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On prime and primary avoidance theorem

for subsemimodules
Manish Kant Dubey and Poonam Sarohe

Abstract. We study some important results of prime and primary subsemimodules. We also

prove the primary avoidance theorem for subsemimodules.

1. Introduction

Prime and primary submodules play crucial role in ring and module theory. These
concepts were widely studied in [1], [2], [3], [6], [8], [9]. C. P. Lu in [8], proved
the prime avoidance theorem for submodules. El-Atrash and Ashour in [7], proved
primary avoidance theorem for submodules. Several authors have studied and
explored these concepts in semimodule theory. In this paper, we study the con-
cepts of prime and primary subsemimodules and prove several results analogous
to module theory.

By a semiring, we mean an algebraic structure (S,+,0g) such that (S,-) is
a semigroup and (5, +,0g) is a commutative monoid in which the multiplication
is distributive with respect to the addition both from the left and from the right
and Og is the additive identity of S and also Ogx = 20s = Og for all x € S. A
nonempty subset I of a semiring S is called an ideal of S if a,b € [ and s € 5,
then a + b € I and sa,as € I. An ideal I of a semiring S is called subtractive if
a,a+bel,be S, thenbe I. An ideal I of a semiring S is called prime if ab € I,
then either a € I or b € I. If I is an ideal of S, then the radical of I is defined as
Rad(I) =T ={a €S :a® € I}. Anideal I of a semiring S is called a primary
ideal of S if ab € I, then either @ € T or b € VI. Let S be a semiring. A left
S-semimodule M is a commutative monoid (M, +) which has a zero element Oy,
together with an operation S x M — M; denoted by (a,x) — az such that for all
a,be Sand z,y e M,

a(z +y) = ar + ay,
(a +b)x = ax + bz,
(ab)x = a(bx),

Osx = OM = CLOM.
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A proper subsemimodule N of an S-semimodule M is called subtractive if
a,a+be€ N, be M then b € N. The associated ideal of a subsemimodule N of
M is defined as (N : M) ={a € S:aM C N}. A proper subsemimodule N of an
S-semimodule M is said to be strong subsemimodule if for each x € N there exists
y € N such that z +y = 0.

We shortly summarize the content of the paper: In the first section, by applying
the prime avoidance theorem for subsemimodules [10], we prove the extended
version of prime avoidance theorem for subsemimodules. In the second section,
we prove some results on primary subsemimodules and by using the technique of
efficient covering of subsemimodules, we prove the primary avoidance theorem for
subsemimodules.

Throughout this paper, S will always denote a commutative semiring with
identity 1 # 0 and S-semimodules means semimodules.

2. Prime subsemimodules

A proper subsemimodule N of an S-semimodule M is called prime if whenever
rm € N then rM C N or m € N.
We start with the following obvious results

Theorem 2.1. If N is a mazimal subsemimodule of an S-semimodule M, then
N is a prime subsemimodule of M. O

Corollary 2.2. Let M be an S-semimodule and N be a proper subsemimodule of
M. If N is a subtractive subsemimodule of M and m € M\ N. Then the following
statements holds:

1. (N : M) is a subtractive ideal of S.
2. (0: M) and (N : m) are subtractive ideals of S. O

Corollary 2.3. Let N be a prime subsemimodule of an S-semimodule M. Then
for each m € M\ N, (N : M) and (N : m) are prime ideals of S. O

Theorem 2.4. Let Ni,Ns,...,N, be subsemimodules of an S-semimodule M

and let N be a prime subsemimodule of M. If ﬂ N; C N, then there exists an
1< i< n such that Ny C N or (N; : M) C (N : m) where m € M\ N.

Proof. Suppose N; ¢ N and (N; : M) ¢ (N : m) where m € M \ N and for all
1 < i < n. For particular, ¢ = k, we have Ny ¢ N, then there exists an my € M
such that my € Nj but my ¢ N. Also, there exist a; € (N; : M) such that
a; ¢ (N : my) for all ¢ # k. This gives a;my, € N; and a;my, ¢ N. Therefore,
a;my € N; NNy for all i # k. So ajas...ap—16k+1...apmi € NyN...NN, CN.
This implies, aj1as ...ax_10k41 ... 0y € (N myg). By Corollary 2.3, (N : my) is a
prime ideal. Therefore we have a; € (N : my) for ¢ # k, a contradiction. Hence
there exists an ¢ such that N; C N or (N; : M) C (N : m), where me M\ N. O
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Theorem 2.5. Let M be an S-semimodule, N be an arbitrary subsemimodule
of M and Ni,Ns,...,N, be subtractive prime subsemimodules of M. Suppose
(Nj : M) & (N; :m) for allm € M\ N; withi # j. If N ¢ N; for all i, then
there exists an element x € N such that x ¢ UN;; hence, N ¢ UN;.

