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RECENT INTEGRAL REPRESENTATIONS FOR
THERMOELASTIC GREEN’S FUNCTIONS AND MANY
EXAMPLES OF THEIR EXACT ANALYTICAL EXPRESSIONS

Victor Seremet

Department of Mathematics and Engineering, Agrarian State University of
Moldova, Chisinau, Moldova

This article is devoted to derivation of new integral representations for the main
thermoelastic Green’s functions (MTGFs), based on the presentation of solutions of
respective Lamé elliptic differential equations via Green’s functions for the Poisson
equation (GFPEs). The newly derived integral representations in Cartesian coordinates
permitted the proof of a theorem about constructive formulas for MTGFs expressed
in terms of respective GFPEs. The thermoelastic displacements are generated by a
unitary heat source, applied in an arbitrary inner point of a generalized boundary
values problem (BVP) of thermoelasticity for an octant at different homogeneous
mechanical and thermal boundary conditions, prescribed on its marginal quadrants.
According to the constructive formulas obtained, the derivation of MTGFs for about
20 BVPs for a plane, a half-plane, a quadrant, a space, a quarter-space, and an
octant may be obtained by changing the respective well-known GFPEs. All results
obtained are in terms of elementary functions with many examples of their validation.
Two new MTGFs for quarter-space and octant, together with some of their graphical
computer evaluations, are also included. The main advantages of the proposed approach
in comparison with the GO convolution method for MTGFs constructing are: First, it
is not necessary to derive the functions of influence of a unit concentrated force onto
elastic volume dilatation - @), Second, it is not necessary to calculate an integral of
the product of the volume dilatation and Green’s function in heat conduction. By using
the proposed approach it is possible to extend obtained results for Cartesian domains
onto areas of any orthogonal system of coordinates.

Keywords:  Elasticity; Green’s functions; Heat conduction; Main thermoelastic Green’s functions;
Thermoelasticity; Volume dilatation

INTRODUCTION

Green’s functions (GFs) play a leading role in finding solutions in integrals
for boundary value problems (BVPs) for different fields of mathematical physics.
Several monographs [1-4] present methods of deriving GFs for ordinary and
partial differential equations; and for Laplace’s, Poisson’s, Helmholtz’s, and
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other elliptic, parabolic, hyperbolic scalar equations of mathematical physics. The
constructing and applications of GFs and matrices for two-dimensional (2D) BVPs
for elliptic system of Lamé equations in the theory of elasticity are presented in the
monographs [5-7].

A large, systematic list of GFs for 2D BVPs to Poisson equation, derived for
canonical Cartesian and polar domains is given in the encyclopedia [8]. Respectively,
in a handbook on Green’s functions [9] is found a large, systematic table of GFs
and Green’s matrices for two- and three-dimensional (3D) BVPs in the theory of
elasticity, constructed for canonical Cartesian domains.

Until now, most GFs were derived for BVPs of heat conduction and for
BVPs of the theory of elasticity for Cartesian canonical domains. In the theory of
thermoelasticity, that is a synthesis of the theory of heat conduction and of the
theory of elasticity, the situation is not similar. Presently, a number of theories of
thermoelasticity are available in the literature [10-16]. But many new developments
of thermoelasticity and many references are included in the book by Hetnarski and
Eslami [17].

The best developed theory, which is widely used in practical calculations, is
the theory of thermal stresses, i.e., the theory of uncoupled thermoelasticity, when
the temperature field does not depend on the field of elastic displacements. In that
theory, a few observations are worth mentioning. In the theory of uncoupled heat
conduction, that is, a constitutional part of the theory of thermal stresses, to solve
BVPs, a Green’s integral formula provides the temperature field that results from
a given thermal exposure. The analogous Green’s integral formula determines the
field of elastic displacements produced by the known mechanical actions.

But in the integral Maysel’s formula [12, 14, 15], the desired solution (the
thermoelastic displacements) is not represented directly in terms of the given data,
but in terms of a temperature field, which is found in most cases. This fact
introduces certain inconveniences in applying Maysel’s formula, except for the case
when the temperature field is known a priori. To obtain the integral Maysel’s
formula in uncoupled thermoelasticity, a two-stage procedure must be applied.
First, we find a temperature field, and in the second stage we construct a function
of influence corresponding to a unit point body force and representing a volume
dilatation. To avoid the inconvenience of Maysel’s formula, the author proposes, for
the first time, the following generalization of Maysel’s and Green’s integral formulas
in thermoelasticity [9, 18-22]:

0@ = [ FOU G 9ave) - [ 100y + [ G0, a0
raf [ +a 6mU,-<y,r:)drM<y); =123 n

where I'p, Iy and I, denote the surfaces on which the boundary conditions of
Dirichlet’s, Neumann’s and mixed type are applied, respectively; temperature 7(y);
heat flux a(d7(y)/0n,) or a heat exchange between exterior medium and surface of
the body represented by «7(y) + a[0T(y)/dn,] are prescribed, where F is the heat
source; a is thermal conductivity; « is the coefficient of convective heat conductivity;
y = a,(2u 4+ 37) is the thermoelastic constant; 4, u are Lamé constants of elasticity;
and, o, is the coefficient of the linear thermal expansion.
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The main advantage of Eq. (1) is that the searched thermoelastic displacements
u; are determined in the form of integrals directly via the prescribed inner heat
source and other thermal data, shown on the boundary. The considered main
thermoelastic Green’s functions (MTGFs) U;(x, ¢) have the physical sense as
displacements at an inner point of observation x = (xi, x,, x;), generated by a
unit heat source, applied at an inner point &= (&, &,, &) and described by a o-
Dirac function. The functions U; = U,(x, £) are determined by the following integral
formula [9, 18-22]:

Ui(x, &) = va Gr(x,2) 09z, &)dV(z); x, 2, E €V 2)

where G is the GF for a heat conduction BVP corresponding to a unit internal point
heat source, and ®¥ are functions of influence of unit concentrated body forces
on elastic volume dilatation. Finally, the MTGFs U,(x, £) are functions of double
influence [9, 18-22], which take into consideration two physical phenomena (heat
conduction and elasticity) in a solid body:

1. over the coordinates of the point of observation x = (x;, x,, x;) for thermoelastic
displacements, they satisfy the equations of the BVPs for determining GFs in the
theory of heat conduction, in which the unit heat source is replaced by y0® (x, &):

V2U(x, &) = —y09(x, &) 3)

and suitable boundary conditions are imposed for U; = U,(x, ¢).

