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Abstract
The descriptionmodel of themultiple scattering lasers using the superposition states between the
generated photons in the ensemble of bi-modes of the resonatorfield, we introduced a concept of
indistinguishable energy portions generated in the resonator followingmultiple scattering. Each of
these quasi-quanta has energy equal to the difference between the pumping and scattering quantum
energies at each step ofmultiple scattering. The conversion of the photons in the external
electromagneticmode of the resonator destroys this cooperative correlation between the bi-modes
and established conservation lows during the cooperative emission. Themaster equation containing
two parameters connectedwith the gain of quasi-energy portions, and their annihilation due to the
losses from the resonator, is proposed. The competition between these two processes is numerically
studied. An attractive problem is connectedwith established quantum correlations between the
photons belonging to non-adjacentmodes of the cavity. The time behavior of the evolution of
correlations between suchmodes is observed. This conceptionmay be used for the teleportation of
information in othermodes during themultiple Raman conversion.

1. Introduction

Multiple scattering process of particles was at the center of attention inmany investigations (see for example
[1–6]). The classical aspects ofmultiple scattering lights are in the potential applications in holography,medical
instrumentation, laser spectroscopy [6–8], LIDAR [9, 10], and nonlinear opticalmixers [11–15]. Recently, the
specific attention is given to the new type of coherent emissions, which occur not only among the same quanta
but between the photon groups generated in the nonlinear interaction of the electromagnetic field (EMF)with
emitters (atoms,molecules, biomolecules, etc). The quantumaspects of this type of emissionwere intensively
studied in [16–22], butmultiple conversions of the photons and their quantum correlations remain today in
development studies [22]. A pump laser beam and aweaker probe light are co-propagating in scatteredmedium
consisting of a gas. This type of light generation supports the idea of coherent correlation that appears in the bi-
modal field, inwhich the entangled photons are generated. A physical characteristic of the radiation formed
from the blocks of well-correlated bi-modesmust be determined by the intensity of the electric field of each
mode, and propriety in such superposition.

An attractive aspect of the problem consists in the selective two-quantum excitation of some atoms, or
molecules of the system, where it is necessary tominimize the dipole active radiation in comparisonwith Raman
emission. The last idea can be applied inmicrobiology [18, 23–25], where a selective dis-activation of some
molecular structures (for example of viruses) in the tissuemay become possible in induced Raman excitation. In
such situations appears a necessity for a good description of both the amplitude and phase of this new type of
radiation formed frombimodal correlated photons. Another application ofmultiple scattering coherencemay
be used in photon recycling inside solar cells. Here the photon absorption is accompanied by the excitation of
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the change carrier and reemitted another photonwith lower energy, which in the next step participates in the
same cycle of reabsorption and generation of a new carrier in semiconductors like perovskites [26–29].

In [30]we take into consideration the quantum correlations between two-photon lasing and induced
scattering emission in a single act cooperative scattering emission inwhich the pump field is converted into anti-
Stokes one. This article is focused onmultistep cooperative scattering, inwhich the emission anti-Stokes
photonsmay be reabsorbed for generation of the next anti-Stokes quanta during themultistep scattering effect .
In the ‘n’ steps of the scattering process, we have the pumpmode at frequency, wp0

, stimulated by the excited
ensemble of radiators relative to the transition energy, ÿωr in the newmodes, w w w= + ;p r1 0

w w= p2 0
+2ωr ...,

w w w= + nn p r0
(seefigure 1).

Taking into consideration that the emission field contains superposition of thesemultiple components of
EMFdiscussed inmultiple scattering quantumnutation [31], = + ++ + + +( ) ( ) ( )( ) ( ) ( ) ( )z t z t z tE E E E, , ,p as as1 20

+ + +( ) ( )( )z t z tE, ... ,asn , we introduce the new characteristic of the such cavity field:P ~
+ +

-
-ˆ ( ) ˆ ( ) ˆ ( )( ) ( )

t E t E t ;asj asj1 1

P ~
+ +

-
-ˆ ( ) ˆ ( ) ˆ ( )( ) ( )

t E t E t ;asj asj2 2 ...; P ~a a
+ +

-
-ˆ ( ) ˆ ( ) ˆ ( )( ) ( )

t E t E t ;asj asj ... . In this paper themain attention is focused to the

sumon label, j, of the product components, a
+

+
-ˆ ( ) ˆ ( )( ) ( )

E t E tj j , forα> 1, which contains the photon correlations
fromnon- adjacentmultiple scatteringfields describedwith classical phase,fkα= iαωrt+ iαKz. Here
ÿαωr= ÿωj+α− ÿωj, andαK= kj+α− kj corresponds to the excitation of the cavity withα− portions of
energy, ÿωr; K is thewave vector of bimodal components in each step of higher-order induced lasing. The
detection possibilities of such cooperative phenomena after the propagation of correlated photons through
differentfibers are discussed.

In order to understand the possibilities of observation of quantum correlations between differentmode
components of themultiple scattering lasing, the new type ofmaster equation is obtained in section 2 and
detailed described in appendix A. The quantum correlation between the field components is done in section 3,
using the systemof vectors for cooperative representation ofmultiple scattering processes, described in
appendix B. This approach gives us the possibility to describe the photon correlation fromnon-adjacent steps of
multiple scattering processes given in same section 3.Using the projection of themaster equation for the
quantum lasing inmultiple scatteringmodes, the cooperative correlations between the photonswhich belong to
the bimodalfield of themultiple scattered processes were analytically estimated and numerically represented.
New cooperative aspects between cavity photons belonging to the bimodal fieldwere established and annualized
in discussions and conclusions 5.

2. Correlation functions and lasing process

As follows from [31], the reducing degree of freedom in themultiple scattering pump processes in the closed
cavity field is described by collective photon operators, cL = å

-
=
-

+ +
ˆ ˆ ˆ†g c cn p

n
p p p n0

1
1 1 and

Figure 1.Possible realization of su(2) and su(1, 1) symmetries in themultiple scattering transitions. a. Realization of two steps su(2)
scattering with the same detuning relative to the virtual stateV; b. The possible connections between the scattering amplitudes in the
three steps process for su(2) symmetry, when the frequency of the second step of such scattering is situated between the two virtual
states. c. The possible realization of su(1, 1) symmetry inmultiple scattering, when the process is situated between the two virtual states
of the radiator at a relatively big energetic distancewith the samemagnitude of transition amplitudes through both scattering
processes.
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cL = å
+

=
-

+ +
ˆ ˆ ˆ†g c cn p

n
p p p n0

1
1 1 , the symmetry of which depends on the commutation relation between them. Some

of these symmetries really follow frompositions of virtual stats, throughwhich take place themultiple Raman

emissions. Themultiple scattering part ofHamiltonian, c= L +
- +ˆ ˆ ˆH D H c. .I n n , depends on the scattering

constant, gp, included in the bimodal operator, L
+ˆ
n (or L

-ˆ
n ),in the process of de-excitation,

-
D̂ , (excitation, +

D̂ )
of the atomic ensemble relative to the exited and ground states. For example, su(2) symmetry in two steps Raman
conversionmay be realizedwhen themain virtual state is placed symmetrically relative to pumpmode,

w wD = - > 0v p0 2 0
for thefirst anti-Stokes generation, andwith negative detuning,Δ1= ωv2− ω1< 0, for

second anti-Stokes one, so thatmay be realized the situation g1=− g2 (see figure 1(a). The three steps of Raman
may be possibly relative to two virtual levels, considering that the resonance of the second step is situated
between them, like this is represented infigure 1(b). The four steps of Raman scatteringmay be approximated in
the same position of the virtual level, as this is described infigures 1(a) and (b). The su(1, 1) symmetry needs
special attention considering that all scatteredmodes are placed between two virtual levels. Considering both
virtual levels are far from resonancewith scattering components as this is represented in the figure 1(c), we
represent the scattering amplitudes, {gp}, as a superposition of the transitions through both virtual labels,

w w~ -( )g 1p v p21 0
+ w w-( )1 v p22 0

. It is possible to obtain the linear dependence of the amplitude, gp, on its

step order after the substitutions w w w= + pp p r0
, and considering that w w w wD = - = -v p p v0 2 21 0 0 2 . Here

the pumpfield is at frequency w wºp 00
. In this situation, the scattering amplitude becomes proportional to the

step order, w w~ D -( )g p p2p r r0
2 2 2 , for large detuning fromboth virtual levels represented infigure 1 (c).

