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Professor doctor Ion Valuță (Valutse)  

 

Between October 27 and 28 2020 was held the work of the 

International Symposium „Actual Problems of Mathematics 

and Informatics” dedicated to the 90th Birthday of Professor 

Ion Valuță. The present volume includes papers presented at 

this symposium. This symposium was organized by the 

Academy of Sciences of Moldova, the Technical University of 

Moldova and the State University of Tiraspol 



Acta et Commentationes, Exact and Natural Sciences ISSN: 2537-6284
Volume 10(2), 2020, Pages 8–16 E-ISSN: 2587-3644
UDC 06.691.5 DOI: 10.36120/2587-3644.v10i2.8-16

Professor Ion Valut,ă – teacher of many generations of students

Mitrofan Cioban

Professor doctor Ion Valuţă (Valutse) was born on 29th of May 1930 in Donduşeni
(Dondusheni), Soroca district, Romania, today Republic of Moldova. In his "first seven
years of life", he acquired not only the main norm of correct social behavior, but also he
was conquered by the beauty of Romanian language and by the charm of numbers, he
understood the power and the value of the word and developed the sense of responsibility.
Studied at the local school in Donduşeni and two years at the Lyceum from Iasi, Romania.
His university studies were at the Pedagogical University of Chisinau in 1947-1951 and
then in 1954-1955, at the M. V. Lomonosov Moscow University. The doctoral studies
were carried under the direction of the great Professor A. G. Kurosh at Mechanical-
Mathematical faculty of M. V. Lomonosov Moscow University. In 1963 he received his
doctorate, then in 1965 he holds the scientific title of docent, and in 1983 the Higher
Attestation Commission of the Soviet Union confirms the title of the Professor. Many
years he was in the position of the dean of the Physical-Mathematical faculty of Tiraspol
University, where he works in the period of 1952 - 1964. Professor Ion Valuţă soon
became well known in the Universitario sphere of the Republic of Moldova. The process
of industrialization of the republic began and for this purpose was taken the decision
to found the Polytechnic University in Chisinau. In 1964 the Academician Serghei
Radautsan, Professor Ion Valuţă together with others started to create this important
university. From 1965 to 1975 he was vice-rector for scientific researcher. During these
years, the managerial and professional qualities were fully manifested. An institute with
great authority was created.

In the multidimensional activity during the life of Professor Doctor Ion Valuţă, the
priority directions are the following:

The theory of universal algebras and applications.
History and Methodology of Science.
Didactics and Education.
Management of Scientific Research.
The book [14] contains extensive information about the activity of Professor Ion Valuţă.

We will expose some moments from the life and activity of Professor Ion Valuţă.
The theory of universal algebras and applications: Let N = {1, 2, ...} be the set of

natural numbers and 𝜔 = {0, 1, 2, . . . } be the set of non-negative integers. Let 𝑛 ∈ 𝜔.
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Cioban M.

The 𝑛-ary Cartesian power of a set 𝑋 is denoted by 𝑋𝑛. If the set 𝑋 is empty, then the set
𝑋𝑛 is empty too. If the set 𝑋 is non-empty, then the set 𝑋0 is a singleton and the set 𝑋𝑛

is non-empty too.
The discrete sum Ω = ⊕{Ω𝑛 : 𝑛 ∈ 𝜔} of the pairwise disjoint sets {Ω𝑛 : 𝑛 ∈ 𝜔}

is called a signature. A topological Ω-algebra or a topological universal algebra of the
signatureΩ is a family {𝐺, 𝑒𝑛𝐺 : 𝑛 ∈ 𝜔}, where𝐺 is a non-empty set and 𝑒𝑛𝐺 : 𝐺𝑛 −→ 𝐺

is a mapping for each 𝑛 ∈ 𝜔. The concept of universal algebra was created by Alfred
North Whitehead in 1898 as a generalization of Boole’s logical algebras. The term
universal algebra was proposed by James Joseph Sylvester [33]. Between 1935 and 1950
important works were published by Garrett Birkhoff, in which he introduced the notions of
variety, quasi-variety, free algebra, congruences and proved the homomorphism theorems
[2, 3, 4]. After 1950, due to applications in mathematical logic, model theory, geometric
algebras, theoretical and computer physics, the theory of universal algebras began to
develop fruitfully [4, 6, 16, 17, 19, 27, 28]. In [22, 23, 25, 26, 12, 27, 12, 10, 11] were
studied semigroups of endomorphisms of universal topological algebras.

Let 𝐴, 𝐵 and𝐶 be three universal algebras of signature Ω. The function 𝑓 : 𝐴 −→ 𝐵 is
called a morphism or homomorphism, if 𝑓 (𝑢(𝑥)) = 𝑢( 𝑓 𝑛 (𝑥)) for any 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) ∈
𝐺𝑛 and 𝑛 ∈ 𝜔, where 𝑓 𝑛 (𝑥) = ( 𝑓 (𝑥1), 𝑓 (𝑥2), . . . , 𝑓 (𝑥𝑛)) and 𝑢 ∈ Ω𝑛. The composition
of the functions 𝑓 : 𝐴 −→ 𝐵 and 𝑔 : 𝐵 −→ 𝐶 is the function ℎ = 𝑓 · 𝑔 : 𝐴 −→ 𝐶,
where ℎ(𝑥) = 𝑔( 𝑓 (𝑥)) for any 𝑥 ∈ 𝐴. A morphism that is a bijective function is
called an isomorphism. If a isomorphism can be established between two universal
algebras, they are called isomorph. Two isomorph universal algebras are identified.
Morphisms, respectively isomorphisms, of a topological universal algebra in itself are
called endomorphisms, respectively automorphisms. Subalgebras and Cartesian products
of Ω-algebras are defined in traditional way [4, 6, 16, 27, 28, 33].

The family of all endomorphisms 𝐸𝑛𝑑 (𝐺) of a universal algebra 𝐺 relatively to the
operation of composition 𝑓 · 𝑔 is a monoid.

Let Ω be a fixed signature. For any non-empty subset 𝐴 of the universal algebra
𝐺 denote by 𝑠𝐺 (𝐴) the smalest subalgebra of 𝐺 which contains the set 𝐴. Denote by
𝑆𝑢𝑏(𝐺) the lattice of all sue consider that the empty subset is the minimal subalgebra of
the algebra 𝐺. A universal algebra 𝐺 is called cyclic if there exists a point 𝑎 ∈ 𝐺 such that
the set {𝑎} generate the algebra 𝐺. A universal algebra 𝐺 is a free universal algebra in
some class (see [15, 16, 6]) of universal algebras if there is given a subspace 𝐼 = 𝐼𝐺 ⊂ 𝐺

with the properties:
1) the algebra 𝐺 is generate by the set 𝐼, i.e. 𝐺 = 𝑠𝐺 (𝐼) and 𝐼 is called the space of

generators of 𝐺;
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2) for any continuous mapping 𝑓 : 𝐼 −→ 𝐺 there exists a (unique) continuous endo-
morphism 𝑓 : 𝐺 −→ 𝐺 such that 𝑓 (𝑥) = 𝑓 (𝑥) for each 𝑥 ∈ 𝐼.

Denote by 𝐸𝑥𝑝(𝑋) the lattice of all subsets of 𝑋 . Let 𝑆 be a multiplication semigroup.
A non-empty subset 𝐴 of 𝑆 is called a left (respectively right) ideal of 𝑆 if 𝑆 · 𝐴 ⊂ 𝐴

(respectively 𝐴 · 𝑆 ⊂ 𝐴).
Lemma 1. Let 𝐺 be a universal algebra of the signature Ω and 𝑀 be a subset of 𝐺.

Then the set 𝐸𝑛𝑑 (𝐺)𝑀 = {𝜑 ∈ 𝐸𝑛𝑑 (𝐺) : 𝜑(𝐺) ⊂ 𝑀} is a left ideal of the semigroup
𝐸𝑛𝑑 (𝐺).

The left ideal 𝐸𝑛𝑑 (𝐺)𝑀 is called a 𝐺-saturated ideal of the monoid 𝐸𝑛𝑑 (𝐺). Denote
by 𝑆𝑝𝑒𝑐𝑠 (𝑆) the family of all 𝐺-saturated ideals of 𝐸𝑛𝑑 (𝐺).

The subset 𝑀 of the algebra 𝐺 is called the 𝑎(𝜎)-subset, if 𝑀 is a union of subalgebras
of the algebra 𝐺.

Lemma 2. Let 𝐺 be a universal algebra. The family 𝑆𝑢𝑏𝑎 (𝜎) (𝐺) of all 𝑎(𝜎)-subsets
of the algebra 𝐺 is a complete sublattice of the lattice 𝐸𝑥𝑝(𝐺) of all subsets of 𝐺.

The subset 𝑀 of the algebra 𝐺 is called the 𝑒(𝜎)-subset, if 𝑀 = ∪{𝜑(𝐺) : 𝜑 ∈ 𝐻} for
some subset 𝐻 ⊂ 𝐸𝑛𝑑 (𝐺). The family 𝑆𝑢𝑏𝑒 (𝜎) (𝐺) of all 𝑒(𝜎)-subsets of the algebra 𝐺
is a complete sublattice of the lattice 𝑆𝑢𝑏𝑎 (𝜎) (𝐺).

Theorem 1. Let 𝐺 be a universal algebra. The following assertions are equivalent:
1. 𝐺 is a cyclic universal algebra.
2. ∪{𝐸𝑛𝑑 (𝐺)𝑀𝛾

: 𝛾 ∈ 𝐿} = 𝐸𝑛𝑑 (𝐺)∪{𝑀𝛾 :𝛾∈𝐿 } for any family of 𝑎(𝜎)-subsets
{𝑀𝛾 : 𝛾 ∈ 𝐿} ⊂ 𝑆𝑢𝑏𝑎 (𝜎) (𝐺).

Theorem 2 ([27], p. 79). Let G be a free universal algebra. The following assertions
are equivalent:

1. 𝐺 is a cyclic universal algebra.
2. ∪{𝐸𝑛𝑑 (𝐺)𝑀𝛾

: 𝛾 ∈ 𝐿} = 𝐸𝑛𝑑 (𝐺)∪{𝑀𝛾 :𝛾∈𝐿 } for any family of 𝑒(𝜎)-subsets
{𝑀𝛾 : 𝛾 ∈ 𝐿} ⊂ 𝑆𝑢𝑏𝑒 (𝜎) (𝐺).

The following assertion was proved in [22, 23, 25, 27, 10].
Theorem 3. Let 𝐺 be a free universal algebra. Then 𝑆𝑝𝑒𝑐𝑠 (𝑆), 𝑆𝑢𝑏𝑎 (𝜎) (𝐺),

𝑆𝑢𝑏?𝑒 (𝜎) (𝐺) are isomorphic complete lattices.
G. Gratzer and E. T. Schmidt [17] proved that any complete lattice is isomorphic

to the lattice of congruence of some universal algebra. The monoid 𝐸𝑛𝑑 (𝐺) of all
endomorphisms of the universal algebra 𝐺 is a semigroup with unity. In [20] A. I.
Mal’cev describe the structure of a symmetrical groupoid (monoid of all transformations
of a set). The following theorem is a generalization and conceptualization of the theorem
from ([27], p. 98) and is proved in [10, 11].

10
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Theorem 4. For any monoid 𝑆 there exist a signature Ω and a universal algebra 𝐺𝑆

of signature Ω such that:
1. The semigroups 𝑆 and 𝐸𝑛𝑑 (𝐺𝑆) are isomorphic.
2. 𝐺𝑆 is a free cyclic universal algebra of signature Ω.
Let 𝛼 be a relation of equivalence on the universal algebra 𝐺 of signature Ω and

𝑝𝛼 : 𝐺 −→ 𝐺/𝛼 be the natural projection. The binary relation 𝛼 is a congruence on
𝐺 if and only if 𝛼 is an equivalence relation and on the set 𝐺/𝛼 there exists a structure
of a universal algebra of signature Ω for which 𝑝𝛼 : 𝐺 −→ 𝐺/𝛼 is a morphism. Let
𝛼, 𝛽 be two binary relations on the universal algebra 𝐺. The product of these relations
𝛼𝛽 is defined as follows: 𝑥𝛼𝛽𝑦 if and only if 𝑥𝛼𝑧 and 𝑧𝛽𝑦 for some 𝑧 ∈ 𝐺. If for any
two congruences 𝛼, 𝛽 of the algebra 𝐺 we will have 𝛼𝛽 = 𝛽𝛼, then it is said that 𝐺
is an algebra with permutable congruences. Algebra 𝐺 is an algebra with correct (or
regular) congruences if for any two different congruences 𝛼, 𝛽 there are no common
equivalence classes: the sets {𝑦 ∈ 𝐺 : 𝑥𝛼𝑦} and {𝑦 ∈ 𝐺 : 𝑥𝛽𝑦} are distinct for any point
𝑥 ∈ 𝐺. These notions were introduced by G. Birkhoff in 1935 [3]. A. I. Mal’cev [19]
showed the significance of these notions in algebra and topology, constructed an example
of algebra with permutable congruences without correct congruences, constructed a class
of biternary algebras in which congruences are permutable and correct. H. A. Thurston
[21] in 1958 formulated the question: is algebra with permutable congruences an algebra
with correct congruences? This problem was completely solved by I. Valuţă in the paper
[24]. The following results were obtained:

Theorem 5. There is a universal algebra with six elements and two binary operations
with correct congruences and without permutable congruences.

Theorem 6. If the universal algebra with correct congruences has at most five elements,
then this algebra is with permutable congruences.

These results have been published in papers [22, 23]. In the works [25, 26] Professor
Ion Valuţă obtained other profound results regarding the structure of some concrete lattice
of morphisms. In particular, the ideals of the right are also described. In monograph [27]
a general theory of the ideals of the abstract monoid 𝐸𝑛𝑑 (𝐺) for any free algebra 𝐺 has
been proposed. This research was continued in articles [10, 11, 12].

History and Methodology of Science: A special direction in the activity of professor
Ion Valuţă occupies the researches related to the history and methodology of science,
especially of mathematics and informatics. Ion Valuţă discussed at various scientific
conferences the history of science development on Romanian lands [9, 29]. Science has
emerged as a result of the formation of the relationship between human and nature. Via-
bility, pragmatic spirit and reality, as well as the world of ideas and reasoning, represent

11
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the effective and objective existence of science, a fact confirmed by the huge variety of
its achievements in different areas of life and mind. These principles were applied by
Professor Ion Valuţă to the history of mathematical research in the Republic of Moldova,
reflected in the chapters of the collective monograph [7]. In the study of the history and
methodology of mathematics, Professor Ion Valuţă was initially based on the periodiza-
tion of the history of mathematics after A. N. Kolmogorov [18], who mentioned four
periods of the history of mathematics. A. N. Kolmogorov’s point of view was developed
in [29] and then the history of the development of mathematics and computer science
was divided into seven periods with six subperiods [8]. The notion of period reflects
not so much the level obtained in a certain region, but the new ideas, methodological
conceptions and mathematical tools developed at that time, regardless of the regions in
which these results would have been obtained. An important role in the study of the
history of mathematics, and generally of science, is played by the formation of scientific
language and the formation of scientific concepts. We could say that the concepts demon-
strate how natural processes and phenomena are formed and directed. The formation of
terminology in the mother language is an important process for the culture and for the
educational system of each nation. The name of the concepts, operations, symbols and
other objects necessary to describe the scientific processes and conclusions, depends on
the language in which the scientific work is presented. Professor Ion Valuţă had an essen-
tial contribution to the formation of the mathematical language for the Romanian speakers
in the area of the Republic of Moldova. He translated a series of textbooks from other
languages into Romanian with Cyrillic spelling (which in 1938 was called the Moldavian
language), contributed to the elaboration of the works [1, 32]. When elaborating these
mathematical dictionaries, the authors were lead by the mathematical terminology that is
used in Romania. For this reason, the "Russian-Moldavian Mathematical Dictionary" is
a "Russian-Romanian Mathematical Dictionary", but written in Cyrillic characters. This
fact did not go unnoticed. In the book ([13], p. 32) N. G. Corlateanu mentions "It should
also be mentioned that in the field of language practice in the SSR Union, in general
the principle of minimum differentiation between the languages of the Soviet people is
applied. ... As for the new terms ... it is recommended to follow the principle of minimum
differentiation. Usually, these new terms go through the Russian succession and there is
no point in making an artificial difference from the way they appear in this language".
So it was not easy to write Romanian in Cyrillic, because the people in the MSSR are a
Soviet people and must respect the "internationalization of terminology" in terms of "the
principle of minimum differentiation between the languages of Soviet peoples."

12



Cioban M.

Didactics and Education: Professor Ion Valuţă also carried out his activity in the
study of the problems of the educational process: various problems of the organization of
the educational process; principles and methods of teaching subjects. First, he studied the
principles and methods of teaching mathematics in the training of teachers of mathematics,
physics and computer science. He developed the course of history and methodology
of mathematics [7]. Studying the role of mathematics and computer science in the
training of highly qualified engineers, he developed the optional course "Basics of the
theory of universal algebra" [28], "Elements of linear programming" [31] and monograph
"Economic calculations based on optimal planning models" [5]. Together with G. D.
Diligul, they studied the mathematical principles and bases in the process of training
the secondary engineering staff with specialized secondary education. And, as a result,
the textbook "Mathematics" [30] for engineering colleges was developed, which was
selected by the Ministry of Higher and Specialized Education of the Soviet Union for all
engineering colleges of the USSR.

In the position of the dean of the physical-mathematical faculty of Tiraspol University,
Professor Ion Valuţă raised the issue of improving the study process for students. First
of all, the question was that the study process should correspond to the principles of
continuity and inter-multi-disciplinarily. The formation of research skills is an inter-
multi-disciplinary factor of continuity of studies. In this recent picture, professors Ion
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Valuţă and Sergiu Miron (born on the 3rd of September 1925) with a group of their former
graduate students of the faculty from 1965.

Management of Scientific Research: For many years Professor Ion Valuţă held
various leadership positions and scientific projects, manifesting the qualities of a skilled
organizer. He was the scientific leader of the doctoral students, training five doctors of
science. He has been active in attesting scientific staff, since 1967 as an official referent or
member of the scientific councils for defending doctoral thesis’s in sciences, is an active
member of the scientific seminar in algebra, mathematical logic and number theory. Since
1965 he has participated in all union scientific conferences of algebraists, at symposia
on various fields of mathematics and its applications. Since 1992 he participates in the
Conferences of the Romanian Society of Applied and Industrial Mathematics - CAIM.
At his initiative were organized many scientific conferences in the Republic of Moldova,
one of the last was CAIM-2019. He has published over a hundred scientific articles, over
thirty books, five monographs and many publications of different character.

Recently, between October 27 and 28, 2020, was held the work of the International
Symposium "Actual Problems of Mathematics and Informatics" dedicated to the 90th
Birthday of Professor Ion Valuţă. The above words confirms that Professor Ion Valuţă is
a multidimensional personality, full of patriotism, which completely corresponds to the
characteristic of patriotism in the vision of the great Romanian writer Mihail Sadoveanu:
"Patriotism does not mean hatred against other nations, but duty to our nation; it does not
mean the claim that we are the most worthy people in the world, but the urge to become
a worthy people. Honest work, clean living, love of fellow human beings, weaving the
debts we have - that is, deeds - this means patriotism and not empty words.

HAPPY BIRTHDAY Professor Ion VALUŢĂ.
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Mathematical modeling of the multipair convex-concave teeth
contact in precessional gearing

BOSTAN Viorel, BOSTAN Ion, and VACULENCO Maxim

Abstract. The paper addresses the problems of creating toothed gears 𝐴𝐷
𝐶𝑋−𝐶𝑉

for 2𝐾 − 𝐻 precessional transmissions, with convex-concave contact 𝐾𝐶𝑋−𝐶𝑉

with the small difference in the curves of the flanks of the multiple pair conjugated
teeth. In order to create the convex-concave contact 𝐾𝐶𝑋−𝐶𝑉 of the geared teeth
with spherospatial motion, we admit that the profile of the satellite teeth are
designated with the LEM curve of radius 𝑟. The Euler kinematic equations are
applied to create the mathematical model.
Keywords: mathematical model, precessional transmission, convex-concave
contact, Euler kinematic equations.

Modelarea matematica a contactului multipar convex-concav în
angrenajele precesionale

Rezumat. Lucrarea abordează problemele creării angrenajelor dint,ate 𝐴𝐷
𝐶𝑋−𝐶𝑉

pentru transmisii precesionale 2𝐾 − 𝐻, cu contact convex-concav 𝐾𝐶𝑋−𝐶𝑉 cu
diferent,ă mică a curbelor de flanc al dint,ilor conjugat,i multipari. Pentru a crea
contactul convex-concav 𝐾𝐶𝑋−𝐶𝑉 al dint,ilor angrenat,i cu mis, care sferospat,ială,
admitem că profilul dint,ilor satelit sunt desemnat,i cu curba LEM de rază 𝑟 .
Ecuat,iile cinematice ale lui Euler sunt aplicate pentru a crea modelul matematic
Cuvinte cheie: model matematic, transmisie precesională, contact convex-
concav, ecuat,ii cinematice Euler.

The development of toothed wheels manufacturing technologies on numerically con-
trolled machine tools (CNC) including additive technologies with 3D printing, radically
changes the approaches to the presentation of curvilinear surfaces of the teeth flanks,
based on mathematical models and computerized design on the CAD/CAM/CAE plat-
form. This paradigm mainly refers to gears with non-standard profiles of multiple pair
conjugated teeth with punctiform or linear contact of the active surfaces, which ensure the
transformation of the motion and the transmission of the load. The paper addresses the
problems of creating toothed gears 𝐴𝐷

𝐶𝑋 -𝐶𝑉
for 2𝐾−𝐻precessional transmissions, with
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convex-concave contact 𝐾𝐶𝑋 -𝐶𝑉 with the small difference in the curves of the flanks of
the multiple pair conjugated teeth.

In order to create the convex-concave contact 𝐾𝐶𝑋 -𝐶𝑉 of the geared teeth with
spherospatial motion, we admit that the profile of the satellite teeth are designated with
the LEM curve of radius 𝑟 .

Figure 1. Description of the teeth profile of the central wheel through the wrap
of the circular arcs family in the coordinate system 𝑂�̄�𝑌 �̄�

The trajectory of the motion of the origin of the radius r in the spherospatial motion
of the satellite is presented by the function Z = 𝑓 (b), and the profile of the teeth of the
central wheels is presented by the LEM function Z1 = 𝑓 (b1).

From the Euler kinematic equations, taking into account the kinematic relation between
the angles 𝜑 and 𝜓 expressed by ¤𝜑 = − 𝑍1

𝑍2
¤𝜓, we obtain the trajectory of the LEM motion

Z1 = 𝑓 (b1) of origin 𝐺 of the radius of the circle arcs expressed by the coordinates 𝑋𝐺 ,
𝑌𝐺 , 𝑍𝐺 depending on the rotation angle of the crankshaft 𝜓:
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𝑋𝐺 = 𝑅 cos 𝛿 [− cos𝜓 sin (𝑍1𝜓/𝑍2) + sin𝜓 cos (𝑍1𝜓/𝑍2) cos \]

− 𝑅 sin 𝛿 sin𝜓 sin \,

𝑌𝐺 = −𝑅 cos 𝛿 [sin𝜓 sin (𝑍1𝜓/𝑍2) + cos𝜓 cos (𝑍1𝜓/𝑍2) cos \]

+ 𝑅 sin 𝛿 cos𝜓 sin \,

𝑍𝐺 = −𝑅 cos 𝛿 cos (𝑍1𝜓/𝑍2) sin \ − 𝑅 sin 𝛿 cos \.

(1)

where \ is the nutation angle, 𝛿 – angle of the conical axoid.
The equation of the winding of LEM circle arc family on the sphere of radius R is

determined by solving jointly the equations, which describe the surfaces of the flanks of
the teeth of the satellite with a circle arc profile

Φ(𝑋,𝑌, 𝑍, 𝜓) = 𝑋�̄�𝐺 + 𝑌𝑌𝐺 + 𝑍�̄�𝐺 − 𝑅 cos 𝛽 = 0
𝑑Φ

𝑑𝜓
(𝑋,𝑌, 𝑍, 𝜓) = 0

(2)

and the equation of the surface of the sphere

𝑋2 + 𝑌2 + 𝑍2 − 𝑅2 = 0. (3)

For this we write from equations (2) and (3)

𝑑Φ

𝑑𝜓
= 𝑋

𝜕�̄�𝐺

𝜕𝜓
+ 𝑌 𝜕𝑌𝐺

𝜕𝜓
+ 𝑍 𝜕�̄�𝐺

𝜕𝜓
,

𝜕�̄�𝐺

𝜕𝜓
=
𝜕𝑋𝐺

𝜕𝜓
cos𝜓3 −

𝑋𝐺

𝑢
sin𝜓3 +

𝜕𝑌𝐺

𝜕𝜓
sin𝜓3 +

𝑌𝐺

𝑢
cos𝜓3,

𝜕𝑌𝐺

𝜕𝜓
= −𝜕𝑋𝐺

𝜕𝜓
sin𝜓3 −

𝑋𝐺

𝑢
cos𝜓3 +

𝜕𝑌𝐺

𝜕𝜓
cos𝜓3 −

𝑌𝐺

𝑢
sin𝜓3,

𝜕�̄�𝐺

𝜕𝜓
=
𝜕𝑍𝐺

𝜕𝜓
,

𝜕𝑋𝐺

𝜕𝜓
= −𝑅 cos 𝛿 (1 − cos \) cos 2𝜓 − 𝑅 sin 𝛿 sin \ cos𝜓,

𝜕𝑌𝐺

𝜕𝜓
= −𝑅 cos 𝛿 (1 − cos \) sin 2𝜓 − 𝑅 sin 𝛿 sin \ cos𝜓,

𝜕𝑍𝐺

𝜕𝜓
= 𝑅 cos 𝛿 sin \ sin𝜓.

(4)

After replacing (4) in (2) and (3) we obtain
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𝑋𝑂 =
−(𝑎𝑏 + 𝑑𝑒) ±

√︁
(𝑎𝑏 + 𝑑𝑒)2 + (1 + 𝑎2 + 𝑑2) (𝑅2𝑏2 − 𝑒2)

1 + 𝑎2 + 𝑑2

𝑌𝑂 = 𝑎𝑋𝑂 + 𝑏, 𝑍𝑂 = 𝑑𝑋𝑂 + 𝑒,
(5)

where,

𝑎 =

(
�̄�𝐺

𝜕�̄�𝐺

𝜕𝜓
− �̄�𝐺

𝜕�̄�𝐺

𝜕𝜓

)
/
(
�̄�𝐺

𝜕𝑌𝐺

𝜕𝜓
− 𝑌𝐺

𝜕�̄�𝐺

𝜕𝜓

)
,

𝑏 =

(
−𝑅2 cos 𝛽

𝜕�̄�𝐺

𝜕𝜓

)
/
(
�̄�𝐺

𝜕𝑌𝐺

𝜕𝜓
− 𝑌𝐺

𝜕�̄�𝐺

𝜕𝜓

)
,

𝑑 = −
(
�̄�𝐺 + 𝑎𝑌𝐺

)
�̄�𝐺

, 𝑒 =
𝑅2 cos 𝛽 − 𝑏𝑌𝐺

�̄�𝐺
.

Equations (5) describe the winding of the circle arc family on the sphere and represent
the profile of the teeth of the central wheels. To represent the profile of the central wheel
teeth in the normal section we project the winding on the sphere on a P plane and after a
series of transformations we obtain the plane projection of the profile of the central wheel
teeth defined by the Cartesian coordinates:

b =
{
(𝐸1𝐸2)2 + (𝑋 − 𝑋1)2 + (𝑌 − 𝑌1)2 + (𝑍 − 𝑍1)2

− (𝑋 − 𝑋2)2 + (𝑌 − 𝑌2)2 + (𝑍 − 𝑍2)2} (2𝐸1𝐸2)−1 ,

Z =

√︃
(𝑋 − 𝑋1)2 + (𝑌 − 𝑌1)2 + (𝑍 − 𝑍1)2 − b2.

(6)

Note: Based on the principle of forming the winding of the circle arc family described
with equations (5) with the location of their radius origins on the curve described with
the function Z1 = 𝑓 (b1) the kinematic model of the process of generating of the central
wheel teeth by spatial tumbling-rolling was developed, which reproduces the geometry
and kinematics of the interaction of the teeth in the real precessional transmission.

Position of the origins of the circular arcs 𝐺 located on the curve Z1 = 𝑓 (b1) presented
in (fig. 2) by p. 1, 2, 3 . . . 𝑖 correspond to the precession angles 𝜓 of the crank shaft rising
from one pair of teeth to the other with the angular step 𝜓 = 2𝜋𝑍2/𝑍2

1 .
Depending on the precession phase of the satellite, determined by the precession angle

𝜓 of the crankshaft, each pair of teeth satellite - central wheel passes through three
geometric contact forms, namely from convex-concave in the contacts 𝑘0, 𝑘1 and 𝑘2,
located in the foot zone of the central wheel teeth, to the convex-rectilinear in the contacts
𝑘3 and 𝑘4, located in the area of passage of the profile of the central wheel teeth from
the concave to the convex and the convex-convex curvature in the contacts 𝑘5, . . . , 𝑘14

(fig. 2 a) and 𝑘5, . . . , 𝑘8 (fig. 2 b) respectively, located in the tip area of the central wheel
teeth.
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Figure 2. Active contact of the teeth in the pressional gear with frontal reference
multiplicity Y = 100% (a) and Y = 66, 6% (b)

The radius of curvature at a certain point i of the teeth profile of the central wheel is
calculated according to the formula

𝜌𝑖 =

√︃(
𝑋𝑖 − 𝑋𝑐𝑖

)2 + (
𝑌𝑖 − 𝑌𝑐𝑖

)2 + (
𝑍𝑖 − 𝑍𝑐𝑖

)2 (7)

in which 𝑋𝑐𝑖 , 𝑌𝑐𝑖 , 𝑍𝑐𝑖 are the coordinates of the center of curvature 𝑐𝑖

𝑋𝑐𝑖 =
Δ1𝑖
Δ𝑖
, 𝑌𝑐𝑖 =

Δ2𝑖
Δ𝑖
, 𝑍𝑐𝑖 =

Δ3𝑖
Δ𝑖
. (8)

where Δ𝑖, Δ1𝑖, Δ2𝑖 and Δ3𝑖 are the determinants of the equation system

Δ𝑖 = Δ𝑋𝑖 (𝑐𝑖Δ𝑌𝑖+1 − 𝑏𝑖Δ𝑍𝑖+1) + Δ𝑌𝑖 (𝑎𝑖Δ𝑍𝑖+1 − 𝑐𝑖Δ𝑋𝑖−1) (9)

+ Δ𝑍𝑖 (𝑏𝑖Δ𝑋𝑖+1 − 𝑎𝑖Δ𝑌𝑖+1) . (10)

Δ1𝑖 = 𝑑𝑖 (Δ𝑌𝑖Δ𝑍𝑖+1 − Δ𝑌𝑖+1Δ𝑍𝑖) . (11)

Δ2𝑖 = 𝑑𝑖 (Δ𝑌𝑖Δ𝑍𝑖+1 − Δ𝑌𝑖+1Δ𝑍𝑖) . (12)

Δ3𝑖 = 𝑑𝑖 (Δ𝑌𝑖Δ𝑍𝑖+1 − Δ𝑌𝑖+1Δ𝑍𝑖) . (13)

Figure 3 shows the variation of the difference of the curvature radius (𝜌𝑘𝑖 − 𝑟) of the
teeth profile of the central wheel 𝜌𝑘𝑖 and of the teeth of the satellite with the radius 𝑟
in the contacts 𝑘𝑖 of the conjugated flanks, depending on the precession angle 𝜓 for the
toothed gears with different parametric configuration

[
𝑍𝑔 − \,±1

]
.
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The profiles of the teeth flanks of the central wheel are described by the function
Z = 𝑓 (b) built according to the parametric equations of the wraping 6 of the circular arcs
family of the radius 𝑟 with the origin located on the trajectory of its movement Z1 = 𝑓 (b1).
The profile of the satellite teeth is prescribed by a curve in circular arc with the origin of
the curvature radii located on the same curve Z1 = 𝑓 (b1).

It is obvious that the bearing capacity of the gear increases if the geometry of the teeth
contact has the convex-concave shape, and based on the classical theory of teeth contact
as deformable bodies, the difference in radii of curvature of the conjugated flank profiles
tends to be minimal.

Figure 3. The linear speeds at the contact point 𝑉𝐸1 , 𝑉𝐸2 , 𝑉𝐸3 (a) and the
difference in curvature radii (𝜌𝑘𝑖 − 𝑟) (b) of the conjugated profiles
in the contact 𝑘𝑖 (c) depending on 𝜓 for 𝑍1 = 𝑍2 − 1 and 𝛿 = 22, 5◦

(𝑍1 = 24, 𝑍2 = 25, \ = 3, 5◦, 𝛿 = 22, 5◦, 𝑟 = 6, 27𝑚𝑚, 𝑅 = 75𝑚𝑚)

From the perspective of decreasing energy losses in the teeth contact and researching
the wear of the convex-concave contact of the teeth, we reduce the relative sliding velocity
𝑉𝑎𝑙 between the teeth flanks and the distances 𝑆1(𝜓) and 𝑆2(𝜓) traveled by the contact
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points 𝐸1 and 𝐸2, respectively, on the profiles of the teeth of the central wheel and of
the satellite according to the precession angle 𝜓. The distances traveled by the contact
point on the profiles of the teeth of the central wheel 𝑆1 and the satellite wheel 𝑆2 are
considered equal to the distance traveled by them between the positions determined by
the angles 𝜓𝑘0 = 0 and 𝜓𝑘𝑖 = 360 · 𝑖 · 𝑍2/𝑍2

1 , where 𝑖 = 1, 2, 3 . . . - the order number of
the contact of the pairs of conjugated teeth.

From the above, the distance traveled by the contact point 𝐸1 on the flank of the central
wheel teeth is determined by the equation:

𝑆1(𝜓) =

𝑍2
𝑍1

𝜓∫
0

√︄(
𝑑𝑥𝐸1

𝑑𝜓

)2
+
(
𝑑𝑦𝐸1

𝑑𝜓

)2
+
(
𝑑𝑧𝐸1

𝑑𝜓

)2
𝑑𝜓

=

𝑡∫
0

√︃
¤𝑥2
𝐸1

+ ¤𝑦2
𝐸1

+ ¤𝑧2
𝐸1
𝑑𝑡,

(14)

where ¤𝑥𝐸1 , ¤𝑦𝐸1 şi ¤𝑧𝐸1 are the projections of the velocity vector of point 𝐸1 VE1 on the
axes 𝑋 , 𝑌 and 𝑍 .

The distance traveled by the contact point in 𝐸2 on the flank profile of the satellite
wheel teeth in a circle arc for the same values of the precession angle 𝜓 is determined by
the formula:

𝑆2(𝜓) =

𝑍2
𝑍1

𝜓∫
0

√︄(
𝑑𝑥1𝐸2

𝑑𝜓

)2
+
(
𝑑𝑦1𝐸2

𝑑𝜓

)2
+
(
𝑑𝑧1𝐸2

𝑑𝜓

)2
𝑑𝜓

=

𝑡∫
0

√︃
¤𝑥2
1𝐸2

+ ¤𝑦2
1𝐸2

+ ¤𝑧21𝐸2
𝑑𝑡,

(15)

where ¤𝑥1𝐸2 , ¤𝑦1𝐸2 şi ¤𝑧1𝐸2 are the projections of the velocity vector of point 𝐸2 on the
coordinate axes 𝑥1, 𝑦1, 𝑧1.

The distances 𝑆1(𝜓) and 𝑆2(𝜓) traveled, respectively, by the point 𝐸1 on the flank of
the central wheel tooth (14) and by the point 𝐸2 on the flank of the satellite wheel tooth

(15) in relation to time (or precession angle 𝜓) are defined by the integral
𝑡∫

0
𝑉𝐸𝑑𝑡 and can

be calculated according to Simpson’s formula
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𝑏∫
𝑎

𝑓 (𝑥)𝑑𝑥 ≈ 𝑏 − 𝑎
3𝑛

[𝑦0 + (𝑦1 + 𝑦3 + 𝑦5 + . . . + 𝑦𝑛−1) 4

+ (𝑦2 + 𝑦4 + 𝑦6 + . . . + 𝑦𝑛−2) 2 + 𝑦𝑛] ,

(16)

where, 𝑛 – even number, 𝑦0 = 𝑓 (𝑥0) = 𝑓 (𝑎); 𝑦𝑖 = 𝑓 (𝑥𝑖), 𝑦𝑛 = 𝑓 (𝑥𝑛) = 𝑓 (𝑏)
For example, the distance traveled by the point 𝐸1 on the flank of the central wheel

tooth 𝑆1 in relation to time or depending on the precession angle 𝜓 will be:

𝑆1(𝑡) =
𝑡∫

0

a𝐸1𝑑𝑡 =

𝑡∫
0

√︃(
¤𝑥1𝐸1

)2 + (
¤𝑦1𝐸1

)2 + (
¤𝑧1𝐸1

)2
𝑑𝑡

=

𝜓∫
0

√︄(
𝑑𝑥𝐸1

𝑑𝜓

)2
+
(
𝑑𝑦𝐸1

𝑑𝜓

)2
+
(
𝑑𝑧𝐸1

𝑑𝜓

)2
𝑑𝜓 =

𝜓∫
0

Φ(𝜓)𝑑𝜓.

(17)

or according to Simpson’s formula 𝑆1(𝜓) it takes the form

𝑆1(𝜓) ≈
𝜓 − 𝜓0

3𝑖

[
Φ0 +

(
Φ1 +Φ3 +Φ5 + . . . +Φ𝑖−1

)
4

+
(
Φ2 +Φ4 +Φ6 + . . . +Φ𝑖−2

)
2 +Φ𝑖

]
.

(18)

Analogously, substituting 𝑉𝐸1 by 𝑉𝐸2 in the formula (17) we obtain the distance 𝑆2(𝑖)
traveled by the point 𝐸2 on the flank of the satellite wheel tooth depending on the
precession angle 𝜓.

The difference of the distances traveled by the points 𝐸1 and 𝐸2 between their common
contact, for example, in 𝑘0, corresponding to the precession angle 𝜓 = 0 and their
position when 𝜓 = 𝜓𝑖 represents the relative sliding between the flanks of the teeth of the
conjugated wheels, so

𝑉𝑎𝑙 = Δ𝑆 = 𝑆1(𝜓) − 𝑆2(𝜓). (19)

In figure 4 it is presented the variation of distances 𝑆1 and 𝑆2 traveled by the points 𝐸1

and 𝐸2 between the positions defined with the abgles 𝜓𝑘0 and 𝜓𝑘𝑖 corresponding to the
contacts 𝑘0 . . . 𝑘𝑖 of pairs of simultaneously engaged teeth and their difference Δ𝑆 for the
toothed precessional gearing with the parameters 𝑍1 = 24, 𝑍2 = 25, \ = 3, 5◦, 𝛿 = 22, 5◦,
𝑟 = 6, 27𝑚𝑚 and 𝑅 = 75𝑚𝑚.