Proof. Since N ¢ N, then there exists m; € N such that m; ¢ N; for all i. By
Corollary 2.3, (N; : m;) is a prime ideal of S. By the given hypothesis, there exists
Tj S (NJ : M) and Ty ¢ (Nz : ml) for 7 7é ] Let Si = T1ro ... r—1rj41...-Tp =
H#i rj. Let x; = mys; for all i. Then z; = m;s;, € N; for all j #i. But 2; ¢ N;
because, if z; € N; then m;s; € N;, so s; € (N; : m;), a contradiction. Let
r=x1+22+...+x, Then z = x; + Z#il’j- Since Z#i x; € N;, therefore
x ¢ N, otherwise we would have x; € N; which is a contradiction, so ¢ UN;.
Also, m; € N for all 4, therefore € N and hence N ¢ UN;,. O

Let N1, Na, ..., N, be subsemimodules of M. Define a covering N C N;UN;U
...UN, is efficient if no N; is superfluous for 1 < i < n. In otherwords, we say
N =Ny UNyU...UN, is an efficient union if none of the N/s may be excluded.
Any cover or union consisting of subsemimodules of M be reduced to an efficient
one, called an efficient reduction, by deleting any unnecessary terms.

Theorem 2.6. (cf. [5]) Let N = Ny UN2 U...UN, be an efficient union of

subtractive subsemimodules of an S-semimodule M. Then (| N; = (| N; for any
i=1 i=1
i)

je{l,2,...,n}. O

Proposition 2.7. (cf. [10]) Let N € Ny U Ny...UN, be an efficient covering
consisting of subtractive subsemimodules of an S-semimodule M, where n > 2. If
(Nj : M) Z (N : M) for every j # k, then no Ny, for k € {1,2,...,n} is a prime
subsemimodule of M. O

Theorem 2.8. (The prime avoidance theorem, cf. [10])

Let M be an S-semimodule, N1, Na, ..., N,, a finite number of subtractive subsemi-
modules of M and N be a subsemimodule of M such that N C Ny UNs...UN,,
(n = 2). Assume that at most two of the N;’s are not prime and that (N; : M) ¢
(Ni : M) for every j # k. Then, N C Ny, for some k. O

Now, we come to our main theorem which is a more general form of the above
theorem.

Theorem 2.9. (Extended prime avoidance theorem for subsemimodules)
Let M be an S-semimodules and N1, N, ..., N, be subtractive prime subsemimodues
of M such that (N; : M) & (N; : M) fori# j, r> 1. Let m € M be such that

mS + N ¢ |J N;. Then there ezists n € N such that m+n ¢ |J N;.
i=1 i=1

K2 =
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Proof. Suppose that m lies in each of Ny, ..., N but none of N1, Nito,..., N;.

If k=0, then m =m+0 ¢ |J N; and so there is nothing to prove. Assume that it
i=1

k
is true for k > 1. Now, N ¢ (J N, for otherwise by prime avoidance theorem for
i=1
semimodules, we would have a contradiction. Therefore, there exists p € N\ (N; U
NoU...UNy). Also, we have Ni41N...NN, € N1U...UNj. Otherwise, since N, is
a prime subsemimodule, by prime avoidance theorem, we have Ny 1N...NN, C N;
for some 1 < j < k. This implies (Ngy1 N...N N, : M) C (N; : M) for some
1<y <k, thatis, (Ngqy1 : M)N...N (N, : M) C (N; : M) for some 1 < j < k.
Therefore, (N; : M) C (N; : M) where k+1 < ¢ < r and 1 < j < k, which
contradicts to the hypothesis that (N; : M) ¢ (N, : M) for i # j. Thus, there
exists b € (Ng41 : M)N...N(Np : M)\ (N1 : M)U...U(Ng: M). Let n =0bp € N.
Also,ne () Njandn=bp¢g N1 U...UN; (if n =0bp € Ny U...U N, then
j=k+1
we have n € N; for some i € {1,2,...k}, since N; is prime, either b € (N; : M) or
p € N; for 1 < i < k), a contradiction. Thus, n € (Ni41N...NN)\ (N1 U...UNy).