In this section, we put the injection of excited atoms in the evanescent zone a possibility tofind the lasing
condition of the photons in the bimodal cavity/fibersmodes as this is represented infigure 1. For this, we
develop themethod of elimination of atomic operators, when themean number of radiators,N= 2j, pumped
into the evanescent zone losses a small part of inversionDz during the flay time. After the elimination of the
operators of the scattered photons in the externalfield the generalized equation (10) of [31] for the atomic and
cavity field operators, ˆ ( )O t , takes the following form,

å

å

å å

w w

c

g
a a

g

= +

+ L ñ - á L

+ G

+ 

- ñá ñá

+ + 

a

=
- + - +

+ -

+

= ¹

-
^

+
^

+
^

ˆ ( ) [ˆ ( ) ˆ ( ) ˆ ( )] ( ) ˆ ( )]

{{[ ˆ ( ) ˆ ( ) ˆ ( )] [ ˆ ( ) ˆ ( ) ˆ ]}
{[ˆ ( ) ˆ ( ) ˆ ( )] ˆ ( ) ˆ ( )

{[ ˆ ( )] ˆ ( )}}

[∣ ( ) ( )∣ ˆ ( )]∣ ( ) ( )∣

[ ˆ ( ) ˆ ( )] ˆ ( ) {[ ˆ ( )] ˆ ( )}} ( )

†

†

d

dt
O t i c t c t O t i D t O t

i t D t O t O t D t

c t D t O t c t D t

H c O t O t

t e t O t e t t

D t O t D t H c O t O t

, ,

, ,

,

. .

2
,

, . . . 1

p

n

p p p r z

n n n

p
p p p

j

N
p

e g
j j

j j

0

1 ,

r ⎧
⎨⎩

Thefirst termof Exp (1) describes the commutator offield operator with the free fieldwhich contains the pump
modes at frequency,ω0 and scattered cavityfield at frequenciesωp= ω0+ pωr. The second termof this exprssion
contains the commutator of operator, ˆ ( )O t , with the interaction part ofHamiltonian, ĤI , which converted the
photons from the pumpmode,ω0, into othermodes during themultiple scattering process. The third term takes
into consideration the scattered process into the external field described byHamiltonian [31],

c= å +-ˆ {ˆ ˆ ˆ†
H c b D H c. .BC

e
k p kp p k,  . According to themethod described in [31], the creation, ˆ †

bk , and

annihilation, b̂k, operators in the outsidemodes of resonators were eliminated. After this eliminationwe
introduced the losses of photons from the cavity,Γp= π∑k|χp,k|

2δ(ωk− ωp− ωr), during this scattering process
described bymatrix elements,χp,k. The operators, L

-ˆ ( )tn and L
+ˆ
n , describe the creation or annihilation of the

portion of energy equal to, w w w w= - =+( )¯
p p r1   .We observe thatfield operator, L̂( )t , commutes with

atomic one,
+ˆ ( )D t ,

-ˆ ( )D t andDz(t).
Let usfirstly consider that the operators, ˆ ( )O t belongs to the cavity filed one, L̂( )t . Representing this

generalized operator as a superposition of bimodal operator, L L
+ -

( ˆ ( )) ( ˆ ( )t tn
k

n
m, inwhich k andm are aleatory

power integer numbers, we intend to describe the proprieties of the cooperative lasing process, in the language of

annihilation, L
-ˆ ( )tn , and generation, L

+ˆ
n , operators for portion of energy equal to ÿωr. As follows from the

definition of these operators, their commutator is described by the expression,
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å
c

DL = L L = -
+ -

=

-

+
ˆ [ ˆ ˆ ] ( ) ˆ ˆ†g g c c,

1
.n n n

n p

n

p p p p2
0

1
2

1
2

According to the analyses proposed in [31]we observe that for c = - +( )g p s p2 1p n this commutator is

reduced to su(2) algebra, L L = L
+ -

[ ˆ ˆ ] ˆ, 2n n n
z
. Here, L = å -=

ˆ ( ) ˆ ˆ†p s c cn
z

k
s

p p0
2 , s= nl/2, where, l is the initial

number of photons in the pumpmode, and n is the number of scattered steps. For big number of scattering
steps, n? 1, and, gp/χn= p the commutator is reduced to su(1, 1) symmetry, L L -L

+ -[ ˆ ˆ ] ˆ,
z
, where

L = å + -¥ =
-

+ +
ˆ ( ) {ˆ ˆ ˆ ˆ }† †k c c c clim 1 2z n k

n
k k k k0

1 2
1 1 . Of course as in the superradiance the scattering effect in other

modes outside the cavity destroys the intrinsic symmetry of bimodalfield operators, L
+ˆ
n , L

-ˆ
n andDL̂n.

In order to obtain themaster equation for bimodalfield operators let’s consider that the generalized
operator, ˆ ( )O t belongs to atomic subsystem, º + -ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )D t D t D t D t, ,z , where the collective excitation,

= å ñá+
=

ˆ ( ) ∣ ( ) ( )∣ [ ]D t e t g t iKzexpj
N

j j1
r , and lowering, = å ñá --

=
ˆ ( ) ∣ ( ) ( )∣ [ ]D t g t e t iKzexpj

N
j j1

r , atomic operators

belonging in to su(2) symmetry, =+ -[ ˆ ( ) ˆ ] ˆ ( )D t D D t, 2 z . The atomic cooperative inversion can be represented
through the inversion of each atom, = å ñá - ñá=

ˆ ( ) [∣ ( ) ( )∣ ∣ ( ) ( )∣ ]D t e t e t g t g t 2z j
N

j j1
r . In the above

representation zj is the position of j- atom, andK= kp+1− kp is the difference between the anti-Stokes and
Stokeswave vectors of adjacentmodes of cavity in quasi-linear scattering representation (see figure 2). In case
when the atoms are situated at distance commensurable withλ∼ 2π/K, the phase argument,fj= Kzj, plays an
important role of commonpolarization of the atomic stream. In the opposite situation, |zj|= λ, this phase
argument can be neglected, - ~[ ]iKzexp 1j .

The pump rate of exited atoms, γp, is described by the last terms of Exp. (1), and takes into consideration that
the j - atom is incoherently excited in the state |e〉j through other |α(t)〉 atomic states represented infigure 2,

a a gå ñá ñáa¹ [∣ ( ) ( )∣ ˆ ( )]∣ ( ) ( )∣t e t D t e t t,e g j j p, , so that this term gives non-zero contribution only for atomic

inversion, =ˆ ( ) ˆ ( )D t D tz . According to Exp (1) the equation for atomic inversion becomes,

å

g c=- - - L - L

- G

- + - +

+ -

ˆ ( ) ( ˆ ( ) ) ( ˆ ( ) ˆ ( ) ˆ ( ) ˆ )

ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ( )†

d

dt
D t D t N i t D t D t

D t D t c t c t

2

2 . 2

z p z r n n n

k
k k k

Herewe take into consideration the conservation of excitation number in each atom,
a aå ñá + ñá + ñá =a¹ ∣ ( ) ( )∣ ∣ ( ) ( )∣ ∣ ( ) ( )∣ ˆt t e t e t g t g t Ne g j j j j, . Neglecting the number of atoms in ‘ground’

state at the initial stage of lasing process,〈|g〉〈g|j〉= 0, we can approximate the expression,
g a aå å ñáa= ¹ ∣ ( ) ( )∣t t 2p j

N
e g j1 ,

r , with the first term of equation (2) , g -[ ˆ ( )]N D t2 .p r z Here = å ˆN Nr j j ;

~ ñáˆ ( ) ∣ ( ) ( )∣D t e t e t 2zj j . Considering that the polarization of j radiatormay be transmitted to polarization of
( j+ 1) radiator fromoutside lazing zone during the atomic collision, we can describe this process by interaction

Hamiltonian, k= å +
-

+
+ˆ ˆ ( ) ˆ ( )H D t R t H c. .dr j j j 1 , inwhich the operators.

ˆ ( )D tj and +
ˆ ( )

R tj 1 describe the atomic
polarization inside and outside the active lasing zone, respectively. Here, we assumed that the operator

df= ñá +
+ˆ ( ) ∣ ( ) ( )∣ [ ( ( ))]R t e t g t iK z x yexp ,l l l l shifted the plan position (x,y) to a randomphase,Kδfl(x, y)>1,

so that the average interactionwithfibermodes can be neglect =
[ ˆ ˆ ( )]H R t, 0I l . According to this representation

illustrated infigure 2, this phenomenological interaction hasmany analogies with the transfer of photons from
cavitymodes to outside one used in traditional approach described in [32–35]. In themeanfield approximation,

Figure 2. (a)Representation of the possible pumpmethods of excited atoms in the process of the non coherent excitation from
fundamental state |0〉j to working levels |e〉j , |g〉j through the |α〉j excited states of the atom. (b)The attenuation of cooperative atomic
polarization in the active lazing zone described by fiber evanescent field during the collision process between the j − , and
( j + 1) − atoms.
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after the elimination of outside polarization of non-interaction atoms,
+

+ˆ ( )R t l 1 and
-

+ˆ ( )R t l 1, we obtain the
attenuation rate of polarization as this is represented in the last termof the generalized equation (1),

å g= +
=

-
^

+ -
^

+{[ ˆ ( ) ˆ ( )] ˆ ( ) ˆ ( )[ ˆ ( ) ˆ ( )]}Los D t D t D t D t D t D t, , ,
j

N

j j j j j
1

r

where γj= κ2ò/[(ωrj− ωrj+1)+ ò2], ò−1∼ ℓ/v is proportional to theflying time of the excited atommoving
along the cavitywith length l, with themean value of velocity, v. In the resonance case ,ωrj= ωrj+1 this expression
coincidewith the last termof generalized equation (1). Considering that ( j+ 1) - atommay leave the active zone
of resonator, when another outside atom enters in it (See figure 2), we introduced in the generalized equation (1)
the operatormodification, dº +a

a^̂( ) { ˆ ( )( )D t D t 1 z, ,α= z, ‘+’, ‘−’}, takes into consideration only
polarizationmodification. According to this description, the operator of atomic polarization satisfy the
equation,

åw g

c

= + + - G

- L

+ +

+

ˆ ( ) { ( ) [ ˆ ( ) ] ˆ ( ) ˆ ( )} ˆ ( )

ˆ ( ) ˆ ( ) ( )

†d

dt
D t i i D t c t c t D t

i D t t

2 1

2 . 3

r z
k

k k k

n z n

If the atoms don’t take part in collision process, theκ parametermay be proportional to ò, so that polarization
loses take place dues tofinite flaying time of atoms inside the active emission zone, γ−1∼ ℓ/v . The equation for
operator

-ˆ ( )D t , is Hermit conjugate to the equation (3). In the situation, when theflying time is shorter than the
nutation period described in [36, 37].