2. over the coordinates of the point of application & = (&, &,, &) of the unit point
heat source they satisfy the equations of BVP for determining components of the
Green’s matrix, in which the unit concentrated body forces are replaced with the
derivatives of GFs for the heat conduction problems:

uVEU(x, &) + (A + 0O (x, &) = 9Gr (1, &) = 0 4)

with the respective homogeneous mechanical boundary conditions.

The other functions in (1), U;(y, &),y € Iy; 0U(y, £)/0n,, y € I'y and U(y, &),y €
I,,, represent functions of influence of a unit point heat flux a(0T(y)on,) = o(x — y),
of a unit point temperature 7(y) = —o(x — y) and of a unit point heat exchange of
the body with exterior medium a7(y) + a[dT(y)/0n,] = é(x — y) on the surfaces Iy,
I, and T, respectively. They are easily determined, if MTGFs U, (x, &) are known.

The proposed integral formula in Eq. (1) can also be treated as a generalization
of Mayzel’s formula [12, 14, 15] for those cases when the temperature field satisfies the
BVPs of heat conduction. The advantage of the proposed integral formula in Eq. (1)
is that it allows us to unite the two-stage process of solving the BVPs in the theory of
thermoelasticity (the first stage comprises finding temperature fields and the second
stage comprises finding thermoelastic displacements) in one single stage.

Also, the advantage of the integral formula in Eq. (1) in comparison with
the well-known Maysel’s integral formula is that the thermoelastic displacements
are determined directly via given heat actions. Besides, for any concrete type of



Downloaded by [George Mason University] at 05:52 24 December 2014

564 V. SEREMET

BVP we can obtain all possible solutions for different laws describing the above-
mentioned heat actions. Using formulas in Egs. (1) and (2), the author derived,
in elementary functions, some new very useful thermoeclastic GFs and Green-type
integral formulas for a quadrant [23], a half-space [24, 25], a quarter-space [26], a
wedge [27] and a half-wedge [28]. For these BVPs the difficulties associated with
construction of the additional influence functions for elastic volume dilatation and
with the computing the volume integral (2) have been successfully overcome.

Furthermore, the author has observed that for more complicated BVPs of
thermoelasticity these difficulties are substantial. This is the reason to search for
new methods to derive MTGFs. However, the preliminary investigations made by
this author have shown that the classical methods [10-17] such as: method of body-
force analogy [10, 15], Goodier’s method [10], method of thermoelastic potentials
[10, 14, 15] and many other methods [11-17] leads to the need to solve additional
BVPs of elasticity and to calculate the volume integral (2).

The main objective of this article is to prove a theorem on derivation of
constructive formulas for MTGFs to a general BVP for an octant V(0 < x|, x,, x; <
+o0) (or quadrant V(0 < x, x, < +00)), which is bounded by the quarter-planes
Lig(y1 = 0,0 =y, 33 < +00), I5o(0 < yp,y3 <400, 3, =0) and I35(0 <y, y, <
+00, y3 =0) (or half-planes I'jj(y; =0,0 <y, < 400), [}(0 <y, <400, y, =0))
and with different types of homogeneous mechanical and thermal boundary
conditions. The main advantage of the constructive formulas obtained is that by
changes of GFPE, it is possible to easily write MTGFs for about 20 BVPs of
thermoelasticity. To reach this objective it is first necessary to establish the general
integral representations for MTGFs in the Cartesian system of coordinates.

GENERAL INTEGRAL REPRESENTATIONS FOR MTGFs

As was pointed in the introduction, note that all results obtained earlier by
this author in constructing MTGFs were based on Eq. (2), which follows from Eq.
(3). A crucial moment of the author’s next investigation was when he discovered
that Eq. (4) permits us to present a form of three independent equations of Poisson
type with respect to functions

Vi(x, ) = Ui(x, §) + 25—;[(7» + w0, &) = yGr(x, 9] ©)
as follows:
V2Vi(x, &) = 7202+ 2] Ed(x = ©) (6)
where

A+ 20 V20(x, &) —yViG(x, &) =0; = VGr(x, &) = —d(x — &);
2 _ 7 _
V:0(x, ) = T+ 2/15(x ¢) (7)

was used.
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So, representing the solutions of Poisson, Eq. (6) in terms of respective
fundamental solutions (with the accuracy up to some regular functions) G;(x, &),
G;(x, &) and Gg(x, &) that are linked to temperature 7 and thermoelastic volume
dilatation O(x, £), we obtain the following integral representations for MTGFs:

Ui(x, f)+ €®(x 9)

:—mxc(x &+ 1 ’GT( ?)

- [{ [+ ()“2—“®<x, 0= 3 Grln ) | S

aar [U(x y) +y; (T@( y) — —G r(x, y)ﬂGi(y, g)}dr(y) (8)

Next, if we introduce in Eq. (8) the following integral representation for ®(x, &) of
the last Poisson Eq. (7) via respective fundamental solution (with exactitude up to
regular functions) Gg(x, &):

01,6 = 75 Gol 0+ [ | Fh - 01012 | Go ar). 9
then we obtain the following general integral representations for MTGFs:
.9 = ~ 37455 [(i 1 G, &)+ 5,6, (v, &) — %Gm «:)}
- [t + @G+ 00, = @906 = o
— AU+ ) (G4 100 = £)0 )
=G5 G0, ) (10)

Note that integral representations (8)—(10) at i = 1, 2 are also applicable to 2D BVPs
of thermoelasticity.

