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Instability of solutions for nonlinear functional
differential equations of fifth order with n-deviating
arguments
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Abstract. In this paper, we study the instability properties of solutions of a class of
nonlinear functional differential equations of the fifth order with n-constant deviating
arguments. By using the Lyapunov-Krasovskii functional approach, we obtain some
interesting sufficient conditions ensuring that the zero solution of the equations is
unstable.
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1 Introduction

In 1990, Li and Duan [6] proved some instability theorems for the nonlinear
differential equation of the fifth order without delay,

5) —I—f5(:L'”/)33(4) —|—f4(:L'”):L'”/—|-f3(:L'”) +f2(ZL'/) —I—fl(ﬂj) —0. (1)

Later, in a recent paper, Tung [15] improved the results obtained for Eq. (1) to
the nonlinear differential equation of the fifth order with a constant delay 7,

5) 4 f5(x'”)ac(4) + fa(@M2" + fa(z,x(t — 1), ..., a:(4),ac(4) (t—r))z”

+fo(2'(t = 7))+ fi(z(t —7)) =0.

In this paper, instead of these equations, we consider the nonlinear differential
equations of the fifth order n-constant deviating arguments 7;,

5) 4 f5(ac’”)x(4) + fa(2)2" + fa(x, 2t —71)s ey (t —T0), oo x(4), ey @ (t—71n))a"

—I—E:gZ (t—m) +Zh (t—m7))=0. (2)

We write Eq. (2) in the system form as follows
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v o= —fs(w)u— f1(2)w — f3(z, .t — ), Uy s u(t — )2

+3° [ Ha@)ws)ds, 3)

where 7; are positive constants, n — fixed deviating arguments, the primes in Eq. (2)
denote differentiation with respect to t,t € 1, Ry = [0,00); f5, f1, f3,9; and h;
are continuous functions on R, R, R?"*2 Rand R, respectively, with h;(0) = ¢;(0) =
0, and satisfy a Lipschitz condition in their respective arguments. Hence, the exis-
tence and uniqueness of the solutions of Eq. (2) are guaranteed (see El'sgol’ts [1],
pp. 14, 15). We assume in what follows that the functions f; and g; are also dif-
ferentiable, and x(t), y(t), z(t), w(t) and u(t)are abbreviated as z, y, z, w and wu,
respectively.

To the best of our knowledge from the literature, so far, the instability of solu-
tions for nonlinear differential equations of the fifth order with multiple deviating
arguments has not been investigated. However, since 1978 up to now, the instability
of solutions of various nonlinear scalar and vector differential equations of the fifth
order without or with a delay has been investigated and is still being studied by
researchers. In particular, for some results proceeded on this topic related to these
type equations, the reader can refer to the papers of Ezeilo [2]-[4], Li and Duan [6],
Li and Yu [7], Sadek [8], Sun and Hou [9], Tiryaki [10], Tung [11]-[17], Tung and
Erdogan [18], Tun¢ and Karta [19], Tung and Sevli [20]. In all these papers, the au-
thors used some suitable Lyapunov functions or functionals as basic tool to achieve
their proposed goal in the works. They also based on the Krasovskii’s properties
(see Krasovskii [5]) to study the instability of solutions of the equations considered
therein. In this paper, we employ the Lyapunov-Krasovskii functional approach to
investigate the subject for Eq. (2) by defining two new appropriate Lyapunov func-
tionals. In fact, when we take into consideration the differential equations of the
fifth order discussed in the above mentioned papers and the literature, it can be
seen that all the equations studied there do not include or include only a deviating
argument. However, this paper includes n-deviating arguments and is a continuation
of the instability results related to the scalar nonlinear differential equations of the
fifth order mentioned above (see Ezeilo [2]-[4], Li and Duan [6], Li and Yu [7], Sun
and Hou [9], Tiryaki [10], Tung [14]-[17]). The researches related to the instability
of solutions are also very important in the theory and applications of differential
equations, and the investigation of this topic for nonlinear differential equations of
the fifth order with multiple deviating arguments takes an important place for the
researchers work in this area. This work makes a contribution to the existing studies
made in the literature.
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Let r > 0 be given, and let C = C([-7,0], R") with

¢l = max |é(s)|, ¢ €C.

—r<s<0
For H > 0 define Cy C C by
Cn=A{0eC:|¢| <H}

If x: [-r, A) — R" is continuous, 0 < A < oo,then, for each ¢ in [0, 4), x; in
C' is defined by
zi(s) =x(t+s),—r<s<0, t=0.

Let Gbe an open subset of Cand consider the general autonomous delay differ-
ential system with finite delay

t=F(zy), ze=zt+0), —r<6<0, t=>0,

where F'(0) = 0,F : G — R" is continuous and maps closed and bounded sets into
bounded sets. It follows from the conditions on Fthat each initial value problem

t=F(x), mo=¢€QG,

has a unique solution defined on some interval [0, A),0 < A < oo. This solution will
be denoted by z(¢)(.)so that zo(¢) = ¢.

Definition 1. The zero solution, z = 0, of & = F'(z;)is stable if for each € > 0 there
exists 0 = d(e) > 0 such that ||¢|| < J implies that |z(¢)(t)| < € for all ¢ > 0. The
zero solution is said to be unstable if it is not stable.

2 Main results

The first result of this paper is the following theorem.
Let 7 = max7;, (i=1,2,....,n).

Theorem 1. In addition to all the assumptions imposed on the functions fs,  fa, f3, g;
and h; appearing in Eq. (2), we assume that there exist positive constants
as, b;, b; and ¢; such that the following conditions hold:

hi(0) = gi(0) =0, hi(z)#0, (z#0),9:i(y) #0, (y#0),
—b; < hi(x) < —b;, 0<|di(¥)] < iy fs(w) <O

for all x, y, w and

forall z, ..., u, ...u(t —Ty).
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If
T< 2min{%, #}7
b (b +20)
=1

then the zero solution of Eq. (2) is unstable.

Proof. Define the Lyapunov functional V' = V (x4, y4, 2¢, wy, uy) :
! w z Yo,
V= §w2 —zu — z/f5(s)ds - /f4(8)8d8 - /Zgi(s)ds
0 0 o =1

n t

—yghi(x) ZA// deds—zm// (0)dods,  (4)

—7; t+s —T; t+s

0
where s is a real variable such that the integrals Z)\ J f y%(0)dfds and
=1 —7; t+s

0t
Z wi [ [ 22(f)dfdsare non-negative, and A\;and p;are some positive constants
=1 —7; t+s
which will be determined later in the proof.

It is clear that

1
V(0,0,0,¢,0) = 552 >0

for all sufficiently small e. Hence, in every neighborhood of the origin,(0,0,0,0,0),
there exists a point (0, 0,0, ¢,0) such that V' (0,0,0,e,0) > 0,which shows that V has
the property (K1), (see [5]).

By a direct computation from (3) and (4), we obtain

Zh/ )y + f3(, e 2t — 70), U, s ult — 7)) 23
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The assumptions of Theorem 1 and the estimate 2 |mn| < m? + n? imply

- zn: hi(x)y? > z": biy?,
i=1 i=1

f3(y ey (t =T, ey Uy ey u(t — 7)) 2% > 322,

Z_lt—T
n n t
1 - 9 1 - 9
= ) (biTi)2” — B) sz’ y=(s)ds
i=1 =1 7
and
=Y [ dwe)eds >~ 1Y [ o) )] ds
7‘:1t—T 7‘:1t—T
.t
> 12> / o |2(s)| ds
Z_lt—‘l'i
n n t
1 1 )
> —3 (c;mi)z* — 3 Z ci z2°(s)ds
i=1 i=1 t=m;
so that
d " n _
—V =Y (b — Nim)y® + {az — 27" Z (ci + b; + 2u)7i }2°
dt i=1 i=1
" ¢ ¢
+Z()‘i_2 ;) / ds—i—Z / 22(s)ds.
i=1 t—T7; t—T7;

Let \; = %Bi, i = écz and 7 = maxT;, (i =1,2,...,n). Hence, we have

3

d

17 1
av (bi — 27 i)y + {az — 27 Z (b; + 2¢;)7}2%

; =1

T<2min{% HL},
LN (b 4 2¢)

=1

[y

If
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then

n n

Z bi — 27 07)y? + {az — 2~ IZ bi 4 2¢;)7T}2% > 0,
i=1 i=1

which verifies that V' has the property (K2), (see [5]).

d
On the other hand, EV = 0 if and only if y = z = 0, which implies that

y=z=w=1u=0.

Besides, by h;(0) = ¢;(0) = 0, h;(x) # 0 for all = # 0,¢;(y) # Ofor all y # Oand
the system (3), we can conclude that %V =0ifandonlyifr=y=2=w=u=0.
Thus, the property (K3), (see [5]), holds. By the above discussion, we conclude that
the zero solution of Eq. (2) is unstable. The proof of Theorem 1 is completed. [

Example 1. We consider the nonlinear differential equation of the fifth order with
two deviating arguments,

5) 1

2
71 @ 2@ 4+ 92" + {2 + exp(— 22— (t — 1) —2%(t — 7))}

x(
+sing/(t — 1) +sina’(t — ) —x(t — 1) — z(t — 72)

—darctgx(t — 1) — arctgz(t — 72) = 0. (5)
We write Eq. (5) in system form as follows

! __ /I __ !/ _ /I
r =1, Yy =z, =W, W =1Uu,

’ u

_ 2
u —m—%} {2 +exp(—a? — 22(t —71) — 22(t — ™) }2

t

n j cos y(s)2(s)ds + / cos y(s)2(s)ds

t
1
—4 / 1 T x2 dS — / my(S)dS

It follows that Eq. (5) is a special case of Eq. (2) and

faw) = ——1 <,

14wt ™
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f4(Z) =9
fa()=2+ exp{—x2 — :E2(t —7) — :E2(t —T)} =2 =as,
T T
= g —— <y< =,
fa(y) = siny, 5 SYS 3
f2(0) = 0,4, (y) = cosy, |cosy| < 1= e,
(y) i Te<y<t
=siny, —— < —,
92\y Y, 5 S B
QAWZQ%(%JWMK%Mélz@,

hi(x) = z + darctgz, —5 <z<l

27
h1(0) = 0,h)(z) =1+ 1
1 — U, 14 - 1+$2,
by=5>1+ 1 >1=0b
1= = 1—|—.Z'2/ == U1,
ho(x) = x+arctg:1:,—g <z< g,
ha(0) = 0, hly(z) =1+ L
2 — U, 1y - 1+$2,
by=2>1+ ! >1=0b
2 = 1—|—.Z'2/ — 02,
b; 4
7 < 2min{ -, s P =—.

11

ST+ 2¢)
1=1

In view of the above estimates, we conclude that all the assumptions of Theorem 1

hold. Hence, if 7 < 11, then the zero solution of Eq. (5) is unstable.

Second, we consider the special case of Eq. (2) with ¢;(2'(t — 7)) = fa(2'),
namely, the differential equation of the fifth order n-constant deviating arguments 7;,

5) 4 f5(:1:’”)x(4) + fa(@Ma" + f3(z,x(t —71), oy x(t — T, ey @, 2@ (t—7n))2"

+ fo(z +§:h (t—7)) =0.

We write Eq. (6) in the system form as follows

/ / / /
r =1, Yy =z L =w,w =1u,

/

o= —fs(w)u — fa(2)w — fa(x, .., x(t —Tn)y ey Uy ey u(t — 1)) 2

(6)
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B = 3 k() + > [ a()us)ds (7)

i=1 i=1,7

The second result of this paper is the following theorem.
Let 7 = max7;, (i=1,2,....,n).

Theorem 2. In addition to all the assumptions imposed to the functions f5,  fa, f3, fo
and h; that appearing in Eq. (6), we assume that there exist positive constants
as, b; and b; such that the following conditions hold:

hi(0) = f2(0) =0, hi(z) #0, (z#0),fa(y) #0, (y#0),
bi > hi(x) = by, f5(w) >0
for arbitrary x, y, w and
fa(x, oy x(t — 1)y oy Uy ey u(t — 7)) < —asg

forall x,...; u, ..., u(t —1y).

If

T < 2min{%,

) Z l_)z
then the zero solution of Eq. (6) is unstable.

Proof. Define the Lyapunov functional Vi = Vi (x¢, y, 2¢, we, ug)

Wi = —lw2 + yZhZ(x) + zu + z/f5(s)ds
=1 0
z Yy n 0 t
—i—o/f4(s)sds+0/f2(s)ds—;’yi_/ t! y?(0)dbds, (8)

n 0 t

where s is a real variable such that the integrals > v; [ [ y?*(0)dfds are non-
=1 —7; t+s

negative, and ; are positive constants which will be determined later in the proof.

Let M = max|f4(z)|, there exists a positive constant esuch that Me < 1 and
|z|<1
0<e<l

Then, it follows that

e2

1
V1(0,0,€2,0,e) = €3 —|—/f4(s)sds > b — §Me4 >0
0
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for all sufficiently small e. Hence, in every neighborhood of the origin,(0,0,0,0,0),
there exists a point (0,0, e2,0,e) such that V1(0,0,e2,0,¢e) > 0.

By an elementary differentiation, time derivative of the functional V; in (8) along
the solutions of (7) yields

_V1 Zh/ 2)y? — f3(xy ey @t — Tp)y oy Uy ooy u(t — 7)) 22

t—Ti

The assumptions b; > hl(x) > b;, f3(.) < —azand the estimate 2 |mn| < m? +n?

imply that
n n
D hi@)y® = by’
i=1 i=1
—f3(x, ..., u(t — Tn))2’2 > asgz?,

oY [ wtaeDu)s = oY [ )] lus)lds

so that

—V>Z — i)y + (a3 — 27 IZZ)TZ

=1

n t
+3 (27 / y?(s)ds
i=1 t—T;

Let v, = %l_)i and 7 = max7;, (i =1,2,...,n).Hence

n

d —17 2 -1 — 2
dtv ;(bz 2710 m)y? + (a3 — 2 ;bn)z
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If
T < 2min {%, :3 },
i=1
then

d

—17 2 -1 7 2
EV > ; (bi —27°b;m)y* + (a3 — 2 ; biT)z* > 0.
The remainder of the proof follows as before, Theorem 1. O

Example 2. We consider nonlinear differential equation of the fifth order with two
deviating arguments,

5 4 2 2 2
ﬂ>+f¥@ﬁﬁﬂ>+x”—8+fMWﬂr—w&—n)—wﬁ—wﬂf'

+2'(t) — z(t — 1) — darctgz(t — 1)

—z(t — 1) — arctgx(t — 12) = 0.

We write Eq. (9) in system form as follows

r = Y, Yy = Z,Z/: w,w’—

/

: ﬁw‘l —w+ {3+ exp(—2? — 2%t — 1) —ui(t — )}z

—2y 4+ x + darctgx
¢ ¢ .
_ _4 -
/ y(s)ds / T :Ez(s)y(s)ds
t—71 t—71
t ¢
— / (s)ds — / _ (s)ds
Y 14 22(s) 74
t—7o t—7o

It follows that Eq. (9) is a special case of Eq. (2) and

1
=———20,
14wt

faz) =1,
—3—exp{—2? —2X(t—7)—2*(t —m)} < -3
f2(y) =y, f2(0) =0,

hi(z) = x + darctgz, —g <z < g,

f5(w)

f3() = =

—as,
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4
¥ =14+—-
1(‘T) +1+x27
by =5>1+ 1 >1=0b
1= 9= 1+$2/ — U1,
ho(x) = x—l—arctga:,—g <z < g,
1
/ _
2($) 1+1+$27
by =2>1+ ! 1=5b
2 = 1—|—LZ'2/ 2-

In view of the above estimates, we conclude that all the assumptions of Theorem
2 hold. Hence, we conclude that if 7 < %,then the zero solution of Eq. (9) is
unstable.
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The stochastic optimal growth problem

Elvira Naval

Abstract. This paper concerns the formulation of economic optimal control problem
in a stochastic form. Equilibrium growth rate for this problem was obtained on the
base of the stochastic maximum principle following the new approach [1] to the solution
of optimal control stochastic problem, in which the stochastic dynamic programming
formulation is transformed into formulation of the maximum principle. This approach
was applied to the solution of the stochastic optimal growth problem.

Mathematics subject classification: C61, D91.
Keywords and phrases: Optimal stochastic control, [to’s processes, Ito’s Lemma,
Hamilton-Jacobi-Bellman equation.

1 Problem formulation

Let us consider optimal control problem [2,3] in stochastic formulation

[e'e) 1-9
max L = F [/ e(ﬁk_p)tc—dt ,
0

(C,Ly,LR) 1-—9
subject to
K=Y -C=K"ALy7*N'"™® - C, K(0) =0, (1)
dN = by LgrNdt + gdz, N(0) =0, (2)
Ly +Lg—L=0, 3)
1—9

here E is an expectation operator x = (K, N) and F = e(Pr=p)t the uti-

lity function with constant elasticity of substitution ¥, p is the Subljec‘gve rate of
discount, i is the subsidy for capital accumulation stimulation. K is the capital
stock observed in economic activity, IV is the stock of innovation elaborated by R& D
sector, A is the productivity parameter in the final goods production sector, Ly is
the labor force enrolled in the final goods production sector, Lg is the number of
employers in R& D sector, C is the final consumption.

dN = blLRth + gdz (4)

here dz is the stochastic Wiener process, f = (Y — C,b1LgrN), g = o is a con-
stant while gdz is normally distributed with mean zero E[gdz]=o0, Var(gdz)= o2dt,

dz = Vdt.

© Elvira Naval, 2012
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2 Problem solution

The respective optimality conditions now are:

E(dL)
0 = oy, [P+ ©
and the corresponding HJB (Hamilton — Jacoby — Bellman) equation becomes:
2927,
0 = max [F—Fa—L—Fa—Lf 198 }
C,Ly,Lg ot 2 (0x)?
= F+L+Lf+12L (6)
—C’IFSER t x 29 x| -

The Hamiltonian function H for the stochastic case is presented below:

1—9
G "

H=F + L:cf"‘ %92-[/1‘1‘ :e(ﬁl_ptl_ﬁ‘i‘

+Ly, (KYALy *N'=® — C) + Ly,bi LgN + v (Ly + Lg — L) + 0% Ly,

Let’s mention that the second order term in (6) is explained by the fact that state
variable N being an Ito process (Lemma Ito’s). Taking derivative of the equation
(6) with respect to z gives:

1
Lyt + Fy + Ly f + fgpLx + 592me + (gz)mem =0 (7)

2
and, therefore,

1 1
L:ct + Lxxf + §Q2Lxxx = _Fx - f;cLSC_§ (92)mLx:c- (8)

Applying chain rule and considering second order contribution of the derivatives
with respect to z (Lemma Ito’s), result in:

E?L OLx dw 1 0L
dLz = = da? .
ST or dt" " 2(0x)2 "
Since, from Ito’s Lemma E[d(z®)] = ¢ dt, the previous equation is reduced to:

dL, 0L, OLydx 10°L, ,

a0 o dt 20n)7 "

dL,
dt
Substituting (8) in (9) we obtain:

=Lyt + Lo f + Lxmcg (9)
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dL 1,4

dtm: _F:c_ f:cL:c_§ (g )mL:c:c .
Equating adjoint variable u to the first derivatives of the objective function L with
respect to 1 = Lg,, p2 = Ly, and w to the second derivatives of the objec-
tive function with respect to state variables w; = L, ,,, the system of ordinary
differential equation with respect to state variable is as follows:

dL 1
dwl = _Fxl_ fI1L-'El__ (Jz)leml-’El = (10)
t 2
d/J,l Y
RAFTE e
dL 1
dm: ~Fay— fuoyLoy—5 (07)y,La,ey = (11)
t 2
d,ug Y
2 — (1 —a)—= — pugb L
= i pa(l a)N p2b1 LR
dL 1
%: _F:czxz_ 2fx2Lx2x2_§ (02)x2x2L1'21'2 = (12)
dw o?
= — = —2uwh Lp — w222,
dt WOLRRE T T

From the functional maximization with respect to C, Ly, L we obtain:

py = C Ve~ (Brtolt (13)
o=l - )5, (14)
V= —,LtgblN. (15)
and the resulting system of conjugate equations becomes:
d/J,l Y
-l o= 16
dt :ulaK ) ( )
d/l,g Y
— = —u1(1 —a)— — usb1 L 17
/’[/1 = C_ﬁe_(ﬁl'i'p)t’ (18)
v=—m(l-a)s, (19)
v=—usb N, (20)
do _ —2wbi L — w—0m2m22 (21)
at 1R 2
From the conjugate equations for variables p we obtain:

Y M1 blN
1—@ —_— = b :}—:77
pa( )N p2bi N 1 (1_0[)%
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while from (17) it results

M2 M w)Y/N - b Ly
2 K2

If in the previous equation to introduce the ratio between variables p and po
then

2 Ly 4 b Lp=b L

M2
) I Y o .
From (16) it becomes — = —ag, while in equilibrium the growth rates of the
H1 ) .
conjugate variables are the same, then B &, and considering [2] that
My H2

C 1[aK
gopt:gCZEZE 7"‘51%—/) )
and taking advantage of the last equality, we obtain

1
Gopt = 5 (blL‘i‘Bk - p) .

In conclusion, there are the same balanced growth rates of the conjugate variables p
for stochastic problem formulation as for the deterministic problem formulation [2].

3 Mayer form presentation

If the problem is represented in the Mayer linear form, F' = 0, then:

dL, 1
= —f Lo—=(¢%) L. 922
= foL 2(9 )e (22)

Equation (22) describes dynamics of the conjugate variables in the stochastic case.
The presence of the second order term in the equation follows from the fact that the
state variable is the stochastic variable which is an Ito process.

From the equation (22) one concludes that the calculation of L,, is necessary.
In order to obtain some expression for the L., dynamics, the same derivation as
earlier will be utilized. Resulting equation will be called a conjugate equation. Let’s
differentiate again equation (7) with respect to x:

1
met + me + L:vxf:v + memf + Lxxfw + me:v:v+ §Q2Lx:v:v:v +

1 1 1
+§ (gz)mex + B} (gz)xL:c:c:c"‘§ (92)mLm =0 (23)

and, therefore,
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1
wat + waxf + §g2Lmex =

1
— _Fxx_ 2mefm - L:Bfmm_(gz)xLxmv_§ (92);(;5(;me . (24)

Using chain rule and considering the second order contribution with respect to
x we obtain:

Olos g OLendty, 10

T dr dt- ' 2 (9z)

da? . (25)

Using Ito’s Lemma Eld(z?)] = ¢* dt we obtain:

dLyy OLyy OLyy do 1 0%Lyy
= + —+3 2 g,
dt ot dx dt ' 2 (9x)
dL 1
== wa wax o memm 2 . 26
o ¢+ Lowa f +3 g (26)
Inserting equation (24) in equation (26) we obtain:
dL, 1
dt = _F:c:c - 2L:c:cfx - fo:c:c_ (92):0-[/1‘1‘1‘ - 5 (92)mpLxx

and, finally, if ' = 0 and the third order contribution is not considered (hypotheses
accepted by ItoLemma), it follows:

dme o
dt

1
— 2mefx - wamm - 5(92);(;me$ . (27)

Equating conjugate variable, u, to the prime derivative from the objective function
L with respect to the state variable x and equating conjugate variable w to the
second derivative, we rewrite equations (9) and (27) in the following way:

dp/dt = —f,n—1/2(g%),, (28)
dw/dt = _2wf:c_ Nf:c:c - 1/2(92)xxw : (29)

Summarizing the results for the stochastic case (F' = 0), Hamiltonian function
and conjugate equations shall be solved in the stochastic principle maximum formu-
lation:

H =pf + 1/29°w,

u_

1 5 B
= T30 ) u(T) = ¢,
dw_ 1 2 .
ar 2w fo—pfra 5(9 )aaw w(T') = 0.

It must be mentioned that the resulting problem is two-dimensional.
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4 Conclusions

In the present article the solution of the economic optimal control problem in the
stochastic formulation is obtained. In order to obtain the solution of this problem
the derivation of the respective Hamilton — Jacobi — Bellman equation was applied.
This method contributed to obtaining solution in the stochastic maximum principle
form containing the first order system of the conjugate differential equations. Note
that the growth rate reached in stable condition for the examined problem is the
same as for deterministic, with one difference — there is an additional ordinary
equation characterizing additional conjugate variable (shadow price of the stochastic
restriction). More complete stochastic optimal control problem with the shock above
all economy and with the shocks under productivity in intermediate good sectors
will be studied in the future.
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Abstract. It is known that the set of conjugates (the conjugate set) of a binary
quasigroup can contain 1, 2, 3 or 6 elements. We investigate loops, I P-quasigroups
and T-quasigroups with distinct conjugate sets described earlier. We study in more
detail the quasigroups all conjugates of which are pairwise distinct (shortly, DC-
quasigroups). The criterion of a DC-quasigroup (a DC-IP-quasigroup, a DC-T-
quasigroup) is given, the existence of DC-T-quasigroups for any order n > 5, n # 6,
is proved and some examples of DC-quasigroups are given.
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1 Introduction

A quasigroup is an ordered pair (@, A) where @ is a nonempty set and A is
a binary operation defined on @ such that each of the equations A(a,y) = b and
A(z,a) = b is uniquely solvable for any pair of elements a, b in @) was established. It
is known that the multiplication table of a finite quasigroup defines a Latin square
and six (not necessarily distinct) conjugates (or parastrophes) are associated with
each quasigroup (Latin square) [1,6].

In [9] a connection between five identities of two variables and the equality of a
quasigroup to some of the rest five its conjugates was established. It was also proved
that the number of distinct conjugates of a finite quasigroup can be 1, 2, 3 or 6 and
for any m = 1,2,3,6 and any n > 4 there exists a quasigroup of order n with m
distinct conjugates (see Theorem 6 of [9]).