For elimination of atomic polarization from the generalized equation (1)we represent the solution of the
atomic operators as a sumof free and sources parts,

g

= +

= +

= ñá - - +

+ + +

- - -

ˆ ( ) ˆ ( ) ˆ ( )
ˆ ( ) ˆ ( ) ˆ ( )
ˆ ( ) ∣ ∣( ( ) ˆ ( ) ( )

D t D t D t

D t D t D t

D t j E E t D t

;

;

1 exp . 4

f s

f s

z p zs

Here the solutions of operators
+ˆ ( )D t ,

-ˆ ( )D t and ˆ ( )D tz are represented in the anti-normal form relative the
excited states of themean number of atoms,Nr, in the evanescent zone, ñ = ¼ ñ∣ ∣e e e e, , , N1 2 r

. The free parts of the

solutions for ,
+ˆ ( )D t , and

-ˆ ( )D t ,

ò
å

w g t t

t t

= + + - -

´ G - -

+

+

ˆ ( ) { ( ) [ ˆ ( ) ]

ˆ ( ) ˆ ( )}ˆ ( ) ( )†

D t i i t d D t

c t c t D

exp 2 1

0 ; 5

f r

t

z

p
p p p

0


ò
å
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t t

= - - + - -

´ G - -
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ˆ ( ) ˆ ( )} ( )†

D t D i i t d D t
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0 exp 2 1

, 6

f r

t

z

p
p p p

0


are represented so that their action on the initial state, |E〉, give zero contribution in anti-normal arrangement of
operators, ñ =

+ˆ ( )∣D t E 0f , and the same result we obtained by actingwith operator
-ˆ ( )D tf on the state 〈E| ,

á =
-∣ ˆ ( )E D t 0f . As the operators don’t commute between them in the different timemoments in Exps. (5) and (6)

we introduced the chronological time-ordered product,  , and antichronological time product, ̃ , of
operators, respectively [48]. After such representation in the bimodal field equation (1) remain only the source
part of the solutions for

+ˆ ( )D t and
-ˆ ( )D t :

ò ò

ò
ò

å

å

c t w g t t t

t t t t

c t t t w g t

t t t t

=- + + - -

´ G - - L - -

= L - - - -

+ - - G - -

t

t

+

+

- -

ˆ ( ) { ( ) [ ˆ ( ) ]

ˆ ( ) ˆ ( )} ˆ ( ) ˆ ( )

ˆ ( ) ˜ ˆ ( ) ˆ ( ) { ( )

[ ˆ ( ) ] ˆ ( ) ˆ ( )}

†

†

D t i d i i d D t

c t c t t D t

D t i d t D t i i
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2 exp 2 1

;

2 exp

2 1 .

s n

t

r z

p
p p p n z

s n

t

n z r

z
p
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0 0
1 1

1 1

0

0
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Further action in the generalized equation (1) consists in the introducing of solutions for inversion operator (4)
respecting the anti-normal product of atomic operators from sources part,
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In the above description, we have two small parameters,κ∼ 4χ2/γpγ< 1, and,ϑk= 2Γk/γp, during the
interaction of the bimodalfieldwith excited atomic ensemble pumped in the evanescent zone of the cavity. The
first parameter corresponds tomultiple scattering processes inwhich the number of cavity photons is conserved.
Another parameter, G º G( )

p p
1 described in ([31]) corresponds to the losses of photons in externalmodes during

themultiple scattering processes.
Themaster equation for bimodal cavity field inmultiple conversionwas obtained in appendix A.

Introducing the super-operators, we can represent thismaster equation for the bimodal cavityfield (A13) in the
following compact form,
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inwhichwe used the compact represents of the serial decomposition (A13). Here, the action of super-operator
has similarities to the decomposition rules described by Exps. (A8) and (A11) of appendix A ,

k k k
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It acts on the densitymatrix operator according to the belowdefinition:

= L L = L L
- + - +
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- +

-ˆ ( ) [ ˆ ˆ ˆ ˆ ( )]W t VW t,l n n l 1 .
The last termdescribes the dress of the densitymatrix obtained in the decomposition,
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due to the superradiant decay of the atoms.Here = L L = L L
+ - + -ˆ ( ) ˆ ˆ ˆ ( ) ˆ ˆ ( ) ˆW t W t W t... ;

d
n n n n1

ˆ ( )W t
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d
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+
-
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d
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d

n1 .
Below, we discuss the possibility of super-radiant transfer of energy from the radiator system to scattered

photos into cavitymodes. Let us take into consideration bimodal excitations in the lowest decomposition of
generalized equation (1), themultiple aspects of scattering parameters and the renormalization of loss
parameters. For this, considering that the lifetime of the excited radiators is less than the inverse value of Rabi
nutation frequency and that the atomicflux contains a big number of atoms on the excited state, we eliminate
the atomic operators from the generalized equation (1) using the procedure proposed in [30]

å

káL ñ= á L L L ñ +

+ L á L ñ +

- +ˆ ( ) ( ){ [ ˆ ( ) ˆ ( )] ˆ ( ) }

{ [ˆ ( ) ˆ ( )] ˆ ( ) } ( )†

d

dt
t t t t H c

c t t c t H c

4 , . .

, . . . 8

n n

p
p p p

Here k c g= Nr n
2 , and γ is the pump rate of atoms in the cavity. The coefficient,Λp=NrΓp+ ζ, contains the

sumof losses from the cavity due to the scattering of the photons in the external field,Γp, by radiators prepared
in the excited states defined by themaster equation (7). The direct photon losses from the optical cavity, ζ, are
introduced here according to the traditionalmethod used in quantumoptics [38]. After substitution of the
generalized operator, L̂( )t ,with the operator of the number of excitations in the resonatormodes,

= å =
ˆ ( ) ˆ ( ) ˆ ( )†W t pc t c tf p

n
p p0 , we obtain the following equation,
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- +ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ( )†d

dt
W t t t p c t c t2 2 . 9f n n

p
p p p

It is not difficult to observe that in the good cavity limit, k > L̄p, wemay neglect the second termof the
equation (9). In this situation, taking into consideration the possibilities to realize the su(2) symmetry between
the coefficients of themultiple scattering processes, wemay use the conservation of theCasimir vector which

helps us to represent the bimodal phase correlation through the inversion one, L L = + -
- +ˆ ( ) ˆ ( ) ( )t t L L 1n n

+ˆ ( ˆ )L L 1n
z

n
z

. Taking into consideration that, = +ˆ ( ) ˆ ( )W t L t Lf n
z

in the semi-classical approximation of

superradiant process [39, 40]we obtain the following dependence, á ñ = - - +ˆ ( ) ( )W t sl sl1 2 1 2 tanhf

k + -{ ( )( )}sl t t2 1 2 0 of bimodal cavity excitations on the number of initial photons in the pump field l and
number of steps, n= 2s. Here, k= +( ) [ ( )]t sl Lln 2 4 1 20 is the delay time of generation rate, á ñˆ ( )dW t dtf of
the cavity excitation. To observe this effect wemust open the cavity taking into consideration the second term in
the expression (9). Considering that the delay time, t0, of themaximumof super-radiance process has the
magnitude of 1/(NrΓp) and 1/ζ, wemay approximate the cavity losses,Γp= Γ0(p+ 1)(2s− p), by its expression
in themaximumof superradianceΓp∼ Γ0s, in which p≈ n/2. In this situationwe substitute,Λpwith itsmean
value, L̄, and reduce the second termof equation (9) to Lá ñ¯ ˆ ( )W t2 f . the (9)maybe by the expression,

d dá ñ = + - - á ñ - + + + Lˆ ( ) {( ) [ ˆ ( ) ]} ¯ ( )d

dt
W t k L W t L2 1 2 1 2 2 , 10f f

2

fromwhich follows that the radius of the Bloch sphere, L, is diminished by the value, d k= L̄ ( )2 . The
correction to the correlation radiusmay be larger than one, δ> 1when the losses from the cavity satisfy the
inequality k < L̄2 . The solution of this equation is similar to the traditional Dicke superradiance one [39, 40], in
which the cooperative number is less than usually used in literature by the value of parameter, δ. In this semi-
classical approach, we observe that the principal cooperative number in the cavity is described by expression,
L= sl, as in themultiple scattering process [31], where l is the number of photons in the pumpfield, and s is half
of the number of steps s= n/2.