Thus, the result is a new idea for deriving MTGFs, using Eq. (4), which in
comparison with the state-of-the-art methods (classical methods), is more efficient
and unified. This new idea permits us to derive MTGFs directly from Eq. (4),
using only the GFPE. Also, in this new concept (in comparison with some classical
existing methods) it is not necessary to compute very complicated volume integrals
(2). Furthermore, Seremet’s preliminary investigations have shown that at the base
of the discovered new idea it becomes possible to develop a new very efficient unified
method of constructing new MTGFs (this article). In turn, using this method,
it becomes possible to create a large database of MTGFs that is very useful in
applications. This is explained by the fact that, unlike existing classical methods,
where each problem may be solved in isolation, the expected new method will solve
immediately the whole class of thermoelastic problems.
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CONSTRUCTIVE FORMULAS FOR MTGFs IN TERMS OF GFPE

Let us consider some canonical semi-infinite domains, whose surfaces represent
planes (straight lines) of the Cartesian system of coordinates. Also, these domains
do not have parallel planes (parallel straight lines). For domains considered,
if homogeneous locally mixed boundary conditions (zero normal stresses and
tangential displacements or zero normal stresses and tangential displacements are
given in any combinations) are given on the surfaces (lines), then we can prove the
following theorem.

Theorem. Let the field of displacements U,(x, &) and temperature G;(x, &) at inner
points & = (&, &, &) of the thermoelastic octant V(0 < x;, x,, x; < o) be determined
by non-homogeneous Lamé equations (4) and the Poisson equation V:G(x, &) =
—0(x = &) and in the points y=(0,y,,y3), y=(,0,y;) and y=(yy,0) of
boundary quadrants T'\j(y, = 0,0 < y,,y; < +00), I},;(0 <y, <o0,y,=0,0<y; <
+o00) and T3(0 <y, y, < +00, y; =0) the following homogeneous mechanical and
thermal conditions are given:

Ui (x50, &, 8) = 015(x5 0, &5, &) = 015(x5 0, &5, &) =05 0G1(x; 0, &, 53)/6”61 =0
GII(X; 0’ 52’ 53) = U2(X; 0’ é:2’ 63) = US(X; O’ 62’ 53) = 0; GT(X; O’ fz’ 53) =0 (11)
— locally mixed boundary conditions on the boundary quadrant T'\j(y, =0,0 < y,,
¥ < +0)
031(x; €1, 0, &) =Up(x; €1, 0, &) =053(x3 £,, 0, &)= 0; 0G1(x;5 &, 0, 53)/5”:2 =0
Ui(x; 81,0, &) =00(x; £, 0, &) =Us(x; £,, 0, 63) =05 Gr(x;£,,0,&)=0  (12)
— locally mixed boundary conditions on the boundary quadrant T'))(0 <y, < 400,
¥, =0,0 <y, <+4o0) and
0-31()5; éla 627 O) = 0‘32()5; 617 52? O) = U3()C; 617 627 0) = 09 aGT(‘X’ él’ 62’ O)/an53 =0
Ui(x; &1, 6, 0)=Ua(x5 &1, &5, 0) = 033(x3 €1, £, 0) =0, G(x3 ¢y, 6,,0)=0 (13)
— locally mixed boundary conditions on the boundary quadrant T5,(0 <y,
¥, < o0, y; =0),

where 043 and 6, 03 Gy are the normal and the tangential stresses, which are
determined by the well-known Duhamel-Neumann law

0ij = :u(Ui,j + Uj,i) + 5ij()”Uk,k —vGy); i,j=1,2,3 (14)

Then representations in Eq. (6) lead to the following constructive formulae for
MTGFs:

Ui(x, &) = 7202+ 2] 7 [6Gr(x, &) = x,Gi(x, O O(x, &) = ﬁGr(x, 9
(15)
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where G(x,&) and G,(x, &) are GFPE for respective domains, on the marginal
planes (straight lines) are given homogeneous conditions that are similar to boundary
conditions for temperature and MTGFs, respectively. So, if U; = 0, then G; =0 and
ifU,, =0, then G;,, = 0.

Proof. First, for this purpose we use the general representations (8)—(10) such that
in the case of the octant, V = (0 < x,, x,, x; < o0) can be rewritten in the following
form:

00(y, x)

-6, x)ani} Goly: )T}, 0)

V1 N1

O &) = 75.Golx O + [ [

50(y, 5
+ /on |:0 a(nyyzx) — 0Oy, x) anh} Ge(y, €)dTy(y)

00y, 0
+ _/F}() |:0 6(2;3)6) _ @(y’ )C) al/ly3:| G@(y, é)dFm(y) (16)

— for thermoelastic volume dilatation, and

Y

mx G, (.X f) + T('x é)

A
Uy(x, &) = —%@(x, &) -

aGi(yv é)
on

Y1

—/F i[Ui(x, Y+ Q2w yi((+ pO(x, y) — 9Gr(x, )]

- [Ui(x, y) + 2w) ™'y (2 + ) O(x, y) — yGr(x, y)IG, (3, f)}dfm(y)

0G,; (y, 9]

Y2

—/ {[U(x Y+ Q2w (G4 wO(x, y) — 9Gr(x, y) | ———=

I

A

- 57(17 [Ui(x, y) + Q) 'y (A+ w)O(x, y) — yG 1 (x, y) ]G, (s é)}dfzo(y)

(y, 9)

3

-/ : U, 3) + 200 (G4 1080 ) = 76 (3, )] )

- % [Ui(x, y) + Q) 'y ((A+ w)O(x, y) — yGr(x, )]G, (. é)} dl’y(y)

