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A note on left loops with WA-property

Natalia N. Didurik and Ivan A. Florja

Abstract. We study properties of WA-quasigroups with a left identity element, i.e., quasi-

groups satisfying two identities: zz - yz = zy - xz and zy - zz = zz - y=z.

1. Introduction

We start from some definitions and examples. Other basic facts about quasigroups
and loops can be found in [2] and [13].

Definition 1.1. (cf. [5, 8]) A groupoid (Q,-) is called a guasigroup if, on the set
Q, there exist operations "\" and "/" such that in the algebra (Q,-,\, /) identities

z-(2\y) =y, (1)
(y/z) -z =y, (2)
\(z-y) =v, (3)
(y-z)/x =y, (4)
are fulfilled.
Definition 1.2. (cf. [11, 12]) A quasigroup (Q, -) with the identities
zr-yz=xy-xrz and TY-2z2=21x2 Yz (5)

is called a WA-quasigroup or a semi-medial quasigroup (shortly: SM -quasigroup)
(cf. [14, 15]).

Identities (5) are not equivalent.

Example 1.3. This quasigroup satisfies only the first of these identities.

*|10 1 2 3 4 5
0|0 1 2 3 4 5
111 0 3 2 5 4
2|12 4 0 5 1 3
314 2 5 0 3 1
413 5 1 4 0 2
515 3 4 1 2 0
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Lemma 1.4. In any WA-quasigroup (Q,-) the following identities are true:

2*\(y2) = (z\y)(z\2), (6)
(y2)/2* = (y/z)(z/x), (7)
z(y\2) = (zy)\(2?2), (8)
(y/2)x = (ya?)/(22), (9)

where zy =z < ax\z =y < z/y = x.

Proof. (6). It is clear that there exists an element 2’ such that 22\yz’ = (z\y)(z\z2).
We must prove that 2’ = z. From the definition of the operation \ we have

y? = 22((2\y)(2\2) D a(a\y) - w(2\2) L yz.

Therefore, 2’ = z.
(7). It is clear that there exists an element z’ such that y2'/2% = (y/z)(z/z).
We must prove that 2’ = z. From the definition of the operation / we have

v = (y/2)(z/2) -2 2 (y/2)e - (z/z)e D ye.

Therefore, 2z’ = z.
(8). It is clear that there exists an element 2’ such that z(y\z) = (zy)\(2?2’).
We must prove that 2’ = 2. We have

22 = (2y) - 2(y\2) 2 2% y(y\2) L a2

Therefore, 2’ = z.
(9). It is clear that there exists an element y’ such that (y/z)z = (y'2?)/(zx).
We must prove that 3’ = y. As in previous cases

y'a® = (y/2)a - (z0) 2 (y/2)z-2® 2 ya?.

Therefore, y’' = y. O

Definition 1.5. (cf. [2]) Let A and p be two maps @ — Q. A quasigroup (@, -)
is called an LIP-quasigroup if it satisfies the identity

Az - (z-y) =y,
and an RIP-quasigroup if it satisfies the identity
(z-y) py=um.

A quasigroup which is simultaneously an LIP- and RIP-quasigroup is called an
IP-quasigroup.
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Definition 1.6. (cf. [9]) A quasigroup (Q,-) is called a left Bol quasigroup, if it
satisfies the identity
z(y-xz) = R Mz - yx) - 2.

It is called a right Bol quasigroup, if it satisfies the identity
(yx - 2)x = yL;wl(xz - x),
where ze, = x = f,x.
Definition 1.7. (cf. [2]) A quasigroup (Q, ) is called a Moufang quasigroup, if in
(Q,-) the following identities are true

(zy - 2)y = z(y(eyz - y)), (10)

y(x-yz) = ((y-2fy)y)z (11)
where ye, =y = f,v.
In his PhD thesis (see also [4]) I.A. Florja proved that in quasigroups the
identities (10) and (11) are equivalent, so Moufang quasigroups can be defined as
quasigroups satisfying one of these identities.

We will need the following two lemmas. The first was proved by I.A. Florja in
his PhD thesis, the second is proved in the Belousov’s book [2].

