (boz — a11)2? + b1y + boy? + asor?y + ag1vy? + a2y

Each of straight lines l; 2 = y £ iz has parallel multiplicity equal to two iff
apr = a19 = az1 = 0, a11 = 2bge, b11 = 2a99, azg = ai2. Via a time rescaling, we
can make aj3 = 1. Denoting by agg = a and byp; = b, we obtain the system 18) of
Theorem 1.

3.2 Class C): one pair of parallel invariant straight lines

For cubic systems in class C) the following 6 configurations of invariant straight
lines are possible:

C1) (2r,1r,1r,1r) C2) (2(2)r,2r,1r,1r) C3) (2r,1r,1c1,1c1)
C4) (2(2)r,1r,1c1,1c1)  C5) (2¢9, 11, 11, 17) C6) (2cp, 1r,1cq,1cq)

Remark 2. Propositions 2, 7 and 15 do not allow the realization of configurations
C2) and C4) in the class of cubic systems with degenerate infinity.

Proposition 20. The configurations C3) and C5) do not realize in the class of cubic
systems with degenerate infinity.

Proof. Let the cubic system [(1)][(26)] has only two distinct parallel invariant
straight lines {1 and ly. If these straight lines are real, then [(1)][(26)] can be written
in the following form:

& = z(xr — a)(a + azox + a21y), (32)
U = boo + b1z + bory + baoz? + bi1xy + boey? + azor’y + as xy?,



CUBIC SYSTEMS WITH DEGENERATE INFINITY AND INVARIANT ... 49

and if these straight lines are complex, then we have the system
T = (:E2 + 1)((120 + azox + a21y), (33)
= boo + biox + bory + baox? + by + bogy® + azex?y + azay®.

The invariant straight lines of the system (32) (respectively, (33)) are [y = x and
ly = x — a (respectively, l; o = x £ 7). Taking into account that the right-hand sides
of these systems have no common factors, it is easy to see that, for both systems,
each straight line /; and [y can pass through at most two singular points.

Let the system (32) have another real invariant straight line, then via an affine
transformation, this system can be brought to the form:

& =x(x — a)(ag + azox + aay),
. 5 (34)
¥ = y(bo1 + b1z + boay + asox” + azxy).

The invariant straight lines of (34) are: [y = z, Iy = x—a, I3 = y. All singular points
have real coordinates, thus, considering Proposition 6, all other invariant straight
lines must be real, i.e. the configuration C3) is not possible.

The system (33) has at most four invariant straight lines, because of Proposition
7 and the fact that on each invariant straight line [y, ls only two singular points lie.
Therefore, the configuration C5) is not realizable. O

Configuration C1) (2r,1r,1r, 1r). Let the straight lines Iy, 2, 13,14 with con-
figuration (2r, 17, 1) be invariant for system [(1)][(26)]. These straight lines can be
brought to the form Iy =z, lo = x — 1, I3 =y and l4 = x + y — 1. Therefore, the
system [(1)][(26)] has the following form:

{ & =x(x — 1)(bo1 + b11 + asox + a21y), (35)

9 = y(bo1 + b11x — bory + azor? + anzy).

The intersection points of the straight lines of the system (35) are (0,0), (0,1) and
(1,0). Through the singular point (1,0) the invariant straight lines lo, I3 and l4 pass.
According to Proposition 11 any other real invariant straight line must pass through
the point (0,0) or (0,1).

Let I5 be a real straight line for system (35) passing through the point (0, 0), i.e.
it is described by equation y = Ax. This straight line is invariant for the system (35)
iff b1y = —2bp1, A = (aso — bo1)/(bo1 — az1). Without loss of generality we consider
boy = —1. Let agop = a—1 and az; = b— 1, then we obtain the system 19) of Theorem
1. The conditions ab(b — 1)(b + 1)(a — b) # 0 will guarantee that the system 19)
is not from another class. Similarly, from the system (35), we can obtain a system
possessing five invariant straight lines with (0, 1) € 5, but it will be affine equivalent
with system 19).

Configuration C6) (2co,1r,1cq,1cq1). Let the system [(1)][(26)] have four
invariant straight lines with configuration (2cqg, lci, 1¢p). The straight lines can be
written as [ o = z—a=i and I3 4 = y+iz. The system [(1),(26)] with these invariant
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straight lines looks as

T = ((a: — a)2 + 1)(&30$ + agly),
Y= (CL2 + 1)(a30y — aglx) + b20$2 — 2aaszgxy + (bgo — 2aa21)y2+ (36)
+azor?y + an ry?

and has the following singular points: O1(a — 4,1 + ai), O2(a + i,1 — ai), Os(a +
i,—1+4ai), Og(a—1i,—1—ai), O5(0,0), Og(ag (1 + a2)/b20, —aso(l+ a2)/b20), 01 =
1Ny, Oy =1l3Nl3, O3 =1y Ny, Oy =11 Nl3. Any other real invariant straight line
of the system (36) must pass through one of two pairs of conjugate complex singular
points {O1, O} or {03, O4}, therefore, Is = ax +y —a?> —1or l5 = ax —y —a® — 1,
respectively. In the first case, [5 = ax +y — a® — 1 is invariant for (36) iff by =
aaz; — agg. Furthermore, if agg = 0, then the system (36) has six invariant straight
lines. Let asg # 0 and denote ag; = b - bsg. After rescaling the time ¢t = 1/ago7, we
get the system 20) of Theorem 1. In the second case, I5 = ax —y—a?—1 is invariant
for the system (36) iff bog = aag; + asg. Moreover, (36) has exactly five invariant
straight lines if agyp # 0. The obtained system is affine equivalent with system 20).

3.3 Class D): invariant straight lines with different slopes

For cubic systems in class B) the following three configurations of invariant
straight lines are possible:

D1) (1r,1cq,1c1,1c1,1c1) D2) (1r,1r,1r,1cq,1cq)
D3) (1r,1r,1r,1r, 1r)

Configuration D1) (1r,1cy,1c1,1cq,1c1). Let the system [(1)][(26)] have
the invariant straight lines [; € Clz,y] \ Rlz,y], 7 = 1,4, I; = lj41,j = 1,3,
li Wi, j # k. Via an affine transformation and time rescaling we can bring them to
the form o =y+iz =0,l34=y—(atbi)r—1=0,a,b€R, b(Jla]+|b£1]) #0.

There are two affine different systems [(1)][(26)] with these invariant straight lines:
&=y + 2%+ 2ary — y? + (2a — bo2)z> + (a® + b2 — 1)y — bpazy?,
= —x + (boz — 2a)2? + 22y + boay® + (2a — bo2)x%y+ (37)
+(a® 4+ b* — 1)zy? — boay?;

t=x+cy+ (2a+c)x? +2(—1 +ac)xy — cy? + (=2 + a® + b? — bga+
+2ac)z® + (—2a — ¢+ a’c + b?c)x?y — (1 + bog)xy?,

= —cx+y+(2+ by — 2ac)z® + 2(a + c)zy + bogy? + (=2 + a®+
b? — boz + 2ac)z?y + (—2a — ¢ + a’c + b2e)ry? — (1 + bo2)yS.

(38)

Let Oj 1 be the intersection point of the invariant straight lines I; and [y, j # k.
Then, Orz = (0,0), Org = (—1/(—i +a + bi), /(1 — b + ai)), Ora = (~1/(~i +
a—bi),1/(1 +b+ai)), Oszs = (0,1), Og3 = O14 and Oz4 = Oy 3. The straight
line passing through singular points O; 3 and O4 (O14 and O 3) is described by
equation 1 +ax —y +by = 0 (1 + ax —y — by = 0). Using only the information
provided by singular points we can state that besides the invariant straight lines
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l1,2,3.4, the systems (37), (38) can have also the invariant straight lines described by
equations 1 +az —y+by=0,14axr —y—by=0and z =0.

The straight line x = 0 can’t be invariant for (37), because the coefficients of
the monomials y, —y? from right-hand side of first equation from system (37) are
constant. The straight lines s = 1+ax—y+by and lg = 1+ ax —y— by are invariant
for (37) only simultaneously, therefore this system can’t have exactly five invariant
straight lines.

The straight line s = 14+ ax —y + by (I5 = 1 + ax — y — by) is invariant for the
system (38) iff bpo = ac — 2+ b (bga = ac — 2 —b), i.e. we obtained the system 21)
of Theorem 1 (a system affine equivalent with 21)).

Also, the straight line z = 0 is invariant for the system (38) iff ¢ = 0. In (38) we
take ¢ = 0 and denote bys = ¢ — 2, where c is a real parameter. This way we get the
system 22) of Theorem 1.

Configuration D2) (1r,1r,1r,1cy,1cy). The complex invariant straight lines
of the system [(1)][(26)], via an affine transformation, can be brought to the form
l12 =y £ iz. According to Proposition 11, two of real invariant straight lines I3 4 5
can’t pass through the intersection point (0,0) of [; and ly. Therefore, via a rotation
and a contraction z — kz, y — ky, k € R*, we can bring the intersection point
of the straight lines [3 and Iy in (0,1), i.e. these straight lines are described by
ls=y—arx—landly=y—bx—1, a,b € R, a#b. The fifth invariant straight line
must pass through the points (0,0) and (0,1), i.e. it is described by l5 = x. Asking
that these straight lines to be invariant for the system [(1)][(26)] we get the system
23) of Theorem 1.

Configuration D3) (1r,1r,1r,1r, 1r). Let the system [(1)][(26)] have at least
five real invariant straight lines with diffefrent slopes [;, j = 1,5. Via an affine
transformation we can bring these straight lines to be described by equations:
r=0y=0y=z,y=ar+1,y=0br+1,abla—1)(b—1)#0, a < b. The
cubic system with these invariant straight lines has the form 24) of Theorem 1.

3.4 Qualitative investigation of systems 13)-24)

In this section, the qualitative study of systems 13) — 24) of Theorem 1 will be
done. For this purpose, in order to determine the topological behavior of trajectories,
the singular points will be examined. Using also the information provided by the
existence of invariant straight lines, we will construct all phase portraits of systems
3) — 11) on Poincaré disk.

We denote by SP singular points; Ay and Ay the characteristic roots of the SP;
TSP — type of SP; S — saddle (A A2 < 0); N° — stable node (A1, A2 < 0); N* —
instable node (A1, Aa > 0); DN*(®) — improper stable (instable) node (A = Ay # 0);
C — centre, P®)— instable (stable) parabolic sector, F*(*) — instable (stable) focus.

In the next tables, the first column will indicate the singular points of the sys-
tems; the second column - the eigenvalues corresponding to these singular points
and the third column - the types of the singularities. All these points are simple
and together with the invariant straight lines, fully determine the phase portrait for
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each of the systems 13)-24).

Table 1. Systems 13), 15), 16), 17), 19), 20), 21), 22) and 23)

System 13); Fig. 15
J ={ala € (-1,0)} a<-1| J a<-1 J
01(0,0) —a;—a DN' | DN* 02(1,0) a; —a—1 S N*
0,0,1) | a;ca—1 | 8§ | N° 0.(1,1) a+1.a+1| DN® DN
Os(—a,—a)| Zala+1) S S X (1,0,0) —a;—a—1] N? S
Yo (0,1,0) | —a; —a—1 N* S

System 15); Fig. 15

O(—a,—a)| *(a®>+1) S Xo(1,0,0) | —ati | Fs
Yoo(0,1,0)|  —axi 7
System 16); Fig. 16
G ={ala € (0,1)} G |a>1 G |a>1
01(0,0) a;a DN* | DN* 02(0,1) || l—a;1—a | DN* |DN?*
05(0,a) +ala —1) S S

System 17); Fig. 17)

0.(0,0) 1+ 2bi Fi 0,(0,1) [ 1%200 | F
O3(=b,2) | £5 (40> +1) S
System 20); Fig. 20
. 2 2 2
010,00 [@*+na+| F o (MR £ [F 0] s
1,,(0,1,0) 1+bi Ft
System 21; Fig. 17.a), Fig. 21
b<0[b>0
. i —c b(c?
01(0,0) 1+ci F Os (i o)l o | 5

02(0,1) b(—1 =+ ci) F' | F¢
System 22); Fig. 16

c<0 |c >0
01(0,0) 1 N 0500, =) | += | 5
02(0,1) —c; —c¢ N" | N®
System 23); Fig. 22
c<0 |c >0
01(0,0) 1 N 0500, =) | += | 5
02(0,1) —c; —c N* | N*

Systems 13), 15)—17), 19)—23). All these systems have hyperbolic singular points
in the finite part of the phase plane and at the infinity. These singular points, their
type and the phase portraits corresponding to each system are shown in Table 1.

System 14). This system has two singular points in the finite part of the phase
plane and other two at the infinity. Their coordinates, their types and the phase
portraits corresponding to each system are shown in Table 2.

As we see from Table 2, the origin is a nonhyperbolic singular point. Using polar
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Table 2. System 14); Fig. 14

SP )\1; )\2 TSP SP )\1; )\2 TSP
01(0,0) 0;0 |HPSHP'| O3(—b,—a) ab; —ab S
Xo(1,0,0) | —a;—a DN Y5 (0,1,0) —b; —b DN
Blow-up of the origin (0, 0)

Ml(0,0) a ;—a S MQ(O, %) b; —b S
Ms(0, ) a;—a S M, (0, °5) b; —b S
M5(O,arctgg) ﬁ :0| DN? Mﬁ(O,arctgg—l—ﬂ) \/%; \/% DN*

coordinates and after rescaling the time ¢ = 7/p, this systems takes the form:

p= p(a00539+pcosgﬁsin9+bsin39+pcosﬁsin39),
0 = cosfsinf(acosf — bsinb).

We get six singular points of the form M;(0,6;), their coordinates and types are
given in Table 2. Using this information, we get Fig. 24a) and after ”compressing”
all these points to the origin we obtain Fig. 24b), i.e. the origin can be described
as HP*HP" singular point.

Y
\ 4

b)
Fig. 24 Fig. 25

System 18). The system has only two singular points in the finite part of the phase
plane (Table 3). To study neighborhood of the origin of coordinates we will use the
blow-up method. In polar coordinates the system has the form:

p=p(acosf+bsinb + p)
0 =asinf — bcost

Table 3. System 18); Fig. 18

SP | A\;; A2 | TSP SP A Ay | TSP
0:1(0,0) | 0;0 | EP'P'E | Oy(—a,—b) | £ (240 | S

Solving the equation asinf — bcos® = 0 gives us the information that O;(0,0)
consists of two hyperbolic singular points: M (0, arctgg) — instable improper node
and Ms(0, arctgg + 7) — stable improper node.
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Compressing these points to the origin of co-

ordinates we get that the neighborgood of the
origin consists of two eliptic sectors separated
by a separatrix (Fig. 25).
System 19). If a # 1, then this system has
the singular points O1(0,0), O2(0,1), O3(1,0),
04(—1/(CL - 1)7 0)7 05(17 _a/b)v Oﬁ(b/(b -
a),—a/(b—a)).

The straight lines a = 0, b = 0, a = 1 and
a—>b = 0 divide the plane of coefficients (a, b) in 9
sectors (Fig. 26). Using relative positions of the
singular points and the invariant straight lines,
also the qualitative structure of these points, we
notice that some systems with coefficients from

\

=

—

Fig. 26

the different sectors have the same trajectories. In particular, the phase portraits
of systems with coefficients from Sg and S; are topologically equivalent, and the
phase portraits of systems Sy (respectively, S3, Sg) and S5 (respectively, Sy, Sy) are
equivalent. Therefore we obtain Table 4 which contains information about sectors

51, Sg, 55, 56 and Sg.

Table 4. System 19), a # 1.

S.P.|01(0,0) | 02(0,1) | O3(1,0) | Oa(—-11,0) | O5(1, = %) | O (525, —5%) | 1(0,1,0)
M|l 1 a —o —a e -1 | Fig
| -1 —b a P g -ab, —b

S g ND* g N? I 19a)
Ss NDi N*® 19b)
Ss | ND? S N 19¢)
Se N' ND# N S S 19d)
Sg ND? N 19e)

If a = 1, then the singular point O4(—1/(a — 1), 0) goes to the infinity. We note
that the cases b € (0,1) and b € (1,+00) are topologically equivalent, therefore we

have Table 5.

Table 5. System 19), a

=1.

S.P. |01(0,0)|02(0,1) | O5(1,0) | O5(1, 1) | Os (327, —527) | I (1,0,0) | I (0, 1,0)

A -1 1 1 -1 o -1 -1 Fig.
1 ab

b<0| Nps N NDi N N s S 19f)

b>1 S S N N®  |19g)
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System 24). This system has three real param-

eters under conditions ab(a—1)(b—1)(c—1) # 0, b A O

a > b, so the space of coefficients must be three- 'o’\o x
dimensional. We can simplify this by restrain- : \
ing the parameter ¢ and obtaining three simpler XS;
cases. If ¢ # 0 then the system has seven sin-

gular point in the finite part of the phase plane .
and if ¢ = 0, then the system has six singular
points (see Table 6). \Si

Using the above conditions and the informa-
tion provided by characteristic roots of singular
points, we get six sectors S1, ..., Sg ilustrated in Fig. 27
Fig. 27.

Table 6. System 24)

s |(0,0]0.0] (0.1) [(-20)](-40] () [(E )]
A1 1 Je—1 el ba b = oD Fig.
A2 1 |e—1] —-<2 T 1>c el el
51 ; 23a)
52 N N 23b)
c<1 53 s N?
c#0[8; N S . 5 |3
S Nt
56 NS
S S ] 23¢)
22 N 23a)
3 i i
e MY N 5 N [239)
Ss .
Se N 23a)
51 N® 23d)
52 N N’ 23¢)
— 53 S 100(07 17 0) N*
L N S > N 5 Ja3a)
S N?
So N° 23¢)
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Abstract. The general integral for ternary differential system with quadratic nonlin-
earities of the Darboux form was constructed by using the Lie theorem on integrating
factor. The case is achieved when the comitant of the linear part of differential system,
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1 Preliminaries

Consider the ternary differential system with quadratic nonlinearities

dﬁ'
dt

= ala® +al g2’ = Pl(z) (j,o, B =T.3), (1)

where ajaﬁ is a symmetric tensor in lower indices, in which the complete convolution

is done and = = (2!, 22, 2%) is the vector of phase variables. The expressions ajz®

represent the linear part of the system (1) and ai ﬁwawﬁ represent the quadratic part
of this system. The coefficients and the variables take values from the field of real
numbers R. We will use the center-affine group GL(3,R) given by substitutions

¥ = qha®(det(qh) # 0) (joa =T.3).
It is well known that F(x) = C is a first integral of system (1) if and only if
A(F) =0, where

and in index j the complete convolution is done.