3.Quantumaspects of correlation functions inmultiple scattering of pumpfield

When the systembecomes open, the conservation laws and symmetry are violated. In this situation the returning
to the initial field operator becomes a necessity. From the analyses of the behavior ofmoments of the photon
emission from the cavity, we observed that the set of vectors obtained bymultiple actingwith the operator,

L
+

( ˆ )n
k, on the initial state of the cavity field, |l〉0|0〉1...|0〉n, must be represented not only through collective states ,

|L,m〉f, but through the products of the Fock state of eachmode component, |L,m〉f ∼ |n0〉0|n1〉1...|nn〉n (see
appendix B). Here the cooperative number, L=sl, depends on the number of photons of the scatteredmodes,
l= n0+ n1+ ...+ nn, and the number of steps, n= 2s. Sometimes the last representation is the basic one
because the symmetries disused in the [31]mayhelp us to understand the cooperative process in the special cases
of the level positions of the radiator, expressed through the states of each scatteredmode. In appendix Bwe
construct the set of wave vectors obtained from the initial state of the scattered field consisting of l photons in the

pumpfield and zero photons in the scattered one after the consecutive action of the cooperative operator, L
+ˆ
n .

These states are expressed through the linear superposition of the product of Fock states for each converted
photon state without the restrictions to transition amplitudes, gp . In this situation, it is better to use this new set
of vectors of the cavity field for the projection of themaster equation (7) obtained after the anti-normal
representation of photon operators. Following the appendix Bwe can obtain the recurrence formwave-vectors

obtained after the L
+( ˆ )p action on the initial state according to the described above algorithm,

å a
a> = - - > ñ

~ ~
a

a
a

a a
=

-∣
!

∣ ∣ ( )( )

⌊ ⌋

( )l p
g g g

C l k p k k,
...

, , 11
k

p k

l
k

0

1 2
1⎛

⎝
⎞
⎠

which connects thewave fictions ofα - steps conversion ofmultiple scattering processes with the linear
combination between thewave function forα− 1- scattering steps and new supplementary Fock state, |k〉. The
analytic representation in two, three tofifes steps ofmultiple scattering processes is carefully described in
appendix B.

Using the set of wave functions, (B5), (B10) and (B9), we can calculate the time-dependent correlation

functions described in the introduction 1. It is better to definemoments of the creation, L
+ˆ
n , and annihilation,

L
-ˆ
n , operators of the quasi quantawith energy, ÿωr, in the cavity and their actions on thewave functions. For the

two-step scattering process of themultiple Raman emission, we can define the correlation functions of the
moments of these operators,
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Taking into consideration the proprieties of thewave vectors (B5), we obtain the following expression for these
correlations,

c
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The intensity of bimodalmodesmay be defined as a product of the strength of adjacentmodes. Its normal or
anti-normal representation of the bimodal field can bewritten in the forms (B5)

á ¢ ñ =
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Here the bimodalfield characteristics in themultiple steps of scattering are represented through the photons of

two adjacentmodes, which are by the upper indexes, and ‘n’. Each termof thefield characteristic, P
+ˆ ( )z t,m1 ,

oscillates with the transition frequency of the of scattering,ωr= ωp− ωp−1,

w
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+ +

= + + + -

+ + - + -

-
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Here, w= -- ( ) ˆ [ ]( ) †
E z t q b i t ik z, expj j j j j , is the EMF strength of j-mode. In themultistep scattering, we have

the opportunity to describe the possible correlations of bimodalfield components.
Following the scheme represented in figure 3 (B), we give below a description of the two-step process

introducing the phase advance,ja, and phase delay,ψr, of thefirst and second terms of thefield characteristic
(14) of the two-step scattered photons in accordance with the chirp conception of the pulse propagation through
the normal dispersivemedium [41]. For simplicity, we consider this phase advance,ja= δnωrz/c, and phase
delay,ψr= δnωrz/c relative to the central frequency field component,ω1, takes the same value,f= ψr= ja,
when the refraction indexes for pumpmod, n0= n1− δn, and the second scattered field, n0= n1+ δn, are
equally displaced relative to central scatteredmode at frequency,ω1. Here, z and c are respectively the
propagation distance and light velocity in a vacuum. In this situation, we can represent the bimodal field
characteristic after the propagation through themedium in the following form,
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functions of the two-step scattering on this phase.
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Figure 3.The pumpfield enters into thefiber and covers the evanescent zone, inwhich the excited systemof atoms is placed. After
cooperative two-step conversion, the generated light enters the dispersion zone (maybe the same fiber)which canmodify the optical
way as a function of the frequency.
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The similar expression as (15)we obtain for normal formof correlation function,

fá ¢ ñ∣ ( )∣( )p G t p,N
1,2 =< ¢ P P >

+ -∣ ˆ ( ) ˆ ( )∣ ( )l p z t z t l p, , , ,m m1 1 2 . For simplicity, we represent its analytic formof this
expression for equal amplitudes offield components described in Exp. (14), q0= q1= q2. After the introduction
of wave functions (11) andfield operators (14)we obtain the following analytic expression,

åf d

f

á ¢ ñ =

´ - + - + - - +

+ - -

¢
=

-
-∣ ( )∣

{( )( ) ( )( )

( )( ) ( ) ( )

( ) ( )

⌈ ⌉

( )
p G t p q A

g
g C C

l k k p p k k p

p k l k
g

g

,
2

1 2 2 1

2 cos
2

. 19

N p p lp
k p

p p k
k

k
k p

l
k1,2

, 0
4 2

2

2
2

1
2 2

1

2

⎛
⎝

⎞
⎠

⎫
⎬⎭

Weobserve that the third term in the expressions (15) and (19) describes the interference between thefirst and
second terms of the bimodal field characteristic, P

+ˆ ( )z t,m1 . This interference depends on the phase advance and
phase delay of the twowaveswith frequencies,ωp, and,ωp+ 2ωr, relative to the central one,ωp+ ωr. The
behavior of the quantum fluctuations of this process also depends on the difference of these ways in the
interferometer schemes or in the dispersivemedium. The square fluctuations are described by themean value of
matrix elements,
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Let usfind the correlations between the bimodalfield components oscillations with frequency, 2ωr. Here

we considered thefield strength component product, w~ + --
+ -

-ˆ ( ) ˆ ( ) [ ( ) ]( ) ( )
E z t E z t i t i k k z, , exp 2m m r m m2 2 ...

The correlation function of such a process is described by the functions tá ¢ - ñ=∣ ˆ ( )∣( )
p G t t p,A

m2,

tá ¢ P P - ñ
- +∣ ˆ ( ) ˆ ( )∣p z t z t p, ,m m2 2 . In the multi-step scattering process, the number of this terms are less with

one than in the correlation function (13). According to the definition of such field characteristics,
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follows that the correlation function contains only one term,
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The quantum aspect of this problem can be estimated by projecting themaster equation (7) of cavity
excitations on the states (11) of the bimodal systemof the cavity field described in appendix B.Due to the fact
that in the open system, the total number of photons in the cavity/fiber is not conserved, we propose to
decompose the densitymatrix, ˆ ( )W t , not only on the converted photon number, p, but also on the total
number, l, of the collective photon states,

å= > <a aˆ ( ) ( )∣ ∣W t Q t l p l p, , .
l p

lp
,

To obtain the equation for probabilities Plp(t) that the cavity system excited by l− photons can generate p—
bimodal excitations in the cavity, we introduce the unity in the orthogonal sets of wave vectors obtained in the
appendix B,

å > < =a a∣ ∣l p l p, , 1,
l p,

where d d< ¢ ¢ > =a ¢ ¢∣l p l p, , l l p p, , . Using the decomposition of the densitymatrix on the systemofwave vectors
(B5) of the two-step scattering process, we obtain the following systemof differential equations for the statistical
weights,Qlp, of the densitymatrix,
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where thefirst termdescribes the conversion process and the second, takes into consideration the cavity losses.
The coefficients +{( ) }( ) ( )A Al p lp1

