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On entropicity in n-ary semigroups
Sonia Dog

Abstract. We investigate entropicity and the generalized entropic property in n-ary semigroups
derived from binary semigroups satisfying for some fixed k > 2 the identity z* = x.

1. We say that an n-ary semigroup (S, f), where n > 2, has the entropic property
or is entropic (medial in other terminology), if it satisfies the identity

f(f(l'llv~"7m1n);f(x21a“'7x2n)~'~af(xn1;~"axnn)) -

f(f(x117 e axnl)vf(m127 e 7'7;77,2) LI} f(xlna e ;xnn))
If in (S, f) there exist n-ary terms ti,ts,...,t, such that (5, f) satisfies the
identity
f(f(xllﬂ et 7‘:6171)7 f(l'gl, e 7$27l) R af(xnla s axnn)) =
f(tl(l‘n, e ,l‘nl),tg(l‘lg, e ,xng) e ,tn(ljn, . ,J,‘»,m)),

then we say that (S, f) has the generalized entropic property. These two properties,
studied by many authors with various names, are not equivalent in general. The
entropicity of n-ary semigroups is a generalization of mediality:

TY - 2U = TZ - YU,
and semimediality:

TY 2T = X2 YT
of binary algebras (cf. for example [17] or [22]).

The entropicity and the generalized entropicity in idempotent n-ary semigroups
were studied in [15]. Below we give very simple (almost trivial) proofs of results
given in this paper. We also present some generalizations of these results.

2. We start with some comments on entropic n-ary groups (n > 2).
In [11] it is proved that an n-ary group (S, f) is entropic if and only if it is
semiabelian, i.e., if

f<x1a$2;-~-7xn71;mn) = f(xnax%'-'awnfhxl)

for all x1,xo,...,2, € S.
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From [5] (Corollary 15) it follows that an n-ary group (S, f) is entropic if and
only if for some a € S and all z,y € S we have

f(m,a,...,a,y) :f(y,a,...,a,m).

Thus, by Gluskin-Hosszi theorem (cf. [12, 13]) any entropic n-ary group (S, f)
can be presented in the form

flxy,@a, ... 2,) =21 0@(22) 0 @*(x3) 0+ 0" 2(Tp_1) 0Ty 0D,

where (S,0) is an abelian group, ¢ its automorphism such that ¢"~! = id and
p(b) = b for some fixed element b € S (cf. [7]). Moreove, as it is proved in [24]
(see also [10]), (A, 0), ¢ and b are uniquely determined.

3. Mal’cev n-semigroups, i.e., n-ary semigroups (5, f) satisfying the identities

fle,y,...;y) =2 and f(y,...,y,x) =z, (1)

studied in [15], are in fact n-ary groups. This follows from Proposition 3.1 in [8].
It also can be deduced from results proved in [25]. Hence, Mal’cev n-semigroups
(as n-ary groups) are cancellative, i.e.,

f(xl,...,a:i,17a,xi+1,...,xn) = f(.’L‘l,...,l’i,17b,l’i+1,...7$n) =a=5b (2)

foralli=1,...,nand a,b,x1,...,2, € S.

On the other hand, an n-ary semigroup is cancellative if and only if it satisfies
(2) for some i = 2,3,...,n — 1 or, equivalently, for ¢ = 1 and ¢ = n (Lemma 2 in
[6]). Hence, in an idempotent i-cancellative n-ary semigroup (S, f) we have

f(x’y""’y):f(1.7y7"'7y3f(y7""y)):f(f(m7y7"'7y)’y""’y)7

which implies the first identity of (1). Analogously we obtain the second identity.
(It is Lemma 3.2 in [15]). Thus an idempotent n-ary semigroup i-cancellative for
some i = 2,...,n—1or for i = 1 and ¢ = n is an n-ary group satisfying (1).
Hence, Proposition 3.3 in [15] is trivial.

As a simple consequence, we obtain Theorem 3.5 from [15]: @ Mal’cev n-semi-
group is entropic if and only if it is semiabelian.

