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Abstract. In this article we consider the class QSL, of all real quadratic differential

d d . .
systems d—f =p(z,y), d—?i = ¢(z,y) with ged(p, ¢) = 1, having invariant lines of total

multiplicity four and a finite set of singularities at infinity. We first prove that all
the systems in this class are integrable having integrating factors which are Darboux
functions and we determine their first integrals. We also construct all the phase
portraits for the systems belonging to this class. The group of affine transformations
and homotheties on the time axis acts on this class. Our Main Theorem gives necessary
and sufficient conditions, stated in terms of the twelve coefficients of the systems, for
the realization of each one of the total of 69 topologically distinct phase portraits
found in this class. We prove that these conditions are invariant under the group
action.
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1 Introduction

We consider here real planar differential systems of the form

(S) fl_f :p(fL’,y), % ZQ(xay)7 (1)

where p, ¢ € R[z,y]|, i.e. p, ¢ are polynomials in z, y over R, their associated vector
fields

0 0
D =p(z,y)5- +alz, y)a—y (2)
and differential equations
q(z,y)dz — p(z,y)dy = 0. (3)

We call degree of a system (1) (or of a vector field (2) or of a differential equation (3))
the integer deg(S) = max(degp, degq). In particular we call quadratic a differential
system (1) with deg(S) = 2.
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A system (1.1) is said to be integrable on an open set U of R? if there exists a C'*
function F'(z,y) defined on U which is a first integral of the system, i.e. such that
DF(z,y) = 0 on U and which is nonconstant on any open subset of U. The cases
of integrable systems are rare but as Arnold said in [2, p. 405] ”...these integrable
cases allow us to collect a large amount of information about the motion in more
important systems...”. In particular we indicate below how integrable systems play a
role in the second part of Hilbert’s 16th problem for polynomial differential systems.

There are several hard open problems on the class of all quadratic differential
systems (1). Among them the most famous one is the second part of Hilbert’s 16th
problem which asks for the determination of the so called Hilbert number H(2) for
this class where

H(n) = max{LC(S) | deg(S) = n}

and LC(S) is the number of limit cycles of the system (.5). It is known that for any
polynomial system (5), LC(S) is finite. This is the so called individual finiteness
theorem which was proved independently by Ilyashenko and Ecalle (see [12,15]).

The class of quadratic differential systems possessing a singularity which is a
center is formed by integrable systems on open sets of R? which are complements of
real invariant algebraic curves. These systems do not possess limit cycles but they
turn out to be very important in the determination of H(2) as perturbations of such
systems could produce limit cycles. Furthermore we have evidence indicating that
H (2) could be linked to the number of limit cycles occurring in perturbations of the
most degenerate ones of all quadratic systems with a center (which happen to have
a rational first integral) as we explain below.

In [3] the authors studied the class of all quadratic systems possessing a second
order weak focus. It is known that the maximum number of limit cycles occurring
in systems in this class is two (see [32,33]). In the bifurcation diagram drawn in [3]
for this three parameter family of systems, modulo the action of the affine group
and time rescaling, the maximum number of two limit cycles which one has for this
class, occurs in perturbations of an quadratic system (Sp) with a center, which has
a rational first integral foliating the plane into conic curves. In addition this system
(So) has three invariant affine lines and its line at infinity is filled up with singu-
larities. Although other systems in this class having this maximum number of two
limit cycles could be far away in the parameter space from the particular degen-
erate system (Sp), their phase portraits are topologically equivalent with a small
perturbations of (Sp). This indicates the importance of integrable systems having
invariant algebraic curves (see Definition 3), even with a rational first integral, in the
second part of Hilbert’s 16th problem and adds to the motivation for studying such
systems. However, such a study is interesting for its own sake being at crossroads
of differential equations and algebraic geometry.

The simplest class of integrable quadratic systems due to the presence of invariant
algebraic curves is the class of integrable quadratic systems due to the presence of
invariant lines. The study of this class was initiated in articles [25,27-29]. In
particular it was shown in [29] that the above mentioned system (Sp) possesses
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invariant affine lines of total multiplicity three.

In this article we study the class QSL, of all quadratic differential systems
possessing invariant lines of total multiplicity four (including the line at infinity and
including multiplicities of the lines). The study of QSL, was initiated in [27] where
we proved a theorem of classification for this class. This classification, which is taken
modulo the action of the group of real affine transformations and time rescaling, is
given in terms of algebraic invariants and comitants and also geometrically, using
cycles on the complex projective plane and on the line at infinity. An important
ingredient in this classification is the notion of configuration of invariant lines of a
polynomial differential system.

Definition 1. We call configuration of invariant lines of a system (1) the set of all
its (complex) invariant lines (which may have real coefficients), each endowed with
its own multiplicity [25] and together with all the real singular points of this system
located on these lines, each one endowed with its own multiplicity.

The goal of this article is to complete the study we began in [27]. More precisely
in this work we

e prove that all systems in this class QSL, are integrable. We show this by
using the geometric method of integration of Darboux. We construct explicit
Darboux integrating factors and we give the list of first integrals for each
system in this class;

e construct all topologically distinct phase portraits of the systems in this class;

e give invariant (under the action of the group Aff(2,R) x R*)) necessary and
sufficient conditions, in terms of the twelve coefficients of the systems, for the
realization of each specific phase portrait.

This article is organized as follows:

In Section 2 we give the preliminary definitions and results needed in this article.
These are mainly of a differential-algebraic nature.

In Section 3 we associate to each real quadratic system (1) possessing invariant
lines with corresponding multiplicities, a divisor on the complex projective plane
which encodes this information. We also define several integer-valued affine invari-
ants of such systems using divisors on the line at infinity or zero-cycles on Py(C)
defined in [25] and [27], which encode the multiplicities of the singularities of the sys-
tems. We also state Theorem 5 which was proved in [27] illustrating how these cycles
are useful for classification purposes. This theorem lists all possible configurations
of invariant lines of total multiplicity four of the systems under study.

In Section 4 we prove the integrability of the systems in this class by using their
invariant lines with their multiplicities. The main result in this Section states that
all these systems have either a polynomial inverse integrating factor which splits into
linear factors over C or a Darboux integrating factor which is a product of powers of
the polynomials defining their invariant lines and an exponential factor ¢&(@¥) with
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G a rational function over C. The result is summed up in Table 1 where all these
integrating factors are listed along with the first integrals, some of which but not all
are Darboux functions.

In Section 5 we construct the phase portraits of the systems in this class and
state our Main Theorem which gives necessary and sufficient conditions, invariant
under the group action, for the realization of each one of the total of 69 topologically
distinct phase portraits obtained for this class, in terms of the twelve coefficients of
the systems.

2 Preliminaries

In this Section we give the basic notions and results needed in this paper. We
are concerned here with the integrability in the sense of Darboux [10] of systems
(1) possessing invariant straight lines of total multiplicity four. We work with the
notion of multiplicity of an invariant line introduced by us in [25].

In [10] Darboux gave a geometric method of integration of planar complex differ-
ential equations (3) using invariant algebraic curves of the equations (see Definition
3). Each real differential system (1) generates a complex differential system when
the variables range over C. For this reason the method of Darboux can be applied
also for real systems.

Poincaré was enthusiastic about the work of Darboux [10], which he called ”ad-
mirable” in [19]. This method of integration was applied to give unified proofs of
integrability for several families of systems (1). For example in [24] it was applied
to show in a unified way (unlike previous proofs which used ad hoc methods) the
integrability of planar quadratic systems possessing a center.

A brief and easily accessible exposition of the method of Darboux can be found
in the survey article [23].

The topic of Darboux’ paper [10] is best treated using the language of differential
algebra, subject which started to be developed in the work of Ritt [1893-1951], long
after Darboux wrote his paper [10]. The term ”Differential Algebra” was introduced
by Ellis Kolchin, who as Buium and Cassidy said in [6], ”deepened and modernized
differential algebra and developed differential algebraic geometry and differential
algebraic groups”. According to Ritt, differential algebra began to be developed in
the 1930’s (e.g.[21]) under the influence of Emmy Noether’s work of the 1920’s in
algebra. (In his book [22] Ritt said: ”the form in which the results of differential
algebra are presented has been deeply influenced by her teachings”.)

Whenever a definition below is given for a system (1) or equivalently for a vector
field (2), this definition could also be given for an equation (3) and viceversa. For
brevity we sometimes state only one of the possibilities.

An integrating factor of an equation (3) on an open subset U of R? is usually
defined as a C'! function R(x,%) # 0 such that the 1-form

w = Rq(x,y)dx — Rp(x,y)dy
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is exact, i.e. there exist a C! function F': U — K on U such that
w = dF. (4)
If R is an integrating factor on U of (3) then the function F such that
w = Rgdx — Rpdy = dF is a first integral of the equation w = 0 (or a system

(1)). In this case we necessarily have on U:

d(Rq) J(Rp)

= _ 5
oy ox (5)
and developing the above equality we obtain 8—Rp + 8—Rq = —R<@ + @) or
ox oy Oor Oy
equivalently
DR = —RdivD. (6)

In view of Poincaré’s lemma (see for example [31]), if R(z,y) is a C' function
on a star-shaped open set U of R?, then R(z,y) is an integrating factor of (3) if
and only if (5) (or equivalently (6)) holds on U. So for star shaped open sets U (6)
can be taken as a definition of an integrating factor on U. This is sufficient for our
purpose. We note that this last definition is much simpler than the one usually used
in textbooks as it no longer involves an existential quantifier.

In this work we shall apply to our real quadratic system (1) the method of
integration of Darboux which was developed for complex differential equations (3).
This method uses multiple-valued complex functions of the form:

F= eG(Ly)fl(‘r?y))\l o ’fs(.il',y)AS, Ge (C(a;,y), fl € (C[$7y], Ai € (Ca (7)

G = G1/Gy, G; € Clz,y], f; irreducible over C. It is clear that in general an
expression (7) makes sense only for G5 # 0 and for points (z,y) € C?\ ({Ga(z,y) =
0} U{fi(z,y) =0} U U{fs(z,y) = 0}).

The above expression (7) yields a multiple-valued function on

Z/{:C2\({G2(Z’,y) :O}U{fl(‘ray) :O}U”'U{fs(xay) :O})

0 0
52 9y
obtained by adjoining to C(z,y) a finite number of algebraic and of transcendental
elements over C(z,%). For example f(z,y)"/? is an expression of the form (7), when
f € Clz,y] \ {0}. This function belongs to the algebraic differential field extension

The function F' in (7) belongs to a differential field extension of ((C(m, Y),

((C(a:, y)[u], %, 8%/) of ((C(a:, Y), %, 8%/) obtained by adjoining to C(z,y) a root of

the equation u?— f(x,y) = 0. In general, the expression (7) belongs to a differential
field extension which is not necessarily algebraic. Indeed, for example this occurs if
G(x,y) is not a constant.
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0 0
5 9y
which is finite over C(x,y), is a first integral (integrating factor, respectively inverse
integrating factor) of a complex differential system (1) or a vector field (2) or a
differential equation (3) if DF = 0 (DF = —F div D, respectively DF = F div D).

Definition 2. A function F in a differential field extension K of <(C(x Y),

In 1878 Darboux introduced the notion of invariant algebraic curve for differential
equations on the complex projective plane. This notion can be adapted for equations
(3) on C? or equivalently for systems (1) or vector fields (2).

Definition 3 (Darboux [10]). An affine algebraic curve f(z,y) = 0, f € Clx,y],
deg f > 1 is invariant for an equation (3) or for a system (1) if and only if f |Df in

D
Clz,y], ie. k= Tf € Clz,y]. In this case k is called the cofactor of f.

Definition 4 (Darboux [10]). An algebraic solution of an equation (3) (respectively
(1), (2)) is an invariant algebraic curve f(z,y) =0, f € Clz,y] (deg f > 1) with f
an irreducible polynomial over C.

Darboux showed that if an equation (3) or (1) or (2) possesses a sufficient number
of such invariant algebraic solutions f;(z,y) = 0, f; € Clz,y], i = 1,2,...,s then
the equation has a first integral of the form (7).

Definition 5. An expression of the form F = e“@Y) G (z,y) € C(z,y), i.e. G is a
rational function over C, is an exponential factor! for a system (1) or an equation

DF
(3) if and only if £ = - € Clz,y]. In this case k is called the cofactor of the

exponential factor F'.

Proposition 1 (Chrlstopher 8]). If an equation (3) admits an exponential factor

[
eC@Y) where G(x,y) = (x’z

N 3, G1,G4 € Clz,y| then Go(z,y) = 0 is an invariant

algebraic curve of (3).

Definition 6. We say that a system (1) or an equation (3) has a Darboux first
integral (respectively Darboux integrating factor) if it admits a first integral (respec-
S

tively integrating factor) of the form e%@v) Hfi(a:,y))"', where G(z,y) € C(z,y)
i=1

and f; € Clz,y], deg fi > 1,7 =1,2,...,s, f; irreducible over C and \; € C. A sys-

tem (1) or an equation (3) has a Liouvillian first integral (respectively a Liouvillian

integrating factor) if it admits a first integral (respectively integrating factor) which

is a Liouvillian function, i.e. a function which is built up from rational functions

over C using exponentiation, integration and algebraic functions.

!Under the name degenerate invariant algebraic curve this notion was introduced by Christopher
in [8].
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Proposition 2 (Darboux [10]). If an equation (3) (or (1), or (2)) has an integrating
factor (or first integral) of the form F = [];_; fi)‘i then Vi € {1,...,s}, fi =0 s an
algebraic invariant curve of (3) ((1), (2)).

In [10] Darboux proved the following theorem of integrability using invariant
algebraic solutions of differential equation (3):

Theorem 3 (Darboux [10]). Consider a differential equation (3) with p,q € Clz,y].
Let us assume that m = max(degp, degq) and that the equation admits s algebraic
solutions fi(x,y) =0,i=1,2,...,s (deg f; > 1). Then we have:

L If s = m(m + 1)/2 then there exists A = (A1,...,As) € C*\ {0} such that
R =TI;_, fi(z,y) is an integrating factor of (3).

II. If s > m(m+1)/2+1 then there exists A = (A1,...,As) € C*\ {0} such that
F =TI, filz,y)" is a first integral of (3).

Remark 1. We stated the theorem for the equation (3) but clearly we could have
stated it for the vector field D (2) or for the polynomial differential system (1).
We recall that Darboux’s work was done for differential equations in the complex
projective plane. The above formulation is an adaptation of his theorem for the
complex affine plane.

In [16] Jouanolou proved the following theorem which improves part II of Dar-
boux’s Theorem.

Theorem 4 (Jouanolou [16]). Consider a polynomial differential equation (3) over
C and assume that it has s algebraic solutions f;(x,y) =0,i=1,2,...,s (deg f; >
1). Suppose that s > m(m-+1)/242. Then there exists (ni,...,ns) € Z°\ {0} such
that ' =T17_, fi(z,y)™ is a first integral of (3). In this case F' € C(z,y), i.e. F is
rational function over C.

The above mentioned theorem of Darboux gives us sufficient conditions for inte-
grability via the method of Darboux using algebraic solutions of systems (1). How-
ever these conditions are not necessary as it can be seen from the following example.
The system

de/dt = —y — 2® —y?,  dy/dt =z + xy

has two invariant algebraic curves: the invariant line 14y = 0 and a conic invariant
curve f = 6z2 4 3y% + 2y — 1 = 0. This system is integrable having as first integral
F=(1+y)2f but here s =2 < 3 =m(m+1)/2.

Other sufficient conditions for Darboux integrability were obtained by Christo-
pher and Kooij in [17] and Zoladek in [34]. Their theorems say that if a system has s
invariant algebraic solutions in ”generic position” (with ”generic” as defined in their
papers) such that > 7 ; deg fi = m + 1 then the system has an inverse integrating
factor of the form [[;_, f;. But their theorem does not cover the above case as the
two curves are not in ”generic position”. Indeed, the line 14y = 0 is tangent to the
curve f =0 at (0, —1). For similar reasons the above example is not covered by the
more general result: Theorem 7.1 in [9]. Other sufficient conditions for integrability
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covering the example above were given in [7]. However we do not have necessary
and sufficient conditions for Darboux integrability and the search is on for finding
such conditions.