In figure 4 (a) there are presented the distances traveled 𝑆1 and 𝑆2 and their difference
Δ𝑆 from the teeth contact 𝑘0(𝜓 = 0) and up to each teeth contacts 𝑘1 . . . 𝑘4, only for the
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Figure 4. Distances 𝑆1 and 𝑆2 traveled by the contact points 𝐸1 and 𝐸2 between
positions with 𝜓𝑘0 and 𝜓𝑘𝑖 and their difference Δ𝑆 for the gear with
the modified shape of the teeth (a) and the location topology on the
profiles of the similar contact points 𝐸 (1)

1 and 𝐸 (2)
1 (b) (precessional

gear 𝑍1 = 24, 𝑍2 = 25, \ = 3, 5◦, 𝛿 = 22, 5◦, 𝛽 = 4, 78◦, 𝑟 =

6, 27𝑚𝑚, 𝑅 = 75𝑚𝑚)

first four pairs of bearing teeth conjugated as a result of the modification of the shape
of the teeth profile of the central wheel (that transmits the load), and in figure 4 (b) it is
presented the location topology on the teeth profiles of the central and satellite wheel of
the contact points 𝐸 (1)

1 and 𝐸 (2)
1 for the same values of the precession angle 𝜓.

From the analysis in figure 4 (a) it can be observed that between the teeth contacts 𝑘0

and 𝑘1 corresponding to the angles 𝜓 = 0 and 𝜓𝑘𝑖 ≡
2𝜋𝑖𝑍2
𝑍2

1
= 15, 6◦ the difference in the

distances 𝑆1 − 𝑆2 made by the contact points 𝐸1 and 𝐸2 is only 0, 17𝑚𝑚, between the
contacts 𝑘0 and 𝑘2 the difference in the distances covered is Δ𝑆 = 0, 57𝑚𝑚, between the
contacts 𝑘0 and 𝑘3 Δ𝑆 = 1, 25𝑚𝑚, between 𝑘0 and 𝑘4 − Δ𝑆 = 2, 17𝑚𝑚, between 𝑘0 and
𝑘5 Δ𝑆 = 3, 29𝑚𝑚, between 𝑘0 and 𝑘6 Δ𝑆 = 4, 57𝑚𝑚, between 𝑘0 and 𝑘7 Δ𝑆 = 5, 94, and
between 𝑘0 and 𝑘8 Δ𝑆 = 7, 35𝑚𝑚.

The kinematics of the contact points 𝑘0, 𝑘1, 𝑘2 . . . 𝑘𝑖 corresponding to the crank shaft
positioning angles 𝜓0, 𝜓1, 𝜓2 . . . 𝜓𝑖 is characterized by varying the linear speeds 𝑉𝐸1 and
𝑉𝐸2 and the relative sliding speed between the flanks 𝑉𝑎𝑙𝐾𝑖 . The geometry of the teeth
contact in the points 𝑘0, 𝑘1, 𝑘2 . . . 𝑘𝑖 is characterized by the radii of curvature 𝜌𝑘𝑖 and
𝑟 of the conjugated profiles and their difference (𝜌𝑘𝑖 − 𝑟). Tha analysis of the kinetics
of the teeth contact is performed for the frequency of the revolutions of the crank shaft
𝑛1 = 3000𝑚𝑖𝑛−1.
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Thus, for the gearing corresponding to the configuration
[
𝑍𝑔 − \,−1

]
with the corration

of the teeth numbers 𝑍1 = 𝑍2 − 1 and the angle of the conical axoid 𝛿 = 22, 5◦ presented
in figure 3 (a) the linear speed in the teeth contact 𝑘0, 𝑉𝐸1 = 9, 83𝑚/𝑠, 𝑉𝑎𝑙𝑘0

= 0, 14𝑚/𝑠,
and the curvature radius of the teeth profile of the central wheel 𝜌𝑘0 = 6, 43𝑚𝑚 of the
satellite wheel 𝑟 = 6, 27𝑚𝑚 and their difference 𝜌𝑘0 − 𝑟 = 0, 16𝑚𝑚 (see fig. 3, a).

With the increase of the angular coordinate from one conjugated pair to the other with
the step𝜓 = 2𝜋𝑖𝑍2/𝑍2

1 for example: from the angular coordinate𝜓𝑘0 = 0◦ up to𝜓 = 15, 6◦

attributed to contact 𝑘1 the linear speeds 𝑉𝐸1 and 𝑉𝐸2 decreases 𝑘1 registering in contact
𝑘1 the difference𝑉𝑎𝑙𝑘1

= 𝑉𝐸2𝑘1 −𝑉𝐸1𝑘1 = 0.34𝑚/𝑠 and the difference of the curvature radii
of the conjugated flanks in 𝑘1 𝜌𝑘1 = 1, 17𝑚𝑚; in contact 𝑘2 corresponding to 𝜓 = 31, 2◦,
𝑉𝑎𝑙𝑘2

= 0, 67𝑚/𝑠 and the difference of the curvature radii 𝜌− 𝑘2−𝑟 = 9, 55𝑚𝑚; in contact
𝑘3, corresponding to 𝜓 = 46, 8◦ 𝑉𝑎𝑙𝑘3

= 0, 99𝑚/𝑠, and the geometry of the teeth contact
passes from convex-concave to convex-convex with the external curvature radius of the
teeth profile of the central wheel 𝜌𝑘3 = 57.66𝑚𝑚. Figure 3 (c) shows the evolution of the
geometry from the contact 𝑘0 to the contact 𝑘4.
Conclusions and recommendations

(1) The mathematical modeling of the surfaces of machine parts interpreted on com-
puterized CAD/CAM/CAE design, research and manufacturing platforms in the
near future will revolutionize the global change of machine tool park architecture
of machine parts manufacturing plants and will also generate enormous social
consequences in the field of training of specialists of all levels.

(2) The development of the CAD/CAM/CAE design-manufacturing platform based
on mathematical models facilitates the replacement of the classic parts manufac-
turing processes with new manufacturing technologies on numerically controlled
machine tools and additive technologies with 3D printers.

(3) The CAD/CAM/CAE platform based on mathematical models of constructive-
functional interpretation of machine assemblies, changes the paradigm of achiev-
ing the idea in industrial product in much smaller terms and with much lower
costs.

(4) The first three conclusions will impose harsh conditions for an essential change
in the content of the training of specialists at university, college and vocational
education and training professional levels.

References

[1] Áîñòàí È. À. Ïðåöåñèîííûå ïåðåäà÷è ñ ìíîãîïàðíûì çàöåïëåíèåì[Transmisii prece-
sionale cu angremaj multipar]. Øòèèíöà, Êèøèíåâ, 1991. 356 c.

[2] Bostan, V. Modele matematice în inginerie. Bons Offices, Chişinău, 2014. 470 p.

26



Bostan I., Bostan I., and Vaculenco M.

[3] Bostan, I. Transmisii Precesionale [monogr. în 2 vol.]. Chis, inău: Bons Offices, 2019. Vol. 1. 477
p., Vol. 2. 639 p. ISBN 978-9975-87-495-3.

[4] Vaculenco, M. Contribuţii la studiul preciziei de prelucrare a danturilor angrenajului precesional:
Autoreferat, teză de dr. în tehnică. Cond. şt. I. Bostan. UTM. Chişinău, 2008. 32 p.

[5] Bostan, I., Dulgheru, V., Gluşco, C., Mazuru, S., Vaculenco, M. Antologia invenţiilor. Trans-
misii planetare precesionale: Teoria generării angrenajelor precesionale, control dimensional,
proiectare computerizată, aplicaţii industriale, descrieri de invenţie. Vol. 2. Bons Offices, Chişinău,
2011. 542 p.

(BOSTAN Viorel, BOSTAN Ion,VACULENCO Maxim) Technical University of Moldova, Chis, inău,
Republic of Moldova
E-mail address: ion.bostan@cnts.utm.md

27



Acta et Commentationes, Exact and Natural Sciences ISSN: 2537-6284
Volume 10(2), 2020, Pages 28–31 E-ISSN: 2587-3644
UDC 515.142 DOI: 10.36120/2587-3644.v10i2.28-31

A note on some open problems in topological algebra

A. V. Arhangel’skii

Abstract. One of the old open problem of𝐶𝑝-theory, where 𝐼 is the unit segment
is the following question: Are the spaces 𝐶𝑝 (𝐼) and 𝐶𝑝 (𝐼2) homeomorphic? In
the present article distinct open problems of the topological algebra are exam-
ined
2010 Mathematics Subject Classification: Primary 54A25; Secondary 54B05
Keywords: topological group, homogeneous space, convergent sequence, quasire-
traction.

Privitor la unele probleme nerezolvate ale algebrei topologice
Rezumat. Una dintre vechile probleme deschise ale teoriei 𝐶𝑝 , unde 𝐼 este seg-
mentul unitate, este urmatoarea întrebare: Sunt oare homeomorfe spaţiile𝐶𝑝 (𝐼)
şi 𝐶𝑝 (𝐼2)? În prezentul articol sunt examinate probleme deschise distincte ale
algebrei topologice
Cuvinte cheie: grup topologic, spaţiu omogen, secvenţă convergentă, cvasire-
tracţie.

Objects of topological algebra, defined as a certain combination of algebraic and topo-
logical structures, often give rise to original and unusual questions. A special additional
topological property of many topological spaces of this kind is homogeneity. A topolog-
ical space 𝑋 is called homogeneous if, for any x, y in X there exists a homeomorphism
𝑓 of X onto itself such that 𝑓 (𝑥) = 𝑦 and 𝑓 (𝑋) = 𝑋 . Clearly, all topological groups, in
particular, all linear topological spaces are homogeneous. This simple fact provides us
with a natural way to construct many homogeneous compact spaces, since there are many
compact topological groups. Some of them are non-metrizable. This occurs precisely
when a compact topological group is not sequential - that is, when its topology cannot be
described in terms of convergent sequences. In this connection, it is especially interesting
that every infinite compact topological group has many non-trivial convergent sequences.
But the following question, posed by Walter Rudin [7, 8] more than 60 years ago, is still
open:
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Problem 0.1. (W. Rudin) Is it true that every infinite homogeneous compact Hausdorrf
space contains a non-trivial convergent sequence?

Many compact topological groups contain, in fact, dense sequential subgroups. In this
connection I have formulated, about forty years ago, the next question, which seems to be
still not answered (see [1]):

Problem 0.2. Is it true that every infinite compact topological group contains a dense
sequential subspace?

However, the next statement holds (see [5]):

Theorem 0.3. Under CH, every homogeneous sequential compact Hausdorff space is
first countable, and hence, its cardinality does not exceed 2𝜔 .

In this connection, the following questions arise:

Problem 0.4. Is it true in ZFC that every homogeneous sequential compact Hausdorff
space is first countable?

I also want to mention another open question [1]:

Problem 0.5. Suppose that 𝑋 is a paracompact 𝑝-space. Then is its free topological
group 𝐹 (𝑋) (or the Abelian version of it) paracompact?

It had been shown in [1] that if 𝑋 is metrizable, then the answer to the last question is
"yes".

Here are some open problems for linear topological spaces over the field 𝑅 of real
numbers. First of all, locally convex infinite dimensional linear topological spaces of this
kind should be considered. We have them in mind below. We use 0 to denote also the
zero vector of such spaces.

Suppose that 𝐿 is a linear topological space. Put 𝐿0 = 𝐿 \ {0}. Suppose also that 𝑏𝐿
is a Hausdorff compactification of 𝐿, and that 𝑌 is the remainder 𝑏𝐿 \ 𝐿.

For each 𝑥 ∈ 𝐿0 and each 𝑛 ∈ 𝜔, put 𝐵𝑥,𝑛 = {𝛼𝑥 : 𝛼 ∈ 𝑅, 𝛼 > 𝑛}, 𝐵𝑥 = ∩{𝐵𝑥,𝑛 : 𝑛 ∈
𝜔}, and 𝑌𝑥 = 𝐵𝑥 ∩ 𝑌 .

A mapping 𝑓 of the subspace 𝐿0 of 𝐿 into 𝑌 will be called a quasiretraction of 𝐿0 into
𝑌 , if 𝑓 is continuous and 𝑓 (𝑥) ∈ 𝑌𝑥 , for each 𝑥 ∈ 𝐿0.

In this general setting, it is natural to ask the next basic question:

Problem 0.6. For which linear topological spaces 𝐿 there exists a Hausdorff compacti-
fication 𝑏𝐿 of 𝐿 such that there exists a quasiretraction of 𝐿0 into 𝑌?
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Any space 𝐿 satisfying the condition in the last problem can be called a rain space. In
the next question we use the notation described in the preceding question and before it.

Problem 0.7. Suppose that 𝐿 = 𝑅𝜏 , where 𝜏 is an infinite cardinal, and let 𝑌 be the
Stone-Čech remainder 𝛽𝐿 \ 𝐿 of 𝐿. Then is it true that there exists a quasiretraction of
𝐿0 into 𝑌?

The next double question is closely related to the preceding problem, but is formulated
in much simpler terms.

Problem 0.8. We again use the notation described in the preceding two questions. Sup-
pose that 𝐿 = 𝑅𝜏 , where 𝜏 is an infinite cardinal, and that 𝑏𝐿 is the Stone-Čech com-
pactification 𝛽𝐿 of 𝐿. Then is it true that there exists a continuous mapping of the space
𝐿0 = 𝐿 \ {0} onto some dense subspace of the space 𝛽𝐿 \ 𝐿? Is it true that there exists a
continuous mapping of the space 𝐿 onto some dense subspace of the space 𝛽𝐿 \ 𝐿?

The last open problem in this short list is more than 30 years old. See [2] for one of
the early appearances of it in print and for some related questions and references. For a
Tychonoff space 𝑋 , 𝐶𝑝 (𝑋) denotes the space of continuous real-valued functions on 𝑋
endowed with the topology of pointwise convergence (see [2]).

Problem 0.9. Let 𝐼 be the closed unit interval, 𝐼2 be the square of 𝐼, and 𝐾 be the
Cantor set, all taken with the usual topologies. Then we have the following three simply
formulated questions:

a): Are the spaces 𝐶𝑝 (𝐼) and 𝐶𝑝 (𝐼2) homeomorphic?

b): Are the spaces 𝐶𝑝 (𝐼) and 𝐶𝑝 (𝐾) homeomorphic?

c): Are the spaces 𝐶𝑝 (𝐾) and 𝐶𝑝 (𝐼2) homeomorphic?

Note that the the answers to the last three questions are in the negative for linear
homeomorphisms. This follows from a deep theorem of V.G. Pestov, see [6].

For more problems and references on topological problems in topological algebra, see
[3], [4], and [5].
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Spat, ii submetrizabele s, i aplicat, ii deschise
Rezumat. În acest articol se caracterizează imaginile continue deschise şi com-
plete a spaţiilor submetrizabile ca spaţii cu pseudo-baza de ordine numărabil.
Sunt demonstrate unele teoreme despre selecţiile pentru aplicaţii cu valori com-
plete în spaţii submetrızabile.
Cuvinte cheie: spaţiu submetrizabil, aplicaţie deschisă, set-valued aplicaţie
multivocă.

1. Introduction

For notation and terminology the reader is referred to [12] and [22]. Space is used here
to mean topological 𝑇1-space.

A pseudo-metric on a space 𝑀 is a function 𝑑 : 𝑀 × 𝑀 −→ R such that for any
𝑥, 𝑦, 𝑧 ∈ 𝑀 the following holds:

(1) 𝑑 (𝑥, 𝑥) = 0 (identity of indiscernibles);
(2) 𝑑 (𝑥, 𝑦) = 𝑑 (𝑦, 𝑥) (symmetry);
(3) 𝑑 (𝑥, 𝑧) ≤ 𝑑 (𝑥, 𝑦) + 𝑑 (𝑦, 𝑧) (subadditivity or triangle inequality).

If 𝑑 (𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦, 𝑑 is called a metric on 𝑀 .
Any pseudometric is non-negative: 𝑑 (𝑥, 𝑦) ≥ 0 for any 𝑥, 𝑦 ∈ 𝑀 . Let 𝑑 be a

pseudometric on a topological space 𝑀 . For a point 𝑥 ∈ 𝑀 and a real number 𝑟 > 0 we
define the open ball of radius 𝑟 about 𝑥 as the set 𝐵(𝑥, 𝑑, 𝑟) = {𝑦 ∈ 𝑀 : 𝑑 (𝑥, 𝑦) < 𝑟}. The
pseudometric 𝑑 is continuous on 𝑀 if the balls 𝐵(𝑥, 𝑑, 𝑟) are open in the space 𝑀 .
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A space 𝑋 is called to be submetrizable if on 𝑋 there exists a continuous metric. A
topological space is submetrizable if and only if it admits a continuous bijection onto a
metric space. Let 𝐶𝑝 (𝑋) be the space of continuous functions on the space 𝑋 .

The density of 𝑋 , denoted 𝑑 (𝑋), is defined by 𝑑 (𝑋) = 𝑚𝑖𝑛{|𝐿 | : 𝑙 ⊂ 𝑋, 𝑐𝑙𝑋 (𝐿) = 𝑋}.
The pseudocharacter of a space 𝑋 at a subset 𝐴, denoted by 𝜓(𝐴, 𝑋), is defined as the
smallest infinite cardinal number of the form |U|, where U is a family of open subsets
of 𝑋 such that ∩U = 𝐴. If 𝐴 = {𝑥} is a singleton, then we put 𝜓(𝑥, 𝑋) = 𝜓({𝑥}, 𝑋). The
pseudocharacter of a space 𝑋 is defined to be 𝜓(𝑋) = 𝑠𝑢𝑝{𝜓(𝑥, 𝑋) : 𝑥 ∈ 𝑋}. The superior
pseudocharacter of a space 𝑋 is defined to be Ψ(𝑋) = 𝑠𝑢𝑝{𝜓(𝐴, 𝑋) : 𝐴 ⊂ 𝑋, 𝑐𝑙𝑋 𝐴 = 𝐴}.
If Ψ(𝑋) = ℵ0, then the space 𝑋 is called a perfect space. The diagonal number Δ(𝑋) of a
space 𝑋 is the pseudocharacter of the square 𝑋 × 𝑋 at its diagonal Δ𝑋 = {(𝑥, 𝑥) : 𝑥 ∈ 𝑋}.

The class of spaces with countable pseudocharacter is large and important. For exam-
ple, any 𝑇1-space with countable pseudocharacter is a Moscow space. A space 𝑋 is called
Moscow if the closure of every open subset𝑈 of 𝑋 is the union of a family of 𝐺 𝛿-subsets
of 𝑋 (see [12]). Moreover, it is wellknown that any topological group with countable
pseudocharacter is submetrizable.

In the works [5, 6, 23] were obtained the following assertions.

Theorem 1.1. For any Tychonoff space 𝑋 we have 𝑑 (𝑋) = Δ(𝐶𝑝 (𝑋)) = 𝜓(𝐶𝑝 (𝑋)).

Corollary 1.2. For any Tychonoff space 𝑋 the following assertions are equivalent:

(1) 𝑋 is a separable space.
(2) 𝐶𝑝 (𝑋) is a space of countable pseudocharacter.
(3) 𝐶𝑝 (𝑋) is a submetrizable space.

In [32] V. I. Ponomarev has proven that a space is a first countable space if and only
if it is an open continuous image of a metric space. Naturally arises the question: Is the
analogical theorem of Ponomarev’s theorem valid for spaces with countable pseudochar-
acters? The answer of this question is negative. In [24, 25], in particular it was shown
the following fact.

Theorem 1.3. For any topological space 𝑋 there exist a space 𝑍 and an open continuous
mapping 𝑔 : 𝑍 −→ 𝑋 of 𝑍 onto 𝑋 with the next properties:

(1) 𝑍 is a paracompact submetrizable space.
(2) 𝑍 is union of a sequence of closed discrete subspaces.
(3) 𝑍 is a perfectly normal space.

So the following problem arises: To study the mappings that preserve the property of
being a spaces with countable pseudocharacter and to characterize the open continuous
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images of the submetrizable spaces via such mappings. In the present article this problem
has been solved. Various images of metric spaces and complete metric spaces have been
studied in [3, 4, 19, 30, 32, 33].

2. On uniformly complete mappings

Let 𝜌 be a continuous pseudometric on a space 𝑋 . For every non-empty subset 𝐴

of 𝑋 the number 𝑑𝑖𝑎𝑚𝜌 (𝐴) = sup{𝜌(𝑥, 𝑦) : 𝑥, 𝑦 ∈ 𝐴} is the 𝜌-diameter of the set 𝐴.
Consider that 𝑑𝑖𝑎𝑚𝜌 (∅) = 0. There exists a set 𝑋/𝜌, a metric 𝑑 on 𝑋/𝜌 and a mapping
𝑝𝜌 : 𝑋 −→ 𝑋/𝜌 such that 𝑑 (𝑝𝜌 (𝑥), 𝑝𝜌 (𝑦)) = 𝜌(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋 . The metric space
(𝑋/𝜌, 𝑑) is called the quotient space of the space 𝑋 relatively to the pseudometric 𝜌.

Denote by 𝜔𝑋 the Wallman compactification of a space 𝑋 .

Definition 2.1. A family F of subsets of a 𝑇1-space 𝑋 is complete if there exists a 𝐺 𝛿-
subset 𝑌 of the Wallman compactification 𝜔𝑋 of the space 𝑋 such that 𝑋 ⊆ 𝑌 and any
subset 𝐹 ∈ F is closed in 𝑌 .

Any family of compact subsets of a regular space is complete.

Proposition 2.1. Let 𝑔 : 𝑋 −→ 𝑌 be an open continuous mapping of a regular space 𝑋

onto a space 𝑌 and F = {𝑔−1(𝑦) : 𝑦 ∈ 𝑌 } be a complete family of subsets of the space 𝑋 .
Then:

(1) 𝜓(𝑌 ) ≤ 𝜓(𝑋).
(2) 𝜓(𝑔(𝑥), 𝑌 ) ≤ 𝜓(𝑥, 𝑋) for every 𝑥 ∈ 𝑋 .
(3) 𝜓(𝑥, 𝑋) = 𝜓(𝑥, 𝑔−1(𝑔(𝑥))) + 𝜓(𝑔(𝑥), 𝑌 ) for every point 𝑥 ∈ 𝑋 .

Proof. There exists a sequence {𝐻𝑛 : 𝑛 ∈ N} of open subsets of space 𝜔𝑋 such that
𝑋 ⊂ 𝑍 =∩{𝐻𝑛 : 𝑛 ∈ N} and any subset 𝐹 ∈ F is closed in 𝑍 . We assume that 𝐻𝑛+1 ⊂ 𝐻𝑛

for every 𝑛 ∈ N.
Fix a point 𝑎 ∈ 𝑋 . There exists a family U of open subsets of the space 𝑋 with the

conditions:
- ∩U = {𝑎} and |U| = 𝜓(𝑎, 𝑋);
- for any𝑈,𝑉 ∈ U and 𝑛 ∈ N there exists𝑊 = 𝑤(𝑈,𝑉, 𝑛) ∈ U such that 𝑐𝑙𝑋𝑊 ⊆ 𝑈∩𝑉

and 𝑐𝑙𝑍𝑊 ⊂ 𝐻𝑛.
We put V = {𝑉 = 𝑔(𝑈) : 𝑈 ∈ U}. By construction |V| ≤ |U|. We affirm that ∩V =

{𝑔(𝑎)}. Fix 𝑏 ∈ 𝑌 such that 𝑏 ≠ 𝑓 (𝑎).
By construction, b = {𝑐𝑙𝜔𝑋 𝑓 (𝑈) : 𝑈 ∈ U} is a centered family of closed subsets of

the compact space 𝜔𝑋 and ∩b ⊆ 𝑍 . The set 𝐹 (𝑏) = 𝑐𝑙𝜔𝑋𝑔
−1(𝑏) is a compact subset of

𝜔𝑋 and 𝐹 (𝑏) ∩ 𝑍 ⊂ 𝑋 .
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By construction, b (𝑏) = {𝐹 (𝑏) ∩ 𝑐𝑙𝜔𝑋 𝑓 (𝑈) : 𝑈 ∈ U} is a family of closed subsets
of the compact space 𝜔𝑋 and ∩b (𝑏) = ∅. Since for any two sets 𝐴, 𝐵 ∈ b (𝑏) there exists
𝐶 ∈ b (𝑏) such that𝐶 ⊂ 𝐴∩𝐵. Therefore, there exists𝑈 ∈ U such that 𝑐𝑙𝜔𝑋𝑈∩𝐹 (𝑏) = ∅,
𝑈∩𝑔−1(𝑏) = ∅ and 𝑏 ∉ 𝑔(𝑈). Therefore∩V = {𝑔(𝑎)}. Assertion 2 is proved. Assertions
1 and 3 follow from assertion 2. �

Corollary 2.1. Let 𝑔 : 𝑋 −→ 𝑌 be an open continuous mapping of a regular space 𝑋

onto a space 𝑌 and F = {𝑔−1(𝑦) : 𝑦 ∈ 𝑌 } be a family of compact subsets of the space 𝑌 .
Then:

(1) 𝜓(𝑌 ) ≤ 𝜓(𝑋).
(2) 𝜓(𝑔(𝑥), 𝑌 ) ≤ 𝜓(𝑥, 𝑋) for any point 𝑥 ∈ 𝑋 .
(3) 𝜓(𝑥, 𝑋) = 𝜓(𝑥, 𝑔−1(𝑔(𝑥))) + 𝜓(𝑔(𝑥), 𝑌 ) for any point 𝑥 ∈ 𝑋 .

Definition 2.2. [11]. A family F of subsets of a𝑇1-space 𝑋 is said to be jointly metrizable
if there is a metric 𝑑 on the set 𝑋 such that 𝑑 metrizes all subspaces of 𝑋 which belong to
F , that is, the restriction of 𝑑 to 𝐴 generates the subspace topology on 𝐴 for every 𝐴 ∈ F .

Definition 2.3. A family F of subsets of a 𝑇1-space 𝑋 is said to be jointly continuous
(complete) metrizable if there is a continuous metric 𝑑 on the space 𝑋 such that 𝑑

(complete) metrizes all subspaces of 𝑋 which belong to F . A jointly continuous complete
metrizable family of subsets is called uniformly complete.

The spaces with metrizable familes of sets were studied in [9, 10, 11, 20, 21, 31, 30].

Proposition 2.2. Let F be a uniformly complete family of subspaces of the space 𝑋 . Then
the family F is complete.

Proof. There exists a continuous metric 𝑑 which complete metrizes all subspaces of 𝑋
which belong to F . Let (𝑌, 𝜌) be the metric completion of the metric space (𝑋, 𝑑). The
mapping 𝑓 : 𝑋 −→ 𝑌 , where 𝑓 (𝑥) = 𝑥 for each 𝑥 ∈ 𝑋 , is a continuous injection: if
𝑥, 𝑦 ∈ 𝑋 , then 𝑑 (𝑥, 𝑦) = 𝜌( 𝑓 (𝑥), 𝑓 (𝑦)) and 𝑥 = 𝑦 provided 𝑓 (𝑥) = 𝑓 (𝑦).

Since𝑌 is a metric space and any metric space is normal, then there exists a continuous
mapping 𝑔 : 𝜔𝑋 −→ 𝛽𝑌 = 𝜔𝑋 such that 𝑔(𝑥) = 𝑓 (𝑥) for each 𝑥 ∈ 𝑋 . As a complete
metric space the space 𝑌 is a 𝐺 𝛿-subset of 𝛽𝑌 . Hence 𝑍 = 𝑔−1(𝑌 ) is a 𝐺 𝛿-subset of
𝜔𝑋 and 𝑋 ⊆ 𝑍 . Fix 𝐴 ∈ F . Since (𝐴, 𝑑) = ( 𝑓 (𝐴), 𝜌) is a complete metric space,
then 𝐴 = 𝑓 (𝐴) is a closed subset of the space 𝑌 , 𝐴 is a closed subset of the space 𝑋

and 𝑔−1(𝐴) ∩ 𝑍 is a closed subspace of the space 𝑍 . Since 𝐴 is a closed subspace of
the space 𝑋 we have 𝑐𝑙𝜔𝑋 𝐴 = 𝜔𝐴 and 𝑐𝑙𝜔𝑌 𝑓 (𝐴) = 𝜔 𝑓 (𝐴). Since 𝑓 |𝐴 : 𝐴 −→ 𝑓 (𝐴)
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is a homeomorphism, 𝑔 |𝑐𝑙𝜔𝑋 𝐴 : 𝑐𝑙𝜔𝑋 𝐴 −→ 𝑐𝑙𝜔𝑌 𝑓 (𝐴) is a homeomorphism and 𝐴 =
𝑔−1( 𝑓 (𝐴)) is a closed subset of the space 𝑍 . The proof is complete. �

Definition 2.4. A mapping 𝑓 : 𝑋 −→ 𝑌 of a space 𝑋 into a space 𝑌 is called:
- a complete mapping if the family { 𝑓 −1(𝑦) : 𝑦 ∈ 𝑌 } is a complete family of subspaces

of the space 𝑋;
- a uniformly complete mapping if the family { 𝑓 −1(𝑦) : 𝑦 ∈ 𝑌 } is a complete family of

subspaces of the space 𝑋 .

3. On pseudocharacter of rectifiable spaces

A rectification on a space 𝑋 is a homeomorphism 𝜑 : 𝑋 × 𝑋 −→ 𝑋 × 𝑋 with the
following two properties:

- 𝜑({𝑥} × 𝑋) = {𝑥} × 𝑋 for every 𝑥 ∈ 𝑋;
- there exists a point 𝑒 ∈ 𝑋 such that 𝜑(𝑥, 𝑥) = (𝑥, 𝑒) for every point 𝑥 ∈ 𝑋 .
The point 𝑒 ∈ 𝑋 is called the neutral element of the space 𝑋 . A space with a rectification

is called a rectifiable space. Every rectifiable space is homogeneous (see [7, 16, 17, 18]).
A topological space 𝑆 is rectifiable (see [16, 17, 18]) if and only if there are two

continuous mappings 𝑝, 𝑞 : 𝑆 × 𝑆 −→ 𝑆 such that for any 𝑥, 𝑦 ∈ 𝑆 and some fixed 𝑒 ∈ 𝑆

the next identities hold: 𝑝(𝑥, 𝑞(𝑥, 𝑦)) = 𝑞(𝑥, 𝑝(𝑥, 𝑦)) = 𝑦, 𝑞(𝑥, 𝑥) = 𝑒.
Any rectifiable 𝑇0-space is a Hausdorff space. Fix a point 𝑠 ∈ 𝑆. Then the mappings

𝑃𝑠 (𝑥) = 𝑝(𝑠, 𝑥) and 𝑄𝑠 (𝑥) = 𝑞(𝑠, 𝑥) are homeomorphisms of the space 𝑆, 𝑃−1
𝑠 = 𝑄𝑠,

𝑄𝑠 (𝑒) = 𝑒 and 𝑃𝑠 (𝑒) = 𝑠. Hence 𝑆 is a homogeneous space and 𝜓(𝑆) = 𝜓(𝑒, 𝑆).
Obviously, 𝜓(𝑆) ≤ Ψ(𝑆) and 𝜓(𝑆) ≤ Δ(𝑆).

Any topological quasigroup is a rectifiable space..

Theorem 3.1. Let 𝑆 be a rectifiable 𝑇0-space. Then 𝜓(𝑒, 𝑆) = 𝜓(𝑆) = Ψ(𝑆) = Δ(𝑆).

Proof. Any rectifiable 𝑇0-spac is a Hausdorff space. Fix a rectification 𝜑 : 𝑆 × 𝑆 −→
𝑆 × 𝑆 on a space 𝑆 with the neutral point 𝑒 ∈ 𝑆.

Let U be a family of open subsets of 𝑆 and ∩U = {𝑒}. For any set 𝑈 ∈ U we put
𝑉 (𝑈) = 𝑆 × 𝑈 and 𝑊 (𝑈) = 𝜑−1(𝑉 (𝑈)). Since 𝜑(Δ𝑆) = 𝑆 × {𝑒} ⊂ 𝑉 (𝑈) and 𝜑 is a
homeomorphism, we have Δ𝑆 ⊂ 𝑊 (𝑈) for any𝑈 ∈ U and the sets𝑉 (𝑈), 𝑊 (𝑈) are open
in 𝑆 × 𝑆.

Since ∩U = {𝑒} and ∩{𝑉 (𝑈) : 𝑈 ∈ U} = 𝑆 × {𝑒}, we have ∩{𝑊 (𝑈) : 𝑈 ∈ U} =
Δ𝑆 . Therefore Δ(𝑆) ≤ 𝜓(𝑆). Obviously, 𝜓(𝑋) ≤ Ψ(𝑆) and 𝜓(𝑆) ≤ Δ(𝑆). The proof is
complete. �

Example 3.1. Let 𝑀 = R be the real numbers, Q be the rational numbers and 𝑇𝑀 =
{𝑈 : 𝑈 is open in R} ∪ {𝐴 ⊂ R : 𝐴 ∩ Q = ∅} be the topology on 𝑀 . Then (𝑀,𝑇𝑀 ) is a
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topological space called the Michael line. The space 𝑀 is a paracompact submetrizable
space with first axiom of countability and the set Q is closed and a non 𝐺 𝛿-subset of
𝑀 . The free topological group 𝐹 (𝑀) and the Abelian free topological group 𝐴(𝑀) are
submetrizable groups. Any topological group is a rectifiable space. Since 𝑀 is a closed
subspace of the free groups, the set Q is closed and is not a 𝐺 𝛿-subset in 𝐹 (𝑀) and
𝐴(𝑀). Hence, if 𝐺 ∈ {𝐹 (𝑀), 𝐴(𝑀)}, then 𝜓(𝐺) = Δ(𝐺) = ℵ0, Ψ(𝐺) > ℵ0 and 𝐺 is a
submetrizable group.

4. Spaces with monotonical pseudo-bases

Let 𝑋 be a space.
Let 𝛾 = {𝛾𝑛 = {𝑈𝛼 : 𝛼 ∈ 𝐴𝑛} : 𝑛 ∈ N} be a sequence of open families of 𝑋 , and let 𝜋

= {𝜋𝑛 : 𝐴𝑛+1 → 𝐴𝑛 : 𝑛 ∈ N} be a sequence of mappings. A sequence 𝛼 = {𝛼𝑛 : 𝑛 ∈ N}
is called a 𝑐-sequence if 𝛼𝑛 ∈ 𝐴𝑛 and 𝜋𝑛 (𝛼𝑛+1) = 𝛼𝑛 for every 𝑛 ∈ N. A 𝑐-sequence
𝛼 = {𝛼𝑛 : 𝑛 ∈ N} is called an 𝑚𝑐-sequence if ∩{𝑈𝛼𝑛

: 𝑛 ∈ N} is nonempty.
Consider the following conditions:
(𝑆1) ∪{𝑈𝛽 : 𝛽 ∈ 𝐴𝑛} = 𝑋 for each 𝑛 ∈ N.
(𝑆2) ∪{𝑈𝛽 : 𝛽 ∈ 𝜋−1

𝑛 (𝛼)} = 𝑈𝛼 for all 𝛼 ∈ 𝐴𝑛 and 𝑛 ∈ N.
The sequence (𝛾, 𝜋) = ({𝛾𝑛 = {𝑈𝛼 : 𝛼 ∈ 𝐴𝑛} : 𝑛 ∈ N}, {𝜋𝑛 : 𝐴𝑛+1 → 𝐴𝑛 : 𝑛 ∈ N}) is

called an 𝐴-sieve on the space 𝑋 .

Definition 4.1. A space 𝑋 is called a space with a pseudo-base of countable order if there
exists an 𝐴-sieve (𝛾, 𝜋) = ({𝛾𝑛 = {𝑈𝛼 : 𝛼 ∈ 𝐴𝑛} : 𝑛 ∈ N}, {𝜋𝑛 : 𝐴𝑛+1 → 𝐴𝑛 : 𝑛 ∈ N})
such that if 𝛼 = {𝛼𝑛 : 𝑛 ∈ N} is a 𝑐-sequence, then ∩{𝑈𝛼𝑛

: 𝑛 ∈ N} is empty or a
singleton set.

Definition 4.2. A space 𝑋 is called a space with a uniform pseudo-base if there exists an
𝐴-sieve (𝛾, 𝜋) = ({𝛾𝑛 = {𝑈𝛼 : 𝛼 ∈ 𝐴𝑛} : 𝑛 ∈ N}, {𝜋𝑛 : 𝐴𝑛+1 → 𝐴𝑛 : 𝑛 ∈ N}) such that:

- any cover 𝛾𝑛 is point-finite;
- if 𝛼 = {𝛼𝑛 : 𝑛 ∈ N} is a 𝑐-sequence, then ∩{𝑈𝛼𝑛

: 𝑛 ∈ N} is empty or a singleton set.

Example 4.1. A base B of a space 𝑋 is called a uniform base if for any open set 𝑉 of
𝑋 and each point 𝑥 ∈ 𝑉 the set {𝑈 ∈ B : 𝑥 ∈ 𝑈,𝑈 𝑉 ≠ ∅} is finite. The concept of a
uniform base was introduced by P. S. Alexandroff [1]. A. V. Arhangel’skii has proved (see
[3, 4]) that a space is an open continuous image with compact fibers of a metric space if
and only if 𝑋 is a space with a uniform base. Any regular space with a uniform base is a
space with a uniform pseudo-base.
Example 4.4. Recall that a collection of sets is said to be perfectly decreasing if and
only if each of its elements properly includes an element of the collection. A base B of
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a space 𝑋 is called a base of countable order if for any perfectly decreasing collection of
sets b ⊂ B and any point 𝑥 ∈ ∩b the family b is a base of 𝑋 at the point 𝑥. The concept
of a uniform base was introduced by A. V. Arhangel’skii [2, 3, 4]. H.H. Wicke and J. M.
Worrell has proved (see [33]) that a space is an open continuous image with a complete
family of fibers of a metric space if and only if 𝑋 is a space with a base of countable
order. Any regular space with a base of countable order is a space with a pseudo-base of
countable order.

Fix a 𝑇1-space 𝑋 with a pseudo-base of countable order (𝛾, 𝜋) = ({𝛾𝑛 = {𝑈𝛼 : 𝛼 ∈
𝐴𝑛} : 𝑛 ∈ N}, {𝜋𝑛 : 𝐴𝑛+1 → 𝐴𝑛 : 𝑛 ∈ N}).