4. By Gluskin-Hosszu theorem, for any ternary Mal’cev semigroup (S, f), as for
a ternary group, there exists a group (5, ), its automorphism ¢ and an element
b € S such that ¢(b) = b and

f(x,y,2) =z 9(y) - ©°(2) - b.

Since a ternary Mal’cev semigroup is idempotent, ¢(x) - p?(z) - b = e. Hence,
p@)=2"t-b"tand b=! = ¢(b~!) = e. Therefore, b = e and ¢(z) = ~!. Thus,
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for any ternary Mal’cev semigroup (S, f) there is an abelian group (A, +) such
that

fl@,y,2) =z —y+2z

From this, as a simple consequence, we obtain all results proved in Section 4
in [15]. Theorem 4.5 in [15] is a special case of Artamonov’s Proposition 6 (cf.
[2]). Tt also can be deduced from the description of free n-ary groups presented by
Shchuchkin [14, 18, 19] and Sioson [23].

5. We say that an n-ary semigroup (S, f) is derived from a semigroup (S,-) if
flz1,z9,...,2p) = 21 29+ ... x, for all z1,...,z, € S. Obviously, an n-ary
semigroup derived from an entropic semigroup is entropic, too. For a surjective
semigroup, i.e., a semigroup (S, -) with the property S? = S, we have a stronger
result.

Proposition 1. An n-ary semigroup (S, f) derived from a surjective semigroup
(S,-) is entropic if and only if (S,-) is entropic.

Proof. An entropic n-ary semigroup (S, f) derived from a surjective semigroup
(S,-) is semiabelian and each its element can be presented as a multiplication of
n — 1 elements of S. Thus, for any x,y,a,b € S, we have

xza - by = x(agas - - ay) - (babs -+ by)y = x(agas - - apb)bs - bpy
= x(bsas - - 4pa2)bs - - - by = xba(azay - - - anasbs)by - - - bpy
= xbg(b3a4 s anagag)b4 e bny = $b2b3(a4 e ana2a3b4)b5 e bny
=...=x(babsg---by) - (agas---a,)y = xb- ay,
which completes the proof. O

We say that a semigroup (S,-) is k-idempotent (k > 1), if for all z € S we
have ¢ = 2. An n-ary semigroup derived from an n-idempotent semigroup is
obviously idempotent, but a (k + 1)-ary semigroup derived from a k-idempotent
semigroup is not idempotent. So, results proved for n-ary semigroups derived from
k-idempotent semigroups are a significant generalization of results proved in [15].

Lemma 2. Any k-idempotent semigroup has at least one idempotent.

Proof. In a 2-idempotent semigroup each element is idempotent. It is clear. For
k > 2, we have a1 = aFaF=2 = ¢*~1¢*~1, which means that in a k-idempotent

semigroup each element a*~! is idempotent. O

Proposition 3. A k-idempotent semigroup is entropic if and only if it is semi-
medial.

Proof. An entropic semigroup is obviously semimedial. To prove the converse
statement observe that in a semimedial semigroup
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(ay2u)? = (wy(zu)z)yzu = (x(zu)yz)yzu = o(=(uya)yz)u = o(zy(uya) =)u

= wzy(uy(wz)u) = way(u(ez)yu) = (v2yu)?
and
(z2yu) (zyzu) = z2y(u(zy)zu) = z2((yu)zz(yu)) = (v2yu)(z2yu) = (z2yu)?.

Thus, in a k-idempotent semigroup

ryzu = (vyzu)f = (vyzu)?(zyzu)*—2 = (vzyu)?(zyzu)—2 = ... = (vzyu)*
= zzyu, if k is even.
For k = 2t + 1 we have
ryzu = (zyzu)? Tt = (zyzu)?(eyzu)? ! = ... = (zzyu)? (zyzu)
= (zzyu)*~H(wzyu) (vyzu) = (vzyu)®~Hazyu)? = (zzyu)® !
= z2yu,
which completes our proof. O

As a consequence, we obtain

Corollary 4. [15, Lemma 6.3] An n-idempotent semigroup is entropic if and only
if it is semimedial.