Lemma 1.8. A left and right Bol quasigroup is a Moufang quasigroup.
Lemma 1.9. A loop isotopic to a Moufang quasigroup is an IP-loop.

Definition 1.10. A commutative loop (Q, ) with the identity xz - yz = zy - zz is
called a commutative Moufang loop.

From Definitions 1.2 and 1.10 it follows that any commutative Moufang loop
is a WA-quasigroup.

Theorem 1.11. (cf. [7, 12, 15]) Each loop isotopic to a WA-quasigroup is a
commutative Moufang loop.

2. Properties of left WA-loops

Lemma 2.1. Any WA-quasigroup with a left identity element is a left Bol quasi-
group.

Proof. If f is a left identity element of a quasigroup (Q,-), then ff = f, Lyz ==
for all z € Q and Ly = ¢. From Theorem 1.11 it follows that an isotope of the
form

moy:RJ?lx-Lfly:Rflx-y (12)
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of a quasigroup (@, -) is a commutative Moufang loop. Any commutative Moufang
loop (@, o) is an IP-loop, i.e., there exists a permutation I such that

Izo(zoy)=(yox)olz=y (13)

for all z,y € Q.
Going in the equation (13) to the operation - we have R;lfsc . (R;lm “y) =y,
R;lfRfa: (z-y) =y. Hence, L1z - (z-y) =y for

I = R;'IRy. (14)

Thus (@Q, ) is an LIP-quasigroup. This, by results of [9], shows that (@, -) is a left
Bol quasigroup. O

Corollary 2.2. If f is a left identity element of a WA-quasigroup (Q,-), then
the translation Ry is an automorphism of (Q,-), and an automorphism of the
commutative Moufang loop (Q, o) defined by (12).

Proof. The fact that Ry € Aut(Q,-) follows from (5) and the equality ff = f.
Further, using the formula (12), we have: Ry(zoy) = Ryx o Ryy, Rf(R;lx cy) =
R;lfo -Rypy, - Ryy = © - Ryy. Therefore RyI = IRy, and (14) takes the form
I, =1 O

Lemma 2.3. Any WA-quasigroup with a right identity element is a right Bol
quasigroup.

Proof. Consider the isotope (Q, o) of a WA-quasigroup (Q, -) given by:
roy=ux-L 1y,

where e is a right identity of (Q,-). By Theorem 1.11, (Q,o) is a commutative
Moufang loop. Let 1 be the identity element of (Q, o) and I be a permutation of
Q@ such that z o Iz = 1 for all z € Q. Since (yox)o Iz =y for all x,y € Q, we
have y = (yox)olx = (y- L z)- L7 Ix. Therefore, (y-x)- L7 IL.x =y, hence
(y-x) pr=yfor p=L;'IL.. So, (Q,-) is an RIP-quasigroup. This, by results
of [9] means that (Q, ) is a right Bol quasigroup. O

Lemma 2.4. Any WA-quasigroup (Q,-) with the left (right) inverse property is a
left (right) Bol quasigroup.

Proof. Since a WA-quasigroup with the left inverse property is an LIP-quasigroup,
the proof of this lemma is very similar to the proof of Lemma 2.1.
For WA-quasigroups with the right inverse property the proof is analogous. [

Corollary 2.5. Any WA-quasigroup that is an IP-quasigroup, is a Moufang quasi-
group.

Proof. The proof follows from Lemma 2.4 and Lemma 1.8. O



Left loops with WA-property 191

Definition 2.6. (cf. [2]) The isotope of the form
roy =L, (Lax-y) (15)

is called a right derivative operation of (Q,-) generated by a.
The isotope of the form

zoy= R, (7 Ruy) (16)
is called a left derivative operation of (Q,-) generated by a.

Theorem 2.7. Let (Q,-) be a WA-quasigroup. Then
(i) the right derivative operation (Q,-) is a left Bol quasigroup,
(ii) the left derivative operation of (Q,-) is a right Bol quasigroup.

Proof. (i). From (15) it follows that a quasigroup (@, o) has a left identity element,
namely, f = e,, where ae, = a. Indeed, e, oy = L, (Laeq-y) = L Loy = y. In
particular fo f = f.