In [12] a connection between different pairs of conjugates of a quasigroup was
established, four identities that correspond to the equality of a quasigroup to its
conjugates were given. It was also proved that any two of these four identities
imply the rest two identities. All six possible sets of conjugates taking into account
all possible cases of the equality (”assembling”) of conjugates were described. The
connection between four identities and possible conjugate sets was shown.

In this article we continue the investigation of conjugates of quasigroups started
in [12], in particular, we study loops, I P-quasigroups and T-quasigroups with dis-
tinct conjugate sets described in [12].

We study in more detail quasigroups and loops all conjugates of which are pair-
wise distinct (these quasigrops we call distinct conjugate quasigroups or, shortly,
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DC-quasigroups). Such quasigroups form an important class and arise by the re-
search of various questions of the quasigroup theory and the Latin square theory,
in particular, in the research of totally conjugate-orthogonal [5] and near totally
conjugate-orthogonal quasigroups [11]. They can be also used by coding and encryp-
tion of information. The criterion of a DC-quasigroup ( of a DC-I P-quasigroup, a
DC-T-quasigroup) is established, some examples of DC-quasigroups are given and
the existence of DC-T-quasigroups of any order n > 5, n # 6, is proved.

2 Preliminaries

Remind some necessary notions and results. To any quasigroup (Q, A) the system
Y (A) of six (not necessarily distinct) conjugates (parastrophes) corresponds:

B(4) = (4,471,714, ()T A,

where A(z,y) =z & A7 z,2) =y & 'A(2,y) = 2 & A*(y,z) = 2.
Using the Belousov’s designation of conjugates of a quasigroup (@, A) from [2]
we have the following conjugate system (A):

Z(A) = (A7 7;47 ‘647 17;47 T‘€47 §4)7

where A=A, TA=A"1 U="TA, "A="1(A"1), "U= ("), 4A=A4"

Note that (“1(A™1)) ™" =rr 4 ==1((7H)71) =l A =54 and "A =l A = A,
9TA =("A).

Let ¥(A) be the set of conjugates (the conjugate set) of a quasigroup (@, A). It
is known [9] that | X(A) |= 1, 2, 3 or 6.

A quasigroup is a totally-symmetric quasigroup (a T'S-quasigroup) if it satisfies
the identities x - vy = y and 2y = yz. For T'S-quasigroups | X(A) |= 1.

The following Theorem 1 of [12] describes all possible conjugate sets for quasi-
groups and points out the only possible variants of equality (”assembling”) of con-
jugates in every case.

Theorem 1 [12]. The following conjugate sets of a quasigroup (Q,A) are only
possible: $1(A) = {A}; Sp(A) = {AfA} = {A = A = "4 U = A =5 A},
Se(A) = {A, A, A, A U AL, S3(A) = {ATATAY and three cases are only
possible:

%(A) —{A=TA U="A U= AY;

Eg(A) ={A=U, A="4 A= A);

S3(A)={A=A, A=A U="U}

For convenience we denote the classes of quasigroups (Q,A) with %(A) =
T1(A), T2(A),S5(A), Ta(A), Ta(A), S6(A) by Vi, Va, Vi, V2, V3, Vs, respectively.

We say that a quasigroup (@, A) satisfies exactly one identity of the set of identi-
ties T = {A(z, A(z,y)) = y, A(A(y, z),x) =y, A(z,y) = Ay, ), A(A(z,y),z) = y}
if it satisfies one identity and does not satisfy the rest identities of this set.
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Remark 1. According to Corollary 4 [12], establishing a connection between con-
jugate sets described in Theorem 1 and the identities of the set T we have that V;
is the class of quasigroups satisfying all identities of T'; V5 (V31, ‘/})2, V33) is the class
of quasigroups satisfying exactly the identity A(A(x,y),z) = vy (A(z, A(z,y)) =
y, A(A(y,x),z) =y, A(z,y) = A(y, x) respectively) of T and Vj is the class of quasi-
groups which satisfies none of four identities of T. For a quasigroup (Q, A) of the
class V; (of the variety of T'S-quasigroups) | X(A) |= 1; for a quasigroup of the class
Va (every of the classes V3!, V2, V) we have | X(A) |=2 (] £(A) |= 3 respectively)
and | L(A) |= 6 for the class V.

Below we study loops, I P-quasigroups and T-quasigroups from the point of view
of their conjugate sets.

3 Conjugate sets of loops

Let (Q,A) be a loop with the identity e, A(ljz,z) = A(z,I,x) = e, that is
Lix = ~'z, I,x = 1. It is easy to see that if the loop (Q, A) satisfies at least one
of the three identities A(z, A(x,y)) =y, A(A(y,x),x) =y, A(A(z,y),z) =y of the
set T, then it is a loop of exponent two: A(x,z) = e for any z € Q. In this case
Il = IT = E&.

Proposition 1. In any of the classes ‘/1,V2,‘/31,‘/32,‘/33,‘/6 of quasigroups there
exists a loop of exponent two.

Proof. Note that if a loop (@, A) has exponent two , then all its congugates also are
loops of exponent two since L7y = L'y and Rfyaz = Ry_laz, where LTy = "A(z,y),

Réx = U(z,y), Loy = A(x,y), Ryr = A(z,y). Any T'S-loop is in V;. The loops of
exponent two given by Tables 1-5 are, respectively, in V5, V})l, V32, V}f’ and Vg:

T 9 3 13 1 2 3 45 6
21 5 6 3 4
2 1 4 5 3
36 1 5 4 2
351 2 4
4 3 21 6 5
4 3 51 2
5409 3 1 5 4 6 2 1 3
6 5 4 3 2 1
Tab. 1 Tab. 2
1 2 3 45 6 1 2 3 4 5 6 1 2 3 4 5 6
21 5 6 4 3 21 6 5 3 4 21 4 3 6 5
341 5 6 2 3 6 1 2 45 3516 4 2
4 3 6 1 2 5 4 5 2 1 6 3 4 6 51 2 3
56 2 3 1 4 5 3 4 6 1 2 5 3 6 2 1 4
6 5 4 2 31 6 4 5 3 2 1 6 4 2 5 3 1
Tab. 3 Tab. 4 Tab. 5

Now consider the loops which are not loops of exponent two.
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Proposition 2. Let a loop (Q,A) be not of exponent two, then (Q,A) € V3 if
(Q, A) is a commutative loop and (Q,A) € Vi if (Q,A) is a noncommutative loop.

Proof. Indeed, in this case (Q,A) ¢ Vi, Vs, V31, V32 since this loop satisfies none of
identities of the set T' corresponding to these classes. If the loop is commutative,
then by Theorem 1 and Remark 1 it is in the class V3. Otherwise it is in V. O]

4 Conjugate sets of I P-quasigroups

At first we recall that a quasigroup (Q, A) is called a quasigroup with the property
of invertibility (an I P-quasigroup) if there exist two mappings I; and I, of the set
@ into @ such that A(Ljz, A(z,y)) =y and A(A(y, ), ,z)) =y for all z,y € Q.

It is known that the mappings I; and I, are permutations, Il2 = I? = ¢ (the
identity permutation) and [}A(z,y) = A(Ly, L,x), I, A(x,y) = A(Liy, L1z) [1].

The conjugates of an I P-quasigroup have the following form:

U(z,y) = Az, Iy), "Alz,y) = A(Liz,y), "A(z,y) = LA(z, Ly),

"U(x,y) = LA(Liz,y), Az, y) = L,A(Lz, Ly) = LAz, Ly).

By Theorem 1 of [3] all conjugates of an I P-quasigroup are isotopic. Note that in
a commutative I P-quasigroup and in an I P-loop I, =1; = 1.

Proposition 3. Let a quasigroup (Q, A) be a noncommutative I P-quasigroup. Then
A(x,y) = Az, y) if and only if I; = I, = T and TA(z,y) = A(y, x).

Proof. Let A ='' A, then I; # ¢ (I, # ¢): by I, = ¢ we have A(Liz,y) =

A(z,y) = A(z,I;y), then I, = ¢ and (Q,A) is commutative. But in this case
from "A(x,y) =' A(z,y) it follows A(Lix,y) = Az, Ly), A(z,y) = A(Liz, Ly),
LA(x,y) = LA(Liz,Iy) = Ay, L. Lix), [A(Liz,y) = Ay, I,x), LI, A(Ljy,z) =
Ay, Iyx), LI,A(Lyy,I,x) = A(y,x) = A(Liy,I,z), since A(z,y) = A(Liz,Iy),
whence it follows that I}, = e or I; = I, = I. Taking into account that
A(y,x) = A(Lyy, I,x) we obtain TA(z,y) = Ay, x).

Conversely, let I; = I, = I in a noncommutative IP-quasigroup (@, A) and
TA(z,y) = A(y,z), then A(z,y) = A(Iz, Iy), A(lz,y) = A(z, Iy), that is A(z,y) =
U(z,y). O

Now we consider I P-quasigroups from the point of view of their affiliation to the
classes of quasigroups Vi, Vs, V31, V32, V33 and V.

Theorem 2. Let a quasigroup (Q,A) be an IP-quasigroup with I} = I, = I. Then
(Q,A) € Vi ifand only if I = €; (Q, A) € V3 if and only if (Q, A) is commutative and
I #¢;(Q,A) € Va if and only if (Q,A) is noncommutative and [A(z,y) = Ay, x);
(Q,A) € Vi if and only if (Q, A) is noncommutative and IA(x,y) # Ay, x).

Proof. If Iy = I, = I = ¢, then all conjugates coincide and (@, A) € V;. The converse
is also true. If I # ¢ and (Q, A) is commutative, then A =54, A #£!A, A #"A, so by
Theorem 1 (@, A) € V3. The converse follows from Theorem 1.

Let (@, A) be a noncommutative I P-quasigroup. If TA(x,y) = A(y,z) (in this
case I # ¢), then A #%A, A # A, A #” A and by Proposition 3 4 =! A, so by
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Theorem 1 (Q, A) € Va. If (Q, A) € Vo, then by Theorem 1 the quasigroup (Q, A)
is noncommutative and A ='A, so by Proposition 3 TA(z,y) = A(y, z).

If TA(z,y) # A(y,x) and (Q, A) is a noncommutative quasigroup, then A #°A,
A #' A, A #" A and by Proposition 3, A #' A. It means that by Theorem 1 the
quasigroup (@, A) is contained in V.

If a quasigroup (@, A) is contained in Vg, then it is noncommutative and A #'A,
so by Proposition 3 TA(z,y) # A(y,x) (since in this case I} = I, = I). O

Note that by Theorem 2 of [3] all conjugates of an I P-quasigroup (@, A) are also
I P-quasigroups if and only if there exists a permutation « such that aA(z,y) =
A(y, ), so in the cases (Q,A) € Vi, (Q,A) € Vz and (Q, A) € V35 conjugates of
(Q, A) are I P-quasigroups.

Recall that a Moufang loop is defined by the identity z(y-xz) = (zy-x)z and is a
special case of I P-loops. From Theorem 2 and Proposition 2 the following corollaries
easy follow.

Corollary 1. Let (Q, A) be an IP-loop (a Moufang loop), then
(Q,A) eV ifI =¢;
(Q,A) € V3 if (Q,A) is commutative and I # ¢;
(Q,A) € Vg, if (Q,A) is noncommutative.

Note that the case (@, A) € V5 of Theorem 2 for an I P-loop is impossible.

Corollary 2. All abelian groups of exponent 2 are contained in the class Vy, the
rest abelian group are contained in the class V}f’. Non-abelian groups are in V.

Theorem 3. Let a quasigroup (Q, A) be an I P-quasigroup with I # I,.. Then
(Q,A) € Vi if and only if I = ¢.
(Q,A) € VE if and only if I, = €.
(Q,A) € Vg if and only if I}, I, # €.

Proof. In this case a quasigroup (@, A) is noncommutative. If [; = ¢ (I, = ¢) and
I # I, then A# A A4 A A+ U and A="A(A# A A# ™, A+ A and
A=M1") s0(Q,A) €V} ((Q,A) € V2, respectively). The converse follows from
Theorem 1 since then A = A (A = W), that is [; = ¢ (I, = ¢). If [;,I, # ¢ and
I} # I, we have A #5A, A #!A, A #"A and by Proposition 3 A #£'A, so (Q, A) € Vg
according to Theorem 1. If (Q, A) € Vi, then A £!'A and A #7A, so I}, I, #e. O

Example 1. In [1], p. 74, the following example of I P-quasigroup with I; # I, is
given. Let (Q,-) be a group with the identity e, 6 be its automorphism of order two,
(Q, A) be the quasigroup where A(x,y) = 0x-y. Then (M,0) = (Q,-) x (Q, A) is an
I P-quasigroup with I;(a,b) = (a=',b7 1), I(a,b) = (a=,0b71), where a-a™! = e. In
this quasigroup I; # I, and I, I, # ¢ if (@, -) has not exponent two, so by Theorem 3
(M,o) isin Vg. If (Q,-) is a group of exponent two, then I; = ¢ and by Theorem 3
M(o) € Vi

Let in this example A(z, ) = 20y, (M, 0) = (Q, A)x(Q, ), L(a,b) = (a~1,b),
Ii(a,b) = (fa=',b~1), then
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((a,b) o (c,d)) o I(c,d) = (a-0c,bd)o (c™t,d™') = (a-0c-Oc ', bd-d~ ) = (a,b),

Ii(a,b)o((a,b)o(c,d)) = (fa=t,b=)o(a-Oc,bd) = (fa=t-0a-6%c,b~1-bd)) = (c,d).

Thus, (M, o) is also an I P-quasigroup with I; # I,.

If the group (@,-) has not exponent two, then the IP-quasigroup (M,o) is in
Ve, since I, I, # €. If the group (Q,-) is a group of exponent two, then I, = ¢, so
by Theorem 3 (M, o) € V&

5 Conjugate sets of T-quasigroups

A quasigroup (@, A) is a T-quasigroup if there exist an abelian group (Q,+), its
automorphisms ¢, 1 and an element ¢ € @ such that A(z,y) = px + ¢y + ¢ for any
z,y € Q 8.

The conjugates of a T-quasigroup A(x,y) = ¢x + ¥y + ¢ (which are also
T-quasigroups) have the following form:

Alz,y) = vz + oy +c, Alz,y) =9~y — gz —c),

Az, y) =z -y —c), M(z,y) =y !z — oy —c),

TA(x,y) = o1 (y — Yz — ¢) (see, for example, [10]).

Let Iz = —x , then I?2 = £ where ¢ is the identity transformation, and ¢ = I
for any automorphism ¢ of a group (@, +).

By Proposition 1 of [12] all pairs of conjugates of the conjugate system %(A) of
a quasigroup (@, A) can be divided into four disjoint classes:

I (ATA), (AA), ("4,%A);

I1. (AlA), ("A"A), (AA);

1. (A2A), (A7A), (AA);

IV. (A7A), (AA), (A°4), (MAA), (ATA), (4,°A)
such that the equality (inequality) of components of one pair in a class implies the
equality (inequality) of components of any pair in this class.

For T-quasigroups the following (Theorem 2 of [12]) was proved:

Theorem 4 [12]. The components of any pair of a class I, II, III or IV for a
T-quasigroup (Q, A): A(z,y) = vz + Yy coincide if and only if 1» = I for the pairs
of class I; ¢ = I for the pairs of class II; ¢ = 1) for the pairs of class III; ©*> = I
and Y* = Ip (or o =¢~" and ¢* = I ) for the pairs of class IV.

Note that in [12] the equivalence of the pair of equalities p? = It and ? = I
to the pair of equalities ¢ = 1)~! and ¢® = I was proved.
Now we shall describe T-quasigroups with distinct conjugate sets.

Theorem 5. Let (Q, A) be a T-quasigroup: A(z,y) = px + 1py. Then
(Q,A) € V1 if and only if p = =1;

(Q»A) € Va2 if and only Zf(pg =1,p= ¢_1) o #1,;

(Q,A) € Vi if and only ifp = I, # I;

(Q,A) € VI if and only if p = 1,7 # I;

9
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Q
(G
(Q,A) € Vs if and only if p,v» # I, p # ¢ and at least one of two inequalities
YL, 03 £ I and at least one of two inequalities ©? # I or ? # Iy is fulfilled.

Proof. The first statement is easy checked if to take into account the definition of a
T S-quasigroup.

Let 03 =1, =9~ " and ¢ # I,4. In this case we have 1) # I and ¢ # 1, so by
Proposition 1 of [12] and Theorem 4 A = "4 = ™, 4 = A =5 A (these equalities
correspond to the pairs of class IV), A # ™A, A # 4 and A # #A. Thus, in the
set L(A) there are exactly two conjugates and (Q, A) € Va. The converse follows
from the form of 39(A) for V5 in Theorem 1 and from Theorem 4 since in this case
A=V ="4 M ="4A=A moreover, A # A, A # A, A # A, since ¥y(A)
contains two elements.

Let ¢ = I, # I, then ¢ # 1,9 ~!, so by Theorem 4 and Theorem 1 we have
the set Eé(A), as A=A, A# 4, A+ A and 4 # "A. The converse follows from
the form of i]);(A) in Theorem 1 as in this case A = "4, A # 4, A # A and so by
Theorem 4 ¢ = I, # I and ¢ # 1) whence ¢ # 1.

The case of Eg(A) is proved analogously. Let ¢ = 1, # I and at least one of
two inequalities ¢ # ™!, ¢? # I be fulfilled, then ¢ # I, so by Theorem 4 and
Theorem 1 we have the set ig(A), as A=A, A# U A# "Aand A4 # "A. The
converse follows from the form of ig(A) in Theorem 1 and from Theorem 4.

Let ¢, # I, ¢ # 1 and at least one of two equalities ¢ = ¥, ¢3 = I be
not fulfilled. Then the quasigroup (Q, A) satisfies none of conditions of Theorem 4,
so all conjugates of this quasigroup are distinct and X(A) = Xg(A4). Conversely,
if all conjugates of a quasigroup (@, A) are different, then by Theorem 4 in (Q, A)
0, # I, ¢ # 1 and at least one of two equalities of ¢ = ¥~!, ©3 = I is not
fulfilled. O

6 DC-quasigroups
Consider in more detail the class of quasigroups all six conjugates of which are
distinct.

Definition 1. A quasigroup is called a distinct conjugate quasigroup or, shortly, a
DC'-quasigroup if all its conjugates are distinct, that is | 3 |= 6.

All DC-quasigroups form the class V.

Theorem 6. A quasigroup (Q,A) is a DC-quasigroup if and only if A #
A, A, A, AL A quasigroup (Q, A) is a DC-quasigroup if and only if it satisfies
none of four identities of the set T.
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Proof. Indeed, by Proposition 1 of [12]
if A#"A, then A A" A and "4 #£%A;
if A#'A, then "A #™A and A £ A;
if A#%A, then "A #"A and 4 £ A;
if AATA then A £7A, TA #£5A, A £71A, A #7A and A #£5A
since the corresponding pairs of conjugates coincide simultaneously. ([l

Let (@, A) be a DC-quasigroup, A = A where ¢ is the identity transformation,
C ={e,r1,rllr s} bethe set of six conjugations, as transformations of a quasigroup
(Q, A). On the set C we shall define the operation (-), corresponding to the passage
from one conjugate of a quasigroup to another one, taking into account that the
multiplication is realized from the right to the left.

We obtain the group C(+) which is isomorphic to the symmetric group S; (see [1]).
The multiplication table of the group C(-) is the following;:

r 1 I Ir s

e rl 1 s Ir
Ir ¢ s r 1l
rl{rl s r Ir e 1
Ir | Ir 1 s e 1l

€

ele r 1 1l Ir s
r
1

Tab. 6

In this table rs means that at first s then r are applied, so rs = rrir = lr, and
sr=rlrr =rl.
The following statement gives some properties of DC-quasigroups.

Proposition 4. For a DC-quasigroup the group C(+) is isomorphic to the symmetric
group Ss.

Any DC'-quasigroup is noncommutative and nontrivial.

Any conjugate of a DC-quasigroup is a DC-quasigroup.

Any quasigroup containing a DC'-subquasigroup is a DC-quasigroup.

The direct product of DC-quasigroups is a DC-quasigroup.

The direct product of a T'S-quasigroup and a DC-quasigroup is a DC'-quasigroup.

The direct product of two quasigroups from distinct classes of Va, V31, ‘/},2,
V3, Ve is a DC-quasigroup.

A nontrivial quasigroup which is a homomorphic image of a DC-quasigroup is
not necessarily a DC-quasigroup.

Proof. The results follow from the definitions, Theorem 6, the characterization of
the classes V7, ‘/2,‘/31, V32,V})3, Vs using the identities of the set T (see Remark 1)
and taking into account that if a quasigroup satisfies an identity, then this identity
holds in any its subquasigroup. The last statement is true since, for example, the
non-abelian group S3 which by Corollary 2 is a DC-group has a homomorphic group
of order two, which is contained in the class V. O
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By Theorem 6 of [9] for any m = 1,2, 3,6 and any n > 4 there exists a quasigroup
of order n with m distinct conjugates. The proof of this theorem for a quasigroup
(Q, A) with | X(A) |= 6 is based on the existence of a quasigroup of order 3 satisfying
none of the identities in the set T'. But it is easy to check that such quasigroups do
not exist, since six of 12 quasigroups of order 3 are commutative and every of the
remaining six quasigroups coincide with the left or the right inverse quasigroup. So
below we shall bring in small correction in the proof for the case of quasigroups with
| X(A) |= 6 using the idea of embedding used in the proof of Theorem 6 [9].

Theorem 7. For every n > 4 there exists a DC-quasigroup of order n.

Proof. Tt is easy to check that, for example, the quasigroup (@, A) of order 4 with
the following multiplication table:

All 2 3 4
11 2 3 4
212 4 1 3
314 3 2 1
413 1 4 2
Tab. 7

is a DC-quasigroup. In [7] Trevor Evans has shown that a quasigroup of order n
can be embedded in a quasigroup of order t for every ¢t > 2n. Using the quasigroup
of order 4, given above, for embedding we obtain a DC-quasigroup of any order
n > 8 by Proposition 4. The existence of DC-quasigroups of order n = 5,7 follows,
for example, from Theorem 8 below (for n = 5 see also Example 2 in the end). By
Corollary 2 the noncommutative group Ss of order n = 6 is a DC-group. O

Summarizing the above results we have the following DC-loops and
DC-quasigroups.

Proposition 5. A noncommutative loop (Q,A) which is not of exponent two is a
DC-loop.

A noncommutative IP-quasigroup (Q,A) with I; = I, = I and ITA(x,y) #
Ay, z) is a DC-quasigroup.

A noncommutative IP-loop (a noncommutative Moufang loop, a non-abelian
group) is a DC-loop.

A noncommutative I P-quasigroup with I} # I, and I}, I. # € is a DC-quasigroup.

A T-quasigroup (Q,A): A(x,y) = @x + Yy such that ¢ # I,9; ¥ # I and
@2 £ Iy orp? # Ip (and p # ¢~ or @3 # 1) is a DC-quasigroup.

Denote by s, the number of DC-groups of order n, then using Fig. 4.3.4 of [6]
with the number of all non-abelian groups of order n < 32 we get that sg = s19 =
S14 = S21 = S22 = S96 = So7 = 1; S8 = S99 = S24 = S28 = 2; S12 = S18 = S30 = 3;
S16 — 9.

The criterion of Theorem 5 for a DC-T-quasigroup can be reformulated in the
following way.
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Corollary 3. A T-quasigroup (Q,A): A(z,y) = px+1y is a DC-quasigroup if and
onlyif o+e#0,Y+e#0, p— #0 and >+ #0 or Y? + p # 0, where 0 is
the endomorphism zero of the abelian group (Q,+).

Indeed, for example, the inequality ¢ # I means that pxg # [xg for some xg € Q,
xo # 0, that is (¢xg + x0) # 0, (¢ +€)xg # 0 and ¢ + ¢ # 0.

An operation A of the form A(z,y) = ax + by (mod n), n > 3, a,b # 0, is a
T-quasigroup if and only if the numbers a, b modulo n are relatively prime to n. In
this case ¢ = Lg, ¥ = Ly, where L,z = ax (mod n), x € Q ={0,1,2,...,n — 1}, are
permutations (automorphisms of the additive group modulo n). Note that since the
elements a, b modulo n are relatively prime to n, then they are invertible and belong
to the multiplicative group of the residue-class ring (mod n). This multiplicative
group consists of all numbers from 1 to n — 1 relatively prime to n. In this case
L'z = L, 1z (mod n). Taking into account that I = L,,_; for such quasigroups
we have

Corollary 4. A T-quasigroup (Q,A): A(z,y) = ax + by (mod n) is a DC-qua-
sigroup if and only if a,b #n —1, a # b and a # b~ or a® # n —1 (mod n).

The following theorem gives some information about the spectrum of
DC-T-quasigroups.

Theorem 8. For any n > 5, n # 6, there exists a DC-T-quasigroup of order n.

Proof. Consider a T-quasigroup (Q, A) with A(x,y) = = + ky (mod n) of order n,
n > 5, n # 6, such that the greatest common divisor (n,k) is equal to 1 (that is
(n,k)=1),k#1,n—1, where 1-x = x (mod n). It is easy to see that for any finite
n > 5, n # 6 the required number k exists. For this quasigroup a = 1, b = k(mod
n). Check the conditions of Corollary 4: 1,k #n —1 (mod n), k # 1 and 1 # k!
(mod n). Thus, by Corollary 4 all conjugates of the quasigroup (@, A) are different
and it is a DC-T-quasigroup. O

Note that among T-quasigroups (@, A): A(x,y) = ax+by (mod 4) or A(z,y) =
az+by (mod 6) there are not DC-quasigroups. That follows if we take into account
Corollary 4 and that the numbers a,b modulo n are relatively prime to n.