Proposition 5. An n-ary semigroup derived from a k-idempotent semigroup is
semiabelian if and only if it is commutative.

Proof. Let (S, f) be a semiabelian n-ary semigroup derived from a k-idempotent
semigroup (5,-). Then for all z,y € S we have

k—1 k—lxk—l

Ty =TT Yy =xx y=...:xmk_l...xk_ly:f(x,xk_l,...,x y)

= fly, 21, . 2k le) =yl b e = g,
which means that (.59, -) is a commutative semigroup. Consequently, (S, f) is com-
mutative, too.
The converse statement is obvious. O

Corollary 6. [15, Corollary 6.6] For an n-ary semigroup (S, f) derived from an
n-idempotent semigroup (S,-) the following statements are equivalent:

(a) (S, f) is semiabelian,
(b) (S,-) is commutative,

(¢) (S,f) is commutative.

6. Below we present simple proofs of some other results presented in [15]. For this
we will use the concept of the covering semigroup.

As is well known (cf. for example [3] or [4]) each n-ary semigroup (S, f) can
be isomorphically embedded into some semigroup (S*,-), called the covering or
enveloping semigroup, in this way that f(x1,z9,...,2,) =21 - 22 ...z, for all
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Z1,-..,T, € S C 5% The construction of such semigroup is very similar to the
construction of the covering group for an n-ary group (cf. [16]). Unfortunately,
as it was observed in [9], two non-isomorphic n-ary semigroups (groups) may have
the same covering semigroup (group).

Proposition 7. [15, Proposition 5.1] An associative and idempotent n-ary ope-
ration f satisfying the identities

flz,...,z,y) = fly,z, ..., 2) = f(z,y,2,... )

or

18 commutative.

Proof. Let (S, f) be an idempotent n-ary semigroup satisfying the above identities.
Then in its covering semigroup (S*,-), for every x,y € S, we have 2" = z and

2"y = ya" ! = zya"2. So,

-1

zy=a"y=x-2" ly=x-y2" " =ayz"? x =ya" "t x = ya" =y

for every z,y € S. Hence f is a commutative operation. O

An n-ary semigroup (S, f) is called a left zero n-semigroup if it satisfies the
identity f(x1,...,x,) = x1. If it satisfies the identity f(z1,...,z,) = x,, then it
is called a right zero n-semigroup.

Proposition 8. [15, Proposition 5.3] Let (S, f) be an n-ary semigroup. If (S, f)
satisfies the identity f(x,...,x,y) = x, then it is a left zero semigroup. If (S, f)
satisfies the identity f(y,x,...,x) = x, then it is a right zero semigroup.

Proof. In the covering semigroup of (S, f) for all x,y € S we have z" 'y = z and
2" = z. Thus 2y = 2™y = x - "'y = zz, and consequently,

flxi,xa, ... xy) = (T1@2)T324 - - Ty = (X121) X324 - - Ty, = T1(T123) T4 -+ Ty
=TTy Ty = ... =21 21 (T12p) = 31
for all z1,...,2, € S. Hence (S5, f) is a left zero semigroup.
The second sentence can be proved analogously. O

7. In the case of an n-ary semigroup (S, f) derived from a binary semigroup (S, -),
the generalized entropic property has the form

($11'...'.’L‘ln)'(z‘gl'...'l‘gn)'...'(Inl'...'Jinn): (3)

ti(zit, . ) - ta(@12, - Tn2) ot (Tan, - Tin)s

where t1,t,...,t, are some n-ary terms of (S, f).
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We start with the following two lemmas which are a generalization of results
proved in [15] for idempotent n-ary semigroups derived from binary semigroup
containing an idempotent element. We do not assume that considered semigroups
are idempotent.

Lemma 9. If an n-ary semigroup (S, f) derived from a binary semigroup (S, )
with an idempotent e satisfies the generalized entropic property (3), then for every
a € S we have

ti(e,a,e,...,e)-e=eae =e-ty(a,e,- e).

