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Abstract: The paper presents a procedure for simulating a finite and homogeneous Markov chain in discrete time, using random 

extractions from a finite set of urns. Then the procedure changes to simulate a finite and homogeneous Markov chain in a discrete time 

whose stochastic transition matrix changes randomly to take into account the context in which stochastic modelling takes place. 
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1. Introduction   

 First, we present the algorithm for simulating a Markov chain (X (n)), n∈ℕ, finite and homogeneous, 

[2] and [3], determined by an initial distribution and a stochastic initial transition matrix, both composed of 

rational numbers. The condition that all probabilities are rational numbers facilitates the use of an urns system to 

generate the chain. Then, the initial system of urns with which the chain is generated expands by adding an 

additional urn in order to replace the original stochastic matrix with a new stochastic transition matrix obtained 

by a transformation that preserves the property of being a stochastic matrix. The time at which the original matrix 

is replaced is randomly determined using the second additional urn. 

Finally, the program in Mathematica 5.2 of the algorithm simulating the finite and homogeneous Markov chain 

(X ̅((n)), n∈ℕ, which contains the random change of the original matrix, is indicated. 
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2. The simulating a Markov chain (X (n)), n∈N, finite and homogeneous 

It is considered (𝑋(𝑛)), 𝑛 ∈ ℕ, a finite and homogeneous Markov chain with the r states, the initial 

probabilities p (i), i = 1, ..., r and the stochastic transition matrix ℙ = (p (i, j)) ∈ℳ𝑟, 1≤ i, j ≤ r. 

For r ∈ℕ∗, it is considered the set of the urns marked with 𝑈0, 𝑈1, ..., 𝑈𝑟, in each of them, there are at most 

r types of balls marked with 1,2, ..., r in different or in the same proportions possibly with certain types of missing 

balls in some urns. Types of balls are also called states. 

Let the vector p=(𝑝(𝑖)),1≤i≤ r, where p(𝑖) is the probability of random extraction of a type i ball out of 𝑈0, 

with return. If there are no balls of some types then there exists 𝐼0 ⊆ 𝐼
𝑟 = {1,… , 𝑟}, with p(𝑖) > 0 for i∈𝐼0 or 

p(𝑖) = 0 for i∉𝐼0 and ∑ 𝑝(𝑖)𝑟
𝑖=1 = 1. 

Let X (0) be the result of an extraction from the urn 𝑈0. X (0) is the random variable defined as follows: 

X(0): (Ω0, 𝒫(Ω0), 𝑃0) → (𝑆, 𝒫(𝑆)), 𝑆 = {1,… , 𝑟}, 

Ω0 = {𝜔𝑖
0|𝑖 ∈ 𝐼𝑟}, 𝑋(0)(𝜔𝑖

0) = 𝑖, 

and the distribution of X (0) is 

X(0): (
1
𝑝(1)

⋯
⋯

𝑟
𝑝(𝑟)), 

because 

𝑃0(𝑋(0) = 𝑖) = 𝑃0({𝜔𝑖
0}) = 𝑝(𝑖) = {

𝑝(𝑖) > 0, 𝑖 ∈ 𝐼0
0, 𝑖 ∉ 𝐼0

, and ∑ 𝑝(𝑖)𝑟
𝑖=1 = 1 . 

We construct a procedure to simulate 𝑛0 ∈ ℕ
∗ terms of (𝑋(𝑛)), 𝑛 ∈ ℕ, using random extractions from the 

urns marked with 𝑈0, 𝑈1, ..., 𝑈𝑟. The procedure has the following flowchart. 
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Figure 1. Flowchart of the procedure 

 

Applying this procedure simulates the random variable X(0) in the step 2 and the random variables X(1),..., 

X(𝑛0) in the steps 3, 4 and 5. 

The n-th extraction is also called, suggestively, the step n, n∈ ℕ∗. Then X(𝑛) represents the state of the n-

th step. 

For 1≤i,j≤r, we consider that p(𝑖, 𝑗) is the probability of extraction a j-type ball from the urn 𝑈𝑖. 