We consider the following isotope of a quasigroup (Q,o):

z+y=(R})zoy, (17)

where R}z =z o f. Then (Q,+) is a loop with the identity element f.

Indeed, f+y = (R}) ™' foy = foy =y, since, if (R}) " f = z, then f = (R})z,
f = zo f. But, as was mentioned, f o f = f, therefore, z = f. Further we have
x+ f=(R}) 'wo f=R}R}) 'v=u

Using (15) we can re-write (17) as follows:

v+y =Ly (La(R}) "z y).

Thus the loop (@, +) is an isotope of a WA-quasigroup (Q,-). By Theorem 1.11
among loop isotopes of a WA-quasigroup (Q,-) there exists a commutative Mo-
ufang loop. We recall that any loop isotopic to a Moufang loop is a Mofang loop
(cf. [2]). Therefore (@, +) is a Moufang loop.

Our proof will be complete, if we prove that a quasigroup (Q,o) is an LIP-
quasigroup.

From 2~ + (z +y) = y, using (17), we obtain (R}) ™'z~ o ((R}) 'zoy) = y.
Now, denoting (R})~'z~" by az and (R}) ™'z by Bz, we obtain two permutations
a, B of the set @, and the possibility to rewrite the last equation in more useful
form axr o (Bx oy) = y, which is equivalent to a3 'z o (zoy) =y.

The last means that (@, o) is an LIP-quasigroup. This completes the proof of

(4)-
(#4). From (16) it follows that a quasigroup (@, o) has a right identity element
e = f,, where f,a = a. Indeed, zo f, = R; (2 Rofa) = R (- a) = =
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We consider the following isotope of the quasigroup (right loop) (@, o):
z+y=xo(Ly) (18)

where Loz = e o x. Then (Q,+) is a loop with the identity element e. The proof
is similar to the proof in the case (i) and we omit it.
From (18), using (16), we have

v+y =R (z Ra(L)™'y).

Analogously as in (i) we can prove that (Q,+) is a Moufang loop. Next, from
(y+2) + 271 =y, using (18), we deduce (y o (LS)~'x) o (L2)~'z~! = y. This
shows that (Q, o) is an RIP-quasigroup. O

3. Automorphisms of left WA-loops

We start with the following lemma which is a quasigroup folklore.

Lemma 3.1. In a quasigroup autotopy any two components uniquely define the
third.

Elements of the group I;,(Q, ) = {a € M(Q, )| ah = h}, where M(Q,-) is the
group generated by all left and right translations of a quasigroup (@, -), are called
inner mappings of (Q,-) relative to the element h € @ (cf. [2]). Belousov proved
(ctf. [2]) that the group I1(Q,-) is generated by all permutations of the form:

Ly, = L] L,L,, where (x o y)h =2 - yh,

Toy
Ry y = Ryd,RyR,, where h(zey)=hz-y,
T,=L;'R,, where o = R; 'Ly,

Lemma 3.2. In a WA-quasigroup (Q,-) with the left identity element f inner
permutations L, Ry, and T, relative to the element f are automorphisms of

(Q7 )

Proof. In our case L, , = L:;OlyLILy7 where x oy = R;l(:v “Rypy) = RJ?I:E -y, by
Corollary 2.2. Therefore
Ly, = L;;_lx_nyLy. (19)
Moreover, -y = fx -y = f(x o y) = x e y implies
Ryy =R, RyR,. (20)

Since oz = R;lLfac = R;lx, we also have T, = L;LzRI. Thus
£

Lz,yf = Rx,yf = Tzf = f (21)
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From (5) it follows that for any fixed a € @ the following triplets (L, Lq, Ly2)
and (R,, Rq, R42), their inverse and various component-vise products are auto-
topies of (@, ). Therefore

(Ll_gi—lm.yvl’]_:g;lm.yvL(_éflx,y)z)(vaLzaLaﬁ)(LyaLy’Ly2) =
(Lays La.y, L(_lejlz.prxQLyz). (22)
This means that
Loyf Loyz = L(—le,lm_y)zLIQLyz(f - 2), (23)
whence, applying (21), we obtain
Lyyz=1L"} Ly2Ly22 (24)

(R} 'ay)?