2 2 2 and { }Cp
2 are square amplitudes of the losses and conversion processes in the

systemdescribed by Exps (B5). The coefficient is expressed through themean value of excitation numbers of
photons, which leave the pumpmode,
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Following the description of the short pulse duration of the pumpfield, we considered a convenient to use the
Hamiltonian description of themultiple scatterings of photons. In this situation, for a quantumdescription
point of view, we propose to use the uncertainty principle between the pulse duration and energy,ΔtΔE� ÿ,
where thefirst termdescribes the conversion process proportional to the pulse duration, δt∼ τp, and the second
termdescribes the dispersion of the number of photons, l relative itsmean value l0, δE∼ ÿω0|(l− l0)|. In this
situation, the solution of themaster equation (21) can be averaged supplementary, taking into consideration this
uncertainty principle. It is convenient to propose this supplementary average procedure for the initial set of Fock
states, |l〉, l= 1, 2,K,l0, l+ 1,K, of the pump, field considering it as a normal distribution relative to itsmean
value ps s= - -( ) ( ) [ ( ) ]w l l l1 2 exp 22

0
2 2 , whereσ is the dispersion connectedwith pulse duration and

photon statistics in the pumpfield, l0 is themean value of the photons in the pump field.
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4.Numerical results and discussions

The time behavior of themoments averaged by the statistical weights of the systemof differential equations (21)
is plotted infigures 4–6. According to this conception, the correlations (16), (17) and (18) describe the
development of the coherence effect between bimodal components of the pump and first anti-Stokes

component á ñ
+ - + -ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )( ) ( ) ( ) ( )

E z t E z t E z t E z t, , , , ;p p1 1 correlation between thefirst anti-Stokes

component second one, á ñ
+ - - -ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )( ) ( ) ( ) ( )

E z t E z t E z t E z t, , , ,1 2 2 1 , and their cross-correlation,

á ñ +
+ - - -ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )( ) ( ) ( ) ( )

E z t E z t E z t E z t H c, , , , . .p 1 2 1 Themean value of these correlations can be obtained after
the average of these functions using the statistical weights (21). After this procedure ofmediation, we can use
normal distribution of the photons in the pumpfield so that the correlations takes the forms,

åå= á ñ =
=

( ) ( ) ∣ ˆ ∣( ) ( )
K w l Q t p K p i, 1, 2, 3.iA

l p

l

lp iA
1,2

0

2
1,2

As follows fromfigures 4 (A) and (B) the interference between ( )K A1
1,2 and ( )K A2

1,2 bimodalfields is described by the
correlation function, f( )( )K A3

1,2 = f( )K cosA3
1,2 . This is possible not only during the propagation through the

dispersivemedium, but with the changing optical way of the bimodal field characteristics,
+ -ˆ ( ) ˆ ( )( ) ( )

E z t E z t, ,p 1 ,

and t t- -
+ -ˆ ( ) ˆ ( )( ) ( )

E z t E z t, ,p 1 , in the heterodyne interferometry [42, 43]. Infigure 4 (A)we take the same
sign of the splitting of the bimodal amplitudes, q0= q2, which corresponds to the phase shift, f =( )cos 1. For
demonstration of the phase sensitivity of these correlations infigure 4 (B)we take the opposite signs,

f =( )cos 1. The dependence on the intensity of the output signal of the bimodalfield detected in the anti-
normal, ( )GA

1,2 , and normal , ( )GN
1,2 , products of the bimodalfield characteristics,

f= + +( ) ( )( )
( )

( )
( )

( )
( )

( )
( )G t t q q K q q K q q q K, cos , 23A N A N A N A N

1,2
0
2

1
2

1
1,2

1
2

2
2

2
1,2

0 1
2

2 3
1,2

are plotted in the figures 6 (C) and (D). The significantmodification of output bimodal signal detected at
differences of the frequencies,ωr= ωi−1− ωi as function of phase delay is observed in thesefigures in case when

f =( )cos 1and f = -( )cos 1. The plot wasmade for the same single photon amplitudes, = =q q q0
2

1
2

2
2. The

behavior is like in the traditional interference effect, but wemust emphases here the square dependence on the

Figure 4.Description of the relationships between different components ofmultiple Raman scattering components using bimodal
correlation functions. Infigures (A) and (B) the correlation functions, ( )K A1

2,1 and ( )K A2
2,1 and ( )K A3

2,1 for two value of the phase delay,
f =( )cos 1 and f = -( )cos 1, have the opposite signs. This describes the relationships between different components ofmultiple

Raman scattering components using bimodal correlation functions. In figures (A) and (B) the correlation functions, ( )K A1
2,1 and ( )K A2

2,1

and ( )K A3
2,1 for two value of the phase delay, f =( )cos 1 and f = -( )cos 1. have the opposite signs correlates relative to their amplitude

superposition. Figures C andD corresponds to the behavior of the total bimodalfield characteristics, ( )GA
1,2 and ( )GN

1,2 for two values of
the f = ( )cos 1Here l0 = 6.
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field strength of the characteristic of the bimodalfield. These correlationswere established during cooperative
phenomena between two steps, Raman emission. During the interference between the amplitudes, ( )q q K A0

2
1
2

1
1,2 ,

and, ( )q q K ,A1
2

2
2

2
1,2 is possible the retardation path of two bimodal waves,

+ -ˆ ( ) ˆ ( )( ) ( )
E z t E z t, ,p 10

, and

d d- -
- +ˆ ( ) ˆ ( )( ) ( )

E z t E z t, ,r r1 2 , relative to pump one,
+ˆ ( )( )

E z t,p0
, and second step anti-Stokes components,

d-
+ˆ ( )( )

E z t,r2 . In this situation the interference term, d d- -
+ - - +ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )( ) ( ) ( ) ( )

E z t E z t E t E z t, , , ,p r r1 1 20
+H. c.

of the expression (15) contains this delay like in Young interference scheme, d d=( ) ( ) ( )( ) ( )K K Kcos 0A r r3
1,2

1 11
3 . This

takes place when the phase achieved the value,f= K1δr, where the bimodal wave vector is defined by the
relations,K1= k1− kp= k2− k1. The possible interference between such bimodalfield can be realized in the
fiber regime of the propagation of radiation.

The square fluctuations and entropy of these correlatesmay be estimated according to the definition of each
correlations plotted infigure 5,

Figure 5.The behavior of quantum fluctuations of each step component (A) and (B) of bimodal field in the cooperative scattering and
their correlations (C). The evolution of quantum fluctuations of the correlations between pump and second step scattered photons is
plotted infigure (D). All numerical simulationswasmade for the parameters: l0 = 6, |g1|=|g2|; |q0| = |q1| = |q2|.

Figure 6.The dependence of the totalfluctuation of the intensity of bimodal field for the in-phase delay of one of the components,
f = K1δr = 2nπ (or d =( )Kcos 1r1 ) and for anti-phase delay,f = K1δr = π + 2nπ (or d = -( )Kcos 1r1 ). FigureA andB are plotted
respectively for normal and anti-normal arrangement of the operators in the correlation functions for l0 = 5.
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åå

åå

D = á ñ - =

=-

=

=

( ) ( ) ∣ { ˆ ˆ }∣ ( )

( ) ( ) ( ) ( )

( ) ( ) ( )w l Q t p A K K p K i

S w l Q t Q t

, 1, 2, 3;

ln . 24

i
l p

l

lp n
i i i

l p

l

lp lp

2

0

2

11 11 11
2

0

2

Here the notation, { }A ...n , represents the anti-normal product of the bimodal operators P
-ˆ ( )z t,m1 and

P
+ˆ ( )z t,m1 .We observe that themaximal values offluctuations and entropy are achieved in the same time interval.

The squarefluctuations and entropy of these correlatesmay be estimated according to the definition of each
correlation,

åå

åå

f

f

D = á ñ-

- á ñ

=

=

( ) ( ) ∣ ( ( )) ∣

( ) ( ) ∣ ( )∣ ( )

( )

( )

w l Q t p G t p

w l Q t p G t p

: , :

, , 25

G
l p

l

lp N

l p

l

lp N

2
2

0

2
1,2 2

0

2
1,2

2
⎛

⎝
⎜

⎞

⎠
⎟

which for simplicity we take equal one for vacuum field, |q0|= |q1|= |q2|=1, in the numerical plot of Exp. (25).
As follows from the numerical representation described by figure 6, the totalfluctuations contains the
interference between the each bimodal components described in Exps. (24) and depends on the phase shifts
through the f( )cos 2 .Two values of this interference function, f =( )cos 2 1, and f = -( )cos 2 1, are plotted in
thisfigure. This interference describes the higher entangled between the photons in themultiple scattering
process.