Obsevation. How p(𝑖, 𝑗) = 0 if urn 𝑈𝑖 contains no balls of type j, 1≤j≤r, there exists 𝐼𝑖 ⊆ 𝐼
𝑟 with  p(𝑖, 𝑗) >

0 for j∈𝐼𝑖 or p(𝑖, 𝑗) = 0 for j∉𝐼𝑖 and ∑ 𝑝(𝑖, 𝑗)𝑟
𝑗=1 = 1. 

Either the matrix ℙ=(𝑝(𝑖, 𝑗)) ∈ ℳ𝑟(ℚ). Since ∑ 𝑝(𝑖, 𝑗)𝑟
𝑗=1 = 1 for any 1≤i≤r, ℙ is a stochastic matrix. 

In these conditions the application of the procedure simulates a string of variables (X (n)), n∈ℕ, which can 

be argued to be a homogeneous finite Markov chain with the states space S = {1, ..., r}, with the initial distribution 

given by the vector p and with the stochastic transition matrix ℙ. 
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3. A modification of Markov finite and homogeneous chain 

Suppose that under certain circumstances, the matrix ℙ can be replaced by another stochastic matrix. 

Thus, either 𝔹 = (𝑏(𝑖, 𝑗)) ∈ ℳ𝑟(ℚ), 1 ≤ 𝑖, 𝑗 ≤ 𝑟, a stochastic matrix that could be the matrix of the finite 

and homogeneous Markov chain. A method by which matrix 𝔹 can replace matrix ℙ is the following. 

Either a U urn, having two types of balls, from which it is extracted randomly with the probability  𝑝𝑎 a 

type 1 ball and with the probability  𝑝𝑏 a type 2 ball, which will determine the stochastic transition matrix of the  

chain (X (n)), n∈ℕ, according to the following rule: 

- if the result of extraction in U is a ball of type 1, then the chain (X (n)), n∈ℕ has the stochastic transition 

matrix ℙ; 

- if the result of extraction in U is a ball of type 2, then the chain (X (n)), n∈ℕ has the stochastic transition 

matrix 𝔹. 

Matrix 𝔹, as a rule, comes from the matrix ℙ by applying some operations or transformations. For example, 

matrix 𝔹 can be obtained by permuting some columns of the matrix ℙ.  

Another example is built like this. We define the transformation called the image in the mirror of the 

matrix ℙ and denoted IM: 

IM: ℳ𝑟(ℚ) → ℳ𝑟(ℚ), IM(ℙ)= 𝔹=(𝑏(𝑖, 𝑗)),  

𝑏(𝑖, 𝑗) = 𝑝(𝑖, 𝑟 + 1 − 𝑗), ∀𝑖, 𝑗 = 1, 𝑟̅̅ ̅̅ . 

The IM operator retains the property of being a stochastic matrix because: 

∑ 𝑏(𝑖, 𝑗)𝑟
𝑗=1 = ∑ 𝑝(𝑖, 𝑟 + 1 − 𝑗)𝑟

𝑗=1 = 𝑝(𝑖, 𝑟) + 𝑝(𝑖, 𝑟 − 1) +⋯+ 𝑝(𝑖, 2) + 𝑝(𝑖, 1) = 1, ∀𝑖 = 1, 𝑟̅̅ ̅̅ . 

Also, we can compose the two kinds of transformations in different ways. 

The reason for modifying the initial procedure and introducing urn U is that it allows the stochastic modeling 

of a real-life phenomenon taking into account the circumstances or the socio-economic context in which the 

phenomenon occurs. 
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4. Simulation of the finite and homogeneous Markov chain with the change of the stochastic transition 

matrix at a random moment 

 

Let be the finite and homogeneous Markov chain (X (n)), n∈ℕ, where X (n) is the random variable 

representing the type of extracted ball at the n-th extraction from the urns 𝑈1, … , 𝑈𝑟, according to the procedure 

presented, and X (0) representing the type of ball drawn from the urn 𝑈0. 

This chain has the space of states S = {1, ..., r}, the initial distribution given by the vector p=(𝑝(𝑖)), 𝑖 =

1, 𝑟̅̅ ̅̅  and the transition stochastic  matrix ℙ=(𝑝(𝑖, 𝑗)) ∈ ℳ𝑟(ℚ). 