On any set 𝐴𝑛 we consider the discrete topology. Denote by 𝐴 the family of all 𝑚𝑐-
sequences 𝛼 = (𝛼𝑛 ∈ 𝐴𝑛 : 𝑛 ∈ N). If 𝛼 = (𝛼𝑛 ∈ 𝐴𝑛 : 𝑛 ∈ N) and 𝛽 = (𝛽𝑛 ∈ 𝐴𝑛 : 𝑛 ∈ N),
then we put 𝜌(𝛼, 𝛽) = Σ{2−𝑛 : 𝛼𝑛 ≠ 𝛽𝑛, 𝑛 ∈ N}. Then (𝐴, 𝜌) is a metric space. If
𝑚 ∈ N and ` ∈ 𝐴𝑚, then we put 𝑉 (`, 𝑚) = {𝛼 = (𝛼𝑛 : 𝑛 ∈ N) ∈ 𝐴 : 𝛼𝑚 = `}. If 𝛼 =
(𝛼𝑛 : 𝑛 ∈ N) ∈ 𝐴, then {𝑉 (𝛼𝑛, 𝑛) : 𝑛 ∈ N} is a base of the point 𝛼 in 𝐴 in the topology
𝑇 (𝜌). The metric 𝜌 is the Baire metric on the product of a sequence of discrete spaces.

For every point 𝛼 = (𝛼𝑛 ∈ 𝐴𝑛 : 𝑛 ∈ N) ∈ 𝐴 we put 𝑓 (𝛼) = ∩(𝑈𝛼𝑛
: 𝑛 ∈ N).

Property 1. 𝑓 : 𝐴 −→ 𝑋 is a single-valued mapping of the set 𝐴 onto the space 𝑋 .
Fix a point 𝛼 = (𝛼𝑛 ∈ 𝐴𝑛 : 𝑛 ∈ N) ∈ 𝐴. Since 𝛼 is an 𝑚𝑐-sequence, 𝑓 (𝛼) ≠ ∅. Fix

𝑥 ∈ 𝑓 (𝛼) and 𝑦 ∈ 𝑋 \ {𝑥}. The set 𝑈 = 𝑋 \ {𝑥} is open in 𝑋 . Then there exist an open
subset 𝑉 of 𝑋 and a natural number 𝑚 ∈ N such that 𝑥 ∈ 𝑉 ⊂ 𝑋 𝑈 and 𝑈𝛼𝑚

∩ 𝑀 ⊆ 𝑈

provided 𝑀 ∈ A and 𝑀 ∩ 𝑉 ≠ ∅. Hence 𝑓 (𝛼) ⊂ 𝑈𝛼𝑚
⊂ 𝑈 and 𝑦 ∉ 𝑓 (𝛼). Property 1 is

proved.
Let 𝑇 (𝜌) be the topology on 𝐴 generated by the metric 𝜌. On 𝐴 consider the topology

𝑇 generated by the open base B = {𝑈 ∩ 𝑓 −1(𝑉) : 𝑈 ∈ 𝑇 (𝜌), 𝑉 is an open subset of 𝑋}.
Obviously, (𝐴,𝑇) is a Hausdorff space and 𝜌 is a continuous metric on the space 𝐴.

Property 2. The mapping 𝑓 : 𝐴 −→ 𝑋 is an open continuous mapping of the space 𝐴

onto the space 𝑋 .
Since 𝑓 −1(𝑉) ∈ B ⊂ 𝑇 for any open subset 𝑉 of the space 𝑋 , the mapping 𝑓 is

continuous. Let 𝑈 be an open subset of 𝐴 and 𝛼 = (𝛼𝑛 ∈ 𝐴𝑛 : 𝑛 ∈ N) ∈ 𝑈. Then there
exist an open subset 𝑉 of 𝑋 and 𝑚 ∈ N such that 𝑉𝛼,𝑛 ∩ 𝑓 −1(𝑉) ⊂ 𝑈. Then 𝑓 (𝑉 (𝛼, 𝑛))
= 𝑈𝛼𝑛

and the set 𝑓 (𝑉𝛼,𝑛 ∩ 𝑓 −1(𝑉)) = 𝑈𝛼𝑛
∩𝑉 is open. Therefore, the set 𝑓 (𝑈) is open

in 𝑋 as the union of open sets. Property 2 is proved.
Property 3. If 𝑎 ∈ 𝑋 , then on 𝑓 −1(𝑎) the topologies 𝑇 (𝜌) and 𝑇 coincide and the set

𝑓 −1(𝑎) is complete metrizable by the metric 𝜌. Hence 𝑓 is a uniformly complete mapping.
By construction, the topologies 𝑇 (𝜌) and 𝑇 coincide on 𝑓 −1(𝑎). We put 𝐴𝑛 (𝑎) =

{𝛼 ∈ 𝐴𝑛 : 𝑎 ∈ 𝑈𝛼}. In this case the set 𝐴(𝑎) = 𝑓 −1(𝑎) = 𝐴 ∩ Π{𝐴𝑛 (𝑎) : 𝑛 ∈ N} is a
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closed subset of the space Π{𝐴𝑛 : 𝑛 ∈ N} with the Baire metric 𝜌. Hence (𝐴(𝑎), 𝜌) is a
complete metric space. Property 3 is proved.

Property 4. Assume that the cover 𝛾𝑛 is point-finite for any 𝑛 ∈ N. Then the fibers
𝑓 −1(𝑥), 𝑥 ∈ 𝑋 , are compact subsets of the space 𝐴.

In this case the sets 𝐴𝑛 (𝑎), 𝑎 ∈ 𝑋 , are finite, the space Π{𝐴𝑛 (𝑎) : 𝑛 ∈ N} is compact
and 𝑓 −1(𝑎) is compact as a closed subset of the space Π{𝐴𝑛 (𝑎) : 𝑛 ∈ N}. Property 4 is
proved.

Property 5. If 𝑋 is a 𝑇𝑖-space and 𝑖 ∈ {2, 3, 31
2 }, then (𝐴,𝑇) is a 𝑇𝑖-space too.

By construction, (𝐴,𝑇) is a subspace of the product of a metric space 𝐴 and a 𝑇𝑖-space
𝑋 . Property 5 is proved.

From properties 1 - 5 it follows the next two theorems.

Theorem 4.1. Let 𝑋 be a space with a pseudo-base of countable order. Then there exist a
submetrizable space 𝑆 and an open continuous uniformly complete mapping 𝑓 : 𝑆 −→ 𝑋

of the space 𝑆 onto the space 𝑋 . If the space 𝑋 is regular or completely regular, then the
space 𝑆 is regular or complete regular too.

Theorem 4.2. Let 𝑋 be a space with a uniform pseudo-base. Then there exist a sub-
metrizable space 𝑆 and an open continuous compact mapping 𝑓 : 𝑆 −→ 𝑋 of the space
𝑆 onto the space 𝑋 . If the space 𝑋 is regular or completely regular, then the space 𝑆 is
regular or complete regular too.

Theorem 4.3. Let 𝑋 be a regular space with a pseudo-base of countable order and F be
a complete family of subsets of 𝑋 . Then there exist a submetrizable space 𝐴, a continuous
pseudometric 𝑑 on 𝐴 and an open continuous uniformly complete mapping 𝑓 : 𝐴 −→ 𝑋

of the space 𝐴 onto the space 𝑋 such that for any 𝐹 ∈ F the subpace 𝑓 −1(𝐹) is complete
metrizable by the metric 𝑑. In particular, each subspace 𝐹 ∈ F has a complete base of
countable order.

Proof. Fix a sequence {𝑉𝑛 : 𝑛 ∈ N} of open subsets of the Wallman compactification 𝜔𝑋

such that 𝑋 ⊂ 𝑍 = ∩{𝑉𝑛 : 𝑛 ∈ N} and the set 𝐹 is closed in the space 𝑍 for each 𝐹 ∈ F .
Since 𝑋 is a regular space, on 𝑋 there exists a pseudo-base of countable order (𝛾, 𝜋) =

({𝛾𝑛 = {𝑈𝛼 : 𝛼 ∈ 𝐴𝑛} : 𝑛 ∈ N}, {𝜋𝑛 : 𝐴𝑛+1 → 𝐴𝑛 : 𝑛 ∈ N}) such that:
(𝑆3) ∪{𝑈𝛽 : 𝛽 ∈ 𝜋−1

𝑛 (𝛼)} = ∪{𝑐𝑙𝑋𝑈𝛽 : 𝛽 ∈ 𝜋−1
𝑛 (𝛼)} = 𝑈𝛼 for all 𝛼 ∈ 𝐴𝑛 and 𝑛 ∈ N;

(𝑆4)𝑈𝛼 ⊆ 𝑐𝑙𝜔𝑋𝑈𝛼 ⊂ 𝑉𝑛 for all 𝑛 ∈ N and 𝛼 ∈ 𝐴𝑛.
Fix a set 𝐹 ∈ F and a 𝑐-sequence 𝛼 = {𝛼𝑛 : 𝑛 ∈ N} such that 𝐹 ∩ 𝑈𝛼𝑛

≠ ∅
for any 𝑛 ∈ N. Then, since 𝐹 is a closed subset of 𝑍 , ∩{𝐹 ∩ 𝑈𝛼𝑛

: 𝑛 ∈ N} =
∩{𝑐𝑙𝜔𝑋 (𝐹 ∩ 𝑈𝛼𝑛

) : 𝑛 ∈ N} is a singleton set {𝑏} ⊂ 𝐹 and {𝐹 ∩ 𝑈𝛼𝑛
: 𝑛 ∈ N} is

39



SUBMETRIZABLE SPACES AND OPEN MAPPINGS

a base of the subspace 𝐹 at the point 𝑏 ∈ 𝐹. Hence the subspace 𝐹 has a complete base
of countable order (see [8]).

Now we consider the space 𝐴 =
∏{𝐴𝑛 : 𝑛 ∈ N} with the Baire metric 𝑑 and the

open continuous projection 𝑓 : 𝐴 −→ 𝑋 . In this case 𝑓 −1(𝐹) is complete metrizable by
the metric 𝑑 as a closed subset of

∏{𝐴𝑛 : 𝑛 ∈ N} and 𝑓 | 𝑓 −1(𝐹) : 𝑓 −1(𝐹) −→ 𝐹 is a
continuous open mapping of ( 𝑓 −1(𝐹), 𝑑) onto 𝐹. The proof is complete. �

5. Open images of submetrizable spaces

Theorem 5.1. Let 𝑓 : 𝑋 −→ 𝑌 be an open continuous complete mapping of a regular
space 𝑋 with a pseudo-base of countable order onto a space 𝑌 . Then 𝑌 is a space with a
pseudo-base of countable order.

Proof. Fix a sequence {𝑉𝑛 : 𝑛 ∈ N} of open subsets of the Wallman compactification
𝜔𝑋 such that 𝑋 ⊂ 𝑍 = ∩{𝑉𝑛 : 𝑛 ∈ N} and the set 𝑓 −1(𝑦) is closed in the space 𝑍 for each
point 𝑦 ∈ 𝑌 .

Since 𝑋 is a regular space, on 𝑋 there exists a pseudo-base of countable order (𝛾, 𝜋) =
({𝛾𝑛 = {𝑈𝛼 : 𝛼 ∈ 𝐴𝑛} : 𝑛 ∈ N}, {𝜋𝑛 : 𝐴𝑛+1 → 𝐴𝑛 : 𝑛 ∈ N}) such that:

(𝑆3) ∪{𝑈𝛽 : 𝛽 ∈ 𝜋−1
𝑛 (𝛼)} = ∪{𝑐𝑙𝑋𝑈𝛽 : 𝛽 ∈ 𝜋−1

𝑛 (𝛼)} = 𝑈𝛼 for all 𝛼 ∈ 𝐴𝑛 and 𝑛 ∈ N;
(𝑆4)𝑈𝛼 ⊆ 𝑐𝑙𝜔𝑋𝑈𝛼 ⊂ 𝑉𝑛 for all 𝑛 ∈ N and 𝛼 ∈ 𝐴𝑛.
Fix a point 𝑏 ∈ 𝑌 and a 𝑐-sequence 𝛼 = {𝛼𝑛 : 𝑛 ∈ N} such that 𝑏 ∈ ∩{𝑊𝛼𝑛

= 𝑓 (𝑈𝛼𝑛
) :

𝑛 ∈ N}.
Let 𝑎 ∈ 𝑋 and 𝑓 −1( 𝑓 (𝑎)) ∩𝑈𝛼𝑛

≠ ∅ for each 𝑛 ∈ N. We affirm that 𝑓 (𝑎) = 𝑏.
The sets 𝐻 (𝑎) = 𝑐𝑙𝜔𝑋 𝑓 −1( 𝑓 (𝑎)) and 𝐹𝑛 = 𝑐𝑙𝜔𝑋𝑈𝛼𝑛

are closed in a compact space𝜔𝑋

and 𝐹𝑛+1 ⊂ 𝐹𝑛, 𝐹𝑛 ∩ 𝐻 (𝑎) ≠ ∅ for each 𝑛 ∈ N. Hence 𝐹 = ∩{𝐹𝑛 ∩ 𝐻 (𝑎) : 𝑛 ∈ N} ≠ ∅.
Since 𝐹𝑛 ⊂ 𝑉𝑛 for each 𝑛 ∈ N, we have 𝐹 ⊂ 𝑍 . Since 𝑓 −1( 𝑓 (𝑎)) is a closed subset of
𝑍 and 𝐻 (𝑎) ∩ 𝑍 = 𝑓 −1( 𝑓 (𝑎)), we have 𝐹 ⊆ 𝑓 −1( 𝑓 (𝑎)). Then 𝑎 ∈ ∩{𝑈𝛼𝑛

: 𝑛 ∈ N} =
∩{𝑐𝑙𝑋𝑈𝛼𝑛

: 𝑛 ∈ N} = 𝐹 and 𝑓 (𝑎) = 𝑏.
Therefore for any 𝑐-sequence 𝛼 = {𝛼𝑛 : 𝑛 ∈ N} we have:
- the set ∩{𝑊𝛼𝑛

= 𝑓 (𝑈𝛼𝑛
) : 𝑛 ∈ N} is empty or a singleton set;

- the set ∩{𝑊𝛼𝑛
: 𝑛 ∈ N} is a singleton set if and only if the set ∩{𝑈𝛼𝑛

: 𝑛 ∈ N} is a
singleton set;

- ∩{𝑊𝛼𝑛
: 𝑛 ∈ N} = 𝑓 (∩{𝑈𝛼𝑛

: 𝑛 ∈ N}).
Therefore ( 𝑓 (𝛾), 𝜋) = ({ 𝑓 (𝛾𝑛) = {𝑊𝛼 = 𝑓 (𝑈𝛼) : 𝛼 ∈ 𝐴𝑛} : 𝑛 ∈ N}, {𝜋𝑛 : 𝐴𝑛+1 →

𝐴𝑛 : 𝑛 ∈ N}) is a pseudo-base of countable order of the space 𝑌 . �

Since any space with a 𝐺 𝛿-diagonal is a space with a pseudo-base of countable order,
from Theorem 5.1 it follows
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Corollary 5.1. Let 𝑓 : 𝑋 −→ 𝑌 be an open continuous complete mapping of a regular
space 𝑋 with a 𝐺 𝛿-diagonal onto a space 𝑌 . Then 𝑌 is a space with a pseudo-base of
countable order.

Corollary 5.2. For a regular space 𝑋 the following assertions are equivalent:

(1) 𝑋 is a space with a pseudo-base of countable order.
(2) 𝑋 is an open continuous complete image of some regular space with a 𝐺 𝛿-

diagonal.
(3) 𝑋 is an open continuous complete image of some regular submetrizable space.

Theorem 5.2. Let 𝑓 : 𝑋 −→ 𝑌 be an open continuous uniformly complete mapping of a
submetrizable space 𝑋 onto a space 𝑌 . Then 𝑌 is space with a pseudo-base of countable
order. If the mapping 𝑓 is compact, then 𝑌 is a space with a uniform pseudo-base.

Proof. Assume that the mapping 𝑓 is uniformly complete relatively to the continuous
metric 𝑑 and 𝑇 be the topology of the space 𝑋 .

Since 𝑑 is a continuous metric on 𝑋 , on 𝑋 there exists an 𝐴-sieve (𝛾, 𝜋) = ({𝛾𝑛 =

{𝑈𝛼 : 𝛼 ∈ 𝐴𝑛} : 𝑛 ∈ N}, {𝜋𝑛 : 𝐴𝑛+1 → 𝐴𝑛 : 𝑛 ∈ N}) with the following properties:
1. 𝑈𝛼 ∈ 𝑇 (𝑑) and 𝑑𝑖𝑎𝑚𝑑 (𝑈𝛼) < 2−𝑛 for all 𝑛 ∈ N and 𝛼 ∈ 𝐴𝑛.
2. 𝛾𝑛 = {𝑈𝛼 : 𝛼 ∈ 𝐴𝑛} is an open locally finite cover of the metric space (𝑋, 𝑑) for

each 𝑛 ∈ N.
By construction, since 𝑑 is a continuous metric, 𝛾𝑛 = {𝑈𝛼 : 𝛼 ∈ 𝐴𝑛} is an open locally

finite cover of the topological space 𝑋 for each 𝑛 ∈ N.
Obviously, (𝛾, 𝜋) is a uniform pseudo-base of the space 𝑋 .
For any subset 𝐴 of 𝑋 the closures 𝑐𝑙 (𝑋,𝑇 )𝐴 and 𝑐𝑙 (𝑋,𝑑)𝐴 are closed in 𝑋 , 𝑐𝑙 (𝑋,𝑇 )𝐴 ⊂

𝑐𝑙 (𝑋,𝑑)𝐴 and 𝑑𝑖𝑎𝑚𝑑 (𝑐𝑙 (𝑋,𝑑)𝐴) = 𝑑𝑖𝑎𝑚𝑑 (𝐴).
Fix a point 𝑏 ∈ 𝑌 and a 𝑐-sequence 𝛼 = {𝛼𝑛 : 𝑛 ∈ N} such that 𝑏 ∈ ∩{𝑊𝛼𝑛

= 𝑓 (𝑈𝛼𝑛
) :

𝑛 ∈ N}.
Let 𝑎 ∈ 𝑋 and 𝑓 −1( 𝑓 (𝑎)) ∩ 𝑐𝑙 (𝑋,𝑑)𝑈𝛼𝑛

≠ ∅ for each 𝑛 ∈ N. We affirm that 𝑓 (𝑎) = 𝑏.
The sets 𝐻 (𝑎) = 𝑓 −1( 𝑓 (𝑎)) and 𝐹𝑛 = 𝑐𝑙 (𝑋,𝑑)𝑈𝛼𝑛

are closed in the space (𝑋, 𝑑) and
𝐹𝑛+1 ⊂ 𝐹𝑛, 𝑑𝑖𝑎𝑚𝑑 (𝐹𝑛) ≤ 2−𝑛, 𝐹𝑛 ∩ 𝐻 (𝑎) ≠ ∅ for each 𝑛 ∈ N. Since (𝐻 (𝑎), 𝑑) is a
complete metric space, 𝐹 = ∩{𝐹𝑛 ∩ 𝐻 (𝑎) : 𝑛 ∈ N} ≠ ∅. Hence 𝐹 = {𝑎}. If 𝑓 (𝑎) ≠ 𝑏,
then 𝑎 ∉ 𝑓 −1(𝑏), 𝑓 −1(𝑏) is a closed subset of (𝑋, 𝑑) and 𝑑 (𝑎, 𝑓 −1(𝑏)) = 2𝑟 > 0. Assume
that 2−𝑚 < 𝑟. Then 𝐹𝑛 ∩ 𝑓 −1(𝑏) = ∅ and 𝑏 ∉ 𝑓 (𝐹𝑛) and 𝑏 ∉ 𝑓 (𝑈𝛼𝑛

), a contradiction.
Hence 𝑓 (𝑎) = 𝑏.

Therefore for any 𝑐-sequence 𝛼 = {𝛼𝑛 : 𝑛 ∈ N} we have:
- the set ∩{𝑊𝛼𝑛

= 𝑓 (𝑈𝛼𝑛
) : 𝑛 ∈ N} is empty or a singleton set;
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- the set∩{ 𝑓 (𝑐𝑙 (𝑋,𝑑)𝑈𝛼𝑛
) : 𝑛 ∈ N} is a singleton set if and only if the set∩{𝑐𝑙 (𝑋,𝑑)𝑈𝛼𝑛

:
𝑛 ∈ N} is a singleton set;

- ∩{𝑊𝛼𝑛
: 𝑛 ∈ N} ⊆ 𝑓 (∩{𝑐𝑙 (𝑋,𝑑)𝑈𝛼𝑛

: 𝑛 ∈ N}).
Therefore ( 𝑓 (𝛾), 𝜋) = ({ 𝑓 (𝛾𝑛) = {𝑊𝛼 = 𝑓 (𝑈𝛼) : 𝛼 ∈ 𝐴𝑛} : 𝑛 ∈ N}, {𝜋𝑛 : 𝐴𝑛+1 →

𝐴𝑛 : 𝑛 ∈ N}) is a pseudo-base of countable order of the space 𝑌 .
If 𝑓 is a compact mapping, then the covers 𝑓 (𝛾𝑛) are point-finite and ( 𝑓 (𝛾), 𝜋) is a

uniform pseudo-base. The proof is complete. �

Now let us mention the following assertion

Proposition 5.1. Any metacompact space with a pseudo-base of countable order is a
space with a uniform pseudo-base.

6. On set-valued mappings

We say that \ : 𝑋 −→ 𝑌 is a set-valued mapping of a space 𝑋 into a space 𝑌 if \ (𝑥)
is a closed non-empty subset of 𝑌 for any point 𝑥 ∈ 𝑋 . If 𝐴 ⊂ 𝑋 and 𝐵 ⊂ 𝑌 , then \ (𝐴)
= ∪{\ (𝑥) : 𝑥 ∈ 𝐴} and \−1(𝐵) = {𝑥 ∈ 𝑋 : \ (𝑥) ∩ 𝐵 ≠ ∅}. The set-valued mapping \ is
called lower (upper) semi-continuous if for any open (closed) subset 𝐻 of the space 𝑌 the
set \−1(𝐻) is open (closed) in the space 𝑋 .

Theorem 6.1. Let \ : 𝑋 −→ 𝑌 be a lower semi-continuous set-valued mapping of a
paracompact 𝑘-space 𝑋 into a submetrizable space 𝑌 and for any compact subset 𝐹
of 𝑋 there exist a compact subset 𝑒(𝐹) such that \ (𝐹) ⊂ 𝑒(𝐹). Then there exists an
upper semi-continuous mapping 𝑔 : 𝑋 −→ 𝑌 and a lower semi-continuous mapping
𝑓 : 𝑋 −→ 𝑌 such that:

(1) The sets 𝑔(𝑥) and 𝑓 (𝑥) are non-empty compact subsets of 𝑌 and 𝑓 (𝑥) ⊂ 𝑔(𝑥) ⊂
\ (𝑥) for each point 𝑥 ∈ 𝑋 .

(2) If 𝑑𝑖𝑚𝑋 = 0, then 𝑓 = 𝑔 is a continuous single-valued mapping.

Proof. Assume that 𝑑 is a continuous metric on 𝑌 . For any point 𝑥 ∈ 𝑋 the set \ (𝑥) is
closed in𝑌 , 𝑒({𝑥}) is a compact subset of𝑌 and \ (𝑥) ⊆ 𝑒({𝑥}). Hence \ (𝑥) is a metrizable
compact subset of 𝑌 for any point 𝑥 ∈ 𝑋 . In particular, the family F = {\ (𝑥); 𝑥 ∈ 𝑋}
is uniformly complete relatively to the continuous metric 𝑑. Let 𝑇 be the topology of
the space 𝑌 . By virtue of the E. Michael’s selection theorems [28, 29] there exist an
upper semi-continuous mapping 𝑔 : 𝑋 −→ (𝑌, 𝑑) and a lower semi-continuous mapping
𝑓 : 𝑋 −→ (𝑌, 𝑑) such that:

1. The sets 𝑔(𝑥) and 𝑓 (𝑥) are non-empty compact subsets of𝑌 and 𝑓 (𝑥) ⊂ 𝑔(𝑥) ⊂ \ (𝑥)
for each point 𝑥 ∈ 𝑋 .
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2. If 𝑑𝑖𝑚𝑋 = 0, then 𝑓 = 𝑔 is a continuous single-valued mapping of the space 𝑋 into
the space (𝑌, 𝑑).

Fix a compact subset 𝐹 of 𝑋 . Then the topologies 𝑇 and 𝑇 (𝑑) coincide on the compact
set 𝑒(𝐹). Hence the restrictions 𝑔 |𝐹 and 𝑓 |𝐹 are respectively upper and lower semi-
continuous mappings of 𝐹 into (𝑌,𝑇). Since 𝑋 is a 𝑘-space, the mappings 𝑔 and 𝑓 are
respectively upper and lower semi-continuous of 𝑋 into (𝑌,𝑇). The proof is complete. �

Theorem 6.2. Let \ : 𝑋 −→ 𝑌 be a lower semi-continuous mapping of a paracompact
𝑘-space 𝑋 into a locally convex linear space 𝑌 of countable pseudocharacter. Assume
that for any point 𝑥 ∈ 𝑋 the set \ (𝑥) is convex and for any compact subset 𝐹 of 𝑋 there
exist a compact subset 𝑒(𝐹) such that \ (𝐹) ⊂ 𝑒(𝐹). Then there exists a single-valued
continuous mapping 𝑔 : 𝑋 −→ 𝑌 such that 𝑔(𝑥) ∈ \ (𝑥) for each point 𝑥 ∈ 𝑋 .

Proof. For any point 𝑥 ∈ 𝑋 the set \ (𝑥) is closed in 𝑌 , 𝑒({𝑥}) is a compact subset of 𝑌
and \ (𝑥) ⊆ 𝑒({𝑥}). Hence \ (𝑥) is a compact convex subset of 𝑌 for any point 𝑥 ∈ 𝑋 .

If 𝐴 ⊂ 𝑌 , 𝐵 ⊂ 𝑌 and 𝐶 ⊂ R, then 𝐴 + 𝐵 = {𝑥 + 𝑦 : 𝑥 ∈ 𝐴, 𝑦 ∈ 𝐵} and 𝐶 · 𝐴 =
{𝑡 · 𝑥 : 𝑥 ∈ 𝐴, 𝑡 ∈ 𝐶}. There exists a sequence {𝑈𝑛 : 𝑛 ∈ N} of open convex subsets
of the space 𝑌 such that 𝑈𝑛+1 +𝑈𝑛+1 +𝑈𝑛+1 ⊂ 2−2𝑈𝑛 ⊂ 𝑈𝑛 = −𝑈𝑛 for each 𝑛 ∈ N and
∩{𝑈𝑛 : 𝑛 ∈ N} = {0}.

For any 𝑛 ∈ N we define the Minkowski functional 𝑝𝑛 : 𝑌 −→ [0,∞), defined
by 𝑝𝑛 (𝑦) = 𝑖𝑛 𝑓 {𝑟 ∈ [0,∞) : 𝑦 ∈ 𝑟 · 𝑈𝑛}. Let 𝑞𝑛 (𝑦) = 𝑚𝑖𝑛{1, 𝑝𝑛 (𝑦)} and 𝑞(𝑦) =
Σ{2−𝑛𝑞𝑛 (𝑦) : 𝑛 ∈ N} for each 𝑦 ∈ 𝑌 . From the properties of the Minkowski functionals
and constructions follows the next properties:

- 𝑝𝑛 (𝑢+𝑣) ≤ 𝑝𝑛 (𝑢) + 𝑝𝑛 (𝑣) and 𝑞(𝑢+𝑣) ≤ 𝑞(𝑢) +𝑞(𝑣) for each 𝑛 ∈ N and all 𝑢, 𝑣 ∈ 𝑌 ;
- 𝑞(𝑦) = 0 if and only if 𝑦 = 0;
- if 𝑛 ∈ N and 𝑦 ∈ 𝑈𝑛+1, then 𝑞𝑛+1(𝑦) = 𝑝𝑛+1(𝑦) ≤ 1, 𝑞𝑛 (𝑦) = 𝑝𝑛 (𝑦) ≤ 2−2 and

𝑞(𝑦) ≤ 2−𝑛.
Hence 𝑑 (𝑢, 𝑣) = 𝑞(𝑢 − 𝑣), 𝑢, 𝑣 ∈ 𝑌 , is an invariant continuous metric on the space 𝑌

and 𝑇 (𝑑) is a locally convex topology on the linear space 𝑌 . Therefore \ : 𝑋 −→ (𝑌, 𝑑)
is a lower semi-continuous compact and convex-valued mapping of the paracompact
space 𝑋 into a metrizable locally convex topological linear space (𝑌, 𝑑). By virtue of
E. Michael’s selection theorem [26, 27], there exists a single-valued continuous mapping
𝑔 : 𝑋 −→ (𝑌, 𝑑) a such that 𝑔(𝑥) ∈ \ (𝑥) for each point 𝑥 ∈ 𝑋 . Since 𝑋 is a 𝑘-space
and the restriction 𝑔 |𝐹 : 𝐹 −→ 𝑒(𝐹) is continuous for any compact subset 𝐹 of 𝑋 , the
mapping 𝑔 : 𝑋 −→ (𝑌,𝑇) is continuous too. The proof is complete. �

For regular spaces Theorem 6.1 follows from the next theorem.
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Theorem 6.3. Let \ : 𝑋 −→ 𝑌 be a lower semi-continuous mapping of a paracompact
𝑘-space 𝑋 into a regular space 𝑌 with a pseudo-base of countable order. Assume that for
any compact subset 𝐹 of 𝑋 there exist a compact subset 𝑒(𝐹) such that \ (𝐹) ⊂ 𝑒(𝐹). Then
there exist an upper semi-continuous mapping 𝑔 : 𝑋 −→ 𝑌 and a lower semi-continuous
mapping 𝑓 : 𝑋 −→ 𝑌 such that:

(1) The sets 𝑔(𝑥) and 𝑓 (𝑥) are non-empty compact subsets of 𝑌 and 𝑓 (𝑥) ⊂ 𝑔(𝑥) ⊂
\ (𝑥) for each point 𝑥 ∈ 𝑋 .

(2) If 𝑑𝑖𝑚𝑋 = 0, then 𝑓 = 𝑔 is a continuous single-valued mapping.

Proof. For any point 𝑥 ∈ 𝑋 the set \ (𝑥) is closed in 𝑌 , 𝑒({𝑥}) is a compact subset of
𝑌 and \ (𝑥) ⊆ 𝑒({𝑥}). Hence \ (𝑥) is a compact subset of 𝑌 for any point 𝑥 ∈ 𝑋 . Hence
F = {𝐹 ⊂ 𝑌 : 𝐹 is a compact subset of 𝑌 } is a complete family of subsets of the space 𝑌
and \ (𝑥) ∈ F for each point 𝑥 ∈ 𝑋 .

By virtue of Theorem 4.7, there exist a submetrizable space 𝐴, a continuous metric 𝑑

on 𝐴 and an open continuous uniformly complete mapping ℎ : 𝐴 −→ 𝑌 of the space 𝐴

onto the space 𝑌 such that for any 𝐹 ∈ F the subspace ℎ−1(𝐹) is complete metrizable by
the metric 𝑑. Let 𝑇 be the regular topology on the space 𝐴.

Consider the set-valued mapping Θ : 𝑋 −→ 𝐴, where Θ(𝑥) = ℎ−1(\ (𝑥)) for each
𝑥 ∈ 𝑋 . Since the mapping ℎ is open, the mapping Θ is lower semi-continuous and the
images Θ(𝑥) are complete metrizable by the metric 𝑑.

By virtue of the E. Michael’s selection theorems [28, 29] there exist an upper semi-
continuous mapping 𝐺 : 𝑋 −→ (𝐴, 𝑑) and a lower semi-continuous mapping Φ : 𝑋 −→
(𝐴, 𝑑) such that:

1. The sets 𝐺 (𝑥) and Φ(𝑥) are non-empty compact subsets of (𝐴, 𝑑) and Φ(𝑥) ⊂
𝐺 (𝑥) ⊂ Θ(𝑥) for each point 𝑥 ∈ 𝑋 .

2. If 𝑑𝑖𝑚𝑋 = 0, then Φ = 𝐺 is a continuous single-valued mapping of the space 𝑋 into
the space (𝐴, 𝑑).

Fix a compact subset 𝐹 of 𝑋 . Then the topologies 𝑇 and 𝑇 (𝑑) coincide on the compact
set ℎ−1(𝑒(𝐹)). Hence the restrictions 𝐺 |𝐹 and Φ|𝐹 are respectively upper and lower
semi-continuous mappings of 𝐹 into (𝐴,𝑇). Since 𝑋 is a 𝑘-space, the mappings 𝐺 and
Φ are respectively upper and lower semi-continuous mappings of 𝑋 into (𝐴,𝑇). Now we
put 𝑔(𝑥) = ℎ(𝐺 (𝑥)) and 𝑓 (𝑥) = ℎ(Φ(𝑥)). The proof is complete. �

Similarly, with the respective results from [13, 14, 15], we can prove other results for
selections. Let us mention the following theorem.

Theorem 6.4. Let \ : 𝑋 −→ 𝑌 be a lower semi-continuous mapping of a paracompact
𝑘-space 𝑋 into a regular space 𝑌 with a pseudo-base of countable order. Assume that
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𝑑𝑖𝑚𝑋 = 𝑚, 𝑚 ∈ N, and for any compact subset 𝐹 of 𝑋 there exist a compact subset 𝑒(𝐹)
such that \ (𝐹) ⊂ 𝑒(𝐹). Then there exists an upper semi-continuous mapping 𝑔 : 𝑋 −→ 𝑌

such that 𝑔(𝑥) ⊂ \ (𝑥) and |𝑔(𝑥) | ≤ 𝑚 + 1 for each point 𝑥 ∈ 𝑋 .

Example 6.5. Let 𝑌 = {0} ∪ {2−𝑛 : 𝑛N} be a compact subset of the reals in the usual
topology. In the article [19] was constructed a space 𝑆 and an open continuous mapping
𝑔 : 𝑆 −→ 𝑌 such that:

- 𝑑𝑖𝑚𝑆 = 0 and any compact subset of 𝑆 is finite;
- the fibers 𝑔−1(𝑦), 𝑦 ∈ 𝑌 are finite.
Hence the space 𝑆 is submetrizable, 𝑌 is a 𝑘-space as a compact space and 𝑔 is a

uniformly complete mapping. If 𝑓 : 𝑌 −→ 𝑆 is a mapping and 𝑓 (𝑦) ∈ 𝑔−1(𝑦) for each
𝑦 ∈ 𝑌 , then the mapping 𝑓 is not continuous. Thus, in the previous Theorems 6.1 - 6.4,
the requirement that the image of a compact set is contained in a compact set is essential.
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Abstract. In the present article we study the monoid of continuous endo-
morphisms, in the topology of pointwise convergence, of a topological universl
algebra. Theorem 3.1 affirms that any semi-topological monoid (semigroup with
unity) is isomorphic to a semigroup of continuous endomorphisms 𝐸𝑛𝑑𝑐 (𝐺) of
some cyclic free topological universal algebra 𝐺.
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Despre monoidul endomorfismelor a unei algebre universale
topologice

Rezumat. În articolul prezent se studiază monoidul endomorfismelor conti-
nue, în topologia convergent,ei punctuale, a unei algebre universale topologice.
Teorema 3.1 afirmă că orice monoid semi-topologic (semigrup cu unitate) este
izomorfă cu un semigrup de endomorfisme continue 𝐸𝑛𝑑𝑐 (𝐺) a unei algebre
universale topologice libere ciclice 𝐺.
Cuvinte cheie: algebră universală, algebră universală topologică liberă, ideal
de stânga, semigrup de endomorfisme continue.

1. Introduction

Let N = {1, 2, ...} be the set of natural numbers and 𝑛 ∈ 𝜔 = {0, 1, 2, ...} be the set of
non-negative integers. The 𝑛-ary Cartesian power of a set 𝑋 is denoted by 𝑋𝑛. If the set
𝑋 is empty, then the set 𝑋𝑛 is empty too. If the set 𝑋 is non-empty, then the set 𝑋0 is a
singleton. The discrete sum Ω = ⊕{Ω𝑛 : 𝑛 ∈ 𝑁 = {0, 1, 2, ...}} of the pairwise disjoint
topological spaces {Ω𝑛 : 𝑛 ∈ 𝑁} is called a continuous signature. If the space Ω is a
discrete space, then we say that Ω is a discrete signature.

A topologicalΩ-algebra or a topological universal algebra of the signatureΩ is a family
{𝐺, 𝑒𝑛𝐺 : 𝑛 ∈ 𝑁}, where 𝐺 is a non-empty topological space and 𝑒𝑛𝐺 : Ω𝑛 × 𝐺𝑛 → 𝐺
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is a continuous mapping for each 𝑛 ∈ 𝜔. The concept of universal algebra was created by
Alfred North Whitehead in 1898 as a generalization of Boole’s logical algebras. The term
universal algebra was proposed by James Joseph Sylvester [19]. Between 1935 and 1950
important works were published by Garrett Birkhoff, in which he introduced the notions of
variety, quasi-variety, free algebra, congruences and proved the homomorphism theorems
[1, 2]. After 1950, due to applications in mathematical logic, model theory, geometric
algebras, theoretical and computer physics, the theory of universal algebras began to
develop fruitfully [2, 5, 6, 8, 9, 11, 12, 18]. As in [14, 15, 16, 17, 18] we continue the
study of semigroups of endomorphisms of universal topological algebras.

Let 𝐴, 𝐵 and 𝐶 be three topological universal algebras of signature Ω. The function
𝑓 : 𝐴 −→ 𝐵 is called a morphism or homomorphism, if 𝑓 (𝑢(𝑥)) = 𝑢( 𝑓 𝑛 (𝑥)) for
any 𝑛 ∈ 𝜔, any 𝑢 ∈ Ω𝑛 and any element 𝑥 = (𝑥1, 𝑥2, ..., 𝑥𝑛) ∈ 𝐺𝑛, where 𝑓 𝑛 (𝑥) =
( 𝑓 (𝑥1), 𝑓 (𝑥2), ..., 𝑓 (𝑥𝑛)). The composition of the functions 𝑓 : 𝐴 −→ 𝐵 and 𝑔 :
𝐵 −→ 𝐶 is the function ℎ = 𝑓 · 𝑔: 𝐴 −→ 𝐶, where ℎ(𝑥) = 𝑔( 𝑓 (𝑥)) for any 𝑥 ∈ 𝐴.
The composition of two continuous morphisms is always a continuous morphism. A
morphism that is a bijective function is called an isomorphism. An isomorphism which
is a homeomorphismis called a topological isomorphism.

If a topological isomorphism can be established between two topological universal
algebras, they are called topologic isomorphs. Two topologically isomorph topological
universal algebras are identified. Morphisms, respectively isomorphisms, of a topological
universal algebra in itself are called endomorphisms, respectively automorphisms.

Subalgebras and Cartesian products of, topologicalΩ-algebras are defined in traditional
way [19, 1, 2, 7, 9, 4, 3, 18].

Let 𝐺 be a topological space and 𝑛 ∈ 𝑁. A continuous mapping _ : 𝐺𝑛 → 𝐺 is called
an 𝑛-ary operation on 𝐺.