for all z,y,z € Q. This, together with (22), shows that L, , is an automorphism
of the quasigroup (@, -).
Similarly from

(Rz_glﬁ R;1y7 R(;ly)z ) (Ry7 Ry7 Ryz)(Rxa R:I:7 sz) = (Ra:,y7 Rx,yv R(;ly)z Ry2 Rm2)
(25)
and
-1 —1 ~1 _ -1
(LRJ:ILE’ LR;117 L(Rfflw)Q)(R$7 Rf? RJCQ) - (T~T7 TE) L(R;1$)2R$2) (26)
it follows that R, , and T, are automorphisms of (@, -). O

Corollary 3.3. In any WA-quasigroup with a left identity element we have
Lyy =1Ly ,2, Rpy=Rg,pe, Tp,=T,:.
Proof. Putting y = z in (5), we obtain
(zy)* = a® -4 (27)

From (19) and (24) it follows that the identity L., = L,2,2 will be proved,
if we prove that (Ry'z - y)? = Ry'z? - y> This follows from (27) and the fact
that Ry (and its inverse) are automorphisms of (@), -) (see Corollary 2.2). Indeed,
(R;'z)? = R;'w- R;'w = Ry (v - 2) = R;'a%. Since R, = R@%y)gRyszz, by
(25), from (20) and (27) we obtain R, , = R,2 ,».

The third identity can be proved in a similar way. O

Definition 3.4. (cf. [10, 13]) Let (Q,-) be a groupoid. The element a € @ is
called a left nuclear element in (Q,-) if Ly, = LoL, for all z € Q. The set of all
left nuclear elements in (Q, -) is called the left nucleus of (@, -) and is denoted by
N;.



Left loops with WA-property 194

It is well known (cf. [2, 3]) that in a quasigroup the set N; forms a subgroup.

Theorem 3.5. In a WA-quasigroup (Q,-) with the left identity element f the
inner permutations Ly, Ry, and T, relative to a € @ are automorphisms of
(Q,-) if and only if a € N; and the following identity xy - a = xf - ya is satisfied.

Proof. In this case L,, = L;} L,L,, where z oy = R;'(z - Ryy), Ryy =

R.d,RyR,, where ax -y = a(x e 5) and T, = L, !R,, where ox = R, 'L;a.

In a similar way as in the proof of Lemma 3.2 (identities (22), (23), and
(24)), we can prove that L, ,, R, ,, and T, are automorphisms of (Q,-). Then
L;olyLwLyf = f,ie, LyLyf = Lgoyf. S0, - yf = Lyoyf = Rgl(x “Ray)f,
which gives R;'(z - yf) = Ry (2 - Ray). Since R} is an automorphism of (Q, -)
(Corollary 2.2), from the last identity we obtain R;lx -y = Rz - Ryy), and
consequently, xy = Ry (Ryx - Ryy). Thus, 2y -a=xf -ya for all z,y € Q.

Moreover, RyJ RyR,f = [ implies RyR,f = Rye,f. Hence zy = x ey and
ax -y = a(zxey) =a-xy for all x,y € Q. Therefore a € N;.

The converse statement is obvious. O

Lemma 3.6. The permutation L,R, is an automorphism of a W A-quasigroup
(Q,-) with the left identity element element f if and only if a® = f.

Proof. Since
(Las La, La2)(Ra, Ra, Ra2) = (LaRa, LaRa, La2 Ro2) (28)
is an autotopy of (@, ), we have
LoRof - LaRay = La2Rg2y (29)

for all y € Q. This autotopy is an automorphism if and only if L,2R,2 = L R,.
The last equality holds if and only if L,R,f = f, i.e., if and only if a? = f. O

Corollary 3.7. Let (Q, ) be a W A-quasigroup with the left identity element f. If
a? = f, then LyR, = Lyp>Ry> = Ry.

Proof. From (28) and the fact that L,R, is an automorphism of (Q,-) it follows
LoRy = Ly2Rg2. From (29), L,R,f = f and a® = f we obtain L,R, = Ry. O

Lemma 3.8. The permutation L,2R, is an automorphism of a W A-quasigroup
(Q,-) with the left identity element f if and only if a®> -a = f.