Suppose that in a randomly chosen step, the matrix ℙ is replaced by another stochastic matrix 𝔹 =

(𝑏(𝑖, 𝑗)) ∈ ℳ𝑟(ℚ), 1 ≤ 𝑖, 𝑗 ≤ 𝑟. 

A method by which matrix 𝔹 can replace the matrix ℙ at the randomly selected 𝑝𝑛 step is the following. 

Supposing that the chain length is 𝑛0 to determine the value of 𝑝𝑛 is considered 𝑈𝑝 urn, having 𝑛0 balls of the 

same type, numbered from 1 to 𝑛0. Then a ball is randomly extracted from the urn 𝑈𝑝, and its value is 𝑝𝑛. At the 

step 𝑝𝑛 a ball is randomly extracted from the urn U and the rule in the preceding paragraph applies. 

Now, we consider the modified chain (𝑿̅(𝒏)), 𝒏 ∈ ℕ, obtained from the chain (X (n)), n∈ℕ, which has the 

states space S = {1, ..., r}, the initial distribution given by the vector vector p=(𝑝(𝑖)), 𝑖 = 1, 𝑟̅̅ ̅̅   and the transition 

stochastic  matrix 𝕄=(𝑚(𝑖, 𝑗)) ∈ ℳ𝑟(ℚ), 1 ≤ 𝑖, 𝑗 ≤ 𝑟. 

We assume that 𝑛0 random extractions are made from the urns 𝑈1, … , 𝑈𝑟, according to the procedure 

presented. Then the step  𝑝𝑛 and the matrix 𝕄 are determined as follows. 

If ball k is randomly extracted from  𝑈𝑝, then 𝑝𝑛 = 𝑘. At step 𝑝𝑛 it will randomly extract a ball from the U 

urn. By applying the rule above it is obtained: 

𝕄={
ℙ,
𝔹,
  
if the extracted ball has the color 1
if the extracted ball has the color 2

 . 

The modified chain simulation algorithm (𝑿̅(𝒏)), 𝒏 ∈ ℕ, by performing  𝑛0 random extractions is the 

following. 
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The simulation algorithm  

* Extract a ball from the 𝑈𝑝 * 

1. Generate Up∈𝑈(0,1); 

2. 𝑝𝑛 = 1 + [𝑛0 ∗ 𝑈𝑝]; 

* Extract a ball from the 𝑈0 urn and it is determinate 𝑋̅(0) * 

3. Generate 𝑈0  ∈ 𝑈(0,1); 

4. If 𝑈0≤𝑝(1), then L=1,  𝑋̅(0) = 𝐿 and go to step 6, else go to step 5; 

5. If 𝑈0 > ∑ 𝑝(𝑖)𝐿
𝑖=1 , then 𝐿 = 𝐿 + 1 and go back to step 5, else 𝑋̅(0) = 𝐿 and go to step 6; 

6. n=1; 

*A Markov chain is generated with the length of 𝑝𝑛 ∗ 

7. If 𝑝𝑛 = 1, then go to step 14, else go to step 8;  

8. Generate UL ∈ 𝑈(0,1); 

9. If UL ≤ 𝑝(X̅(0), 1), then J =1, 𝑋̅(𝑛)=J and go to step 11, else go to step 10; 

10. If UL>∑ 𝑝(𝑋̅(0), 𝑖), then 𝐽 = 𝐽 + 1𝐽
𝑖=1  and go back to step 10, else 𝑋̅(𝑛) = 𝐽; 

11. Generate UL1 ∈ 𝑈(0,1); 

12. If UL1≤p(𝑋̅(𝑛), 1), then k=1, n =n+1, 𝑋̅(𝑛)=k and go to step 14, else go to step 13;  

13. If UL1>∑ 𝑝(𝑋̅(𝑛), 𝑖)𝑘
𝑖=1  , then k =k+1 and go back to step 13, else n=n+1 and 𝑋̅(𝑛) = 𝑘; 

14. If n<𝑝𝑛, then go back to step 11, else go to step 15; 

*The stochastic transition matric 𝕄 is determined by extracting a ball from the U urn* 