Example 2. Find the conjugates of the DC-T-quasigroup (Q, A) with A(z,y) =
x + 2y (mod 5) of order 5, taking into account the form of conjugates of a
T-quasigroup:

54(33,2/) =Yr+toy=2x+y (mOd 5)7

Az, y) = vy — px) = Ly-1(y — x)= 3y — 3z (mod 5)=2x+3y (mod 5),

U(x,y) = o~z —1py) = 2 — 2y(mod 5)=x+3y (mod 5),

"U(x,y) =y @ — py) = Ly-1x — Ly-1y = 3z — 3y (mod 5)= 3z + 2y (mod 5),

MA(z,y) = ¢ (y — ¢x) = —22 + y (mod 5) = 3x+y (mod 5).

Recall that a quasigroup (Q, A) is called totally conjugate orthogonal (near to-
tally conjugate orthogonal), shortly, a totCO-quasigroup [5] (near totCO-quasigroup,
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respectively [11]) if all six its conjugates (five of its conjugates) are pairwise orthogo-
nal. It is evident that these quasigroups are DC-quasigroups if to take into account
that in an orthogonal system all quasigroups are different. In [5] it was proved
that for any number n which is relatively prime to 2, 3, 5 and 7 there exists a
totC'O-quasigroup (moreover, a T-quasigroup) of order n.

Note that loops (moreover, quasigroups with right or left identity) and
I P-quasigroups can not be totCO-quasigroups. That follows, for example, from
Proposition 3 of [4] where impossibility of orthogonality of some conjugates for
these quasigroups is proved.
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Abstract. For cubic differential systems with a bundle of two invariant straight lines
and one invariant conic it is proved that a weak focus is a center if and only if the
first four Liapunov quantities L;, j = 1,4, vanish.
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1 Introduction

In this paper we consider the cubic system of differential equations

=y +ax? +cxy + fy* + ka® + maly + pry? + ry® = P(a,y),
§ = —(z+ g2* +dry + by® + s2® + gy + nay® + ly*) = Q(x,y),

(1)

in which all variables and coefficients are assumed to be real. The origin O(0,0) is
a singular point of a center or a focus type for (1), i.e. a weak focus. The purpose
of this paper is to find verifiable conditions for O(0,0) to be a center.

It is known that the origin is a center for system (1) if and only if it has in some
neighborhood of O(0,0) a holomorphic integrating factor of the form

po=143 pj(x,y).

There exists a formal power series F'(z,y) = > Fj(x,y) such that the rate of
change of F(z,y) along trajectories of (1) is a linear combination of polynomials
{(z* +y?) P

o0
Cﬁz_lf = Lj-1(2® +y°).
The quantities Lj, j = 1,00, are polynomials in the coefficients of system (1) and
are called the Liapunov quantities. The order of the weak focus O(0,0) is r if
L1:L2:...:LT_1:0butLr750.

The origin is a center for (1) if and only if L; = 0, j = 1,00. By the Hilbert’s
basis theorem there exists a natural number N such that the infinite system L; =
0, j = 1,00, is equivalent with a finite system L; = 0, j = 1, N. The number N
is known only for quadratic systems N = 3 [13] and for cubic systems with only
homogeneous cubic nonlinearities N = 5 [18,22]. If the cubic system (1) contains

© Dumitru Cozma, 2012
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both quadratic and cubic nonlinearities, the problem of the center was solved only
in some particular cases (see for instance [1,2,4,6-12,15,16,19,20]).

In this paper we solve the problem of the center for cubic differential system (1)
assuming that (1) has two invariant straight lines and one invariant conic passing
through one singular point, i.e. forming a bundle. The paper is organized as follows.
The results concerning relation between integrability, invariant algebraic curves and
Liapunov quantities are presented in Section 2. In Section 3 we find seventeen
sufficient sets of conditions for the existence of a bundle of two invariant straight
lines and one invariant conic. In Section 4 we obtain sufficient conditions for the
existence of a center and finally we give the proof of the main result: a weak focus
0(0,0) is a center for cubic system (1) with a bundle of two invariant straight lines
and one invariant conic if and only if the first four Liapunov quantities vanish.

2 Invariant algebraic curves, Liapunov quantities, center

An algebraic curve ®(z,y) = 0 (real or complex) is said to be an invariant curve
of system (1) if there exists a polynomial K (x,y) such that

0P 0P
o + - OK.
The polynomial K is called the cofactor of the invariant algebraic curve ® = 0. We
shall consider only algebraic curves ® = 0 with ® irreducible.

If the cubic system (1) has sufficiently many invariant algebraic curves ®;(x,y) =
0, j=1,...,q, then in most cases an integrating factor can be constructed in the
Darboux form

p= BB By @)

A function (2), with «; € C not all zero, is an integrating factor for (1) if and only
if

q

oP 0Q
Y k= - ST
= or Oy

System (1) is called Darboux integrable if the system has a first integral or an
integrating factor of the form (2).

The method of Darboux turns out to be very useful and elegant one to prove
integrability for some classes of systems depending on parameters. These last years,
interesting results which relate algebraic solutions, Liapunov quantities and Darboux
integrability have been published (see, for example, [3,5,6,9-12,17,21]). The cubic
systems (1) which are Darboux integrable have a center at O(0,0).

Definition 1. We shall say that (®;,j = 1,M; L = N) is ILC (I — invariant
algebraic curves, L — Liapunov quantities, C' — center) for (1) if the existence of M
algebraic curves ®;(z,y) = 0 and the vanishing of the focal values L,, v = 1, N,
implies the origin O(0,0) to be a center for (1).
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The works [6-9, 19, 20] are dedicated to the investigation of the problem of the
center for cubic differential systems with invariant straight lines. In these papers,
the problem of the center was completely solved for cubic systems with at least
three invariant straight lines. The principal results of these works are gathered in
the following two theorems:

Theorem 1. (®;(z,y), ®;(0,0) #0, j =1,4; L=1) is ILC for system (1).

Theorem 2. (a;x+bjy+cj, j =1,4; L=2) and (ajz+bjy+c;, j=1,3; L=7)
are ILC for cubic system (1).

The problem of the center was solved for cubic systems (1) with two parallel
invariant straight lines and one invariant conic [10]; for cubic systems (1) with two
homogeneous invariant straight lines and one invariant conic [11] and for a class of
cubic systems (1) with a bundle of two invariant straight lines and one invariant
conic [12]. The following theorem was proved:

Theorem 3. (x+iy, ®; L=2) and (l; = 1+ajz+by, j = 1,2, Li||ls, ®; L =3),
where ® = 0 is an irreducible invariant conic, are ILC for system (1).

In this paper we shall prove that ([; = 1 +ajz —y,j = 1,2, hNlkN® =
(0,1); L =4), where ® =0 is an irreducible invariant conic, is ILC for system (1).

3 Conditions for the existence of a bundle of two invariant straight
lines and one invariant conic

Let the cubic system (1) have two invariant straight lines [y, [ intersecting at
a point (zg,yo). The intersection point (xg, o) is a singular point for (1) and has
real coordinates. By rotating the system of coordinates (x — xcosp — ysinp,y —
xsin ¢ 4y cos ) and rescaling the axes of coordinates (z — ax, y — ay), we obtain
l1 Ny =(0,1). In this case the invariant straight lines can be written as

lj:1+aj$_y7aje(c7]:1727 A12:(12_6117&0' (3)

The straight lines (3) are invariant for (1) if and only if the following coefficient
conditions are satisfied:

kE=(a—1)(a1+a2)+g, I=-b, s=(1—a)aas,
m:—a%—alag—a%—l—c(a1+a2)—a—l—d+2, r=—f—1,
n=aja(—f—2)—(d+1), p=(f+2)(a; +a2)+b—c,
q=(a1+az —c)arag —g, (a—1)2+(f +2)* #0.

Let the conditions (4) be satisfied and assume that f = —2 (the case f+2 # 0
was considered in [12]), then a # 1 and the cubic system (1) looks:

(4)

i=y+ar+cry—y?+[d+2—a—a?— (a1 +a2)(ag — c)|ry+
[(a = 1)(a1 + a2) + gla® + (b — c)ay® + y* = P(a,y),
§=—x—gx* —drey — by + [g + aras(c — a; — ag)]z’y+
(@ — Darazz?® + (d + L)ay® + by® = Q(x,y).
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Next for cubic system (5) we find conditions for the existence of one invariant
conic passing through the same singular point (0, 1), i.e. forming a bundle. Let the
conic curve be given by the equation

O(x,y) = asor? + annzy + any® + aror + any +1=0 (6)

with (a0, a11,a02) # 0 and ag, a11, ao2, a1, a1 € R.
For every conic curve (6) the following quantities [14]:
I = ag2 + ag, Ir = (dagzaz —a}y)/4,
I3 = (4dapzazo — ad az + agrarparr — agealy — a3y)/4
are invariants with respect to the translation and rotation of axes. These invariants
will be taken into account classifying conics. A conic (6) is reducible into two straight
lines if and only if I3 = 0. If Iy > 0, then (6) is an ellipse, if I < 0 — a hyperbola
and if Iy = 0 — a parabola.
In order the conic (6) pass through a singular point (0,1) and form a bundle
with the invariant straight lines (3), we shall assume ag; = —ag2 — 1. In this case

O(x,y) = asox® + a1y + apr + (apey — 1)(y — 1) = 0. (7)

The conic (7) is an invariant conic for (5) if and only if there exist numbers
Cc20, C11, €02, C10, C01 € R, where C10 = —Aap1, Co1 = Aai1o such that
0P 0P
P(l',y)% + Q(x,y)a—y = ®(x,y)(ca02® + criwy + coay® + (aoz + 1)z + aioy). (8)
Identifying the coefficients of z'y” in (8), we reduce this identity to three systems
of equations {Fj; = 0} for the unknowns asg, a11, ap2, a0, 20, i1, o2 :

Fyo = (a — 1)(a1a2a11 + 2a1a20 + 2a2a20) + a20(29 — c20) = 0,
F3 = (CL — 1)(2&1@2&02 +aiai1 + a2a11) — (a2a11 + 2&20)&%—
— (aya11 + 2az0)a3 + (caiy — 2az)aras + (2ca; + 2caz — 2a—
—c11 +2d+ 4)&20 + (29 — Cgo)all =0, (9)
Fyy =2(c — ay — ag)ajazags + (29 — ca0)aoz + [c(ar + az) — a3 —
— a% —aijaz —a — C11 + 2d + 3]&11 + (2b — 2c — C02)a20 = 0,
Fi3 = (2 +2d — c11)ap2 + (2b — ¢ — Cog)all + 2a99 = 0,
Foy = (2[) — Cog)aog + a1 =0,

= (a — D[(a1 + az)aip — araz(agz + 1)] — gaj1+
+(2a — 1 — ag2)az + (9 — c20)a1o = 0,
[g — Coo + cajar — (a1 + ag)alag](—aog — 1)+
+[e(ar + a2) — a? — ajag — a2 —a+d + 2 — ci1]ajo+
+ (2¢ — a10)azo + (@ — d + 1+ apz)ain — 2gapz = 0,
Fio =—(d+1—c11)(age + 1) — (ag2 + 2d + 1)apge+
+ (b — ¢ — co2)aio + (¢ — b — ag)arr — 2az =0,
Foz = (b — Cog)(dog + 1) + (a10 + 2b)a02 —aig + 2a11 =0,
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Fy = (a—ap2 — 1)awo + g(ap2 + 1) — a11 — c20 = 0,
Fi1 = (ao2 +d + 1)aor + (aio — ¢)aio + 2ap2 — 2a0 + c11 = 0, (11)
Foo = co2 — (@10 + b)(ap2 + 1) + 2a19 — a1 = 0.

Let us denote
j1 = (a1 4+ az — ¢)agz — a11, jo = ap2ai + ar1a1 + ag,
j3 = ap2a3 + a11ag + ago, ja = 4agzaz — ai;.
We shall study the compatibility of {(9), (10), (11)} when I3 # 0, A1z # 0, a #
1 and divide the investigation into five subcases: {j; = 0}, {j1 # 0,j2 = 0}, {j1j2 #
0, js = 0}, {j1jajs # 0,7a = O}, {j1jajsja # O}.

3.1 Casej; =0

In this case a1 = ag2(a; + ag — ¢). We express cg2, ¢11 and cop from (9), then
we obtain

Fy = hl[alag(al +ao — C)CLOQ + (3&1 + 3ay — C)ago] =0,

12
F31 = hi[((ag — ¢+ 3a1)(2ag — ¢) + 2a2)agy — 2a] = 0, (12)

where h; = (a — 1)agpe + agp.
3.1.1. h; = 0. In this case azy = (1 — a)age and

Fop = Fo3 = (ap2 — 1)(a1o + a1 + a2 +b—c) =0.

Let ago = 1, then express ajg from Fi1 = 0, a1 from Fi5 = 0, a% from Fyy+F5 =0

and g from F39 = 0. We obtain the following conditions
1) g=[b*(4a — d — 6) + 2bc(1 — a) — 2a(8a + 2 — 4d — 24)+

+(c? —8)(d +4)]/(4b), 2a(2b+c) — (b+c)(d+4) =0,

2a3 + az(b—c) —6a+2d+10 =0, a; = (c —b— 2az)/2

for the existence of a conic 2(a — 1)z + (b+ c)zy + (b — c)z — 2(y — 1)2 = 0.
Assume ago # 1, then Fyo = 0 yields ¢ = a1 + a2 + a10 + b. Express d and ¢ from

(11). If b= 0, then we obtain the following conditions

2)

a = lagz(a2 — arag + 1) — aras + aip(ar + ag — a0)]/(2a02), b =0,

c=a1+ayp+a, d= [alo(al +as — alo) —aiag — aog(alag + 2)]/a02,

g = la3y — 3(a1 + a2)a3y + a10((2a1 + az2) (a1 + 2a2) — a3y + (3arasz + 1)ags)
+2(CL32 —ajag — (arag + 1)agz) (a1 + a2)]/[2a02(a02 — 1)]

for the existence of a conic [ag2(ag2 — aras — 1) — ajas + ajp(ar + as — ayg)]z? +
2(agey — Dajor — 2(y — 1)(ap2y — 1) = 0.

If b # 0, then express a from Fb; = 0 and we get the following conditions
3)

[a10(c — 3b — 2a19) + b(c — b)]/(ag2 — 1), a1 =c—ajg —agy — b,
[20,10(0 — 4b — 2(110) — aog(CLoQ + 2) + 3bc — 3b2 + 3]/(@02 — 1),

= [(a10 + b)araz + 2(a — 1)(a1 + az2) + (1 — a)aig — bag2]/(ap2 — 1),
F3y = aog(aog —ajag — 1) + a1a9 + alo(alo —a] — ag) =0

a
d
g
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for the existence of a conic
[(1 — a)a;2 — (a10 + b)a;y + y2]a02 + ajgr — (aog + 1)y +1=0.

3.1.2. hy # 0. In this case we express agy from F3; = 0 of (12) and obtain
Fao = 919293 = 0,
where g1 = a1 + 3a2 — ¢, g9 = a2 + 3a1 — ¢ and g3 = 2a1 + 2a2 — c.
3.1.2.1. g1 = 0. If ago = 1, then we obtain the following conditions
4)
a=2,d=(-3b*—4bc—c?—16)/8, g= —b, a; = (c—3b)/4, az = (b+¢)/4.

The invariant conic is (b + ¢)22? — 8(b 4 ¢)zy — 8(b — ¢)x + 16(y — 1)? = 0.

If ago # 1, then from Fyy = Fys = 0 we have a1g = 2a2 — b. We express g from
Fyy = 0, ¢ from F3y = 0 and reduce the equations {Fp; = 0, F12 = 0} by d from
Fi1 =0, then Fi2 =0 and Fy = b(a — 2)I5 = 0.

If b = 0, then F}; = 0 yields agpp = —(1 + d + 2a3) and we get the following
conditions
5)

b=g=0, c=[az(2a3 +5a+d—4)]/(a—1), a1 =c— 3az
for the existence of a conic
az(1 +d + 2a3)(azr — 2y)x — 2027 + (1 + dy + y + 2a3y)(y — 1) = 0.

If b+ 0 and a = 2, then Fy; = 0 yields ags = —(1+ d+ baz + 2a2) and we obtain
the following conditions
6
) a=2, c=2a3+ba3+ (d+6)ay —b, g=—b, a; = c— 3ay
for the existence of a conic

(2a3 + bas + d + 1)(azx — y)? + (b — 2as)x — (2a3 + baz + d)y — 1 = 0.
3.1.2.2. The case go = 0 can be reduced to g; = 0 if we replace as by a;.

3.1.2.3. g192 # 0,93 = 0. If aps = 1, then Fy; = I3 # 0. Let ags # 1. In this
case we express ajg from Fpo = Fyg = 0, g from Fyy = 0, age from F3y = 0, d from
Fis =0 and b from F5; = 0. We obtain
7) b=g=0, c=2(a1 +a2), d=—(a+2aia2).
The invariant conic is

araz(a —1)2? — (ay —y — (a1 + agr —y + 1) = 0.

3.2 Casej; #0,53. =0

In this case agy = —ai(apga; + ai1). If agpe = 0, then Fyy = j; # 0. Assume
agz # 0 and express cpz, ¢11 and ¢y from (9), then we obtain
Fyo = F31 = uquguz = 0,
where u; = 2ap2a1 + a1, u2 = apz(ar + az) + a1, uz = (ar1az — cay +a — 1)ad, +
(ag — a1 — C)aogan — a%l.
3.2.1. u; =0, i.e. a1 = —2ag2a1. If age = 1, then Fyo = Fy3 = 0. We express a and
ajo from (11); a1, ag and d from (10). In this case we get the following conditions



38 DUMITRU COZMA

8) a=2, d=[2qg— (b+c)® — 2(4¢> + 3bg + 8)]/8,
ap = (b+c)/4, aa=(c+4g9+0b)/4

for the existence of a hyperbola
(b+c)x? —8(b+ c)xy + 8(c — b)x + 16(y — 1)2 = 0.
If ags # 1, then Fpo = Fy3 = 0 yields a9 = 2a; — b. Reduce the equations of
(10) by g from F5y = 0 and express d from Fj; = Fij3 = 0, as from F3y = 0 and ¢
from F5; = 0. Then we obtain the following conditions

9
) ¢ =[a1(b—bh + 5hv —v) +v(v — b — hv)]/(hv), h=a—1,
d = [a1v(v — b) — 2a3hv — bh? + bh + bv? — 2hv — v3]/(hwv),
ag = [(ab+ 2ag — b—3g)ay + gv]/(hv), v=>b+g

for the existence of a hyperbola

((2a1 — b)x + 1)v — (ab + 29)y — (b — g — ab)(a1z — y)? = 0.
3.2.2. u; # 0, ug = 0. In this case a;; = —ap2(a; + az). If agy = 1, then express a
and aq from (11); g and aqg from {F3y = 0, F12 = 0}. We get the following conditions

a=2, g=0, a; = (b+c—2as)/2, 2a3— (b+clag—d—2=0 (13)

for the existence of a hyperbola as(b+c—2az)x? — (b+c)zy+(c—b)x+2(y—1)% = 0.

If age # 1, then Fyo = Fyz = 0 yields a; = a19 — a2 + b. Reduce the equations
of (10) by d from Fj; = 0 and express g, agz, aip from {Fpy = 0, F39 = 0, F5; = 0},
respectively. Then we obtain the following conditions

10
) f=-2,9g=0, ag=(b+c—2az)/2, 2a3—(b+clag—a—d=0

for the existence of a hyperbola
(@ —D[(a+d)x®+ b+ c)ry] +(b—c)x —2(ay —y—1)(y — 1) = 0.
It is easy to check that (13) are contained in 11).

3.2.3. ujug # 0, uz = 0. If ages = 1, then express a from ug = 0 and ¢, ayg, d, g from
{F12 = 0,F1; = 0,Fy = 0,F3y = 0}, respectively. Then we obtain the following
conditions
11)

a=1-— a%l — (a1 + a2 + b)a1n — ajaz — bay, ¢ = —2ay; — b,

d= (CLl — 2&2 — b)a11 — a%l + 2CL% — a1a — CL% — b(CLl + ag) — 2,

g=ay [2&%1 + (2a1 + 3ag + 2b)aq; + 2a1as + 2bay + a% + bas + 1],

Fy = a%l + (b+ a2)(2a11 + b+ az)ain + (2a1 + 3a11 + 2a2 + b)x

(b+ai1 +a2)a; +b=0

for the existence a hyperbola aj(a; + a11)2? + br — apya(y — 1) — (y — 1)2 = 0.
Assume ap2 # 1, then express ¢ from uz = 0 and b,d,g from (11). If aj; +

a1g + (apzy — 1)ag = 0, then Fy; = 0 yields a1; = —ag2a10 and we get the following
conditions
12) b=0, ¢c=(2a3 —2a1a3 —a+1)/(a2 — a1), g=ai,

d = (2a3 — 4a3as + 2a1a3 + ag — 2aa1 + aaz)/(a; — az)
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for the existence of a conic for system (5):
[(2a—1)a1 —aas](a1x—asx+y)(a12—y)+ (2001 —aaz—az)y— (a1 —az) (azz+1) = 0.

If a11 + a1 + (ag2 — 1)ag # 0, then express a from Fp; = 0 and denote v =
a1 — a2, $1 = ady + 2ap2a1v — V%, o = adyas + 2ap2aiv + agzaiasv + agev — av?,
then F3g = s1a11 + s2a92 = 0.

If s1 = 0, then we obtain the following conditions
13)

a = [v3az(1 — a3) + v*(1 — a3 — 2a32z — 2a22) + 4vz(a3 — 1) + 422]/(4va3z),
b= (z—v%ay —v)/(vag), d=[v3az(a2+ 1) +v3(2a3z + a3 — 2azz + 1)
—v2(ad + a3+ 4) + 2222 — ad)]/(20032), a1 = (a3 — 1)/(2a),
c = [vdag(ad + 1) +v%(a3 + 1) + dvz(a3 — 1) + 222]/(2vasz),
g = [V3az(1 — a3) +v*(1 — a3 + 2a32 — 2a22) + 2vz(aj + a3 — 2)
+42%(1 — a3)]/(4va3z), z=a11 +v —a3v, v=ayg — az

for the existence a hyperbola x?(2a3v — ajv — 2a3z — v + 22) + dwyaz(a3v — v + 2) +
dzas(az +v) — 4(agvy + 1)(y — 1)ag = 0.
If s1 # 0, then express a1 from F39 = 0 and obtain
14
: a=[(ag — ag)aéQ + (Za%v —3ajasv + ay — v)a%Q + v(4a% - 2&%&2’0 — 2a1a9—
—3a1v + a3 + agv)ady + vi(a1a3 + aragv — 4ay + 2az + v)age + v3]/(s183),
b= [v?(v— a1+ a2) — vad, + vapa(2a? — araz — 2vay + 1)]/s1,
c = [agy + (4arag + 4vay — 2a3 — 1)ady + (4a2 (a1 + ag + v) — 3a1a3 — dag—
—2v)vady + v*(a3 — 4a3 — 6ajas — dvay)agy + v3(ay + 2az +v)]/(5183),
d = [ady(ag — 2a1) + ay(4a} — 6a2as — 4va? + 2a1a3 + 2vaias — 2a; + as)+
+ U(Za%ag — 4ai{’a2 - Sa% + bajas + 2va; — 2vag + 2)a(2)2 + v2(4a%a2—
—a1a3 — 2vayas + 5ay + ag)ape + v3(a3 — arag + vag — 1)]/(s153),
g = [(ay(2a1 — az + v) + 2vagz(a1v — 1) — agv? — v3)(ape + agv)ai]/(s153),
v=ajg— ag, S1 = a(2)2 + 2ap0a1v — v2, S3 = 2a02a1 — ag2G — V.

The invariant hyperbola is of the form (7) with a19 = a2 + v, ap1 = —ag2 — 1,
agn = [a%QCLl(CLOQ(CLQ — al) + va1a9 + ’U)]/Sl, ajl = (—Sgaog)/sl.
3.3 Case jl . jz # 0, j3 =0

In this case we also obtain the sets of conditions 8)—14).

3.4 Caseji-J2:J37#0, ju=0

In this case agg = a¥;/(4ap2), I = 0 and the conic is a parabola. We express
coo from Fyy = 0, ¢11 from Fi3 = 0, ¢y from Foe = 0 and aq from F31 = Fyy = 0.
3.4.1. age = 1. In this subcase from the equations Fj; = 0 and Fjo = 0, we get
respectively that aj9p = a1 + ¢, ¢ = —(2a11 + b). We find g from F3y = 0, d from
F51 =0 and a% from F59 = 0, then obtain the following conditions
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15) ) )
Cc = —2(111 — b, g = (—all — 2ba11 —4h )/(2(111),

d = (—2ha$; +b(1 — h)a3, — 4h(h + 2)a3; — 8bh%ay; — 16h3)/(4ha?y),
ay = (—30%1 - 2&11(&2 + b) — 4h)/(2(111), h=a— 1’
2ha}, + a}, (6azsh + bh + b) + day1h(a3 + bag + h) + 8ash* =0

for the existence of a parabola a%1$2 + day1zy — dapx — 4bx 4+ 4(y — 1)2 = 0.

3.4.2. agy # 1. In this case the equations Fye = Fys = 0 yields a11 = —(a10 + b)ape.
We reduce the equations of (10) by d from Fj; = 0 and a% from Fyy = 0. Next we
find ¢ from F3y = 0 and denote u = aj9+b, h =a—1, v =2(b+ g) — u, then the
equation Fy; = 0 becomes Fo; = riage + 79 = 0, where
r1 = (u? + 4h)v, ro = 2buv — 8bh? — 4hv — u?v.