Proof. 1t is clear that
Loz, Loz, Lig2y2)(Re, Ry, Ra2) = (L2 Ry, Lo2 Ry, Lig2y2 Ry2
(a?) (a?)

is an autotopy of (Q,-). Therefore Lo2Rof - Loz Ray = La2)2 Rq2y is true for all
y € Q. This autotopy is an automorphism if and only if L(42)2Rs2 = L,2 Ry, i.e.,
if and only if L,2R.f = f. The last condition is equivalent to a? - a = f. O
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4. Pseudoautomorphisms and subloops

A bijection 6 of a set @ is called a right pseudoautomorphism of a quasigroup (Q, -)
if there exists at least one element ¢ € @ such that (c-0z) -0y = c-0(x - y) for all
x,y € Q, ie., if (L.0,0,L.0) is an autotopy of a quasigroup (Q,-). The element ¢
is called a companion of 6 (cf. [2]).

A quasigroup with a right pseudoautomorphism has also a left identity element
(cf. [13]).

Lemma 4.1. In a WA-quasigroup with a left identity element f the translation
R, is a right pseudoautmorphism if and only if the translation L, is a right pseu-
doautmorphism and a® = f.

Proof. Suppose that R, is a right pseudoautomorphism with the companion k,
i.e., a quasigroup (@, -) has an autotopy (Li R4, Ra, Ly R,). By Lemma 3.6 , L, R,
where a? = f, is an automorphism of (Q,-).

Therefore

(LiRa, Ra, L Ro)(LaRa, LaRa, LaRy) ™' = (Lp Ly ' Ly L Ly Y)

also is an autotopy of (Q,-). The last means that L, ! is a right pseudoautomor-
phism of (@,-). Since the set of all right pseudoatomorphisms of (@Q,-) forms a
group (cf. [2]), also L, is a right pseudoautomorphism of (Q, ).

The converse statement is obvious. O

Lemma 4.2. Let (H,:) be a subquasigroup of a WA-quasigroup (Q,-). Then
2

(aH,-) is a subquasigroup of (Q,-) for any a = a*.
Proof. By (5), we have ahy - ahy = a® - hihy = a - hihs € aH. Thus the set aH is
closed with respect to the quasigroup operation.

The equation ahy - * = ahg, where hi, ho € H, has a unique solution = € Q.
Obviously, z = ax’ for some 2’ € Q. Thus, ahy - ax’ = a - hiz’ = ahy. Hence
hi1z' = ho, and consequently, 2’ € H. Therefore z = ax’ € aH.

Analogously we prove that the equation y-ah; = ahs has a solution in aH. O

Lemma 4.3. Let (Q,-) be a WA-quasigroup with the left identity element f and
(Q,0) be a loop defined by (12). If (Q,-) satisfies the inverse property, then:

(1) Rfc = ¢, where ¢ is the identity permutation,

() Iy =1, I, =IRy for iz -zy=y, zy-Ly=2x, Izo(rxoy) =y,
(#31) I and I, are automorphisms of a quasigroup (Q,-) and a loop (Q,0),
(w) LI, =Ry, LI, =11,

Proof. (i). Indeed, I, f = I,f = f. Thus zf - f = z for any = € Q. So, R} =¢.

(#4). Since z oy (12 R;lx -y = Rz -y, by (4), Ry is an automorphism of

(Q,-) and the corresponding commutative Moufang loop (@,0) (Theorem 1.11
and Corollary 2.2).
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Going now in the equation I;z(x - y) = y to the loop operation o we obtain
Rz o (Rfxoy) =y. Thus RfIlRf:E o(xzoy)=1y. Consequently, I = RfIlR]Tl
and [; = R;lfRf = I, since in (Q, o) automorphisms R; and I commute.

Similarly, going in the equation (x-y)I,y = x to the loop operation o we obtain
Ry(Rjxoy)ol,y = x. Thus, (zoRsy)ol,y = x and (a:oy)oITRlily = z. Therefore,
I =I.R;" and I, = IR;.

(7i7). It is a consequence of (iz) and (7).

(tv). Since I = I; and I, = IRy, we have I;I, = I2Rf = Ry. Analogously,
I.I;, =IRsI = Ry. O
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