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v A

Rezumat. In lucrarea de fatd se arati ci in clasa sistemelor diferentiale patratice multiplicitatea maximala a
liniei de la infinit este egala cu cinci, iar in cazurile cand aceste sisteme au puncte critice cu radacinile ecuatiei carac-
teristice pur imaginare multiplicitatea liniei de la infinit este egala cu trei si punctele considerate sunt de tip centru.

Cuvinte-cheie: sistem diferential patratic, problema centrului, dreaptd invariantd, multiplicitate.

Abstract. In this paper we show that in the class of quadratic differential systems the maximal multiplicity
of the line at infinity is five. In the cases when these systems have critical points with purely imaginary eigenvalu-
es the maximal multiplicity of the line at infinity is three and the considered critical points are of the center type.

Keywords: quadratic differential system, center problem, invariant straight line, multiplicity.

1. Introduction
We consider the real polynomial differential system
e w | i=plxy), v=qlxy), a(1)
where & = —, ¥ = —, and X is the vector field X = p(x, y) P q(x, )
tems (1).
Denote n = max{deg(p),deg(q)}. If n = 2 (respectively, n = 3,n = 4,n = 5), then the

2 .
™ associated to sys-
.

system (1) is called quadratic (respectively, cubic, quartic, quintic).
Definition 1. An algebraic curve f(x,v) = 0, f € €[x, v],issaidto beaninvariant algebraic cur-
ve of (1) if there exists a polynomial K, € Clx, v].such that the identity X(f) = f(x,v) K:(x,¥)
holds.

In particular, a straight line L = ax + v +y =0, a, 8, ¥ € € is called invariant for sys-
tem (1) if there exists a polynomial K, € C[x,y] such that the identity holds

ap(x,y) + Bq(x,¥) = (ax + By + y) K, (x,y), (x,¥) € R%.
Definition 2 [1]. An invariant straight line L has (algebraic) multiplicity m(L) if m(L) is the
greatest positive integer such that L™ divides E(X), where
E(X)=p -X(q)-q X(p)
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Let P(x, v, Z),@(x,v, Z) be the homogenized polynomials of p(x, v), g(xy), respective-

ly, and denote X.. = P(x,7,Z)— + Q(x,,Z) ai} .
Definition 3. We say that the line at infinity Z = 0 has (algebraic) multiplicity v + 1 if v is the
greatest positive integer such that Z"divides E_ (X ), where

Eoo(xoo) =P xoo(Q) - Q ’ xoo(P)

Denote by L, = Z = 0 the line at infinity and by m(L_.) the multiplicity of L ..

The cubic, quartic and quintic differential systems with the multiple invariant straight
lines (including the line at infinity) was investigated in [2-13]. In this paper the quadratic diffe-
rential systems with the line at infinity are classified and for these systems the problem of the
center is solved.

2. The maximal multiplicity of the line at infinity in the class of quadratic systems
Consider the quadratic differential system of the general form

2)

{i =a, +a,x+a,y+ rxaxz +a,xy + '9"5}:’2 = p(x, y),
y=by +byx+ by + baxz +byxy+ b5}=9 = q(x,v).

Suppose that
ged(p,q) = 1and —byx® + (a3 — by )x?y + (ay — bg)xy® + a;y® £ 0. (3)
For system (2) the polynomial E (X, ) look as
Ew(Xo) =Cy+ C3Z+ CZ% + CsZ3 + CoZ* + C,Z°5,
where

G, = ((a4b3 - 513194)752 + (asbz — azbs)xy + (ashy — a4b5)y2)(—b3x3 + (az — b4)x2y
+ (a4 — bs)xy?* + asy?),

C; = (ajasb; — a3b; — 2a,b,bs + azbybs — ayb? + azb by + a;bs by)x* +
+(2aza3b; — aga,b; — 2a3b, + 2a,a4b5 — 4asb,b; — ayb,bs — ajasb, — aubiby +
asb,by — azbsb, + a;bi + 2a3bbs + 2a,b3bs)x3y —
3(agasb, — ayasbs — ajashs + asbybs + ash b, + a,azbs — azbybs — a;bybg)x?y?
+ (asasb; — a3b, — 2azash, + 4a,ashs + a,ash, —
2asb,b, — 2aya3bs — 2a,a4bs — 2ash,bs + a,b,bs + ayb,bs + 2a,b3)xy3 +
(a8by — asash, + 2azash, — azasbs — ajasbs — asbybs + azb2)y*,

Cy = (—2a3by — ajazb, — asb? + azb b, + a?bs + 2agasb; — 2a,bgbs — 2a,b by
+ a,bybs + asbgby, + abiby + aghsby)x3 +

(—3asaysby — 2asb? — 3a,a3b, — ayb by + asb? + 3a,a,b; + 3aga,b; — 4asbyb,
— a,b,b; — ayboby — a,b by + 2a,b,by + agh? + 2a3bybs + 2a, b, bs
+ 2ayb3bs)x?y +
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(—aZby — 2azasby + a,ash; + a,asb; — 2a,a3b, — 2a,a4b, — 3asb, b, + 2a3b,
+ 4agashs + a;azby + agashby — 3asboby — abs — 2agasbs + 3a,b,bs
+ 3agbybs)xy? + (—asashy + 2a,ash, — ayahb, — a;ash, —
—asb? + a3b, + 2agash, — a;aybs — agasbs — 2asbybs + ab,bs + 2ayb2)y?,