Problem resulting from the work [10] of Darboux: Give necessary and
sufficient conditions for a polynomial system (1.1) to have: (i) a polynomial in-
verse integrating factor; (i) an integrating factor of the form [[;_, fi(x,y)™; (iii) a
Darboux integrating factor (or a Darboux first integral); (iv) a rational first integral.

The last problem (iv) above, was stated in 1891 in the articles [19] and [20] of
Poincaré where it was called the problem of algebraic integrability of the equations.
In recent years there has been much activity in this area of research.

One of the goals of this work is to provide us with specific data to be used
along with similar material for higher degree curves, for the purpose of dealing
with questions regarding Darboux and algebraic integrability. We collect here in a
systematic way information on quadratic systems having invariant lines of exactly
four total multiplicity.

This material may also be used in studying quadratic systems which are small
perturbations of integrable ones. In fact, as we have already indicated in the intro-
duction, the maximum number of limit cycles of some subclasses of the quadratic
class can be obtained by perturbing integrable systems having a rational first integral
and invariant lines.

This article forms the basis for the study of some moduli spaces of quadratic
systems, under the group action. One such moduli space which we intend to study
in a following article is the moduli space of the closure within the quadratic class of
the class QSLy,.

3 Divisors associated to configurations of invariant lines

Consider real differential systems of the form:

o Do +pi(z,9) + p2(2,y) = p(z,y),
(8) dt (8)
— =t al@y) + @y =q(z,y)

with
po = ago, pi(z,y) =ar+any, p2(z,y) = ag0x? + 2a1 70y + a02y2,
9@ =boo, @1(2,y) =biox +bo1y, q2(z,y) = baoz? + 2b1zy + bo2y”.
Let a = (a0, a10, ao1, @20, @11, @02, boo, b10, bot, b2g, b11, boz) be the 12-tuple of the co-

efficients of system (8) and denote Rla,x,y] = Rlago, a10, @01, @20, @11, @02, boo, b10,
bot, b20, b11, bo2, T, Y.

Notation 1. Whenever we refer to some specific point in R'? rather than a 12-
tuple parameter we shall denote such a point in R'? by a = (ag, a1 ... ,bo2). FEach
particular system (8) yields an ordered 12-tuple a of its coefficients.
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Notation 2. Let

P(X,Y,Z) =po(a)Z* + pi(a, X,Y)Z + pa(a, X,Y) =0,
Q(X,Y, Z) =qo(a) 2 + q1(a, X,Y)Z + g2(a,X,Y) =

We denote  o(P,Q) = {w € Py(C) | P(w) = Q(w) = 0}.

Definition 7. We consider formal expressions D = ) n(w)w where n(w) is an
integer and only a finite number of n(w) in D are nonzero. Such an expression is
called: i) a zero-cycle of Py(C) if all w appearing in D are points of Po(C); ii) a
divisor of Po(C) if all w appearing in D are irreducible algebraic curves of Py(C);
iii) a divisor of an irreducible algebraic curve € in Py(C) if all w in D are points of
the curve €. We call degree of the expression D the integer deg(D) = > n(w). We
call support of D the set Supp (D) of all w appearing in D such that n(w) # 0.

Definition 8. We say that an invariant affine straight line £(z,y) = ux+vy+w =0
(respectively the line at infinity Z = 0) for a quadratic vector field D has multiplicity
m if there exists a sequence of real quadratic vector fields Dy, converging to D, such
that each Dk has m (respectlvely m — 1) distinct invariant affine straight lines
Ej =ulz+vly+w =0, (u],v]) #(0,0), (ul,vf,w ') € C3, converging to £ = 0 as
k — o0 (Wlth the topology of their coefficients), and this does not occur for m + 1
(respectively m).

Notation 3. Let us denote by

_ (S) is a real system (1) such that ged(p(x,y),q(z,y)) =1 |
e K P s }

(S) possesses at least one invariant affine line or
L = ; o o
QS { (5) € QS the line at infinity has multiplicity at least two

In this section we shall assume that systems (8) belong to QS.
We define below the geometrical objects (divisors or zero-cycles) which play an
important role in constructing the invariants of the systems.

Definition 9.

D(P,Q) = > IL(PQu
weo(P,Q)
D(P,Q:Z) = Y IL(PQuw
we{Z=0}
Dy(P.Q.2) = Y (L(C.2), 1(PQ)w if ZIC(XY,2);
we{Z=0}
D,(C,Z) = Y L(CZw if Zt1C(X)Y,Z),

we{Z=0}
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where C(X,Y,Z) =YP(X,Y, Z)-XQ(X,Y, Z), I,(F,G) is the intersection number
(see [11]) of the curves defined by homogeneous polynomials F, G € C[X,Y, Z],
deg(F),deg(G) > 1and {Z =0} = {[X : Y : 0] | (X,Y) € C?\ (0,0)}.

We denote by #A the number of points of a finite set A.

Notation 4.
nz: =#{w € SuppD,(C, Z) | w € P2(R)}.

A complex projective line uX + vY + wZ = 0 is invariant for the system (.5) if
either it coincides with Z = 0 or it is the projective completion of an invariant affine
line ux + vy +w = 0.

Notation 5. Let (S) € QSL. Let us denote

B [ is a line in Po(C) such '
IL(S) _{ ! that 1 is invariant for (S) } ’

M(l) = the multiplicity of the invariant line | of (S).

Remark 2. We note that the line I, : Z = 0 is included in IL(S) for any (S) € QS.

Let l; : fi(z,y) =0,7=1,...,k, be all the distinct invariant affine lines (real
or complex) of a system (S) € QSL, in case they exist. Let I} : F;(X,Y,Z) =0 be
the complex projective completion of ;.

Notation 6. We denote
g : H]—'Z-(X,Y,Z)Z =0; SingG ={w € G| w is a singular point of G} ;
v(w) = Zthe multiplicity of the point w, as a point of G.

Definition 10.

D, (5) = Z M@, (S) € QSL;
1€IL(S)
SuppDIL(S) = {l ‘ le IL(S)}

Notation 7.
M, (S) =deg Dy, (5);
N (S) =#Supp Dy ;
N, (S) =#{l € SuppD, |1 € P2(R)};
n]};’g(S) =#{w € SuppD (P, Q) |w € Q|R2}; )
d, (S)= > L(P.Q);

weg’Rg
(8) =max{v(w) |w € Sing G|, };

(8) =max{v(w) |w € Sing G|, }.
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. . . . R
For brevity we sometimes just write M, , N, ..., m o

In the following sections we shall prove the integrability of the quadratic differ-
ential systems having invariant lines of total multiplicity four, including the line at
infinity and including possible multiplicities of the lines. Their possible configura-
tions as well as invariant conditions with respect to the group action distinguishing
these configurations were given in [27]. All possible such configurations for this class
are found in Diagram 1 of Theorem 4.1 in [27]. This Theorem will be needed in
the following sections so we reproduce it below. It also helps in illustrating how the
concepts introduced in this section are used.

Notation 8. We denote by QSLy, the class of all real quadratic differential systems
(8) with p, q relatively prime ((p,q) = 1), Z t C, and possessing a configuration of
invariant straight lines of total multiplicity M, = 4 including the line at infinity
and including possible multiplicities of the lines.

Theorem 5. (Schlomiuk and Vulpe [27]) The class QSLy splits into 46 distinct
subclasses indicated in Diagram 1 with the corresponding Configurations 4.1-4.46,
where the complex invariant straight lines are indicated by dashed lines. If an in-
variant straight line has multiplicity k > 1, then the number k appears near the
corresponding straight line and this line is in bold face. We indicate next to the real
singular points of the systems, situated on the invariant lines, their multiplicities as
follows: (I,(p,q)) if w is a finite singularity, (1,(C,Z), I,(P,Q)) if w is an infi-
nite singularity with I,(P,Q) # 0 and (1,(C, Z)) if w is an infinite singularity with
L(P,Q) =0.

4 Integrability and phase portraits of the systems in the class
of quadratic systems with total multiplicity four

4.1 Darboux integrating factors and first integrals

Theorem 6. Consider a quadratic system (8) in QSLy. Then this system has either
a polynomial inverse integrating factor which splits into linear factors over C or an
integrating factor which is Darboux generating in the usual way a Liouvillian first
integral. Out of 46 cases, 26 lead to Darbouz integrals which produce, depending on
the values of the parameters, 30 Darboux integrals. In the remaining cases the first
integral involves special functions such as for example Hypergeometric functions, or
Appell or Beta functions, etc. Furthermore the quotient set of QSL, under the
action of the affine group and time rescaling is formed by: (i) a set of 20 orbits;
(ii) a set of twenty-three one-parameter families of orbits and (iii) a set of ten two-
parameter families of orbits. A system of representatives of the quotient space is
given in Table 1. This table also lists the corresponding cofactors of the lines as well
as the inverse integrating factors and first integrals of the systems.

Proof of Theorem 6. In [27] we obtained a total of 46 canonical forms for all
the systems in the class QSL,. They correspond to the 46 possible configurations
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Diagram 1
NR: 4 —» 1) Config. 4.1
mg=2
N,=2
£ (1) Config. 4.2
9 0_4 00“ﬁg 48 (1 1)
COﬂﬁ’/ 44
Ne=4 ng 3
NC:4 ’fLR :1 ((mﬁg 4.5
my=2
Config. 4.6
Ng =2
Config. 4.7
N,=2 N
1
R _ >
ngp—l dg’ = Config. 4.8
dg,a:4 _
(‘mLﬁg 4.9
mg :3 g 0'_4
n°§ =3 \" Conﬁg 4.10
ng -~
A N
Config. 4.11
nQ,U’ 4 @2
s \’
— C 12
g o= =9 r)nﬁg 4.
mz=3
(
Config. 4.13
273
C onfig. 4.14
N,=2
-_pg[m————————» (2,2)
nR72 da—: (’()nﬁg41?
d 5
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Diagram 1 (continued)

(1)
4 W (1,1) . .
Config. /.16
> @ _

»

(1)

1y & »
k)
W (1.1)
'né O_:] Config. 4.17
L= 1y _E

<>

Config. 4.28
=
" ;

(1,1)
f ) (LUCO,,,,;,,, 418
\J
11 =
m Config. §.20
- —» @) o S
Ne=53 Moo~ @ w
(2)
R _ ’ 2
ng’a 3 o C()!L.f_{ﬁ 4.21
R » n =
4t = 5
c,0
2 (¢Y]
(1)
nr=9 £y
E— 1) Config. 4.22
R _
ng,a_g 1)
ny=2
_ m——
M. )=1
(2.2)
mg=2 22
|00 7y JLonfio 424 2y
" ()
- (1) £y
]R d”: 0 Config. 4.25
dgo=3| 7 @
- (LD E
(1)
NR:1 Config. 4.27
- » £y
mg=3

> A\ (Noxt page)
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Diagram 1 (continued)

(2,2)
d,=2 .
—7 — »t | N0 Config. 4,28 Z 3
M(.)=2
(2,4)
d::4 -~ £
L~ » (1) Config. 4.29 =3
N,=3
(2,2)
} (1) Config. 4.30 g
M(.)=1
3.3)
d,=3
Config. 4.31 =
(2.2)
d;:g | ‘
—> Y Config. 4.32 =3
N,=1
(2,4)
d:: ) /,.\
e 1D Config. 4.33 L» f |
(3.4)
N.=1

Config. 4.46 L}
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N=2

M.)=3

M()=2

Diagram 1 (continued)

(1,2)
>
1y Config. 4.34
(1.2)

(1,2)

do=3 —>
a » 2,1) Config. .35
(1,2)

o0 £
d_= =
< 4 (2.2) Config. 4.36
(3,3)
o

. G
)

=

=3

Q

g

=

bl

>~

B

=]

v
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of invariant lines listed in Diagram 1. We take each one of these canonical forms,
check their invariant lines with their respective multiplicities and determine their
cofactors. As Darboux’ work showed, these are instrumental in determining the
integrating factors by showing linear dependence over C of the cofactors (of the
invariant lines or of the exponential factors) together with the divergence of the
vector field. Once the integrating factor is found one proceeds in the usual way
to integrate the resulting differential equation (see Section 2). This integration
can be done using MAPLE or MATHEMATICA. The calculations for the 46 cases
considered yield the results given in Table 1.

Fir=aly(l+a—y) o

ht1—ig h+1+ig
f2:$—2h[(x—h—1)+i(y+g)} [(:U—h—l)—i(erg)] ;
_ h+1

___9h o 1)2 2 ﬁ .
Fo=a[@—h—17+@w+9")]  exp[2gArcTan LI ],

Fy = —aly9(x —y)~ @t (g)‘g(l = %)‘“h [(1 + gz) Beta[%, 9:1—g—h|+

4—(11—1):17Beta[g g+1, 1—g—h] +/ U3 (w)dw,

’
z 0

— h=1, 9. ,\—(9+h) _ g - —g .
where W3(z) =2"""yI(z —y) [y $+x<x) <1 x)

0
s U =0

[gBeta[Q g,l_g_h]+(h_1)Beta[9 g—l—l,l—g—hH 3

) )
T T

)g [g(a: —y) + (%)gHypergeometriCQFl [g, g, g+1, %H (9 #—1);

(y—z)(y—z+1)
y

f4:<az—y

1

} for g = —1;

.7?4 =1xYy ~exp [

Fs=alyo(y — )"0
x

Fe = —x_h/€($,y)H(:E,y)(h_1)/2 [gz + (h+ 1)y|dy —I—/ Ugs(w)dw, where

wo

Ug(x) = E(@,y)H(z,y) "V 2 (go + hy — 1)(y + 1) — 2%+

+ah / E(,y)H(x,y) "2 [gha®+ (h* = Day—g(y + 1) (ga+hy—1)] dy—

0

— ha 1t / E.y)H(e.y) " P for+ (- Dyldy, 50 =0;
E(z,y) = e 9hreTanle/QHv)] - (g ) = 2 + (y + 1)

Fr= fG‘ ;