For the description of the quantum correlations between the pump and second anti-Stokesmode, ( )( )
( )G tA N
2,1 ,

(20)we introduce the characteristics,

åå= á ñ
=

( ) ( ) ( ) ∣ ˆ ∣ ( )( )
( )

( )
( )

G t w l Q t p G p , 26A N
l p

l

lp A N
2,1

0

2
2,2

correlation,

ååD = á ñ -
=

( ) ( ) ∣ { ˆ ˆ }∣ { } ( )w l Q t p AN R R p R . 27R
l p

l

lp
2

0

2

21 21 12
2

If we take into consideration hay steps scattering process, described by the set of wave functions (B9), we can
obtain the large numbers of interference terms in Exps. (23) and (26). Numerical behavior of cross-correlation
between the pump and second anti-Stokesmodes is represented infigure 4 (D) for the same parameters of the
system = =g g 1

0
2

2
2 . As this correlates is proportional to the number of the photons, we plot in thisfigure and

photon number cross-correlation between themodes,D = - á ñá ñ( ) ˆ ˆ ˆ ˆ( ) ( )
( ) † †R G t c c c c ,A N A N
2,1

2 2 0 0 where

á ñ = åå á ñ=ˆ ˆ ( ) ( ) ∣ˆ ˆ ∣† †c c w l Q t p c c pi i l p
l

lp i i0
2 , i= 0, 1, 2mean value of the photon number in eachmode.

5.Discussions and conclusions

The transfer of phase correlation fromonemode to othermodes of quantumgenerators inmultiple scattering
processes plays an important role in quantum information. This effect is named teleportation [44, 45] and
possibilities to construct such equipment play an important role from classical and quantumpoints of view.

The possibilities to detect such correlations are represented infigures 3 and 7. Thefirst proposedmethod
uses the interference between the pulses with different frequency propagationways through the dispersive
medium situated after the lasing volume ofmultiple scattering. The second one is possibly improving the losses
from lasing volume using contact fiberwith excited atoms situated in evanescent zones offibers, as this is
represented infigure 7(a). The two types of detection represented infigure 7may be used for the detection of the
transfer of photon excitations between non- adjacentmodes. Thefirst consists of the detection of a bimodalfield
using photon current correlation of two detectors (C), and the second one consists in the detection of
interference of twofiber branches of bimodal on the two-photon excitation, as in the traditional interferometer
using detectors likeD1 orD2 represented infigure 7(b). For the detection of correlations for non-adjacent
modes in themulti-step scattering, we propose schematic photodetectors consisting ofN - independent atoms
prepared in the ground states. Thefirst detector has the excitation energy,Ee∼ ÿωr, equal to the energy of each
portion of the quasi-particle in the lasing volume, but the second one has the double excitation energy,
Ee∼ 2ÿωr, which can be used for the detection of correlation between the k and k+ 2 steps of scattering process.
Of course, in the particular situation of the two-step Raman process, the excitations of such detectors are
possible using two adjacent or non-adjacentmode components.
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The inelastic stimulated Raman scatters in the fibers were observed in [46, 47]. Here the pump is converted
by vibrating SiO2molecules in a glass lattice, whereas the feedback is provided by elastic Rayleigh scattering of
the SRS-induced Stokes wave on sub-micron irregularities of the glass structure, with a small part of scattered
light coming back into the fiber. Though the feedback is veryweak, it is sufficient for lasing in passivefiber, given
that the integral Raman gain is proportional to thefiber length and pumppower. The higher-order Stokes
generation likely comes fromphotons that have the longest path lengths, thus have themost gain in the random
lasing process [46, 47]. The pumpquantum efficiency of converting the pump 1.05 μm into the output
radiation is almost independent of the Stokes order, the pump amounting to 79, 83, and 77 for the 1st (1.11 μm),
2nd (1.17 μm), and 3rd (1.23 μm) order, respectively, at the polarization extinction ratio 22 dB for all orders.
The laser bandwidth growswith increasing order, but it is almost independent of power in the (1− 10)W range,
amounting to∼1,∼ 2, and∼ 3 nm for orders 1− 3, respectively.
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AppendixA.Master equation ofmultiple scatting lasing

Wepropose the elimination procedure of atomic polarization operators using the anti-normal representation of
the solutions (1) inwhich two small parameters will be taken into consideration. Considering the ratio, ς/(1+ ς)
of the expression, V k J= áL L ñ + å

-ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )† †t t c t c tk k k k , as a small parameter of the systemwe propose the
method of decomposition ofmaster equation for cavity field on this commonparameter. This parameter, ò=
ς/(1+ ς), depends on gain,κ, and losses,ϑk, rates and helps us to avoid the divergences connectedwith relatively
large values of the parameter, ς , in the serial decomposition. Indeed, for large values of the parameter, ς> 1 the
traditional serial decomposition, ς− ς2,may become negative, although it is positive by definition, ò> 0.
Considering that in the initial stage, the arrived radiators are in the excited states we obtain the following

equation formean value of themultiple scattering operator, L̂, in anti-normal representation,

Figure 7. (a)Detection of a bimodal field using photon current correlation of two detectors (C) or correlation or interference of two
fiber branches on the scattering excitation, as in the traditional interferometer (D1). (b) Schematic representation of two
photodetectors consisting ofN-independent atoms prepared in the ground states. One detector has the excitation energyEe ∼ ÿωr

equal to the energy of each portion of the quasi-particle in the lasing volume. The second detector has the double excitation energy,
Ee ∼ 2ÿωr. The excitations of such detectors are possible using two adjacent or non-adjacentmode components of the two-step
Raman process.
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Here themean value of operators wasmade on the inital state of atoms and feld operators,
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The last termof equation (3) represents the losses from the system in

which the atomic operator,
+ -ˆ ( ) ˆ ( )D t D t , is represented through the anti-normal expression,

= ++ - - +ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )D t D t D t D t D t2 z . Considering that the pumping process takes place in a short time interval

in comparisonwith the scattering process, we represent sources operators,
-ˆ ( )D ts and

+ˆ ( )D ts , described by
expressions (5) and (6) in the Born-Markov approximation,
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Here the losses parameter are normalized, g g= - - å G˜ ( ˆ ( ) ) ˆ ( ) ˆ ( )†D t c t c t2 1z k k k k . In the same approximation
the inversion equation (2) can be represented in the following form,
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In the last termof Exp. (A3)we take into consideration the conservation lowBloch vector,
+ » - + + -( ) ( ) ˆ ( ) ˆ ( )j j D D D t D t1 1z z , when the pump rate have the samemagnitude as a loses offling atoms

from the evanescent zone: γp; γ the last loss. After the substitution of Born-Markov representation for sources
part of atomic operators (A2) in the right-hand side of the equation (A3)we obtain relative the inversion D̂z a
solvable square equation,
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Herewe have the small parameter,
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Considering that the interactionwith external electromagnetic field is smaller than the interactionwith the
cavity field due to the small parameter, ˆ ( )t , we represent the root in the serial decomposition,

- » -ˆ ˆX X1 1 2, so that expression (A4) take the formknown in the literature (see for example [48–52]),
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-48 52Wecan substitute in source operators (A2) the inversion operator with the right hand part of Exp. (A5).
After that we return to generalized equation (1) introducing the solutions (4) in anti-normal forms Taking into
consideration that the action of operator

+ˆ ( )D tf and
-ˆ ( )D tf f on initially excited radiator state, |E〉r give zero

contribution, ñ =
+ˆ ( )∣D t E 0f r and á =

-∣ ˆ ( )E D t 0,r f we continue to eliminate the atomic polarization during the
lasing. In thefirst approximations, the terms proportional to Ṽ andϑn give the following contribution in the
generalized equation,
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It is created an impression that if we permute the operator,
-ˆ ( )D tf , to the left hand of the correlation function
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[ ˆ ( ) ˆ ( )] ˆ ( ) ˆ ˆ ( ) ˆt O t t VD t,n n f n , we obtain the zero contribution in the last term of the Exp. (A6). Such a
permutation is possible if we take into consideration that = -

- - -ˆ ( ) ˆ ( ) ˆ ( )D t D t D tf s . In this situation only the
first term, of this difference can be permuted in the left hand of the correlation function so that after the
permutationwe can return and eliminate it
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This re-normalization of the photon losses,ϑk from the cavity is connected to super-radiant effect of the
confinement of bimodalfield and atomic subsystem. So in thefirst approximation on the development on the
parameter , Ṽ , the equation for áL ñˆ ( )t becomes,
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The next contribution can be obtained introducing the free part fluctuations terms in the right hand site of the
generalized equation (A6). Let’s nowfind the analytical representations of gain and losses terms of generalized
equation (A6). Gain contribution is described by the expression, = á L L ñ

- +( ) [ ˆ ( ) ˆ ( )] ˆ ( )G t t t D t,n s , and itsHermite

conjugate form. After consecutive elimination of the introduction of the free part of operator,
+ˆ ( )D t , and

inversion, ˆ ( )D tz , we obtain the following serial decomposition

å k=- á L L L L

´ L ¼ L L ñ

=

¥ - + -

+ - +

( ) ( ˜ ) [ [[ ˆ ( ) ˆ ( )] ˆ ˆ ( ) ˆ ( )]

ˆ ˆ ( ) ˆ ] ˆ ˆ ( ) ( )

G t N t t V t t

V t V t

4 ... , ,

, , . A7

r
k

k
n n n

n n n

1

Herewe can introduce the super-operator, -{ ˆ}X1 1 , the serial decomposition, + + + + +ˆ ˆ ˆX X X1 ...
2 3

of

which is defined by the following recurrent actions, = L =ˆ ˆ ˆ ( )K X t1 k L L L
- +

( ˜ )[ ˆ ( ) ˆ ( )] ˆ ˆ ( )t t V t4 , n n ;

= L = =ˆ ˆ ( ) ˆ ˆK X t XK2
2

1 k L L
- +

( ˜ )[ ˆ ˆ ( )] ˆ ˆ ( )K t V t4 , n n1 , ... , k= L = L L-
- +ˆ ˆ ˆ ( ) ( ˜ )[ ˆ ˆ ( )] ˆ ˆ ( )K X t K t V t4 ,n

n
n n n1 ... In this

situation the serial decomposition (A7) can be represented in the following compact form,
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k
=-

- L L
L +- +( )

( ˜ )[ ˆ ( )] ˆ ˆ ( )
ˆ ( ) ( )G t N

t V t
t N

1

1 4 ...,
. A8r

n n

r

After the substitution of this super-operator in the right hand cite of expression (A8), we observe that the first
termof the decomposition is reducedwith+Nr and the next terms represent the serial decomposition (A7).