If 𝐺 is a topological Ω-algebra and 𝑢 ∈ Ω𝑛, then 𝑢 : 𝐺𝑛 → 𝐺, where 𝑢(𝑥) = 𝑒𝑛𝐺 (𝑢, 𝑥)
for every 𝑥 ∈ 𝐺𝑛, is an 𝑛-ary operation on 𝐺.

A semigroup 𝑆 equipped with a topology is called a semi-topological semigroup if
the tranlations {𝑢𝑎, 𝜑𝑏 : 𝑎, 𝑏 ∈ 𝐺}, where 𝑢𝑎 (𝑥)𝑎 · 𝑥 and 𝜑𝑏 (𝑥) for all 𝑎, 𝑏, 𝑥 ∈ 𝑆, are
continuous mappings of the space 𝑆 into itself.

Monoids are semigroups with identity.
For any topological space 𝑆 denote by 𝐶𝑝 (𝑋, 𝑋) the space of all continuous mappings

𝑓 : 𝑋 −→ 𝑋 in the topology of pointwise convergence. The following assertion is well
known.
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Theorem 1.1. For any topological space 𝑋 the space 𝐶𝑝 (𝑋, 𝑋) with the operation of
composition 𝑓 · 𝑔 is a semi-topological monoid with unity.

Proof. The identity mapping 𝑒𝑋 : 𝑋 −→ 𝑋 is the unity of the semigroup 𝐶𝑝 (𝑋, 𝑋).
Each function 𝑓 : 𝑋 −→ 𝑋 can be thought as a point in the Cartesian product 𝑋𝑋 :

𝑓 = ( 𝑓 (𝑥) : 𝑥 ∈ 𝑋) ∈ 𝑋𝑋 . The topological space𝐶𝑝 (𝑋, 𝑋) is a subspace of the Cartesian
product 𝑋𝑋 with the Tychonoff product topology, so 𝐶𝑝 (𝑋, 𝑋) inherits a topology from
the product topology on 𝑋𝑋 . A net { 𝑓` : ` ∈ 𝑀} in (𝐶𝑝 (𝑋, 𝑋) converges to some
𝑓 ∈ 𝐶𝑝 (𝑋, 𝑋) if and only if for each 𝑥 ∈ 𝑋 the net net { 𝑓` (𝑥) : ` ∈ 𝑀} to converges to
𝑓 (𝑥) in 𝑋 .

Fix 𝑔 ∈ 𝐶𝑝 (𝑋, 𝑋). Consider the left and right translations 𝐿𝑔, 𝑅𝑔 : 𝐶𝑝 (𝑋, 𝑋) −→
𝐶𝑝 (𝑋, 𝑋), where 𝐿𝑔 ( 𝑓 ) = 𝑔 · 𝑓 and 𝑅𝑔 ( 𝑓 ) = 𝑓 · 𝑔 for each 𝑓 ∈ 𝐶𝑝 (𝑋, 𝑋). In
𝐶 (𝑋, 𝑋) fix a net { 𝑓` : ` ∈ 𝑀} convergent to 𝑓 ∈ 𝐶𝑝 (𝑋, 𝑋). For any point 𝑥 ∈ 𝑋

we have 𝑙𝑖𝑚`∈𝑀 𝐿𝑔 ( 𝑓`) (𝑥) = 𝑙𝑖𝑚`∈𝑀 𝑓` (𝑔(𝑥)) = 𝑓 (𝑔(𝑥)) and 𝑙𝑖𝑚`∈𝑀𝑅𝑔 ( 𝑓`) (𝑥) =
𝑙𝑖𝑚`∈𝑀𝑔( 𝑓` (𝑥)) = 𝑔( 𝑓 (𝑥)). Therefore 𝑙𝑖𝑚`∈𝑀 𝐿𝑔 ( 𝑓`) = 𝑔 · 𝑓 and 𝑙𝑖𝑚`∈𝑀𝑅𝑔 ( 𝑓`) (𝑥) =
𝑓 · 𝑔. Hnce the mappings 𝐿𝑔 and 𝑅𝑔 are continuous and 𝐶𝑝 (𝑋, 𝑋) is a semi-topological
semigroup. �

The family of all continuous endomorphisms 𝐸𝑛𝑑𝑐 (𝐺) of a topological universal
algebra 𝐺 relatively to the operation of composition 𝑓 · 𝑔 is a monoid.

Corollary 1.2. The monoid 𝐸𝑛𝑑𝑐 (𝐺) in the topology of pointwise convergence is a semi-
topological semigroup and a subsemigroup of the semi-topological semigroup𝐶𝑝 (𝐺,𝐺).

2. Free topological algrbras

Let Ω be a fixed signature. For any non-empty subset 𝐴 of the universal algebra 𝐺

denote by 𝑠𝐺 (𝐴) the smalest subalgebra of 𝐺 which contains the set 𝐴.
Let Ω be a fixed signature. A topological universal algebra 𝐺 is a topological free

universal algebra in some class of universal algebras if there is given a subspace 𝐼 = 𝐼𝐺 ⊂
𝐺 with the properties:

(1) the algebra 𝐺 is generate by the set 𝐼, i.e. 𝐺= 𝑠𝐺 (𝐼), and 𝐼 is called the space of
generators of 𝐺;

(2) for any continuous mapping 𝑓 : 𝐼 −→ 𝐺 there exists a (unique) continuous
endomorphism 𝑓 : 𝐺 −→ 𝐺 such that 𝑓 (𝑥) = 𝑓 (𝑥) for each 𝑥 ∈ 𝐼.

Let Ω be a fixed signature. A topological free universal algebra 𝐺 is almost discrete if
the space of generators 𝐼𝐺 is a discrete subspace of the space 𝐺.
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A universal algebra 𝐴 is called cyclic if there exists a point 𝑎 ∈ 𝐺 such that the set {𝑎}
generate the algebra 𝐺.

Any topological free cyclic universal algebra is almost discrete.

Remark. Let 𝐺 be a universal topological algebra of the signature Ω. If the set Ω is finite
or countable and 𝐺 is a cyclic algebra, then the set 𝐺 is finite or countable too. If 𝐺 is a
cyclic algebra and the set Ω is infinite, then the |𝐺 | ≤ |Ω|, where |𝐺 | sign the cardinality
of the set 𝐺.

3. The monoid of continuous endomorphisms

G. Gratzer and E. T. Schmidt [10] proved that any complete lattice is isomorphic
to the lattice of congruence of some universal algebra. The semigroup 𝐸𝑛𝑑 (𝐺) of all
endomorphisms and the semigroup 𝐸𝑛𝑑𝑐 (𝐺) of all continuous endomorphisms of a
topological universal algebra 𝐺 are are semigroups with unity. In [13] A. I. Mal’cev
describe the structure of a symmetrical groupoid (semigroup of all transformations of a
set).

The following theorem is a generalization and conceptualization of the theorem from
([18], pag.98).

Theorem 3.1. For any semi-topological monoid 𝑆 there exist a discrete signature Ω and
a topological universal algebra 𝐺𝑆 of signature Ω such that:

(1) The semi-topological monoids 𝑆 and 𝐸𝑛𝑑 (𝐺𝑆) are topologically isomorphic.
(2) 𝐺𝑆 is a free cyclic topological universal algebra of discrete signature Ω.
(3) Ω = Ω1 and there exists a bijection 𝑢 : 𝑆 −→ Ω such tat 𝑢(𝑥) = 𝑢𝑥 and 𝑢𝑥 · 𝑢𝑦

= 𝑢𝑦 ·𝑥 for any 𝑥, 𝑦 ∈ 𝑆. In particular, relatively to operation of composition the
signature Ω is a semi-topological semigroup topologically anti-isomorphic with
the semi-topological semigroup 𝑆.

Proof. Let 𝑒 be the unity of 𝑆. We put 𝐺𝑆 = 𝑆 and Ω = Ω1 = {𝑢𝑎 : 𝑎 ∈ 𝑆}. For any
𝑎 ∈ 𝑆, 𝑢𝑎 ∈ Ω1 and any 𝑥 ∈ 𝐺𝑆 = 𝑆 we put 𝑢𝑎 (𝑥) = 𝑎 · 𝑥. If 𝑎, 𝑏 ∈ 𝑆, then (𝑢𝑎 · 𝑢𝑏) (𝑥) =
𝑢𝑏 (𝑢𝑎 (𝑥)) = (𝑏 · 𝑎) · 𝑥 = 𝑢𝑏 ·𝑎 (𝑥). Hence, if 𝑢(𝑎) = 𝑢𝑎 for any 𝑎 ∈ 𝑆, then 𝑢 : 𝑆 −→ Ω

is a bijection and 𝑢(𝑎 · 𝑏) = 𝑢𝑏 · 𝑢𝑎 for all 𝑎, 𝑏 ∈ 𝑆. Therefore 𝑢 : 𝑆 −→ Ω is an
anti-isomorphism.

For any 𝑢𝑎 ∈ Ω we have 𝑢𝑎 (𝑒) = 𝑎 and 𝑢𝑒 (𝑎) = 𝑎. Hence the universal algebra 𝐺𝑆 is
generated by the element 𝑒 and 𝐺𝑆 is a cyclic algebra.

Since 𝑒1𝐺𝑆
(𝑢𝑎, 𝑥) = 𝑎 · 𝑥, where 𝑢𝑎 = 𝑎 ∈ Ω1 = 𝑆 and 𝑥 ∈ 𝐺𝑆 = 𝑆, and the space

Ω1 is a discrete space, the mapping 𝑒1𝐺𝑆
: Ω1 × 𝐺𝑆 → 𝐺𝑆 is continuous and 𝐺𝑆 is a

topological universal algebra.
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For any 𝑎 ∈ 𝑆 consider the function 𝜑𝑎 : 𝐺𝑆 −→ 𝐺𝑆 , where 𝜑𝑎 (𝑥) = 𝑥 · 𝑎 for any
𝑥 ∈ 𝐺𝑆 = 𝑆. We have 𝜑𝑎 (𝑢𝑏 (𝑥)) = (𝑏 · 𝑥) · 𝑎 = 𝑏 · (𝑥 · 𝑎) = 𝑢𝑏 (𝜑𝑎 (𝑥)) for any 𝑥 ∈ 𝐺𝑆 .
Therefore 𝜑𝑎 ∈ 𝐸𝑛𝑑 (𝐺𝑆). Since 𝐺𝑆 is a cyclic universal algebra, 𝜑𝑎 is the unique
endomorphism of 𝐺𝑆 for which 𝜑𝑎 (𝑒) = 𝑎. Moreover if 𝜑 : 𝐺𝑆 −→ 𝐺𝑆 is a continuous
endomorphism, then 𝜑 = 𝜑𝜑 (𝑒) . Hence 𝐺𝑆 is a free cyclic universal algebra of signature
Ω and 𝐸𝑛𝑑𝑐 (𝐺𝑆) = {𝜑𝑎 : 𝑎 ∈ 𝑆}.

Consider the correspondence 𝜓 : 𝑆 −→ 𝐸𝑛𝑑 (𝐺𝑆), where 𝜓(𝑎) = 𝜑𝑎 for each 𝑎 ∈ 𝑆.
We have (𝜑𝑎 ·𝜑𝑏) (𝑥) = 𝜑𝑏 (𝜑𝑎 (𝑥)) = (𝑥 · 𝑎) · 𝑏 = 𝑥 · (𝑎 · 𝑏) = 𝜑𝑎 ·𝑏 (𝑥). Therefore 𝜓(𝑎 · 𝑏) =
𝜑𝑎 ·𝑏 = 𝜑𝑎 · 𝜑𝑏 = 𝜓(𝑎) ·𝜓(𝑏) and 𝜓 is an isomorphism of the semigroups 𝑆 and 𝐸𝑛𝑑 (𝐺𝑆).
The proof is complete. �

In the case of continuous signature the above theorem is not true and we have the
following theorem.

Theorem 3.2. For any topological semigroup with unity 𝑆 there exist a continuous
signature Ω and a topological universal algebra 𝐺𝑆 of signature Ω such that:

(1) The topological semigroups 𝑆 and 𝐸𝑛𝑑 (𝐺𝑆) are topologically isomorphic.
(2) 𝐺𝑆 is a free cyclic topological universal algebra of continuous signature Ω.
(3) Ω = Ω1 and there exists a bijection 𝑢 : 𝑆 −→ Ω such that 𝑢(𝑥) = 𝑢𝑥 and 𝑢𝑥 · 𝑢𝑦

= 𝑢𝑦 ·𝑥 for any 𝑥, 𝑦 ∈ 𝑆. In particular, relatively to operation of composition the
signature Ω is a topological semigroup topologically anti-isomorphic with the
topological semigroup 𝑆.

Proof. As in proof of Theorem 3.1, we consider that The spaces 𝑆, 𝐺𝑆 and Ω1 = Ω are
homeomorphic. Since 𝑒1𝐺𝑆

(𝑢𝑎, 𝑥) = 𝑎 · 𝑥, where 𝑢𝑎 = 𝑎 ∈ Ω1 = 𝑆 and 𝑥 ∈ 𝐺𝑆 = 𝑆, and
the space Ω1 is a topological space, the mapping 𝑒1𝐺𝑆

: Ω1 × 𝐺𝑆 → 𝐺𝑆 is continuous
and 𝐺𝑆 is a topological universal algebra. In this case 𝑆 × 𝑆 = Ω1 × 𝐺𝑆 and 𝐸𝑛𝑑𝑐 (𝐺𝑆)
is a topological group. �

Let 𝐴𝑢𝑡 (𝐺) be the group of automorphisms of the universal topological algebra 𝐺

of the signature Ω. Consider 𝐴𝑢𝑡 (𝐺) as semitopological group of the semitopological
monoid 𝐸𝑛𝑑 (𝐺).

Example 3.3. Let 𝐺 be an infinite additive group such that (𝐺 \ 𝐹) + (𝐺 \ 𝐹) + 𝐺 for
every finite subset 𝐹 of 𝐺. By instance, we may put 𝐺 = Z is the group of integers.
Assume that 𝜔, Y ∉ 𝐺. We put 𝐺0 = 𝐺 ∪ {𝜔}, 𝑆 = 𝐺0 ∪ {Y}, 𝜔 + 𝑥 = 𝑥 + 𝜔 = 𝜔 for any
𝑥 ∈ 𝐺0, Y + 𝑥 = 𝑥 + Y = 𝑥 for any 𝑥 ∈ 𝑆 aand 𝐺 is a subsemigroup of 𝑆. Then 𝑆 is a monoid
with the unity Y. If 𝐺 is a commutative group, then 𝑆 is a commutative monoid. On 𝑆

consider the topology T = {∅, {Y} ∪ {{𝑥} : 𝑥 ∈ 𝐺} ∪ {𝑆 \ 𝐹 : 𝐹 is a finite subset of 𝑆}.
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Then 𝑆 with the topology T is a compact monoid. The mapping + : 𝑆 × 𝑆 −→ 𝑆 is not
continuous in the point (𝜔, 𝜔). Hence 𝑆 is not a topological monoid. As in the proof of
Theorems 3.1 and 3.2, we put 𝐺𝑆 = 𝑆, Ω = Ω1 = {𝑢𝑎 : 𝑎 ∈ 𝑆} and 𝑒1𝐺𝑆

(𝑢𝑎, 𝑥) = 𝑎 + 𝑥.
If on Ω we consider the discrete topology, then 𝐺𝑆 is a topological universal algebra

and the semitopological semigroups 𝑆 and 𝐸𝑛𝑑 (𝐺𝑆) are topologically isomorphic. If on
Ω we consider the topology T as on 𝑆, then 𝐺𝑆 is not a topological universal algebra.

We observe that 𝐴𝑢𝑡 (𝐺𝑆) = {𝑢Y} is the singleton group and 𝐺 is a subgroup of
𝐸𝑛𝑑 (𝐺𝑆).

We say that two topological universal algebras are𝐻-equivalent if theirs semi-topological
semigroups of continuous endomorphisms are topological isomorphic. In this case, any
topological universal algebra has its imprints in the semigroup of endomorphisms.
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On integrability of homogeneous rational equations
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Abstract. We study the integrability of homogeneous rational linear and homo-
geneous rational quadratic differential equations. We prove that these equations
can be integrated by using their algebraic solutions which are invariant straight
lines.
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Integrabilitatea ecuaţiilor diferenţiale raţionale omogene
Rezumat. Se studiază integrabilitatea ecuaţiilor diferenţiale raţionare liniare
omogene şi raţionare pătratice omogene. Se demonstrează că aceste ecuaţii
pot fi integrate folosind soluţiile algebrice ale ecuaţiilor care reprezintă drepte
invariante.
Cuvinte cheie: ecuaţii diferenţiale omogene, soluţii algebrice, integrabilitate.

1. Algebraic solutions and Darboux method of integrability

In this paper we deals with rational ordinary differential equations

𝑑𝑦

𝑑𝑥
=
𝑄(𝑥, 𝑦)
𝑃(𝑥, 𝑦) , (1)

where 𝑃(𝑥, 𝑦) and𝑄(𝑥, 𝑦) are real and coprime polynomials in the variables 𝑥 and 𝑦. We
associate to this rational equation a planar polynomial differential system

𝑑𝑥

𝑑𝑡
= 𝑃(𝑥, 𝑦), 𝑑𝑦

𝑑𝑡
= 𝑄(𝑥, 𝑦) (2)

by introducing an independent variable 𝑡 usually called time, where (𝑥, 𝑦) ∈ R2.
We defineC[𝑥, 𝑦] as the ring of polynomials in two variables with complex coefficients

and denote by 𝑛 = max{𝑑𝑒𝑔𝑃, 𝑑𝑒𝑔𝑄}. One of the most evident questions to ask is whether
the solutions to (2) would be algebraic [1]. By this we mean whether trajectories of (2) can
be described by an algebraic formula, for example, Φ (𝑥, 𝑦) = 0, where Φ is a polynomial.
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Definition 1.1. An algebraic curve Φ (𝑥, 𝑦) = 0 is an invariant algebraic curve of a
polynomial system (2) (a differential equation (1)), if there exists a polynomial 𝐾 (𝑥, 𝑦)
such that

𝑃 (𝑥, 𝑦) 𝜕Φ
𝜕𝑥

+𝑄 (𝑥, 𝑦) 𝜕Φ
𝜕𝑦

≡ Φ (𝑥, 𝑦) 𝐾 (𝑥, 𝑦) . (3)

The polynomial𝐾 (𝑥, 𝑦) is called the cofactor of the invariant algebraic curveΦ (𝑥, 𝑦) = 0.

We will always assume that Φ(𝑥, 𝑦) is an irreducible polynomial in C[𝑥, 𝑦].

Definition 1.2. We say that the invariant algebraic curve Φ (𝑥, 𝑦) = 0 is an algebraic
solution of (2) if and only if Φ (𝑥, 𝑦) is an irreducible polynomial in C [x, y] .

We define the notion of an exponential factor, described in [2], as ”degenerate algebraic
curve”. Exponential factors appear from the coalescence of invariant algebraic curves. If
we have a differential system (2) with an exponential factor of the form exp(𝑔/ℎ), then
there is a 1-parameter perturbation of (2), given by a small Y, with two invariant algebraic
curves ℎ = 0 and ℎ + Y𝑔 = 0.

Definition 1.3. Let ℎ, 𝑔 be two coprime polynomials. The function 𝑅(𝑥, 𝑦) = exp(𝑔/ℎ)
is called an exponential factor for system (2) (equation (1)) if for some polynomial
𝐾𝑅 (𝑥, 𝑦) ∈ C[𝑥, 𝑦] of degree at most 𝑛 − 1 the following identity holds

𝑃 (𝑥, 𝑦) 𝜕𝑅
𝜕𝑥

+𝑄 (𝑥, 𝑦) 𝜕𝑅
𝜕𝑦

≡ 𝑅 (𝑥, 𝑦) 𝐾𝑅 (𝑥, 𝑦) . (4)

Invariant algebraic curves and exponential factors can be used in order to find a first
integral for the differential system.

Definition 1.4. We say that system (2) is integrable on an open set 𝐷 of R2 if there exists a
nonconstant analytic function 𝐹 : 𝐷 → R which is constant on all solution curves (𝑥, 𝑦)
in 𝐷, that is 𝐹 (𝑥, 𝑦) = 𝐶, where the solutions are defined. Such an 𝐹 is called a first
integral of the system on 𝐷.

Theorem 1.1. The function 𝐹 (𝑥, 𝑦) is a first integral of (2) on 𝐷 if and only if

𝑃 (𝑥, 𝑦) 𝜕𝐹
𝜕𝑥

+𝑄 (𝑥, 𝑦) 𝜕𝐹
𝜕𝑦

≡ 0. (5)

Definition 1.5. An integrating factor for a system (2) (an equation (1)) on some open set
𝐷 of R2 is a 𝐶1 function ` = `(𝑥, 𝑦) defined on 𝐷, not identically zero on 𝐷 such that

𝑃 (𝑥, 𝑦) 𝜕`
𝜕𝑥

+𝑄 (𝑥, 𝑦) 𝜕`
𝜕𝑦

+ `
(
𝜕𝑃

𝜕𝑥
+ 𝜕𝑄
𝜕𝑦

)
≡ 0. (6)
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Integrating factors turn inexact differential equations into exact ones. The question is,
how do we find an integrating factor? In 1878, Darboux published his paper [3] in which
he gives a method of integration of differential equations by using invariant algebraic
curves. Darboux’s idea consists in searching for a first integral or an integrating factor in
the form

Φ
𝛼1
1 Φ

𝛼2
2 · · ·Φ𝛼𝑞

𝑞 , (7)

where Φ1 = 0, . . . ,Φ𝑞 = 0 are invariant algebraic curves and exponential factors of (2)
in C[𝑥, 𝑦] and 𝛼 𝑗 ∈ C, 𝑗 = 1, . . . , 𝑞.

Definition 1.6. A first integral (an integrating factor) of differential system (2) (differential
equation (1)) of the form (7) is called a Darboux first integral (a Darboux integrating
factor).

We notice that the study of invariant algebraic curves let us better understand the
integrability of differential equations [4, 5].

Theorem 1.2. The system (2) (equation (1)) has a Darboux first integral of the form (7)
if and only if there exists constants 𝛼 𝑗 ∈ C, 𝑗 = 1, . . . , 𝑞 not all identically zero such that

𝛼1𝐾1(𝑥, 𝑦) + 𝛼2𝐾2(𝑥, 𝑦) + · · · + 𝛼𝑞𝐾𝑞 (𝑥, 𝑦) ≡ 0. (8)

Theorem 1.3. The system (2) (equation (1)) has a Darboux integrating factor of the form
(7) if and only if there exists constants 𝛼 𝑗 ∈ C, 𝑗 = 1, . . . , 𝑞 such that

𝛼1𝐾1(𝑥, 𝑦) + 𝛼2𝐾2(𝑥, 𝑦) + · · · + 𝛼𝑞𝐾𝑞 (𝑥, 𝑦) +
𝜕𝑃

𝜕𝑥
+ 𝜕𝑄
𝜕𝑦

≡ 0. (9)

The integrability of differential equation (1) with 𝑃(𝑥, 𝑦) = 𝑥(𝑎1𝑥 + 𝑏1𝑦 + 𝑐1) and
𝑄(𝑥, 𝑦) = 𝑦(𝑎2𝑥 + 𝑏2𝑦 + 𝑐2), i.e. when (2) is the quadratic Lotka-Volterra differential
system, was studied in [6, 7, 8] by determining algebraic solutions. So in [7, 8] it was
obtained the first integrals and the integrating factors of (2) by using invariant straight
lines and irreducible invariant conics, and in [6] it was found the first integrals and the
integrating factors of (2) by using irreducible invariant cubics.

The integrability of Iacobi differential equation (1) with 𝑃(𝑥, 𝑦) = 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 +
𝑥(𝑎3𝑥 + 𝑏3𝑦 + 𝑐3) and𝑄(𝑥, 𝑦) = 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 + 𝑦(𝑎3𝑥 + 𝑏3𝑦 + 𝑐3), was studied in [9, 10]
by determining algebraic solutions of the first degree.

In this paper we study the integrability of differential equation (1) when 𝑃(𝑥, 𝑦) and
𝑄(𝑥, 𝑦) are homogeneous polynomials of degree one (called homogeneous rational linear
differential equation) and of degree two (called homogeneous rational quadratic differ-
ential equation). We prove that such type of differential equations can be integrated by
using their algebraic solutions which are invariant straight lines.
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2. Homogeneous rational linear differential equations with
integrating factors

Let us consider the homogeneous differential equation
𝑑𝑦

𝑑𝑥
=
𝑎2𝑥 + 𝑏2𝑦

𝑎1𝑥 + 𝑏1𝑦
, (10)

where 𝑎1, 𝑏1, 𝑎2, 𝑏2 are real coefficients. It is known that by substitution [11]

𝑦 = 𝑥 · 𝑡 (𝑥), 𝑦′ = 𝑡 + 𝑥 · 𝑡 ′

the equation (10) can be reduced to an equation with separable variables
𝑑𝑥

𝑥
=

(𝑎1 + 𝑏1𝑡)𝑑𝑡
𝑎2 + (𝑏2 − 𝑎1)𝑡 − 𝑏1𝑡2

. (11)

Investigating the possible cases, depending on the coefficients of (10), we can integrate
the equation (11) and obtain the general solution (the first integral) of (10).

In [12] it was proved that if 𝑏2 ≠ 𝑎1, then the equation (10) has an integrating factor of
the form

` =
1

𝑎2𝑥2 + (𝑏2 − 𝑎1) 𝑥𝑦 − 𝑏1𝑦2 . (12)

In this paper we show that the integrating factors of (10) can be constructed from
algebraic solutions of the equation (10).

Theorem 2.1. Let 𝑏1 ≠ 0. Then the equation (10) has an integrating factor

` =
1

(𝑦 − 𝑘1𝑥) (𝑦 − 𝑘2𝑥)
(13)

composed of two invariant straight lines 𝑦 = 𝑘1𝑥, 𝑦 = 𝑘2𝑥, where 𝑘1, 𝑘2 are the solutions
of the equation

𝑏1𝑘
2 + (𝑎1 − 𝑏2) 𝑘 − 𝑎2 = 0. (14)

Proof. We are looking for algebraic solutions of the equation (10) in the form of straight
lines 𝑦 = 𝑘𝑥, where 𝑘 is a constant. Substituting in (10) 𝑦 = 𝑘𝑥, we obtain the quadratic
equation (14) with respect to 𝑘.

Denote by Δ = (𝑎1 − 𝑏2)2 + 4𝑎2𝑏1 the discriminant of (14). The straight lines are real
if Δ > 0 and complex conjugated if Δ < 0. When Δ = 0, we have the straight line

𝑏2𝑥 − 𝑎1𝑥 − 2𝑏1𝑦 = 0. (15)

Let us show that the function (13) is an integrating factor for (10). By [13], the function
(13) is an integrating factor for (10) if the following relation is satisfied

𝑃(𝑥, 𝑦) 𝜕`
𝜕𝑥

+𝑄(𝑥, 𝑦) 𝜕`
𝜕𝑦

+ `
(
𝜕𝑃

𝜕𝑥
+ 𝜕𝑄
𝜕𝑦

)
= 0 (16)
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with 𝑃(𝑥, 𝑦) = 𝑎1𝑥 + 𝑏1𝑦 and 𝑄(𝑥, 𝑦) = 𝑎2𝑥 + 𝑏2𝑦. The equation (16) yields

𝑥2 [(𝑘1+ 𝑘2)𝑎2+ 𝑘1𝑘2(𝑏2−𝑎1)] −2𝑥𝑦(𝑎2+𝑏1𝑘1𝑘2) + 𝑦2 [𝑎1−𝑏2+𝑏1(𝑘1+ 𝑘2)] = 0. (17)

As 𝑘1, 𝑘2 are the solutions of the equation (14), then by Vieta’s formulas we have

𝑎2 = −𝑏1𝑘1𝑘2, 𝑏2 = 𝑎1 + 𝑏1(𝑘1 + 𝑘2).

Substituting this in the equation (17) we obtain an identity. It was proved that the
function (13) is an integrating factor for the equation (10). �

3. Homogeneous rational quadratic differential equations with
integrating factors

Let us consider the homogeneous differential equation

𝑑𝑦

𝑑𝑥
=
𝑏20𝑥

2 + 𝑏11𝑥𝑦 + 𝑏02𝑦
2

𝑎20𝑥2 + 𝑎11𝑥𝑦 + 𝑎02𝑦2 , (18)

where 𝑎𝑖 𝑗 , 𝑏𝑖 𝑗 are real coefficients. Assume that (𝑏20, 𝑏11, 𝑏02) ≠ 0, (𝑎20, 𝑎11, 𝑎02) ≠ 0
and the right hand side of (18) is not reducible. It is known that by substitution

𝑦 = 𝑥 · 𝑡 (𝑥), 𝑦′ = 𝑡 + 𝑥 · 𝑡 ′

the equation (18) can be reduced to an equation with separable variables

𝑑𝑥

𝑥
=

(𝑏20 + 𝑏11𝑡 + 𝑏02𝑡
2)𝑑𝑡

𝑎20 + (𝑎11 − 𝑏20)𝑡 + (𝑎02 − 𝑏11)𝑡2 − 𝑏02𝑡3
. (19)

Investigating the possible cases, depending on the coefficients of (18), we can try to
integrate the equation (19) and obtain the first integral of (18).

In [14] it was proved that if 𝑎20 ≠ 𝑏11, then the equation (18) has an integrating factor
of the form

` =
1

𝑏20𝑥3 + (𝑏11 − 𝑎20) 𝑥2𝑦 + (𝑏02 − 𝑎11) 𝑥𝑦2 − 𝑎02𝑦3 . (20)

In this paper we show that the integrating factors of (18) can be constructed from
algebraic solutions of this equation.

Theorem 3.1. Let 𝑎02 ≠ 0. Then the equation (18) has an integrating factor

` =
1

(𝑦 − 𝑘1𝑥) (𝑦 − 𝑘2𝑥) (𝑦 − 𝑘3𝑥)
(21)

composed of three invariant straight lines 𝑦 = 𝑘1𝑥, 𝑦 = 𝑘2𝑥, 𝑦 = 𝑘3𝑥, where 𝑘1, 𝑘2 and
𝑘3 are the solutions of the equation

𝑎02𝑘
3 + (𝑎11 − 𝑏02)𝑘2 + (𝑎20 − 𝑏11)𝑘 − 𝑏20 = 0. (22)
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Proof. We are looking for algebraic solutions of the equation (18) in the form of straight
lines 𝑦 = 𝑘𝑥, where 𝑘 is a constant. Substituting in (18) 𝑦 = 𝑘𝑥, we obtain the equation

𝑘 =
𝑏20 + 𝑏11𝑘 + 𝑏02𝑘

2

𝑎20 + 𝑎11𝑘 + 𝑎02𝑘2

with respect to 𝑘 which implies the cubic equation (22). Denote by

Δ = 4𝑏20(𝑎11 − 𝑏02)3 + (𝑎11 − 𝑏02)2(𝑎20 − 𝑏11)2 − 4𝑎02(𝑎20 − 𝑏11)3+

−18𝑎02𝑏20 (𝑎11 − 𝑏02) (𝑎20 − 𝑏11) − 27𝑎2
02𝑏

2
20

the discriminant of (22).
If Δ > 0, then (18) has three real and distinct invariant straight lines; if Δ < 0, then

(18) has one real straight line and two complex conjugated straight lines; if Δ = 0 and
𝑘1 = 𝑘2, then (18) has two real invariant straight lines; if Δ = 0 and 𝑘3 = 𝑘2 = 𝑘1, then

the equation (18) has a real invariant straight line of multiplicity three.
Let us show that the function (21) is an integrating factor for (18). By Definition 1.5,

the function (21) is an integrating factor of (18) if the following relation is satisfied

𝑃(𝑥, 𝑦) 𝜕`
𝜕𝑥

+𝑄(𝑥, 𝑦) 𝜕`
𝜕𝑦

+ `
(
𝜕𝑃

𝜕𝑥
+ 𝜕𝑄
𝜕𝑦

)
= 0 (23)

with 𝑃 (𝑥, 𝑦) = 𝑎20𝑥
2 + 𝑎11𝑥𝑦 + 𝑎02𝑦

2 and 𝑄 (𝑥, 𝑦) = 𝑏20𝑥
2 + 𝑏11𝑥𝑦 + 𝑏02𝑦

2.
Identifying the coefficient of the monomials 𝑥𝑖𝑦 𝑗 in (23), we obtain an algebraic system

of five equations
{
𝑈𝑖 𝑗 = 0, 𝑖 + 𝑗 = 4

}
for the unknowns 𝑘1, 𝑘2 and 𝑘3 :

𝑘1𝑘2𝑘3(𝑎20 − 𝑏11) − 𝑏20(𝑘1𝑘2 + 𝑘1𝑘3 + 𝑘2𝑘3) = 0,
𝑘1𝑘2𝑘3(𝑎11 − 𝑏02) + 𝑏20(𝑘1 + 𝑘2 + 𝑘3) = 0,
𝑎20 − 𝑏11 − 𝑎02(𝑘1𝑘2 + 𝑘1𝑘3 + 𝑘2𝑘3) = 0,
𝑎11 − 𝑏02 + 𝑎02(𝑘1 + 𝑘2 + 𝑘3) = 0,
(𝑏11 − 𝑎20) (𝑘1 + 𝑘2 + 𝑘3) + (𝑏02 − 𝑎11) (𝑘1𝑘2 + 𝑘1𝑘3 + 𝑘2𝑘3)+
+3𝑎02𝑘1𝑘2𝑘3 − 3𝑏20 = 0.

(24)

Let 𝑘1, 𝑘2 and 𝑘3 be the solutions of (22). Then by Vieta’s formulas we obtain that

𝑏02 = 𝑎11 + 𝑎02 (𝑘1 + 𝑘2 + 𝑘3) ,
𝑏11 = 𝑎20 − 𝑎02(𝑘1𝑘2 + 𝑘1𝑘3 + 𝑘2𝑘3),
𝑏20 = 𝑎02𝑘1𝑘2𝑘3.

(25)

Substituting (25) in (24) we obtain that 𝑈𝑖 𝑗 ≡ 0. The function (21) is an integrating
factor for the equation (18). �
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4. On integrability of homogeneous rational linear differential
equations

Let us consider the homogeneous differential equation
𝑑𝑦

𝑑𝑥
=
𝑎2𝑥 + 𝑏2𝑦

𝑎1𝑥 + 𝑏1𝑦
, (26)

where 𝑎1, 𝑏1, 𝑎2, 𝑏2 are real coefficients. We choose the algebraic solutions of (26) as
straight lines of the form 𝑦 = 𝑘𝑥, where 𝑘 is a constant. Substituting 𝑦 = 𝑘𝑥 in (26) we
obtain a quadratic equation with respect to 𝑘 :

𝑏1𝑘
2 + (𝑎1 − 𝑏2) 𝑘 − 𝑎2 = 0. (27)

Suppose that 𝑏1 ≠ 0 and denote by Δ = (𝑎1 − 𝑏2)2 + 4𝑎2𝑏1 the discriminant of this
equation.

Theorem 4.1. Let Δ > 0. Then the equation (27) has two real solutions 𝑘1, 𝑘2 and the
equation (26) has two invariant straight lines

𝑚𝑥 − 𝑎1𝑥 + 𝑏2𝑥 − 2𝑏1𝑦 = 0, 𝑚𝑥 + 𝑎1𝑥 − 𝑏2𝑥 + 2𝑏1𝑦 = 0.

The equation (26) has a first integral

(𝑚𝑥 − 𝑎1𝑥 + 𝑏2𝑥 − 2𝑏1𝑦)𝑎1+𝑏2+𝑚

(𝑚𝑥 + 𝑎1𝑥 − 𝑏2𝑥 + 2𝑏1𝑦)𝑎1+𝑏2−𝑚
= 𝐶, (28)

where 𝑚 =

√︃
4𝑎2𝑏1 + (𝑏2 − 𝑎1)2 and 𝐶 is an arbitrary constant.

Proof. According to Definition 1.1, the lines

Φ1 ≡ 𝑚𝑥 − 𝑎1𝑥 + 𝑏2𝑥 − 2𝑏1𝑦 = 0, Φ2 ≡ 𝑚𝑥 + 𝑎1𝑥 − 𝑏2𝑥 + 2𝑏1𝑦 = 0

are invariant straight lines with cofactors

𝐾1(𝑥, 𝑦) =
𝑎1 + 𝑏2 − 𝑚

2
, 𝐾2(𝑥, 𝑦) =

𝑎1 + 𝑏2 + 𝑚
2

.

By Theorem 1.2, the differential equation (26) has a Darboux first integral of the form

Φ
𝛼1
1 Φ

𝛼2
2 = 𝐶 (29)

if and only if there exist constants 𝛼1 and 𝛼2 such that

𝛼1(𝑎1 + 𝑏2 − 𝑚) + 𝛼2(𝑎1 + 𝑏2 + 𝑚) ≡ 0.

The last identity implies

𝛼1 = 𝑎1 + 𝑏2 + 𝑚, 𝛼2 = −𝑎1 − 𝑏2 + 𝑚.
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Substituting 𝛼1 and 𝛼2 in (29) we obtain the first integral (28). Theorem 4.1 is
proved. �

Theorem 4.2. Let Δ < 0. Then the equation (27) has two complex conjugate solutions
𝑘1 = 𝛼 + 𝑖𝛽, 𝑘2 = 𝛼 − 𝑖𝛽 and the equation (26) has two complex conjugate invariant
straight lines

(𝑎1 − 𝑏2 − 𝑖𝑚)𝑥 + 2𝑏1𝑦 = 0, (𝑎1 − 𝑏2 + 𝑖𝑚)𝑥 + 2𝑏1𝑦 = 0.

The equation (26) has a complex first integral

(𝑎1𝑥 − 𝑏2𝑥 + 2𝑏1𝑦 − 𝑖𝑚𝑥)𝑎1+𝑏2+𝑖𝑚

(𝑎1𝑥 − 𝑏2𝑥 + 2𝑏1𝑦 + 𝑖𝑚𝑥)𝑎1+𝑏2−𝑖𝑚
= 𝐶

where 𝑚 =

√︃
−4𝑎2𝑏1 − (𝑏2 − 𝑎1)2 and 𝐶 is an arbitrary constant.