Fs = a2 (a + iy) " (@ — i) S
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Table 1
Orbit Invariant lines and | Inverse integrating
o their multiplicities factor R;
representative Respective cofactors | First integral F;
T =gTr + gx +(h—1)96y, rm, YW, Ri=zylr—y+1
2 {y——hy+( — D)ay + hy?, Tyl L :
(9.h) €R?, gh(g+h—1) £0, | dterDtu(h=l)
(9= 1)k = 1)(g+h) #0 =lg=1)+hlu—1) d
gz + hy
= g2° + (h+ 1)ay, z ), iy +g9)+ | Ra=z[(y+g)*+
= g+h+1)]+2ghy a? z—h—1() (x—h—1)?]
+(g° +21 — h?)z+gry + hy?, gx + (h+ 1)y,
(9 ) €R%, h(h+1) #0, Ti(x + h+ h2)+ Fo, Fo
g ( 1)2£0 g(x+h)+ hy
_ . 1-h,1
) {:'c:x+g:c2+(h—1)xy, wél)_yy(f)l) Rs(— )gerth
y=y+(g— Dy +hy?, - S
(9. h) € R2, gh(g+h—1)#£0, ga+14y(h-1),
(9= D)(h—1)(g-+h) 0 =g —1)Fhy+d, 73
gr+hy+1
) {”3:$+9w2—wy7 ), T —y),y) | Ry =y d(z—y)!
y=y+(g—Day, =
gr+1l—y, gr+1
geR, glg—1)#0 z(g—1) +1 Fa 7
& = gz + (h— 1)y, _
5) {y:( —Vzy + hy?, zW), T—y®, Y1) | Rs=azy(r—y)
(g,h) € R?, gh(g+h—1)#0, gz+y(h—1), g +hy, -
(9=1)(h=1)(g+h)#0 z(g—1)+hy ’
i = gz + (h + Day, z), To =a£ |Rg=1T"79/24
6) y=—-1+gx+(h—1)y i(y+1) ) 7 (U=htig)/2 ht1
—z*+gry+hy®, (9,h) € R?, o+ 1, -
h(h+1)[g> + (h = 1)?] #0 +iz+ 14 gz + hy o
x (1) Ii —ot | Ro=1. T
7) x = ng +zy, g€ R i(ly+ 1)@ Il(lﬂg)/z x
y=—-1+gx—y—a? —i—gmy gx+y,
+izx +1+gx 77
8) T = gm22+(h+ 1)zy, (g, h)eR?, x (1), x =+ iy 1) Rs = z(2? + 1?)
g =—a?+ gry + hy?,
Wi+ 1 0 gr + (h+ 1)y, ~
(h+1)[g* + (h—1)%] # iz + gz + hy Fs, Fs
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Table 1 (continued)
Orbit Invariant lines and | Inverse integrating
o their multiplicities factor R;
representative Respective cofactors | First integral F;
Ro = (y + h)*x
) i=12-1,(g,h) € R, y+ h (), 7 atI=2m)/2
gy=(+h)y+{1-g)z—n] Ip=zx1@) ;f/(g+1+2h)/2
g9(g = Dl(g £1)* —4h? #0 (1 -
—9)+y—h, = 2
.Z':Fl ‘7:97‘7:97f97f9
R Rig = (x+1)29x
10) {9_6_:” bogek y+gm, s£1@) (15+,E)2($)_1)
y=y+9)(y+297—g), -
9(2g —1)#0 29r+y—g, v F1 F10, F1o
" m (1— 2
_ —1 geR y, Iy ==+ R11=I+( D2
{ — g # 1 +g£1@) 7" (Hg)/zy2
r+y x+gF1 Fi1, Fu
= w—l—h —1, (g,h) € R?, Riz =(x+h+1)x
{yz Qry, 9lg—1) £0, | YO THAELD (x+h—1)y
h _1 h2g 1) (9+1)2]7é0 xr+y, w—i—h:Fl .7:12
: Riz = (y + h)* x
{:13 (g,h) €R Y+ h), 24iq) | (z4i)tet2in/2,
Y= y+h y + (1 g)r— h] (z—)(1+9-2ih)/2
9(g—D[(g+1)* +r*] £0
- Fis, Fis
T Fi
Ris = y? X
Y i=(x4+g9)2%+1, yQ), x+gExi) (x+g+i)(1+’?)/2x
J=ye+y), ger (z+g—i) (17912
rt+y, x+gFi Fia, F1a
P = 2 . Ris5 = yx
15) {&= (@ +h)"+1, W, z+hEi, 1
5) {y =(1-gry, (gh)er | Y [(z +1h)* +1]
9(g —D)[(g +1)* +1*] #0 x, v+hFi Fis, Fis
R T+gm), YO Ras = ey’
16 ‘%":g"’_x? g ek, ’ w+gl_9
){yzy(y—x), g(g—1) #0 9
17 y—x ‘7:16
i=x z (), Y Rir = ze”y?
17) < —
y=yly—z) 1, y—= Fi7
18) {E=9(g+ 1) +gr+y, geR, | YO, T=y+g+1 (ﬁl; ié’f_ 1)
JVi=vly—a), glg+1) #0
y—z, y+yg Fi8
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Table 1 (continued)

Invariant lines and

Inverse integrating

Orbit ] their multiplicities factor R;
representative Respective cofactors | First integral F;
1) [f=g+2 g€, rHgm, ym | Riw=ylz+g)
y=—zy, glg—1)#0 1, - Fig
s [F=algr+y). gER T2, YO Rao = 2%y
= (9—Dry+y* g(g—1) #0 | guty, a(g—1)+y F20

s

Y

z(gz +y), g9 —1) #0,
(y+1)(gz—z+y), geR

Rgl = l’g+1 X

(@), y+1@ e—(gzt+y+1)/z o
(y +1)1-9
gr+y, 2(g—1+y Fa1, Fai

g.%'2, g€R7 g(g_l)#(h
(v

r@), y+1@

(y + 1)26_2/(91’)

{ =+ Dy + (g— 1z —1
. Ras = 22(y + 1)x
i =%+ ay, (), y+1@ wo ey
)=ty +1)? =
r+y, y+1 Fo3
i=(r+1)* geR, z+1@, yO Ros = (x+1)%y
24) {4
y=(1-g)ry, glg—1)#0 r+1, x Fou
25) {{C:Wzﬂﬂ”ﬂy, g(g—1)#0, T2, Yy Ras =y
g=y+(g-Dry+y? g€R  |guty, 2(g—1)+y+1 Fos
. Rog=x(y+1)x
T =2y, z(2), Yy 2 —( S}{)/z )
26) {* e~ (v
y=(y+1)(y—=z)
Yy, y—w Fa6
- . Ror = (z — 1)?
27) =29z +2y, g¢ge€ER, y+gtilx—1)@) 27( $)2)+
j=g"+1-2>—y? =Y
g—y+i(x+1) For, For
— (o 1)1+g/2
28) {g’n:x2—1, QGR, ':L'—i_l(l)? m_l(l) st(l'fl)}z‘g/Q .
y=z+gy, g(g>—4)#0
x—1, z+1 Fas
t=ax2—-1, ¢g€ER, z+11), z—1() Rog =122 —1
29) 4
y=g+z, g#=+1 r—1, z+1 Fag
. Rszo = 1)
30) {x: (x+1)(gx+ 1), g € R, z+1@2), gr+1Q) (Z?T+(f)(5_1))/gx
g =1+(g—1)zy, g(g>—1)#0

gr+1, z+1

F30, F30, F30
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Table 1 (continued)

Orbit

representative

Invariant lines and
their multiplicities

Inverse integrating
factor R;

Respective cofactors

First integral F;

Ra1 = xz(z + 1)2

31 t=z(z+1), geR, r+1@, z@
) y=g—a’+uay, glg+1) #0 r, v+1 F31
. R0 = (SE + i)1+i9/2 X
y=z+gy, g#0 c i Fo
g JE=22+1, g€ER, r i) Rig =2’ +1
){QZQ—FUC TFi F33, F33
34 {j::g’ ge{-1,1}, ym Ry = y? /)
) y:y(y—x) y— Fsq
t=g+vy y@ Rss =y
35) “ :
y=wzy, ge€{-1,1} x Fss
— y (1) R3s =y
36) © 7
y=xy, ge{-1,1} z F36
— gt
37) {jz:@ 9(¢> =1) #0 ) Rar = a9"
y=gy—z* geR 1 Far, Far
r = T (1) Rss ==z
38) T,
y=g-—a", 0#geR 1 Fsg
X (2 R :(L‘ze_l/x
39) if:$27 y:$+y () 39
x F39
x‘i’l 2 R = Q:_'_l 26_1’
40) r=14z, y=1-—zy (2) 40 ( )
1 Fao
41) {jzzgacy, ge{-1,1} x (3) Ry =x2e—9W+9)?/(2?)
S 2 2
y=yo ety Y Fa1
T = qgry, gec {—1, 1} x (3) Rao = .1'3
y=-—a gy Y Fuo
g# % Ryz = %X
1
43) & =gx? g(g> —1)#0 T (3) [1"‘(29~_ 1)359] ’;
y=1+(g—1Dazxy, geR g=7%: Ryz = zde W
x Fu3, Fa3
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Table 1 (continued)

Orbit Invariant lines and |Inverse integrating
! l u their multiplicities factor R;
ropresentative Respective cofactors | First integral F;
_ .3
sy {E=2% ge{-L1 £ Ras =2
j=g-a°+uy x Faa
_ .3
45) {x =gy, ge{-11} T Ris =@
y:w_x2+gy2 Yy f45
9 - R46 =e”
46) =1, y=y—=x
- Fae

Fg =2 (2 +y?) lexp {2g ArcTan Z } ;
T

Fo = (y + h)_l(l’z o 1)(1—9)/2€2hArcTanh[x} _|_/

if h(g+1)#0;

wo

¢ €2h ArcTanh|w] (w2 _ 1)—(g+1)/2dw’

~  (z+ D=1 (1—z)h x+1 g=—1
= B 1,1-h f T
Fo= o) oy eta[ g ML } Or{h;é—l ’
= -2 (z —1) 4.
Fo=(x+1)"“ exp [Hiy—l }, for g=h=—1;
. (@2 —1)01-9/2 g1 — ) (H9)/2 . 1 g+1 3
Fq = ” W12 HypergeometchFl[g, 5 ¥ ],
for h = 0;
]:10 _ (y + g)_1($2 o 1)ge2gArcTanh[:v} +/ e2gArcTanh[w} (w2 o 1)g—ldw’ (g ?é 1);
wo
= (z+1)2 L
Fio = (z —1)° exp [m—l_iy—i—l ], for g = 1;
Fr=y v+ g+ 1) (w4 g —1)7 e ArcTomblrtd [(9 + D@ +g-1)
1 1
+2yHypergeometric2F1[17 g—;— ) 9—53, iizil]]’ (9 # —3);
= (x —4)* +2y
Fi1 = (x—2 - = f = —3;
11 (x )exp [ y([L’ — 2) :|7 or g )
Fio =y V(@ + h+ 1)@+ h— 1)1,
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Fiz = (22 + 1D)92(y + h)Lexp [—2hArcTan z]+

/ (W2 +1)"(+9)/2 exp [—2h ArcTanw]|dw, (h#0);
wo

~ 1 1 3
Fis =y (22 4+ 1)179/2 4 ¢ Hypergeometric2F1 [2 %, 3 —xz}, for h = 0;
Fla=1y" 1[1 +(x+g) ]/2exp[—gArcTan[g+x]]

xT

+ [ 1+ (w+g)?]

wo

Fia =y ' (2 +1)Y? + ArcSinh[z], for g = 0;

Fis =y V(@ + h+ i) (@ + b — i)

Fis = y[(h + )% + 1] (9=1)/2 exp [h(l — g) ArcTan[z + h]];

Fis = —(g + )%y e + e/Gammalg, g + z];

Fir =y te™® 4+ ExplntegralEi[—z];

Fig=e"yI(x —y+g+1)797Y

Fro=€e"y(z+g)77%

Foo = x99 e¥/7;

Fyy = gelootytl)/z <y_+1>g + / Hlorty e VouF9) (g + 1)V dw (g # —1);
wo

—X

12 exp [ — g ArcTan [g + w]] dw, (g # 0);

~ 1 1
For = % ely—a+)/z 4 e_lEprntegralEi[l, —%} for g = —1;

1/g 1 2
JT22 = g(y + 1)_1 (g 1)/962/(92:) + ':U_l/g( - g_x> Gamma[; _g_x]

1
= Do~ LeV@+D) _ Expl Bl ——|.
Fos=(y+ 1z e xplntegra l[y—l—l}’
Fos = (x + 1)9 Ly elo=/(@+D),
Fos = 217949 e(y+1)/1‘;

1
Fog = eWHD/® o 4 ExplntegralE [1 —&} ;
T

For=e" [y+g—ile—1]" y+g+iz—1)]"

For = [(x 12+ (y+ 9)2} exp [m + 2g arctg <i—t?) };

r—1\"9% g2

— T (1= )92 — 1)9/2
Fa=u(257) T+ -0
g9 9
>

{AppellF1[2, 1+ =, 5

3, x, —az] +Appe11F1[2, g, 1- g, 3, x, —x]};
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Fap = e (@ = )71 (@ + 1)1

Fao = y(x+ 1) gz + DV + o——(x + 1) (g2 + )"/

20—1 g—1 3g—-1 -1
HypergeometridFl[ 9=° 9 g g

g g g Tglz+1))

~ _ x4+ 2)%y + 2

Fyo=(z+1)2ex [%}, for g=1/2;

~ 3 12

fgoz(x+1)_4exp[—x—|—(m—g(i)—+yl—;}, for g=1/3;
_ —g+1

Fai==x g(a:+1)1+9 exp [7yazil };

T

w
Fao = e 9 ArcTan[z] / 9 ArcTan|w] dw:
32=Y o w21

Faz = e_2y(33 _ i)l_ig(ilt + Z’)l-l-ig;

~ 1
Faz = (2> +1)Lexp [Z(y +g ArcTan;)];

2
N S DNV S
Fay=vy exp[ 29]+\/@Erf[\/@]7

Fas =y Yexp [22 — 2y];

Fs6 =y exp [—2*/2g];

For=a"92"+(2—g)y] (9+#2);

.7?37 =y exp [y/xz] for ¢g=2;

Fsg =z exp [2° + 2y];

Fzg = e'/% y + ExplIntegralEi E] ;

Fro=e" a4+ 1)y + 1) — ExplntegralEi[1 + z];

f41:$\/_exp[( ] \/—Ef[f/l%l]

Fao = x2/9¢Y 2 a? :

Fag =2 "9[14 (29 — Day]?, (9#1/2);
Fis=a"2e", forg=1/2;

Fuy = x2 el9+22y)/2?

Fus = 22 e(2z+gy?)/2?

)

Fag = e_m[(x—i-l)z—y—kl].

(9 #1/2,1/3);

49
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5 Phase portraits

In order to construct the phase portraits corresponding to quadratic systems
given by Table 1 we use the configurations of invariant straight lines already estab-
lished in [27] as well as the C'T-comitants constructed in [25] and [27] as follows.

Consider the polynomial ®,53 = oP + Q € Ra,X,Y,Z «o,(] where
P=7"(X/2,Y)Z), Q= 27%¢X/Z,Y)Z), p, q € Rla, z,y] and
max(deg g ) P, deg(z) ) = 2. Then

Dop= cr(a,B)X? + 2c19(a, B)XY + can(a, B)Y 2 + 2e13(er, B)X Z

+ 2623(04, ﬁ)YZ + 633(O£, 6)227
As(a,a, ) = det|leij(c, B)l; jeqr 03y A2(a,a,8) = det |leij (e, B)I; jeqr 2y -

Using the differential operator (f, g)*) = gk (=1)h <k> ' 0 which
) - - k—h 2, ,h h 9, k—h
— h) OxF="oy" Oz"Oy

is called transvectant of index k of (f,9), f, g € Rla,z,y] (cf.[13],[18]) we shall
construct the following needed invariant polynomials:

Ci(a7x7y) - ypi(a7x7y) - in(aaxay)7 1= 07 1727

Di(a,z,y) = aa pi(a,z,y) + (%qi(a,m,y), i=1,2;
D(a, z,y) = 4A3(a, —y, ©);
Bs(a,z,y) = (Co, D)(l) = Jacob (Cq, D),
Ba(a,z,y) = (Bs, B3)® — 6B3(Cy, D)),
Bi(a) = Res . (Cy, D) /y° = —2737% (By, B3)Y
M(a,z,y) = (Cy, C2)? = 2Hess (Cala, z,y));
n(a) = Discriminant (Cs(a,z,y));
K(a,r,y) = (P27Q2)() = Jacob (p2, ¢2);
p(a) = Res »(p2, q2)/y* = Discriminant (K(a,z,y))/16;
H(a,z,y) = 482(a, —y, 2);
N(a,z,y) = K(a,z,y) + H(a,x,y);
¢(a) = Discriminant (N (a,z,y));
Hy(a) = —((Cs, C2)@, Cp)W, D)
Hs(a,z,y) = (C1, 2H — N)Y — 2D, N;
Hs(a,z,y) = (Cy, D)?
Hi(a) = ((C2, D), (Co, D))
Hs(a) = ((Co, C2)®), (D, D)) +8((Co, D)) (D, D2)V)
Hg(a,z,y) = 16N?(Cy, D)? + H2(Cy, Co)?;
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Hz(a) = (N, Cy)@;
Hy(a) = 9((Ca, D)), (D, Dy)D)® + 2[<02’D)(3)r3
Hy(a) = —((<D=D>(2’=Dv>(l)D)(3);

Hio(a) = (N, D), Do)V,

Hii(a,z,y) = 8H[(Ca, D) +8(D, Do) M] + 3H3;

Ni(a,z,y) = C1(Ca, C2)® — 205(Cy, C2)?,

Na(a,z,y) = D1(C1,C2)? — ((02702)(2)700)(1),

Na(a,z,y) = (Ca, C1)'V,

Ny(a,z,y) = 4(Ca, Co)") — 3C1 Dy,

Ns(a,2,y) = [(D2,C1)" + D1D2]2 - 4(02,02)(2) (007D2)(1),

No(a,2,) = 8D + Cy [8(Co, D2) ¥ = 3(C1, 1)@ +2D3)

Remark 3. We note that by Discriminant (Cy) of the cubic form Cy(a,z,y) we
mean the expression given in Maple via the function ”discrim(Cs, z)/y%”.

The CT-comitants indicated below (for detailed definitions of the notions in-
volved see [26]) were constructed in [26] for the purpose of classifying the phase
portraits in the vicinity of infinity of quadratic differential systems.