15. Generate U ∈ 𝑈(0,1); 

16. If U≤pa, then 𝕄=ℙ, else 𝕄= 𝔹; 

*A Markov chain is generated with the length of 𝑛0 − 𝑝𝑛 + 1* 

17. If 𝑝𝑛 = 1, then n =𝑝𝑛 − 1, else n =𝑝𝑛; 

18. Generate UL2∈ 𝑈(0,1); 

19. If UL2≤m(𝑋̅(𝑛), 1), then k =1, 𝑛 = 𝑛 + 1, 𝑋̅(𝑛)=k and go to step 21, else go to step 20; 

20. If UL2>∑ 𝑚(𝑋̅(𝑛), 𝑖), then 𝑘 = 𝑘 + 1𝑘
𝑖=1  and go back to step 20, else n=n+1 and 𝑋̅(𝑛) = 𝑘; 

21. If n < 𝑛0 , then go back to step 18, else STOP. 
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5. A numeric application 

We consider the  random trajectory [2] of a particle on an oriented axis, it can only occupy the absolute 

abscissa points 0,1,2,3,4,5,6,7, so that at each moment the n particle makes a jump with a unit, to the left with the 

probability q or to the right with the probability p, p + q = 1,  p, q ∈ (0,1),  p, q∈ℚ, and if the particle reaches 0 or 

7 is reflected in 1 , respectively in 6 where it remains immobile. The stochastic model of random trajectory is a 

finite and homogeneous Markov chain (X (n)), n∈ℕ, with the states space S = {0,1,2,3,4,5,6,7} and with following 

stochastic transition matrix: 

ℙ= 

(

 
 
 
 
 

0
𝑞
 
1
0
 
0
𝑝
 
0
0
 
0
0
 
0
0
 
0
0
 
0
0

0
0
 
𝑞
0
 
0
𝑞
 
𝑝
0
 
0
𝑝
 
0
0
 
0
0
 
0
0

0
0
 
0
0
 
0
0
 
𝑞
0
 
0
𝑞
 
𝑝
0
 
0
𝑝
 
0
0

0
0
 
0
0
 
0
0
 
0
0
 
0
0
 
𝑞
0
 
0
1
 
𝑝
0)

 
 
 
 
 

. 

 

In order to generate this chain, we consider eight 𝑈0, … , 𝑈7 urns in which there are balls of types 0, ..., 7 not 

necessarily of all types. Thus, in the urn 𝑈0 there are balls of the type 1, in the urn 𝑈1 there are balls of the types 

0 and 2, in the urn 𝑈2  balls of types 1 and 3, in the urn 𝑈3 balls of types 2 and 4, in the urn 𝑈4 balls of types 3 

and 5, in the urn 𝑈5 balls of types 4 and 6, in the urn 𝑈6 balls of types 5 and 7, and in the urn 𝑈7 there are balls of 

type 6.  

The structure of 𝑈0, … , 𝑈7 urns is such that the following relationships take place: 

- the probability of extracting a ball of type 0, 1, 2, 3, 4, and 5, respectively, from these urns, is equal to q; 

- the probability of extracting a ball of type 2, 3, 4, 5, 6, and 7, respectively, from these urns, is equal to p. 

Now let us assume that the random trajectory of a particle takes place in an environment that influences it, 

the influence consist in the replacement, at a randomly chosen step, of the stochastic transition matrix ℙ through 

the matrix IM(ℙ) = 𝔹, in which case the chain (X (n)), n∈ℕ, becomes the chain (𝑋̅(𝑛)), 𝑛 ∈ ℕ, whose simulation 

is accomplished by applying PML1 algorithm. 
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The influence of the environment is captured by considering alongside the eight urns, in addition, of a urn 

U having two types of balls, from which it is randomly extracted with the probability 𝑝𝑎 a type 1 ball and with 

the probability 1-𝑝𝑎 type 2 ball.  

In accordance with the rule in paragraph 3, with the help of a random extraction from urn U it is determined 

whether matrix B replaces the matrix ℙ. 