Proof. Theorem 4.2 can be proved similarly as was proved Theorem 4.1. Using the
well-known formula from complex analysis

𝑓 _ 𝑓
_
= [(Re 𝑓 )2 + (Im 𝑓 )2]Re_ · exp (−2Im_ · arg(Re 𝑓 + 𝑖 · Im 𝑓 )) ,

𝑓 _

𝑓
_
= [(Re 𝑓 )2 + (Im 𝑓 )2]Im_ · exp (2Re_ · arg(Re 𝑓 + 𝑖 · Im 𝑓 )) ,

we obtain the first integral of (26) in the real form(
(𝑎1𝑥 − 𝑏2𝑥 + 2𝑏1𝑦)2 + 𝑚2𝑥2

)𝑚
exp

(
2(𝑎1 + 𝑏2) · arctg

𝑎1𝑥 − 𝑏2𝑥 + 2𝑏1𝑦

𝑚𝑥

)
= 𝐶

or (
4𝑏2

1𝑦
2 + 4𝑏1 (𝑎1 − 𝑏2) 𝑥𝑦 − 4𝑏1𝑎2𝑥

2
)√−4𝑎2𝑏1−(𝑏2−𝑎1)2

·

exp
©«2(𝑎1 + 𝑏2) · arctg

𝑎1𝑥 − 𝑏2𝑥 + 2𝑏1𝑦√︃
−𝑎2

1𝑥
2 + 2𝑎1𝑏2𝑥2 − 𝑏2

2𝑥
2 − 4𝑎2𝑏1𝑥2

ª®®¬ = 𝐶. (30)

The last first integral can be written as

𝑎1 + 𝑏2√︃
−𝑎2

1 + 2𝑎1𝑏2 − 𝑏2
2 − 4𝑎2𝑏1

arctg
𝑎1𝑥 − 𝑏2𝑥 + 2𝑏1𝑦√︃

−𝑎2
1𝑥

2 + 2𝑎1𝑏2𝑥2 − 𝑏2
2𝑥

2 − 4𝑎2𝑏1𝑥2
+

+ 1
2

ln
��4𝑏2

1𝑦
2 + 4𝑏1 (𝑎1 − 𝑏2) 𝑥𝑦 − 4𝑏1𝑎2𝑥

2�� = 𝐶, (31)

where 𝐶 is an arbitrary constant. �
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Theorem 4.3. Let Δ = 0. Then equation (27) has a real solution 𝑘 = (𝑎1 − 𝑏2) /(2𝑏1)
and the differential equation (26) has one real invariant straight line

𝑏2𝑥 − 𝑎1𝑥 − 2𝑏1𝑦 = 0.

The equation (26) has the first integral

(𝑏2𝑥 − 𝑎1𝑥 − 2𝑏1𝑦)𝑒𝑥 (𝑎1+𝑏2)/(𝑏2𝑥−𝑎1𝑥−2𝑏1𝑦) = 𝐶, (32)

where 𝐶 is an arbitrary constant.

Proof. According to Definition 1.1, the line Φ1 ≡ 𝑏2𝑥 − 𝑎1𝑥 − 2𝑏1𝑦 = 0 is an invariant
straight line for (26) with cofactor 𝐾1(𝑥, 𝑦) = 𝑎1+𝑏2

2 . It is easy to verify that the function

Φ2 = 𝑒𝑥 (𝑎1+𝑏2)/(𝑏2𝑥−𝑎1𝑥−2𝑏1𝑦)

satisfies relation (4) with cofactor 𝐾2 (𝑥, 𝑦) = − 𝑎1+𝑏2
2 and Φ2 is an exponential factor for

(26). By Theorem 1.2, the differential equation (26) has a Darboux first integral of the
form

Φ
𝛼1
1 Φ

𝛼2
2 = 𝐶 (33)

if and only if there exist constants 𝛼1 and 𝛼2 such that

𝛼1 (𝑎1 + 𝑏2) − 𝛼2(𝑎1 + 𝑏2) ≡ 0.

The last identity implies 𝛼1 = 𝛼2 = 1. Substituting Φ1, Φ2 and 𝛼1, 𝛼2 in (33) we
obtain the first integral (32). Theorem 4.3 is proved. �

5. On integrability of homogeneous rational quadratic differential
equations

We consider the homogeneous rational differential equation

𝑑𝑦

𝑑𝑥
=
𝑏20𝑥

2 + 𝑏11𝑥𝑦 + 𝑏02𝑦
2

𝑎20𝑥2 + 𝑎11𝑥𝑦 + 𝑎02𝑦2 , (34)

where 𝑎𝑖 𝑗 , 𝑏𝑖 𝑗 are real coefficients. Assume that (𝑏20, 𝑏11, 𝑏02) ≠ 0, (𝑎20, 𝑎11, 𝑎02) ≠ 0
and the right hand side of (34) is not reducible.

We choose the algebraic solutions of (34) as straight lines of the form 𝑦 = 𝑘𝑥, where
𝑘 is a constant. Substituting 𝑦 = 𝑘𝑥 in (34) we obtain a cubic equation with respect to 𝑘 :

𝑎02𝑘
3 + (𝑎11 − 𝑏02)𝑘2 + (𝑎20 − 𝑏11)𝑘 − 𝑏20 = 0. (35)

Suppose that 𝑎02 ≠ 0 and denote by Δ the discriminant of this equation

Δ = 4𝑏20(𝑎11 − 𝑏02)3 + (𝑎11 − 𝑏02)2(𝑎20 − 𝑏11)2 − 4𝑎02(𝑎20 − 𝑏11)3−

62



Cozma D. and Matei A.

−18𝑎02𝑏20 (𝑎11 − 𝑏02) (𝑎20 − 𝑏11) − 27𝑎2
02𝑏

2
20.

Let 𝑘1, 𝑘2 and 𝑘3 be the solutions of (35). Then by Vieta’s formulas we can write

𝑏02 = 𝑎11 + 𝑎02 (𝑘1 + 𝑘2 + 𝑘3) ,
𝑏11 = 𝑎20 − 𝑎02 (𝑘1𝑘2 + 𝑘1𝑘3 + 𝑘2𝑘3) ,
𝑏20 = 𝑎02𝑘1𝑘2𝑘3.

(36)

Theorem 5.1. Let Δ=𝑎4
02(𝑘1 − 𝑘2)2(𝑘1 − 𝑘3)2(𝑘2 − 𝑘3)2 > 0. Then the equation (35)

has three real solutions 𝑘1, 𝑘2, 𝑘3 and the equation (34) has three invariant straight lines
𝑦 = 𝑘1𝑥, 𝑦 = 𝑘2𝑥, 𝑦 = 𝑘3𝑥. The equation (34) has a first integral

(𝑦 − 𝑘1𝑥)ℎ1 (𝑦 − 𝑘2𝑥)ℎ2
(
𝑦 − 𝑘3𝑥

)ℎ3 = 𝐶, (37)

where the exponents in (37) look as

ℎ1 = (𝑘2 − 𝑘3)
(
𝑎02𝑘

2
1 + 𝑎11𝑘1 + 𝑎20

)
,

ℎ2 = (𝑘3 − 𝑘1)
(
𝑎02𝑘

2
2 + 𝑎11𝑘2 + 𝑎20

)
,

ℎ3 = (𝑘1 − 𝑘2)
(
𝑎02𝑘

2
3 + 𝑎11𝑘3 + 𝑎20

)
.

(38)

Proof. Let 𝑘1, 𝑘2 and 𝑘3 be distinct real solutions of (35). By Definition 1.1, the lines

Φ1 ≡ 𝑦 − 𝑘1𝑥 = 0, Φ2 ≡ 𝑦 − 𝑘2𝑥 = 0, Φ3 ≡ 𝑦 − 𝑘3𝑥 = 0

are invariant straight lines with cofactors

𝐾1 (𝑥, 𝑦) = 𝑥 (𝑎20 − 𝑎02𝑘2𝑘3) + 𝑦(𝑎11 + 𝑎02(𝑘2 + 𝑘3)),
𝐾2 (𝑥, 𝑦) = 𝑥 (𝑎20 − 𝑎02𝑘1𝑘3) + 𝑦(𝑎11 + 𝑎02(𝑘1 + 𝑘3)),
𝐾3 (𝑥, 𝑦) = 𝑥 (𝑎20 − 𝑎02𝑘1𝑘2) + 𝑦(𝑎11 + 𝑎02(𝑘1 + 𝑘2)).

By Theorem 1.2, the differential equation (34) has a Darboux first integral of the form

Φ
ℎ1
1 Φ

ℎ2
2 Φ

ℎ3
3 = 𝐶 (39)

if and only if there exist constants ℎ1, ℎ2 and ℎ3 such that

ℎ1𝐾1 (𝑥, 𝑦) + ℎ2𝐾2 (𝑥, 𝑦) + ℎ3𝐾3 (𝑥, 𝑦) ≡ 0.

The last identity implies

ℎ1 = (𝑘2 − 𝑘3)
(
𝑎02𝑘

2
1 + 𝑎11𝑘1 + 𝑎20

)
,

ℎ2 = (𝑘3 − 𝑘1)
(
𝑎02𝑘

2
2 + 𝑎11𝑘2 + 𝑎20

)
,

ℎ3 = (𝑘1 − 𝑘2)
(
𝑎02𝑘

2
3 + 𝑎11𝑘3 + 𝑎20

)
.

Substituting ℎ1, ℎ2 and ℎ3 in (39) we obtain the first integral (37). Theorem 5.1 is
proved. �
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Theorem 5.2. If Δ=−4𝛽2𝑎
4
02(𝛼2 − 2𝛼𝑘1 + 𝑘2

1 + 𝛽
2)2

< 0, then the equation (35) has a
real solution 𝑘1 and two complex conjugate solutions 𝑘2 = 𝛼 + 𝑖𝛽 and 𝑘3 = 𝛼 − 𝑖𝛽.
The equation (34) has one real invariant straight line 𝑦 = 𝑘1𝑥, two complex conjugate
invariant straight lines 𝑦 = (𝛼 ± 𝑖𝛽)𝑥 and a first integral

(𝑦 − 𝑘1𝑥)ℎ1 (𝑦 − 𝛼𝑥 − 𝑖𝛽𝑥)ℎ2 (𝑦 − 𝛼𝑥 + 𝑖𝛽𝑥)ℎ3 = 𝐶, (40)

where the exponents in (40) look as

ℎ1 = 2𝛽(𝑎02𝑘
2
1 + 𝑎11𝑘1 + 𝑎20),

ℎ2 = (−𝛽 − 𝑖𝛼 + 𝑖𝑘1) (𝑎02(𝛼 + 𝑖𝛽)2 + 𝑎11(𝛼 + 𝑖𝛽) + 𝑎20),
ℎ3 = (−𝛽 + 𝑖𝛼 − 𝑖𝑘1) (𝑎02(𝛼 − 𝑖𝛽)2 + 𝑎11(𝛼 − 𝑖𝛽) + 𝑎20).

(41)

Theorem 5.2 can be proved similarly as was proved Theorem 5.1. Using the well-known
formula from complex analysis

𝑓 _ 𝑓
_
= [(Re 𝑓 )2 + (Im 𝑓 )2]Re_

𝑒𝑥𝑝 (−2 Im_ · arg(Re 𝑓 + 𝑖 · Im 𝑓 )) ,

we obtain the first integral of (34) in the real form

(𝑦 − 𝑘1𝑥)𝑒1 (𝛼2𝑥2 + 𝛽2𝑥2 − 2𝛼𝑥𝑦 + 𝑦2)𝑒2 · exp
(
2𝑒3 · arctg

𝑦 − 𝛼𝑥
𝛽𝑥

)
= 𝐶, (42)

where the exponents in (42) are of the form

𝑒1 = 2𝛽
(
𝑎02𝑘

2
1 + 𝑎11𝑘1 + 𝑎20

)
,

𝑒2 = 𝛽
(
(𝛼2 + 𝛽2 − 2𝑘1𝛼)𝑎02 − 𝑎11𝑘1 − 𝑎20

)
,

𝑒3 =
(
𝛼3 − 𝛼2𝑘1 + 𝛼𝛽2 + 𝛽2𝑘1

)
𝑎02 +

(
𝛼2 − 𝛼𝑘1 + 𝛽2) 𝑎11 + (𝛼 − 𝑘1) 𝑎20).

(43)

Theorem 5.3. Let Δ = 0 and 𝑘1 = 𝑘2. Then the equation (35) has two real solutions
𝑘1 = 𝑘2, 𝑘3 and the differential equation (34) has two real invariant straight lines 𝑦 = 𝑘1𝑥

and 𝑦 = 𝑘3𝑥. The equation (34) has a first integral

(𝑦 − 𝑘1𝑥)ℎ1
(
𝑦 − 𝑘3𝑥

)ℎ3𝑒 (ℎ2𝑥)/(𝑦−𝑘1𝑥) = 𝐶, (44)

where the exponents in (44) are of the form

ℎ1 = 𝑎02𝑘
2
1 − 2𝑎02𝑘1𝑘3 − 𝑎11𝑘3 − 𝑎20,

ℎ2 = (𝑘3 − 𝑘1)
(
𝑎02𝑘

2
1 + 𝑎11𝑘1 + 𝑎20

)
,

ℎ3 = 𝑎02𝑘
2
3 + 𝑎11𝑘3 + 𝑎20.

(45)

Proof. Let 𝑘1 and 𝑘3 be distinct real solutions of (35). By Definition 1.1, the lines

Φ1 ≡ 𝑦 − 𝑘1𝑥 = 0, Φ3 ≡ 𝑦 − 𝑘3𝑥 = 0,

64



Cozma D. and Matei A.

are invariant straight lines with cofactors

𝐾1 (𝑥, 𝑦) = 𝑥 (𝑎20 − 𝑎02𝑘2𝑘3) + 𝑦(𝑎11 + 𝑎02(𝑘2 + 𝑘3)),
𝐾3 (𝑥, 𝑦) = 𝑥

(
𝑎20 − 𝑎02𝑘

2
1
)
+ 𝑦(𝑎11 + 2𝑎02𝑘1).

(46)

Applying Definition 1.3, it is easy to verify that the function

Φ2 = 𝑒𝑥/(𝑦−𝑘1𝑥)

is an exponential factor for (34) with cofactor 𝐾2 (𝑥, 𝑦) = 𝑎02(𝑦 − 𝑘3𝑥).
By Theorem 1.2, the differential equation (34) has a Darboux first integral

Φ
𝛼1
1 Φ

𝛼2
2 Φ

𝛼3
3 = 𝐶 (47)

if and only if there exist constants 𝛼1, 𝛼2 and 𝛼3 such that

𝛼1𝐾1(𝑥, 𝑦) + 𝛼2𝐾2(𝑥, 𝑦) + 𝛼3𝐾3(𝑥, 𝑦) ≡ 0.

The last identity implies

ℎ1 = 𝑎02𝑘
2
1 − 2𝑎02𝑘1𝑘3 − 𝑎11𝑘3 − 𝑎20,

ℎ2 = (𝑘3 − 𝑘1)
(
𝑎02𝑘

2
1 + 𝑎11𝑘1 + 𝑎20

)
,

ℎ3 = 𝑎02𝑘
2
3 + 𝑎11𝑘3 + 𝑎20.

Substituting ℎ1, ℎ2 and ℎ3 in (47) we obtain the first integral (44). Theorem 5.3 is
proved. �

Theorem 5.4. Let Δ = 0 and 𝑘3 = 𝑘2 = 𝑘1. Then the equation (35) has a real solution
𝑘1 of multiplicity three and the differential equation (34) has the real invariant straight
line 𝑦 = 𝑘1𝑥. The equation (34) has a first integral

(𝑦 − 𝑘1𝑥)−2𝑘1𝑎02 · exp

( (
𝑎20𝑘1 − 𝑎02𝑘

3
1
)
𝑥2 + (𝑎11 + 2𝑎02𝑘1) 𝑦2

(𝑦 − 𝑘1𝑥)2

)
= 𝐶. (48)

Proof. Let 𝑘3 = 𝑘2 = 𝑘1 and the equation (35) have a real solution 𝑘1 of multiplicity
three. We shall prove that the relation (48) is a first integral for equation (34).

By Definition 1.1, the line Φ1 ≡ 𝑦 − 𝑘1𝑥 = 0 is an invariant straight line with cofactor

𝐾1 (𝑥, 𝑦) = 𝑥
(
𝑎20 − 𝑎02𝑘

2
1

)
+ 𝑦(𝑎11 + 2𝑎02𝑘1).

Applying Definition 1.3, it is easy to establish that the function

Φ2 = exp
[
((𝑎20𝑘1 − 𝑎02𝑘

3
1)𝑥

2 + (𝑎11 + 2𝑎02𝑘1)𝑦2)/(𝑦 − 𝑘1𝑥)2]
is an exponential factor for (34) with cofactor

𝐾2 (𝑥, 𝑦) = 2𝑎02𝑘1

((
𝑎20 − 𝑎02𝑘

2
1

)
𝑥 + (𝑎11 + 2𝑎02𝑘1) 𝑦

)
.
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By Theorem 1.2, the differential equation (34) has a Darboux first integral of the form

Φ
ℎ1
1 Φ

ℎ2
2 = 𝐶 (49)

if and only if there exist constants ℎ1, ℎ2 such that

ℎ1𝐾1 (𝑥, 𝑦) + ℎ2𝐾2 (𝑥, 𝑦) ≡ 0.

The last identity implies

(2𝑎02𝑘1ℎ2 + ℎ1)
(
𝑎02𝑘

2
1𝑥 − 𝑎20𝑥 − 2𝑎02𝑘1𝑦 − 𝑎11𝑦

)
= 0

and we obtain
ℎ1 = −2𝑎02𝑘1, ℎ2 = 1.

Substituting

Φ1 = 𝑦 − 𝑘1𝑥, Φ2 = exp
[
((𝑎20𝑘1 − 𝑎02𝑘

3
1)𝑥

2 + (𝑎11 + 2𝑎02𝑘1)𝑦2)/(𝑦 − 𝑘1𝑥)2]
and ℎ1 = −2𝑎02𝑘1, ℎ2 = 1 in (49), we obtain the first integral (48). Theorem 5.4 is
proved. �
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The behaviour of the inverse operations in the class of
preradicals in special cases
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Abstract. In [4], [5], [6] four new operations are introduced and studied in the
class of preradicals PR of the category 𝑅-Mod of left 𝑅-modules, and is shown
the behaviour of these operations in the case of some special types of preradicals
as prime, coprime, ∧-prime, ∨-coprime, irreducible and coirreducible. In this
work we will present the behaviour of inverse operations in the case of semiprime
and semicoprime preradicals.
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Keywords: Ring, module, category, lattice, (pre)radical.

Comportamentul operaţiilor inverse din clasa preradicalilor în
cazuri speciale

Rezumat. În [4], [5], [6] sunt introduse şi studiate patru operaţii noi în clasa
preradicalilor PR a categoriei 𝑅-modulelor stângi 𝑅-Mod, şi este arătat com-
portamentul acestor operaţii în cazul unor preradicali de tipuri speciale, aşa ca
primi, coprimi, ∧-primi, ∨-coprimi, ireductibili şi coireductibili. În această
lucrare vom prezenta comportamentul operaţiilor inverse în cazul preradicalilor
semiprimi şi semicoprimi.
Cuvinte cheie: Inel, modul, categorie, latice, (pre)radical.

1. Introduction and preliminary facts

This work is devoted to the theory of radicals of modules ([1], [2], [9], [10]) and
contains some investigations of new four operations defined and studied in [4 - 6] in the
class of preradicals of a module category.

Let 𝑅 be a ring with unity and 𝑅-Mod be the category of unitary left 𝑅-modules.
We remind that a preradical 𝑟 of 𝑅-Mod is a subfunctor of identity functor of 𝑅-Mod,
i.e. 𝑟 associates to every module 𝑀 ∈ 𝑅-Mod a submodule 𝑟 (𝑀) ⊆ 𝑀 such that
𝑓 (𝑟 (𝑀)) ⊆ 𝑟 (𝑀 ′) for every 𝑅-morphism 𝑓 : 𝑀 → 𝑀 ′.
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We denote by PR the class of all preradicals of the category 𝑅-Mod. In this class four
operation are defined [1], [2], [9]:

1) the meet ∧
𝛼∈𝔄

𝑟𝛼 of a family of preradicals {𝑟𝛼}𝛼∈𝔄 :(
∧

𝛼∈𝔄
𝑟𝛼

)
(𝑀)

𝑑𝑒 𝑓
=

⋂
𝛼∈𝔄

𝑟𝛼 (𝑀), 𝑀 ∈ 𝑅-Mod;

2) the join ∨
𝛼∈𝔄

𝑟𝛼 of a family of preradicals {𝑟𝛼}𝛼∈𝔄 :(
∨

𝛼∈𝔄
𝑟𝛼

)
(𝑀)

𝑑𝑒 𝑓
=

∑
𝛼∈𝔄

𝑟𝛼 (𝑀), 𝑀 ∈ 𝑅-Mod;

3) the product 𝑟 · 𝑠 of preradicals 𝑟, 𝑠 ∈ PR:
(𝑟 · 𝑠) (𝑀)

𝑑𝑒 𝑓
= 𝑟 (𝑠 (𝑀)), 𝑀 ∈ 𝑅-Mod ;

4) the coproduct 𝑟 # 𝑠 of preradicals 𝑟, 𝑠 ∈ PR:
[(𝑟 # 𝑠) (𝑀)]/𝑠 (𝑀)

𝑑𝑒 𝑓
= 𝑟 (𝑀/𝑠 (𝑀)), 𝑀 ∈ 𝑅-Mod.

In the class PR the partial order relation ” ≤ ” is defined by the rule:

𝑟1 ≤ 𝑟2
𝑑𝑒 𝑓
⇔ 𝑟1 (𝑀) ⊆ 𝑟2 (𝑀) for every 𝑀 ∈ 𝑅-Mod.

The class PR is a large complete lattice with respect to the operations of meet and
join.

We remark that in the book [1], [2], [9] the coproduct is denoted by (𝑟 : 𝑠) and is defined
by the rule [(𝑟 : 𝑠) (𝑀)]/𝑟 (𝑀) = 𝑠 (𝑀/𝑟 (𝑀)), so in our notations (𝑟 # 𝑠) = (𝑠 : 𝑟).

The following properties of distributivity hold ([1], [2], [9]):
(1) (∧ 𝑟𝛼) · 𝑠 = ∧ (𝑟𝛼 · 𝑠); (2) (∨ 𝑟𝛼) · 𝑠 = ∨ (𝑟𝛼 · 𝑠);
(3) (∧ 𝑟𝛼) # 𝑠 = ∧ (𝑟𝛼 # 𝑠); (4) (∨ 𝑟𝛼) # 𝑠 = ∨ (𝑟𝛼 # 𝑠)

for every family {𝑟𝛼}𝛼∈𝔄 ⊆ PR and 𝑠 ∈ PR.
Using these relations in [4], [5], [6] four new operations are introduced and studied in

the class of preradicals PR in modules, namely, the inverse operations of the product and
of the coproduct with respect to meet and to join. They are defined as follows:

(1) the left quotient with respect to join 𝑟 ∨/· 𝑠 = ∨ { 𝑟𝛼 ∈ PR | 𝑟𝛼 · 𝑠 ≤ 𝑟}, which
exists for any preradicals 𝑟, 𝑠 ∈ PR;

(2) the left coquotient with respect to meet 𝑟 ∧/# 𝑠 = ∧ { 𝑟𝛼 ∈ PR | 𝑟𝛼 # 𝑠 ≥ 𝑟}, which
exists for any preradicals 𝑟, 𝑠 ∈ PR;

(3) the left quotient with respect to meet 𝑟 ∧/· 𝑠 = ∧ { 𝑟𝛼 ∈ PR | 𝑟𝛼 · 𝑠 ≥ 𝑟}, which
exists for any preradicals 𝑟, 𝑠 ∈ PR such that 𝑟 ≤ 𝑠;

(4) the left coquotient with respect to join 𝑟 ∨/# 𝑠 = ∨ { 𝑟𝛼 ∈ PR | 𝑟𝛼 # 𝑠 ≤ 𝑟}, which
exists for any preradicals 𝑟, 𝑠 ∈ PR such that 𝑟 ≥ 𝑠.

The similar questions are discussed in [3; 7; 8].
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For each of defined operation we indicate a particular case, which coincides with a
well known operator in PR. Moreover, some properties of these operators are shown [4 -
6; 10 - 14].

For any preradical 𝑟 ∈ PR, these particular cases are:

(1) 0 ∨/· 𝑟 = ∨ { 𝑟𝛼 ∈ PR | 𝑟𝛼 · 𝑟 = 0} = 𝑎(𝑟) is the annihilator of 𝑟;
(2) 1 ∧/# 𝑟 = ∧ { 𝑟𝛼 ∈ PR | 𝑟𝛼 # 𝑟 = 1} = 𝑡 (𝑟) is the totalizer of 𝑟;
(3) 𝑟 ∧/· 𝑟 = ∧ { 𝑟𝛼 ∈ PR | 𝑟𝛼 · 𝑟 = 𝑟} = 𝑒(𝑟) is the equalizer of 𝑟;
(4) 𝑟 ∨/# 𝑟 = ∨ { 𝑟𝛼 ∈ PR | 𝑟𝛼 # 𝑟 = 𝑟} = 𝑐(𝑟) is the co-equalizer of 𝑟 .

These operators possess the following properties for any 𝑟 ∈ PR ([10]):

(1) 𝑎(𝑟) is a radical;
(2) 𝑡 (𝑟) is a Jansian pretorsion;
(3) 𝑒(𝑟) is an idempotent preradical;
(4) 𝑐(𝑟) is a radical.

Now we remind the some types of preradicals ([11 - 14]). A preradical 𝑟 ∈ PR is
called:

– prime, if 𝑟 ≠ 1 and for each 𝑡1, 𝑡2 ∈ PR, 𝑡1 · 𝑡2 ≤ 𝑟 implies 𝑡1 ≤ 𝑟 or 𝑡2 ≤ 𝑟

[11];
– coprime, if 𝑟 ≠ 0 and for each 𝑡1, 𝑡2 ∈ PR, 𝑡1 # 𝑡2 ≥ 𝑟 implies 𝑡1 ≥ 𝑟 or 𝑡2 ≥ 𝑟

[12];
– semiprime, if 𝑟 ≠ 1 and for each 𝑡 ∈ PR, 𝑡 · 𝑡 ≤ 𝑟 implies 𝑡 ≤ 𝑟 [13];
– semicoprime, if 𝑟 ≠ 0 and for each 𝑡 ∈ PR, 𝑡 # 𝑡 ≥ 𝑟 implies 𝑡 ≥ 𝑟 [14];
– ∧-prime, if for each 𝑡1, 𝑡2 ∈ PR, 𝑡1 ∧ 𝑡2 ≤ 𝑟 implies 𝑡1 ≤ 𝑟 or 𝑡2 ≤ 𝑟 [11];
– ∨-coprime, if for each 𝑡1, 𝑡2 ∈ PR, 𝑡1 ∨ 𝑡2 ≥ 𝑟 implies 𝑡1 ≥ 𝑟 or 𝑡2 ≥ 𝑟 [12];
– irreducible, if for each 𝑡1, 𝑡2 ∈ PR, 𝑡1 ∧ 𝑡2 = 𝑟 implies 𝑡1 = 𝑟 or 𝑡2 = 𝑟 [11];
– coirreducible, if for each 𝑡1, 𝑡2 ∈ PR, 𝑡1 ∨ 𝑡2 = 𝑟 implies 𝑡1 = 𝑟 or 𝑡2 = 𝑟 [12].

The operations of meet and join are commutative and associative, while the oper-
ations of product and coproduct are associative. For every 𝑟, 𝑠 ∈ PR by means of
these operations four preradicals are obtained which are arranged in the following order:
𝑟 · 𝑠 ≤ 𝑟 ∧ 𝑠 ≤ 𝑟 ∨ 𝑠 ≤ 𝑟 # 𝑠.

During this work we will use the following facts and notions from general theory of
preradicals (see [1], [2], [4]-[5], [9]).

Lemma 1.1. (Monotony of the product) For any 𝑠1, 𝑠2 ∈ PR, 𝑠1 ≤ 𝑠2 implies that
𝑟 · 𝑠1 ≤ 𝑟 · 𝑠2 and 𝑠1 · 𝑟 ≤ 𝑠2 · 𝑟 for every 𝑟 ∈ PR.
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Lemma 1.2. (Monotony of the coproduct) For any 𝑠1, 𝑠2 ∈ PR, 𝑠1 ≤ 𝑠2 implies that
𝑟 # 𝑠1 ≤ 𝑟 # 𝑠2 and 𝑠1 # 𝑟 ≤ 𝑠2 # 𝑟 for every 𝑟 ∈ PR.

Lemma 1.3. For every 𝑟, 𝑠, 𝑡 ∈ PR we have:

(1) (𝑟 · 𝑠) # 𝑡 ≥ (𝑟 # 𝑡) · (𝑠 # 𝑡);
(2) (𝑟 # 𝑠) · 𝑡 ≤ (𝑟 · 𝑡) # (𝑠 · 𝑡).

Proposition 1.4. Let 𝑟, 𝑠, 𝑡 ∈ PR. Then

(1) 𝑟 ≥ 𝑡 · 𝑠 ⇔ 𝑟 ∨/· 𝑠 ≥ 𝑡;
(2) 𝑟 ≤ 𝑡 # 𝑠 ⇔ 𝑟 ∧/# 𝑠 ≤ 𝑡;
(3) 𝑟 ≤ 𝑡 · 𝑠 ⇔ 𝑟 ∧/· 𝑠 ≤ 𝑡, where 𝑟 ≤ 𝑠;
(4) 𝑟 ≥ 𝑡 # 𝑠 ⇔ 𝑟 ∨/# 𝑠 ≥ 𝑡, where 𝑟 ≥ 𝑠.

The statements of Proposition 1.4 can be considered as another way of defining the
inverse operations.

2. The behaviour of the inverse operations for some special types of
preradicals

In [4], [5], [6] are shown the behaviour of the inverse operations in PR in the case
of such types of preradicals as prime, coprime, ∧-prime, ∨-coprime, irreducible and
coirreducible. In continuation we will indicate these properties.

Proposition 2.1. Let 𝑟, 𝑠 ∈ PR . The following statemens are true:
(1) The preradical 𝑟 is prime if and only if for any preradical 𝑠 we have 𝑟 ∨/· 𝑠 = 1

or 𝑟 ∨/· 𝑠 = 𝑟 .
(2) If 𝑟 is ∧-prime, then 𝑟 ∨/· 𝑠 is a ∧-prime preradical.
(3) If 𝑟 = 𝑡 · 𝑠 for some preradical 𝑡 ∈ PR and 𝑟 is irreducible, then the preradical

𝑟 ∨/· 𝑠 is irreducible.

Proposition 2.2. For every 𝑟, 𝑠 ∈ PR we have:
(1) The preradical 𝑟 is coprime if and only if for any preradical 𝑠 we have 𝑟 ∧/# 𝑠 = 0

or 𝑟 ∧/# 𝑠 = 𝑟 .
(2) If 𝑟 is ∨-coprime, then 𝑟 ∧/# 𝑠 is a ∨-coprime preradical.
(3) If 𝑟 = 𝑡 # 𝑠 for some preradical 𝑡 ∈ PR and 𝑟 is coirreducible, then the preradical

𝑟 ∧/# 𝑠 is coirreducible.

Proposition 2.3. Let 𝑟 ∈ PR. The following statements hold:
(1) If 𝑟 is coprime, then 𝑟 ∧/· 𝑠 is a coprime preradical for any preradical 𝑠 ≥ 𝑟 .
(2) If 𝑟 is ∨-coprime, then 𝑟 ∧/· 𝑠 is a ∨-coprime preradical for any preradical 𝑠 ≥ 𝑟 .
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(3) If 𝑟 = 𝑡 · 𝑠 for some preradical 𝑡 ∈ PR and 𝑟 is coirreducible, then the preradical
𝑟 ∧/· 𝑠 is coirreducible for any preradical 𝑠 ∈ PR.

Moreover, from Propositon 2.3 ([12]):
(1) if the preradical 𝑟 is coprime, then its equalizer 𝑒(𝑟) is coprime;
(2) if the preradical 𝑟 is ∨-coprime, then its equalizer 𝑒(𝑟) is ∨-coprime;
(3) if the preradical 𝑟 is coirreducible, then its equalizer 𝑒(𝑟) is coirreducible.

Proposition 2.4. Let 𝑟 ∈ PR. The following facts are true:
(1) If 𝑟 is prime, then 𝑟 ∨/# 𝑠 is a prime preradical for any preradical 𝑠 ≤ 𝑟 .
(2) If 𝑟 is ∧-prime, then 𝑟 ∨/# 𝑠 is a ∧-prime preradical for any preradical 𝑠 ≤ 𝑟.
(3) If 𝑟 = 𝑡 # 𝑠 for some preradical 𝑡 ∈ PR and 𝑟 is irreducible, then the preradical

𝑟 ∨/# 𝑠 is irreducible for any preradical 𝑠 ∈ PR.

Moreover, from Propositon 2.4 ([11]):
(1) if the preradical 𝑟 is prime, then its co-equalizer 𝑐(𝑟) is prime;
(2) if the preradical 𝑟 is ∧-prime, then its co-equalizer 𝑐(𝑟) is ∧-prime;
(3) if the preradical 𝑟 is irreducible, then its co-equalizer 𝑐(𝑟) is irreducible.
Now we will show the behaviour of the inverse operations in the case of semiprime

and semicoprime preradicals.

Proposition 2.5. If the preradical 𝑟 is semiprime, then the left quotient 𝑟 ∨/· 𝑠 is a
semiprime preradical for every 𝑠 ∈ PR.

Proof. Suppose that 𝑟 ≠ 1 and 𝑡 · 𝑡 ≤ 𝑟 ∨/· 𝑠 for each 𝑡 ∈ PR. From the Proposition
1.4(1) we have 𝑟 ≥ (𝑡 · 𝑡) · 𝑠. Using the associativity of the product of preradicals we
obtain 𝑟 ≥ 𝑡 · (𝑡 · 𝑠). Since 𝑡 ≥ (𝑡 · 𝑠), from the monotony of product of preradicals it
follows that 𝑡 · (𝑡 · 𝑠) ≥ (𝑡 · 𝑠) · (𝑡 · 𝑠), i.e. 𝑟 ≥ (𝑡 · 𝑠) · (𝑡 · 𝑠). If 𝑟 is semiprime, then
𝑟 ≥ (𝑡 · 𝑠). From the Proposition 1.4(1) we obtain that 𝑟 ∨/· 𝑠 ≥ 𝑡.

So for each preradical 𝑡 ∈ PR with 𝑡 · 𝑡 ≤ 𝑟 ∨/· 𝑠 we have 𝑡 ≤ 𝑟 ∨/· 𝑠, which means that
the preradical 𝑟 ∨/· 𝑠 is semiprime. �

Proposition 2.6. If the preradical 𝑟 is semicoprime, then the left coquotient 𝑟 ∧/# 𝑠 is a
semicoprime preradical for every 𝑠 ∈ PR.

Proof. Assume that 𝑟 ≠ 0 and 𝑡 # 𝑡 ≥ 𝑟 ∧/# 𝑠 for each 𝑡 ∈ PR. Then from Proposition
1.4(2) we obtain 𝑟 ≤ (𝑡 # 𝑡) # 𝑠. Applying the associativity of coproduct of preradicals we
have 𝑟 ≤ 𝑡 # (𝑡 # 𝑠). Because 𝑡 ≤ 𝑡 # 𝑠, using the monotony of coproduct of preradicals we
obtain 𝑡 # (𝑡 # 𝑠) ≤ (𝑡 # 𝑠) # (𝑡 # 𝑠), therefore 𝑟 ≤ (𝑡 # 𝑠) # (𝑡 # 𝑠). If 𝑟 is semicoprime, then
𝑟 ≤ (𝑡 # 𝑠). From Proposition 1.4(2) we obtain that 𝑟 ∧/# 𝑠 ≤ 𝑡.
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So for each preradical 𝑡 ∈ PR with 𝑡 # 𝑡 ≥ 𝑟 ∧/# 𝑠 we have 𝑡 ≥ 𝑟 ∧/# 𝑠, which means that
the preradical 𝑟 ∧/# 𝑠 is semicoprime. �

Proposition 2.7. If 𝑟 is a semicoprime preradical, then the preradical 𝑟 ∧/· 𝑠 is
semicoprime for any preradical 𝑠 ≥ 𝑟.

Proof. The condition 𝑟 ≤ 𝑠 ensures the existence of the left quotient 𝑟 ∧/· 𝑠.
Let the preradical 𝑟 ≠ 0 be semicoprime and 𝑡 # 𝑡 ≥ 𝑟 ∧/· 𝑠 for each preradical

𝑡 ∈ PR. Using Proposition 1.4(3) we obtain 𝑟 ≤ (𝑡 # 𝑡) · 𝑠. From Lemma 1.3(2)
(𝑡 # 𝑡) · 𝑠 ≤ (𝑡 · 𝑠) # (𝑡 · 𝑠), therefore 𝑟 ≤ (𝑡 · 𝑠) # (𝑡 · 𝑠). Since 𝑟 is semicoprime, it follows
that 𝑟 ≤ 𝑡 · 𝑠. Applying Proposition 1.4(3) we obtain 𝑟 ∧/· 𝑠 ≤ 𝑡.

So for each 𝑡 ∈ PR with 𝑡 # 𝑡 ≥ 𝑟 ∧/· 𝑠 we have 𝑡 ≥ 𝑟 ∧/· 𝑠, which means that the
preradical 𝑟 ∧/· 𝑠 is semicoprime. �

Moreover, from Propositon 2.7 if the preradical 𝑟 is semicoprime, then its equalizer
𝑒(𝑟) is a semicoprime preradical ([14]).

Proposition 2.8. If 𝑟 is a semiprime preradical, then the preradical 𝑟 ∨/# 𝑠 is semiprime
for any preradical 𝑠 ≤ 𝑟 .

Proof. The condition 𝑟 ≥ 𝑠 ensures the existence of the left coquotient 𝑟 ∨/# 𝑠.
Let the preradical 𝑟 ≠ 1 be semiprime and 𝑡 · 𝑡 ≤ 𝑟 ∨/# 𝑠 for each preradical

𝑡 ∈ PR. From the Proposition 1.4(4) we have 𝑟 ≥ (𝑡 · 𝑡) # 𝑠. By Lemma 1.3(1) we have
(𝑡 · 𝑡) # 𝑠 ≥ (𝑡 # 𝑠) · (𝑡 # 𝑠), so 𝑟 ≥ (𝑡 # 𝑠) · (𝑡 # 𝑠). Since 𝑟 is semiprime, it follows that
𝑟 ≥ 𝑡 # 𝑠. Using Proposition 1.4(4) we obtain 𝑟 ∨/# 𝑠 ≥ 𝑡.

So for each 𝑡 ∈ PR with 𝑡 · 𝑡 ≤ 𝑟 ∨/# 𝑠 we have 𝑡 ≤ 𝑟 ∨/# 𝑠, which means that the
preradical 𝑟 ∨/# 𝑠 is semiprime. �

Moreover, from Propositon 2.8 if the preradical 𝑟 is semiprime, then its co-equalizer
𝑐(𝑟) is a semiprime preradical ([13]).