Consequently, m +n ¢ |J N;. O
i=1

1=

Next, we prove that if N is a finitely generated subsemimodule of an S-
semimodule M satisfying the assumption of prime avoidance theorem for sub-
semimodules, then there is a linear combination of the generators of N also avoids

U N
=1

Theorem 2.10. Let M be an S-semimodule and N = (mq, ma, ...,m,) be a finitely
generated subsemimodule of M. Let Ny, No, ..., N, be subtractive prime subsemi-
modules of M such that N ¢ N; for eachi, 1 <i<nand (N;: M) ¢ (N, : M) for
each i # j. Then there exist by, ...,b. € S such that x = mq +bama + ...+ b.m, ¢

U N
=1

Proof. We prove assertion by induction on n. Without loss of generality, we sup-
pose that N; € N, for all i # j. If n = 1, then clearly = mq +bama+...+bym, ¢
Ni. So, we have done. Assume that the result is true for (n — 1) subtrac-
tive prime subsemimodules of M. Then there exist co,c3,...,¢,. € S such that

n—1
y=mi+comao+..+cm. ¢ |J N;. If y ¢ N, then there is nothing to prove.
i=1
So assume that y € N,. If ma,...,m, € N,, then from the expression for y, we
have m; € N,, (as N, is a subtractive), which is a contradiction to the fact that
N ¢ N,. So for some i, m; ¢ N,. Without loss of generality, suppose i = 2.
By given hypothesis (N; : M) ¢ (N, : M) for i # n. Therefore, there exists

r; € (N; : M) such that r; ¢ (N, : M) where i # n. Let r = rirorg...7 ;.
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n

Then ¢ =my + (ca + 7)ma + ...+ ¢omy ¢ |J Ny, which is a contradiction to our
i=1

assumption. O

3. The primary avoidance theorem

In this section, we study some properties of primary subsemimodules and prove
primary avoidance theorem for subsemimodules.

Definition 3.1. A proper subsemimodule N of an S-semimodule M is called
primary if whenever am € N for some a € S and m € M, then m € N or
a€+/(N: M), where \/(N: M)={a€S:a'M C N, for some t € Z+}.

Theorem 3.2. If N is a primary subsemimodule of M and m € M \ N, then
(N:m)={reS:r"mée N, for somen € Z*} is a prime ideal of S.

Proof. Let rs € /(N :m) for some r,s € S. Then (rs)” € (N : m) for some
positive integer n. Therefore, r™(s™m) € N. Since N is primary, we have either

e (N : M)or s"m e N. Thus, r € /(N: M) or s € y/(N:m). Since
VIN:M)C /(N :m),wegetr e /(N:m)ors€/(N:m). Hence /(N : m)

is a prime ideal of S. O

Theorem 3.3. Let N be a primary subsemimodule of an S-semimodule M. Then
(N : M) is a primary ideal of S, and hence /(N : M) is a prime ideal of S.

Proof. The proof is easy and hence omitted. O

Definition 3.4. Let N be a primary subsemimodule of an S-semimodule M. Then
N is called a P-primary subsemimodule of M, when P = /(N : M) is a prime
ideal of S.

Proposition 3.5. Let M be an S-semimodule and N be a strong subsemimodule
of M and suppose a € S. If P is a prime ideal of S, a ¢ P such that Q = (N : a)
is a P-primary in M, then N = Q N (N + aM). Furthermore, N is a P-primary
in N +aM, where (N :a) ={m € M :am € N}.

Proof. Clearly, N C QN (N +aM). Let z € (N+aM)NQ. Then © = n+ am
where n € N and m € M. Since N is strong, there exists n; € N such that
n+ny = 0. Now, x = n + am implies x + ny = (n + ny) + am = 0 + am. Thus,
we have z + ny = am € @, as x and ny both are in . Since @ is a P-primary
and a ¢ P, we have m € @, which implies am € N. Therefore, xt =n+am € N.
Hence, (N +aM)NQ C N.

Next, we show that N is a P-primary in (N + aM). Let ra € N for some
reSand z € (N+aM)\ N. Then z = n + am for some n € N and m € M.
Since N is a strong subsemimodule of M, therefore there exist n; € N such that
n + n; = 0. Now, adding n; on both sides, we have z +n; = n+ n; + am. This
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implies, r@ + rny = ram where r € S. Since ram € N gives rm € (N : a) = Q
and @ is P-primary. If m € @Q, then x = n 4+ am € N, which is a contradiction.
Hence, m ¢ Q. Therefore, r € P. Therefore, N is a P- primary in (N +aM). O

The following theorem can be proved easily.