For p = 0.6, q = 0.4, 𝑝𝑎= 0.8 and the initial probabilities p (i), i = 1, ..., 8 given by the vector po = 

(0,1,0,0,0,0,0,0) the chain simulation algorithm (𝑋̅(𝑛)), 𝑛 ∈ ℕ, with the length 𝑛0 has the following program in 

Mathematica 5.2: 

Block[{p={{0,1,0,0,0,0,0,0},{0.4,0,0.6,0,0,0,0,0},{0,0.4,0,0.6,0,0,0,0},{0,0,0.4,0,0.6,0,0,0},{0,0,0,0.4,0,0

.6,0,0},{0,0,0,0,0.4,0,0.6,0},{0,0,0,0,0,0.4,0,0.6},{0,0,0,0,0,0,1,0}}, 

po={0,1,0,0,0,0,0,0},pa=0.8,r=9,no,k=1,J=2}, 

MapIndexed[xbar[#1,First[#2]]&,Table[1,{21}]]; b=Reverse/@p;Print[“b=”,{b}]; 

up=Random[];pn=1+Floor[no×up];Print[“pn=”,{pn}]; 

If[k<r,uo=Ranom[];Print[”uo=’,{uo}’];If[uo<po[[1]],xbar[1,1]=k, 

While[uo>∑ po[[i]]k
i=1 , k + +];xbar[1,1]=k],k=r];Print[”xbar=”,{xbar}]; 

If[pn≤1,u1=Random[];Print[”u1=”,{u1}];If[u1≤pa,m=p,m=b];Print[”m=”,{m}];no=no+1, 

Do[If[J<r,u2=Random[];Print[”u2=”,{u2}];If[u2≤m[[xbar[1,1],1]],xbar[1,n]=J, 

While[u2>∑ m[[xbar[1,1], i]]J
i=1 ,J++];xbar[1,n]=J],u3=Random[];Print[”u3=”,{u3}]; 

If[u3≤m[[xbar[1,n],1]],xbar[1,n]=J,While[u3>∑ m[[xbar[1, n], i]]J
i=1 ,J++];xbar[1,n]=J]]; 

Print[xbar[1,n]];xbar[1,1]=xbar[1,n],{n,2,no,1}], 

Do[If[J<r,u2=Random[];Print[”u2=”,{u2};If[u2≤p[[xbar[1,1],1]],xbar[1,n]=J, 

While[u2>∑ p[[xbar[1, n], i]]J
i=1 ,J++];xbar[1,n]=J]]; 

Print[xbar[1,n]];xbar[1,1]=xbar[1,n],{n,2,pn,1}];u1=Random[];Print[”u1=”,{u1}]; 

If[u1≤pa,m=p,m=b];Print[”m=”,{m}];nn=pn+1;J=2; 
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Do[If[J<r, u4=Random[];Print[”u4=”,{u4}];If[u4≤m[[xbar[1,pn],1]],xbar[1,n]=J]]; 

Print[xbar[1,n]];xbar[1,pn]=xbar[1,n],{n,nn,no,1}]]] 

The laptop used for the simulations has Intel Pentium (R) Dual-Core based, running at 2.10GHz, for which 

a simulation time was under 1 minute. The following table shows the simulation results of 400 of Markov chains 

for 𝑛0 ∈ {20, 30, 40}. 

TABLE 1 

m Last state before of the moment  

                                 Pn 

The absorbent state towards which chain 

                                converges 

 p                       _ , 1 , 3 , 4 , 5 , 6 , 7                                  7 

 b                      _ , 1 , 2, 3 , 4, 5 , 6, 7                           4 , 5 , 6 , 7 

 

The sign "_" signifies that pn = 1, ie at the time one it is randomly determined if the matrix p changes or 

not. 

Conclusion 

1. If m = p, irrespective of the last state of the moment pn, the state of absorption towards which the chain 

converges is state 7. This corresponds to the theoretical conclusion, simulation being adequate. 

2. If m = b, depending on the ultimate state before moment pn, the absorbing state towards which the chain 

converges is one of states 4, 5, 6 or 7. This only partially matches with the theory, simulation being less 

appropriate. 
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