The Propositions 2.5 – 2.8 complete the previous studies in this domain and show new
properties of indicated operations.
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On the essential norm of singular operators with applications

Vasile Neagu

Abstract. The paper presents certain results devoted to the essential norms and
norms of singular integral operators in spaces with weights. It is found that
these rules in the case of Lyapunov-type contour on portions essentially also on
the contour. The values of the essential norms are used to determine noetherian
conditions for the characteristic single operators with measurable and marginal
coefficients.
Keywords: singular integral operator, noetherian operators, piecewise Lya-
punov contour.

Asupra normelor esent, iale ale operatorilor singulari cu aplicat, ii

Rezumat. În lucrare sunt prezentate anumite rezultate consacrate normelor s, i
normnelor esent,iale ale operatorilor integrali singulari în spat,ii cu ponderi. Se
constată că aceste norme în cazul conturului de tip Lyapunov pe port,iuni în mod
essential depend s, i de contur. Valorile normelor esent,iale sun utilizate pentru
determinarea unor condit,ii noetheriene pentru operatorii singulari caracteristici
cu coeficient,i măsurabili s, i mărginit,i.
Cuvinte cheie: operator integral singular, operatori noetherieni, contur de tip
Lyapunov pe port,iuni.

1. Introduction

Let Γ be a contour made up of 𝑚 closed lines 𝛾1, 𝛾2, . . . , 𝛾𝑚 of the Lyapunov type on
portions that have a single point 𝑡0 in common. We assume that the line 𝛾 𝑗 has nothing in
common with the domain 𝐹𝑘 (𝑘 ≠ 𝑗) bounded by the line 𝛾𝑘 . We note by 𝐿𝑝 (Γ, 𝜌) the
space 𝐿𝑝 on the contour Γ with the weight

𝜌 (𝑡) =
𝑚∏
𝑘=1

|𝑡 − 𝑡𝑘 |𝛽𝑘 (𝑡𝑘 ∈ Γ, 1 < 𝑝 < ∞, −1 < 𝛽𝑘 < 𝑝 − 1) ,
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where by 𝐿 (𝐿 𝑝 (Γ, 𝜌)) we denote the algebra of all linear and bounded operators acting
in the space 𝐿𝑝 (Γ, 𝜌) , and by ¥𝑇 (= ¥𝑇 (𝐿𝑝 (Γ, 𝜌)) its maximum ideal formed by the set of
all compact operators. The number

inf
𝑇 ∈𝑇

‖𝐴 + 𝑇 ‖𝐿𝑝 (Γ,𝜌)
(
𝐴 ∈ 𝐿

(
𝐿𝑝 (Γ, 𝜌)

) )
(1)

is called the essential norm of the operator 𝐴 and is denoted by |𝐴|𝐿𝑝 (Γ,𝜌) .

In the case when the contour of integration is a closed Lyapunov contour, the essential
norm of the operators

(𝑆Γ𝜙) (𝑡) =
1
𝜋𝑖

∫
Γ

𝜙(𝜏)
𝜏 − 𝑡 𝑑𝜏,

(𝑃Γ𝜙) (𝑡) =
1
2
𝜙 (𝑡) + 1

2
(𝑆Γ𝜙) (𝑡)

and

(𝑃Γ𝜙) (𝑡) =
1
2
𝜙 (𝑡) − 1

2
(𝑆Γ𝜙) (𝑡)

depends only on the numbers 𝑝 and 𝛽𝑘 (𝑘 = 1, 2, . . . 𝑛) and does not depend on the contour
Γ.

In the work [1] it was demonstrated that this property occurs no longer if the contour
Γ possesses angular points.

In this paper are presented some lower estimates for the essential norms and, therefore,
also for the norms of the operators 𝑆 Γ , 𝑃 Γ and𝑄 Γ in the case of the composite contour.
It is shown that in some cases the obtained estimates are accurate. For this, it is studied
the subalgebra of algebra 𝐿 (𝐿 𝑝 (Γ, 𝜌)) generated by the operators 𝑆 Γ and 𝑆∗

Γ
in the when

case Γ is the union of the coordinate axes and at the same time the results from the work
[2] are essentially used.

The presented results show that the essential norms of the operators depend not only
on the space 𝐿𝑝 (Γ, 𝜌) but also on the contour. With the help of the obtained estimates,
noetherian conditions are established for singular singular equations with measurable and
bounded coefficients. In particular, some results of I.Simonenko [3] are generalized for
the weighted space 𝐿2 and for the case of the composite contour

2. Estimates for the norms and essential norms of the operators
𝑆, 𝑃, 𝑄 in the case of a Lyapunov contour

Let Γ be a piecewise Lyapunov contour with a finite number of self-intersection points.
In 1927 M.Riesz proved the boundedness of the operator
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(𝑆Γ𝜙) (𝑡) =
1
𝜋𝑖

∫
Γ

𝜙 (𝜏)
𝜏 − 𝑡 𝑑𝜏 (𝑡 ∈ Γ) (2)

in the space 𝐿𝑝 (Γ0) (Γ0 = {𝑧 ∈ C : |𝑧 | = 1}). Then G.Hardy and J.Littlewood and
K.Babanko transferred this result to the spaces 𝐿𝑝 (𝑅, 𝜌) with weight 𝜌 (𝑥) = |𝑥 |𝛼 (1 <
𝑝 < ∞, −1 <∝< 𝑝 − 1). In the work [4] B.Khvedelidze proved the boundedness of
operator 𝑆Γ in the space𝐿𝑝 (Γ, 𝜌) for an arbitrary Lyapunov contour Γ and the weight

𝜌 (𝑡) =
𝑛∏

𝑘=1
|𝑡 − 𝑡𝑘 |

𝛽𝑘

(𝑡𝑘 ∈ Γ, 1 < 𝑝 < ∞, −1 < 𝛽𝑘 < 𝑝 − 1) . (3)

E.Gordadze transferred this result to an arbitrary piecewise Lyapunov contour. Using
this result one can prove the boundedness of the operator 𝑆Γ in the case of a composite
contour with a finite number of self-intersection points in the space 𝐿𝑝 with the weight
(3). The condition −1 < 𝛽𝑘 < 𝑝 − 1 is necessary for the boundedness of the operator 𝑆Γ
in the space 𝐿𝑝 (Γ, 𝜌). It is confirmed by the following lemma

Lemma 2.1. Let 𝑆Γ be bounded in 𝐿𝑝 (Γ, 𝜌), then 𝜌1/𝑝 ∈ 𝐿𝑝 (Γ) and

𝜌−1/𝑝 ∈ 𝐿𝑞 (Γ)
(
𝑝−1 + 𝑞−1 = 1

)
.

Proof. The boundedness of the operator 𝑆Γ in the space 𝐿𝑝 (Γ, 𝜌) implies the boundedness
of the operator 𝑅 = 𝜋𝑖𝜌1/𝑝 (𝑅𝑆 − 𝑆𝑅) 𝜌−1/𝑝 𝐼 𝑖𝑛 𝐿 𝑝 (Γ), where (𝑅𝜙) (𝑡) = 1

𝑡−𝑧0
𝜙 (𝑡) .

and 𝑧0 ∉ Γ. But

(𝑅𝜙) (𝑡) = 𝜌1/𝑝 (𝑡) 1
𝑡 − 𝑧0

∫
Γ

𝜌−1/𝑝 (𝜏) 𝜙 (𝜏)
𝜏 − 𝑧0

𝑑𝜏.

Therefore 𝜌1/𝑝 ∈ 𝐿𝑝 (Γ) and 𝜌−1/𝑝 ∈ 𝐿𝑞 (Γ) . �

Corollary 2.1. If the operator S is bounded in the space 𝐿𝑝 (Γ, 𝜌), 𝜌 (𝑡) =
∏𝑛

𝑘=1 |𝑡 − 𝑡𝑘 |
𝛽𝑘 ,

then from the above relations 𝜌1/𝑝 ∈ 𝐿𝑝 (Γ) , and 𝜌−1/𝑝 ∈ 𝐿𝑞 (Γ) , it follows that the
numbers 𝛽𝑘 verify the inequalities

−1 < 𝛽𝑘 < 𝑝 − 1, 𝑘 = 1, 2, . . . 𝑛.

Remark. If the contour of integration Γ is unbounded, then the operator 𝑆 is continuous
at 𝐿𝑝 (Γ, 𝜌) if and only if

−1 < 𝛽𝑘 < 𝑝 − 1 𝑖 − 1 < 𝛽 +
𝑛∑︁

𝑘=1
𝛽𝑘 < 𝑝 − 1.

Let Γ be a set of simple nonintersecting closed contours of Lyapunov type and 𝑆Γ be
the singular integral operator along Γ.
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In this section we present lower bounds for the norms of the operators 𝑆Γ, 𝑃Γ and 𝑄Γ

in 𝐿𝑝 (Γ). In addition, for some values of 𝑝
(
𝑝 = 2𝑛 𝑎𝑛𝑑 𝑝 = 2𝑛 (2𝑛 − 1)−1

)
, the exact

value of the Hilbert transform norm will be calculated (see [3]).

Theorem 2.1. For each 𝑝 > 2, the following estimates are valid:

inf
𝑇 ∈𝐿 ( ¤𝑇𝑝)

‖𝑃Γ + 𝑇 ‖ 𝑝 ≥ 1
𝑠𝑖𝑛𝜋/𝑝 , inf

𝑇 ∈𝐿 ( ¤𝑇𝑝)
‖𝑄Γ + 𝑇 ‖ 𝑝 ≥ 1

𝑠𝑖𝑛𝜋/𝑝 , (4)

inf
𝑇 ∈𝐿 ( ¤𝑇𝑝)

‖𝑆Γ + 𝑇 ‖ 𝑝 ≥ 𝑐𝑡𝑔𝜋/2𝑝, (5)

where 𝐿 ( ¤𝑇𝑝) is the set of all linear operators compact in 𝐿𝑝 (Γ).

Proof. Suppose that for some

inf
𝑇 ∈𝐿 ( ¤𝑇𝑝)

‖𝑃Γ + 𝑇 ‖ 𝑝 <
1

𝑠𝑖𝑛𝜋/𝑝 .

Consider an operator 𝑎𝑃Γ +𝑄Γ, where 𝑎(𝑡) is the function taking two values:

𝑎 (𝑡) =
(
cos

(
𝜋

𝑝

)
exp

(
±𝑖 𝜋
𝑝

) )
.

Since |𝑎 (𝑡) − 1| = sin
(
𝜋
𝑝

)
, then inf𝑇 ∈𝐿 ( ¤𝑇𝑝) ‖(𝑎 − 1) 𝑃Γ + 𝑇 ‖ 𝑝 < 1, and therefore , the

operator 𝐼 + (𝑎 − 1) 𝑃Γ = 𝑎𝑃Γ + 𝑄Γ is Noetherian, which is impossible, because the
function 𝑎(𝑡) is (see [2]) 𝑝−singular.

To prove the second relation (4), we consider the function

𝑎 (𝑡) =
(
𝑠𝑒𝑐

(
𝜋

𝑝

)
exp

(
±𝑖 𝜋
𝑝

) )
.

Then | (𝑎 (𝑡) − 1) /𝑎(𝑡) | = sin
(
𝜋
𝑝

)
. The operator 𝑎 (𝐼 + (1 − 𝑎)/𝑎)𝑄Γ = 𝑎𝑃Γ + 𝑄Γ

Noetherian in 𝐿𝑝 (Γ) because the function 𝑎(𝑡) is 𝑝− singular. This implies the second
of relations (4).

Relation (5) is proved similarly, if we use the function 𝑎 (𝑡) = exp
(
±𝑖 𝜋

𝑝

)
and the

equality

𝑎𝑃Γ +𝑄Γ =
𝑎 + 1

2

(
𝐼 + 𝑎 − 1

𝑎 + 1
𝑆

)
.

Theorem 2.2. Let Γ𝑜 = {𝑧 : |𝑧 | = 1}, then (see [2]) for all 𝑛 = 1, 2, . . .

‖𝑆𝑜‖ 𝑝 =

{
ctg 𝜋

2𝑝 , 𝑖 𝑓 𝑝 = 2𝑛,
tg 𝜋

2𝑝 , 𝑖 𝑓 𝑝 = 2𝑛
2𝑛−1 .

(
𝑆𝑜 = 𝑆Γ0

)
. (6)
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Proof. Let 𝜑 (𝑡) = 𝑡𝑚 ( |𝑡 | = 1, 𝑚 = 0, ±1, ±2, . . . ) . Then

(𝑆𝑜𝜑) (𝑡) =
{

𝜑 (𝑡) 𝑓 𝑜𝑟 𝑚 ≥ 0,
−𝜑 (𝑡) 𝑓 𝑜𝑟 𝑚 < 0 .

Since the system {tm}+∞−∞ forms an orthogonal basis in the space 𝐿2(Γ0), then the operator
𝑆𝑜 defined on the linear span of this basis is bounded in 𝐿2(Γ0) and ‖𝑆𝑜‖2 = 1. Let

𝜑 (𝑡) =
𝑘=𝑁∑︁
𝑘=−𝑁

𝑎𝑘 𝑡
𝑘

be a trigonometric polynomial,

𝜑+ (𝑡) =
𝑘=𝑁∑︁
𝑘=0

𝑎𝑘 𝑡
𝑘 and 𝜑− (𝑡) =

𝑘=−1∑︁
𝑘=−𝑁

𝑎𝑘 𝑡
𝑘 .

Since 𝜑 = 𝜑+ + 𝜑− 𝑆𝜑 = 𝜑+ − 𝜑−, then

𝜑2 + (𝑆0𝜑)2 = 2
(
𝜑2
+ + 𝜑2

−

)
= 2𝑆0

(
𝜑2
+ − 𝜑2

−

)
= 2𝑆0 (𝜑𝑆0𝜑) .

That is
(𝑆0𝜑)2 = 2𝑆0 (𝜑𝑆0𝜑) − 𝜑2.

This equality implies that(𝑆0𝜑)2
𝑝
≤ ‖2𝑆0 (𝜑𝑆0𝜑)‖ +

𝜑2
𝑝 .

Since
𝜑2


𝑝

= ‖𝜑‖2
2𝑝 and ‖𝜑ℎ‖ 𝑝 ≤ ‖𝜑‖2𝑝 ‖ℎ‖2𝑝 , then

‖𝑆0𝜑‖2
2𝑝 ≤ 2‖𝑆0‖ 𝑝 ‖𝜑‖2𝑝 ‖𝑆0𝜑‖2𝑝 + ‖𝜑‖2

2𝑝 .

That is
‖𝑆0𝜑‖2𝑝

‖𝜑‖2𝑝
≤ ‖𝑆0‖ 𝑝 +

√︃
1 + ‖𝑆0‖2

𝑝 ,

whence it follows that
‖𝑆0‖2𝑝 ≤ ‖𝑆0‖ 𝑝 +

√︃
1 + ‖𝑆0‖2

𝑝 .

From the last relation we obtain (by induction on 𝑛 and using the equality ‖𝑆0‖2 = 1)
that

‖𝑆𝑜‖2𝑛 ≤ 𝑐𝑡𝑔 𝜋

2𝑛+1 . (7)

Let 𝑝 = 2𝑛
2𝑛−1 , then 𝑞 = 2𝑛

(
1
𝑝
+ 1

𝑞
= 1

)
. Since for any pair of trigonometric polynomials

𝜑 (𝑡) =
𝑘=𝑁∑︁
𝑘=−𝑁

𝑎𝑘 𝑡
𝑘 , ℎ (𝑡) =

𝑘=𝑁∑︁
𝑘=−𝑁

𝑏𝑘 𝑡
𝑘

holds the equality
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∫
Γ0

𝜑 (𝑡) (𝑆0ℎ) (𝑡) |𝑑𝑡 | =
𝑘=𝑁∑︁
𝑘=−𝑁

Y𝑘𝑎𝑘𝑏𝑘 =

∫
Γ0

(𝑆0𝜑) (𝑡) (ℎ) (𝑡) |𝑑𝑡 | ,

where Y𝑘 = 1 for 𝑘 ≥ 0 and Y𝑘 = −1 for 𝑘 < 0, then the operator 𝑆∗0 , conjugate to the
operator 𝑆𝑜 , acting in the space 𝐿𝑞(Γ0), coincides with the operator 𝑆𝑜, acting in the
space 𝐿𝑝(Γ0). Then from the first equality in (6) it follows that for 𝑝 = 2𝑛

2𝑛−1 we have
‖𝑆0‖ 𝑝 = 𝑡𝑔 𝜋

2𝑝 . The theorem is proved. �

It is easy to show that for a fixed 𝑝 , the norm ‖𝑆Γ‖ 𝑝 depends on the contour Γ. In the
next theorem we prove that the essential norm of the operator 𝑆Γ,

|𝑆Γ |𝑝 = inf
𝑇 ∈ ¥𝑇

‖𝑆Γ + 𝑇 ‖𝐿𝑝 (Γ) ,

does not depend on the contour Γ.

Theorem 2.3. The equality

|𝑆Γ |𝐿𝑝 (Γ) =
��𝑆Γ0

��
𝐿𝑝 (Γ0) , (8)

holds, where Γ𝑜 = {𝑧 : |𝑧 | = 1} is the unit circle and 𝑝 is an arbitrary number from the
interval (1 < 𝑝 < ∞). In particular, if 𝑝 = 2𝑛

(
𝑝 = 2𝑛 (2𝑛 − 1)−1

)
, where 𝑛 = 1, 2, . . . ,

then
|𝑆Γ |𝐿𝑝 (Γ) = 𝑐𝑡𝑔(𝜋/2𝑝( |𝑆Γ |𝐿𝑝 (Γ) = 𝑡𝑔(𝜋/2𝑝)). (9)

Proof . First we consider the case when Γ consists of one closed curve. Let 𝑡 = 𝛽(𝑧) be
the function which conformally maps the circle |𝑧 | < 1 onto the set bounded by Γ. Since
Γ is a contour of Lyapunov typ, the derivative 𝛽′(𝑧) satisfies a Hölder condition on Γ0.

We denote by 𝐵 the bounded linear operator from 𝐿𝑝 (Γ) into 𝐿𝑝 (Γ0), defined by

(𝐵𝜑) (𝑧) = |𝛽′ (𝑧) |1/𝑝𝜑(𝛽(𝑧)).

It is easy to see that 𝐵𝑆Γ − 𝑆Γ0𝐵 = 𝑇1 + 𝑇2, where the operators 𝑇1 and 𝑇2 are defined by

(𝑇1 𝜑) (𝑧) = |𝛽′ (𝑧) |1/𝑝
∫
Γ

( 𝛽′ (𝜏)
𝛽 (𝜏) − 𝛽 (𝑧) −

1
𝜏 − 𝑧 )𝜑(𝛽 (𝜏) 𝑑𝜏,

(𝑇2 𝜑) (𝑧) = |𝛽′ (𝑧) |1/𝑝
∫
Γ

|𝛽′ (𝑧) |1/𝑝 − |𝛽′ (𝜏) |1/𝑝

𝜏 − 𝑧 𝜑(𝛽 (𝜏) 𝑑𝜏

and act form 𝐿𝑝 (Γ) into 𝐿𝑝 (Γ0). Since the function 𝛽′ (𝑧) satisfies a Hölder condition
on Γ0, it is easy to show that the kernel

𝛽′ (𝜏)
𝛽 (𝜏) − 𝛽 (𝑧) −

1
𝜏 − 𝑧
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of the operator 𝑇1 has a weak singularity, and consequently 𝑇1 is a completely continuous
operator acting form 𝐿𝑝 (Γ) into 𝐿𝑝 (Γ0). The operator 𝑇2 is also completely continuous.

Really, 𝑇2 can be represented in the form

𝑇2 =
(
𝛼 (𝑧) 𝑆Γ0 − 𝑆Γ0𝛼 (𝑧)

)
𝑉,

where (𝑉𝜑) (𝜏) = 𝜑(𝛽(𝜏) and 𝛼 (𝑧) = |𝛽′ (𝑧) |1/𝑝 . The function 𝛼 (𝑧) ( |𝑧 | = 1) is contin-
uous; consequently, by virtue of well-known proposition of the theory of singular integral
equations, the operator 𝛼 (𝑧) 𝑆Γ0 − 𝑆Γ0𝛼 (𝑧) is completely continuous in 𝐿𝑝 (Γ0). The
operator 𝐵 maps 𝐿𝑝 (Γ) isometrically onto 𝐿𝑝 (Γ0) , and, by virtue of what we have
proved, 𝑆Γ = 𝐵−1𝑆Γ0𝐵 + 𝑇 , where 𝑇 is compact. Hence it follows that

|𝑆Γ |𝐿𝑝 (Γ) =
��𝑆Γ0

��
𝐿𝑝 (Γ0) .

We proceed to the proof of the theorem in the general case. We assume that Γ consists
of a finite number of closed contours Γ1, Γ2, . . . , Γ𝑚 without no self-intersection points
and let 𝑃𝑘 (𝑘 = 1, 2, . . . , 𝑚) be the projections defined in 𝐿𝑝 (Γ) by the equality

(𝑃𝑘𝜑) (𝑡) =
{

𝜑 (𝑡) , 𝑖 𝑓 𝑡 ∈ Γ𝑘

0, 𝑖 𝑓 𝑡 ∈ Γ\Γ𝑘 .

For the operator 𝑅 = 𝑆Γ + 𝑇, where 𝑇 is an arbitrary operator compact in 𝐿𝑝 (Γ) , we
have

‖𝑅‖𝐿𝑝 (Γ) ≥ ‖𝑃1𝑅𝑃1‖𝐿𝑝 (Γ) ≥ ‖𝑆‖𝐿𝑝 (Γ1) .

By virtue of what we have proved, we have |𝑆Γ |𝐿𝑝 (Γ) ≥
��𝑆Γ0

��
𝐿𝑝 (Γ0) .

Let us prove the reverse inequality. From (8) it follows that for each 𝑘 = 1, 2, . . . , 𝑚
and Y > 0 there exists an operator compact 𝑇𝑘 , such that

��𝑆Γ0

��
𝐿𝑝 (Γ0) + Y > 𝑚𝑎𝑥

𝑆Γ𝑘
+ 𝑇𝑘


𝐿𝑝 (Γ𝑘 ) .

Denoting by 𝑇 the operator compact, defined by 𝑇 =
∑𝑚

1 𝑃𝑘𝑇𝑘𝑃𝑘 , we have��𝑆Γ0

��
𝐿𝑝 (Γ0) + Y > 𝑚𝑎𝑥

𝑆Γ𝑘
+ 𝑇𝑘


𝐿𝑝 (Γ𝑘 ) =

 𝑚∑︁
1
𝑃𝑘 (𝑆Γ + 𝑇)𝑃𝑘


𝐿𝑝 (Γ)

. (10)

Since the operators 𝑃𝑘𝑆Γ𝑃 𝑗 ( 𝑗 ≠ 𝑘) are completely continuous in 𝐿𝑝 (Γ) , we have 𝑚∑︁
1
𝑃𝑘 (𝑆Γ + 𝑇)𝑃𝑘


𝐿𝑝 (Γ)

=
𝑆Γ + 𝑇𝐿𝑝 (Γ) ,
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where 𝑇 is some operator compact. From this and (10), it follows that
��𝑆Γ0

��
𝐿𝑝 (Γ0) ≥

|𝑆Γ |𝐿𝑝 (Γ) .
Relation (8) is proved, while (9) follows from (8) and from the results of [2]. �

3. On the essential norm of singular operators in the case of a
contour with corner points

In the works [1] exact constants for the factor-norms of singular operators 𝑆𝛼, 𝑃𝛼, 𝑄𝛼

are established. If Γ𝛼 has one corner point with angle 𝜋𝛼(0 < 𝛼 ≤ 1), then
|𝑆𝛼 |2 = 𝑐𝑡𝑔\ (𝛼)/2, |𝑃𝛼 |2 = |𝑄𝛼 |2 = (sin\ (𝛼))−1, where 𝑆𝛼 = 𝑆Γ𝛼

, and

𝑐𝑡𝑔\ (𝛼) = 1
2

max
−1≤𝑥≤1

�����(1 + 𝑥)
(
1 − 𝑥
1 + 𝑥

)𝛼/2
− (1 − 𝑥)

(
1 + 𝑥
1 − 𝑥

)𝛼/2����� . (11)

In particular, ���𝑆 1
3

���
2
=

1 +
√

5
2

and
���𝑆 1

3

���
2
=
√

2 .

Theorem 3.1. Let Γ be a piecewise Lyapunov contour with corner points 𝑡1, ..., 𝑡𝑛 and
𝜌(𝑡) =

∏𝑛
𝑘=1 |𝑡 − 𝑡𝑘 |

𝛽𝑘 (−1 < 𝛽𝑘 < 1), then |𝑆Γ |𝐿2 (Γ,𝜌) = max1≤𝑘≤𝑛
��𝑆𝛼𝑘

��
𝐿2 (Γ𝛼𝑘

, |𝑡 |𝛽𝑘 ) .
Let min1≤𝑘≤𝑛 (𝛼1, ..., 𝛼𝑛) = 𝛼𝑘0 . If 𝛼𝑘0 = 1, then

|𝑆Γ |𝐿2 (Γ,𝜌) = max
1≤𝑘≤𝑛

𝑐𝑡𝑔𝜋
1 − |𝛽𝑘 |

4
.

If 𝜌(𝑡) ≡ 1, then |𝑆Γ |𝐿2 (Γ) = 𝑐𝑡𝑔
\ (𝛼𝑘0 )

2 . For the operators 𝑃Γ and 𝑄Γ the equalities hold

|𝑃Γ | = |𝑄Γ | =
1 + |𝑆Γ |2

2 |𝑆Γ |
. (12)

In the space 𝐿𝑝 (Γ) the estimates

|𝑆Γ |𝑝 ≤
{
𝑐𝑡𝑔

\ (𝛼𝑘0 )
𝑝

, if 𝑝 = 2𝑛,
𝑐𝑡𝑔𝑡

\ (𝛼𝑘0 )
2𝑛 · 𝑐𝑡𝑔1−𝑡 \ (𝛼𝑘0 )

2𝑛+1 , if 2𝑛 < 𝑝 < 2𝑛+1,

where 𝑡 = (2𝑛+1 − 𝑝)/𝑝, are valid.

Remark. Equality (12) confirms the following hypothesis of the mathematician
S.Marcus: let B be some Banach space and 𝐿1, 𝐿2 subspaces from B such that
𝐿1

⋂
𝐿2 = ∅ and B=𝐿1 + 𝐿2, then equality

‖𝑃‖ = ‖𝑄‖ = 1 + ‖𝑆‖2

2 ‖𝑆‖
takes place, where 𝑃 and 𝑄 are projectors projecting the space B onto 𝐿1, respectively,
on 𝐿2 and 𝑆 = 𝑃 −𝑄.
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4. Estimates of the essential norms of the operators 𝑆Γ, 𝑃Γ and 𝑄Γ in
the case of complex contour

We consider a contour Γ, made up of closed lines 𝛾1, ..., 𝛾𝑚 of Lyapunov type on
portions that have a single common point 𝑡0. Let be 𝑎 function defined on Γ that has
a finite number of points of discontinuity of the first case. We associate two numbers
𝑎 (𝜏 + 0) and 𝑎 (𝜏 − 0) the function 𝑎 and the point 𝜏 ∈ Γ as follows. For 𝜏 = 𝑡0 we put

𝑎 (𝑡0 + 0) = 𝑎1 (𝑡0 + 0) · · · 𝑎𝑚 (𝑡0 + 0) ,
𝑎 (𝑡0 − 0) = 𝑎1 (𝑡0 − 0) · · · 𝑎𝑚 (𝑡0 − 0) ,

(13)

where 𝑎 𝑗 (𝑡0 − 0) = lim
𝛾 𝑗 3𝑡→𝑡0−0

𝑎(𝑡), 𝑎 𝑗 (𝑡0 + 0) = lim
𝛾 𝑗 3𝑡→𝑡0+0

𝑎(𝑡), ( 𝑗 = 1, ..., 𝑚). If,

however 𝜏 ≠ 𝑡0, then 𝑎 (𝜏 + 0) and 𝑎 (𝜏 − 0) are the limits to the right and to the left of
the function 𝑎 at the point 𝜏.

Theorem 4.1. Let 𝑡0, 𝑡1, ..., 𝑡𝑛 be all points of discontinuity of the function 𝑎 and

𝜌(𝑡) =
𝑛∏

𝑘=1
|𝑡 − 𝑡𝑘 |

𝛽𝑘

(−1 < 𝛽𝑘 < 1), 𝛿𝑘 =
2𝜋(1 + 𝛽𝑘)

𝑝
. (14)

The operator 𝐴 = 𝑎𝑃 + 𝑄 is Noetherian in space 𝐿𝑝 (Γ, 𝜌) if and only if the function 𝑎
satisfies the conditions:

(1) inf𝑡 ∈Γ |𝑎 (𝑡) | > 0,
(2) 𝑎 (𝑡𝑘 + 0) 𝑓𝛿𝑘 (`) + 𝑎 (𝑡𝑘 − 0)

(
1 − 𝑓𝛿𝑘 (`)

)
≠ 0 (0≤ ` ≤ 1, 𝑘 = 1, 2, . . . , 𝑚),

where

𝑓𝛿 (`) =
{

sin\`
sin\ exp (𝑖\ (1 − `)) (\ = 𝜋 − 𝛿) , if 𝛿 ≠ 𝜋,
`, if 𝛿 = 𝜋.

The proof of this theorem is given in [2].
We note that conditions (2) are equivalent to the fact, that the ratio 𝑎 (𝑡𝑘−0)

𝑎 (𝑡𝑘+0) can be
expressed in the form, where

2𝜋 (1 + 𝛽𝑘)
𝑝

− 2𝜋 < Re𝜔𝑘 <
2𝜋 (1 + 𝛽𝑘)

𝑝
. (15)

Let 𝜌(𝑡) be defined by equality (14). We introduce the following notations:

ℎ𝑘 = 𝑝(1 + 𝛽𝑘)−1 , ℎ𝑛+1 = 𝑝, ℎ𝑘 = max
(
ℎ𝑘 , ℎ𝑘 (ℎ𝑘 − 1)−1

)
(𝑘 = 0, 1, ..., 𝑛),

ℎ = max
(
ℎ1, ℎ2, ..., ℎ𝑛+1

)
.
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Theorem 4.2. The essential norms of the operators 𝑆 Γ, 𝑃 Γ and𝑄 Γ in the space 𝐿𝑝 (Γ, 𝜌)
satisfies the relations

𝑃Γ |𝐿𝑝 (Γ,𝜌) ≥ max
(
(sin𝜋/ℎ)−1,

(
sin𝜋/𝑚ℎ0

)−1
)
, (16)

|𝑄Γ |𝐿𝑝 (Γ,𝜌) ≥ max
(
(sin𝜋/ℎ)−1,

(
sin𝜋/𝑚ℎ0

)−1
)
, (17)

|𝑆Γ |𝐿𝑝 (Γ,𝜌) ≥ max
(
(ctg𝜋/2ℎ)−1,

(
ctg𝜋/2𝑚ℎ0

)−1
)
. (18)

Proof. Suppose, for example, that

|𝑃Γ |𝐿𝑝 (Γ,𝜌) < max
(
(sin𝜋/ℎ)−1,

(
sin𝜋/𝑚ℎ0

)−1
)
.

We assume that

max
(
(sin𝜋/ℎ)−1,

(
sin𝜋/𝑚ℎ0

)−1
)
=

(
sin𝜋/𝑚ℎ0

)−1
.

Denote by 𝑎 the piecewise continuous function on Γ, which takes on each line 𝛾 𝑗 ( 𝑗 =
1, 2, . . . , 𝑚) two values:

cos𝜋/𝑚ℎ0 · 𝑒𝑥𝑝(𝜋𝑖/𝑚ℎ0) and cos𝜋/𝑚ℎ0 · 𝑒𝑥𝑝(−𝜋𝑖/𝑚ℎ0)

and verify conditions:

𝑎 𝑗 (𝑡0 + 0) =


cos𝜋/𝑚ℎ0 · exp
(
𝜋𝑖/𝑚ℎ0

)
, if ℎ0 = ℎ0(ℎ0 − 1)−1,

cos𝜋/𝑚ℎ0 · exp
(
− 𝜋𝑖

𝑚ℎ0

)
, if ℎ0 = ℎ0.

𝑎 𝑗 (𝑡0 − 0) =


cos𝜋/𝑚ℎ0 · exp
(
−𝜋𝑖/𝑚ℎ0

)
, if ℎ0 = ℎ0(ℎ0 − 1)−1,

cos𝜋/𝑚ℎ0 · exp
(

𝜋𝑖

𝑚ℎ0

)
, if ℎ0 = ℎ0.

Since
𝑚∏
𝑗=1

𝑎 𝑗 (𝑡0 − 0) /
𝑚∏
𝑗=1

𝑎 𝑗 (𝑡0 + 0) = exp
(
2𝜋𝑖
ℎ0

)
,

from Theorem 4.1, it follows that the operator 𝐴 = 𝑎𝑃Γ + 𝑄Γ is not Noetherian in the
space 𝐿𝑝 (Γ, 𝜌). On the other hand, we have

|𝑎 (𝑡) − 1| =
����cos2𝜋/𝑚ℎ0 ± 𝑖sin

𝜋

𝑚ℎ0
· cos

𝜋

𝑚ℎ0
− 1

���� = sin
𝜋

𝑚ℎ0

and by the hypothesis we have

inf
𝑇 ∈T

‖(𝑎 − 1) 𝑃Γ + 𝑇 ‖𝐿𝑝 (Γ,𝜌) < 1.
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From this relation it results that the operator �̂� = 𝑎�̂�Γ +�̂�Γ = (𝑎 − 1) �̂�Γ + 𝐼 is invertible
in the space 𝐿 (𝐿 𝑝 (Γ, 𝜌))/ ¥𝑇 (𝐿𝑝 (Γ, 𝜌)). Then the operator 𝐴 = 𝑎𝑃Γ +𝑄Γ is Noetherian.
Contradiction. Thus

|𝑃Γ |𝐿𝑝 (Γ,𝜌) ≥
(
sin𝜋/𝑚ℎ0

)−1
,

Let

max
(
(sin𝜋/ℎ)−1,

(
sin𝜋/𝑚ℎ0

)−1
)
= (sin𝜋/ℎ)−1.

Consider the function 𝑏 that takes on Γ two values:

cos𝜋/ℎ · 𝑒𝑥𝑝 (𝜋𝑖/ℎ) , cos𝜋/ℎ · 𝑒𝑥𝑝(−𝜋𝑖/ℎ)

and

𝑏 (𝑡𝑟 + 0) =
{

cos𝜋/ℎ · exp (𝜋𝑖/ℎ) , if ℎ𝑟 = ℎ𝑟 (ℎ𝑟 − 1)−1,

cos𝜋/ℎ · exp
(
− 𝜋𝑖

ℎ

)
, if ℎ𝑟 = ℎ𝑟 ;

𝑏 (𝑡𝑟 − 0) =
{

cos𝜋/ℎ · exp
(
− 𝜋𝑖

ℎ

)
, if ℎ𝑟 = ℎ𝑟 (ℎ𝑟 − 1)−1,

cos𝜋/ℎ · exp
(
𝜋𝑖
ℎ

)
, if ℎ𝑟 = ℎ𝑟 ,

where 𝑡𝑟 is the point, for which ℎ = ℎ𝑟 (1 ≤ 𝑟 ≤ 𝑛). If ℎ = ℎ𝑛+1, then as 𝑡𝑟 we can take
any point other than the points 𝑡0, 𝑡1, ..., 𝑡𝑛. As

𝑏 (𝑡𝑟 − 0) /𝑏 (𝑡𝑟 + 0) = exp
(
2𝜋𝑖
ℎ

)
from Theorem 4.1 it follows that the operator 𝐵 = 𝑏𝑃Γ + 𝑄Γ is not Noetherian in
𝐿𝑝 (Γ, 𝜌) . But |𝑏 (𝑡) − 1| = sin 𝜋

ℎ
and by on the assumption we have

inf
𝑇 ∈ ¥𝑇

‖(𝑏 − 1) 𝑃Γ + 𝑇 ‖ < 1,

where the operator results 𝐵 = 𝑏𝑃Γ +𝑄Γ = (𝑏 − 1)𝑃Γ + I is Noetherian in 𝐿𝑝 (Γ, 𝜌). The
obtained contradiction proves the relationship (16). In order to prove the relation (17),
we consider two functions 𝑎 and 𝑏 that take respectively the values

sec𝜋/𝑚ℎ0 · exp
(
𝜋𝑖/𝑚ℎ0

)
, sec𝜋/𝑚ℎ0 · exp(−𝜋𝑖/𝑚ℎ0)

and sec𝜋/ℎ · exp (𝜋𝑖/ℎ) , sec𝜋/ℎ · exp (−𝜋𝑖/ℎ) .

As
𝑚∏
𝑗=1

𝑎 𝑗 (𝑡0 − 0) /
𝑚∏
𝑗=1

𝑎 𝑗 (𝑡0 + 0) =exp
(
2𝜋𝑖/ℎ0

)
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and 𝑏 (𝑡𝑟 − 0)/𝑏 (𝑡𝑟 + 0) = exp
(

2𝜋?𝑖
ℎ

)
, it follows that the operators 𝐴 = 𝑎𝑃Γ + 𝑄Γ and

= 𝑏𝑃Γ +𝑄Γ are not Noetherians in the space 𝐿𝑝 (Γ, 𝜌). On the other hand,

|𝑎 (𝑡) − 1/𝑎 (𝑡) | = sin
(
𝜋

𝑚ℎ0

)
, |𝑏 (𝑡) − 1/𝑏 (𝑡) | = sin

(𝜋
ℎ

)
,

𝐴 = 𝑎

(
𝐼 + 1−𝑎

𝑎
𝑄Γ

)
and 𝐵 = 𝑏

(
𝐼 + 1−𝑏

𝑏
𝑄Γ

)
.

It remains to repeat the previous reasoning and we obtain the relation (17). Finally,
in order to prove the relation (18), we consider the function 𝑎 that takes on each line
𝛾 𝑗 ( 𝑗 = 1, 2, . . . , 𝑚) the values exp

(
𝜋𝑖/𝑚ℎ0

)
and exp

(
−𝜋𝑖/𝑚ℎ0

)
and the function 𝑏

that takes on the values exp (𝜋𝑖/ℎ) and exp (−𝜋𝑖/ℎ). In what follows, we will use the
following equalities,

𝑎𝑃Γ +𝑄Γ =
𝑎 + 1

2

(
𝐼 + 𝑎 − 1

𝑎 + 1
𝑆Γ

)
, 𝑏𝑃Γ +𝑄Γ =

𝑏 + 1
2

(
𝐼 + 𝑏 − 1

𝑏 + 1
𝑆Γ

)
,��(𝑎 − 1) (𝑎 + 1)−1�� = 𝑡𝑔 𝜋

2𝑚ℎ0
,
��(𝑏 − 1) (𝑏 + 1)−1�� = 𝑡𝑔 𝜋

2ℎ
.

The theorem is proved. �

Theorem 4.2 can be generalized, if the contour Γ is made up of a finite number of
contours Γ1, ..., Γ𝑠, that satisfy the conditions of Theorem 4.2.