The system (1) has two functional-independent first integrals, which form the
general integral of this system.

Suppose system (1) admits a two-dimensional commutative Lie algebra of ope-
rators [1]

0
oz’

X0 =¢, (a=1,2 j=1,3), (3)

© Natalia Neagu, 2016
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where & (x) (j = 1,3) are polynomials in the coordinates of the vector z =
(z1,22,23). This means that the coordinates of the operators (3) satisfy the de-
terminant equations

(€8)a1 Pt + (€L) 2 P2+ (€L) 3 P? = €L PL + €2 P + €2 P,
(E2) 1 PY 4 (€2),2 P2 + (€2),s PP = €L PA + 2P% + 3 P2, (4)
() P+ (€3) 2 P2+ (€3) s PP = ¢LP3 + E2P% + 2P (o= 1,2).

Denote by
& & g
A=|¢& & & (5)
Pt p? p3

the determinant of coordinates of the operators (2) and (3). From [1] the following
assertion follows for system (1).

Theorem 1. Suppose the ternary polynomial system (1) admits the two-dimensional
commutative Lie algebra with operators (3). Then the function u = A~! is the Lie
integrating factor for the Pfaff’s equations

(EaP? = 4 P°)dat + (,P° — &4 PY)da® 4+ (2P — P de® =0 (e =1,2),
which define the general integral of the system (1), where A # 0 has the form (5).

Consider the comitant of system (1) from [2] with respect to the center-affine
group. It depends on two cogradient vectors z = (z',22,23) and y = (y',y%, y?)

defined in [3], whose tensorial form is
n= a%‘vazﬁxvx‘sy“eaw,

where €46, is the unit trivector with coordinates €123 = —e1320 = €312 = —€321 =
931 = —€213 = 1 and €45, = 0 (@, d, p = 1,3) in the other cases.
In [2] the following assertions were proved:

Theorem 2. The system (1) with n =0 can be written in the form

dxI . . ,
d—xt = ol x4 207 (gz' + ha? + ka®) = PI(z) (j=1,3) (6)
and will be called the ternary differential system with quadratic nonlinearities of the

Darboux form.

Theorem 3. The system (6) has the GL(3,R)-invariant particular integral

B

.« Y .0
01 = ayagalx

x”x”gﬁ,ﬂj’ (7)

where oy is the comitant of (1) with respect to the center-affine group GL(3,R).
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Remark 1. Let 32 be the mixt comitant from [4] of system (6) with respect to the
center-affine group

o = agazﬁua, (8)

which depends on coordinates of the contravariant vector z = (x!,2% 23) and of
the covariant vector u = (u1,ug2,u3) defined in [3]. If 59 # 0, then at least one
coefficient of the linear part of system (6) is not equal to zero. Otherwise, from
sy = 0 it follows that al, = 0 (j,a = T,3) and the system (6) can be reduced to a
trivial homogeneous quadratic system.

Remark 2. Let ¢; be the mixt comitant from [2] of system (1) with respect to the
center-affine group
¢ = a2’ uq, (9)

which depends on coordinates of the contravariant vector x = (2!, 22, 3) and of the
covariant vector u = (u1, ue, us) defined in [3]. If g1 # 0, then at least one coefficient
of the quadratic part of system (1) and hence of system (6) is not equal to zero.
Otherwise, from g; = 0 it follows that afxﬁ =0 (j,a,8 = 1,3) and the system (1)
and hence the system (6) can be reduced to a linear system.

As it follows from [2], the following assertions hold

Lemma 1. Assume in (7) that o1 = 0. Then under the center-affine transformation

3
_ _ a _
Tt :x2, z2 ::171+—§x2, =3
a

where a} # 0, the quadratic part of system (6) preserves the form and the coefficients
from the linear part of the system obey one of the following conditions:

ay=az=ai=a3=a} =a3=0; a3 = aj; (10)
ay=az=ai=a3=a} =a3=0; a3 =ay; (11)
ay=ay=ai=0a3=a} =a3=0; a3 =ay; (12)
ay=a3=ai =a} =d3 =0; a3 #0; aj =al; (13)
ay=ajy=af =al =a)=0; a5 =ay; a3 #0; (14)
ay=aj =a3=a}=a3 =0; a} #0; af =a3; (15)
ay=ai=a=a3=0; a3#0; a3=aj; (16)
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a2 =di=d}=a3=0; a} #0; a} =a}; (17)
=l =ai =0 ab# 0 o =AW g (13)
2
B=a=0; a2#£0; al= (a1 aglga% - 03)7 aé _ ag(aiz_ 03)7 (19)
1 1
af =al=0; af #0; a= 7(1%(&%3_ ), g lU- “335,“% —9) )
2 2

Lemma 2. Suppose for linear part of system (1) or (6) we have o1 = 0, where oy
is from (7). Then the characteristic equation of these systems has real roots.

Proof. The characteristic equation of the systems (1) and (6) looks
M —n\2—mA—1=0, (21)

where [,m and n are the center-affine invariants of these systems

1 1
[ = 6(9?—39192”93), m = 5(92—9%), n =0 (22)
with
01 =as, O= agag, 03 = a‘;‘agag. (23)

According to [5], the discriminant of the equation (21) can be written
D = —271* — 18lmn + 4m?> — 4in® + m?*n> (24)

and it is a center-affine invariant of the systems (1) and (6).

By Lemma 1, from o1 = 0, without considering the center-affine transforma-
tion (1), we have the conditions (10)—(20). Then for each of them, calculating the
expressions (22)—(24), we get D = 0. O

2 Lie’s integrating factor and the general integral of system (6) with

Ulzﬂand %2Q1$0

Theorem 4. Suppose the coefficients of the linear part of system (6) satisfy condi-
tions (10) with »2q1 Z 0 from (8)—(9). Then the general integral of this system with
notations x = x', y = x2, z = 23 consists of the following two first integrals:

Fi=y:l =01, FB=a%y 10U —% = (), (25)

where
® = ajaj + 2[a3gx + ai(hy + k2)]. (26)
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Proof. Assume that the coordinates of the operator (3) have the form

g = Alga® + Al g 227 (a>1; B,y =1.3), (27)

and satisfy the determinant equations (4). Solving (4) under the conditions sq; Z 0

from (8)—(9) and the expressions (27), we obtain for differential system (6) the

following operators (z = z', y = 22, z = 23):

Y] = (af + 2gm):176£ + 2gxyaa + 29mz§ ,
Y, = 2h:vy88 + (a3 + 2hy)yaa + 2hyzaﬁ,
Y3 = 2hxz§ + (a3 + 2hy)za§ + 2h2? gz (28)
Y, = 2ka;ya£ + 2ky? aa + (a3 + 2/<;z)y(%,
Ys = 2kxz 88 + 2/<;yz(% + (a3 + 2kz)z({%
These operators compose the Lie algebra L5 with the structure equations
[Y1,Y;] =0 (i =2,5), [Ya,Y3] = —a3Ys, [Yo,Ys] = a3Ya, [Ya,Y5] =0, (29)

[Y3,Ys] = a3(Ys — Ya), [Y3,Y5] = —a3Ys, [Ya,Y5] = a3Ya.

Using the operators Y7 and Y, which form by (28) and (29) a two-dimensional
commutative Lie algebra, we obtain from (5) (making abstraction of a constant) the
Lie integrating factor u~! = 2y2®, where ® is given in (26).

Taking into account this expression and Theorem 1, we obtain the functional-
independent integrals (25)—(26) of system (6). The conditions (10) and s2q; # 0
from (8)—(9) imply that not all coefficients in this system are equal to zero. O

Theorem 5. Assume the coefficients of the linear part of system (6) satisfy the
conditions (11) with saq1 Z 0 from (8)—(9). Then the general integral of this system

with notations x = x', y = 2%, z = x> is composed from the following two first
integrals:
Fi=zz =0 F= x_“gy“%q)“g_a% = (Y, (30)
where
® = ajaj + 2[a3(gx + k2) + athy]. (31)

Proof. We make the substitutions z! = 22, #2 = z', % = 22 in (6) under the condi-

tions (11). Then we obtain the system (6) with conditions (10) for which the general
integral is determined in Theorem 4. Using this result and the above-mentioned no-
tations, we obtain for system (6) the integrals (30)—(31) on the conditions (11). O
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Theorem 6. If the coefficients of the linear part of system (6) satisfy the condi-
tions (12) with s2q1 Z 0 from (8)—(9), then the general integral of this system with
notations x = x', y = 22, z = 23 consists of two first integrals:

— _ 3 1 3_.1
Fi=a"ly=C F=y %2190% % = (y,

where
® = aja3 + 2[a3(gz + hy) + ajkz].

The proof of Theorem 6 is similar to Theorem 5 if we make the substitutions

!l =23, 72 =22, 3 = 2! in (6) and take into account the conditions (10).

Theorem 7. Suppose the coefficients of the linear part of system (6) satisfy the
conditions (13) with s2q1 # 0 from (8)—(9). Then the general integral of this system

with notations x = x', y = a2, z = 23 consists of the following two first integrals:
Fi=xz'=0C; FB= x_“%[(a% —ad)y — a%z]“}q)“%_“% = Oy, (32)
where
® = aja3 + 2[adgr + aihy + (a3k — a3h)z). (33)

Proof. Assume the coordinates of the operator (3) have the form (27). Solving the
system (4) we obtain the following operators (z = z', y = 22, z = 2?) for the
differential system (6):

0 0 0
Y] = (af + 2gm)xa—x + 2gmya—y + 2gmz%,

0 0 0
Yy = (al + 2gm)za—x + 2gyza—y + 2gz2£,

0
Y3 = 2[aZh + (al — a%)k]an—x + [aja3 + 2(a3h+

+(a% — a%)k;)y]oc2 + [(a% — a%)(a% + 2kz) + 2a§hz]az2,
0y 0z (34)
0
Y, = 2[a§h + (a% — a%)k]xza—x + [a%(a% + 2hy)+
0 0
+2(at — a%)ky]za—y + (a1 — a3)(al + 2kz2) + 2a§hz]z%,
0
Ys = 2[athy — (a3h — a%k)z]x% + {ala3 + 2[aihy—

0 0
—(agh — a%k)z]}ya—y + [a%a% + Z(Q%hy — (agh — a%k)z)]za.

These operators form the Lie algebra Ls with the structure equations
Y1, Y2] = —a1Ys, [V1,Y3]=a1Ys, [V1,Ys]=[¥1,Y5) = [Va,Y5] =0,
[YVQ,}%] = a%[(a% - a%)Yl + YZ;], [Yév Y;l] = a%(a% - a%)Y% (35)
[Y2,Ys] = —aja3Ys, [Y3,Yi] =ai(aj —a3)Ys, [¥3,Y5]=aja3Ys.
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Using the operators Y7 and Yy, which form by (34) and (35) a two-dimensional
commutative Lie algebra, we obtain from (5) the Lie integrating factor of the form

u = azl(al — ad)y — 2o,
where @ is from (33).
Taking into account this expression and Theorem 1, we obtain the functional-
independent integrals (32)—(33) of system (6). The conditions (13) and g # 0
from (8)—(9) imply that not all coefficients in this system are equal to zero. O

Theorem 8. Assume the coefficients of the linear part of system (6) satisfy the
conditions (14) with »aq1 Z 0 from (8)—(9). Then the general integral of this system
with notations v = x', y = 22, z = x> consists of two first integrals:

Fy = [(ap — a3)y +a3z]a™! = Cy;

36
Fy = z“%[(ai —a3)y + a%z]_“g@ag_“% = Cy, (36)
where
® = alad + 2(ad(gz + hy) + (ol — a3h)2). (37)
Proof. Let the coordinates of the operator (3) have the form (27). Solving (4) we

obtain for differential system (6) the following operators (z = 2!, y = 22, 2z = 23):

0 0 0
Y] = (af + 2gm)$% + 2gxya—y + 2gmz&,

0 0
Yy = (a1 +2g2)[(a1 — a3)y + a32] 5 + 20[(a1 — az)y + agz]ya—er

20l(al — o3 21,9
+2g[(a; — a3)y + 0373]«2&27
Y3 = 2hm23 + (al + Zhy)x2 + 2h:13z£,
ox dy 0z (38)
0
Yy = 2h[(a} — a3)y + a3zle=— + (a} 4 2hy)[(a} — a3)y + a3z]—+
ox dy
o) — a3 2.1, 9
+2h[(a; — az)y + agz]zaza
Ys = 2[a3hy + (alk — a%h)z]x% + {aja} + 2[a3hy+
0 0
+(ajk — agh)z]}ya—y + [ala3 + 2(a3hy + (alk — a%h)z)]z&.

These operators form the Lie algebra Ls with the structure equations
Y1, Y2] = —a1Ys, [V1,Y3]=a1Ys, [V1,Ys]=[¥1,Y5) = [Va,Y5] =0,
[V2,Y3] = ail(a§ — ap)Y1 + Vi, [¥2,Ya] = aj(aj - a1)Ya, (39)
[Y2,Ys] = —aja3Ys, [V3,Ya] = ai(a] —a3)Vs, [¥3,Ys] = aja3Ys.



64 NATALIA NEAGU

Using the operators Y7 and Y3, which form by (38) and (39) a two-dimensional
commutative Lie algebra, we obtain from (5) the Lie integrating factor of the form

pot = zzl(a) — a3)y + a32] @,
where @ is from (37).
Taking into account this expression and Theorem 1, we obtain the functional-
independent integrals (36)—(37) of system (6). The conditions (14) and g # 0
from (8)—(9) imply that not all coefficients in this system are equal to zero. O

Theorem 9. Suppose the coefficients of the linear part of system (6) satisfy the
conditions (15) with »aq1 Z 0 from (8)—(9). Then the general integral of this system
with notations v = x', y = a2, z = & consists of two first integrals:

Fi=yz"t=0Cy;

(40)
L=y (a2 — al)z — aéz]“g U3 = (O,
where
® = ajaj + 2[a3gx + ajhy + (ark — ajg)z]. (41)
Proof. Let us make the substitutions z! = 22, 2 = 2!, 23 = 23 in (6) taking

into account (15). We obtain the system (6) under the conditions (13) for which
the general integral is determined in Theorem 7. Using this result and the above-
mentioned notations, we obtain for (6) the integrals (40)—(41) with conditions (15).

]

Theorem 10. Assume the coefficients of the linear part of system (6) satisfy the
conditions (16) with s2q1 # 0 from (8)—(9). Then the general integral of this system
with notations x = x', y = 2%, z = x> is composed from the following two first
integrals:

F = (—d3x + ay)[(al — ad)y + aZ2) ™t = Cy; )
Py = 2% (a} — ad)y + a32] 805 = Oy,

where
® = ajal + 2[a}(gx + hy) + (aik — a3g — a3h)z]. (43)
Proof. Let the coordinates of the operator (3) have the form (27). Then solving the

system (4) we obtain the operators (z = 2!, y = 22, z = 23):

0 0
Y = (a% + 2ga:)(a§x — a%y)—x + 2g(a§x — aéy)y— + 2g(a§x — aéy)

P By *82’

P 0
Vs = (a1 +292)[(a — ad)y + a%Z]a—x +2g[(a} — ad)y + a§2]y8—y+

0
+2gl(a — ady + a2
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0
Ys = {ag[a%aé + 2(a§g + a%h)x]y + sz}%—i-
0
—I-{ag[a%ag + 2(a;1),g + agh)y] + Wz}ya—y—l-
0
Hadlalal + 2ado + a3hp] + W2}z
0
Y, = {ag[Z(a§)2hx2 + (a§)2(a% + 2gx)y] + aész}%—l—
0
+{a3[(a3)*(a1 + 2hy)z + 2(a3)*gy°] + azlaWyz}a—er (44)
0
Hablad(ala] + 2ady) + 2(63)ha) + a2}z
111 3/ 1 2 1 0
Y5 = {a3[2aja3kaz — a3f(a) — a3) (a1 + 2g2)y + 2a3g22]] — alwxz}%‘i'

0
+{a3[a{a3(a3 + 2ky)z — 2a8[(a] — a3)gy + a3gz]y] — aiWyz}a—Jr

8
+{a§[a (a1a3 + 2a39y) alag(al —2kz) — 2a39(a1y + agz)] - a1Wz}z

where W = 2a2(atk — a2h — alg).
These operators form the Lie algebra Ls with the structure equations
[V, Y5] = a3(a3)*[V1, Ya] = —a3[¥1,Ys] = aza3[Ys, V3] = —ajaga3(ag)*Ya,
Y3, Ya] = —a3[Y1, Ya] = —aja3ailaz(a3Yy — Y3) + Vi,
[Y1,Y3] = [Y2,Y5] =0, [Y4,Y5] = aza3[Ys,Yy] =

= ajazazajlaj(a3 — ai)Y1 — azajYs + (a] — a3)Ys + Yz).

(45)

We use the operators Y7 and Y3, which form by (44) and (45) a two-dimensional
commutative Lie algebra. Then from (5) we obtain the Lie integrating factor of the
form

pot = (—adz + agy)2((a
where @ is from (43).