We consider the differential operator £ = x - Ly — y - Ly acting on Ra, z, y]
constructed in [4], where

0 0 1 0 0 0 1 0
L1 = 2aqg D10 + a1g Dz + 5&016 + 2bgg=——— b1 + big=—— Do + 5()01%,
0 0 1 8 0 0 1 0
Lo =2 2 by —.
2 00 8(101 + o1 8(10 + 2(1106 + bOO 8() + b01 8()02 + 2b10 abn

Then setting po(a) = pu(a) = Res »(p2, q2)/y* we construct the following polynomi-
als:

((1 x y) _‘C(l (MO) i = 17>47

k(a) = ( K)® /
r1(a) = (M cy)®
L(a,x,y) = (a,az,y) +8H(a,z,y) — M(a,x,y);
R(a,z,y) = (a, z,y) + 8K (a,x,y);
Ki(a,z,y) = p1(@,y9)a2(z,y) — p2(z, y)ar(z, y);
Ko(a,z,y) = 4 Jacob(Ja, &) + 3 Jacob(Cy, &) Dy — £(16.J1 + 3.J3 + 3D3);
Ks(a,z,y) = 2C3(2J1 — 3J3) + C2(3Co K — 2C1Jy) + 2K, (3K, — C1D5),
where £ (p L(LD (ug)) and J; = Jacob(Cy, D3), Jo = Jacob(Cy,Cs),

0) =
J3 = Discrim(Cy), Jy = Jacob(Cy,D3), £ = M —2K.
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The local behavior of the trajectories in the neighborhood of a hyperbolic sin-
gular point (i.e. whose eigenvalues have non-zero real parts) is determined by the
linearization of the system at this point (see for instance [14]). The simplest kind of
singularities are: saddles, nodes, foci, centers and saddle—nodes. Their description
can be found in most textbooks (see for example [1, Chapter IV]). We will call
anti—saddle a singular point at which the linearization of the system has a matrix
with positive determinant. In this case the singular point is either a node, or a focus
or a center.

We shall use the following notations for a singular point M;(z;, y;):

;0= p; —4A;

(4,9:)

oo = (P2, y) + q(z,9))
(®i,yi)

The following lemma is very useful for checking, in invariant form, conditions for
existence of a center in terms of the coefficients of the systems (8) with agg = bgg = 0,
presented in the tensorial form:

da?

7 = al x® + afxﬁxaxﬁ, (j,a, B =1,2). (10)
Here the notations ! =z, 22 =y, al = aqo, ..., a3, = bz are used.

Lemma 7. [30] The singular point (0,0) of a quadratic system (10) is a center if
and only if Is < 0, Iy = Is = 0 and one of the following sets of conditions holds:

1) I3 =0; 2) I3 =0; 3) 513 — 214, = 1313 — 1015 = 0,

where
Y _ a,B _aﬁ’qu _aﬁ’qu
I =af, I,= aGaa; I3 = p Gaql . P, I, = ap A, QayePd,
_ B8 v _ B .8 _ B v 8 K
Is = ag‘awqaaﬁqu, Is = agawaaqamapq, I3 = agaqraysaaﬁamqusm.
and the tensor € has the coordinates: €2 = —g21 = 1, el =22 — .

To construct the phase portraits of quadratic systems possessing invariant lines
of total multiplicity four we examine all the families, following step by step the
canonical forms from Table 1. For the canonical systems corresponding to Config.
4.1 we shall use the notation (Sy4;). To obtain the phase portraits we use the behavior
of the vector fields on their invariant lines which can easily be established, as well
as the behavior in the vicinity of infinity given by [26]. In general this information
turns out to be sufficient. Whenever necessary we add extra arguments.

Theorem 8 (Main Theorem). i) The total number of topologically distinct phase
portraits in the class of quadratic differential systems with invariant lines of total
multiplicity four is 69.

i1) In Table 2 we give necessary and sufficient conditions, invariant with respect
to the action of the affine group and time rescaling, for the realization of each one
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of the phase portraits corresponding to the given configuration of invariant lines.
More precisely the first column of Table 2 contains the list of all 46 configurations
of tnwariant lines of total multiplicity four. In the second column we list the neces-
sary and sufficient invariant conditions (obtained in [27]) for the realization of each
configuration. The last column contains the names of the phase portraits. When-
ever for a configuration Config. 4.1 we have several phase portraits, we split the
corresponding place in the last column into smaller boxes containing the names of
these portraits. In the third column are listed the additional conditions needed for
the realization of the corresponding phase portrait in the last column.

Remark 4. Eleven of the 46 configurations from Diagram 1 produce each a unique
phase portrait. Each one of the remaining 35 configurations produces several topo-
logically distinct phase portraits. The total number of phase portraits thus obtained
is 93 (see Tables 3(a)-3(d)). However only 69 of these phase portraits are topolog-
ically distinct. For example in the subclass with two real singularities at infinity
(two pairs of opposite singularities on the Poincaré disk), the 38 cases of possible
configurations of invariant lines lead to only 26 topologically distinct phase portraits.

Remark 5. a) In the subclass with one real and two complex singularities at infinity
(two opposite singularities on the Poincaré disk), the 11 cases of possible configura-
tions of invariant lines lead to 9 topologically distinct phase portraits.

b) In the subclass with only one singularity at infinity (real) (two opposite singular-
ities on the Poincaré disk), the 16 cases of possible configurations of invariant lines
lead to 15 topologically distinct phase portraits.

c¢) Some phase portraits in a) are topologically equivalent to portraits found in the
case b) leading to a total of 18 topologically distinct phase portraits for the union
of the two cases a) and b) (See Confrontation Table).

Proof of the Main Theorem. The first step in the proof is to construct the phase
portrait Picture 4.i (or phase portraits Picture 4.i(j), j € {a,b,c,d,e}), i < 46,
associated to a configuration Config. 4.i. This leads to 93 distinct such possibilities,
with not all phase portraits topologically distinct. At the same time we also give
necessary and sufficient conditions, invariant with respect to the action of the group
for having each one of the 93 situations obtained. Here by situation we mean an
ordered couple formed by a configuration and by one of the possible phase portraits
associated to it. In the second part of the proof (see page 77) we look for topologically
equivalent phase portraits appearing in the 93 cases and form the list of phase
portraits which appear to be topologically distinct. Finally we show that the phase
portraits in this list are indeed distinct.
We now proceed to the first step mentioned above.

i=gr+ge*+ (h—1zy, (9—1)(h—
y=—hy+(g—Dzy+hy?*, gh(g+h—

(g+h)#0,

Config. 4.1: { )1) (S4.1)
Finite singularities: M1(0,0)[Ay = —gh, 6 = (g + h)?]; Ma(0,
1), 6 = (9 — 1)%]; M3(—1,0)[As =g(g+h—1), 5= (h—1

—gh(g+h—1), 64 =4gh(g+h—1).

1)[A2—h(g+h—
J; M.

) a(— hg)[A4_
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Table 2
Configuration Necessary and sufficient Additional conditions Phase
g conditions for phase portraits portrait
to >0 Portrait 4.1(a)
Config. 4.1 n>0, Bs=0,0#0, Hr #0 o <0, K <0 Portrait 4.1(b)
to <0, K >0 Portrait 4.1(c)
o >0, Gi #0 Portrait 4.2(a)
Config. 4.2 | n<0, Bs—=0, 040, Hr £0 |t >0, 91 =0 |Portrait 4.2(b)
po <0, GL #0 Portrait 4.2(c)
o <0, G =0 Portrait 4.2(d)
o >0 Portrait 4.3(a
n>0, By=0, § #0, . ()
Config. 4.3 Hy =0, Hy £0, 40 o <0, K <0 Portrait 4.3(b)
to <0, K >0 Portrait 4.5(c)
n>0, Bs =0, 0#0, K <0 Portrait 4.4(a)
C . 4.
onfig- 441 =0, Hy £0, po =0 K>0 Portrait 4.4(b)
to >0 Portrait 4.5(a)
C n>0, Bs =0, 0#0, 5
onfig. 4.5 Hr =0, Hy =0 o <0, K <0 Portrait 4.5(b)
’ to <0, K >0 Portrait 4.5(c)
n<0, Bs=0, §#0, fo >0 Portrait 4.6(a)
Config. 4.6
fig- 4 H7 =0, po #0, Hyg #0 o <0 Portrait 4.6(b)
Config. 4.7 < (IZBE ; 0’7007& 0, — Portrait 4.7
7= flo =
Config. 4.8 n<0, B3=0, §+#0, po >0 Portrait 4.8(a)
- H7 =0, po #0, Hy=0 o < 0 Portrait 4.8(b)
G2>0,H,>0,G3<0 | Portrait 4.9(a)
n>0, Bo=0=H;=0, Go < 0
Config. 4.9 poBsHyHy # 0 and either 2 Portrait 4.9(b)
HyoN >0 or N=0, Hy>0 | 92>0,H1<0
Go>0,H4>0,G3>0 | Portrait 4.9(c)
B B_g H;>0,G3>0 Portrait 4.10(a)
MO" ;00’]{7 5 722’: i ;1101_\70>’ 0 Hy <0 Portrait 4.10(b)
Config. 4.10 Hy>0,G35<0
n>0,BsH, #0, - Portrait 4.10(c)
By =N=Hg=0,Hs >0
n=0, MB3#0, Bo=60=0, Hy >0 Portrait 4.11(a)
Config. 4.11
fig- 4 H7 =0, po #0, Hip >0 H; <0 Portrait 4.11(b)
p2 >0, L>0 Portrait 4.12(a)
Confi P n=0 M#0, By=0=0, p2 >0, L <0 Portra%t 4.12(b)
onfig. 4. KHg #0,Hy = g =0, Hy; >0 we <0, K <0 Portrait 4.12(c)
w2 <0,K>0,L>0 |Portrait 4.12(d)
1o <0, K> 0,L<0 |Portrait 4.12(e)
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Table 2(continued)

Additional

Configuration Necessary aﬁd sufficient conditions for Phasg
conditions . portratt
phase portraits
77>O,B37£0,32:9:0, .
<0 Portrait 4.13
Ko # 07 H7 = 07 g2 ot 4 (a)
Config. 4.13 Hy#0,NH1g <0 Go >0
n>0,BsHy # 0, Portrait 4.13(b)
By=N=0,Hg <0 }
n=0, MB3#0, By =0 =0, B ,
Config. 4.14 Hy =0, pig 0, Hyp <0 Portrait /.14
n=0,M+#0,B3=60=0, L>0 Portrait 4.15(a)
Config. 4.15
fig- 4 KHg #0, po=Hr =0, Hip <0 L<0 Portrait 4.15(b)
Config. 4.16 n>0, By A0, B, =60 =0, Ga>0 Portrait 4.16(a)
- po =Hz =0, Hy #0 Gy <0 Portrait 4.16(b)
n>0, By #0, B, =60 =0, B .
Config. 4.17 1o = Hr = Hy = 0, Hyp £ 0 Portrait 4.17
Config. 4.18 n>0, Bs3=6=0, ol >0 Portrait 4.18(a)
- po =0, Hr #0 oL < 0 Portrait 4.18(b)
n=0,M+#0,B3=0=K =0, nsky <0 Portrait 4.19(a)
Config. 4.19
fig- 4 NHeg #0, po=Hr =0, Hi1 #0 usky >0 Portrait 4.19(b)
n=0, M#0, B3=0, 0 #£0, o >0 Portrait 4.20(a)
Config. 4.20
ig. 4 H7 =0, D=0 o < 0 Portrait 4.20(b)
n=0, M#0, B3=0, #0, o >0 Portrait 4.21(a)
Config. 4.21
fig- 4 H7; =0, D#0, po #0 o <0 Portrait 4.21(b)
n >0, B #0, B, =0=0, H; >0 Portrait 4.22(a)
C . 4.22 po #0, N#0, H; = Hio=0 H, <0
onfig. 4 ! Portrait 4.22(b)
77>0,B3H4750732:9:N:H8:0 -
/ n=0, MBs#0, By =0=0, ] o
Config. 4.23 1o £ 0, Hy = Hyp =0 Portrait 4.23
n=0,M+#0,B3=60=0, L>0 Portrait 4.24(a)
Config. 4.2
N9 42 K Hy £.0, o = Hy = Hyy =0 L<0 Portrait 4.24(b)
Config. 4.25 n=0, M#0, B3=0, 6 #0, o >0 Portrait 4.25(a)
o H7 #0 1o < 0 Portrait 4.25(b)
Config. 4.26 n :]3’7 ]:V[O#g’ f% :M(;’Zegé 0, - Portrait .26
n<0, B3=60=0, G #0 Portrait 4.27(a)
Config. 4.27
fig. 4 N 40, Hy 40 Gi—0 Portrait 4.27(b)
77:07 M#Oa B3:9:Ov
Config. 4.28 wo=N=K =0, NyNs #£0, - Portrait 4.28

N5>07D750
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Table 2(continued)

Additional

N3D;i #0, Ng =0

Configuration Necessary cmfl sufficient conditions for Phasg
conditions . portratt
phase portraits
n=0, M#0, B3=0=py=0, ta >0 Portrait 4.29(a)
Config. 4.29
fig- 4 N=K =0, NyN#0, N5>0, D=0 pa <0 Portrait 4.29(b)
n=0, MB3#0, Bo =60 =puy =0, o >0 Portrait 4.30(a)
Config. 4.30
fig- 4 N #0, Hr = He =0, K # 0, Hi1 #0 pa <0 Portrait 4.50(b)
n=M=0, By =60=0, K;>0 Portrait 4.81(a)
Config. 4.31
fig- 4 N #£0, Ng 0, Hyy £0 Ko<0 | Portrait 4.31(b)
77:07M750733:9:M0:01 - .
Config. 4.32 N=K =0, NyNy#£0, N5<0, D £ 0 Portrait 4.32
77207]\/[#0733:9:/'%:05 - .
Config. 4.33 N=K =0, NyNy#£0, N5<0, D =0 Portrait 4.33
Config. 4.3 n>0, B3#0, Bo=60=0, Hy <0 Portrait 4.34(a)
- po = Hr = Hg = Hio =0 Hy; >0 Portrait 4.34(b)
Config. 4.95 n=0, M#0, B3=0=0, sk >0 Portrait 4.85(a)
g+ N #0, po=0, Hr #0 nsKy <0 Portrait 4.35(b)
n=0,M+#0,B;3=0=K =0, kg < 0 Portrait 4.36(a)
Config. 4.36
fig- 4 NHe #0, po=H7 =0, H1 =0 Ko >0 Portrait 4.36(b)
M0 Bee 6= N —0 3Ky >0, K5 >0| Portrait 4.37(a)
Config. /.37 " NaDy £ 0 136; 0.DAO 13K >0, K3<0| Portrait 4.57(b)
uskKy <0 Portrait 4.87(c)
n:M:O’ Bg:&:N:O’ ILL4>O POTtTait4.38(a)
Config. 4.38
fig- 4 N3Dy #0, Ne #0, D=0 pa <0 Portrait 4.38(b)
n=0, M#0, By=0=py=0, ) .
Config. 4.39 N=K =0, N\Ny#£0, N5 =0 Portrait 4.39
= 07 MB 0, B == 9 == = 07 .
Config. 4.40 N N£0 ;{ZA: H62: 0 Kio() — Portrait 4.40
Config. 441 n=M=0, B3 =0, 0 #0, po >0 Portrait 4.41(a)
- H7 =0, D#0 o <0 Portrait 4.41(b)
Config. 442 n=M=0, B3=0, 0 #0, to >0 Portrait 4.42(a)
- H7 =0, D=0 po < 0 Portrait 4.42(b)
0, MBy 0, By—0 0 L<0 Portrait 4.43(a)
n=yu, 3 ) 2 =U =g =V, .
Config. 4.43 N £0 Hy— Hg =0, K #0, Hyy =0 L>0,R>0 | Portrait 4.43(b)
L>0,R<0 | Portrait 4.43(c)
n=M=0, B3=0=0, K3 >0 Portrait 4.44(a)
Config. 4.
fig- 4-44 N #0, Ng #0, Hi1 =0 K3<0 Portrait 4.44(b)
Config. 445 n=M=0, B3 =0, 0 #0, po >0 Portrait 4.45(a)
- Hz #0 to <0 Portrait 4.45(b)
Config. 4.46 n=M=0, B3 =0=N=0, - Portrait 4.46
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Table 3(a)

Three distinct real singular points on the line at infinity (n > 0)

DD D

Picture J.1@ Picture 4.10) Picture 4.1e) Picture 4.5 Picture 4.5 Picture 4.3
Picture 4.4@ Picture 4.4 Picture 4.5 Picture 4.50) Picture 4.5 Picture 4.9
Picture 4.9 Picture 4.90© Picture 4.10@ Picture 4.100 Picture 4.100  Picture J.15@

(2N (TR (TR (2 22
P s e e oY

Picture 4.150 Picture 4.16@ Picture 4.160) Picture /.17 Picture J.18a Picture J.181

(O (TN
QP A

Picture 4.2%0) Picture 4.220) Picture 4.34@ Picture 4.34®

09

Si°

For systems (Sy.1) calculations yield: K = 2[g(g — 1)2* 4+ 2ghay + h(h — 1)y?],
po = gh(g+h—1), sign(A1A2A3Ay) = sign (uo).