Let 𝜌 𝑗 (𝑡) = 𝜌(𝑡) for 𝑡 ∈ Γ 𝑗 ( 𝑗 = 1, 2, . . . , 𝑠) . Theorem 4.2 implies

Theorem 4.3. The essential norms of the operators 𝑃Γ, 𝑄Γ and 𝑆Γ in the space 𝐿𝑝 (Γ, 𝜌)
satisfy the relations

|𝑃Γ |𝐿𝑝 (Γ,𝜌) ≥ max
��𝑃Γ 𝑗

��
𝐿𝑝 (Γ 𝑗 ,𝜌 𝑗) , |𝑄Γ |𝐿𝑝 (Γ,𝜌) ≥ max

��𝑄Γ 𝑗

��
𝐿𝑝 (Γ 𝑗 ,𝜌 𝑗) ,

|𝑆Γ |𝐿𝑝 (Γ,𝜌) ≥ max
��𝑆Γ 𝑗

��
𝐿𝑝 (Γ 𝑗 ,𝜌 𝑗) .

Theorem 4.4. Operator

(𝐾𝜙) (𝑡) = 1
𝜋𝜙𝑖

∫
Γ

(
𝜔′ (𝜏)

𝜔 (𝜏) − 𝜔 (𝑡) −
1

𝜏 − 𝑡

)
𝜙 (𝜏) 𝑑𝜏

is compact in the space 𝐿𝑝 (Γ, 𝜌), if and only if
∑𝑙

𝑘=1 𝛼𝑘 = 𝑙.

Theorem 4.5. The operator 𝑆∗
Γ

acting in the space 𝐿𝑞
(
Γ, 𝜌1−𝑞 ) has the form (see [2])

𝑆∗Γ = −𝑉ℎ𝑆𝑉ℎ𝐼,

where (𝑉𝜙) (𝑡) = 𝜙 (𝑡) and ℎ is a piecewise Holder function on Γ.

Theorem 4.6. The operator 𝑆∗Γ − 𝑆Γ is compact in the space 𝐿2 (Γ) if and only if
𝑙∑︁

𝑘=1
𝛼𝑘 = 𝑙.
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5. Operator 𝐴 = 𝑎𝑃Γ + 𝑏𝑄Γ with measurable and bounded coefficients

In this section the values of the essential operators norms will be used to determine
noetherian conditions for operators of the form 𝑎𝑃Γ + 𝑏𝑄Γ with measurable and bounded
coefficients. As essinf |a (t) |≠ 0 and essinf |b (t) |≠ 0 represent necessary conditions
under which these operators are Noetherians, we will assume that b (t) ≡ 1.

In this and next items we asume that Γ consists of two curves Γ1 and Γ2, having one
common point 𝑡0, and moreover the tangents to Γ at this point are perpendicular and 𝜌(𝑡)
is the function determined by the equality (14).

Let 𝜏0 be a point on Γ different from 𝑡0. Denote by _(𝜏0) the closed halfplane which
does not contain the origin. By 4(𝑡0) we denote the angle with vertex at the origin and
value of 𝜋/2. By 𝑀𝜌 (Γ) we denote the class of essentially bounded measurable functions
𝑎 (𝑡) , satisfying the conditions:

(1) 𝑒𝑠𝑠𝑖𝑛 𝑓 |𝑎(𝑡) | ≠ 0; 𝑡 ∈ Γ;
(2) for any point 𝑡 ∈ Γ\ {𝑡0} there exists a neighbourhood 𝑢(𝜏) ( Γ\ {𝑡0}) of the point

𝜏 and a pair of functions 𝑔±𝜏 such that (𝑔+𝜏 (𝑡))±1 ∈ 𝐿+∞(Γ), (𝑔−𝜏 (𝑡))±1 ∈ 𝐿−∞(Γ)
and the range of the function 𝑔+𝜏 (𝑡)ℎ(𝑡)𝑎(𝑡)𝑔−𝜏 (𝑡) at 𝑡 ∈ 𝑢(𝜏) is contained inside
_(𝜏).

(3) for any point 𝑡0 either there exists a neighbourhood 𝑢(𝑡0) and a pair of functions 𝑔±0
such that (𝑔±1

0 (𝑡))±1 ∈ 𝐿±1
∞ (Γ) and the range of the function 𝑔+0 (𝑡)ℎ(𝑡)𝑎(𝑡)𝑔

−
0 (𝑡)

at 𝑡 ∈ 𝑢(𝑡0) is contained inside of 4(𝑡0), or there exist finite limits 𝑎(𝑡0 ± 0) and

ℎ𝑡0 (𝑡0 − 0) 𝑎 (𝑡0 − 0)
ℎ𝑡0 (𝑡0 + 0) 𝑎 (𝑡0 + 0) ∈ 𝐶\ (−∞, 0] .

Theorem 5.1. 𝑀𝜌 (Γ) ⊂ 𝐹𝑎𝑐𝑡2,𝜌 (Γ) .

Corollary 5.1. Let 𝑎 ∈ 𝑀𝜌 (Γ). Then the operator 𝐴 = 𝑎𝑃Γ + 𝑏𝑄Γ is Noetherian in the
space 𝐿2 (Γ, 𝜌).

Corollary 5.2. 𝑀𝜌 (Γ)
⋂
𝑃𝐶 (Γ) = 𝐹𝑎𝑐𝑡 (Γ)⋂ 𝑃𝐶 (Γ), where 𝑃𝐶 (Γ) is a set of all

piecewise continous functions on Γ.
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Qualitative study of the cuartic system with maximal
multiplicity of the line at the infinity

Vadim Repeşco

Abstract. We consider the generic cuartic differential system. In [7] it was
proven that the class of differential cuartic systems that have the invariant straight
line at the infinity of maximal multiplicity is affine equivalent with the system
¤𝑥 = −3𝑥 + 𝑎𝑦4, ¤𝑦 = 𝑦, 𝑎 > 0. In this paper, by using several techniques, we
obtain its phase portrait on Poincaré disk.
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Keywords: Quartic differential system, invariant straight line, multiplicity of
the algebraic curve.

Studiul calitativ al sistemului diferent, ial cuartic ce posedă dreapta
de la infinit de multiplicitate maximală

Rezumat. Considerăm sistemul diferenţial cuartic general. În [7] a fost de-
monstrat că clasa sistemelor diferenţiale cuartice ce au dreapta de la infinit de
multiplicitate maximală este echivalentă afin cu sistemul ¤𝑥 = −3𝑥 + 𝑎𝑦4, ¤𝑦 = 𝑦,
𝑎 > 0. În această lucrare, prin intermediul mai multor tehnici, se obţine portretul
fazic al acestui sistem pe discul Poincaré.
Cuvinte cheie: Sistem diferenţial cuartic, dreaptă invariantă, multiplicitatea
curbei algebrice invariante.

1. Introduction

We consider a real polynomial differential system
𝑑𝑥

𝑑𝑡
= 𝑃 (𝑥, 𝑦)

𝑑𝑦

𝑑𝑡
= 𝑄 (𝑥, 𝑦)

, 𝐺𝐶𝐷 (𝑃,𝑄) = 1 (1)

and the vectorial field associated with this system

X = 𝑃 (𝑥, 𝑦) 𝜕
𝜕𝑥

+𝑄 (𝑥, 𝑦) 𝜕
𝜕𝑦
. (2)
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Let 𝑛 = max {deg (𝑃) , deg (𝑄)}. If 𝑛 = 4, then the system (1) is called cuartic.

Definition 1.1. An algebraic curve 𝑓 (𝑥, 𝑦) = 0, 𝑓 ∈ C [𝑥, 𝑦], is called invariant algebraic
curve for the system (1), if there is polynomial 𝐾 𝑓 ∈ C [𝑥, 𝑦], such that the following
identity holds

X ( 𝑓 ) = 𝑓 (𝑥, 𝑦) 𝐾 𝑓 (𝑥, 𝑦) . (3)

The invariant algebraic curves are very important in the qualitative theory of dynam-
ical systems. The problem of finding how many invariant straight lines a polynomial
differential system can have is studied in [1]. The problem of coexistence of invariant
straight lines and limit cycles and the problem of coexistence of invariant straight lines and
singular points of center type are studied in [2, 3, 4, 5]. Another direction of applications
of invariant straight lines is calculating the Darboux first integral. According to [6], we
can calculate a Darboux first integral for a polynomial differential system, if the system
has sufficiently many invariant straight lines considered with their multiplicities. In this
paper we will obtain the phase portrait on the Poincaré disk for the system (4), obtained
in [7].

{
¤𝑥 = −3𝑥 + 𝑎𝑦4,

¤𝑦 = 𝑦, 𝑎 > 0.
(4)

This is a cuartic differential system with the invariant straight line at the infinity of the
maximal multiplicity. There are different types of multiplicities for invariant algebraic
curves, see for instance [8]. In [7], i.e. for the system (4), it was considered the algebraic
multiplicity.

2. Qualitative study of the system (4)

The system (4) has a single singular point in the finite part of the phase plane -𝑂 (0, 0),
its eigenvalues are _1 = −3, _2 = 1, therefore it follows that the coordinate’s origin is
of the saddle type. From the relation𝑦𝑃4 − 𝑥𝑄4 ≡ 𝑎𝑦5, it follows that this system has
singular points only at the ends of the axis 𝑂𝑥. Therefore, we’ll use the first Poincaré
transformation of variables 𝑥 =

1
𝑧
, 𝑦 =

𝑢

𝑧
and the system will take the following form:


¤𝑧 = 𝑧

(
3𝑧3 − 𝑎𝑢4

)
,

¤𝑢 = 𝑢

(
4𝑧3 − 𝑎𝑢4

)
.

(5)
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The singular point situated at the origin of coordinate of the system (5) it’s multi-
ple, using the blow-up method, we’ll decompose this point into 4 singular points, their
cooordinates and their corresponding eigenvalues are shown in Table 1.

Table 1. Decomposition of the singular point 𝑂 (0, 0)

S.P. 𝑀1(0, 0) 𝑀2
(
0, 𝜋2

)
𝑀3 (0, 𝜋) 𝑀4

(
0, 3𝜋

2

)
_1, _2 1, 3 0, 0 −3,−1 0, 0

The singular point 𝑀1(0, 0) is an unstable node and 𝑀3(0, 𝜋) – stable node. The
singular points 𝑀2

(
0, 𝜋2

)
and 𝑀4

(
0, 3𝜋

2

)
are multiple. To study the singular point

𝑀2
(
0, 𝜋2

)
, we’ll translate this point to the origin of the coordinates and will compute the

Taylor series in \ for the functions 𝑃(𝜌, \) and 𝑄(𝜌, \):
¤𝜌 = −𝑎𝜌2 + 2𝑎𝜌2\2 − 4𝜌\3 + ...

¤\ = \4 − 7
6
\6 − 23

40
\8 + ...

The singular point at the origin of coordinates corresponds to the point 𝑀2. Using the
blow-up method, we’ll decompose this point into 4 singular points, see Table 2.

Table 2. Decomposition of the singular point 𝑀2
(
0, 𝜋

2
)

S.P. 𝑁1(0, 0) 𝑁2
(
0, 𝜋2

)
𝑁3 (0, 𝜋) 𝑁4

(
0, 3𝜋

2

)
_1, _2 −𝑎, 𝑎 0, 0 −𝑎, 𝑎 0, 0

The singular points 𝑁1(0, 0) and 𝑁3(0, 𝜋) are of saddle type and the singular points
𝑁2

(
0, 𝜋2

)
and 𝑁4

(
0, 3𝜋

2

)
are multiple. Again, using the blow-up method, the singular

point 𝑁2
(
0, 𝜋2

)
can be decomposed into 4 singular points, see Table 3.

Table 3. Decomposition of the singular point 𝑁2
(
0, 𝜋

2
)

P.S. 𝑅1(0, 0) 𝑅2
(
0, 𝜋2

)
𝑅3 (0, 𝜋) 𝑅4

(
0, 3𝜋

2

)
_1, _2 0, 0 −𝑎, 𝑎 0, 0 −𝑎, 𝑎

The singular points 𝑅2
(
0, 𝜋2

)
and 𝑅4

(
0, 3𝜋

2

)
are of saddle type and the singular points

𝑅1(0, 0) and 𝑅3(0, 𝜋) are multiple. Via the blow-up method, the singular point 𝑅1(0, 0)
is decomposed into 6 singular points, see Table 4. As we can see from the Table 4, all
these singular points are hyperbolic, therefore we can find the qualitative behavior of the
trajectories near these points, see Figure 1.a).
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Table 4. Decomposition of the singular point 𝑅1 (0, 0)

P.S. 𝑇1 (0, 0) 𝑇2
(
0, arctg 7

𝑎

)
𝑇3

(
0, 𝜋2

)
𝑇4 (0, 𝜋) 𝑇5

(
0, 𝜋arctg 7

𝑎

)
𝑇6

(
0, 3𝜋

2

)
_1, _2 −7, 1 1√

49+𝑎2 ,
7𝑎√

49+𝑎2 −𝑎, 𝑎 −6, 1 − 1√
49+𝑎2 ,−

7𝑎√
49+𝑎2 −𝑎, 𝑎

Tipul 𝑆 𝑁𝑢 𝑆 𝑆 𝑁𝑠 𝑆

a) b)

Figure 1. The singular point 𝑅1 (0, 0)

Compressing the unit circle to the origin of coordinate, we get the behavior of the
trajectories in the vicinity of the singular point 𝑅1(0, 0), see Fig. 1.b).

In a similar way, using the blow-up method for the singular point 𝑅3(0, 𝜋), then getting
the behavior of the trajectories near the singular points and compressing the unit circle to
the origin, we get the qualitative behavior in the vicinity of the singular point 𝑅3(0, 𝜋),
i.e. we get Fig. 2.

Figure 2. The singular point 𝑅3 (0, 𝜋)
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Using the qualitative behavior of trajectoires from the Fig. 1 and Fig. 2, also the type
of singular points from the Table 3, we obtain the qualitative behavior of the trajectorie
in the vicinity of the multiple singular point 𝑁2

(
0, 𝜋2

)
, see Figure 3.

Figure 3. The singular point 𝑁2
(
0, 𝜋

2
)

Using the information from the Figure 3 to obtain the the behavior near the singular point
𝑀2

(
0, 𝜋2

)
, we can see that some information about singular point 𝑅3(0, 𝜋) is redundant

and it will not be used. Therefore, for the other multiple singular point in which 𝑀2
(
0, 𝜋2

)
decompose to, i. e. 𝑁4

(
0, 3𝜋

2

)
, we can ignore some information.

Figure 4. The singular point 𝑅′
1 (0, 0)

This point decompose into 4 singular points: 𝑅′
2
(
0, 𝜋2

)
and 𝑅′

4

(
0, 3𝜋

2

)
are of saddle

type and the points 𝑅′
1(0, 0) and 𝑅′

3(0, 𝜋) are multiple. We’ll examine only the singular
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point 𝑅′
1(0, 0), which decompose into 6 singular points, their behavior is illustrated in

Figure 4.
Using Figure 4 and the fact that 𝑅′

2
(
0, 𝜋2

)
and 𝑅′

4

(
0, 3𝜋

2

)
are of saddle type, we get

Figure 5.

Figure 5. The singular point 𝑁4

(
0, 3𝜋

2

)
Using Table 2 and Figure 2 and Figure 5, we obtain the qualitative behavior of the

trajectories in the vicinity of the singular point 𝑀2
(
0, 𝜋2

)
, see Figure 6.

Figure 6. The singular point 𝑀2
(
0, 𝜋

2
)

Similarly, by performing all the above steps, we obtain the qualitative behavior of the
trajectories from the vicinity of the multiple singular point 𝑀4

(
0, 3𝜋

2

)
, see Fig. 7:

Finally, putting the singular point 𝑀1(0, 0), 𝑀2
(
0, 𝜋2

)
, 𝑀3(0, 𝜋) and 𝑀4

(
0, 3𝜋

2

)
on

the unitary circle, then compressing this circle into the origin, we obtain the qualitative
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Figure 7. The singular point 𝑀4

(
0, 3𝜋

2

)
behavior of the trajectories in the vecinity of the singular point of the system (4) situated
at the ends of the 𝑂𝑥 axis.

Figure 8. The singular point 𝑂∞ (±1, 0, 0)

3. The main result

Taking into account that the origin of coordinates for the system (4) is a singular point
of saddle type, we can easy schetch on the Poincaré disk the global phase portrait of this
system:
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Figure 9. Phase portrait of the system (4)
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Abstract. The article shows the relevance and benefits of research conducted
in the field of computer science at the Vladimir Andrunachievici Institute of
Mathematics and Computer Science.
Keywords: research, ICT, unstructured heterogeneous content, generation of
digital content, poorly structured issues.

Cercetări de perspectivă în cadrul Institutului de Matematică s, i
Informatică ”Vladimir Andrunachievici”

Rezumat. În articol se arată relevant,a s, i beneficiile cercetărilor efectuate în do-
meniul informatic în cadrul Institutului de Matematică s, i informatică ”Vladimir
Andrunachievici”
Cuvinte cheie: cercetare, TIC, cont,inut eterogen nestructurat, generarea cont,inutului
digital, probleme slab structurate.

1. Introduction

The massive use of information and communication technologies revolutionizes the de-
velopment of modern society, consistently contributes to the implementation of the digital
society concept. European Digital Agenda proposes the dynamization and optimization
of the benefits of information technologies for economic growth, new jobs creation, the
improvement of the citizens’ quality of life as a part of the Europe 2020 Strategy. The
initiative ‘A Stronger Digital Europe towards 2025’, which brings together about 70 of
the strongest European and transnational companies, states in its manifest that digital
technologies, innovations and artificial intelligence will create a strong digital Europe,
unfragmented, which will lead to the digital inclusion development, increasing the use
of ‘green’ resources, innovations, the development of agile policies, which will ensure
prosperity of the European society and will place Europe as a leader in the global econ-
omy. The basic research at the institute is carried out in the field of intelligent information
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systems with applications in three social domains: medicine, education and culture. In
relation to these domains, the conducting research and development of information sys-
tems aimed at solving scientific and social problems that are, as a rule, ill-structured,
operate with large volume of data, depend greatly on the decision maker’s vision and
need a personalized approach. This approach involves completion of certain stages of
knowledge processing: examination, experiment, conceptualization and analysis, that
will serve as a basis for computer science applications in the domains of preservation
of cultural heritage, support in medical diagnostics, mitigation management of disasters
with multiple victims, automation of the process of design and generation of digital con-
tent for computer-assisted learning (e-learning). The proposed solutions will take into
account the fragmented and heterogeneous nature of information, data and knowledge
in order to define some standardized structures, which will facilitate interoperability and
efficient incorporation into the information systems. Regarding the digitization of cultural
heritage, the emphasis will be placed on Romanian works printed in the Cyrillic script,
covering the period of 17-20 centuries, and having as a result both the printed format with
original characters and the transliterated one in the Latin script, adapted to the modern
language. For the first time there is addressed the problem of integrated processing of
different types of content (text, graphics, formulas, musical notes, etc.). For process-
ing large volume of data, the methods based on formal computational models will be
used to ensure parallel processing (including membrane computing and P systems, Petri
nets, etc.). Following the purpose of making information processing more efficient, the
problems of design and implementation of distributed computing systems will be solved
as well, the solutions aimed to improve the functioning of the systems from the point
of view of adapting and adjusting the execution environments, taking into account the
specific requirements of the various application classes, will be proposed and analysed.
Research in order to automate the process of digitization and transliteration of Romanian
texts printed in Cyrillic characters began in the Republic of Moldova in 2016 [1] and
are today the most advanced in this field. The resulting accuracy is 95The novelty and
topicality of the research carried out consists in: a) the new technology developed for the
automation of the digitization processes of the poorly structured heterogeneous Romanian
texts printed in Cyrillic characters from the 17th-20th centuries and of high volume; b)
methods of preprocessing of scanned texts (images) based on formal calculation models,
which ensure parallel processing (including membrane calculation) [3]; c) methods of
automatic alignment of old texts to the contemporary language; d) creation of a smart Web
platform that integrates existing tools and those developed within the project. Computer
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applications for the educational process involve the development of specific software tools
[13, 14] dedicated to:

• management of the educational process,
• the teaching process,
• construction of educational materials.

The tendencies to ensure a degree of intelligence of information systems are among the
most promising for the propulsion of scientific fields and applications of computer science.
This will expand the range of problems that can be solved using information systems [4],
especially in poorly structured areas, and increase the level of information assistance [5]
of a modern specialist in various fields of activity. The relationship between the decision
maker’s ability to cope with the situation and the degree of difficulty and uncertainty
of the problem to be solved is a key moment in the development of an information
system. The ideas of creating computer systems that would propose solutions to real
problems, taking into account intuition, the vision of the decision maker who requires
a personalized approach [6] is observed in the literature, including medicine, since the
late twentieth century [7- 11]. Research on decision support systems with behavioral
elements began in the Republic of Moldova in 2015 [12]. Thus, the solutions proposed
in the project have a perspective in terms of contemporary trends, the needs of society
[7] and the possibilities of the project research team. The design and development of
information systems taking into account the uncertainty of management objectives, the
influence of intuitive factors in decision making, and cause-effect relationships is the
innovative approach of research. The efficiency of the solutions will be supported by new
and original methods of using high-performance computing technologies and modern
infrastructures (GRID, HPC clusters, cloud).

2. Objectives pursued

In order to carry out the research, the following objectives were formulated:

• Development of standardized data and knowledge structures from various sources
and fields studying the taxonomies / ontologies associated with them and taking
into account the fragmentary and heterogeneous structure of information. Ensur-
ing the interoperability and coherence of these structures in order to incorporate
them into information systems, including through personalized approaches.

• Development of intelligent IT tools to assist decision makers in solving poorly
structured problems, taking into account the fragmentary and heterogeneous
structure of data and knowledge.
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• Substantiation of the approach in medical diagnosis based on both quantitative
characteristics and accumulated knowledge, intuition, reasoning difficult to for-
malize.

• Mathematical modeling of natural processes, which requires the acquisition, stor-
age and processing of large volumes of data in order to monitor and forecast their
evolution.

• Development of the model of a universal platform for processing large volumes of
texts with different content, which will contribute to automation of digitization and
transliteration of old Romanian texts printed in Cyrillic characters, pre-processing
and post-processing of heterogeneous texts, aligning old texts with contemporary
ones.

• Development of information systems to automate the process of designing and
generating digital content for computer-assisted learning (e-learning) with the
involvement of knowledge bases, reusable language resources, modern technolo-
gies for programming, processing and visualization of images and large volumes
of data.

• Research and development of formal calculation models based on Minsky ma-
chines, Petri nets, Chomsky grammars and variants of P systems: transitional,
catalytic, antiport, with active membranes, with control, focusing on computing
power, efficiency, descriptive complexity.

3. The relevance and benefit of prospective research

3.1. Research and elaboration of the structure of the software tool for prepro-
cessing the unstructured heterogeneous content

Most documents, in addition to text, also contain other elements: mathematical and
chemical formulas, musical notes, diagrams, diagrams, images, etc. The main features of
a heterogeneous document are the following:

• the document is not exclusively in natural language;
• there is one or more scripting languages for presenting its components;
• the graphic representation can be rendered through scripting language.

Figure 1.
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In Figure 1. the double line separates text of the Hurian Hymn in the upper part and
musical scores in the lower part. Additionally, the tablet contains the title of the song and
the name of the scribe. Now we call them metadata.

Notation of music in Europe in different historical periods

12th century 14th century 18th century
Figure 2.

Figure 3.

In Figure 3 the diversity of structure diagrams for the same caffeine is done. Processing
issues:

• The problem of processing heterogeneous documents is not completely solved.
There are partial solutions for certain types of elements,

• It is difficult, and sometimes even impossible, to automatically recognize certain
types of heterogeneous content,

• Page structure analysis is a complex issue,
• A platform is needed to integrate different types of scripts into a unified form of

document presentation and processing.

The structure of the semi-automatic workflow for the recognition of heterogeneous
documents was proposed in Figure 4.
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Figure 4.

Automated, semi-automated and manually performed functions in the proposed struc-
ture are:

(1) automatize
(a) scanning;
(b) recognition of segments according to their type;
(c) assembling presentations in scripting language with metadata integration;
(d) rebuilding the page image based on the script;
(e) automated verification.

(2) semi-automatic
(a) improving image quality;
(b) page layout analysis;
(c) distribution of tasks for manual verification.

(3) manual
(a) manual verification and correction of the document by experts (for cases

where automated or semi-automated procedures could not be applied).

Partitioning and mapping of heterogeneous documents
ABBYY FineReader Engine was used, which processes one page of document and

returns the result in XML format indicating the coordinates of the page segments and the
type of segment (text, image, table, separator, etc.), as well as the recognized text for the
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segments that presents fragments of text. A module has been developed in the Phyton
language, which:

• Uses Docker container technology as a basis for optimizing platform structure
and data flows.

• Extract the metadata from the resulting XML and call a module (Image Magick)
for cropping images.

• Organizes the structured storage of results.

The process diagram involves completing the following steps:

(1) Obtaining / retrieving scanned objects in jpeg / tiff format.
(2) Preparing images for OCR (Scan Tailor): cleaning images.
(3) Optical Character Recognition (OCR) with ABBYY Finereader (AFR).
(4) Save the recognized text as a Microsoft Word document (default).
(5) Transliteration of the text obtained in modern Latin script.
(6) Manual / semi-automated processing of the obtained result and placement in the

WEB.
(7) Fill in the word lists for AFR (Notepad ++).
(8) Configuring AFR depending on the era, locality and typography.
(9) Configure the virtual keyboard with letters specific to the old alphabets.

Some of the intermediate results are presented in Figure 5.

Figure 5.

3.2. Research and testing of the possibilities of applying modern programming
technologies (object oriented, Web, functional, logical) and information resources
to the generation of digital content of computer-assisted training courses.

An instrument for the automatic generation of digital content of computer-assisted
training courses on "Finite Automata", using the graphical representation of automata,
made with the application of modern functional programming technology and the graphic
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editor LaTeX + TikZ was developed. The generated graphic structures are optimized
using the Sugiyama framework scheme, in which:

• changes were proposed and made to the “greedy” algorithm for suppressing
cycles, taking into account the specifics of the graphical representation of finite
automata;

• the stratified algorithm of the acyclic oriented graph by depth traversal was per-
formed;

• effective heuristic methods have been proposed and implemented to reduce the
number of arc intersections in a connected and acyclic oriented graph.

3.3. Research and development of knowledge and data processing methods for
poorly structured issues.

A case study was performed for medical diagnosis as a field with poorly structured and
heterogeneous data and knowledge. In particular, the specifics of the field of "multi-victim
disasters" were examined.

The information on the accumulation and location of the free liquid was acquired based
on the sonographic characteristics and the volume of air accumulated and structured in
the form of facts - preparatory action for the formalization of the field and the subsequent
creation of the decisional rules.

The information about the victim’s condition was acquired based on vital signs.
The prototype of the formalized domain was created. Its (iterative) validation by expert

doctors has begun.
The specific methods of artificial intelligence in the representation of professional

knowledge were analyzed in order to identify the most appropriate methods for the field of
the research project. In the field of medical examination, the representation of knowledge
in the form of taxonomy / tree corresponds to the reasoning of the experts.

The DICOM Network medical image storage and processing system was developed.
An advanced algorithm for archiving medical images using a multi-level data storage

system has been proposed. The algorithm takes into account the special architectures
of the storage system - one of the main priorities of the algorithm is adaptability to
increase system performance, which should provide high-speed access to a huge amount
of archived data.

Methods for organizing cloud storage resources for implementing multi-level structures
for data archiving are being researched. Methods of operation of different applications
with specific parameters and requirements for the structure of data storage organization
are analyzed. A method for optimizing the transmission and processing of medical image
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data sets has been developed. The main idea of the method is to use virtual machines
distributed directly on Cloud Storage to process data.

The proposed solution for the realization of the distributed system of collection, storage,
archiving and processing of medical imaging data is presented in Figure 6:

Figure 6.

4. Conclusions

The functioning of information systems, as a rule, is fed by the data with which
the databases are populated, this popular one requiring overcoming the predominantly
unstructured character of the data. Thus, the processing of poorly structured data and
knowledge continues to be an important topic. Processing methods currently depend to a
large extent on the area examined and an extension is unlikely until new ideas emerge and
new progress is made. In order to obtain useful solutions expected from the application of
information systems, specific tools are needed to improve the quality of data, information
and knowledge.

The research comes with a national contribution to a current challenge of enabling
online access to European heritage digital resources. The digital resources of European
heritage are potentially significant for the cultural and creative economy sectors, which
today are key directions for achieving economic benefits. The results of the research will
bring their contribution in facilitating the reprinting of books and other old prints, they
are already requested by libraries, archives, researchers in various fields. They will sub-
stantially expand the circle of people, who will be able to freely use this component of the
national heritage. Carrying out these works would allow the unification, homogenization
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and integration of the national-cultural environment in the international information soci-
ety, would confirm the status of the Romanian language as a language of communication
on the European continent.

The knowledge-based society and economy involve the intensive use of information
and communication technologies in all spheres of human activity, including in the ed-
ucational process. Current educational practice involves the development and use of
intelligent information systems in order to increase the diversity and quality of computer-
assisted training (e-learning). The results will facilitate the generation of digital content
of computer-assisted training courses with the application of knowledge bases, reusable
language resources, modern technologies for programming, image processing and visu-
alization, large volumes of data.

The systemic treatment of the PSS solution, taking into account the decision-maker’s
vision and selecting the solution based on a personalized end-user approach is a new way
to solve the PSS, the importance and necessity of which is obvious.

Formal computational models will contribute to the development of parallel algorithms
for solving a series of difficult problems in linguistics, biology, computational algebra,
high performance computing, etc.

In the development of intelligent information systems for various fields, the engineering
approach is usually applied, and the modeling of human intelligence is a fundamental
concern that influences practical applications.
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Regularization of some perturbed integral operators

Galina Vornicescu

Abstract. The paper presents some generalizations and specifications of the
paper [1]. In particular, examples of integral operators with point-like singu-
larities are constructed, which do not represent admissible disturbances for the
characteristic singular integral operators. This means that the built operators
can influence the noetherian conditions of the singular operators.
2010 Mathematics Subject Classification: 24G10.
Keywords: perturbed singular operators, noetherian conditions.

Regularizarea unor operatori integrali perturbat, i
Rezumat. În lucrare sunt prezintate anumite generalizări s, i precizări ale lu-
crării [1]. În particular, în ea se construesc exemple de operatori integrali cu
singularităt,i punctiforme care nu reprezintă perturbări admisibile pentru opera-
torii integrali singulari caracteristici. Aceasta înseamnă că operatorii construit,i
pot influent,a condit,iile noetheriene ale operatorilor singulari.
Cuvinte cheie: operatori singulari perturbat,i, condit,ii noetheriene.

1. Introduction

We remind that an operator 𝐴 ∈ 𝐿 (𝐵) admits regularization if there exist operators
𝑀1, 𝑀2 ∈ 𝐿 (𝐵) such that 𝐴𝑀1 = 𝐼 + 𝑇1 (left regularization) and 𝑀2𝐴 = 𝐼 + 𝑇2 (right
regularization), where 𝑇1 and 𝑇2 are compact operators in space B. The class of operators
admitting regularization is of particular interest, since the operators of this class have the
following properties (F. Noether’s theorems):

(1) The equation 𝐴𝑥 = 𝑦 is solvable if and only if its right-hand side is orthogonal
to all solutions of the equation 𝐴∗𝜑 = 0. This condition is equivalent to the
condition that the set of values of the operator 𝐴 is a subspace, or the equality

Im 𝐴 = ∩ 𝑓 ∈Ker 𝐴∗ Ker 𝑓

is true.
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(2) The equations 𝐴𝑥 = 0 and 𝐴∗𝜑 = 0 have a finite number of linearly independent
solutions.

Operators with these 2 properties are called Noetherian operators and represent es-
sential generalizations of the class of operators of the form 𝐼 + 𝑇 , where 𝑇 is a compact
operator for which the well-known Fredholm theorems hold. If conditions (1) and (2)
are satisfied, then the number dim Ker 𝐴 − dim Ker 𝐴∗ is called the index of a Noetherian
operator 𝐴 and is denoted by Ind 𝐴.

Let us denote by the 𝑁 (B) the set of all Noetherian operators acting in a Banach space
B and let H be a Hilbert space. It is well known that if an operator 𝐾 ∈ 𝐿 (H) and has
the property 𝐴 + 𝐾 ∈ 𝑁 (H) for every 𝐴 ∈ 𝑁 (H), then 𝐾 is completely continuous.

And what will be, if we require that the implication 𝐴 ∈ 𝑁 (H) implies "𝐴+𝐾 ∈ 𝑁 (H)
⇔ 𝐴 ∈ 𝑁 (H)", but say, for all singular integral Noetherian operators. Is 𝐾 necessarily
completely continuous in this case? It turns out that it is not necessary. Examples of such
operators can be found in [1], [3-5], and such examples are given in this paper.

2. Preliminaries

In the monographs of N.I. Muskhelishvili and F.D. Gakhov, an operator is called
complete singular integral operator if it has the form

(𝐴𝜑) (𝑡) = 𝑎 (𝑡) + 1
𝜋𝑖

∫
Γ

𝑘 (𝜏, 𝑡)
𝜏 − 𝑡 𝑑𝜏 (1)

where 𝑎(𝑡) and 𝑘 (𝜏, 𝑡) are functions satisfying the Hölder condition on Γ and Γ × Γ,
respectively, and the integral is understood in the sense of the principal value. The
operator 𝐴, defined by equality (1), can be represented in the form 𝐴 = 𝑎𝐼 + 𝑏𝑆+𝑇 , where
𝑏(𝑡) = 𝑘 (𝑡, 𝑡), and is the integral operator with kernel

𝑘0 (𝜏, 𝑡) = 𝜋𝑖
𝑘 (𝜏, 𝑡) − 𝑘 (𝑡, 𝑡)

𝜏 − 𝑡 . (2)

In the case when 𝑘 (𝜏, 𝑡) satisfies the Hölder condition on Γ × Γ, the kernel (2) has a
weak singularity; therefore, the operator 𝑇 is completely continuous in the space 𝐿𝑝 (Γ).
Due to this, the operator 𝐴 is Noetherian in the space 𝐿𝑝 (Γ), if and only if the operator

𝐴0 = 𝑎𝐼 + 𝑏𝑆

is Noetheran. Operator 𝐴0 is called the characteristic part of the operator 𝐴. In this
connection, Noether’s theory of singular operators was developed mainly for characteristic
operators. Significant successes have been achieved in this direction: there are obtained
criteria to be Noetherian for such operators with piecewise continuous coefficients, with
coefficients having discontinuities of almost periodic type, with arbitrary coefficients from
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𝐿∞(Γ). However, in many problems of mechanics, physics and other areas that lead to
singular equations, not characteristic operators appear, but complete ones. In this regard,
it becomes necessary to study the complete singular operators (1) with functions and
𝑘 (𝜏, 𝑡) not necessarily satisfying the Hölder condition. The main difficulty here is that the
operator 𝑇 with kernel (2) may turn out to be not completely continuous (not compact) or
(more importantly) ceases to be an Φ-admissible perturbation.

Let’s show this on an example. Let Γ0 be the unit circle, 𝜒 (𝑡) be the characteristic
function of the {Im 𝑡 > 0} ∩ Γ0; 𝑘 (𝜏, 𝑡) = 𝜒 (𝑡) − 𝜒 (𝜏) , _ ∈ C,

(𝐴𝜑) (𝑡) = _𝜑 (𝑡) + 1
𝜋𝑖

∫
Γ0

𝑘 (𝜏, 𝑡) 𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏.

In this example, 𝑘 (𝑡, 𝑡) = 0, therefore, the characteristic part of the operator 𝐴 is a
scalar operator (𝐴0𝜑) (𝑡) = _𝜑(𝑡). The operator 𝐴 in this example can be represented in
the form 𝐴 = _𝐼 + 𝜒𝑆−𝑆𝜒𝐼, whence it follows that it belongs to the algebra 𝐴𝑝, generated
by singular integral operators with piecewise continuous coefficients. It was shown in [2]
that on the algebra 𝐴𝑝 one can introduce the symbol

(
𝛾𝑡 ,`

)
((𝑡, `) ∈ Γ0 × [0, 1]), which

on the generators of 𝑆 and 𝑎𝐼 takes the form

𝛾𝑡 ,` (𝑎𝐼) =
 𝑎 (𝑡+0) 𝑓𝑝 (`)+𝑎 (𝑡−0) (1− 𝑓𝑝 (`)) (𝑎 (𝑡+0)−𝑎 (𝑡−0))ℎ𝑝 (`)

(𝑎 (𝑡+0)−𝑎 (𝑡−0))ℎ𝑝 (`) 𝑎 (𝑡+0) (1− 𝑓𝑝 (`))+𝑎 (𝑡−0) 𝑓𝑝 (`)

 (3)

where

𝑓𝑝 (`) =


sin \`
sin \

𝑒𝑖 \ (`−1) ,

(
\ =

𝜋 (𝑝 − 2)
2

)
, for 𝑝 ≠ 2,

`, for 𝑝 = 2
(4)

and ℎ𝑝 (`) is some fixed continuous branch of the function
√︃
𝑓𝑝 (`)

(
1 − 𝑓𝑝 (`)

)
.

In particular, for the operator 𝐴 = _𝐼 + 𝜒𝑆−𝑆𝜒𝐼 with 𝑝 = 2 we have: det 𝛾𝑡 ,` (𝐴) = _2

for 𝑡 ≠ ±1 and det 𝛾𝑡 ,` (𝐴) = _2 + 4` (1 − `) for 𝑡 = ±1. An operator 𝐴 is Noetherian in
𝐿2(Γ) if and only if _𝑏2 + 4`(1 − `) ≠ 0 for all ` ∈ [0, 1]. This is equivalent to _ ≠ 𝑡𝑖,
where 𝑡 ∈ [−1, 1].

Thus, for _ = 𝜏𝑖, where 𝜏 ∈ [−1, 1] \ 0, the operator 𝐴 is not Noetherian, but its
characteristic part 𝐴0 is Noetherian. This implies that the operator 𝑀 = 𝐴 − 𝐴0 is not a
Φ-admissible perturbation of the characteristic part of the operator 𝐴. This also implies
that 𝑀 is not compact.

For this operator, we managed to obtain criteria for Noetherian property due to the fact
that we embedded it in the algebra 𝐴𝑝 (see [7]). You can do the same with some other
complete operators. This work will describe one class of such operators.
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In what follows, we will consider the perturbation of the characteristic operators by
operators of the following form

(𝐾𝜑) (𝑡) =
𝑚∑︁
𝑘=1

𝑐𝑘 (𝑡) (𝑀𝑘𝜑) (𝑡) (𝑐𝑘 ∈ 𝐿∞ (Γ)) , (5)

where
(𝑀𝑘𝜑) (𝑡) =

1
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 − 𝛼𝑘

𝑑𝜏 (𝑡 ∈ Γ) (6)

and 𝛼𝑘 (≠ 0) are some complex numbers. First of all, note that if the function 𝜏 − 𝑡 − 𝛼𝑘

vanishes at some point (𝜏, 𝑡) ∈ Γ×Γ, then the corresponding operator 𝑀𝑘 is not compact.
This follows from the following theorem.