Taking into account this expression and Theorem 1, we obtain the functional-
independent integrals (42)—(43) of system (6). The conditions (16) and s2q; # 0
from (8)—(9) imply that not all coefficients in this system are equal to zero. O

% - ag)y + a%z]@,

Theorem 11. Let the coefficients of the linear part of system (6) satisfy the condi-
tions (17) with sc0q1 Z 0 from (8)—(9). Then the general integral of this system with
notations x = x', y = 22, z = 23 consists of two first integrals:

Fi=yz"! =0y;
1 1 2 1 1 2 2 1 (46)
Fy = 2%[(a; — a3)x + agy + azz] 229%™ % = Oy,
where
® = aj(aj + 29z) + 2[(arh — azg)y + (aik — a3g)z]. (47)
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Proof. Suppose the coordinates of the operator (3) have the form (27). Then from
system (4) we obtain the following operators (z = x!, y = 22, 2z = 2?) for differential
system (6):

0
V1 = {aya3 + 2[azg + (a3 — ai)h]év}y%Jr

0 0
+[2a3gy + (a3 + 2hy)(a3 — ai)]ya—y +2[agg + (a3 — a%)h]W@,

0
Yy = [aza3 + 2(azg + (a3 — ap)h)a]z7+

0 0
+[2a39y + (a3 + 2hy) (a3 — a%)]za—y + 2azg + (a3 = an)h]=" o,
0 0
Y3 = 2(ask — aéh)azya—x + [—a}a3 + 2(a3k — aéh)y]ya—y+
+azaj + 2(azh — aéh)z]ya%, (48)
0 0
Yy = 2(adk — aéh)azza—x + [~aza3 + 2(a3k — aéh)y]za—y—i-
+[aza3 + 2(azk — aéh)z]z(%,
0
Ys = [asa3(al 4+ 2g2) + 2(aly + alz)(ath — a%g)]a:a—x—i-
0
+{[aza3 (a1 + 292) + 2(azy + a3z)(ath — azg)ly + a%aéa%z}a—y+
+2[asadgr + (aly + alz)(ath — a%g)]za.
These operators form the Lie algebra Ls with the structure equations
V1,Yo] = a3(af — a3)Ya [Y1,Y3] = a3laYs + (a3 — a})Y3),
aja3[Y1,Yi] = —a5[¥1, Y5] = —ajaz[Va, Yi] = (Y2, Y5] = ajazaza3Ya, (49)
Y2, Y3] = —a3[a3Yi + (a1 — a3)Ya],
ai[V3, Ya] = —[Y3,Ys] = aja3(asYs + a3Ya), [Ya,Ys)=0.

If we use the operators Yy and Y5, which form by (48) and (49) a two-dimensional
commutative Lie algebra, we obtain from (5) the Lie integrating factor of the form

it = 2(aby + ak2)[(a} — ad)a + aby + a2,

where @ is from (47).

Taking into account this expression and Theorem 1, we obtain the functional-
independent integrals (46)—(47) of system (6). The conditions (17) and g Z 0
from (8)—(9) imply that not all coefficients in this system are equal to zero. O
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Theorem 12. If the coefficients of the linear part of system (6) satisfy the condi-
tions (18) with »2q1 #Z 0 from (8)—(9), then the general integral of this system with
notations x = x', y = 22, z = 23 consists of two first integrals:

Fy = 2[(ay — a3)a + agy + azz] ™' = Cy

1

50
Py = (aby + a2 [(al — ) + aby + alodesdad —cy OV

where
o = a%a%a% + 2{a§ [a%g:ﬂ + (a%h agg)y + (a2k: — agg) z] + ag(al az)hz} (51)

Proof. Assume the coordinates of the operator (3) have the form (27). Then system

(4) yields the following operators (z = x!, y = 22, z = 2?):

0 0
Y1 = (o +2g0)l(a1 — ap)w +aplgo + 2l(ai — a)z +azylyz +
0
+2gl(a1 — ad)z + apylz o,
0 0 9 0
Yy = (al + 2933)28— + 2gyza—y + 29z 5

0 0
Y3 = 2(ask — aéh)xz% + [~ala3 + 2(a3k — aéh)y]za—y—k

—I—[a%a% + 2((1%1{: — aéh)z]zg,
82 (52)

0
Y = {alaba? + 2adadoe + (alh — abg)(aly + ol +

o
+[ata3(azy + azz) + 2[asasgr + (arh — ayg)(azy + aéZ)]yla—er

0
+2[aya3gx + (ath — asg)(azy + azz)]z 95
0 0
+ [alazas (a3 — al)z + Wy + a%(aé)2a§2]a—y+

Ys = (ala%a3a2+W) p

0
+laraza3((o1 = ap)z + ayy) + W2l o~

where W = 2alalg(a3z—aly—adz)—2aih[(a3z—aly)(al —a3)—atalz]—2ala3k((a3
at)r — azy).

These operators form the Lie algebra Ls with the structure equations
[Y1,Ya] = aj(a3 — a})Ya, [Y2,Ys] = ajad[—azY1 + ayazYs + (af — a3)Y3),
a3[V1,Ys] = —[V1,Y3] = —aza3[Vs, V3] = a3[Y2, V4] = ajazaza3Ys,

[Y1,Y5] = a1lazazasYy — as(a3)®a3Ys — ag(ai — a3)Ya + (af — a3)Ys),

[V3,Y4] =0, a3[Vs,Ys] = —[Va,Ys] = aladal[—aiadYs + alYy — V3]

(53)

Using the operators Y3 and Yy, which form by (52) and (53) a two-dimensional
commutative Lie algebra, we obtain from (5) the Lie integrating factor of the form

p=t = 2(azy + az2)|(a1 — a3)x + azy + az2] @,
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where @ is from (51).

Taking into account this expression and Theorem 1, we obtain the functional-
independent integrals (50)—(51) of system (6). The conditions (18) and g Z 0
from (8)—(9) ensure that not all coefficients in this system are equal to zero. O

Theorem 13. Suppose the coefficients of the linear part of system (6) satisfy the
conditions (19) with s2q1 # 0 from (8)—(9). Then the general integral of this system
with notations x = x', y = a2, z = 2 consists of two first integrals:

Fy = z[—afz + (a1 — a3)y — a3z] ™ = C;

(54)
Fy =2~ (D afe — (0} — af)y — afe] @I = 0y,

where

® = afaj(a; + a3 — ) + 2{ai(a3g — ath)x + [a3g(ar + a3 — a3)—

1

55
—aj(a3g — aih)]y + [—a3(g(a1 — a3) + aih) + aik(a; + a3 — a3)]z}. (55)

Proof. Assuming the coordinates of the operator (3) have the form (27), we obtain
from (4) the following operators (z = 2!, y = 22, z = 23):

0 0 0
Vi = [-2Wz — a3(ad - ag)]za—x + [a3a3 — 2Wy]za—y —2W 22— 55’
Yo =(Va— a2a3)z2 + Vyz2 + (a?a3 + Vz)zé
343 ox ay 1“3 02’
Y3 = [a2a3Tx + 2a3Ux% 4 2(a3gT — alU)xy + a3(a3T + 2Um)z]a—i+
+a2a3T + 203Uz + 2(a3gT — alU)y + 203U 2]y ;
0
+2[aiUz + (a39T — alU)y + a3Uz)z 5’
Yy = {afaj(a3gT — ajU)x + aj(—aja3 + a3T)Uy+
+2a3[a3g*T — (alg + ah)Ulzy — a3a3W Tz — 2a§WUxZ}£+ (56)

‘1‘[—(@%)2@%&5 + a%a%(aggT - a2U)y + 2a3 [a%gQT (alg + alh)U]y2—
0 0
—2a§UWyz]a— + {2a3[a36*T — (aig + a2h)Ulyz — 2a§UWz2}—z,
Vs = {a3[—afa3[(a] — a3)g + ath] + (a})*kT)z—
—azaj(aj — ag)Uy +ajl(a; — a3)g + aih]Vay — a3ai(aig — atk)Tz+

+a3Usz} + {—a3a3(a3g — a2k)Ty + a3[(at — ad)g+
+a%h]Vy + a3UVyz}a— + {—(al) agUm + a%ag(a% — a%)Uy—i—

ag[(ai — a3)g + alh]Vyz +a UVzQ}%,
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where
W = (a3 — a3)g — aih,V = —2(a3g — aik),

57
T=a}+a3—a3U=a3g—alh. (57)

These operators form the Lie algebra Ls with the structure equations

V1, Ys] = —afa3Yy, [Y31,Y3] =alaiTYs,
Y1, Y] = a}(a3)?[(a] — a3)g + aih]Y1,

TV
[Yl, Y5] = —a%ag[——Yl (T — ag)UYQ + WYs + Y4],

|4
[Y2,Ys] =0, [Y2,Yy] = afa3aiUYi, [Ya,Ys]=alaj(a3UYs + —Y3 —Y3), (58)
v
[V, Ya] = —aiaza3TUYL, [Y3,Y5] = afas(—a3TUYs — —- Y3 + 1),

2TUV
%3 U Y1 4+ aATUWY; + [a3a3g*T — iU~

[Ya,Y5] = al 3{
—alagk[( — a3)g + CLthYg — a%UY4 + ag[( — a3) + alh]Y5}

where T, U and V are from (57).

Using the operators Y3 and Y3, which form by (56) and (58) a two-dimensional
commutative Lie algebra, we obtain from (5) the Lie integrating factor of the form

p=! = z(—aiz + () — af)y — a3z)(—aix — (0} — af)y — a32)®,

where @ is from (55).

Taking into account this expression and Theorem 1, we obtain the functional-
independent integrals (54)—(55) of system (6). The conditions (19) and g # 0
from (8)—(9) imply that not all coefficients in this system are equal to zero. O

Theorem 14. Assume the coefficients of the linear part of system (6) satisfy the
conditions (20) with »2q1 # 0 from (8)—(9). Then the general integral of this system

with notations x = x', y = a2, z = x> consists of two first integrals:

Fy = (a3x — a32)[a3y + (ay — a3)2] ™! = Cu

99
Fy = (a3z — a%z)“l a3 —aj a3y — (a] ag)z]“%qf%““%“g = (9, (59)

where
® = aj(aj — a3 — a3)(al + 2g2) + 203 (a3g — alh + a3k)y+

1

(60)
+2[~ay(ay — a3)g +ai(ay — ai — a3)h + aj(azh — a3k))z.

Proof. Let the coordinates of the operator (3) have the form (27). Then solving (4)
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we obtain for differential system (6) the operators (z = 2!,y = 2%,z = 2?):

0 3} 0
Y1 = (a} + 29z (a3z — a%z)% + 2g(a3z — a%z)ya—y + 2g(a3z — agz)za,

0
Yo = (a1 + 292)(a3y + (o1 — a3)z) 5 + 29(a3y + (a1 — a3)2)y 5 -+

0
+2g(ady + (a} — a3)2)—,

0
Y3 = (2a3Way + atadTz — 2(a3W — alhT)zz)—+

Ox
+lata3T 4 2a3Wy — 2(a3W — a%hT)z]yaay laia3T+
+2a3Wy — 2(a3W — a%hT)z]zi,

Y, = {—2az(a1hT + ag(agh - ag’k) a%(ai )g)fﬂy-l-

0
+ajab(a; — a3)Tz + 2(a; — a3)[(ag — a3)(a3h — ajk) — aéaig]wz}%Jr
+{a1a3(a3 — a3)Ty — 2a3]arhT + a3(a3h — ask) — ayg(aj — a3)]y’—

(a

3
—aj(aj — a%)(al a3)Tz + 2(aj — a3)[(a3h — a3k)(a; — a3)—

—a%a%g]yz}a—y +{—a1(a3)*Ty — 2a3[ar kT + +a5(a3h — a3k)—

0
—ayg(ar — ap)lyz + 2(ar — a3)[(a3h — a3k)(a1 — a3) — azazgle’} -,
Vs = {—alad[(al — a})h + a3k]Tz + 2a3a3gWry+
0
+atadlalg + (al — ad)h + a3k]Tz — 2adg(a3W — a%hT)xz}a—x—l—
+laja3(ay — a3)gTa + ajaza3gly + 2a5a30Wy*—

~alad(a} — )Tz - 2adg(@3W — alhT)yel S+

0
+ad (2T + 2abalgWy= — 2abg(@W — alhT):2 L,

where W = ayg — a3h + a3k, T =ai — a3 — aj.

These operators form the Lie algebra Ls with the structure equations
aAT[Y1,Ys] = [Y1,Y4] = ad[Ya, Y3] = —T[V3, V4] = —aladadTYs,
[Y1,Y3] = 0, [Y1,Y5] = aqa3[(agg + (a1 — a3)h + a3k)TY1 — az3gYs + Vs,
Y2, V3] = alad—(2a} — af — ad)gTVi — [abg + (a} — ad)h + a3k TV +
+(a1 — a3)gYs — gYal, [Ya,Ya] = aqa3(ai — a3)TYz,

[Y3,Ys] = ajasT{~[asg + (a — a3)h + a3k]TY: + azgYs — Ys},
Y4, Ys] = —aa3T{[asg(a1 — a3) — [(a1 — a3)h + a3k](a; — a3)|TY1+
+ad(adg + (al — a3)h + a3k)TYs + ad(a3 — a3)gVs + adgYy — (a] — a3)Ys}.

(61)

(62)
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If we use the operators Y7 and Y3, which form by (61) and (62) a two-dimensional
commutative Lie algebra, we obtain from (5) the Lie integrating factor of the form

p~t = (a3e — ag2)[asy + (a1 — a3)z][a3y — (a1 — ag)£]@,
where ® is from (60).
Taking into account this expression and Theorem 1, we obtain the functional-
independent integrals (59)—(60) of system (6). The conditions (20) and s2q; # 0
from (8)—(9) imply that not all coefficients in this system are equal to zero. O
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Nontrivial convex covers of trees

Radu Buzatu, Sergiu Cataranciuc

Abstract. We establish conditions for the existence of nontrivial convex covers and
nontrivial convex partitions of trees. We prove that a tree G on n > 4 vertices has a
nontrivial convex p-cover for every p, 2 < p < ¢,2*(G). Also, we prove that it can be
decided in polynomial time whether a tree on n > 6 vertices has a nontrivial convex
p-partition, for a fixed p, 2 <p < [F].

Mathematics subject classification: 05A18, 05C05, 05C85, 68Q25.
Keywords and phrases: convexity, convex cover, convex partition, tree, graph.

1 Introduction

We denote by G a connected tree with vertex set X(G), |X(G)| = n, and edge
set U(G), |U(G)| = m. We denote by d(x,y) the distance between two vertices z
and y of G [3]. The diameter of G, denoted diam(G), is the length of the shortest
path between the most distant vertices of G. The neighborhood of a vertex x € X
is the set of all vertices y € X such that z ~ y, and it is denoted by I'(x).

We remind some notions defined in [1, 2]. The metric segment, denoted (z,y),
is the set of all vertices lying on a shortest path between vertices z,y € X(G). A
subset S C X (G) is called convez if (z,y) C S, for all z,y € S.

By [6], a family of sets 2(G) is called a nontrivial convex cover of a graph G if
the following conditions hold:

1) every set of P(G) is convex in G;
2) every set S of P(G) satisfies inequalities: 3 < |S| < |X(G)| — 1;
3) X(G) =Uyep(c) Vs
4) Y € Uzep(c) Z for every Y € P(G).
Z4Y

If |P(G)] :;ép, then this family is called a nontrivial convezr p-cover of G. In
particular, 2(G) is called a nontrivial conver partition of G if it is a nontrivial
convex cover of G and any two sets of 2(G) are disjoint [6]. A nontrivial convex
p-cover of G is called a montrivial convexr p-partition if it is a nontrivial convex
partition of G.

Generally, convex p-covers and convex p-partitions of graphs are examined in
[4-8]. Particularly, nontrivial convex p-cover and nontrivial convex p-partition are
defined in [6], where it is proved that it is NP-complete to decide whether a graph
has a nontrivial convex p-partition or a nontrivial convex p-cover for a fixed p > 2.
Also, in [8] it is proved that it is NP-complete to decide whether a graph has any
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nontrivial convex partition. Further, there is specific interest in studying nontrivial
convex p-covers and nontrivial convex p-partitions for different classes of graphs. In
this paper we study nontrivial convex cover problem of trees.

The greatest p > 2 for which a graph G has a nontrivial convex p-cover is said to
be the mazimum nontrivial convex cover number @7 (@G). Similarly, we define the
mazimum nontrivial convex partition number 072 (G). A nontrivial convex cover
that corresponds to 72" (@) is denoted by Pyme=(G). In the same way we denote
by Pgme=(G) a nontrivial convex partition that corresponds to 8724 (G).

A vertex € X(G) is called resident in P(G) if z belongs to only one set of
2(G). Let L = [z, 22,...,2%] be a vertex path of a tree G. By R (z) we denote
the set of vertices v € X(G) for which there is a path L' = [z,...,v] such that L'

has no elements of L except x, where xz € L.

2 Existence of nontrivial convex covers

Recall that a terminal vertezr of a tree G is a vertex of degree 1.
Lemma 1. A tree G with diam(G) > 3 has a nontrivial convez cover.

Proof. We know from [7] that a tree on n > 4 vertices has a nontrivial convex 2-
cover. Since a tree with diam(G) > 3 has at least n > 4 vertices, we obtain that G
with diam(G) > 3 has a nontrivial convex cover. O

Theorem 1. Let G be a tree with diam(G) > 3. There exists a mazimum nontrivial
convez cover Pymaz (G) such that every terminal vertez of G is resident in P gmaz (G)
and any two terminal vertices do not belong to the same set of P ymaz(G).

Proof. From Lemma 1 we know that G has a nontrivial convex cover. Let P maz (G)
be a maximum nontrivial convex cover of GG, where there is at least one terminal
vertex z that is not resident in Pymez(G). Since z is a terminal vertex of G and
diam(G) > 3, we see that there is a vertex y adjacent to = that is adjacent to the
set of nonterminal vertices S and to the set of terminal vertices S’ of G such that
S # @ and S’ # 2.

We consider two cases.