3
(17)
— for MTGFs.
First, let us prove the following hypotheses:

a) Let the surfaces of some domains represent planes or their parts (straight lines or
their parts) of Cartesian system of coordinates. If on the marginal planes or their
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parts (straight lines or their parts) are given zero normal stresses, zero tangential
displacements and zero Green’s function for temperature, then volume dilatation
is equal to zero, ® = 0. Let on the marginal quadrant I'jj(y;, = 0,0 < y,, y; < o),
the following homogeneous locally mixed boundary conditions are given:

oy=U,=U;=0; G;=0 (18)

Then from the well-known Duhamel-Neumann law (14) rewritten for thermal
stresses

oy =2uU, + (40 —9G) = (A+ 20U, + AUy, + Us 3) — 7Gy; = U,
(19)
and (18) follows:

UZZO:ULZ:O; U3=O:U373A=0
=
oy =@A+20U, + i(Uys+ Us3) —9Gr=0; Gr=0; =U,;=0] (20)
Ul,l :0, U272=0; U3’3A=0; ®=Uk,k:®:0
b) Respectively, if on the marginal planes or their parts (straight lines or their parts)
are given zero normal displacements, zero tangential stresses and zero normal

derivative of Green’s function for temperature, then the normal derivative of
volume dilatation is equal to zero, ® , = 0.

Let on the marginal quadrant I,)(0 <y, < 400,y, =0,0 < y; < +00) the
following homogeneous locally mixed boundary conditions are given

U, =0y =0y, =0; Gr,= 0 (21)

Then from the boundary conditions with respect to tangential stresses in Eq. (21)
and the equilibrium equation

0y,;=0; j=1,2,3 (22)
follow the relations:
Oy =033=0=0p,=0 (23)
Next from the Duhamel-Neumann law (14) rewritten for thermal stresses o5,
0y =2ul,, + (40 —9Gy); O =U; (24)
from Eq. (24) for © and from Eq. (23) for o5, , it follows:

Oy = 20U, 5 + 20, = (A+21)0 5, = 2u(U, 1, + Us 3,) =0 (25)
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From the first boundary conditions in Eq. (21) and Duhamel-Neumann law (14)
for the tangential stresses o,,, 0,3 in Eq. (21), it follows:

Uy=0—Uy;; =0; Uy3;3=0

Un=0
o1 =0 u(Uy + Ui ) =0 = U — 0 (26)
332 =

033 =0 pt(Up33+ U 3) =0

Finally, from Eq. (25) and the last equality in Eq. (26) it follows that the boundary

conditions in Eq. (21) lead to zero normal derivative from volume dilatation on the
boundary quadrant I,

0,=0—[00(y,&)/in,] =0 27

Next, let in the representations (17) the functions G;, Go and G, are the GFPE,
those homogeneous boundary conditions are similar to the homogeneous boundary
conditions for U,, ® and Gy, respectively. So, it means that if U, =0, ® =0 and
G; =0, then G;=0and Gy =G; =0;and if U;, =0, ® , =0 and G;, =0, then
Gi,n = 0’ G(~),)1 = GT,n = 0
In these cases we can prove that from the boundary conditions (11)-(13)
follow equivalent conditions:
Ul = 0-1220-132 O; (3GT/(311§1=0; = UIZO; U1’2=U1’3=0; U2,l =U3,l =0
=0,=0 G;=6,,=G3,=G6¢, =67, =0
oy =U,=Us=0; Gr=0; U, =U,=U,=U;3=U;=U;;,=U;5; =0
:>®=0; G1’1=G2=G3=G®=GT=O (28)
— for locally mixed boundary conditions on the marginal quadrant I',,(y, = 0,0 <
Y25 Y3 < +00)
0y = U2: Oy3 = 0, 6GT/an52 =0 = U],Z = 0, U2: 0, U2,1 = U2’3 = U3’2 =0
= ’2 - O; G1,2 - 0, G2 - 0; G3’2 - 0, G(..)’z == O; GT,Z - 0
U=0p=U;=0; Gr=0=U,=U0,=U;3=U=U;;=U;35=0,,=0
$®=0, G1:G2’2=G3=G®=GT=0 (29)
— for locally mixed boundary conditions on the marginal quadrant I',)(0 <y, <
00, ¥, =0,0 < y; < +00)
and
o3 = 0p=U;=0; 0G;/in; =0, =U;=U;3=Us=U;; =0,
=20;=0 G ;=0 G;=0, G3=0; Gg3=0; Gp3=0
U=U=03=0 G =0=U,=U,,=U,=U,=U,,=0,, =U;
=20=G,=G6G,=G;3;3=6Gg=G;=0 (30)
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— for locally mixed boundary conditions on the marginal quadrant I;;(0 < y,, y, <
+oo, y3 =0).
Indeed, from each boundary condition (11)—(13) follow identical conditions:
G =0 {U=0=2U,,=U,3=0, G=0; 6, =0=0,, =0; G,, =0;
03=0=U;; =0; G5, =0}
=20,=0; Gg;=0
Gr =0 {U,=0=2U,,=U,3;=0; U=0= U, =U;; =0; g, =0}
=U,=0G,=0=20=0; Gg=0 (31)
— from locally mixed boundary conditions (11) on the marginal quadrant I,
(371 =0,0 < y;,y3 < +o0);
G =0, {U,=0=2U0,,=U0,3=0, G,=0; 0,y =0=U,,=0; G, =0;
0y =0=U;, =0; G;, =0}
=0,=0 Gg,=0
Gr =0 {U=0=2U,,=U,3=G,=0, U3 =0=U;, =U;; =0;
G;=0; 0, =0}=0,,=0; G,,=0
=0=0; Go=0 (32)
— from locally mixed boundary conditions (12) on the marginal quadrant T,
(0 <y <+400,y,=0,0 < y; < +o0); and
Grs=0{U;=0=U0,,=U0;,=0; G3=0; 65, =0=>U,3,=0; G,5=0;
03, =0=U,3=0; Go3=0; Gp; =0}
=0;=0 Gg;=0
Gr =0 {U,=0=>U,=U,=6G =U,=U,,, =U,, =G, =0; 6335=0}
= U;3=0; G3;=0
=0=0 G¢g=0 (33)
— from locally mixed boundary conditions (13) on the marginal quadrant I,
(0 =y, ¥, < 400, y; =0).