Let’s give the similar representation for losses term,
= å G á L ñ+ -( ) { [ˆ ( ) ˆ ( )] ˆ ( ) ˆ ( ) ˆ ( )†L t c t t c t D t D t,p p p p , and itsHermite conjugate. After that the first elimination of

the free parts of operators
-ˆ ( )D t and

+ˆ ( )D t in Exps. (A1) and (A6)wemust again introduce operators
-ˆ ( )D t and

+ˆ ( )D t through the free and sources parts in the anti-normal representation of the losses term of Exp. (A6). In
second elimination this correlation becomes equal to the expression,

å

c

w w g
c

w w g

c

w w g

= G á L ñ

+
+

- +
áL L L ñ

-
- +

áL L L ñ

-
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ˆ ( )[ˆ ( ) ˆ ( )( )] ˆ ( ) ˆ ( ) ˆ ( ) }
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ˆ ( ) ˆ ( ) ˆ ( )[ˆ ( ) ˆ ( )( )]

ˆ ( ) ˆ ( ) ˆ ( ) } ( )

†

†

†

†

L t c t t t c t D t

j j
t c t t t c t t

t c t t t c t t D t

t t D t c t t t

c t t t

2 ,

4 1
,

4
, .

4
,

. A9

p
p p p z

n

r
n p p n

n

r
n p p n z

n

r
n n z p

p n n

2

2 2

2

2 2

2

2 2

2
2

⎜ ⎟
⎛

⎝

⎞

⎠

The procedure is repeated again as in Exps. (A1) and (A6).Wemast introduce again in the right hand side of Exp.
(A9) the the expression for inversion represented through the anti-normal formof

-ˆ ( )D t and
+ˆ ( )D t operators,

= + - - - +ˆ ( ) ( ) ˆ ( ) ˆ ( ) ˆ ( )D t j j D t D t D t1z z
2

. After that permute,
-ˆ ( )D t , in the left hand and

+ˆ ( )D t in the right
one of the correlations (A9).We can infinitely repeat this procedure representing the correlate, L(t), in the serial
decomposition,

å

k k

k

k

= G á L ñ

+ + áL L L ñ- - -

´ áL L L L L L L ñ -

- á L ñ-
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- +

- - - + + +
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( ){ ˜ ˆ ( )[ˆ ( ) ˆ ( )] ˆ ( ) ˆ ( ) ( ˜ )
ˆ ( ) ˆ ( ) ˆ ( )[ˆ ( ) ˆ ( )] ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) }

˜{ [ˆ ( ) ˆ ( )] ˆ ( ) ˆ ( )
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†

†

†

†

†

L t c t t c t D t

j j t c t t c t t

t t t c t t c t t t t

c t t c t D t

t t t c t t

c t t t t D t

2 ,

1 , ...

... , ... ...

, ...

... ,

... ... . A10

p
p p p z

n p p n
l

n n n p p n n n

p p z

l
n n n p

p n n n z

Here k c w w g= - +˜ [( ) ˜ ]4 n r
2 2 2 . For further elimination of the operator of inversion, ˆ ( )D tz , we use the

representation (A5) for this operator and follow themethodology of elimination of its free part as in correlation
function,G(t). But it is not difficult to observe that for the large number of atoms ,Nr= 2j? 1, we can neglect
the last terms proportional to ˆ ( )D tz (here, > á ñˆ ( ) )j D tz in the expansion (A10) relative the terms proportional
to j2 . In this case the losses corelation of generalized equation becomes,

k

= + á L ñ

-
+ L L

- +

( ) ( ) ([ˆ ( ) ˆ ( )] ˆ ( )

ˆ ( ) ˆ ( )
[ˆ ( ) ˆ ( )] ˆ ( )

†

†


L t N N c t t c t

N

t t
c t O t c

1 4 ,

4

1

1 ...
, . A11

r r p p

r

n n

p p

2

Here the function 1-
k+ L L

- +ˆ ( ) ˆ ( )t t

1

1 ...n n

can be represented in serial decomposed, k- + - - -ˆ ˆ ˆ ( ) ˆY Y Y Y... ...l l2 3 ,

relative the superoperator k= L L
- +ˆ ˆ ( ) ˆ ( )Y t t...n n , with the definition of action on the commutator,

=ˆ [ˆ ( ) ˆ ( )] ˆ†Z c t O t c,p p : kX = = L L
- +ˆ ˆ ˆ ˆ ( )[ˆ ( ) ˆ ( )] ˆ ˆ ( )†YZ t c t O t c t,n p p n1 , kX = = L L

- +ˆ ˆ ˆ ˆ ( ) ˆ ˆ ( )YZ t Z tn n2 1 1 and so

one, X = =-ˆ ˆ ˆ ˆ ˆYZ Y Zl l
l

1 =kL L
-

-
+ˆ ( ) ˆ ˆ ( )t Z tn l n1 .

Unifying the the gain inmultiple scattering process (A7) and losses (A10)we obtain the serial expansion in
the terms of bimodalfield operators of generalized equation,
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The return tomaster equation of densitymatrix, ˆ ( )W t , of the bimodal cavity field can be obtained after
transformation fromHeisenberg to Schrödinger pictures under the operator traces,
áL ñ = L = Lˆ ( ) { ˆ ( ) ˆ ( )} { ˆ ( ) ˆ }t Sp W t t Sp W t . From equation (A12)we obtain themaster equation,
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å å
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r
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k
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p
p p p r r

l
n n n

n n n
l

0

1

2

1

Wecan return to the problemofmultiple cooperative scattering of photons using thismaster equation.We
observe that the gain termof themaster equation contain cooperative phenomena between the photons
generated in the bimodalfield. In the second termof this equation the losses increases being normalized by super
—radiant cooperative process between the atoms lake in theDicke super-fluorescence.

Appendix B.Wave vectors of cavity EMFmodes created from initial states inmultiple
Raman scattering

1. Let’s start with two steps of multiple scattering process and acts with excitation bimodal operator,

L = +
+ˆ ( ˆ ˆ ˆ ˆ )† †g c c g c c2 1 0 1 2 1 2 /χ2, on the initial state, |l, 0>(2)= |l〉0|0〉1|0〉2, of the three bosonmodes of the cavity,

inwhich is realized two steps scattering process represented infigure 4(a)

cL ñ ñ ñ = - ñ ñ ñ = >
+ˆ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ( )l l l C l0 0 1 1 0 , 1 .2 0 1 2 0 1 2 2 1 2

For the new state which represents that one photonwas convertedwe ask the normalization procedure,<l, 1|
l, 1>(2)= 1, which gives us the following expression for the coefficient, c=C l g1 1 2. It describes the

amplitude of the transition probability, < L >
+

∣ ∣ ˆ ∣ ∣( )l l, 1 , 02 2
2, from the state with zero converted photons

into new state with one portion of energy, w w w= -( )r p1 0
  . Let us again act on the newobtained vector, |

l, 1>(2)= |l− 1〉s|1〉b|0〉a, with excitation operator, L
+ˆ
2 .We obtain the superposition,

c

L > = - - ñ ñ ñ

+ - ñ ñ ñ = >

+ˆ ∣ { ( ) ∣ ∣ ∣

∣ ∣ ∣ } ∣ ( )

( )

( )

l g l l

g g l g l C l

, 1 2 1 2 2 0

1 0 1 , 2 . B1

2 1
2

0 1 2

1 2 0 1 2 1
2

2 2 2

The label, 2, of this new state, |l, 2>(2), indicate us that the cavity received two portion of energies equal
2× (ÿωr). The obtained energy is realized in two possibilities: first way corresponds to the generation of
second anti-Stokes photons and second one describes the reabsorption of the anti-Stokes photonwith
frequency,ω1 and generation of another photonwith frequency,ω2. Asking the normalization to unity, 〈l,
− l+ 2|l,− l+ 2〉= 1, we easilyfind the normalization coefficient, c= + ( )C g C g g g l2 4l2 1

4 2
1
2

2
2

2 1
2 .