1) Suppose that S contains a vertex z that is not resident in Pyme= (G). Firstly,
we replace vertex z by vertex z in every set of pwzrhax (G) that contains x. Secondly,
we add a convex set {z,y,z} to Pyma:(G). Further, we obtain a new nontrivial
convex cover 2P(G) in which z is resident, where [P(G)| > |Pyme= (G)|. Hence, we
get a contradiction.

2) Now suppose that every vertex of S is resident in pwghax (G). Firstly, we choose
a vertex z of S and a set Z of Pymaz (G) that contains z. Secondly, we replace vertex
z by vertex z in every set of P ma: (G)\{Z} which contains z. After, we add z and y
to set Z. Finally, we get a new nontrivial convex cover 2(G) in which z is resident,
where [P(G)| = [Pymas(G)|. On the other hand, if now set S’ contains one more
vertex that is not resident in 2(G), then taking into account case 1) we obtain a
contradiction.
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Consequently, there exists a maximum nontrivial convex cover p@%ax(G) such
that every terminal vertex of G is resident in Pgmas (G).

Now suppose that there are at least two terminal vertices x and y which belong
to the same set S of Pmaz(G).

Let us consider two cases.

1) Assume that |S| > 4. In this case, we replace set S in Pymas(G) by two
convex sets S’ = S\{z}, |S’| > 3, and S” = S\{y}, |S”| > 3. Further, we obtain a
new nontrivial convex cover 2(G) in which z and y belong to different sets, where
P(G)| > [Pymaz(G)|. Whence, we have a contradiction.

2) Assume now that |S| = 3. In our case S = {z,y, 2z}, where I'(z) = I'(y) = {z}.
As above, note that set I'(z)\{z,y} contains at least one nonterminal vertex h.

If A is not resident in pwghax(G), then we replace S by two convex sets {z, z, h}
and {y,z,h}. Further, we obtain a new nontrivial convex cover 2(G) in which z
and y belong to different sets, where [P(G)| > [Pyme=(G)|. Whence, we have a
contradiction.

If all nonterminal vertices of I'(z)\{z,y} are resident in Pgma=(G), then we
choose a set H that contains h. Further, we subtract  from S and add it to H.
Also, we add h to S and z to H. Consequently, we obtain a new nontrivial convex
cover 2(G) in which z and y belong to different sets, where [P(G)| = [P ma= (G)|.

It follows that any two terminal vertices do not belong to the same set of

p@%aac (G) . D
As a consequence of Theorem 1, we obtain 3 corollaries.

Corollary 1. Let G be a tree with diam(G) > 3 and p terminal vertices. Then,
Pen'" (G) = p-

Corollary 2. Let G be a tree with diam(G) > 3 and p terminal vertices, where
every nonterminal verter of G is adjacent to at least one terminal verter. Then,

o (G) =p
Corollary 3. Let G be a tree with 3 < diam(G) < 5 and p terminal vertices. Then,
e (G) =p

Theorem 2. A tree G on n > 4 vertices has a nontrivial convex p-cover, for every
P, 2<p <95 (G).

cn

Proof. It is know that a tree on n > 4 vertices has a nontrivial convex cover [7].
Let G be a tree on n > 4 vertices and let Pymas(G) be a maximum nontrivial
convex cover of G. If p**(G) = 2, then the theorem is proved. Let us analyze
case P (@G) > 3. We use the following procedure. We select two sets X7 and Xo
of Pcp%ax (@) such that 7 € X; and z9 € Xo, where z; is adjacent to x5. Since
union of sets X7 and X3 is convex in G, excluding from pwg;laz(G) sets X7, X9 and
adding set X7 U X5, we obtain a new family 2(G) that covers G by p = %% (G) —1
nontrivial convex sets. If p = 2, then the theorem is correct. Conversely, if p > 3,
then repeating ¢7%*(G) — 3 times this procedure for 2(G) we obtain a nontrivial
convex 2-cover of G. Consequently, the theorem is proved. O
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Next, we analyze nontrivial convex partitions of trees. The following two families
of trees # and & are needed for the sequel.
# is a family of trees G which satisfy the following conditions:

1) X(G) ={x,y, 21,22, ..., Tk, Y1, Y2, - - - , Yp }, Where k, k' > 2;
2) U(G) = {(z,9)} YUt (2, 20)} VUL {9 90)}-

% is a family of trees G which are constructed as follows:
1) We choose k > 0, k' > 2, k; > 2 and for every i, 2 < i < K/, we select k; > 1;

2) If k> 1, then we get X = {zo}U Ule{a:,} and U = Ule{(a:o,a:,-)}, otherwise
we get X = {9} and U = &;

3) We obtain sets X (G) = X UUL; U o{z!} and U(G) = UUUL  {(z0,29)} U
Uisi Urf(af, 2))}

It can easily be checked that diameter of all trees of # is 3, and diameter of all
trees of & is 4. Moreover, every tree of # and every tree of & has at least 6 vertices.

Algorithm 1. Determines whether a tree belongs to one of families: #, &.

Input: A tree G.

Output: YESA4: G belongs to 4, or YES-B: G belongs to &, or NO: G does
not belong to any of the families.

Step 1) If | X (G)| < 5, then return NO.

Step 2) Compute diam(G). If diam(G) < 2 or diam(G) > 5, then return NO;
otherwise, if diam(G) = 4, then go to Step /).

Step 8) Choose two different vertices x,y € X(G) such that |T'(x)] > 2 and
IT(y)| > 2. Neat, if |T(z)] > 3 and |T'(y)| > 3, then return YES-#4; otherwise
return NO.

Step 4) Check whether there exist two different terminal vertices x,y € X(G)
such that T'(x) NT'(y) # & and there is a terminal vertex z € X(G), where d(x, z) =
diam(Q). If there exist such vertices x,y € X(G), then return YES-&; otherwise
return NO.

Theorem 3. Algorithm 1 determines in time O(n3) whether a tree G belongs to one

of families: 4, &.

Proof. Correctness of the algorithm results from structure of trees of families 2 and
Z. Step 1) runs in constant time. If we use Floyd—Warshall algorithm for finding
the diameter of a graph, then the complexity of step 2) is O(n?). It is clear that step
3) is executed in O(n) time. Since Floyd-Warshall algorithm is executed in the step
2), we know all pairs of vertices for which distance is equal to diam(G). Further,
step 4) runs in O(n?) time. Based on the mentioned facts, the execution time of the
algorithm is O(n?). O
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Theorem 4. A tree G has a nontrivial convex 2-partition if and only if one of the
following conditions holds:

1) diam(G) > 5;
2) G €A,
3) GeB.

Proof. 1t is clear that if a tree G has a nontrivial convex 2-partition, then inequality
n > 6 holds. Let us analyze nontrivial convex 2-partition of G in dependency on its
diameter.

Suppose diam(G) = 2. Here G is a star graph. It can simply be verified that a
star graph has no nontrivial convex 2-partition.

Suppose diam(G) = 3. We choose two vertices z,2' € X(G) such that there
is a path L = [z,y,2,2] and length of L is equal to diameter of G. Evidently,
L is a unique path between vertices x and x’ and vertices z, 2’ are terminal, i.e.,
I'(z) = y and I'(2/) = 2. From relation n > 6, it follows that G contains at
least two vertices different from z, y, z, /. Assume that v € X(G) is different
from vertices z, y, z, 2/, and v € Rp(y) such that d(y,v) > 2, or v € Rr(z) and
d(z,v) > 2. Further, we obtain a contradiction, because d(y,z’) = d(z,x) = 2 and
length of paths L' = [2/,2,y,...,v], L? = [2,9,2,...,v] is greater then or equal to
4. Consequently, all vertices of G different from x, y, 2, 2’ are adjacent only to y or
to z. It can easily be checked that if y is adjacent only to z and z, or z is adjacent
only to 2’ and y, then G has no nontrivial convex 2-partition. In the converse case
G has a nontrivial convex 2-partition:

P(G) = {{z,y} URL(Y),{z,2'} URL(2)}.

In other words, if diam(G) = 3, then G has a nontrivial convex 2-partition if and
only if G € #4.

Suppose diam(G) = 4. We choose two vertices x, 2’ € X(G) such that there is a
path L = [z,y, 2, h, 2']. Length of the L is equal to diameter of G and vertices x and
2’ are terminal. Since n > 6, tree G contains at least one vertex v different from z,
y, z, h, 2'. If v is adjacent to y or to h, then G has a nontrivial convex 2-partition:

P(G) = {{z,y} URL(y),{z,h,2'} URL(2) U RL(h)} or

P(G) = {{z,y,2} URL(y) U RL(2),{h, 2"} U RL(h)}, respectively.

Assume that there are no vertices different from z, y, z, h, 2’ which are adjacent
to y or to h. Then, there exist vertices 2’ different from y and h which are adjacent
to z. If we have [['(2")] = 1 or |T'(2’)| = 2, for all such 2/, then it is not hard to check
that G has no nontrivial convex 2-partition. Now assume that there are at least two
vertices 2’ and 2" different from z and adjacent to 2/, i.e., [I'(2’)| > 3. In this case,
we obtain a path L = [2”, 2/, z,y,2]. As mentioned above, it follows that G has a
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nontrivial convex 2-partition. Equivalently, if diam(G) = 4, then G has a nontrivial
convex 2-partition if and only if G € &.

Suppose diam(G) > 5. There are two vertices x and 2’ in G such that d(z,z') =
diam(G). Let L = [z,2', 2%, ..., 2% 2/], k > 4, be a path between z and z’. L
contains at least 6 vertices. Moreover, L is a unique path between x and z’. Hence,

paths [z, 2!, 2%] and [23,..., 2%, 2'] generate a nontrivial convex 2-partition of G:

c(e) —{{w}UURL {w}UURL

The theorem is proved. O

Theorem 5. If a tree G on n > 6 vertices has a nontrivial convex partition, then
G has a nontrivial convex p-partition, for every p, 2 < p < 7% (G).

Proof. If a tree G has a nontrivial convex partition, then there is a maximum non-
trivial convex partition Pgmas (G). If 971%%(G) = 2, then the theorem is proved. If
07 (G) > 3, then repeating 07/ (G) — 2 times the procedure described in proof of
Theorem 2 we obtain a nontrivial convex 2-partition of G. Hence, G has a nontrivial
convex p-partition, for every p, 2 < p < 0% (G). O

The following corollaries are true.

Corollary 4. If a tree G on n > 6 vertices has a nontrivial convex partition, then
G has a nontrivial convex 2-partition.

Corollary 5. A tree G has a nontrivial convex p-partition, for every p, 2 < p <
07 (@), if and only if one of the following conditions holds:

1) diam(G) > 5;
2) G €A,
3) GeB.

3 Determination of nontrivial convex partitions

Let C be the set of all terminal vertices of G. Let x be a vertex of G for which
IT'(z) NC| > 2 or there is another vertex y € I'(z) such that I'(y) = {«, 2z}, z € C.
For x that satisfies the announced properties we define the set:

Sy ={z}U{ve X(G):vel(x)NC}U{v,v3 € X(G) : T'(v1) = {x,va},v3 € C}.

The set S, is called a nontrivial terminal set of G. Note that S, is a nontrivial
convex set of G. We say that a terminal vertex z of a tree G corresponds to a
nontrivial terminal set S, of G if S, contains z.

Let S(G) be the family of all nontrivial terminal sets of G.



78 RADU BUZATU, SERGIU CATARANCIUC

Lemma 2. All nontrivial terminal sets of S(G) are disjoint.

Proof. Suppose that there are at least two different nontrivial terminal sets S, and
S, of S(G) such that S, NS, # &. By the definition of nontrivial terminal set, we
have x = y and consequently S, = S,. Whence, we obtain a contradiction. O

Lemma 3. S(G) is unique for G.

Proof. Correctness of the lemma results from the definition of nontrivial terminal
set and Lemma 2. O

Lemma 4. Every set of S(G) belongs to ezactly one set Ofpegzlaz (G) such that any
two nontrivial terminal sets of S(G) do no belong to the same set of Pgmaz(G).

Proof. From the definition of nontrivial terminal set and definition of nontrivial
convex partition, it follows that every set of S(G) belongs to exactly one set of
Pomaz(G). Suppose that there is a set C' of Pymaes(G) that contains at least two
different nontrivial terminal sets of G. Let S¢ be the family of all nontrivial terminal
sets which are in C' and k = |S¢| > 2. By Lemmas 2 and 3, we know that S(G)
is unique for G and all nontrivial terminal sets are disjoint. Further, we separate
C into disjoint nontrivial convex sets S1, 51, ..., Sk, where every set contains exactly
one nontrivial terminal set of S. We select a vertex x from all vertices of C' which
remain uncovered by new nontrivial convex sets such that z is adjacent to a vertex
y,y €S, S € {51,51,...,5}, and further add = to S. If some uncovered vertices
remain, then we repeat the above procedure. Since k > 2, we get a new convex cover
P (@) of G such that [P(G)| > |Pgme=(G)|. Hence, we have a contradiction. O

Lemma 5. A tree G on n > 3 vertices with 2 < diam(G) < 4 has at least one
nontrivial terminal set.

Proof. From the definition of nontrivial terminal set, we get that every tree G of
order n > 3 with diam(G) = 2 contains exactly one nontrivial terminal set S, =
X (G). It can easily be checked that a tree G € # has exactly two nontrivial terminal
sets, and a tree G € & has at least two nontrivial terminal sets. Similarly, if a tree
G with diam(G) = 3 does not belong to #, or diam(G) = 4 and G ¢ &, then G
has exactly one nontrivial terminal set S, = X(G). O

Lemma 6. A tree G with diam(G) > 5 has at least two nontrivial terminal sets.

Proof. Let G be a tree with diam(G) > 5. Let x and y be two terminal vertices
such that d(z,y) = diam(G). Assume that = does not correspond to any nontrivial
terminal set. By the definition of nontrivial terminal set, we see that x is adja-
cent to a vertex z that is adjacent to at least two vertices different from z and
all of them are nonterminal. Let z', 22, ..., zF, where k > 2, be vertices differ-
ent from x and adjacent to z. Path between x and y contains exactly one vertex
2 e {zl,z2, e ,zk}. Since zl, z2, RN 2% are nonterminal vertices, to every vertex

2 e {2122, ..., 2FY\{#'} corresponds a vertex z* different from z such that z* is
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adjacent to 2”. Since for every two vertices of G there is only one path that con-
nects them, this yields that for every z* we get d(z*,y) > diam(G). Consequently,
we obtain a contradiction. Similarly, we get a contradiction if assume that y does
not correspond to any nontrivial terminal set. Since diam(G) > 5, vertices x and
y correspond to different nontrivial terminal sets. Hence, a connected tree G with
diam(G) > 5 has at least two nontrivial terminal sets. O

Algorithm 2. Determines S(G) for a tree G.
Input: A tree G.

Output: S(G).

Step 1) Fiz set S(G) = @.

Step 2) Determine all terminal vertices C' of G.

Step 3) Go through all vertices x € X(G)\C. If for a vertex x of G we have
IT'(z) N C| > 2 or there is another vertex y € I'(x) such that T'(y) = {x, 2z}, where
z € C, then we define the set Sy = {z} U{v € X(G) : v € T'(z) N C} U{v,vs €
X(G) :T(v1) = {z,v2},v9 € C} and then add it to S(G).

Step 4) Return S(G).

Theorem 6. Algorithm 2 determines family of nontrivial terminal sets S(GQ) of a
tree G in time O(n?).

Proof. Correctness of the algorithm results from Lemmas 2, 3, 5 and 6. Clearly,
steps 1) and 4) run in constant time. The step 2) operates in O(n) and the step 3) is
executed in O(n?) time. Further, the execution time of the algorithm is O(n?). O

Let Z(G) be a family of subtrees that is obtained after elimination of all non-
trivial terminal sets of S(G) from a tree G.

Theorem 7. The following relation holds:

gmar(G) — S(G) + Xarezc) 00 (G, if IX(G)] = 3;
o 0, if 0 < |X(GQ)] <2.

Proof. By Lemma 4, we conclude that through the elimination of all nontrivial
terminal sets of S(G) from G, in fact, we eliminate minimal nontrivial convex sets of
G which contain nontrivial terminal sets. Besides, after elimination of all nontrivial
terminal sets of S(G) from G we obtain a family of subtrees Z(G) such that some
of them also contain nontrivial terminal sets.

If 0 < |X(G)| < 2, then evidently 072" (G) = 0. In the contrary case, if | X (G)| >
3, then taking into account Lemmas 2 — 6, we obtain:

HerLLax( ) "i‘ Z emam G/
G'eZ(G)

The theorem is proved.
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Next, we propose recursive procedure Maxf(G) that determines the number
(@) of a tree G. After, we prove that this procedure executes in polynomial
time.

Maz0(G)

Input: A tree G.

Output: 07 (Q).

Step 1) If 0 < | X(G)| < 2, then return 0.

Step 2) Apply Algorithm 2, i.e., determine S(G), remove every nontrivial ter-
minal set of S(G) from G and obtain Z(G).

Step 3) For every tree G' of P (G) apply procedure Maz0(G') and after return
the number 07,°%(G) = |S(G)| + X arez(q) Mazd(G").

Theorem 8. Procedure Max6(G) determines the number 6727 (G) of a tree G in
time O(n?).

Proof. From Theorem 7, we know that for a tree G procedure Maz6(G) returns the
number 072 (G). By Theorem 6 we obtain that in general case the processing time
of procedure Maz0(G) is:

where Zle n; <n—6andk > 1.

The worst behavior of procedure Maxz6(G) occurs when in every examined tree
there are exactly two nontrivial terminal sets which consist of three elements such
that after their elimination a single subtree remains. In this case, processing time
of Maz0(Q) is:

T(n) = T(n — 6) + O(n?).

Using arithmetic progression, we get T(n) = O(n3). Finally, the procedure
Mazf(G) determines number 079 (G) in time O(n?). O

Corollary 6. It can be decided in time O(n®) whether a tree G on n > 6 vertices
has a nontrivial convex p-partition, for a fived p, 2 <p < |%].