Substituting the values of the volume dilatation ® on each boundary quadrant from
Egs. (28)—(30) into representation (16) we can see that all surfaces integrals are zero,
and

O(x, Q) = -—5-Go(x, 0 = Gr(x, €) (34)

Note, that in Eq. (24) for Green’s function for temperature to coincide with
Green’s function for volume dilatation, it means G, (x, &) = Gg(x, &). Next, if we
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use boundary conditions (18)-(20) and expression (34) in representations (17) we
obtain the constructive formulas for MTGFs (15) in terms of GFPE. Note that
constructive formulas for MTGFs (15) at I = 1, 2 are applicable also for 2D BVPs
of thermoelasticity.

Thus the proposed method will help create a large database of MTGFs in
thermoelasticity. Indeed, on the base of constructive formula (15) we can very easily
(by changing the respective well-known analytical expressions for GFs G, (x, &) and
G,(x, &) to write MTGFs U,(x, &) in elementary functions for about 14 3D and for
about 6 2D BVPs of thermoelasticity.

VALIDATION OF THE OBTAINED RESULTS

Here, we show the validation of the obtained constructive formula (15) for
MTGFs U;(x, &) in three particular cases of BVPs of thermoelasticity: for half-
space-2 BVPs and for half-plane-1 BVP. Note that the MTGFs for these BVPs
were obtained earlier [24, 26, 29], using convolution method based on the general
formula (2).

Example 1 (MTGFs within half-space). Let the field of displacements U,(x, &)
and temperature G,(x, &) at inner points ¢ = (¢, &, &;) of the thermoelastic half-
space V = (0 < x; < 400, —00 < X,, X3 < +00) be determined by non-homogeneous
Lamé equations (4) and Poisson equation V>G,(x, &) = —d(x — &) and in the points
y = (0, y,, y;) of the boundary plane I';,(y, = 0, —o0 < y,, y; < 400), the following
homogeneous mechanical and thermal conditions are given

011(x; 0,85, &) = Us(x5 0,85, 63) = Us(x30, 85, &3) = 05 Gp(x5 0,85, &) =0 (35)

Then, substituting the respective GFPE to the general constructive formulas (15) we
obtain the final expressions for MTGFs U,(x, &) for the half-space in the form
Up(x, &) = y[8n(2 + 2] '[E (R = Ry —x; (R + R ;
Up(x, &) = 1824+ 2] 7" (& —x)(R™ = RT'): k=2.3;
O(x, &) = [4n(2+2w] ' (R™" = R) (36)

Note that derived expressions (36) for MTGFs coincide with the expressions for
GFs presented in [24] in the form:

0

Az
og;

U(x, &) = y[8n(2 +21)] ™' = (R = Ry) (37)

Indeed, taking the derivatives in (37) it is observed that expressions (36) and (37)
coincide.

Example 2 (MTGFs within half-space). Let the field of displacements U,(x, &)
and temperature G,(x, &) at inner points ¢ = (¢, &, &;) of the thermoelastic half-
space V = (0 < x; < 400, —00 < X,, X3 < +00) be determined by non-homogeneous
Lamé equations (4) and Poisson equation V2G,(x, &) = —d(x — &) and in the points
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y = (0, y,, y;) of the boundary plane I';;(y;, =0, —c0 < y,, y;3 < +00), the following
homogeneous mechanical and thermal conditions are given

Ui(x; 0,5, &) =015(x: 0,8, &) =0135(x50, 85, &) =05 0G1(x; 0, &, 53)/6”51 =0
(38)

Then, substituting the respective GFPE to the general constructive formulas
(15) we obtain the final expressions for MTGFs U,(x, &) for the half-space in the
form:

Uy (x, &) = y[8n(2 + 2] [&(R™ + Ry — x (R = RTD]:

Up(x, &) = 9[8n(A+ 2] (& — x )R+ RY); k=2,3

O(x, &) = y[dn(A+ 2] (R~ + R"). (39)

Note, that expressions (39) for the MTGFs coincide with the expressions

U/(x, &) =y[8n(4+ Z,u)]‘lﬁ‘—g(R + R, + R, + R},) for GFs presented in [26], if
functions R, and R,, are omitted and function R, is changed by R,, so that final
expression for GFs have the form
0

Ui(x, &) = y[8n(A+2w)]™" 3

(R+R)) (40)

Indeed, in taking the derivatives in (40), it is observed that the expressions (39)
and (40) coincide.

Example 3 (MTGFs within half-plane). Let the field of displacements U,(x, &)
and temperature G;(x, &) at inner points x = (x,,x,) and &= (¢, &,) of the
thermoelastic half-plane V = (0 < x; < 00, —00 < x, < +00) be determined by non-
homogeneous Lamé equations (4) and Poisson equation V2G,(x, &) = —d(x — &)
and in the points y = (0, y,) of the boundary straight line I'j(y, =0, —00 < y, <
+0o0), the following homogeneous mechanical and thermal conditions are given

Ui(x;0,&) = 015(x; 0, &) = 0G4(x; 0, 52)/5”51 =0 (41)

Then, substituting the respective GFPE to the general constructive formulas (15) we
obtain the final expressions for MTGFs U,(x, &) for the half-space in the form

Up(x, &) = —y[4n(Z + 2] '[&,(In 7 +1nry) — x(Inr — In )]

Up(x, &) = =y[4n(Z + 21)] ' (&, — x)(In r + Inry)

O(x, &) = —y2n(A+2w)] ' (Inr +1Inr) (42)
Note, that expressions (42) for the MTGFs coincide with the expressions

for the term U (x,¢) = W/ﬂu) %[rlz(ln rn—10—-r(nr—-1)—r*(nr-1)+
r5(Inry, — 1)] of GFs presented in [29], if functions r;, Inr, ry,, Inr, are omitted,
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the functions r,, Inr, are changed by r;, Inr, and symbol k = 1, 2 is changed by
symbol i = 1, 2 so that final expressions for MTGFs have the form:

U(x, &) = —y[8n(L + 2u)]1£ [r2(lnr — D +ri(nr — D]; i=12 (43)

1

Indeed, taking the derivatives in (43) it is observed that the expressions (42) and (43)
coincide.