According to [5] a quadratic system cannot possess four anti-saddles, and neither
could it possess four saddles. For this reason we obtain two saddles and two anti—
saddles for pp > 0 and either () one saddle and three anti-saddles or () three
saddles and one anti-saddle for pp < 0.

Assume pg > 0. As the singular points M7y, Ms and Ms are located on invariant
lines and for M, we have sign (d4) = sign (ug), we conclude that in this case a
system (S4.1) possesses two saddles and two nodes. Considering the existence of the
invariant lines x = 0, y = 0 and y = = + 1 and the fact that the sum of Poincaré
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Table 3(b)

One real and two imaginary singular points on the line at infinity (n < 0)

PERDDHO

Picture 4.2@ Picture 4.20) Picture 4.2 Picture 4.2d) Picture 4.6 Picture 4.6
Picture 4.7 Picture 48w Picture 4.8 Picture /.27@ Picture 4.271)

indices for finite singularities is zero, and at infinity we have 6 simple singularities (on
the Poincaré disk), these must be: one couple of opposite saddles and two couples
of opposite nodes and we get the phase portrait given by Picture 4.1(a).

For pp < 0 we have gh(g+h—1) < 0 and then d4 < 0, i.e. the singular point My
is either a focus or a center. We claim that it is a center. Indeed, via the translation
of the origin of coordinates to this point we get the family of systems

&= —ghx + h(l —h)y+ gz? + (h—Dzxy, 9=g9(g—Dx+ghy+(9g—1)zy+ hy?.

Applying Lemma 7 to these systems we calculate: Iy = Ig = I3 = 0, I, =
2gh(g + h — 1). Thus, sign (I2) = sign (up) and since py < 0 (i.e. Io < 0) according
to Lemma 7 we obtain that the singular point M} is a center, so our claim is proved.

On the other hand, for pg < 0 the T-comitant K becomes a binary form with
well determined sign as Discrim(K) = 10/16.

Assume K < 0. Then 0 < g < 1, 0 < h < 1 and from py < 0 we obtain
g+ h—1<0. In this case we have A; < 0 for all 7+ € {1,2,3} and hence, besides
a center systems (Sy.1) possess three saddles. Moreover, for these values of the
parameters g and h the singular point My(—h,g) is placed inside of the triangle
A MqyMsMs. So, considering the existence of the invariant lines x = 0, y = 0 and
y = x+ 1 and the fact that the sum of Poincaré indices for finite singularities is —2,
we must have 6 nodes at infinity (3 in the projective plane) and we get the Picture
4.1(b).

Suppose now that K > 0. Then g(g — 1) > 0, h(h — 1) > 0 and we claim that
in this case besides the center My systems (S4.1) possess two nodes and one saddle.
Indeed, supposing the contrary we obtain that all three M; must be saddles, as
A1AsA3 = —(g*h?(g+h —1)2 < 0. Hence, A; < 0 for i = 1,2,3. From Ay < 0 we
get gh > 0 and then the condition py < 0 implies g+ h —1 < 0. Then the condition
Ay < 0 yields h > 0 (and hence g > 0). Due to K < 0 we get the contradiction:
g>1,h>1and g+ h—1 < 0. This proves our claim.

So, systems (S4.1) possess one saddle, two nodes and one center, and the last
point is outside the triangle A My MyMs. Clearly in this case at infinity we have
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Table 3(c)
Two distinct real singular points on the line at infinity (n =0, M #0)
Picture 4.11@ Picture 4.110) Picture 4.12w Picture 4.120)  Picture 4.12© Picture 4.12@
Picture 4.120 Picture /.14 Picture 4.15@  Picture 4.150) Picture 4190  Picture 4.19%
Picture 4.20@ Picture 4.200) Picm‘e 4.21@  Picture 4.210) Picture 4.23 Picture 4.24@
o
Picture 4.240) Picture 4.25@ Pirc 4.2500) Picture 4.26 Picture 4.28 Picture /.29
N
Picture 4.29) Picture 4.30@ Picture 4.30(b) Picture 4.32 Picture 4.3 Picture 4.35@
AN 7 N
o T\
Picture 4.350) Picture 4.36@ Picture 4.36() Picture 4.39 Picture 4.40 Picture 4.43@
@ @
Picture 4.430) Picture 4.43©

two saddles and one node (as the sum of Poincaré indeces for infinite singularities
has to be —1). Considering the existence of the above indicated invariant lines we
arrive at the phase portrait given by Picture 4.1(c).
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Table 3(d)

Only one singular point on the line at infinity, which is real (n =0= M, Cy #0)

QOOOP Y

Picture 4.31@ Picture 4.310) Picture /.37 Picture }.370) Picture }.37© Picture /.58
Picture 4.38v Picture j.41@ Picture 4.410) Picture 4.42@ Picture 4.42 Picture 4.44@
Picture 4.440) Picture 4.45@ Picture 4.450) Picture 4.46

So, systems (S4.1) possess one saddle, two nodes and one center, and the last
point is outside the triangle A M MsMj. Clearly in this case at infinity we have
two saddles and one node (as the sum of Poincaré indeces for infinite singularities
has to be —1). Considering the existence of the above indicated invariant lines we
arrive at the phase portrait given by Picture 4.1(c).

& =gr?+ (h+Day, h(h+1) [92 +(h - 1)2] £0,

(S4.2)
g = hlg®+(h+1)?]+ (9> +1—h*)z+2ghy — x>+ gay+hy*.

Config. 4.2 {

Finite singularities: M(0,0)[A1 = [¢°+(h 4+ 1)?](h+1)? > 0, & = —4(h+1)* <0,
p1 =2g(h+1)]; Ma(=h(h+1),gh)[As = h[g? + (h + 1)?](h + 1), 62 = —4h[g* +
(h+1)?](h+ 1), p2 = 0]. Thus the singular point M is either a focus or a center.
To determine the conditions for M to be a center, we make a translation and move
this point to the origin of coordinates. We get the systems

&= (1+h+a)(gr+y+hy), §=—(h+1)2x+g(h+1)y—2*+ gy + hy,
for which calculations yield: I =2g(h+1), I = g(h+1)3(5+6h— 39> —3h?)/2,
I =2%(h+ 1)* = 2(h + 1), Iy = g(h +1) |g*(9% + 8) + h(3h + 1)2] /4.

Using Lemma 7 we see that M; is a center if and only if ¢ = 0. If g # 0 this
point is a strong focus. To distinguish between a focus and a center we define a new

affine invariant as follows: G; = ((Ca, E)®, D)1 | where E(a,z,y) = [D1(2w1 —
ws) = 3(C1,w1) M) — Dy(3ws +D1D2)]/72 and wi (a,2,y) = (Co, D2)V | wala, z,y) =
(Co,Co)®, wy(a,z,y) = (Cr, Do) V.
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Since for the systems (Sy.2) calculation yields Gy = 2g(h + 1) [¢g* + (3h + 1)?], it
is clear that the condition g = 0 is equivalent to G; = 0.

Let us examine the point M. For systems (Sy2) calculations yield: py =
—h[g* 4+ (h + 1)?]. Hence sign (d2) = sign (o) = —sign (Ag). Therefore the point
Ms is a saddle if pg > 0 and it is either a focus or a center if uy < 0. Translating
this point at the origin of coordinates we get the systems

T = (m—hz—h)[g$+(h+1)y], Y= (h+1)(92+h—|—1):L"+gh(h+1)y—:172+gmy—|—hy2,

for which I = Is = I3 = 0, Io = —2h(h + 1)*[¢* + (h + 1)?]. Consequently, by
Lemma 7 the point M is a center if ug < 0.

We note, that the product of the abscissas of finite singularities equals —h(h+1)2.
This means that both points are on the same side (respectively on different sides)
of the invariant line x = 0 if g > 0 (respectively g < 0).

It remains to observe that at infinity there are only two real simple singular
points. When M, is a saddle, since M; is an anti-saddle (index +1), then the two
infinite points must be nodes. When M> is a center, since M; is an anti-saddle,
the two infinite points are saddles. In the last case the invariant line x = 0 is a
separatrix of the saddle at infinity.

Thus, we obtain: Picture 4.2(a) if ug > 0 and Gy # 0; Picture 4.2(b) if pg > 0
and G1 = 0; Picture 4.2(c) if py < 0 and Gy # 0; Picture 4.2(d) if pop < 0 and G; = 0.

t=i=x+gx>+ (h—Day, gh(g+h—1)#0,

J—y+(g—Day+h?, (g—1h—1)g+h) £o. 13)

Config. 4.3: {

Finite singularities: M;(0,0)[Ay =1, & = 0]; Ms <0, —%) [A2 = —1,6, =
Gt (= 50)[as = —ho = SR (- ) [

— 2]. For systems (S4.3) calculations yield: ug = gh(g + h — 1),

K =2[g(g — 1)a® + 2ghay + h(h — 1)y?];  sign (A1A2A3A4) = sign (o).

Since 0; > 0 for all points M; we conclude that systems (S43) possess two saddles
and two nodes if g > 0 and they possess either (o) one saddle and three nodes or
(B) three saddles and one node if pp < 0.

Assume f9 > 0. Then we have two nodes (one of them being the point M;) and
two saddles. Considering the existence of the invariant lines x =0, y =0 and y = x
and the fact that the sum of Poincaré indices for finite singularities is zero, then at
infinity we have six simple singularities: two saddle and four nodes and we get the
phase portrait given by Picture 4.3(a).

If 19 < 0 the T-comitant K becomes a sign defined binary form as Discrim(K) =
f10/16.

Assume K < 0. Then 0 < g < 1, 0 < h < 1 and from py < 0 we obtain
g+ h—1 < 0. In this case A; < 0 for all i« € {2,3,4} and hence, besides the
star node M; systems (S41) possess three saddles. Moreover, for these values of
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the parameters g and h the singular point M (0,0) is placed inside of the triangle
A MsMsMy. So, considering the existence of the invariant lines z = 0, y = 0 and
y = = and the fact that the sum of Poincaré indices for finite singularities is —2, we
have six nodes at infinity and we get the Picture 4.3(b).

Suppose now K > 0. We claim that in this case besides the star node M7 systems
(S4.3) possess two nodes and one saddle. Indeed, supposing the contrary, we obtain
that all three M; must be saddles, as sign (A2A3Ay) = sign (ug) = —1. Therefore,
from As < 0 and Az < 0 we get h > 0 and g > 0 respectively, and then the condition
to < 0 implies g+ h — 1 < 0. On the other the condition K > 0 yields g(g — 1) >0
and h(h —1) > 0 and we get ¢ > 1 and A > 1. This contradicts g + h — 1 < 0 and
hence proves our claim.

So, systems (S4.3) possess one saddle and three nodes. Clearly in this case
at infinity we have four saddles and two nodes (as the sum of Poincaré indices for
infinite singularities has to be —2). Considering the presence of the above mentioned
invariant lines we obtain the phase portrait given by Picture 4.3(c).

t=x+g2x’—zy, gER,
y=y+(g—Dzy, glg—1)#0.

Finite singularities: M7(0,0) [Al =1, 6 = 0]; Mg( - 5,0) [Ag = —%, 0y =

(92]'—21)2]; Mg(ﬁ, ﬁ) [Ag = g%l, 03 = Egjgz] For systems (Sy.3) calculations
yield: po = 0, K = 2g(g — 1)2?, sign (A2A3) = —sign (K). We observe, that the
family of systems (S44) is a subset of the family (S;3) defined by the condition
h = 0. So, since the singular point Ms (O, —1/h) tends to infinity when h — 0
we conclude that the infinite point N(0,1,0) of systems (S44) is a double point (a
saddle-node).

On the other hand it is easy to determine that besides the star node M, systems
(S4.4) possess two saddles if g(g — 1) < 0 (i.e. K < 0) and they possess one saddle
and one node if g(g — 1) > 0 (i.e. K > 0). Therefore, taking into consideration the
invariant lines z = 0, y = 0 and y = « and the sum of Poincaré indices we get the
Picture 4.4(a) if K <0 and the Picture 4.4(b) when K > 0.

Config. 4.4 : { (S4.4)

. & =gz’ + (h—Day, (9—1)(h—1(g+h)#0,
s 45 {2 da e (51s)

We observe that (Sy5) is a family of homogenous systems, each having only the
origin as finite singular point. These systems possess three invariant lines: x = 0,
y =0 and y = x. Hence n > 0. We also have ug # 0. Hence according to Table 4
in [26] we have the following possibilities for singular points at infinity: i) If pg > 0
we have two saddles and four nodes; ii) If pp < 0 and £ < 0 we have four saddles
and two nodes; If ug < 0 and x > 0 we have six nodes.

For systems (Sy5) calculations yield:

po =gh(g+h—1), k=-16[g(g—1) + h(h —1) + gh],
K =2[g(g — 1)a® + 2ghay + h(h — 1)y?].
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Mapping the sign of pg in the plane h, g
we determine that pg < 0 in the shaded N !
areas of Figure 1. Hence in the shaded N g=1
areas, K has well determined sign as indi-
cated. On the same figure it is also easy

2, -
XN K >0 —
AN

x>0

to observe that for pg < 0 the following . F<0 o
relation holds: sign (k) = —sign (K). T ko oo b
Thus, we obtain: Picture 4.5(a) if po > s Ny
0; Picture 4.5(b) if pp < 0 and K < 0;
Picture 4.5(c) if pp < 0 and K > 0. .
Figure 1

i =g2®+ (h+ Dy,  h(h+1) [92 +(h— 1)2} £0,

(Sa6)
§=—1+gx+(h—1)y—a®+ gy + hy’.

Config. 4.6 : {

Finite singularities: My (0,—1)[Ay = (h+1)?, §; = 0] —anode; M3(0,1/h)[As =
(h+1)%/h, 8y = (h* — 1)?/h?] — anode if h > 0 and a saddle if h < 0. For systems
(Sa6) we calculate po = —h[g> 4+ (h+1)?], i.e. sign (uo) = —sign (h).

It remains to observe that at infinity there exist only one real singular point
which is simple. Since M; is an anti-saddle (index +1), the infinite point is a node
(index +1) when My is a saddle and it is a saddle (index —1) when My is a node. In
the last case the invariant line x = 0 is a separatrix of the saddle at infinite. Hence
we obtain Picture 4.6(a) if po > 0 and Picture 4.6(b) if pg < 0.

Config. 4.7: d=gx’+ay, y=—-14+gx—y—a’+gzy, g€cR. (Sa.7)

Finite singularities: Ml(O,—l)[Al =1, 6 = O] — a node. We observe that the
family of systems (S47) is a subset of the family (Sy¢) defined by the condition
h = 0. So, since the singular point M, (0, —1/h) tends to infinite when A — 0
we conclude that the infinite point N(0,1,0) of systems (S47) is a double point (a
saddle-node). This leads to the Picture 4.7

c g i = gz® + (h+ 1)y, S
onfig. 4.8 y=—22+gry+hy?, h(h+1) [92 + (h — 1)2] # 0. (Sias)
For systems (Sus) we calculate pg = —h[g* + (h +1)%], n = —4 < 0. According
to [26] at infinity there exist two opposite nodes if 19 > 0 and two opposite saddles
if pp < 0.
Thus, taking into consideration the real invariant line z = 0 of systems (S45) we
obtain Picture 4.8(a) if o > 0 and Picture 4.8(b) if o < 0.

t=a"—1, g(g—Dlg+1)>—4h% #0,
y=(y+hy+1-g)z—hl

Finite singularities: My(—1,—h)[A; = 2(2h — g + 1), & = (2h — g — 1)?];
My(1,—h)[Ay = =2(2h + g — 1), 02 = (2h + g + 1)?];

Config. 4.9: { (S1.9)
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M3(=1,h—g+1)[A3 = =2(2h—g+1), 63 = (2h —g+3)*]; My(1,h+g—-1)[As =
2(2h+g—1), 84 = (2h+ g — 3)?]. For systems (S49) calculations yield: g =1 >0,
n= 92 > 0, sign (A1A2A3A4) =1.