4 Conclusion

In this paper we establish conditions for the existence of nontrivial convex covers
and nontrivial convex partitions of trees. We prove that a tree G on n > 4 vertices
has a nontrivial convex p-cover for every p, 2 < p < (). In addition, we prove
that if a tree G has a nontrivial convex partition, then G has a nontrivial convex p-
partition for every p, 2 < p < 07'%*(G). Also, we propose polynomial algorithm that
recognizes whether a tree belongs to one of families # or &. Finally, we develop
polynomial algorithm for determining the number 67/%*(G) of a tree G. But the
general convex cover problem of trees remains the task of further research.
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Abstract. The strong stability radius of the multicriteria investment Boolean prob-
lem with the Savage risk criteria is investigated. The problem is to find the set of
Pareto optimal portfolios. Upper and lower bounds of such a radius are derived for
the case where different Holder metrics are defined in the three problem parameters
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1 Introduction

Most of business and management decisions are made within uncertain and risky
environment. Investment managing problems are as a type of problems with un-
certainty of the initial data. Any separate investment asset has higher level of risk
and less return than the portfolio of those assets and there is no reason to invest in
one particular asset. Creating the portfolio by diversification and mixing variety of
investments an investor reduces the riskiness of the portfolio. Following Markowitz’s
portfolio theory the investor plotting on the graph an efficient frontier depending on
various pairs risk and expected return chooses portfolio drawing on individual risk-
return preferences. It gives ability to construct a portfolio with the same expected
return and less risk.

Based on Markowitz’s portfolio optimization concept [1, 2| a multicriteria Boolean
discrete variant of portfolio optimization holding constant expected return and min-
imize risk of portfolios consisting of the investment projects is considered. This
problem is viewed as a problem of finding the Pareto optimal portfolios set using
Savage’s risk criteria. It means that a portfolio is a Pareto optimal one, when its
total level of risk, i.e. the sum of all risks of the projects included in the portfolio is
minimal in the worst market situation for one type of the risk. Unlike classical mod-
ern portfolio theory where a portfolio consisting of percentage of each asset there are
several investment projects composes the portfolio. This model can be considered as
a discrete variant of Markowitz problem with encoding a portfolio selection where
for each project the risk matrix is constructed for several market states related to
each type of the risk.
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The model formulation requires statistical and expert evaluation of risks (e.g.
financial or ecological) [3] to be specified as the initial data. The collected data usu-
ally contain computational errors and inaccuracies. It leads to the situation when
the initial data representing risk values are inaccurate and uncertain. One of the
key questions while analyzing an uncertain data is about the limiting level of the
initial data changes (perturbations) which do not violate the optima. The quantita-
tive measure of the data perturbation level is known as the stability radius, which
concept is widely presented and analyzed in the recent literature focusing on finding
analytical expressions and bounds (see e.g. [4-8]). Similar approaches were also
developed in parallel in scheduling theory (see [9]). Analytical formulas are pairwise
comparisons of solutions that reflect the specific of the selected principle of opti-
mality, the structure of global perturbation of this problem and the structure of the
solution set, namely Boolean portfolios. The evaluation of the stability properties is
a global property itself. The particular definition of the stability radius concept de-
pends on chosen optimality principles (if the problem is multicriteria), uncertain data
and a type of distance metric used to measure the closeness in problem parameter
spaces. Various types of metrics allow to consider a specific of problem parameters
perturbation. So in the case of Chebyshev metric I, the maximum changes in the
initial data take into account only that allow perturbations to be independent. In
the case of Manhattan metric [; every change of the initial data can be monitored in
total. Holder metric ,,1 < p < oo, is the metric with a parameter and includes such
extreme cases as Chebyshev metric [,, Manhattan metrics [; and also Euclidean
metric l3. Thus, using Holder metric [, for obtaining the stability radius depending
on the properties of the initial data the control of perturbations can be varied.

Along with a quantitative approach to analyzing admissible level of the initial
data perturbations, a qualitative approach is developed in parallel. This approach
concentrates on specifying analytical conditions which will guarantee some certain
pre-specified behavior of the optimal solutions set. Within this approach authors
focus on finding necessary and sufficient conditions of different types of the problem
stability (see the monograph [10], the reviews [11, 12|, and the articles [13-17]), on
revealing relations between different types of stability [18, 19|, and also on finding
and describing the stability region of an optimal solution [20].

This work continues started in [21-29] researches of different types of stability
of vector nonlinear investment problems. Thus the work follows the approach of
obtaining qualitative characteristics of stability. One of such characteristics, called
commonly a stability radius of a problem, is defined as a limit level of problem
parameters perturbations in the metric space such that pre-specified property of the
problem solution set is preserved. Perturbing parameters usually are coefficients of
the scalar or vector criteria.

Stability of a multicriteria discrete optimization problem of finding the Pareto
set is commonly understood (see e.g. [10]) as discrete analog of the Hausdorff upper
semicontinuity property of the point-to-set mapping that defines the Pareto choice
function. Thus, the stability property means that there exists a neighborhood of the
initial problem parameters in which appearance of a new Pareto optimum is impos-
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sible. In other words, the Pareto set inside this neighborhood can only narrow in
the result of the problem parameters perturbations. Relaxation of this requirements
leads to a new stability type. It is understood as existence of such neighborhood
of the initial problem parameters in which appearance of new Pareto optimums is
possible; but at least one Pareto optimal solution (not necessarily one and the same)
preserves its optimality for any perturbation. Following the terminology of [30-33],
we call such a stability strong.

Strong stability was first time investigated in [34] for a one-criterion (scalar)
linear trajectorial problem. Later in [32, 35, 36| the lower and upper bounds of
this type stability radius were derived for the multicriteria linear Boolean integer
programming problem. The article [37] is devoted to obtaining similar bounds for
the vector investment problem with the Wald criteria. We also point out the work
[30] where necessary and sufficient conditions of the strong stability are found for the
multicriteria problem of threshold functions minimization. The mentioned results
were obtained in the case of the Chebyshev metric [, in the problem parameter
spaces.

In this paper the lower and upper bounds of the strong stability radius are found
for the multicriteria investment problem with the Savage risk criteria in the case
of different Holder metrics in the three problem parameter spaces. Separately we
investigate a particular case of the investment problem with the linear criteria, i.e.
the case when the state of the financial market does not doubt the investor.

2 Problem formulation and basic definitions

Consider a mutlicriteria discrete analogue of the Markowitz portfolio management
problem [1], which is based on diversification as a tool of risk minimization. Let

N, ={1,2,...,n} be a variety of alternative investment projects (assets);

Ny, be a set of possible financial market states (market situations, scenarios);

Ny be a set of possible risks;

rijk be a numerical measure of economic risk of type k € N, which the investor
may face if (s)he chooses project j € N,, assuming that the market state is ¢ € Ny,;

R = [Tijk] c Rmxnxs;

= (z1,22,...,2,)" € E" be an investment portfolio, where E = {0, 1},

1, if investor chooses project j,
LZ']' = .
0 otherwise;

X C E" be a set of all admissible investment portfolios, i.e. those realizations
which provide expected total income and do not exceed the budget;

R™ be a financial market state space;

R” be a project space;

R? be a risk space.

The presence of a risk factor is integral feature of financial market functioning.
One can find information about risk measurement methods and their classification
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in [38]. The last trend is to quantify risks using five R: robustness, redundancy,
resourcefulness, response and recovery. The natural target of any investor is to
minimize different types of risks. It creates a motivation for multicriteria analysis
within risk modelling. It leads to the usage of multicriteria decision making tools
[39, 40].

Assume that the efficiency of a chosen portfolio (Boolean vector) z = (zy,
T, ...,1,)" € X, |X| > 2, is evaluated by a vector objective function

f(xVR) = (fl(xaRl)LfQ(xaRQ) cee 7f8(x7RS))T7

each partial objective represents minmax Savage’s risk criterion (extreme pessimism)
[41]
fr(z, Ry) = Zléljf\i;fi TiET = Zléljf\i[i Z TijkTj — géi;{l, k € N,
JENR
where R, € R™*" is the k-th cut R = [ryz] € R™ ™ with rows ry =
(rilk, Tidksy - - ,’r'mk) e R™ 1€ N,,.

Thus, if an investor chooses the Savage risk (bottleneck) criterion [42, 43|, then
(s)he optimizes the total profit of the selected portfolio in the worst (maximum risk)
case. This approach takes place when the decision maker has pessimistic expectations
and wants to achieve the guaranteed result. In other words, the investor adhere to
the wise rule that suggests to expect the worst case.

A problem of finding the Pareto optimal (efficient) portfolios is referred to as a
multicriteria investment Boolean problem with the Savage risk criteria and is denoted
Z5 (R),s € N. The set of Pareto optimal portfolios is defined as follows

P(R)={ze X : X(z,R) =0},

where
X(z,R)={2"€ X : f(z,R)> f(z',R) & f(z,R) # f(«', R).

It is evident that P*(R) # 0 for any matrix R € R™*"*5. Let us note that the
problem Z? (R) can be interpreted as "the worst case optimization".

Let the Holder metrics (generally speaking different) {,,1,, and I,, p,q,r € [1,00],
be defined in the spaces R"”, R™, and R correspondingly. It means that the norm
of the matrix R € R™*™*¢ is the number

1Rlgr = | (1Rl 1Rl - IRl |
1Billyg = (el Iraelly - el - k€ e

Recall that the Holder norm [, in the space R™ is defined as follows

1/p )
(Sjew, lask) s if1<p<o,
max{|aj| : j€ Np}, if p= o0,

llall, =
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where a = (a1, aq,...,a,)" € R".
It is easy to see that for any p,q,r € [1,00], the following inequalities hold

HrikaS HRkaqS HRHpqrv 1€ N, keNs. (1)

Following [30-37, 44, 45|, the strong stability radius (in terminology of [10] —
Ty-stability radius) of the problem Z7 (R), s € N, with the Hélder norms [, l;, and
[ in the spaces R™, R, and R® correspondingly is the number

sup = if 2 # 0
p=pn(p,q,1) = pa T
0, if Zpgr =0,

where

Epgr = {e>0: VR ¢ Qpr(€) (P*(R)N P*(R + R/) #0)},
Qpur(e) = (R € R 5 [|R [l < ).

Here Qp4-(¢) is the set of perturbing matrixes R’ with cuts R € R™*", k €
Ng; P*(R+ R') is the Pareto set of the perturbed problem Z*(R + R'); ||R||pqr is
the norm of the matrix R’ = [r};].

Thus, the strong stability radius of the problem Z£ (R) is a limit level of the
matrix R elements perturbations in the metric space R™*™*¢ such that for each of
those perturbations at least one (not necessary one and the same) optimal portfolio
of the problem Z3 (R) preserves its optimality in the perturbed problem Z5 (R+ R').

It is obvious that if P*(R) = X, then the set P*(R) N P*(R + R’) is not empty
for any perturbing matrix R € Qpq(¢) and any number ¢ > 0. That is why the
strong stability radius of such problem is not upper limited. Hereafter, a problem
with P*(R) # X is called non-trivial.

3 Auxiliary statements

Let u be any of the numbers p, ¢, r introduced earlier. For the number u, define
a conjugate number u’ by the following relations

u+1/u' =1, 1<u<oco.
Moreover, let v/ = 1 when u = oo; and v/ = oo when u = 1. Thus, the acceptable
range of the numbers u and v’ is the interval [1, 00]; and the numbers are tied by the

relations above. Also we assume 1/u = 0 if u = co.
Further we use the known Hoélder inequality

|a”8] < lallullb], (2)

valid for any vectors a and b of the same dimension.
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Lemma. For any portfolios x,2° € X, indexes i,i' € N,, k € N,, and numbers
p,q € [1,00], the following inequality is valid

rie’ — riga > —[| By lgl (112°] 1o, 2]l o,
where
v =min{p’,¢'}.
Indeed, if 7 # i’ then applying the Holder inequality (2), get
rina” =i 2 —((lriwllplla |y + rillpll2lly) =
> —{|([lrakllps rillp) g 12l [y =

> || Bellpg 11([12°[l 121l g = =1 Recllpq 111l [l

If i = i’ then we apply (1), the Holder inequality (2) and derive
riga’ — rips > —|lrallp on —zlly = —|[Rkllpq on —zlly 2

> —||Rillpq 12"l ezl g = =11 Rkllpg 11(12° s [l )1o-

Moreover, for a vector a = (ay,as,...,a,)T € R with |a;| = a, j € N, and
any number p € [1, 00|, easily obtain

lally = an'/?. 3)

4 The strong stability radius bounds

For a non-trivial problem Z£ (R) we denote

¢ =¢°(p,q) = min max  min gk(w'$/7f%k) 7
x@Ps(R) a’€P(x,R) k€N ]\(\]g;‘yp,7ux H;D’)Hv

g, 2, Rl
¢ =v°(p,q;r) = max ~ min ;
v'eps(R) agP*(R) |[([|2]ly, [[2[[p)]]o

/
R
X = Xs(pv 4, T) = nl/pml/qsl/r min max max w
+¢P*(R) «'€Ps(R) keN, ||z —2/|[1

Here

P(z,R) = X(z,R) N P*(R),
g(xz, 2’ R) = (g1(x,2',R1), go(x, ', Ra), ..., gs(x, ', Rs)) T,
gr(x, 7', Ry) = fi(x, R) — fr(2', Ry), k€ Ny,
v =min{p’,¢'},
Wl =

is a positive cutoff of a vector y = (y1,y2,...,ys)7 € R®, ie. yF = max{0,y},
k € N;.

)T
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Theorem 1. For any s,m € N and p,q,r € [1,00], for the strong stability radius
p5.(p,q,7) of the non-trivial problem Z3,(R) the following bounds are valid

0 < max{¢®(p,q), ¥*(p,q;7)} < pr(p> ¢, ) < min{x*(p, q,7), [|Rl|pgr}-

Proof. From the evident formula
Vi e P*(R) VYx ¢ P°(R) Jke Ns (fk(a:,Rk) > fk(x/,Rk)),

we easily get the inequality
Y =1v(p,q,r) >0,

which shows that lower bound of the radius pf,(p,q,7) and the radius itself are
positive numbers.
Now let us show validity of the lower bound

p =P q,r) > ¢*(p,q) = ¢. (4)

Suppose that ¢ > 0 (otherwise the inequality is evident).
Let R = [ngk] € R™*"%S he a perturbing matrix with cuts R, , k € N, from the
set Qpgr (). By the definition of ¢ and inequality (1), we get the formula

Vo ¢ PS(R) 32° € P(z,R) Vk € N,

fi(@, Ry) — fru(2°, Ry) , ,
> o > [|R[pgr > || Ryllpg ) -
< (2L 205 o P kllpg

Using the lemma, for any k € N, derive

fr(z, R+ Ry) — fu(a®, Ry, + R}) = mj%x(”k + )T — Ny (riw + g )2’ =

1E€ENm

. ! 0 /.0
= min max (7ygX + 7y X — Tigd — TpX ) =
i€Npm 'ENpm (ri 'k ! )

= fu(@, Ri) = fu(@®, Ri) = | Rillpg ||(12llpr, ||2°[[p)]s > 0,

where 77, is the i-th row of the k-th cut R} of R’. This means that « ¢ P*(R +
R’). Resuming, we conclude that any non-efficient portfolio of the problem Z3 (R)
preserves optimality in the perturbed problem Z3 (R + R’). Therefore, the following
relations are valid

0 # P (R+ R)C P°(R).
Hence, P*(R)NP*(R+R’) # () for any perturbing matrix R’ € Q,,-(¢), i.e. inequality
(4) is true.
Now we pass to the proof of the lower bound

p=po(p.q,r) > (p,qr)=1.

As in the previous case, let R/ = [ngk] € R™*™%5 he a perturbing matrix from
the set Q,4-(¢). As it was established earlier, v is a positive number. To prove
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inequality p > 1) it is sufficient to show that there exists portfolio * that belongs to
the set P*(R)N P*(R+ R').

By the definition of v, there exists a portfolio z° € P*(R) such that for any
portfolio = € P*(R) the following inequalities hold

0 < l[(Ifz[ly, [|2° )l < lllg(a, 2% R)IF]]r- (5)
Let us now prove the formula
Vo & PS(R) VR € Qg (v) (2 ¢ X", R+ R)). (6)

We prove it by contradiction. Supposing to the contrary, obtain the formula

3z ¢ P*(R) 3R € Qpor(¥)) (:p e X(z° R+ R)) :
It implies that for any index k € Ng we get the inequality
gk("i‘a ‘Toa Rk + Rk) < 07

where f%k is the k-th cut of the matrix R = [fijk]. Hence, taking into account the
lemma and inequality (1), we get relations

0> gi(#,2° Ry + Ry) = fi(2, Ry, + Rg) — fr(a®, Ry + Ry) =
_ ) =~ \A o ) o3 0 _
= Z%%fi(nk + k)T Z%%fi(nk + Tig)x

= min max (rik:% — ri/kazo + TR — fi/kazo) >
i€ENm 'ENm,

> g1, (%, 2%, Rie) = ||kl lpg [1(1E ], 11201 fo-
Having them, we derive
ge(@, 2%, Ri) < || Rillpq 1112l 11210
and then conclude that
g (@, 2%, Ri)]™ < [|Rllpg (/121 [l )1
As a result, we get the following contradiction with inequality (5)

19w (@, 2%, Bi) e < [|Rllrpg [1U1E 1210 < @ (1A 112115 o-

Hence, formula (6) is proved.
Now we show the way of choosing the required portfolio

z* € PS(R)N P*(R+ R)),

where R’ € Qg (). If 2° € PS(R+ R’) then * = 2°. Suppose 2° ¢ P*(R+ R’). Due
to the external stability property of the Pareto set P5(R + R') (see e.g. [46], p. 39)
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we can choose a portfolio z* € P*(R + R') such that z* € X (2%, R+ R'). Using the
proved formula (6), we easily find out that z* € P*(R). Thus, the inequality p > 1)
is proved.