NEW EXPLICIT 3D MTGFs FOR THERMOELASTIC QUARTER-SPACE AND
OCTANT

1. New MTGFs within quarter-space. Let the field of displacements
U;(x, &) and temperature G, (x, ¢) at inner points x = (x,, x,, x3) and ¢ = (¢, &, &)
of the thermoelastic quarter-space V(0 < x;, x,, —o0 < x; < +0o0) be determined
by non-homogeneous Lamé equations (4) and Poisson equation V2G,(x,¢) =
—0(x—¢) and in the points y=(0,y,,y;) and y=(y,,0,y;) of boundary
half-planes T'y(y;, =0,0 <y, < 400, —00 < y; < +00) and [,(0 <y, < +o0,y, =
0, —oo < y; < 400) the following homogeneous mechanical and thermal conditions
are given:

o= U2 = U3 =0 GT =0 (44)

— locally mixed boundary conditions on the boundary half-plane I',,(y, = 0,0 <
Y, < Fo00, —00 < y; < 400)

0y =U,=0y,3=0; 0G;/dn;y =0 (45)

— locally mixed boundary conditions on the boundary half-plane I,;(0 <y, <
400, ¥y, =0, —00 < y; < +00).

Then, according to the second boundary conditions (28) and the first boundary

conditions (29), the respective boundary conditions for GFs G,(x, &) for Poisson’s
equation are:

qul=G2:G3:GT=O (46)
on the boundary half-plane I'},, and
G1,2 =G, = G3,2 = Gr,z =0 47)

on the boundary half-plane I,

So, substituting well-known expressions of GFs for quarter-space
G\(x.O) = @m) (R + R + Ry + Ry))
Gy(x, &) = (4n)"(R™' = R' = Ry + R}))
Gy(x, &) = Gr(x, &) = @m) (R = R,' + R, = R}))
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Ry=/(x; — &)+ (5, + &) + (63 — &)
Ry = V(X + &)+ (x4 &)+ (5 — &) (48)

in constructive formula (15), we obtain final explicit expressions for MTGFs
U:(x, &) in the form:

Up(x, &) = y[8n(A + 20 ' [&, (R = Ry + Ry — RY))
— xR+ R+ R 4R
Up(x, &) =872+ 2w ] ' [&(R™ — R+ Ry — Ry
— (R =R = Ry +R}))]
Us(x, &) = 7[8n(4 + 2] (& — x) (R = Ry + Ry — RY)
O(x, &) = y[4n(2+ 2] ' (R = R + R;' — R})) (49)

or in the more compact form:

Ui(x, &) = y[8n(A+ 2] (R Ry + R, — Ry,) (50)

0¢;

Indeed, taking the derivatives in (50) it is observed that the expressions (49) and (50)
coincide.

Note, that from formulas (49) and (50) for quarter-space in the particular case
of half-space V(0 < x; < 00, —0 < x,, x3 < 00) we obtain the respective formulas
(36) and (37).

Finally, calculating on the basis of the functions (50) the other influence
functions 0U(0, y,, y3; £)/0n,y; on marginal half-plane Iy and U, (y,, 0, y;; £) on
marginal half-plane I',)) and substituting these functions in Eq. (1) we obtain the
following solution in integrals of the above-mentioned BVP for the thermoelastic
quarter-space in the author’s form:

0@ = tsn+ 201 ot [ [T [T ROIRG O - Re ) + Rute, O

oE,
— Rx(z, §)]dz1dzydz,

+oo  n oo
- 2/ / T(0, 3, y3)[E1 (RO, y3, y33 &) + Ry(0, 5, y35 €))|dy,dy,

too pt 0T (y, 0, y
b2 [ [T IO gy, 0,y ) - Ry 0, v O
Ony,

2=(21,22,23)s ¢=(¢1, 6, 8) (51)

where n,, is the exterior normal on the boundary half-plane, I'j(y, = 0,0 < y,, y; <
+00).

2. New MTGFs within octant. Let the field of displacements U,(x, &) and
temperature G,(x, &) at inner points ¢ = (¢, &, &;) of the thermoelastic octant
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V(0 < x;, x5, x5 < +00) be determined by non-homogeneous Lamé equations (4)
and the Poisson equation VG (x, &) = —d(x — &) and in the points y = (0, y,, ¥3),
y=(,0,y;) and y= (y,y,,0) of boundary quadrants I'j,(y, =0,0 <y,,y; <
F00), [(0 < y; < +00, 3, =0,0 < y3 < Fo00) and I'3,(0 < y;, y, < +o0, y; = 0), the
following homogeneous mechanical and thermal conditions are given:

oy =U,=U;=0; G;=0 (52)

— locally mixed boundary conditions on the marginal quadrant T',(y, = 0,0 <
Y2, ¥3 < +00)

oy =U,=0y;3=0; 0G;/dn;y =0 (53)
— locally mixed boundary conditions on the marginal quadrant I(0 <y, <

00,3, = 0,0 < y; < +00)
and

0—31 == 032 = U3 = O; aGT/an§3 == 0 (54)

— locally mixed boundary conditions on the marginal quadrant I;,(0 <y, y, <
400, y; = 0).