Let 1 = 0. If u? 4+ h = 0, then j; = 0. Suppose u2+h # 0 and v =0, then b =0
and Foy = f1fo =0, where f1 = as — u, fo = agou + 4has — 2hu — u.

If f1 =0o0r fy =0, then we get
16) a=h+1, b=0, c=(dg® + 2¢* + 8¢2h + 2¢2 — 2h?)/(2gh),

a1 = [g(d + 2¢® + 2h + 2)]/(2h), ay = 2g.

The invariant parabola is (1 4 d + 2¢%)(gx — y)? — 29z — (d +2¢%)y — 1 = 0.
Assume r1 # 0 and express agz from F5; = 0, then we obtain the following
conditions
17)
c = [u*v(16h% — bv) + 4udhv(b + v — bh) + 8uh(6h%v — 2bh? — bv?)
+ 16uh?v? — 64h*v]/[8h2uv(4h + u?)],
d = [uSv(bv — 8h?) — 4u*hv(b + v) + 4udhv(3bv — 8h? — 8h)
+ 16u?h2v(b — 2v) + 32uh?(bv? — 4bh? — 4hv) — 64h30v?] /[16h*uv(4h + u?)],
ar = [udv(12h? — bv) + 4u?hv(v — 2ash — bh + b) + 8uh(6h%v — 2bh? — bv?)
+ 16h2v(v — 2a2h)]/[8h2v(4h + u?)],
utv(bv — 8h?) + 2uv(12a2h? — agbv — 2bh — 2hv)
+4u?h(bv? — 4a%hv — 2a9bhv + 2agbv + 2a2v? + 8bh? — 8h2v)
+16uh(bhv — 2a2bh? — asbv? + 6ash?v — hv?) + 32ash?v(v — 2ash) = 0

for the existence of a parabola 2[((ux —2y+ 2)(ux — 2y)u+ 8hz)v — 4((ux — 4y )uz +
4(y — 1)y)h?]b — (4h + u?)(uz — 2y + 2)%v = 0

3.5 Caseji1-J2-J3-Ja7#0
In this case we express cgo from Fyys = 0, ¢11 from Fi3 = 0, cop from Fyo = 0 and
substitute into the equations {Fy = 0, F3; = 0} of (7). Calculating the resultant of
the equations {Fyy = 0, F31 = 0} by a we obtain
Res(Fuo, F1,a) = jij2jsja # 0.
In this case the system of equations {(9), (10), (11)} is not compatible.
Remark 1. For cubic differential system (1) seventeen sets of conditions for the

existence of at least two invariant straight lines and one invariant conic passing
through the same singular point (0, 1) were obtained.
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4 Sufficient conditions for the existence of a center

Lemma 1. The following eighteen sets of conditions are sufficient conditions for
the origin to be a center for system (5):

i)
a = [apa(age — aras + 1) — ajas + ajo(ay + a2 — a10)]/(2a02), b =0,
c=ay+ayp+a, d= [alo(al +ag — alo) —ajag — aog(alag + 2)]/a02,
g= [afi’o —3(ay + (12)(1%0 + a10((2a1 + a2)(a1 + 2a2) — ag2 + (3aras + 1)ag2)
+2(CL32 —ajag — (arag + 1)agz) (a1 + a2)]/[2a02(a02 — 1)];
if) a=2, b=[(c(9-2)]/B(c+9)], d=[2(~4c—9)]/(c+9),
g=[c2c = 9)]/B(c* +9)], a1 =1¢/3, az=0;
iii) b=c=g=0, d=2a] —a, ay=—ay;
iv) b=g=0, d=a—2, ao=(1—a)/a;, 2a3 — cay —2a+2 = 0;
V)
a=2, d=—[b3g+ Tb%g% + 2b 4 14bg® — 8bg + 8¢* + 8¢%]/(b — 29)?,
¢ =[(b+2g)azl/g, a1 =[2(b+ g)g]/(29 —b), az=[(b+4g)g]/(29 —b)
(b+4g9)(b+ 29)(b + g)%bg + (b + bg + 6¢2)(b — 29)? = 0;
vi)

c=[((b+49)(b+g) —a(b+29)*)(g — b)]/[bg(b + g)?],
d=[0*(1 —a) +bg(2a — 5) + 2¢°(a — D]/[b(b + g)], a1 =[(b+g)g]/(g —b),
bg(b+9)* + (a—1)(b—9)> =0, a2 = gla(b+2g) —2(b+ g)]/[(a — 1)(g — b)];

vii)
a=4¢°+2, b=-3g, c=-5g, d=-2(T¢° +1), a1 = —2g, ag = —g;

viii)

a = [2(b* + bg — 6g%)ai — (b* — 19bg® — 18¢%)as — 64°(b + 9)?]/ 2,

¢ = la1(b— bh + 5hv — v) +v(v — b — hv)]/(hv),

d = [a1v(v — b) — 2a3hv — bh? + bh + bv? — 2hv — v3]/(hv),

as = [a1(b—bh + 2hv —v) + v(v —b)]/(hv), h=a—1, v=>b+g,

2 = 2a2(8bv — 4v? — 3b%) + v(5b% — 16bv + 10v?)a; — (b — 3bv + 202 )v?,

(2a1 —v)(2a1 — v — g)z + b(2a1 — b+ ¢)((2b — 4g)ay + 4g° + 3bg — b?) = 0;

ix)
¢ = [2(680a — 877)]/[b(245a — 316)], d = (1178 — 913a)/(55a — 71),

g=5b(1 —a), a1 = [b(35a —44)]/(5a —8), az = [b(100a — 129)]/(10a — 13),
5a2 —8a +2 =10, b*(245a — 316) — 65a + 84 = 0;

X) a=4/3, ¢=5b, g=0, 36b2d+ 12b% + 9d> + 12d + 4 = 0,
a1 = 3b — az, 6a3 — 18bas — 3d — 4 = 0;
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xi) c=bd=2(1—-a), g=0, a; =b—ay, 2a5 — 2bag +a —2=0;
xii)
d= (6b+2c—Tab—ac)/(5b—c), a1 = (c+b—2a2)/2,
g =0, 36a®—10ab® — 8abc + 2ac® — 96a + 5b% + 14bc — 3c* + 64 = 0,
(5b — ¢)(2a3 — (b + c)aa) + 2(ab + ac — 3b — ¢) = 0;

xiii)
a = (3a3 + 2bas — 1)/(243), d = (4bay — a3 — 2ba3 — 3a3 — 2)/(243),
c=2ay+b—2a5", g=(aj—2ba3 + 2bay —1)/(2a3), a1 = (a3 —1)/(2a2);
Xiv) a:1—2a%+3a1a2—a%, b=0, c=3as— 2aq,
d:6a%—6a1a2+a%—2, g = ai;
XV)
a = [v3az(1 — a3) + v*(1 — a3 — 2a32z — 2a22) + 4vz(a3 — 1) + 422]/(4va3z),
b= (z—v%ay —v)/(vag), d=[v3az(a3+ 1) +v3(2a3z + a3 — 2azz + 1)
—wvz(a3 + a3 + 4) + 22°(2 — a3)}/ (2va3z), a1 = (aj — 1)/(2a2),
c=[vaz(a3 +1) +v3(a3 + 1) + 4vz(ad — 1) + 22%]/(2vazz),
g = [v3az(1 —a3) +v3(1 — aj + 2a3z — 2a22) + 2vz(aj + a3 — 2)
+422(1 — ad)]/(4va3z), z= a1 +v —adv, v = aig — a;

xvi)
a=2, b=[2ai, +4)]/[an(al, = 4], g = lan(af, +4)]/[2(4 - ay)],
c=[2(at; —3a3; +4))/[a11(4 — afy)], d = [(aF; +4)(a?; - 2)]/[2(4 — afy)],
a1 = ajy /(4 —afy), az = (—a11)/;

xvii) a=h+1, b=0, c= (8¢ —3h)/(29), az=2g,
d=(-2¢" - 29" = h?)/g*, a1 = (26> — h)/(29);
xviii)
a=(uw+4)/4, b= [(u+v)]/[2(v —u)], g = [(u+v)u]/[2(u—v)],
c=((2u —v)2 +4)/[2(u —v)], d = [(2u? — 2uv — v? + 12)u]/[4(v — u)],
ar =u/2, az = (2u? —uv +4)/[2(u — v)].

Proof. In each of the cases i) — xviii) the system (5) has two invariant straight
lines of the form (3) and one invariant conic ® = 0. The system (5) has a Darboux

integrating factor of the form
o= 171152008,

In the case i): ® = [aga(ao2 — aras — 1) — atas + aip(ar + az — a0)]z? + 2(ag2y —
Dajor —2(y — 1)(apey — 1) =0 and oy = ag = ag = —1.

In the case ii): ® = (4¢® + 9)[(cz — 3y)? + 3cz] — 9y(5c% + 18) + 9(c® + 9) and

a1 =3, ag = —(10c? +9)/(4c* +9), ag = —2(5c% +18)/(4c% +9).

In the case iii): ® = (a — 1)(y — a12)(y + a1z) — (ay — 1) and oy = g =

(2a2)/(2 — a), az = (2a2 — 3a + 6)/(a — 2).
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In the case iv): ® = (a — 1)(2a2? + cxy — 222 — 2y?) — cx + 2ay — 2 and
alzagzagz—l.

In the case v): ® = [b(2gz + y) + 29(g9z — y)]* + (8¢® — b3)x + (b — 29)(1 — 2y)
and a1 = 3, ay = [~2(b* +bg +3¢°)]/[b(b + 9)], as = [-3(b+29)(b— g)]/[(b+ g)b].

In the case vi): ® = (a — 1)[((b + g)gz + 2(b — g)y)(ab — b+ g)g — (b* + bg +

d*)(b—g)lx —bg(b+g)(aby —by —b+ gy — g)(y — 1) and ay = 2, ag = (b* — ab? —
2ag% — bg +29°)/[b(ab—b+ g)], az = (3b? — 3ab® + 2ag® — 3bg — 2¢°) /[b(ab — b+ g)].

In the case vii): ® = (a —2)(2(3a — 4)(9z +y) — 1)z + 29(3ay — 4y — 2)(y — 1)
and o = 3, ag = [2(3 — 2a)]/(3a — 4), az = (14 — 11a)/(3a — 4).

In the case viii): ® = ((2a; —b)z+1)v + (2b—ab—2v)y — (2b—v — ab)(a12 —y)?
and oy = 3, ag = [2(3a19? — 3bg? — 39 —u)]/u, asz = [3(2¢® — 2a19? + 2bg* — )] /u,
where u = (4b — 8g)a? — (4b> — 12bg — 10g%)a; + b® — 4b?g — Thg* — 2¢°.

In the case ix): ® = (11874abx — 4620ay + 6725a — 15316bx + 5960y — 8675)x +
5b(338ay — b4ba — 436y + 703)(y — 1) and oy = 3, ay = (667a — 860)/[2(17a —
22)], ag = [27(40 — 31a)]/[2(17a — 22)].

In the case x): ® = [(3d + 4)x + 18b(y — 2)]z — 6(y — 1)(y — 3) and a3 =
(de —b— 3da2)/(2a2 - 3b), Qg = (b + 3bd — 3da2)/(2a2 — 3b), ag = 3d — 2.

In the case xi): ® = (a — 1)[(a — 2)x — 2bylx + 2(ay —y — 1)(y — 1) and a1 =
1, g = 1, a3 = —4.

In the case xii): ® = (a—1)[2(ab+ac—3b—c)z — (5b—¢)(b+ c)y]z — (5b* — 6bc+
Az +2(5b—c)(ay —y—1)(y —1) and oy = |2 (7ab + ac — 6b— 2c)ay — 3ab® — 4abc —
ac? +4b%+2bc+2c%] /[(b+c—4az)(1—a)(5b—c)], ag = [2(Tab+ac—6b—2c)as+2b(b+
3c—2ab—2ac)]/[(b+c—4az)(1—a)(bb—c)], az = (ac— 17ab+16b) /[(a—1)(5b—¢)].

In the case xiii): ® = [(a3 + 2bag — 1)(a3 — 1)x — 4(a3 + baz — 1)agy + 4az (a3 —
D]z +4a3(y —1)? and a1 = 1, ag = (a2 + 2bay — 1)/2, az = (—a3 — 2bagy — 5)/2.

In the case xiv): ® = (2a1 —a2+1)(2a1 —ag — 1)(a1z —agx +y)(a1z —y) + agx +
(4a2 — dajaz + a3 —2)y +1 and og = 2, ag = (2a2)/(4aras — 4a3 — a3 + 1), az =
(12a1as — 10a? — 3a3 + 3)/(4a? — 4araz + a3 — 1).

In the case xv): ® = 2%(2a3v—ajv—2a3z— v—|—2z)+4xya2(a§v v+z)+4xa2 (a2+
v) —4(agvy+1)(y—1)ag and o = 1, a2 = (a3v3 +ad%v? —a vz+a2v —2a9v%2 402 —
v2—22%)/(2a20v%2), a3 = (222 —a3v3 —a3v? +advz—asv® —dagv?z —v24vz2) [ (2a20%2).

In the case xvi): ® = a11(a?; —4)(a} 2% +4anzy+4(y —1)? ) 4x(af, —2a%,+8)
and ay = (aj; — 247, +8)/[2 (an 4)], az =2, ag = (af; + 6af; —24)/[2(4 — afy)].

In the case xvii): ® = (g% + hz)(:ng y)? + 293z — (262 + )y + ¢ and o =
=3, az = (20> + h)?/[2(g* + h?)], a3 = —(4g" + 4g°h + g° + 2h%)/[2(g* + I?)].

In the case xviii): ® = u(v2—4)(u$—2y)2+8(uv—2u2 —v?)z+4(8u—uv? —4v)y+
16(v—u) and o = (4—2u%—0?)/(v2—4), as = 2, az = (2u®—-3v?+12)/(v?—4). O

Lemma 2. The following three sets of conditions are sufficient conditions for the
origin to be a center for system (5):

i)
ii)

b=g=0, d:(9—18a—202)/9, as =c¢/3, a1 = 0;

a=1-6b% c=11b, d= —(54b>+5)/3, g=0,
a1 = 6b — as, 3a% — 18bay + 366> + 1 = 0;
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i) 0= (90— A))9, ¢ = ()3, d=(3— 2W)/3, g = (—4b)/3,
a1 = (2b — 3az)/3, 9a3 — 6bay + 4b* + 27 = 0.

Proof. In each of the cases i)—iii) the first Liapunov quantities vanish L; = 0. The
system (5) along with invariant straight lines (3) has also one more invariant straight
line and one invariant conic.
In the case i): I3 = 2(9a+c?—9)y—9, ® =2(a—1)(cx—3y)*+6cx+9y(1—2a)+9.
In the case ii): I3 = 6bx — 2y +3, ® = 2b%(36b% + 1)z — 36632y — 5bx + (6b%y +
1y —1).
In the case iii): I3 = 2bz—6y—3, & = 2(b*>+9)(2bz—3y)? —27bx —9(2b%> +9)y—81.
By Theorem 1 in each of these cases the origin is a center. O

Lemma 3. The following four sets of conditions are sufficient conditions for the
origin to be a center for system (5):

i)

a = [(b® + 5bg + 2¢%)(2b + g)]/u, = [g(4g® — 3b* + 5bg)]/[u(2b + g)],

d= —(3b3 + 11b%g + 16bg® + 64°) /u, (2b+ g)u — g =0,

u= (b*+4bg +2¢>)(2b + g), a1 = (¢> +bg —b?)/g, as = 3b+ 2g;
ii) a4 =47, c=—6b, d=(—48)/7, g = —3b, TH* — 9 =0,

ay = (—3ay — 14b)/3, Tba3 + 42a5 + 45b = 0;
iii) a=—1, c=16b, d=(—37)/7, g = (—b)/4, 49> — 8 =0,
a1 = (29b — 4as) /4, 196a3 — 1421bay + 380 = 0;

iv)

a=h+1,b=[2(h+u?)?2 —u?)]/[ulh + 2)(8h + Tu® + 2)],
c=[2(h +u?)(19u? — 4h? — hu? + 10h — 6)]/[u(h + 2)(8h + Tu? + 2)],
d = (ub — 52hu® — 88h — 50u* — 84u? — 24) /[4(h + 2)(8h + Tu? + 2)],
ar = [2(h + u?)(13u® — 6h% — 4hu® + 8h — 2)]/[u(h + 2)(8h + Tu® + 2)] — as,
g =[-2b(h +u?)]/(u® - 2), u* — 2u® + 8h? + 8hu® = 0,
[2(8h + Tu? + 2)(h + 2)%a3 + (5u? — 2h% — hu?® + 2h — 2)(4h + u?+
6)(h + u?)|u — 4(13u® — 6h? — 4hu® + 8h — 2)(h + u?)(h + 2)az = 0.

Proof. In each of the cases i)—iv) the system (5) along with invariant straight lines
(3) has also two more invariant straight lines and one invariant conic:

In the case i): I3 = ((2b+g)z —y)(b+g) +20+g, 14 =2(b(2b+ g)x + gy)(b+
9) —9(2b+9), ® = ((2a1 — b)x +1)(b+g) — (ab+2g)y — (b — g — ab)(arx — y)*.

In the case ii): I3 = 2bx + 2y — 1, Iy = 4bx + 12y — 3, & = 144bx? + 288zy +
112by% — 189z — 161by + 490.

In the case iii): I3 = 21bx — 12y + 28, Iy = 42bx — 6y + 7, & = 2722 — 18%bxy +
35bx + 54y? — 68y + 14.

In the case iv): I3 = 2(20h? + 17hu? — 10h — 15u? — 2)(2hx +uy) + u(8h? + Thu? +
18h+14u?+4), 1y = 2(34h34-29h%u® —30h? —36hu® 4-8u? )z +yu(20h* +17hu® — 10h—
15u? —2)+u(8h? +Thu?+18h+14u+4), ® = ag(ur—2y)*+4(u—b)r—4(agx+1)y+4,
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where aga = (8bh% — 2buv 4 4hv +uv) /(v(4h +u?)), v = [4(h+u?)?(u® —2)]/[(8h +
7u? 4 2)(h + 2)ul.
By Theorem 1 in each of these cases the origin is a center. O

Theorem 4. (l; =1+4+ajx—y,j=1,2,1NlN®=(0,1); L =4), where ® =0
is an invariant conic of the form (7) is ILC for system (1), i.e. the order of a weak
focus is at most four.

Proof. To prove the theorem, we compute the first four Liapunov quantities L;, j =
1,4, in each of the following sets of conditions 1)—17) using the algorithm described
in [21]. In the expressions for L; we will neglect denominators and non-zero factors.

In the case 1) we calculate L;. If ¢ = —b, then Ly = b? + (d + 4)? # 0 and if
c# —b, then Ly = (a — 1)[4a® + (b + ¢)?]I3 # 0. Therefore the origin is a focus.

In the case 2) the first Liapunov quantity vanishes. We are in the conditions of
Lemma 1, i).

In the case 3) we have Ly = fifo, where f1 = (ag2 — 1)? + (b — ¢+ 2a10)? # 0
and fo = age + 2(1%0 + 3baig — carg + b> —be — 1. If fo =0, then a = 1. Therefore
the origin is a focus.

In the case 4) the vanishing of the first Liapunov quantity gives ¢ = 3b. Then
Lo # 0 and the origin is a focus.

In the case 5) the vanishing of the first Liapunov quantity gives d = 1 — 243 — 2a
and we are in the conditions of Lemma 2, i).

In the case 6) the vanishing of the first Liapunov quantity gives as = 0. Then
Ly = fif2, where f1 = apg — 2, fo = (a? + 1)apg — 4a? — 1. If f; = 0, then Lemma
2,1) (a=2), and if fo =0, then Lemma 1, ii).

In the case 7) the first Liapunov quantity is L1 = g1 g2, where g1 = a1 + a9, g2 =
ajay — 1+ a. If gy =0, then Lemma 1, iii) and if go = 0, then Lemma 1, iv).

In the case 8) the first Liapunov quantity is Ly = (53 + 932y + 34326 + 382 +
4B~ + 64352 — 2 + 2926 +328%)t2 +16(B8 — v —26), where 8 = b/t, v =c/t, § = g/t
and t is a real parameter. From L; = 0 we find t? and substituting into the expression
for Lo, we obtain Ly = fifofs, where fi = (B2 4+ By + 636 — 275 + 852, fo =
B2+ By +330 — 5 + 462, f3 =118 — v+ 45. If f; = 0, then Lemma 1, v) and if
f2 =0, then Lemma 1, xii).

Assume fifo # 0 and let f3 = 0. Then v = 118 + 46 and Ls = hihs, where
hi = 3+26, hg =58+06. If hy =0, then = —26 and L = 1852 + 1 # 0, therefore
the origin is a focus. If hy = 0, then L3 =0, L4 # 0 and the origin is a focus.

In the case 9) we denote b = (t, g = vt, a; = at and calculate the first Liapunov
quantity. From L; = 0 we find ¢? and substituting into the expression for Lo, we
obtain Ly = f1 fafs, where fi = af—ay+Bv+72, fo=2[(B+3y—(B+27)a)(2y —
B)lo® +[(8° = By—187*— (82 —48y—107*)a) (B+7)]a—[(B+27)a—69)(B+7)*y, fs =
(afB + 2ay — B — 37)a — (3a3? + 5aBy + 2ay? — 35% — 63y — 372).
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If f{ = 0, then Lemma 1, vi), if f, = 0 and o = —2~, then Lemma 1, vii); if
f2 =0 and a # —2v, then Lemma 1, viii).

Assume f1fo # 0 and f3 = 0. Then express a from f3 = 0 and substituting in
L3 we obtain Ls = hyhg, where hy = 53(a — 1) + 7, hy = af8% + 4aBy + 2a7* — 3% —
587 — 272. Let hy = 0, then v = 53(1 — a) and Ly = 5a® — 8a + 2. If Ly = 0, then
Lemma 1, ix). Let now hy # 0 and hy = 0, then Lemma 3, i).

In the case 10) the first Liapunov quantity is L1 = 7ab+ ac+ 5bd — 6b — cd — 2¢.
If L1 = 0 and ¢ = 5b, then a = 4/3 and Ly = 36b%d + 12b> + 9d? + 12d + 4. Let
Ly =0, then Lemma 1, x).

Assume L1 = 0 and ¢ # 5b, then express d and calculate Ly = f1fof3, where
f1 =c—b, fo = 36a®>—10ab® —8abc+2ac? — 96a -+ 5b* 4 14bc — 3¢ +64, f3 = 11b—c.

If f{ =0, then Lemma 1, xi) and if fo = 0, then Lemma 1, xii). Let fifs # 0
and f3 =0, then ¢ = 116 and L3 = 1 —a — 6b%. If L3 = 0, then Lemma 2, ii).

In the case 11) we denote a; = y1t, ag = yot, b = Bt and a1 = 73t. From Fyy = 0
we find t? and substituting into the expression for L;, we obtain L1 = g;g2g3, where
=47, 2=271+1+06 93 =277 + 293+ 7172 — 32 — 75 — 20

If g1 = 0, then a = 1; if go = 0, then Lemma 1, xiii) and if g3 = 0, then express
and substituting in Lo, we get Ly = 3v;—279. If Ly = 0, then L3 = 27 +1971v3+873
and Fyy = (4997 + 567173 + 1673)t% + 3. The system of equations {Lz = 0, Fyy = 0}
has no real solutions. In this case the origin is a focus.

In the case 12) the vanishing of the first Liapunov quantity gives a = 1 — 2a3 +
3ajay — a3, then Lemma 1, xiv).

In the case 13) the first Liapunov quantity vanishes, Lemma 1, xv).

In the case 14) the first Liapunov quantity is L; = g1 g2, where g; = (ajas+1)v—
ap2(a1—az), g2 = ady+(4a? —4ajas+2va; +a3+vag—1)ad, +v(2a1a2v—4a; —v)agy —
v2(a%+ayv—1). If g = 0, then a = 1. Let g1 # 0, go = 0 and denote agz = at, v =
f3t, then express t from go = 0 and calculate Ly = 3(2aa; — aas — 3)% + (Bag + )?.
The equation Ly = 0 has no real solutions.

In the case 15) the vanishing of the first Liapunov quantity gives b = [2h?(2ha?, —
a3y + 4h?) (a3, + 4h)]/[a11(af; — 2h3a2, — 4h%a3, + 6ha?l; — 16R*)]. The second one
looks Lo = f1fofs, where fi = h —1, fo = 2ha%1 — a%l + 4h2, f3 = (8h? — 9h +
3)ai;, + 2h(5h3 + 31h% — 29k + 9)a?; + 16h*(5h + 1).

If f1 =0, then Lemma 1, xvi) and if f; # 0, fo =0, then I3 = 0.

Assume fifs # 0 and f3 = 0. Then we calculate Ls and the resultant of
polynomials f3 and Ls by h. We obtain that Res(fs,Ls,h) = g¢19293, where
g1 = aj; +48a3, + 144, go = af, + 184a?, + 16, g3 = 12a}, + 41a}, + 36, g4 =
100a8; + 122508, +4380a7, + 3440a2, +576. It is easy to verify that g, = 0, k = T, 4,
have not real solutions and therefore the origin is a focus.

In the case 16) the vanishing of the first Liapunov quantity gives d = (—2g¢* —
292 — h?)/g?, then Lemma 1, xvii).

In the case 17) the first Liapunov quantity is L1 = bf; — fa, where f; = u(32h3u—
32h3v + 48h%v — 8hv® — u?v3), fo = 4hv(4h? — 2huv — v?)(4h + u?).
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Let L1 = 0 and assume f; = 0. Then L; = f = 0 yields u = (4h?—v?)/(2hv) and
f1 = 64h* — 32h3v? + 12h%0v% — v* = 0. The equation f; = 0 admits the following
parametrization h = [(4a? + 32)(16a2 — 3%)]/(32a%3?), v = [(4a? + B?)(16a2 —
5]/ (320°B).