Further we show correctness of the upper bound

Py a,7m) < X (pyg,7) = X (7)

By definition of Y, there exists a portfolio 20 ¢ P*(R) such that for any efficient
portfolio z € P*(R) and any index k € N, the following inequality holds

X||$0 - 3§‘||1 > nl/pml/qsl/rgk(xo’ z, Rk) (8)

Let € > x. We set the elements of the perturbing matrix R° = [r%k] € Rmxnxs
with cuts Rg, k € Ng, by the rule

=6, if i€ Np, 2}=1, ke N,
O
RS i €Ny, a=0, kEN,
Here the number § is chosen to satisfy the inequality
X < ont/Pmtaglt < ¢ 9)

Therefore, with proved (3) we derive
HT?/CHP = 5n1/p7 (&S Nmu ke N87

HRngq = 5n1/pml/q7 = st
HROHpqr — snt/Pml/agl/.

This means that R® € Q,,,.(). Moreover, all the rows r?k, i € Ny, of any k-th
cut Rg, k € Ng, are equal and consist of the components § and —§. So, denoting
c= T?k, i1 € Np,,, k € N4, we obtain the relations

c(@® —x) = —6||2° —z||; <0

valid for any portfolio 2 # x°. Therefore, taking into account (8) and (9), for any
portfolio z € P*(R) and any index k € Ny, we derive

gk(xo, x, R, + Rg) = min (r; + c)oc0 — min (ry + ¢)x =

ZENm ieNm

= min 72’ — min rgr 4+ o2 — x) = gr(2% 2, Rp) + (2 — z) <
i€ENm i€Nm

< (x(nl/p7nl/qsl/’“)_1 — 5)\]3;0 —z|l; <0.

Thus, any portfolio z € P*(R) of the problem Z? (R) does not belong to the Pareto
set of the pertubed problem Z2 (R + R?). In other words, for any number £ > ¥,
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there exists a matrix R? € Q- (¢) such that PS(R+ R°) N P*(R) =0, i.e. p < ¢ for
any € > x. Inequality (7) is proved.

Now we must only verify the inequality p < ||R||pq-. Suppose z° ¢ P*(R) and
€ > ||R||pgr- Choose a number ¢ such that

0 < on'/Pm'1 < ¢ — || R pgr- (10)

We build an auxiliary matrix V' = [v;;] € R™*" with components

=6, if i€ Np, 2)=1,
Vi =
T8 if i€ Ng, a¥=0.
Using (3), calculate
IV lpg = ont/Pmt/a, (11)

It is evident that all the rows v;, ¢ € N,,, of the matrix V are the same and
consist of the components § and —4. Denoting d = v;, i € N,,, we get the relation

d(z® —2) = —6]|2° — z|[1 <0 (12)

valid for any portfolio  # 2z and, in particular, for the efficient portfolio x € P? (R).
Let R? € R™*™*% be a perturbing matrix with cuts R?, k € N, set by the rule

R0 {V—Rl, if k=1,
— Ry, if k#1.
Applying (10) and (11), get
1B lpgr < [V llpg + [|Rllpqr = 8n/Pm*/® + [|R]|pqr < e.
Furthermore, taking into account the structure of the matrix V' we derive
f1@° V) = fi(z,V) = d(2° — 2),
what with (12) gives
g1(2°, z, Ry + RY) = f1(2°, Ry + RY) — fi(z, Ry + RY) =
= f1(z°, V) = fi(z, V) = d(z° — z) = —6]|2° — 2]|; < 0.
Additionally, it is evident that
(2, Ry, + BY) =0, k€ N,\{1}
Finally, we conclude that
2 € X(z,R+ RY).

Hence, z ¢ P*(R+ RO) if x € P*(R). That is the set P*(R) N P*(R+ RY) is empty.
Resuming, we have p}, (p,q,r) < € for any number ¢ > ||R|[pq. Consequently,
(D @,7) < || Rl|pgr- O
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From Theorem 1 the known result follows.

Corollary 1 [37]. If p=q =r = o then, for any s,m € N, the following bounds
of the strong stability radius of the problem Z%5 (R) hold

0 . gk(xa 33',, Rk)
< max min max —m———
2/€P*(R) =¢P*(R) keNs |l +'[[x

/
R
é an(O0,00, OO) S min max max %(L’/k)
xﬁéPS(R) Z'IEPS(R) kENs ||':U_;L' ||1

5 Case of linear criteria (m — 1)

When m = 1 our investment problem becomes a vector (s-criteria) linear Boolean
programming problem. We rewrite the problem in more convenient form

VA4 : N,
1(R) kT — Max, k € N,

where z = (z1,22,...,2,)7 € X € R" r, € R" is the k-th row of the matrix
R = [ry;] € R®*". Such a case can be interpreted as a situation when the financial
market state does not doubt the investor. As previously, we assume that the Holder
norms I, and I, p,r € [1,00], are defined correspondingly in the project space R"
and in the criterial risk space R®. For the problem Zj(R) we will use the previous
notations P*(R), P(x, R) etc.

In this linear case the lower bound of the problem Z7(R) strong stability radius
pi(p,r) can be improved.

Theorem 2. For any p,r € [1,00] and s € N, for the strong stability radius p;(p,)
of the non-trivial problem Z3(R) the following bounds are valid

0 < max{¢", 9"} < pi(p,r) < min{x", [ R||pr},

where ( :
¢ = iR R
_ N+
R =
X =x*(p,r) = n/Pst/T min max max r(r — ')

2¢P5(R) 2/ePs(R) keN. ||z —2'||;’
Rpr = |11y lr2llps s 17 [p) |-

Proof. The upper bounds follow directly from Theorem 1.
From the evident formula

V' € P(R) Vx ¢ P*(R) 3Jke€ Ny (rg(z —2a') > 0),
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we conclude that
* =™ (p,r) > 0.

Thus, the lower bound of the strong stability radius and the radius itself are positive
numbers.

Now let us show that pf(p,r) > ¢*. Suppose ¢* > 0 (otherwise the inequality is
evident).

Let R € R°*™ be a perturbing matrix with rows r, € R", k € N, and the norm

1Bl = (1111, e, - 15T < 7,
ie. R € Q,(¢*). By the definition of ¢*, for any portfolio z ¢ P*(R) there exists
a portfolio 2 € P(x, R) such that

0
re(z —
@=2) 5 o S R > 1kl k€ N

[ ™

Having these inequalities and Holder’s inequality (2), derive

(i + 7% (@ = 2°) > ri(x = %) = [rillplle = 2°l[y > 0, k€ Ny,

and, as a result, deduce
r¢ Pz, R+ R).

Therefore, any non-efficient portfolio of the problem Zj(R) retains this non-
efficiency in any perturbed problem Zj(R + R') with R' € Q,,(¢*) or, strictly,
0 # P*(R+ R') C P5(R). Thus, P(R) N P5(R+ R') # () for any perturbing matrix
R € Qu(yp), e pi(p,r) = "

Further, remembering that ¢* > 0, we show the inequality p{(p,r) > ¥*.

As earlier, let R’ € R**™ be a perturbing matrix with rows 7, € R", k € N, and
the norm || R/||,r < 9%, i.e R’ € Qpe(v*).

By the definition of v¥*, there exists a portfolio z° € P*(R) such that for any
portfolio = ¢ P*(R)

0 < ¢*llz —2°ly < |I[R(z —a”)] ¥}, (13)
First, let us show that
Vo ¢ PP(R) VR € Qu(y") (¢ ¢ X(2°, R+ R)). (14)

Suppose that there exist a portfolio Z ¢ P*(R) and a perturbing matrix R € Qpr (V")
with rows 7, k € Ng, such that € X (2%, R + R). Then for any k € N, we have

(re 4+ 7%)T < (g + 75)2°,

and, consequently,
(T — 2°) < (2 — 7).
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Having this, easily get the inequality
[k (@ — 2%)]" < |F(2® - 7)),
that with Hélder’s inequality (2) gives us
(@ = 2)]* < [|7kllpl1T — 2%,
This means that
IR@ — ) |l < | Rllpr | — 2°llpr < "7 = 2°|pr-

This derived contradiction to (13) proves (14).

Next, we show that there exists a portfolio 2* € P*(R) N P*(R+ R') in the case
where R’ € Q,,(¢*).

If the portfolio x° € P*(R) from (13) is in the Pareto set P*(R + R’') then
v* = 2% If 2° ¢ P*(R+ R’') then due to the external stability property of the Pareto
set PS(R + R') (see, e.g., [46], p. 39) we can choose a portfolio z* € P*(R + R')
such that 2* € X (2%, R+ R'). Using the proved formula (14), we easily find out that
x* € P°(R). Therefore, the inequality pj(p,r) > ¢* is proved. O

From Theorem 2 the two known results follow.

Corollary 2 [36] (see also [10]). If p =r = oo then for any s € N the following
bounds of the strong stability radius of the linear non-trivial problem Z;(R) hold

o
Y*(00,00) = max  min  max rel@ = @) <
@'€Ps(R) x¢Ps(R) keNs ||z — /|1
< 8 « . ri(z —a')
< pi(00,00) < x*(00,00) = min max  max

2¢P5(R) a'ePs(R) keN. ||z — 2|1

Corollary 3 [34]. If p = oo then for any r € [1,00] the following bounds of the
strong stability radius of the linear scalar (single criterion) non-trivial problem

ZY(R), R € R, hold

. R(x — ')
1 * *
pr(o0, ) = ¢7(00) = X7 (00, 7) = 2¢P\(R) w/ePL(R) ||z — 2|1

In another particular case the lower bound takes the following form.
Corollary 4. Ifp=1, r € [1,¢|, and s € N then

pi(L,r) = max{e™(1), ¥ (1,7),

where

*(1) = min max  min ri(z — '),
v ( ) x¢PS(R) z'€P(x,R) k€N k( )
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*(1,r) = i R(z — )],
(L) S xin];gr(lR)ll[ (z — )]

Here is one more case where a formula is valid for the strong stability radius.

Consider a linear problem Z{(R), s € N, with the Hélder norms [, and [, in
the spaces R and R*. A stability radius of an efficient portfolio 2 € P*(R) of the
problem Z$(R) is the number

Sup Oy, if Oy # 0,

s/.0 _
prap.r) {0, if O =0.

where
Opr ={e>0: YR € Q,(e) (2° € PS(R+ R'))}.
For the case P*(R) = {2z}, it is easy to see that

p5(p,r) = pi(2°,p, 7).

Therefore, using the known formula (see [47, 48]) for the stability radius of an efficient
solution of the linear boolean programming problem with the Holder norms, we state
the following

Corollary 5. If P*(R) = {2} then for any p, v € [1,00] and s € N the strong
stability radius of the problem Z7(R) is calculated by the formula

s IR — )l
p,r) = min .
)= i o,

The results presented in the work were partially reported at the 28th European
Conference on Operational Research (EURO-2016) [49].

In conclusion we remark that in [8] similar bounds of the stability radius are
found for the multicriteria linear Boolean problem Z7(R) with the Holder metrics in
the parameter spaces.
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Abstract. In this paper we are mainly devoted to find out the specific form of
a meromorphic function when it shares a set of small functions with its differential
monomial counterpart. Our results will improve and extend some of the recent results
due to Zhang-Yang [J. L. Zhang and L.Z. Yang, A power of a meromorphic function
sharing a small function with its derivative, Ann. Acad. Sci. Fenn. Math. 34(2009),
249-260] and Xu-Yi-Yang [H.Y. Xu, C.F. Yi and H. Wang, On a conjecture of
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matica Teoria y Aplicaciones, 23(1)(2016), 291-308]. We provide some examples to
show that certain conditions used in the paper can not be removed.
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1 Introduction, Definitions and Results

Let f be a non-constant meromorphic function in the whole complex plane C.
We shall use the following standard notations of the value distribution theory:

T(T, f)7 m(rv f)a N(Ta f),ﬁ(?", f), ce
([11,19,23]). We denote by S(r, f) any quantity satisfying
S(r, f) =o(T(r, f)),

as r — 400, possibly outside of a set of finite measure. A meromorphic function
a = a(z) is called a small function with respect to f if T'(r,a) = S(r, f). Let S(f) be
the set of meromorphic functions in the complex plane C which are small functions

with respect to f.
Let f be a non-constant meromorphic function and a € S(f) U {oo} and S C

S(f) U{oo}. Define
ES, f) = U {z: f(2) — a = 0, Counting Multiplicity },

aeS

ES, f) = U {z: f(2) — a = 0,Ignoring Multiplicity },
acS

© A. Banerjee, M.B. Ahamed, 2016
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If E(S, f) = E(S, g), we say that f and g share the set S CM; if E(S, f) = E(S,g),
we say that f and g share the set S IM. Especially, when S = {a}, we say that f
and g share the value a CM if E(S, f) = E(S,g); and we say that f and g share
the value a IM if E(S, f) = E(S,g) [11].

Nowadays the problems relative to a meromorphic function f and its derivative
%) sharing some value or small functions have been studied rigorously by many
researchers. Readers are requested to make a glance at [9,15,24,27].

In 1996, Brick [7] proposed the following famous conjecture.

Conjecture 1.1. Let f be a non-constant entire function. Suppose that pi(f) is
not a positive integer or infinite. If f and f' share one finite value a CM, then

fl—a
f—a ©

for some non-zero constant ¢, where pi(f) is the first iterated order of f which is
defined by

. log log T'(r,
() = limsup BB D)
r—o00 ogr

In 1996, Brick [7] proved that the conjecture is true when a = 0 or N(r,1/f") =
S(r, f) and later many researchers like Gundersen and Yang [10] proved that the
conjecture is true when f is of finite order [10]. A few years later, Chen and Shon 8]
proved that the conjecture is true for entire function of first order pi(f) < % How-
ever, the conjecture fails in general for meromorphic functions, shown by Gundersen
and Yang [10], while it remains true in the case that N(r,1/f") = S(r, f), shown by
Al-Kahaladi [1].

In 2008, Yang and Zhang [20] obtained the following results.

Theorem 1.1 (see [20]). Let f be a non-constant entire function, n > 7 be an
integer. Denote F = ™. If F and F' share 1 CM, then F = F', and f assumes
the form

f(z) = cen,

where ¢ 1s a non-zero constant.

Theorem 1.2 (see [20]). Let f be a non-constant meromorphic function and n > 12
be an integer. Denote F = f™. If F and F' share 1 CM, then F = F', and f
assumes the form

where ¢ 1s a non-zero constant.

In 2009, Zhang and Yang [25] improved Theorem 1.1 and Theorem 1.2 to a large
extent and obtained the following results.
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Theorem 1.3 (see [25]). Let f be a non-constant entire function, n, k be positive
integers and a(z) be a small function of f such that a(z) # 0,00. If f™ —a and
(f)*) — q share the value 0 CM and n >k + 2, then f* = (f")*) and f assumes
the form

f(2) = cen?,

where ¢ is a non-zero constant and \¥ = 1.

Theorem 1.4 (see [25]). Let f be a non-constant meromorphic function, n, k be
positive integers and a(z) be a small function of f such that a(z) # 0,00. If f* —a
and (f*)*) — a share the value 0 CM and n >k + 1+ VE+ 1, then f* = (f)*
and f assumes the form

£(2) = cen?,

where ¢ is a non-zero constant and \¥ = 1.

Theorem 1.5 (see [25]). Let f be a non-constant entire function, n,k be positive
integers and a(z) be a small meromorphic function of f such that a(z) # 0,00. If
f"—a and (f*)*) —a share the value 0 IM and n > 2k + 3, then f* = (f")*) and
f assumes the form

flz) = ce%Z,
where ¢ is a non-zero constant with \¥ = 1.
Theorem 1.6 (see [25]). Let f be a non-constant meromorphic function, n,k be

positive integers and a(z) be a small meromorphic function of f such that a(z) #
0,00. If f* —a and (f*)*) — a share the value 0 IM and

n > 2k +3++/(k+3)(2k +3),

then f™ = (f")(k) and f assumes the form

A

f(z) = cen?,
where ¢ is a non-zero constant with \¥ = 1.

Though the standard definitions and notations of the value distribution theory
are available in [3,22], we explain the following definitions and notations which are
used in the paper.

Definition 1.1 (see [3,22]). When f and g share 1 IM, we denote by Np(r,1; f)
the counting function of the 1-points of g. Similarly, we have Np(r,1;g). Let 2o
be a zero of f — 1 of multiplicity p and a zero of g — 1 of multiplicity q, we also
denote by Ni1(r,1; f) the counting function of those 1-points of f where p=q = 1;

Ng(r, 1; f) denotes the counting function of those 1—points of f where p = q > 2,
each point in these counting functions is counted only once. In the same way, one

can define Nui(r, 1;9), Na(r,1;g).
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Definition 1.2 (see [5]). For a € C U {oo} and p a positive integer, let f be
a non-constant meromorphic function, we denote by N(r,a;f |= 1) the counting
function of simple a-points of f, denote by N(r,a;f |< p) (N(r,a;f |> p)) the
counting functions of those a-points of f whose multiplicities are not greater (less)
than p where each a-point is counted according to its multiplicities. N(r,a; f |< p)
(N(r,a; f |> p)) are defined similarly, where in counting the a-points of f we ignore
the multiplicities.

Definition 1.3 (see [5]). For a € CU{oco} and a positive integer p we denote by

Np(r,a; f) = N(r,a; f) + N(r,a; f > 2) + ...+ N(r,a; f |> p).

Clearly Ny(r,a; f) = N(r,a; f).

Next we recall the following definition of weighted sharing of values which gener-
ally measures how closed a shared value is to being sharing IM or CM, as follows.

Definition 1.4 (see [13,14]). Let p be a non-negative integer or infinity. For ¢ €
C U {oo}, we denote by E¢(a,p) the set of all a-points of f where an a-point of
multiplicity m is counted m times if m < p and p+ 1 times if m > p. If E¢(a,p) =
Eq(a,p), we say that f,g share the value a with weight p.