Then, according to the second boundary conditions (28), the first boundary

conditions (29) and, the first boundary conditions (30), the respective boundary
conditions for GFs G,(x, £) for the Poisson equation are the following:

G 1=G,=G;=G;=0 (59)
on the marginal quadrant I',,
G, =G6G,=G;,=G7,=0 (56)
on the marginal quadrant I',, and
Gi3=0Gy3=06G3=Gp3=0 (57)

on the marginal quadrant Ij,.
So, substituting well-known expressions of GFs for octant V
Gi(x, &) = (4m)~ 1(R +R +R +R12 +R +R13 +R23 +R123)
Gy(x, &) = @) (R = R' = R,' + Ry + Ry — Ry — Ry + Rpy3)
Gy(x, &) = (4m)™" (R : Rf +R;l - szl - R; +R131 R23 +R123)
Gr(x, &) = (4m)~ (R = RY'+ Ry = Ry + Ry — Riy + Ryj' — Rpy)
Ry =V — &)+ (0 + &)+ (x5 — &)%
Ry =y +&)2+ (n+ 62+ (n — &)
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Ry =(x; — &) + (1 — &) + (3 + &%
Ris = (x, + &)+ (x, — &)+ (x4 )2
Ry =V (x; = &)+ (5 + &) + (5 + &)
Riy =v(x + &) + (5 + &) + (53 + &) (58)

in the constructive formula (15) we obtain the final explicit expressions for
MTGFs Ui(x, &) in the form:

U (x, &) = [8n(Z +2w)]™"
X [ERT =R+ Ry =Ry + R = Ry + Ry — Ri)
— xR+ R+ R R + Ry RY 4 Ry + Riy)]
Us(x, &) = y[8n(/ + 2p)] ™"
X [HRT =R+ Ry — Ry + Ry = Ry + Ryy — Riys)
— xR =R =Ry + Ry + Ry = Ry — Ry + Ryl
Us(x, &) = y[8r(4 + 2p)] ™"
X [GRT =R+ Ry =Ry + Ry =Ry + Ryy — Rips)
— xR =R R =Ry — Ry R — Ry 4+ Ryl

Y

TG o R T R RY = Ry 4 R = Ry Ry = Ry

O(x, ¢) =
(59)

or in the more compact form:

A

12

U(x. &) = o{8r(i+ 201 52

(R—R,+R,— R, +Ry' — Ri{ + Ry — Ry)
(60)

Indeed, taking the derivatives in (60), it is observed that expressions (59) and (60)
coincide.

Note that from formulas (59) and (60) for the thermoelastic octant, in
the particular case of quarter-space V(0 < x,, x,, —00 < x5 < o0), we obtain the
respective formulas (49) and (50). The Appendix presents graphics of behavior of
MTGFs U,(x, &) in Eq. (59) in dependence of the variables & = (¢, &,, &) at some
values of the variables x = (x,, x,, x;) obtained by using Maple 15 software.

Finally, calculating on the basis of functions in Eq. (60) the other influence
functions

Uy, &)/0nyy = —3U,(0, y,, y3, &) /0y, = 29[8n(4 + 2u)] ™
X [fl(REI(O, ¥, ¥33 €) + R531(07 ¥2, Y35 €)
= R0, y,, y3: &) = Ry (0, y,, y3: 9))] (61)
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Ui(, &) = Ui(3, 0, y33 &) = 29[8n(Z + 2)] ' [R(y1, 0, y3; &)
= Ry(y1,0,¥3; &) + R3(y1, 0, y3: &) — Ri3(31, 0, y3: )] (62)
Ui(, &) = Ui(y1, y2. 05 &) = 29[8n(4 + 2)] ' [R(y. ¥2. 0: &)
=Ry (V1> ¥2, 0; ) + Ry (315 ¥2, 05 &) — Rix (31, 2, 05 )] (63)
and substituting these functions in formula (1), we obtain the following solution in

integrals of the above-mentioned BVP for the thermoelastic octant in the author’s
form:

0 =tsa + 20 ot [ [T ROIRG O - RGO+ R0

= R5(z, &) + Rs(z, &) — Ry5(z, §)
+ Ry3(2, &) — Ryx3(z, §)]dz,dzydzs

-
—2f [Ty [ (B Oy 33 O+ R (0,325 0
—R7(0. 2. 3. &) = R0, y2. 33, §) ] dy,dy,
w2 [ R R, 0,35 ) - Ry, 0.95:)
+ Ry (315 0,533 ©) = Riz (31, 0, 333 E)]dydys

teo ot 0T(yy, ¥, 0)
+2/ / a] Z—[R(y1> 2, 05 &) = Ry (1 32, 05 &)
N30

+ Ry (¥15 ¥2, 05 &) — Ry (y1, 32, 0; f)]dhd)b}
= (Zl, 29 Z3); 5 = (fls fzs 53) (64)

where n,, and nyy- are the exterior normal on the boundary quarter-plane I,y (y, =
0,0 <y,,y; <o0) and I3,(y; = 0,0 < y;, y, < +00), respectively.

CONCLUSIONS

A new approach for derivation of MTGFs U, (x, &) directly from the respective
Lamé equations (4) is proposed for the first time. This approach is based on new
general integral representations for functions U,(x, &) that are presented in Egs.
(8)-(10). A theorem on constructive formulas (15) for MTGFs U,(x, ¢) in terms of
GFPE is proved. According to the constructive formulas obtained, the derivation of
MTGFs for about 20 BVPs for a plane, a half-plane, a quadrant, a space, a quarter-
space and an octant may be obtained by changing the respective well-known GFPE.

All results are obtained in terms of elementary functions with three examples
of their validation. Two new MTGFs for thermoelastic quarter-space and octant
together with graphical computer evaluation are also included. The main advantages
of the proposed approach, in comparison with the G® convolution method
for constructing MTGFs, are: (a) It is not necessary to derive the functions
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of influence of a unit concentrated force onto elastic volume dilatation - @@,
and (b) it is not necessary to calculate a complicated volume integral of the
product of the function ®?and Green’s function in heat conduction. The proposed
approach may be extended to canonical domains of any orthogonal system of
coordinates.

APPENDIX

GRAPHICS OF MTGFs U, WITHIN THERMOELASTIC OCTANT
V(0 = X;, X3, X5 < +o0)

Here, we present Figures 1-3, showing the MTGFs U, determined by Eq. (68)
for 3D BVP of thermoelasticity (4), (61)—(63) within the octant V(0 < x,, x,, x; <
+00), constructed using computer program Maple 15 [30].