Since §; > 0 for all points M; we conclude that systems (Ss9) possess two
saddles and two nodes in the finite part of its phase plane. From the behavior of
trajectories at infinity, according to [26] we have four nodes and two opposite saddles.
More concretely, we have the node N1(0,1,0) and the singular points N»(1,0,0) and
N3(1,9,0) as well as their opposites. It is not hard to find out that the point
N(1,0,0) (respectively, N3(1,g,0)) ia a saddle (respectively, a node) if g < 0 and
it is a node (respectively, a saddle) if g > 0.

We note that the first equation depends only on z. & > 0 for x outside [—1,1]
and # < 0 for z € (—1,1). This yields the orientation of the vector field on the
invariant line x = —h. The phase portrait on the invariant lines x = £1 is easily
obtained by replacing these values in the second equation which becomes ¢y = (y +
h)(y—(h+g—1)) forz=1and y=(y+h)(y —(h—g+1)) for v = —1. Hence
y > 0 for y outside the interval determined by the roots of the polynomials on the
right hand sides and ¢ < 0 for y inside this interval. The sign of ¢ thus depends
on whether or not —h is smaller or greater than h + g — 1 (respectively h — g + 1)
which amounts to checking the sign of 2h 4+ g — 1 (respectively 2h — g + 1). As the
phase portrait around infinity depends on the sign of ¢ the full discussion, which is
elementary, depends on the sign of g(2h — g+ 1)(2h + g — 1).

Case 1) We first assume that g(2h — g+ 1)(2h + g — 1) > 0. This could occur if
either i) all three factors are positive or ii) two of the factors are negative and the
third one is positive.

In the case i) we have that —h < h—g+1 and —h < h+ g — 1 so the points M3
and M, lie above the line y = —h, M3 being a saddle and M, being a node while
M is a node and Ms is a saddle. This yields phase portrait Picture 4.9(b).

In the case ii) we observe that the case when the first two factors are negative
and the third one is positive cannot occur. Indeed, in this case we would necessarily
have —(¢g—1) < 2h < g—1 which yields a contradiction as g > 0. So we only need to
consider the cases when only the first and last factors are negative or when only the
second and last one are negative. In the first situation we have that h+¢g—1 < —h <
h—g+1, so M3 and M, are respectively above and below the invariant line y = —h.
M and My are nodes and Mg and M, are saddles. Considering the behavior at
infinity we have that N5 is a saddle and N3 is a node located on the negative side of
the u-axis and the phase portrait is Picture 4.9(b). If only 2h — g+ 1 and 2h+g—1
are negative and g > 0, the points M3 and M, are both below the line y = —h, Mj
is a node and M, is a saddle while M is a saddle and My is a node. Ny is a node
and V3 is on the positive side of the u-axis and it is a saddle. This yields again the
phase portrait Picture 4.9(b).

Thus we conclude that in the case g(2h—g+1)(2h+g—1) > 0 the phase portrait
of systems (S49) corresponds to Picture 4.9(b).

Case 2) Suppose now that g(2h — g+ 1)(2h 4+ g — 1) < 0. This could occur if all
three factors are negative or if only one is negative and the other two are positive.
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In the first case M3 and M, are both below the line y = —h and M; and M3 are
nodes while My and M, are saddles. N> is a saddle and N3 lies on the negative side
of the w-axis and it is a node. This yields picture Picture 4.9(a).

It remains to consider the cases when only one of the three factors is negative.
If ¢ < 0 then M3 and M, are both above the line y = —h and M3 and M, are both
below the line y = —h and M; and M, are nodes while M3 and M5 are saddles. N»
is a saddle and N3 is on the negative side of the u-axis and it is a node. So in this
case we get Picture 4.9(a). If only the second factor is negative, i.e. 2h —g+1<0
we have h—g+1 < —h < h4+¢g—1 and hence M3 and M, are nodes situated on the
opposite sides of the line y = —h and My and M are saddles. In this case Ny is a
node and N3 is a saddle situated in the positive side of u. Hence the phase portrait
is Picture 4.9(c). If only the third factor is negative, i.e. 2h + g — 1 < 0 then M;
and My are nodes and M3 and M, are saddles located on the opposite sides of the
line y = —h. In this case N> is a node and N3 is located on the positive side of u
and it is a saddle. The phase portrait is therefore Picture 4.9(b).

For each phase portrait assembling together the above conditions we get:

e Picture 4.9(b) < either g[4h2—(g—1)2] >0 or g[4h2—(g—1)2] <0and 0<g<1;

e Picture 4.9(a) < g[4h* — (g —1)?] <0 and g < 0;
e Picture 4.9(c) < g[4h? — (9 —1)?] <0 and g > 1.

In order to determine the corresponding invariant conditions we construct the
following affine invariants:

Go =8Hg —9H5, Gz = (o —n)Hy — 6n(Hy + 12Hyg).

Since for the systems (Si9) we have Gy = —293%g[4h?® — (¢ — 1)?], Hy =
48(1 — g) [4h2 —(g+ 1)2], Gs3 = 6gH,, we conclude that these three invariant poly-
nomials distinguish the phase portraits of systems (Sy.g) for this configuration as it
is indicated in the Table 2.

Config. 4.10: i=2>-1, §=(y+9)(y+292—g), 9(29—1)#0. (S110)

Finite singularities: M;(—1,—g) [Al =8¢, 61 = 4(29— 1)2] —anodeif g > 0 and
a saddle if g < 0; Ma(1, —g) [Ag =0, po = 2] — a saddle-node [1]; M3(—1,3g) [Ag =
—8¢g, 93 = 4(29 + 1)2] — a node if ¢ < 0 and a saddle if ¢ > 0. For systems
(S110) calculations yield: g = 1 > 0, n = (29 — 1)2 > 0. Hence according
to [26] at infinity we have six singularities: the node N7(0,1,0) with its opposite
and the singular points Na(1,0,0) and N3(1,1 — 2g,0) with there opposites. It is
not hard to find out that the point N2(1,0,0) (respectively, N3(1,1 — 2g,0)) is a
saddle (respectively, a node) if 1 —2¢g < 0 and it is a node (respectively, a saddle) if
1-2g>0.

a) Assume first g < 0, i.e. M;(—1,—g) is a saddle and M3(—1,3g) is a node.
Since in this case 1 —2g > 0 we obtain that Ny(1,0,0) is a node and N3(1,1—2g,0)
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is a saddle. Taking into consideration the location of these singularities we get the
Picture 4.10(a,).

b) Assume now g > 0. Then M;(—1,—g) is a node and M3(—1,3g) is a saddle.
Since the type of infinite singularities depends on sign (1 — 2g) we shall consider two
subcases: 1 —2¢g >0 and 1 — 2g < 0.

by) If 1 —2g > 0 then as in the previous case N2(1,0,0) is a node and N3(1,1 —
2¢,0) is a saddle. Taking into consideration the relative location of the singularities
of systems (S4.19) for 0 < g < 1/2, we obtain in this case the Picture 4.10(b).

ba) Supposing 1 — 2¢g < 0 we have at infinity the saddle N3(1,0,0) and the
node N3(1,1 — 2g,0). It is easy to observe that in this case we have a separatrix
connection, between finite saddle-node M; and infinite saddle N»(1,0,0). So, in the
same manner above we get the Picture 4.10(c).

It remains to construct the respective affine invariant conditions. For systems
(S1.10) we have Hy = 384g(2g — 1). Therefore, if Hy < 0 (i.e. 0 < g < 1/2) we
obtain Picture 4.10(b), whereas for Hy > 0 we have either Picture 4.10(a) or Picture
4.10(c). We observe that for systems (Sy.10) calculations yield: Gz = —2304g(2g—1)?2
and hence, for Hy > 0 we get Picture 4.10(a) if G3 > 0 and Picture 4.10(c) if G < 0.

Config. 4.11: = (x+9)?*—-1, y=ylx+y), g¢g*—1#0. (S111)

Finite singularities: Mi(—1 — g, 0)[Ay = 2(g + 1), 61 = (9 — 1)?]; M2(1 —
9,0)[A2 = =2(g—1), o = (9+1)?; M3(—1—g,g+1)[A3=-2(g+1), 65 =
(9+3)°); Ma(1—g,9—-1)[As=2(g—1), és= (g —3)*].

Evidently, that we have two nodes and two saddles, and which singularities are
nodes and which ones are saddles depends on sign (g% — 1).

For systems (Sy11) calculations yield: yp = 1 > 0, 7 = 0, M = —8y? # 0,
Cy = —zy%. So, according to [26] at infinity besides the node Ny(0,1,0) systems
(S4.11) possess a double point N1(1,0,0), which is a saddle-node.

We shall examine three cases: ¢ < —1, -1 <g<1and g > 1.

a) Case g < —1. Then the singular points M; and My are saddles, whereas M,
and Ms are nodes. Moreover, M3 and My are on the same part of the invariant line
y = 0. Thus we get the phase portrait given by Picture 4.11(a).

b) Case —1 < g < 1. In this case the singular points M 2 are nodes and M3 4 are
saddles. And clearly M3 and My are on different sides of the invariant line y = 0.
So we obtain Picture 4.11(b).

¢) Case g > 1. Then the singular points M; and M, are nodes, whereas Mo
and Ms are saddles. In this case M3 and M, are on the same part of the invariant
line y = 0. Therefore, we get the phase portrait with is topologically equivalent to
Picture 4.11(a).

It remains to note that for the systems (S;11) we have Hy = 48(¢g?> — 1) and
evidently this invariant polynomial distinguishes Picture 4.11(a) (Hy > 0) from
Picture 4.11(b) (H4 < 0).

i=(x+h)?-1, glg—1)(h*—1)#0,

y=01—g)zy, h*(g—1)*—(g9+1)*#£0. (S4.12)

Config. 4.12: {
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Finite singularities: Mi(—1 — h, 0)[Ay = =2(h 4+ 1)(g — 1), 61 = [h(g — 1) +
(g + 1)]%]; Ma(1 = h, 0)[Ag = 2(h — 1)(g — 1), 62 = [h(g — 1) — (g + 1)]?]. Since
A1Ay = —4(g — 1)%(h? — 1) and Ay + Ay = —4(g — 1) we conclude that systems
(S4.12) possess a saddle and a node if h? —1 > 0. For h? — 1 < 0 these systems
possess two saddles if g > 1 and they possess two nodes if g < 1.

To determine the behavior of the trajectories at the infinity according to [26] for
systems (S4.12) we calculate:

n=0, M=-8¢2>#0, Cy =gy, po=p1 =k =r1 =0, L =8gx?,
po = (g —1)3(h? = 1)2?, K =2(1 — g)2?, Ky =192(2¢°> — g+ 1)2°.

We observe that by [26] the point N7(0,1,0) is of the multiplicity 4 (consisting of
two finite and two infinite points which have coalesced). We also note that Ky > 0
for any value of parameter g.

a) Case gy > 0. Then h? —1 > 0 and systems (S4.12) possess one saddle and one
node. As sign (L) = sign (g), following [26] we shall consider two subcases: L > 0
and L < 0.

ay) Assume L > 0. Since Ky > 0 according to @
[26, Table 4] the behavior of the trajectories in the
vicinity of infinity is given by Figure 19. Taking into
consideration the invariant lines we get Picture 4.12(a). @

as) Suppose L < 0. Then from [26, Table 4] we get ~ Figure 19 Figure 17
Figure 17. So, in the same manner as above we obtain
the phase portrait given by Picture 4.12(b).

b) Case jz < 0. In this case we have h? — 1 < 0 and as it is determined above
systems (S4.12) possess two saddles if ¢ > 1 and they possess two nodes if g < 1.
As for these systems K = 2(1 — g)x? we have sign (K) = —sign (g — 1) and we shall
consider two subcases: K < 0 and K > 0.

b1) Assume first K < 0, i.e. g > 1 and the finite singular points
are both saddles. On the other hand for the infinite points the
relation L = 8gx? > 0 holds and according to [26, Table 4] this
leads to the Figure 10. So, taking into consideration the invariant
lines of systems (S4.12) we obtain the phase portrait given by Picture Figure 10
4.12(c).

by) Assume now K > 0. Then g < 1 and the finite singular points are both
nodes. According to [26, Table 4] the behavior of the trajectories in the vicinity of
infinity in this case depends on the sign of the invariant polynomials L = 8ga2.

If L >0 (i.e. g > 0) we obtain Figure 27, whereas
for L < 0 (then K < 0) we get Figure 29. Therefore,
considering the existence of the invariant lines of sys-
tems (S4.12) we obtain the Picture 4.12(d) if L > 0 and Y

the Picture 4.12(e) if L < 0. Figure 27 Figure 29

i=x>+1, glg—1[(g+1)*+nr* #0,

y=w+hly+1-g)z—h. (S4.13)

Config. 4.13: {
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No finite singularities. These systems have invariant lines y = —h and x = =4i.
Calculations yield 7 = ¢> > 0, pp = 1 > 0 and according to [26] on the line
at infinity there exist two nodes and one saddle. Due to the existence of the real
invariant line y = —h we have to distinguish when the point Ni(1,0,0) is a saddle
(having a saddle connection) and when it is a node. Constructing the respective to
(Sy4.13) family of systems at infinity we get

=gu+h(g—1)z —u?+ h%2% +uz?, =242

Since the singularity (0,0) of these systems corresponds to Ni(1,0,0) we conclude
that the singular point N is a saddle if ¢ < 0 and it is a node if g > 0. To distinguish
these two possibilities we shall use the affine invariant Gy. For systems (S4.13) we
calculate Gy = 13824g[4h? + (g — 1)?]. Thus, G # 0 and sign (G2) = sign (g). Hence
we get Picture 4.13(a) if Go > 0 and Picture 4.13(b) if Go < 0.

Config. 4.14: i=(x+9)*+1, y=ylx+y), geR (S4.14)

No finite singularities. Calculations yield n =0, M = —8y? # 0, Cy = —xy?,
o = 1 > 0. Thus the singular point Ni(1,0,0) is a double point and according
to [26] on the line at infinity at infinity there exist one node and one saddle-node
(double). Hence, taking into account the real invariant line y = 0 we get Picture
4.14 for any value of the parameter g.

i=(x+h)?+1, glg—1)#0,
g=(1~-gzy, (9+1)*+h*#£0.

No finite singularities. Calculations yield

Config. 4.15: { (Sa1.15)

n=0, M=—-8¢%>+#0, Cy =gy, po=p1 =k =r1 =0, L =8gx?,
po = (g — D*h? +1)a?, K =21 — g)z?, Ky = —192(2¢*> — g+ 1)z*.

We observe [26] that the point N1 (0, 1,0) is of the multiplicity 4 (two finite and two
infinite points have coalesced at this point). We also note that pus > 0 and Ky < 0
for any value of parameters (g, h) € R2.

Thus according to [26, Table 4] this leads to the Figure 8 if L > 0
and to the Figure 17 (see above) if L < 0. Taking into consideration
the existence of the real invariant line y = 0 we obtain Picture

4.15(a) if L > 0 and Picture 4.15(b) if L < 0. Figure 8

Config. 4.16: &=g+x, y=yly—=x), glg—1)#0. (S116)

Finite singularities: Mi(—g, 0)[A1 = g, & = (g9 — 1)?]; Ma(—g, —g)[A2 =
—g, 00 = (g+ 1)2]. We observe that systems (S4.16) possess a node and a saddle.
To determine the behavior of the trajectories at the infinity according to [26] for
these systems we calculate:

n=1>0, Co=ay(x—y), po=pm =rk=0, L=38yy—=x), ue =yly—x).
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Hence p2L = 8y2(y — x)? > 0 and according to [26, Table 4]
on the line at infinity there exist three real singular points, two
of which are double and one simple. More precisely, the dou-
ble points N1(1,0,0) and Ny(1,1,0) are saddle-nodes, whereas
the point N5(0,1,0) is a node and the geometric configuration Figure 4

corresponds to Figure 4.
We observe that if the point M;(—g, 0), located on the invariant line y = 0 (as

well as on the line z = —g) is a saddle (i.e. g < 0), then we get a saddle connection
with the saddle-node N;(1,0,0).