Theorem 3.6. Let M and M' be S-semimodules, f : M — M’ be an epimor-
phism and N is a proper subsemimodue of M'. Then N is a primary subsemimo-
dule of M' if and only if f=*(N) is a primary subsemimodule of M. O

Theorem 3.7. Let M and M' be S-semimodules, f : M — M’ be an epimor-
phism such that f(0) = 0 and N be a subtractive strong subsemimodule of M. If
N is a primary subsemimodule of M with kerf C N, then f(N) is a primary
subsemimodule of M’

Proof. Let N be a primary subsemimodule of M and az € f(N) for some a € S and
x € M’. Since ax € f(N), there exists an element 2’ € N such that ax = f(a').
Since f is an epimorphism and x € M’, then there exists y € M such that
fly) = x. As 2z’ € N and N is a strong subsemimodule of M, therefore there
exists 7 € N such that 2’ + 2/ = 0, which gives f(z’ + z”) = 0. Therefore,
ax + f(z") =0 or f(ay) + f(2”") = 0 implies ay + z” € kerf C N. Thus, we have
ay € N, since N is a subtractive subsemimodule of M. Since N is a primary, we
conclude that a € \/(N : M) ory € N. Thus, a € f(/(N: M)) C\/f(N: M) or
f(y) € f(N) and hence a € \/(f(N): M’) or z € f(N). Thus, f(N) is a primary

subsemimodule of M. O

Theorem 3.8. Let Ny, No, ..., N, be subsemimodule of an S-semimodule M and
let N be a primary subsemimodule of M. If (| N; C N, then there exists an
i=1

1< i< n such that Ny C N or (N; : M) C /(N : m) where m € M\ N.

Proof. Suppose N; € N and (N; : M) ¢ /(N : m) where m € M \ N and for all
1 <i< n. For,i=Ek, we have N}, Q N, then there exists an my € M such that
myg € Ni but my ¢ N. Also, there exist a; € (N; : M) such that a; ¢ /(N : my)
for all ¢ # k. This gives a;my € N; and for every positive integer p;, a my ¢ N.
Therefore, at'my € N; N Ny, for all i # k. So (a}*ab?. ..ai’“_’llaz’f‘_ﬁl cooabmymy €
NyN...N, CN. Let I = max{p1,p2, -+, Pk—1,DPk+1,---,Pn}- Therefore,
(ajag...ag_1ap41--.a,)'my € N. This implies, (ajas...ap_1aps1-..a,)! €
(N : my) and hence ajas...ak—10541-..an € /(N :my). By Theorem 3.2,
(N :my) is a prime ideal. Therefore, we have a; € /(N : my) for i # k, a
contradiction. Hence there exists an ¢ such that N; C N or (N; : M) C /(N : m)
where m € M \ N. O

Theorem 3.9. Let N be a P-primary subsemimodule of M. Then (N : 1) is a
P-primary subsemimodule of M containing N for all v € /(N : M)\ (N : M).
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Proof. Let r € \/(N: M)\ (N : M). Clearlyy, N C (N : r). Let s € S and
m € M be such that sm € (N : r). Therefore, srm € N. Since N is primary,
we have either s € /(N : M) or rm € N, that is s"M C N or m € (N :r)
for some positive integer n. Hence s™ € (N :r): M) or m € (N : r) for some
positive integer n. Thus, (N : r) is a primary ideal of M. Next, we show that
V(N:M)=/(N:r): M. Since, N C (N : r), we have (N : M) C (N :7) : M)
and therefore, /(N : M) C \/((N :r): M). Let s € \/((N : ) : M). Therefore,
s € (N :r): M), for some positive integer n. This gives, rs” C (N : M).
Since N is a primary subsemimodule of M, (N : M) is a primary ideal of S.
Therefore, rs™ C (N : M) implies s € /(N : M), since r ¢ (N : M). Thus,
VN :r): M C /(N :M). Hence, \/(N : M) = /(N :r): M. O

Theorem 3.10. Let N be a subsemimodule of an S-semimodule M such that
N C Ny U Ny for some subtractive subsemimodules N1, No of M. Then either
N Q N1 or N Q NQ.

Proof. The proof is straightforward. O

Now, by using Theorem 2.6, we prove the following proposition.

Proposition 3.11. Let N C NyUNyU...UN, be an efficient union of subtractive
subsemimodules of an S-semimodule M, wheren > 1. If \/(N; : M) ¢ /(N : M)
for every j # k, then no Ny for k € {1,2,...,n} is a primary subsemimodule of
M.