Theorem 2.1. Let Γ𝑘 = {𝑧 |𝑧 = 𝑡 − 𝛼𝑘 , 𝑡 ∈ Γ} If Γ ∪ Γ𝑘 ≠ ∅, the operator 𝑀𝑘 is not
compact in the space 𝐿𝑝 (Γ).

Proof. Suppose that the operator 𝑀𝑘 is compact in the space 𝐿𝑝 (Γ). Let 𝛾 = Γ ∪ Γ𝑘

and 𝑡0 be one of the intersection points of the contours Γ with Γ𝑘 . In the space 𝐿𝑝 (Γ)
consider the singular operator defined by the equality

𝐴 = 𝑎𝐼 + 𝑏𝑆𝛾 ,

where 𝑎(𝑡) and 𝑏(𝑡) are continuous at each point 𝑡 ∈ 𝛾 \ {𝑡0} and satisfy the conditions:

𝑎(𝑡 ± 0) ± 𝑏(𝑡 ± 0) ≠ 0,

((𝑎(𝑡0 − 0) + 𝑏(𝑡0 − 0)))/((𝑎(𝑡0 − 0) − 𝑏(𝑡0 − 0))) = 𝑖
and

((𝑎(𝑡0 + 0) + 𝑏(𝑡0 + 0)))/((𝑎(𝑡0 + 0) − 𝑏(𝑡0 + 0))) = 1.

Under these conditions, the operator 𝐴 is not Noetherian [2] in space 𝐿2(𝛾). Operator 𝑅,
acting by rule

(𝑅𝜑) (𝑡) = (𝜑 (𝑡) , 𝜑 (𝑡 − 𝛼𝑘)) , (𝑡 ∈ Γ) ,
is the reversible operator from 𝐿

(
𝐿2 (𝛾) , 𝐿2

2 (Γ)
)
. Let 𝜓 ∈ 𝐿𝑝 (Γ) and consider the

equation
𝐴𝜑 = 𝑎𝜑 + 𝑏𝑆𝛾𝜑 = 𝜓.

This equation can be rewritten as a system of two equations: in one equation 𝑡 ∈ Γ, and
in the second equation 𝑡 ∈ Γ𝑘 .

𝑎 (𝑡) 𝜑 (𝑡) + 𝑏 (𝑡)
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏 +

𝑏 (𝑡)
𝜋𝑖

∫
Γ𝑘

𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏 = 𝜓 (𝑡) , 𝑡 ∈ Γ

𝑎 (𝑡) 𝜑 (𝑡) + 𝑏 (𝑡)
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏 +

𝑏 (𝑡)
𝜋𝑖

∫
Γ𝑘

𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏 = 𝜓 (𝑡) , 𝑡 ∈ Γ𝑘

.
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In the integral
∫
Γ𝑘

𝜑 (𝜏)
𝜏−𝑡 𝑑𝜏 we change the variables 𝜏 → 𝜏−𝛼𝑘 and in the second equation

of the resulting system, replace 𝑡 by 𝑡 − 𝛼𝑘 . We get
𝑎1 (𝑡) 𝜑1 (𝑡) +

𝑏1 (𝑡)
𝜋𝑖

∫
Γ

𝜑1 (𝜏)
𝜏 − 𝑡 𝑑𝜏 +

𝑏1 (𝑡)
𝜋𝑖

∫
Γ

𝜑2 (𝜏)
𝜏 − 𝑡 − 𝛼𝑘

𝑑𝜏 = 𝜓1 (𝑡) , 𝑡 ∈ Γ

𝑎2 (𝑡) 𝜑2 (𝑡) +
𝑏2 (𝑡)
𝜋𝑖

∫
Γ

𝜑2 (𝜏)
𝜏 − 𝑡 𝑑𝜏 +

𝑏2 (𝑡)
𝜋𝑖

∫
Γ𝑘

𝜑1 (𝜏)
𝜏 − 𝑡 + 𝛼𝑘

𝑑𝜏 = 𝜓2 (𝑡) , 𝑡 ∈ Γ

where the notation 𝑓1(𝑡) = 𝑓 (𝑡), 𝑓2(𝑡) = 𝑓 (𝑡 − 𝛼𝑘) 𝑡 ∈ Γ is used. Thus, the operator
𝑅𝐴𝑅−1 has the form

𝑅𝐴𝑅−1 =

 𝑎1𝐼 + 𝑏1𝑆Γ 𝑏1𝑀𝑘

𝑏2𝑁𝑘 𝑎2𝐼 + 𝑏2𝑆Γ

 , (7)

where

(𝑆Γ𝜑) (𝑡) =
1
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 𝑑𝜏, (𝑁Γ𝜑) (𝑡) =

1
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 + 𝛼𝑘

𝑑𝜏, 𝑡 ∈ Γ.

As

`
𝑎 𝑗 (𝑡 − 0) + 𝑏 𝑗 (𝑡 − 0)
𝑎 𝑗 (𝑡 − 0) − 𝑏 𝑗 (𝑡 − 0) + (1 − `)

𝑎 𝑗 (𝑡 + 0) + 𝑏 𝑗 (𝑡 + 0)
𝑎 𝑗 (𝑡 + 0) − 𝑏 𝑗 (𝑡 + 0) ≠ 0

(𝑡 ∈ Γ, 0 6 ` 6 1, 𝑗 = 1, 2) ,

then the operators 𝑎 𝑗 𝐼 + 𝑏 𝑗𝑆Γ ( 𝑗 = 1, 2) are Noetherian in the space 𝐿2(Γ). Then equality
(8) (taking into account the compactness of the operators 𝑀𝑘 and 𝑁𝑘) implies that the
operator 𝐴 is Noetherian in the space 𝐿2(Γ). The resulting contradiction proves that the
operator 𝑀𝑘 is not compact in the space 𝐿2(Γ). Since, in addition, the operator 𝑀𝑘 is
bounded in all spaces 𝐿𝑝 (Γ) (1 < 𝑝 < ∞), by virtue of M. Krasnoselsky’s theorem [6]
𝑀𝑘 is not compact in any space 𝐿𝑝 (Γ). �

3. Main result

In order to present the main results, we need to introduce some notation.
Let Γ𝑘 = {Z : Z = 𝑡 − 𝛼𝑘 , 𝑡 ∈ Γ} and Γ̃𝑘 = {Z : Z = 𝑡 + 𝛼𝑘 𝑡 ∈ Γ}. If the contour Γ𝑘 has

no points in common with Γ, then, obviously, the operator 𝑀𝑘 , defined by equality (6)
is completely continuous in the space 𝐿𝑝 (Γ) and does not affect the Noetherian character
of singular operators of the form 𝐴0 = 𝑎𝑃 + 𝑏𝑄 + 𝑇 (𝑃 = 1/2(𝐼 + 𝑆), 𝑄 = 1/2(𝐼 − 𝑆)).
In this connection, in what follows we will assume that the numbers 𝛼𝑘 (𝑘 = 1, . . . , 𝑚)
are such that Γ ∪ Γ𝑘 ≠ ∅. For the sake of simplicity, we will assume that Γ is the unit
circle: Γ = {𝑡 : |𝑡 | = 1}. We also note here that the results of the paper are valid for any
closed Lyapunov contour Γ, with the property that Γ and Γ𝑘 intersect at a finite number
of points.
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Let 𝑡 (1)
𝑘

, 𝑡 (2)
𝑘

be the intersection points of the contours Γ and Γ𝑘 (𝑘 = 1, . . . , 𝑚)
and 𝑡

(3)
𝑘

, 𝑡 (4)
𝑘

points of intersection of the contours Γ and Γ̃𝑘 : 𝑡
(3)
𝑘

= 𝑡
(1)
𝑘

+ 𝛼𝑘 and
𝑡
(4)
𝑘

= 𝑡
(2)
𝑘

+ 𝛼𝑘 . Let 𝑁𝑘 denotes the set of all functions from 𝐿∞(Γ), that are continuous
in some neighborhoods 𝑢(𝑡 ( 𝑗)

𝑘
) of points 𝑡 ( 𝑗)

𝑘
( 𝑗 = 1, 2, 3, 4). Let 𝑎 ∈ 𝑁𝑘 and 𝑢

( 𝑗)
𝑘

( 𝑗 = 1, 2, 3, 4) be some neighborhoods of points 𝑡 ( 𝑗)
𝑘

, in which the function 𝑎(𝑡) is
continuous. Put 𝛾𝑘 = ∪4

𝑗=1𝑢
( 𝑗)
𝑘

.

Theorem 3.1. Let 𝑎 ∈ 𝑁𝑘 , then there exists a function 𝑎𝑘 ∈ 𝑁𝑘 such that 𝑎𝑘 (𝑡) = 1 for
𝑡 ∈ Γ \ 𝛾𝑘 and the operator 𝑁 = 𝑀𝑘𝑎𝐼 − 𝑎𝑘𝑀𝑘 is completely continuous in 𝐿𝑝 (Γ).

We denote by 𝑙 (1)
𝑘

(𝑙 (1)
𝑘

) the part of the contour Γ, lying inside the region bounded
by the contour Γ𝑘 (= {b : b = 𝑡 − 𝛼𝑘 , 𝑡 ∈ Γ}

(
Γ̃𝑘 (= {Z : Z = 𝑡 + 𝛼𝑘 , 𝑡 ∈ Γ})

)
, and let

(𝑙 (2)
𝑘

= Γ \ 𝑙 (1)
𝑘

) (𝑙 (2)
𝑘

= Γ \ 𝑙 (1)
𝑘

).

Theorem 3.2. The following equalities hold

𝑀𝑘𝑆 = ℎ𝑘𝑀𝑘 , 𝑆𝑀𝑘 = 𝑀𝑘 ℎ̃𝑘 𝐼,

where

ℎ𝑘 (𝑡) =


1, for 𝑡 ∈ 𝑙 (1)
𝑘

−1, for 𝑡 ∈ 𝑙 (2)
𝑘

, ℎ̃𝑘 (𝑡) =


1, for 𝑡 ∈ 𝑙 (1)
𝑘

−1, for 𝑡 ∈ 𝑙 (2)
𝑘

.

Corollary 3.1. Theorem 2 implies the following equalities

𝑀𝑘𝑃 = 𝛿𝑘𝑀𝑘 , 𝑀𝑘𝑄 =
(
1 − 𝛿𝑘

)
𝑀𝑘 , 𝑃𝑀𝑘 = 𝑀𝑘𝛿𝑘 𝐼, 𝑄𝑀𝑘 = 𝑀𝑘

(
1 − 𝛿𝑘

)
𝐼, (8)

where 𝛿𝑘 =
1+ℎ𝑘

2 and 𝛿𝑘 =
1+ℎ̃𝑘

2 .

In what follows, we will assume that the numbers 𝛼𝑘 (𝑘 = 1, . . . , 𝑚) are such that
Γ 𝑗 ∪ Γ ∪ Γ̃𝑘 = ∅ ( 𝑗 , 𝑘 = 1, . . . , 𝑚).

Theorem 3.3. Let 𝑎 ∈ 𝐿∞(Γ), then the operators 𝑀 𝑗𝑎𝑀𝑘 ( 𝑗 , 𝑘 = 1, . . . , 𝑚) are com-
pletely continuous in the space 𝐿𝑝 (Γ). If 𝑎, 𝑏 ∈ 𝑁𝑘 , then the following operators are also
completely continuous:

𝑃𝑎𝑄𝑏𝑀𝑘 , 𝑄𝑎𝑃𝑏𝑀𝑘 , 𝑀𝑘𝑎𝑃𝑏𝑄, 𝑀𝑘𝑎𝑄𝑏𝑃, 𝑃𝑎𝑀𝑘𝑏𝑄, 𝑄𝑎𝑀𝑘𝑏𝑃.

Theorem 3.4 (Main). Let 𝑎, 𝑏 ∈ ∪1≤𝑘≤𝑚𝑁𝑘 and 𝑐𝑘 ∈ 𝐿∞(Γ). In order for the operator

𝐴 = 𝑎𝑃Γ + 𝑏𝑄Γ +
𝑚∑︁
𝑘=1

𝑐𝑘𝑀𝑘 (9)

to admit regularization in the space 𝐿𝑝 (Γ) it is necessary and sufficient that regularization
was allowed by the operator

𝐴0 = 𝑎𝑃 + 𝑏𝑄. (10)
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If the operator 𝐴0 admits regularization, then

Ind 𝐴 = Ind 𝐴0. (11)

The proof of this theorem uses the following lemma.

Lemma 3.1. The operator 𝐻 = 𝐼 +
𝑚∑
𝑘=1

𝑐𝑘𝑀𝑘 admits regularization in the space 𝐿𝑝 (Γ)
and its index is zero.

Example 3.1. Let 𝛼1 = 2 and 𝛼2 = −2. In this case Γ̃1 = Γ2, Γ̃2 = Γ1, Γ1∪Γ∪ Γ̃2 = {−1}
and

(𝑀1𝜑) (𝑡) =
1
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 − 2

𝑑𝜏, (𝑀2𝜑) (𝑡) =
1
𝜋𝑖

∫
Γ

𝜑 (𝜏)
𝜏 − 𝑡 + 2

𝑑𝜏.

We denote by 𝐾 the operator 𝐾 = 𝑀1 + 𝑀2 and by 𝑁 the set of piecewise continuous
functions on Γ and continuous at the points 𝜏 = ±1.

Theorem 3.5. Let 𝑎, 𝑏 ∈ 𝑁 . For the operator 𝐴 = 𝑎𝐼 + 𝑏𝑆 + 𝐾 to be Noetherian in the
space 𝐿𝑝 (Γ), it is necessary and sufficient that the operator 𝐴0 = 𝑎𝐼 + 𝑏𝑆 to have the
same property. If operator 𝐴0 is Noetherian, then Ind 𝐴 = Ind 𝐴0.

The proof of this theorem is based on a number of properties of the operator 𝐾 , which
we establish in the following lemmas.

Lemma 3.2. For every function ℎ ∈ 𝑁 there is a function ℎ̃ ∈ 𝑁 such that the operator
𝐾ℎ − ℎ̃𝐾 is compact in 𝐿𝑝 (Γ). Moreover, if ℎ(𝑡 ± 0) ≠ 0 (𝑡 ∈ Γ), then ℎ̃(𝑡 ± 0) ≠ 0 too.

This statement is easily deduced from [5].

Lemma 3.3. The following relations are valid:

𝑆𝐾 = 𝐾, 𝐾𝑆 = −𝐾, 𝐾2 = 0. (12)

Proof. Let 𝜑 (𝑡) =
𝑛∑

𝑘=−𝑛
𝑎𝑘 𝑡

𝑘 be a trigonometric polynomial, 𝜑+ (𝑡) =
𝑛∑

𝑘=0
𝑎𝑘 𝑡

𝑘 and

𝜑− (𝑡) =
−1∑

𝑘=−𝑛
𝑎𝑘 𝑡

𝑘 . Then (𝑆𝜑) (𝑡) = 𝜑+ (𝑡) − 𝜑− (𝑡) and for each point 𝑡 ∈ Γ \ {−1, 1} the

equality

(𝐾𝜑) (𝑡) = −2
−1∑︁

𝑘=−𝑛
𝑎𝑘

[
(𝑡 + 2)𝑘 + (𝑡 − 2)𝑘

]
is true.
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It is easy to show that 𝑆𝐾𝜑 = 𝐾𝜑 and since the set of trigonometric polynomials is
dense in the space 𝐿𝑝 (Γ), then 𝑆𝐾 = 𝐾 . Further we have

𝐾𝑆𝜑 = 𝐾 (𝜑+ − 𝜑−) = 2
−1∑︁

𝑘=−𝑛
𝑎𝑘

[
(𝑡 + 2)𝑘 + (𝑡 − 2)𝑘

]
= −𝐾𝜑.

So 𝐾𝑆 = −𝐾 . The last relation from (12) easily follows from the first two lemmas. �

Note also that the statement of Lemma 1 holds for operators of the form 𝐹 = 𝐼 + 𝑓 𝐾

( 𝑓 ∈ 𝑁).

Lemma 3.4. The operator 𝐹 = 𝐼 + 𝑓 𝐾 is Noetherian and Ind 𝐹 = 0.

Proof of the theorem 3.5. If the operator 𝐴0 = 𝑎𝐼 + 𝑏𝑆 is Noetherian in 𝐿𝑝 (Γ), then
(see [2]) the conditions 𝑎(𝑡 ±0) + 𝑏(𝑡 ±0) ≠ 0 and 𝑎(𝑡 ±0) − 𝑏(𝑡 ±0) ≠ 0 (𝑡 ∈ Γ) are true.

Let 𝑓 denote the function 𝑓 = 1/(𝑎 + 𝑏) (∈ 𝑁). Based on Lemmas 3.2 and 3.3, we see
that the operator 𝐴 can be represented in the form

𝐴 = 𝐴0(𝐼 + 𝑓 𝐾) + 𝑇,

where𝑇 is a compact operator. By Lemma 3.4, the operator 𝐹 = 𝐼 + 𝑓 𝐾 is Noetherian and
Ind 𝐹 = 0. Therefore, operator 𝐴 is also Noetherian and Ind 𝐴 = Ind 𝐴0. The sufficiency
has been proven.

Let us prove the necessity of the conditions of the theorem. Suppose that the operator
𝐴 = 𝑎𝐼 + 𝑏𝑆 + 𝐾 is Noetherian, and the operator 𝐴0 = 𝑎𝐼 + 𝑏𝑆 is not Noetherian.

Let Y be a positive number such that all operators 𝐴′, satisfying the condition ‖𝐴 − 𝐴′‖ <
Y, are Noetherian and Ind 𝐴′ = Ind 𝐴. Just as in [3], we can construct two Noetherian
operators 𝐵 𝑗 = 𝑎 𝑗 𝐼 + 𝑏 𝑗𝑆 ( 𝑗 = 1, 2), such that ‖𝐴0 − 𝐵 𝑗 ‖ < Y and Ind 𝐵1 ≠ Ind 𝐵2.
By virtue of what was proved above, the operators 𝐴 𝑗 = 𝑎 𝑗 𝐼 + 𝑏 𝑗𝑆 + 𝐾 ( 𝑗 = 1, 2) are
Noetherian and Ind 𝐴 𝑗 = Ind 𝐵 𝑗 . Therefore, Ind 𝐴1 ≠ Ind 𝐴2. And since ‖𝐴 − 𝐴 𝑗 ‖ < Y
( 𝑗 = 1, 2), then Ind 𝐴1 = Ind 𝐴2. The resulting contradiction proves that the operator 𝐴0

is Noetherian. �
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International Symposium "Actual Problems of Mathematics
and Informatics" dedicated to the 90th birthday of professor
Ion Valutse

Mitrofan Cioban, Dumitru Cozma, and Leonid Dohotaru

November 27-28, 2020, Technical University of Moldova (TUM) and Tiraspol State
University (TSU) in collaboration with Romanian Society of Applied and Industrial Math-
ematics (ROMAI), Mathematical Society of the Republic of Moldova and Academy of
Sciences of Moldova held the symposium on the actual problems of the mathematics
and informatics, dedicated to the 90th Birthday of Professor Ion Valuţă (Valutse). The
symposium brought together over 100 researchers from Romania, Spain, Canada, Russia,
India, Bulgaria, the Republic of Moldova who presented 61 scientific papers. The works
were carried out in three sections: Mathematics; Computer science and its theoretical
mathematical bases; Didactics and Education. In the opening speech of rector Professor
V. I. Bostan, communicated by the vice-rector professor M. Vernic, and in the opening
report of academician M. M. Choban "Professor Ion Valuţă - teacher of many generations
of students" it was mentioned that this symposium is dedicated to a Man-phenomenon,
with an exceptional story of work and life, with an essential contribution in the organi-
zation of higher education and of scientific research in the Republic of Moldova - to the
mathematician professor Ion Valuţă, who recently turned the venerable age of 90 years
old.

The work of Symposium includes plenary and sections communications. At the plenary
sessions, the reports contain an overview of the results obtained over the previous years
in one direction or another, and the unsolved problems are posed as well. Were presented
the following nine plenary communications:

(1) Alexander V. Arhangel’skii (Russia). A Note on some Open Problems in Topo-
logical Algebra.

(2) Viorel Bostan (Republic of Moldova), Ion Bostan (Republic of Moldova), Maxim
Vaculenco (Republic of Moldova). Mathematical modeling of teeth contact in
precessional transmission.

(3) Inga Titchiev (Republic of Moldova), Constantin Gaindric (Republic of Moldova).
Perspective research at the "Vladimir Andrunachievici" institute of mathematics
and computer science.
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(4) Joan C. Artes (Spain), Jaume Llibre (Spain), Dana Schlomiuk (Canada), Nicolae
Vulpe (Republic of Moldova), Abel quadratic differential systems of second kind.

(5) Vasile Berinde (Romania). A simple ODE mathematical model to assess the
effectiveness of facemask wearing in COVID-19 pandemic.

(6) Liubomir Chiriac (Republic of Moldova). Evolutions and trends in the study of
real sciences in the Republic of Moldova.

(7) Costica Morosanu (Romania). Numerical simulations of phase-field transitions
in 1D case, via a nonlinear and nonlocal reaction-diffusion equation of second-
order.

(8) Marcel Teleuca (Republic of Moldova), Larisa Sali (Republic of Moldova). Train-
ing the skills to use notions of physics to solve geometry problems.

(9) Ion I. Valutse (Republic of Moldova). On the waves of the past.

The first three plenary reports, and those of M. M. Cioban, are published in the present
volume.

Objects of topological algebra, defined as a certain combination of algebraic and topo-
logical structures, often give rise to original and unusual questions. A special additional
topological property of many topological spaces of this kind is homogeneity. In the com-
munication of Professor Alexander V. Arhangel’skii some open problems of topological
algebra are analyzed.

In the communication of Professor Viorel Bostan, Academician Ion Bostan and Pro-
fessor Maxim Vaculenco as a result of the analysis of the mathematical models of the
multipair convex-concave teeth contact in processional gearing multipairs the following
conclusions and recommendations are obtained:

(1) The mathematical modeling of the surfaces of machine parts interpreted on com-
puterized CAD/CAM/CAE design, research and manufacturing platforms in the
near future will revolutionize the global change of machine tool park architecture
of machine parts manufacturing plants and will also generate enormous social
consequences in the field of training of specialists of all levels.

(2) The development of the CAD/CAM/CAE design-manufacturing platform based
on mathematical models facilitates the replacement of the classic parts manufac-
turing processes with new manufacturing technologies on numerically controlled
machine tools and additive technologies with 3D printers.
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(3) The CAD/CAM/CAE platform based on mathematical models of constructive
functional interpretation of machine assemblies, changes the paradigm of achiev-
ing the idea in industrial product in much smaller terms and with much lower
costs.

(4) The first three conclusions will impose harsh conditions for an essential change
in the content of the training of specialists at university, college and vocational
education and training professional levels.

In the communication of Director of Institute of Mathematics and Computer Sciences dr
Inga Titchiev and Academician Constantin Gaindric is described the relevance and benefits
of research conducted in the field of computer science at the Vladimir Andrunachievici
Institute of Mathematics and Computer Science.

In the communication of Professors J. C. Artes, Jaume Llibre, Dana Schlomiuk and
Academician Nicolae Vulpe are studied the quadratic differential systems of second kind,
named Abel after Niels Henrik. Here they consider the Abel quadratic polynomial
differential equations of second kind denoting this class by 𝑄𝑆𝐴𝑏. Firstly the authors split
the whole family of non-degenerate quadratic systems in four subfamilies according to
the number of infinite singularities. Secondly for each one of these four subfamilies they
determine necessary and sufficient affine invariant conditions for a quadratic system in
this subfamily to belong to the class 𝑄𝑆𝐴𝑏. Thirdly were classify all the phase portraits
in the Poincare disc of the systems in 𝑄𝑆𝐴𝑏 in the case when they have at infinity either
one triple singularity (21 phase portraits) or an infinite number of singularities (9 phase
portraits). Moreover was determined the affine invariant criteria for the realization of
each one of the 30 topologically distinct phase portraits. To obtain these criteria was
applied the theory of algebraic invariants of polynomial differential systems, developed
by Sibirsky and his disciples.

In his communication Profesor Vasile Berinde has mentioned: I am teaching ODE
and PDE to Engineering, Mathematics and Computer Science undergraduate students
since 1990, see for example the textbooks: Berinde V., Petracovici B. Ecuaţii diferenţiale,
Universitatea din Baia Mare, 1992; Berinde V., Horvat-Marc A. Ecuaţii diferenţiale şi
cu derivate parţiale, Cub Press, Baia Mare 2006. One of my first attempts when I
start the ODE course (and later, the PDE course) is to try to persuade my students on
how important are for science and technology the mathematical models built by means
of differential equations. Usually, I present a simple population model, in the case of
ODE, while for the course of PDE I just anticipate the importance of heat equation in
modelling the weather forecast (Cernea A. Elemente de teoria ecuaţiilor diferenţiale,
Editura Universităţii din Bucureşti, Bucureşti 2010). Starting from this background,
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the main aim of this presentation is to show, by means of a simple ODE mathematical
model, how are differential equations used in studying various aspects of the COVID-
19 pandemic, which, in the last 9 months or so has changed dramatically our lives,
our professional activity as well as our view and perception of the microscopic world
(Cajal N., Iftimovici R. Lumea virusurilor, Editura Tineretului, Bucureşti 1962; Cajal
N., Iftimovici R. Oameni contra virusuri, Editura Albatros, Bucureşti 1974; de Kruif P.
Microbe Hunters, Harcourt Brace Jovanovich, Publishers, San Diego- New York - London
1954). We present a simple modeling process able to examine the dynamics of COVID-19
epidemics when face mask is worn by the population members, with or without imposed
lock-down periods.

Professor Costica Morosanu in his communication compared three methods (of fractional-
step and implicit-explicit type for the approximation in time, and finite differences in
space) to solve local and non-local reaction-diffusion equations of second-order, with
non-homogeneous Neumann boundary conditions. Two sets of numerical tests are pre-
sented, done for the Allen-Cahn equation - a typical example for the cubic nonlinearity,
modeling moving interface problems, and analyzed in terms of the physical quantities of
interest (diffusion, reaction). In the non-zero flux case (𝑤 ≠ 0), the Non-local Newton
test yields an interface function with values around zero across the space interval, the
Local Newton pushes the interface function to one in whole the space domain, while the
Nonlocal Factional Step shows a phase change between -1 to +1 around the center of the
interval.

Professor Liubomir Chiriac in his communication mentioned that in recent decades,
a new conception of human existence has been foreshadowed. The Council of Europe
Recommendation of 22 May 2018 on key competences for lifelong learning sets out the
skills needed for a constantly changing way of life, which requires adaptation and lifelong
learning. We emphasize in this regard: "promoting the acquisition of skills in science (S),
technology (T), engineering (E) and mathematics (M) (STEM), taking into account their
links with the arts, creativity and innovation and motivation of more young people, espe-
cially girls and young women, to adopt a career in STEM fields". To remedy the situation,
in several developed countries, the STEAM concept is implemented in the educational
system, which involves the integrated study of several real disciplines, especially science
(S), technique (T), engineering (E) and mathematics (M). Thus, interdisciplinary must be
conceived not only in the sense of integrating knowledge, but also as a way of thinking
and acting. The interdisciplinary perspective consists essentially in familiarizing students
with general interdisciplinary principles, knowledge and methods, which could be applied
in as diverse contexts as possible to solve real problems. In the present discussion we
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will refer to some results obtained by the team of researchers from the State University of
Tiraspol.

Professors Marcel Teleuca and Larisa Sali in their plenary talk mentioned that the
modernized national curriculum in mathematics recommends middle and high school
teachers to carry out group / individual projects, including STEM / STEAM projects,
that demonstrate how it is possible to apply mathematical knowledge in real and / or
modeled situations. Numerous didactic publications are devoted to the applications of
mathematics in solving problems in various fields. However, the application of knowledge
from other fields in solving mathematical problems is rarely encountered in didactic works.
The authors selected several types of mathematical problems that can be solved through
knowledge from physics. In particular, they described in detail how to more easily
solve some geometry problems related to the similarity of shapes, the identification of
remarkable points, the application of metric relations, etc., using: the lever rule, center
of gravity, moment of inertia of a system of material points, and others. The methods of
solving the problems proposed in this paper can be recommended to teachers and students
for extending or deepening their knowledge in mathematics and for raising awareness of
the meaning of the involved physical notions and phenomena.

In the last plenary communication "On the waves of the past", Professor Ion I. Valutse,
realizing his life story, highlighted several important events in higher education of post-
war Basarabia, but also in mathematical sciences, in which he played an important role
and which were closely linked with his destiny.

The communications in the sections contain deep and interesting results from various
fields of mathematics, informatics, theoretical bases of informatics, mathematics and
applied informatics, psycho-pedagogy of mathematics and informatics. The themes of
these communications are reflected in the following program.

International Symposium
"ACTUAL PROBLEMS OF MATHEMATICS AND INFORMATICS"

dedicated to the 90th Birthday of Professor Ion Valutse
PROGRAM

27th November
14:00. Opening Session

Viorel BOSTAN, Rector of the Technical University of Moldova.
Mitrofan CIOBANU, Academician of Academy of Sciences of Moldova.

Plenary Session
Chairman: Mitrofan CHOBAN
14:20 - 15:05 - Viorel BOSTAN, Ion BOSTAN, Maxim VACULENCO. Mathematical modeling
of teeth contact in precessional transmission.
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15:05 - 15:50 - Vasile BERINDE. A simple ODE mathematical model to assess the effectiveness
of facemask wearing in COVID-19 pandemic.
15:50 - 16:35 - Joan C. ARTES, Jaume LLIBRE, Dana SCHLOMIUK, Nicolae VULPE. Abel
quadratic differential systems of second kind.
16:35 - 17:15 - Costica MOROŞANU. Numerical simulations of phase-field transitions in 1D
case, via a nonlinear and nonlocal reaction-diffusion equation of second-order.
Break

Section 1. Mathematics
Chairman: Dumitru COZMA
17:25 - 17:45 - David CHEBAN. Perron-Frobenius Dynamics for Markov Chains.
17:45 - 18:05 - Dumitru COZMA, Angela MATEI. On integrability of homogeneous fractional
quadratic differential equation.
18:05 - 18:20 - Vasile NEAGU. On boundedness of the operator with Cauchy kernel on the real
axis.
18:20 - 18:35 - Vasile I. URSU. About algebraic characterization of quasi-varieties of loops.
18:35 - 18:50 - Leonid A. URSU. General form of autotopies of 3-IP-loop.
18:50 - 19:05 - Andrei PERJAN, Galina RUSU. Two parameter singular perturbation problems
for sine-Gordon type equations.
19:05 - 19:20 - Mihai N. POPA, Victor V. PRICOP. Four-dimensional reductive Lie algebra for
the ternary differential system with quadratic nonlinearities and its perspectives in the study of
this system.
19:20 - 19:35 - F. L. DAMIAN, P. V. MACAROV. On star regular equidistant polyhedrons in
Lobachevsky space.
19:35 - 19:50 - Mitrofan M. CHOBAN, Ekaterina MIHAYLOVA. Family of subspaces with bases
of countable order.

Section 2. Computer science and its theoretical mathematical bases
Chairman: Alexei LEAHU
17:25 - 17:40 - Alexei LEAHU, Veronica ANDRIEVSCHI-BAGRIN, Dumitru CIORBA, Ion
FIODOROV. Min(max-psd) and max(min-psd) distributions as a lifetime distributions in network’s
reliability.
17:40 - 17:55 - Constantin CIUBOTARU. Generarea şi utilizarea imaginilor în studierea auto-
matelor finite.
17:55 - 18:10 - Ion BOLUN, Dumitru CIORBA, Aureliu ZGUREANU, Rodica BULAI, Rostislav
CĂLIN, Cristina BODOGA. State of infosecurity in the Republic of Moldova.
18:10 - 18:25 - SPÎNU Lavinia. Artificial Intelligence-The Lack of Privacy.
18:25 - 18:40 - Andrei CORLAT. Reliability analysis of some complex systems with time redun-
dancy.
18:40 - 18:55 - Liubomir CHIRIAC Metode de construcţie a quasigrupurilor mediale şi parame-
diale1.
18:55 - 19:10 - Tatiana PAŞA. Solving the non-linear transportation problem on network.
19:10 - 19:25 - Vitalie ŢICĂU, Stela ŢICĂU. Aplicarea metodelor numerice la rezolvarea ecuaţiilor
polinomiale.
19:25 - 19:40 - Olga CERBU, Anatolie CERBU, Ghenadie DONCENCO (masterand), Veaceslav
IURCO (elev). Abordări metodice în utilizarea algoritmilor iterativi în construirea unei triangulaţii
Delaunay şi implementarea în limbajul java.

Section 3. Didactics and Education
Chairman: Andrei CORLAT
17:25 - 17:40 - Andrei CORLAT, Ion JARDAN. Unele aspecte ale integrării funcţiilor raţionale
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17:40 - 17:55 - Andrei CORLAT, Ion JARDAN. Aplicarea monotoniei funcţiilor la rezolvarea
ecuaţiilor
17:55 - 18:10 - Viorica SUDACEVSCHI, Victor ABABII, Silvia MUNTEANU, Radu MELNIC,
Viorel CĂRBUNE. Sistem bazat pe tehnologii labview pentru predarea la distanţa a disciplinelor
inginereşti.
18:10 - 18:25 - Valeriu GUŢU. Geometric aspects in teaching the course "Differential Equations".
18:25 - 18:40 - Violeta BOGDANOVA. Metodologia implementarii conceptului "eliminarea de-
calajului digital" în procesul studierii disciplinei "Securitatea Informaţionala".
18:40 - 18:55 - Marina BOSTAN. Aspecte didactice în pregatirea experimentului pedagogic
privind implementarea TIC în predarea cursului universitar "Teoria Grafurilor".
18:55 - 19:10 - Teodora VASCAN. Aspecte didactice privind realizarea legăturilor interdisciplinare
Informatică-Matematică la treapta gimnaziala.
19:10 - 19:25 - Ana GASNAŞ, Angela GLOBA. Experienţa invăţării online in condiţiile pandemiei
COVID-19.
19:25 - 19:40 - Leonid DOHOTARU, Victor ORLOV Despre unele aplicaţii ale numerelor com-
plexe în geometrie.
19:40 - 19:55 - Maria PAVEL, Dorin PAVEL. Recomandări şi soluţii tehnice în invăţămantul
online.

28th November
Plenary Session

Chairman: Mitrofan CHOBAN
09.00 - 09:25 - Alexander V. ARHANGEL’SKII. A Note on some Open Problems in Topological
Algebra.
09.25 - 09:50 - Inga TITCHIEV, Constantin GAINDRIC. Perspective research at the "Vladimir
Andrunachievici" institute of mathematics and computer science.
09.50 - 10:15 - Liubomir CHIRIAC. Evolutions and trends in the study of real sciences in the
Republic of Moldova.
10.15 - 10.40 - Marcel TELEUCĂ, Larisa SALI. Training the skills to use notions of physics to
solve geometry problems.
10:40 - 11:10 - Ion I. VALUŢĂ. On the waves of the past.
11:10-11:30 Break

Section 1. Mathematics
Chairman: Florin DAMIAN
11.30 - 11.45 - Ion JARDAN. Some particular cases for inverse operations in the class of preradicals
in modules.
11.45 - 12.00 - Vadim REPEŞCO. A qualitative study of the cuartic system with maximal multi-
plicity of the line at the infinity.
12.00 - 12.15 - G. HOROSH, N. MALYUTINA, A. SCERBACOVA, V. SHERBACOV. Units in
generalized derivatives of quasigroups.
12.15 - 12.30 - Mariana-Geanina ZAHARIA. Applications of some special number sequences
and quaternion elements using Fibonacci and Lucas elements.
12.30 - 12.45 - Mitrofan M. CHOBAN, Ion I. VALUŢĂ. On the semigroup of endomorphisms of
a topological universal algebra.
12.45 - 13.00 - Dumitru BOTNARU, The group of c-reflective subcategories.
13.00 - 13.15 - Alina ŢURCANU. The left and the right products, and the relative torsion theories.
13.15 - 13.30 - Iurie BALTAG, On some determination solutions of the stationary navier-stokes
equation.
13.30 - 13.45 - Ion LEAH, Hiperboloidul cu o panza ca reţea algebrică.
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13.45 -14.00 - Olga CERBU, Reflective functors and factorization structures
Section 2. Computer science and its theoretical mathematical bases

Chairman: Victor ABABII
11.30 - 11.45 - Abhishek PANDEY, V. RAMESH. A Study on Deep Learning Algorithms and
Architectures.
11.45 - 12.00 - Dorin AFANAS, Andrei BRAICOV. STEAM education in search missions.
12.00 - 12.15 - Elena CEBOTARU. Computer Algebra Methods for linearization of the normal
form Birghoff.
12.15 - 12.30 - Lidia POPOV, Vitalie ŢICĂU. Learning microsoft excel software using video
sequences.
12.30 - 12.45 - A. DANILOV, L. CHIRIAC. Studierea sistemului criptografic simetric ElGamal.
12.45 - 13.00 - Viorel BOSTAN, Ion BOSTAN, Valeriu DULGHERU, Oleg CIOBANU. Some
aspects regarding torque study and elaboration of the blades orientation mechanism for mycrohy-
dropower pland.
13.00 - 13.15 - Marin GUŢU. Importanţa matematicii aplicate în soluţionarea provocărilor/problemelor
din lumea reală.

Section 3. Didactics and Education
Chairman: Leonid DOHOTARU
11.30 -11.45 - Laurenţiu CALMUŢCHI. Dividing the figures into equivalent parts.
11.45 - 12.00 - Marina DARIENKO. Certain features of teaching the basis of probability theory
in secondary vocational education.
12.00 - 12.15 - Iurie BALTAG. Cu privire la poziţia reciprocă a unei drepte şi a unei suprafeţe de
ordinul doi şi a determinării distanţei minime dintre ele.
12.15 - 12.30 - Serghei MAFTEA. Aspecte privind metoda inducţiei matematice.
12.30 - 12.45 - Natalia LUPAŞCO, Liubomir CHIRIAC, Natalia JOSU, Lilia MIHALACHE.
Aspecte didactice privind studierea roboticii şi mecatronicii în sistemul preuniversitar.

12:45 - Closing Ceremony

(Cioban Mitrofan, Cozma Dumitru) Tiraspol State University, Chişinău, Republic of Moldova, MD
2069
E-mail address: mmchoban@gmail.com, dcozma@gmail.com

(Dohotaru Leonid) Technical University of Moldova, Republic of Moldova
E-mail address: dohotaru_leonid@yahoo.com
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