The MTGFs U, are created by the unitary inner point heat source F = o(x —
&). All six graphics for the MTGFs U, were constructed at the following values
of the constants: Poisson ratio, v = 0.3; elasticity modulus E =2, 1 x 10° MPa
and coefficient of linear thermal expansion o = 18 x 107%(K)~!, u= E/[2(1 +
v)]; u = 80769.23077 MPa; i = 2vu/(1 — 2v); 4 = 1.211538462 x 10° MPa; and y =
a(2u 4 34); y = 9.450000002 MPa.

Graphics of the MTGFs U, within the octant V(0 < x|, x5, x; < +00),
constructed independently of 0 < ¢, <10m; 0<¢& <10m at x; =x,=x3;=5m
and: a. £, =0.2m; b. £ = 5Sm are shown in Figure 1.

On Figure 1 it can be seen that:

1. At ¢, =0m and & =0 m the MTGFs U, are zero. This means that boundary
condition U,(x, &, =0, &,, &) = 0in Eq. (61) on the marginal quadrant I'y, and
boundary condition U,(x, &}, ¢, =0, &) =0 (62) on the marginal quadrant I
are satisfied (see Figures la and b);

2. At £ =0.2m when ¢ — 1m and &, — 2m the MTGFs U, are maximal, U, =
Us max = 5 % 1077 m and tike positive magnitudes only (see Figure la);

3. At & =3m, when ¢, — Il m and & — 2 4+ 0m the MTGFs U, tend to maximal
magnitude, limU, — 5-10m. When ¢ — Ilm and & —2—0m at &=
3m displacements U, tend to minimal magnitude, lim U, — —1-10"%m (see
Figure 1b). So in the point &, = x;(i = 1, 2, 3) the function U, has the following
singularity: lim U, — 4o0 and lim U, — —oo;

&y x40 Eyr>x7—0

4 At & =3m, when & >1m and & >2m the MTGFs U,-diminishes (sce

Figure 1Db).

Graphics of the MTGFs U, within the octant V(0 < x,, x,, x; < 400), constructed
in dependence of 0 < ¢, <10m; 0<¢é, <10matx;, =x,=x3=5m and: a. & =
0.2m; b. & = 5m are shown on Figure 2.

On Figure 2 it can be observed:

1. At {, =0m and & =0m MTGFs U, are zero. This means that boundary
condition U,(x, &, =0, &,, &) =0 1in Eq. (61) on the marginal quadrant I'), and
boundary condition U,(x, ¢;, & =0, &;) =0 (62) on the marginal quadrant T,
are satisfied (see Figures 2a and b);
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N,

—
5x 1077~ %

4x1077-

3% 1077~

Uy [K1]
2 x1077-

1x10774

lO'r'rv-‘r-l_‘_T__hr __T-——-——.—_[_'_"_Tﬁ T 10
& [m] 0 2 a e ’
&1 [m]

(b)

Figure 1 The graphics of changing MTGFs U, in dependence on (0 < & <10)m; (0 <¢, <15)m at
x, = 1m; x, =2m; x3 =3m, constructed at &3 =0.2m (a) and at & = 3m (b).

2. At {5 =0.2m when &, =8m and &, = 10m the MTGFs U, are maximal, U, =
Us max = 1.3 x 107°m and tike positive values only (see Figure 2a);

3. At &5 =5m, when ¢ — S5m and &, — 54 0m the MTGFs U, tend to maximal
value, limU, — 1.6-10m. When & — 5m and & — 5—0m at & =5m
displacements U, tend to minimal value, lim U, — —5-10~" m (see Figure 2b).
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&2 [m]

(b)

Figure 2 The graphics of changing MTGFs U, in dependence on 0 <&, <10m; 0<¢&, <10m at
X| = x, = x3 = 5m, constructed at ¢; =0.2m (a) and at & = 5m (b).

So, in the point ¢, = x; (i = 1, 2, 3) the function has the following singularity:

lim U, — +o0 and lim U, — —oo0.
& x+0 & x—0

4. At & =5m, when & >5m and & > 5m the module of the MTGFs |U,|
diminishes (see Figure 2b).
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Figure 3 The graphics of changing MTGFs U, in dependence on 0 < ¢ <10m; 0<¢&, <10m at
X =x, = x3 = 5m, constructed at £, = 5m (a) and at & = 8m (b).
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Graphics of the MTGFs U, within the octant V(0 < x|, x,, x; < 400), constructed in
dependence of 0 < &, <20m; 0 <& <20matx;, =x, =x3=5Smand: a. £, = Sm;
b. ¢, = 8 m are shown on Figure 3.

On Figure 3 it can be observed:

1. At & =0m the MTGFs U, are zero. This means that boundary condition
Uy(x, ¢, & =0,&) =0 in Eq. (62) on the marginal quadrant I}, are satisfied
(see Figures 3a and b);

2. The character of the changing MTGFs U, in the interval (1-1077 < &, < 8)m, is
the same as that shown in Figure 3a at &, = 5m;

3. The character of the changing MTGFs U, in the interval (8 < &, < +o0)m, is the
same as that shown in Figure 3b at &, = 8m;

4. At ¢, = Sm MTGFs U, are negative when 0 < &, < 5 — 0 m and positive when
540<¢& <20m. At & >20m, U, =0. At &, — 5— 0 m the function U, has
minimal value U, = U,;,, = —5 x 107" m. At & — 5+ 0 m the function U, has
maximal value U, = U, ,,, = 1.5 x 107® m(see Figure 3a).

NOMENCLATURE
BVP boundary values problem
GF Green’s function

GFPEs Green'’s functions for the Poisson equation
MTGFs main thermoelastic Green’s functions

2D two-dimensional
3D three-dimensional
MPa mega Pascal

K grades Kelvin
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