The vanishing of the second Liapunov quantity gives b = [(768a% — 4320432 —
8a?B* +585) (960t — 4a?B% + 54) (6% — 1602)] /[2560° 3(1152a° — 136a* 52 + 202 3* —
%) (402 — 3?)]. Then L3 = g1go, where g = 28a? — 2, go = 384008 — 304032 —
4002 3*+535. If g1 = 0, then we are in the conditions of Lemma 3, ii). The equation
g2 = 0 has not real solutions.

Let now L1 = 0 and assume f; # 0, then b = f/fi1. The second Liapunov
quantity is Lo = g1g2, where g1 = 4h — uv, go = 384h* + 96R3(2u® — 3uv — 2) +
16h2(21uv — 3ulv — 6u? — 20%) + 4huv(6u? — 13uv — 100% — 24) +u?v? (8 — 4u? — buw).

If g1 = 0, then Lemma 1, xviii). Assume g; # 0 and calculate Ls. The resultant
of the polynomials go and L3 by v is

Res(gg, Lg, U) = h1h2h3h4h5h6h7,
where hy = 2h+u?, hy = 8h+u?, hy = 16h+u®—4, hy = 8h2+8hu+u*—2u?, hs =
64h? —24hu? —96h—4u' —Tu?+36, he = 1536h°+768h° (2u?—1)+8h u?(63u? —148)+
6h3u? (9ut — 84u? — 64) 4 4h>u2(72 — 15u* — 2u?) + 18hu* (u® + 4) + uS(u? +-4), hy =
800hC (3u? +4) +40h° (15u — 212u? — 96) + 8h* (144 — 245u* +1200u?) — 2h3u?(15u* —
1160u? 4 2352) + 8h2u?(10u? — 135u® + 108) + 2hut(84 — 25u?) + ub(4 — u?).

Let hy = 0, then h = (—u?)/2 and the system of equations {go = 0, L3 = 0} has
no real solutions.

Assume hy # 0, ho = 0, then h = (—u?)/8 and go = ejes, where e; = 3u +
20, ey = 3u® — 32v. If e; = 0, then Lemma 2, iii) and if e3 = 0, then L3 # 0.

Let hihy # 0, hy3 = 0, then h = (4 — u?)/16 and go = ejey, where e; =
3(u? —4)% + (8v)2 £ 0, eg = Tu? + 20uv + 4. If eg = 0, then v = (—7u? — 4)/(20u)
and L3 # 0.

Assume hihohs # 0 and hy = 0. If h = —2, then hy = 0 yields u? = 2. In this
subcase the system of equations {g2 = 0, L3 = 0} has solutions if v = —8/(7u), then
Lemma 3, iii). If h # —2, the equation hy = 0 admits the following parametrization
h = (=2a8)/(a? —8aB+83?), u? = (163?)/(a® —8aB+8(3?). In this case go = ejea,
where e; = (a? —8a8+80%)(a— B)uv+8af?, ex = 5(a? —8af+8432%)%v? +12a(a? —
4o + 83%)(a — 4B). If e; = 0, then Lemma 3, iv); if e; # 0, eo = 0, then reduce
L3 = 0 by v? from ey = 0. We express v from L3 = 0, then the equation e; = 0 has
no real solutions.

Let hihohghy # 0. The case hy = 0 or hg = 0 implies f; = 0, in contradiction
with assumption that f; # 0. Therefore the origin is a focus.

Assume hyhohshghshg # 0 and hy = 0. In this case from the system of equations
{g2 = 0, Ls = 0} we express v and calculate Ly. The resultant of the polynomials
h7 and Ly by h is

Res(h7, L4, h) = €1€92€3€4€E5€5€E7€8€9,
where e; = u—2, es = u+2, e3 = 3u®—4, es = bu* —20u® —80u? —240u—144, e5 =
Sut 4+ 20u3 — 80u? + 240u — 144, eg = 5u? —4du+4, e; = 5u? +4du + 4, eg =
15u* 4 40u? 4 128, eg = 300u’ + 1105u* — 1080u? + 1296.
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If e, = 0, then go = L3 = 0 yields 1503 + 34v? + 36v — 72 = 0 and Ly # 0; if
es = 0, then gy = L3 = 0 yields 150> — 34v? +36v + 72 =0 and Ly # 0.

If e3 =0, then b = 0 and ag2 = 1, in contradiction with assumption 3.4.2.

If e4 =0 o0r es =0, then f; = 0. The equations eg =0, e; =0, eg =0, eg =0
have no real solutions. O
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On cyclically-interval edge colorings of trees

R.R. Kamalian

Abstract. For an undirected, simple, finite, connected graph G, we denote by V(G)
and E(G) the sets of its vertices and edges, respectively. A function ¢ : E(G) —
{1,2,...,t} is called a proper edge t-coloring of a graph G if adjacent edges are
colored differently and each of t colors is used. An arbitrary nonempty subset of
consecutive integers is called an interval. If ¢ is a proper edge t-coloring of a graph
G and z € V(G), then Sg(z,¢) denotes the set of colors of edges of G which are
incident with x. A proper edge t-coloring ¢ of a graph G is called a cyclically-interval
t-coloring if for any « € V(G) at least one of the following two conditions holds: a)
Sa(z,p) is an interval, b) {1,2,...,t}\ Sa(z, ) is an interval. For any t € N, let
M be the set of graphs for which there exists a cyclically-interval t-coloring, and let
M = U, M:. For an arbitrary tree G, it is proved that G € M and all possible
values of ¢t are found for which G € IM;.

Mathematics subject classification: 05C05, 05C15.
Keywords and phrases: Tree, interval edge coloring, cyclically-interval edge
coloring.

1 Introduction

We consider undirected, simple, finite, and connected graphs. For a graph G
we denote by V(G) and E(G) the sets of its vertices and edges, respectively. The
set of edges of G incident with a vertex x € V(G) is denoted by Jg(z). The set of
vertices of G adjacent to a vertex z € V(G) is denoted by I¢(z). For any z € V(G),
dg(x) denotes the degree of the vertex x in G. For a graph G, we denote by A(G)
and x/(G) the maximum degree of a vertex of G and the chromatic index of G [32],
respectively. The distance in a graph G between its vertices € V(G) and y € V(G)
is denoted by pg(x,y). For any vertex xg € V(G) and an arbitrary subset Vj of the
set V(G), we define the distance pg(zo,Vp) in a graph G between zy and Vj as
follows:

Vo) = mi
pa (o, Vo) ?égépc(l’o,z)

For any integer n > 3, we denote by C,, a simple cycle with n vertices. The
terms and concepts that we do not define can be found in [35].

For an arbitrary finite set A, we denote by |A| the number of elements of A.
The set of positive integers is denoted by N. An arbitrary nonempty subset of
consecutive integers is called an interval. An interval with the minimum element p
and the maximum element ¢ is denoted by [p, ¢]. An interval D is called an h-interval
if |D| = h.
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For any t € N and arbitrary integers i1, i3 satisfying the conditions i; € [1,¢], i3 €
[1,t], we define [22] the sets intcycy ((i1,42),t), intcyer [(i1,42), t], intcyea((i1,d2),1),
intcycs|(i1,12),t] and the number dif((i1,i2),t) as follows:

inteyer[(iv, i2), ] = [min{iy, io}, max{iy, iz }],

intcyer((i1,12),t) = inteyer[(i1,42), )\ ({i1} U {i2}),
intceyca((i1,12),t) = [1,t]\intcyey [(i1,12), t],
intcycs|(in,iz),t] = [1,t]\intcycr ((i1, i2), ),
dif((i1,12),t) = min{|intcyc [(i1, i2), t]| , |intcyea|(i, i2),t]|} — 1.
If t € N and @ is a non-empty subset of the set N, then () is called a t-cyclic

interval if there exist integers i1, 9, jo satisfying the conditions i; € [1,t], i € [1,¢],
Jo € {17 2}7 Q= intCijo[(il,ig),t]-

A function ¢ : E(G) — [1,t] is called a proper edge t-coloring of a graph G if
adjacent edges are colored differently and each of ¢ colors is used.

If ¢ is a proper edge t-coloring of a graph G and Ey C E(G), then ¢[FEy]
{o(e)/e € Eo}.

A proper edge t-coloring ¢ of a graph G is called an interval t-coloring of G
[8,9,20] if for any = € V(G), the set p[Jg(x)] is a dg(x)-interval. For any ¢ € N, we
denote by D1 the set of graphs for which there exists an interval ¢-coloring. Let us
also define the set 91 of all interval colorable graphs:

N = U‘T(t

t>1

For any G € M, we denote by w;,:(G) and Wiy, (G) the minimum and the maximum
possible value of ¢, respectively, for which G € ;. For a graph G, let us set
0(G) ={t e N/G € ;}.

The problem of deciding whether a regular graph G belongs to the set 91 is N P-
complete [8,9,20]. Nevertheless, for graphs G of some classes the relation G € 9 was
proved and investigations of the set 8(G) were fulfilled [8,9,19,20,26,27]. The concept
of interval colorability of a graph represents an especially high interest for a bipartite
graph, because in this case it can be used for mathematical modelling of timetable
problems with compactness requirements (i.e. the lectures of each teacher and each
group must be scheduled at consecutive periods) [1,7,20,29]. Unfortunately, for
an arbitrary bipartite graph G the problem keeps the complexity of a general case
[3,13,31]. Some positive results were obtained for “small”bipartite graphs [14,15,25],
for bipartite graphs with the “small”maximum degree of a vertex [13, 16, 28], and
for biregular bipartite graphs [2-6,11,16-18,24,30,36]. Very interesting approaches
for biregular bipartite graphs were developed in [6,11,30]. The examples of interval
non-colorable bipartite graphs were given in [7,15,18, 31].

Remark 1. It is not difficult to see that for any integer k£ > 2, Cy, € I and
0(Cax) = 2,k + 1].
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A proper edge t-coloring ¢ of a graph G is called a cyclically-interval ¢-coloring
of G if for any = € V(G), the set p[Jg(x)] is a t-cyclic interval. For any t € N, we
denote by 901, the set of graphs for which there exists a cyclically-interval ¢-coloring.
Let us also define the set 9t of all cyclically-interval colorable graphs:

M = Ui)ﬁt

t>1

For any G € M, we denote by weyc(G) and Wey(G) the minimum and the maximum
possible value of ¢, respectively, for which G € 9,. For a graph G, let us set O(G) =
{t € N/G € Qﬁt}

Remark 2. The concept of cyclically-interval colorability of a graph generalizes that
of interval colorability. Clearly, for an arbitrary graph G € M, and for any ¢ € 0(G),
an arbitrary interval ¢-coloring of the graph G is also a cyclically-interval t-coloring
of G, therefore, for any t € N, 9, C 901;. My = My, For any integer ¢t > 3, Dy C M,
(it is enough to consider the simple cycle Cy). D C M (it is enough to consider the
simple cycle C3). For an arbitrary graph G, 0(G) C O(G).

Remark 3. For any G € N, the following inequality is true:

A(G) < X(G) < weye(G) < wint(G) < Wint(G) < Weye(G) < |E(G)].

Remark 4. It is not difficult to note that there exist examples G and Gs of graphs
from 91 for which weye(G1) < Wint(G1), Wint(G2) < Weye(G2). Let us set G =
K39 and Gy = Kjo. In this case, evidently, weye(G1) = 3, wint(G1) = 4 [19],
Wint(G2) = 3 [19], Weye(Ga2) = 4.

The problem of cyclically-interval colorability of a graph has been completely
investigated as yet only for simple cycles [21,23] and trees [22]. Some interesting
results on this and related topics were obtained in [10, 12,33, 34].

For a tree H with V(H) = {b1,...,by}, p > 1, we denote by P(b;,b;) the simple
path connecting the vertices b; and bj, 1 < i < p, 1 < j < p. The sets of vertices and
edges of the path P(b;,b;) are denoted by V P(b;,b;) and EP(b;,b;), respectively,
I<i<p 1<j<p.

Let us also define:

intVP(bi,bj) = VP(bi, bj)\({b; } U {b;});

‘N/P(bl, bj) = VP(b;, b]) @] < U IH(l‘));
(bi;b5)

z€intV P

U JH(x), if z‘ntVP(bi,bj) + O
TP(bi,b;) = a€intVP(bib))
EP(bi,bj), if ’L'TLtVP(bi,bj) =

1<i<p1<j<p
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Assume:
M(H) = max {[TP(bi.b))|/1 <i < p1 < j<p}

In [19] the following result was obtained.
Theorem 1 (see [19]). Let H be an arbitrary tree. Then
1. HeM,
2. win(H) = A(H),
3. Wint(H) = M(H),
4. 0(H) = [A(H), M(H)].

Corollary 1. For any tree H, H € M, weye(H) = A(H), Weye(H) > M(H),
[A(H), M(H)] € ©(H).

In this paper, for any tree H, we show that We,.(H) = M(H) and O(H) =
[A(H), M(H)].

2 Results

Lemma 1. If Q1,...,Qn (n > 2) are t-cyclic intervals, and for any j € [1,n — 1],
n

QN Qj+1 # D, then |J Q; is a t-cyclic interval.
i=1

1=

Proof can be easily accomplished by induction on n.

Lemma 2. Let o be a cyclically-interval t-coloring of a graph G, and Py =

(o, €1, %1, ..oy Tp—_1, €k, T) be a simple path connecting a vertex o € V(G) with a
k—1

vertexr x € V(G), k > 2. Then | | Jg(:Ei)] is a t-cyclic interval.

=1

1=

Proof. If k = 2, then the statement follows from the definition of the cyclically-
interval t-coloring. Now assume that & > 3. It is clear that the sets a[Jg(x1)], ...,
alJa(zk—1)] are t-cyclic intervals with

alJa(a)] N ala(wia)) £ 2 for any j € [1,k — 2]
k—1
Lemma 1 implies that a| |J Jg(x;)| is a t-cyclic interval. O
i=1

Lemma 3. Let « be a cyclically-interval t-coloring of a graph G, and Py =
(0, €1, %1, ..oy Tp_1, €k, T) be a simple path connecting a vertex o € V(G) with a
vertex x, € V(G), k > 2. Then at least one of the following statements is true:
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1. inteyer((aler), aler)),t) C a k;ll Ja(z;)

i

2. intcyca((a(er), aler)),t) C o k:ll Ja(z;)|.

1=

Proof. Without loss of generality we may assume that dif((a(e1),a(ex)),t) > 2.
Let us assume that none of the statements 1) and 2) is true. Then there are 71,
79 such that

—_— -
11 € inteyer ((aler), aler)),t), 71 € a U Ja(zi)
Li=1 |

- i
Ty € inteyca((aler), aler)),t), 72 & a U Ja(x;)
| i=1 i

k—1
u JG(:UZ-)] ~ .

1=

therefore {m, 72} N« [

k—1
Lemma 2 implies that a[ U Ja (ml)] is a t-cyclic interval with
i=1

k1
{afer), alex)} C 04[ U Jg(a:,-)] .

i=1

It is not hard to see that the relations

k—1 k—1
{a(er),aler)} C a[ U Jg(azi)] and {r,2} N a[ U Jg(xi)] =0
i=1 =1
are incompatible. O

Lemma 4. If « is a cyclically-interval t-coloring of a tree H, t € O(H),
V(H) = {b1,....,bp}, p > 1, then there are vertices b € V(H), b" € V(H) such
that [1,t] = [T P, b")].
Proof. Assume the contrary. Suppose that for an arbitrary b; € V(H), b; € V(H),
a[TP(b;,b;)] C [1,t]. Set: max“a[TP(bi,bj)H/l <i<pl<j< p} = myg. It is
clear that mg < t. Without loss of generality we may assume that mg > 2. Consider
the simple path Py = (xq, €1, %1, ..., Tx_1, €k, )) of the tree H with ‘oz[TPoH = my.
Clearly, without loss of generality, we may assume that & > 2.

Lemma 2 implies that there are ¢/ € [1,¢t], i" € [1,t], and j* € {1,2}, for

k—1
which a| J Ju ()| = inteyey[(7,1"),t]. As mo < t, there is 79 € [1,¢] such that
i=1

10 & inteyej[(7,1"),t].
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Consider an edge e! € E(H) for which a(e') = 79, and assume that e! = (ug, uy).
Clearly, e! & T Py(zo, x1).

Without loss of generality we may assume that pg(u1, V Py(xo, x1)) <
pu (ug, VPo(azo,a;k)). Let 29 € VPo(azo,a;k) be the vertex with pg(ui,z9) =
pH(ul,VPo(:Eo,:Ek)). It is not hard to see that 2y € f/Po(xo,xk)\intVPo(:Eo,xk)

and for any 2’ € V Py(wo, ) \intV Po(zo, xk), 2’ # 20, prlur, z0) < pr(u1, 2').
Case 1. 2zy = xg. Clearly, a[TP(uo,mk)H > mg + 1, which contradicts the

choice of Py.

Case 2. zy = xp. This case is considered similarly as the case 1.

Case 8. zy # xo, 20 7# Tk.
Clearly, there is & € intV Py(zo,xx) such that zg € Iy(Z). Suppose that
a((z0,2)) = 7. Clearly, ¢/ #i".

Case 3a. 7' =17'.
Lemma 3, the equalities a(e!) = 79, a((20,Z)) = i, and the definition
of the path P(ug,Z) imply that 3j; € {1,2} such that intcycj, [(10,7'),t] C

a[ U JH(:U)] . Consider the edge é € T'Py(zo, zx) with a(€) = ¢”. Assume:
z€intV P(uo,Z)
é = («/,2"). Without loss of generality we may assume that pg(z0,2") < pr(z0,2”).
It is not hard to check that T'P(2q,z") C TPy(xg,xx), therefore, by the choice of
70, we have 19 € a[T'P(29,2")]. Lemma 2 implies that «[TP(zg,z")] is a t-cyclic
interval.

Clearly, 3j2 € {1,2} such that 7y € intcyc;,((i',i"),t), and, therefore,
inteyc;, ((¢,1"),t) € o[TP(zg,2")].

This conclusion, the equalities a((z0,2)) = i, a(é) = ’, and Lemma 3 imply
that intcycs—j,[(7',1"),t] € o[TP(z,")], hence |a[T'P(ug,z")]| > mo + 1, which
contradicts the choice of P.

Case 3b. 7' =1i". This case is considered similarly as the case 3a with inter-
changing of the roles of i’ and 7"”.

Case 3c. 7 & {i',i"}.

Lemma 3, the equalities a(e!) = 79, a((20,%)) = 7/, and the definition
of the path P(up,Z) imply that 3j; € {1,2} such that intcyc; [(10,7'),t] C

a U Jr(x)|. This implies that at least one of the following statements
z€intV P(uo,Z)

is true:
1. 7 € inteycj [(10,7'), 1],

2. i" € inteyey, (10, 7)), .

Without loss of generality let us assume that the statement 1) is true. Consider
the edge € € TPy(xg,zx) with a(€) = i”. Assume: é = (2/,2”). Without loss of
generality we may assume that pg(z0,2") < pg(z0,2”). It is not hard to check that
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TP(zy,2") C TPy(xo,xx), therefore, by the choice of 7, we have 79 & [T P(zg,z")].
Lemma 2 implies that [T P(zp,2")] is a t-cyclic interval.

Clearly, 3j2 € {1,2} such that 7 € intcycj,((7’,7"),t), and, therefore,
inteyc;,((7/,1"),t) € a[TP(z,2")]. This conclusion, the equalities a((zo,2)) = 7/,
a(é) = i", and Lemma 3 imply that intcycs—j,[(7',7"),t] C a[TP(zp,z")], hence
|a[TP(ug,2")]| > mo + 1, which contradicts the choice of Py. O

Corollary 2. If a is a cyclically-interval t-coloring of a tree H, where t € ©(H),
then there are vertices ©' € V(H), 2" € V(H) such that t < |TP(2',2")|.

Proof. Since the inequality |oz[TP(x,y)H < |TP(x,y)| holds for arbitrary vertices
x e V(H), y € V(H), it is not difficult to notice that our statement follows from
Lemma 4. O

Corollary 3. If o is a cyclically-interval Wey.(H )-coloring of a tree H, then there
are vertices ' € V(H), & € V(H) such that Wey.(H) < |TP(z',2")].

Corollary 4. For any tree H, Wey.(H) < M(H).
Theorem 2. For any tree H, Weyo(H) = M(H).
Proof follows from Corollaries 1 and 4.
Corollary 5. [22] Let H be an arbitrary tree. Then
1. H eMm,
2. weye(H) = A(H),
3. Weye(H) = M(H),
4. O(H) = [A(H), M(H)).

Corollary 6. For an arbitrary tree H and any positive integer t, H € 9, if and
only if H € N;.

Acknowledgment. The author thanks the anonymous reviewer for his useful
advices and suggestions.
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In the papers [1,2] we derived the bounds of the stability radius of a Pareto-
optimal solution of Markowitz’s investment problem with Savage’s minimax criteria.
In this paper we obtain lower and upper attainable bounds of the stability radius
of lexicographical optimum for the Markowitz’s multicriteria problem with Wald’s
maximin criteria.

1 Problem formulation and definitions

Let us consider the multicriterion variant of the investment managing problem
based on Markowitz’s classical portfolio theory [3]. As a portfolio efficiency criterion
we use Wald’s maximin criterion. We introduce the following notations: let N, =
{1,2,...,n} be the set of investment projects (assets); N,, be the set of possible
financial market states (situation); = = (21, 29,...,2,)7 € X C E"\ {0} be the
investment portfolio, where E = {0,1}, z; = 1 if project j € N,, is implemented,
xj = 0 otherwise. As usual 0 is the zero vector of the corresponding dimension.

There exist several approaches to the assessment of efficiency (utility) of invest-
ment projects (NPV, NFV, IRR et al.) which take into account the uncertainty
and risk in different ways (see for example [4,5]). Let N be the set of indicators of

investment projects efficiency. An investment portfolio x is evaluated by > a;jrx;,
JENR

where a;;i, is the efficiency indicator & € N; of investment project j € IV, in the

case when the market be in state i € N,;,. Therefore we may assume that the input

data of the problem are determined by the three-dimensional matrix of investment
project efficiency A of size m x n x s with elements a;;;, from R. Let us introduce
the vector objective function

f(:Ev A) = (fl(:nv A1)7 f2($>A2)7 s afs($>AS))v

© Vladimir Emelichev, Vladimir Korotkov, 2012
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whose partial objectives are well-known Wald’s maximin criteria [6]

fule ) = iy Auw =y D ooty g ke N

JENR,
where A, € R™ " is k-th cut of the matrix A = [a;;] € R™"*, A =
(@i1k, @i2ky -y Qink) 1s i-th row of that cut. Thus, following Wald’s criterion, the
investor shows extreme caution when he/she optimizes the efficiency of the port-
folio in assuming that the financial market is in the most unprofitable state, i. e.
considering the uncertainty of the market state, the investor chooses the maximin
strategy.

The problem of finding the set of lexicographically optimal portfolio L*(A) will
be viewed as the multicriterion (s-criteriion) investment problem Z*(A) with Wald’s
ordered criteriion, s € N, where the set L*(A) is defined in the following traditional
way [7-10]

LF(A)={reX: P'cX (z = )},

where

x j ¥ & dpe Ns (gp(z,2',A4,) <0 & p=max{k € Ny: gr(z,2', Ag) # 0}),
gr(x, 2’ Ay) = felx, Ag) — fr(2, Ag) = max mj{fn (Ajgr — Aypa), k€ Ns. (1)
t"€ENm 1€ENm

Evidently, the set L*(A) is a non-empty subset of the Pareto set for any matrix
A € R™* %% Tt is also well-known (see e.g. [11]), that the lexicographic set L*(A)
can be determined as a result of sequential solving of s scalar problems:

Li(A) = Argmin{ fi(z,Ax) : x € Li_;(A)}, k€ N,

where L§(A) = X, Argmin{-} is the set of all individual solutions of the correspond-
ing scalar minimization problem. Thus, we have the chain of inclusions

X D LS(A) D L3(A) D ... D Li(A) = L°(A).

Therefore, the problem Z*(A) of fining the lexicographic set L*(A) can be seen
as a problem of sequential minimization of partial objective functions fi(z, Ag),
k € N;.

The following properties are obvious.

Property 1. If for a portfolio 2° € X it holds that
Ve e X\ {2} (g1(x,2° A)) > 0),

then z° € L*(A).
Property 2. If for a portfolio 2° € X it holds that

Jz* € X\ {2} (q1(z*,2°, A1) < 0),
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then 29 & L*(A).

In portfolio space R™, market state space R™ and efficiency (criteria) space R®,
we define the linear metric [y, i.e.

HAzkH = Z |aijk|7 1€ va ke NS7

JENR
ARl = D 1Al = D > laijel, k€N,
1ENm 1ENm jEN,
A= > 0 Al = D7 Y7 D lail.
kEN 1€Nm jEN, kKEN,

The following inequalities are evident
Al = [[Akll = [[Aill, i € Nm, k € N (2)

Apart from that, it is easy to see that for any z and 2’ the following inequalities
hold
Ajpx — Airkl‘, > —HAkH, 7, i e Ny, k€ Ns. (3)

As usual [9,13], the stability radius of portfolio 2° € L?(A) is defined as the

number
sup = if

s/..0 _

where = ={e>0: VA € Q) (2° € L5(A+ A")}, Qe) = {A € Rmxnxs .
||A'|| < e} is the set of perturbing matrices, L®(A+ A’) is the set of lexicographically
optimal portfolios in the perturbed problem Z°(A + A').