We write f,g share (a,p) to mean that f,g share the value a with weight p.
Clearly if f,g share (a,p), then f,g share (a,q) for all integer q (0 < q < p). Also,
we note that f,g share a value a IM or CM if and only if f,g share (a,0) and
(a,00) respectively.

Let S be a subset of S(f) U {oco}, we can get the definition of Ef(S,p) as

Ef(Svp) = U Ef(a,p).

a€eS
Very recently in [18], for further investigations, Xu, Y7 asked the following questions:

Question 1.1 (see [18]). Can the nature of sharing 1 or a(z) CM be further relaxed
in Theorem 1.1 and Theorem 1.37

Question 1.2 (see [18]). What will happen when 1 or a(z) are replaced by the set
S = {al2) a1 (), a1 |

2 2
of small functions in Theorems 1.1 — 1.4, where ( = cos il + ¢sin T and m is a
m m

positive integer?

To answer their question Xu, Yi and Wang [18] obtained the following two results
which in turn improve Theorem 1.3 and Theorem 1.4.
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Theorem 1.7 (see [18]). Let f be a non-constant entire function, n, k, p, m
be positive integers and a(z) be a small function of f such that a(z) # 0,00. If
Ef"(5m7p) = E(f")(k) (Sm7p) and

n>max{k+1,k+l},
pm

where n =k +p+ 2, then f* = t(f")*) with t™ =1 and f assumes the form

Py
f(z) = cen”?,
where ¢ is a non-zero constant and N\ = 1.

Theorem 1.8 (see [18]). Let f be a non-constant meromorphic function, n, k, p,
m be positive integers and a(z) be a small function of f such that a(z) # 0,00. If
Ef"(5m7p) = E(f")(k) (Sm7p) and

1 —1)2p2k2
s max k+17p(m+1)k+277+\/n(n+pk)+(m )2p%k 7
2pm 2pm

where 1 =k +p+ 2, then f* = t(f*)*) with t™ =1 and f assumes the form

A

f(z) = cen?,
where ¢ is a non-zero constant and N\ = 1.

We observe from the above discussions that the research have gradually been
shifted towards finding the relation between the power of a meromorphic function
and its certain derivative. Since derivative’s natural extension is a differential mono-
mial it will be quite natural to expect the extension and improvement of Theorems
1.1 — 1.8 up to a relation between a power of a meromorphic function and a general
differential monomial sharing set of small functions.

Next we present the following well known definition.

Definition 1.5 (see [5]). Let ngj,nij,...,ng; be nonnegative integers and g = f".
The expression M;[g] = (g)"% (gM))™i ... (¢®))™i is called a differential mono-
k k
mial generated by g of degree dpy; = d(M;) = Z nij and weight T'pr, = Z(z—i— D).
i=0 i=0

¢
The sum Plg] = Z bjM;lg] is called a differential polynomial generated by g of
j=1

degree d(P) = max{d(M;) : 1 < j <t} and weight Tp = maz{Ty;; : 1 < j < t},
where T'(r,b;) = S(r,g) for j=1,2,...,t.

The numbers d(P) = min{d(M;) : 1 < j <t} and k (the highest order of the
derivative of g in Plg]) are called respectively the lower degree and order of Plg].
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Plg] is said to be homogeneous if d(P)=d(P). Plg] is called a linear differen-
tial polynomial generated by g if d(P) = 1. Otherwise P[g] is called a non-linear
differential polynomial.

We denote by Q = max {Tay; — d(Mj) : 1 < j <t} = maz {ny; + 2n9; + ... +
kng; :1 < j <t}

Also for the sake of convenience for a differential monomial M|[g] we denote by
dy =d(M) and Q,, =T, —d,,.

Next we pose the following questions which have great significance towards the
further extension and improvement of all the above mentioned theorems.

Question 1.3. Is it possible to extend (f")(k) to a differential monomial M[f"] to
get the same conclusion as in Theorem 1.7 and Theorem 1.87

Question 1.4. Like Theorem 1.7 and Theorem 1.8, is it possible to find out the
specific form of the function f?

Question 1.5. Can the lower bound of n be further reduced in Theorem 1.7 and
Theorem 1.8%

Our main intention of writing this paper is to find out the possible affirmative
answer of all the above questions such that Theorems 1.1 — 1.8 can be accommodated
under a single theorem which extends and improves all of them. Henceforth we need
the following notations throughout the paper for the sake of convenience.

Let
1
a=2Q, +3, 8=mQ, +(k+1)d,, +2 and vﬁl:mQM—l—l—l—]—),

where p, m and k are three positive integers.
The following two theorems are the main results of this paper answering all the
above mentioned questions affirmatively.

Theorem 1.9. Let f be a non-constant meromorphic function, n, k, p, m be positive
integers and a(z) be a small function of f such that a(z) #Z 0,00. If EfndM (Sm,p) =

Epripny (Smyp) and if

Y+ N+ Vi =N +4C

1. p>2and n > omd,, rif
/(o — B)2+4D
2.szandn>a+ﬁ+ (a—BF+ ,
2md,,
(p+ 1)k +1)d,, +1)

where C' = P and D = (Q,, +3)(2(k + 1)d,, + 1),

then ™4y = tM[f"] with t"™ =1 and f assumes the form
f(2) = cen”,

where ¢ is a non-zero constant with N™9u = 1.
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Theorem 1.10. Let f be a non-constant entire function, n, k, p, m be positive
integers and a(z) be a small function of f such that a(z) # 0, cc. IfEfndM (Sm,p) =

B (Sm,p) and if

1
1.p22andn>w,orif
pmd,,
k4 1)d 2
2.p:0andn>mQM+( + 1y, + ,
md,,

then f*u = tM[f") with t™ =1 and f assumes the form

f(z) = cen?,

where ¢ is a non-zero constant with N™%m = 1.

2 Some Corollaries

In Theorem 1.9 and Theorem 1.10, if we take M[f"] = (f™)*), where n > k,
then it is clear that d,, = 1, @,, = k. The following are some corollaries of the
main results of this paper. What worth noticing here is that the lower bound of n
is reduced as compare to Theorem 1.7 and Theorem 1.8.

Corollary 1. Let f be a non-constant meromorphic function and n, m, p, k be
positive integers and a(z) be a small meromorphic function of f such that a(z) #
0,00. If Egn(Sm,p) = E(pnyx) (Sm.p) and if

2p + p(m + 1)k + 2 N VAl + 1) (pk +p+ 1) + (m — 1)2p2k?2

1. p>2andn >
2pm 2pm

)

or if

(m+3)k+6 4k +3)(2k +3) + (m — 1)2k2
2m + 2m

then f™ = t(f")(k), where t™ =1 and f assumes the form

2. p=0andn >

)

A

f(z) = cen?,
where ¢ is a non-zero constant and \™* = 1.

Corollary 2. Let f be a non-constant entire function and n,m,p,k be positive
integers and a(z) be a small meromorphic function of f such that a(z) # 0,00. If

1
1.})22andn>k‘+p+
pm

, or if

k
2.p=0 andn>k‘+i3,
m



106 A. BANERJEE, M.B. AHAMED

then f* = t(f")*), where t™ =1 and f assumes the form

Py
f(z) = cen?,
where ¢ is a non-zero constant and \™* = 1.

Corollary 3. Let f be a non-constant entire function and n,p, k be positive integers
and a = a(z) is a small meromorphic function of f and E(S1,p) = E(pnym (S1,p),
then if

1
1.p22andn>k+]i, or if
p

2. p=0andn >2k+3,

then f™* = (f")(k) and f assumes the form

A

f(z) = cen”,

where ¢ is a non-zero constant and \¥ = 1.

3 Examples

The following examples show that conditions 1. and 2. in Corollary 1 and
Corollary 2 are essential in order to get the conclusions.

Example 3.1. For n > 2, let the principal branch of f be given by f(z) =

1
(eez + 2&) ", where a # 0 is a constant and 0 is a root of the equation z" +1 = 0.

Let Sy, = {a} and M[f"] = (f")™). Clearly f* = €% + 2a and M[f"] = —e’* and
dy, = 1. Therefore we see that E na,, (Sm,00) = Eppng (Sm, 00) and

1 k+3
iy

n§min{k‘—|—
pm m

} :max{n+1,2n+3} =n+1.
Here it is clear that

fr#EMIf"
with t"™ = 1. Also we see that f does not assume the form

A

J(2) = cen?
with N™@m = 1.

The following example shows that the conditions 1. and 2. used in Corollary 1
and Corollary 2 are not necessary but sufficient.
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Example 3.2. Let S, = {—1,1,—i,i} and f be given by f(z) = E%Z, where A is a
root of the equation z° +1 =0 . Let M[f%] = (f3)®). It is clear that f3(z) =

and M[f3] = —e**. Also Enay, (Sm,00) = Eppipn) (S, 00) and

1 1 1
n < min /<:+p+ ,k+k+3 = min —3,9 :—3.
pm m 47 2 4

But we see that f3 = tM[f3] with t™ = (—1)* = 1. Also here f assumes the form

A

f(z) = cen?,
where ¢ =1 and \™Pm = \12 = 1.

The following examples show that the set S, in Theorems 1.9 — 1.10 can not be
replaced by an arbitrary set.

aw aw 2aw
27373
number. Let f* = Beb? 4+ aw, where n < 16 is a positive integer and 6 and w are
roots of the equations 2" ° +1 = 0 and 2> — 1 = 0 respectively and B € C —
{0}. Let M[f"] = (f)™%, then we see that M[f"] = —Be’*. It is clear that
E (Sm,0) = Epppn) (S, 00) and

Example 3.3. Let S, = { }, where a is an arbitrary non-zero complex

f"d]%

p+1 k+3
pm m )

n>max{k‘+—, k4 ——
But we see that f™ Z tM[f™] with t™ = land hence f does not assume the form

A

f(z) = cen®
with \M@m = 1.

1 -1
Example 3.4. Let S, = {—A,T A:2<r< m+3
r

, where A is an arbitrary
r

non-zero complex number and m,r € N where m is odd and m > n+2 . Let f* =
Ae?*+ A, where n > 2 is a positive integer and 0 is a root of the equation 2" 1+1 = 0
and A € C—{0}. Let M[f"] = (f")" Y, then we see that M[f"] = —Ae’*. It is

clear that E na,, (Sm,00) = Eppipn) (Sm, 00) and

n>max{k‘—|——,k7+—
m

But we see that f™ #£ tM[f"] with t™ = 1. Also we see that f does not assume the
form

with \™Qwm = 1.
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The following example shows that if the conditions of Theorem 1.9 and Theorem
1.10 are satisfied, then the conclusions hold.

Example 3.5. Let S, = {—1,1,—i,i} and f be given by f(z) = 6%2, where X is a
root of the equation z* +1 =0 . Let M[f"] = (f)®). It is clear that f™(z) =
and M[f"] = —e** withn =5, k =3, m = 4 and d,, = 1. Also we see that
Enay, (Sm,o0) = Epppn) (S, 00) and

p+1 k+3 13 9 9
n>maxqk+——k+— ) =max{—,-p = <.
pm m 4°2 2

Here we see that f"m = tM[f"] with t™ = (—=1)* = 1. Also here f assumes the
form

A

f(Z) = 06527

where ¢ =1 and \™9m = \12 = 1.

Example 3.6. For a non-zero complexr number a, let S = {a, a(,aC2 an,a§4},

L
5th "2 . It is clear

where ¢ is the non-real root of unzty and f is given by f(z
1

) =
that f"(z) = "2 and MI[f"=¢ <" 2 where M[f"] = (f)®) withn =10, k =7,
m =5 and d,, = 1. Also we see that E na,, (Sm>00) = Epppn) (Sm,00) and

n>max{k:—|—lil k+ k+3}:max{§,9}:9.
pm m 5}

Here we see that f™u = tM[f"] with t™ = (%)5 = 1. Also here f assumes the form

A

f(z) = cen?,
where ¢ =1 and N™Pm = \12 = 1,
4 Lemmas

In this section we present some Lemmas which will be needed in the sequel. Let
F, G be two non-constant meromorphic functions. Henceforth we shall denote by H
the following function

B fll 2‘?/ B g//_ 2gl
H-<f EpEE) e

f’) (gg_’ __ %’) (4.2)

and
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Lemma 1 (see [18]). Let f be a non-constant meromorphic function and k,p are
positive integers. Then

NP(Tv 0) f(k)) < T(T, f(k)) - T(?", f) +Np+k(’r7 0) f) =+ S(Tv f)

Ny (r,0; fF)) < kN (r, 003 f) + Npyso(r, 05 f) + S(r, f).

Lemma 2. Let f be a non-constant meromorphic function and M[f"] be a differ-
ential monomial of degree dp; and weight U'ns. Then

N(r,0; M[f"]) < T(r,M) —ndyT(r, f) +ndpN(r,0; f) + S(r, f).
Proof. This can be proved in the line of the proof of ([6, Lemma 2.3]). O

Lemma 3. Let f be a non-constant meromorphic function and M[f"] be a differ-
ential monomial of degree dy; and weight U'pr. Then

N(r,0; M[f"]) < ndyN(r,0; f) + @, N(r, 005 f) + S(r, f).
Proof. This can be proved in the line of the proof of ([6, Lemma 2.4]). O
Lemma 4. For the differential monomial M[f™],
Ny(r, 0 M[f"]) < das Npsi(r, 05 f7) + QN (r, 003 f) + S(r, f).
Proof. This can be proved in the line of the proof of ([6, Lemma 2.9]). O

Lemma 5 (see [21]). Let f be a non-constant meromorphic function and P(f) =
nf™ + an_1 "1+ ... + ag, where ag,ar,...,a, are constants with a, # 0. Then

T(r, P(f)) = nT(r, f) + 5(r, f)-

Lemma 6 (see [21]). Let H be given by (4.1), F and G be two non-constant mero-
morphic functions. If H # 0, then

Ny (r,; F) < N(r,H) + S(r, F) + S(r,G).

Lemma 7. Let f be a non-constant meromorphic function and a = a(z) be a small

nd
meromorphic functions of f such that a(z) # 0,00 and let F; = " and G =
M n
ﬁ. Let V be given by (4.2) and F = F{* and G = G*. If n,m and k are
a

positive integers such that n > k and V = 0, then fmiu = tMI[f™], where t™ =
and f assumes the form

f(z) = cen,

where ¢ is a non-zero constant and \"9m = 1.
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Proof. Let V = 0. Then we get

1 A
l-—=A4A- —,
F ar

where A is a non-zero constant. We now consider the following cases.
Case 1. Let N(r,00; f) = S(r, f). If A# 1, then from (4.4) we have

— 1 —
N (n i T ) = NlrosiGT) = 5(0.).

By the Second Fundamental Theorem and definitions of F1, Gy, we have
T(r, F1")

< N(r,o0; F™) + N(r,0; F") +N<r, 1

mvflm> +S(r, f)-

ie.,

mnd,, T(r, f) < N(r,0; f) + S(r, f),

which is not possible.
Case 2. Let N(r,o00;f) # S(r, f). Then there exists a zy which is not a zero or
1

= 0. Therefore, from (4.4) we

ole of a(z) such that —— =0, so =
P (=) f(z0) Fi(z0)  G1(20)
get A=1.

Thus, by (4.4) and A = 1, then F{" = GI", i.e.,
frhe =M, (4.5)

where t" = 1. Now if zy be a zero of f with multiplicity ¢, then zy is a zero of
™y with multiplicity ngd,, and a zero of M[f"] with multiplicity nq¢d,, — @Q,,.
Therefore,

nqu = nqu - QM’

which is not possible. Thus it is obvious that 0 is a Picard exceptional value of f.
Similarly we can get that oo is also a Picard exceptional value of f. Then from (4.5)
we have

A

f(z) = cen?,
where ¢ is a non-zero constant and \"“m = 1. O

Lemma 8. Let V be given by (4.2) and F,G,Fi and Gy be given by Lemma 7 and
n, m be positive integers. If V #£ 0, then

(mndM - 1)N(T7 o0; f) < N(r,00;V) + S(r, f).
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Proof. From (4.2) and the definitions of F, G, we see that if z( is a pole of f with the

! !

multiplicity ¢ such that a(z9) # 0 and a(zp) # oo, then z is a zero of ]__]i 1~ %
! !

with the multiplicity mngd,, — 1 and a zero of gg_ i % with the multiplicity

m(ngd,, + Q,,) — 1. Therefore zg is zero of V with multiplicity
p > min {mndM —1,m(nd,, +Q,,) — 1} =mnd,, — 1.

Also note that m(r,V) = S(r, f). Therefore

(mnd,, — 1)N(r,o0; f)
N(r,0; V) + S(r, f)
T(r,V)+ S(r, f)
N(r,00; V) + S(r, f).

VAN VAN VAN

O

Lemma 9. Let U be given by (4.3) and F,G,F1 and Gy be given by Lemma 7. If
n, m are psotive integers such that n >k and U = 0, then

friu = tM[f"),
where t™ =1 and f assumes the form
f(2) = cenz,
where ¢ is a non-zero constant and \™Pm = 1.
Proof. Since U = 0, we get
F=BG+1-5, (4.6)

where B is a non-zero constant. By the definitions of F,G,F; and Gy, we get
N(r,00; f) = S(r, f). We discuss the following cases.
Case 1. Let B =1. Then we see that 7 =G, i.e.,, F{" = G". Then we have

frhe = M,
where t”* = 1. Then f assumes the form
flz) = ce%z,

where ¢ is a non-zero constant with A™%m = 1.