On the other hand for systems (S4.16) we have Go = —3456¢. So, taking into
consideration the invariant lines © = —g and y = 0 of systems (S416) we obtain
Picture 4.16(a) if Go > 0 and Picture 4.16(b) if Go < 0.

Config. 4.17: =z, y=yly—x). (S4.17)

We observe that this system can be obtained from the family (S4.16) allowing the
parameter g to vanish. In this case the points M;(—g, 0) and My(—g, —g) coa-
lesced (at the origin of coordinates), yielding a saddle-node. So, as it can easily be
determined, we get Picture 4.17.

Config. 4.18: i=g(g+1)+gr+y, y=yly—=z), g(g+1)#0. (Si)

Finite singularities: Mi(—1 — g, 0)[A1 = g(g + 1), 61 = 1]; Ma(—g, —g)[As =
—g(g+ 1), 62 =4g(g+ 1), p2 = 0]. We observe that systems (S4.18) possess a
saddle and a node if g(g + 1) > 0 and they possess a saddle and either a focus
or a center if g(¢g + 1) < 0. We claim that in the second case the point M is a
center. Indeed, moving this point to the origin of coordinates we get the systems
t=gr+vy, U= (9—vy)(x—y), for which considering Lemma 7 we calculate:
L =14=13=0, I =2g(g + 1). Since g(g + 1) < 0 by Lemma 7 the point M, is a
center and our claim is proved.

For systems (S4.18) calculations yield:

n=1 Co=ay(r—y), po=m =r=0, L =8y(y —x), po =g(g+ yly — x).

Hence psL = 8g(g + 1)y%(y — x)? # 0 and then sign (usL) =
sign (g(g + 1)) According to [26, Table 4] on the line at infin-
ity there exist three real singular points, two of which are dou-
ble and one simple. More precisely, the double points Ni(1,0,0)
and N»(1,1,0) are saddle-nodes, whereas the point Ny(0,1,0) is Figure 3

a node.
However, depending on the location of the saddle sectors of the saddle-nodes, at

infinity there are two distinct configurations. As it was proved in [26] we have the
Figure 4 (see above) if puoL > 0 and the Figure 3 if poL < 0.

a) Case paL > 0. Then g(g + 1) > 0 and systems (S4.13) possess one saddle and
one node. Taking into consideration the existence of the invariant lines y = 0 and
r—y+g+1=0as well as Figure / we get the Picture 4.18(a).
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a) Case puoL < 0. Then g(g + 1) < 0 and systems (Sy.18) possess one saddle
and one center. Moreover, the behavior of the trajectories at infinity corresponds to
Figure 3. In this case we obtain the Picture 4.18(b).

Config. 4.19: d=g+x, §=-zy, glg—1)#0. (S119)

We observe that these systems possess one finite singular point M;(—g,0) which is a
saddle for g < 0 and it is a node if g > 0. We shall examine the infinite singularities.
Considering [26] for systems (Sy.19) we calculate: M = —8x2 # 0, Cy = 2%y, n =
po=p1=p2=rK=r1=L=0, ug=—gaz’y, K3 =—z%y.

According to [26] the point N1(0, 1,0) is of the mul-
tiplicity 4 (consisting from two finite and two infinite
points which have coalesced), while the singular point
N3(1,0,0) is a double point which is a saddle-node (a
finite and an infinite singular point being coalesced)
Moreover, by [26, Table 4] the behavior of the trajec-  Figure 12 Figure 21

tories at infinity corresponds to Figure 12 if usK; <0
and to Figure 21 if usK; > 0.

Since uzKi = gxiy? it follows sign (u3K1) = sign(g). Therefore, taking into
account the existence of the invariant lines y = 0 and x = —g and Figures 12 and
21 we obtain Picture 4.19(a) if psKy, < 0 and Picture 4.19(b) if usK; > 0.

Config. 4.20: i ==x(gr+vy), ¥=(9— Dry+vy? g(g—1)#0. (S4.20)

For systems (Sy.0) calculations yield: n = 0, M = —822%, Cy = 2%y, ug = g #
0. We observe that (Sy20) is a family of homogenous systems, which possess two
invariant lines: = 0 (double) and y = 0. According to [26] on the line at infinity,
besides the saddle-node N1(0, 1,0) (corresponding to the double line), systems (.S4.29)
have a node if ug > 0 (Picture 4.20(a)) and they have a saddle if py < 0 (Picture

4.20(b)).

. =uz(gz+y), 9(g—1)#0,
Conﬁg. 4.21 : { y _ (y + 1)(gx . y) (54.21)

Finite singularities: My(0,0)[Ay = 0, p1 = 1] — a saddle-node [1]; M(0,—1)
[Ay =1, 0 = 0] —anode; Msz(1/g,—1)[A3 = —1/g, 63 = (g + 1)*/¢*] — a node
if g < 0 and a saddle if g > 0. For systems (Sy.21) calculations yield: n = 0, M =
—82%, Cy = 2%y, g = g. Hence according to [26] on the line at infinity we have two
singularities: the saddle-node N1(0,1,0) and the singular point N5(1,0,0), which is
a node if pg > 0 and it is a saddle if pg < 0.

Thus, taking into account the invariant lines x = 0 (double) and y = —1 we get
Picture 4.21(a) if po > 0 and Picture 4.21(b) if po < 0.

Config. 4.22: & =gx*, §=@w+D[y+@—-Dx—1], glg—1)#0. (Si2)

Finite singularities: Mi(0,0) [Al =0, pp = 2], M5(0,—1) [Ag =0, po = —2] -
saddle-nodes [1].



INTEGRALS AND PHASE PORTRAITS OF SYSTEMS WITH INVAIRANT LINES 71

To determine the behavior of the trajectories at the infinity for systems (S4.22)
we calculate: n =1 >0, Co = zy(x —y), o = g*> > 0. Thus according to [26, Table
4] on the line at infinity there exists three real singular points: Ni(1,0,0), and
N3(1,1,0) and N3(0,1,0). More precisely, there are two nodes and one saddle.
Using the transformation x = 1/z, y = u/z) we get the systems

t=u+(1—-g)z—u®>+2% z=gz (11)

For the singular point (0,0) (respectively (1,0)) of systems (11) corresponding to
the point Ni(1,0,0) (respectively Na(1,1,0)) of systems (Syo2) we have A} = ¢
(respectively Ay = —g). Hence we conclude that besides the node N3(0, 1,0) systems
(S4.22) possess at infinity the node N1(1,0,0) and the saddle N»(1,1,0) if g > 0 and
they possess the saddle Ny(1,0,0) and the node N»(1,1,0) if g < 0.

On the other hand for systems (S4.922) we have H; = 1152g. Hence, taking into
consideration the invariant lines = 0 (double) and y = —1 of systems (Sy.22) we

get Picture 4.22(a) if Hy > 0 and Picture 4.22(b) if Hy < 0.

Config. 4.23: z==x(x+vy), §=(y+1)>2 (S1.23)

Finite singularities: Ml(O,—l)[Al =0, pp = —1], Mg(l,—l)[Ag =0, po = 1] -
saddle-nodes [1]. For these systems calculations yield: 1 =0, M = —8z2, Oy =
22y, po = 1> 0. We observe [26] that the point N1(0,1,0) is a double point and it
is a saddle-node, whereas the second simple point Ni(1,0,0) is a node. Thus, taking
into account the invariant lines x = 0 and y = —1 (double) we get Picture 4.23.

Config. 4.24: t=(x+1)?2 g=(1-g)ry, glg—1)#0. (Sy.04)

Finite singularities: My(—1,0)[Ay = 0, p1 = g — 1] — saddle-node [1]. We
calculate: M = —8g%x2 # 0, Cy = g2y, 1 = po = p1 = k = k1 = Ko = 0,
po = (g — 1)%2%, L =8gz?. Since uy > 0 and K3 = 0 by [26, Table 4] the behavior
of the trajectories at infinity corresponds to Figure 19 if L > 0 and to Figure 17 if
L < 0 (see p. 67). Taking into consideration the existence of the real invariant lines
y =0 and x = —1 (double) we obtain Picture 4.24(a) if L > 0 and Picture 4.24(b)
if L <0.

Config. 4.25: d=gx®+ay, y=y+(g—Day+y® glg—1)#0. (Sizs)

Finite singularities: My(0,0)[A1 = 0, p1 = 1] — a saddle-node [1]; M(0,—1)
[Ag =1, 6 = O] —anode; Ms(1,—g) [Ag = —g, 03 = 49] —a saddle if ¢ > 0 and
either a focus or a center if g < 0.

We claim that the point M3 is a center if g < 0. Indeed, translating this point to
the origin of coordinates we get the systems & = (1+z)(gz+y), v = (9—y)(x—gr—y),
for which considering Lemma 7 we calculate: Iy = I = I3 = 0, Is = 2g. Since g < 0
by Lemma 7 the point Mj is a center and our claim is proved.

On the other hand for systems (Sy.25) calculations yield: 7 = 0, M = —8x2,
Co = 22y, o = g. Hence according to [26] at infinity we have two singularities: the
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saddle-node N1(0,1,0) and the singular point N»(1,0,0), which is a node if g > 0
and it is a saddle if ug < 0. Hence, taking into account the invariant lines x = 0
(double) and y = —1 we get Picture 4.25(a) if po > 0 and Picture 4.25(b) if py < 0.

Config. 4.26: z=uzy, y=@w+1)(y—=x). (Sa.26)

Finite singularities: M1(0,0)[A; =0, p; = 1] —asaddle-node [1]; M2(0,—1)[Ay =
1, 6o = 0] — a node. For systems (S406) we calculate: M = —8z% # 0, Cy =
a?y, n=p0 =0, p =y, K=2y

According to [26, Table 4] in this case the behavior of the trajecto-
ries at infinity corresponds to Figure 20. So, taking into considera-
tion the invariant lines x = 0 (double) and y = 0 of systems (S4.26)

we obtain Picture 4.26 Figure 20

Config. 4.27: =29z +2y, y=g¢>+1-22—-9% gcR. (S4.27)

Finite singularities: My(—1, g)[A1 = —4(¢* +1)] — a saddle; My(1, —g)[As =
4(g* + 1), 0y = —16]. We observe that the singular point My is a strong focus
if g # 0 and it is a center if ¢ = 0. Indeed, translating this point to the origin of
coordinates we get the systems @ = 2(gx+v), ¥ = —2z+2gy — 2> —y?, for which we
calculate: I} = 4g, Is = —8g, I13 = —2g, I = 8(¢> — 1) So, by Lemma 7 the point
Ms is a center if and only if ¢ = 0. To determine the behavior of the trajectories at
the infinity for systems (Sy.27) calculations yield: n = —4, Cy = x(2? + y?), po =
p1 =k =0, pg = 4(g*> + 1)(z 4+ y?). So, according to [26] the unique real infinite
singular point N1(0,1,0) of (S4.27) is a node. Therefore, since for these systems we
have G; = 16g, we obtain Picture 4.27(a) if G1 # 0 and Picture 4.27(b) if Gy = 0.

Config. 4.28: &=2x2>—1, g=x+gy, glg>—4)#0. (Si.28)

Finite singularities: My (1, —=1/g)[A1 = 2g, 61 = (9 — 2)*]; Ma(—1, 1/g)[As =
—2g, 09 = (g—|—2)2] . We observe that systems (S4.28) possess a node and a saddle. For
these systems we calculate: 7 =0, M = —822, Cy = 2%y, o = p1 = k = k1 = 0,
L = 822, o = g?2%, Ky = 38422, and according to [26, Table 4] the behavior of
the trajectories in the vicinity of infinity corresponds to Figure 19 (see page 67).
Taking into consideration the existence of the real invariant lines x = +1 we obtain
in both cases (i.e. either g > 0 or g < 0) the phase portraits topologically equivalent
to Picture 4.28.

Config. 4.29: i=2>-1, y=g+x, ¢>—1#0. (S4.29)
No finite singularities. For these systems calculations yield: M = —8x2, Cy = 2%y,

N=po=p1=po=p3=rk=ry =0, L =28z uy=(¢°—1Da?t, K;=384z%
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We observe that L > 0, K = 0 and K» > 0 for any
value of parameters £1 # g € R. According to [26,
Table 4] the behavior of the trajectories in the vicinity
of infinity corresponds to Figure 18 if pgy > 0 and to
Figure 24 if puy < 0. Thus, taking into account the
existence of the invariant lines * = £1 we get Picture  Figure 18 Figure 2/
4.29(a) if pg > 0 and Picture 4.29(b) if py < 0.

Config. 4.30: &= (z+1)(gr+1), §=1+(g—Day, g(g>—1)#0. (Si30)

Finite singularities:  M;(—1,1/(g — 1))[A1 = (g — 1)?, & = 0] — a node;
My(—1/g, g/(g — 1))[Ay = —(g — 1)*/g, 62 = (¢° — 1)?/g*] — a node if g < 0 and
a saddle if g > 0. For systems (Sy.30) calculations yield: 1n =0, M = —822, Co =
22y, po =1 =K =r; =0 and

L = 8gx?, pp = g9(g — 1)2m2, Ky = 48(g — 1)2(92 —g+ 2)m2.

Since sign (u2) = sign (L) = sign (¢g) and K > 0, according to [26, Table 4] the
behavior of the trajectories around the infinity corresponds to Figure 19 (see p. 67)
if g > 0 and to Figure 29 (see p. 67) if g < 0. Taking into consideration the real
invariant lines and z+1 = 0 (double) and (gx + 1) = 0 we obtain the phase portrait
Picture 4.30(a) if pg > 0 and Picture 4.30(b) if pa < 0.

Config. 4.81: i==x(x+1), g=g—2>+zy, glg+1)#0. (S4.31)

Finite singularities: My(—1,9 — 1) [Al =1, 4 = O] — a node. We calculate:

n=M=0, Co=2a° pog=p1 =py =0, uyg=—ga®, K =21 Ks=—6ga°
Since usK # 0 by [26, Table 4] the behavior of the tra-
jectories in the neighborhood of infinity corresponds to
Figure 37 if K3 > 0 (i.e. g < 0) and to Figure 39 if
K3 < 0 (i.e. g > 0). Thus, taking into account the
invariant lines x = 0 and * = —1 (double) of systems
(Sy.31) we get Picture 4.31(a) if K3 > 0 and Picture  Figure 37 Figure 39
4.31(b) if K3 < 0.

Config. 4.52: di=2*+1, y=z+gy, g+#0. (S1.32)
No finite singularities. For these systems calculations yield: M = —22, Cy = z2y,
n=po=p =rk=r =K =0L=8z uy=g’c? Ky=—384z".
We note that pus > 0, L > 0 and K5 < 0 for any value of parameter 0 # g € R.

According to [26, Table 4] the behavior of the trajectories at infinity corresponds to
Figure 8 (see p. 68). This leads to Picture 4.32.
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Config. 4.33: =241, g=g+x, geR. (S4.33)

This family of systems does not possess real finite singularities and calculations yield:
M=-8z2 Co=a2y, n=po=p1 =po=p3=r=r, =K =0, L =8z>

and g4 = (g% + 1)a?, Ky = —3842%. We observe that 4 > 0, L > 0 and Ky < 0 for
any value of the parameter g € R. According to [26, Table 4] the behavior of the
trajectories around of infinity corresponds to Figure 8 (see p. 68). Thus we obtain
Picture 4.33.

Config. 4.34: d=g9, y=yly—=z), ge{-11} (S1.34)
No finite singularities. For these systems we calculate:

n=1, Co=ay(z—y), po=p1=p2=p3 =k =K =0, pg = g°y*(x —y)>.
We note that puy # 0 and K7 = 0 for any value of parameter g € {—1,1}. According
to [26, Table 4] one of the triple points is a node and the other one is a saddle.
However we need to distinguish when the point Ny(1,0,0) is a saddle, as in this
case the invariant line y = 0 will be a separatrix and this leads to a different phase
portrait. So, we consider the corresponding systems (obtained via the transformation

x=1/z, y=u/z):

(S) : U= —u+u®—guz®, 2= —gz°
We observe that systems (S) has two invariant lines: z = 0 and u = 0. We consider
the restrictions on (S) on these lines: (S)|,=0 : @ = u(u—1) and (5)[u=o :
2= —¢2%. Onz=0and for 0 < u < 1 we have @ < 0 while for u < 0, we have

1 > 0. Hence on z = 0 the point u = 0 is an attractive singular point.