Cs = (—=3a,a3by — 2a,bob; — ayb? + asbgb, + ab b, + 3aga;bs — 2a,bobs + agh,bs +
a,boby + agb;by)x? + (—2aya3by — 2a,a4by + ajazb, + agashy, — 4ashyb, —
azb, — 2apazb, — asbyb, — ayb b, + a b5 + 4aga,b; + aga; by, — aybob, +
2aobyby + 2a,bobs + 2ayb1bs)xy + (—aasby — ajashy + azb, + 2agash; —
a,ayb, — agash, — 3asbyb, + 2aga,b, — aga,bs + 3ayb,bs)y?,

Co = (—a?by — 2agazby — ashé + aga b, — 2a,byby + a;byb, + agbib, + 2a3b,
+ a0b0b4) + (—a1a2b0 - a0a4b0 - 2a5bg + 2a0a2b1 - a0a1b2
_azbobz + aobg + a%b4 + Zaobobs)y,
C7 = _aoalbo - azbg + a%bl + aobobz.
Taking into account (3) and solving the system of identities {C; =0, C3 =0,
C, =0, C5 = 0}, we obtain the following two solutions

a1=a2=a3=a4=a5=b2=b4=b5=0, a0b37‘:0; (4)
a1:a3:a4:b1:b2:b3:b4:b5:0, a5b0¢0. (5)

Remark 1. The transformation of coordinates x — v,y — x reduces the system {(2),(5)} to
the system {(2),(4)}.
Under the conditions (4) the polynomial €, yields €, = 2agh;x # 0. After the substituti-

onx — ayx,y = asby v, % = a, Eb'- = b, the system {(2), (4)} can by written in the form
oD~E oD~E

i=1 v=a+bx+x’x=1 vy=a+bx+x% (6)

In this way we prove the following theorem.

Theorem 1. In the class of quadratic systems {(2),(3)} the maximal multiplicity of the line at
infinity is five. Modulo the affine transformation of coordinates and rescaling the coefficient

each quadratic system {(2),(3)} with the line at infinity of multiplicity five can be written in
the form (6).
3. The problem of the center for quadratic systems with the line at infinity
of maximal multiplicity
We consider the quadratic system of the form

i=y+tax’+exy+fy’=pley), y=—(x+gx* +dey+ by*) =qlx,y). ()
The critical point (0,0) of system (7) is either a focus or a center. The problem of distin-
guishing between a center and a focus is called the problem of the center. 1t is well known that

(0,0) is a center for system (7) if the system has an axis of symmetry or an analytical integrating
factor of the form u(x, ¥) in a neighborhood of (0,0).
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In the case of system (7) the inequalities (3) look as
ged(p,g) =1, gx® +(a+d)x*v+ (b+c)xyvi+ fviz0 (8)

and E_(2C_.) is a polynomial of degree three in Z:
E(X)=C+CZ+ C,Z2°+ €, Z%
where
C, = ((ad -cg)x” + 2(ab - fg)xy + (be — df)y?)
(gx®+ (a+d)xy+ (b+c)xy® + fyf),
C;=(a*+ad—2cg —g*)x*+ (2ab+ac — cd —2ag —dg — 4fg)x3y
—3(df + cg)x*v* + (2ab + bd —ed — 2bf — cf — 4fg)xy?
+ (b% + be — 2df — f2)y*,
o= ~((c +29)x+ (d+2f)y)(x* +y?),
C.=—x*—y2
Solving in conditions (8) the system of identities {C, = 0,C; = 0},
we obtain the following three solutions:
a=b=d= f=g=0,c+0; 9)
a=b=c= f=g=0d=0; (10)

c=b-2,d=a-2 f=-ag=—b (I

In each set of conditions (9), (10) and (11) the system (7) obtain the form, respectively

x=y(l+ex), y=—x¢c%0; (12)
=y, yv=—x(1+dy)d=0 (13)
i=y+ (bx—ay) (ax+by)/b,

v =—(x+ (bx —ay) (ax + by)/a). (14)

Remark 2. The transformation x — v,v — x,d — ¢ reduces the system (13) to the system (12).
Under the conditions (9) (respectively, (10), (11)) the polynomial €, look as

C, = cx £ 0 (respectively, €, = dx £ 0,C, = —(bx — ay)*(ax + by)/(ab) £ 0).
In this way we prove the following theorem.

Theorem 2. In the class of quadratic systems {(7),(8)} the maximal multiplicity of the line at
infinity is three. Each quadratic system {(2),(3)} with the line at infinity of multiplicity three
has one of the forms (12), (13), (14).
Remark 3. For system (12) (respectively, (13), (14))

- the straight line cx + 1 = 0 (respectively, dx + 1 = 0, (a* + b*)(ax + by) —ab = 0)
is invariant;
u=1/(cx + 1) (respectively, p = 1/(dx + 1), p = 1/((a* + b*)(ax + by) — ab))
is an integrating factor;
- the critical point (0,0) is of center type.
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Theorem 3. Let for quadratic system (2) the eigenvalues of critical point M, are purely ima-

ginary and the line at infinity is of the maximal multiplicity m(L_) = 3, Then, this system has:

1) an invariant straight line L = 0; 2) an integrating factor of the form u = 1/L; 3) an axis of

symmetry; 4) a center at M.

10.

I1.

12.

13.
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