Case 2. Let B # 1. If N(r,0; f) # S(r, f), then there exists a point zo for which
f(z0) = 0 but a(z9) # 0. Since n > k, then it is clear that F(zp) = 0 = G(zp). Now
from (4.6), we get B = 1, which is clearly absurd.
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Again if N(r,0; f) = S(r, f), then from (4.6) and using Lemma 3, we get
N(r,1=B;F) = N(r,0,G)

nd,, N(r,0; f) + Q,,N(r,00; f)

S(r, f)-

Now using Second Fundamental Theorem and N(r,0; f) = N(r,00; f) = S(r, f), we
have

<
<

mnd,, T(r, f) <T(r,F)+ S(r, f)

N(r,00;F) + N(r,0;F) + N(r,1 —B; F) + S(r, f)
N(r,0; f) + N(r,00; f) + N(r,0;G) + S(r, f)

S(r, f),

which is not possible. O

IN A IA

Lemma 10. Let U be given by (4.3) and F,G,F1 and Gy be given by Lemma 7. If
n,m and k are positive integers such that n >k and U # 0, then

[(ndM - QM)m - 1]N(T7 0; f) < N(Ta OO,Z/{) + S(Tv f)

Proof. Let zg is a zero of f with multiplicity ¢(> 1) such that a(zg) # 0,00. Then
/ /

71 with the multiplicity nmgd,, — 1 and 2 is also a zero of G_1
of multiplicity (ngd,, —@Q,,)m — 1. Therefore 2y is a zero of U of multiplicity at least

(ngd,, — @Q,,)m — 1. Since m(r,U) = S(r, ), we have

zp is a zero of

[(nd,, — Q,,)m — 1N (r,0; f) < N(r,0;U) + S(r, f)
T(r,U) + S(r, f)
N(r,o0;U) + S(r, f).

O

Lemma 11. Let F, G, F1, Gy be as in Lemma 7 and V as in (4.2). Now if n > k
and E,(1,F) = Ey(1;G) and V # 0, then the following hold:

1. When p > 2, then
1)— 1) —
+S(r, f). (4.7)
2. When p =0, then

{mndM -1-2(Q,, + 1)}N(r, o0; f) < {2(k: +1)d,, + 1}N(r, 0; f)
+S(r, f). (4.8)
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/ !
Proof. Let p > 2 and V = f(f— - g(gg_ ok Now since E,(1; F) = E,(1;G),
so we have
N(?",OO7V) < N(?",(Lg) +N(p+l(rv 1af) + S(?", f)7
where

IN
| —=
2
N
=
hl
N————
+
nn
=

_ 1
%N(r,oo;]:) + EN(T’O;}—) + S(r, f)

IN

< %N(r, 00; f) + %N(r,o; f)+ 80 ).

Now by applying Lemma 8 and Lemma 4 we get

(mnd,, — 1)N(r,00; f) < =N(r,0; f) + %W(T, 00; f) 4+ N(r,0;G) + S(r, f)

| =

< %N(r, 0;f) + %W(r, 50i f) -+ dyy Nt N (r,0: ) + QN (003 £) + S(r, f),

ie.,

{mndM -1-Q, - })}N(T‘,oo;f) < {(k"i' 1)d,, + %}N(T,O;f) +8(r, f).

Let p =0, then
N(?",OO7V) < N(?",(Lg) +NL(T7 1af) +NL(T7 1ag) + S(?", f)7

where

=

L(T,l;f) §N<T,%> SN<T7§> +S(T’f)

=

(r,00; F) + N(r,0; F) + S(r, f)

<
< N(r,00; f) + N(r,0; f) + S(r, f).
Similarly, applying Lemma 4 and proceeding as above, we get

Ni(r,1;G) < N(r,00;G) + N(r,0;G) + S(r, f)
< (Qy +1)N(r,00; f) + (k+1)d,, N(r,0; f) + S(r, f).

Now by Lemma 8 and Lemma 4, we get

(mnd,, —1)N(r,00; f) < {2(k + 1)d,, + 1}N(r,0; f) + 2(Q,, + 1)N(r,00; f) + S(r, f).
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ie.,

{mndM —1-2(Q,, + 1)}N(r, o0; f) < {2(l<: +1)d,, + 1}N(r, 0; f) +S(r, f).
O

Lemma 12. Let F, G, F1, G1 be as in Lemma 7 and U as in (4.3). Now if n > k
and E,(1,F) = Ep(1;G) and U # 0, then the following holds:

1. When p > 2, then
{wy ~@um—1- NG00 < {14 NG + 56 (409)
9. When p =0, then
{(ndy = Qum = e 1, ~2f N0 < {@ + 3} W o0
S0 f). (4.10)
Proof. Let p > 2, then we have
N(r,00;U) < N(r,00; F) + N1 (1,1, F) + S(r, f)

< N(ro0if) + {%Wm 05) + S (o f>} S f)

1— 1\ —
< SN0+ (145 ) W00 f) 4 502 ),
Now by applying Lemma 10 we get

{tndy — Quym ~ 1} r00) < SN 0s0) 4 (140 ) Woowi 1)+ 5029,

1
b

ie.,

{ndy = Qum =1 AW < (14 1) Noows )+ 500,

Let p = 0, by applying Lemma 10 and Lemma 4 and proceeding in the same way as
done in the proof of Lemma 11, we get

N(r,00;U) < N(r,00; F) + Np(r,1;F) + Np(r,1;G) + S(r, f)
< N(r,o0; f)+ {N(T,O;f) +N(T,oo;f)} + {(QM +1)N(r, 00; f)
+(k + 1)dMN(7‘,O;f)} + S(r, ),

{(ndM —Q,,)m—(k+1)d,, — 2}W(r, 0; f) < {QM + 3}W(r, oo; f) + S(r, f).

O
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Lemma 13. Let F and G be two non-constant meromorphic functions such that
E,(1,F)=E)(1,G) and H #0 and p =0, then

T(r,F)+1T(r,G)
< 2No(r,0;F) + 2N3(r,0;G) + 6N (r,00; F) + 3N (r, 1;F) + 3N (r, 1;G) + S(r, F).

Proof. Noting that S(r, F) = S(r,G), the lemma can be proved by using Lemma
2.1, Lemma 2.2 and Lemma 2.3 of [4]. O

Lemma 14. Let F and G be two non-constant meromorphic functions such that
E,(1,F)=Ey1,G) and H #0 and p > 2, then

T(r,F)+T(r,G) < 2N3(r,0; F) + 2N2(r,0;G) + 6N (r, 00; F) + S(r, F).

Proof. Since F and G share (1,p) where p > 2, so it is clear that F and G share
(1,2). Then the lemma can be obtained from Lemma 13 of [2]. O

Lemma 15. Let H be given by (4.1) and F,G,F; and Gy be given by Lemma 7. If
n,m and k are positive integers such that n > k and

N(r,o00; f) = N(r,0; f) = S(r, f)

and H =0, then
friae = ¢M[f",

where t™ =1 and f assumes the form
A
f(z) = cen?,
where ¢ is a non-zero constant and N\ = 1.

Proof. Since H = 0, by integration we obtain
———=——+1D, (4.11)

where C(# 0) and D are constants. Now from (4.11) we have

(D—C)F+(C—-D—1)

g DF_(D+1)

ie.,

(D—C)F"+(C—-D—1)

Gi DFY — (D +1)

(4.12)

Now we discuss the following cases.
Case 1. Let D # 0, —1. Therefore from (4.12) we have

N(npgﬂfr>zwmuuwy
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By applying the Second Fundamental Theorem with S(r, F) = S(r, f), we get

mnd,, T(r, f) = T(r, F{") + S(r, f)

Niro0 71 4 N 057 + N (1 22 L ) 4500

IN

N(r,00; f) + N(r,0; f) + N(r,00;G") + S(r, f)
S(r7 f)7

VANVAN

which is not possible.
Case 2. Suppose D = 0. Then from (4.12), we have

N <7«, Cgl;ﬂn> — N (r,0:G7").

Subcase 2.1. Let C # 1. Now by the Second Fundamental Theorem and using
Lemma 3, we get

mnd,, T(r, f) =T(r, F{*) + S(r, f)
%;]—'{”) +8(r, f)

N(r,00; f) + N(r,0; f) + N(r,0;G{") + S(r, f)

(ndy, +1)N(r, 05 f) + (@) + 1)N(r, 005 f) + S(r, f)
S(r7 f)7

IN

N(r,00; F{") + N(r,0; F1") + N <r,

IN A IA

which is not possible.
Subcase 2.2. Let C = 1. Then we have 71" = G", i.e.,

fra = eM[f7).

Then f assumes the form
flz) = ce%z,

where ¢ is a non-zero constant and \"9wm .
Case 3. Let D = —1, then from (4.12), we get

m_ C+1DF-C
G'=——7pn—
Fi
Now proceeding exactly the same way as in Case 2, we get F["G" = 1, ie.,

fu M[f™] = ta®, where t™ = 1. Again since N(r,00; f) = S(r, f) = N(r,0; f), so
fndM tCL2
2T <'I"7T :T 'I",f2n—dM +O(1)

< T< MW]) +0(1)

T fndM
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" <7,7 M[f”]) LN <7,7 M[f”]) +o(1)

fndM fndM
N (1,00 M[f"]) + N (7,05 ) + O(1)
(ndn + QM) (7,005 f) + ndMN(r’(hf) +O(1)
("”7 f)7

which is not possible. O

IN

IN

IA A

5 Proofs of the Theorems

nd n
Proof of Theorem 1.9. Let F; = " and G, = L£7] and F = F", G = G7",

a
where f is a non-constant meromorphlc function. Now we discuss the following

cases.

Case 1. If YV = 0, then by using Lemma 7 and Lemma 9, we get the conclusions

of the Theorem 1.9.

Case 2. Let UV # 0, then from the assumption of Theorem 1.9, we see that
Ep(1, F) = Ep(1,G).

Subcase 2.1. When p > 2, then by using Lemma 11 and Lemma 12, we get

Ly ~1-Qu - 2, @um -1 %}W(hOO;f) 6.)
< { (k+1)d,, + - }{ 1}
p

and
mnd,, — —1}{(nd -Q )m—l—l}ﬁ(r 0;f) (5.2

M P M M P [ :
< {(k; +1)d,, + %}{1 + %}W(n 0; f) + S(r, f).

Now from the equations (5.1) and (5.2), we get

{ (mnd,, —~Y) (mnd,, — %) — C’}W(T, o0; f) < S(r, f) (5.3)

and

{ (mnd,, — 7{)) (mnd,, —vp,) — C}N(T, 0; f) < S(r, f), (5.4)

1 1 1
where vh, = mQ,, —1—1—1-5 and C = {(k‘+ 1)d,, +];}{1 +§}
Since

{mndM - ’Y;f}{mndzw - ’Yﬁz} -C
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= m2d12wn2 — mdM{’yf +’yﬁl}n + {’Y‘f’}’g@ — C}

_ e L, WAV = WP HAC [ v+ = V(0 1) +4C
M 2md,, 2md,, ’

in view of the assumptions of Theorem 1.9, we get a contradiction from (5.3) and
(5.4).
Thus we obtained from above

N(r,0,f) = S(r, f) = N(r,00; f). (5:5)

We now consider the following two cases:

Case 2.1.1. Let H # 0. Using Lemma 13 and Lemma 14 and (5.5), we get
T(r,f) = S(r, f), which is a contradiction.

Case 2.1.2. Let H = 0. Then from Lemma 15, we get the conclusion of Theorem
1.9. Subcase 2.2. When p = 0, using Lemma 11 and Lemma 12, we get

{mndM -1-2(Q,, + 1)}{(ndM —Q,,)m—(k+1)d,, — 2}W(r, o0; 5.6)

< {2(k: +1)d,, + 1}{QM +3}W(T700;f) +S(r, f)
and

{imnd,, —1-2Qy + 1) }{ 00, - Q= 4 1, — 2 W 05451

< {2(k: +1)d,, + 1}{QM + 3}W(h0;f) +5(r, f).

Now using equations (5.6) and (5.7) and proceeding the same way as done in Subcase
2.1, the rest of the proof can be carried out. So we omit the detail. O

Proof of Theorem 1.10. Since f is an entire function, we have N(r,o0;f) =
S(r, f). Now if U = 0, then using Lemma 9, we get the conclusion of Theorem
1.10.

If U # 0, then using Lemma 10 for p > 2 we get from (5.2) that

(mnd,, —7)(mnd,, —75,)N(r,0; f) < S(r, f).

pm@Q, +p+1
pmd,,
Again when p = 0, using Lemma 10 we get from (5.7)

Since n > , we get a contradiction.

{mndM - [2Q,, +3] } {mndM — [mQ,, + (k+1)d,, +2] }W(r, 0; f) < S(r, f),

le\/f + (k + 1)d1\/1 + 2
md,, '
Therefore N(r,0; f) = S(r, f). Now the rest of the proof follows Case 1 and Case
2 of the proof of Theorem 1.9. O

which is a contradiction since n >
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6 Some Open Questions

Question 6.1. Can we replace f™ by a general linear expression P(f) in anyway
in Theorem 1.9 and Theorem 1.10 to get the same specific form the function?

Question 6.2. Can we replace the differential monomial M[f"] by a differential
polynomial P[f"] in anyway in Theorem 1.9 and Theorem 1.10 to get the same
specific form the function?

Question 6.3. Can the lower bound of n be further reduced in Theorem 1.9 and
Theorem 1.10 to get the same conclusions?
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On a solution to equation with discrete
multiplicative -additive derivative
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Abstract. As it is well known, a discrete differential equation (basically, with
additive derivative) is called a difference equation [1-3]. The Cauchy problem for such
kind of equations is considered in [4]. Several initial and boundary value problems for
additive derivatives are also considered in [5].
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The subject of this paper is to study the solution to non-linear differential prob-
lems. The domain of solution determination is divided into a grid with step h for
discretization of the problem for ordinary differential equations. Here, we accept
h = 1. Therefore, we do not need the result as a continuous process.

As well as the equation, additional conditions can also be non-linear. It is based
on discrete additive derivative, discrete multiplicative derivative and discrete inte-
grals.

Let consider the equation with differentiation as follows:

fir Wiso —yir1)® .
Yits = Yir2 + — (Wi i+1) , ©2>0. (1)
Yi+1 — Yi

In order to solve this equation, we firstly find the equality describing how this
sequence is obtained by giving values to . If i« = 0, then we obtain from (1)

2
y3=y2+f0’w7 (2)
Y1 — Yo
if i =1, then
2 2 2
3 — Y2 2 — Y1 3 — Y2
P S € Rk ) RN - el IO NS Rk )
Y2 — Y1 Y1 — Y2 Y2 — Y1
2 2
Y2 — Y1 Y2 — Y1
=y2+f0(7)+f1f3(7)7 (3)
— Yo Y1 — Yo
if i = 2, then
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_ 2 9 B 3
ys—y4+fM:y2+f0M+ffo( y1)2+f2f1(y3 y22)
v v2 — Y1 — o) (y2 —v1)

_ (y2 —11)° 2 (2 — 1)’ sy — 1)
=v2tfo Y1 — Yo flfo ( Y1 — yo)2 " f2f1 fo (yl - yo)3 a
2 k+1 y2 . yl) +2
—y2+z ka+1 —p W. (4)
p=
So we obtain
(o — y1)k+2 k41
yz+3—y2+ZW ka+1 —p i > 0. (5)

Now let prove the relation obtained in (5) by mathematical induction.

We just proved that the statement (5) holds for ¢ = 2. Let show that if (5) holds
for 1 < g — 1, then also it holds for i = ¢:

(Ygi2 — Y +1)2 q— 1 — )k+2 k+1
q q
y+3—y+2+— f—y2+ T k+1 fk
1 / Yg+1 — Yq ! Z;) Y1 — Yo )Hl H H-p
2
k+1 k+1
(y2—y)**? (y2—y1)""
Y2 + Z (r—yo)* T H fk+1 p Y2~ Z (yz y;)k+1 'pl;ll f]f.;.l_p
+ =
i g, T
Y2 + T — Y2 — — 7 _
(y1—yo)" kti-p k=0 (y2 —ZIO)IH_1 p=1 ktl-p
2
(y2—y1)"" D
q— 1 y2 . yl k+2 k+1 (yl yo H fq p]
:y2+ (1 — yo)F T ka+1 pt fa ) =
Y2 — y1 P
0 (y2—50)? T H fq 1—=p
-1 k+1
_y2+q (y2 — y)** AL r+ S (=)™ f] 1fq1 206
- k k41— q I il
k=0 (yl - yO) 1 p=1 P (yl yO)q+ fq 2fq2 3. q
q—1 k42 k+1
(Y2 —y1) (y2 — )7
=Yz + fk 1— 1 fq f 1° f
kzzo (y1 — o) }_[1 Hop T (y1 — yo)qu —
k+1
. q+1 q y2 . )k+2 ;
X 1 +Z k‘-i-l ka+1 —p ()

k=0
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thereby showing that indeed (5) holds for ¢ = ¢. Since both the basis and the
inductive step have been performed, by mathematical induction, the statement (5)
holds for all natural numbers i. So we proved the following theorem.

Theorem 1. If there is an order-bounded sequence with true values f; for the given
non-linear third order difference equation (1), then the general solution to this equa-
tion has the form (5), where yo, y1 and yo are arbitrary constants.

Cauchy problem. If the Cauchy problem is considered for the equation (1), then
the following initial conditions shall be provided

yr =, a=0,1,2. (7)
Given these conditions, the solution to the problem (1), (7) takes the form

k+2 k+1

Qg — o R S et
y2+3—a2+27)k+1 ka+1 —p t=0,N-=3.

Boundary value problem. If we consider the boundary value problem for equation
(1) with boundary conditions

Y2 — Y1 =01, Y1 —Yo = o, YN = Qn, (8)

then in accordance with (5) we obtain the following solution

i k+2 k41

y2+3_y2+z 1 [,y =083,
k=0 0 p=1

N-3 k+2 E+1

aN_y2+Z k+1 ka+1 —p’

Substituting the last expression into the equation, one can get the following

N-3 k+2 k+1

Y2 = Qn — Z k+1 ka+1p i=0,N—3.
kO p=1

Thus, a single-valued solution could be obtained.

Conclusion. We have studied the Cauchy problem and the boundary value
problem for the third order difference equation with discrete derivative and the
analytical expressions for their solutions were obtained. Once the form of the general
solution to the equation was determined, it was proved by means of mathematical
induction. Finally, the constants included in the general solution were studied and
defined.
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