Proof. The proof is the same as the proof of Lemma 6.4 in [15]. O

Lemma 10. If an n-ary semigroup (S, f) derived from a binary semigroup (S, )
with an idempotent e satisfies the generalized entropic property (3), then

eabe = ebeae
for all a,b € S.

Proof. The proof is the same as the proof of Lemma 6.5 in [15]. O

Theorem 11. If an n-ary semgroup (S, f) derived from a k-idempotent semigroup
(S,-) has the generalized entropic property, then (S,-) is entropic.

Proof. For any a € S consider the set
Sy = {a"1sa*1: s € S}.

It is not difficult to see that (S,,-) is a semigroup and e = a*~! is its neutral

element. So, (S, f) is an n-ary subsemigroup of (5, f). Moreover, from the

generalized entropic property (3), for all z4,...,z, € S, we have
X1 Ty =(x1-€...-e) - (xa-e-...c€) ... (Tp-e ... €)
=t1(x1,22,...,2,) - ta(e,e,...,€) ... - tule,e, ... €)
:tl(xl,mg,...,xn).
Thus t1(z1, za, ..., T,) = T1:T2-. . .-Ty,. Analogously we obtain t(z1, z2,...,2,) =
T1-To- ... T, for other terms to, ..., t,.
So, in this case, (3) has the form
(1‘111‘1”)(3321332”)(J?nlxnn):
(1‘11~...-l‘nl)-(xlg-...-xng)-...~(.'1,‘1n'...-xnn),

which, for 1, # e, 2,1 # e and z;; = e in other cases, gives the commutativity of
(Hg, ). Therefore, for all a,b,c € S we have

A 1b e cab 1 = aF1paF 1 b leab Yt = aFleaF . aF bl = oF e baF— 1

So, a*~1b - ca*~! = aF~lc . ba*~!. This implies ab - ca = ac-ba. Thus (9,) is
semimedial. Proposition 3 completes the proof. O
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Corollary 12. [15, Theorem 6.7] Let (S, f) be an idempotent n-ary semigroup
derived from an n-idempotent semigroup (S,:) and assume that (S, f) has the
generalized entropic property. Then (S,-) is entropic.

Theorem 13. A k-idempotent semigroup has the generalized entropic property if
and only if it is entropic.

Proof. Let (S,-) be a k-idempotent semigroup satisfying the generalized entropic
property. Then there are terms ¢; and ¢5 such that

Ty - zu =1 (1’7 Z)tQ(yv ’LL)

for all z,y,z,u € S. By Lemma 2, the set Eg of all idempotents of a semigroup
(S,-) is non-empty. Since ef -ef = ti(e,e)ta(f, f) = ef for all e, f € Eg, (Es,*)
is a subsemigroup of (S,:). By [1, Proposition 3.11], (Eg,-) is entropic. This
completes the proof for k = 2 because in this case S = Ejg.

For k£ > 2, for every a € S we have ¢« = azxa and ax = za, where x =
a*=2. So, (S,-) is a completely regular semigroup whose idempotents forms a
subsemigroup, i.e., a normal band. Hence, in this case, the proof is identical with
the second part of the proof of Theorem 6.8 in [15]. Namely, by [20, Theorem 4.1
and Corollary 4.4], a semigroup (S, -) is a normal band of groups. Thus, by [21,
Theorem 3.2], it is a subdirect product of a band B and a semilattice L of groups.
Since, by the definition of subdirect product, B and L are homomorphic images of
a semigroup (S, -), they satisfy all identities satisfied by (.5,-). Hence, they satisfy
the generalized entropic property. This means that a band B is entropic (see the
case k = 2). Every group with the generalized entropic property is commutative [1,
Proposition 4.7] and a semilattice of commutative groups is commutative. Thus
a semilattice L is commutative and hence entropic. Consequently, (S,-), as a
subdirect product of entropic B and L, is entropic. O

Corollary 14. |15, Theorem 6.8] An n-idempotent semigroup (S,-) has the gene-
ralized entropic property if and only if it is entropic.
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