Thus, the stability radius defines an extreme level of problem initial data pertur-
bations (elements of matrix A) preserving lexicographic optimality of the portfolio.

Y

(11 [
[N
==

~—

2 Stability radius bounds
For 20 € L*(A) and Z°(A), denote

= min  max min (Ay2° — Ayz).
z€X\{z0} i€Nm V'E€ENnm

Evidently, ¢ > 0.

Theorem 1. Given Z5(A), the stability radius p*(z°, A), s> 1, of a lexicograph-
ically optimal portfolio x° has the following lower and upper bounds

o < ps(xO,A) < 2.
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Proof. Let 2° € L*(A). First we will prove that p*(z°, A) > ¢, which is evident if
@ = 0. Let ¢ > 0. According to the definition of ¢ for every portfolio = # 2° the
following inequality holds

. 0 '
max  min (Ajx” — Ajpz) > . 4)

Let A’ be an arbitrary perturbing matrix belonging to 2(¢). Then, taking into
account (1)—(4), we obtain

g1(2% 2, A1 + A]) = max min (Ay2° — Ay + Alya® — Aljz) >
1€Nm VENm

> max min (Aina’ — Apz) — A7) > ¢ — [ A}]| = ¢ — [|A"] > 0.
1€Ny ©ENm

Therefore, due to Property 1, the portfolio 2 preserves lexicographic optimality
in any perturbed problem Z%(A + A’), A’ € Q(p). Hence, p*(z", A) > ¢.

Further we show that p*(z%, A) < 2¢. Let z* # 2 be a portfolio such that the
following equalities hold

g1(z%, 2%, Ay) = max 2/1:2]1\& (Ag1a® — Apz*) = . (5)

The existence of such portfolio comes from the definition of .
Let us prove that

Ve>2p 3AY € Qe) (2% ¢ L5(A+ AY)). (6)

For this in accordance with Property 2 it is sufficient to construct a perturbing
matrix A% with cut A such that the following conditions hold

20 < A% <, (7)

g1(2%, 2%, A1 + AY) < 0. (8)
Let
i(z°) = argmin{A;2° : i € N,,}

and consider two possible cases.

Case 1. There exists an index [ € N,, such that :Elo =1 and z7 = 0. We define
the elements of the cut A} = [a;;] € R™*™ of the perturbing matrix A° = [a?j el €

R™*"X$ a5 follows:

0 {—5: if i=i(20), j=1,

a .. = .
il 0 otherwise,

where 2 < § < €. The elements of the remaining cuts Ag, k # 1, of the perturbing
matrix A° set equal to zero. Hence we have
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Aja® = Aja* =0, i€ Ny )\ {i(2")}, (10)
1A% = || A%l = &.

Therefore, the inequality (7) is true.
As a result we have

fi(z®, A+ AD) = min{(Ai(:cO)l + A?(mon)xo,i;?(igj)(/lm + A%):EO} = fi(a", A1) =6,

Thus, from (5) and J > ¢ we verify the validity of the inequality (8).

Case 2. 2° < z*. Then in view of the inequalities 20 # x* # 0 there exists a
pair of indexes (p x q) € N, x N, such that azg =0, z, = 1, azg = xy; = 1. The
elements of the cut AY = [a?jl] € R™*" we define as follows:

-5 if i =i(2), j =g,
agy =1 6 if i=i(a"), j=p,
0  otherwise,

where 2p < 2§ < €. The elements of the remaining cuts A?, k # 1 of the perturbing
matrix A° set equal to zero. Then the equations (9), (10) and ||A|| = ||A°|| = 26
hold, i.e. (7) holds. Further, repeating the reasoning of the case 1 and taking into
account 0 > ¢, we see that the inequality (8) is true.

As a result we construct in the first and second case the perturbing matrix A°
such that the formula (6) is true. Hence, p*(2°, A) < 2¢. O

3 Lower bound attainability

We show that the lower bound of the stability radius p*(z°, A), indicated in
Theorem 1, is attainable.

Theorem 2. There exists a class of investment problems Z*(A), s > 1, such that
the stability radius of any lezicographically optimal portfolio x0 is expressed by the
formula p*(z°, A) = ¢.

Proof. To prove the equality p*(2°, A) = ¢, where ¢ > 0, it is sufficient to identify
a class of problems with p®(20, A) < ¢.

Assume z* be such that the equality (5) holds. Since 20 # z*, there exists an
index | € N, such that o) # 2. We will assume that 2¥ = 1 and 2} = 0 (this is the
actual specific of the class of problems we would like to identify).
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Assuming £ > ¢, we define the elements of the cut A9 = [a%l] € R™*™ of the
perturbing matrix A% = [a?j w) € RTX™% ag follows

0 {—5 if i = i(20), j =1,

%173 0 otherwise,
p<d<e, (11)
i(2°) = argmin{A;12° : i€ N,}. (12)

All elements in the remaining cuts A%, k € N, \ {1}, of the perturbing matrix A°
set equal to zero. As a result we get

A?(:(:O)lxo = -9, A?lx* =0, @€ Np,

A%a® =0, i€ Ny \{i(2")},
1A% = || A%[| = 6, A” € Q(e).
Now due to (12) it is easy to see that

fl(a;*, Al + A(l)) — m]ivn (A,'l + A?l)a:* = m]ivn Apz* = fl(x*, Al),

1€Np n

fi (:EO, A+ A(l)) = min{(Ai(xO)l + Ag(xo)l)ilto, i;gl(iﬁ))(Ail + A?l)ﬂjo} =

= min{f1($0, Al) — 5, mlno Aill‘o} = fl(l‘O,Al) — 0.

1#4(x0)
Therefore, based on (5) and (11), we obtain
g2 2%, A + AY) = g1 (2%, 2%, A) 6 =9 -6 < 0.

The last together with Property 2 imply that for any ¢ > ¢ there exists A° € Q(¢)
such that 20 ¢ L*(A + A%). Hence, p*(2°, A) < ¢. O

Consider a short numerical example illustrating Theorem 2.

Example. Let m=2,n=3,s=1, X = {2 2%}, 20 = (0,1, )7, 2* = (1,1,0)T,

-6 5 -1
A= < 2 -2 3 ) '
Then f(z°,A) = 1, f(z*, A) = —1, i.e. 2° is an optimal portfolio of Z1(A). Since

¢ = 2 then according to Theorem 1 p'(z° A) > 2. If we define the perturbing

matrix as follows
00 O
0 __
A _<0 0 _5>, 0> 2,

then we have ||A°|| = 6 and f(z°, A+ A%) =1-6 < —1 = f(z*, A+ A%). Therefore,
7Y ¢ LY (A + A%), and hence p!(z%, A) < 2. Finally, pl(2°, A) =2 = ¢.
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4 Upper bound attainability

Before proving upper bound attainability 2¢ we consider one of the properties
of the matrixes by size m x 2, m > 2.

When ¢ > 0 the matrix W = [u,v] € R™*?% m > 2 with u = (uy,us, ..., un)"
and v = (vy,va,...,0,)7 is called @-special if the inequality holds

min (u; +v;) — min u; < .
1ENm 1€ENm

Lemma. The matriv W = [u,v] € R™*%, m > 2, with the norm |W|| < 2p, where
w >0, is p-special.

Proof. The proof is by induction on m > 2.
First we proof the lemma for m = 2. Let

W = (“1 ”1>.
uz V9

min{uy + v1, ug + vo} — min{ug, us} < ¢ (13)

Let us show that the inequality

follows from the inequality ||W]| < 2¢, i.e from the inequality
lua| + |ug| + [v1] + |va2| < 2. (14)
Without loss of generality we assume that
up +v1 < ug + 9. (15)
We consider two possible cases.

Case 1. u; < uz. Then the inequality (13) in view of (15) takes the form ¢ > v;.
We give the proof by contradiction. Let

Y < 1. (16)
From (15) and (16) we have
p < —up + ug + v,
and from (14) and (16) we derive
p > fur| + |ug| 4 [v2.
These inequalities lead to the contradiction

0 < |ug| —uz + |v2| = v2 < —(u1 + |ua]) < 0.
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Case 2. wu; > uz. Then the inequality (13) in view of (15) transform into
inequality ¢ > w1 4+ v1 — ug. Suppose the contrary
o < up + v — ug. (17)
Therefore, taking into account (15) we have ¢ < vy. Hence in view of (14) we find
> |ua| + [ug| + [v1].
This inequality with (17) leads to the contradiction
0 < l|ui| —uy + |vi| —v1 < —(ug + |uz|) <0.

Further we assume that the lemma is true for m > 2 and we show that

the matrix W = [u,v] € RMTDX2 with column u = (u1,ug, ..., Unme1)’, v =
(v1,v9, ..., Ume1)? and norm ||W|| < 2¢ is p-special.
Let

iy = argmin{u; + v; : © € Nypy1},
io = argmin{w; : i € N1}
and let the index [ € N1 is such that
l#£i & 1+#io. (18)

Doped from the matrix W the [-th row, we have a matrix W’ € R™*? with the
norm ||[W'|| < ||[W| < 2¢. Then by induction the matrix W’ is ¢-special, i.e. the
following inequality is true:

min  (u; +v;) — min  u; < @.

In addition, according to (18) we have the equalities:

min (UZ + Ui) = Uy v, = min (UZ + Ui)
i€Nm 41 ! b iENm \{1} ’
Smin  u; = Wy, = min = u;.
1€Nm41 1€Nm+1\{l}
Hence, the matrix W is (-special. O

Theorem 3. For ¢ > 0 there exists a class of investment problems Z°(A), s > 1,
such that the stability radius of a lexicographically optimal portfolio z° is expressed
by the formula

p(a, A) = 2.
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Proof. Due to Theorem 1 it is sufficient to identify a class of problems with
p*(x%, A) > 2¢. Let us show that there exists a class when m > 2 and X = {z% 2*},
20 € L3(A), x* # 2°.

According to the definition of ¢ the following equality holds

in (A" — A;712°%) = o. 19
Iggxglvr;( 1T 1T ) = ¢ (19)

Further we assume that the cut A; of the matrix A and portfolios z° and z*
satisfy the following conditions:

((l) V’i,i/ €N, VeeX (Aﬂ:l? = Ailliﬂ),
(b) 20 < x*.
The condition (a) shows that A;;x for any portfolio x € X does not depend from
index 4. Denoting it by o(z) we have the following form of the equality (19)
a(2°) —o(z*) = .

From that equality for any matrix 4] € R™*" we derive

g1 (a;o,a:*, A+ A) = 'm]%[n (Ai + A;l)xo — min (4;1 + A}))z* =

1€Nm 1ENm
= 0(a") = o(2") + min Aja® — min Aja” = -7, (20)

where

v = min (A};2° + A} (z* — 2%)) — min A2
1€ENm 1€ENm

Now let the perturbing matrix A" = [a] jk] € Q(2¢). Let us consider the matrix

W = [u,v] € R™*2 with column u = A}2° and v = A} (z* — 2°), where A} = [azjq]-

Then for portfolio = (1, x2,...,2,)" we introduce the following notations: let
N(@)={je Ny: z; =1},

and also, taking into account (b) and x* # 2°, we have

Wil = 452" + A5 @t =)= Y0 1 Y ainl+ > | Y duls

1€Nm jEN(Z‘O) 1€ENm jEN(SE*—Z‘O)
<D D lajul S IAUS A < 20
1€Nm jEN(x*)

Therefore due to the lemma the matrix W is ¢-special, i.e. the inequality v < ¢
holds, which with (20) gives us

gl(:EO,:E*,Al + A}) > 0.

Hence due to Property 1 we conclude that for any perturbing matrix A" € Q(2¢)
the inclusion 20 € L*(A + A’) holds, i.e. p*(z°, A) > 2¢. O



68 VLADIMIR EMELICHEV, VLADIMIR KOROTKOV

5 Stability conditions

The portfolio 29 € L*(A) is called stable if p*(z°, A) > 0. Additionally, we
introduce the set of strict lexicographically optimal portfolios of Z%(A):

S5(A)={rxeX: Vi'eX\{z} (filz,A1)> f1(2/, A1)}

Obviously, S*(A) C L*(A) for any A € R"™*™*5_ Apart from that it is clear that
S¥(A) can be empty.

Theorem 4. For a lexicographically optimal portfolio z° of Z*(A) the following
statements are equivalent:

(i) 2° € $°(A),

(ii) portfolio x° is stable,

(iii) o > 0.
Proof. (i) = (ii). Let 2° € L*(A) be a strict lexicographically optimal portfolio,
i. e. 2° € S%(A). Then for every x € X \ {2°} we have

§@) = max min (A’ — Ainz) = 1(a°, 2, A1) > 0.

Thus, due to Theorem 1 we conclude p*(z°, 4) > ¢ = min{f(w) oz e X\
{ZEO}} >0, 1. e. 2° € L*(A) is stable.

(ii) = (iii). Assume 2° € L*(A) be stable. Then according to Theorem 1
20 > p*(20,A) >0, 1. e. ¢ > 0.
(iii) = (i). According to the definition of ¢ for any portfolio = # z° the

inequality ¢ < fi(x, A1) — f1(2°, Ay) is true. Hence from the inequality ¢ > 0 we
have 20 € S%(A). O

This work was supported by the Republican Foundation of Fundamental
Research of Belarus.
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Matrix algorithm for Polling models
with PH distribution

Gheorghe Mishkoy, Udo R. Krieger, Diana Bejenari

Abstract. Polling systems provide performance evaluation criteria for a variety of
demand-based, multiple-access schemes in computer and communication systems [1].
For studying this systems it is necessary to find their important characteristics. One
of the important characteristics of these systems is the k-busy period [2]. In [3] it is
showed that analytical results for k-busy period can be viewed as the generalization
of classical Kendall functional equation [4]. A matrix algorithm for solving the gene-
ralization of classical Kendall functional equation is proposed. Some examples and
numerical results are presented.

Mathematics subject classification: 34C05, 58F14.
Keywords and phrases: Polling Model, Kendall Equation, Generalization of
Classical Kendall Functional Equation, k-Busy Period, Matrix Algorithm.

1 Introduction

In this paper we study one of the important characteristics for queueing system
of Polling type, the k-busy period. A Polling model is a system of multiple queues
accessed by a single server in cyclic order. We consider a queueing system of Polling
type with semi-Markov switching. Handling mechanism for this system is given by
Polling table f : {1,2,...,n} — {1,2,...,7}, where the function f shows that at
the stage j, 7 = 1,n, the user number k, k = 1,7, is served. The items (messages) of
the user k, arrive according to Poisson distribution with parameter M. The service
time for the items of class k is a random variable Bj with the distribution function
By (z) = P{By < z}. Duration of the orientation from one user to another one is
a random variable C} with the distribution function Cj(z) = P{C) < z}. In this
paper, the matrix algorithm of determining the k-busy period for Polling systems is
obtained, and some numerical examples are presented.

2 The k-busy period

Definition 2.1 The k-busy period is a measure of the time that expires from when a
server begins to process, after an empty queue, to when the k-queue becomes empty
again for the first time [3].

© Gheorghe Mishkoy, Udo R. Krieger, Diana Bejenari, 2012
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Denote by Hi the length of the k-busy period, and by
I () = P{II}, < =},

its distribution function. Consider that

[e.e]

ni(s) = [ e rdni(e)

0

is the Laplace-Stieltjes transform of distribution function of k-busy period.
The following result is known [3]:
Theorem 2.1 The function W,‘z(s) is determined from the equation

70(s) = en(s + M — Aemmi(s))m(s), (2.1)

where
Te(8) = Br(s + e — A (s)), (2.2)

and ck(s) and P(s) denote the Laplace-Stieltjes transforms of distribution functions
Cr(x) and By (z),
(o) = [ i o),
0

o0

Br(s) = /e_sdek(x).

0

A matrix algorithm for solving the generalization of classical Kendall functional
equation (2.1) is proposed. For this, the matrix algorithm for solving Kendall functi-
onal equation in Polling models [5] was used. It has no analytical solution, but it
can be solved numerically with the accuracy required. Both distributions By (x) and
C(z) were considered distributions of Phase Type (PH). All results were obtained
in terms of the Laplace-Stieltjes transform.

3 Laplace-Stieltjes Transform of Phase Type distribution

Phase type distributions are getting to be very commonly used these days after
Neuts [6] made them very popular and easily accessible. They are very often referred
to as the PH distribution. The PH distribution has became very popular in stocha-
stic modeling because it allows numerical tractability of some difficult problems and
in addition, several distributions encountered in queueing seem to resemble the PH
distribution.

Phase type distributions are distributions of the time until absorption in an absorb-
ing CTMC (Continuous Time Markov Chain). Consider an (n+1) absorbing CTMC
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with the state space {0,1,...,n} and let the state 0 be the absorbing state. The
transition matrix @ of this absorbing Markov chain is given as

a- (5 1) (3.1)

where the n x n matrix 7" satisfies T;; < 0, for 1 < ¢ < n, and T;; > 0, for i # j.
Te+T° =0, ale =1, and (af,0) is the initial probability vector of Q. We suppose
that all states 1,...,n are transient.

The probability distribution F'(x) of the time until absorbtion in the state 0,
corresponding to the initial probability vector (af,0), is given by:

F(z) =1—a'e™e, for 2 > 0. (3.2)

The phase type distribution with parameter o' and T is usually written as PH
distribution with representation (af,T). Let find the Laplace-Stieltjes transform of
phase type distribution with representation (af,T):

dF d d
d;‘r) — _@ateTxe — —ozt[%eTm]e,
where eT® =32 (CFZ—:f)Z
de™ . d(Tz) 1
dr  ° dx ‘ ’
dFd(xa:) = —a'e’™Te = a'e?™(~Te) = alelT°.

[ee) [e.e] o0
f(s) = / e **dF(z) = / el 0y = oﬁ/ e Tl dzT”
0 0 0

= at/ e~ I=D2 a0 = ot (sI —T)~ 170,
0

The Laplace-Stieltjes transform f(s) of the PH distribution with representation
(at,T), is:
f(s) =al(sI —T)~171°. (3.3)

4 Matrix form for Kendall equation

We know that )
Tr(8) = Br(s + A (1 — mr(s))). (4.1)
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Suppose that Bj(z) is a PH distribution with representation (o, T'), where

A X ... 0 0
0 =X ... O 0
Te =] oo N
0 0 ... =X A
0 0o ... 0 =X
and
TO=0 0 ... M)

The Laplace-Stieltjes transform (j(s) of probability distribution Bg(x) of the
time until absorbtion in the state 0 is

Bi(s) = /000 e **dBy(x) = o' (s — Tp) "' T3,".

Then, from equation (4.1) we obtain:
m(s) = ak([s + Me(1 — 7 ()] + Ap) L Age,

where Ak = —Tk.

Denote gi(s) = s + Ag(1 — m1(s)), then
ar(s) =1—m(s) =1— ai(gk(s)I + Ak)_lAke = aie — ai(g(s)kf + A)_lAke =
= o[l — (ge(s)] + A) " Arle = o' (gi(s)I + A) " Hgn(s)] + A — Agle =

= alge(s)(ge(s)I + Ay) te.
Denote (gi(s)I + Ag)"'e = yi(s), then the matrix form for Kendall equation is

a(s) = ar'gr(s)yr(s), (4.2)
where y(s) can be found by solving these simultaneous linear equations
(g (s)T + Ap)yk(s) = e. (4.3)

5 Matrix Algorithm for Solving Kendall Equation

We have to calculate
ak(s) = ap,gx(s)yr(s), (5.1)
where g (s) = s + Arar(s) and yi.(s) = (gr(s)] + Ap)"'e.
For calculating yi(s) it is necessary to solve these simultaneous linear equations

(9k(s)] + Ar)yr(s) = e, (5.2)
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where e = (11...1)%, Ay = =T} and

. .Y 0 0
0 A ... 0 0
Ty = : e N
0 0 ... =X X
0 0 0 — Ak
and
=0 0 ... A"

The simultaneous linear equations (5.2) have the analytical solution. Let write these
simultaneous linear equations in explicit form:

9r(8) + Ak — Ak . 0 0 Yo 1
0 ge(s) + M ... 0 0 n 1
0 0 v gk(s) + )\k _)\k Yn—2 1
0 0 . 0 gr(s) + Ak Yn—1 1
Then

Yn—1 = 1/(gr(s) + M) = wr,
Yi = (1 + MgYig1)wi = wgp + WeAgYig1,1 = 1,n — 2,
1-— ()\kwk)”

9:(5) (5:3)

Yo = Wi + WALy =

First prove relation (5.3).
Yo = Wi + Wi Apy1 = wi + WeAp (Wi + wpAry2) =
= Wi + WAk + (WEAR) Y2 = wi + Wik, + (W) (Wi + wEAgys) =
Y3
= Wi + WpAE + WAL + (WEAR) Y3 = wr(1 + wide + (WrAk)? + (wk/\k)gw_k) =

n—1

Wi =0
_wr(l = Qewr)”)  wr(l = Qewn)™) 1= wwr)” 1= (Apwp)”
1 — Ngwy Wiz — M) gr(8) + Ak — Ak gr(s)
because )
k
WAk = | ————| < 1.
|wi | |gk(s) +)\k|
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So, the solution of the simultaneous linear equations (5.2) is:

1= (Agwp)”
= T 0s)

Yi — Wk .
Yit1 = Z)\ ,i=1,n—2,
EWE

Yn—1 = Wk

Then ak(s) = akgr(s)yx(s) will be
1—(Agewpe)"
i (s)
Y1
ar(s)=(1 0 ... 0 0)g(s) : =1—(Apwp)".

Yn—2
Yn—1

So, ar(s) = 1 — (Awy)", where aje = 1, and we start with ag(s) = 1 and
al = (10...0), the remaining values we give by ourselves (Ag, A and s).

6 Matrix Form for Generalization of Classical Kendall Functional
Equation

It is known that analytical results for k-busy period can be viewed as a genera-
lization of the classical Kendall functional equation

79(s) = cr(s + Me(1 — mi(s))) i (s). (6.1)

Suppose that Ci(z) is a PH distribution with representation (o, Py), where

-0 O ... O 0
0 -6 ... O 0
Py=1 : oo I
0 0 —0r O
0 0 0 —d
and
Pl=(0 0 &)

The Laplace-Stieltjes transform is:

ck(s) = /OOO e dBy(z) = o (sI — P,) ' P°. (6.2)
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From equation (6.1) we obtain:
() = ai([(s + Ae(1 = mi(s)))mr(s)]] + Di) ™" Dye,

where Dy = —Pj. It is known from Section 4 that m(s) = 1 — ax(s) and gi(s) =
s+ Mg (1 — m(s)), then

br(s) =1 —m(s) =1 — af(g(s)(1 — ar(s))I + Dy) "' Dye =
= ale—al(g(s)x(1—ar(s))I+Dy) ' Dre = ok [T — (gr(s)(1 —ag(s)) I+ Dg) ' Dile =
= aj(gk(s)(1 — ar(s))I + Dy) g (s)(1 — ax(s))] + Dy — DyJe =
= afgi(s)(1 — ar(s))(gr(s)(1 — ax(s))] + Dy) " 'e.
If we denote (gi(s)(1 — ax(s))I + Di)"te = Jx(s), then
b(s) = ar'gr(s)(1 — ax(s))gr(s), (6.3)
where g(s) can be found by solving these simultaneous linear equations

(9r(5)(1 — ar(s))(s)] + Dr)gr. = e. (6.4)

7 Matrix Algorithm for Solving Generalization of Classical Kendall
Functional Equation

We have to calculate
bi(s) = agr(s)(1 — ar(s))ir(s), (7.1)

where gi(s) = s + Apar(s) and §i(s) = (gr(s)(1 — ax(s))I + Dy,) e
To calculate yi(s) it is necessary to solve these simultaneous linear equations

(gx(8)(1 — ax(s))] + Dy)yr(s) = e, (7.2)

where e = (11...1)!, Dy = —P; and

-0 O ... O 0
0 =0 ... 0 0
0 0 —0r Ok
0 0 0 —d

and
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The simultaneous linear equations (7.2) have the analytical solution. Denote

9k (s)(1 — ax(s)) + o — 0k .o 0 0
0 ge(s)(1 —ag(s))+d ... O 0
A= . . L :
0 0 0 gr(s)(1 — ak(s)) + ok
b= (y mn Yn 1)t7
e=(11 1)'

These simultaneous linear equations have the matrix form:
A -b=c¢e
Then

Un—1=1/(gr(s)(1 — ax(s)) + 0k) = W,

= (1 + 6kYit 1)V = Ve + VeOkPig1,0 = 1,n — 2,
O,
9 (s)(1 — ar(s)) + v

Yo = Yk +VOky1 = 1 —

First prove relation (7.3).

¥o = Yk + VOkT1 = Yk + YOk (Vk + VEOKT2) =
= Y + 70k + (W0k)* P2 = Yk + Y20k + (Ve0k)* (v + VkOkT3) =

= Y + Ve0k + Y0k + (Ve0k) T3 = (1 + Wbk + (Y£0k)? (Vk(sk)?}%) =

== (L 0k + (0e) 2+ - + ()™ 1yn L) = Z Sk vk)

o = 0e)™) e = (Gkev)")

1= ke (5 — 0)

_ 1-— ((5]{}%)" _ 1
9k(s)(1 — ax(s)) + 6k — 0k gk(s

because
O,

Mokl = S T ant) o~
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In this case the solution of the simultaneous linear equations (4.1) is:

o = 1 — (dryw)"
g (s)(1 — ax(s))’
Yit1 = yl_%,i =1,n-2,
Ok Yk
gn—l =Yk

Then by (s) = akgr(s)(1 — ak(s))gk(s) will be

1 — 0k )"
gr(s)(1 — ak(s))
!
be(s)=(1 0 ... 0 0)ge(s)(1—ar(s)) : =1 — (kvk)"
gn—2
gn—l

So, br(s) = 1 — (0 k)™, where aje = 1, and we start with ax(s) = 1 and
ol = (10...0), the remaining values we give by ourselves (8, A\, and s).