This newwave vector becomes the superposition of above described states.

> =
- ñ ñ ñ + - ñ ñ ñ

+
∣

∣ ∣ ∣ ( )∣ ∣ ∣

( )
( )( )l

g C l g g l

g C g g C
, 2

2 2 0 2 1 0 1

2
, B2

l

l l

2
1
2 2

0 1 2 1 2 0 1 2

1
4 2

1
2

2
2 1

represented through binomial coefficients, = = -( ) ! [ !( )!]n
k

C n k n kn
k . The cavitymay obtain the third

portion of energy in the bimodal conversion, ÿωr, if we act againwith operator, L
+ˆ
2 , on the new state, |l, 2> ,
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From this representationwe obtain the next expression for normalization coefficient,

= + +( ) ( )C g C g g C g C g g3 2 4 2l l l3 1
6 3

1
4

2
2 2

1
2 2

1
2

2
2 . At this stepwe observe only the conversion of the

photonwith energy, w w w= +p r1 0
   , frompumpmode to anti-Stokes one. The increasing of

superposition terms in this two step conversionmay be observed on the fourth excitation of cavitymodes

with the portion of energy, ÿωr, after the action of the next operator, L
+ˆ
2 on the state |l, 3> :

L > = >
+ˆ ∣ ∣l C l, 3 , 32 4 , fromwhich follows thewave vector,

> = - ñ ñ ñ + - ñ ñ ñ
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inwhich from the normalizationwave vector<l, 3|l, 3>= 1, follows the next expression for coefficient ,

C4= + +( ) ( )C g g g C g g C4 3 2 2l l l
4

1
8

1
6

2
2 3

1
4

2
4 2/ c +( ( ) )g C g g C2 4l l2 1

6 3 4
2
2 2 .Wemade four consecutive

actions of operator, L
+ˆ
2 , on the initial state in order to understand the behavior of the superposition

coefficients. In the final, we propose that the general low of the p-times actions of the generation operator,

L
+ˆ
2 , for the creation p× (ÿωr)- portions of energies in the cavity is described by thewave vector,
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2
22 , is the normalized coefficient of this state, ⌈p/2⌉= p/2

for even numbers, ⌈p/2⌉= (p+ 1)/2, for odd numbers. Let us consider that this expression is correct and

acts againwith operator, L
+ˆ
2 , on the state |l, p>(2)
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Fromwhich follows the identity,
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Taking into consideration the identities, + - - --
- - - ( )( )C C l k k p1 2 1k

k p
l
k

1
2 2 1

= - -- - ( )C C k p2 1k
k p

l
k2 1 2, and, - - +- ( )( )C k p p k2 1k

k p2 = - +- - ( )C p k 1k
k p2 1 2, we obtain that

the new vector, |l, p+ 1>(2), by replacing p by p+ 1with coefficients,
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which demonstrate the viability of the representation (B5). c c= =g g 2 ,2 2 1 2 we obtain the following

identity, = - +( )C p l p2 1p , fromwhich follows that the sum takes the form,
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2. Below, we want to generalize the inducedmultiple scattering vectors for theα- steps. Let us study the Raman
lasing in the three steps of conversion of photons. In this situation the excitation and de-excited of the cavity

fieldwith the portion of energy, ÿωr, are described by the expressions, cL = + +
+ˆ ( ˆ ˆ ˆ ˆ ˆ ˆ )† † †g c c g c c g c c3 1 0 1 2 1 2 3 2 3 3,

and, cL = + +
-ˆ ( ˆ ˆ ˆ ˆ ˆ ˆ )† † †g c c g c c g c c3 1 1 0 2 2 1 3 3 2 3, where the renormalization coefficientmay be regarding as,

c = + +g g g3 1
2

2
2

3
2 . In the three step induced scattered photons, the number ofmodes inwhich can be

generated the converted photons are equal to three: w w w= +p r1 0
, w w w= + 2p r2 0

, w w w= + 3p r3 0
. The

initial state vector is represented by the product, |l, 0>(3)= |l〉0|0〉1|0〉2|0〉3. Firsts two actions to this state is
accompanied by the generation of portions with energies in the bimodal states of cavity, ÿωr , 2ÿωr, and have

many similarities with two-steps Raman conversion: cL ñ ñ ñ ñ = - ñ ñ ñ ñ
+ˆ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣l g l l0 0 0 1 1 0 03 0 1 2 3 1 0 1 2 3 3,

c
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Here according to the procedure proposed for two steps Raman emission the coefficient,A3,must be found
fromnormalization condition, 〈l, 3|l, 3〉(3)= 1.We observe that the new populated state, |n〉3, looks as a
superposition function composed of the two-stepwave function and new photon converted state |n〉3,

> ~ > ñ + - > ñ = >
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!
∣ ∣ ∣( ) ( ) ( ) ( )l l
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C l l, 3 , 3 0

3
1, 0 1 , 3 ,l3 2 3
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2 3 3

where the first term contains the excitation of the cavityfieldwith three portions of energies in the two steps
conversion of the initial pumped photons. Thefirst term is described by non normalizedwave function (B2) ,

> = - ñ ñ ñ + - ñ ñ ñ
~∣ ∣ ∣ ∣ ( )∣ ∣ ∣( )l g C l g g l, 3 2 2 0 2 1 0 1l2

2 2
0 1 2 1 2 0 1 2 multiplied to vacuum state in the third

scatteredmode, |0〉3. The second termdemonstrates that one photon leaved two-step state, |l− 1,
0>(2)= |l〉0|0〉1|0〉2, so that in the pumpfieldwe have l− 1 photons and one photon in new scattered field
|1〉3. In order to avoid the complicated coefficients in the procedure of the construction of wave function for,
p× (hωr), excitation portions of energy, we propose to useweave functions, which are non-normalized to
unity,
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described by the representation (B5). The next action of the excitation operator on the state, >
~∣ ( )l, 3 3 , don’t

give the conversion of the next photon in the new conversion stepmode,ω3, and according to the Exp. (B3)
the action of operator, L

+ˆ
3 , on the state, >

~∣ ( )l, 4 2 , only increases its amplitude,

c
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described by the representation (B5). The next action of the excitation operator on the state, >
~∣ ( )l, 3 3 , don’t

give the conversion of the next photon in the new conversion stepmode,ω3− , and according to the Exp.

(B3) the action of operator, L
+ˆ
3 , on the state, >

~∣ ( )l, 4 2 , only increases its amplitude,
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Beginningwith this collective scattering state we observe that in the thirdmode appear the second photon

aftermultiple scattering. The term, L - > ñ
~+ˆ ∣ ∣( )l 1, 2 13 2 3, will generate the second photon in the state, |2〉3,
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Taking this propriety into consideration, we can create and three - steps conversations of the pump field into
new anti-Stokesmodes. Now can generalize this conversion toα− steps generating thewave function for
this process,
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According to the indicationmethodwemay propose the following generalized expression forwave function,

>
~∣ ( )l p, 3 , for generation of p portions of energy, ÿωr, into the cavity after the p- times conversion action of the

operator, ,L
+ˆ
3 , on the state, |l〉0|0〉1|0〉2|0〉3,
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Todemonstrate this proposal, we take the next action of the generation operator, L
+ˆ
3 , on the state (B10), so

that the next wave vector, c+ > = L + > +
~ ~+∣ ˆ ∣ ( )( ) ( )l p l p p, 1 , 1 13 3 3 3 , takes the form,
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Using the identities - + =- ( )C k l k k C1l
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r1 3 we can reduce the state (B11) to the same formof Exp. (B10)
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It is not difficult to normalize thewave function (B10). For this we can use the representation of the two steps
wave function through the normalized to onewave functions (B5),
- - > = - - >
~
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-∣ ∣( ) ( )l k p k A l k p k, 3 , 3l k p k2 , 3

1
2 . In this situationwemay easily find the normalized

coefficient of the three steps wave function, > = >
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where the expression, = å = - -
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2 21 2 3 is normalized to unity coefficient. In this

approachwe can reduce to similar expression and thewave function of the two-steps Raman conversion
(B6), Using the identity, =-
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- -C C C Cl

p k
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k
p k2 , we easily can reduce Exp. (B6) to the similar one
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This wave functionswere created using the excited operators, La{ ˆ }
†

,α= 2, 3, ... . It is not so difficult to

observe that after the action of the lowering operators, La
-ˆ , to thewave function, >

~
a∣ ( )l p, , transform it into,

- >
~

a∣ ( )l p, 1 , only in the special relations between the coefficients, g0, g1 , g2, ..., gα+1, whereα= 1, 2, 3,K .
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These functions are orthogonal and can be used for the decomposition of the bimodal densitymatrix on

them = å > <
~ ~

a aˆ ( ) ∣ ∣( )W t P l p l p, ,l p lp, . Observing the symmetry like su(2) or su(1, 1) help us to reduce the
degrees of freedom in theHilbert space of bimodal field.
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