Proof. Suppose that Ny is a primary subsemimodule of M for some 1 < k < n.
Since N C NyUNsU...UN,, is an efficient covering, N = (NN N7)U(NNN3)U
...U(NNN,) is an efficient union, otherwise for some i # j, NN N; € NN N;
and this 1mp1y N = (NﬂNl) U...u (NﬂNZ_l) U (NﬂNi+1) @] (NﬂNn)
and thus we get N C Ny U...UN;_1 UN;41 U...UN,, a contradiction. Hence
for every k € {1,2,...,n} there exists an element ¢, € N \ Ni. Also, by Theorem
2.6, we have [ (NN N;) € N N Ng. Since Ny is a primary subsemimodule of
ik
M, by Theorem 3.2, we have /(Ny : M) is a prime ideal of S. By hypothesis, if
j#k,/(N;j: M) ¢ /(N : M) so there exists an s; € \/(N; : M)\ /(Ni : M).

Now, s = [[ s; € /(N; : M) but s = [[ s; € /(Ng: M). Since s = [[ s; €

ik 37k ik
V(N1 M)\/(Ny: M)../(Nig—1 : M)\/(Njs1 : M)...n/ (N, : M) but s = 1;[k s; &

(N : M), where s; € \/(N; : M), where 1 < j < n. Therefore, for some pos-
itive integers mq,ma,...m,, we have s7"* € (N1 : M),s5> € (Ny : M), ..., s €
(N, : M). Let | = max{mi,ma,....,my}. Then for j # k, s' € (N; : M) but
st ¢ (Ny : M). Therefore, s'l, € N N N; for every j # k but sl ¢ (NN Ny)
because if s'l;, € (N N Ny,), then sl € Ny. This gives, [y € Nj, or s € /(N : M),
since N}, is primary. Therefore, s'l;, ¢ (N N Ny,), which is a contradiction to the
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fact that () (NN N;) € N N Ni. Therefore, no Ny, is primary subsemimodule of
i#k
M. O

Now, we come to our main theorem of this paper.

Theorem 3.12. (The Primary Avoidance Theorem)

Let N1, Ns, ..., Ny, be subtractive subsemimodules of an S-semimodule M and let N
be a subsemimodule of M such that N C NyUNsU...UN,. Suppose that at most
two of Ni’s are not primary subsemimodule of M and \/(N; : M) ¢ \/(Ny : M)
for every j # k. Then N C Ny for some k.

Proof. Assume that the covering is efficient. Then n # 2. Also by Proposition
312, n < 2 (as /(N; : M) ¢ \/(Ni : M) for every j # k). Therefore, n = 1.
Hence N C N, for some k. O

Theorem 3.13. (Extended Version of Primary Avoidance Theorem)
Let M be an S-semimodules and N1, Ny, ..., N, subtractive primary subsemimodues
of M such that \/(N; : M) ¢ V(Nj : M) fori# j,r>1. Let m € M be such

that mS + N ¢ |J N;. Then there exists n € N such that m+n ¢ |J N;.
i=1 i=1

Proof. Suppose that m lies in each of N1, N, ..., Ni but in none of N1, Niya,...
, Ny If k = 0, we have m = m+0 ¢ |J N; and so there is nothing to prove. Assume
i=1

P
k
that it is true for k¥ > 1. Now, N ¢ |J N, for otherwise by primary avoidance

=1

theorem for semimodules, we would h;we a contradiction. Therefore, there exists
p € N\ (NyUNyU...UNg). Thus, we have Nyy1 N...N N, € Ny U...U Ny.
Otherwise, since NV ]' s are primary subsemimodules, by primary avoidance theorem,
we have N1 N...N N, C N; for some 1 < j < k. This implies (Nk41N...NN, :
M) C (Nj : M) for some 1 < j < k, gives \/(Nyps1: M)N...N (N, : M) C

/(N : M) for some 1 < j < k. This gives, \/(Ngt1: M)N...N+/(N,: M) C
V(N; : M) for some 1 < j < k. Therefore, \/(N; : M) C /(N;: M), (since

(N; : M)’s are subtractive prime ideals for all i) where £k +1 < ¢ < r and
1 < j < k, which contradicts to the hypothesis that \/(N; : M) ¢ \/(N; : M) for
i # j. Thus, there exists b € (N1 : M)N...N(N; : M)\ (Ny : M)U...U(Ng : M).
Let n = bp, then n € N. Also,n € () Njandn =bp ¢ N1 U...UNy

j=k+1
(since if n = bp € Ny U...U Ng, then n = bp € N; for some 1 < i < k and
since N; is primary, either b € /(N;: M) or p € N; for 1 < i < k). Thus,
n€ (Nggp1 N...NN)\ (N U...UNg). Also, m € Ny, Na,... Ny , it follows that
m+né¢ U N;. O
i=1

7
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