8 Conclusion

The main purpose of research of the Polling system is to determine the cha-

racteristics of system development. But analytical formulas can not always be used
directly, so great attention is paid to numerical algorithms. For finding numerical
solutions for the k-busy period, in terms of Laplace-Stieltjes transform, PH distribu-
tion was used. A matrix algorithm for solving the generalization of classical Kendall

functional equation was obtained. Some numerical examples are presented.

9 Examples

Example 1. The type of distribution function taken for Bj(z) and Ci(z) are PH

distributions with representation (af,T}), (af, Py), so

Bi(z) =1 — aze™ e, x>0,

Cr(z) =1 — ayel*e, x>0,

with the following parameters:

A = {0.5;0.6;0.3;0.4;0.5; 0.2; 0.6; 0.6; 0.2; 0.1},
e = {0.2;0.3;0.4;0.2; 0.6;0.7; 0.8; 0.4; 0.2; 0.3},
0 = {0.3;0.4;0.1;0.2; 0.6; 0.8; 0.5; 0.4; 0.4; 0.8},
s =0.5.
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The results of the program are presented in Table 1.

k| mr(s) T (s) k () T (s)

1] 0.012692 | 0.864672 | 6 | 0.000060 | 0.999554

2 1 0.014688 | 0.865907 | 7 | 0.003161 | 0.959972

3 | 0.000978 | 0.957140 | 8 | 0.010383 | 0.891422

4 1 0.006395 | 0.895401 | 9 | 0.000542 | 0.995270

5 | 0.002997 | 0.973018 | 10 | 0.000017 | 0.999915
Table 1

Example 2. The type of distribution function taken for By(x) and Cy(z) are PH
distributions with representation (af,T}), (af, Py), so

Bi(z) =1 — ael®e, x > 0,

Cru(z) =1 — ayel*®e, z > 0,

with the following parameters:

A = {0.2;0.3;0.1;0.5;0.6; 0.7; 0.4; 0.8; 0.4; 0.5; 0.3; 0.7; 0.8; 0.4; 0.6; 0.9; 0.3; 0.4; 0.5; 0.4 },
Ne = {0.2;0.3;0.5;0.2;0.3;0.7;0.8;0.4; 0.3; 0.5; 0.1; 0.5; 0.8; 0.4; 0.3; 0.6; 0.4; 0.9; 0.4; 0.2},
0k = {0.5;0.4;0.8;0.4;0.4;0.7; 0.4; 0.3; 0.8; 0.2; 0.1; 0.5; 0.4; 0.7; 0.5; 0.4; 0.7; 0.9; 0.4; 0.3},

s =0.5.

The results of the program are presented in Table 2.

T (s)

mi(s)

k

ﬂk(s)

m(s)

0.002444

0.986440

11

0.012414

0.750670

0.005566

0.956771

12

0.029777

0.796091

0.000068

0.999659

13

0.021775

0.763410

0.030767

0.812228

14

0.009064

0.954890

0.034760

0.766861

15

0.034760

0.807550

0.018947

0.881203

16

0.043203

0.644660

0.003083

0.960978

17

0.003927

0.980092

0.051492

0.569886

18

0.002451

0.984919

O 0| || Y = W N~

0.012501

0.951740

19

0.016581

0.864629

—_
[an}

0.012555

0.785024

20

0.017712

0.851134
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On asymptotic representation of singular solutions
of the model elliptic equation near boundary
and formulation of singular boundary conditions

Nicolae Jitarasu

Abstract. In the work the asymptotic representation of singular solution of the
elliptic model Sobolev problem near components of arbitrary dimensions of boundary
is specified. Using this asymptotical representation of solutions, the singular bound-
ary conditions are formulated. The solvability of boundary problem with singular
boundary conditions is proved.

Mathematics subject classification: 35140; 35B45; 35C20.
Keywords and phrases: Sobolev boundary problem, asymptotic representation of
singular solutions, singular boundary conditions.

1 Introduction

This work is the continuation of [1], devoted to integral and asymptotic represen-
tation of singular solutions of elliptic equations near components of small dimensions
of boundary. The problem of representation of solutions near boundary is interest-
ing not only in itself, but also in connection with reduction of the boundary value
problem to integral, integro-differential or differential equations on the boundary.
In [2, 3] S.L.Sobolev for the first time formulated and studied the boundary value
problem for polyharmonic equation in a domain with boundary, consisting of a sub-
manifold of diverse dimensions (and afterwards this problem was named the Sobolev
boundary problem).

Later the work [4] was published, where the Sobolev boundary value problem is
studied for a general elliptic equation of order 2m. In this work it is proved that
the number of boundary conditions on the submanifold of boundary depends on the
order of regularity of solutions u(z) from Sobolev space H® (£2) near submanifold.

Moreover, it was proved that the solution of the elliptic equation admits asymp-
totic representation with respect to the power p™" and Inr (where r = dist(x, R?)),
any explicit formulae to compute the coefficients have been done.

Using the integral representation of solution of the boundary value problem with
Green function, in [1] the asymptotic representation of the components of the sin-
gular solutions generated by distributions with support on the submanifold R? was
obtained.

© Nicolae Jitaragu, 2012
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2 On elliptic model problem. Asymptotic representation
of component of singular solution near boundary

Let R™ be a Euclidean n-dimensional space, R? C R™ a subspace of R", x =
= (2/,2") = (®1,...,xq, Tg41, .., Ty) a point of R", Dy = (D, Dyr), © = R™\RY.
By C*(Q?), C§(Q),C*(R?), C§(R?) we denote the usual Holder spaces, spaces of
functions with finite support in Q and RY, respectively, H* (Q), H* (RY), s € R,
are Hilbertian Sobolev spaces in Q and R?, respectively [5,6].

Let £ (D) be a homogeneous elliptic operator of order 2m with constant coeffi-
cients. In domain €2 we consider the elliptic equation

L (D:c) u(‘r) = f(x)v (1)

where
u(z) € H*(Q), f(z) € H?™(Q), s € R. (2)

First of all we consider the problem of asymptotic behavior of singular solutions
u(x) € H® () near submanifold R?, and obtain the formulae of asymptotic repre-
sentation of solutions, generated by distributions with support on the R?. For this
we observe that it is known [5,6] that the non-zero element f(z) € H*~?™ (R") is
concentrated in R? if and only if s < 2m — /2 (0 = codimR? = n — ¢) and there
exist elements f, (z') € H3=2mHel+0/2(R9) | |o| < 7 = [2m — s — 0/2] such that

f(z) = Z DY (fr (2') x 6 (2")), v=2a", (3)

|o|<7
aaq+1 80"
where [a] is the integer part of number a, D] = D7, = 97T DT and
ﬂjq_,’_l n

fo (2') x & (2") is the direct product of distributions, |o| = >I_ ., 0i.
In [1], using the Green function of boundary value problem, the integral repre-

sentation of solution of equation (1) near R? is obtained, from which the asymptotic
representation of singular part of solution u(x) in € is obtained.

Really, let G (z,y) = E (v — y) + g(x,y) be the Green function of homogeneous
Dirichlet problem in the ball Br of radius R (sufficiently large), where E (x) is a
fundamental solution of equation (1) in R™, and g(z,y) is the solution of equation
(1) in Q, satisfying the condition g(z,y)|p, = E(z —y)|sp,-

Write the formulae of integral representation of solution of Dirichlet problem
u(z) = A G(z,y)f(y)dy

for f(x) € C§°. After that approximate f(z) with functions f.(xz) € C§° (R"),
fe(z) . f(x) in H*~2™ (R™), then integrating by parts with respect to variable ",
E—
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and passing to the limit as € — 0, we obtain the integral representation of solution
u(zx):

Z D,/Ea:—y ") fo () dy' +a(x) =

lo|<T
(4)
Z D,,Ez m)fg(m'—z')dz'+ﬂ(a:)zng(x)+&(a;),
lo|<T lo|<T
where @(z) is a regular, bounded function, Dy = —D,u.
It is known [7, 8] that

|DLE (2 =y a")| < clz =y "7 In |z — y]],

where In |« — y| is dropped for 2m —n — |o| < 0. Moreover, if 2m —n — |o| < 0, then
E(9) (2, 2"") are homogeneous functions of degrees 2m—n— |o| and if n—2m+|o| > ¢,

ie. n—qg—2m+ o] = 0 —2m + la\dgaa > 0, then the integrals v,(z) are
singular or hypersingular integrals with homogeneous kernels [7,8]. Now consider
the singular and hypersingular integrals v, (x). In [1], using the known procedure of
regularization of divergent integrals (separation of the finite part in the Hadamard
sense), by separating the singular and regular parts, the asymptotic representations
of the divergent integrals v, (x) near R? are obtained. For convenience, here we
shortly expose this known procedure [1].

Let n >3, r = |2"|, p = |2/|. Denote by
GO B
Pu () 1) =30 30 LD Lo =S ) £ ()
— A=0

the segment of the Taylor expansion of the function f (2’ — 2’) near the point 2’ = 0,
where &' = (ki,..., k),

Vo0 () :/E(U) (z', :E")(fg (x' — z')—Paa_l (:17', z') fo—0 (z') P,, (m', z') fg) dz' (5)
Ra

is the regularization (finite part) of the divergent integral v,(z) at the point 2’ =
0, 0(2) =1for |[2/| <1 and 0(z') =0 for |2/| > 1. In [1] it is proved that the
integrals v, (z) could be presented in the form

Ve () = 40 ( f Elo "Y Py, —1(2',D.) fo (2')d2'—
— [ Py, (2, D) fodz = voo (z )—i-%zl J E©) (2, 2") Py(', D) f, (2') d2'+
|2/]<1 A=0 Rg (6)

as—1

b BO (0 Pay (DL fod! = v (0) + S Ta[fo] + T [fe],
|2/|<1 A=0
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where
A " ék/) (3:/) —ao+A " / N . —ao+A
ZAUk/ (w )TT 7 EQJ)\ (w 7Dx) fJ (.Z')T 7 (7)
K| =\
Agis ( / B (¢,u") €% de!, W' = a"/ |2, (®)
and
To, [fo] = —Ao (D) fo (2') InT + B, (D)) fo (2') +0(r),

with o(r) = 0asr — 0,

Ao (D) fo (@) = (1) > ao? o ), Aot = / E@ (o,0) ()" do’, (9)

K |=ao w'|=1

k
By (D) fr (') = (=1)* > bow (w T (10)

=
and byy (w”) is the integral

bops (W) = [w'* du’ <fE(")(pw W) plk'I+a= 1dp+f( ) (pu',w")— B (', 0)) %dp).
\w'\ | 0

Hence, for divergent integrals v, (z') (singular and hypersingular) we obtain the
representations

as—1

Vo (@) = vy () + D Qor (D5) Fola ™=
A=0 (11)

~Ay (D) fo(a')Inr + By (D)) fola') + o(r),

where the functions v, () and operators Qux (D), Ay (D%), B, (D.) are defined
by (5), (7), (9) and (10), o(r) tends to zero as r tends to zero.

3 Asymptotic representation of singular part of integer solution
near R9

Here, using the asymptotical representation of components v, (z) of singular
solution u(z) near RY, generated by distribution f(z), concentrated on the manifold
RY, the asymptotic representation of integer solution v(z) near RY is obtained.
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Really, summing the equality (11) ovwr o for all o such that a, > 0, the asymp-
totic representation for the singular part v(z) of the solution u(z) near R? is ob-
tained:

as—1
l’):zvoo (z) +Z ZQ(;A (D) fo (2') ret +ZA ) Inr+
o ag>0 o as>0A=0 o:as>0

(12)
+ZBJ(D;,)fU (2) 40 (r)=vo(z)+w(z)+wo (z) + B (D) f (z')+o(r).

o:as>0

Here by vy (z), w(x) and wp (z) we denoted the first three sums of right hand
side of equality (12), o(r) — 0 when r — 0. The equality (12) is the asymptotic
representation of singular part of solution u(z) near submanifold R? with respect to
the power 7" and Inr. But in order to obtain an asymptotic ordered representation
with respect to the ascending order of power »~” and In r it is necessary to transform
the equality (12). For this, at first, we consider the function w(x) and transform
it into an ordered sum with respect to the ascending order of power r~%. Since
—ay+A=—(u— X+ 60— 2m), the expression u— X\ +6 —2m is constant on the any
straight line u— A+6—2m = v. Therefore, it is natural to denote yt—A+60—2m = v,
and to obtain an ordered sum with respect to the ascending order of power r=% it
remains to change the order of summing over A, p and v. From the inequality
v=pu—AN+6—2m >11it follows that u >2m+A—60+1>2m — 0+ 1 and, since
w=lo| >0, we have u > p; = max (0,2m — 6 + 1). Therefore, u3 < |o| =p <7
and v; <v <y, where vy = 1 +60 —2m, vo =7+ 6 —2m.
For w(z) we obtain the representation

T ap—1

R (g
DM DI IR o Tt

p=p1 A=0 \ |o|=p |K'|=A

T oay—1
=D D B (WD) f (@)t = (13)
p=p1 A=0
T+0—2m T+6—2m
Z Z PHA // D/) Z M // D;)f(x/) T—u7
v=v1 v=rv1

p—A= V+2m 0

where by P, (w”,D,,) f (2') we denoted the double sum over ¢ and k' from right
hand side of equality (13),

"o ék/) (z')
P (W', DY) => > Agw (w 71@/! , (14)

|o|=p [K"[=X

where Agpr (w qu W") € d¢’. Tt remains to transform the expression
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wp(x). Detailing the structure of sum, which defines the function wg(x), after or-
dered summation over o, we obtain

wo(z) = Mo (D)) f (2')Inr = Z P\ (D) f (#') Inr, (15)

oA p—A=v+2m—6

(%) ,
where P,y (D) f(2') = > > aok,fch(m)’ aopr = [ E (W, 0)w* dw'.
lo|=p |k |=X |w’|=1
Thus, substituting in (13) these functions w(z) and wp(z) with their transformed
expressions, we obtain the following

Theorem 1. Let functions f, (2') € CT (R). Then the singular part v(z) of
solution u(x) near RY is represented by

T+60—2m
v(z) =vo(x)+ Y M, (W, D}, f)r "+

v=1

(16)
+Moy (D)) f (') Inr + Z By (W, D}) f(a') +o(r),

o:ag>0

where M, (W", D, f), My (D%) f (2') is defined by formulae (13), (15), respectively,
o(r) — 0 when r — 0.

4 Formulation of the boundary value problem with singular
boundary conditions

In the general theory of elliptic boundary value problems in domain 2 with
smooth boundary 02, the boundary problem is reduced to a system of pseudodif-
ferential equations on the boundary 0f). This system is a system of regular integral
(Fredholm) equations in the case of smooth solutions up to 02 or a system of dif-
ferential equations in the case of singular solutions.

Here, using the obtained formulae (16) of asymptotic representation of singular
parts of solutions u(x) near boundary RY, we formulate, firstly, the formal model
boundary value problem with singular boundary conditions on the R%:

In the domain Q = R™\R? find the solutions of elliptic equation L (Dy)u(x) =0
that have near R? the given singular asymptotic representation:

T4+0—-2m
z(x) = Z @, (W', 2")r7" + & (W, a") Inr + Z (), (17)

v=1

where Z () is a regular bounded function.
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Formally, equating the coefficients by the same power »~" and In r from equalities
(16) and (17), we obtain

MDY FE) = P (@ADL F () =8, (),
oA p—A+0—2m=v (18)
v=1+4+60-2m,...,1,

My (", D},) f (2) = ®g (W",2). (19)

The system of equations (18), (19) is a system of linear partial differential equa-
tions with unknown density f, (2'), o: po < |o| <7 and the solvability of bound-
ary problem with singular boundary conditions is reduced to the solvability of system
of differential equations (18), (19). This system is rather complicated, since the num-
ber of unknown densities f, (2'), as well as the number of equations, depends on s
and on the difference 6 — 2m, too.

Now we pass to the study of the structure of equations of system (18)-(19)
depending on s, 7 and #. Denote by II,, the linear space of all homogeneous
polynomials of degree m. It is known [9] that the dimension of space II,,
(dim1II,,) is equal to C’fnjrle_l, where CF are the binomial coefficients. Hence,
the number of unknown functions f,(z') in the system (18)-(19) is equal to
=3, dimI, =37 _ Cg;rle_l which is greater (for # > 1) than the number

of equations from system (18)-(19). Return to the system of equations (18)-(19).
Since f, (z') € H*=2mHlol+0/2 (R4) and 799 (/) € Ho=2mHol+0/2=IK (R9), then for
any multiindex o and k" with |o] — || = p — A = v — 0 + 2m the left hand sides
of equations (18), (19) belong to spaces H**~/2(RY), v =7+ 6 — 2m,...,1,0.
Therefore, the equalities (18), (19) define a bounded operator U from the space
By = [[Hs 2 Hel+0/2(Ra) | |o| < 7, to the space Fy = [[ H***~92(R?),v =
o v
0,1,...|,|T+9—2m.

Now we begin to investigate the system of equations (18), (19). At first, we will
see that the number of equations of system (18)-(19), as well as the condition of
solvability of this system, depends on the numbers 8 — 2m and 7. Therefore, we
consider two cases: a) § —2m <0 and b) 6 —2m > 0.

a) Assume that 0 — 2m < 0. In this case the number of equations in the system
(18)-(19) is T + 0 — 2m, which is no more than 7. The system of equations (18)-(19)
takes the form

P (w",DUfC) f (a:') = Z Ago (w") fo (a:') =® 19 om (w”,x') ,

|o|=7

PT—lO (w//7 D:/E) f (‘T/) + P‘I‘l (U.)//, D/x) f (‘T/) = ®T+9—2m+1 (U.)//, ‘T/) ) (20)

My (w”, D;) f (m’) = ® (w”, m/) .



88 NICOLAE JITARASU

Now we see that in each of these equations the expressions P, (w”, f) are linear
combinations of unknown functions f, (z') with the coefficients A,¢ (the moments
of fundamental solution E (z)). The system of equations (18)—(19) is of triangular
form. Since },_ [As0 (w")| # 0 (otherwise the first condition in (18) is absent),
the first equation from (18) is solvable. Assume that functions f, (2’) with |o| =7
are solutions to the first equation of (18). Substituting this functions f, (z/) with
|o| = 7 in the other equations, for functions f, (z') with |¢| < 7 — 1 we obtain also
a triangular system. Continuing this procedure, we express all the functions f, (z')
with pg < |o| < 7 only through the functions @, ®,_1, ..., P19 9,. It means
that the system of equations (18)—(19) is solvable.

b) Assume that § > 2m. In this case the system of equations (18)—(19) con-
tains 7 + 8 — 2m equations, their number is greater than 7. Repeating the above
mentioned procedure, we express all the functions f, (z/) with 0 < |o| < 7 by
O, (2)), Proq(2'), ..., Prig_om (). Substituting all functions f, (z') in other
equations, we obtain that the first § — 2m equations of (18)-(19) become identi-
ties, and the functions ®¢ (2'), ..., ®r1g9_2m (2') are connected by (18), (19).

From what was mentioned above it follows that the formal model boundary value
problem with singular boundary conditions is not solvable for any admissible right
hand sides @, (', 2’). To obtain a solvable singular boundary value problem it is
necessary to reformulate this problem in the following way:

In the domain Q@ = R™\R? find the solutions u (x) of the model elliptic equation
L(Dg)u(x)=0 (21)

that have near R? the asymptotic representation (16) with coefficients M, (w", z'),
satisfying the conditions

M, (w”, D;) f (m') =, (w”,x') , V=U1,..., V0 =T+ 60 —2m. (22)
Repeating the similar reasons we obtain

Theorem 2. For any admissible functions ®, (W”,2') the model boundary value
problem with singular boundary conditions (18), (19) is solvable.
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Moment analysis of the telegraph random process

Alexander D. Kolesnik

Abstract. We consider the Goldstein-Kac telegraph process X(t), ¢ > 0, on the
real line R! performed by the random motion at finite speed ¢ and controlled by a
homogeneous Poisson process of rate A > 0. Using a formula for the moment function
pok(t) of X(t) we study its asymptotic behaviour, as ¢, A and ¢t vary in different
ways. Explicit asymptotic formulas for p2x(t), as k — oo, are derived and numerical
comparison of their effectiveness is given. We also prove that the moments pox(t) for
arbitrary fixed ¢t > 0 satisfy the Carleman condition and, therefore, the distribution
of the telegraph process is completely determined by its moments. Thus, the moment
problem is completely solved for the telegraph process X (¢). We obtain an explicit
formula for the Laplace transform of uok(¢) and give a derivation of the the moment
generating function based on direct calculations. A formula for the semi-invariants of
X (t) is also presented.

Mathematics subject classification: 60K35, 60J60, 60J65, 82C41, 82C70.
Keywords and phrases: Random evolution, random flight, persistent random
walk, telegraph process, moments, Carleman condition, moment problem, asymptotic
behaviour, semi-invariants.

1 Preliminaries

Consider the one-dimensional stochastic process performed by a particle that
starts at the time instant ¢ = 0 from the origin = = 0 of the real line R! and moves
with some finite constant speed c¢. The initial direction of the motion (positive
or negative) is taken on with equal probabilities 1/2. The motion is driven by a
homogeneous Poisson process of rate A > 0 as follows. As a Poisson event occurs,
the particle instantaneously takes on the opposite direction and keeps moving with
the same speed ¢ until the next Poisson event occurrence, then it takes on the
opposite direction again independently of its previous motion, and so on. This
random motion has first been studied by Goldstein [12] and Kac [16] and was called
the telegraph process afterwards (the latter article [16] is a reprinting of an earlier
1956 work).

Let X (¢) denote the particle’s position on R! at an arbitrary time instant ¢ >
0. Since the speed c is finite, then, at the time instant ¢ > 0, the distribution
Pr{X(t) € dz} is concentrated in the finite interval [—ct,ct] which is the support
of the distribution of X (¢). The density f(z,t), z € R, t > 0, of the distribution
Pr{X(t) € dx} has the structure

flz,t) = fo(z,t) + fac(z, ),

© Alexander D. Kolesnik, 2012
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where fs(z,t) and fu.(z,t) are the densities of the singular (with respect to the
Lebesgue measure on the line) and of the absolutely continuous components of the
distribution of X (), respectively.

The singular component of the distribution is, obviously, concentrated at two
terminal points +ct of the interval [—ct, ct] and corresponds to the case when no one
Poisson event occurs until the moment ¢ and, therefore, the particle does not change
its initial direction (the probability of this event is e=*).

The density fu.(z,t) of the absolutely continuous components of the distribution
corresponds to the case when at least one Poisson event occurs by moment ¢ and,
therefore, the particle changes its initial direction (the probability of this event is
1— e_)‘t). The support of this part of the distribution is the open interval (—ct, ct).

The principal result by Goldstein [12] and Kac [16] states that the density f =
f(z,t), = € [—ct,ct], t > 0, satisfies the following hyperbolic partial differential
equation

*f of  ,0°f
W+2)\E_CW_07 (1)

which is referred to as the telegraph or damped wave equation and can be found by
solving (1) with the initial conditions

Of (x,t)

f@ Do =), S|
=

=0,

where 0(x) is the Dirac delta-function. This means that the transition density f(z,t)
of the process X(t) is the fundamental solution (i.e. the Green’s function) of the
telegraph equation (1).

The explicit form of the density f(z,t) is given by the formula (see, for instance,
[29, Section 0.4] or [27, Theorem 1]):

Fat) = S 5ot = ) + d(et + )+ 2
L [)\Io (%m) v 20 @m)] O(ct — [z, ¥

where O(x) is the Heaviside step function
1, ifz >0,
O(x) = :
0, ifz <0,

and Ip(z) is the modified Bessel function of order zero (that is, the Bessel function
with imaginary argument) given by

Io(2) = i (/:!)2 G)%

k=0

The first term of (2)

Y
fs(z,t) = o [0(ct — x) + 0(ct + x)] (3)
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represents the density of the singular part of the distribution of X (¢) concentrated
at two terminal points tct of the interval [—ct, ct], while the second term of (2)

—At

Fuclr, ) = & [AIO (%\/cw = 3:2> + %10 <%\/C2t2 . 3:2>] Olct— [z]),  (4)
is the density of the absolutely continuous part of the distribution of X (¢) concen-
trated in the open interval (—ct, ct).

During last decades the Goldstein-Kac telegraph process X (¢) and its numer-
ous generalizations have become the subject of intense researches provided both by
great theoretical importance and fruitful applications in statistical physics, finan-
cial modeling, transport phenomena in physical and biological systems, hydrology
and some other fields. Some properties of the solution space of the Goldstein-Kac
telegraph equation (1) were studied by Bartlett [2]. The process of one-dimensional
random motion at finite speed governed by a Poisson process with a time-depending
parameter was considered by Kaplan [17]. The relationships between the Goldstein-
Kac model and physical processes, including some emerging effects of the relativity
theory, were thoroughly examined by Bartlett [1], Cane [5,6]. Formulas for the distri-
butions of the first-exit time from a given interval and of the maximum displacement
of the telegraph process were obtained by Pinsky [29, Section 0.5], Foong [10], Ma-
soliver and Weiss [25,26]. The behaviour of the telegraph process with absorbing
and reflecting barriers was studied by Foong and Kanno [11], Orsingher [28]. A one-
dimensional stochastic motion with an arbitrary number of velocities and governing
Poisson processes was examined by Kolesnik [21]. The telegraph-type processes
with random velocities were studied by Stadje and Zacks [32]. Probabilistic meth-
ods of solving the Cauchy problems for the telegraph equation (1) were developed by
Kac [16], Kisynski [18], Kabanov [15], Turbin and Samoilenko [33]. A generalization
of the Goldstein-Kac model for the case of a damped telegraph process with logistic
stationary distributions was given by Di Crescenzo and Martinucci [8]. A random
motion with velocities alternating at Erlang-distributed random times was studied
by Di Crescenzo [7]. Formulas for the occupation time distributions of the telegraph
process were recently obtained by Bogachev and Ratanov [4]. A generalization of
the Goldstein-Kac telegraph process to the R, d > 1, space with an arbitrary finite
number of cyclically changing directions was thoroughly examined by Lachal [24].
A similar motion in the plane R? with an arbitrary finite number of directions and
uniform mechanism of their change was studied by Kolesnik and Turbin [23].