Now consider the restriction (S)|,—o. We observe, that for z > 0, sign (2) =
—sign (z). Hence on u = 0 the point z = 0 is an attractive singular point if g > 0
and it is a repulsing singular point if g < 0.

Thus we conclude that the triple singular point Ny(1,0,0) of systems (S4.34) is
a node if g > 0 and it is a saddle if ¢ < 0. On the other hand for systems (Ss.34))
we have Hy = —48¢g. So, considering invariant line y = 0 we get Picture 4.34(a) if
Hy < 0 and Picture 4.34(b) if Hy > 0.

Config. 4.35: &=g+y, y==xy, ge{-1,1} (Sa.35)

Finite singularities:  M;(0, —g) [Al =g, 6 = —49]. So, the point M is a
saddle if g < 0 and we claim that it is a center if g > 0. Indeed, translating this
point to the origin of coordinates we get the systems = =vy, ¢y = z(y—g), for
which calculations yield: Iy = I = I3 = 0, Iy = —2g. So, by Lemma 7 the point
M is a center if and only if g > 0 and this proves our claim.
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To determine the behavior of the trajectories around the infinity for systems
(Sy.35) we calculate: =0, M = —82%, Cy = 2%y, po = 1 = g = kK = L = 0,
K1 = —32, us = gry?, K1 = zy?.

Since k = L = 0, ky # 0 and u3K; = gz’y* (ie.
sign(g) = sign (u3K1)), according to [26, Table 4] the be- @
havior of the trajectories in the vicinity of infinity corre-
sponds to Figure 16 if g < 0 and to Figure 9 if g > 0. So,
considering invariant line y = 0 and the type of the sin-
gular point M7(0, —g) we get Picture 4.35(a) if uskKy >0  Figure 16 Figure 9
and Picture 4.35(b) if psKy < 0.

Config. 4.36: &=g, y=uwmy,g¢c{-1,1}. (S1.36)

No finite singularities. For these systems we calculate: M = —8x2, Cy = —z?y,

N=po=m=pr=ps=k=r =L=K =0, kg =g, pg = g°z’y>.
We note that py # 0, L = K7 = 0 and sign (g) = sign (k2). According to [26, Table
4] the behavior of the trajectories around infinity corresponds to Figure 8 (see p.
68) if g < 0 and it corresponds to Figure 17 (see p. 67) if g > 0. Therefore, taking
into account the invariant line y = 0 we obtain Picture 4.36(a) if k2 < 0 and Picture
4.36(b) if ko > 0.

Config. 4.37: &=z, y=gy—a?, g(g>—1)#0. (Si.37)

Finite singularities: M(0,0)[A; = g, 6 = (9 — 1)?] — a saddle if g < 0 and
a node if g > 0. For systems (Sy37) calculations yield: n = M = 0, Cy = 23,
po=p1 =p2 =0, u3 = —ga®, K =0, K; = —a3, K3 = 6g(2 — g)a°.

Since K = 0 and pus K3 # 0 by [26, Table 4] if us Ky > 0
and K3 > 0 then the singular point Ny (0, 1,0) is a saddle-
node (with saddle sectors located on the same part of the
line Z = 0). Otherwise the behavior of the trajectories
around infinity corresponds to Figure 38 if usK; > 0 and
K3 < 0 and it corresponds to Figure 33 if uskKy; < 0.

Thus considering the invariant line z = 0 and the type of the singularity M (0,0)
of (Sy.37) we obtain: Picture 4.37(a) when usK; > 0 and K3 > 0; Picture 4.37(b)
when pu3Kq > 0 and K3 < 0; Picture 4.37(c) when psK; < 0.

Config. 4.38: d=x, 9y=g—22, 0#gcR (Sy.38)

Figure 38 Figure 33

No finite singularities. For these systems we calculate:
n=M=0, Co=2° po=jp1=p2=p3=0, g = —gz*, K = K3 = 0.
Since K = K3 = 0 by [26, Table 4] if g4 > 0 then the point
N1(0,1,0) is a node. In the case py < 0 the behavior of the trajec-
tories at infinity corresponds to Figure 35.

Thus taking into account the invariant line x = 0 we obtain
Picture 4.38(a) if pg > 0 and Picture 4.38(b) if pug <0 . Figure 35
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Config. 4.39: i =22 g=x+y. (S4.39)

Finite singularities: M;(0,0)[A; =0, p; = 1] — a saddle-node [1]. Calculations
yield: n =0, M = —8z2, Cy = 2%y, po=p1 =k = k1 = 0, pug = 22, L = 822,
Ky =0.As g > 0, L > 0 and Ky = 0, according to [26, Table 4] the behavior of the
trajectories in the neighborhood of infinity corresponds to Figure 19 (see p. 67).

Thus, taking into account the invariant line x = 0 we obtain Picture 4.39.

Config. 4.40: t=x+1, y=1—uxy. (S4.40)

Finite singularities: My(—1,—1) [Al =1, 6 = 0] —anode. For systems (S4.40)
we calculate: 1 =0, M = 822, Co = 2%y, o = p1 = po = k = ky = L = 0,
pus = —xy, K; = —2%y. We observe that L = 0 and us3K; = z%y?> > 0. So,
according to [26, Table 4] the behavior of the trajectories at infinity corresponds to
Figure 21 (see p. 70). Considering the invariant line 2 = 0 we obtain Picture 4.40.

Config. 4.41: i =gy, y=y—2>+gy?, g€ {-1,1}. (Sya1)

Finite singularities: M;(0,0) [Al =0,p1 = 1]; M5(0, —1/g) [Ag =1, 5 = 0] —a
node. We observe that M is triple, as according to [1, §22] in its vicinity we obtain
o(x) = Aga® + ... = gz® + ..., g € {—1,1}. Moreover, since sign (A3) = sign (g)
by [1, §22] we conclude that the triple singular point Mj(0,0) is a (topological) node
if g > 0, and it is a (topological) saddle if g < 0.

We shall examine the infinite singularities. For systems (Sy.41) calculations yield:
n=0=M,Cy =23 pp = —g> # 0. Hence according to [26, Table 4] the triple
singular point N1(0,1,0) is a node if g > 0 (i.e. ¢ = —1) and it is a saddle if pg < 0
(i.e. g =1). So, in the first case we get Picture 4.41(a), while in the second one we
get Picture 4.41(b).

Config. 4.42: i =gy, y=—-2*+gy*, ge{-1,1}L (Sy142)

We observe that (S4.42) are homogenous systems, which possess the triple invariant
line z = 0. As for these systems n = 0 = M, Cy = 3, g = —g> # 0, then according
to [26] the infinite point N;1(0,1,0) is a node if pg > 0 (Picture 4.42(a)) and it is a
saddle if g < 0 (Picture 4.42(b)).

Config. 4.43: i =gx%, =1+ (9— Dy, g(g>—1)#0. (S4.43)

No finite singularities. For these systems we calculate: 7 = pug = 1 = po =
ps =K =Ky =0, M = —82%,Co = 2%y, uy = g?z*, L = 8g2>, K = 2g(g — 1)x>, R =
8g(2g — 1)z
As pg > 0 according to [26, Table 4] the behavior of the trajectories
around infinity corresponds to Figure 17 (see p. 67) if L < 0. And
since K # 0, in the case L > 0 we have Figure 18 (see p. 73) if
R > 0 and Figure 28 if R < 0. Thus, taking into account the triple
invariant line x = 0 we obtain: Picture 4.43(a) if L < 0; Picture

4.43(b) it L > 0 and R > 0; Picture 4.43(c) if L > 0 and R < 0. Figure 28
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Config. 4.44: d&=2% gyg=g—a*+uzy, ge{-1,1} (S1.44)
3

)

No finite singularities. For these systems we calculate: n =M =0, Cy =z
po =1 = p2 =p3 =0, py=g°z", K =22 Ks=—6gz°.

Hence, by [26] the point N1(0,1,0) is of multiplicity seven (all finite
and infinite singularities have coalesced at this point). As puy > 0
and K # 0, according to [26, Table 4] this point is a node if K3 > 0
(iie. g = —1, we get Picture 4.44(a)) and the behavior of the
trajectories around infinity is as in Figure 36 if K3 <0 (i.e. g =1, ) .

. Figure 36
we get Picture 4.44(b)).

Config. 4.45: t=gry, y=x-—2>+gy?, ge€{-1,1} (S4.45)

Finite singularities: M (0,0) [Al =0,p1 = 0]; M>(1, 0) [Ag = g, 0o = —4g,
pa = 0]. The point M, is a saddle if ¢ < 0 and we claim that it is a center
if g > 0. Indeed, translating this point to the origin of coordinates we get the
systems & = g(x 4+ 1)y, § = —x — 22 + gy?, for which calculations yield: Iy = —2g,
I, = Ig = I3 = 0. By Lemma 7 the point Ms is a center if and only if g > 0 and this
has proved our claim.

Let us examine the multiple point M;(0,0). We observe that M; is a nilpotent
singular point. According to [1, §22] in its vicinity we calculate (x) = agz34... =
—g%23+ ..., o(x) =byx+... = 3gz. Hence we obtain a3 = —g? < 0 and for the
quantity ~ (see [1, §22]) in this case we obtain: vy = b} 4+ 8d3 = ¢*> > 0. Therefore,
the triple point is an “elliptic saddle” (i.e. a non—elementary singular point having
one elliptic and one hyperbolic sectors [1]).

To determine the behavior of the trajectories at the infinity for systems (Sy.45)
we calculate: n = 0 = M, Cy = 23, g = —g> # 0. Hence according to [26, Table 4]
the triple singular point N1(0,1,0) is a node if pg > 0 (Picture 4.45(a)) and it is a
saddle if o < 0 (Picture 4.45(b)).

Config. 4.46: t=1, g=y=vy—z° (S4.46)
No finite singularities. For these systems calculations yield:

n=M=0, Co=2° pjo=p=p2=p3 =0, py=2", K=0, Kg=—62°.
Hence, by [26] the point N1 (0, 1,0) is of multiplicity seven seven
(all finite and infinite singularities have coalesced at this point).
As py >0, K =0 and K3 < 0, according to [26, Table 4] the be-
havior of the trajectories around infinity is as indicated in Figure
32. Thus, we obtain Picture 4.46. Figure 32

It remains to retain out of the 93 phase portraits Picture 4.i(j) in Tables 3(u),
u € {a,b,c,d,e} only portraits which are topologically distinct. This is what we
now do.
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Three real singular points at infinity (n > 0)

Total
Type of Number and type of finite singularities; j;
infinite number of canonical regions and of separatrices phase
singularities port-
0 L 2 3 4 raits
(S,S,S,0):
4.1(b);
(N,N,N) 4.5(b) (S.S.S.N): 3
4.3(b)
f f « 4.3(a)
4.13(a)= 05C5°: 4.10(a); ~ 4.9(b);
4.34(b); 4.22(a); . - oy
(N,N,S) BT 5 () 05¢ 15C, 08¢t | 11
18C: 1SC%: 4.10(b) , 1.9(a):
4.13(b)= 4.22(b) 15C%,05C: ' ' f
0SCS°, 15Cs:
. ;o f
4.34(a) 4.10(c); 1.9(c);
(N,N,N,S):
4.3(c);
(N,S,9) 4.5(c) (N,N,C.9): 3
4.1(c)
(N,S,S-N) 4.4(b) 1
(N,S):
0SC: 4.18(a)
(N,S-N,S-N) 4.17 = 4.16(b); 4
1SCP: 4.16(a);
(S,C): 4.18(b)
(N,N,S-N) 4.4(a) 1
Total number of topologically distinct phase portraits 23
polog y p p

In order to distinguish topologically the phase portraits of the systems we ob-
tained, we use the following invariants:

e The topological types of the infinite singularities. Whenever we have several
sectors on the Poincaré disk we indicate the types of sectors, e.g. PEH means
that we have three sectors (on the Poincaré disk): parabolic, elliptic, hyper-
bolic. In the case n = 0 # M we place two opposite singularities at infinity
at the north and south poles. Then for example in Picture 4.29(b) HHH-PEP
means that the north pole has three hyperbolic sectors and the south pole has
a parabolic sector followed by an elliptic sector and a parabolic one.

e Number and type of distinct finite real singular points.

e The total number SC' (respectively the numbers SC’f, SC¥, SC) of sepa-
ratrix connections, i.e. of phase curves connecting two singularities which are
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local separatrices of the two singular points (respectively of separatrix connec-
tions connecting two infinite singularities, a finite with an infinite singularity,
two finite singularities).

One real and two complex singular points at infinity (1 < 0)

Total number
Type of the infinite Number and type of finite singularities of pha‘se
. . portraits
singularity
1 2
4.2(a)= 4.27(a)(S;F);
(N) 4.8(a) 1.6(a)(S:N) 3
4.2(c)(CF);
(S) 4.8(b) 4.2(d)(C,C); 4
4.6(b)(N;N)
(S-N) 4.7 1
(PHP-PHP) 4.2(b)= 4.27(b)
Total number of topologically distinct phase portraits 9

Only one singular point (real) at infinity (n=0= M, Cy # 0)

Type of infinite Number and type of finite singularities Total number
singularity of phase
0 1 92 portraits
4.41(a)(S,N);
(N) 4.38(b)= 4.44(a) 445;1((6)‘2%2) 4.45(a) 5
aoa (S,HPEP)
4.41(b)(N,N);
() 44200 45 (b)(BILC) 3
(S-N) 4.37(a) 1
Existence of | 4.38(a)(HH-EE); .
an elliptic | 4.44(b)(EH-HE); 443317((1)((2;’ 5
sector 4.46(PEH-P) i
(HPH-P) 4.37(b) 1
Total number of topologically distinct phase portraits 15
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Two real singular points at infinity (n =0, M # 0)

Total
. .. #
Number and type of finite singularities; of
Type of number of canonical regions and of separatrices h
infinite p aie
. o, pOI‘ -
singularities 0 1 9 3 4 it
(N,N) 4.43(c) 4.11(b) 2
15Cg: 4.14
(N,S-N) = 443(b); | 420() | (léé?N) 44221552)— 411(a) | 6
0SC: 4.29(a) ’ ’
(N,PEP-PEP) 4.12(c) 1
4.15(a)=
4.32
(NH-H) 4.33= !
4.36(a)
4.12(a)=
(N, PH-PH) 4'244%)— 4.30(a)= 2
' 4.28
(N,HHH-HHH) 4.12(d) 1
(N,PEP-H) 4.35(b) 1
(N,HHH-PEP) 4.29(b) 1
4.21(b)
(N7N>S'N)7
(S,S-N) 4.20(b) £.95(b) 3
(N,C,S-N)
(S,EP-EP) 4.24(b) 4.12(b) 2
(S,PE-EP) 4.43(a) 1
4.30(b)«
(S,PHP-PHP) £12(e) 1
(S,E-H) 4.35(a) 1
4.15(b)=
(S,E-E) 4.36(b) :
(S-N,S-N) 4.26 1
4.19(b)=
(S-N,PH-PH) 4.40 1
(S-N,EP-EP) 4.19(a) 1
Total number of topologically distinct phase portraits 27
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Confrontation of phase portraits with n <0
with those with n=0= M, Cy #0

Total
Type of +#
the infinite Number and type of finite singularities of
singularity phase
in the port-
two cases 1 2 raits
4.8(a) (HH) 4.31(a)(N); 4.27(a)(S,F); 4.41(a)(S,N);
(N) 4.42(a)((HH) 4.6(a)(S,N) | 4.45(a)(S,HPEP) 5
4.8(a)= 4.42(a) 4.6(a)= 4.41(a)
4.2(c)(C,F); ]
4.8(b)(EE)| 4.42(b)(EE) | 4.2(d)(C,C); ff;(f))((g}%’) -
(S) 4.6(b)(N,N) ' ’
4.8(b)= 4.42(b) 4.6(b)= 4.41(b)
4.7(N 4.37(a)(N
SN () | 437()(N) )
4.7 = 4.37(a)
Total number of topologically distinct phase portraits for 24 -5
n<0or(n=0=M and Cy #0) =19
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