Moments of any stochastic process are one of the most interesting and useful
objects both from theoretical and practical points of view. This especially concerns
the telegraph process X (¢) which is the basis for many important models in finan-
cial mathematics, biology, physics and other fields. For example, the knowledge of
moments enables to construct various moment-type estimators in statistics (see, for
instance,[14]). However, despite the great variety of existing works on the subject
and of the results obtained, the moment problem for the Goldstein-Kac telegraph
process was not properly solved so far. In particular, it was not clear whether the
distribution of X (t) was completely determined by its moments.
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The most enigmatic fact is that the transition density (2) of the one-dimensional
telegraph process X (¢) has much more complicated form than the transition den-
sities of its two- and four-dimensional counterparts with a continuum number of
directions (for the transition density of the 2D and 4D-motions see [22, Theorem 2]
and [20, Theorem 2], respectively). While the transition density (2) contains special
functions, the densities of the 2D- and 4D-motions have very simple exponential
form that enables to explicitly compute the moments (see [19, Theorems 1 and
3, respectively]). Note also that the moments of a special multidimensional ran-
dom motion with a cyclic mechanism of choosing new directions were computed by
Samoilenko [31].

In this article we give a detailed moment analysis of the Goldstein-Kac telegraph
process X (t). In Section 2 we study the asymptotic behaviour of the moment func-
tion as ¢, A and ¢ vary in different ways. In Section 3 we obtain an explicit formula
for the Laplace transform of the moment function of X(¢). In Section 4 we give
the complete solution of the moment problem for the telegraph process X (t). We
show that, for arbitrary ¢ > 0, the moments of X (¢) satisfy the Carleman condition
and, therefore, the distribution of X (¢) is completely determined by its moments.
In Section 5 we derive the moment generating function by direct computations and
give a formula for the semi-invariants of the telegraph process X (t).

2 Asymptotic Behaviour of Moments

Consider the moment function of the Goldstein-Kac telegraph process X (¢) de-
fined by the formula
pn(t) = EX(8)]", n=>1,
where E means the expectation.
It is known (see, for instance,[14, Theorem 2.1]) that, for arbitrary ¢ > 0, the
moments of X (t) are given by the formula

- - _ 1
,u2k(t) — oM o2k ok 1/2 A k+1/2 tk+1/2 T <k’ + §> [Ik+1/2(/\t) + Ik_l/g()\t)] R (5)

M2k+1(t):07 k:071727""

where I,,(z) is the modified Bessel function of order v

© 1 2\ 2k+v
L(z) = kzzo KIT(k+v+1) (5) ’

and I'(x) is the Euler gamma-function. Note that formula (5) slightly differs from
that of [14, Theorem 2.1]), however one can easily check that both these represen-
tations of the moment function po(t) are equivalent. For our purposes it is more
convenient to use just the representation (5).

From (5) we can easily obtain the first and the second moments of the telegraph
process X (t):

pa(t) =0, o) =— — o5 (L—e ), (6)
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and this coincides with [27, Formula (28)].

In this section we thoroughly study the asymptotic behaviour of the moment
function given by (5). Clearly, we need to examine the behaviour of the even-order
moments por(t), k=1,2,..., only.

2.1. Asymptotic behaviour with respect to ¢ — oo, A — oo, (t and k are fized).
In this subsection we consider the case when, under fixed ¢ and k, the speed of the
motion ¢ and the intensity of switching Poisson process A both go to infinity in such
a way that the following Kac condition holds:
2
¢ — 00, A — o0, SR p > 0. (7)
Taking into account the well-known asymptotic formula for the modified Bessel
function (see, for instance,[13, Formula 8.451(5)]):

z

V2rz ’

as well as the formula (see [13, Formula 8.339(2)])

I(z) ~

z — 400, (8)

r <k + %) = g k-1, k>0, (-1)I=1, (9)

we obtain

1
lim g (t) = 2812k +1/2p (k: + 5) x

¢, A—00

(c®/N)—p

% lim [e—”c%x“l/? (IkH/Q(At)Hk_l/z(At))}~

¢, A—00

(€®/N)—p

o ok—1/2k+1/2p </<;+ }) lim [e—)\tc2k)\—k+1/2 2eM ] _
2

(672;\;00 V2T
C —p
1 1 c2k
_ ok 4k 1 . )
_2 t 7Tr<k+2> c,l){goo </\k>
(2 /N)—p

and this coincides with the moment function of the one-dimensional homogeneous
Brownian motion with zero drift and diffusion coefficient o2 = p.

2.2. Asymptotic behaviour with respect to t — 0o, X\ — 00, (¢ and k are fized).
Similarly to the asymptotic analysis of Subsection 2.1 and by using (8) and (9) we
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can easy show that for ¢t — oo or A — oo (or both ¢ and A tend to infinity), under
fixed ¢ and k, the following asymptotic formula holds:

2.\ k
poet) ~ ({) (2 — 11 (10)

From (10) we see that the moments poy(t) increase like t* as t — oo (for fixed ¢, A
and k). Conversely, the moments ji9y(t) decrease like A" as A — oo (for fixed ¢, t
and k).

2.3. Asymptotic behaviour with respect to k — oo, (¢, t and X are fized). Asymp-
totic analysis with respect to £ — oo is much more complicated due to the absence
of general asymptotic formulas with respect to the index v of the modified Bessel
function I,(z) (except the very particular case when the argument z has a special
form depending on index v). Nevertheless, we are able to obtain asymptotic formu-
las for the moment function g (t), as k — oo, due to the special form of the indices
of the modified Bessel functions in (5). This result is presented by the following
theorem.

Theorem 1. For any fized ¢, A and t the following asymptotic formula holds:

_ M
pok(t) ~ e M (ct)? <1+2k+1>, k — oo. (11)

The refined asymptotic formula has the form:

) A ()2 (At)?®
1) ~ At 2k 1 .
piok(t) ~ e (ct) Tri T T W)@+ ) b

(12)

Proof. First we need to establish the following asymptotic formulas for the modified
Bessel functions:

2 Zk+1/2
Ik+1/2(2) ~ ; m N k — oo, (13)

9 Zk—1/2
Iy 1y2(2) ~ x Q- k — oo. (14)

Let us prove (13). Using the series representation of the modified Bessel function
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(see, for instance,[13, Formula 8.445]) we have

_ Jk+1/2 — =
Ty1p2(2) = 2 ;Z!F((l+k+1/2)+1) (2)

> 1 2N\ 2
_ L k+1/2 AR
‘ ;l!(l+k+l/2)F(l+k+l/2) (2>

(see formula(9))
Sht1/2 0 521 ol+k

VI (L4 ke 1/2) (20 + 2k — 1)1 220k1/2

_ \/?Zk—i-lmi . _
T P (20 + 2k +1) (20 + 2k — 1)1 2!

2l

2 hpe z
_\/;Z g(m)u (20 + 2k + 1!

2 Zk+l/2
~ YN TEE) k — 00,
m (2k + D!

proving (13). Similarly, we have

0 1 AR
_ k—1/2 - =
Iy _12(2) = 2 ;ur(z+k+1/2) <2>

— o0
Sh—1/2 2 B

NG ; I (20 + 2k — 1)l 2=1/2

2l

_ /2 k—1/2 — z
B \[rz ; QO (20 + 2k — 1)
\/5 Lk=1/2
“Vr@ioon Foee
and (14) is also proved.

Therefore, by applying formulas (13) and (14) just now proved, we obtain:

1
piog(t) = oAt 2k ok=1/2 \—k+1/2 4k+1/2 <k + 5) [Ik+1/2()‘t) + [k—1/2()‘t)] ~

~ e—Mc%2’f—1/2A—k+1/2tk+1/2g(21<; - 1)!!\/§

™

@k T k=0

()\t)k+1/2 ()\t)k—l/2] B

k‘—l/2 At
LA 2k k12 k412 or 1y ) _
e et t (2k — 1! 2% — D)1 1+ ST

At
At 2k
=e " (ct) <1+2k+1>’ k — o0,
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yielding (11).
Formula (12) can be proved in the same manner by applying, instead of (13)

and (14), the refined asymptotic formulas for the modified Bessel function (see also
Remark 1 below):

Lh+5/2 + (4]€ + 6)Zk+1/2

1, z) ~ , k — oo, 15
k+3/2 k—1/2
z + (4dk + 2)z
Iy _1p2(2) ~ ( ) ) k — oo. (16)
V2 (2k + )
The theorem is thus completely proved. O

Remark 1. One can write down more accurate asymptotic formulas by taking arbi-
trary finite number of terms in the series expansions of the functions ;4 /2(2) and

Ii—1/2(2):
2

2 > z
I — “ k‘+1/2
1/2(2) \[rz ; @)1 (20 + 2k + DI °

2l

_ ]2 ko1 = o
Te—1y2(2) = \/; z ; QD! 20+ 2k — 1)1

Since the index k is presented in the denominators of (17) and, therefore, each term
of these series tends to zero as k — oo, then for arbitrary integer n > 0 the following
formulas hold:

(17)

_ 12 ke - 2 +
Tiayalz) = \/; : ;) T @ ok o el

2l

_ 2 k—1/2 S z _
loaal2) = \[r"‘ ; @ @ 2k =i Feal?):

where the remainders R,j;n(z) — 0, as k — oo, for any fixed z and n > 0. Note
that formulas (13) and (14) follow, as k — oo, from (18) for n = 0, while (15) and
(16) follow, as k — oo, from (18) for n = 1, respectively. One can also obtain the
upper bounds for the remainders Rffn(z) and, therefore, to evaluate the rate of their
convergence to zero, as k — oo, however this is not our concern here.

(18)

Remark 2. Asymptotic formulas (11) and (12) show that the behaviour of the
moment function g (t) with respect to k — oo depends on the factor ct as follows:

If ¢t < 1, then uok(t) — 0, ask — oc;
If ct = 1, then pgi(t) — e ™, as k — oo;
If ¢t > 1, then pok(t) — oo, as k — oo.

This enables us to make some interesting and somewhat unexpected conclusions
concerning the asymptotic behaviour of the moment function pox(t), as k — oo.
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Since ct is the total length of an arbitrary sample path of the Goldstein-Kac tele-
graph process X (t) at the time instant ¢ > 0 whose distribution is concentrated in
the interval [—ct, ct], then [—1,1] is the critical interval in the following sense. If
[—ct,ct] C [—1,1], then the moments poy(t) are finite and tend to zero, as k — oc.
If [—ct, ct] = [—1,1], then the moments pio(t) are finite and tend to e, as k — oo.
Finally, if [—ct,ct] D [—1,1], then the moments pox(t) tend to oo, as k — oco. In
terms of the time ¢ this means that for ¢ < %, the moments are finite and tend to
1 —Xe

9y

zero, as k — oo; at the time instant £ = ¢, the moments are finite and tend to e

as k — oo; for ¢t > %, the moments tend to oo, as k — oc.

Numerical computations of moments according to formula (5) and their approx-
imations (for increasing k) by means of the asymptotic functions

gO(t) = e_)\t (Ct)2k <1 + 2k)\j- 1> ’
o M ()2 (At)?
gi(t) = e (ct)** <1+2k:—|—1+4k‘+2 (4k:—|—2)(2k7+3)>7

obtained in Theorem 1 are given in the following table below (for the particular
values of the parameters ¢ = 0.6, t = 1.5, A = 2.5):

| k| piok(1.5) | go(L.5) | g1(L.5) |
100 | 0.175030 - 10~ | 0.169015-10~1° | 0.174926 - 10~ 10
500 | 0.415508 - 10~%" [ 0.412600 - 10~*" | 0.415498 - 10~*7
1000 | 0.722360 - 10793 | 0.719826 - 1093 | 0.722356 - 10~3
5000 | 0.626552 - 10~%9 | 0.626113 - 10~ | 0.626553 - 10~
10000 | 0.166654 - 107916 | 0.166597 - 10796 | 0.166655 - 10~916

We see that the second asymptotic function g;(¢) yields a better approximation
(for increasing k) of the moment function poy(t) than the first asymptotic function
go(t). In particular, we see that the function gi(t) provides stabilization in the
second digit already for k = 100, while the function go(t) does so only for & = 500.
Note also that in this example ¢t = 0.6 - 1.5 = 0.9 < 1 and the moments pox(1.5)
tend to zero, as k — oo, very rapidly.

3 Laplace Transform of Moment Function

In this section we derive an explicit formula for the Laplace transform of the
moment function pok(t), & > 1, given by (5). We show that, despite the fairly
complicated form of the moment function (5), its Laplace transform has a very
simple form. This result is presented by the following theorem.

Theorem 2. The Laplace transform of moment function (5) is given by the formula:

2k (2k)!

= v R 0.
SEHL (5 4 2N)F es >

Ly [p2r(t)] () (19)



MOMENT ANALYSIS OF THE TELEGRAPH RANDOM PROCESS 99

Proof. Applying the Laplace transformation to (5) we have:

Lo [uan(®)] (5) = 2 2412 \-kH1/2 T <"“ + %> x

x Ly [G_M tht1/2 (Ths1/2(M) + Ik—1/2(>\t))} (s) =

(20)
— C2k 2k—1/2 )\—k+1/2 T <k + %) %
X Ly [ (10N + Tio1p(M) ] (5 + ).
According to [3, Table 4.16, Formulas 6 and 7]
L, [tk+1/2 Ios 2(/\t)] (s) = L ok+1/2 \k+1/2 p.| o
o Vi Ry
1 s
k+1/2 _ k+1/2 \k—1/2
Et |:t + / Ik_l/Q(At)] (S) == \/—% 2 + / A / k' m .
Substituting these expressions into (20) we obtain
1\ k! 542\
‘ _ 2k o2 L WA _
Ly [par(t)] (s) = c k+ 2) V7 (5+ /\)2 — )\2)k+1
(see Formula (9))
ok o2k VT k! 542X
= 2°F ——(2k — I — =
R e (PR Vemy e s
_ 2k ok o — 52
2 2k = D
2%k 542\
= 20 2k — 1)) ————— =
c ( k) ( k ) (S(S+2)\))k+1
R (2k)!
skt (s 20k
The theorem is proved. g

In particular, for £ = 1, we obtain from (19) the formula for the Laplace trans-
form of the second moment

2c2

Ly [p2(t)] (s) = RPN (21)

On the other hand, applying Laplace transformation to (6) we have:
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2t c?
Ly [p2(t)] (s) = Ly [T — o (- —m)} (s)
¢ ¢ —2At
= S Lilt)(s) = 535 (Lelt](s) = Lele™](5)) =
21 2 [1 1
X?‘W(E‘wm) -
B 21 c? 2A B
TN 22X s(s+2))
(1 1
Y <s_2_ 8(8—1—2/\)> -
2¢2
T 2 (s+2))

and this coincides with (21).

Remark 3. One can check that, under the Kac condition (7), function (19) turns
into the Laplace transform of the moment function of Brownian motion. Really, for
function (19) we have

. L@k A
c}){Too {Le [par(t)] (8)} = s C’I){E}OO (s+20F [
(/N)—p (€/X)=p
i — 1N 2k
_ehnek-nro c 1 _
gk +1 e, A—oo | (2N)F (25 + 1)k
(/0 &
_2R@Ek-DE 1 Y\ _
T gkl 9k c, )}goo AT
(c/X)—p
oF K (2K — 1)
= T

On the other hand, for the Laplace transform of the moment function of the one-
dimensional homogeneous Brownian motion with zero drift and diffusion coefficient

0% = p derived in Subsection 2.1 above, we obtain the formula

Lo [pF 8 2k — D) (s) = pF (2k — D)1 L[t*](s) =

T(k+1)
k

oF k! (2k — 1)
= gkt 1

exactly coinciding with the previous one.
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4 Moment Problem

In this section we give the complete solution of the moment problem for the
Goldstein-Kac telegraph process X (t). We show that, for any fixed ¢ > 0, the
moments of X (t) satisfy the Carleman condition and, therefore, the distribution of
X (t) is completely determined by its moments. This result is given by the following
theorem.

Theorem 3. For any fized t > 0 the moments uok(t) of the telegraph process X (t),
given by (5), satisfy the Carleman condition:

3 (s, ()] 7R = oo, (22)
k=1

Proof. To prove the theorem it suffices to show that the general term of the series
on the left-hand side of (22) does not tend to zero, as k — oo. First, we prove that,
for arbitrary k£ > 1, the following inequality holds:

pon(®) < () (14 M) NP2 k> 1 (23)
By using formulas (9) and (17) we have:

_ 1
pok(t) = e M 2K ok 1/2 \mhH1/2 gk /2 (k + 5) (L1 /2(AE) + Iy 2 (AE)] =
— e—)\t c2k 2k—1/2 A~ k+1/2 ZL/k-i-l/2 \2/E (2k _ 1)” [Ik+1/2()‘t) + 1 1/2()\t)]

_ _ T
— e M PR \TRHL/2 k12 \g 2k — DI [Lg1/2(0E) + Iy 2 (AD)] <

00 bV 21
(At)F+1/2 Z 2! (2(1 +)2k + 1)

()12 Z (At)* _
@O (21 + 2k — )1

[e.e]

ko\—k+1/2 4h+1/2 [()\t k+1/2 Z (2k — 1! ()\t)Zl

< C2k )\—k+1/2 tk+1/2 (2]€ _ 1)”

@2k + D0 @)

2k — DI ()%
k—1/2
() Z @ +2k—nn @] =
)

2 2
% \—k+1/2 k+1/2 k+1/2 At) r—1/2 x~ (A
<2k A t [()\t) ZO ann o) ZO o

where in the last step we have used the fact that, for any k£ > 1, the following
inequalities hold

(2k — ! (2k — 1)!!
m<1v mﬁl, for any [ > 0.
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Now taking into account that

00 o) 00 l
()2 (A2 LN jepp
2(21)!!_; 211 _lzu 2 ) ¢

=0 =0

we obtain
ok (t) < AR NTRFVZEEUZ (p)E=l/2 (14 xp) X2 =
= (ct)®F (14 At) X072,

proving (23). From (23) we have the inequality:
2 ()] > (et) T (L A THER TN g >,
Then, by passing to the limit, as kK — oo, in this last inequality, we obtain:

Jim [ (£)] 7 > (et) ™! > 0

o0

for any c and ¢ > 0. Hence, the sequence [ugk(t)]_l/ k) does not tend to zero as

k — oo and, therefore, the series (4.1) is divergent. The theorem is thus completely
proved. O

5 Moment generating function

In this section we obtain a formula for the generating function of the moments
ok (t), k > 1, in an explicit form. Taking into account the well-know connection
between the moments and the characteristic function of a stochastic process, this
can be done by applying the known formula for the characteristic function of the
Goldstein-Kac telegraph process (see, for instance,[9, Proposition 2.1] or [28, The-
orem 2.3]). Instead, we give an alternative way of deriving the moment generating
function based on direct computations and use of some properties of the modified
Bessel functions.

For arbitrary complex number z such that

)\2
2| < 2

introduce the function

P(z,t) = 2 2" lz;’;c()t') (24)

The explicit form of function (24) is given by the following theorem.

Theorem 4. For any t > 0 the moment generating function (24) has the form:

A
— o 2 2 i 2 2
P(z,t) =e {cosh (t A+ z) + T sinh (t A+ z) } . (25)
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Proof. First, we note that, in view of formula (9),

Mzk() o 2k gk —k k I (k+3)
o t 2k ok—1/2 \—k+1/2 1k+1/2 (%_) (L1 /2(AE) + Iy ;2 (AE)] =

- 2k — 1
egtgpry bl Y B [ 00 + fmaa ()] =

At _ A" 1
=\ ¢ A <T> oF Rl [Tig1/2( M) + Ty 2 (A1)] =

Tt _ A\ 1
=\ 5 e At <§> ] Teg1/2(M) + Ty j2(A1)] -
(26)

Substituting this into (24) we have:

™ 2 VA
\/ A Zk' <2f\> [Tht1/2(NE) + Iy o (At)] =

TAt 1 [Ptz 21 /"
T Z T\ o Ik+1/2()‘t) +> 2\ on ) D208 o
k=0

(27)
Consider separately the series on the right-hand side of (27). Applying the formula
(see [30, page 694, Formula 6])

];)% Ii_1po(z) = \/E cosh (\/@) ; 28] <[],

we obtain for the second series in curl brackets of (27):

<1 /2tz\" 2 \/ 2tz
el e R 242 i _
Z o < ) > Ii—1/2(Mt) 7 cosh ( A%t2 + 2 ) /\t)
k=0 (28)
2
_ 2 2
=\ cosh(t M+c z).

Similarly, by applying the formula (see [30, page 694, Formula 4 for v = 1/2])
Zk_ kt+1/2(® {7 ! Iy /o <V$2+2€$>, 26| < |zf,

and taking into account that (see [30, page 730])

2
I jp(z) =4/ — sinh z,

we obtain for the first series in curl brackets of (27):
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2

> 1 /tz\" c -1/4
S (52) tewan=(1452)  np (ViR o) =

2\
k=0
VA 2
— ; 2 2,) —
St e\ e sinh (t M +c z) =
[ sinh <t\/ A2+ c2z>
Nw T e -
29
Substituting (28) and (29) into (27) we finally obtain:
T\t 2 2\ sinh <t V )\2 + C2Z>
PY(z,t) = e Ny [ == \/—cosh(t )\2+C2Z)—|—\/— =
2 T Tt V2 ¥ 22
A
= M {cosh (t A2 4 c2z) + Novewer sinh (t\/ A2 4 c2z) } ,
proving (25). The theorem is proved. O

Remark 4. From (24) it follows that the (2k)-th moment puox(t), k& > 1, can be
obtained by the k-time differentiation of the moment generating function v (z,t)
with respect to z and by setting then z = 0 in the expression obtained, that is,

OFp(z,t)
t) = (2k)! —~ k> 1.
) = 20 SET0| Lk
Therefore, according to (25), we have for k > 1:
Ny ok sinh (t\/ A2+ 02z>
o s 2 4 2
pok(t) = e " (2k)! 5o cosh (t A2 +c z> + A NoCEwEP (30)
z=0
In particular, for k£ = 1, formula (30) yields:
N sinh (t\/ A2 + 622’)
t) =2 " — h (v \2 2 A =
pa(t) =267 5 cosh (8R4 P2) + A — e
z=0
: 2 2
g ﬁ sinh <t\/)\ +c z) A

X
2 VA2 + 2z +)\2+C2Z

2t 2 sinh (t\/ A2+ 022>
— h (v A2 2z) — — =
X 5 COS ( +c z) 5 m
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{% sinh (At) % [% cosh (At) — g sinh ()\t)]} =
it c?
{ﬁ [sinh (At) 4 cosh (At)] — N2 sinh ()\t)}
e M {i; —5 sinh ()\t)}
2t 2 €= e—)\t
=2 T —
2 2

=5 o (1-¢™)

and this exactly coincides with (6).

Note that the moment generating function is structurally similar to the characte-
ristic function of the telegraph process X (t) (see, for comparison, [9, Proposition 2.1]
or [28, Theorem 2.3]).

Remark 5. We can use some formulas obtained above for deriving an expression
for the semi-invariants of the Goldstein-Kac telegraph process X (t). According to
the general formula of probability theory, for any fixed ¢ > 0, the semi-invariants
Mn(t), n > 1, of X(t) are expressed in terms of the moments p,(¢), n > 1, as follows:

n -1 =1 (s 1)! i J1 p, Jr
() =t 3OS EN G D) <111(!t)> ...(l(!t’> . om>1, (31

gl gy

where the interior summation is doing with respect to all the non-negative integer
numbers j and [ such that

bji+- 4+ 1jr =n, it +gr=17

Since, according to (5), all the odd moments are equal to zero, then all the odd semi-
invariants are equal to zero too, that is, nor11(t) = 0, &k = 0,1,2,.... Therefore,
formula (31) takes the form:

1)7-1 ]—1) toty 1)\ tion, 1)\ "
nok(t) = (2k)! Z Z <(2h! ~\anr) k> 1,

r=0 3,1
(32)

where
llj1+"'+lrjr:k7> j1+"'+jr:j- (33)

Each factor of the form pos(t)/(2s)! in (32), according to (26), has the form:

pos(t) My <c2t
e —_—

@)~V 2 2

) 3 MO0+ L)
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Therefore, the product of such factors in (32), in view of (33), are given by

(

toty 1)\ ! ton, 1) \ "
@) @)

r .]z

At _ A\l 1
ZH = ¢ At (ﬁ) T (L1 /2(ANE) + 1,1 p(MD)] | =

i=1

:<”T”>j/ze ( > U(F Il.+1/2(>\t)+Ili_1/2(>\t)}>ji.

By substituting this into (32) we obtain the following formula for the semi-invariants:

i -eny (5) £ 50 (22"

r=0 3,1 - (34)
r 1 Ji
X H (m (L 41/2(A) + Ili—l/2()‘t)]> :
i=1

Formula (34) has a fairly complicated form and, apparently, cannot be simplified.
Nevertheless, it can be used for computing the semi-invariants for small k.
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